MUEGYETEM 1782

CHARACTERIZATION OF THE NUMERICAL DAMPING
IN THE MODAL ANALYSIS OF FORCED PIECEWISE
LINEAR ELASTIC STRUCTURES

Budapest University of Technology and Economics
Faculty of Civil Engineering

Department of Structural Mechanics

Bilal Alzubaidi

Supervisor: Dr. Rébert K. Németh






(bl g2l o Jo U 5 4l Ty S oSl g oY) 0 ity 5 o g B2 0
AW oy Al Jad Ln
o 5 o 3 Wy e ) o 3 By adn Sy 330l e il e o7 0 s )
NP
a5 ol s oy 2T G5t Sl gt 5 bl ) B (K 31 T el e £ 1 )
'l"”"&‘ﬁf’ SO s

WGlaas y Jlsy e uuf“ LjS-%‘J Ji
§ e el i) Sl ]

5 omgll 1446 plo on Oliany b 3 Joodl 1 oo 3LYI






000 000 0Do0 00 000 0oo 0oooddo 0o 0oo 0odthoooo oooo OO dtodo oo boooodo doooooooo bod
Qoooomoom

Q0000 tooo






Abstract

The focus in this dissertation is to analyze the dynamics of piecewise linear (PL) elastic
structures. There are two presented examples of such systems, namely, a discrete bar
in tension and compression subjected to a one-sided Signorini boundary condition, and
a continuum beam supported continuously by block-and-tackle suspension system. Both
systems are said to be PL since their stiffness depends on their displacements at a cer-
tain time instant, and they can experience two linear states. The modal parameters are
shown for both systems. For the continuum beam, the effect of the continuous suspension
constraint on the free vibration and buckling is studied. A semi-analytical approach is
used to calculate the natural circular frequencies and the critical forces of the beam. The
length of the suspension is used as a parameter, and the natural circular frequencies and
the critical forces are presented in a frequency map and a buckling map, respectively.

For the discrete bar, a new solution method based on modal analysis is presented to
calculate periodic nonlinear responses to harmonic forcing for PL elastic multi-degree-of-
freedom (MDOF) systems with two linear states, provided that the unloaded equilibrium
position of both states coincides, and the system is in both states once during a period
of forcing. The method formulates a linear system of equations, which yields the initial
conditions of the periodic response as a function of the time spent in each state and the
forcing phase. Error functions are constructed to secure the switching between the states
of the system at the given time instances and the nonlinear equations are solved for the
candidates of periodic responses with the scanning of the parameter space. As a final
step, the vibrations with unwanted switches are filtered out to obtain the actual periodic
responses. An example with support vibration shows that the proposed method is capable
of finding disconnected branches of the periodic responses to a harmonic excitation. As
the dimension of the scanning space is independent of the discretization, the method
scales almost linearly with the increase of the number of degrees-of-freedom.

Finally, for the same analyzed MDOF system, the obtained periodic responses are
used as a basis to characterize the energy dissipation caused by the purely plastic impact
law on the boundary of the structure. For that, a formula for equivalent viscous damping
is derived from simple mechanical principles. As a simple example, the discrete model
of a bar in tension and compression is presented with its periodic responses and internal
energies, and a relationship of the equivalent viscous damping ratio with the forcing period
and phase delay is shown. The results show a similar magnitude of the damping ratio
as the ones used in the analysis of civil engineering structures. Three-dimensional plots
are shown to demonstrate the effect of the loading position on the equivalent viscous
damping ratio for different discrete models at different forcing periods. It is shown that
a combination of simple load cases does not add significant damping. In the end, the
effect of the number of DOFs in a discrete model on the equivalent viscous damping ratio
is shown. With the existence of similar periodic paths between the discrete models and
away from resonance, the contribution of the impacting mass on the equivalent viscous
damping ratio decreases as the number of DOFSs increases.
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Chapter 1

Introduction

When analyzing vibrating systems governed by linear differential equations, modal anal-
ysis is a useful way to observe their behavior. The main advantage of modal analysis is
the decoupling of the equation of motion of a multi-dimensional problem into multiple
one-dimensional ones. The benefit of this decoupling is that the solution of the multi-
dimensional equation of motion is equal to the linear combination of the solutions of the
one-dimensional problems. This technique, so-called superposition, is used as the corner-
stone of the linear theory of vibration, where the displacements and rotations are assumed
to be of small amplitudes, the stress-strain relationship is linear, no energy dissipation
occurs, and no obstacles exist on the boundaries of the system.

However, systems that are included under this umbrella are only exceptions in nature.
Examples of vibrating systems with large displacements in Eroglu and Tufekei (2018)
and Carrera, Pagani, and Augello (2020), nonlinear material behavior in Tang and Yang
(R018), energy loss in Marino and Cicirello (2021)) and impacting in J. Zhang et al. (2024)
are well-reported in the literature. In these cases, where nonlinear terms appear in the
mathematical model, the principle of superposition falls apart and its provided results
become physically false. Complex phenomena that are exhibited by even weakly nonlinear
systems cannot be predicted by the linear theory. Thus, there was an urge to develop
new methods of analysis to capture the true behavior of geometrically and/or materially
nonlinear systems.

In the next sections, a detailed overview is presented on the literature of the dynamics
of nonlinear systems with the piecewise linear elastic systems being an example. The
characterization of the energy dissipation in structures, and the applications of this char-
acterization in seismic analysis in the structural engineering aspect are presented as well.
At the end, a layout of this dissertation is shown alongside the expectations from the
performed analyses in the current work.

1.1 Periodicity in nonlinear systems

In the field of the analysis of periodic motions in nonlinear systems, a new paradigm ap-
peared when Rosenberg developed the concept of the Nonlinear Normal Modes (NNMs)
in Rosenberg (1960) and Rosenberg (1961), and defined them as synchronous periodic
motions where all the points of the structure reach their maximums at the same time
instant. He represented the relationship of the motion within the system as lines in the
configuration space of a 2-DOF system called modal lines, which are generally curves.
Under certain symmetries, this curve becomes a straight line, suggesting that the linear
system is only one special case of infinitely many. The extension of Rosenberg’s defini-
tion to more-DOF systems exists in Rosenberg (1962) and Rosenberg (1966). Afterwards,

