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Abstract 

Mechanical ventilation systems in present-day, airtight buildings are indispensable. Being a key 

contributor to the significant energy consumption of the building industry, rational energy management 

in ventilation systems is substantial. The present research focuses on two key approaches: precise loss 

calculation for accurate system performance prediction and the reduction of ductwork resistance by 

addressing losses in individual components. While various components impact air duct resistance, our 

study concentrates on square sudden expansions, frequently used in ventilation systems to increase flow 

cross-sections. Although extensive research exists on axisymmetric sudden expansions, there is limited 

literature on square or rectangular configurations, which are common in air ducts. Given this gap, this 

study addresses the investigation of flow characteristics and the management of losses in square sudden 

expansions. The research methodology employed computational fluid dynamics, complemented by 

validation through experimental data, including detailed wall static pressure and laser Doppler 

anemometer measurements. A comprehensive set of numerical simulations was conducted within a 

practically relevant parameter range concerning geometry and flow conditions. Similar to axisymmetric 

sudden expansions, flow analysis in square sudden expansions revealed two distinct recirculation zones: 

one low-velocity zone near the step base, and another characterized by high-energy recirculation 

extending up to the reattachment line. Square sudden expansions were found to exhibit significantly 

longer reattachment lengths compared to axisymmetric ones, extending far downstream, especially 

along duct corners. As a next step, the widely used Borda-Carnot formula, commonly employed to 

determine sudden expansion losses, was refined to predict pressure losses in square sudden expansions, 

in the case of a fully developed turbulent inlet flow. The offered semi-empirical method enhances 

precision without significantly increasing complexity. In addition to loss calculation, this method was 

extended to investigate static pressure recovery in sudden expansions. Both analytical and numerical 

analyses demonstrated that the maximum static pressure recovery for a given flow condition is achieved 

when the downstream-to-upstream cross-sectional area ratio equals 2. Finally, a simple and cost-

effective passive flow control method – termed as the miniflap method – was proposed, resulting in a 

substantial 20-30% reduction in pressure losses of square sudden expansions. The capacity of the 

miniflap method to reduce losses, combined with its compact design, presents a competitive advantage 

in the building industry, which is often characterized by limited space allowance.  
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Nomenclature 

Latin letters 

𝐴 pipe/duct cross-section area m2 

𝑎, 𝑏, 𝑐 model equation parameters 1 

𝑎𝑑 inner side length of duct wall m 

𝐴𝑤 wetted perimeter area m2 

𝐶𝑐𝑜𝑟 corner coefficient 1 

𝐶𝑚𝑖𝑥 mixing coefficient 1 

𝐶𝑚𝑖𝑥,𝑐𝑜𝑟𝑟 mixing coefficient calculated from the separation coefficient 1 

𝑐𝑝 pressure coefficient 1 

𝐶𝑠𝑒𝑝 separation coefficient 1 

𝑑 inner pipe diameter m 

𝑑ℎ hydraulic diameter m 

𝐹𝑓𝑟 friction force vector N 

ℎ step height m 

𝑖 running index 1 

𝑙 length m 

𝑀 momentum coefficient 1 

𝑁 kinetic energy coefficient 1 

𝑛 number of measured/numerically simulated points 1 

𝑛𝐴𝑅 area ratio 1 

𝑃 wetted perimeter m 

𝑝 static pressure Pa 

𝑝𝑑𝑦𝑛 dynamic pressure Pa 

𝑝𝑡𝑜𝑡 total pressure Pa 

𝑃𝑓𝑎𝑛 electric power consumption of ventilation fan W 

∆𝑃𝑡𝑜𝑡 total power lost W 

𝑞𝑚 mass flow rate kg/s 

𝑞𝑣 volume flow rate m3/s 

𝑟 radial location m 

𝑅 Pearson correlation coefficient 1 

𝑅2 coefficient of determination 1 

𝑅𝑒 Reynolds number 1 

𝑠 channel width m 
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𝑇𝑢 turbulence intensity 1 

