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ا୒ୖڎُى. ؕਊಾا ݆݁ আॻ༟ اܳފఈఃّمُ ،ُّ۬Ⴄߵ၍ ߓ و ِՄ៰Ղا ُ ۰ᆇᅵور ુળܹ٭༟ اܳފఈఃمُ :۰༡ޗݠو৙৑ا ዛኞڍه واਐ಻ڰؕ ڢݠأ ݆ৎ৊ ا৕৑ݿఈఃمِ ُ ොູ٭۰ّ ۱ڍه
.ඔ൹ৎ৊؇اܳأ رب Մ៰Ղ ༠؇ܳݧٌِ اܳأ݄ܭُ ۱ڍا

؜ٷڎ ఈః݁ڢ؇۹َِّ ݆݁ ॷख़भّگُݠ ؇۳ ّ֟ َܹ༟ ؇ዛኞ ݁ݯ྘بُ اܳأ޺޾ِ ޗܹص ሒᇭ وݬ྘ٺ۹َِّ ۱ڍه واܳފఈఃم، اܳݱఈఃة ༟ܹ٭۬ Մ៰Ղا ؜ٴڎ દઑ ᆇ୚୘ڎٍ ݿ٭ڎّي ሌᇿإ
لژ. ๤ّདྷܳا اࠍ੆ިض

أ਍ಸ؇ءِ و اৎ৊ݠُادي ༠ܹژ દઑ أᆇᅵڎ و اࠍ੊ݞريّ اෑෂ݁؇ن ࢻࣖلؕ و ا୒ୖ٭ࡦࡲ દઑا ሌᇿإ :(Ⴄၽਃ಻Ⴄၽ٭ৎ৊ا) اࠍ੆٭ِܭَ ُ ༟ِ޺޾ ِܾዛኗࣖأࢴ আॻ༟ ڢ؇مَ દઊᄳᄟا ሌᇿإ
ᆇᅹ٭أ؇. Մ៰Ղا ܾ۳ᆇᅵر ،ாِண؇ނ દઑ ๮ངި݁

.ሒᇆ؇ނگ٭گ و ሒᆶ؇ّوأނگ ༥ڎّا દِઊَ ߌ߳ اܳأݞَ واᄴِᄟيّ ሌᇿإ
☝ ྾ِْཇ؇َ۱ اܳٴޚܭ ِଫଃاܳݱ؞ ڣٺ؇يَ ሌᇿإ

۳ይዧ۠ݠة 1446 ༟؇م ݆݁ ر݁ݯ؇نَ ዝཇݠ ሒᇭ اܳأ݄ܭِ ۱ڍا ݆݁ ُ اዛውᚶ৖৑؇ء ّ ቕቆ









Abstract

The focus in this dissertation is to analyze the dynamics of piecewise linear (PL) elastic
structures. There are two presented examples of such systems, namely, a discrete bar
in tension and compression subjected to a one-sided Signorini boundary condition, and
a continuum beam supported continuously by block-and-tackle suspension system. Both
systems are said to be PL since their stiffness depends on their displacements at a cer-
tain time instant, and they can experience two linear states. The modal parameters are
shown for both systems. For the continuum beam, the effect of the continuous suspension
constraint on the free vibration and buckling is studied. A semi-analytical approach is
used to calculate the natural circular frequencies and the critical forces of the beam. The
length of the suspension is used as a parameter, and the natural circular frequencies and
the critical forces are presented in a frequency map and a buckling map, respectively.

For the discrete bar, a new solution method based on modal analysis is presented to
calculate periodic nonlinear responses to harmonic forcing for PL elastic multi-degree-of-
freedom (MDOF) systems with two linear states, provided that the unloaded equilibrium
position of both states coincides, and the system is in both states once during a period
of forcing. The method formulates a linear system of equations, which yields the initial
conditions of the periodic response as a function of the time spent in each state and the
forcing phase. Error functions are constructed to secure the switching between the states
of the system at the given time instances and the nonlinear equations are solved for the
candidates of periodic responses with the scanning of the parameter space. As a final
step, the vibrations with unwanted switches are filtered out to obtain the actual periodic
responses. An example with support vibration shows that the proposed method is capable
of finding disconnected branches of the periodic responses to a harmonic excitation. As
the dimension of the scanning space is independent of the discretization, the method
scales almost linearly with the increase of the number of degrees-of-freedom.

Finally, for the same analyzed MDOF system, the obtained periodic responses are
used as a basis to characterize the energy dissipation caused by the purely plastic impact
law on the boundary of the structure. For that, a formula for equivalent viscous damping
is derived from simple mechanical principles. As a simple example, the discrete model
of a bar in tension and compression is presented with its periodic responses and internal
energies, and a relationship of the equivalent viscous damping ratio with the forcing period
and phase delay is shown. The results show a similar magnitude of the damping ratio
as the ones used in the analysis of civil engineering structures. Three-dimensional plots
are shown to demonstrate the effect of the loading position on the equivalent viscous
damping ratio for different discrete models at different forcing periods. It is shown that
a combination of simple load cases does not add significant damping. In the end, the
effect of the number of DOFs in a discrete model on the equivalent viscous damping ratio
is shown. With the existence of similar periodic paths between the discrete models and
away from resonance, the contribution of the impacting mass on the equivalent viscous
damping ratio decreases as the number of DOFs increases.
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Chapter 1

Introduction

When analyzing vibrating systems governed by linear differential equations, modal anal-
ysis is a useful way to observe their behavior. The main advantage of modal analysis is
the decoupling of the equation of motion of a multi-dimensional problem into multiple
one-dimensional ones. The benefit of this decoupling is that the solution of the multi-
dimensional equation of motion is equal to the linear combination of the solutions of the
one-dimensional problems. This technique, so-called superposition, is used as the corner-
stone of the linear theory of vibration, where the displacements and rotations are assumed
to be of small amplitudes, the stress-strain relationship is linear, no energy dissipation
occurs, and no obstacles exist on the boundaries of the system.

However, systems that are included under this umbrella are only exceptions in nature.
Examples of vibrating systems with large displacements in Eroglu and Tufekci (2018)
and Carrera, Pagani, and Augello (2020), nonlinear material behavior in Tang and Yang
(2018), energy loss in Marino and Cicirello (2021) and impacting in J. Zhang et al. (2024)
are well-reported in the literature. In these cases, where nonlinear terms appear in the
mathematical model, the principle of superposition falls apart and its provided results
become physically false. Complex phenomena that are exhibited by even weakly nonlinear
systems cannot be predicted by the linear theory. Thus, there was an urge to develop
new methods of analysis to capture the true behavior of geometrically and/or materially
nonlinear systems.

In the next sections, a detailed overview is presented on the literature of the dynamics
of nonlinear systems with the piecewise linear elastic systems being an example. The
characterization of the energy dissipation in structures, and the applications of this char-
acterization in seismic analysis in the structural engineering aspect are presented as well.
At the end, a layout of this dissertation is shown alongside the expectations from the
performed analyses in the current work.

1.1 Periodicity in nonlinear systems
In the field of the analysis of periodic motions in nonlinear systems, a new paradigm ap-
peared when Rosenberg developed the concept of the Nonlinear Normal Modes (NNMs)
in Rosenberg (1960) and Rosenberg (1961), and defined them as synchronous periodic
motions where all the points of the structure reach their maximums at the same time
instant. He represented the relationship of the motion within the system as lines in the
configuration space of a 2-DOF system called modal lines, which are generally curves.
Under certain symmetries, this curve becomes a straight line, suggesting that the linear
system is only one special case of infinitely many. The extension of Rosenberg’s defini-
tion to more-DOF systems exists in Rosenberg (1962) and Rosenberg (1966). Afterwards,
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�r���b �K�Q�/�2�H�2�/ �B�M �*�?���i�B�- �_�X �_���M�/�- ���M�/ �J�m�F�?�2�`�D�2�2 �U�R�N�N�d�V�- �r�?�2�`�2 �T�2�`�i�m�`�#���i�B�Q�M �K�2�i�?�Q�/ �r���b
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�T�Q�b�b�B�#�H�2 �+�Q�M�i���+�i �B�M�i�2�`���+�i�B�Q�M �#�2�i�r�2�2�M �� �#�m�B�H�/�B�M�; ���M�/ �B�i�b �b�m�`�`�Q�m�M�/�B�M�;�b �B�b �T�Q�b�b�B�#�H�2�X ���b ���M
�2�t���K�T�H�2�- �B�M �6�B�;�X�k�X�R�/�V�- �� �`�B�;�B�/ �r���H�H �B�b �b�i���M�/�B�M�; �M�2�t�i �i�Q �� �?���`�K�Q�M�B�+���H�H�v �7�Q�`�+�2�/ �K�m�H�i�B�@�b�i�Q�`�2�v
�#�m�B�H�/�B�M�; �r�B�i�? �� �+�Q�M�i���+�i�- �K�Q�/�2�H�H�2�/ �m�b�B�M�; �a�B�;�M�Q�`�B�M�B �+�Q�M�/�B�i�B�Q�M�- ���i �i�?�2 �`�Q�Q�7 �H�2�p�2�H�X �h�?�2 �+�H�Q�b�m�`�2
�Q�7 �i�?�2 �;���T �#�2�i�r�2�2�M �i�?�2 �b�i�`�m�+�i�m�`�2 ���M�/ �i�?�2 �`�B�;�B�/ �r���H�H �B�b ���b�b�m�K�2�/ �i�Q �#�2 �7�m�H�H�v �T�H���b�i�B�+�- �r�?�B�+�?
�K�2���M�b �i�?���i �i�?�2 �`�Q�Q�7 �H�2�p�2�H �H�Q�b�2�b �B�i�b �p�2�H�Q�+�B�i�v ���i �i�?�2 �i�B�K�2 �B�M�b�i���M�i �Q�7 �i�?�2 �B�K�T���+�i�X �h�?�2 �2�M�2�`�;�v
�H�Q�b�b �+���m�b�2�/ �#�v �i�?�2 �T�H���b�i�B�+ �B�K�T���+�i �+���M �`�2�T�`�2�b�2�M�i �Q�M�2 �Q�7 �i�?�2 �M�Q�M�H�B�M�2���`�B�i�B�2�b �B�M �#�m�B�H�/�B�M�;�b
�r�?�2�`�2 �r�2 �?���p�2 �+�H�2���`���M�+�2�b�- �b�m�+�? ���b �B�M �+�`���+�F�2�/ �`�2�B�M�7�Q�`�+�2�/ �+�Q�M�+�`�2�i�2 �2�H�2�K�2�M�i�b �Q�` �B�M �#�Q�H�i�2�/
�b�i�2�2�H �+�Q�M�M�2�+�i�B�Q�M�b�X �h�?�2 �+�?���M�;�2 �B�M �i�?�2 �b�i�B�z�M�2�b�b �+���m�b�2�/ �#�v �i�?�2 �+�H�Q�b�m�`�2 �Q�7 �i�?�2�b�2 �+�H�2���`���M�+�2�b
�B�M �#�m�B�H�/�B�M�;�b �B�b �m�M���#�H�2 �i�Q �#�Q�m�M�+�2 �i�?�2 �r�?�Q�H�2 �#�m�B�H�/�B�M�; �#���+�F �m�M�/�2�` �/�v�M���K�B�+ �H�Q���/�B�M�;�- �b�Q �i�?�2
�`�2�b�m�H�i�B�M�; �#�m�B�H�/�B�M�; �b�i�B�z�M�2�b�b �+�?���M�;�2 �H���b�i�b �7�Q�` �b�Q�K�2 �i�B�K�2 �m�M�i�B�H �i�?�2 �#�2�M�/�B�M�; �b�i�B�z�M�2�b�b �Q�7 �i�?�2
�K���B�M �b�i�B�z�2�M�B�M�; �2�H�2�K�2�M�i�b �`�2�b�i�Q�`�2�b �i�?�2 �;�H�Q�#���H �/�B�b�T�H���+�2�K�2�M�i�b�X �h�?�B�b �B�b �i�?�2 �K���B�M �`�2���b�Q�M �#�2�?�B�M�/
�i�?�2 �B�M�i�`�Q�/�m�+�i�B�Q�M �Q�7 �i�?�2 �T�2�`�7�2�+�i�H�v �T�H���b�i�B�+ �B�K�T���+�i�X

�h�?�B�b �+���b�2 �B�b �2�[�m�B�p���H�2�M�i �i�Q �i�?�2 �?���`�K�Q�M�B�+���H�H�v �7�Q�`�+�2�/ �/�B�b�+�`�2�i�2 �J�.�P�6 �b�v�b�i�2�K �b�?�Q�r�M �B�M �6�B�;�X
�k�X�R���V�@�+�V�- �r�?�2�`�2 �2���+�? �.�P�6 �?���b �� �K���b�bm�- �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �K���b�b �Q�7 �i�?�2 �b�H���#�b�- �#�2���K�b ���M�/
�+�Q�H�m�K�M ���i �2���+�? �H�2�p�2�H�- ���M�/ �2���+�? �b�T�`�B�M�; �?���b �� �b�i�B�z�M�2�b�bk�- �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �H���i�2�`���H �b�i�B�z�M�2�b�b
�T�`�Q�/�m�+�2�/ �#�v �i�?�2�b�2 �#�m�B�H�/�B�M�; �2�H�2�K�2�M�i�b�X ���i �i�?�2 �#�Q�m�M�/���`�B�2�b�- �i�?�2 �b�v�b�i�2�K �B�b �+�Q�M�b�i�`���B�M�2�/ ���;���B�M�b�i
�?�Q�`�B�x�Q�M�i���H �/�B�b�T�H���+�2�K�2�M�i �Q�M �Q�M�2 �2�M�/�- ���M�/ �b�m�#�D�2�+�i�2�/ �i�Q �� �m�M�B�H���i�2�`���H �+�Q�M�i���+�i �b�m�`�7���+�2 �Q�M �i�?�2
�Q�i�?�2�` �2�M�/ �m�b�B�M�; �i�?�2 �a�B�;�M�Q�`�B�M�B �+�Q�M�/�B�i�B�Q�M�b�- �`�2�T�`�2�b�2�M�i�B�M�; �i�?�2 �`�B�;�B�/ �r���H�H �M�2�t�i �i�Q �i�?�2 �#�m�B�H�/�B�M�;�X

�h�?�B�b ���b�b�m�K�T�i�B�Q�M �/�B�p�B�/�2�b �i�?�2 �K�Q�i�B�Q�M �B�M�i�Q �i�r�Q �H�B�M�2���` �b�i���i�2�b �Q�7 �b�i�B�z�M�2�b�b�X �h�?�2 �}�`�b�i �b�i���i�2
�B�b �i�?�2 �b�i�B�+�F�B�M�; �b�i���i�2�- �?�2�`�2�B�M ���7�i�2�` �+���H�H�2�/�b�i���i�2 �A�- �r�?�2�`�2 �i�?�2 �H���b�i �K���b�b �B�b �b�i�m�+�F �i�Q �i�?�2 �r���H�H ���b
�B�M�k�X�R�#�V�- �?���b �� �M�m�K�#�2�` �Q�7 �K���b�b�2�b �+�Q�M�i�`�B�#�m�i�B�M�; �B�M �i�?�2 �2�[�m���i�B�Q�M �Q�7 �K�Q�i�B�Q�M �/�2�M�Q�i�2�/ �#�vN I �X
�h�?�2 �b�2�+�Q�M�/ �b�i���i�2 �B�b �i�?�2 �7�`�2�2�@�~�B�;�?�i �b�i���i�2�- �?�2�`�2�B�M ���7�i�2�` �+���H�H�2�/�b�i���i�2 �A�A�- �r�?�2�`�2 �i�?�2 �b�i�`�m�+�i�m�`�2 �B�b
�7�`�2�2 �Q�7 �+�Q�M�i���+�i ���b �B�M�k�X�R�+�V�- �?���b �� �M�m�K�#�2�` �Q�7 �K���b�b�2�b �+�Q�M�i�`�B�#�m�i�B�M�; �B�M �i�?�2 �2�[�m���i�B�Q�M �Q�7 �K�Q�i�B�Q�M
�/�2�M�Q�i�2�/ �#�vN II = N I + 1�X �.�m�`�B�M�; �i�?�2 �p�B�#�`���i�B�Q�M�- �i�?�2 �B�K�T���+�i �Q�7 �i�?�2N II �@�i�? �K���b�b �Q�M �i�?�2
�r���H�H �B�b ���b�b�m�K�2�/ �i�Q �#�2 �T�2�`�7�2�+�i�H�v �T�H���b�i�B�+�- �B�X�2�X �i�?�2 �+�Q�2�{�+�B�2�M�i �Q�7 �`�2�b�i�B�i�m�i�B�Q�M �B�b �2�[�m���H �i�Q �x�2�`�Q�X
�A�M �i�?�2 �+�m�`�`�2�M�i ���M���H�v�b�B�b�- �i�?�2�`�2 �B�b �M�Q �T�`�2�b�i�`�2�b�b�B�M�; �B�M �i�?�2 �K�Q�/�2�H�c �i�?�2 �m�M�H�Q���/�2�/ �b�i���i�2 �Q�7 �i�?�2
�b�v�b�i�2�K �+���M �#�2 �+�Q�M�b�B�/�2�`�2�/ �i�Q �#�2�H�Q�M�; �i�Q �#�Q�i�? �Q�7 �i�?�2�K�- �B�X�2�X �i�?�2 �K���b�b �B�b �B�M �i�Q�m�+�? �r�B�i�? �i�?�2
�r���H�H �#�m�i �2�t�2�`�i�b �M�Q �7�Q�`�+�2 �Q�M �B�i�X

�k�X�R�X�R �J�2�+�?���M�B�+���H �K�Q�/�2�H

�l�M�/�2�` �?���`�K�Q�M�B�+ �2�t�+�B�i���i�B�Q�M�- �i�?�2 �K���i�`�B�t �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M �Q�7 �K�Q�i�B�Q�M �B�M �b�i���i�2� �- �r�?�2�`�2
� �+���M �#�2I �Q�ÌI �- �B�b�,

M � •x � (t) + K � x � (t) = q�
0 �+�Q�b(!t � � ): �U�k�X�R�V

�A�M �i�?�2 ���#�Q�p�2 �2�[�m���i�B�Q�M�-M � ���M�/K � ���`�2 �i�?�2 �K���b�b ���M�/ �b�i�B�z�M�2�b�b �K���i�`�B�+�2�b �B�M �b�i���i�2� �-
x � (t)�-•x � (t) ���M�/q�

0 ���`�2 �i�?�2 �p�2�+�i�Q�`�b �Q�7 �/�B�b�T�H���+�2�K�2�M�i�b�- ���+�+�2�H�2�`���i�B�Q�M�b ���M�/ �7�Q�`�+�B�M�; ���K�T�H�B�i�m�/�2�b�-
�`�2�b�T�2�+�i�B�p�2�H�v�- �i�?���i �#�2�H�Q�M�; �i�Q �b�i���i�2� ���M�/ �?���p�2 �� �b�B�x�2 �Q�7N � �@�#�v�@�R�X �h�?�2 �b�v�K�#�Q�H �U_�V �`�2�T�`�2�b�2�M�i�b
�/�2�`�B�p���i�B�Q�M �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�B�K�2�X �h�?�2 �b�v�K�#�Q�H�b! ���M�/� ���`�2 �i�?�2 �7�Q�`�+�B�M�; �7�`�2�[�m�2�M�+�v ���M�/ �B�i�b
�T�?���b�2 ���M�;�H�2�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�6�`�Q�K �i�?�2 �2�t���K�T�H�2 �B�M �6�B�;�X�k�X�R���V�-M I ���M�/K I ���`�2 �i�?�2 �K���b�b ���M�/ �b�i�B�z�M�2�b�b �K���i�`�B�+�2�b �i�?���i



�k�X�R�X �.�B�b�+�`�2�i�2 �K�Q�/�2�H �Q�7 �� �#���` �B�M �i�2�M�b�B�Q�M ���M�/ �+�Q�K�T�`�2�b�b�B�Q�M�k�d

���V

�#�V

�+�V �/�V

�6�B�;�m�`�2 �k�X�R�,�h�?�2 �T�B�2�+�2�r�B�b�2 �H�B�M�2���` �2�H���b�i�B�+ �b�i�`�m�+�i�m�`�2�, ���V �b�v�b�i�2�K ���i �2�[�m�B�H�B�#�`�B�m�K�- �#�V �b�v�b�i�2�K �B�M
�b�i���i�2I �- �+�V �b�v�b�i�2�K �B�M �b�i���i�2II �- ���M�/ �/�V �K�m�H�i�B�@�b�i�Q�`�2�v �S�G �b�i�`�m�+�i�m�`�2

�#�2�H�Q�M�; �i�Q �b�i���i�2I �- �B�M �6�B�;�X�k�X�R�#�V�- ���M�/ �?���p�2 �� �b�B�x�2 �Q�7N I �@�#�v�@N I �,
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: �U�k�X�k�V

�h�?�2 �K���i�`�B�+�2�bM II ���M�/K II ���`�2 �i�?�2 �K���b�b ���M�/ �b�i�B�z�M�2�b�b �K���i�`�B�+�2�b �i�?���i �#�2�H�Q�M�; �i�Q �b�i���i�2II �-
�B�M �6�B�;�X�k�X�R�+�- ���M�/ �?���p�2 �� �b�B�x�2 �Q�7N II �@�#�v�@N II �,
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; K II =
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: �U�k�X�j�V

�A�i �B�b �i�Q �M�Q�i�2 �?�2�`�2 �i�?���iM I ���M�/K I ���`�2 �i�?�2 �m�T�T�2�` �H�2�7�iN I �@�#�v�@N I �+�Q�`�M�2�` �K�B�M�Q�`�b �Q�7M II

���M�/K II �- �`�2�b�T�2�+�i�B�p�2�H�v�X
�E�M�Q�r�B�M�; �i�?�2 �K���i�`�B�+�2�bM � ���M�/K � �- �i�?�2 �b�Q�H�m�i�B�Q�M�b �Q�7 �i�?�2 �`�2�b�m�H�i�B�M�; �;�2�M�2�`���H�B�x�2�/ �2�B�;�2�M�@

�p���H�m�2 �T�`�Q�#�H�2�K�b �v�B�2�H�/ �i�?�2 �M���i�m�`���H �+�B�`�+�m�H���` �7�`�2�[�m�2�M�+�B�2�b ���M�/ �i�?�2 �K�Q�/�2 �b�?���T�2�b �Q�7 �i�?�2 �b�v�b�i�2�K
�B�M �#�Q�i�? �b�i���i�2�b�X �h�?�2i �@�i�? �M���i�m�`���H �+�B�`�+�m�H���` �7�`�2�[�m�2�M�+�v �B�M �b�i���i�2I �B�b�,
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�
: �U�k�X�9�V

�h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �K���b�b �K���i�`�B�t�@�M�Q�`�K���H�B�x�2�/ �2�B�;�2�M�p�2�+�i�Q�` �B�b �i�?�2i �@�i�? �+�Q�H�m�K�M �Q�7 �i�?�2V I �K���@
�i�`�B�t�c �B�i�bj �i�? �2�M�i�`�v �B�b�,

V I
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: �U�k�X�8�V

�h�?�2i �@�i�? �M���i�m�`���H �+�B�`�+�m�H���` �7�`�2�[�m�2�M�+�v �B�M �b�i���i�2II �B�b�,

! II
i =
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s

2 � 2�+�Q�b
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2N II + 1

�
: �U�k�X�e�V



�k�3 �S�G �1�H���b�i�B�+ �a�v�b�i�2�K�b

�h�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �K���b�b �K���i�`�B�t�@�M�Q�`�K���H�B�x�2�/ �2�B�;�2�M�p�2�+�i�Q�` �B�b �i�?�2i �@�i�? �+�Q�H�m�K�M �Q�7 �i�?�2V II

�K���i�`�B�t�c �B�i�bj �i�? �2�M�i�`�v �B�b�,

V II
ji =

(� 1)i

q
m � 2N II +1
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�b�B�M
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(2i � 1)j�
2N II + 1