17
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a.P6 pB# Q@BKT +i bvbi2Kb mM/2 ;QBM; ? "KQMBNYRM/{BM; b B!
J2xr-EmK MQ- M/ JBRNSY+HPR'2 i?2 ? "KQMB+ M/ bm#? "KQMBH
iBQMb r2°'2 M Hvx2/ rBi? 6Qm B2 b2 B2bX am#? KQMB+ Qb+BHH
Qb+BHH iBQMb i? i Q++m" i 7°2[m2M+v i? i Bb 7 +iBQM Umbm
i?72 7mM/ K2Mi H 7°2[m2M+v Q7 2t+Bi iBQMX J Mv 2tT2'BK2Mib ml
i?72bQm +2 Q7 i?2 ? "KQMB+ 7Q +BM;X ANRBNYqQXRAH#B7NM/ > QB Db |
H2 /IBM; #2ir22M ? KQMB+-bm#? KQMB+ M/ +? QiB+ KQiBQMb r2
bvbi2K rBi? ; T-r?2'2i?2 bi #BHBiv Q7 i?2 +HQb2/ Q #Bib BM T? |
rBi? rBi? SQBM+ "0 "2im"M K ThX 6m i?2° bQHmMiBQMb 2tBbi 7Q" T2
Q7 SG 2H biB+ bvbi2Kb b BMRNY¥BR  BRMLR?7Qmx M/ "RINMNY M U
r?2°2 i?2 #B7m*+ iBQM Q7 i?2 MQMHBM2 ~ KQ/2b M/ i?2 Q' B;BM Q
Q#b2 p2/ br2HHX Pi?2 2t KTH2b + M #2 7QmM/ 7Q  ? "KQMB+ HHv
bvbi2Kb BM _X *QKT "BNRNWNABM X OX *QKT “BM RMWMB MNI? U
Q7i2M mb2/i2+?MB[m2 Bb i?2 TTHB+ iBQM Q7 i?2 HBM2 "~ pB#  iBC
Q7 i?2 bvbi2K- b BMIbT2MbFky RN M/ KQRMbFv M/ ByR®@p U

h?2 /2i2 " KBM iBQM Q7 i?2 #2? pBQ Q7 i?2 SG 2H biB+ bvbi2Kb B
#vi?2+? ° +i2 BbiB+b Q7 i?2BKT +i? TT2MBM; ii?2#QmM/ "B2bX
a.P6 bvbi2Kb r2'2 +QMbB/2°2/ BM EMky\W2 M /N?2 RibBHUb Q7 7Q +2
pB#  iBQMb r2°2 +QKT "2/ iQ T 2pBQmb 2tT2°'BK2Mi H “2bmHibX
rBi? i?2 b?QQiBM; K2i?Q/ r b mb2/ BM ii - E "2+RyRdIQ2;2M m2
+ H+rmH i2i?2 MQMHBM2 " MQ 'K HKQ/2b M/ i?2B" bi #BHBiv 7Q " #
2H biB+ HHv /27Q K #H2 +QMbi> BMibX h?2°2- i?22 +QMiBMmmK K
+? BM Q7 Qb+BHH iQ ' b mM/2 ;QBM; ? "KQMBkiy Y& 1?2/ pBRL2 M/IQMX
? "KQMB+ HHvVv7Q '+2/pB# iBQM Q7 k@.P6bvbi2Kr2'2 M Hvx2/r?
rBi? }MBi2Hv 2H biB+ Q> M BM}MBi2Hv "B;B/#QmM/ "v- M/ i?2 bi #
i?72 Q++m "2M+2 Q7 #B7m '+ iBQMb r2 2 ;Bp2M i?2°2-iQQX bT2+B



Ky AMi"Q/m+iBQM

T Q#H2Kb Bbr?2 "2 KmHIBTH2 +QMbi~ BMibRNZ®B 2hb.PMilXvAIN & X ©
rBi? irQ@bB/2/ "B;B/ +QMbi® BMibr bbim/B2/ M/ +QMbi° BM Q
"2bTQMb2b r b ;Bp2MX *QKT 'BbQM Q7 ? "KQMB+ 7Q +2/ a.P¢
"B;B/ BKT +i+ M#2 7TQmMyBRKGB 2i HX U
h?2 "2H iBQMb?BT #2ir22M i?2 bvbi2K M/ Bib #QmM/ "B2b BN
Q7i2M i'2 i2/ rBi? aB;MQ 'BMB +QM/BiBQMX aB:MQ ' BMB #QmN
H iBQMb?BT #2ir22M irQ 'B;B/ #Q/B2b r?2°2 QM2 Q7 i?2K + M k
rBi2Qmi Mv 7Q +2 +iBM; QM Bi- #mi + MMQi T2M2i" i2i?2 Qi?z
J i?2K iB+ HHv- M/ 7Q° SG 2H biB+ bvbi2Kb- Bi Bb /2b+ " B#2/ #\
bi i2bi? i1i?727Q +2 + MMQi #2 TQbBiBp2- M/ i?2 b2+QM/ bi i2b
i?72irQ #Q/B2b + MMQi #2 M2; iBp2X h?22 T°Q/m+i Q7 i?2 irQ [m
Mv iBK2 BMbi MiX 6Q° KQ 2 BM7Q 'K iBQM QM i?2 aB;MQ BMB +
"2+QKK2M/2/iQ 2727 iQ i?2 "2+2Mi rQ'Fb Q7 J i?B b G2;° M/ |
"2+2MiHv i?2 S?. /Bbb27i iBQM Q7 . pB/KYXK MNH-i?TIHMM?U?2 M Hv
Q7 +QMiBMmmK bi'm+im 2b Bb ™ "2-i?22v ? p2 "2+2Mi T°Q; 2bb2
Q7 i?2 pB#" iBQM Q7 i?2# "BM i2MbBQM M/ +QKT 2bbBQMX A
WyRZ3 i?72 722 pB#” iBQM KQ/2b UMQM@bKQQi? KQ/2bV Q7 # °
+QM/BiBQMb "2+ H+mH i2/ rBi? i?2r p2 }MBi2 2H2K2Mi K2i?Q/
Q7 i?2 KQiBQMX S2'BQ/B+ KQ/2b Q7 i?2b K2 KQ/2H "2 + H+mH
#BM iBQM Q7 #QmM/ v 2H2K2Mi K2i?Q/ M/ 6Qm B2 M HvbBb
BMGm M/ G2kykNRXUh?2 2ti2MbBQM Q7 i?2 i2+?MB[m2r bb?QrM
kykk 7Q  # "brBi? p vBM; + Qbb b2+iBQMX S2 ' BQ/B+ bQHmMIiBC
H2K Q7 +? BM Q7 K bb2b Bb M Hvx2/ BM G 2klyRB2 0 hWbB p 2MA G
k@.P6 KQ/2H rBi? x2 Q BMBIB H; T M/ BM T 2bi 2bb2/ KQ/2t}
q?2M i?2 irQ #Q/B2b "2 BM iQm+?-i?2 bvbi2K Bb b B/iQ #2 BI
"2bmHib BM KmHIiBTH2 /QK BMb Q7 BMi2 T 2i iBQM BM i2 Kb Q
"2H iBQM iQ i?2rQ'F/QM2 BM i?Bb /Bbb2 i iByWM& i 1 0Qp Kkh @V
HiBQM Q7 [/ KT2/ +QMiBMmmK bvbi2K i? i TQbb2bb2b bm+? /
#2ir22Mi?2KBb /QM2- M/ i?2/vM KB+b "2b2 "+?22/7Q  BMi?2 -
7Q +BM; 7°2[m2M+v M/ +QMi +i biBzM2bbX h?2B" bvbi2K r b /Bt
i MbH iBQM H M/ Qi iBQM HQM2-MQiBMi?2b2'B Hb2Mb2
bi'm+im 2bX AM MQi?2 bim/v- kKk@.P6 KQ/2H-r?2 2 #Qi? K bl
rbT 2b2Mi2/ BMyy\B;rBi? ? "KQMB+ 7Q +BM;- M/ i?2 #B7m '+ iB
TT2 " M+2 Q7 M2r biB+FBM; b2;K2Mibr b b?QrMX ;2M2" HBX il
#2 7QmM/ BM sm2kyWRBEG M U b2b r?2 2 Mv K bb + M biB+F /m BN
j@.P6 bvbi2K rBi? T2 72+iHv TH biB+ BKT +i Hr Bb BMp2hbiB
GX *?22dWYWH- r?2 2 i?22 BKT +i Q++m "2/ #2ir22M KQpBM; K bb2bX
HBKBi+ b2r?2Mi?2 +Q2{+B2Mi Q7 "2biBimiBQM Bb x2'Q M/ biB-
Q7 i?2BKT +i-r?B+? 2T 2b2Mib i?2biQT Q7 i?2 #Q/v ii?2bmT’
"2 +iBQM 7Q°+2 "2bmHiIBM; BM i?2 #QmM/ “vX h?Bb biQT + mb2
2M2° ;v Q7 /Bb+ 2i2 bvbi2Kb-r?B+? + M#2 +QMbB/2 2/ b 7Q K
br2rBHHD22H i2°i?2°'Qm;?2Qmii?Bb /Bbb2 i iBQMX