𝑢 local streamwise velocity (𝑥-direction) m/s 

𝑢′𝑢′ local streamwise normal Reynolds stress (𝑥-direction) m2/s2 

𝑣,𝑤 local cross-stream velocity (𝑦-, 𝑧-direction) m/s 

𝑣′𝑣′, 𝑤′𝑤′ local cross-stream normal Reynolds stress (𝑦-, 𝑧-direction) m2/s2 

𝑥 streamwise coordinate 1 

𝑦, 𝑧 cross-stream coordinates 1 

𝑦+ dimensionless wall distance 1 

Greek letters 

𝛼 miniflap angle/diffuser half-opening angle degree 

𝛿 relative uncertainty 1 

∆ difference  

𝜀 surface roughness m 

𝜁 loss coefficient 1 

𝜂𝑓𝑎𝑛 fan efficiency 1 

𝜃 diffuser opening angle degree 

𝜆 pipe friction coefficient 1 

𝜇 power profile parameter 1 

𝜈 kinematic viscosity m2/s 

𝜌 density of the fluid kg/m3 

𝜎𝑒𝑠𝑡 standard error of the estimate  

𝜏𝑤 wall shear stress Pa 

𝜑 generic variable  

Indices 

0 location at the expansion plane  

1, 1', 10 locations upstream of the expansion plane  

2, 2', 02 locations downstream of the expansion plane  

BC Borda-Carnot sudden expansion  

CFD computational fluid dynamics  

cl centerline  

diag diagonal  

diff diffuser  

dyn dynamic  

eff effective  

emp semi-empirical method  

exp experimental  
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ext extrapolation method  

fan fan  

FD fully developed velocity profile  

fr friction  

I – V sequence numbers of simplification steps  

id ideal  

max maximum  

maxp maximum pressure method  

mean arithmetic mean  

mf miniflap  

MF sudden expansion equipped with miniflaps  

min minimum  

opt optimal  

r reattachment  

ref reference  

sec secondary separation  

SPR static pressure recovery  

sys ductwork of ventilation systems  

tot total pressure  

Abbreviations 

2D two-dimensional  

3D three-dimensional  

AR aspect ratio (= 𝑠 ℎ⁄ , see Table 2.1. Not to be confused with 𝑛𝐴𝑅)  

BC Borda-Carnot  

BFS backward-facing step  

CFD computational fluid dynamics  

CPU central processing unit  

ER expansion ratio  

FD fully developed  

GCI grid convergence index  

GEKO generalized k-ω model  

HVAC heating, ventilation, and air-conditioning  

LDA laser Doppler anemometer  

mf miniflap  

MF sudden expansion equipped with miniflaps  

RANS Reynolds-averaged Navier-Stokes  
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RSM Reynolds Stress Model  

SFP specific fan power kW/(m3/s) 

SPR static pressure recovery  

Generic notations 

𝜑 area-weighted average/arithmetic mean  

𝜑
𝑚

 mass-weighted average  

𝜑
𝑣

 volume-weighted average  

𝜑 vector quantity  
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1 Motivation 

Due to the rapidly growing population and humankind’s increasing need for comfort, energy 

consumption assumes considerable proportions that continue to rise at an unprecedented rate. The 

energy-consuming sectors can be broadly classified into three main categories: transport, industry, and 

“other”, with the latter encompassing primarily buildings [1]. These three sectors contribute 

approximately equal proportions to the world’s overall energy consumption [1, 2]. According to the 

latest data from the International Energy Agency [3], the contribution of residential and industrial 

buildings to global energy use is approximately 30%, but it can even reach a remarkably high figure of 

40% in the EU [4-6] and in the US [7]. Due to the increasing energetic awareness of the engineering 

society, directives and regulations have been established since the 1970s, prompted by the first oil crisis 

[8, 9], targeting a general reduction in the energy use of buildings. However, despite the introduction 

of increasingly stringent legislations, energy consumption in the building sector continues to rise [3, 9]. 

