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Abstract

Resource distribution management (RDM) must be designed to be highly reacting fast with
maximum accuracy and speed to any unpredictable workload. As it is known, tasks with a fixed
running time require more computation in a real-time system, since they are executed at a constant
rate. To rationally use computing resources as a way to reduce the computational complexity of
finding the best optimum deployment scenarios under the imposed constraints, quantum
computing methods have been utilized to handle this assignment problem. This dissertation
provides and summaries the study about the optimization of the RDM system by exploiting

quantum optimization algorithms.

First, a set of different quantum optimization algorithms has been discovered and introduced,
where each proposed quantum optimization approach is capable of dealing with a particular type
of problem optimization. Following that, a study has been presented that shows that these proposed
quantum optimization techniques reduce computational complexity while increasing accuracy
significantly. Moreover, a classical and quantum uncertainty study of the suggested quantum

optimization methods, as well as their computational complexity has been conducted.

Second, to prove the efficiency of the proposed quantum optimization strategies, a generalized
model for the RDM system while considering multiple task types has been built. Following that,
the Quantum Extreme Value Searching Algorithm (QEVSA) has been implemented as an
embedded computational infrastructure in the decision-maker in order to achieve a load balance.
Next, a parameter setup of the QEVSA with a consistent computational complexity study
according to the given model has been provided. Finally, a simulation environment has been

designed to demonstrate the efficiency of the proposed quantum optimization strategy.



Third, the QEVSA has been implemented as an embedded computational method in an
extended version of the RDM system while considering multiple tasks and multiple subtasks. The
goal was to reach a load balance. Following that, the stochastic parameters of QEVSA have been
tuned. Then, we proved that the proposed optimization problem cannot be handle by classical
optimization algorithms. Finally, simulation environments show that the quantum optimization

strategy attains a high load balance and low computational complexity.

Fourth, the Constrained Quantum Optimization Algorithm (CQOA) has been incorporated in
the RDM to minimize the overall energy consumption by taking into consideration the delay
constraint of the incoming tasks. Next, an analytical study according to the suggested RDM model
has been provided. This is followed by a configuration of the CQOA After, we showed that the
computation of the proposed constrained assignment problem is a challenging task and cannot be
solved through classical constrained optimization algorithms. Finally, the analytical results have

been validated by simulation experiments.

Finally, the CQOA has been exploited to reduce the energy usage of RDM while taking
queueing scenarios into account. Furthermore, we demonstrated that the computational complexity
of selecting the optimum distribution scenarios within the database is polynomial in terms of the
numbers of the computing units but exponential in terms of the numbers of subtasks in case of
sharing a free access waiting queue among computing units of the RDM system. Finally, modeling

experiments have been used to verify the analytical results.
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1 Introduction

Cloud resource demands are rapidly increasing exponentially with the development of cloud
computing [1-8]. For this sake, new modern methods and techniques are needed to improve its
quality of service. In this work, the problem of resource distribution management (RDM) in cloud

computing is formulated as an optimization problem.

This Chapter is organized as follows. First, an overview of the main concepts of quantum
computing and its applications has been presented. Next, a study about the advantages and
deficiencies of the well-known existing classical optimization methods has been investigated as
well as the state of the art of the favored classical optimization strategies that are utilized in cloud

computing. Finally, an overview of the forthcoming Chapters has been introduced.

1.1 Quantum computing overview and applications

Quantum computing and communication technologies are going to be exploited in many
application domains in the foreseeable future (see [9]-[10]). It is interesting to point out that
quantum computing (QC) infringes the fundamental basic concept, called the classical complexity-
theoretic Church—Turing thesis, claims that to run a computational problem rapidly, it is necessary
to apply one of these solutions, either designing an algorithm with minimum steps, or performing
the steps with more computing units in parallel, or decreasing the processing delay of an

implemented single step.

The postulates of QC form powerful mathematical tools for modeling a real physical system,
as well as, it consolidates a strong understanding of QC [9-10]. Here as follows, we describe briefly

these postulates.
I* postulate:

It describes the notion of a “qubit” which is the smallest quantum information in QC, a qubit
is a superposition of two computational basis states |0 > and |1 >. For example, a qubit is
described as follows, |¢ >= a|0 > +b|1 >, where a and b refer to the complex probability

amplitudes of the two possible computational basis states |0 > and |1 >, such that |a|? + |b|? =

17



1. The qubit can be in both basis states at the same time, this property allows quantum computers

to perform better than classical ones.
2" postulate:

This postulate introduces the notion of a quantum gate which is nothing else than a unitary
operator U, i.e. U is a unitary operator (U~ = UT). It is interesting to note that the evolution of
the quantum state depends only on the starting and finishing time. The reason behind using unitary
operators as quantum gates is that they conserve the reversibility of the quantum evolution, i.e. if
we know the input we get back the output and vice versa, as well as; keep the sum of the power of

the probability amplitudes equal to one.
3" postulate:

This postulate presents the measurement notion in the quantum world which is considered as
a bridge between the quantum and the classical world. Performing a measurement means breaking
down the property of the quantum behavior. Now, let’s assume that the following quantum state
ly >=XN,y;|i >. It is interesting to note that measurement can be described through a set of
measurement operators {M,,, } where each of them stands for a possible result m, the probability of

measuring m when the system is in state |y > can be expressed as follows,

P(mlly >) =<y| Mp My Iy >, (1.1)
where MmT is the adjoint of M,,, and < y| is the adjoint of |y >. As we already discussed, the
measurement influences the observed outcome. For this sake, it is necessary to compute

theoretically the post-measurement state. The system after measuring m gets the state,

M, ly >

ly' >=

' (12)
J< VI My My, |y >

The completeness relation presented in Eq. (1.3) provides us information about the correctness

of the given constructed measurement device,

18



I'=%n MmTMm- (1.3)

4" postulate:

This postulate presents the concept of a quantum register which can be composed using the
tensor product of the quantum states. Let’s consider the following quantum states |y, >,..., |Vn >,

such that n € N, the joint state of the composite is represented as

ly>= 1> .9 |y, >. (1.4)

It is worthwhile to mention that some sophisticated and efficient quantum-world phenomena
such as Quantum Entanglement (QE) and the No-Cloning Theorem(NCT), are not present in

classical computation.

The QE is a mysterious phenomenon in quantum computing, it has no analogous in its classical
counterpart. It is a special correlation between two or more quantum states. For example, if two
entangled qubits are considered and they are spatially separated, if we measure one of them, we
can determine the state of the other qubit. The QE provides new ways of transmitting and
processing information and it is frequently exploited in quantum cryptography, quantum
communication channels, and quantum teleportation. It is interesting to note that the most known

quantum entangled states are the Bell states,

10, b) + (—1)%|1, NOT (b))
V2

|Bap) = a,b € {0,1}. (1.5)

The NCT states that it is impossible to clone an unknown quantum state, but we can only make
a copy of the known quantum states or orthogonal quantum states. This theorem has a powerful
effect and an important role in quantum cryptography because it forbids eavesdroppers from

making copies of quantum keys in a quantum channel.

It is important to point out that quantum algorithms are designed to solve computationally

complex hard tasks. Any quantum algorithm has four main components:
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+¢ Initialization part: preparing a quantum register which consists of a superposition of all the

possible states with uniform probability amplitude.

X/
°e

Quantum Parallelism (QP) is responsible for processing all the possible results in only one

step.

¢ The amplification part is responsible for amplifying the probability amplitude of the
wanted result (searched value or item) to converge to 1, this step is performed either by the

Hadamard gates or by applying the Inverse of Quantum Fourier Transform (IQFT).
¢ The measurement where we return to the conventional world by obtaining the result.

Quantum algorithms can offer exponential speedup in solving problems that cannot be
handled classically. In the last decades, several well-known quantum strategies have been
proposed in QC [9,10] such as quantum phase estimation (QPE) which is exponentially faster than
the classical ones, it computes the eigenvalue of a unitary operator, it has many useful applications,
here we list some examples, such as, quantum counting algorithm (QCA) for computing the
number of occurrences of a query (searched item) in a certain database, Shor’s algorithm for
integer factorization [11], or the HHL algorithm [12] for solving a linear system of equations.
Another interesting well-known searching algorithm, the so-called Grover’s algorithm (quantum
solution for searching an item in an unsorted database) which enables a dramatic reduction in

computational complexity. The optimal classical solution takes O(N) iterations to carry out the

search while Grover’s strategy requires only O(¥'N) steps [13-14].

1.2 Resource distribution management and optimization methods

The RDM challenges arise due to the need to maximizing the throughput; reducing the power
consumption, the cost, the delay, and the computational complexity; reaching a load balance. The
complexity degree of solving the optimization problem depends also on the dependencies nature
of the adopted attributes defining the elements of the model, the architecture and the size of the
system, the type of the metric used. For this purpose, many research has been driven to find
solutions to the above-mentioned problem paradigms. Furthermore, there always exists a trade-off
between all the challenges mentioned previously. All the challenges that have been discussed about

resource distribution management are outlined in Figure.1.1.

20



/ Resou rce \_

Delay " DIStrlbutlon
Constraint Task ( M anaagem ent
Memory \ g
Qhallenges
Power

[
A

Figure 1.1: Resource distribution management challenges

This study investigated quantum computing strategies in the RDM paradigm. To show the
efficiency of the suggested quantum algorithms, reducing the energy consumption and balancing
the load were considered as toy metrics. This section introduces the well-known classical and
quantum optimization algorithms as well as the most preferred optimization strategies used for

reducing energy consumption and balancing the load in a cloud environment.

In compliance with what has been discussed earlier, managing the massive exponential
increase of cloud resource demands and improving resource utilization is highly favorable by the
service providers. Hence, comprehensive and efficient resource distribution methods that handle

both computational complexity and network resources are needed [15-17].

Let us list some most well-known optimization algorithms. First, starting with the quantum
world. It is interesting to point out that it is not easy to build a new efficient quantum optimization
method that outperforms a classical one. To that end, there are few discovered quantum
optimization algorithms. Concerning the extreme value searching, the most leading quantum

heuristic candidate is introduced in [18], the so-called quantum approximate optimization
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algorithm (QAOA) which approximates hard optimization problems by converting the classical
objective function into a Hamiltonian problem. Later, the QAOA was exploited for solving a
constrained optimization problem, this alternative solution investigates the ground state of the
Hamiltonian cost function instead of minimizing the original cost function [19]. Another extended
version of the QAOA, the so-called quantum alternating operator ansatz is designed for finding
the approximate solutions to optimization problems with hard constraints [20]. The only drawback
is that the calculation of the derivatives of the goal function can be computationally expensive. On
the other hand, the most well-known classical optimization algorithms are classified into two
categories: the traditional deterministic methods (see [21]) and the metaheuristic ones (see [22]).
Among the deficiencies of the deterministic methods is that they often fail to find the global
extreme value solution of the goal function (especially, if the database contains many local extreme
values) because the function may be non-continuous or non-monotonic. While the metaheuristic
methods are the most favored by researchers to handle engineering optimization problems.
Nevertheless, these strategies are characterized by high computational complexity due to a large

number of goal function evaluations.

Task distribution has been proved as an NP-complete problem [23]. Processing or allocating
user requests (tasks) in a cloud environment is considered a crucial optimization issue. Minimizing
energy consumption has become a vital issue than ever due to the explosive use of the internet and
the increasing size of cloud computing. Also, the problem of load balancing which allows voiding

failures concerning execution time and energy consumption has attracted significant attention.

Several studies have been conducted to solve the problem of energy utilization in cloud
computing. Though diverse strategies and achievements, the suggested methods are very distinct
and minimizing energy consumption is still challenging. The virtualization technology and
Dynamic Voltage and Frequency Scaling techniques have been among the efficient solutions for
minimizing energy consumption [24]. On the other hand, the deterministic (heuristic) and
metaheuristic optimization strategies have also received considerable interest and have been
extensively exploited in the cloud environment so that energy is consumed optimally. Some
metaheuristic algorithms are often used such as Ant Colony Optimization [25-27], Particle Swarm

Optimization [28-29], Genetic Algorithm [30-32], Bacteria Foraging Algorithm [33]. However,
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the aforementioned optimization algorithms achieve an efficient and accurate search but they

perform a time-consuming computation.

In the literature, there are two types of load balancing algorithms in cloud computing: static
and dynamic [34-35]. The static based-balancing strategies are mostly implemented in a stable
environment with a homogenous system. The dynamic-based balancing algorithms are more
flexible and efficient in both homogeneous and heterogeneous environments. Some well-known
static methods are the round-robin load-balancing algorithm, load-balancing min-min algorithm,
load-balancing min-max algorithm. Dynamic load balancing has two categories: distributed and
centralized. Nevertheless, these methods are characterized by high computational complexity.
Also, there is a considerable number of researches that attempt to solve load balancing by using

heuristics and metaheuristics algorithms [36-39].

The task assignment problem is a challenging problem due to the following reasons. Firstly,
the deployment strategy should take different task types into consideration as well as the tasks’
nature (dependent or independent tasks). Secondly, the incoming tasks usually have to be served
within different delay constraints. Thirdly, a task may consist of multiple subtask types. Numerous
researches focused on optimizing the energy consumption (or balancing the load) of cloud

computing and neglecting the subtask level.

1.3  Organization

The dissertation summarizes a study about exploiting quantum computing methods in
handling RDM problems, inspired by the need of dealing with computational complexity
challenges. Testing and validating the results obtained analytically have relied on extensive

simulation environments using Matlab and Python.

First, two new quantum optimization algorithms have been developed, where the classical and
quantum uncertainty have been investigated as well as their computational complexity. Next, a
comparison between the well-known classical optimization methods and quantum optimization
strategy in terms of computational complexity and accuracy has been presented, the results and

contributions are presented in Chapter 2.
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Second, an unconstrained quantum optimization algorithm has been implemented in a RDM
paradigm to attain load balancing and low computational complexity. Next, a configuration of the
stochastic parameters of the proposed quantum method with respect to the RDM model has been
investigated. Then, numerical results show the efficiency of quantum strategy in terms of load

balancing and computational complexity, the results and contributions are presented in Chapter 3.

Third, the RDM paradigm has been enhanced with a more difficult work assignment
challenge. Then, an unconstrained quantum optimization technique was applied in the RDM.
Following that, an analytical study shows that the proposed task distribution optimization problem
cannot be solved by regular computers. Numerical results show that the quantum strategy is
efficient in terms of load balancing and computational complexity, the results and contributions

are presented in Chapter 4.

Fourth, a constrained quantum optimization algorithm has been implemented in the RDM
paradigm to achieve a significant reduction in terms of energy consumption and computational
complexity. Following that, a configuration of the constrained quantum method's stochastic
parameters has been investigated. Simulation results show that the constrained quantum strategy
is efficient in saving energy and reducing computational complexity, the results and contributions

are presented in Chapter 5.