RXj 1M2 ;v /BbbBT iBQM M/ Bib [m MiB}+ i
M22 BM: bvbi2Kb
. KTBM; BM 2M;BM22 BM; bi m+im 2b Bb Hr vb M 2bb2MiB H b

i?2B  /VM KB+ #2? pBQ -v2ii?2KQbi/B{+mHii bF7Q bi'm+im"
iQ B/2MiB7v/m2iQi?2 K#B:mBivQ7 BibbQm +2 M/[m MiBiv M/



RX9X TTHB+ iBQMb Q7 i?2/ KTBM; +? ~ +i2°'Bx iBQM BM i?2 b2BbK
bi'm+im 2b kR

2MpB QMK2MiX h?2 /B{+mHiIiB2b Q7i?2+QMbB/2  iBQMQ7i?2/ KTB
Q7 Bib TQbbB#H2 Q B;BMX "2vQM/ i?2 bBKTH2bi pBb+Qmb K i2 "B F
TH biB+ K i2’B H bBM* Tm MQ- okBkW 7 Bl+iB@MiBoWBM gX *?2M 2i
Kkyk®- M/ #mBHIi@BM / KTBM; 2H2K2 MdipkdXBMNCiR 2" KX " H-XBW 2H bil
BKT +iK v+QMi B#mi2iQ2M2 ;v/BbbBT iBQM M/p BQmb +QK#BM
72r "2+2Mi 2t KTH2b Q7 i?2 +QK#BM iBQM BM+HmM/2 i?2 pBb+Qmb
bBM_QmH2 kyRk- HXT "B+iBQM M/ i?2 BKT +i b BWKW2?2NW/; M/ 6 M
i?72 7 B+iBQM rBi? / KTBM; 2H2K2Mibkyk® MMUX qmW M2 aXX*UQ - M/
GBkKYkWX h?2 +QKTH2tBiv Q7 i?2 K i2 B HKB+ Qbi m+im 2 K F2b i?2
2M2 ;v HQbb2b /B{+mHi- r?B+? H2 / b+B2MiBbib M/ T  +iBiBQM2'b
2 bB2 r vbiQ /2b+ B#2 i?2 T?2MQK2MQMX

oBb+Qmb / KTBM; Bb bBKTH2 M/ K i?2K iB+ HHv +QMp2MB2Mi
/| KTBM; 2tT2'B2M+2/ BM pB#" iBM; bvbi2Kb-2p2M i?Qm;? Bi /Q2b N
"2 HBivX KQM; K Mv T ° K2i2 b- bm+? b i?2/ KTBM; +Q2{+B2Mi I
[12+ 2K2Mi- i?2 pBb+Qmb / KTBM; " iBQ Bb M Q7i2M mb2/ T =~ K2i2"
/| KTBM;X

1M2 ;v /BbbBT iBQM Q7 /Bz2 2Mi bQm +2b + M #2 bm#biBimi2/ #
+Qmb / KTBM; " iBQ Ulo. V- MB/2 i? ibim+im  H2M;BM22'b ? p
+QKTH2tBivQ7i?2/ KTBM; BM#mBH/BM;bX PM2 Q7 i?2b2bQm +2b
Q7 bi22H/m BM; 2 "i?[m F2b- z2+iBM; i?2 ;HQ# H "2bTQMb2 M/ bC(
+ M #2 "2+Q;MBx2/ BM i?2 ?vbi2 '2bBb /B ;- K Q7 bim+im 2b mM/2
+ M #2 b22M BM gRRBk@x HX2Wvbi2 2bBb /B ;7 K b?Qrb i?2 7Q +2@/E
"2H iBQMb?BT Q7 i?2HQ /I BM;@mMHQ /BM; +v+H2 Q7 TH biB+ K i2°
T°QpB/2 bi'm+im> H2M;BM22 b rBi? [/ KTBM; " iBQi? i Bb QMHv p
iBQMb "2 "2biQ 2/-BX2X BMi?2 2H biB+  M;2-/m BM; i?2 b2BbKB
MQMHBM2 ~ "2bTQMb2- "2b2 "+?2 b bi "i2/ +QM/m+iBM; bim/B2b QN
+ HH2/ ?vbi2 2iB+ / KTBM;- + M #2 [m MiB}2/ M/ [/2] iQ i?2 BMBIil
h?2 HBM2 "Bx iBQM Q7 i?2 T ®ANHRZ B R CQ+QR2bi2ZMN 2[mBp H2Mi bB
12;°22@Q7@7 22/QK Ua.P6V bvbi2K i? i 2 bi?2b K2 BMBIiB HM im
HQbb bi?2Q B;BM Hbi m+im 2X C +Q#b2M-7Q i?Bb B/2 HBx iBQ
i2Kb "2 bBMmbQB/ HHv 2t+Bi2/ rBi? +QMbi Mi 7 '2[m2M+v M/ i?2v
>Qr2p2 -i?2b2 bbmKTiBQMb /Q MQi "2~2+ii?2 +im Hb2BbKB+ 2p
p vBM; 7°2[m2M+B2b- MQM@? KQMB+ 7Q +BM; M/ i?2 bi m+im 2
/ iBQMX 6Q i?2 H ii2RN®AVNIVBM;iRU b2+ MibiBzM2bb TT Q +?iQ K
T2'BQ/b M/ ;2i KQ'2 "2 HBbiB+ 2[mBp H2Mi 2M2 ;v /IBbbBT iBQM?>
#2 Q#i BM2/ 7 QK i?27Q +2@/BbTH +2K2Mi /B ;" K bi?2 biBzM2bb
i i?72 K tBKmK /BbTH +2K2Mi H2p2HX