This can be attributed to factors such as population growth, increasing comfort demands, and the 

significant amount of time individuals spend indoors, which can reach up to 90% of a human’s lifetime 

[10]. 

An initial step towards an energetically more efficient construction industry was the general 

heat loss reduction through the external envelope of buildings by applying better insulation on the walls 

and enhancing the airtightness of doors and windows [9]. While minimizing air infiltration rate through 

openings can significantly reduce the heating and cooling requirements, it also limits natural ventilation, 

depriving the building of fresh air exchange. Poor indoor air quality can cause discomfort, reduced 

concentration among occupants [11], and even severe health risks due to mold formation on the walls. 

This condition is commonly referred to as sick building syndrome. Consequently, fresh air needs to be 

artificially supplied, which makes ventilation systems indispensable and also a significant factor in the 

overall energy consumption – reaching up to 35 – 50 % [1, 2, 7] – of buildings. Consequently, rational 

energy management in buildings requires a focus on energy-efficient operation of heating, ventilation, 

and air conditioning (HVAC) systems. An important aim is to consider and control the fluid mechanical 

losses occurring in the components of HVAC systems, among others, in air ducts. 

In order to control the losses in ventilation systems, the so-called maximum specific fan power 

(SFP) is regulated by the relevant EN 16798-3:2018 standard [12], which defines the SFP as the 

“combined amount of electric power consumed by all the fans (𝑃𝑓𝑎𝑛) in the air distribution system 
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divided by the total airflow rate (𝑞𝑣) through the building under design load conditions”. SFP can thus 

can be expressed as the ratio of the total pressure increase in the fan (∆𝑝𝑡𝑜𝑡) – which equals the losses 

in the ventilation system – and the fan efficiency (𝜂𝑓𝑎𝑛(𝑞𝑣)), as shown in Eq. (1.1): 

𝑆𝐹𝑃 =
𝑃𝑓𝑎𝑛

𝑞𝑣
=
∆𝑝𝑡𝑜𝑡
𝜂𝑓𝑎𝑛(𝑞𝑣)

 (1.1) 

As can be seen from Eq. (1.1), the SFP is directly related to the pressure losses of a ventilation system. 

Given that the ventilation airflow rate is determined by factors such as the heating or cooling loads of 

the buildings and the need for fresh air, the purpose of imposing an upper limit to the SFP is, in fact, to 

minimize the pressure losses in the ventilation systems. Consequently, reducing the hydraulic resistance 

of air duct elements becomes an effective way to reduce the SFP.  

Another approach to reducing the SPF involves enhancing fan performance, for instance, by 

operating the fan near it peak efficiency, ensured by precise calculation of losses for accurately 

predicting the system’s operating point. The prediction of losses is best achieved when the 

manufacturers themselves provide specific data for each element. However, in the absence of such data, 

designers must rely on handbooks, such as the Handbook of Hydraulic Resistance by Idelchik [13]. 

Although reference [13] offers a wealth of information on hydraulic resistance of pipe fittings, the 

primary sources, providing detailed data of the measurement circumstances, are often untraceable. 

Moreover, the experiments cited in the handbook were conducted 70 – 80 years ago, a period during 

which new pipe components have emerged in the market. Consequently, there is a recognized need for 

further research in this field to update and improve available information [14]. This need, together with 

the ever-improving measurement and computational techniques, makes hydraulic research remain 

active still nowadays. The field of mechanical ventilation is particularly interesting because ventilation 

ductwork is often of rectangular cross-section. While circular elements have well-defined dimensions 

specified by the standards [15], rectangular elements are often tailor-made, making it challenging for 

manufacturers to provide standardized loss data due to the wide range of possible geometries. Thus, it 

is important to improve general empirical formulae, if applicable, for accurately calculating losses in 

rectangular air duct elements. 
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Fig. 1.1 Examples of element types in ventilation duct systems [22] 

