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Introduction

In the dissertation we deal with three topics; all of them require the commu-
tativity of certain substructures of special algebraic structures. The purpose
of the examinations on the first topic is to give an upper bound to the di-
mension of the commutative subalgebras of Grassmann algebras. This is a
joint work with Matyas Domokos, see | |. Investigations on the second
topic are designed to give an upper bound to the size of subsemilattices of
finite semilattice indecomposable semigroups, see | |. The third theme
is related to semigroups S whose sets of congruences forms commutative sub-
semigroups in the semigroup of all binary relations of S; these semigroups are
called congruence permutable semigroups. This is a joint work with Attila
Nagy, see | ].

The dissertation contains an unnumbered Introduction and further four
numbered chapters.

Chapter 1 is the Preliminaries, in which we present those notations, basic
notions and results which are used in the dissertation.

In Chapter 2, the maximal dimension of commutative subalgebras of

Grassmann algebras is in the focus. The Grassmann algebra is the asso-



ciative F-algebra given in terms of generators and relations as
E=F(v,...,v,| vv;=—-vjv; (1<4,j<n)).

The number of generators of E is n. Write k for the lower integer part of
n/4. For other related definitions and notations see Section 2.1. An F C 2/
set family is an odd intersecting famaily if intersecting family which only
contains sets of odd size.

We prove the following assertions:

(i) Let A be a commutative subalgebra of E of maximal dimension. Then
dim(A) = dim(Ej) + |F|,

where F C 2" is an odd intersecting family of maximal possible size.

Hence
)
3. 22 if n is even;
dim(A) = ¢ on-1 ¢ lefk (2111) if n =4k + 1,
n— 2k n n— .
2 DI (2l+3) + 2k1) if n =4k + 3.

(ii) If n is even, then all maximal commutative subalgebras of E have the

same dimension, but they are not all isomorphic for n > 2.

(ili) If n = 4k+1, then Eg® (D, jo<; oaq £i) is the only maximal dimensional

commutative subalgebra of E.

(iv) If n = 4k + 3, then the maximal dimensional commutative subalgebras
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of E are exactly the subspaces of the form

Eo( @ E)ec

n/2<i odd

. . . -1
where C' C FEy11 is a square zero subspace of dimension (an )

(v) When n is odd, then exist maximal commutative subalgebras that are

not maximal dimensional commutative subalgebras in F.

In Chapter 3, subsemilattices of finite semilattice indecomposable semi-
groups are in the focus. It is known that every semigroup is a semilattice
of semilattice indecomposable (s-indecomposable) semigroups. In the liter-
ature of semigroup theory there are many papers about s-indecomposable
semigroups (see, for example, the papers | ] [ |, [ 1 [ ],
[ I [ I I, INJO4], [ I 1 J, [T154], and
the books | 1, [ ]). Some of them deal with s-indecomposable semi-
groups without idempotents, others investigate s-indecomposable semigroups
containing at least one idempotent. In this chapter we deal with finite s-in-
decomposable semigroups in terms of what can be said about the size of their
subsemilattices. The answer is known in special classes of semigroups. As
ef = fe implies e = f for all idempotent elements e and f of a completely
simple semigroup, in a completely simple semigroup the order of the subsemi-
lattices is one. In the classes of semigroups investigated in | 1 [ s
[ | I I | I | J, INJOA], | J, [TR54], the
finite s-indecomposable semigroups are ideal extensions of special completely

simple semigroups by nilpotent semigroups. Thus their idempotents are in



the completely simple part, and so the order of their subsemilattices is one.
The situation is more interesting in general. In Chapter 3 we show that
if Y is a subsemilattice of a finite semilattice indecomposable semigroup S,

then

|Y]§2{|Sl4_1J+1.

We also show that, for every positive integer n, there are finite semilattice in-
decomposable semigroups S with n elements which contain a subsemilattice
Y such that |Y| =2 PS[T_IJ + 1. These semigroups (called By-combinatorial)
are characterized here in the special case when |S| = 4k + 1 (k is a non-
negative integer). We prove that a semigroup S is a Bs-combinatorial semi-
group if and only if S has a zero and for every non-zero element a of S, the
principal factor J(a)/I(a) is isomorphic to the semigroup Bs. By is a specific
five element Brandt semigroup (completely 0-simple inverse semigroups).

In Chapter 4, the semigroup algebras of congruence permutable semi-
groups are in the focus. The examined problem is the following. Let S be
a semigroup and F a field. For an arbitrary congruence o on S, let F[a/]
denote the kernel of the extended canonical homomorphism F[S] — F[S/a/.
By Lemma 5 of Chapter 4 of | ], for every semigroup S and every field
[F, the mapping

@gsry : Con(F[S]) — Con(S)

J'—)QJ

is a surjective A-homomorphism such that g, = a for every congruence a on

S. Denote the semigroup of binary relations on S by (Bg; o). Homomorphic
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image of semigroups are also semigroups, the aoff = oV is satisfied for every
congruences « and (3 of a congruence permutable semigroup, the following

assertions are obvious:

(i) If S is a semigroup such that, for a field F,
ogsry - Con(F[S]) = Bg; J — 0y
is a o-homomorphism then S is a congruence permutable semigroup.

(ii) If S is a congruence permutable semigroup, then g is a o-homo-
morphism if and only if ¢¢g.ry is a V-homomorphism, that is, ker, (s}

is V-compatible.

We show that the converse of the (i) assertion is not true in general; for

a congruence permutable semigroup S, the condition:
(i) ¢qsy is a o-homomorphism

depends on the field F. We show that if S = C} is the cyclic group of order
4, then ¢c,r,) is not a o-homomorphism, where I3 is the field 3 element.
At the same time, we show that ¢c,.r,} i @ o-homomorphism, where Iy is
the field of 2 element.

By the above, it is a natural idea to find all pairs (S,F) of congruence
permutable semigroups S and fields [F, for which the mapping ¢q.r} is a
o-homomorphism. We prove that if S is an arbitrary congruence permutable
semilattice or an arbitrary congruence permutable rectangular band, then

@qsw) satisfies the condition (i) for an arbitrary field F. Thus, in the class
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of all semilattices and the class of all rectangular bands, the congruence
permutability of semigroups is not only necessary but also sufficient condition

for the mapping ¢(s;py : Con(F[S]) — Con(S) to be a o-homomorphism.



Chapter 1

Preliminaries

In this chapter we present a collection of definitions and basic theorems from
various fields of algebra (namely, semigroup theory, symplectic linear algebra,
gradings on associative algebras and intersecting families) which will be used

in this dissertation.

1.1 Semigroup theory

In this section we introduce some definitions and results from the theory of

semigroups related to Chapters 3 and 4.

1.1.1 Definition A semigroup is a non-empty set together with a binary
operation in which the operation is associative. A semigroup containing an
identity element is called a monoid.

Let S be a semigroup and let 1 be a symbol not representing any element
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of S. Extend the given binary operation in S to one in S U {1} by defining
11 = 1 and 1s = s1 = s for every s € S. Then S U {1} is a monoid
(with identity element 1). We say that this monoid is obtained from S by
adjunction an identity element to S.

Similarly, one may adjoin an element 0 to S by defining 00 = 0s = s0 = 0
for every s € S. Then S U {0} is a semigroup with the zero 0. We shall use
the following notations.

Let S be a semigroup. Then S! denotes the semigroup S if S has an
identity element and the semigroup S U {1} otherwise. Similarly S° denotes
the semigroup S if S has a zero element and |S| > 1 and the semigroup

S U {0} otherwise.
Relation semigroups, congruences on semigroups

Let X be a non-empty set. For arbitrary binary relations a and g on X,
a o 8 denotes the binary relation on X defined by (a,b) € ao g if and only
if there is an element = € X such that (a,z) € a and (x,b) € 8. The set Bx

of all binary relations on X is a semigroup with respect to the operation o.

1.1.2 Definition An equivalence relation o on a semigroup S is called a
congruence relation (or a congruence) on S if, for every a,b,c,d € S,

the assumption (a,b) € a and (¢,d) € a implies (ac, bd) € .

It is known that an equivalence relation o on a semigroup S is a congru-
ence if and only if, for every a,b, s € S, the assumption (a,b) € « implies

(as,bs) € o and (sa, sb) € a.



1.1.3 Definition A semigroup S is said to be a congruence permutable

semzigroup if, for every congruences o and f on S, ao 8 = [ oa.

It is well-known that a semigroup S'is congruence permutable if and only
if the congruences on S form a subsemigroup in the semigroup Bg of all

binary relations on S.

Bands

1.1.4 Definition An element e of a semigroup S is called an idempotent

element if 2 = e.

For arbitrary idempotent elements e and f of a semigroup S, let e < f
denote the fact that ef = fe = e. It is known that < is a partial order on
the set F(S) of all idempotent elements of a semigroup S. If a semigroup

contains a zero element 0 then 0 < e is satisfied for every e € E(S5).

1.1.5 Definition An idempotent element e # 0 of a semigroup S is said to
be a primitive idempotent element of S if f < e implies f =e or f =0

(if S has a zero).

1.1.6 Definition A semigroup S is called a band if every element of S is

an idempotent element. A commutative band is called a semalattice.

1.1.7 Theorem (| ]) A semilattice is congruence permutable if and

only if it has at most two elements.

1.1.8 Definition A semigroup satisfying the identity ab = a [ab = b] is

called a left zero semigroup [right zero semigroup).

9



It is clear that every left zero [right zero] semigroup is a band.

1.1.9 Definition A semigroup satisfying the identity aba = a is called a

rectangular band.

The identity aba = a implies a® = a. It means the semigroups with identity

aba = a are bands.

1.1.10 Theorem (] , I1.1.5. Lemmal) A semigroup is a rectangular
band if and only if it is a direct product L x R of a left zero semigroup L

and a right zero semigroup R.

1.1.11 Theorem (] ]) A rectangular band L x R is congruence per-
mutable if and only if |L|,|R| < 2.

Regular semigroups, inverse semigroups

1.1.12 Definition An element a of a semigroup S is called a regular ele-

ment if there is an element © € S such that axa = a is satisfied.

It is easy to see that axa = a implies that ax and xa are idempotent
elements of S. It is clear that every idempotent element of a semigroup is
regular. Thus a semigroup has a regular element if and only if it has an

idempotent element.

1.1.13 Definition A semigroup is called a regular semigroup if every

element of S is regular.
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1.1.14 Definition We say that the element b of a semigroup S is an inverse

of an element a of S if aba = a and bab = b are satisfied.

It is easy to see that if a is a regular element of a semigroup S such that
ara = a for some x € S, then b = zaz is an inverse of a. Thus every element

of a regular semigroup has an inverse.

1.1.15 Definition A regular semigroup in which every element has exactly

one inverse is called an inverse semigroup.

1.1.16 Theorem (| , Theorem 1.17]) A regular semigroup is an inverse

semigroup if and only if the idempotents of S commute with each other.

Ideals, simple and 0-simple semigroups

1.1.17 Definition A non-empty subset I of a semigroup S is called an ideal

of S if both as,sa € I for everya € I and s € S.