RX9 TTHB+ iBQMb Q7 i?2 / KTBM; +? ~ +i2 B
1?72 b2BbKB+ M HvbBb Q7 bi m+im 2b

PM2 mb27mHM2bb Q7 i?Bb 2[mBp HRNMBK 02 BNW &v+iQ2b2 MiU? i Bi
? b#22M /QTi2/ #v i?2 /B 2+i /BbTH +2K2Mi@# b2/ /2bB;M U..".V K
bm;;2bi2/ BMJX CX EQr HbFv-JX LX S BRMFHRN? MI2J+2BpR2U ii2M@
iBQM BM i?2 }2H/ Q7 b2BbKB+ M HvbBb /m2 iQ Bib /B 2+i/2T2M/2M
i? M7Q +2bX + m+B Hbi2T/m BM;i?2 ..".T°Q+2/m 2Bbi?2/2i2 K
++QmMi 7Q i?2 vB2H/2/ bim+im 2-r?2 2 C +Q#b2M6éb HBM2 "Bx i
BirbT Qp2M BM >X .r B'B M/KIYNEQ/ BEEQUW HbFv MJ/yywR b U

i? 1 C +Q#b2Mo6b TT Q +? Qp2 2biBK i2b i?2 10._ M/ bQ mM/2 2bi



k k AMi"Q/m+iBQM

7Q +2b BM bi'm+im 2bX a2p2° Hbim/B2b i? i BK2/iQ 2t KBM2
T Q +? "2 BM JX EQr HbFkyyWR M2 >bXUJX .r B'B- JX CX EQr HbF
L mRyyd- r?22°2 1?22 mi?Q b T2 7Q K2/ +QKT 2?22MbBp2 bim/v C
M/ T ' QpB/2/ M2r KQ/B}2/ 2[m iBQMb # b2/ QM i?2 2KTB B+ H /
TT Q +?2X 6m’i?2° 2M? M+2K2Mib QM i?2 1o0._ 2[m iBQMb "2 ;I
WRNYO M/ Ar M M/ :RAWNM AM "H M/QM M/ JX CXkiY8S bBB2a b/iBH2@ |
72°2Mi M Hvb2b # b2/ QM i?2 ..". K2i?Q/ rBi? C +Q#b2Mb6b TT C
iBK2@7?BbiQ'v M Hvb2b Q7 #mBH/BM;b 2t+Bi2/ #v bBt /IBz2 2Mi
iBTH2 KQ/B}2/ 2[m iBQMb "2 bm;;2bi2/iQ K2 bm 2 i?2 2z2+i Q7
+QKT 'BbQM #2ir22M /Bz2 2Mi 1o. KQ/2Hb rkhbR® WZ BM2G B m
QTIiBKBx2/ p HM2r b T'QTQb2/i? Qm;? MQMHBM2 ~ "2; 2bbBQM
B2b i? i 2KTHQvV2/i?2 +QM+2Ti Q7 1o0._ BM +BpBH 2M;BM22 BM
>Xq M; 21 KYXKWRI r?2 2 i?2v M Hvx2/ bi 2M;i?2M2/ _*+QHmKMb r
KQmMi2/ HmKBMmK HHQV # b M/ + "#QM }#2 @ 2BM7Q +2/ T
F? p2Bbbv- M/ . K¥FBRI/A22 mi?Q  bbm 2/i?2T Q#H2K Q7 C +Q+*
QM i?2+ H+mH iBQM Q7 10o0. QM bi'm+im 2b rBi? ?B;? /Im+iBHBI
/IBbbBT iBQM BM #mBH/BM;b #  +2/ rBi? *@" " /m H7 K2biQ ;
#° +BM; +QM};m” iBQMX M 2KTB'B+ H1lo. BMp2biB; iBQM 7Q"
7Q K2/ BM aB Qkiy\KRibHX®M+iBQM Q7 i?2 ;2QK2i'v M/ K2+? M
Q7 i?2 7 K2bi'm+im 2b-rBi? +QKT 'BbQM iQ 1o0._ Q#i BM2/ #
7TQ # 27 K2bX M 2tT2 BK2Mi Hbim/v/QM2 BM *X By-RNX CB
QM T 2+ bi +QM+72i2 7" K2bi? i? p2 ;Qmi2/ bTB  H@+QM}M2/
+QbBM2@+m p2/ bvbi2Kbd 1o0._r b Q#i BM2/ BUW KA i M/ FHE) KM@ " n
T "2/iQ i?72 KQ/B}2/ C +Q#b2Mdéb TT Q +?-r?B+? "2p2 H2/- ; E
i?72 2M2°;v/BbbBT iBQM Q7 i?Bb TT Q +? mM/2  +2°i BM +B +m

RX8 1M2 ;v /BbbBT iBOQM +? ~ +i2 Bx iBQM
bi m+im 2b

I1M;BM22 " BM; bi'm+im 2b- r?B+? "2 KQbiHv Q7 BMi2 2bi iQ K2
Qi?2 bQm +2b Q7 MQMHBM2 "Bivi? MVB2H/BM; i? i/° BMi?2B
bMQM@bKQQi? 2p2Mib- HBF2 /v 7°B+iBQM M/ BM2H biB+ BKT
Q7 / KTBM;X avbi2Kb rBi? SG 2H biB+Biv "2 ; QmT Q7 2t KTH
2tT2°'B2M+2 MQM@bKQQi? 2p2Mib-r?2°2i?2 biBzM2bb Q7 i?2 b
bi Mip Hm2b "2;mH "Hv/m BM; i?2 pB# iBQWW Wad2X @BN2XY
h?Bb ivT2 Q7 bvbi2Kb Bb MQMHBM2 - #mi Bi + M #2 i°2 i2/ b H
biBzM2bb Bb +QMbi MiX h?2 brBi+? #2ir22M i?2 bi i2b K v BMp(
BKT +i br2HHX b K2MiBQM2/ 2 "HB2 -i?2 bB;MB}+ Mi 2p2Mi 7(
BMbi Mi Q7 i?2 pB#° iBQM bi i2 +? M;2 ii?2 #QmM/ "B2bX 6Q°
2H biB+ BKT +iH r-BX2X i?2+Q2{+B2Mi Q7 "2biBimiBQM Bb 2[m
i?72iQi Hp2HQ+Biv Q7 i?2 bvbi2K M/ i?2 2M2 ;v Bb T 2b2 p2/X |
BMuXw? M;-sm- M/kKYyw??M:2Ji?2 mi?Q b bim/B2/i?2 bm#? K
+ iIBQM Q7 + MiBH2p2 #2 Kbm#D2+i2/iQ bvKK2i'B+ 'B:B/ +Q
7Q +BM; 7°2[m2M+v M/ +Q2{+B2Mi Q7 “2biBimiBQWKR2iP2 K2i
mi?Q b BM+HmM/2/ 2H biB+ BKT +iBM; rBi? Qi?2° BKT +i H rb Bl
HQ# H/VM KB+b M/ b?QrBM; +QK#BM2/ KQiBQMb- M K2Hv i?2
b2[m2M+2bX

PMi?2 Qi?2 ? M/-7Q bvbi2Kb rBi? T2 72+iHv TH biB+ BKT
"2biBimiBQM 2[m HiQy- T 'iQ7i?2 FBM2iB+ 2M2 ;v bbQ+B i:



RXeX BKb Q7 i?Bb /Bbb2'i iBQM Kj

HQbi /m2iQ i?2 bm//2M biQT ii?2 #QmM/ "vX TBQM22 BM; bim/v
i?72bim/vQ7i?2KQIiBQM Q7 a.P6bvbi2KrBi? ?B;?2M2 ;v/BbbBT iE
aXgXa?r M/ >ORMXKRbrBi? " M;BM; i?72 +Q2{+B2Mi Q7 2biBimiBQM :
p Hm2bX G i2°-i?2a.P6 BKT +iQb+BHH iQ r b2ti2M/2/iQ J.P6 bvbi
M/ QMIBRRNM3 b2/ QM S 2/B+iQ @*Q "2+iQ K2i?Q/ M/ /BbiBM;mB
biB+FBM; M/ 7 22@~B;?i KQIiBQMbX Pi?2 bim/B2bi? i2ti2M/2/iQ
BM : X GmQ- Gp- M@ M/UX GmQ MywWp U?22°2 i?2 H ii2" K /2 M
HH2KTiiQ +QMi QH i?2#B7m + iBQM M/ +? Qb /2p2HQT2//m2iQ i?z
bvbi2KX

RXe BKb Q7 i?Bb /Bbb2'i iBQM

1p2Mi?2Qm;?i?2/vM KB+b Q7 SG 2H biB+ bvbi2Kb rBi? BM2H biB+ B
7Q [mBi2 r?BH2-v2i-mTiQi?2 mi?Q o6b #2bi FMQrH2/;2- MQ ii2l
2M2 ;v /BbbBT iBQM + mb2/ #v i?2 BKT +i ? b #22M K /2 iQ bvbi2Kb
#  iIBQMX h?Bbr bi?2 K BM KQiBp2 #2?BM/ r BiBM; i?Bb /Bbb2 i iB
7Q i?22M2 ;vHQbi BM +QMiBMmMQmb bi'm+im " 2b mM/2 722 pB#"
i?72 KQ/ HbT +2 Bb bim/B2/ BM L&EKRB?’X M/ :2H2DB U
aQ-BM*?kKTIiIBMi Q/m+iQ vT "iBb;Bp2M #Qmii?2 M Hvx2/SG 2
M/ i?2B° KQ/ H T ~ K2i2 ' bX h?2 } bi bvbi2K Bb /Bb+ 2i2 # ~ KQ/zZ
+QKT 2bbBQM bm#D2+i2/iQ QM2@bB/2/ aB;MQ BMB #QmM/ v +C
Bb +QMiBMMmMK #2 K bmTTQ i2/ +QMiBMmMQmbHV QM +2°i BM b2
bmbT2MbBQM bvbi2KX 6Q i?2 H JiBb miba2KQ *M Hi8x2 1?72 2z2+i Q7
+QMIiBMmMQmb bmbT2MbBQM Q7 i?2 +QMiBMmmK KQ/2H M/ Bib 2zz
#m+FHBM; Q7 BiBMi?27Q KQ7 7 2[m2M+v M/ #m+FHBM; K ThX
h?2 "2bTQMb2 Q7 i?2 SG 2H biB+ /Bb+'2i2 # " BM i2MbBQM M/
mM/2° ? "KQMB+ 7Q +BM; M/ i?2 HBM2 " i?2Q v Q7 pB# iBQM + MI
[iIBHBxBM; i?2 bbmKTiBQM Q7 i?2T2 72+iHv TH biB+ BKT +i-i?2 b\
BMiQ irQ SG bi i2b- M/ Bi Bb bmbT2+i2/i? ii?2 2 2tBbi bT2+B H T:
i?2°Qm;? #Qi? bi i2b 2t +iHv QM+2 /m BM; 7Q +BM; T2 BQ/ M/ i?2l
6Q bm+? MQMHBM2 " bvbi2K-r2 + M+ H+mH i2 i?2 "2bTQMb2 HB
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jXkX "m+FHBM; M HvbBb BM i?2 T bbBp2 bi i2 jN

6B;m 2 jXR,KBM KL iB1? "2bT2+i iQ i?2 7°2[m2M#Q Ti? X2 iR Ry
bQHMIBQMb X

iXk "m+FHBM: M HvbBb BM i?2 T bbBp2 bi i2

gBi?Qmi HQbb Q7 ;2M2" HBiv- ; BM-i?2H2N;hi?BR2MBMKDQEHEBQ I
Q7 1[KXWdBb,
w(x)= E bBdM)+ F + Qklx) + Gx + H; UjXR8V

r?72°RBb i?2 7Q°+2 T ~ K2i2°'X hQ + H+mH i2 i?2 ##m+FHBM; T ~ K2i2°
T bbBp2 bi i2-i?2 ;2M2° HbQHMIBQM Bb mb2/ BM iRR¥BQMIM/ v +Q|
KXYNr?B+? H2 /biQ i?2 7TQHHQrBM; 2[m iBQMb,

G

EbBM2)+ F +Qtk/2) - +H=0; UjXReV
G .

E bBAR)+ F + Qi)+ -+ H =0; UjXRdV

EbBM/Z2) F +Qk/2)=0; UjXR3V

EbBdAR) F +Qk2)=0: UjXRNV

r?2°R-F-G MH 2 +QMbi Mibi? i/2T2M/ QM i?2 #QmM/ v +QM/BiB(C
:2M2° HbQHmMiIBQMb BM i?2 /Bz2 2MkBBH 22K iBRQIPbi D2 @ QKT 2bb B (
7Q°+2 #v i?2 TQHHQrBM; "2H iBQMb?BT,
P
k?= —: iXkyV
h?2 bvbi2K Q7 HBM2 ~ 2[mj XBR@MB/BMM F2XrUBii2M BM K i'Bt 7Q K,

bBMN2)  +QH2) 12 10E°

b Bdi2) +QdR) 12 148F7 _ _
bBM/2) +Qik/2) O oégeé_o UjXkRV
b BKX2) +Qi2) 0 0 H
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Q\l
Sphp = 0 UjXkkV
BMi?2 +QKT +i 7Q KX h?mb-i?2 /2i9 RBM Mi Q7 K i Bt

det(S, (K)) = 2 +th bBI\g: UjXKkjV
h?2 7Q +2 T "KKRi'#2 7QmM/ #v 2[m iBM: i?2 /2i2 " KBM MiiQ x2°
2 +Ql% thg =0: UjXkoV

h?2 bQHmMIBQMb Q7 i?Bb MQMHBM2 ~ 2Dtk riBEXP KBk #2r22281 BM ¢
r=1;23::2i+X >2°2 ; BM- i22rpbH P2 Q MOX@BQ  i?2 + b2 6242 2
i?72 +Q "2bTQM/BM; + ' BiB+ H#m+FHBWKY@Bb-2 ++Q /BM; iQ 1[X

r El

Pcr:—L2 Uij8V

iXj .vM KB+ M HvbBb BM i?2 +iBp2 bi i2
AM i?Bb b2+iBQM- i?2 K2i?Q/ XM MtBMIA2+i@ QM /vM KB+ M H
i72 +iBp2 bi i2X

iXjXR .2 Bp iBOM Q7 7 2[m2M+v K i Bt

qBi?Qmi HQbb Q7 ;2M2" HBiv- ; BM-i?R HRXI Hi? B2 MD MK B/Q B X
Q7 1[lkX%d MKX&N" 2,

wi(x)= AL bBM) + A, +Qb)+ Az bBM Y+ Ay + QBX?): UjXkeV
W3(X) = Ag bBM) + A +@b)+ Aix bBM T+ A, +Q(X?) UjXkdV
6Q° i2% b2:K2Mi- T "iB+mH * bQKXSIBOM Q7 1[X U
S ,
Wapar (X) = S - —04; UjXk3V