 

Hydraulic elements of ventilation duct systems, in addition to straight ducts, can be categorized 

into three main groups, as illustrated in Fig. 1.1: elements that (1) change the direction of the flow 

(elbows, bends); (2) divide or unite the flow (T-junctions, manifolds); (3) change the cross-section of 

the flow (contractions, expansions). Though HVAC standards include some guidelines to reduce the 

pressure drop of ventilation duct elements [15, 16], the significance of the topic is reinforced by the 

increasing number of recent publications. These publications explore various approaches for 

minimizing resistance in elbows and T-junctions, such as installing guide vanes [17-19] or modifying 

element contours [20, 21]. 

Regarding elements that change the cross-section of air ducts, expansions tend to result in 

higher hydraulic resistance compared to contractions [13]. This characteristic emphasizes the need to 

prioritize the study and analysis of expansions. Expansion elements are generally applied in an HVAC 

system to reduce the velocity in air ducts – thereby mitigating the related loss and flow-induced noise 

– or to recover static pressure. The energetically most effective way of increasing the flow cross-section 

is to apply a diffuser with an opening angle of ~6–12°, depending on the diffuser geometry and the flow 

conditions [13]. However, such diffusers tend to be relatively long and costly. To overcome these 

drawbacks, shorter and more wide-angled diffusers are also available on the market, ranging from 13°– 

67° [22]. The related standards [15, 16] suggest a maximum angle of opening of 60°, or 90° if the 

upstream pipe diameter is smaller than 315 mm [15]. One has to be aware, though, that a diffuser of an 

elbow/bend T-junction contraction/expansion
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opening angle larger than 40°– 60° has already worse energetic characteristics than a simple sudden 

expansion [13, 23, 24] – i.e., a 180° diffuser –, illustrated by Fig. 1.2 for a representative geometry and 

flow condition. This fact, together with the frequent limitation of space allowance hindering the use of 

energetically more favorable but longer diffusers, ratifies the use of sudden expansions in HVAC ducts. 

Loss reduction of sudden expansions by simple and cost-effective flow-controlling elements gives the 

potential for a further competitive advantage of the sudden expansions over diffusers. 

 

Fig. 1.2 Loss of a typical conical diffuser as a function of the opening angle, normalized by the loss of the 

diffuser at 𝜃 = 180°. Figure reproduced from Fig. 8.29 in [23]. 

 

Based on the above-written, the primary motivation of this dissertation is to address and reduce 

the losses induced by sudden expansions installed in rectangular air duct systems. Despite the seemingly 

simple nature of this topic and its prevalence in existing scholarly work, there are still gaps in the 

available knowledge, leaving room for further exploration. The theoretical background, detailed 

analysis of the relevant scientific literature, and specific research goals are presented in the next chapter.   
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2 Theoretical background 

2.1. Terminology 

Suddenly expanding flow scenarios enjoy widespread popularity among fluid dynamicists due to their 

significant importance both from a theoretical and practical standpoint. Despite the fairly simple 

geometry, sudden expansions display numerous interesting flow features – like geometry-induced 

separation by the sharp step edge, multiple recirculation zones, unsteady reattachment, and boundary 

layer redevelopment – and are also encountered in various engineering applications. Besides the 

formerly discussed ventilation systems, they appear, e.g., in combustor chambers [25, 26], cleaning 

processes in the food industry [27], separated flows over airfoils [28], and arterial stenosis [29, 30]. The 

appearance of suddenly expanding flows in the scientific literature dates back as early as the 15th 

century, where the main flow features were captured and preserved by the drawings of Leonardo da 

Vinci [31] (see Fig. 2.1).  