�
: �U�k�X�d�V

���+�+�Q�`�/�B�M�;�H�v�- �i�?�2 �K�Q�/���H �b�?���T�2 �p�2�+�i�Q�`�b �B�M �i�?�2 �+�Q�H�m�K�M�b �Q�7 �K���i�`�B�tV � �r�2�`�2 �M�Q�`�K���H�B�x�2�/ �i�Q
�i�?�2 �K���b�b �K���i�`�B�t�- �b�Q �i�?�2 �7�Q�H�H�Q�r�B�M�; �`�2�H���i�B�Q�M�b�?�B�T�b �?�Q�H�/�,

V � > M � V � = I � ; V � > K � V � = 
 � 2; �U�k�X�3�V

�r�?�2�`�2I � �B�b ���M �B�/�2�M�i�B�i�v �K���i�`�B�t �Q�7 �b�B�x�2N � �- ���M�/
 � �B�b �� �/�B���;�Q�M���H �K���i�`�B�t �+�Q�M�i���B�M�B�M�; �i�?�2
�M���i�m�`���H �+�B�`�+�m�H���` �7�`�2�[�m�2�M�+�B�2�b �Q�7 �b�i���i�2� �X

�A�i �B�b �i�Q �M�Q�i�2 �?�2�`�2 �i�?���i �B�7 �i�?�2 �/�B�b�+�`�2�i�2 �K�Q�/�2�H �B�b �i�Q �#�2 �i�`�2���i�2�/ ���b ���M ���T�T�`�Q�t�B�K���i�B�Q�M �Q�7
�i�?�2 �+�Q�M�i�B�M�m�m�K �#���`�- �i�?�2m ���M�/k �p���H�m�2�b �K�m�b�i �/�2�T�2�M�/ �Q�M �i�?�2 �/�B�b�+�`�2�i�B�x���i�B�Q�M ���b �r�2�H�H ���b �i�?�2
�K���b�b ���M�/ �b�i�B�z�M�2�b�b �Q�7 �i�?�2 �#���`�X

�k�X�R�X�k �J���i�`�B�t �7�Q�`�K�m�H���i�B�Q�M �Q�7 �i�?�2 �`�2�b�T�Q�M�b�2 �Q�7 �S�G �2�H���b�i�B�+ �b�i�`�m�+�i�m�`�2�b
�i�Q �?���`�K�Q�M�B�+ �7�Q�`�+�B�M�;

�A�M �i�?�B�b �b�m�#�b�2�+�i�B�Q�M�- �i�?�2 �`�2�b�T�Q�M�b�2 �Q�7 �i�?�2 �b�v�b�i�2�K �B�M �b�i���i�2� �i�Q �� �?���`�K�Q�M�B�+ �7�Q�`�+�B�M�; �r���b ���M���H�v�x�2�/
�r�B�i�? ���M! �+�B�`�+�m�H���` �7�`�2�[�m�2�M�+�v�X

�h�?�2 �b�Q�H�m�i�B�Q�M�b �Q�7 �i�?�2 �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b �Q�7 �K�Q�i�B�Q�M �B�M �1�[�X �U�k�X�R�V �r�2�`�2 �T�2�`�7�Q�`�K�2�/
�m�b�B�M�;�K�Q�/���H ���M���H�v�b�B�b�X �h�?�2 �/�B�b�T�H���+�2�K�2�M�i �Q�7 �i�?�2 �b�i�`�m�+�i�m�`�2 �B�M �b�i���i�2� �B�b �r�`�B�i�i�2�M ���b �� �H�B�M�2���`
�+�Q�K�#�B�M���i�B�Q�M �Q�7 �i�?�2 �2�B�;�2�M�p�2�+�i�Q�`�b�,

x � (t) = V � � � (t); �U�k�X�N�V

�r�?�2�`�2V � �B�b �i�?�2N � �@�#�v�@N � �K�Q�/���H �K���i�`�B�t �Q�7 �i�?�2 �K���b�b �K���i�`�B�t �M�Q�`�K���H�B�x�2�/ �2�B�;�2�M�p�2�+�i�Q�`�b
�U�b�2�2 �1�[�X �U�k�X�8�V ���M�/ �U�k�X�d�V�V ���M�/ �i�?�2N � �@�#�v�@�R �p�2�+�i�Q�` �Q�7 �K�Q�/���H �+�Q�Q�`�/�B�M���i�2�b �B�b� � �X �q�`�B�i�B�M�; �i�?�2
�/�B�b�T�H���+�2�K�2�M�i�b �B�M �i�?�2 �K�Q�/���H �b�T���+�2 ���H�H�Q�r�b �i�?�2 �/�2�+�Q�m�T�H�B�M�; �Q�7 �i�?�2 �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b �U�k�X�R�V�-
���b�,

•� � (t) + 
 � 2� � (t) = f � (t); �U�k�X�R�y�V

�r�?�2�`�2 �i�?�2f � (t) �p�2�+�i�Q�` �+�Q�M�i���B�M�b �i�?�2 �K�Q�/���H �T�`�Q�D�2�+�i�B�Q�M�b �Q�7 �i�?�2 �H�Q���/ �p�2�+�i�Q�` �r�B�i�?f � (t) =
V � > q� (t)�X �a�Q�- �i�?�2 �7�Q�`�+�B�M�; �B�b ���b�b�m�K�2�/ �i�Q �#�2 �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �?���`�K�Q�M�B�+ �7�Q�`�K�,

q� (t) = q�
0 (�+�Q�b(!t ) �+�Q�b(� ) + �b�B�M(!t ) �b�B�M(� )) : �U�k�X�R�R�V

�h�?�2 �?���`�K�Q�M�B�+ �7�m�M�+�i�B�Q�M �B�M �i�?�2 �T���`�2�M�i�?�2�b�2�b �2�[�m���H�b �i�?�2 �+�Q�b(!t � � ) �i�?���i �r���b �B�M �1�[�X �U�k�X�R�V�X �A�M
�i�?�2 �K�Q�/���H �b�T���+�2�- �i�?�B�b �?���`�K�Q�M�B�+ �7�Q�`�+�B�M�; �i�`���M�b�7�Q�`�K�b �B�M�i�Q �i�?�2 �`�B�;�?�i�@�?���M�/ �b�B�/�2 �Q�7 �1�[�X �U�k�X�R�y�V�,

f � (t) = f �
0 (�+�Q�b(!t ) �+�Q�b(� ) + �b�B�M(!t ) �b�B�M(� )) ; �U�k�X�R�k�V

�r�?�2�`�2f �
0 �+�Q�M�i���B�M�b �i�?�2 �K�Q�/���H ���K�T�H�B�i�m�/�2�b �Q�7 �i�?�2 �7�Q�`�+�B�M�;�X �h�Q �Q�#�i���B�M �i�?�2 �`�2�b�T�Q�M�b�2�- �i�?�2�K�Q�/���H

�T�?���b�2 �p�2�+�i�Q�`�B�b �/�2�}�M�2�/ ���b�,

�̂ � (t) =
�
� � (t)
_� � (t)

�
: �U�k�X�R�j�V

�h�?�2 �;�2�M�2�`���H �`�2�b�T�Q�M�b�2 �i�Q �i�?�2 �?���`�K�Q�M�B�+ �7�Q�`�+�B�M�; �U�k�X�R�k�V �+���M �#�2 �r�`�B�i�i�2�M ���b�,

�̂ � (t) = O � C� (t)ŷ �
0 + O �

f C�
f (t)ŷ �

f ; �U�k�X�R�9�V



�k�X�R�X �.�B�b�+�`�2�i�2 �K�Q�/�2�H �Q�7 �� �#���` �B�M �i�2�M�b�B�Q�M ���M�/ �+�Q�K�T�`�2�b�b�B�Q�M�k�N

�r�?�2�`�2

O � =
�
I � 0
0 
 �

�
; O �

f =
�
I � 0
0 
 �

f

�
�U�k�X�R�8�V

���`�2 �+�Q�M�b�i���M�i �K���i�`�B�+�2�b �Q�7 �i�?�2 �b�B�x�22N � �r�B�i�?
 �
f = ! I �

f �-

C� (t) =
�

C � (t) S � (t)
� S � (t) C � (t)

�
; C�

f (t) =
�

C �
f (t) S �

f (t)
� S �

f (t) C �
f (t)

�
�U�k�X�R�e�V

���`�2 �i�?�22N � � 2N � �K���i�`�B�+�2�b �Q�7 �i�?�2 �i�B�K�2�@�/�2�T�2�M�/�2�M�i �?���`�K�Q�M�B�+ �7�m�M�+�i�B�Q�M�b �B�M �i�?�2 �K�Q�/���H
�`�2�b�T�Q�M�b�2�- ���M�/

ŷ �
0 =

�
� �

0
� �

0

�
; ŷ �

f =
�
� �

f

� �
f

�
�U�k�X�R�d�V

���`�2 �i�?�2 �K�Q�/���H ���K�T�H�B�i�m�/�2 �p�2�+�i�Q�`�b �Q�7 �i�?�2 �+�Q�b�B�M�m�b�Q�B�/���H(� �
0 ; � �

f ) ���M�/ �b�B�M�m�b�Q�B�/���H(� �
0 ; � �

f ) �T���`�i�b
�Q�7 �i�?�2 �K�Q�/���H �/�B�b�T�H���+�2�K�2�M�i�b�X

�h�?�2 �?���`�K�Q�M�B�+ �K���i�`�B�t �7�m�M�+�i�B�Q�M�b �B�M �i�?�2C �K���i�`�B�+�2�b ���`�2 �/�2�}�M�2�/ ���b �i�?�2 �7�Q�H�H�Q�r�B�M�;N � � N �

�/�B���;�Q�M���H �K���i�`�B�+�2�b�,
C � (t) = �+�Q�b(
 � t) ; S � (t) = �b�B�M(
 � t) ; �U�k�X�R�3�V

���M�/
C �

f (t) = I � � �+�Q�b(!t ); S �
f (t) = I � � �b�B�M(!t ): �U�k�X�R�N�V

�A�i �B�b �i�Q �M�Q�i�2 �?�2�`�2 �i�?���i �i�?�2C� (t) ���M�/C�
f (t) �K���i�`�B�+�2�b ���`�2 �Q�`�i�?�Q�;�Q�M���H�- �B�X�2�X�,

C� � 1(t) = C� > (t); C� � 1
f (t) = C� >

f (t): �U�k�X�k�y�V

�h�?�2O �
f C�

f (t)ŷ �
f �i�2�`�K �B�M �1�[�X�k�X�R�9�B�b �i�?�2 �T���`�i�B�+�m�H���` �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �M�Q�M�?�Q�K�Q�;�2�M�2�Q�m�b �/�B�z�2�`�@

�2�M�i�B���H �2�[�m���i�B�Q�M�k�X�R�y�X �>�2�`�2�- �i�?�2(� �
f ; � �

f ) ���K�T�H�B�i�m�/�2�b �+���M �#�2 �+���H�+�m�H���i�2�/ �7�`�Q�K �i�?�2 �?���`�K�Q�M�B�+
�7�Q�`�+�B�M�; ���b�,

� �
f =

�
1

! � 2
01 � ! 2

;
1

! � 2
02 � ! 2

; :::;
1

! � 2
0N � � ! 2

�
f �

0 �+�Q�b(� ) �U�k�X�k�R�V

� �
f =

�
1

! � 2
01 � ! 2

;
1

! � 2
02 � ! 2

; :::;
1

! � 2
0N � � ! 2

�
f �

0 �b�B�M(� ) �U�k�X�k�k�V

�r�?�2�`�2h: : :i �/�2�M�Q�i�2�b �� �/�B���;�Q�M���H �K���i�`�B�t�X
�h�?�2 ���K�T�H�B�i�m�/�2�b �7�`�Q�K �i�?�2 �7�`�2�2 �p�B�#�`���i�B�Q�M���H �T���`�i(� �

0 ; � �
0 ) �+���M �#�2 �+���H�+�m�H���i�2�/ �7�`�Q�K �i�?�2

�B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b�X �q�B�i�?�Q�m�i �i�?�2 �H�Q�b�b �Q�7 �;�2�M�2�`���H�B�i�v�- �B�i �B�b ���b�b�m�K�2�/ �i�?���i ���i �i�?�2 �i�B�K�2 �B�M�b�i���M�i
�Q�7 �i�?�2 �b�i���i�2 �b�r�B�i�+�?t = ts�- �i�?�2 �B�M�B�i�B���H �T�?���b�2 �b�i���i�2 �p�2�+�i�Q�` �B�b�,

�̂ � (ts) =
�
� � (ts)
_� � (ts)

�
: �U�k�X�k�j�V

�h�?�2�M�- �r�2 �+���M �b�m�#�b�i�B�i�m�i�2 �i�?�B�b �i�B�K�2 �B�M�i�Q �1�[�X �U�k�X�R�9�V �i�Q �Q�#�i���B�M �i�?�2(� �
0 ; � �

0 ) �p�2�+�i�Q�`�b ���b�,

ŷ �
0 = C� � 1(ts)O � � 1�̂ � (ts) � C� � 1(ts)O � � 1O �

f C�
f (ts)ŷ �

f : �U�k�X�k�9�V

�E�M�Q�r�B�M�; �i�?�2 �+�Q�2�{�+�B�2�M�i�b �m�b�2�/ �7�Q�` �i�?�2 �7�m�H�}�H�H�K�2�M�i �Q�7 �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �B�M �U�k�X�k�j�V�- �i�?�2
�7�m�M�+�i�B�Q�M �Q�7 �K�Q�i�B�Q�M �+���M �#�2 �r�`�B�i�i�2�M �B�M �i�?�2 �b�?�Q�`�i �K���i�`�B�t �7�Q�`�K�,

�̂ � (t) = A � (t; t s)�̂ � (ts) + B � (t; t s)ŷ �
f ; �U�k�X�k�8�V

�r�B�i�? �i�?�2 �7�Q�H�H�Q�r�B�M�; �M�2�r�H�v �B�M�i�`�Q�/�m�+�2�/ �K���i�`�B�+�2�b�,

A � (t; t s) = O � C� (t)C� � 1(ts)O � � 1; �U�k�X�k�e�V

B � (t; t s) = O �
f C�

f (t) � A � (t; t s)O �
f C�

f (ts): �U�k�X�k�d�V

�h�?�2�b�2 �i�r�Q �K���i�`�B�+�2�b �?���p�2 �i�r�Q �7�2���i�m�`�2�b�X �6�B�`�b�i�- �B�i �B�b �2���b�v �i�Q �b�2�2 �i�?���i ���it = ts�- �K���i�`�B�tA
�#�2�+�Q�K�2�b ��2N � �@�#�v�@2N � �B�/�2�M�i�B�i�v �K���i�`�B�t�- �r�?�B�H�2B �#�2�+�Q�K�2�b �� �x�2�`�Q �K���i�`�B�t�X �a�2�+�Q�M�/�- �� �b�?�B�7�i
���H�Q�M�; �i�?�2 �i�B�K�2 �b�+���H�2 �T�`�Q�p�2�b �i�?���i �7�Q�` ���M�vt ���M�/ts �T���B�`�b�-A � (t; t s) = A � (t � ts; 0)�X



�j�y �S�G �1�H���b�i�B�+ �a�v�b�i�2�K�b

�k�X�R�X�j �S�H���b�i�B�+ �b�r�B�i�+�?

�>�2�`�2�- �i�?�2 �7�Q�`�K�m�H���i�B�Q�M �Q�7 �i�?�2 �b�r�B�i�+�?�B�M�; �+�Q�M�/�B�i�B�Q�M�b �r�B�H�H �#�2 �b�?�Q�r�M�X �A�M �+���b�2 �Q�7 �� �+�Q�M�i���+�i�- �i�?�2�b�2
�+�Q�M�/�B�i�B�Q�M�b ���`�2 �i�?�2 �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �7�Q�`�K �Q�7 �a�B�;�M�Q�`�B�M�B �+�Q�M�/�B�i�B�Q�M�b�, �Q�M�2 �B�M�2�[�m���H�B�i�v �B�b �`�2�H���i�2�/
�i�Q �� �;���T �r�?�B�+�? �+���M�M�Q�i �#�2 �M�2�;���i�B�p�2�- �i�?�2 �Q�i�?�2�` �B�M�2�[�m���H�B�i�v �B�b �`�2�H���i�2�/ �i�Q �i�?�2 �+�Q�K�T�`�2�b�b�B�Q�M �7�Q�`�+�2
�r�?�B�+�? �+���M�M�Q�i �#�2 �M�2�;���i�B�p�2�X �6�m�`�i�?�2�`�K�Q�`�2�- �i�?�2 �T�`�Q�/�m�+�i �Q�7 �i�?�2 �;���T ���M�/ �i�?�2 �+�Q�K�T�`�2�b�b�B�Q�M �7�Q�`�+�2
�B�b ���H�r���v�b �#�2 �x�2�`�Q�X �A�M �i�?�2 �K�Q�/�2�H�- �i�?�2 �T�`�Q�/�m�+�i �+�Q�M�/�B�i�B�Q�M �B�b ���H�r���v�b �i�`�m�2�- ���b �b�i���i�2I ���M�/ �b�i���i�2
II �r�2�`�2 �b�2�T���`���i�2�/�- �i�?�m�b �i�?�2 �M�Q�M�@�M�2�;���i�B�p�2 �i�2�`�K �B�M �Q�M�2 �Q�7 �i�?�2 �B�M�2�[�m���H�B�i�B�2�b �B�b ���H�r���v�b �x�2�`�Q�X
�h�Q �/�2�+�B�/�2 �B�M �r�?�B�+�? �b�i���i�2 �i�?�2 �b�i�`�m�+�i�m�`�2 �B�b �p�B�#�`���i�B�M�;�- �B�7 �i�?�2 �b�v�b�i�2�K �`�2�K���B�M�b �B�M �B�i�b �+�m�`�`�2�M�i
�b�i���i�2�- �B�i �B�b �b�m�{�+�B�2�M�i �i�Q �+�?�2�+�F �B�7 �i�?�2 �`�2�K���B�M�B�M�; �B�M�2�[�m���H�B�i�v �?�Q�H�/�b�X

�h�?�2 �b�v�b�i�2�K �`�2�K���B�M�b �B�M �b�i���i�2II ���b �H�Q�M�; ���b �i�?�2 �/�B�b�T�H���+�2�K�2�M�i �Q�7 �i�?�2 �p���M�B�b�?�B�M�; �.�P�6 �?���b
�� �b�T�2�+�B�}�+ �b�B�;�M �Q�` �i�?�2 �/�B�z�2�`�2�M�+�2 �Q�7 �i�?�2 �/�B�b�T�H���+�2�K�2�M�i�b �Q�7 �i�?�2 �D�Q�B�M�B�M�; �.�P�6�b �?���b �� �b�T�2�+�B�}�+
�b�B�;�M�X �"�Q�i�? �+�Q�M�b�i�`���B�M�i�b ���`�2 �/�2�M�Q�i�2�/ �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �B�M�2�[�m���H�B�i�v�,

h II T
x II � 0: �U�k�X�k�3�V

�h�?�2 �b�v�b�i�2�K �`�2�K���B�M�b �B�M �b�i���i�2I ���b �H�Q�M�; ���b �i�?�2 �7�Q�`�+�2 ���+�i�B�M�; �Q�M �i�?�2 �+�Q�M�i���+�i �b�m�`�7���+�2
�`�2�K���B�M�b �� �+�Q�K�T�`�2�b�b�B�Q�M �7�Q�`�+�2�X �h�?�2 �Q�`�B�;�B�M �Q�7 �i�?�B�b �+�Q�M�/�B�i�B�Q�M �r���b �b�?�Q�r�M �Q�M�H�v �7�Q�` �� �b�i�Q�T�T�B�M�;
�.�P�6�- �#�m�i �i�?�2 �}�M���H �`�2�b�m�H�i�b �+�Q�m�H�/ �#�2 ���+�?�B�2�p�2�/ �B�M �� �b�B�K�B�H���` �7�Q�`�K�X ���M �2�[�m�B�p���H�2�M�i �+�Q�M�/�B�i�B�Q�M
�r���b �Q�#�i���B�M�2�/ �r�B�i�? �i�?�2 �M�Q�M�@�M�2�;���i�B�p�2 �p���H�m�2 �Q�7 �i�?�2 �+�Q�K�T�`�2�b�b�B�Q�M �7�Q�`�+�2 �B�7 �i�?�2 ���+�+�2�H�2�`���i�B�Q�M �Q�7
�i�?�2 ���z�2�+�i�2�/ �.�P�6 �r���b ���M���H�v�x�2�/ �r�B�i�?�Q�m�i �i�?�2 �+�Q�M�b�B�/�2�`���i�B�Q�M �Q�7 �i�?�2 �+�Q�M�i���+�i �7�Q�`�+�2�X �A�7 �B�i �B�b
�x�2�`�Q �Q�` �T�Q�B�M�i�b �i�Q�r���`�/ �i�?�2 �+�Q�M�i���+�i�- �i�?�2�M �i�?�2 �b�v�b�i�2�K �`�2�K���B�M�b �B�M �b�i���i�2I �X ���M ���+�+�2�H�2�`���i�B�Q�M
�T�Q�B�M�i�B�M�; ���r���v �7�`�Q�K �i�?�2 �+�Q�M�i���+�i �K�2���M�b �i�?���i �� �b�r�B�i�+�? �b�?�Q�m�H�/ �Q�+�+�m�`�X �6�m�`�i�?�2�`�K�Q�`�2�- �B�i �B�b
�2�M�Q�m�;�? �i�Q �+���H�+�m�H���i�2 �i�?�2 �`�2�b�m�H�i���M�i �Q�7 �i�?�2 �7�Q�`�+�2�b ���+�i�B�M�; �Q�M �i�?�2 �B�K�T���+�i�B�M�; �.�P�6�U�b�V �B�M�b�i�2���/ �Q�7
�i�?�2 ���+�+�2�H�2�`���i�B�Q�M�X �a�Q�- �� �b�r�B�i�+�? �K�m�b�i �p�B�`�i�m���H�H�v �?���T�T�2�M �i�Q �b�i���i�2II ���M�/ �}�M�/ �i�?�2 �`�2�b�m�H�i���M�i �Q�7
�i�?�2 �M�Q�/���H �7�Q�`�+�2�b �B�M �i�?���i �b�i���i�2�X �h�?�2�b�2 �M�Q�/���H �7�Q�`�+�2�b �+���M �#�2 �+���H�+�m�H���i�2�/ �7�`�Q�K�,

f II = K II Xx I � qII ; �U�k�X�k�N�V

���M�/ �i�?�2 �+�Q�K�#�B�M���i�B�Q�M �Q�7 �i�?�2 �7�Q�`�+�2�b ���+�i�B�M�; �Q�M �i�?�2 ���z�2�+�i�2�/ �.�P�6�b �K�m�b�i �?���p�2 �� �b�T�2�+�B�}�+ �b�B�;�M�X
�J���i�`�B�tX �B�b �� �i�`���M�b�7�Q�`�K���i�B�Q�M �K���i�`�B�t �#�2�i�r�2�2�M �i�?�2 �b�i���i�2�b �U�b�2�2 �i�?�2 �2�t�T�H���M���i�B�Q�M �H���i�2�` �B�M �i�?�B�b
�b�2�+�i�B�Q�M�V�X �h�?�B�b �+�Q�K�#�B�M���i�B�Q�M �B�b �/�2�M�Q�i�2�/ �#�v �i�?�2 �p�2�+�i�Q�`r �- �b�Q �i�?�2 �+�Q�M�b�i�`���B�M�i �B�b �i�?�2 �7�Q�H�H�Q�r�B�M�;
�B�M�2�[�m���H�B�i�v�,

r > f II = h I >
x I � qII

r � 0; �U�k�X�j�y�V

�r�?�2�`�2qII
r = r > qII �X �A�7 �i�?�2 ���z�2�+�i�2�/ �.�P�6�b ���`�2 �M�Q�i �2�t�+�B�i�2�/�- �i�?�2�MqII

r = 0�X
�.�m�`�B�M�; �� �i�B�K�2�@�?�B�b�i�Q�`�v ���M���H�v�b�B�b�- �2�B�i�?�2�` �1�[�X �U�k�X�j�y�V �Q�` �1�[�X �U�k�X�k�3�V �K�m�b�i �#�2 �+�?�2�+�F�2�/ �B�M �2���+�?