2
! 0

r?BH2 i?2 :2M2° HbQHMIBQM rBi? i?2 bQHMIBQM Q7 i?2 +QKTH

Wa(X) = As b BM) + Ag + QX))+ A; b B(M Y+ Agcosh( x ) 8—04 UjXKkNV

AM i?2 #Qp2i?°22 :2M2° HbQHMIBQMb-i?2'2 "2 RjA, ~ K2i2
i2°Qmy;2 BM //BiBRMrixB+? "2 /2i2°KBM2/ 7°QK i?2 #QmM/ v M
+QM/BiBQMb HBhX®3BXIYN X WY@K h?2 mb2 Q7 i?2b2 ;2M2° H |
BMiQ i?2 #QmM/ v M/ +QMiBMmBiv +QM/BiBQMb vB2H/b,

AL bBM/2)+ A, +Qb /2)+ Az bBM2)+ A, + Qb 2/2) =0 ; UjXjyV
AL bBM2) A, +Qb/2)+ As bBM22)+ Az + Q0 2/2)=0: UjXjRV
ALbBM)+ Az +Qbg)+ A; bBMB)+ A, +Qb )
S UjXjkV
As bBMy) Ag+QDbgq) A;bBMB) Ag+Qb?)+ —— =0;
'o



jXjX .vM KB+ M HvbBb BM i?2 +iBp2 bi i2 9R

6B;m 2 jXk2 ' KBM i QFi? "2bT2+i iQ i?2 7Q «27M
bQHMIBQMbX

A1 +Qbg) AbBM)+ A; +Qb )+ A, bBMT)
As +Qbg)+ AsbBMy) A;+Qb?) AsgbBM7)=0;

ArbBMy) A; +QDbqg)+ A; bBM@)+ Ay +Qb )+
As bBMi)+ Ag +Qbg) A; bBME) As +Qb7)=0;

A1 +Qbg)+ A, bBMy)+ A3 +Qb )+ Ay bBM Q)+
As+Qba) AsbBMI) Ar+QBR) AsbBMA)=0;
As bBIN + Ag + Qdp) + A7 bBM T+ Ag + Q)
A bBH) A +Qb) Au bBM? Ap+QER =0,

2
-0

As +Qdp) As bBdN+ A7 + Q) + Ag b B(M Y
Ag +Qbg)+ A bBd) Ay +Ql) A, bBNMY=0;

As bBd) As +Qdp)+ A, bBMT+ Ag + Qb )+
Ag bBI) + Ag +Qdp) A bBMT A +Qlo? =0;

As +Qdp) + Ag bBAN + A7 + Q) + Ag b B(Mj T+
Ag +Qdp) A bB) Ay +Q(?) A bBMY=0;

Ag bBKR)+ Ap +QI2)+ Ay bBMW2)+ A +Q0/2)=0;
Ag bBNR) Ayp+Qi2)+ A1 bB(W2)+ A, +Q(0/2)=0;

~iR2i2°bi Ry

UjXjjVv

UjXjovVv

UjxjsvVv

UjXjeV

Ujxjdv

UjXj3V

UjXjNV

UjXoyV
UjX9RV
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M/ i?2 BMi2;" iBQM BM i?2 H bikX@evB2BQMM BM 1[X U

As bBOY+ As bBMT So—— =0: UjX9kV

El

h?2 Rj 2[m iBQ@KOKB2H/ ?2QKQ;2M2Qmb bvbi2K Q7 HBM2 " ¢
7Q K,
F.,a, =0; UjX9jV

r?2°2i?22 pas«QMi BMb i?2 mMFMQrM T ~ K2i2 b,

So T
a,= A1 A i A Ap g ; UJX99V

r?BH2F2Bb i?2 7 2[m2M+v K i "Bt #mBHi 7 QK i?2 +Q2{+B2Mib Q7
bBKTHB}+ iBQM Q7 i?2 "Qrb Q7 i?2 K i'Bt #v i?2 H K#/ KmHIiBTF
Ki'Bt+ M #2 r'Bii2M BM i?2 7QHHQIBM; #HQ+F bi ' m+im 2,

2 3
B, O, 0, O
Cn Cn 0, s
Fa.=R0, C, C, s UjXxo8v
0, 0, B, O

o D 0 ¢°3

r?2°2 iB2 MC K i'B+2b #2HQM; iQ i?2 #QmM/ v. M/ +QMiBMmB iV
iBp2HvA iMp BM/B+2b /2MQi2 i?2 2p Hm iBQM i M2; iBp2 QT
P2+iQBb 22} bi MMBi p2+iQ--/iB@BK2i/ Bw2b "2 Dt9 x2 Q@K i B+2
i72 Q// M/ 2p2M T QT2'iB2b Q7 i?2 7TmM+iBQMb-i?2 2Mi 'B2b Q7

_ bBMY +@H bBM)? +QBY . :
Bn = bIB§|§’I +<§?t) bBM)? +QBY UjXgeV

_ bBM +@H bBM? +QBY . :
Bp = b@w +@Q ng)? +Q%)_>’ Ujxedv

3
Qw  bE®  romn  bam)
B+ +Qbr) BN .
=8 em 0w obiar ot IOy
+Qp) DbBH) +QbA  bB4T

3
B+ QL) bBMMTY. .
=8 whar  0b) botay +oms VIXONV
+Q4) bBA) +QMED bBMM?

D=0 bBd) O bBMMY : UjX8yV
h?2 MQMi'BpB H bQ 9B QM@ 72l X BB K ;imBit- BX2X Bib /2i2 KB

Bb x2 QX h?2 bQHMiBQMb Q7 i?Bb MQMHBM2 ~ 2[m iBQM vB2H.
“iBQb Q7 i?2 Rj T K2i2 b-i?mbi?2 pB#  iBQM KQ/2j%MXM #2 Q



jXjX .vM KB+ M HvbBb BM i?2 +iBp2 bi i2 9j

6B;m 2 jXj2 KBM WL BA? 2bT2+1iQ 1?72 7 2[m2M+gqT025K2i2"

iXjXk 6°2[m2M+v K T M/ pB# iBQM b? T2b

h?2 7 2[m2M+v K i BXBAM2ATXMJb QM irQ Tg K2i2 7?2 MQM@i BpB H
bQHMIBQM TQBXMN QMMXHPQrM b +ny p2BBMWMPE2XRh?2b2 +m p2b "2
272 °2/1Q bi?27 2[m2M+v K TX