 

Fig. 2.1 Drawings of Leonardo da Vinci about flows in suddenly expanding cross-sections. [31] 
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A remarkable milestone was the derivation of the semi-empirical loss equation for sudden 

expansion flows, first provided by Borda in 1766 [32]. The literature then concerned itself with the 

experimental confirmation of Borda’s expression for an extended period of time. Due to the ever-

improving measurement techniques and the swift increase in computational capacity, researchers have 

continued to have a fascination for suddenly expanding flows ever since. This results in a vast number 

of related scientific papers addressing various flow features – laminar, turbulent, compressible, 

incompressible, Newtonian, non-Newtonian, etc. – and different geometry variants, such as backward-

facing steps or planar and axisymmetric sudden expansions. However, the terminology for the examined 

geometries lacks consistency, which might lead to confusion when surveying the relevant literature. 

The National Institute of Standards and Technology has also reported that inconsistent terminology is 

an issue across the literature for all types of pipe fittings, and it needs to be dealt with [33]. Therefore, 

a revision and categorization of suddenly expanding flow scenarios are provided in the following. Table 

2.1 shows the most frequent suddenly expanding geometry types; how they are termed in the present 

thesis, and how they appear in the literature. The suggested names were aimed to be concise but 

informative enough to describe the given geometry type clearly, and possibly include the terms that had 

already gained a foothold in the scientific community. The presented list of geometries and literature in 

Table 2.1 is not meant to be exhaustive, as with regard to the immense number of related research 

papers, it is non-viable to cover all relevant scholarly work on the topic. 
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Table 2.1 Terminology of suddenly expanding flow scenarios. 

 Schematic drawing Terminology in the 

present thesis 

Terminology in literature 

a) 

 

backward-facing step 

(BFS) 

BFS [34, 45, 46]   

 

b) 

 

normally confined BFS 

 

BFS [35, 37, 47-51]   

2D BFS [52-54]  

single BFS [43] 

single-sided BFS [55,56]  

unilateral sudden expansion [57] 

rear-facing step [58] 

 

c) 

 

 

normally confined 3D 

BFS 

 

BFS [59] 

3D BFS [60] 

confined BFS [61,62]  

low aspect ratio BFS [63] 

square BFS [64] 

single-sided sudden expansion [63]  

 

d) 
 

3D BFS 3D non-confined BFS [65] 

 

e) 

 

 

2D/3D plane symmetric 

sudden expansion 

 

double BFS [39, 43, 66, 67]  

symmetric sudden expansion [39,67]   

planar/plane sudden expansion [38, 44, 68-71]  

plane symmetric sudden expansion [44, 66, 72, 73]  

planar channel flow [74] 

symmetric double-sided expansion [56] 

symmetric double-sided planar expansion [39] 

rectangular sudden expansion [39,40] 

rectangular rearward-facing step [75] 

 

f) 

 

axisymmetric sudden 

expansion 

axisymmetric sudden expansion [54, 71, 74-86]  

axisymmetric conduit expansion [87] 

sudden enlargement [32,88] 

abrupt enlargement [89] 

abrupt circular channel expansion [90,91] 

abruptly expanding circular duct [92] 

Borda-Carnot expansion [32, 41,42] 

 

g) 

 

square sudden expansion 

square sudden expansion [93] 

square expansion [94] 

3D expansion [94] 

3D square-square expansion [95] 

 

h) 
 

rectangular sudden 

expansion 

rectangular sudden expansion [93] 

 

flow
normal

normalh2

h1

ER = h2 / h1

spanwise

normal
s

h

AR = s / h

nAR = A2 / A1

A2 
A1
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 The purest form of a suddenly expanding flow scenario – and thus the benchmark case for 

external separating and reattaching flows – is the backward-facing step (BFS) (see Table 2.1a), being 

unconfined in the normal and the spanwise directions. The normal, spanwise, and flow directions are 

depicted in the schematic drawing in Table 2.1a-c for clarity. If a BFS is examined in a wind tunnel 

with a closed test section – often the case for reasons of feasibility – confinement is caused by the upper 

and side walls of the test section. The measure of confinement in the normal direction is called the 

expansion ratio (𝐸𝑅), which is the ratio of the height of the wind tunnel downstream (ℎ2) and upstream 