�b�i�2�T�- �/�2�T�2�M�/�B�M�; �Q�M �i�?�2 �+�m�`�`�2�M�i �b�i���i�2�X
�A�7 �K�Q�/���H ���M���H�v�b�B�b �B�b �m�b�2�/�- �i�?�2�M �i�?�2 �+�Q�M�b�i�`���B�M�i�b �Q�7 �i�?�2 �b�i���i�2�b �B�M �1�[�X �U�k�X�j�y�V ���M�/ �1�[�X �U�k�X�k�3�V

�+���M �#�2 �r�`�B�i�i�2�M �r�B�i�? �i�?�2 �K�Q�/���H �+�Q�Q�`�/�B�M���i�2�b ���b �r�2�H�H�,

h I >
V I � I � qII

r � 0; h II >
V II � II � 0: �U�k�X�j�R�V

�6�Q�` �#�`�2�p�B�i�v�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �`�Q�r �p�2�+�i�Q�`�b ���`�2 �B�M�i�`�Q�/�m�+�2�/�,

gI >
= h I >

V I ; gII >
= h II >

V II : �U�k�X�j�k�V

�h�?�m�b�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �+�Q�M�/�B�i�B�Q�M�b �K�m�b�i �#�2 �+�?�2�+�F�2�/ �i�Q �/�2�+�B�/�2 �r�?�2�i�?�2�` �� �b�r�B�i�+�? �Q�+�+�m�`�b �Q�` �M�Q�i�,

gI >
� I � qII

r � 0; gII >
� II � 0: �U�k�X�j�j�V

�� �T�H���b�i�B�+ �B�K�T���+�i �r���b ���b�b�m�K�2�/ ���i �i�?�2 �b�r�B�i�+�? ���it = ts �7�`�Q�K �b�i���i�2II �i�Q �b�i���i�2I �- �+���m�b�B�M�;
�i�?�2N II �@�i�? �.�P�6 �i�Q �H�Q�b�2 �B�i�b �p�2�H�Q�+�B�i�v �+�Q�K�T�H�2�i�2�H�v�X �h�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �Q�7 �i�?�2 �/�B�b�T�H���+�2�K�2�M�i�b
���M�/ �p�2�H�Q�+�B�i�B�2�b ���i �i�?�B�b �b�r�B�i�+�? �+���M �#�2 �r�`�B�i�i�2�M ���b�,

x I = Y x II ; v I = Y v II ; �U�k�X�j�9�V



�k�X�R�X �.�B�b�+�`�2�i�2 �K�Q�/�2�H �Q�7 �� �#���` �B�M �i�2�M�b�B�Q�M ���M�/ �+�Q�K�T�`�2�b�b�B�Q�M�j�R

�r�?�2�`�2 �i�?�2Y �K���i�`�B�t �`�2�T�`�2�b�2�M�i�b �i�?�2 �`�2�H���i�B�Q�M�b�?�B�T �#�2�i�r�2�2�M �i�?�2 �.�P�6�b �Q�7 �i�?�2 �i�r�Q �b�i���i�2�b�,

Y =

2

6
6
6
4

1 0
1 0

�X�X�X 0
1 0

3

7
7
7
5

: �U�k�X�j�8�V

�a�m�#�b�i�B�i�m�i�B�M�; �1�[�X �U�k�X�N�V �B�M �1�[�X �U�k�X�j�9�V �v�B�2�H�/�b�,

V I � I (ts) = Y V II � II (ts); V I _� I (ts) = Y V II _� II (ts): �U�k�X�j�e�V

�l�b�B�M�; �i�?�2 �M�Q�`�K���H�B�x���i�B�Q�M ���M�/ �i�?�2 �Q�`�i�?�Q�;�Q�M���H�B�i�v �Q�7 �i�?�2 �2�B�;�2�M�p�2�+�i�Q�`�b�- �i�?�2 �K�m�H�i�B�T�H�B�+���i�B�Q�M �Q�7
�1�[�X�U�k�X�j�e�V �7�`�Q�K �i�?�2 �H�2�7�i �#�vV I > M I �v�B�2�H�/�b �i�?�2 �b�r�B�i�+�?�B�M�; �Q�7 �i�?�2 �K�Q�/���H �+�Q�Q�`�/�B�M���i�2�b ���M�/
�p�2�H�Q�+�B�i�B�2�b �7�`�Q�K �b�i���i�2II �i�Q �b�i���i�2I �,

� I (ts) = V I > M I Y V II � II (ts); _� I (ts) = V I > M I Y V II _� II (ts): �U�k�X�j�d�V

�6�Q�` �i�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M �Q�7 �i�?�2 �K�Q�/���H �/�B�b�T�H���+�2�K�2�M�i�b ���M�/ �p�2�H�Q�+�B�i�B�2�b�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �K���i�`�B�t �B�b
�B�M�i�`�Q�/�m�+�2�/�,

P II = V I > M I Y V II ; �U�k�X�j�3�V

�r�?�B�+�? �`�2�T�`�2�b�2�M�i�b �i�?�2 �T�`�Q�D�2�+�i�B�Q�M �7�`�Q�K �Q�M�2 �K�Q�/���H �b�T���+�2 �i�Q ���M�Q�i�?�2�`�X �h�?�2�`�2�7�Q�`�2�- �i�?�2 �b�r�B�i�+�? �Q�7
�i�?�2 �K�Q�/���H �/�B�b�T�H���+�2�K�2�M�i�b ���M�/ �p�2�H�Q�+�B�i�B�2�b �7�`�Q�K �b�i���i�2II �i�Q �b�i���i�2I �+���M �#�2 �r�`�B�i�i�2�M �B�M �K���i�`�B�t
�7�Q�`�K ���b�,

� I (ts) = P II � II (ts); _� I (ts) = P II _� II (ts): �U�k�X�j�N�V

�h�Q �/�2�b�+�`�B�#�2 �i�?�2 �b�r�B�i�+�? �7�`�Q�K �b�i���i�2I �i�Q �b�i���i�2II �- �� �b�B�K�B�H���` �T�`�Q�+�2�/�m�`�2 �+���M �#�2 �7�Q�H�H�Q�r�2�/�X
�h�?�2 �`�2�H�2���b�2 �Q�7 �i�?�2 �H���b�i �K���b�b ���i �i�?�2 �b�r�B�i�+�? �r���b ���b�b�m�K�2�/ �i�Q �#�2 ���it = ts�X �h�?�2 �i�`���M�b�7�Q�`�K���i�B�Q�M
�Q�7 �i�?�2 �/�B�b�T�H���+�2�K�2�M�i�b ���M�/ �p�2�H�Q�+�B�i�B�2�b ���i �i�?�B�b �b�r�B�i�+�? �+���M �#�2 �r�`�B�i�i�2�M ���b�,

x II = Xx I ; v II = Xv I ; �U�k�X�9�y�V

�r�?�2�`�2 �i�?�2X �K���i�`�B�t �`�2�T�`�2�b�2�M�i �i�?�2 �+�Q�M�M�2�+�i�B�Q�M �#�2�i�r�2�2�M �i�?�2 �.�P�6�b�,

X =

2

6
6
6
6
6
4

1
1

�X�X�X
1

0 0 0 0

3

7
7
7
7
7
5

: �U�k�X�9�R�V

�a�m�#�b�i�B�i�m�i�B�M�; �1�[�X �U�k�X�N�V �B�M �1�[�X �U�k�X�9�y�V �v�B�2�H�/�b�,

V II � II (ts) = XV I � I (ts); V II _� II (ts) = XV I _� I (ts): �U�k�X�9�k�V

�l�b�B�M�; �i�?�2 �M�Q�`�K���H�B�x���i�B�Q�M ���M�/ �i�?�2 �Q�`�i�?�Q�;�Q�M���H�B�i�v �Q�7 �i�?�2 �2�B�;�2�M�p�2�+�i�Q�`�b�- �i�?�2 �K�m�H�i�B�T�H�B�+���i�B�Q�M �Q�7
�1�[�X�U�k�X�9�k�V �7�`�Q�K �i�?�2 �H�2�7�i �#�vV IIT M II �v�B�2�H�/�b �i�?�2 �b�r�B�i�+�?�B�M�; �Q�7 �i�?�2 �K�Q�/���H �+�Q�Q�`�/�B�M���i�2�b ���M�/
�p�2�H�Q�+�B�i�B�2�b �7�`�Q�K �b�i���i�2I �i�Q �b�i���i�2II �,

� II (ts) = V II > M II XV I � I (ts); _� II (ts) = V II > M II XV I _� I (ts): �U�k�X�9�j�V

�L�Q�r�- �i�?�2 �7�Q�H�H�Q�r�B�M�; �K���i�`�B�t �B�b �B�M�i�`�Q�/�m�+�2�/�,

P I = V II > M II XV I : �U�k�X�9�9�V

�6�B�M���H�H�v�- �i�?�2 �b�r�B�i�+�? �Q�7 �i�?�2 �K�Q�/���H �/�B�b�T�H���+�2�K�2�M�i�b ���M�/ �p�2�H�Q�+�B�i�B�2�b �7�`�Q�K �b�i���i�2I �i�Q �b�i���i�2II �+���M
�#�2 �r�`�B�i�i�2�M ���b�,

� II (ts) = P I � I (ts); _� II (ts) = P I _� I (ts): �U�k�X�9�8�V

�A�i �B�b �i�Q �K�2�M�i�B�Q�M �?�2�`�2 �i�?���i �i�?�2 �T�`�Q�/�m�+�i �Q�7XY v II �r�B�H�H �`�2�b�m�H�i �B�M �� �b�i�Q�T�T�2�/N II �@�i�? �K���b�b�X
�6�Q�` �Q�i�?�2�` �i�r�Q�@�b�i���i�2 �S�G �2�H���b�i�B�+ �b�v�b�i�2�K�-r �-qII

r �-X ���M�/Y �r�B�H�H �#�2 �/�B�z�2�`�2�M�i �i�?���M �r�?���i �B�b
�K�2�M�i�B�Q�M�2�/ �B�M �i�?�B�b �b�2�+�i�B�Q�M�- �#�m�i �i�?�2 �K���B�M �`�2�H���i�B�Q�M�b�?�B�T�b �r�B�H�H �#�2 �i�?�2 �b���K�2�X



�j�k �S�G �1�H���b�i�B�+ �a�v�b�i�2�K�b

�k�X�k �*�Q�M�i�B�M�m�m�K �#�2���K �b�m�T�T�Q�`�i�2�/ �#�v �#�H�Q�+�F�@���M�/�@�i���+�F�H�2
�b�m�b�T�2�M�b�B�Q�M �b�v�b�i�2�K

�h�?�2 �b�2�+�Q�M�/ �b�v�b�i�2�K ���M���H�v�x�2�/ �B�M �i�?�B�b �/�B�b�b�2�`�i���i�B�Q�M �B�b �� �#�2���K �+�Q�M�i�B�M�m�Q�m�b�H�v �b�m�T�T�Q�`�i�2�/ �#�v
�#�H�Q�+�F�@���M�/�@�i���+�F�H�2 �b�m�b�T�2�M�b�B�Q�M �b�v�b�i�2�K�X �h�?�B�b �i�v�T�2 �Q�7 �b�m�b�T�2�M�b�B�Q�M �Q�z�2�`�b �� �r���v �Q�7 �b�m�T�T�Q�`�i�B�M�;
�b�i�`�m�+�i�m�`���H �2�H�2�K�2�M�i�b �B�M �K�m�H�i�B�T�H�2 �T�Q�B�M�i�b �r�B�i�? �� �b�H�B�;�?�i �B�M�+�`�2���b�2 �B�M �i�?�2 �b�i���i�B�+ �B�M�/�2�i�2�`�K�B�M���+�v�X
�A�M �i�?�B�b �+�Q�M�b�i�`���B�M�i�- �� �+���#�H�2 �B�b �/�`�B�p�2�M �i�?�`�Q�m�;�? �T�m�H�H�2�v�b �T�H���+�2�/ ���i �+�2�`�i���B�M �T�Q�B�M�i�b ���H�Q�M�; �i�?�2
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�6�Q�` �i�?�2 �/�v�M���K�B�+ ���M���H�v�b�B�b�- �i�?�2 �T���`�i�B���H �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M �Q�7 �K�Q�i�B�Q�M �Q�7 �m�M�b�m�T�T�Q�`�i�2�/
�b�2�;�K�2�M�i�b �Q�7 �i�?�2 �1�m�H�2�`�@�"�2�`�M�Q�m�H�H�B �#�2���K�,

EI
@4w1(x; t )

@x4
+ �

@2w1(x; t )
@t2

= 0; �U�k�X�8�y�V

EI
@4w3(x; t )

@x4
+ �

@2w3(x; t )
@t2

= 0: �U�k�X�8�R�V

�h�?�2 �2�[�m���i�B�Q�M �Q�7 �i�?�2 �b�m�T�T�Q�`�i�2�/ �b�2�;�K�2�M�i �B�b�,

EI
@4w2(x; t )

@x4
+ �

@2w2(x; t )
@t2

� S(t) = 0 : �U�k�X�8�k�V



�j�9 �S�G �1�H���b�i�B�+ �a�v�b�i�2�K�b

�>���`�K�Q�M�B�+ �7�`�2�2 �p�B�#�`���i�B�Q�M �Q�7 �i�?�2 �#�2���K �B�b ���b�b�m�K�2�/ �r�B�i�? �� �M���i�m�`���H �+�B�`�+�m�H���` �7�`�2�[�m�2�M�+�v �Q�7
! 0�X �h�?�m�b�- �i�?�2 �p���`�B���#�H�2�b �B�M �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b �1�[�b�X �U�k�X�8�y�V���U�k�X�8�k�V �+���M
�#�2 �b�2�T���`���i�2�/�- ���M�/ �i�?�2 �b�Q�H�m�i�B�Q�M �B�b �B�M �i�?�2 �7�Q�`�K�,

w1(x; t ) = w1(x) �+�Q�b(! 0t); �U�k�X�8�j�V

w2(x; t ) = w2(x) �+�Q�b(! 0t); �U�k�X�8�9�V

w3(x; t ) = w3(x) �+�Q�b(! 0t): �U�k�X�8�8�V

���i �i�?�2 �b���K�2 �i�B�K�2�- �i�?�2 �+���#�H�2 �7�Q�`�+�2 �B�M�i�2�M�b�B�i�v �+�?���M�;�2�b �B�M �i�B�K�2 �r�B�i�? �i�?�2 �b���K�2 �?���`�K�Q�M�B�+
�7�m�M�+�i�B�Q�M�,

S(t) = S0 �+�Q�b(! 0t): �U�k�X�8�e�V

�A�i �B�b �i�Q �M�Q�i�2 �?�2�`�2 �i�?���i �i�?�2w1(x)�- w2(x)�- w3(x) �7�m�M�+�i�B�Q�M�b ���M�/S0 �i�Q�;�2�i�?�2�` �b�T�2�+�B�7�v �i�?�2
���b�b�m�K�2�/ �p�B�#�`���i�B�Q�M �K�Q�/�2�X �h�?�2�`�2 �B�b �M�Q �m�M�B�[�m�2 �M�Q�M�@�i�`�B�p�B���H �b�Q�H�m�i�B�Q�M �7�Q�` �i�?�2�K�c �B�7 �i�?�2 ���K�T�H�B�i�m�/�2
�Q�7 �i�?�2 �p�B�#�`���i�B�Q�M �B�b �K�m�H�i�B�T�H�B�2�/ �#�v ��� �b�+���H���` �T���`���K�2�i�2�`�- �i�?�2�Mw1(x)�-w2(x)�-w3(x) �7�m�M�+�i�B�Q�M�b
���M�/S0 �K�m�b�i �#�2 �K�m�H�i�B�T�H�B�2�/ �#�v �i�?�2 �b���K�2� �X ���7�i�2�` �i�?�2 �b�m�#�b�i�B�i�m�i�B�Q�M �Q�7 �i�?�2 ���b�b�m�K�2�/ �b�Q�H�m�i�B�Q�M�b
�B�M�i�Q �i�?�2 �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b�- �b�B�K�T�H�B�}�+���i�B�Q�M �#�v �+�Q�b(! 0t) �v�B�2�H�/�b �i�?�2 �Q�`�/�B�M���`�v �/�B�z�2�`�2�M�i�B���H
�2�[�m���i�B�Q�M�b �7�Q�` �i�?�2 �i�?�`�2�2 �b�2�;�K�2�M�i�b�,

EI
d4w1(x)

dx4
� �! 2

0w1(x) = 0 ; �U�k�X�8�d�V

EI
d4w2(x)

dx4
� �! 2

0w2(x) � S0 = 0; �U�k�X�8�3�V

EI
d4w3(x)

dx4
� �! 2

0w3(x) = 0 : �U�k�X�8�N�V

�6�Q�` �i�?�2 �#�m�+�F�H�B�M�; ���M���H�v�b�B�b�- �i�?�2 �b�i���i�B�+ �Q�`�/�B�M���`�v �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b �7�Q�` �i�?�2 �i�?�`�2�2 �b�2�;�@
�K�2�M�i�b ���`�2�,

EI
d4w1(x)

dx4
+ P

d2w1(x)
dx2

= 0; �U�k�X�e�y�V

EI
d4w2(x)

dx4
+ P

d2w2(x)
dx2

� S0 = 0; �U�k�X�e�R�V

EI
d4w3(x)

dx4
+ P

d2w3(x)
dx2

= 0: �U�k�X�e�k�V

�A�M �#�Q�i�? �i�?�2 �/�v�M���K�B�+ ���M�/ �i�?�2 �#�m�+�F�H�B�M�; �T�`�Q�#�H�2�K�b�- �i�?�2 �M�Q�M�@�i�`�B�p�B���H �b�Q�H�m�i�B�Q�M �+�Q�M�b�B�b�i�b
�Q�7w1(x)�-w2(x)�- ���M�/w3(x) �7�m�M�+�i�B�Q�M�b�- �r�?�B�+�? �7�m�H�}�H�H �i�?�2 �`�2�b�T�2�+�i�B�p�2 �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b�-
�M���K�2�H�v �1�[�b�X �U�k�X�8�d�V���U�k�X�8�N�V �7�Q�` �i�?�2 �/�v�M���K�B�+ �T�`�Q�#�H�2�K ���M�/ �1�[�b�X �U�k�X�e�y�V���U�k�X�e�R�V �7�Q�` �i�?�2 �#�m�+�F�@
�H�B�M�; �T�`�Q�#�H�2�K�X �h�?�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M�b �Q�7 �i�?�2 �?�Q�K�Q�;�2�M�2�Q�m�b �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b �+�Q�M�i���B�M
�9���9 �T���`���K�2�i�2�`�b �r�?�B�H�2 �i�?�2 �b�Q�H�m�i�B�Q�M�b �Q�7 �i�?�2 �M�Q�M�@�?�Q�K�Q�;�2�M�2�Q�m�b �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b �?���p�2
�9���9 �T���`���K�2�i�2�`�b �7�`�Q�K �i�?�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �+�Q�K�T�H�2�K�2�M�i���`�v �?�Q�K�Q�;�2�M�2�Q�m�b �2�[�m���i�B�Q�M
���M�/ �Q�M�2 �T���`���K�2�i�2�` �7�`�Q�K �i�?�2 �T���`�i�B�+�m�H���` �b�Q�H�m�i�B�Q�M�X �A�M �2���+�? �+���b�2�- �i�?�2�`�2 ���`�2 �� �i�Q�i���H �Q�7 �R�j
�T���`���K�2�i�2�`�b �i�?���i �K�m�b�i �#�2 �`�2�H���i�2�/ �i�Q �2���+�? �Q�i�?�2�` �b�m�+�? �i�?���i �i�?�2�v �7�m�H�}�H�H �i�?�2 �7�Q�H�H�Q�r�B�M�; �R�j �+�Q�M�@
�b�i�`���B�M�i�b�X �h�?�2�`�2 ���`�2 �k���k �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b ���i �i�?�2 �2�M�/�b �Q�7 �i�?�2 �#�2���K�- �r�?�B�+�? ���`�2 �b�B�K�B�H���`
�i�Q �1�[�X �U�k�X�9�3�V ���M�/ �U�k�X�9�N�V�X

�h�?�2�`�2 ���`�2 �9�@�9 �+�Q�M�M�2�+�i�B�Q�M �+�Q�M�/�B�i�B�Q�M�b ���i �i�?�2 �#�Q�m�M�/���`�B�2�b �Q�7 �i�?�2 �b�2�;�K�2�M�i�b �U�i�?�2 �i�`���M�b�H���i�B�Q�M�-
�`�Q�i���i�B�Q�M�- �#�2�M�/�B�M�; �K�Q�K�2�M�i�- ���M�/ �b�?�2���` �7�Q�`�+�2 �K�m�b�i �#�2 �i�?�2 �b���K�2 �7�`�Q�K �#�Q�i�? �b�2�;�K�2�M�i�b�V�,

w1(� qL) = w2(� qL); w2(qL) = w3(qL); �U�k�X�e�j�V



�k�X�k�X �*�Q�M�i�B�M�m�m�K �#�2���K �b�m�T�T�Q�`�i�2�/ �#�v �#�H�Q�+�F�@���M�/�@�i���+�F�H�2 �b�m�b�T�2�M�b�B�Q�M �b�v�b�i�2�K �j�8

dw1(� qL)
dx

=
dw2(� qL)

dx
;

dw2(qL)
dx

=
dw3(qL)

dx
; �U�k�X�e�9�V

d2w1(� qL)
dx2

=
d2w2(� qL)

dx2
;

d2w2(qL)
dx2

=
d2w3(qL)

dx
; �U�k�X�e�8�V

d3w1(� qL)
dx3

=
d3w2(� qL)

dx3
;

d3w2(qL)
dx3

=
d3w3(qL)

dx
: �U�k�X�e�e�V

�6�B�M���H�H�v�- �i�?�2 �+�Q�M�b�i�`���B�M�i �i�?���i ���b�b�m�`�2�b �i�?���i �i�?�2 �b�m�K �Q�7 �i�?�2 �/�B�b�T�H���+�2�K�2�M�i�b �B�M �i�?�2 �b�m�T�T�Q�`�i�2�/
�b�2�;�K�2�M�i �B�b �2�[�m���H �i�Q �x�2�`�Q �B�b �7�Q�`�K�2�/�,

Z qL

� qL
w2(x)dx = 0: �U�k�X�e�d�V

�h�?�2�b�2 �+�Q�M�b�i�`���B�M�i�b ���`�2 �m�b�2�/ �i�Q �7�Q�`�K �i�?�2 �7�`�2�[�m�2�M�+�v �K���i�`�B�t ���M�/ �i�?�2 �#�m�+�F�H�B�M�; �K���i�`�B�t�-
�r�?�B�+�? �r�B�H�H �#�2 �T�`�2�b�2�M�i�2�/ �B�M �i�?�2 �M�2�t�i �+�?���T�i�2�`�X





�*�?���T�i�2�` �j

�h�?�2 �2�z�2�+�i �Q�7 �+�Q�M�i�B�M�m�Q�m�b �b�m�b�T�2�M�b�B�Q�M
�+�Q�M�b�i�`���B�M�i �Q�M �i�?�2 �7�`�2�2 �p�B�#�`���i�B�Q�M ���M�/
�#�m�+�F�H�B�M�; �Q�7 �� �#�2���K

�A�M �a�2�+�i�B�Q�M�k�X�k�- �i�?�2 �K�2�+�?���M�B�+���H �K�Q�/�2�H�- �i�?�2 �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b ���M�/ �i�?�2 �#�Q�m�M�/���`�v ���M�/
�+�Q�M�i�B�M�m�B�i�v �+�Q�M�/�B�i�B�Q�M�b �Q�7 �� �#�2���K �b�m�T�T�Q�`�i�2�/ �#�v �� �+�Q�M�i�B�M�m�Q�m�b �#�H�Q�+�F�@���M�/�@�i���+�F�H�2 �b�m�b�T�2�M�b�B�Q�M
�b�v�b�i�2�K �r�2�`�2 �T�`�2�b�2�M�i�2�/ �B�M �B�i�b �T���b�b�B�p�2 ���M�/ ���+�i�B�p�2 �b�i���i�2�b�X