If I is an ideal of a semigroup S then the relation
or={(a,b) e SxS|a=b or abel}

is a congruence on S. This congruence is called the Rees congruence on
S defined by the ideal I. The factor semigroup @) = S/o; is said to be the
Rees factor semigroup of S defined by the ideal I.

If I is an ideal of a semigroup S and () denotes the Rees factor semigroup
S/or, then we also say that S is an ideal extension (briefly: an extension)

of the semigroup I by the semigroup Q.
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1.1.18 Definition An ideal I of a semigroup S is called a proper ideal of
S ifI #S. A semigroup S is called a simple semigroup if it has no proper

ideal. The trivial semigroup is considered a simple semigroup.

1.1.19 Definition A semigroup S with zero element 0 is called 0-simple if
S? = {0} and 0 is the only proper ideal of S.

1.1.20 Theorem (] , Lemma 2.28]) A semigroup S with zero 0 con-
taining at least two elements is 0-simple if and only if SaS = S for every

element a # 0 of S.
Completely simple, completely 0-simple semigroups

1.1.21 Definition By a completely [0-] simple semigroup we mean a
[0-] simple semigroup containing a primitive idempotent. The trivial semi-

group is considered as a completely simple semigroup.

In the characterization of completely simple and completely 0-simple
semigroups the following semigroups play an important role.

Let G be a group, and I, J be arbitrary sets. By a Rees I x J matrix
over G° we mean an I x J matrix over G having at most one non-zero
entry. Denote the zero matrix with 0. If a € GG, ¢« € I and and j € J, then
(a);; will denote the Rees I x J matrix over G° having a in the ith row and
jth column, its remaining entries being 0.

Let P = (pj;) be an arbitrary but fixed J x I matrix over G°. We define a

binary operation o on the set of Rees I x J matrices over G° as follows: For
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arbitrary Rees I x J matrices A and B, let Ao B = APB. Easy to see, that
this operation is associative. Hence the set of all Rees I x J matrices over
G is a semigroup with respect to the binary operation o; we call it the Rees
I x J matriz semigroup over the group with zero G° with sandwich
matriz P, and denote it by M%(G; 1, J; P). We call G the structure group
of M. If P contains no zero entry, then there are no proper divisors of zero
in M°G;1,J; P). We call semigroup M° \ {0} the Rees I x J matriz
semigroup without zero over the group G with sandwich matriz

P, and denote by M(G; I, J; P).

1.1.22 Theorem ([ , Lemma 3.1]) A Rees I x J matrix semigroup
MO(G;1,J; P) over a group with zero G°, and with sandwich matrix P,
is regular if and only if each row and each column of P contains a non-zero

entry.

1.1.23 Theorem (Rees; [ , Theorem 3.5]). A semigroup is completely
0-simple if and only if it is isomorphic to a regular Rees matrix semigroup
over a group with zero. A semigroup is completely simple if and only if it is

isomorphic to a Rees matrix semigroup without zero over a group.

1.1.24 Definition A Brandt semigroup is a semigroup S with zero sat-
isfying the following conditions: (1) To each element a # 0 of S there cor-
respond a unique element e of S such that ea = a, a unique element f € S
such that af = a, and a unique element a—1 of S such that a 'a = f; (2) If

e and f are non-zero idempotents of S then eSf # 0.

13



1.1.25 Theorem (] , Thm. 3.9. p.102]) The following three conditions

on a semigroup S with zero are equivalent.

e S is a Brandt semigroup.
e S is a completely 0-simple inverse semigroup.
e S is isomorphic to a (regular) Rees I x I matrix semigroup
MG, 1,1; Ey)
over a group with zero G® where E; is the I x I identity matrix.

In Chapter 3, a special type of Brandt semigroups is in the focus. This
is the semigroup M°(1;2;2; F,), where 1 denote the trivial group. We will
denote this Brandt semigroup by Bs. The semigroup Bs has five elements

and it has a representation with five 2 x 2 matrix with matrix multiplication.

s={[o o) [o o [ o] [0 3] [o ol

Semilattice decomposition of semigroups

1.1.26 Definition A congruence relation « of a semigroup S is called a

semilattice congruence if the factor semigroup I = S/« is a semilattice.

The a-classes S; (i € I) are subsemigroups of S such that S;S; C S;;,
where ij is the product of ¢ and j in the semilattice I. We also say that the
semigroup S is a semilattice I of subsemigroups S; (i € I).

Every semigroup has a semilattice congruence, namely the universal re-

lation.
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1.1.27 Definition A semigroup S is said to be semilattice indecompos-
able (or s-indecomposable) if the universal relation wg is the only semilattice

congruence on S.

Let S be a semigroup and o a relation on S defined by acb if and only
if a divides some power of b, that is, zay = b™ for some z,y € S* and some
positive integer m. Let p be the transitive closure of o, and let ¢ defined by

ao'b if and only if apb and boa.

1.1.28 Theorem (] , THEOREM)]) ¢’ is a smallest semilattice congru-

ence on a semigroup S, and each ¢'-class is an s-indecomposable semigroup.

In other words: every semigroup is decomposable into a semilattice of
s-indecomposable semigroups. The next result is a consequence of Theo-

rem 1.1.28.

1.1.29 Theorem ([ , COROLLARY]) A semigroup S is s-indecom-

posable if and only if, for every a,b € S, there is a sequence
a=ag,ai, ..., 1,0y =0

of elements of S for some k such that for all 1 < i < k a;_; divides some

power of a;.

Semigroup Algebra
Let S be a semigroup and IF a field. Let F[S] denote the set of all mappings
a:s— a(s)
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of S into I such that the support of a, that is the set of all s € S such that

a(s) # 0, is finite. Define the sum a + b of elements a and b of F[S] such that
(a4 b)(s) =a(s) +b(s)
for every s € S, and the product aa of a € F[S] and « € F such that

(aa)(s) = afa(s))
for every s € S. It is clear that F[S] is a vector space over F. For arbitrary
a,b € F[S], define the product ab such that, for every s € S,

(ab)(s) =Y _ a(r)b(t).

rt=s

It is easy to see that F[S] becomes an associative algebra over F. This algebra
is called the semigroup algebra of the semigroup S over the field F. For
more details see | , page 159].

For every s € S define 5 € F[S] as

1 ifz=s
0 if x #s.

The {s|s € S} forms a basis of F[S] and it forms a semigroup with the
multiplication of the semigroup algebra. This semigroup is isomorphic to S.
So this basis of F[S] can be identified with S by the mapping s +— s. Since
S is a basis of F[S] every a € F[S] can be written in the following form. If

the support of a is {s1,...,s,} then

a=a(s1)s1 + -+ a(s,)sn,.

16



1.2 Definitions and results from various

fields

In this section we introduce some definitions and results from the followings:
symplectic linear algebra, G-gradings on associative algebras and intersecting

families. These concepts and theorems will be used in Chapter 2.

Symplectic Linear Algebra

1.2.1 Definition A symplectic vector space is a vector space V over
a field F equipped with a symplectic bilinear form w which is a non-

degenerate alternating bilinear form.
e non-degenerate: w(u,v) =0 for all v € V implies that u is zero.
e alternating: w(v,v) =0 holds for allv € V

If the characteristic of field F is not 2, alternation is equivalent to skew-

symmetry.
o skew-symmetry: w(u,v) = —w(v,u) for all u,v € V.
Let W C V be a subspace. The symplectic complement of W is

W+ ={veV|www) foralwe W}

17



1.2.2 Theorem Let (V,w) be a symplectic vector space and W C V' a linear

subspace. Then

dim(W) + dim(W+) = dim(V).

1.2.3 Definition Let (V,w) be a symplectic vector space and W C V a

linear subspace. If W = W+, then W is called a Lagrangian subspace.

1.2.4 Corollary If W is a Lagrangian subspace of V' then

dim(V)
5

dim(W) =

G-Graded Algebras

1.2.5 Definition Let G be a monoid. A G-graded algebra A is an asso-

ciative algebra with a direct sum decomposition A = €, . A; such that

Note that the Grassmann algebra (see 2.1) has a Z gradation and a Z/27Z

gradation.

Intersecting families

1.2.6 Definition Let F be a family of subsets of S. If for all A,B € F

AN B # 0, then F is called an intersecting family.

18



1.2.7 Theorem (Erdés-Ko-Rado) [ | Let F be a family of r-element

subsets of an n-element set. If n > 2r and F is an intersecting family, then

n—1
< .
Fl = (r—l)

19
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Chapter 2

Commutative subalgebras of

Grassmann algebras

In this chapter, the maximal dimension of commutative subalgebras of Grass-
mann algebras is determined. It is shown that for any commutative subalge-
bra A of a Grassmann algebra F, there exists a commutative subalgebra of E
which is spanned by monomials and has the same dimension as A. It follows
that the maximal dimension of a commutative subalgebra can be expressed
in terms of the maximal size of an intersecting family of subsets of odd size

in a finite set.

2.1 Introduction

The Grassmann algebra (also called exterior algebra) E of an n-

dimensional vector space Spang{vy,...,v,} over a field F (assumed through-

21



out to have characteristic different from 2) is the associative F-algebra given

in terms of generators and relations as
E=F(v,..,v,| vv;=—-vjv; (1<4,j<n)).

Throughout this chapter the number of generators of E will be n. In this
chapter we shall investigate the algebra structure of this fundamental object.
The algebra E is not commutative, but it is not far from being commutative:
it has a large center, and satisfies the polynomial identity [[z,y],z] = 0
(Lie nilpotency of index 2). We are mainly interested in the commutative
subalgebras of E. Our main result Theorem 2.6.1 gives in particular the
maximal dimension of commutative subalgebras of E/, and gives some partial
results on their structure. It turns out that in the case when n is even, all
maximal (with respect to inclusion) subalgebras have the same dimension.
When n is odd, then there are maximal commutative subalgebras of different
dimensions.

Along the way we show in Theorem 2.4.3 that to any commutative subal-
gebra of E one can associate via a simple linear algebra process an equidimen-
sional commutative subalgebra spanned by monomials (products of genera-
tors). This result has some independent interest, and also makes it possible
to make a tight connection between our question and the Erdds-Ko-Rado
theorem on intersecting families.

Our interest in maximal commutative subalgebras was inspired by | ],
where the existence of large commutative subalgebras of E is used as an ob-

struction for embeddability of E into the full matrix algebra F™*™ for small

22



m. The study of commutative subalgebras in non-commutative algebras has
a considerable literature. We only mention the theorem of Schur | ] de-
termining the maximal dimension of a commutative subalgebra of F™"*"  see

[ | and | | for alternative proofs.