(ℎ1) of the step (see Table 2.1b). The presence of the upper wall can have a significant effect on both 

the static pressure distribution downstream of the step edge – already at 𝐸𝑅 = 1.01 – 1.02 [34] – and 

the emerging flow features, leading to the formation of multiple separation zones on both the lower and 

upper wall downstream of the expansion plane [35]. Thus, it is suggested that confinement in the normal 

direction appears explicitly in the description of the geometry by terming it normally confined BFS. The 

measure of confinement in the spanwise direction is the aspect ratio (𝐴𝑅) (see Table 2.1c), which is the 

ratio of the channel width (𝑠) and the step height (ℎ). According to de Brederode and Bradshaw [36 

in:37]], for 𝐴𝑅 < 10, three-dimensional (3D) structures will appear in a nominally two-dimensional 

(2D) flow. If 𝐴𝑅 > 10, a 2D flow in the central region is assured. Similar to confinement in the normal 

direction, spanwise confinement is also recommended to be included in the geometry name by terming 

it normally confined 3D BFS (see Table 2.1c) or 3D BFS (see Table 2.1d). In the case of non-confined 

geometries in the spanwise direction, using 2D is optional, being the default concept for BFS 

geometries. 

The next step in geometric complexity is to have two backward-facing steps facing each other, 

often referred to in the literature as a plane symmetric sudden expansion (see Table 2.1e). The 2D/3D 

attribute determines the spanwise confinement, as introduced before. Research of flows in plane sudden 

expansions is probably the most accentuated in the field of suddenly expanding flow scenarios, given 

that despite a symmetric geometry, the flow might turn highly asymmetric at certain Reynolds numbers 

and geometric conditions. This symmetry-breaking pitchfork bifurcation [38] of the flow results in 

separation regions of unequal length, which provides a major adventure and challenge for experimental, 

numerical, and mathematical treatment. The onset of the asymmetry happens in the laminar flow regime 

and persists in the turbulent range as well [39]. Plane symmetric sudden expansions are occasionally 

referred to as rectangular sudden expansions [39,40], which term is instead to be kept for rectangular 

duct fittings, expanding in all four directions, discussed later.  
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Among the geometries of most widespread practical relevance, the axisymmetric sudden 

expansion (see Table 2.1f) incorporates a circular pipe with a smaller inner diameter, abruptly 

expanding into a pipe with a larger inner diameter. It is also frequently referred to as abrupt enlargement, 

abrupt expansion, or suddenly expanding circular duct. The term axisymmetric sudden expansion, 

however, is unambiguous, concise, and very widespread in the literature; therefore, it is used in this 

form herein. Teyssandier & Wilson [32] refer to this geometry as the Borda-Carnot expansion – named 

after two French scientists, Jean-Charles de Borda and Lazare Carnot –, which is also commonly used 

in Hungarian textbooks [41,42]. Axisymmetric sudden expansions – contrarily to plane symmetric 

sudden expansions – are reported to maintain flow symmetry, which can be explained as follows: in the 

case of a plane symmetric sudden expansion, the two distinct separation bubbles are unable to 

communicate with each other, which can lead to major flow asymmetry downstream of the expansion, 

having an even five times longer reattachment length on one side than on the other [43]. Contrarily, the 

flow in axisymmetric sudden expansions remains fairly symmetrical due to the quick pressure 

redistribution in the circumferentially coherent separation bubble [44].  