�A�M �i�?�B�b �+�?���T�i�2�`�- �i�?�2 ���B�K �B�b �i�Q ���M���H�v�x�2 �i�?�2 �2�z�2�+�i �Q�7 �i�?�2 �+�Q�M�i�B�M�m�Q�m�b �b�m�T�T�Q�`�i �Q�M �i�?�2
�#�m�+�F�H�B�M�; ���M�/ �i�?�2 �7�`�2�2 �p�B�#�`���i�B�Q�M �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �#�2���K�X ���b �i�?�2 �b�m�b�T�2�M�b�B�Q�M �+���#�H�2 �B�b ���i�i���+�?�2�/
�i�Q �i�?�2 �b�B�K�T�H�v�@�b�m�T�T�Q�`�i�2�/ �#�2���K�- �B�i ���z�2�+�i�b �i�?�2 �M���i�m�`���H �+�B�`�+�m�H���` �7�`�2�[�m�2�M�+�B�2�b�- �i�?�2 �+�`�B�i�B�+���H �7�Q�`�+�2�b�-
�i�?�2 �p�B�#�`���i�B�Q�M �K�Q�/�2�b�- ���M�/ �i�?�2 �#�m�+�F�H�B�M�; �K�Q�/�2�b�X �h�?�B�b �2�z�2�+�i �B�b ���M���H�v�x�2�/ ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2
�H�2�M�;�i�? �Q�7 �i�?�2 �b�m�b�T�2�M�/�2�/ �b�2�;�K�2�M�i�X �h�?�2 �M���i�m�`���H �+�B�`�+�m�H���` �7�`�2�[�m�2�M�+�B�2�b �Q�` �i�?�2 �+�`�B�i�B�+���H �7�Q�`�+�2�b
�Q�7 �i�?�2 �#�2���K ���`�2 �+���H�+�m�H���i�2�/ ���b �� �7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �H�2�M�;�i�? �Q�7 �i�?�2 �+�Q�M�i�B�M�m�Q�m�b �b�m�T�T�Q�`�i ���M�/
�T�`�2�b�2�M�i�2�/ �B�M �� �7�`�2�[�m�2�M�+�v �K���T �Q�` �� �#�m�+�F�H�B�M�; �K���T�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�6�B�`�b�i�- �i�?�2 �/�2�`�B�p���i�B�Q�M �Q�7 �i�?�2 �7�`�2�[�m�2�M�+�v ���M�/ �#�m�+�F�H�B�M�; �K���i�`�B�+�2�b �Q�7 �i�?�B�b �#�2���K �B�b �b�?�Q�r�M�- �i�?�2
�/�2�i�2�`�K�B�M���M�i �B�b �/�`���r�M �p�2�`�b�m�b �i�?�2 �7�`�2�[�m�2�M�+�v �Q�` �i�?�2 �#�m�+�F�H�B�M�; �T���`���K�2�i�2�`�b�- �i�?�2 �x�2�`�Q �T�Q�B�M�i�b
�Q�7 �i�?�2 �/�2�i�2�`�K�B�M���M�i�b ���`�2 �b�i�Q�`�2�/�- ���M�/ �i�?�2 �7�`�2�[�m�2�M�+�v ���M�/ �#�m�+�F�H�B�M�; �K���T�b ���`�2 �+���H�+�m�H���i�2�/ �7�Q�`
�i�?�2 �}�`�b�i �N �K�Q�/�2�b ���H�Q�M�;�b�B�/�2 �i�?�2 �K�Q�/�2 �b�?���T�2�b�X �6�B�M���H�H�v�- �� �;�2�M�2�`�B�+ �2�t���K�T�H�2 �Q�7 �i�?�2 �b�m�b�T�2�M�/�2�/
�#�2���K �B�b �m�b�2�/ �i�Q �p���H�B�/���i�2 �i�?�2 �`�2�b�m�H�i�b ���;���B�M�b�i �� �/�B�b�+�`�2�i�B�x�2�/ �b�Q�H�m�i�B�Q�M �m�b�B�M�; �6�B�M�B�i�2 �1�H�2�K�2�M�i
�J�2�i�?�Q�/ �U�6�1�J�V�X

���b �K�2�M�i�B�Q�M�2�/ �2���`�H�B�2�`�- �i�?�2 �T�`�2�b�2�M�+�2 �Q�7 �i�?�2 �+���#�H�2 �/�B�p�B�/�2�b �i�?�2 �b�i�B�z�M�2�b�b �Q�7 �i�?�2 �#�2���K �B�M�i�Q
�k �S�G �2�H���b�i�B�+ �b�i���i�2�b�X �A�M �i�?�2 �T���b�b�B�p�2 �b�i���i�2�- �i�?�2 �+���#�H�2 �B�b �b�H���+�F�2�/ ���M�/ �i�?�2 �#�2���K �#�2�?���p�2�b ���b ��
�+�H���b�b�B�+���H �b�B�K�T�H�v�@�b�m�T�T�Q�`�i�2�/ �#�2���K�X �a�Q�- ���b ���M �B�M�i�`�Q�/�m�+�i�Q�`�v �T���`�i �i�Q �i�?�2 �M�2�r �b�+�B�2�M�i�B�}�+ �`�2�b�m�H�i�b
�Q�7 �i�?�2 ���+�i�B�p�2 �b�i���i�2�- �i�?�2 �+���H�+�m�H���i�B�Q�M �K�2�i�?�Q�/ �Q�7 �i�?�2 �7�`�2�[�m�2�M�+�v ���M�/ �#�m�+�F�H�B�M�; �T���`���K�2�i�2�`�b �B�b
�b�?�Q�r�M �?�2�`�2 �B�M �i�?�2 �T���b�b�B�p�2 �b�i���i�2 �B�M �Q�`�/�2�` �i�Q �r���H�F �i�?�2 �`�2���/�2�` �i�?�`�Q�m�;�? �i�?�2 �T�`�Q�+�2�/�m�`�2 ���M�/ �#�2
�7���K�B�H�B���` �r�B�i�? �i�?�2 �i�2�`�K�B�M�Q�H�Q�;�v�X

�h�?�2 �M�2�r �b�+�B�2�M�i�B�}�+ �`�2�b�m�H�i�b �B�M �i�?�B�b �+�?���T�i�2�` ���`�2 �b�m�K�K���`�B�x�2�/ �B�M �h�?�2�b�B�b �R�X

�j�X�R �.�v�M���K�B�+ ���M���H�v�b�B�b �B�M �i�?�2 �T���b�b�B�p�2 �b�i���i�2

�h�?�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M �Q�7 �1�[�X �U�k�X�9�e�V �B�b�,

w(x; t ) = w(x) �+�Q�b(! 0t � � ); �U�j�X�R�V

�r�?�2�`�2 �i�?�2 �/�2�`�B�p�2�/ �b�?���T�2 �7�m�M�+�i�B�Q�M �?���b �i�?�2 �;�2�M�2�`���H �7�Q�`�K�,

w(x) = A �b�B�M(�x ) + B �+�Q�b(�x ) + C �b�B�M�?(�x ) + D �+�Q�b�?(�x ): �U�j�X�k�V

�j�d



�j�3 �1�z�2�+�i �Q�7 �i�?�2 �a�m�b�T�2�M�b�B�Q�M

�h�Q �+���H�+�m�H���i�2 �i�?�2 �K�Q�/���H �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �#�2���K �B�M �i�?�2 �T���b�b�B�p�2 �b�i���i�2�- �i�?�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M
�B�b �m�b�2�/ �B�M �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �B�M �1�[�b�X �U�k�X�9�3�V ���M�/ �U�k�X�9�N�V�- �r�?�B�+�? �H�2���/�b �i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�;
�2�[�m���i�B�Q�M�b�,

A �b�B�M(� �L /2) + B �+�Q�b(� �L /2) + C �b�B�M�?(� �L /2) + D �+�Q�b�?(� �L /2) = 0 ; �U�j�X�j�V

A �b�B�M(�L /2) + B �+�Q�b(�L /2) + C �b�B�M�?(�L /2) + D �+�Q�b�?(�L /2) = 0 ; �U�j�X�9�V

� A �b�B�M(� �L /2) � B �+�Q�b(� �L /2) + C �b�B�M�?(� �L /2) + D �+�Q�b�?(� �L /2) = 0 ; �U�j�X�8�V

� A �b�B�M(�L /2) � B �+�Q�b(�L /2) + C �b�B�M�?(�L /2) + D �+�Q�b�?(�L /2) = 0 ; �U�j�X�e�V

�r�?�2�`�2A�-B �-C ���M�/D ���`�2 �+�Q�M�b�i���M�i�b �i�?���i �/�2�T�2�M�/ �Q�M �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�X �A�M �i�?�2 ���#�Q�p�2
�2�[�m���i�B�Q�M�b�-� �B�b �i�?�2 �7�`�2�[�m�2�M�+�v �T���`���K�2�i�2�`�X �l�b�B�M�; �i�?�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M�b �B�M �i�?�2 �/�B�z�2�`�2�M�i�B���H
�2�[�m���i�B�Q�M�b �b�?�Q�r�b �i�?���i �B�i �B�b �`�2�H���i�2�/ �i�Q �i�?�2 �M���i�m�`���H �+�B�`�+�m�H���` �7�`�2�[�m�2�M�+�v ���b�,

! 0 = � 2

s
EI
�

: �U�j�X�d�V

�h�?�2 �b�v�b�i�2�K �Q�7 �H�B�M�2���` �2�[�m���i�B�Q�M�b �B�M �1�[�b�X �U�j�X�j�V�@�U�j�X�e�V �+���M �#�2 �r�`�B�i�i�2�M �B�M �K���i�`�B�t �7�Q�`�K�,
2

6
6
4

�b�B�M(� �L /2) �+�Q�b(� �L /2) �b�B�M�?(� �L /2) �+�Q�b�?(� �L /2)
�b�B�M(�L /2) �+�Q�b(�L /2) �b�B�M�?(�L /2) �+�Q�b�?(�L /2)

� �b�B�M(� �L /2) � �+�Q�b(� �L /2) �b�B�M�?(� �L /2) �+�Q�b�?(� �L /2)
� �b�B�M(�L /2) � �+�Q�b(�L /2) �b�B�M�?(�L /2) �+�Q�b�?(�L /2)

3

7
7
5

2

6
6
4

A
B
C
D

3

7
7
5 = 0 �U�j�X�3�V

�Q�`�,
Fpap = 0 �U�j�X�N�V

�B�M �i�?�2 �+�Q�K�T���+�i �7�Q�`�K�X �q�B�i�?�Q�m�i �H�Q�b�b �Q�7 �;�2�M�2�`���H�B�i�v�- �i�?�2 �H�2�M�;�i�? �B�b ���b�b�m�K�2�/ �i�Q �#�2L = 1�X �h�?�m�b�-
�i�?�2 �/�2�i�2�`�K�B�M���M�i �Q�7 �K���i�`�B�tFp �B�b�,

det(Fp(� )) = 16 � �+�Q�b
�

�
2

�
� �+�Q�b�?

�
�
2

�
� �b�B�M

�
�
2

�
� �b�B�M�?

�
�
2

�
: �U�j�X�R�y�V

�h�?�2 �7�`�2�[�m�2�M�+�v �T���`���K�2�i�2�`�b� �+���M �#�2 �7�Q�m�M�/ �#�v �2�[�m���i�B�M�; �i�?�2 �/�2�i�2�`�K�B�M���M�i �i�Q �x�2�`�Q�,

16� �+�Q�b
�

�
2

�
� �+�Q�b�?

�
�
2

�
� �b�B�M

�
�
2

�
� �b�B�M�?

�
�
2

�
= 0: �U�j�X�R�R�V

�h�?�2 �b�Q�H�m�i�B�Q�M�b �Q�7 �i�?�B�b �M�Q�M�H�B�M�2���` �2�[�m���i�B�Q�M �+���M �#�2 �b�2�2�M �B�M �6�B�;�X�j�X�R�- �r�?�B�+�? ���`�2�,� = r� �- �r�?�2�`�2
r = 1; 2; 3; :::�2�i�+�X �A�M �i�?�B�b ���M���H�v�b�B�b�- �i�?�2 �p���H�m�2 �Q�7r �r���b �i���F�2�M �m�T �i�Q10�X �h�?�2 �K���b�b�@�M�Q�`�K���H�B�x�2�/
�Q�/�/ �K�Q�/�2 �b�?���T�2�b �Q�7 �i�?�2 �#�2���K �7�Q�H�H�Q�r �i�?�2 �+�Q�b�B�M�m�b�Q�B�/���H �7�m�M�+�i�B�Q�M�,

w(x) =

r
2
�

�+�Q�b(�x ): �U�j�X�R�k�V

�h�?�2 �K���b�b�@�M�Q�`�K���H�B�x�2�/ �2�p�2�M �K�Q�/�2 �b�?���T�2�b �Q�7 �i�?�2 �#�2���K �7�Q�H�H�Q�r �i�?�2 �b�B�M�m�b�Q�B�/���H �7�m�M�+�i�B�Q�M�,

w(x) =

r
2
�

�b�B�M(�x ): �U�j�X�R�j�V

�6�Q�` �i�?�2 �+���b�2 �r�?�2�`�2L 6= 1�- �i�?�2 �/�2�M�Q�K�B�M���i�Q�` �Q�7 �1�[�b�X �U�j�X�R�k�V ���M�/ �U�j�X�R�j�V �r�B�H�H �#�2 �`�2�T�H���+�2�/ �#�v
�L �- �r�?�2�`�2 �i�?�2 �M���i�m�`���H �+�B�`�+�m�H���` �7�`�2�[�m�2�M�+�v �#�2�+�Q�K�2�b�,

! 0r =
r 2� 2

L2

s
EI
�

: �U�j�X�R�9�V



�j�X�k�X �"�m�+�F�H�B�M�; ���M���H�v�b�B�b �B�M �i�?�2 �T���b�b�B�p�2 �b�i���i�2 �j�N

�6�B�;�m�`�2 �j�X�R�,�.�2�i�2�`�K�B�M���M�i �Q�7Fp �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �7�`�2�[�m�2�M�+�v �T���`���K�2�i�2�`� �7�Q�` �i�?�2 �}�`�b�i �R�y
�b�Q�H�m�i�B�Q�M�b�X

�j�X�k �"�m�+�F�H�B�M�; ���M���H�v�b�B�b �B�M �i�?�2 �T���b�b�B�p�2 �b�i���i�2

�q�B�i�?�Q�m�i �H�Q�b�b �Q�7 �;�2�M�2�`���H�B�i�v�- ���;���B�M�- �i�?�2 �H�2�M�;�i�? �B�b ���b�b�m�K�2�/ �i�Q �#�2L = 1�X �h�?�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M
�Q�7 �1�[�X �U�k�X�9�d�V �B�b�,

w(x) = E �b�B�M(kx) + F �+�Q�b(kx) + Gx + H; �U�j�X�R�8�V

�r�?�2�`�2k �B�b �i�?�2 �7�Q�`�+�2 �T���`���K�2�i�2�`�X �h�Q �+���H�+�m�H���i�2 �i�?�2 �#�m�+�F�H�B�M�; �T���`���K�2�i�2�`�b �Q�7 �i�?�2 �#�2���K �B�M �i�?�2
�T���b�b�B�p�2 �b�i���i�2�- �i�?�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M �B�b �m�b�2�/ �B�M �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �B�M �1�[�b�X �U�k�X�9�3�V ���M�/
�U�k�X�9�N�V�- �r�?�B�+�? �H�2���/�b �i�Q �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�b�,

E �b�B�M(� k/2) + F �+�Q�b(� k/2) �
G
2

+ H = 0; �U�j�X�R�e�V

E �b�B�M(k/2) + F �+�Q�b(k/2) +
G
2

+ H = 0; �U�j�X�R�d�V

� E �b�B�M(� k/2) � F �+�Q�b(� k/2) = 0 ; �U�j�X�R�3�V

� E �b�B�M(k/2) � F �+�Q�b(k/2) = 0 ; �U�j�X�R�N�V

�r�?�2�`�2E�-F �-G ���M�/H ���`�2 �+�Q�M�b�i���M�i�b �i�?���i �/�2�T�2�M�/ �Q�M �i�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b�X �l�b�B�M�; �i�?�2
�;�2�M�2�`���H �b�Q�H�m�i�B�Q�M�b �B�M �i�?�2 �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b �b�?�Q�r�b �i�?���ik �B�b �`�2�H���i�2�/ �i�Q �i�?�2 �+�Q�K�T�`�2�b�b�B�Q�M
�7�Q�`�+�2 �#�v �i�?�2 �7�Q�H�H�Q�r�B�M�; �`�2�H���i�B�Q�M�b�?�B�T�,

k2 =
P
EI

: �U�j�X�k�y�V

�h�?�2 �b�v�b�i�2�K �Q�7 �H�B�M�2���` �2�[�m���i�B�Q�M�b �B�M �1�[�b�X �U�j�X�R�e�V�@�U�j�X�R�N�V �+���M �#�2 �r�`�B�i�i�2�M �B�M �K���i�`�B�t �7�Q�`�K�,

2

6
6
4

�b�B�M(� k/2) �+�Q�b(� k/2) � 1/2 1
�b�B�M(k/2) �+�Q�b(k/2) 1/2 1

� �b�B�M(� k/2) � �+�Q�b(� k/2) 0 0
� �b�B�M(k/2) � �+�Q�b(k/2) 0 0

3

7
7
5

2

6
6
4

E
F
G
H

3

7
7
5 = 0 �U�j�X�k�R�V



�9�y �1�z�2�+�i �Q�7 �i�?�2 �a�m�b�T�2�M�b�B�Q�M

�Q�`�,
Spbp = 0 �U�j�X�k�k�V

�B�M �i�?�2 �+�Q�K�T���+�i �7�Q�`�K�X �h�?�m�b�- �i�?�2 �/�2�i�2�`�K�B�M���M�i �Q�7 �K���i�`�B�tSp �B�b�,

det(Sp(k)) = 2 � �+�Q�b
�

k
2

�
� �b�B�M

�
k
2

�
: �U�j�X�k�j�V

�h�?�2 �7�Q�`�+�2 �T���`���K�2�i�2�`�bk �+���M �#�2 �7�Q�m�M�/ �#�v �2�[�m���i�B�M�; �i�?�2 �/�2�i�2�`�K�B�M���M�i �i�Q �x�2�`�Q�,

2 � �+�Q�b
�

k
2

�
� �b�B�M

�
k
2

�
= 0: �U�j�X�k�9�V

�h�?�2 �b�Q�H�m�i�B�Q�M�b �Q�7 �i�?�B�b �M�Q�M�H�B�M�2���` �2�[�m���i�B�Q�M �+���M �#�2 �b�2�2�M �B�M �6�B�;�X�j�X�k�- �r�?�B�+�? ���`�2�,k = r� �- �r�?�2�`�2
r = 1; 2; 3; :::�2�i�+�X �>�2�`�2 ���;���B�M�- �i�?�2 �p���H�m�2 �Q�7r �r���b �i���F�2�M �m�T �i�Q10�X �6�Q�` �i�?�2 �+���b�2 �r�?�2�`�2L 6= 1�-
�i�?�2 �+�Q�`�`�2�b�T�Q�M�/�B�M�; �+�`�B�i�B�+���H �#�m�+�F�H�B�M�; �7�Q�`�+�2 ���+�+�Q�`�/�B�M�; �i�Q �1�[�X �U�j�X�k�y�V �B�b�,

Pcr =
r�EI

L2
�U�j�X�k�8�V

�j�X�j �.�v�M���K�B�+ ���M���H�v�b�B�b �B�M �i�?�2 ���+�i�B�p�2 �b�i���i�2

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �i�?�2 �K�2�i�?�Q�/ �b�?�Q�r�M �B�M �a�2�+�i�B�Q�M�j�X�R�B�b �2�t�i�2�M�/�2�/ �i�Q �i�?�2 �/�v�M���K�B�+ ���M���H�v�b�B�b �B�M
�i�?�2 ���+�i�B�p�2 �b�i���i�2�X

�j�X�j�X�R �.�2�`�B�p���i�B�Q�M �Q�7 �7�`�2�[�m�2�M�+�v �K���i�`�B�t

�q�B�i�?�Q�m�i �H�Q�b�b �Q�7 �;�2�M�2�`���H�B�i�v�- ���;���B�M�- �i�?�2 �H�2�M�;�i�? �B�b ���b�b�m�K�2�/ �i�Q �#�2L = 1�X �h�?�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M�b
�Q�7 �1�[�b�X �U�k�X�8�d�V ���M�/ �U�k�X�8�N�V ���`�2�,

w1(x) = A1 �b�B�M(�x ) + A2 �+�Q�b(�x ) + A3 �b�B�M�?(�x ) + A4 �+�Q�b�?(�x ): �U�j�X�k�e�V

w3(x) = A9 �b�B�M(�x ) + A10 �+�Q�b(�x ) + A11 �b�B�M�?(�x ) + A12 �+�Q�b�?(�x ) �U�j�X�k�d�V

�6�Q�` �i�?�22nd �b�2�;�K�2�M�i�- �� �T���`�i�B�+�m�H���` �b�Q�H�m�i�B�Q�M �Q�7 �1�[�X �U�k�X�8�3�V �B�b�,

w2par (x) = �
S0

�! 2
0

= �
S0

�� 4
; �U�j�X�k�3�V

�r�?�B�H�2 �i�?�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M �r�B�i�? �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �+�Q�K�T�H�2�K�2�M�i���`�v �2�[�m���i�B�Q�M �B�b�,

w2(x) = A5 �b�B�M(�x ) + A6 �+�Q�b(�x ) + A7 �b�B�M�?(�x ) + A8cosh(�x ) �
S0

�� 4
�U�j�X�k�N�V

�A�M �i�?�2 ���#�Q�p�2 �i�?�`�2�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M�b�- �i�?�2�`�2 ���`�2 �R�j �T���`���K�2�i�2�`�b �i�?���i �b�+���H�2 �i�Q�;�2�i�?�2�`�-A1

�i�?�`�Q�m�;�?A12 �B�M ���/�/�B�i�B�Q�M �i�QS0�- �r�?�B�+�? ���`�2 �/�2�i�2�`�K�B�M�2�/ �7�`�Q�K �i�?�2 �#�Q�m�M�/���`�v ���M�/ �+�Q�M�i�B�M�m�B�i�v
�+�Q�M�/�B�i�B�Q�M�b �H�B�b�i�2�/ �B�M �1�[�b�X �U�k�X�9�3�V�- �U�k�X�9�N�V ���M�/ �U�k�X�e�j�V�@�U�k�X�e�e�V�X �h�?�2 �m�b�2 �Q�7 �i�?�2�b�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M�b
�B�M�i�Q �i�?�2 �#�Q�m�M�/���`�v ���M�/ �+�Q�M�i�B�M�m�B�i�v �+�Q�M�/�B�i�B�Q�M�b �v�B�2�H�/�b�,

A1 �b�B�M(� � /2) + A2 �+�Q�b(� � /2) + A3 �b�B�M�?(� � /2) + A4 �+�Q�b�?(� � /2) = 0 ; �U�j�X�j�y�V

� A1 �b�B�M(� � /2) � A2 �+�Q�b(� � /2) + A3 �b�B�M�?(� � /2) + A4 �+�Q�b�?(� � /2) = 0 ; �U�j�X�j�R�V

A1 �b�B�M(� �q ) + A2 �+�Q�b(� �q ) + A3 �b�B�M�?(� �q ) + A4 �+�Q�b�?(� �q )�

A5 �b�B�M(� �q ) � A6 �+�Q�b(� �q ) � A7 �b�B�M�?(� �q ) � A8 �+�Q�b�?(� �q ) +
S0