2.2 Square zero subspaces

For a subset J C [n] :={1,...,n} set vy :=v;, ---v;, where J = {iy,... i}
and i; < --- < ig. Clearly, {v; : J C [n]} is an F-vector space basis of E.
We shall refer to the elements vy € E as monomials. The Grassmann
algebra is graded:
E= éEk where Ej, = Spang{v; | I C [n|, |J| =k}
k=0

(of course, for k > n we have Ey = {0}). Sometimes we pay attention to the
7./27Z-grading induced by the above Z-grading:

E = E5 ® E7 where Ej 1= @ Ey, FEp:= @ EL.

k is even k is odd

The defining relations of £ imply the multiplication rules
VUK = (_1>|JHK‘UKUJ

and when J N K # 0, then vyjug = 0. Tt follows that Ej is contained in
the center of E, and the elements of E7 anticommute: ab = —ba for any
pair a,b € E7. In particular, a,b € E7 commute if and only if ab = 0. So

the commutative subalgebras of F have a natural connection with square
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zero subspaces. For subspaces C, D C E we write C'D for the subspace
Spang{cd | ¢ € C,d € D}, and we call a subspace D C E a square zero
subspace if D? = 0, that is, if cd = 0 for all ¢,d € D. A commutative
subalgebra A of F is called maximal if there is no commutative subalgebra
of E properly containing A. Similarly, a square zero subspace of Fy is called

maximal if it is not properly contained in a square zero subspace of Ey.

2.2.1 Proposition (] /)

(i) If D C FEy is a square zero subspace, then K := EzD C Ey is also a

square zero subspace and E5 & K is a commutative subalgebra of E.

(ii) The map D — Eyz @ D gives a bijection between the maximal square

zero subspaces in Fy and the maximal commutative subalgebras of E.

Proof. Statement (i) follows from the centrality of Fj. In order to show
(ii), suppose that A O FEj is a commutative subalgebra in E. Then as
a vector space, A = E; & D, where D := AN Ey. Moreover, D is an FEjp-
submodule in Fr. Since elements of Et anticommute, this forces that D? = 0.
Taking into account (i) we get that D — Ej @ D gives a bijection between
square zero Eg-submodules of E7 and commutative subalgebras of E that
contain Eg. This bijection restricts to the bijection claimed in (ii), since a
maximal commutative subalgebra of E necessarily contains the center Ej,
and a maximal square zero subspace of Ef is necessarily an Fg-submodule.

O
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2.2.2 Remark ([ ]) It is interesting to compare the above “structure
theorem” with the case of the matrix algebra F"*" where by a theorem of
Schur [ ], a commutative subalgebra of maximal possible dimension is

also of the form

Z(F™" @ D = FI, & D,

where D is a subspace with D? = 0, I,, stands for the identity matrix and
Z(F™*™) denote the center of F"*™. However, unlike for E, in F™*" not all

maximal subalgebras are of this form.

Maximal square zero subspaces in E7 can be characterized in terms of
certain bilinear maps on Ey defined as the composition of the multiplication
map E7 x Ef — Ej and a projection from Ej to one of its homogeneous
components. Recall that any x € FE can be uniquely written as

T = Z Ty, (2.1)
]

JC[n

where x; € F. For every x € E and J C [n] the z; denote the coefficient of
vy in the equation 2.1.

Define a bilinear map ¢ as follows:
e if n is even then ® : By X By — E,,, ®(a,b) = (ab)nvjn;

e if n is odd then ® : Fy X Fy — E,_1, ®(a,b) = ZJE( n] )(ab)ﬂ)J.

[
Here ([Z]) stands for the set of k-element subsets of [n]. Since the multi-

plication map on FEj is skew-symmetric, the bilinear map ® is also skew-
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symmetric. Since

1 if nis even

dim(im(®)) =
n if n is odd,
when n is even, the im(®) = E,, can be identified with F, so ® is a skew-
symmetric bilinear form. It is a non-degenerate form, since if x; # 0 for
some v € Fy and J C [n], then vy, € Ey and ®(z, vy ) = 25 # 0. It
means if n is even then (Eg, @) is a symplectic vector space.

Given a subspace D C E7 we write
D+ :={r € By : ®(x,w) =0 Yw € D}.

2.2.3 Proposition ([ ]) A subspace D C Fy is a maximal square zero

subspace in Er if and only if D is an Eg-submodule and D = D*.

Proof. Let D be an Eg-submodule of Er with D = D+. Suppose that there
exist z,y € D with xy # 0. Then there exists a (homogeneous) z € Fg such
that 0 # xyz = ®(z,yz), hence yz ¢ D*. This is a contradiction, since
yz € DE5 = D = D+. Thus D? = 0.

To show the reverse implication suppose that D C Ey is a maximal square
zero subspace in E7. By Proposition 2.2.1 (i) (and since 1 € FEj) we have
D = DEj. Clearly, D? = 0 implies ®(x,y) = 0 for all 2,y € D, so D C D+,
Moreover, if z € FEy\ D then by maximality of D there exists y € D such
that 0 # zy € Ey. Thus there exists a z € Fg such that 0 # zyz = ®(z,yz).
Here yz € DEy = D, showing # ¢ D+. So we proved D+ C D. Hence we
get D = D+, and the proof is finished. U
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2.2.4 Corollary (] ]) If n > 2 is even, then any maximal commutative

subalgebra of E has dimension 3 - 2" 2.

Proof. Let A be a maximal commutative subalgebra of E. Then by Propo-
sition 2.2.1 (ii) A = Ey ® D, where D C FEj is a maximal square zero
subspace. By Proposition 2.2.3 we get D = D+ is a Lagrangian subspace in
the symplectic vector space (Ef, ®), hence dim(D) = dim(FEy)/2 = 2"2. So
dim(A) = dim(Eg) + 2" 2 =3-2""2 O

2.3 Commuting projections

Let W be a vector space over a field F, and 7y, ..., 7. € Endp(W) pairwise
commuting projections for some positive 7. So 72 = m; and T = T
for all 1 < 4,7 < r. Recall the corresponding direct sum decompositions
W = ker(m;) @ im(m;). Given a subset J C [r] we set
Wy = ﬂ ker(m;) N ﬂ im(7;).
JjeJ JEJ
Let Gras(WW) stand for the set of subspaces of W, and for j = 1,...,r define

a map
v; « Gras(W) — Gras(W), D +— ker(m;|p) @ im(m;|p) (2.2)

where 7;|p : D — W stands for the restriction of 7; to the subspace D. Note
that for A, D € Gras(W) we have 7;(A) +7;(D) € v;(A+ D) (this inclusion

is proper in general). It is also obvious that if A C D, then v;(A) C ~;(D).
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2.3.1 Lemma (| ]) Take D € Gras(W) and denote A := v ...7.(D).

Then we have the equalities
(i) dim(A) = dim(D);
(i) A=, (ANWy).
Proof. The case r = 1 is a basic fact of linear algebra. For r = 1 we have
(i) dim(D) = dim(ker(m[p) ® im(m[p));
(ii) A= (Anker(m)) & (ANim(m)).

Statement (i) follows by a repeated application of the special case r = 1
of (i). To prove statement (ii) we apply induction on r. Suppose r > 1. Set
W' = ker(m,), W' :=im(m,). Since m;m, = m,m; for any j =1,...,r — 1, it
follows that m;(W’) C W', m;(W") C W", and if C = C'+C” with C" C W,
C" CW" then

%(C) S W', 3;(C7) €W, and 7;(C) = 5(C7) & 7;(CY). (2.3)

By definition of v, we have 7,.(D) = (7,.(D) N W') @& (v.(D) N W"), hence by

a repeated application of (2.3) we get

A= (1. ) (D) = (AN & (AN W), (2.4)
AﬂW’ = 71---’77‘—1(77“(D) ﬂW’) (25)

and
ANW" =51y (w(D) N W), (2.6)
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For a subset J C [r — 1] set

W)= (ker(mjlw) N (] im(mlw)

jeJ jelr—1\J
W= (ker(mlw) N () im(mlwn).
jeJ JEr—1\J

Applying the induction hypothesis to r — 1 (2.5) and (2.6) yield

ANW' = @ AnW) and ANW'= @ AnW). (27

JClr—1] JClr—1]
Observe that
WL/] = WJu{T} and WL/]/ = WJ. (28)

Now (2.4), (2.7) and (2.8) yield statement (ii). O
2.3.2 Remark (] ]) Note that though my,...,m commute, the maps

M,-..,7% do not necessary commute, i.e. 7;y;(D) may be different from

7% (D) (see Example 2.7.1 and 2.7.4).

2.4 Projections on the Grassmann algebra

We shall apply Lemma 2.3.1 for the case when W = F is the Grassmann

algebra. For i = 1,...n, define the linear map m; : ¥ — E by

(see (2.1) for the notation). Then 72 = m; and m;7; = 7;m;, so the consid-
erations of Section 2.3 apply for these projections. Keeping the notation of

Section 2.3 define v; : Gras(E) — Gras(E) as in equation (2.2).
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Observe that

ker(m) = Uz‘E = E’Ui,
im(7;) = Spang{v;|J C [n],i ¢ J}.

Clearly, W; = E; is the 1-dimensional subspace spanned by v;. An extra

feature now is that the maps m; are algebra homomorphisms, moreover from
ker(m;) = v;E = Ev; and v} =0

we get

ker(m;)* = {0}. (2.9)

2.4.1 Proposition ([ ]) Let D, A € Gras(E) be subspaces and i € [n].
The following hold for ~;:

(1) 7(A)v(D) € 7%(AD).
(ii) If D is a subalgebra of E, then ~;(D) is also a subalgebra.
(iii) If D* = {0}, then ~;(D)? = {0}.

(iv) If D is a right ideal [left ideal] in E, then ~;(D) is also a right ideal [left
ideal] in E.

(v) If D is a commutative subalgebra of E, then ~;(D) is a commutative

subalgebra of E.

Proof. To simplify notation set v :=~; and 7 := ;.
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(i) Observe that z—m(x) € ker(r) for all z € E. Hence that ker(r)? = {0}

implies that for any z € E and y € ker(r),
ry = 7(x)y and yr = yr(z). (2.10)
It follows that
7(A) ker(rw|p) = Aker(w|p) C ker(m|ap),

and similarly,

ker(m|a)m (D) C ker(7|ap).

Taking into account that w(A)r(D) = n(AD) we conclude
HAN(D) = (ker(r]) + im(r].0)) (ex(mlp) + im(x| ) €

C ker(m)? 4 ker(w|ap) + 7(A)7(D) = v(AD).

Statements (ii), (iii), (iv) are immediate corollaries of (i).
(v) A general pair of elements in (D) can be written as m(a) + @’ and
7(b) + bV where a,b € D and o',V € ker(w|p). Since D is commutative and 7

is an algebra homomorphism, (2.10) implies
(r(a) + a')(7(b) + V') = 7(ab) + d'b+ al + d'b =
=7(ba) 4+ ba' +ba+Vd = (7(b) + V) (7(a) + ).
0

2.4.2 Remark ([ ]) Note that in the situation of Proposition 2.4.1 (ii),
the algebra +;(D) is not necessarily isomorphic to the algebra D (see Exam-

ples 2.7.2 and 2.7.5).
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Combining Lemma 2.3.1, Proposition 2.4.1 and the fact that £; = Fuy,

we obtain the following:

2.4.3 Theorem ([ ]) Let D C E be a subalgebra (not necessarily uni-

tary), and set A := ;1 ...7,(D). Then the following hold:
(i) A is a subalgebra of E,
(ii) as an F vector space it is spanned by elements in the form vy, J C [n],
(iii) dim(A) = dim(D),
(iv) if D is commutative then so is A,
(v) if D* = {0} then A% = {0}.