If the piping of the attached hydraulic system is of a rectangular cross-section, the sudden 

expansions in the system will necessarily be of rectangular cross-sections as well. Based on the limited 

number of relevant literature, the proposed terminology is square/rectangular sudden expansion (see 

Table 2.1g,h) for a concentric square-to-square/rectangle-to-rectangle sudden expansion. Eccentricity 

and variable aspect ratios in the case of rectangular sudden expansions are not addressed in this 

document. Axisymmetric, square, and rectangular sudden expansions are frequently characterized by 

the area ratio (𝑛𝐴𝑅), which is the ratio of the downstream (𝐴2) and the upstream flow cross-sections 

(𝐴1), as defined by Eq. (2.1) and shown in Table 2.1f. 

𝑛𝐴𝑅 =
𝐴2
𝐴1

 (2.1) 

In the above written, the terminology for suddenly expanding flow scenarios has been 

discussed, together with a brief description of the difference in the evolving flow field in the various 

geometries, especially in terms of asymmetry. While Table 2.1 does not encompass the entirety of the 

literature on suddenly expanding flow scenarios, it effectively represents the distribution of available 

research across various geometries, revealing a noticeable gap in the study of square and rectangular 

sudden expansions. The subsequent section provides a more detailed description of the flow topology. 

Given the unavailability of systematic information about flows in square sudden expansions, the focus 
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will be on axisymmetric (circular) sudden expansions as they closely resemble square expansions in 

terms of 90-degree periodicity and expected flow symmetry.  Although the flow structures in the case 

of the other listed geometry types are not scrutinized, they still provide valuable insight into the 

applicable experimental, numerical, and evaluation techniques.   

 

2.2 Flow features in axisymmetric sudden expansions  

The main flow features and the static pressure distribution, developing in an axisymmetric sudden 

expansion, are illustrated qualitatively in Fig. 2.2. The flow is examined between sections 1 and 2, 

located sufficiently far upstream and downstream of the sudden expansion, respectively, to allow for 

neglecting any effect of the element. The other highlighted cross-sections (0, 01, 02, 1’, 2’) will gain 

importance in subsection 2.3 and will be discussed therein.  

 

Fig. 2.2 Basic flow features and wall static pressure distribution in axisymmetric sudden expansions (not drawn 

to scale). 
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The Reynolds number (𝑅𝑒) – which is a crucial dimensionless parameter to determine the flow 

regime of a pipe flow – is defined by Eq. (2.2): 

𝑅𝑒 =
𝑢 ∙ 𝑑

𝜈
 (2.2) 

, where 𝑢 is the area-averaged streamwise velocity, 𝑑 is the inner diameter of the pipe, and 𝜈 is the 

kinematic viscosity of the transported fluid.  

Up to 𝑅𝑒 = 2300, the pipe flow is considered laminar; in the range of 2300 < 𝑅𝑒 < 4000, it is classified 

as transitional, and for 𝑅𝑒 > 4000, the pipe flow is regarded as turbulent. For sudden expansion flows, 

the Reynolds number is traditionally reported based on the upstream flow and geometric conditions, 

denoted by a “1” in the lower index (𝑅𝑒1 = 𝑢1 ∙ 𝑑1 𝜈⁄ ). It is to be noted that the Reynolds number in a 

sudden expansion is reduced in the downstream pipe section to 𝑅𝑒2 = 𝑢2 ∙ 𝑑2 𝜈⁄ = 𝑅𝑒1 ∙ 𝑑1 𝑑2⁄ ; 

therefore, the downstream flow can be relaminarized even in the case of a turbulent upstream inlet, 

which might significantly affect the emerging flow features. However, since ventilation systems 

typically involve large duct cross-sections and low kinematic viscosity of air, the flow is often turbulent 

both in the upstream and downstream pipe sections. Therefore, this document primarily focuses on the 

turbulent regime in both sections.  