�! 2
0

= 0;
�U�j�X�j�k�V
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�6�B�;�m�`�2 �j�X�k�,�.�2�i�2�`�K�B�M���M�i �Q�7Sp �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �7�Q�`�+�2 �T���`���K�2�i�2�`k �7�Q�` �i�?�2 �}�`�b�i �R�y
�b�Q�H�m�i�B�Q�M�b�X

A1 �+�Q�b(� �q ) � A2 �b�B�M(� �q ) + A3 �+�Q�b�?(� �q ) + A4 �b�B�M�?(� �q )�

A5 �+�Q�b(� �q ) + A6 �b�B�M(� �q ) � A7 �+�Q�b�?(� �q ) � A8 �b�B�M�?(� �q ) = 0 ;
�U�j�X�j�j�V

� A1 �b�B�M(� �q ) � A2 �+�Q�b(� �q ) + A3 �b�B�M�?(� �q ) + A4 �+�Q�b�?(� �q )+

A5 �b�B�M(� �q ) + A6 �+�Q�b(� �q ) � A7 �b�B�M�?(� �q ) � A8 �+�Q�b�?(� �q ) = 0 ;
�U�j�X�j�9�V

� A1 �+�Q�b(� �q ) + A2 �b�B�M(� �q ) + A3 �+�Q�b�?(� �q ) + A4 �b�B�M�?(� �q )+

A5 �+�Q�b(� �q ) � A6 �b�B�M(� �q ) � A7 �+�Q�b�?(� �q ) � A8 �b�B�M�?(� �q ) = 0 ;
�U�j�X�j�8�V

A5 �b�B�M(�q ) + A6 �+�Q�b(�q ) + A7 �b�B�M�?(�q ) + A8 �+�Q�b�?(�q )�

A9 �b�B�M(�q ) � A10 �+�Q�b(�q ) � A11 �b�B�M�?(�q ) � A12 �+�Q�b�?(�q ) �
S0

�! 2
0

= 0;
�U�j�X�j�e�V

A5 �+�Q�b(�q ) � A6 �b�B�M(�q ) + A7 �+�Q�b�?(�q ) + A8 �b�B�M�?(�q )�

A9 �+�Q�b(� �q ) + A10 �b�B�M(�q ) � A11 �+�Q�b�?(�q ) � A12 �b�B�M�?(�q ) = 0 ;
�U�j�X�j�d�V

� A5 �b�B�M(�q ) � A6 �+�Q�b(�q ) + A7 �b�B�M�?(�q ) + A8 �+�Q�b�?(� �q )+

A9 �b�B�M(�q ) + A10 �+�Q�b(�q ) � A11 �b�B�M�?(�q ) � A12 �+�Q�b�?(�q ) = 0 ;
�U�j�X�j�3�V

� A5 �+�Q�b(�q ) + A6 �b�B�M(�q ) + A7 �+�Q�b�?(�q ) + A8 �b�B�M�?(�q )+

A9 �+�Q�b(�q ) � A10 �b�B�M(�q ) � A11 �+�Q�b�?(�q ) � A12 �b�B�M�?(�q ) = 0 ;
�U�j�X�j�N�V

A9 �b�B�M(� /2) + A10 �+�Q�b(� /2) + A11 �b�B�M�?(� /2) + A12 �+�Q�b�?(� /2) = 0 ; �U�j�X�9�y�V

� A9 �b�B�M(� /2) � A10 �+�Q�b(� /2) + A11 �b�B�M�?(� /2) + A12 �+�Q�b�?(� /2) = 0 ; �U�j�X�9�R�V



�9�k �1�z�2�+�i �Q�7 �i�?�2 �a�m�b�T�2�M�b�B�Q�M

���M�/ �i�?�2 �B�M�i�2�;�`���i�B�Q�M �B�M �i�?�2 �H���b�i �+�Q�M�/�B�i�B�Q�M �B�M �1�[�X �U�k�X�e�d�V �v�B�2�H�/�b�,

A6 �b�B�M(�q ) + A8 �b�B�M�?(�q ) � S0
q

EI� 3
= 0: �U�j�X�9�k�V

�h�?�2 �R�j �2�[�m���i�B�Q�M�b�j�X�j�y�@�j�X�9�k�v�B�2�H�/ �� �?�Q�K�Q�;�2�M�2�Q�m�b �b�v�b�i�2�K �Q�7 �H�B�M�2���` �2�[�m���i�B�Q�M�b �B�M �i�?�2
�7�Q�`�K�,

Fa aa = 0; �U�j�X�9�j�V

�r�?�2�`�2 �i�?�2 �p�2�+�i�Q�`aa �+�Q�M�i���B�M�b �i�?�2 �m�M�F�M�Q�r�M �T���`���K�2�i�2�`�b�,

aa =
�
A1 A2 ::: A11 A12

S0

EI

� T

; �U�j�X�9�9�V

�r�?�B�H�2 �i�?�2Fa �B�b �i�?�2 �7�`�2�[�m�2�M�+�v �K���i�`�B�t �#�m�B�H�i �7�`�Q�K �i�?�2 �+�Q�2�{�+�B�2�M�i�b �Q�7 �i�?�2 �T���`���K�2�i�2�`�b�X ���7�i�2�` ��
�b�B�K�T�H�B�}�+���i�B�Q�M �Q�7 �i�?�2 �`�Q�r�b �Q�7 �i�?�2 �K���i�`�B�t �#�v �i�?�2 �H���K�#�/�� �K�m�H�i�B�T�H�B�2�`�b�- �r�?�2�`�2 ���T�T�H�B�+���#�H�2�- �i�?�2
�K���i�`�B�t �+���M �#�2 �r�`�B�i�i�2�M �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �#�H�Q�+�F �b�i�`�m�+�i�m�`�2�,

Fa =

2

6
6
6
6
4

B n 04 04 0
Cn � Cn 04 � s
04 Cp � Cp s
02 02 B p 0
01 D 01 q/ � 3

3

7
7
7
7
5

�U�j�X�9�8�V

�r�?�2�`�2 �i�?�2B ���M�/C �K���i�`�B�+�2�b �#�2�H�Q�M�; �i�Q �i�?�2 �#�Q�m�M�/���`�v ���M�/ �+�Q�M�i�B�M�m�B�i�v �+�Q�M�/�B�i�B�Q�M�b�- �`�2�b�T�2�+�@
�i�B�p�2�H�v�- �i�?�2n ���M�/p �B�M�/�B�+�2�b �/�2�M�Q�i�2 �i�?�2 �2�p���H�m���i�B�Q�M ���i �� �M�2�;���i�B�p�2 �Q�` �T�Q�b�B�i�B�p�2 �t�@�p���H�m�2�- �i�?�2
�p�2�+�i�Q�`s �B�b �i�?�2 �}�`�b�i �m�M�B�i �p�2�+�i�Q�` �/�B�p�B�/�2�/ �#�v� 4�- �i�?�20j �K���i�`�B�+�2�b ���`�2 �D�t�9 �x�2�`�Q�@�K���i�`�B�+�2�b�X �l�b�B�M�;
�i�?�2 �Q�/�/ ���M�/ �2�p�2�M �T�`�Q�T�2�`�i�B�2�b �Q�7 �i�?�2 �7�m�M�+�i�B�Q�M�b�- �i�?�2 �2�M�i�`�B�2�b �Q�7 �i�?�2 �M�Q�M�@�x�2�`�Q �K���i�`�B�+�2�b ���`�2�,

B n =
�
� �b�B�M( �

2 ) �+�Q�b( �
2 ) � �b�B�M�?( �

2 ) �+�Q�b�?( �
2 )

�b�B�M( �
2 ) � �+�Q�b( �

2 ) � �b�B�M�?( �
2 ) �+�Q�b�?( �

2 )

�
; �U�j�X�9�e�V

B p =
�

�b�B�M( �
2 ) �+�Q�b( �

2 ) �b�B�M�?( �
2 ) �+�Q�b�?( �

2 )
� �b�B�M( �

2 ) � �+�Q�b( �
2 ) �b�B�M�?( �

2 ) �+�Q�b�?( �
2 )

�
; �U�j�X�9�d�V

Cn =

2

6
6
4

� �b�B�M(�q ) �+�Q�b(�q ) � �b�B�M�?(�q ) �+�Q�b�?(�q )
�+�Q�b(�q ) �b�B�M(�q ) �+�Q�b�?(�q ) � �b�B�M�?(�q )
�b�B�M(�q ) � �+�Q�b(�q ) � �b�B�M�?(�q ) �+�Q�b�?(�q )

� �+�Q�b(�q ) � �b�B�M(�q ) �+�Q�b�?(�q ) � �b�B�M�?(�q )

3

7
7
5 ; �U�j�X�9�3�V

Cp =

2

6
6
4

�b�B�M(�q ) �+�Q�b(�q ) �b�B�M�?(�q ) �+�Q�b�?(�q )
�+�Q�b(�q ) � �b�B�M(�q ) �+�Q�b�?(�q ) �b�B�M�?(�q )

� �b�B�M(�q ) � �+�Q�b(�q ) �b�B�M�?(�q ) �+�Q�b�?(�q )
� �+�Q�b(�q ) �b�B�M(�q ) �+�Q�b�?(�q ) �b�B�M�?(�q )

3

7
7
5 ; �U�j�X�9�N�V

D =
�
0 �b�B�M(�q ) 0 �b�B�M�?(�q )

�
: �U�j�X�8�y�V

�h�?�2 �M�Q�M�i�`�B�p�B���H �b�Q�H�m�i�B�Q�M �Q�7 �1�[�X �U�j�X�9�j�V �`�2�[�m�B�`�2�b �� �b�B�M�;�m�H���`Fa �K���i�`�B�t�- �B�X�2�X �B�i�b �/�2�i�2�`�K�B�M���M�i
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�6�B�;�m�`�2 �j�X�j�,�.�2�i�2�`�K�B�M���M�i �Q�7Fa �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �7�`�2�[�m�2�M�+�v �T���`���K�2�i�2�`� ���i q = 0:25�X

�j�X�j�X�k �6�`�2�[�m�2�M�+�v �K���T ���M�/ �p�B�#�`���i�B�Q�M �b�?���T�2�b

�h�?�2 �7�`�2�[�m�2�M�+�v �K���i�`�B�t �B�M �1�[�X �U�j�X�9�8�V �/�2�T�2�M�/�b �Q�M �i�r�Q �T���`���K�2�i�2�`�b�,q ���M�/� �X �h�?�2 �M�Q�M�@�i�`�B�p�B���H
�b�Q�H�m�i�B�Q�M �T�Q�B�M�i�b �Q�7 �1�[�X �U�j�X�9�j�V �+���M �#�2 �b�?�Q�r�M ���b �+�m�`�p�2�b �B�M �i�?�2q� � �T�H���M�2�X �h�?�2�b�2 �+�m�`�p�2�b ���`�2
�`�2�7�2�`�`�2�/ �i�Q ���b �i�?�2 �7�`�2�[�m�2�M�+�v �K���T�X
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�r�?�B�H�2 �i�?�2 �H�B�M�2�b �Q�7 �i�?�2 �2�p�2�M �K�Q�/�2�b ���`�2 �+�m�`�p�2�/�- �2�t�+�H�m�/�B�M�; �i�?�2 �b�Q�H�m�i�B�Q�M ���i �i�?�2 �i�Q�T �`�B�;�?�i
�`�2�;�B�Q�M �Q�7 �i�?�2 �}�;�m�`�2�- �r�?�2�`�2 �i�?�2�v ���`�2 �2�t�T�H���B�M�2�/ ���i �i�?�2 �2�M�/ �Q�7 �i�?�B�b �b�m�#�b�2�+�i�B�Q�M�X ���b �`�2�b�m�H�i�b
�b�?�Q�r �B�M �6�B�;�X�j�X�9�- �i�?�2 �p�B�#�`���i�B�Q�M �K�Q�/�2�b ���`�2 �r�2�H�H �b�2�T���`���i�2�/�, �i�?�2 �+�m�`�p�2�b �Q�7 �i�?�2 �b�m�#�b�2�[�m�2�M�i�
�T���`���K�2�i�2�` �`�2�K���B�M ���i �� �+�H�2���`�H�v �p�B�b�B�#�H�2 �/�B�b�i���M�+�2 �7�`�Q�K �2���+�? �Q�i�?�2�` ���i ���M�vq �b�m�b�T�2�M�b�B�Q�M �H�2�M�;�i�?�-
�B�X�2�X �i�?�2 �M�2�B�;�?�#�Q�`�B�M�; �+�m�`�p�2�b �/�Q �M�Q�i �+�`�Q�b�b �2���+�? �Q�i�?�2�` ���M�/ �/�Q �M�Q�i �;�2�i �+�H�Q�b�2 �i�Q �� �+�`�Q�b�b�B�M�;�X ���b
�B�i �r���b �b�?�Q�r�M �B�M �L�û�K�2�i�? ���M�/ �:�2�H�2�D�B�k�y�R�3���- �r�B�i�? �/�B�b�+�`�2�i�2 �M�m�K�#�2�` �Q�7 �b�m�b�T�2�M�b�B�Q�M �T�Q�B�M�i�b �i�?�2�`�2
�r�2�`�2 �b�m�+�? �+�`�Q�b�b�B�M�;�b�- �r�?�B�+�? ���H�b�Q �v�B�2�H�/�2�/ �i�?�2 �/�B�b�i�m�`�#���M�+�2 �Q�7 �i�?�2 �Q�`�/�2�` �Q�7 �i�?�2 �b�v�K�K�2�i�`�B�+ ���M�/
�b�F�2�r�@�b�v�K�K�2�i�`�B�+ �K�Q�/�2�b�X �h�?�2 �H���+�F �Q�7 �+�`�Q�b�b�B�M�;�b �B�b �r�?�v �b�m�+�? �� �b�B�K�T�H�2 �b�+���M�M�B�M�; �B�b �b�m�{�+�B�2�M�i
�7�Q�` �i�?�B�b �T�`�Q�#�H�2�K �B�M�b�i�2���/ �Q�7 �i�?�2 �K�Q�`�2 �`�Q�#�m�b�i �K�2�i�?�Q�/�b �.�Q�K�Q�F�Q�b ���M�/ �a�x�2�#�2�`�û�M�v�B�k�y�y�9�X �6�Q�`
�i�?�2 �+���H�+�m�H���i�B�Q�M �Q�7 �i�?�2 �7�`�2�[�m�2�M�+�v �K���T�- �i�?�2q �T���`���K�2�i�2�` �r���b �}�t�2�/ ���i �R�y�y �T�Q�B�M�i�b �#�2�i�r�2�2�M
�R�f�R�y�y�y ���M�/ �R�f�k�X �h�?�2 �K�2�i�?�Q�/ �7���B�H�b ���iq = 0 �r�?�2�`�2 �i�?�B�b �H�B�K�B�i �+���b�2 �`�2�T�`�2�b�2�M�i�b �� �i�r�Q�@�b�T���M
�#�2���K�X

���b ���M �2�t�T�H���M���i�B�Q�M �7�Q�` �i�?�2 �`�2�b�m�H�i�b�- �i�?�2 �+�Q�M�b�i���M�i �p���H�m�2 �Q�7 �i�?�2 �H�B�M�2�b �Q�7 �i�?�2 �Q�/�/ �K�Q�/�2�b �B�b



�9�9 �1�z�2�+�i �Q�7 �i�?�2 �a�m�b�T�2�M�b�B�Q�M

�6�B�;�m�`�2 �j�X�9�,�6�`�2�[�m�2�M�+�v �J���T �Q�7 �i�?�2 ���M���H�v�x�2�/ �#�2���K�X

�2���b�v �i�Q �2�t�T�H���B�M�X �h�?�2�b�2 �K�Q�/�2�b ���`�2 �i�?�2 �b�F�2�r�@�b�v�K�K�2�i�`�B�+ �b�B�M�m�b�Q�B�/���H �p�B�#�`���i�B�Q�M �K�Q�/�2�b �r�B�i�?
A1 = A5 = A9�- �r�?�B�H�2 �2�p�2�`�v �Q�i�?�2�` �T���`���K�2�i�2�` �UAm �ö�b ���M�/S0�V ���`�2 �x�2�`�Q�- ���M�/ �i�?�2 �7�`�2�[�m�2�M�+�v
�T���`���K�2�i�2�` �B�b

� 2j � 1 = 2j�: �U�j�X�8�R�V

�h�?�m�b�- �7�Q�` �i�?�2(2j � 1)th �K�Q�/�2w1(x) = w2(x) = w3(x) = A1 �b�B�M(�x )�- ���M�/ ���b �b�m�+�?�- �B�i
�M���i�m�`���H�H�v �7�m�H�}�H�H�b �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �B�M �1�[�b�X �U�k�X�e�j�V�@�U�k�X�e�d�V�X �h�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �Q�7 �1�[�b�X
�U�k�X�9�3�V�@�U�k�X�9�N�V ���`�2 �7�m�H�}�H�H�2�/ �#�2�+���m�b�2 �Q�7 �i�?�2 �b�T�2�+�B�}�+ �p���H�m�2 �Q�7 �i�?�2 �7�`�2�[�m�2�M�+�v �T���`���K�2�i�2�` ���+�+�Q�`�/�B�M�;
�i�Q �1�[�X �U�j�X�8�R�V�X �h�?�2�b�2 �K�Q�/�2�b ���T�T�2���` �B�M �i�?�2 �T���b�b�B�p�2 �b�i���i�2 ���b �r�2�H�H�- �#�m�i �r�B�i�? �� �b�?�B�7�i �B�M �i�?�2
�B�M�/�2�t�X

�h�?�2 �2�p�2�M �K�Q�/�2�b ���`�2 �i�?�2 �b�v�K�K�2�i�`�B�+ �p�B�#�`���i�B�Q�M �K�Q�/�2�b�- �r�?�2�`�2A1 = � A9�-A2 = A10�-
A3 = � A11�-A4 = A12�-A5 = 0�- ���M�/A7 = 0�X �6�Q�` �#�2�i�i�2�` �p�B�b�B�#�B�H�B�i�v �Q�7 �i�?�2 �2�p�2�M �K�Q�/�2�b�- �r�2
�x�Q�Q�K�2�/ �B�M�i�Q �i�?�2 �7�`�2�[�m�2�M�+�v �K���T ���M�/ �T�`�2�b�2�M�i�2�/ �i�?�2�b�2 �K�Q�/�2�b �b�2�T���`���i�2�H�v �B�M �6�B�;�X�j�X�8���V�@�/�V�X
�A�i �+���M �#�2 �b�2�2�M �i�?���i �i�?�2 �+�m�`�p�2�/ �H�B�M�2 �Q�7 �i�?�2j �@�i�? �2�p�2�M �K�Q�/�2 �M�2�p�2�` �2�t�+�2�2�/�b

� max
2j = (2 j + 1) � �U�j�X�8�k�V

�p���H�m�2 ���M�/ �B�i �`�2���+�?�2�b �i�?�2� max
2j �p���H�m�2 �2�t���+�i�H�v ���ij �p���H�m�2�b �Q�7q�- �M���K�2�H�v ���i

ql
j =

l
2j + 1

; l = 1; 2; :::; j �U�j�X�8�j�V

�T�Q�B�M�i�b�X �h�?�2�b�2 �K�Q�/�2�b ���`�2 �b�T�2�+�B���H�- �i�Q�Q�- �r�B�i�?A2 = A6 = A10�- ���M�/ �2�p�2�`�v �Q�i�?�2�` �T���`���K�2�i�2�`
�B�b �x�2�`�Q�- �`�2�b�m�H�i�B�M�; �B�M �� �b�B�M�m�b�Q�B�/���H �K�Q�/�2 �Q�72j + 1 �?���H�7�@�r���p�2�b�X �a�Q�- �r�B�i�?w1(x) = w2(x) =
w3(x) = A2 �+�Q�b(�x )�- �B�i �M���i�m�`���H�H�v �7�m�H�}�H�H�b �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �B�M �1�[�b�X �U�k�X�e�j�V�@�U�k�X�e�d�V�X

���b ���M �2�t���K�T�H�2 �Q�7 �� �b�T�2�+�B�}�+q �p���H�m�2�- �6�B�;�X�j�X�e�b�?�Q�r�b �i�?�2 �p�B�#�`���i�B�Q�M �b�?���T�2�b �Q�7 �i�?�22nd �-
4th �-6th ���M�/8th �K�Q�/�2�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�6�Q�` �i�?�2 �i�Q�T �`�B�;�?�i �`�2�;�B�Q�M �Q�7 �i�?�2 �6�`�2�[�m�2�M�+�v �J���T�- �i�?�2 �`�2���b�Q�M �7�Q�` �i�?�2�b�2 �b�i�`���M�;�2 �x�B�;�x���;�;�2�/
�b�Q�H�m�i�B�Q�M �H�B�M�2�b ���T�T�2���`�B�M�; �7�Q�` �i�?�2 �?�B�;�?�2�` �K�Q�/�2�b �B�b �i�?���i �i�?�2 �7�m�M�+�i�B�Q�M �p���H�m�2�- �r�?�B�+�? �B�b �B�M�i�2�`�@
�T�Q�H���i�2�/ �i�Q �}�M�/ �B�i�b �x�2�`�Q�- �+���M�M�Q�i �#�2 �+���H�+�m�H���i�2�/ ���+�+�m�`���i�2�H�v ���i �i�?�2 �+�m�`�`�2�M�i �T���`���K�2�i�2�` �H�2�p�2�H�X
�"�2�+���m�b�2 �Q�7 �i�?���i�- �i�?�2 �M�m�K�2�`�B�+���H �`�2�b�m�H�i�b �Q�7 �i�?�2 �K���i�?�2�K���i�B�+���H �T�`�Q�#�H�2�K ���`�2 �M�Q�i �i�?�2 �`�2���H �b�Q�H�m�@
�i�B�Q�M �Q�7 �i�?�2 �T�?�v�b�B�+���H �T�`�Q�#�H�2�K�X �>�2�M�+�2�- �i�?�2�b�2 �H�B�M�2�b ���`�2 ���H�b�Q �`�2�7�2�`�`�2�/ �i�Q ���b �T���`���b�B�i�B�+ �b�Q�H�m�i�B�Q�M�b�X
�q�?�B�H�2 �+���H�+�m�H���i�B�M�; �i�?�2 �7�`�2�[�m�2�M�+�v �K���T �B�M �6�B�;�X�j�X�9�- �?�B�;�?�2�`�q �T�`�Q�/�m�+�i�b ���b ���`�;�m�K�2�M�i�b �Q�7



�j�X�j�X �.�v�M���K�B�+ ���M���H�v�b�B�b �B�M �i�?�2 ���+�i�B�p�2 �b�i���i�2 �9�8

���V �#�V

�+�V �/�V

�6�B�;�m�`�2 �j�X�8�,�� �+�H�Q�b�2�@�m�T �i�Q �i�?�2 �b�Q�H�m�i�B�Q�M �H�B�M�2�b �Q�7 �i�?�2 �2�p�2�M �p�B�#�`���i�B�Q�M �b�?���T�2�b �B�M �i�?�2 �6�`�2�[�m�2�M�+�v
�J���T�X

�7�V �;�V

�?�V �B�V

�6�B�;�m�`�2 �j�X�e�,�o�B�#�`���i�B�Q�M �b�?���T�2�b �Q�7 �i�?�22nd �-4th �-6th ���M�/8th �K�Q�/�2�b�- �`�2�b�T�2�+�i�B�p�2�H�v�- �7�Q�` �i�?�2 �+���b�2
�r�?�2�`�2q = 0:25�X