Last, a constrained quantum optimization strategy has been exploited to reduce the energy
usage of RDM while taking queueing scenarios into account. Next, analytical results show that the
computational complexity of the overall possible deployment scenarios is polynomial in terms of
the number of computing units and number of tasks waiting in the queue but exponential in terms
of the number of subtasks. Finally, a simulation environment has been built. The results and

contributions are presented in Chapter 6.
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2 Quantum optimization algorithms

In engineering and science domains, solving optimization problems has a wide range of
applications. Optimization algorithms aim to find the best extreme (maximum or minimum)
outcome of an objective function or an unsorted database. It is worth noting that these optimization
methods can be divided into two categories: unconstrained and constrained optimization methods.
The majority of existing problems are computationally challenging. Quantum optimization
algorithms, unlike their classical counterparts, use the principles of quantum mechanics to speed

up computations.

2.1 Introduction

The present Chapter introduces two new quantum optimization algorithms:

% The first one is inspired by the quantum extreme value searching algorithm (QEVSA)
[40-41] which finds the extreme optimum result of an unconstrained goal function or
unsorted database where the type of the database structure can be continuous or non-
continuous (The definition of the continuous and non-continuous databases are going to
be provided later), this method labeled Quantum Optimization Algorithm for a Non-
Continuous Database Structure (QOANCDS). It is worth mentioning that the unsorted
databases can be regarded as goal functions with discrete input such that the database
entries can be associated with numbers.

+» The second method is an extension of the QOANCDS, it searches the extreme value of a
constraint goal function, This quantum strategy named Constrained Quantum

Optimization Algorithm (CQOA).

Later, we will show how each quantum optimization algorithm exceeds the other one. In the
next chapters, these new quantum optimization algorithms will be considered as a computational

infrastructure for RDM system.
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The rest of the Chapter is organized as follows. Section 2.2 presents the necessary background
for developing the QOANCDS and CQOA. Section 2.3 introduces the QOANCDS and
investigates its classical and quantum uncertainty as well as its computational complexity. Section
2.4 presents the CQOA and investigates its classical and quantum uncertainty as well as its
computational complexity. Section 2.5 discusses the computational complexity of the QEVSA,
CQOA, and QOANCDS and highlights the difference between them. An analytical comparison
between the proposed QEVSA and the conventional heuristic optimization algorithms is presented

in Section 2.6, while Section 2.7 is a conclusion of the chapter section.

2.2 Necessary background for developing the CQOA and QOANCDS

Before developing the QOANCDS and CQOA, certain key concepts such as QPE, Grover’s
algorithm, QCA, continuous and non-continuous database structure, and QEVSA must be

reviewed.

As we already discussed in Chapter 1, the smallest information in quantum computing is the

qubit | > = a|0 > +b|1 >, where |0 > and |1 > are the computational basis states such that,

la|?> + |b]? =1 a,b €C. (2.1)

Eq. (2.1) has two implications,

®,

¢ Operations on the quantum state must conserve the norm of the output state, for this
purpose, the quantum gate is a unitary matrix U. The output state can be calculated as

ly >= Ul >.

R/

¢ The eigenvalues and the eigenvectors of the unitary matrix U can be written as U |x >

= e'?|x >, where e'? is the eigenvalue of U and {2 is a real number.

The QPE extracts with an exponential speed up the phase (2 of the eigenvalue of a unitary
operator. Additional analyses are discussed in [9-10] on the operating process and physical

implementation of QPE.

Three main blocks constitute any quantum algorithm, the first block is the initialization block

where all of the possible outcomes are encapsulated in one quantum register, the second block
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processes the input according to the goal result, while the third block amplifies the obtained result

to be ready for successful measurement.

Grover’s algorithm finds the given query (searched item) in an unsorted database with VN
steps, where N is the size of the database. Grover’s algorithm comprises of two steps, in the first
step all the possible outcome states are prepared with another auxiliary qubit in a single quantum
register called |A >, in the second step, Grover’s operator G is applied, this G operator works
simultaneously as a processing box for inputs and amplifier of the wanted outcome, more details
are given in [9-10]. Suppose that the number of occurrences of the searched item in the database

denoted by M. The expression of |A > can be expressed as follows,

_IN-M M (2.2)
|A>—/ = |a>+\/;|/3>,

where |a@ > and | > are two orthonormal basis referring respectively to the unwanted and the

wanted states, and M refers to the number of occurrences of the searched in the database. The
geometrical interpretation on the unit circle of Grover’s operator is as follows: |a > and |f >

represent respectively the horizontal and vertical basis, the |4 > forms with |a@ > an angle equal
to =, The operator G is nothing else than the processing and amplification operations in disguise,

it conducts to rotate the initial state such that it became closer to | >. For more review about the

geometrical representation of the Grover operator, see [9-10]. The operator G must be applied for

. . . , N
an optimal number of times L, to find the searched item, where L,,; = L
4\ M

Grover’s algorithm cannot compute the value of M. To that end, the QCA comes into the
picture to handle the problem of computing M. The surprising news is that QPE works in a
disguised way for determining M because the value of M is connected to the phase {2 of the
+in

eigenvalue of Grover’s operator which is equal to e

[9-10].

using Eq. (2.3), more details are given in
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I

(2.3)

N D

M
N

To understand the similarities and the differences between the QEVSA and the new extended
quantum optimization algorithms (QOANCDS and CQOA) explained in the next subsections 2.3
and 2.4, it is necessary to put the reader into the picture by firstly presenting the definition of a

continuous database structure (CDS), then, introducing the QEVSA.

The QEVSA is a stochastic process working on an unsorted database, it combines the well-
known classical Binary Searching Algorithm (BSA) [42] and Quantum Existence Testing (QET)
method [40-41]. The QEVSA finds the optimum extreme (minimum or maximum) value of an

unconstrained objective function.

The QET is a special case of the QCA, it checks whether the searched item exists or not in the
database, i.e. The QET answers YES if the searched item exists in the database or NO if it does
not. It is not required to compute the exact value M. The QET investigates whether the initial
quantum state |A > forms an angle different than zero or not with the basis state |a > if the
calculated angle equals zero, it means that the searched item does not exist in the database, else it
does. The power of QET is derived from the QPE which keeps the efficiency of the BSA while

processing the search in an unsorted database.

The QEVSA is introduced in detail as follows:

1. We start with §= 0 : Tryin1 = Tininos Tmaxt = Tmaxo> a0d AT = Tigeo — Trino

2. §=§+1

(98]

_ Tmaxs ~Tmins
Tmeds - TminS + [ 2

N

. flag = QET (Tmed S):

e flag="Yes, then Tpaxs+1 = Tmedas  Tmins+1=Tmins
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e Else Tmaxs+1 = Tmaxs> Tmins+1 = Tmeds

5. IfS<log, (T), then go to 2, else stop and Yoyt = Tinea s

where T refers to the maximum number of steps needed to run the BSA embedded in the QEVSA.

This stochastic parameter has an important role in running the QEVSA.
The computational complexity of the QEVSA depends on,

+ The computational complexity of the BSA embedded in the QEVSA which equals
0(log(T)).

% And, the computational complexity of the QET which equals O (log23(\/ﬁ )), where

N = 2% is the entry size of the database, where a is the total number of the required
qubits with respect to the size N of the database. Figure 2.1 shows the physical
implementation of the QET.

Superposition Controlled U7 Operations Measurement

e |0) E . g
a. Q-?'_T_l
o L8]
ST E { -~
> o L [ g ]

Figure 2.1: Quantum existence testing device.

The overall number of bits ng used in the physical implementation of the QET is strongly

influenced by the quantum uncertainty and the classical accuracy of the application. In case the
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quantum uncertainty demand is neglected, i.e. it corresponds to the idealistic phase estimation with

no error, this implies that the value of ng can be written as

a
TLE=——1,
~———
CE

(2.4)

where ¢y is the optimum number of qubits required for classical accuracy in order to represent the
phase, in this case, the computational complexity of the QET is O (logz?’(\/ﬁ )) On the other

hand, if the upper bound of the error probability denoted by P. of the quantum uncertainty
_originated from the QPE s taken into consideration by the application, then the value of ng is

expressed as

ng = i__i + [log2 (2m) + log, (%)] (2.5)

CE PE

where pg is the optimum number of qubits needed to handle the quantum uncertainty problem

originating from the error probability of converting the phase to a probability amplitude. In this
. . . 3 (p_E)Z
respect, the computational complexity of the QET is O | log, (2 2) N ) . We assume that the

computational complexity of the QEVSA is only influenced by the classical certainty parameter.
For this sake, the computational complexity of QEVSA can be written as O (logz (T)log23 (\/N ))

In compliance with what has been discussed, we see that the QET plays a fundamental role in the

search efficiency of the QEVSA.

Now, let’s present the definition of the CDS. For every index register x that has a value in the
database denoted by DB|[x], the index registers take values from 0 to N-1, while for every index
register x the value of DB|[x] is a real value. Let’s represent the index register on the x-axis, where
x € [0, N — 1]. As an explicative example, the index registers and their database values are shown
in Figure 2.2.a. It is worth mentioning that the scaling of the y-axis relies strongly on the values of
the database such that the smallest absolute difference between DB[x] and DB[y] is denoted by «a,

one writes
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oxp -y DB = DBD = a 29)

The unit scale of the y-axis equals «, instead of using this original unit scaling, we convert
the database values of the y-axis from the original unit scale (The unit scale of the y-axis equals a)
into a new unit scale which equals 1 (the value of « is substituted by 1). Figure 2.2.b and Figure
2.2.c show the conversion from the original unit scale into the new unit scale of the y-axis. A

detailed discussion on how to set up « is given will be given in Chapters 3 and 4.

A database structure is being continuous if for every two neighboring index registers x and

x+1 the absolute value of |[DB[x + 1] — DB[x]| can be expressed as
|DB[y + 1] — DB[y]| = 1 or 0. (2.7)

Figure 2.2.c illustrates the CDS. The QEVSA can only handle the search optimization for the
CDS. A schematic representation of the QEVSA as minimum searching algorithm (QMSA)

example is illustrated in Figure 2.3 where its steps are described.
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Figure 2.2: (a) The index registers and their database values. The conversion of the database
values of the y-axis from the original unit scale form (b) to the new unit scale (c).
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Figure 2.3: The description of the QEVSA as a quantum minimum searching algorithm.



2.3 Introducing the QOANCDS: the generalization of the quantum existence

testing to quantum relation testing,

For many optimization problems, we cannot expect that the database will always have a CDS,
which means that there exist certain cases where the database is not organized and fully random.
This implies that there exist at least one index register x such that |DB[x + 1] — DB[x]| can be
written as Eq. (2.8). Figure 2.4 illustrates an example of a Non-Continuous Database Structure

(NCDS).

IDB[y + 1] - DB[y]l=m me€ N —{0,1}. (2.8)

N

N\ DBIx]

H X

X
| | | | | ] | | | | | N
| | [ I [ | | | | I | I | -
1 2 3 4 5 6 7 8 9 10 11 12 13

Figure 2.4: Scheme illustrating the structure of non-continuous database.

Now, let’s assume that the database is NCDS and that we aim to optimize a constrained goal
function. As an explicative example, see Figure 2.5, where the marked points with orange squares

represent the database values that satisfy the proposed engineering constraint.

It is worth emphasizing that finding the optimum extreme solution in NCDS is a high-value
problem where QEVSA cannot perform properly this type of search because the QET function
embedded in the QEVSA does not support the search in the NCDS. For this sake, we present a
new quantum method, quantum relation testing (QRT), which is an extended version of the QET.

The QRT(ref, R) function returns only an answer (YES or NO) whether there are at least one or
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more database entries in a given region of the database with respect to the applied index relation
R and the reference value ref, where the parameter ref refers to the updated value which divides
the database into two vertical sections, and the index relation R refers to the used relation, i.e. the
index R may have the relation of greater (>) or greater or equal (=) which refers to finding the
maximum optimum result, less (<) or less or equal (<) which refers to finding the minimum

optimum result, or equality (=) which refers to applying the QET.
P quality pplymng

A detailed description of the various options for the relation R with respect to the given

optimization problem target and the type of the database structure are summarized in Table 2.1.

Table 2.1: Different choices of the relation R according to the given optimization problem.

Optimization Problem Target Type of Database Structure

Achieving the extreme optimum
“= NCDS
solution value

Achieving the minimum optimum
<and < . NCDS
solution value

Achieving the maximum optimum
> and = ) NCDS
solution value

It is crucial to stress that if we consider the index relation R is “=", this means that the QRT(r¢f,
“=") operates similarly as QET(ref), such that the relation R has no effect on the database type, i.e.
the database is being continuous if “=" is assigned to R. While employing one of the remaining

relations (" < "," <", "> ", or" = ") implies that the type of the database is non-continuous.
The main question that is going to be answered are as follows,

¢ What does the QRT do?

>

K/
*

How the QRT exceeds the QET?

)

X3

% Explain why the computational complexity of the QRT is similar to the computational

complexity of QET?

¢ What are the similarities and the differences between the QET and the QRT?
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The computational complexity of the QRT is strongly connected to the classical and quantum
uncertainty of the application. Similar to the QET function, the QRT is merely a hidden QPE. It
should be noticed that the QRT determines whether a certain item exists in a certain section of the
database that gratify both 2 # 0 (M # 0) and the relation R. Let 2 denotes the measured angle
between the initial qregister and the horizontal axis | >, i.e. the parameter 2 indicates the

measured angle.

The total number of qubits used for the physical implementation of the QRT is denoted by ng,

1t can be described as follows.
nR = CR + pR' (29)

where, cg and pj refer respectively to the number of qubits needed for classical accuracy demand
and quantum uncertainty of the QRT. It is substantial to point out that these two quantities are

distinct and not mutually influential.

Let P.g be the error probability of QRT originated from quantum uncertainty of the phase
estimation. It is interesting to note that there is a connection between the pg and P.z which makes

it easy to estimate the approximate value of pp.

The expression of Py is based on the following assumptions: if M = 0 then 2 is accurately
measured, corresponding to the idealistic QPE. Inaccurate measurement happens when £ is
detected as zero, even though it is not equal to zero, it is worth mentioning that incorporating the

relation R in the QPE does not affect the P.p, one can express the Py as

Px=P((2 #0)|a=0)P(2=0)+ Z P( = 0]2)P(1). (2.10)

=0 0#0

Thus, one can easily verify that
PER =P6E' (2.11)

The remaining quantum certainty estimation of Eq. (2.10) for the QRT is similar to the QET

represented in [40-41]. Consequently, one can conclude,
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1
pr = Pg = log,(2m) + log, <—v> (2.12)
8P,
Additionally, it is substantial to emphasize that involving R in the QPE does not influence the
classical accuracy demand of the application. Thus, the classical certainty of the QET and QRT
are equal,

a
CR = CE = E_ 1 (213)

The computational complexity of QRT in this regard is equal to that of QET.

The QOANCDS finds the extreme (maximum or minimum) optimal value of an unconstrained
objective function, the key to the effectiveness of the QOANCDS stems from merging the QRT
with the BSA. It is interesting to note that the type of the relation R determines the type of the
database structure (CDS or NCDS); The computing complexity of the QOANCDS is similar to the
QEVSA.