2.4.4 Remark (| ]) The role of the generators vy, ..., v, is symmetric,

so the conclusion of Theorem 2.4.3 holds for

AO’ = Yo1) - - - ’70(n)<D)7

where ¢ is an arbitrary permutation of 1,...,n. However, different permu-

tations o yield in general different subspaces A,, see Example 2.7.4.

The projections m; preserve the degree, hence the maps ~; are also com-

patible with the grading on E:

2.4.5 Proposition (] /)

(i) If D C @,; Ex for some I C [n], then v;(D) C @, Ex-
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(ii) If D € @,c; Ex and A C @, ; Ey, where I,.J C [n] are disjoint subsets
then v;(A ® D) = 7i(A) & 7(D).

(iii) If D = @} _,(DNE}) is spanned by its homogeneous components, then
we have v;(D) = @;_,7(D N Ey) (and v;(D N Ey) C Ej, for all k).

Let b € E a non-zero element. Write 5™ for the homogeneous component of
b of minimal degree. To any subspace A of E, one can canonically associate

a subspace A™" spanned by homogeneous elements as follows:
A™® = Spang {b™" | b € A, b # 0}.
The following statements are straightforward to prove:

2.4.6 Proposition (] /)
(i) dim(A™™®) = dim(A);

(ii) If A is a subalgebra of E, then A™" is a subalgebra of E. Moreover,
if A is commutative then A™" is commutative. If A is a square zero

subspace, then A™® is a square zero subspace.

Note also that for any graded subalgebra A of E, the subalgebra B :=
M - - - Yn(A) spanned by monomials has the same Hilbert series as A: we have

dim(A N Ey) = dim(B N Ey) for k= 0,1,...,n by Proposition 2.4.5.

2.4.7 Remark (] [) Not all subalgebras of E are isomorphic to a graded
subalgebra of E, and not all graded subalgebras of E are isomorphic to a

subalgebra generated by monomials, see Example 2.7.7 and 2.7.6.
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2.5 0Odd intersecting families

Theorem 2.4.3 opens the way to reduce certain questions on square zero
subspaces of Eg to questions about odd intersecting families. Recall that a
set F C 2l of subsets of [n] is called an intersecting family if AN B # ()
for any A, B € F, and it is an odd intersecting family if in addition |A|
is odd for all A € F.

2.5.1 Proposition (] ]) Let F C 2" be an odd intersecting family.

(i) If n is even, then

| F| <2m2,

(ii) Ifn is odd, F C ([’;‘]) U (ni’ZLl) for some odd i withi <n/2—1 and F

is of maximal possible size, then

F (n —[Z'L]— 1).

(iii) If n = 4k + 1 (where k is a non-negative integer) and |F| is maximal

then

F= U )

n/2<i odd
(iv) If n = 4k + 3 (where k is a non-negative integer) and |F| is maximal

then

F= U (“ﬂ)u{Xe (Qk[ﬂl)'leX},

n/2<i odd

for some [ € [n].
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Proof. (i) If n is even, X C [n] such that |X| is odd, then |[n] \ X| is also
odd. Since F cannot simultaneously contain X and its complement.

(ii) Write F¢ for the complement of F in 2"/, We have the inclusion

{(A,B)’Ae]—"ﬂ (f/]),B € (n“g]l),AmBzw}

i

c {(A,B)‘Be]-"cﬂ <n M_J,Ae <["]>,AHB:(D}.

It follows that

'fﬂC";])‘-(n—z‘)g ‘Fm( [n] )

n—it—1

(i +1)

and hence

‘Fn ([7;]>' , 7;12 n ‘J-cm (n_[zt]_ 1) < (n—?-l)'

Since 1 < ?T_li’ we get |[F| < (, " ) with equality only if F C (n_[?_l) Note

that since n/2 <n —i—1, (n [7?]_ 1) is an intersecting family.

(iii) follows from (ii).
(iv) follows from (ii) and the Erddés-Ko-Rado Theorem for r = 2%

1.2.7 Theorem, | ] O

2.6 Commutative subalgebras of maximal

dimension

2.6.1 Theorem ([ |) Write k for the lower integer part of n/4.
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(i) Let A be a commutative subalgebra of E of maximal dimension. Then
dim(A) = dim(Ej) + |F|,

where F C 2" is an odd intersecting family of maximal possible size.

Hence
(3 .Qn—2 if n is even;
dim(A) = ¢ 2n-1 4 % (2&1) ifn =4k + 1,
\Qn_l + Z?ik (2113) + (n;kl) itn =4k + 3.

(ii) If n is even, then all maximal commutative subalgebras of E have the

same dimension, but they are not all isomorphic for n > 2.

(iii) Ifn = 4k+1, then Eg(€D,, o paq £i) is the only maximal dimensional

commutative subalgebra of E.

(iv) If n = 4k + 3, then the maximal dimensional commutative subalgebras

of F are exactly the subspaces of the form

BEo( @ E)ec

n/2<i odd

. . . -1
where C' C Faryq Is a square zero subspace of dimension ("% )

(v) When n is odd, then exist maximal commutative subalgebras that are
not maximal dimensional commutative subalgebras in E.
Proof. (i) Note that a set of monomials {v; : J € F} spans a square zero

subspace in Fy if and only if F C 2" is an odd intersecting family. Now
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let A be a maximal dimensional commutative subalgebra in E. Then, in
particular, A is a maximal commutative subalgebra of E, hence A = E; & D
by Proposition 2.2.1, where D C E7 is a maximal dimensional square zero
subspace. By Theorem 2.4.3, v, ...7,(D) is a maximal dimensional square
zero subspace of Eg, hence F(D) :={J C [n] | vy € 71...7(D)} is an odd
intersecting family of maximal size. Since |F(D)| = dim(D), statement (i)
follows from Proposition 2.5.1.

(ii) It was shown in Corollary 2.2.4 that for even n all maximal commu-

tative subalgebras have the same dimension. Set
A = Ey+ Spang{v, | 1 € J}

and

B = E5® (Dnj2<i oad £1) ® C,

where

0 if n=4k
O —

Spang{v; |1 € J,|J| =2k + 1} if n=4k+2

These algebras are local, their radical is their unique maximal ideal
spanned by their homogeneous components of positive degree. By the defi-

nition of A

rad(A) = rad(A)? @ B, @ Foy,

showing

dim(rad(A) /rad(A)?) = (Z) +1.
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On the other hand

rad(B)? @ By © Eop 11 if n =4k
rad(B) =

rad(B)? @ By © C @ Spang{vy | |[J| =2k +3,1 ¢ J} if n =4k + 2.

It follows that

(5) + () if n = 4k

(3) + (%) + Gigs) ifn=dk+2

dim(rad(B)/rad(B)?) =

This shows that dim(rad(A)/rad(A)?) # dim(rad(B)/rad(B)?) for n > 2,
hence A 2 B are nonisomorphic algebras.

(iii) Let n = 4k+1. Assume A # E;® (D, /< oaa £i) is another commu-
tative subalgebra of maximal dimension. Since A is maximal, using Propo-
sition 2.2.1 we get A = E7 & D, where D C Ejy is a square zero subspace.
Moreover D # €D, j5<; oaa Ei- S0 D has an element x such that z; # 0
for some J C n with |J| < n/2. Choose a permutation o € S, such that
o({1,...,]|J|}) = J. Observe that

J € FoD) = {1  [n] | v1 € %oty -2 (D).

As explained above (and by Remark 2.4.4), F,(D) is an odd intersecting
family of maximal size. Thus J € F,(D) contradicting Proposition 2.5.1.
(iv) It is obvious that the subspaces in the statement are commutative
subalgebras, and their dimensions agree with the value given in (i). A sim-
ilar argument as in (iii) shows that by Proposition 2.2.1, Theorem 2.4.3,

Remark 2.4.4, and Proposition 2.5.1 a maximal dimensional commutative
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subalgebra A is of the form A = Fj & D where D C F;, D* = {0},
and D C @D;sop41 0aq Fi- In addition, Propositions 2.4.5 and 2.4.6 imply
dim(D™" N Eoyr1) = (7). It follows that
dim (Dm 4 E> :dim( & E)
i>2k+1 odd i>2k+1 odd

Consequently, D = C' @& D,. o111 oqq i Where C' C Ey,1q, and so C? = {0},
dim(C) = (%))

(v) Clearly, D := Spang{v, | 1 € J,|J]is odd} is a maximal square
zero subspace in Et, hence Fy @ D is a maximal commutative subalgebra.
Its dimension is 3 - 272, so when n is odd this is strictly smaller than the

maximal possible dimension of a commutative subalgebra of E, which is given

in (i). O

2.6.2 Conjecture (| ]) If n = 4k + 3 and Ay, Ay C E are maximal

dimensional commutative subalgebras, then Ay = As.

2.6.3 Conjecture ([ ]) If n = 4k + 1 and A is a maximal commutative
subalgebra of E, then dim(A) > 3-2"2.

2.6.4 Conjecture (| ]) If n = 4k + 3 and A is a maximal commutative
. n— 2k n n
subalgebra of E, then dim(A) > 2"1+ 377, (2l+3) + | F|, where F C (UE/]2J)

is a maximal intersecting family of minimal possible size.

Conjecture 2.6.3 holds for n = 5 and Conjecture 2.6.4 holds for n = 7 by
Proposition 2.6.5 below. We finish this section with a result that classifies

maximal commutative subalgebras in F of a special form:

39



2.6.5 Proposition (] ]) The maximal commutative subalgebras of E
that contain an element whose degree 1 component is non-zero are exactly
the subalgebras of the form «(A), where « is an F-algebra automorphism of
E, and A = Ey+ Spang{v; | 1 € J C [n|} (in particular, these subalgebras

have dimension 3 - 2"72).

Proof. Let B be a maximal commutative subalgebra of E containing an
element a whose degree 1 component is non-zero. Then by Proposition 2.2.1
B contains an element b with b € E7 and the degree 1 component b; of b
is non-zero. A linear automorphism of V' sending b; to v; extends to an

F-algebra automorphism (3 of E, and f(B) contains (b)) = vy + ¢ with

c € E3+ Es + E; + ---. It is also known (and easy to see) that the map
U1 4 ¢ > VU1, Ug > Vs, ..., Uy > U, extends to an F-algebra automorphism p
of E (see | | for more details on the automorphism group of E). Then

pB(B) is a maximal commutative subalgebra of E containing v;. If D is a
square zero subspace of 5 containing vy, then necessarily D C vi EN Fy. It
follows by Proposition 2.2.1 that pS(B) = A, where A is the subalgebra of

FE in the statement. O

2.7 Examples

2.7.1 Example For n = 2 and the subspace W = F(v; + v3) we have

Y1 (72(W)) = Foy # Fvy = (1 (W)).
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2.7.2 Example Let n = 4. Consider the 6-dimensional ideal
A= F(Ulﬂg + U3U4) D Eg D E4

of F. Then

Y1 (A) = FU3U4 @ E3 @ E4.