* H+mH iBM; i?2 7°2[m2M+vK T 2[mB 2bi?2 7Q ' KmH iBQM Q7 i?:
Ki'Bt M/}M/BM;i?Qb2T ~ K2i2 ' p Hm2br?2 °2BirBHH #2 2[m HiQ X
+ b2-i?7R° K2i2 ' r bBM+2 b2/7 QK x2 ' QmTr /iQ K tBKmKQ7ij8B
M/ i?2 /2i2"KBM Mi Bb MmMK2 B+ HHv + H+mH i2/ 7 QKMX M HviB
g?2M i?2 bB;M Q7 i?2 /2i2°KBM Mi +? M;2/ #2ir22M irQ T ~ K2i2 p I
Q7 1?2 x2°Qp HmM2r b BMi2 TQH i2/ #2ir22M i?2 irQ p Hm2b Q7 i?2
bQHMIBQM 7Q i?2 7°2[m2M+v T ~ K2i2 r b 7QmM/- M/ i?2} bi NQ
2 +@p Hm2X [XKBF2KQMbi™ i2b i?2 #2? pBQ Q7 i?2 TmM+iBQM Q7 i?2
Fo rBi? "2bT2+iiQ i?2 biQ 2/ bQHMIiBQM TQBMib QB/Mi7227+2p@a2M+v
r?2°@=0:25X b BM+ 2 b2b-i?2 p Hm2b Q7 i?2 /2i2 " KBM Mi 2tTHQ/2
/Im2 iQ i?2 T 2b2M+2 Q7 i?2 ?2vT2 #QHB+ i2 Kb- M/ i? i Bbr?v i?2 A
? p2?B;?2° M/ ?B;?2 bHQT2bX

h?2 7 2[m2M+v K TQ7i?2#2 KBbjXRRARMINABRNMBBX2/i? ibi "iBNM
7°QK i?2 #QiiQK- i?2 HBM2b 2T 2b2MiBM; i?2 7°2[m2M+B2b Q7 i?.
reBH2 i?2 HBM2b Q7 i?2 2p2M KQ/2b "2 +m p2/- 2t+HmM/BM; i?2 b
"2;BQM Q7 i?2};m 2-r?2°2 i?2v "2 2tTH BM2/ ii?2 2M/ Q7 i?Bb br
b?Qr BMje®;ix2 pB#  iBQM KQ/2b "2 r2HH b2T " i2/, i?2 +m p2b Q7 i
T K2i2° 2K BM i +H2 "Hv pBbB#H2 /Bbi MHH2nrb QXVD B QiR 2 M ;i 2V
BX2X i?2 M2B:;?#Q ' BM; +m ' p2b /Q MQi + ' Qbb 2 +? Qi?2° M/ /Q MQi ;
Bir bb?QrMBM LOK2i2&kyWR/B2BH2DBb+ " 2i2 MMK#2 Q7 bmbT2MbBQM T
r2 2 bm+? + QbbBM;b-r?B+? HbQ vB2H/2/i?2 /Bbim # M+2 Q7 i?2 Q
bF2r@bvKK2i'B+ KQ/2bX h?2 H +F Q7 + QbbBM;b Bb r?2vbm+? bBK
7Q i?Bb T Q#H2K BMbi2 / Q7 i?2 KQ 2 Q#mbi K2i?kyMo .6XKQFQb M
i?2 + H+tmH iBQM Q7 i?2 7" 3[M2NKRV2K Thi}a2/ i Ryy TQBMib #2ir22
RfRyyy M/ RfkX h?2 K2ige0 #?HD i?Bb HBKBi + b2 "2T 2b2Mib irC
#2 KX

b M2tTH M iBQM 7Q" i?2 "2bmHib-i?2 +QMbi Mip Hm2 Q7 i?2 H
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6B;m 2 pX28[m2M+v J T Q7 i?2 M Hvx2/ #2 KX

2 bviQ 2tTH BMX h?2b2 KQ/2b "2 i?2 bF2r@bvKK2i B+ bBMmb
Ar = As= Ag- r?BH2 2p2'v Qi?2 A,0K2MIVU 2 x2 Q- M/ i?2 7 2[m2
T K2i2 Bb
2y 1=2j: UjX8RV

homb- 70@i?2)" KQ/Bi(X) = Wa(x) = We(x) = A bBM)- M/ b bm+?- Bi
M im' HHv 7mH}HHD i?2 + QM AB@REH bh B AQMMU v +QM/BiBQMI
KX Y®UIN 2 TmMH}HH2/ #2+ mb2 Q7 i?2bT2+B}+p HM2 Q7?2 7 2]
iQ 1[X¥XBRX h?2b2 KQ/2b TT2 " BMi?2 T bbBp2 bi i2 b r2HH- #r
BM/2tX

h?2 2p2M KQ/2b "2 i?2 bvKK2i B+ pB# AiBQ M¢KA /2B1F?2 2
Az = All-A4:A12-A5:0- MA7:0X GQ\ #2ii2° pBbB#BHBIV Q?I’)Z 2p2
XQQK2/ BMiQ i?2 7°2[m2M+v K T M/ T 2b2Mi2/ i?2bjX &/Q@ 2\bXo 2 T
Ai+ M #2 b22M i? i i?2 +m p@/i®RM2VMORQP2 M2p2" 2t+22/b

max = (2] +1) UjX8kV
pHM2 M/ Bi 2 422p @2 2t +ikpvHm 2 GI7TK2HV i

| — . T TR ; ;
q—2j+1, | =1;2;:] UjX8jV
TQBMibX h?2b2 KQ/2b "2 bAR2=BgH-AQ-QMIBAR2 v Qi?2 T ~ K2iZ
Bb x2 Q- "2bmHiBM; BM b3 Mn®QHB7 @ir KQ bX QarX) = Bvp(X) =
ws(X)= A, +Qb)-Bi M im> HHv 7TmH}HHDb i?2 kQ¥@EMIQMb BM 1[bX U

b M2t KTH2 Q7 obd HnB3+ pBdOR Qrb i?2 pB#' iBQM ¥ T2b Q7
4h 6" MBM KQ/2b- "2bT2+iBp2HvX

6Q  i?2iQT "B;?i '2;BQM Q7 i?262[m2M+v J T-i?2°2 bQM 7Q
bQHMIBQM HBM2b TT2 "BM; 7Q  i?2 ?B;?2  KQ/2b Bb i? ii?2 7
TQH i2/iQ }M/ Bib x2 Q-+ MMQi #2 + H+mH i2/ ++m  i2Hv ii?:
"2+ mb2 Q7 i? i-i?2 MmMK2 B+ H "2bmHib Q7 i?2 K i?2K iB+ H T
iBQM Q7 i?2 T?vbB+ HT Q#H2KX >2M+2-i?2b2 HBM2b "2 HbQ
q?BH2 + H+mH iBM; i?2 7 2[mP2MH+ABK?® BMIGB+Xb b ~;mK2Mib
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+V A