The working methodology of the QOANCDS is given as follows: in case of searching the
optimum minimum result of an unconstraint goal function where the database is NCDS, the
QOANCDS splits the region AF into two sub-regions (the upper and lower region), then, selects
the bellow region and apply the quantum relation testing if the QRT function finds at least one or
more database entries which fulfill the relation R to reference ref, we apply another subdivision
and the same process can be repeated until we find the optimum minimum solution, else we jump
to the upper region and we continue using the aforementioned search process until we get the

optimum minimum result or the algorithm stops.
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2.4 Introducing the CQOA: the generalization of the quantum relation

testing to constrained quantum relation testing

Now, let’s assume that the database is a CDS and that we aim to optimize a constrained goal
function. As an explicative example, see Figure 2.5, where the marked points with orange squares
represent the database values that gratify the proposed engineering constraint. It is interesting to
note that applying a constrained optimization search means eliminating all possible item
candidates that do not satisfy the applied constraint from the database. This operation would
transform the database structure from CDS to a NCDS. To that end, we present a new quantum
algorithm which is an extended version of the QRT, called constrained quantum relation testing
(CQRT). The CQRT (ref, R, C) gives back only an answer whether there exist at least one or more
database entries with respect to the applied relation R of the reference value ref and the constraint

C in a certain region of the database.

/\ DB[x]

H X

X
| | | | | | | ] | | | | | N
| | [ I [ | | | | I | I | -

1 2 3 4 5 6 7 8 9 10 11 12 13

Figure 2.5: Scheme illustrating the structure of non-continuous database structure and the points
where the constraint is fulfilled.

The CQRT's computational complexity is closely related to the application's classical and
quantum accuracy. Similar way as before, the CQRT is nothing else than the QPE in disguise. The
CQRT checks whether there exists a certain item in a certain region of the database which fulfills
at the same time 2 # 0 (M # 0) and C = 1, i.e. if the constraint C is fulfilled then C = 1, else
C = 0. It is worth deriving a complete calculation for the optimum number of qubits n.g needed

for the CQRT. The number of qubits needed for classical accuracy is denoted by c.r and the
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number of qubits required for quantum certainty is defined by p.r, these two quantities are

independent and they do not influence each other. The ncg can be written as
Ncr = Ccr t+ Per- (2.14)

It is interesting to note that involving the constraint C in QRT does not modify the conversion
of QPE, as a result, the same derivation can be applied for CQRT for computing the classical
accuracy. Thus the classical accuracy of QRT [40] is similar to the CQRT, one writes

CCR:CR:%_]" (2.15)

It is important to mention that if M = 0 then P(£2 = 0) = 1 is always measured with certainty,
it corresponds to the idealistic QPE. Inaccurate measurement occurs if {2 is detected as zero even
N # 0, and as the constraint C does not influence the measurement of (2, i.e. the value of the
constraint C is always detected with certainty either holds or not, also involving R in the QPE does
not influence the calculation of the required qubits needed to ensure the quantum certainty of the
phase estimation. On the other hand, to give back a correct measurement result, the p.p must be
estimated to suppress the error from the measurement. The probability of error for the CQRT is
denoted by Pcg. It is interesting to note that there is a strong relationship between the p.r and
P.cr such that if we can estimate the upper bound of P..r, we can easily calculate the p.r. The

P.cr can be expressed as

P.cr =P((ﬁ #0NnC) |Q=0)P(Q=0)+ZP((§=0 nc=1) |{2)P({2) 2.16)

o Q%0

The measurement of the phase {2 does not influence the exact value of the constraint C. For
this sake, for every 2 # 0, P ((ﬁ =0nNnC= 1) |.(2) = P(!)~ = O|[2). Thus, one can rewrites Eq.
(2.16) as

Pr=P((2 =0 nC)[2=0)P@2=0)+ Z P(2 =0]2)P(2). 2.17)

0 02+0

The remaining derivations of P.cgr Eq. (2.17) are similar to P,z discussed in [40] because

P.cr = P.g (The remaining quantum certainty evaluation of formula Eq. (2.17) for the CQRT is
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similar to the QRT). To this end, the number of qubits required for quantum certainty in both cases,

the QRT and CQRT are equal, the resulting p-g can be expressed as

Pcr = Pr = log,(2m) + log, (8%55) (2.18)
As we already mentioned, the relation R and the constraint C do not affect the classical and
the quantum uncertainty of the CQRT function. In other words, from Eq. (2.15) and Eq. (2.18),
the estimation of the computational complexity of the CQRT is therefore straightforwardly
yielded. To this end, the computational complexity of the QET equals the computational
complexity of CQRT.

The CQOA finds the optimum extreme value (minimum or maximum) of a constraint goal
function. The CQOA has a stochastic behavior and combines the CQRT (ref, R, C) and the BSA.
The CQRT allows adapting the BSA so that it is suitable for an unsorted database, as well as
continuous and non-continuous database structures. From a practical point of view. The CQOA is

given as follows,

1. We start Wlth S = 0 . Tminl = Tmino, Tmaxl = Tmaxo, and AT = Tmaxo - Tmino

2. §=8§+1

98]

_ Tmaxs ~Tmins
TmedS - TminS + [ 2

I

. flag = QET (CQRT (Tpeas, R, C)):

e flag =Yes, then Tnaxs+1 = Tmeas  Tmins+1=Tmins

e Else Tnaxs+1 = Tmaxss Tmins+1 = Tmeas

5. If§<log, (T), then go to 2, else stop and Yot = Tnea s

Figure 2.6 and Figure 2.7 present the working mechanism of the CQOA in the case of

searching for the optimum minimum solution of a constraint goal function.
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In a more general case, for multiple constraint values, C;, C,,..., C,, the constraint quantum
relation testing became (CQRT (R, ref,Cy, Cs,..., C,)). It is worth mentioning that applying the
CQRT with taking into consideration the constraints C;, Cs,..., C,,, means practically filtering

several items in the database, i.e. eliminating possible item candidates from the database.

Database

l

( Partitioning into two
regions
L (Lower and Upper)

l

~

ot
h 4

Dividing the database into
two vertical parts

I a— \

Taking the lower
region

\. 8! J

- l ~ - -7 QRT function checks whether

Applying CQRT } . there exsit a solution point or
) . not

| function y

NO /J\YES AT T T o~

I \/ 1 7 g Assigning to the database
’

the new lower region

( N \
Upper

Database=__ P Database =L-OWer

\ region) | region |

(S<10g3(7)\ fS<log?(T)\

L NO /KYES YES)\ NO

N
STOP

Figure 2.6 The working mechanism of the COOA in case of searching the optimum minimum result of a constraint goal function.
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Figure 2.7: The working mechanism of the COOA in case of searching the optimum minimum result of a constraint goal
function (orange circles represent the values that satisfy the constraint.)
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2.5 Comparison of the quantum optimization algorithms

Based on what has been discussed, it is straightforward to notice that the special quantum core
functions used in each quantum optimization algorithm (QEVSA, QOANCDS, and CQOA) are
connected by QET S QRT < CQRT. Figure 2.8 presents the relationship between the already
presented quantum optimization methods.

The QET operates in the CDS while the QRT and CQRT may handle the search in a CDS and
NCDS. Table 2.2 summarizes the similarities and differences between the QEVSA, QOANCDS,
and CQOA.

QRT | CQRT

Figure 2.8: The relationship between the QET, QRT, and CORT.

Table 2.2: The similarities and differences between the QEVSA, QOANCD, and CQOA.

QEVSA QOANCDS CQOA
Type of objective ) ) )
Unconstraint OF Unconstraint OF Constraint OF
function (OF)
Database
Structure Unsorted database Unsorted database Unsorted database
(sorted/unsorted)
Computational 3 ~ 3 3
. 0 (log2()log,*(VN) 0 (log,(T)log;,>(VN)) 0 (log2(T)log,>(VN))
complexity -
The BSA is
QET QRT CQRT
combined with
Database type
CDS CDS/NCDS CDS/NCDS
(CDS/NCDS)
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It is very interesting to point out that the quantum algorithms exploit the notion of quantum
superposition which constitutes one of the pillars for guarantying high speed up and accuracy, as
well as very low computational complexity. For this sake, the convergence of each algorithm does
not depends on the amount of data to be processed. It is also important to note that the parameter
T is the size of the range within the logarithm search runs. It depends on two parameters, the step
size a as of the BSA, it is the minimum distance between any two values of the goal functions T;

and T; corresponding to two different indexes registers i and j presented by Eq (2.19), and the

region of the values of the goal function AT. The value of 7 is calculated as follows,

a= r\glii'?I(Ti -T)|., (2.19)

T = Tmax - Tmin . (2_20)
a

On the other hand, the configuration of the stochastic parameter 7 for the QEVSA,
QOANCDS, and CQOA can be performed using Eq. (2.19) and Eq. (2.20).

2.6 Computational complexity comparison of optimization algorithms

In this subsection, we compare the QEVSA with some classical optimization algorithms. We
present three well-known algorithms: the randomized, the exhaustive, and the sequential-searching
algorithms which are generally viewed as references and cornerstones with regards to finding
solutions [43]. Firstly, the randomized approach anticipates the solution guided by a given
knowledge and it is not perceived as an optimal solution because it randomly searches for one
solution in one step from the space in which the duration of time may be less reasonable [44], on
the other hand, the exhaustive algorithm examines every possible solution and leads to an optimal
result, it checks all the O(N) steps which is time-consuming until it yields an accurate result. A
large number of iterations are required when compared to the number of queries, hence, its time-
consuming nature. Furthermore, the sequential searching method exhibits a similar degree of

computational complexity to the randomized method, using O(const) or O(1).

By comparing the computational complexity of the quantum, randomized, exhaustive, and

sequential methods, the quantum solution requires only O (logz (T)logz3(\/ﬁ)) steps. On the
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other hand, the exhaustive solution needs O(N). With regard to the randomized solution, it uses
fewer steps so is faster than the three former solutions, which means that the computational
complexity of the random method is less than for the other ones. Moreover, it does not determine
the optimum solution, for the computational complexity of the sequential method is similar to the
randomized algorithm. In contrast, the exhaustive and quantum solutions require more
computation steps, but the quantum solution is always preferred because it requires significantly
less computation than the exhaustive method. Table 2.3 presents different classical optimization
algorithms and compares them with the QEVSA in terms of computational complexity and
accuracy. In the light of what has been shown, in Figure 2.9, the classical strategy needs more
computational computing, while the quantum solution requires significantly fewer computations,

which reduces the complexity and the time for finding the optimum result.

Table 2.3: Comparison between the classical heuristic algorithms and the QEVSA

Methods Accuracy Computational complexity
Randomized Very rough O(const) or O(1)
Sequential Very rough O(const) or O(1)
Exhaustive Exact O(N)
QEVSA Close exact 0 (logz (T)log23(\/ﬁ))

\

Computational complexity
r .-
il Il

= = = QEVSA

—— Classical exhanstive

| | | I | | | | |
0 1 2 2 4 5 ] 7 8 9 10

Size of the search space

Figure 2.9: Comparison between the computational complexity of the classical optimization algorithm and the
proposed QEVSA.
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2.7 Conclusion

An extended version of the Quantum Extreme Value Searching Algorithm (QEVSA) called
Quantum Optimization Algorithm for Non-Continuous Database Structure (QOANCDS) has been
developed that finds the extreme solution of an unconstrained objective function or an unsorted
database. The classical and quantum certainty of the QOANCDS, as well as its computational
complexity, have been investigated. Next, we showed how the functionalities of the QOANCDS
exceed the QEVSA.

A new improved version of the QOANCDS called Constrained Quantum Optimization
Algorithm (CQOA) has been introduced that finds the extreme solution of a constrained objective
function or an unsorted database with respect to a certain constraint. The classical and quantum
certainty of the CQOA, as well as its computational complexity, have been investigated. After, we

showed how the functionalities of the QOANCDS exceed the QEVSA.

The relationship between the core quantum functions of the QEVSA, QOANCDS, and CQOA
has been highlighted. An analytical study showed that the computational complexity of QEVSA,

QOANCDS, and CQOA are equal O (logz (T)logzs(\/ﬁ)) and the QEVSA achieves a high

computational complexity reduction compared with the existing classical optimization methods.
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3 Quantum  optimization  of  resource

distribution management for multi-tasks

Suppose all classical machines that are working on classical laws of classical physics will
disappear from our world and be replaced by quantum computers, so there will be an intensive
need for developing new adaptive models. From a resource distribution management point of view,
if the real-time decision-maker will be replaced by a quantum method, so, the way becomes open
to think how to implement a resource distribution management model with the new device since

new hardware technique requires a new resource distribution process modeling.

3.1 Introduction

Chapter 3 applies the QEVSA in the RDM model, i.e. the multi-tasks case is considered, while
Chapter 4 implements the QEVSA for an extended version of the RDM system, i.e. the multi-tasks
and multi-subtasks case is considered. Chapter 5 incorporates the CQOA in the most general RDM
model, i.e. multi-tasks and multi-subtasks case. While Chapter 6 exploits the CQOA in the RDM

by considering queueing scenarios.

The rest of this Chapter is organized as follows. Section 3.2 describes the proposed RDM
model for multi-tasks. Section 3.3 implements the QEVSA in the suggested RDM system, Section
3.4 presents the configuration of the QEVSA. Section 3.5 discusses the computational complexity
of the applied quantum strategy. Section 3.6 concludes the paper with simulation results, and

Section 3.7 is a conclusion of the chapter.

3.2 Description of the RDM system for multi-tasks

To model the general RDM system, we divided its functionalities into three main blocks as

depicted in Figure 3.1:

Multiple task generator: Let G denote the total number of task type generators (i.e. we consider

a multi-task scenario), each task generator has its own intensity distribution (e.g. exponential
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distribution, etc) and produces identical tasks. A task is composed of a specified number of

identical memory pieces called memory units.

Computing units: Let K be the total number of computing units used to serve the tasks, the
computing units may have different theoretical capacities, such as the k" computing unit has s,
as a theoretical capacity, let the number of running tasks from task type [ on-the k" computing

unit is denoted by Ny;.
The processing rate of the k" computing unit is denoted by B, and computed as follows,

number of memory units
k =

3.1
second G-
On the other hand, the processing delay of the actual load on the k*® computing unit can be

calculated as,

G
act _ 2i=1 Ny my

17 5 3.2)

It is interesting to note that the tasks are processed sequentially inside the computing unit.

Figure 3.2 illustrates the processing mechanism of tasks inside the computing unit.

Task Type Computing Units

Generator \ /

\m/ . .
Decision Maker : .

Task Type ’,/ k : ’

Generator K-3 K-2 K-1 K

G

¥
[y
[ %]
7%}

&

snnEmEn g |-
- EEEN

I

Figure 3.1: Resource distribution management architecture of multiple tasks.
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I st incoming task 2 nd incoming task 3 rd incoming tfask

¢

Time

Figure 3.2: Processing mechanism of tasks inside a certain computing unit.