Since

A% =Fuojvgvguy,  and vy (A)? =0,

we obtain A 2 ~;(A) and v,(A)?* C 71 (42).
2.7.3 Example Let n =6 and let

D := Spang{vivau3 + v40506, V1V2V4 + V3U5Vg }

Then D is a square zero subspace and there are permutations o, p € Sg

such that F,(D) and F,(D) are not isomorphic as intersecting families (see

the proof of Theorem 2.6.1 (iii) for this notation). Indeed, for ¢ = id, p = (36)

(transposition) we have

Fo(D)=1{{1,2,3},{1,2,4}} and F,(D)={{4,5,6},{1,2,4}}.

The intersection of the elements of F,(D) contains 2 elements, whereas

thats of the elements of F,(D) have only 1 element.

2.7.4 Example Let the elements



of F, for 1 < k < n. For the n-dimensional subspace

D :=Spang{sy | 1l <k <n}
and a permutation o € S,, we have

Vo) Vo) - - - Vo) (D) = Spang{vio(1)}, Vie(1),0@2)} V{o(1)0(2),0(3)}s - - - Vn) }-
So if o # p € S, then Vo) Vo2) - - - Vo) (D) # Yo(1)Vp(2) - - - Vo) (D).
2.7.5 Example Let n = 3, consider the 4-dimensional subalgebra
D := Spang{vvy + v3, v1, V103, V1V2V3 }

of E. We have

’Y1’Y2’Y3(D) = SpanF{"H”Za V1, U103, U1’U2U3}
and
’73’72’71(17) = SpanF{UZSaUl; U1U37UW2U3}-

Easy to calculate that
D? = Spang{v,vs, v10503},

(17273(D))* =0
and
(737271(17))2 = Fv,vs.

Then D, v1727v3(D) and 37271 (D) are pairwise non-isomorphic subalgebras,

since the dimensions of their squares are 2, 0, and 1 respectively.
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2.7.6 Example For z = ZJG([n]) xjv; € By we have 22 = 0 if and only if
2
TLi ¥ T {1y — T{ik} {50} + TLHDT {5k} = 0 holds for all {i,j, /{?, l} S ([Z])

These are the well-known Grassmann-Pliicker relations (see for example
[ 1), so 2> = 0 if and only if z € Ey, = A’V is decomposable, i.e.
v €D :={yz | y,z € E1}. The subset D is Zariski closed in the (})-
dimensional affine space F5, and the dimension of this affine algebraic va-
riety is 2n — 3. Therefore, if n > 4, and L C FE, is a subspace with
dim(L) < (3) — 2n + 3,then LN D = {0}. Now let A be the subalge-
bra of E generated by such a non-zero L. Then A\ A* = L + A? con-
tains no non-zero element a with a®> = 0, so A can not be isomorphic to a
subalgebra B of E generated by monomials, since a minimal set of mono-
mials generating B consists of square zero elements in B\ B?. For exam-
ple, in E® take L := F(vivs + v3vy); the subalgebra generated by L is
Spang{vivy + v3vy, v1vov3v4}. The square zero elements span a proper sub-
space in it, so it is not isomorphic to any subalgebra of E generated by

monomials.

2.7.7 Example Let n = 3 and Let
A := Spang{v; + v9v3, V1V203 }.
We have
(v1 + vov3)? = 210903, (Vivov3)? =0  and  (vy + vovs)viveus = 0.

So A is a 2-dimensional nilpotent subalgebra of E®) containing an element

whose square is not zero. It is easy to see that a 2-dimensional nilpotent
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graded subalgebra of ¥ must be a square zero subspace, so A is not isomor-
phic to a graded subalgebra of E generated by 3 elements. On the other

hand, A is isomorphic as an [F-algebra to the graded subalgebra
Spang{vvy + V304, V1VV3V4 }

of E generated by 4 elements.
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Chapter 3

Semilattice indecomposable
finite semigroups with large

subsemilattices

By Theorem 1.1.28, every semigroup is a semilattice of semilattice indecom-
posable (s-indecomposable) semigroups. In the literature of the semigroup
theory there are many papers about s-indecomposable semigroups (see, for
example, the papers, | I [ Il I [ [ I [ l
[ I, [NJO4], [ I I J, [T554], and the books [Gri01],
[ ]). Some of them deal with s-indecomposable semigroups without
idempotents, the others investigate s-indecomposable semigroups containing
at least one idempotent. In this chapter we deal with finite s-indecomposable
semigroups in terms of what can be said about the size of their subsemilat-

tices. The answer is known in special classes of semigroups. As ef = fe
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implies e = f for all idempotents e and f of a completely simple semigroup
(see Definition 1.1.21), each subsemilattice in a completely simple semigroup
has order 1. In the classes of semigroups investigated in [ 1, [ 1,
[ I | I | I I J, INJOA], | |, [T154], the
finite s-indecomposable semigroups are ideal extensions of special completely
simple semigroups by nilpotent semigroups. Thus their idempotents are in
the completely simple part, and hence their subsemilattices has order 1.
The situation is more interesting in general. We show that if Y is a sub-
semilattice of a finite s-indecomposable semigroup S, then |Y| < 2 L‘S‘TAJ +1.
We prove that, this inequality cannot be sharpened, that is, there are finite
s-indecomposable semigroups S with a subsemilattice Y with 2 {lSlT_IJ +1 ele-

ments. Moreover, these semigroups are characterized here, when |S| = 4k+1.

3.1 Notions used in this chapter

Let S be a semigroup. Let C[S] denote the semigroup algebra of S over the
field C of all complex numbers.

Let S a semigroup with zero z. Notice that the z # 0 in the C[S] algebra.
This led us to the construction of the contracted semigroup algebra which
factor of the semigroup algebra. The Cz is a 1-dimensional ideal of C[S].

The contracted semigroup algebra of a semigroup S with a zero (over C) is
Co[S] = C[S]/C=.

For further properties see | , p- 35].
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For a finite dimensional algebra A over C, the Jacobson radical of A is
the intersection of all maximal right ideals of A. We will denote it by J(A).
We will use the following well-known facts: the factor algebra A/J(A) is
semisimple (and so, for a finite semigroup S, C[S]/J(C[S]) is semisimple).
Moreover, a finite dimensional algebra A over C is semisimple if and only if A
is isomorphic to @le M,,(C), where M, (C) denotes the associative algebra

of all n X n matrices over C.

If a semigroup S has a minimal ideal Kg, then Kg is called the kernel
of S. Every finite semigroup evidently has a kernel. If a semigroup S has a
kernel, then K is a simple subsemigroup of S | , Cor. 2.30. p.69]. Every
finite simple [0-simple| semigroup is completely simple [completely O-simple]

by | , Cor. 2.56. p.83].

The notions of the Rees matrix semigroups and the completely 0-simple
semigroups were defined in Chapter 1. By Theorem 1.1.23, a semigroup is
completely
0-simple if and only if it is isomorphic with a regular Rees matrix semigroup
over a group with a zero. By Theorem 1.1.25, a completely 0-simple semi-
group is an inverse semigroup (see Definition 1.1.15) if and only if it is a
Brandt semigroup (see Definition 1.1.24). In our investigation a special type
of Brandt semigroups is in the focus. This is the semigroup M°(1;2,2; 1)
where 1 denotes the trivial group and [ is the 2 x 2 identity matrix. We will
denote this Brandt semigroup by Bs. The semigroup B, has five elements

and it has a representation with five 2 x 2 matrix with matrix multiplication.
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3.2 Semilattice indecomposable semigroups

By Definition 1.1.27, a semigroup S is semzilattice indecomposable
(s-indecomposable) if every semilattice homomorphic image of S is trivial
(that is, it contains only one element). An ideal I of a semigroup S is called
a completely prime ideal if S\ I is a subsemigroup of S. It is known
{l , 1.8.3. Prop. p.15]) that a semigroup is s-indecomposable if and only
if it does not contain completely prime ideals. Corollary in | | gives
another characterization of s-indecomposable semigroups. A semigroup S
is s-indecomposable if and only if, for every a,b € S, there is a sequence
a = ag,a1,...,0n,_1,a, = b of elements of S such that a;_; divides some
power of a; (i =1,...,n).

In Theorem 3.2.2 we give a new characterization of finite s-indecomposable
semigroups S in terms of the semigroup algebra C[S/Kg|. In our investiga-

tion we shall use the next lemma, which is a special case of Theorem 4.1 of

[Col6s].

3.2.1 Lemma (] ]) If Y is a finite semilattice, then the algebra C[Y]

is semisimple and hence isomorphic to the direct sum @,., C.

3.2.2 Theorem (| ]) A finite semigroup S is s-indecomposable if and
only if C[S/Kg|/J(C[S/Ks]) has exactly one 1-dimensional ideal.
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Proof. Let S be a finite semigroup. We first consider the case when S has a
zero z. In this case Kg = {z} and so S/Kg = S .

Let a be a semilattice congruence on S. Then there is a surjective homo-
morphism

¢ : C[S] — C[S/a].

The algebra C[S/a] is semisimple by Lemma 3.2.1, and so J(C[S]) C ker(¢p).
Hence there is a surjective homomorphism ¢ : C[S]/J(C[S]) — C[S/qa]. Since
every ideal of C[S]/J(C[S]) = @F_, M,,,(C) is a direct summand,

CIS]/J(C[S5]) = ker(¢) ® C[S/a].
By Lemma 3.2.1 we get

C[S]/J(C[S]) Z ker(p) ®C D ---d C.
15/a] times

Therefore, if S is not s-indecomposable, then C[S/Kg|/J(C[S/Ks]) has more
than one 1-dimensional ideal.

Now we show that if S is s-indecomposable, then the semigroup alge-
bra C[S]/J(C][S]) has exactly one 1-dimensional ideal. The factor algebra
C[S]/J(C[S]) is semisimple in which C(z+ J(C[S])) is a 1-dimensional ideal.
To show that this is the only 1-dimensional ideal of C[S]/J(C[S]), it is suf-
ficient to show that

A= C[5]/(J(C[S]) + C[])

does not contain 1-dimensional ideals. We will show that

A= Co[S)/J(ColS))-
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It is easy to see that

J(C[S]) N C[2] = 0.

By (] , Cor. 9 p.38])
C[S] = Cy[S] @ Clz]

So
A= (GolS] @ Cl2])/(J(CLS]) @ Clz]) = Co[S]/J(Co[S5)).

Since A is semisimple, we get

k

A~ M, ().

i=1

Suppose that n; = 1 for some j with 1 < 7 < k. Denote the composition
of the canonical homomorphisms C[S] — Cy[S] and Cy[S] — A by ¢. Let

m: A — M,,;(C) = C be the canonical projection. Let
I:=%ker(mrop)NS={seS|n(o(s)) =0}

Clearly ¢(S) generates A but ¢(I) does not. Hence S # I. ¢(z) = 0 so
z € I which means [ is a nonempty proper subset of S. By construction [
is a completely prime ideal of S, which contradicts the assumption that S is
s-indecomposable. Thus our assertion is proved for semigroups with zero.