6B:m 2 ¥8HQb2@mT iQ i?2 bQHMIBQM HBM2b Q7 i?2 2p2M pB#  iBQ
J TX

7V Vv

?V BV

6B;m 2 pBet,” iBQM b? T2h4) 7672 MB" KQ/2b- "2bT2+iBp2Hv- 7Q  i?2 -
r?22°@=0:25X
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i?2 bBM? M/ +Qb? 7mM+iBQMb + mb2/ M 2tTQM2MiB H BM+"2
i2°KBM Mi B,7K?i2BtX .m2 iQ i?2 ++mKmH iBQM Q7 i'mM+ iBQM
Q7 K :MBim/2- 2p2M i?2 bB:M Q7 i?2 2p Hm i2/ /2i2 ' KBM Mi #2+
+? QiB+ # +F@ M/@7Q i? +? M;2 Q7 i?2 bB:M Q7 i?2 2p Hm i2/ |
MmK#2 Q7 T > bBiB+ bQHmMIBQMb BM i?2 iQT "B;?i +Q M2 Q7 i?
i2Qb2 bQHMIBQMb "2 MQi +QMbB/2 2/X

i X9 "m+FHBM; M HvbBb BM i?2 +iBp2 bi i2
AM i?Bb b2+iBQM- i?2 K2i?2/@BD 2bi2Mi/2// BN i?2 #m+FHBM; M H°
+iBp2 bi i2X

JX9XR .2 Bp i BQM Q7 i?2 #m+FHBM; K i Bt

gBi?Qmi HQbb Q7 ;2M2" HBiv- i?2 HEM 1 X B\® 2b;2iMR2 /HQ @R miB C
1[bXX&¥y MKkM &K "2,

Wl(X)zBl bﬂ‘(M)"‘ Bz+m)+ Bsx + By; UJX89V
w3(X) = Bg b BM) + Byo + Qi) + ByiX + Byo: UjxsasVv
h?2 T "iB+mH " bQHMIBQM Q7 i?2 MOQM@ RRYEBRM2Qmb 2[m iBQ
_ Spx?2 | Spx? :
W2(X) = —5~ = SEpce UjX8eV
M/ bQi?2 ;2M2° HbQHmMIiBQM Bb,
Sox? :
WZ(X): Bs kaM)+ Bs +(G<b1)+ B;x + Bg+ m: UJX8dV

aBKBH ' iQ i?2 /vM KB+ M HvbBb-i?2'2 "2 Rj T K2i2'bi? i
#Qp2i?°22:2M2° BDHIQHQMEBRDBW -//BiBRQMPB+? "2 /2i2 KBM2/ 7"
i22#QmM/ v M/ +QMiBMmBiv +Q M KBiSBIVEEN WIEkid & @BU X [ X2U
bm#biBimiBQM Q7 i?2 :2M2° HXIDE-HOSEB @ MUSBIBM{QX2A2b2 +QM/Bi
VB2H/b,

B, bBN/2)+ B, + Qtk/2) B2+ B,=0: UjX83V
B, bBNK2) B, +QHk/2)=0: UjX8NV
S

Bi bB Mg+ B, +Qlkg) Bzg+Bs Bs bBMqg Bs +Qlka)+Bsq Bg #‘fz:o;
UjXeyV
Bl+©u((]) szBMQ)"‘ Bs B5+QH(Q)+ BebBMQ) B7+%:0; UJXGRV
BibBMA) B, +Qtka)+ BsbBMA+ Be +Qtka) —p=0;  UjXekV
B, +Qtkq B, bBNa)+ Bs +QHkq)+ Bs bBMg)=0; UjXejV

B D)+ By + Qo)+ B,q+ By By DB Bio + Q) Buq Byt S0 =0;
UjXe9V

S |
Bs + Qo) Bg bBd&)+ B, Bo + Q)+ By b B Bll+EIqu3=O; UjxXe8V



jX9X "m+FHBM; M HvbBb BM i?2 +iBp2 bi i2 9d

So

Bs bBKe) Be + Qkio) + By b Bdef) + B1g + Qkio) + E|k4:O; UjXeeV
Bs + Qklog) Bg bBkig) + By + Qkin) + B1g b Bief) =0; UjXedV
Bo b BkX2) + Big + Qki2) + B1;/2+ By, =0; UjXe3V
Bo b Bi2) Bjyo + Qkii2) =0 ; UjXeNYV

M/ i?2 BMi2;  iBQMXENRPXAD,
Beblildw+83q+62'+fz:0: UjXdyV

am#biBimiBM:; i?2 :2M2° HbQHmMiBQMb M/i?2B" "2bT2+iBp2 /2 B
VB2H/b ?QKQ:2M2Qmb bvbi2K Q7 HBM2 "~ 2[m iBQMb BM i?2 7Q " K,

S.b, =0; UjXdRV
r?22°2i?22 pB++@Mi BMb i?2 mMFMQrM T ~ K2i2 b,

SO T
ba = Bl Bz . Bll BlZ a ; Ude kV
reBH2S2Bb i?2 #m+FHBM; K i Bt Q7 i?2 +iBp2 bi i2#mBHi 7 QK i?z2
T K2i2bX 7i2° bBKTHB}+ iBQM Q7 i?2K ®nbHQB TR 2K hi- B P 22
TTHB+ #H2-i?2 K i Bt+ M#2r Bii2ZM BM i?2 TQHHQrBM; #HQ+F bi’

2 3
Bn O, Oy 0
Cn Cn O, Sh
S.=80, C, C, s, 4 ujXdjV
0, 0, B, 0

0, D 0. (93¥(6k)?
>2°2-i22 2Mi"B2b Q7 i?2 MOM@x2'Q K i'B+2b "2,

nEy @) 11 |
Bn b +QH O O UjXdov
bEY  +Q 1 -
B, bEy  + 0D 0 0 UjXxdsv
2
bBdp) +Q) g 1
B +Q<a) bBRda) 1k O .
Cn—g b Bk Q) O ; UjXdeV
+Qdu) bBRdw O O
2 3
bBd) +Q) g 1
) bw) 1/k 07, -
Cp—g b B Q) O ; ujXddvVv
+Qd) biw 0 O
D=0 bBd#)Kk O q; UjXd3vV
3
(@%(2Kk?)
3
Sn: q;_;(k4 Z’ UJXdNV

0
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6B;m 2 X2 KBM BLi BA? 2bT2+iiQ i?2 7Q k272 @KAbX

? @2
gk Z
1Kk 5

0

h?2 MQM@i'BpB H bQHMIiBQS K[MBI-2BX20BBimH2i2 ' KBM Mi
h?2 bQHMIBQMb Q7 i?Bb MQMHBM2 "~ 2[m iBQM VB2H/i?2HQ / T
T > K2i2 b-i?mb i?2 #m+FHBM; KQ/2b- + Mj¥&RR#i BM2/ 7 QK 1[

Sp: UJX3yV

jX9Xk "m+FHBM; K T M/ #m+FH2/ b? T2b

h?2 + H+mH iBQM K2i?Q/ Q7 i?2 #m+FHBM:; K T Bb bBKBH " iQ
#2;,BMMBM; QXaXkhBR#M+FHBM; K iiXBMBMTR2M/DQMirQT =~ K2i2
g MkX h?2 MQM@i ' BpB H bQHnKBIRM MGHRMIDQYIM1pX+by gkk2b BM i’
TH M2X h?2b2 +m p2b "2 272 °2/iQ b i?2Xdi?EHBM pBQPXQAM B
TmM+iBQM Q7 i?2 /252 BbBAW QIiMQBi? 2bT2+iiQ i?2 biQ 2/ bQHN
i?727Q +2 T kK2i2°

h?2 "2bmHib Q7 i?2#m+FHBM; K T M/ #m+FH2/ pCRTaBOKBH T 2|
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