�9�e �1�z�2�+�i �Q�7 �i�?�2 �a�m�b�T�2�M�b�B�Q�M

�i�?�2 �b�B�M�? ���M�/ �+�Q�b�? �7�m�M�+�i�B�Q�M�b �+���m�b�2�/ ���M �2�t�T�Q�M�2�M�i�B���H �B�M�+�`�2���b�2 �Q�7 �b�2�p�2�`���H �i�2�`�K�b �B�M �i�?�2 �/�2�@
�i�2�`�K�B�M���M�i �Q�7 �i�?�2Fa �K���i�`�B�t�X �.�m�2 �i�Q �i�?�2 ���+�+�m�K�m�H���i�B�Q�M �Q�7 �i�`�m�M�+���i�B�Q�M �2�`�`�Q�`�b �B�M �i�?���i �Q�`�/�2�`
�Q�7 �K���;�M�B�i�m�/�2�- �2�p�2�M �i�?�2 �b�B�;�M �Q�7 �i�?�2 �2�p���H�m���i�2�/ �/�2�i�2�`�K�B�M���M�i �#�2�+���K�2 �B�M���+�+�m�`���i�2�X �h�?�m�b�- �i�?�2
�+�?���Q�i�B�+ �#���+�F�@���M�/�@�7�Q�`�i�? �+�?���M�;�2 �Q�7 �i�?�2 �b�B�;�M �Q�7 �i�?�2 �2�p���H�m���i�2�/ �/�2�i�2�`�K�B�M���M�i �+���m�b�2�/ �i�?�2 �p���b�i
�M�m�K�#�2�` �Q�7 �T���`���b�B�i�B�+ �b�Q�H�m�i�B�Q�M�b �B�M �i�?�2 �i�Q�T �`�B�;�?�i �+�Q�`�M�2�` �Q�7 �i�?�2 �/�B���;�`���K�X �A�M �7�m�`�i�?�2�` ���M���H�v�b�B�b�-
�i�?�Q�b�2 �b�Q�H�m�i�B�Q�M�b ���`�2 �M�Q�i �+�Q�M�b�B�/�2�`�2�/�X

�j�X�9 �"�m�+�F�H�B�M�; ���M���H�v�b�B�b �B�M �i�?�2 ���+�i�B�p�2 �b�i���i�2

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �i�?�2 �K�2�i�?�Q�/ �T�`�2�b�2�M�i�2�/ �B�M�j�X�k�B�b �2�t�i�2�M�/�2�/ �i�Q �i�?�2 �#�m�+�F�H�B�M�; ���M���H�v�b�B�b �B�M �i�?�2
���+�i�B�p�2 �b�i���i�2�X

�j�X�9�X�R �.�2�`�B�p���i�B�Q�M �Q�7 �i�?�2 �#�m�+�F�H�B�M�; �K���i�`�B�t

�q�B�i�?�Q�m�i �H�Q�b�b �Q�7 �;�2�M�2�`���H�B�i�v�- �i�?�2 �H�2�M�;�i�? �B�b ���b�b�m�K�2�/ �i�Q �#�2L = 1�X �h�?�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M�b �Q�7
�1�[�b�X �U�k�X�e�y�V ���M�/ �U�k�X�e�k�V ���`�2�,

w1(x) = B1 �b�B�M(kx) + B2 �+�Q�b(kx) + B3x + B4; �U�j�X�8�9�V

w3(x) = B9 �b�B�M(kx) + B10 �+�Q�b(kx) + B11x + B12: �U�j�X�8�8�V

�h�?�2 �T���`�i�B�+�m�H���` �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �M�Q�M�@�?�Q�K�Q�;�2�M�2�Q�m�b �2�[�m���i�B�Q�M �1�[�X �U�k�X�e�R�V �B�b�,

w2(x) =
S0x2

2P
=

S0x2

2EIk 2
; �U�j�X�8�e�V

���M�/ �b�Q �i�?�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M �B�b�,

w2(x) = B5 �b�B�M(kx) + B6 �+�Q�b(kx) + B7x + B8 +
S0x2

2EIk 2
: �U�j�X�8�d�V

�a�B�K�B�H���` �i�Q �i�?�2 �/�v�M���K�B�+ ���M���H�v�b�B�b�- �i�?�2�`�2 ���`�2 �R�j �T���`���K�2�i�2�`�b �i�?���i �b�+���H�2 �i�Q�;�2�i�?�2�` �B�M �i�?�2
���#�Q�p�2 �i�?�`�2�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M�b�-B1 �i�?�`�Q�m�;�?B12 �B�M ���/�/�B�i�B�Q�M �i�QS0�- �r�?�B�+�? ���`�2 �/�2�i�2�`�K�B�M�2�/ �7�`�Q�K
�i�?�2 �#�Q�m�M�/���`�v ���M�/ �+�Q�M�i�B�M�m�B�i�v �+�Q�M�/�B�i�B�Q�M�b �H�B�b�i�2�/ �B�M �1�[�b�X �U�k�X�9�3�V�-�U�k�X�9�N�V ���M�/ �U�k�X�e�j�V�@�U�k�X�e�d�V�X �h�?�2
�b�m�#�b�i�B�i�m�i�B�Q�M �Q�7 �i�?�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M�b �B�M �1�[�b�X �U�j�X�8�9�V�- �U�j�X�8�8�V ���M�/ �U�j�X�8�d�V �B�M�i�Q �i�?�2�b�2 �+�Q�M�/�B�i�B�Q�M�b
�v�B�2�H�/�b�,

B1 �b�B�M(� k/2) + B2 �+�Q�b(� k/2) � B3/2 + B4 = 0; �U�j�X�8�3�V

� B1 �b�B�M(� k/2) � B2 �+�Q�b(� k/2) = 0 ; �U�j�X�8�N�V

B1 �b�B�M(� kq)+ B2 �+�Q�b(� kq) � B3q+ B4 � B5 �b�B�M(� kq) � B6 �+�Q�b(� kq)+ B7q� B8 �
S0q2

EIk 2
= 0;

�U�j�X�e�y�V

B1 �+�Q�b(� kq) � B2 �b�B�M(� kq) + B3 � B5 �+�Q�b(� kq) + B6 �b�B�M(� kq) � B7 +
S0q

EIk 3
= 0; �U�j�X�e�R�V

� B1 �b�B�M(� kq) � B2 �+�Q�b(� kq) + B5 �b�B�M(� kq) + B6 �+�Q�b(� kq) �
S0

EIk 4
= 0; �U�j�X�e�k�V

� B1 �+�Q�b(� kq) � B2 �b�B�M(� kq) + B5 �+�Q�b(� kq) + B6 �b�B�M(� kq) = 0 ; �U�j�X�e�j�V

B5 �b�B�M(kq) + B6 �+�Q�b(kq) + B7q+ B8 � B9 �b�B�M(kq) � B10 �+�Q�b(kq) � B11q � B12 +
S0q2

EIk 2
= 0;

�U�j�X�e�9�V

B5 �+�Q�b(kq) � B6 �b�B�M(kq) + B7 � B9 �+�Q�b(kq) + B10 �b�B�M(kq) � B11 +
S0q

EIk 3
= 0; �U�j�X�e�8�V



�j�X�9�X �"�m�+�F�H�B�M�; ���M���H�v�b�B�b �B�M �i�?�2 ���+�i�B�p�2 �b�i���i�2 �9�d

� B5 �b�B�M(kq) � B6 �+�Q�b(kq) + B9 �b�B�M(kq) + B10 �+�Q�b(kq) +
S0

EIk 4
= 0; �U�j�X�e�e�V

� B5 �+�Q�b(kq) � B6 �b�B�M(kq) + B9 �+�Q�b(kq) + B10 �b�B�M(kq) = 0 ; �U�j�X�e�d�V

B9 �b�B�M(k/2) + B10 �+�Q�b(k/2) + B11/2 + B12 = 0; �U�j�X�e�3�V

� B9 �b�B�M(k/2) � B10 �+�Q�b(k/2) = 0 ; �U�j�X�e�N�V

���M�/ �i�?�2 �B�M�i�2�;�`���i�B�Q�M �B�M �1�[�X �U�k�X�e�d�V �v�B�2�H�/�b�,

B6
�b�B�M(kq)

k
+ B8q+

S0q3

6EIk 2
= 0: �U�j�X�d�y�V

�a�m�#�b�i�B�i�m�i�B�M�; �i�?�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M�b ���M�/ �i�?�2�B�` �`�2�b�T�2�+�i�B�p�2 �/�2�`�B�p���i�B�p�2�b �B�M�i�Q �i�?�2 �+�Q�M�b�i�`���B�M�i�b
�v�B�2�H�/�b �� �?�Q�K�Q�;�2�M�2�Q�m�b �b�v�b�i�2�K �Q�7 �H�B�M�2���` �2�[�m���i�B�Q�M�b �B�M �i�?�2 �7�Q�`�K�,

Sa ba = 0; �U�j�X�d�R�V

�r�?�2�`�2 �i�?�2 �p�2�+�i�Q�`ba �+�Q�M�i���B�M�b �i�?�2 �m�M�F�M�Q�r�M �T���`���K�2�i�2�`�b�,

ba =
�
B1 B2 ::: B11 B12

S0

EI

� T

; �U�j�X�d�k�V

�r�?�B�H�2 �i�?�2Sa �B�b �i�?�2 �#�m�+�F�H�B�M�; �K���i�`�B�t �Q�7 �i�?�2 ���+�i�B�p�2 �b�i���i�2 �#�m�B�H�i �7�`�Q�K �i�?�2 �+�Q�2�{�+�B�2�M�i�b �Q�7 �i�?�2
�T���`���K�2�i�2�`�b�X ���7�i�2�` �� �b�B�K�T�H�B�}�+���i�B�Q�M �Q�7 �i�?�2 �`�Q�r�b �Q�7 �i�?�2 �K���i�`�B�t �#�vk �K�m�H�i�B�T�H�B�2�`�b�- �r�?�2�`�2
���T�T�H�B�+���#�H�2�- �i�?�2 �K���i�`�B�t �+���M �#�2 �r�`�B�i�i�2�M �B�M �i�?�2 �7�Q�H�H�Q�r�B�M�; �#�H�Q�+�F �b�i�`�m�+�i�m�`�2�,

Sa =

2

6
6
6
6
4

B n 04 04 0
Cn � Cn 04 sn

04 Cp � Cp sp

02 02 B p 0
01 D 01 (q)3/(6 k)2

3

7
7
7
7
5

: �U�j�X�d�j�V

�>�2�`�2�- �i�?�2 �2�M�i�`�B�2�b �Q�7 �i�?�2 �M�Q�M�@�x�2�`�Q �K���i�`�B�+�2�b ���`�2�,

B n =
�
� �b�B�M( k

2) �+�Q�b( k
2) � 1

2 1
�b�B�M( k

2) � �+�Q�b( k
2) 0 0

�
; �U�j�X�d�9�V

B p =
�

�b�B�M( k
2) �+�Q�b( k

2) 1
2 1

� �b�B�M( k
2) � �+�Q�b( k

2) 0 0

�
; �U�j�X�d�8�V

Cn =

2

6
6
4

� �b�B�M(kq) �+�Q�b(kq) � q 1
�+�Q�b(kq) �b�B�M(kq) 1/ k 0
�b�B�M(kq) � �+�Q�b(kq) 0 0

� �+�Q�b(kq) � �b�B�M(kq) 0 0

3

7
7
5 ; �U�j�X�d�e�V

Cp =

2

6
6
4

�b�B�M(kq) �+�Q�b(kq) q 1
�+�Q�b(kq) � �b�B�M(kq) 1/ k 0

� �b�B�M(kq) � �+�Q�b(kq) 0 0
� �+�Q�b(kq) �b�B�M(kq) 0 0

3

7
7
5 ; �U�j�X�d�d�V

D =
�
0 �b�B�M(kq)/ k 0 q

�
; �U�j�X�d�3�V

sn =

2

6
6
4

� (q)2/(2 k2)
q/ k3

� 1/ k4

0

3

7
7
5 ; �U�j�X�d�N�V



�9�3 �1�z�2�+�i �Q�7 �i�?�2 �a�m�b�T�2�M�b�B�Q�M

�6�B�;�m�`�2 �j�X�d�,�.�2�i�2�`�K�B�M���M�i �Q�7Sa �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �7�Q�`�+�2 �T���`���K�2�i�2�`k �r�?�2�`�2q = 0:25�X

sp =

2

6
6
4

q2/(2 k2)
q/ k3

1/ k4

0

3

7
7
5 : �U�j�X�3�y�V

�h�?�2 �M�Q�M�@�i�`�B�p�B���H �b�Q�H�m�i�B�Q�M �`�2�[�m�B�`�2�b �� �b�B�M�;�m�H���`Sa �K���i�`�B�t�- �B�X�2�X �B�i�b �/�2�i�2�`�K�B�M���M�i �B�b �x�2�`�Q�X
�h�?�2 �b�Q�H�m�i�B�Q�M�b �Q�7 �i�?�B�b �M�Q�M�H�B�M�2���` �2�[�m���i�B�Q�M �v�B�2�H�/ �i�?�2 �H�Q���/ �T���`���K�2�i�2�`�b�- �b�Q �i�?�2 �`���i�B�Q�b �Q�7 �i�?�2 �R�j
�T���`���K�2�i�2�`�b�- �i�?�m�b �i�?�2 �#�m�+�F�H�B�M�; �K�Q�/�2�b�- �+���M �#�2 �Q�#�i���B�M�2�/ �7�`�Q�K �1�[�X �U�j�X�d�R�V�X

�j�X�9�X�k �"�m�+�F�H�B�M�; �K���T ���M�/ �#�m�+�F�H�2�/ �b�?���T�2�b

�h�?�2 �+���H�+�m�H���i�B�Q�M �K�2�i�?�Q�/ �Q�7 �i�?�2 �#�m�+�F�H�B�M�; �K���T �B�b �b�B�K�B�H���` �i�Q �r�?���i �r���b �2�t�T�H���B�M�2�/ �B�M �i�?�2
�#�2�;�B�M�M�B�M�; �Q�7 �a�2�+�i�B�Q�M�j�X�j�X�k�X �h�?�2 �#�m�+�F�H�B�M�; �K���i�`�B�t �B�M �1�[�X �U�j�X�d�j�V �/�2�T�2�M�/�b �Q�M �i�r�Q �T���`���K�2�i�2�`�b�,
q ���M�/k�X �h�?�2 �M�Q�M�@�i�`�B�p�B���H �b�Q�H�m�i�B�Q�M �T�Q�B�M�i�b �Q�7 �1�[�X �U�j�X�d�R�V �+���M �#�2 �b�?�Q�r�M ���b �+�m�`�p�2�b �B�M �i�?�2q� k
�T�H���M�2�X �h�?�2�b�2 �+�m�`�p�2�b ���`�2 �`�2�7�2�`�`�2�/ �i�Q ���b �i�?�2 �"�m�+�F�H�B�M�; �J���T�X �A�M �6�B�;�X�j�X�d�- �i�?�2 �#�2�?���p�B�Q�` �Q�7 �i�?�2
�7�m�M�+�i�B�Q�M �Q�7 �i�?�2 �/�2�i�2�`�K�B�M���M�i �Q�7Sa �B�b �b�?�Q�r�M �r�B�i�? �`�2�b�T�2�+�i �i�Q �i�?�2 �b�i�Q�`�2�/ �b�Q�H�m�i�B�Q�M �T�Q�B�M�i�b �Q�7
�i�?�2 �7�Q�`�+�2 �T���`���K�2�i�2�`k�X

�h�?�2 �`�2�b�m�H�i�b �Q�7 �i�?�2 �#�m�+�F�H�B�M�; �K���T ���M�/ �#�m�+�F�H�2�/ �b�?���T�2�b ���`�2 �T�`�2�b�2�M�i�2�/ �B�M �6�B�;�X�j�X�3�X �a�B�K�B�H���`
�i�Q �i�?�2 �6�`�2�[�m�2�M�+�v �J���T�- �b�i���`�i�B�M�; �7�`�Q�K �i�?�2 �#�Q�i�i�Q�K�- �i�?�2 �Q�/�/ �K�Q�/�2�b �?���p�2 �� �+�Q�M�b�i���M�i �p���H�m�2
�r�?�B�H�2 �i�?�2 �H�Q���/ �T���`���K�2�i�2�` �H�B�M�2�b �Q�7 �2�p�2�M �K�Q�/�2�b ���`�2 �b�H�B�;�?�i�H�v �+�m�`�p�2�/�X �h�?�2 �+�m�`�p�2�b �Q�7 �i�?�2
�2�p�2�M �K�Q�/�2�b �p���`�v �B�M �� �K�m�+�? �M���`�`�Q�r�2�` �/�Q�K���B�M �i�?���M �r�?���i �r���b �Q�#�b�2�`�p�2�/ �T�`�2�p�B�Q�m�b�H�v �7�Q�` �i�?�2
�6�`�2�[�m�2�M�+�v �J���T �B�M �6�B�;�X�j�X�9�X �.�m�2 �i�Q �i�?�2 �b�i�`�m�+�i�m�`�2 �Q�7 �i�?�2 �/�B�z�2�`�2�M�i�B���H �1�[�b�X �U�k�X�e�y�V�@�U�k�X�e�R�V�- �i�?�2
���#�b�2�M�+�2 �Q�7 �i�?�2 �?�v�T�2�`�#�Q�H�B�+ �i�2�`�K�b �B�M �i�?�2 �;�2�M�2�`���H �b�Q�H�m�i�B�Q�M�b �B�M�b�m�`�2�b �i�?���i �M�Q �T���`���b�B�i�B�+ �b�Q�H�m�i�B�Q�M�b
���T�T�2���` �B�M �i�?�2 �"�m�+�F�H�B�M�; �J���T �Q�T�T�Q�b�2�/ �i�Q �i�?�2 �6�`�2�[�m�2�M�+�v �J���T�X

�h�?�2 �+�Q�M�b�i���M�i �p���H�m�2 �Q�7 �i�?�2 �H�B�M�2�b �Q�7 �i�?�2 �Q�/�/ �K�Q�/�2�b �B�b �2�t�T�H���B�M�2�/ �i�?�2 �b���K�2 �r���v ���b �2���`�H�B�2�`�X
�h�?�2�b�2 �K�Q�/�2�b ���`�2 �i�?�2 �b�F�2�r�@�b�v�K�K�2�i�`�B�+ �b�B�M�m�b�Q�B�/���H �#�m�+�F�H�B�M�; �K�Q�/�2�b �r�B�i�?B1 = B5 = B9�-
�r�?�B�H�2 �2�p�2�`�v �Q�i�?�2�` �T���`���K�2�i�2�` �UBm �ö�b ���M�/S0�V ���`�2 �x�2�`�Q�- ���M�/ �i�?�2 �H�Q���/ �T���`���K�2�i�2�` �B�b�,

k2j � 1 = 2j�: �U�j�X�3�R�V

�h�?�m�b�- �7�Q�` �i�?�2(2j � 1)th �K�Q�/�2w1(x) = w2(x) = w3(x) = B1sin(kx)�- ���M�/ ���b �b�m�+�?�- �B�i
�M���i�m�`���H�H�v �7�m�H�}�H�H�b �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �B�M �1�[�b�X �U�k�X�e�j�V�@�U�k�X�e�e�V�X �h�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �Q�7 �1�[�b�X
�U�k�X�9�3�V�@�U�k�X�9�N�V ���`�2 �7�m�H�}�H�H�2�/ �#�2�+���m�b�2 �Q�7 �i�?�2 �b�T�2�+�B�}�+ �p���H�m�2 �Q�7 �i�?�2 �H�Q���/ �T���`���K�2�i�2�` ���+�+�Q�`�/�B�M�; �i�Q
�1�[�X �U�j�X�3�R�V�X



�j�X�8�X �o���H�B�/���i�B�Q�M �Q�7 �i�?�2 �`�2�b�m�H�i�b �m�b�B�M�; �6�1�J �9�N

�6�B�;�m�`�2 �j�X�3�,�"�m�+�F�H�B�M�; �K���T �Q�7 �i�?�2 ���M���H�v�x�2�/ �#�2���K�X

�h�?�2 �2�p�2�M �K�Q�/�2�b ���`�2 �i�?�2 �b�v�K�K�2�i�`�B�+ �#�m�+�F�H�B�M�; �K�Q�/�2�b�- �r�?�2�`�2B1 = � B9�- B2 = B10�-
B3 = � B11�-B4 = B12�-B5 = 0�- ���M�/B7 = 0�X �6�Q�` �#�2�i�i�2�` �p�B�b�B�#�B�H�B�i�v�- �i�?�2 �2�p�2�M �K�Q�/�2�b �r�2�`�2
�x�Q�Q�K�2�/ �B�M �Q�M �B�M �i�?�2 �"�m�+�F�H�B�M�; �J���T ���M�/ �r�2�`�2 �T�`�2�b�2�M�i�2�/ �b�2�T���`���i�2�H�v�X �A�M �6�B�;�X�j�X�N�- �B�i �+���M �#�2
�b�2�2�M �i�?���i �i�?�2 �+�m�`�p�2�/ �H�B�M�2 �Q�7 �i�?�2j th �2�p�2�M �K�Q�/�2 �M�2�p�2�` �2�t�+�2�2�/�b

kmax
2j = (2 j + 1) � �U�j�X�3�k�V

�p���H�m�2 ���M�/ �B�i �`�2���+�?�2�b �i�?�2kmax
2j �p���H�m�2 ���i �2�t���+�i�H�vj �p���H�m�2�b �Q�7q�- �M���K�2�H�v ���i

ql
j =

l
2j + 1

; l = 1; 2; :::; j �U�j�X�3�j�V

�T�Q�B�M�i�b�X �U�L�Q�i�2�, �i�?�2�b�2 ���`�2 �i�?�2 �b���K�2 �b�i�`�m�+�i�m�`���H �T���`���K�2�i�2�`�b �i�?���i ���T�T�2���` �B�M �1�[�X �U�j�X�8�j�V�X�V �h�?�2�b�2
�K�Q�/�2�b ���`�2 �b�T�2�+�B���H�- �i�Q�Q�- �r�B�i�?B2 = B6 = B10�- ���M�/ �2�p�2�`�v �Q�i�?�2�` �T���`���K�2�i�2�` �B�b �x�2�`�Q�- �`�2�b�m�H�i�B�M�;
�B�M �� �b�B�M�m�b�Q�B�/���H �b�?���T�2 �Q�72j + 1 �?���H�7�@�r���p�2�b�X �a�Q�- �r�B�i�?w1(x) = w2(x) = w3(x) = B2 �+�Q�b(kx)�-
�B�i �M���i�m�`���H�H�v �7�m�H�}�H�H�b �i�?�2 �+�Q�M�/�B�i�B�Q�M�b �B�M �1�[�b�X �U�k�X�e�j�V�@�U�k�X�e�e�V�X �h�?�2 �#�Q�m�M�/���`�v �+�Q�M�/�B�i�B�Q�M�b �Q�7 �1�[�b�X
�U�k�X�9�3�V�@�U�k�X�9�N�V ���`�2 �7�m�H�}�H�H�2�/ �#�2�+���m�b�2 �Q�7 �i�?�2 �b�T�2�+�B�}�+ �p���H�m�2 �Q�7 �i�?�2 �H�Q���/ �T���`���K�2�i�2�` ���+�+�Q�`�/�B�M�; �i�Q
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�h�?�2�b�2 �i�r�Q �i�B�K�2�b �/�2�i�2�`�K�B�M�2 �i�?�2 �T�2�`�B�Q�/ ���M�/�- �+�Q�M�b�2�[�m�2�M�i�H�v�- �i�?�2 �7�Q�`�+�B�M�; �7�`�2�[�m�2�M�+�v�X �h�Q �`�2�H���i�2
�i�?�2 �7�Q�`�+�B�M�; �i�Q �i�?�2 �b�r�B�i�+�?�B�M�; �B�M �i�B�K�2�- �i�?�2 �T�?���b�2 ���M�;�H�2 �Q�7 �i�?�2 �7�Q�`�+�B�M�; �B�b ���H�b�Q �i�`�2���i�2�/ ���b ��
�T���`���K�2�i�2�`�X �h�?�2�M�- �#�v �K�2���M�b �Q�7 �K�Q�/���H ���M���H�v�b�B�b�- �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �i�?���i �H�2���/ �i�Q �B�/�2�M�@
�i�B�+���H �/�B�b�T�H���+�2�K�2�M�i�b ���M�/ �p�2�H�Q�+�B�i�B�2�b ���i �i�?�2 �2�M�/ �Q�7 �� �T�2�`�B�Q�/���2�[�m���H �i�Q �i�?�2 �B�M�B�i�B���H �Q�M�2�b�����`�2
�+�Q�K�T�m�i�2�/�- ���b�b�m�K�B�M�; �M�Q ���/�/�B�i�B�Q�M���H �b�r�B�i�+�?�2�b �Q�+�+�m�` �/�m�`�B�M�; �i�?�2 �p�B�#�`���i�B�Q�M�X ���b �r�B�H�H �#�2 �b�?�Q�r�M�-
�i�?�B�b �T�2�`�B�Q�/�B�+�B�i�v �+�Q�M�b�i�`���B�M�i �`�2�b�m�H�i�b �B�M �� �b�v�b�i�2�K �Q�7 �H�B�M�2���` �2�[�m���i�B�Q�M�b�X �A�i �K�m�b�i �i�?�2�M �#�2 �2�M�@
�b�m�`�2�/ �i�?���i �b�r�B�i�+�?�B�M�; �Q�+�+�m�`�b ���i �i�?�2 �T�`�2�b�+�`�B�#�2�/ �i�B�K�2�b�- �r�?�B�+�? �v�B�2�H�/�b �i�r�Q �M�Q�M�H�B�M�2���` �2�[�m���i�B�Q�M�b�X
�"�v �b�+���M�M�B�M�; �i�?�2 �i�?�`�2�2�@�/�B�K�2�M�b�B�Q�M���H �T���`���K�2�i�2�` �b�T���+�2�- ���H�H �b�m�+�? �+�Q�M�}�;�m�`���i�B�Q�M�b ���`�2 �i�v�T�B�+���H�H�v
�Q�#�i���B�M�2�/ �Q�M �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �K���M�B�7�Q�H�/�b�X �6�B�M���H�H�v�- �+�Q�M�}�;�m�`���i�B�Q�M�b �r�?�2�`�2 �m�M�B�M�i�2�M�/�2�/ �b�r�B�i�+�?�@
�B�M�; �Q�+�+�m�`�b ���i �m�M�/�2�b�B�`�2�/ �i�B�K�2�b �K�m�b�i �#�2 �2�t�+�H�m�/�2�/�X �h�?�2 �[�m�2�b�i�B�Q�M �Q�7 �i�?�2 �b�i���#�B�H�B�i�v �Q�7 �i�?�2�b�2
�`�2�b�m�H�i�B�M�; �p�B�#�`���i�B�Q�M�b �B�b �#�2�v�Q�M�/ �i�?�2 �b�+�Q�T�2 �Q�7 �i�?�B�b �/�B�b�b�2�`�i���i�B�Q�M�X