As a finite semigroup S is s-indecomposable if and only if S/ Kg is
s-indecomposable. Hence the general case is an easy corollary of the case

when S has a zero. O

3.2.3 Remark ([ ]) In case of finite semigroups with zero, s-indecom-

posability can completely be described in terms of the semigroup algebra
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(Theorem 3.2.2). It is not true for finite semigroups in general. For ex-
ample if G is a finite Abelian group and Y is a finite semilattice such that
|G| = Y|, then C[G] = @,.,C = C[Y]. Thus, if1 < |G| =|Y|, then G is
s-indecomposable, Y is not, but C[G] = C[Y].

3.3 Embeddings into semilattice indecompos-
able semigroups
Let A, B be semigroups with zeros z4, z5. Then A X B has an ideal
I'=({za} x B)U (A x {zp}).
Let A xo B denote the Rees factor semigroup (A x B)/I.

3.3.1 Proposition (] [) For arbitrary semigroups A and B with ze-
ros, the semigroup A Xy B is s-indecomposable if and only if A or B is

s-indecomposable.

Proof. Let A and B be arbitrary semigroups with zeros z4 and zg. Assume
that A is s-indecomposable. Consider the semigroup A xq B. We show that
A X B is s-indecomposable. Let ¢ denote the canonical homomorphism of
Ax Bonto AxyB. Let z,y € AXqB be arbitrary elements. Let (a,,b,) and
(ay,by) be elements of A x B such that ¢((as,b,)) = = and ¢((ay,b,)) = y.
As A is s-indecomposable, there are elements a, = aq,...,a; = 24 and

24 = G4, G41, "+, = @y such that a; divides some power of a4 for every
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i=1,...,k—1 (see Theorem 1.1.29). By this it follows that

((11; b:c)7 R (at; b:c) - (ZA; ba:)

and
(za;by) = (ar; by), . .., (ag; by)

are sequences in A x B such that each element of the sequences (except for

the last) divides some power of the next. Then

z=((a1;bs)), -, o((a bs)) = ©((24;bs))

and
e((za50y)) = @((ar; by)), - ., ((aw; by)) =y

are sequences in A X B such that each element of the sequences (except for

the last) divides some power of the next. As ¢((z4;0bs)) = ¢((24;b,)), obtain

z=¢((a1,00)), - p((24,02)) = @((24:0y)), -, p((an, by)) =y

is a sequence in A Xy B such that each element of the sequence (except for
the last) divides some power of the next. Then, by Theorem 1.1.29, A xq B
is s-indecomposable. The proof is similar to the case when the semigroup B
is s-indecomposable.

Conversely, assume that A xo B is s-indecomposable. If A and B are
not s-indecomposable then there are completely prime ideals P4 C A and
Pp C B. It is easy to see that ¢((P4 x B)U(A x Pg)) is a proper completely
prime ideal of A xq B and so A Xy B is not s-indecomposable. This is a

contradiction, hence A or B must be s-indecomposable. U
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3.3.2 Remark (] J)We have a different proof of Proposition 3.3.1 in
the finite case. Suppose A and B are finite. By | , Cor. 9 p.39 and

Lemma 10 p.40] we get:

C[A xo B] 2 C @ Cy[A xo B] 2 C @ (Cy[A] @ Cy[B)),

ClA % B]/J(C[A %o B]) = C® ((Co[A]/J(Co[A])) @ Co[B]/J(Co[B])) -

So C[A xq B]/J(C[A x¢ B]) has exactly one 1-dimensional ideal if and only
if Co[A]/J(Cy[A]) or Cy[B]/J(Cy[B]) has no 1-dimensional ideal. However,
Co[A]/J(Cy[A]) has no 1-dimensional ideal if and only if C[A]/J(C[A]) has

exactly one. By Theorem 3.2.2 we get the statement.

Our next goal is to describe the smallest s-indecomposable semigroup
which contains a 2-element subsemilattice. We will see that, it has 5 elements.
We also show that, the smallest s-indecomposable semigroup which contains a
3-element subsemilattice is isomorphic to the semigroup By (Theorems 3.4.2
and 3.5.5) below. First we show that there are only three nonisomorphic

5-element s-indecomposable semigroups with a 2-element subsemilattice.

3.3.3 Corollary ([ ]) Let S be an s-indecomposable semigroup such

that |S| <5 and S has at least two commuting idempotents. Then
S = M°(1:2,2; P),

(1 0] |11 1 0 . : . :
where P is [0 1], [0 1] or [1 1]. When P is the identity matrix then
S = B,
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Proof. By Theorem 3.2.2 we get C[S/Kg]/J(C[S/Ks]) is isomorphic to C
or C@ My(C). If C[S/Kg|/J(C[S/Ks]) = C, then Cy[S/Kg] is nilpotent.
If Cy[S/Ks] is nilpotent, then all idempotents of S are contained by K.
So there are two commuting idempotents in K¢ which contradicts the fact
that Kg is completely simple. Hence C[S/Ks]/J(C[S/Ks]) = C @& My(C).
Moreover, dim(C[S/Ks]/J(C[S/Kg])) = dim(C[S]) and so J(C[S/Kg]) =0
and |Kg| = 1. Thus S has a zero z and C[S] = C& M,(C). If [ is an ideal of
S, then C[/] is an ideal of C[S]. C[S] has exactly two proper ideals: one of
them is the augmentation ideal (see | , p-35]) and the other is spanned
by z. Consequently, S is a (finite) O-simple semigroup, so it is completely
0-simple. Using the Rees-theorem, it is a matter of checking to see that S' is

isomorphic to one of the three semigroups listed in the corollary. 0

3.3.4 Corollary (| |) Every finite semigroup S can be embedded into

an s-indecomposable semigroup containing 4|S| + 1 elements.

Proof. Let S be an arbitrary finite semigroup. Denote SY the semigroup
S with a zero adjoined (also in that case when S has a zero). Let T be
an s-indecomposable semigroup of 5 elements containing a zero and another
idempotent e (these semigroups are described in Corollary 3.3.3). Since T
is an s-indecomposable semigroup with a zero, S° x T is s-indecomposable
by Proposition 3.3.1. Moreover, |S® xo T'| = 4|S| + 1. Let ¢ denote the
canonical homomorphism of S° x T onto S° xT'. Define the homomorphism
7:S — S®x T by 7(s) := (s,e). It is obvious that ¢ o 7 is an embedding of

S into the s-indecomposable semigroup S® x 7. U
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3.3.5 Proposition (/. ]) Every finite s-indecomposable semigroup S
with a zero can be embedded into an s-indecomposable semigroup containing

|S| + 1 elements.

Proof. Let z € S be the zero. Define S’ the semigroup which can be obtained
from S by adjunction of an element 2’ such that (2)? := z and 'z := z,
xz' := z where z is an arbitrary element of S. Then z — 2 € J(C[S]),

so C[S]/J(C[S]) = C[S"]/J(C[S"]). Since S is s-indecomposable by Theo-

rem 3.2.2, we get that S’ is also s-indecomposable. 0

3.4 On order of subsemilattices of semilattice

indecomposable finite semigroups

In this section we answer the question: what the order of subsemilattices of
s-indecomposable finite semigroups is. First we deal with the case when the
semigroup in question has a zero (Proposition 3.4.1). Then we consider the

general case (Theorem 3.4.2).

3.4.1 Proposition (/. ]) Let S be an s-indecomposable finite semigroup

with a zero. If'Y is a subsemilattice of S then |Y| < 2 L'SV'TAJ + 1

Proof. By Theorem 3.2.2 C[S]/J(C[S]) = CH@F_, M, (C) such that n; # 1
(¢ = 1...k). By Lemma 3.2.1, J(C[S]) N C[Y] = 0 and so C[S]/J(C[S])

has a subalgebra isomorphic to C[Y]. So it contains |Y'| commuting linearly
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independent projections, which are simultaneously diagonalizable. Thus

k
V<14 n.
=1

Since 1+ % n? < |S| and n; # 1 (n, positive integer),

K | ]
L+Y m<1+ ) 2
=1 =1

Hence
[
ISI —1
|Y|<1+Zn1§1+ Z 2 =2 +1. (3.1)
U
3.4.2 Theorem (| ]) Let S be an s-indecomposable finite semigroup.

i) IfY is a subsemilattice of S, then |Y| < 2 1511 + 1.
(i) : 7

(ii) For every positive integer n, there is a semigroup S such that |S| = n

and S has a subsemilattice Y of S such that |Y| = 2 LISIT—lJ + 1.
Proof.

(i) Kg is a finite completely simple semigroup. So if e, f € Kg are com-

muting idempotents, then e = f. Thus
|Y N KS| < ]-7

and so Y =2 Y/(Y N Kg). Obviously S/Kg is an s-indecomposable
semigroup with a zero and Y/(Y N Kg) is a subsemilattice of S/Kg. By

Proposition 3.4.1, we get:

V/(Y N Kg)| <2 L'S/K;#J +1.
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Thus

Y=Y/ (YNKg)| <2 {%J +1<2 VS’T_lJ +1. (3.2)
Let n be a positive integer. We can consider n in the form n = 4k+1+1
where 0 <! <4 and 0 < k (I, k integers). Let Y be a semilattice such
that |Y| = k + 1. By Proposition 3.3.1, Y Xy By is s-indecomposable,
because By is s-indecomposable (Corollary 3.3.3). Bs has a 3-element
subsemilattice V. So Y xq By has a subsemilattice Y XV, it has 2k +1
elements. Applying the embedding described in Proposition 3.3.5 [
times to Y X Bs, we get an n-element s-indecomposable semigroup in

4

which Y xq V' is a subsemilattice containing 2k + 1 = 2 {'S‘—*IJ +1

elements.

3.5 Bs-combinatorial semigroups

In this section we only deal with s-indecomposable semigroups S with 4k + 1

elements which containing a subsemilattice Y with 2 {

[S]-1

7l J +1 elements. In

the this section we describe the structure of these ones.

3.5.1 Definition (] |) A semigroup S is said to be By-combinatorial

if S is s-indecomposable, |S| = 4k + 1 (k is a non-negative integer) and S

has a subsemilattice Y with |Y| = 2 PS'T_IJ +1= |S|T+1 =2k + 1.
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The name Bs-combinatorial will be clear in Theorem 3.5.5. First of all

we note that the semigroup Bj is Bs-combinatorial.

3.5.2 Proposition (| |) Let S be a By-combinatorial semigroup. Then

all of the following assertions hold:

(i) S has a zero.

(ii) The semigroup algebra C[S] is isomorphic to C ® @F_, My(C).
(iii) Every ideal of S is Bs-combinatorial.

(iv) Every homomorphic image of S is By-combinatorial.

Proof. Let S be a By-combinatorial semigroup and let Y denote a subsemi-

lattice of S with Y] =2 | 2 | 1.

(i) By (3.2) in proof of Theorem 3.4.2 we have L%J = {%J and

so |S/Kg| =S| thus |Kg| = 1. Hence S has a zero.