Decision maker: This block answers the question of whether to reject or to deploy a newly
arrived task among the computing units to optimize the operation of the system? Optimization is

achieved along with a certain goal function, i.e. certain metric.
3.3 Implementation of the QEVSA in the RDM system for multi-tasks

This subsection introduces how the QEVSA can be used as a computational infrastructure for the
RDM system to reach less computational complexity and a high degree of accuracy as well as load
balancing. This study does not discuss the resource requirement scheme implementation because
the QET is a special form of QCA and the quantum gate circuit structure is well known, the

modification will be only in the QEVSA.

Conserving the load balance among the computing units is an important property for many
applications. For this sake, we have chosen to distribute the tasks uniformly among the computing
units. Therefore, the variance of the relative load of the RDM system is used as a measurement
metric. In the case of an optimal task distribution, if 62 tends to zero, then the tasks are distributed
uniformly, otherwise, they are not. Therefore we apply the QEVSA as a QMSA, which allows
finding the optimum deployment scenario that results in the minimum variance of the relative load.
Our new approach handles the database as a function, i.e. the variance of the relative load. In this

case, the goal function o2 replaces T. The proposed algorithm is now rewritten in detail:

. — . A2 _ 2 2 _ 2 2 _ 2 2
1. Westart withS=0: 0% ,in1 = 0°mino»> 0 “maxi = 0 maxo> ad AT = 0% 040 — O “mino

2. §=8+1
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2 2
g -0 i
3. 0-2 eds = O—Z ins [ maxS2 mms]

— 2 .
4' flag - QET (O- medS)'
— 2 — 2 2 — 2
b flag - Yes, then o maxS+1 — 0 medS 9 minS+1=0 mins
2 — 2 2 — 2
e Else 0" maxs+1 = 0 " maxs> 0 mins+1 — 0 medSs

5. If S<log, (T), then go to 2, else stop and Yo, = 0% ea s

3.4 Configuration of the QEVSA

Applying the QMSA in finding the best scenario for every new incoming task requires computing

the maximum number of steps needed to run the BSA, i.e. the parameter T.

It is worth noting that integrating the RDM model in the framework of a quantum system-

level is not straightforward and may need a careful configuration of its parameters.

The maximum number of steps T needed to run the BSA embedded in the QMSA depends on
two parameters which are the step size of the search space that is according to the proposed RDM
model is the absolute value of the minimum nonzero difference between variances of any two
scenarios a as presented in Eq. (3.3), where o/ replaces T; in Eq. (2.19) and the size of the region

of variance’s values Ac? = 02,5, — 02 min, the expression of T is illustrated in Eq. (3.4),

— : 2 2
a = min|(o7 = of)], (3.3)
T = O-Zmax — Uzmin . (3.4)
a

% a - The minimum distance between variances of two scenarios depends on many
parameters such as the task memory requirement, processing time, the workload, the
arrival time distribution of the task, the number of the computing units, and their
theoretical capacities. An illustrative example of « is presented in Figure 3.3.

R/

< Ao? - The possible region of the variance is bounded by 0 and 1.
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The configuration of 7 is formulated as finding the minimum distance between variances of

two scenarios according to Eq. (3.3). To that end, our key focus is to set up the «.

Let x; be the total load of the & computing unit

G
X = ENkl m;. (35)
=1
Assume by, be the relative load of the £ computing unit,
by, = m—klml (3.6)
Sk

2
A O Values of Variance (Different Results)

1+ x

S S S S S

i J Different Deployment Scenarios

Figure 3.3: The horizontal axis presents all the possible deployment scenarios, while the vertical axis presents the borders of the
variance function (different results), each possible scenario corresponds to a variance value. Computing the value of a requires
selecting the minimum distance between variances of two deployment scenarios i and j.

Let b refer to the average relative load of the & computing unit,

K
1
b=EZbk. 3.7)

k=1
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Let s denote the class of the new task, the memory requirement of the new task is expressed

by mg while the i

computing unit indicates the destination of the new incoming task. It is
interesting to note that selecting the suitable computing unit for the new incoming task requires

updating the value of the i computing unit, which implies that the relative load of the i’ computing

unit b,lci ; and the relative load of the remaining computing units bj..; can be expressed respectively
l=s

as

; m
byl = b; +S—f, (3.8)

Vk € {1, ,K}\{l} bk¢i = bk' (39)

The average of the relative load of the system when the i computing unit receives the new

incoming task from class s is given as follows,

K
— 1 1
hie == ) bi+= b, (3.10)
K £y K 2
k+i
One can verify that
- 1 mg
b_s=b+—=—. 3.11
—=btg s (3.11)

One can write the variance of the relative load of the system when the i computing unit

receives the new incoming task s as

K
1 _ )
Uiz = EZ(blzs - bllc)z
k=1

(3.12)

K

1 2 17— m 2

_ E’Z(blzs—bk) +E[bl=5—[bi+s—:” .
#i

It is reasonable to assume that the number of computing units K is very large, one obtains
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1ms 111 mg mg 2
2 _ L |
' KZ( k) Txlx S; [l+si

0,
k+i
YRR (L
(3.13)
S (2 () o

1w 1 [ /mg\2 m
== b+~ (—S) +2b-(—s>.
K Z k + K ( Si ' Si
k=1
Finally, The difference between two dissimilar relative load variances (which is needed to

calculate ) can be formulated as

2
(ms)z <ms> <ZIG=1 Ngm; i, szmz)
=) = (=) +2m, - .
Si Sj Si Sj

To compute the local minimum a, one can verify that |(0'l-2 - 0']-2)| has to be evaluated at most

1
O-l_o-]—E

(3.14)

K (K — 1)/2 times. This means that for K > 3, calculating a requires more evaluations to find the
minimum of 6. Here we propose another alternative. Instead, we determine the global minimum
of a over all the possible configurations in advance, before the RDM starts operation and this

global « is used at each decision.

Obviously, this is an engineering tradeoff. On one hand, the global a will be the lover bound
of the actual a. Therefore, the BSA will require more steps (but due to the nature of the log function
this will not cause a real increase in computation complexity). On the other hand, we do not waste

time during the real-time decisions by computing the local a!

As it is shown in Eq. (3.14), the value of o7 — aj2 is mainly affected by the relative load of
the i and j” computing units, and more precisely with the values of the variables N;;, Njp, ..., N,

and Nj;, Nj,,..., Nj. Unfortunately, we cannot investigate the nonzero minimum value of

|(O’i — 0j2)| because the variables Ny, Nj3, ..., Nig, Nj1, Nj,..., Nj have a linear combination in
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2G dimensional space. For this reason, we replace the absolute value function in Eq. (3.3) with the

square of the expression of 67 — o7

7, as it is obtained as follows,

£ ) = (a7 = a?)°

) 2
_ 1 (E)Z _(ms +2m Yieq Nymy B Y, Nymy (3.15)
K Si Sj s Si2 S_Z '

j
To find the smallest non-zero difference between variances of two different assignments, it is

enough to investigate f (i, j) = 0. It is important to mention that for any distribution, the difference
between variances of two different scenarios depends only on the i*" and j* computing units, we

note that the value of « is not trivial, i.e. non-zero and 67 # 0]-2. On the other hand, it is noticeable

2 o . . 2 . .
that (O’iz — ajz) > 0. Therefore it is enough to investigate (al-z — ajz) = 0, this expression

derives an important property of the minimum points (the variables N;;, Njy,..., Nig, and Njq,

: . . : 2
Nj,,..., Nj¢ are linearly dependent), i.e. the minimum places of the function f = (aiz — ajz) are

situated in a hyperplane.

In the general case, to determine the desired «, it is needed to fulfill a number of restrictions
determined by choosing the suitable range of Njq, Nj3,..., Nig, and Njq, Nj,,..., Njs. The function
f1s continuous, however, from the RDM point of view N;q, Nj3,..., Nig, and Nj;, Nj3,..., Njz must
be integer numbers. The first step is to assign integer numbers different than zero to all the
variables except Nj; (or Nj;), then compute the value of Ny; (or Nj;), here, at this stage, there are

two options whether the Nj; (or Nj;) value is an integer or not.

®,

% 1%t case: if N;; (or Nj) is an integer

The minimum distance between the variances of two scenarios a equals zero and the values
of N1, Nja,..., Nijg, and Nj;, Nj,..., Nj; are not appropriate solutions for a, so, in this case, the
value of Ny; (or Nj;) can be modified, by increasing or decreasing one of them, i.e. assigning the
value of N;; + 1 or Nj — 1 to Ny, (or assigning the value of Nj; + 1 or N;; — 1 to N;;). The most

important thing is to choose only one assignment which results in the minimum value of «, let us

investigate the value of f when we assign the value N;; +1 or N;; — 1 to N;;, (or assigning the
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value of Nj; + 1 or Nj; — 1 to Nj;). Using the result stated in Eq. 3.12, let’s prove that for a given

taSkl =T, fNiT+1 = fNiT—l'

. . D . 2
In the case N;; is an integer where [ = r, and considering the claim (O'iz — ajz) = 0. The

>2

expression of fy, . is given as follows,

1[ma2 [(mg)° Yier Namy  (Nyp + Dm,. X7, Nymy
o (- B ez

2 2
K Si S]' Si Si Sj

- 2
1[/ms\2 mg ? Z?—1 Nym; m, E?=1 Njmy
o= (=) (= 2 = STt L 3.16
fN1r+1 (K -( Sl ) <S] ) + ms SLZ + Slz S]Z ( )
B (1 2msmr>2
B K Siz '

On the other hand, one can verify that fy. _ can be expressed as

- ) )
fNir—1 = (l (E)Z _ <ﬁ> +2m, <Z?¢r I\ZIilml n (N; — Dm,. 3 Zl=1leml>

2 2
K|\s; Sj S; S; S;

)2

_ 2
[ 1[ms z ms ’ Yig Ngmy m, Y, N;my
o=\ 7 \5) 75 ) P\ T e
i J 3 3 J
] (3.17)
B ( 1 ZmSmr>2
B K Siz
_ (1 ZmSmr>2
B K Siz
Based on the result of Eq. (3.16) and Eq. (3.17), we conclude that,
fNier = iy (3.18)

Eq. (3.18) states that the cross-section of the hyperplane is symmetric on the minimum places

2, . .
of (67 — 07)" in 2G dimensional space.
% 2" case: if N (or N j1) is not an integer
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Since f'is a monotonous function, so, the nearest integer can be assigned to Ny; (or Nj), in

this case, the parameter a does not equal zero.

To illustrate the location of the solutions of the (al-z - ajz)z = 0, in case of handling only one

task type generator. A simulation example is built to determine the location of the minimum places
of a. Let’s consider the following parameters, one task type generator is assumed, the memory

requirement of the task is denoted by m, in this case, the Eq. (3.15) will be rewritten as Eq. (3.19),

2
) : (3.19)

where N; and N; are the number of tasks respectively in the i" unit and the j** unit. For the

a detailed demonstration is presented in Appendix,

m

(g)z (1+2N;) — <—>2 (1+2N))

. 2 . (1
min(o? — 0?)" = min (E 5

simulation environment, the following setup is taken into consideration, m = 1, s;2 = 10 and
sjz = 10, the range of N; and N; is between -30 and 30. As reported in Figure 3.4 and Figure 3.5

the solution of the minimum distance between two different scenarios is situated in a line, which

means that all the appropriate solutions are situated in the middle of the dark blue region, the area

s \ /

within the red border.

Figure 3.4: The shape of the function f with respect to N; and Nj, in case, setting up the following parameters

m=1,s;*=10,s;* = 10.
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D{:I.

Figure 3.5: The contour of the shape of the function fwith respect to N; and N; in case setting up the following
parameters m = 1,51-2 =10, sz = 10.

3.5 Computation complexity of the QEVSA

The QMSA is used as a computational infrastructure to reduce the computational complexity

for selecting the optimum deployment scenario, the computational complexity of the quantum
method of the entire system is O(logz(T)logf(\/E)), it depends on the computational
complexity of the QET function l0g23(\/3) and the BSA embedded in quantum algorithm

log,(T), where d refers to the total number of possible deployment scenarios such that the value

of d according to the proposed RDM system equals K.

Setting up the maximum number of steps 7 is strongly influenced by the value of the minimum

distance between variances of two scenarios «.

To set up the value of a, we need to compute all the distance values between variances of two
different scenarios, then selecting the minimum distance between variances of two scenarios a as
it is presented in Eq. (3.3). Here, the real problem lies in calculating properly the value a at every

new incoming task (which means that the value of a changes for every new incoming task). Thus,
the computational complexity of this operation is O (@) which is remarkably a challenging

computational problem. So, to not confuse the reader, we will denote this repeatedly computed
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value of @ by @4c¢yq1- Finding the value of @ .4y,4; requires determining the minimum distance for

any two different load distributions, mathematically expressed as @gceyar (i, j) = 1\511151| (o —oP)|.

Instead of calculating @441 for each incoming task, the alternative solution is to compute
only one time in advance the global non-zero minimum of @, denoted by @gopqi, 1.€. computing
the ag1opq; before starting the operation distribution of the system. In compliance with Eq. (3.14),
the expression of the value of @;,.,; is influenced only by the load of changed computing units.
Let’s consider that the number of theoretical capacity resources type denoted by Z, as it is
noticeable, in the almost of certain setup of computation of the different scenarios of 62, we obtain
an identical value of g?for the computing units which have identical theoretical capacities, this
means that computational complexity of « is closely related to the total number of theoretical

capacity type Z. Therefore, taking into consideration the number of task type generators G, the
computational complexity will be O (@), where K > G. Figure 3.6 summarizes the

difference between the computational complexity for computing & using the classical method and

the quantum one.

Unfortunately, there is a small drawback in the second method, if the value of « is fixed and
very small, the value of the maximum number of steps during the BSA could be larger, but it will

not increase significantly because we are using the logarithmic search.

Method 1 Method 2
For every "Before starting the operation
Task distribution of the system"
y
Finding the optimum Finding the \global optimum
a of
v
K(K-1) ZG(ZG 1)
0 ( 2 ) 0 ( 2 )
% iocal = agiobal

Figure 3.6: A straightforward explanation of the computational complexity in finding a for both
methods, method 1 is the classical one and method 2 is the quantum one.
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3.6 Simulation

To show that the QMSA outperforms other searching methods, we considered the randomized
algorithm as a reference method. The aim is to compare the performance of the QEVSA with the
randomized method. A simulation environment of Optimizer + Distributor was constructed. The
model of a resource distribution system contains three processing units with different theoretical

capacities, they have respectively the following capacities:

% The first computing unit has 20 as theoretical capacity.
% The second computing unit has 40 as theoretical capacity.

¢ The third computing unit has 60 as theoretical capacity.