�h�?�2 �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/ �m�b�2�b �i�?�2 ���/�p���M�i���;�2 �Q�7 �i�?�2 �H�B�M�2���` �K�Q�/���H ���M���H�v�b�B�b �B�M �#�Q�i�? �b�i���i�2�b
�Q�7 �i�?�2 �S�G �b�i�`�m�+�i�m�`�2�- ���M�/ �`�2�[�m�B�`�2�b �i�?�2 �b�+���M�M�B�M�; �Q�7 �� �i�?�`�2�2�@�/�B�K�2�M�b�B�Q�M���H �b�T���+�2 �Q�M�H�v�X

�h�?�2 �M�2�r �b�+�B�2�M�i�B�}�+ �`�2�b�m�H�i�b �B�M �i�?�B�b �+�?���T�i�2�` ���`�2 �b�m�K�K���`�B�x�2�/ �B�M �h�?�2�b�2�b �k�@�9�X

�8�d



�8�3 �J�Q�/���H ���M���H�v�b�B�b�@�"���b�2�/ �*���H�+�m�H���i�B�Q�M �J�2�i�?�Q�/

�9�X�R �h�?�2 �K�2�i�?�Q�/ �Q�7 �Q�#�i���B�M�B�M�; �T�2�`�B�Q�/�B�+ �`�2�b�T�Q�M�b�2�b

�A�M �i�?�B�b �b�2�+�i�B�Q�M�- �i�?�2 �T�2�`�B�Q�/�B�+ �`�2�b�T�Q�M�b�2�b �Q�7 �i�?�2 �i�r�Q�@�b�i���i�2 �b�v�b�i�2�K ���`�2 �b�Q�m�;�?�i�- �B�M �r�?�B�+�?�- �/�m�`�B�M�;
�� �7�Q�`�+�B�M�; �T�2�`�B�Q�/ �Q�7T = 2� / ! �- �i�?�2 �b�v�b�i�2�K �b�T�2�M�/�b ���M �m�M�b�T�2�+�B�}�2�/ ���K�Q�m�M�i �Q�7 �i�B�K�2 �B�M �b�i���i�2
I �- �/�2�M�Q�i�2�/ �#�vT I �X �a�m�#�b�2�[�m�2�M�i�H�v�- �i�?�2 �b�v�b�i�2�K �b�r�B�i�+�?�2�b �i�Q �b�i���i�2II �- �b�T�2�M�/�b �i�?�2 �`�2�K���B�M�B�M�;
�T�Q�`�i�B�Q�M �Q�7 �i�?�2 �T�2�`�B�Q�/ �B�M �i�?���i �b�i���i�2�- �/�2�M�Q�i�2�/ �#�vT II �- ���M�/ �i�?�2�M �b�r�B�i�+�?�2�b �#���+�F �i�Q �b�i���i�2I ���i
�i�?�2 �B�M�B�i�B���H �T�?���b�2�X �a�B�M�+�2 �� �`�2�H���i�B�p�2�H�v �?�B�;�? �M�m�K�#�2�` �Q�7 �.�P�6�b �B�b �B�M�i�2�M�/�2�/ �i�Q �#�2 �?���M�/�H�2�/�- �K�Q�/���H
���M���H�v�b�B�b �B�b �2�K�T�H�Q�v�2�/�- �Q�z�2�`�B�M�; �i�?�2 ���/�p���M�i���;�2 �Q�7 �/�2�+�Q�m�T�H�B�M�; �i�?�2 �/�B�z�2�`�2�M�i�B���H �2�[�m���i�B�Q�M�b�X ���i
�i�?�2 �b���K�2 �i�B�K�2�- �i�?�2 ���M���H�v�i�B�+���H �2�t�T�`�2�b�b�B�Q�M�b �B�M�p�Q�H�p�B�M�; �?���`�K�Q�M�B�+ �7�m�M�+�i�B�Q�M�b �2�M�b�m�`�2 �i�?���i �i�?�2
�T�`�2�+�B�b�B�Q�M �Q�7 �i�?�2 �+���H�+�m�H���i�B�Q�M �B�b �M�Q�i ���z�2�+�i�2�/ �#�v �i�?�2 �i�B�K�2 �b�i�2�T�X

�A�i �b�?�Q�m�H�/ �#�2 �M�Q�i�2�/�- �7�Q�` �+�Q�K�T���`�B�b�Q�M �T�m�`�T�Q�b�2�b �Q�M�H�v�- �i�?���i �i�?�2 �M���i�m�`���H �K�2�i�?�Q�/ �7�Q�` �Q�#�@
�i���B�M�B�M�; �i�?�2 ���#�Q�p�2 �i�v�T�2 �Q�7 �T�2�`�B�Q�/�B�+ �`�2�b�T�Q�M�b�2�b �r�Q�m�H�/ �`�2�[�m�B�`�2 �/�2�i�2�`�K�B�M�B�M�;2 + 2N I �m�M�F�M�Q�r�M
�T���`���K�2�i�2�`�b�,

�Ç �i�?�2T �T�2�`�B�Q�/ �Q�7 �i�?�2 �7�Q�`�+�B�M�;�-

�Ç �i�?�2� �T�?���b�2 �Q�7 �i�?�2 �7�Q�`�+�B�M�;�-

�Ç �i�?�2̂� I (0) �B�M�B�i�B���H �T�?���b�2 ���it = 0 �X

�h�?�2�M�- �1�[�X �U�k�X�k�8�V �r�B�i�?� = I �+���M �+���H�+�m�H���i�2 �i�?�2 �K�Q�/���H �`�2�b�T�Q�M�b�2 ���b �H�Q�M�; ���b �i�?�2 �}�`�b�i
�+�Q�M�/�B�i�B�Q�M �Q�7 �1�[�X �U�k�X�j�j�V �r�B�i�?� = I �B�b �7�m�H�}�H�H�2�/�X ���i �i�?�2 �i�B�K�2 �B�M�b�i���M�i �Q�7 �i�?�2 �b�B�;�M �+�?���M�;�2�- �B�X�2�X�-
���i t = ts�- �i�?�2 �K�Q�/���H �+�Q�Q�`�/�B�M���i�2�b ���M�/ �p�2�H�Q�+�B�i�B�2�b �K�m�b�i �#�2 �b�r�B�i�+�?�2�/ �r�B�i�? �1�[�X �U�k�X�9�8�V �i�Q �i�?�2
�b�i���i�2II �X �h�?�2�M�- �i�?�2 �K�Q�i�B�Q�M �B�b �7�Q�H�H�Q�r�2�/ �r�B�i�? �1�[�X �U�k�X�k�8�V �r�B�i�?� = II ���b �H�Q�M�; ���b �i�?�2 �b�2�+�Q�M�/
�+�Q�M�/�B�i�B�Q�M �Q�7 �1�[�X �U�k�X�j�j�V �r�B�i�?� = II �B�b �7�m�H�}�H�H�2�/�X ���i �i�?�2 �i�B�K�2 �B�M�b�i���M�i �Q�7 �i�?�2 �b�B�;�M �+�?���M�;�2�- �i�?�2
�K�Q�/���H �+�Q�Q�`�/�B�M���i�2�b ���M�/ �p�2�H�Q�+�B�i�B�2�b �K�m�b�i �#�2 �b�r�B�i�+�?�2�/ �r�B�i�? �1�[�X �U�k�X�j�N�V �#���+�F �B�M�i�Q �i�?�2 �b�i���i�2I �X
���i �i�?�B�b �T�Q�B�M�i�-2N I + 1 �+�Q�M�/�B�i�B�Q�M�b �+���M �#�2 �7�Q�`�K�m�H���i�2�/ �7�Q�` �i�?�2 �T�2�`�B�Q�/�B�+�B�i�v �Q�7 �i�?�2 �`�2�b�T�Q�M�b�2�-
�M���K�2�H�v�- �i�?�2 �T�?���b�2 ���7�i�2�` �i�?�2 �b�2�+�Q�M�/ �b�r�B�i�+�? �K�m�b�i �+�Q�B�M�+�B�/�2 �r�B�i�? �i�?�2 �B�M�B�i�B���H �T�?���b�2�- �B�X�2�X�-2N I

�+�Q�M�/�B�i�B�Q�M�b �B�M�̂ I (T) = �̂ I (0)�- ���M�/ �i�?�2 �i�B�K�2 �b�T�2�M�i �B�M �#�Q�i�? �b�i���i�2 �K�m�b�i �b�m�K �m�T �i�Q �i�?�2 �T�2�`�B�Q�/
�Q�7 �i�?�2 �7�Q�`�+�B�M�;�,T I + T II = T�X �h�?�2 �H���`�;�2 �M�m�K�#�2�` �Q�7 �m�M�F�M�Q�r�M �T���`���K�2�i�2�`�b �/�Q�2�b �M�Q�i ���H�H�Q�r
�i�?�2 �b�+���M�M�B�M�; �Q�7 �i�?�2 �T���`���K�2�i�2�` �}�2�H�/�- �b�Q �T���i�?�@�7�Q�H�H�Q�r�B�M�; �K�2�i�?�Q�/�b ���`�2 �m�b�2�/�- �r�?�B�+�? ���H�r���v�b
�M�2�2�/ �B�M�B�i�B���H �T�Q�B�M�i�b �i�Q �b�i���`�i �r�B�i�? ���M�/ �?���p�2 �/�B�{�+�m�H�i�B�2�b �}�M�/�B�M�; �B�b�Q�H���i�2�/ �b�Q�H�m�i�B�Q�M �#�`���M�+�?�2�b�X

�� �/�B�z�2�`�2�M�i ���T�T�`�Q���+�? �B�b �7�Q�H�H�Q�r�2�/ �B�M �i�?�2 �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/�X �A�M�b�i�2���/ �Q�7 �b�2�H�2�+�i�B�M�; �i�?�2
�T�2�`�B�Q�/�- �B�i �B�b �}�`�b�i���b�b�m�K�2�/�i�?���i �i�?�2 �b�v�b�i�2�K �b�T�2�M�/�bT I �i�B�K�2 �B�M �b�i���i�2I ���M�/T II �i�B�K�2 �B�M
�b�i���i�2II �- �r�B�i�? �� �7�Q�`�+�B�M�; �T�?���b�2 �Q�7� �X �*�Q�M�b�2�[�m�2�M�i�H�v�- �i�?�2 �T�2�`�B�Q�/ �B�b �/�2�}�M�2�/ ���bT = T I + T II �X
�a�2�+�Q�M�/�- �i�?�Q�b�2�B�M�B�i�B���H �T�?���b�2 �p�2�+�i�Q�`�b�i�?���i �b���i�B�b�7�v �i�?�2 �T�2�`�B�Q�/�B�+�B�i�v �+�Q�M�/�B�i�B�Q�M ���`�2 �/�2�i�2�`�K�B�M�2�/
�r�B�i�?�Q�m�i �p�2�`�B�7�v�B�M�; �i�?�2 �b�r�B�i�+�?�B�M�; �+�Q�M�/�B�i�B�Q�M�b�X �h�?�B�`�/�-�i�r�Q �M�Q�M�H�B�M�2���` �2�`� �̀Q�` �7�m�M�+�i�B�Q�M�b���`�2
�7�Q�`�K�m�H���i�2�/�- �r�?�B�+�? ���i�i���B�M �x�2�`�Q �p���H�m�2�b �r�?�2�M �i�?�2 �b�r�B�i�+�?�B�M�; �+�Q�M�/�B�i�B�Q�M�b ���`�2 �b���i�B�b�}�2�/ �B�M �b�i���i�2
I ���i t = T I ���M�/ �B�M �b�i���i�2II ���i t = T�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�m�b�- �i�?�2 �M�Q�M�H�B�M�2���`�B�i�v �`�2�K���B�M�b �r�B�i�?�B�M
�i�?�2 �i�?�`�2�2�@�/�B�K�2�M�b�B�Q�M���H �T���`���K�2�i�2�` �b�T���+�2�- �+�Q�M�b�B�b�i�B�M�; �Q�7 �i�?�2 ���b�b�m�K�2�/ �i�B�K�2�b �b�T�2�M�i �B�M �b�i���i�2�b
I ���M�/II �- ���M�/ �i�?�2 �B�M�B�i�B���H �T�?���b�2 �Q�7 �i�?�2 �7�Q�`�+�B�M�;�X �h�?�2 �Q�#�i���B�M�2�/ �b�Q�H�m�i�B�Q�M �T�Q�B�M�i�b �b�2�`�p�2 �Q�M�H�v
���b �+���M�/�B�/���i�2�b �7�Q�` �i�?�2 �}�M���H �Q�M�2�b�- �b�B�M�+�2 �T�`�2�K���i�m�`�2 �b�r�B�i�+�?�B�M�; �K���v �Q�+�+�m�` �B�M �b�Q�K�2 �K�Q�i�B�Q�M�b�X
�6�B�M���H�H�v�- �i�B�K�2�@�?�B�b�i�Q�`�v ���M���H�v�b�2�b ���`�2 �T�2�`�7�Q�`�K�2�/ �m�b�B�M�; �i�?�2 �T���`���K�2�i�2�`�b �i�?���i ���`�2 �b�Q�H�m�i�B�Q�M�b �Q�7
�i�?�2 ���#�Q�p�2 �M�Q�M�H�B�M�2���` �2�[�m���i�B�Q�M�b�- ���M�/ �i�?�Q�b�2 �+���M�/�B�/���i�2�b ���`�2�}�H�i�2� �̀2�/ �Q�m�i�X

�9�X�R�X�R �A�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �;�2�M�2�`���i�B�M�; �T�2�`�B�Q�/�B�+ �p�B�#�`���i�B�Q�M�b

�q�B�i�? �i�?�2 �b�2�H�2�+�i�2�/ �i�?�`�2�2 �T���`���K�2�i�2�`�b�- �i�?�2 �b�2�+�Q�M�/ �b�i�2�T �Q�7 �i�?�2 ���#�Q�p�2 �T�`�Q�+�2�/�m�`�2 �B�b �i�?�2 �b�Q�H�m�i�B�Q�M
�Q�7 �� �H�B�M�2���` �2�[�m���i�B�Q�M �b�v�b�i�2�K �7�Q�`�K�m�H���i�2�/�X �6�`�Q�K �i�?�2 �v�2�i �m�M�F�M�Q�r�M�̂ I (0) �B�M�B�i�B���H �T�?���b�2�- �i�?�2
�T�?���b�2 ���i �i�?�2 �2�M�/ �Q�7 �i�?�2 �K�Q�i�B�Q�M �B�M �b�i���i�2I �r�B�H�H �#�2 �U�b�2�2 �1�[�X �U�k�X�k�8�V�V�,

�̂ I (T I ) = A I (T I ; 0)�̂ I (0) + B I (T I ; 0)ŷ I
f ; �U�9�X�R�V



�9�X�R�X �h�?�2 �K�2�i�?�Q�/ �Q�7 �Q�#�i���B�M�B�M�; �T�2�`�B�Q�/�B�+ �`�2�b�T�Q�M�b�2�b�8�N

�r�?�B�+�? �B�b �i�?�2�M �b�r�B�i�+�?�2�/ �i�Q �b�i���i�2II �U�b�2�2 �1�[�X �U�k�X�9�8�V�V�,

�̂ II (T I ) = P I �̂ I (T I ): �U�9�X�k�V

�h�?�B�b �T�?���b�2 �b�2�`�p�2�b ���b �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b �B�M �b�i���i�2II �- �b�Q ���;���B�M�- �r�B�i�? �1�[�X �U�k�X�k�8�V�- �i�?�2 �T�?���b�2
���i �i�?�2 �2�M�/ �Q�7 �b�i���i�2II �r�B�H�H �#�2�,

�̂ II (T) = A II (T; T I )�̂ II (T I ) + B II (T; T I )ŷ II
f ; �U�9�X�j�V

�r�?�B�+�? �B�b �i�?�2�M �b�r�B�i�+�?�2�/ �#���+�F �i�Q �b�i���i�2I �U�b�2�2 �1�[�X �U�k�X�j�N�V�V�,

�̂ I (T) = P II �̂ II (T): �U�9�X�9�V

�6�Q�` �i�?�2 �T�2�`�B�Q�/�B�+�B�i�v�-�̂ I (T) = �̂ I (0) �K�m�b�i �#�2 �2�M�b�m�`�2�/�X �q�B�i�? �i�?�2 �+�Q�M�b�2�+�m�i�B�p�2 �b�m�#�b�i�B�i�m�i�B�Q�M
�Q�7 �i�?�2 �1�[�b�X �U�9�X�R�V�@�U�9�X�9�V �i�?�B�b �v�B�2�H�/�b �i�?�2 �7�Q�H�H�Q�r�B�M�; �2�[�m���i�B�Q�M�,

D �̂ I (0) = d; �U�9�X�8�V

�r�B�i�?
D = I � P II A II (T; T I )P I A I (T I ; 0); �U�9�X�e�V

d = P II A II (T; T I )P I B I (T I ; 0)ŷ I
f + P II B II (T; T I )ŷ II

f : �U�9�X�d�V

�L�Q�i�2 �i�?���iD �/�2�T�2�M�/�b �Q�MT I ���M�/T II �- �r�?�B�H�2d �/�2�T�2�M�/�b �Q�MT I �-T II ���M�/� �X �h�?�2 �H���i�i�2�` �B�b
�+���m�b�2�/ �#�v �i�?�2 �T�?���b�2 �Q�7 �i�?�2 �7�Q�`�+�B�M�; ���z�2�+�i�B�M�; �i�?�2�̂ f �p�2�+�i�Q�`�b �U�b�2�2 �1�[�b�X �U�k�X�R�d�V�-�U�k�X�k�R�V�@�U�k�X�k�k�V�V�X

�h�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �1�[�X �U�9�X�8�V �v�B�2�H�/�b�- �7�Q�` ���M�v �UT I ; T II ; � �V �i�`�B�T�H�2�i�- �i�?�Q�b�2�T�2�`�B�Q�/�B�+ �B�M�B�i�B���H
�+�Q�M�/�B�i�B�Q�M�b�r�?�B�+�? �`�2�b�m�H�i �B�M �� �T�2�`�B�Q�/�B�+ �`�2�b�T�Q�M�b�2 ���b �H�Q�M�; ���b �i�?�2 �/�2�b�B�`�2�/ ���M�/ �Q�M�H�v �i�?�2 �/�2�b�B�`�2�/
�b�r�B�i�+�?�2�b �Q�+�+�m�` ���i �i�?�2�B�` �`�2�b�T�2�+�i�B�p�2 �i�B�K�2�b�X

�9�X�R�X�k �a�r�B�i�+�?�B�M�; �+�Q�M�/�B�i�B�Q�M�b ���M�/ �b�+���M�M�B�M�; �Q�7 �i�?�2 �T���`���K�2�i�2�` �b�T���+�2

�q�B�i�? �i�?�2 �T�2�`�B�Q�/�B�+ �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b�- �B�i �K�m�b�i ���H�b�Q �#�2 �2�M�b�m�`�2�/ �i�?���i �i�?�2 �b�r�B�i�+�?�2�b �Q�+�+�m�` ���i
�i�?�2 �+�Q�`�`�2�+�i �i�B�K�2�b�- �r�?�B�+�? �K�2���M�b �i�?���i �i�?�2 �7�Q�H�H�Q�r�B�M�; �i�r�Q �7���K�B�H�B�2�b �Q�7 �+�Q�M�/�B�i�B�Q�M�b �K�m�b�i �#�2 �K�2�i�,

�Ç ���i �i�?�2t = T I ���M�/ ���i �i�?�2t = T �i�B�K�2 �B�M�b�i���M�+�2�b�- �i�?�2 �b�r�B�i�+�?�K�m�b�i�Q�+�+�m�`�- �B�X�2�XgIT � I (T I )
���M�/gIIT � II (T) �T�`�Q�/�m�+�i�b �K�m�b�i �#�2 �x�2�`�Q�- �`�2�b�T�2�+�i�B�p�2�H�v�-

�Ç �B�M �i�?�20 < t < T I ���M�/ �i�?�2T I < t < T �T�2�`�B�Q�/�b�- �M�Q �b�r�B�i�+�?�B�M�; �K���v �Q�+�+�m�` �U�i�?�2
�b�v�b�i�2�K� �̀2�K���B�M�b�B�M �i�?�2 �+�m�`�`�2�M�i �b�i���i�2�V�- �B�X�2�X�- �i�?�2gIT � I (t) ���M�/ �i�?�2gIIT � II (t) �K�m�b�i �#�2
�M�Q�M�@�M�2�;���i�B�p�2 �/�m�`�B�M�; �i�?�2�B�` �T�2�`�B�Q�/�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X

�A�i �B�b �i�Q �`�2�+���H�H �i�?���i ���H�H �Q�7 �i�?�2 ���#�Q�p�2 �+�Q�M�/�B�i�B�Q�M�b ���`�2 �#���b�2�/ �Q�M �1�[�X �U�k�X�j�j�V�X �h�?�2 �}�`�b�i �i�v�T�2 �Q�7
�+�Q�M�/�B�i�B�Q�M�b �B�b �`�2�7�2�`�`�2�/ �i�Q ���b �i�?�2�b�r�B�i�+�?�B�M�; �+�Q�M�/�B�i�B�Q�M�b���M�/ �i�?�2 �b�2�+�Q�M�/ �i�v�T�2 �Q�7 �+�Q�M�/�B�i�B�Q�M�b ���b
�i�?�2� �̀2�K���B�M�B�M�; �+�Q�M�/�B�i�B�Q�M�b�X