(ii) If in the proof of Proposition 3.4.1 inequality (3.1) is an equality then

| =]
ClS]/J(CS)=Ca P M(C).

Hence dim(C[S]/J(C]S])) = dim(C[S]) which means J(C[S]) = 0. For
k= PS‘TAJ we get

C[S] = Ca @5 M(C).
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(iii) Let I be an ideal of S. Every ideal of an s-indecomposable semigroup is
also an s-indecomposable (| , Lemma 4]), so I is s-indecomposable.
As Y is a subsemilattice of S of maximal size, the zero of S is in Y.
Hence Y NI # (). By construction YN T and Y/(Y N1) are subsemilat-
tices of I and S/I, respectively. Since I and S/I are s-indecomposable

semigroups with zeros, we can use (i) of Theorem 3.4.2. Hence

Il —1
yones| =14

and
S/I|—1
Y/ (Y NI)| <2 L%J +1.
Moreover
Y=Y nIl+[Y/(YNnI)-1,
S|+ 1
Yi==5"
and

1] = 1] + |S/1| — 1 =4k + 1.

By the previous equalities and inequalities we get

|S]+1
2

S| +1 Il —1 |S/1] —1
<2|—— —_ 1
5 +1<2 1 +1+4+2 1 + 1,

- — I
2k+2§2Q—m4 1J+{—4’“+i | ’J)+z,

29

+1=Y|+1=|YNnI|l+|Y/(Y NI,




0 < {'”4‘1 i f;'”J.

From this it follows that || = 41+ 1. So [ 7] =2 [ [l | 1. Indeed,

if we suppose indirectly |Y N I| < 2 L‘I'T_IJ + 1, then we can get that

o< [H=2] |51

which is a contradiction. Hence |Y N I] = 2 {MT_IJ +1=2[+1 1Iis

an s-indecomposable semigroup with |I| = 41 + 1, where [ is an integer
with 0 <[ <k, and Y NI is a subsemilattice of I with |[Y' NI|=2{+1.

Thus [ is a By-combinatorial semigroup.

Let ¢ : S — T be a surjective homomorphism.

Since every homomorphic image of an s-indecomposable semigroup is
also an s-indecomposable semigroup ([ , Lemma 3]), T' is s-inde-

composable.

Extend ¢ to an algebra homomorphism ¢ : C[S] — C[T]. By (i) S is
a semigroup with a zero z so ¢(z) is a zero of T. By Corollary 9 of

[ , D- 38], we get
C[T] = C & Cy[T].

Since Co[S] = @F_, My(C) for k = m% (see (ii)) and Cy[T'] is a homo-

morphic image of Cy[S] we get
I
ColT] = P M2 (C)
i=1
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for some 1 <1 < k. Since |T| = dim(C[T]) = 4l + 1, we get | = @7—1_
So ker(¢) = @i Ma(C).

In C[S] = C @ @}, My(C) the subalgebra C[Y] consists of all the

diagonal matrices of C @ @F_, My(C). Tt is easy to see that

~

dim(C[Y] Nker(¢)) = 2(k — 1).

Thus

~

Y/ ker(¢]y )| = dim(C[Y]/(C[Y] Nker($))) = 21 + 1.

Hence T is an s-indecomposable semigroup with || = 4/ 4+ 1 and
Y/ ker(¢|y) is a subsemilattice of T with |Y/ker(¢ly)| = 20 + 1. It

means that T is a By-combinatorial semigroup.

O

3.5.3 Lemma (/. ]) Let S be a completely 0-simple semigroup and Y

a subsemilattice of S. Then
Y| <VI[S]-1+1
If|Y| = +/|S| = 1+1, then S =2 M°(1;n,n;I), where n = /|S| — 1.

Proof. Let S be a completely O-simple semigroup and let Y be a subsemi-
lattice of S. Let k := |Y| — 1. By Rees-theorem, S is isomorphic to a Rees
matrix semigroup M°(G;n, m; P). The non-zero idempotents of S are of the

form ((P;;)"';4,7) with P;; # 0. If (g;4, ), (h; k, 1) are different commutable
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non-zero idempotents of S then P;; = 0 and F; = 0. It means that there is
a k x k permutation matrix R and a k x k diagonal matrix D over G° such

that RD is submatrix of P. From k < min{n,m} and |[S| = |G|nm + 1 we

get
E<+I|S|—1.
This inequality is an equality if and only if |G| = 1, n = m and every row

and every column of P has exactly one non-zero element. Using Lemma 3.6.

of | , p-94], we get that the inequality is an equality if and only if
S = M1;n,n;1).
l

3.5.4 Proposition (] ) If S is a By-combinatorial O0-simple semigroup,

then S = B,.
|S]+1
B

Proof. Since S is By-combinatorial, it has a subsemilattice Y such |Y| =

By Lemma 3.5.3, |Y| < +/|S| — 1+ 1. From

SIHL o e T4

5 =

we get 1 < |S| < 5. Since S is Bs-combinatorial, |S| = 4k + 1 for a non-
negative integer k. The trivial semigroup is not O-simple and so |S| = 5.

Since S is By-combinatorial, it has a subsemilattice Y with |Y| = 3. By
Lemma 3.5.3, we get S = MY(1;2,2;1) = Bs. O

On principal ideal of a semigroup we mean an ideal generated by a single

element. Let S be a semigroup. Let J(a) denote the principal ideal of S
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generated by an element a € S. Then

I{a):={b|be J(a); J(a) # J(b)}

is either empty or an ideal of S. The factor semigroup J(a)/I(a) is called a
principal factor of S. It is known that every principal factor of semigroup

is a 0-simple, a simple or a null semigroup (] , Lemma 2.39. p.73]).

3.5.5 Theorem (| ]) Let S be a finite semigroup. Then (i) and (ii) are

equivalent:
(i) S is a By-combinatorial semigroup,

(ii) S has a zero and for every non-zero element a of S, the principal factor

J(a)/I(a) is isomorphic to the semigroup Bs.

Proof. (i)=(ii) Let S be a By-combinatorial semigroup. By (i) of Proposi-
tion 3.5.2, S has a zero. Let a be a non-zero element of S. By (iii) and (iv)
of Proposition 3.5.2, J(a)/I(a) is By-combinatorial. It is easy to see that a
simple semigroup (simple semigroups has no zero) or a null semigroup is Bs-
combinatorial if and only if it contains exactly one element. Hence J(a)/I(a)
is O0-simple. By Proposition 3.5.4, J(a)/I(a) = Bs.

(ii)=(i): Every principal factor of S is an inverse semigroup, hence S is

also an inverse semigroup. It is well-known that the idempotents of an inverse

semigroup forms a subsemilattice. The number of idempotents is ‘S‘Tﬂ Since
every principal factor is s-indecomposable and has a zero divisor, we get that

S is s-indecomposable. O
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The previous theorem shows why we choose the expression “Bs-combina-
torial” for semigroups in Definition 3.5.1: These semigroups are combinato-
rial inverse semigroups and the principal factors defined by non-zero elements
are isomorphic to the semigroup Bs. A semigroup is called combinatorial
if it does not contain a non-trivial group as a subsemigroup.

If Y is a semilattice, then Y Xy By is a Bj-combinatorial semigroup.
The next example shows that not all Bs-combinatorial semigroups can be

constructed in this way.

3.5.6 Example For a semilattice F let Ty denote the Munn semigroup of

E described in | , p-162]. Consider the following semilattices:
°

° °
l l l ° °
l .\/. v .\.>/ .\./.
Cs 14 U F X
We show that there are only 3 non-isomorphic Bj-combinatorial semi-
groups containing 9 elements:
C3 xog By 2Ty, V xg By C Tx and Tr. There is no semilattice Y such

that Y X0 BQ = TF-

Proof. 1f a semigroup is a combinatorial inverse semigroup then it is a funda-
mental inverse semigroup (an inverse semigroup in which the maximal idem-
potent separating congruence is identical) | , Prop. 5.3.7 p.161]. Let
S be a By-combinatorial semigroup containing 9 elements. Let E(S) denote
the set of idempotents of S. Then |E(S)| = 5. So S is isomorphic to a full

inverse subsemigroup of the Munn semigroup of E(S) (| , Thm.5.4.5
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p.165]). It is a matter of checking to see that there are only three Munn
semigroups containing a Bs-combinatorial full inverse subsemigroup with 9
elements: Ty, Tr and Tx. The semigroups Ty and Tr are Bs-combinatorial
9-element semigroups. Tx has three 9-element Bs-combinatorial subsemi-
groups, these are isomorphic to V' xg Bs.

Suppose that there is a semilattice Y such that Tr = Y Xy By. Since
|Tr| =9, we get |Y| = 3. The non-isomorphic semilattices of 3-element are

Cs5 and V. It is a matter of checking to see that
E(Cg X0 BQ) %U’ E(V X0 BQ) 2 X and E(Tp)gF

Consequently, there is no semilattice Y such that Y xg By & Tp. O]
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Chapter 4

Congruence permutable

semigroups

In this chapter we consider a semigroup algebraic problem in which the con-
gruence permutable semigroups are in the focus. For an ideal J of a semi-
group algebra F[S], let o; denote the congruence on the semigroup S which
is the restriction of the congruence on F[S] defined by J. We show that if S
is a semilattice or a rectangular band, then the mapping ¢¢sr) | J +— oy isa
o-homomorphism (o is the relation composition) if and only if S is congruence

permutable.

4.1 The general case

Let S be a semigroup and F a field. For an arbitrary congruence o on S,

denote the kernel of the extended canonical homomorphism F[S| — F[S/q]
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by Fla]. By Lemma 5 of Chapter 4 of | ], for every semigroup S and

every field F, the mapping
@gsry : Con(F[S]) = Con(S)

Jf—)QJ

is a surjective A-homomorphism such that gp,) = o for every congruence
a on S. Int his chapter we examine that, the mapping F[S] preserves o or
V or not, where o is composition of relations and V is the join operation of
the congruence lattice. As a homomorphic image of a semigroup is also a
semigroup, and o f = « V 3 is satisfied for every congruence o and 8 of a
congruence permutable semigroup, the assertions of the following lemma are

obvious.

4.1.1 Lemma ([ ]) Let S be a semigroup and F a field. Assume that
the mapping sy : Con(F[S]) — Bg; J + o; is a o-homomorphism. Then
S is a congruence permutable semigroup. Moreover, if S is a congruence
permutable semigroup, then psmy : Con(F[S]) — Con(S); J — oy is a
o-homomorphism if and only if \V-homomorphism, that is, ker, (s 18 V-com-

patible.

In the Bibliography of the dissertation we can find articles about congru-
ence permutable semigroups (especially, A-semigroups; that is, semigroups
whose congruences form a chain with respect to inclusion).

The following example shows that the converse of the first assertion of

Lemma 4.1.1 is not true in general: let a congruence permutable semigroup
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S, the mapping ¢yg.r} is a o-homomorphism or not depends on the field IF.