Practical systems contain significantly more computing units, however, to observe trends and
effects it is worthwhile investigating a small-scale model first. Furthermore, two task generator
blocks are present in the system. The tasks are considered to have exponential arrival times. An
Optimizer + Distributor block is considered to be a decision-maker. The length of task generation
is fixed and it is equal to 20. In addition, all computing units have identical processing rate. The

memory requirement and the service time of each task type are given by the following Table 3.1.

Table 3.1: Task type characteristics: service time and memory requirement.

Task type 1 Task type 2
Memory requirement 3 2
Service time 1.2 0.9

The simulation is repeated for different task intensity distributions (In the proposed study, the
exponential intensity distribution is considered). Table 3.2 presents the number of generated tasks

for each intensity distribution.

Table 3.2: The number of generated tasks in each intensity distribution (length of time generation is 20).

Mean = 0.5 Mean = 0.4 Mean =0.3

Number of tasks 26 39 57
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Moreover, the simulation environment does not take into account the case where the system

is overload such that the load of the system can reach approximately 90%.

For each two different intensity distributions, the simulation is repeated 10 times, then the
average relative load and the variance of the relative load for both algorithms are calculated i.e.

the optimized and randomized methods.

As it is shown in Figure 3.7. (b) and Figure 3.8. (b), comparing the performance of the two
distribution strategies, we sum up that although the changes in the average relative load, the
variance of the proposed quantum solution remained approximately linear and tends to zero. This
means that the quantum system conserves the distribution uniformity, while the variance of the
reference (randomized) system follows the changes of the average relative load and diverges

significantly from zero.

According to Figure 3.7. (a) and Figure 3.8. (a), the average relative load of the different
methods remains approximately similar independently with the intensity of the exponential
distribution of the arrival time of tasks. Furthermore, it is noticeable that when the intensity
distribution of tasks increases, the randomized strategy diverges completely and fluctuates
dramatically, while the optimized strategy keeps and conserves the load uniformity of the system.

These results are illustrated in Figure 3.7. (b) and Figure 3.8. (b).

Last but not least, these simulation results assert that the quantum approach guarantees an
efficient uniformity deployment of the system for any type of intensity distribution and low

computational complexity.
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Figure 3.7: (a) The average relative load of the optimized strategy (red) and the randomized one (blue). (b) The variance of
the relative load of the optimized strategy (red) and the randomized one (blue). In case the mean (intensity) of the exponential
distribution of the arrival time of task type 1 is 0.3 and task type 2 is 0.4.
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Figure 3. 8: (a) The average relative load of the optimized strategy (red) and the randomized one (blue). (b) The variance of
the relative load of the optimized strategy (red) and the randomized one (blue). In case the mean (intensity) of the exponential
distribution of the arrival time of task type 1 is 0.3 and task type 2 is 0.5.
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3.7 Conclusion

A generalized model for the RDM system while considering multiple task types has been built.
Following that, we showed how the QEVSA can be applied, as a computational infrastructure for
RDM. Next, we configured the stochastic parameter 7 of the quantum strategy by taking into

account the restrictions of the proposed RDM for multi-tasks.

Additionally, we showed that the computational complexity of the proposed quantum method
can provide a significant reduction in the term of computational complexity and a high level of

accuracy.

Finally, the gain of the quantum algorithm against the randomized reference has been
demonstrated, this is done by extensive simulations which showed that whatever the intensity
distribution, the quantum approach guarantees uniform distribution of tasks as well as a reduction

in computational complexity.
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4 Quantum  optimization algorithms  of
resource distribution management for multi-

tasks, multi-subtasks

With the significant growth and consumption of services provided. It is often difficult to predict
the impact of the behaviour of a large amount of resources connected to a specific central of
treatment. At the present, although the huge proposed combinatorial methods and evolutionary
algorithms to overcome the planning task problem and choosing the best scheduling infrastructure

of resource distribution management still present a bottleneck.

4.1 Introduction

For a fixed memory requirement, i.e. the contracted capacity amount used for the task, any
available capacity left unreserved cannot be reused by other tasks. Maximizing and improving
resource utilization requires using the multi-subtasks paradigm, i.e. any task consists of several

subtasks. For this purpose, we extended our previous RDM model discussed in Chapter 3.

The rest of this chapter is organized as follows. Section 4.2 describes the proposed RDM
model for multi-tasks, multi-subtasks. Section 4.3 studies the implementation and configuration of
the QEVSA in the extended version of the RDM system. Section 4.4 investigates the
computational complexity of the QEVSA in the case of handling multi-tasks and multi-subtasks
case. Finally, Section 4.5 validates the efficiency of the QEVSA by using simulation results, and

Section 4.6 concludes the chapter.

4.2 Description of RDM system for multi-tasks, multi-subtask

Let’s consider multiple task generators, each of them releases a task type, each task type [ is made
of several subtasks selected from a set of subtask types, where the total number of different subtask
types is W. The memory requirement for the subtask type v is A,,. Figure 4.1 represents the new

RDM structure for multi-tasks, multi-subtasks.
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Figure 4.1: Resource distribution management model for multi-tasks, multi-subtasks case

4.3 Implementation and configuration of the QEVSA in RDM for multi-
tasks, multi-subtasks

Similarly, to what has been discussed in Section 3.3, the QMSA algorithm will be adopted as a

computational infrastructure for the new extended RDM model described above in Section 4.2.
As already mentioned, to fully exploit the potential of the QMSA, it is necessary to configure

properly the parameters of the quantum method according to the characteristics of the RDM model.
As aforementioned, the parameter 7 depends on Ag? as presented in Eq. (3.2). The possible

region of the variance is bounded by 0 and 1. Also, the parameter 7 depends on a, one writes
@ = min |02 —02| 4.1
Vi,Vj Vj Vj ’ ( . )
where V; and V; referred to two different assignment scenarios. For the sake of the minimum

distance between variances of two scenarios a4, SO, it is necessary to find a suitable expression

of (aﬁi — aﬁj).
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Let xx, by, and b be respectively the total load, the relative load, and relative load average of
the k™ computing unit before receiving the new subtask types, as it is shown respectively in Eq.

(4.2), Eq. (4.3) and Eq. (4.4),

14
Xk = Z Nl?v A, , (4.2)
v=1

where NP, refers to the number of subtask type v in the & computing unit before deploying the

new incoming task,

X
by = =%, 4.3)
Sk
1 K
b=~ Z by (4.4)
k=1

The problem resides in formulating a general expression of the minimum distance between

variances of two scenarios (051_ - 05}.), i.e. for a given distribution scenario that fits to assigning

only one subtask to a given computing unit. For this purpose, we considered that the load status of
the computing units before and after the task deployment are given respectively by V? (Eq. (4.5))
and V® matrices, where the rows represent the computing units and the columns denote the
subtasks type. To find the expression of the minimum variance between two different scenarios,
the load of the new subtasks type should be taken into account, let’s denote the set of computing
units receiving the new subtasks by S.j, and the remaining set of computing units by S,,,,, such that
Sen U Sun = Sy. For the sake of a simple notation that describes all the possible deployment
scenarios of the new incoming task, i.e. the new subtasks. Let V; (¥ is bold because it is a matrix,
i 1s not bold, because it is an index) be the matrix which denotes the possible distribution scenario
i, its rows represent the computing units and the columns denote the subtask types as it is expressed

in Eq. (4.6),
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vi=| o T (4.5)
_N;bﬁ Né(W—
NY le’wl,'

V= Lo (4.6)

The relation between the load status of the computing units before and after assigning the new
incoming task to computing units is V? + V; = V%,

The relative load of the set of computing units receiving the new subtasks S, is denoted by

b;(/;sch and the relative load of the remaining computing units byeg, , the b,'c/ésch and byeg, . are

expressed as follows

{b%ésch = byes,, + PVl (4.7)
bkesun = by

Where byes,, is the relative load of the set of computing units that are subject to receive the new

subtasks (it refers to relative load without the new incoming task). Taking into consideration the

new deployment subtasks, the average of the relative load of the RDM model is expressed by Eq.
(4.8), note that P = [i i] refers to the theoretical capacity row vector and A=

[A; ... Ay]!isthe memory requirement of the subtask type (column vector), the symbol # refers

to the transpose symbol.

K

g 1

by, = E;Z b+ PViA. (4.8)
=1

The variance of the relative load of the new deployment scenario is given as follows,
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K
1 — \2
ot = = (b, =B (4.9)
k=1

In the end, we end up with the corresponding formula, which is expressed as follows,

i\ 2 i\ 2
az_az:lz Ly Ni = IV Niy
Vi Vj K . Sk . Sk
kesY, kesY!
(4.10)
w i w j
WNVL WNVJ “
+2 Z NI?v Zv 2kv _ Z ng] Zv Zkv )
- Sk - Sk |
v=1 v=1

kesY} kesY] J
J N,K,; and N,% are respectively the number of subtask type v in the K computing unit after
deploying the new incoming task according to scenarios V; and V;.
e S !,i and S Z,{ are respectively the set of computing units receiving the new subtasks of scenario
Viand V;.
The value of a denotes the smallest distance between two different scenarios among all the
possible scenarios in a database. The a is illustrated in Figure 4.2.
It is important to mention that for any distribution, the difference between variances of two
different scenarios depends only on the set of the computing units S, that have been assigned a
workload, not on all computing units.

2
To find the minimum places of a, it is enough to investigate (a‘fi — a&}.) = 0, this

expression derives an important property of the minimum points (i.e., the variables NP, v €

{1, ..., W} are linearly dependent), in compliance with this result we conclude that the minimum

2
places of the function (aﬁi - 0'1;].) are situated in a hyperplane.
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Figure 4.2: The horizontal axis presents all the possible deployment scenarios, while the vertical axis presents the borders of
the variance function (different results), each possible scenario corresponds to a variance value. Computing the value of «
requires selecting the minimum distance between variances of two deployment scenarios V; and V;.

In the general case, to determine the desired a, it is needed to fulfill a certain number of

restrictions determined by choosing the suitable range of the variables N2, v € {1, ..., W}. The
function (oﬁi — oﬁj) is continuous, however, from RDM point of view the variables N,?v, vV E

{1, ..., W} must be integers. The first step is to assign an integer number different than zero to all

the variables except one value, which corresponds to the subtask v = r, this value could be N7, /

k € SY, (or k € SY)), then computing the value of N2 / k € S¥, (or k € S%), that corresponds

to the remaining variables, here, at this stage, we have two options whether the value of N2. / k €

Sg,i (or k € SX,Z) 1s an integer or not.
< 1% case:if N2 /R € SZ,; (or RE Sg,i) 1s an integer

The minimum distance between the variances of two scenarios a equals zero and the values of the

variables NP, v € {1, ..., W} are not appropriate solutions for @, so, in this case, we can modify

Nb /k e Sg,i (or RE ngf ), by increasing or decreasing N7, and assigning the value of NP, + 1
b _ b vi S b b _ b vi

or N, — 1 to Ny, / k € S, (or assigning the value of N, + 1 or Ni,. — 1 to Ny / k € S¢).

The most important thing is to choose only one assignment which results in the minimum

2
value of a, let us investigate the value of f = (0"31, - 0"3],) when we assign the value of NP, + 1
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or N2. —1 to NP., (or assigning the value of N?. + 1 or N>. —1to NP/ k € SX,{), following

the same strategy adopted in Chapter 3 for proving Eq. 3.16. One obtains the following equality,
fN,’QT+1 = fN,Er—l' (4.11)
The above expression states that the cross-section of the hyperplane is symmetric on the

2
minimum places of (a‘?i — aﬁj) in its dimensional space.
) i js . )
% 2™ case: if N2 /k €SV, (or R € SY))is not an integer
kr ch ch

2
The function (oﬁi — aﬁj) has monotonous nature, consequently, the solution is to assign to N2, /

k € SY, (or k € SY)) the nearest integer, in this case, a does not equal zero.

4.4 Computational complexity of the QEVSA

As previously presented, in order to reach a load balance, we have exploited the QMSA as a

computational infrastructure for the RDM. Furthermore, we have proven that the computational

complexity of the implemented QEVSA is O(logz(T)logzg(\/H)), it depends on the

computational complexity of the QET function lo g23 (\/H) and the BSA of the quantum algorithm

log,(T), where d refers to the total number of possible deployment scenarios.

The computational complexity analysis is divided into two main parts,

It 1s interesting to note that Section 4.4.1. is devoted to estimating the search space d. While

Section 4.4.2 investigates the computational complexity of determining the parameter 7.
4.4.1 Estimation of the search space d

Let us assume that the new task under decision has arrived from generator g. This task
contains M, identical subtasks from type v and we need to select Mg, pieces of computing units

from the overall K where repetition is allowed, i.e. a certain computing unit can be chosen more

than once. One can verify that the number of such possible different sets can be written as
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(K + Mg, — 1)

My,

(4.12)

Considering all the subtask types, one gets

d= H (K * Mg” B 1). 4.13)

Now, we are ready to investigate the computational complexity of the lower and upper bounds

of the size of search space d. It is easy to show that

<K+Mgv—1>_(K+Mg,,—1)!

Mgy C(K-D'M
(4.14)
_ (K—1+Mg,)!
C(K-D'M

Assuming that K > M,

gv- it is interesting to note that by using formula Eq. (4.14), one can

verify that it can be expressed in the following manner

Mgy—1

K(K+1)-(K+2) (K =1+ Mg,) 1_[1(+l
1-2- .- My, My, L
(4.15)
Mgy—1

~m; L[ (G+1)
Mg, 11\

Now we are in a position to give the upper bound for Eq. (4.12). Using Eq. (4.15), one can

confirm that

Mg,, 1 "
H ( ) KTer (4.16)
My, 1 mmM
i=1

Using Eq. (4.16) and Eq. (4.13) the upper bound of the size of the search space d can be
expressed as
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K+ M., —1 KMo\
1_[ ( v ) <2 4.17)
Mgv mvm Mgv

v=1
Next, we are interested in a close lower bound for Eq. (4.13). It is easy to verify that

LK+ M, —1 KMo 1\
9 ) > = KMo 4.1
1—[( Mg, ( )W <m3x My, !) (4.18)

v=1 max Mgy, !

where, My = Y724 Mg,

The lower bound expressed in Eq. (4.18) shows that the computational complexity of finding
the optimal solution within the database is polynomial in terms of the numbers of computing units
K but exponential in terms of Mg, i.e. if the number of subtask type W becomes large, the
computational complexity rises dramatically. For this sake, performing a classical optimization
method to find the optimum result will be time-consuming and hard to solve. So, our proposed

QEVSA is the best candidate to handle such a task assignment optimization problem.

4.4.2 Computational complexity of calculating a

The real problem in computing 7 lies in calculating properly the value of a at every incoming task
(which means that the value of a changes for every new coming task), so, to not confuse the reader
we will denote this repeatedly computed value of a by a@yc¢yq- Finding the value of a,ctyar
requires determining the minimum distance for any two different load distributions,

mathematically expressed as @,ctyar (Vi, V]) = Vrr‘}ir‘} |a§i - a§j|. The computational complexity
Vi

d(d-1)

for finding @y cpyqr 15 O ( ), in the worst case, d = c9t, where g is the number of subtasks of

the incoming task which is generated from type /, it is noticeable that computing the value of

Qactuar 1S computationally hard.