�h�Q �+�?�2�+�F �i�?�2 �b�r�B�i�+�?�B�M�; �+�Q�M�/�B�i�B�Q�M�b�- �i�?�2 �i�r�Q �2�`�`�Q�` �7�m�M�+�i�B�Q�M�b �B�M �1�[�X �U�k�X�j�j�V ���`�2 �`�2�r�`�B�i�i�2�M
���b �7�Q�H�H�Q�r�b�,

f I (T I ; T II ; � ) = gI T
� I (T I ) � qII

r ; f II (T I ; T II ; � ) = gII T
� II (T): �U�9�X�3�V

�h�?�2�b�2 �2�`�`�Q�` �7�m�M�+�i�B�Q�M�b �b�?�Q�m�H�/ �#�2 �x�2�`�Q ���i �i�?�Q�b�2 �T���`���K�2�i�2�` �p���H�m�2�b �r�?�2�`�2 �i�?�2 �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b
�`�2�b�m�H�i �B�M �� �T�2�`�B�Q�/�B�+ �p�B�#�`���i�B�Q�M �i�?���i �7�m�H�}�H�H�b �i�?�2 �b�r�B�i�+�?�B�M�; �+�Q�M�/�B�i�B�Q�M�b�X �a�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �b�v�b�i�2�K
�Q�7 �M�Q�M�H�B�M�2���` �2�[�m���i�B�Q�M�b�,

f I (T I ; T II ; � ) = 0 ; f II (T I ; T II ; � ) = 0 �U�9�X�N�V



�e�y �J�Q�/���H ���M���H�v�b�B�b�@�"���b�2�/ �*���H�+�m�H���i�B�Q�M �J�2�i�?�Q�/

�v�B�2�H�/�b �i�v�T�B�+���H�H�v �� �Q�M�2�@�/�B�K�2�M�b�B�Q�M���H �K���M�B�7�Q�H�/ �B�M �i�?�2 �T���`���K�2�i�2�` �b�T���+�2�X �h�Q �Q�#�i���B�M �i�?�2 �T�Q�B�M�i�b
�Q�7 �i�?�B�b �K���M�B�7�Q�H�/�- �� �b�2�H�2�+�i�2�/ �/�Q�K���B�M �Q�7 �i�?�2T I � T II � � �b�T���+�2 �B�b �b�+���M�M�2�/�- �r�?�B�+�? �B�b �`�2�7�2�`�`�2�/ �i�Q
���b �i�?�2 �:�H�Q�#���H �_�2�T�`�2�b�2�M�i���i�B�Q�M �a�T���+�2 �U�:�_�a�V�X �h�?�2 �a�+���M�M�B�M�; �a�B�K�T�H�2�t ���H�;�Q�`�B�i�?�K �B�M�i�`�Q�/�m�+�2�/
�B�M �:�€�b�T�€�`�- �.�Q�K�Q�F�Q�b�- ���M�/ �a�x�2�#�2�`�û�M�v�B�R�N�N�d�7�Q�` �b�+���M�M�B�M�; �B�b �m�b�2�/�X

�h�?�2 �2�b�b�2�M�+�2 �Q�7 �i�?�2 ���H�;�Q�`�B�i�?�K �B�b �i�?���i �i�?�2 �:�_�a �B�b �/�B�p�B�/�2�/ �B�M�i�Q �+�m�#�2�b�X �h�?�2 �2�`�`�Q�` �7�m�M�+�i�B�Q�M�b
���`�2 �+���H�+�m�H���i�2�/ ���i �i�?�2 �p�2�`�i�B�+�2�b �Q�7 �i�?�2 �+�m�#�2�b�X �1���+�? �+�m�#�2 �B�b �/�B�p�B�/�2�/ �B�M�i�Q �b�B�K�T�H�B�+�2�b�- �B�M �i�?�B�b
�+���b�2 �i�2�i�`���?�2�/�`�Q�M�b�- ���M�/ �i�?�2 �2�`�`�Q�` �7�m�M�+�i�B�Q�M�b ���`�2 �B�M�i�2�`�T�Q�H���i�2�/ �r�B�i�?�B�M �2���+�? �b�B�K�T�H�2�t�X �h�?�2
�B�M�i�2�`�T�Q�H���i�B�Q�M �B�b �#���b�2�/ �Q�M �i�?�2 �7�m�M�+�i�B�Q�M �p���H�m�2�b ���i �i�?�2 �p�2�`�i�B�+�2�b �Q�7 �i�?�2 �b�B�K�T�H�2�t�X �h�?�2 �H�B�M�2���`�B�x�2�/
�2�`�`�Q�` �7�m�M�+�i�B�Q�M�b�- �i�Q�;�2�i�?�2�` �r�B�i�? �i�?�2 �H�B�M�2���` �2�[�m���i�B�Q�M �Q�7 �i�?�2 �T�H���M�2 �Q�7 �Q�M�2 �b�B�/�2 �Q�7 �i�?�2 �b�B�K�T�H�2�t�-
�+���M �#�2 �b�Q�H�p�2�/ �[�m�B�+�F�H�v�- ���M�/ �B�i �+���M �#�2 �2���b�B�H�v �/�2�i�2�`�K�B�M�2�/ �r�?�2�i�?�2�` �i�?�2 �7�Q�m�M�/ �b�Q�H�m�i�B�Q�M �H�B�2�b
�Q�M �i�?�2 �;�B�p�2�M �b�B�/�2 �Q�` �Q�m�i�b�B�/�2 �Q�7 �B�i�X �A�7 �i�?�2 �T�Q�B�M�i �B�b �H�Q�+���i�2�/ �B�M�b�B�/�2 �i�?�2 �b�B�K�T�H�2�t �b�B�/�2�- �B�i�b
�+�Q�Q�`�/�B�M���i�2�b ���`�2 �b�i�Q�`�2�/�X �h�?�2 ���#�Q�p�2 �T�`�Q�+�2�/�m�`�2 �B�b �`�2�T�2���i�2�/ �7�Q�` �2�p�2�`�v �b�B�/�2 �Q�7 �� �;�B�p�2�M �b�B�K�T�H�2�t�X
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�r�B�i�?�B�M �i�?�2 �;�B�p�2�M �b�B�K�T�H�2�t�X

�h�?�2 ���#�Q�p�2 �b�Q�H�m�i�B�Q�M �B�b �`�2�T�2���i�2�/ �7�Q�` �2�p�2�`�v �b�B�K�T�H�2�t �B�M �2�p�2�`�v �+�m�#�2�- �v�B�2�H�/�B�M�; �b�2�;�K�2�M�i�b �B�M
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�b�K���H�H�2�`�V�X �h�?�B�b �b�K���H�H�2�` �B�M�+�`�2���b�2 �B�b �� �+�Q�M�b�2�[�m�2�M�+�2 �Q�7 �i�r�Q �2�b�b�2�M�i�B���H �2�z�2�+�i�b�X �h�?�2 �/�B�K�2�M�b�B�Q�M �Q�7
�b�+���M�M�B�M�; �B�b �}�t�2�/�- ���M�/ �i�?�2 �7�Q�`�K�m�H���i�B�Q�M �Q�7 �i�?�2 �2�`�`�Q�` �7�m�M�+�i�B�Q�M�b �`�2�[�m�B�`�2�b �K���M�B�T�m�H���i�B�Q�M �r�B�i�?
�/�B���;�Q�M���H �K���i�`�B�+�2�b�X �h�?�2�M�- �B�M �i�?�2 �}�H�i�2�`�B�M�; �T�`�Q�+�2�b�b�- �i�?�2 �+���H�+�m�H���i�B�Q�M �B�b �K���/�2 �B�M �i�?�2 �K�Q�/���H
�b�T���+�2�- �r�?�2�`�2 �i�?�2 �#�2�?���p�B�Q�m�` �Q�7 �i�?�2 �K�Q�/�2�b �B�b �m�M�+�Q�m�T�H�2�/�X �h�?�B�b �H�B�M�2���` �B�M�+�`�2���b�2 �B�b �� �;�`�2���i
���/�p���M�i���;�2 �Q�7 �Q�m�` �T�`�Q�T�Q�b�2�/ �K�2�i�?�Q�/�X �>�Q�r�2�p�2�`�- �B�i �B�b �i�Q �M�Q�i�2 �?�2�`�2 �i�?���i �� �7�m�`�i�?�2�` �B�M�+�`�2���b�2
�Q�7 �i�?�2 �M�m�K�#�2�` �Q�7 �.�P�6�b �r�Q�m�H�/ �B�M�p�Q�H�p�2 �2�p�2�M �?�B�;�?�2�` �M���i�m�`���H �7�`�2�[�m�2�M�+�B�2�b�X �6�Q�H�H�Q�r�B�M�; �i�?�Q�b�2
�p�B�#�`���i�B�Q�M�b �r�B�i�? �i�?�2 �b���K�2 ���+�+�m�`���+�v �r�Q�m�H�/ �`�2�[�m�B�`�2 �� �}�M�2�` �K�2�b�? �B�M �i�?�2 �:�_�a�- �i�?�m�b �� �7�m�`�i�?�2�`
�B�M�+�`�2���b�2 �Q�7 �i�?�2 �b�+���M�M�B�M�; �i�B�K�2 �r�Q�m�H�/ �Q�+�+�m�`�X
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�+�R�V �/�R�V

�+�k�V �/�k�V

�+�j�V �/�j�V

�6�B�;�m�`�2 �9�X�9�,�a�Q�H�m�i�B�Q�M �T�Q�B�M�i�b �Q�7 �i�?�2N 45 �K�Q�/�2�H�, �T�2�`�B�Q�/�B�+ �T�Q�B�M�i�b �r�B�i�? �b�r�B�i�+�?�B�M�; ���i �i�?�2 �`�B�;�?�i
�i�B�K�2�b �U�;�`���v �/�Q�i�b�- �Q�M�H�v �B�M ���V�V�- ���M�/ �T�2�`�B�Q�/�B�+ �T�Q�B�M�i�b �`�2�K���B�M�B�M�; �B�M �i�?�2�B�` �b�i���i�2 ���M�/ �b�r�B�i�+�?�B�M�;
���i �i�?�2 �`�B�;�?�i �i�B�K�2 �U�r�B�i�? �`�2�/ �H�B�M�2�b�V ���V �B�M �i�?�2T I � T II �T�H���M�2�- �#�V �B�M �i�?�2 �i�?�`�2�2�@�/�B�K�2�M�b�B�Q�M���H
�T���`���K�2�i�2�` �b�T���+�2�- �+�R�V �K�Q�i�B�Q�M �Q�7 �i�?�2 �.�P�6�b ���iT I = 0:2924; T II = 0:704; � = 0:0886�
�U�;�`�2�2�M �/�Q�i�V�- �/�R�V �+�Q�M�}�;�m�`���i�B�Q�M �b�T���+�2 �Q�7 �.�P�6 �T���B�`�b �U�;�`�2�2�M �/�Q�i�V�- �+�k�V �K�Q�i�B�Q�M �Q�7 �i�?�2 �.�P�6�b ���i
T I = 0:1635; T II = 0:538; � = 0:1374� �U�#�H�m�2 �/�Q�i�V�- �/�k�V �+�Q�M�}�;�m�`���i�B�Q�M �b�T���+�2 �Q�7 �.�P�6 �T���B�`�b
�U�#�H�m�2 �/�Q�i�V�- �+�j�V �K�Q�i�B�Q�M �Q�7 �i�?�2 �.�P�6�b ���iT I = 0:601; T II = 0:601; � = 0:500� �U�#�H���+�F �/�Q�i�V�-
�/�j�V �+�Q�M�}�;�m�`���i�B�Q�M �b�T���+�2 �Q�7 �.�P�6 �T���B�`�b �U�#�H���+�F �/�Q�i�V�X
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�6�B�;�m�`�2 �9�X�8�,�S�2�`�B�Q�/�B�+ �T�Q�B�M�i�b �`�2�K���B�M�B�M�; �B�M �i�?�2�B�` �b�i���i�2 ���M�/ �b�r�B�i�+�?�B�M�; ���i �i�?�2 �`�B�;�?�i �i�B�K�2 �r�B�i�?
�� �/�B�z�2�`�2�M�i �M�m�K�#�2�` �Q�7 �.�P�6�b ���V �B�M �i�?�2T I � T II �T�H���M�2�c �#�V �B�M �i�?�2T � � �T�H���M�2�X �U�`�2�/�,N 12�-
�;�`�2�2�M�,N 23�- �#�H�m�2�,N 34�- �K���;�2�M�i���,N 45�V
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�6�B�;�m�`�2 �9�X�e�,�a�+���H�B�M�; �Q�7 �i�?�2 �K�2�i�?�Q�/�, �+�?���M�;�2 �Q�7 �i�?�2 �`�m�M�i�B�K�2 �r�B�i�? �i�?�2 �B�M�+�`�2���b�2 �Q�7 �i�?�2 �M�m�K�#�2�`
�Q�7 �.�P�6�b�X ���V �Q�M �� �H�B�M�2���` �b�+���H�2 �i�?�2 �B�M�+�`�2���b�2 �i�2�M�/�b �i�Q �H�B�M�2���` �#�V �Q�M �� �H�Q�;���`�B�i�?�K�B�+ �b�+���H�2 �i�?�2
�+�m�`�p�2 �~���i�i�2�M�b
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�9�X�j �S�2�`�B�Q�/�B�+ �T���i�?�b ���M�/ �`�2�b�T�Q�M�b�2�b �Q�7 �i�?�2 �S�G �2�H���b�i�B�+
�b�i�`�m�+�i�m�`�2�b �r�B�i�? �� �b�B�M�;�H�2 �2�t�+�B�i�2�/ �.�P�6

�A�i �B�b ���H�b�Q �B�K�T�Q�`�i���M�i �i�Q ���M���H�v�x�2 �i�?�2 �2�z�2�+�i �Q�7 �/�B�z�2�`�2�M�i �H�Q���/�B�M�; �T�Q�b�B�i�B�Q�M�b �Q�M �i�?�2 �b�v�b�i�2�K ���M�/
�B�i�b �2�z�2�+�i �Q�M �i�?�2 �T�2�`�B�Q�/�B�+ �T���i�?�b ���M�/ �p�B�#�`���i�B�Q�M�b�X �6�Q�` �i�?�B�b �T�m�`�T�Q�b�2�- �B�M�b�i�2���/ �Q�7 �i�?�2 �b�B�K�m�H���i�2�/
�2���`�i�?�[�m���F�2 �H�Q���/ �B�M �1�[�X �U�9�X�R�y�V�- �`�2�b�m�H�i�b �Q�7 �i�?�2 �b�v�b�i�2�K �r�?�2�`�2 �Q�M�H�v �Q�M�2 �Q�7 �i�?�2 �K���b�b�2�b �r���b
�7�Q�`�+�2�/ ���`�2 �b�?�Q�r�M�X �A�M �i�?�B�b �b�2�+�i�B�Q�M�- �� �m�M�B�i ���K�T�H�B�i�m�/�2 �2�t�+�B�i���i�B�Q�M �r���b ���T�T�H�B�2�/ �i�Q �2���+�? �Q�7 �i�?�2
�.�P�6�b �B�M�/�B�p�B�/�m���H�H�v�- ���M�/ ���M�v �7�Q�`�+�B�M�; �?���T�T�2�M�B�M�; �i�Q �i�?�2N II �@�i�? �K���b�b �r���b �2�t�+�H�m�/�2�/�X �h�?�B�b
�2�t�+�H�m�b�B�Q�M �K�Q�/�B�}�2�bqII

r �i�Q �#�2�+�Q�K�2�b �y �B�M �1�[�X �U�9�X�3�V�- �b�Q �i�?�2 �b�r�B�i�+�?�B�M�; �+�Q�M�/�B�i�B�Q�M�b �b�B�K�T�H�B�7�v �i�Q�,

f I (T I ; T II ; � ) = gI T
� I (T I ); f II (T I ; T II ; � ) = gII T

� II (T): �U�9�X�R�k�V

�h�?�2 �`�2�b�m�H�i�b �Q�7 �i�?�B�b �b�2�+�i�B�Q�M �r�B�H�H �#�2 �2�t�i�2�M�/�2�/ �B�M �i�?�2 �M�2�t�i �+�?���T�i�2�` �i�Q �[�m���M�i�B�7�v �i�?�2 �2�M�2�`�;�v �H�Q�b�b
�+���m�b�2�/ �#�v �i�?�2 �T�H���b�i�B�+ �B�K�T���+�i �7�`�Q�K �2���+�? �H�Q���/ �+���b�2�X

���b ���M �2�t���K�T�H�2 �?�2�`�2�- �i�?�2N 45 �K�Q�/�2�H �r���b ���M���H�v�x�2�/�- �r�?�2�`�2 �i�?�2 �7�Q�`�+�B�M�; �r���b ���T�T�H�B�2�/ �i�Q
�i�?�2 �}�`�b�i�- �b�2�+�Q�M�/�- �i�?�B�`�/ ���M�/ �7�Q�`�i�? �K���b�b�2�b�X �6�Q�` �i�?�2 �H�Q���/ �+���b�2 �r�?�2�`�2 �Q�M�H�v �i�?�2 �}�`�b�i �K���b�b
�r���b �7�Q�`�+�2�/�- �i�?�2 �j�. �;�H�Q�#���H �`�2�T�`�2�b�2�M�i���i�B�Q�M �b�T���+�2 �r���b �/�B�b�+�`�2�i�B�x�2�/ �r�B�i�? �� �k�y�y�t�k�y�y�t�8�y �;�`�B�/�-
�r�?�2�`�2 �i�?�2 �i�B�K�2 �T�2�`�B�Q�/ �B�M �2���+�? �b�i���i�2 �`���M�;�2�b �7�`�Q�K �x�2�`�Q �i�Q �?���H�7 �Q�7 �i�?�2 �7�m�M�/���K�2�M�i���H �T�2�`�B�Q�/
�Q�7 �i�?�2 �`�2�H�2�p���M�i �b�i���i�2�- ���M�/ �i�?�2 �T�?���b�2 ���M�;�H�2 �7�`�Q�K� �i�Q2� �X ���7�i�2�` �}�H�i�2�`�B�M�; �Q�m�i �i�?�2 �b�Q�H�m�i�B�Q�M
�+���M�/�B�/���i�2�b �i�?���i �m�M�/�2�`�;�Q �T�`�2�K���i�m�`�2 �b�r�B�i�+�?�2�b�- �i�?�2 �i�r�Q �T�2�`�B�Q�/�B�+ �T���i�?�b �b�?�Q�r�M �B�M �6�B�;�X�9�X�d���V
�r�2�`�2 �Q�#�i���B�M�2�/�X ���H�Q�M�; �i�?�2�b�2 �T���i�?�b �H�B�2 �i�?�Q�b�2 �UT I �-T II �-� �V �i�`�B�T�H�2�i�b �i�?���i �H�2���/ �i�Q �p�B�#�`���i�B�Q�M�b
�i�?���i �7�m�H�}�H�H �i�?�2 �T�2�`�B�Q�/�B�+�B�i�v ���M�/ �b�r�B�i�+�?�B�M�; �+�Q�M�/�B�i�B�Q�M�b �Q�7 �i�?�2 �K�2�i�?�Q�/�X �� �T�Q�B�M�i �r���b �b�2�H�2�+�i�2�/
�7�`�Q�K �2���+�? �T���i�? �U�b�?�Q�r�M �B�M �`�2�/ ���M�/ �;�`�2�2�M �/�Q�i�b �B�M �6�B�;�X�9�X�d�#�V �i�Q �/�2�K�Q�M�b�i�`���i�2 �i�?�Q�b�2 �M�Q�M�H�B�M�2���`
�T�2�`�B�Q�/�B�+ �p�B�#�`���i�B�Q�M�b �`�2�b�m�H�i�B�M�; �7�`�Q�K �i�?�2 �K�2�i�?�Q�/�X �h�?�2 �i�r�Q �b���K�T�H�2 �T�Q�B�M�i�b�ö �`�2�b�T�Q�M�b�2�b ���`�2
�b�?�Q�r�M �B�M �6�B�;�X�9�X�3�X

�A�7 �i�?�2 �T�Q�b�B�i�B�Q�M �Q�7 �i�?�2 �7�Q�`�+�B�M�; �B�b �+�?���M�;�2�/ ���M�/ �i�?�2 �:�_�a �B�b �b�+���M�M�2�/ �r�B�i�? �i�?�2 �b���K�2 �T���`���K�@
�2�i�2�`�b ���b �b�i���i�2�/ ���#�Q�p�2�- �B�i �B�b �b�m�`�T�`�B�b�B�M�;�H�v �7�Q�m�M�/ �i�?���i �i�?�2 �T���i�?�b �Q�7 �T�2�`�B�Q�/�B�+ �K�Q�/�2�b �Q�+�+�m�T�v �i�?�2
�b���K�2 �/�Q�K���B�M ���b �B�i �r���b �7�Q�m�M�/ �B�M �i�?�2 �T�`�2�p�B�Q�m�b �T���`���;�`���T�?�- �b�2�2 �6�B�;�X�9�X�d�- �r�B�i�? �� �7�Q�+�m�b �Q�M �k
�T�2�`�B�Q�/�B�+ �T���i�?�b�X �h�?�2 �`�2���b�Q�M �#�2�?�B�M�/ �i�?�B�b �b�B�K�B�H���`�B�i�v �B�b �Q�m�i �Q�7 �i�?�2 �b�+�Q�T�2 �Q�7 �i�?�B�b �/�B�b�b�2�`�i���i�B�Q�M�-
�#�m�i �B�i �B�b �2�t�T�2�+�i�2�/ �i�?���i �B�i �+�Q�m�H�/ �#�2 �2�t�T�H���B�M�2�/ �r�B�i�? �i�?�2 �b�Q�H�m�i�B�Q�M �Q�7 �i�?�2 �T�`�Q�#�H�2�K �r�B�i�? �i�?�2
���T�T�H�B�+���i�B�Q�M �Q�7 �i�`���p�2�H�B�M�; �r���p�2�b�X �q�?�B�H�2 �i�?�2 �T���i�?�b �Q�7 �i�?�2 �T�2�`�B�Q�/�B�+ �K�Q�/�2�b �+�Q�B�M�+�B�/�2�- �/�B�z�2�`�2�M�i
�H�Q���/ �+���b�2�b �`�2�b�m�H�i �B�M �/�B�z�2�`�2�M�i �B�M�B�i�B���H �+�Q�M�/�B�i�B�Q�M�b ���M�/�- �i�?�m�b�- �B�M �/�B�z�2�`�2�M�i �p�B�#�`���i�B�Q�M�b�X �.�B���;�`���K�b
�B�M �6�B�;�X�9�X�N�b�?�Q�r �i�?�2 �i�B�K�2�@�?�B�b�i�Q�`�B�2�b �Q�7 �Q�M�2 �b�B�M�;�H�2 �.�P�6 �B�M �i�?�2 �/�B�z�2�`�2�M�i �H�Q���/ �+���b�2�b �Q�p�2�` �Q�M�2
�T�2�`�B�Q�/�X �.�B���;�`���K�b ���V ���M�/ �#�V �+�Q�`�`�2�b�T�Q�M�/ �i�Q �i�?�2 �T�2�`�B�Q�/�B�+ �K�Q�/�2�b �K���`�F�2�/ �r�B�i�? �`�2�/ ���M�/ �;�`�2�2�M
�/�Q�i�b�- �`�2�b�T�2�+�i�B�p�2�H�v�X �h�?�2 �b�2�+�Q�M�/ �B�M�/�2�t �Q�7 �i�?�2 �/�B���;�`���K�b �+�Q�`�`�2�b�T�Q�M�/�b �i�Q �i�?�2 �.�P�6 �U�B�M �i�?�2
�/�B���;�`���K�b �Q�7 �i�?�25th �.�P�6�- �i�?�20 � T I �b�2�;�K�2�M�i �`�2�K���B�M�b �x�2�`�Q�V�X �h�?�2 �+�Q�H�Q�`�b �`�2�T�`�2�b�2�M�i �i�?�2
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