4.1.2 Example Let Cy, F3 and Fy denote the cyclic group of order 4, the
fields of 3 and 2 elements, respectively. It is known that every group is
a congruence permutable semigroup. The k:ergo{o4;ﬁ3} is not V-compatible

however kery, oy 18 V-compatible.
Proof. Denote the elements of Cy by 1, a,a?,a3. It is easy to see that

I =Span{l +d*a+a*} and J=Span{l+a,a+a*d®+a’}
are ideals of F3[Cy]. Moreover,

SO{CM]F?’}([) = 01 = Loy and @{04;15“3}(‘]) = 0J = O¢y,

where a¢, denotes the congruence on Cy defined by Cy = {1,a?}. From this

it follows that

90{04;1173}(]) \% 90{04;IF3}<J) =porVoy

‘P{C’4;F3}([ \4 J) = 0(1vJ) = O(I+J) = Wgy-

Since o5 V o5 # we, the kerw{%m is not V-compatible and so ¢c,.r,} is not
a o-homomorphism.

It is a matter of checking to see that the ideals of Fy[Cy] are preciously

{0}7 FQ [04]7

Folwe,] = {0,1+a+a*+a* 1+a*a+a*1+aa+a® a®+a1+a},
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Folae,) = {0,1+a+a*+a® 1 +d* a+ a®},

and

Span{l +a + a*> 4+ a*} = {0,1 +a + a* + a*}.
Thus Con(F,[Cy]) is the next:

Fa[Cy]
|
]FQ [WCAL]

IFQ [QCQ]

|
Span{l + a + a* + a*}

|
10}
It is easy to see that kery, . , is V-compatible so0 ¢(cyw,} is & o-homomor-

phism. O

By Lemma 4.1.1 and the Example 4.1.2, it is a natural idea to find all pairs
(S,F) of congruence permutable semigroups S and fields F, for which the
mapping g} i a o-homomorphism. Next we show that if S is an arbitrary
congruence permutable semilattice or an arbitrary congruence permutable

rectangular band, then ¢g.ry is V-compatible for an arbitrary field FF.

4.2 Semilattices

4.2.1 Theorem (] ]) Let S be a congruence permutable semilattice.

Then, for an arbitrary field F, ¢sg.ry is a o-homomorphism.
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Proof. Assume that S is a congruence permutable semilattice. Then, by
[ , Lemma 2], |S| < 2. We consider the case when |S| = 2. Let
S = {z,e}, where z and e are the zero and the identity element respectively.
It is clear that S has two congruences: tg and wg.

Let F be an arbitrary field. It is easy to see that
J.,={az|a€eF} and J,..={a(z—¢€)|aclF}
are proper ideals of F[S]. As
dim(J,) = dim(J,_.) = 1,

the ideals J, and J,_. are minimal ideals of F[S]. We show that the ideals

of F[S] are preciously
{0}, J.,J.—e and T[S].
Let J # {0} be a proper ideal of F[S]. Clearly dim(J) = 1. Let
A=az+ e
be a non-zero element of J. Then
zA = z(az + Be) = (a+ B)z.

Ifa+p5#0,then J=J,. fa+ =0, then J=J, ..
Thus the ideals of F[S] are {0}, J., J._., F[S]. So Con(F[S]) is the next:
S

F[S]
N
Jz sze
N
{0}
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It is straight forward to see that the ker, . -classes of Con(F[S]) are
{{0}, J.} and {J. ., F[S]}. It is easy to see that kery ., is V-compatible

and so, by Lemma 4.1.1, ¢;g.r} is a o-homomorphism. 0

4.2.2 Corollary ([ ]) Let S be a semilattice. Then, for a field F, ps.m

is a o-homomorphism if and only if S is congruence permutable.

Proof. This is obvious by Lemma 4.1.1 and Theorem 4.2.1. O

4.3 Rectangular bands

4.3.1 Theorem (] ]) Let S = L x R be a congruence permutable rect-
angular band where L is a left zero semigroup, R is a right zero semigroup.

Then, for an arbitrary field F, ¢¢g.ry is a o-homomorphism.

Proof. As a rectangular band satisfies the identity axyb = ayxb, that is,
every rectangular band is a medial semigroup Hence | , Corollary 1.2]
implies |L| <2 and |R| < 2.

First consider the case when |L| = 1. Then S is isomorphic to the right
zero semigroup R, and |S| < 2. We can suppose that |S| = 2. Let S = {e, f},
where e, f are idempotents, ef = f and fe = e. The congruences of S are g

and wg. We show that the ideals of F[S] are
{0}, Je—y = Flws] = {a(e— f) |« € F} and FI[S].
Let J # {0} be an arbitrary ideal. Assume that there is an element

O0Fae+pfed
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for which
a+ B #0
is satisfied. Then

(ae+fBf)e=(a+ Pe

and so

OH_B(oH—ﬂ)e:e

from which we get ef = f € J. Consequently,
J =TF[S].
Next, consider the case when
a+p3=0

is satisfied for every

A=ae+ [f € J.
Then f = —a and so
A=ae+ff=ae—af=ale—f) € Jo_y.

Consequently,
J C Je_y.

As dim(J._y) = 1, the ideal J._; is minimal. Hence
J=J._;.

Thus the ideals of F[S] are preciously {0}, J._ and F[S], indeed.
So Con(F[S]) is
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|
{0}

It is a matter of checking to see that the kery . -classes of Con(F[S])
are {{0}} and {J.—,F[S]}. It is easy to see that kery .., is V-compatible
and so, by Lemma 4.1.1, ¢;g.r} is a o-homomorphism.

If |R| = 1, then S is a left zero semigroup, and |S| < 2. We can prove
that kery, ., is V-compatible in a similar way, as int he case when [L| = 1.

Next, consider the case when |L| = |R| = 2. Let

L= {alaa2}7 R= {bla b2}

Let oy and ag denote the kernels of the projection homomorphisms S — L

and S — R, respectively. The ay-classes of S are
{(a1,01); (a1, b2)} and  {(az,b1); (az,b2)}.
The ag-classes of S are
{(a1,b1); (az,01)} and  {(a1,b2); (a2, b2)}.

It is easy to see that S has no congruences other than tg, ar, ag and wg.

We show that the ideals of F[S] are

F[S], Flws] = {Z aij(ai, bj)

i.j=1

2
ZCW,]' :O},

ij=1

JL = F[CKL], JR = F[@R], JL N JR, {0}
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We note that
dim(Flwg]) = 3,

First we show that either J C Flwg]| or J = F[S] for every ideal J of F[S].

Let J be an arbitrary ideal of F[S]. Assume that there is an element
A=oq3(ar, b)) + ar2(ar, b)) + azi(ag, by) + asa(az, by) € J

such that A ¢ Flwg], that is Zij:l a;; # 0. Let i,j € {1,2} be arbitrary

elements. Then

2
(ai,bl)A(al,bj) = (Z Oéi,j) (Cli,bj).
ij=1
As Zij:l a;; # 0, we get (a;,b;) € J from which it follows that S C J.

Consequently, J = F[S]. Thus Flws] is the only maximal ideal of F[S].

Next we show that J;, N Jg is the only ideal of F[S] of dimension 1. Let
A=ai1(a1,b1) + o1 2(ar,be) + agi(az, by) + azs(as, ba) € Jp N Jg
be a non-zero element. Similarly,
(a1,b1) ar (a1,be) and (ag,b1) ar (ag,b),

hence
Q1o = —0q1 and Qg2 = —Qg1.
As
(a1,b1) ag (ag,by) and (a1,bs) ag (ag,by),
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we have

Qg1 = —01 and Qg o = —0 2.

Thus
A= O{((al, bl) — (a17bg) — (CLQ, bl) + (a2;b2))

for some a non-zero element of F. Consequently, the ideal J;,NJg is generated
by
(a1,b1) = (a1, b2) — (az,b1) + (ag, ba).

Hence the dimension of J; N Jg is 1.
To show that J, N Jg is the only ideal of F[S] whose dimension is 1,

consider a one-dimensional ideal J of F[S] generated by an element

0# B =aii(a1,b1) + a12(ar, ba) + ag1(asz, by) + aza(ag, be).
Since J C Flwg] and

(a1,b1)B = (011 + ag1) (a1, br) + (12 + az2)(ar,b2) € J.
There is a coefficient £ € F such that
(a1,01)B = £B.
Assume & # 0. Then as; = a2 = 0 and so
B = aq1(ay, br) + aiz(ar, ba).

From

(a2,b2)B = avy1(asz, by) + ag2(az, by) € J
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we can conclude that o1 = a2 = 0 and so B = 0. This is a contradiction.

Hence £ = 0. Thus
B = aji(a1,b1) + aq2(ar, ba) — oq1(az, br) — o 2(az, ba).

As
B(ai,b1) = (a11 + ai12((a1,b1) — (ag,b1)) € J,

we get B(ay,by) = 7B for some 7 € F. Assume 7 # 0. Then a; 5 = 0 and so
B = 04171(CL1751) - 0é1,1(a2,bl)~

From

B(ag,bg) = 04171((a1, bg) — (CL, 2, bz)) c J

we can conclude that a;; = 0 and so B = 0. This is a contradiction. Hence

7 =0. Thus a2 = —a;,; and so
B = aj1((ai,b1) — (a1,b2) — (ag, b1) + (ag,b2)) € Jp N Jg.
As J # {0} and J N Jg is a minimal ideal of F[S], we get
J=J,N Jg,

that is, J N Jg is the only ideal of F[S] whose dimension is 1.

As dim(Jr + Jr) > dimJg and Flws] O Jg + Jp, we have
JR+JL :IF[(JJS].

Let J be an arbitrary ideal of F[S] which differs from all of the ideals
F[S], Flws], Jr, Jr, Jr N Jg,{0}. Then J C Flwg| and dim(J) = 2.
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If 7N Jg, = {0}, then dim(J + Jr) = 4 which contradicts J + J, C Flwg].
Hence dim(J N Jy) = 1 and so Jp, N Jg = J N Jp. From this we also get
JNJr = Jp N Jg. Recall that C' = (ay,b1) — (a1,b2) — (ag,b1) + (az, be)
generates the ideal J;, N Jg. Let A be an arbitrary element of J — (J, N Jg).

Then A and C' are linearly independent. So

A= a(ay,by) + Blay, by) + v(ag,by) + (—a — B — 7v)(az, by),
where o # —v. Then

(a1,b1)A = (a+v)((a1,b1) — (a1,b2)) € JpNJ = J, N Jg.

It means o = —y which is a contradiction. Thus Con(F[S]) is the next:

F[S]
|

/F [wi
JL Jr
Jr N Jg
|
{0}

It is a matter of checking to see that the ker, ., -classes of Con(F[S]) are
{0}, Jp N Jr}, {Jr}, {Jr} and {Flws], F[ST}. It is easy to see that kery .,
is V-compatible and so, by Lemma 4.1.1, ¢;q.ry is a homomorphism of the

semigroup (Con(F[S]), o) onto the semigroup (Con(S);o). O

4.3.2 Corollary (] ]) Let S = L x R be a rectangular band. Then, for a

field F, pgr) is a o-homomorphism if and only if S is congruence permutable.

Proof. 1t is obvious by Lemma 4.1.1 and Theorem 4.3.1. 0
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