Instead of calculating a,.;,4; for each incoming task, the alternative solution is to compute in

advance the global non-zero minimum of a, denoted by a4;0pq;, before starting the operation of

the system, such that ag;,pq = rrilinj alocal(Séh,S gh), where a;,.q; means minimization over
SCh‘Sch
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all possible load configurations of changed unit sets S, and S th belonging to the distributions V;
and V;. Because a certainly changed unit set fits many distributions, it is enough to define the
previous formula with 7 and j. The expression of the value of a;,.4; is influenced only by a load of
changed computing units, as expressed in Eq. (4.10), while the unchanged computing units have

no effects on aycq;.

Investigating all unit set pairs to calculate @g;opq;, We need to compute all @;.; Which are
related to unit sets, assuming that the number of computing unit types is 8, taking advantage of the
previous statement of @g;,pq;, We conclude that the number of possible distributions d” is less or

equal than @9max where gpq 1S the number of arrival subtasks, which means that the
. . . . d'@d'- . . C e
computational complexity at this stage is O (%), this computation complexity is significantly

less than the computation complexity of @;,.4;, the disadvantage of this minimization will create
an increase in the maximum number of steps, but the quantum approach can handle the logarithm
complexity of a large number of scale values because it will not increase significantly the

complexity of the system.
4.5 Simulation results

The simulation environment hosts two task-type generators. We consider three subtask types
and two decision-makers, the first one is dedicated to the optimized strategy and the second one is
devoted to the randomized method. The description of the simulation environment is presented in
Figure 4.3. The time slot for the generation of tasks is 10. The memory size of the subtask types
is presented in Table 4.1. The number of subtask types in each task type is described in Table 4.2,

while the characteristics of the computing units are presented in Table 4.3.

Table 4.1: The memory size of subtask types.

Number of subtask type 1 Number of subtask type 2 Number of subtask type 3

Memory 3 2 4
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Table 4 2: The number of subtask types in each task type.

Number of subtask type 1 Number of subtask type 2 Number of subtask type 3
Task type 1 | | 0
Task type 2 0 | 1

Table 4.3: Characteristics of computing units.

Computing unit 1 Computing unit 2 Computing unit 3

Sk 20 40 60

We have constructed an experiment where the mean values of the exponential intensity
distribution of each task generator are respectively 0.09 and 0.1, and the total number of generated

tasks in each exponential intensity distribution are respectively 92 and 107.

According to Figures 4.4 and 4.5, It is noticeable that although the changes of the average
relative load, the variance of the relative load of the optimized strategy tends to zero while the
variance of the relative load of the randomized method fluctuates and diverges from zero. To sum
up, the optimized strategy provides better results in terms of reaching the best uniformity

distribution while the randomized one does not.
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Figure 4.3: Simulation environment of multi-tasks, multi-subtasks
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Figure 4.4: (a) The average relative load of the optimized strategy (red) and the randomized one (blue). (b) The variance of
the relative load of the optimized strategy (red) and the randomized one (blue). In case the mean (intensity) of the exponential
distribution of the arrival time of task type 1 is 0.1 and task type 2 is 0.09.
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Figure 4.5: (a) The average relative load of the optimized strategy (red) and the randomized one (blue). (b) The variance of
the relative load of the optimized strategy (red) and the randomized one (blue). In case the mean (intensity) of the exponential
distribution of the arrival time of task type 1 is 0.2 and task type 2 is 0.1.
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4.6 Conclusion

In this Chapter, we extended the RDM model described in Chapter 3, to multi-tasks, multi-subtasks
case. Next, a measurement metric (the variance of the relative load) has been chosen to test the
efficiency of the QEVSA. The set up of the stochastic parameter 7 of the QEVSA has been
investigated. We showed that the value of 7' depends only on the set of computing units S, that

have been assigned a workload, not on all computing units.

The total number of possible deployment scenarios for handling the multi-tasks, multi-
subtasks case has been estimated and we proved that the proposed assignment problem cannot be
solved through classical optimization methods, because the computational complexity of finding
the optimal solution within the database is polynomial in terms of the numbers of the computing

units but exponential in terms of the numbers of subtasks.

Simulation results showed that the optimized strategy provides better results in terms of

reaching the best uniformity distribution while the randomized one does not.
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5 Constrained Quantum Optimization Based

Resource Distribution Management for

Multi-Tasks, Multi-Subtasks

As it is known, reducing energy consumption and improving resource utilization by taking into
account the constraints arising from the resource distribution management system is regarded as
one of the central interests of the information technology sector. In order to support the goals of

the quality of service and decision-making process, new computing methods must be implemented.

5.1 Introduction

In this Chapter, the problem of RDM is formulated as a constrained optimization problem.
The energy consumption with respect to delay constraint of the RDM system, where the multi-
tasks, multi-subtasks case is considered as a toy example for pointing out the efficiency and the

strength of the proposed CQOA.

This chapter is organized as follows. Section 5.2 introduces an extension of the RDM system,
as well as the problem formulation. Section 5.3 describes the implementation and configuration of
the CQOA according to the new extended version of RDM. Section 5.4 discusses the
computational complexity of the applied constrained quantum strategy. Section 5.5 concludes the
paper by simulation results, where a comparison between the proposed constrained optimized

method and the constrained randomized one is investigated, and Section 5.6 is a conclusion.

5.2 Description of the RDM system for multi-tasks, multi-subtasks in case of

optimizing a constrained goal function

The goal is to reduce the energy consumption of computing units by taking into account the delay
constraint of the tasks. We considered the RDM for multi-tasks, multi-subtasks presented in Figure

4.1.
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Let’s define the extended version of the RDM model for multi-tasks, multi-subtasks. Each

generated task type g has to obey a specific delay constraint denoted by 74, i.e. all the subtasks of

the task have to be served within this delay constraint.

The decision-maker deploys the subtasks of the incoming task to different computing units.
Assuming that the subtasks of the incoming tasks are processed sequentially. Figure 5.1 illustrates
the processing mechanism of subtasks in the k® computing unit, where subtasks arrive in a FIFO
manner, i.e. when a task arrives in the decision-maker, it decides instantly whether the task
(consisting of subtasks) can be accepted and deployed to any of the computing units or not
(rejected). The delay needed to process the actual load in the k" computing unit (considering the

act

task under the decision, too) denoted by 7", it has to be always less or equal than the delay

constraint of the incoming task type, i.e. T2 < 74. The green hatched subtask is the subtask

belonging to the new incoming task deployed into the k* computing unit (see Figure 5.1). This
decision method guarantees that the delay constraint of tasks that are running on the k** computing

unit does not influence the fulfillment of delay constraint of the new incoming task and vice versa.

New incoming subtask with delay constraint T, Served subtask

l

Computing unit k

act |
T, < T,

Figure 5.1: Scheme illustrating the sequential processing operation of different subtasks in the k'™ computing unit.

Now, let’s investigate the calculation of the total energy consumed by the RDM. We consider

that the initial power needed to turn on the computing unit & is denoted by Pi™*.

As we already mentioned, a subtask is composed of a specified number of identical memory

pieces called memory units. The time needed to process a subtask type v on the computing unit £ is
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A, /By 1t is interesting to note that the processing delay of the actual load on the k** computing

unit can be calculated as,

w
act __ Zv:l NkvAv
Ty =——F
B

(5.1)

Assuming that T2 < 74 and the processing of the subtasks is performed sequentially as

illustrated in Figure 5.1, the energy required to process the subtasks on computing unit & is given

by Eq. (5.2), where ¢ is the energy consumption of one memory unit on computing unit .
init

w w
act init__act Pk
E, = gkszvAv + Pt =&t —— ZNkvAw (5.2)
- B ] &
v=1 v=1
R/

% & YW N,,A,: The energy needed to serve the subtasks under process on the computing

unit £ without considering the energy required to turn on the computing unit .

o pinitgact : The energy needed to turn on the computing unit & in a period that is
k Tk gy p g p

equal to T2 (the energy of tasks is not considered).

It is straightforward to verify that the overall energy consumption of the system can be written

as,
K
pact — Z E;{ILCL‘
k=1
(5.3)
K pinit W
= Z <€k + B > NkUAv'
k=1 k lkenon/ ;53

Pinit
Where the term ’;

is considered if and only if the k" computing unit is switched on (The set H™
k

of the switched-on computing units). Our goal is to minimize the overall energy consumption E%<t,

one obtains
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E%t = V"gliigsEaCt(Si) and Vk € S;: Tt < 7 (5.4)
with S denotes the sets of different possible distributions of the subtasks of the incoming task
among all computing units and S; refers to the i*" distribution/deployment scenario of S, i.e. the

it specific set of computing units S; = {k}.

The next section will be devoted to explaining the implementation and configuration of the

CQOA in the proposed RDM model.

5.3 Implementation and configuration of the CQOA

To select the best and the optimum deployment scenario, we apply the CQOA as a minimum
constrained searching algorithm (MCSA). To this end, the function F is substituted by E%¢, while
the constraint C corresponds to the delay constraint of the incoming task type i.e. 74, and the
implemented relation R is a “minimization”.

It is worth mentioning that it is enough to investigate the delay constraint of the new task,
because all former delay constraints will be met (Tasks are processed sequentially inside the
computing units.

The maximum number of steps needed to run the logarithm search T expressed Eq. (5.5)
depends on two parameters: the variation of the energy consumption of the system denoted by
AE = EZSt, — EZSE and the step size a which is the smallest distance between the energies of two
different scenarios among all the possible scenarios in the database. Figure 5.2 shows these
parameters.

act

Since the searching region is obviously AE = EZSE, — E2S | the stochastic parameter T can

be expressed as follows

t _pact
T = Emax “Emin (5.5)

a 2
where EZS can be replaced by the energy consumption of the system without the new incoming

task. We denote this energy value by E%¢ and one can observe that it does not depend on the

deployment of the incoming task, this implies that
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act Fact
_ Emax —E

T = Emax 5 (5.6)

a
A Value of Overall Energy Consumption
act

r maT I X

AE =

al T

act

. X
| | | | ! | | | |
1 | 1 1 i \ 1 T | D

5 St Different Deployment Scenarios

Figure 5. 2: The horizontal axis presents all the possible deployment scenarios, while the vertical axis presents the borders of
the total energy consumption function (different results), each possible scenario corresponds to total energy consumption.
Computing the value of a requires selecting the minimum distance between total energy consumption functions of two
deployment scenarios S; and S;.

An appropriate worst-case estimation for EfZSL. can be considered as

Bigh =B +1, ) P4 ERE, (5.7)

k ecHOFF

Where,

R/

< EI¢  denotes the energy consumption if the subtasks of the incoming task are
deployed onto that computing units having the largest &, i.e. the least energy-
efficient unit.

. init

Ty Xpenors PAMT is the total energy consumed by the set H®// of the switched-off

computing units because the switched-om computing units are already considered in

E"act

On the other hand, the value of a can be written as,

a = min|E*(S;) — E%°t(S;)], (5.8)

V%]
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where E%°t(S;) is the sum of the energy consumption of the system without the new task E %€t
and the energy consumption of the incoming task with assuming that it was distributed according

to Zi’

ECt(S;) = E* + E™C(Zy), (5.9)

where Z; refers to the i*" set of those computing units which receive one or more subtasks of the
new incoming task. It is straightforward to verify if one substitutes Eq. (5.9) into Eq. (5.8), one
obtains

a = min|E"(Z) — E™(Z;)], (5.10)

Vi#j

Let M,,,; be the number of subtasks of the incoming task from subtask type v deployed onto

computing unit k in case of the i*" deployment scenario. The formula of E™¢(Z;) can be expressed
now by means of Eq. (5.3) as

Pim’t

E™(Z) = Yz, (sk + =

Br

)211/7[;1 MkviAw (5-11)
keH"

init
Where this term P; is considered if and only if the k" computing unit is switched on. To set up
k

properly the stochastic parameter «, it is enough to investigate the non-zero solutions of

. , 2
(E me(z,) —E ”‘C(Zj) ) = 0, the solutions are located on a hyper-plane, this result is already

discussed in Chapters 3 and 4.

5.4 The computational complexity of the CQOA

As previously presented, in order to minimize the constrained overall energy consumption,
we have exploited the CMSA as a computational infrastructure for the RDMS. Furthermore, we

have proven that the computational complexity of the implemented CQOA is

0 (logz(T)logz?’(\/a)), it depends on the computational complexity of the CQRT function

logzg(\/a) and the BSA log,(T), where d refers to the total number of possible deployment

scenarios.

The computational complexity analysis is divided into two main parts,
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¢ The size of the search space d which refers to the total number of possible deployment
scenarios, the procedure of calculating the value of d is similar to what has been
shown in Section 4.4.1. To that end, the value of d can be calculated as expressed in
Eq. (4.13), and the lower bound of d is presented in Eq. (4.18). Therefore, the
computational complexity of finding the optimal solution within the database is
polynomial in terms of the numbers of computing unit K but exponential in terms of
Mg,. We confirm that the size of the search space d for the proposed constrained
optimization assignment problem is similar to the previous unconstrained
optimization case. Thus the constrained classical optimization algorithms cannot

handle this kind of constrained optimization problem.

¢ The value of T roughly depends on the value of the stochastic parameter a. As already
discussed in Section 4.4.2, computing repeatedly the value of a poses a real
challenge. For this sake, we proposed an alternative solution that consists of setting
up the T value in advance before starting the assignment operation, in this case, the
computational complexity of determining parameter « of the BSA will be O(1). More

details on how to configure the stochastic parameter 7 are presented in Section 4.4.2.

5.5 Simulation results

To demonstrate the efficiency of the proposed CQOA, a simulation environment has been
constructed, in which a constrained randomized method was considered as a reference for
comparison with the proposed constrained optimization method. In the best case, the
computational complexity of the constrained randomized method is O(const), and in the worst
case, it is O(d). It is interesting to note that this simulation aims to compare the performance of
both methods in terms of computational complexity and the overall energy consumption with

respect to the delay constraint.

The simulation of the RDMS hosts three computing units, the characteristics of computing
units are presented in Table 5.1, we considered three computing units where they have an identical

processing rate of 40. From a practical point of view, the RDMS contains significantly more
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computing units, however, to observe the trends and effects it is worthwhile investigating a small-

scale model.

Also, we considered two task type generators such that tasks are generated exponentially,
where one of the task types has a high-intensity distribution (the mean value of intensity
distribution is smaller) compared to the other one. Furthermore, we considered two subtask type,
their memory requirements are respectively A;= 2 and A,= 4. Table 5.2 presents the number of
subtask types, total memory required, and the delay constraint of each task type. While table 5.3
shows the total number of tasks released for each intensity distribution. It is important to mention

that the timeslot of task generation is 20 seconds.

Table 5.1: Characteristics of computing units.

Computing Unit 1 Computing Unit 2 Computing Unit 3
Cr 40 80 120
pinit 20 25 30
& 1 2 3

Table 5.2: The characteristics of the generated task types.

Number of Subtask Number of Subtask Delay
Memory
type 1 type 2 constraint
Task type 1 40 80 120 1.4
Task type 2 20 25 30 1.2

Table 5.3: The number of tasks released for each intensity distribution

Mean = 0.4 Mean = 0.3 Mean = 0.2 Mean = 0.1

Number of
39 57 91 203
tasks

It is interesting to note that the decision-maker checks first the capacity constraint, i.e. if there

is free space in the system for allocating the new task. Then, it checks the delay constraint. Also,
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it is very important to mention that we did not deal with the case where the system is overloaded,

i.e. we did not investigate the queueing behavior of the system.

For each two task types that have different intensity distributions, we repeat the simulation 10

times, then we calculate the average overall energy consumed for each algorithm.

Figure 5.3 compares the total energy consumed by the randomized and optimized methods for
different exponential intensity distributions. It can be seen that for every experiment, the
constrained optimized strategy consumes less energy than the constrained randomized one.
Additionally, one can notice that when the intensity distribution of arrival tasks increases, i.e. when
the mean value of exponential distribution becomes smaller, the optimized strategy keeps

consuming lower than the randomized one.

Figure 5.4 shows the percentages of the overall energy consumption reduction of the three
aforementioned experiments. For example, in the first experiment where the two task type
generators have respectively 0.4 and 0.3 as means (the mean value of exponential distribution), the
energy consumption of the optimized method is less than the randomized one by approximately

43.85 %.

As it is shown, in the worst case the constrained randomized algorithm uses d steps, but it
cannot find the optimum deployment scenarios which correspond to the minimum total energy

consumption of the RDMS. While the computational complexity of the constrained optimized

strategy is O (logz (Dlog,* (\/E))

To sum up, we see that whatever the distribution intensity is, the constrained optimized
approach offers a significant reduction in terms of energy consumption and computational

complexity.
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Figure 5.3: Energy consumption of the Optimized (Blue bars) and the randomized (Red bars) strategies according to different
intensity distributions.
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Figure 5.4: Energy consumption reduction.
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5.6 Conclusion

In this Chapter, I exploited the CQOA to minimize the constraint goal function (The total
energy consumption) of the RDMS. We derived a simplified form of the constraint goal function,
and we investigated the implementation and the configuration of the proposed constrained
quantum strategy. Next, we proved that the computational complexity of finding the optimal
solution within the database is polynomial in terms of the numbers of the computing units but
exponential in terms of the number of subtasks. Fortunately, the proposed CQOA can handle such
kind of optimization problem exponentially faster. In the end, we demonstrated by a simulation
environment the effectiveness of the CQOA in terms of energy consumption and computational
complexity by making a comparison between the constrained randomized strategy and the
constrained quantum one, where I proved that whatever the distribution intensity is, the optimized
approach offers the best performance and can significantly reduce the energy consumption of

computing units.
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6 Constrained Quantum Optimization Based
Resource Distribution Management with

Considering Queueing Scenarios.

As it is known, the length of the waiting queue and quality of service are two aspects that are
linked, this is the reason why optimizing and improving the queueing system process still a key
focus in several application domains. For this sake, it turns out that the queueing behavior demands

more computational power than the normal deployment system.

6.1 Introduction

In the present Chapter, we extend the result presented in Chapter 5, we implement the CQOA
in the RDM model where the queueing scenarios of RDM of multi-task, multi-subtask are

considered.

The rest of this chapter is organized as follows. Section 6.2 introduces the RDMS with
considering queuing scenarios and the problem statement. Section 6.3 investigates the
implementation and configuration of the CQOA in the new RDM system. Section 6.4 studies the
computational complexity of selecting the optimal distribution scenario that corresponds to the
minimum energy consumption. Section 6.5 shows the efficiency of the CQOA by constructing a

simulation environment. Section 6.6 concludes the Chapter.

6.2 Description of RDM system with considering queueing scenarios

This subsection presents the RDM by considering one shared queue among computing units
(see Figure 6.1), as well as, introduces the problem of minimizing the overall energy consumption

with respect to the delay constraint of the incoming tasks.

We consider the previous RDM model described in Chapter 5.2.
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Figure 6.1: Resource distribution management system with a shared waiting queue

Let us assume that we have one free access waiting queue shared among computing units, i.e.
the tasks in the waiting queue can be deployed in different manners without respecting the order
of their arrival, where the queue has no energy consumption. Let O denote the length of the queue

in the memory unit and g the actual number of tasks in the waiting queue including the new task.

Also, assuming that the total generated tasks from different generators is D, they are organized

according to their arrival time from 1 to D such that D € N.

It is important to note that the i*" incoming task released from generator g requires to process

its subtasks within a delay constraint 7. To this end, Eq. (5.2) is transformed to

w
act __ Zv:l NkvAv

== (6.1)

It is interesting to emphasize that from queueing delay constraint point of view. There are two
main optimization delay approaches, either we consider the actual processing delay plus the

waiting delay as one global delay constraint such that

88



Vk 6+t < 14 (6.2)

where 6; is the waiting delay of the i task in the free access waiting queue (coming from the
waiting queue). Or, we assume that there are two different delay constraints, the first one belongs
to the processing delay constraint of the incoming task type while the second one belongs to the

queueing delay constraint of the same incoming task type, such that

cht <7
vk {M =9 (6.3
{ 6, < 6, )

where 6, is the maximum time permitted for a given task type to stay in the waiting queue. In
the sequel, we assume that the proposed RDM follows the first constraint optimization delay

approach Eq. (6.2).

On the other hand, we always need to check the capacity constraint of the system first, then

we verify the delay constraint. The working mechanism of task deployment is defined as follows,

¢ If there is free space in the computing units and the delay constraint of the incoming task

is met, the subtasks derived from the incoming task are distributed to the optimum places.

s Ifthere is free space in computing units and the delay constraint of the incoming task is not

satisfied, the arrived task is rejected.

¢ If there is no free space in the computing unit, the incoming job is sent back to the free

access waiting queue.

It is interesting to emphasize that when there is a free capacity space in the system, and there
are tasks in the waiting queue, the selection of the next task is performed according to the task that
has the most priority to be deployed. Here, we consider the situation where the deployment priority
is given to the tasks which have the largest global delay, this delay is the sum of the waiting time

in the queue and the time required to serve the task.

If there is free capacity space in the computing units for the new i‘"

incoming task released
from generator g, then, it is enough to 8; = 0, while if the i*" task of generator g is coming from

the waiting queue and there is free capacity space in the system, then 6; # 0.
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The goal is to minimize the total energy consumption of the RDMS with respect to the delay
constraint of the incoming tasks. For this reason, we apply the CQOA as a computational method

for the decision-maker.

The optimized decision-maker chooses the optimum possible computing unit set which
satisfies the delay constraint and which corresponds to the minimum total energy consumption.
Assuming that there is free capacity space in the k" computing unit and the delay constraint holds.

The energy needed to serve the subtasks on computing unit k& is expressed as follows

E&E = J?}@ggEaCt(Si) andvVk €S;  6; + (i <14 (6.4)

6.3 Implementation, configuration, and computational complexity of the

CQOA with considering queueing scenarios

The CQOA is applied as an embedded computational tool in the decision-maker, where the
decision-maker selects the optimum distribution scenario that fits the minimum constrained overall
energy consumption of RDMS. Therefore, the CQOA is implemented as a constrained minimum
searching algorithm. The implemented relation R is less or equal (<) (see Table 2.1), while the
function F will be substituted by the overall energy consumption function E%¢, i.e. F = E%t, The

constraint C corresponds to the delay constraint of task type .

The computational complexity of the CQOA 1s O (logz (Tlo g23(\/a)). It depends on the
computational complexity of,

% The BSA embedded in the CQOA log,(T), where the configuration methodology of the
stochastic parameter 7 of the CQOA is similar to the one belonging to the QEVSA.

s The CQRT function lo g23(\/a), where d refers to the entry size of the database (search
space). Here, in the proposed studied case, the variable d refers to the overall possible

deployment scenarios for each new incoming task.

Estimating the search space d in the non-waiting queue case differs from the case where we

have tasks sent to the waiting queue. We already investigated the search space d of the non-waiting
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queue case in Chapter 4. This section is devoted to computing the computational complexity of d

considering the queueing behavior of tasks, i.e. tasks being sent to the waiting queue.

In this section, we study the computational complexity of the RDM, where we have only one
waiting queue connected to all the existing computing units. Furthermore, we investigate also the
computational complexity of the search space d of the system in case the type of queue is a FIFO
queue or free access waiting queue. In addition, we estimate the lower bound and the upper bound

of the search space d of the system.

6.3.1 Shared FIFO waiting queue in the system

Let’s compute the computational complexity of the search space d in case of considering a

shared FIFO waiting queue to all computing units and multi-task generators.

In the sequel, we assume that we have a FIFO queue (subtasks case is not considered, handling
only task types). Let ¢ be the actual number of tasks in the waiting queue including the new task,
where tasks are coming from different task generators g. The first task in the queue means the first
one which leaves the queue. We can deploy theoretically the 1% task to one of the K computing
units. Similarly, we can do the same with the 2™, etc. As it is noticeable when we deploy a certain
task we have to consider the actual state of the computing units. As it is noticeable when we deploy

a certain task we have to consider the actual state of the computing units.

In case the waiting queue is empty, the number of possible scenarios is K. While, in case the
waiting queue is not empty, we need to deploy the g tasks in K9 different ways. This K7 is the size

of the search space. In this case, one writes d = K9.

Now, let’s compute the computational complexity of the search space d in the case of
considering a shared FIFO waiting queue connected to all computing units, and multi-tasks, multi-

subtasks generators.

The expression in Eq. (4.13) presents the total possible number of deployment scenarios if the

FIFO waiting queue contains only one task. Now, if we consider that the waiting queue contains

K+ Mg, —1

M

g tasks, then the K different scenarios in K9 have to be replaced by []h-, (
gv

)as w¢e
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have earlier discussed in the multi-tasks case. To this end, the value of d in multi-tasks and the
multi-subtasks case can be written as
WK+ My, — 1\
d=<[]( e ». (6.6)
gv
v=1
Now, we are in a position to estimate the lower and the upper bounds of the search space d in
the case of the multi-tasks, multi-subtasks model, where the type of the waiting queue is FIFO

queue. Similarly as before (Chapter 4), one can easily verify that the lower and upper bounds can

be expressed respectively as

T K+M,—1 KMev \"
() <) e
Mgv mlnMgv
v
w.q
KMav
d2<—) . (6.8)
max Mg, !
v

6.3.2 Shared free access waiting queue in the system

Let’s compute the computational complexity of the search space d in case of considering a shared
free access waiting queue connected to all computing units and multi-task generators. In this case,
the ¢ tasks in the free access waiting queue can be permuted g! times. Hence, it is straightforward

to verify that the value of d becomes d = q! K1.

Let’s compute the computational complexity of the search space d in case of considering a

shared free access waiting queue with multi-tasks and multi-subtasks generators.

It is interesting to note that by using d = q! K9, the value of d in the case of considering a
shared free access waiting queue with multi-tasks and multi-subtasks generators can be represented

as
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q

q!(IwI(K:+£2:'_1)) . (6.12)

v=1

In a similar way as before, to estimate the lower and the upper bounds of the search space d in the
case of the multi-tasks, multi-subtasks system, where the type of the waiting queue is free access
queue one can easily verify the upper and lower bounds of Eq. (6.12) which are represented

respectively as follows

K+ M ! KMo "
(1_[ ( " )) =4 (minM > (6-13)
v=1 v gv
KMgv w.q
dzq(%&ﬁ@ﬁ) (6.14)
v

6.3.3 Analytical results

It 1s clearly shown from Eq. (6.7) FIFO waiting queue and multi-tasks, multi-subtasks that the
computational complexity of finding the optimal deployment scenario within the database is

polynomial in terms of the number of computing units K but exponential in terms of M, i.e. if

gv»

the number of subtask type W increases, the computational complexity augments significantly.

On the other hand, in case of free access waiting queue and multi-tasks, multi-subtasks, and
using Eq. (6.13), it is noticeable that the computational complexity of selecting the optimal
distribution scenario within the database is polynomial in terms of the numbers of computing unit

K and g but exponential in terms of Mg,

We sum up that the computing power needed to achieve the task deployment in case of waiting
queue is beyond the capacities of classical methods. To this end, applying a constrained classical
computation method to find the optimum distribution scenario that corresponds to the minimum

energy consumption will be time-consuming and hard to solve.
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The proposed implemented quantum strategy is relying on the CQRT derived from quantum
phase estimation which constitutes a fundamental dynamo of the proposed CQOA, where it allows

solving problems with an exponential speed-up.

6.4 Simulation Results

To demonstrate the efficiency of the proposed CQOA, a simulation environment was
constructed to compare the performance of the proposed constrained optimized solution and the

constrained randomized one.
We built three experiments that are described as follows,

% Case A (normal operation of the RDMS): The system does not reach the overload state of

the RDMS, i.e. no queue is considered (see subsection 6.4.1).

¢ Case B (the overloaded scenarios with full rejection are considered): The new incoming
task is rejected if and only if one of the constraints is not met, i.e. either the capacity

constraint or delay constraint is not satisfied (see subsection 6.4.2).

¢ Case C (overloaded scenarios with considering partial rejection): The task is rejected when
the delay constraint is not gratified, while it is sent to the waiting queue when there is no

free space in the computing units (see subsection 6.4.2).

It is interesting to note that the experiments aim to evaluate and compare the performance of

both strategies (The optimized and the randomized one) in terms of

®,

¢ The overall energy consumption by taking into account the constraint delay.

*

% The computational complexity.
% The number of rejected tasks.

The simulation environment hosts three computing units with an identical processing speed
of 40. Here we consider the situation where we have a _Free access waiting queue and multi-tasks,
multi-subtasks . Also, we consider two task-type generators and three subtask types, and two
decision-makers, the first one is dedicated to the constrained optimized strategy, and the second

one is devoted to the constrained randomized method.
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From a practical point of view, the RDMS contains dramatically more computing units,
however, to evaluate the trends and effects of the new quantum strategy. It is worthwhile studying

a small-scale system. Figure 6.2 shows the components of the considered RDMS.
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Figure 6.2: Simulation environment

The delay constraint of the first and second task types are respectively 1.4 and 1.2. The
timeslot of task generation is 20 seconds. The memory size of the subtask types is presented in
Table. 4.1. The number of subtask types in each task type is illustrated in Table. 4.2, while the

characteristics of computing units are described in Table. 6.1.

Table 6.1: Characteristics of computing units.

Computing Unit 1 Computing Unit 2 Computing Unit 3
Cr 20 40 60
pinit 20 25 30
&k 1 2 3

We repeat the simulation for different intensity distributions (Here we consider exponential
intensity distribution). Table. 6.2 presents the number of tasks generated for every intensity
distribution. The notation M 1 = 0.1 denotes the mean value of the exponential distribution equals

0.1, and N refers to the number of generated tasks to the corresponding intensity distribution.
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Table 6.2: The number of generated tasks in each intensity distribution (length of time generation is 20).

M 1=02 M 2=0.1 M 3=0.09 M 4=0.08 M 5=0.05 M 6=0.04 M 7=0.02 M 8=0.01
N 91 203 226 260 411 517 812 841

6.4.1 Case A

Here we consider that the RDMS is in the normal operation of the system where no queue is
considered. For the two intensity distributions M 1 and M 2, we repeated the simulation 10 times,
then we calculated the average total energy consumption for each strategy, i.e. the constrained

optimized algorithm and the constrained randomized one.

As it is shown in Table. 6.3, the number of rejected tasks is equal to zero when the intensity
distribution of the task types corresponding respectivelyto M 1=0.1 and M 2 =0.2, i.e. it means
that the system is not overloaded yet. Furthermore, it is clearly noticeable that the total energy
consumption of the constrained randomized strategy significantly higher than the constrained

optimized one.

The computational complexity of the constrained randomized method is O(1) or O(const),
while in the worst-case, it is O(d) steps. While the computational complexity of the CQOA is
0 (logz(T)log23(\/a)). As a result, the proposed constrained optimized approach makes a
substantial reduction in terms of computational complexity and energy usage.

Table 6.3: Comparison results between the constrained optimized strategy (OPT) and the constrained randomized one in Case A,

multi-tasks, multi-subtask.

Normal
operating ANRT OPT  ANRT RAN PoRT OPT PoRT RAN TEC OPT TEC RAN
Case
M1 & M2
§=294
0 0 _ _ 0% 0% 3039.85 3568.68
Low Intensity

OPT: Optimized strategy
RAN: Randomized strategy
ANRT_OPT: Average number of rejected tasks OPT
ANRT_RAN: Average number of rejected tasks RAN
RfR_OPT: Reason for rejection OPT
RfR_RAN: Reason for rejection RAN
PoRT_OPT: Percentage of rejected tasks OPT (%)
PoRT_RAN: Percentage of rejected tasks RAN (%)
TEC_OPT: Total Energy Consumption OPT
TEC_RAN: Total Energy Consumption RAN
S: Total number of generated tasks for both generators
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6.4.2 CaseB

Here we consider that the new arrival task is rejected if and only if the capacity constraint or delay

constraint is not met.

For each two different intensity distributions, we repeated the simulation 10 times, then we
calculated the average number of rejected tasks, the reason for rejection, the percentage of rejected
tasks, and the average total energy consumption for each strategy, i.e. the constrained optimized

algorithm and the constrained randomized one.

Table. 6.4 shows a comparison between the constrained optimized method and the constrained
randomized one in Case B. Note that the notation “DCNM” which refers to the delay constraint is

not met, while “CCNM?” refers to capacity constraint is not met.

It is interesting to note that when the mean value of the exponential distribution of the arrival
times of tasks is smaller (the tasks are generated faster), the number of rejected tasks augments
simultaneously. According to Table. 6.4, the columns corresponding to the average number of
rejected tasks show that the number of rejected tasks of the constrained optimized strategy is

approximately equal to the one of the constrained randomized case.

We can also visualize that when the intensity distribution increases, the total energy consumed
by the optimized strategy is lower than that of the energy consumed by the randomized method.
For example, when the intensity distribution of the task types corresponding respectively to M 5
= 0.5 and M 6 = 0.4, the total energy consumption of the constrained optimized method equals

5748.2 while the energy consumption of the randomized strategy is 5803.47.

As it is known, in the optimal case, the computational complexity of the constrained
randomized method is O(1) or O(const), while in the worst-case, it is O(d). In contrast, the
computational complexity of the CQOA is O (lo 92 (T)log23(\/a)). Consequently, one can sum

up that the proposed constrained optimized strategy provides a significant reduction in terms of

computational complexity and energy consumption.
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Table 6.4: Comparison results between the constrained optimized strategy (OPT) and the constrained randomized one in Case B,

multi-tasks, multi-subtask.

Rejecti
eJCeC O ANRT OPT  ANRT RAN _PoRT_OPT PoRT RAN TEC OPT TEC RAN
ase

M2 & M3
S§=429
) ) 18 17 DCNM DCNM 4.19% 3.96% 5111.85 5310.7
Medium Intensity
M3 & M4
§=486
62 58 DCNM DCNM 12.75 11.93 5277.15 5439.97
High Intensity
M5 &MG6
§=928 CCNM=42 CCNM=68
452 454 48.70 48.90 5748.2 5803.47
High+ Intensity DCNM=410 DCNM=386
M7T&M 8
S§=1653 CCNM=216 CCNM=195
1197 1199 72.41 72.60 5767.12 5783.2
High++ Intensity DCNM=981 DCNM=1004
OPT: Optimized strategy
RAN: Randomized strategy
ANRT_OPT: Average number of rejected tasks OPT
ANRT_RAN: Average number of rejected tasks RAN
RfR_OPT: Reason for rejection OPT
RfR_RAN: Reason for rejection RAN
PoRT_OPT: Percentage of rejected tasks OPT (%)
PoRT_RAN: Percentage of rejected tasks RAN (%)
TEC_OPT: Total Energy Consumption OPT
TEC_RAN: Total Energy Consumption RAN
DCNM: Delay constraint not met
CCNM: Capacity constraint not met
S: Total number of generated tasks for both generators

6.4.3 Case C

In this case, we consider that the task is rejected when the delay constraint is not met and it is

sent to the waiting queue when there is no free space in the computing units.

According to what has been described previously in subsection 6.4.1. For each two different
intensity distributions, we repeated the simulation 10 times, then we computed the average number
of rejected tasks, the reason for rejection, the average total energy consumption, and the average
number of tasks that were served from the waiting queue for both algorithms, i.e. the constrained
optimized algorithm and the constrained randomized one. Table. 6.5 shows a comparison between
the constrained optimized strategy and the constrained randomized one in the case of free access

waiting queue and multi-tasks, multi-subtasks.
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Table 6.5: Comparison results between the constrained optimized strategy (OPT) and the constrained randomized one in Case C,

free access waiting queue, multi-tasks, multi-subtask .

Waiting
Queue RDOPT RDRAN R COPT R CRAN ER OPT ER RAN TEC OPT TEC RAN
Case
MS & M6
§=928
403 4235 55 61.66 7 5.55 415 453 5760.95 5797.83
High + Intensity
MT7T&MS8
§=1653
1013 1070.33 205 193 24 10.33 1194 1199.66 5789.85 5791.19
High ++ Intensity
OPT: Optimized strategy
RAN: Randomized strategy

R_D_OPT: Average number of rejected tasks because of delay constraint OPT
R_D_RAN: Average number of rejected tasks because of delay constraint RAN
R_C_OPT: Average number of rejected Tasks because of capacity OPT

R_C_RAN: Average number of rejected Tasks because of capacity RAN

STQ_OPT: Average number of served tasks of the WAITING QUEUE (OPT)
STQ_RAN: Average number of served tasks of the WAITING QUEUE (RAN)

ER_OPT: At the end of the Simulation, the average number of rejected tasks by the OPT
ER_RAN: At the end of the Simulation, the average number of rejected tasks by the RAN
TEC_OPT: Total Energy Consumption OPT

TEC_RAN: Total Energy Consumption RAN

S: Total number of generated tasks for both generators

As shown in Table. 6.5, when the system is overloaded, the total number of rejected tasks at
the end of the simulation of the constrained randomized strategy is slightly higher than the
constrained optimized one. While both methods consume approximately the same quantity of
energy. Consequently, both strategies have similar performance in terms of energy consumption

when the system is overloaded.

It is important to mention that when the waiting queue is not empty and there is a free capacity
space in the system, the task is selected from the waiting queue according to the priority selection.
In this paper the priority criteria considered is the largest delay, this delay is the sum of the waiting

time in the queue and the time required to serve the task.

The computational complexity for queueing scenarios depends on,

Rl

* The computational complexity of selecting the optimum distribution scenario from the

overall computing units K.
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¢ The computational complexity of the selection of the most prior task from the free

access waiting queue.

The computational complexity of selecting the optimum deployment scenario for the
constrained randomized method is O(d") or O(1) and for selecting the task from the waiting queue
according to the priority deployment is O(g). In a similar way as before, It is straightforward to

verify that the lower overall possible deployment scenarios d’can be written as follows

" K+ My, — 1 kMer \"
' :ﬂ( gv )2 ) (6.15)
My, max Mgy, !
This proves that the computational complexity of selecting the optimal distribution scenario
within the database is polynomial in terms of the numbers of computing unit K but exponential in

terms of M,,. Furthermore, the computational complexity of selecting a task within the free access

waiting queue is polynomial in terms of g.

On the other hand, the computational complexity of selecting the best optimum deployment
among computing units and the selection of the most prior task from the queue of the constrained
quantum solution requires only O (lo g2(T)lo g23(\/a)). As previously shown in Eq. (6.13), the

computational complexity of selecting the optimal deployment scenario within the database is

polynomial in terms of the numbers of computing unit K and g but exponential in terms of M,,.

In compliance with what has been discussed earlier one can observe that the computational
complexity of the constrained quantum solution requires significantly fewer steps than the
constrained randomized classical one, additionally, applying the constrained randomized classical

solution will be time-consuming and hard to solve.
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6.5 Conclusion

In this Chapter, the minimization of the overall constrained energy consumption RDMS with
a shared free access waiting queue by exploiting the CQOA has been investigated, as well as the

implementation and the configuration of the CQOA.

The upper and the lower bounds of the overall possible deployment scenarios (search space)
in the case of considering queueing scenarios have been estimated. The analytical results showed
that the constrained assignment optimization problem cannot be performed by the classical
constrained optimization methods while the proposed CQOA finds the optimum deployment
scenario with high exponential speed up thanks to the special quantum function named CQRT

embedded in the constrained quantum strategy.

Simulation experiments show that the CQOA provides a high reduction in terms of
computational complexity and energy consumption compared with the most popular used

constrained randomized strategy.
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7 Summary

This research investigates the capabilities of quantum methods in handling task assignment

optimization problems. The contributions can be summarized in the following five thesis groups.

The first result group presents a set of quantum optimization algorithms where each one of
them can handle a specific type of database structure and optimization problem (Chapter 2). We
also emphasize that the investigated quantum solutions provide significant computational

complexity reduction and high accuracy compared with the classical existing ones.

The second result group points out the possibility of load balance of resource distribution
management (RDM) system with multiple type task generators if the quantum extreme value
searching algorithm (QEVSA) could be embedded in the decision assignment module of (Chapter
3). It suggests a prospective trend of quantum computational infrastructure to enable optimizing
any type of unconstrained goal function. The proposed implemented quantum strategy can reach
the load balance with less computational complexity and high accuracy. Also, simulation

experiments were built to validate the efficiency of the quantum strategy.

The third result group extends the RDM to a more complex task assignment problem where
multi-tasks, multi-subtasks are considered (Chapter 4). The QEVSA succeeded to conserve the
load balance of the incoming tasks. This type of task deployment optimization problem cannot be

solved by ordinary computers because it requires high exponential processing speed up. Thus, the
quantum solution can solve the distribution optimization problem with O (lo g>(Mlo g23(\/a)),

where 7 is the maximum number of steps needed to run the logarithmic search embedded in
QEVSA and d is the size of all possible deployment scenarios. Finally, extensive simulations were

constructed to prove the efficiency of QEVSA.

The fourth result group points out the capability of the constrained quantum optimization
algorithm (CQOA) in saving the total constrained energy consumption of the RDM with multi-
task, multi-subtasks (Chapter 5). The proposed configuration of the stochastic parameters of

CQOA must be calculated carefully. Also, an analytical demonstration proved that the
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computational complexity of finding the optimal deployment scenario within the database is
polynomial in terms of the numbers of computing units but exponential in terms of the number of
subtasks. Thus, the proposed constrained quantum computing power is industriously needed.

Finally, simulations proved the efficiency of the suggested CQOA.

The fifth result group investigates the minimization of the overall constrained energy
consumption RDM with a shared free access waiting queue by exploiting the CQOA (Chapter 6).
The lower bound of the size of the total number of possible distribution scenarios is polynomial in
terms of the number of computing units and number of tasks waiting in the queue but exponential
in terms of the number of subtasks. Therefore, performing such a classical constrained task
assignment method seems impossible. Finally, simulations proved the efficiency of the suggested

CQOA, three main results were obtained in case of considering queueing scenarios,

+ The constrained randomized algorithm and the constrained optimized method
consume approximately the same quantity of energy.

+ The total number of rejected tasks at the end of the simulation of the constrained
randomized strategy is slightly higher than the constrained optimized one

+ The computational complexity of the constrained randomized is 0(d’'q), where g is

the number of tasks in the waiting queue and computational complexity of CQOA

isO0 (log2 (T)logf(x/a)).

In the future work, we would expand the CQOA's functionalities to find the optimum solutions
of a constrained multivariable objective function. Following that, the RDM paradigm would be
improved with a more challenging task assignment problem in which each computing unit is linked
to a waiting queue. Hence, in the latest RDM update, the current expanded version of the CQOA

will be used.

Machine-learning, network telecommunications, physical structure simulation, and other
problems are concerned with minimizing the constrained multivariate objective function, the
contribution of quantum optimization algorithms in these problems may lead to ensuring a high

exponential speed and a short execution time.
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Appendix

Considering only one task generator, all the tasks have the same memory requirement, moreover,
we assume that there is a large number of computing units denoted by K, the computing units have

different theoretical capacities.

The relative load denoted by b; is expressed in (1), where x; is the used capacity of the k" unit
and s, is the theoretical capacity of the k" unit. The average relative load denoted by b is given

by the formula (2), by, and x;, are defined as follows,

Xk

by = —. (1)

Sk

The relative average load is defined such that,

xw

K
Z )

The suitable «a is obtained by using the workload states of two different scenarios, we assume that
m is the memory requirement of the new task. the it computing unit receiving the new task has
the relative load b_;, expressed in (3), the remaining computing units have the relative load by,
expressed in (4).
; m
bk=i = bi + — (3)
Si

And,

bixi = by. )

The variance of the relative load of the i'" unit receiving the new task is expressed as follows,

Z(b )’ + (B~ b+ ) )

k=+i
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We know that Sm < by , and if we assumed that K is a large number,K > 1, we get the following

expression,

1
I 7K

2
CRORCEY N
S; Sj S Sj

To reach the aforementioned goal, it is necessary to apply some simplifications, so, we substitute

b; by Ni™ and b; by R e , where N; and N; are the number of tasks respectively in the i*" unit and
Si J S]' J

the j* unit. We obtain the following expression,

2
o —o? = (g)z(1+21vl-)—(§) (1+2n;)]. (7)

1
] K ]
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