In a sudden expansion, complex velocity redistribution, together with total pressure loss and 

static pressure recovery processes takes place (conf. Fig. 2.2). A fully developed turbulent flow is 

approaching the sudden expansion, which can be influenced in the proximity of the step edge, due to 

the upstream effect of the element. As the flow reaches the step edge, the separation of the boundary 

layer takes place. The separation line is fixed by the sharp corner, eluding the complexity of a moving 

separation point. The detached boundary layer turns into a shear layer, which provides a border between 

the main flow and the recirculation zone. The time-averaged location of this border is frequently 

referred to as the dividing streamline [80, 88, 92]; the net volume flow rate between the dividing 

streamline and the wall is zero. Based on the shape of the dividing streamline, the jet emanating from 

the upstream pipe section is observed to remain unexpanded up to 3–4 step heights (ℎ) [88, 92]. 

Similarly to a free jet, a potential core is known to exist up to 3–4ℎ along the duct axis [71, 83], 

maintaining a nearly constant centreline velocity. The separation region can be divided into a higher-

velocity primary and a lower-velocity secondary separation zone. The primary separation zone is highly 

energetic, with the maximum backflow velocity reaching 15-20% of the average upstream flow, 
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occurring at a distance of 4–5ℎ downstream of the expansion plane [32, 80]. The primary separation 

ends where the flow impinges on the wall, i.e., reattachment takes place. Since the reattachment of the 

shear layer oscillates back and forth, a reattachment zone, rather than a reattachment line occurs. The 

length of the secondary separation (𝑙𝑠𝑒𝑐) region has been reported to be approximately 1ℎ [77], whereas 

reattachment (𝑙𝑟) takes place between 5–11ℎ [32, 54, 71, 75, 77-80, 83, 84, 90, 92]. Further downstream, 

a new boundary layer develops in the relaxation region that gradually tends towards a fully developed 

state. 

In order to get a more general comprehension of the behavior of a pipe flow, the flow structures 

should be examined along with the pressure distribution inside the duct. Although the wall static 

pressure (𝑝) is only representative of the whole cross-section if the streamlines are straight and parallel 

– which is not necessarily the case in the recirculation region – it can still provide useful information 

about pressure trends. Thus, a qualitative wall static pressure distribution is depicted at the bottom part 

of Fig. 2.2. Static pressure linearly decreases upstream of the step due to duct wall friction in the fully 

developed flow, and it continues to drop further past the expansion, which is attributed to the elevated 

losses occurring right after the step. After reaching a minimum (𝑝𝑚𝑖𝑛) between 2–3ℎ [32, 71, 80, 84], 

the static pressure starts to increase due to a recovery process, and it peaks at 15–20ℎ [88]. It is important 

to note that the location of the maximum pressure (𝑝𝑚𝑎𝑥) does not coincide with the location of the 

reattachment; static pressure increases beyond reattachment due to velocity redistribution still in 

progress. After its climax, the static pressure starts to decrease again, and it smoothly blends into the 

linear pressure drop region, belonging to the fully developed duct flow.  

As briefly presented, axisymmetric sudden expansions exhibit various flow features, from 

which those of considerable practical importance in ventilation systems – namely the primary and 

secondary separation zones – will be further detailed. The extent of the primary separation region, i.e., 

the reattachment length, has been in the limelight for the past 50 years, from the 1970s [90] until 

nowadays [71]. The most frequently mentioned practical relevance is in connection with gas turbines, 

namely that the recirculation zone enhances mixing processes and acts as a flame-holder in sudden 

dump combustors [76, 78, 83, 92]. As for ventilation systems, the reattachment length should be an 

absolute minimum distance, below which the installation of flow rate controlling dampers or flow 

measuring units is to be avoided. While achieving a fully developed flow would be ideal for enhanced 

accuracy in flow rate measurements, it is often impractical due to space constraints in technological 

areas. To illustrate this point, a specific example of a Lindab flow-measuring unit [96] and its 
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installation protocol is shown in Fig. 2.3. The recommended straight duct section downstream of an 

elbow is 3𝑑ℎ (where 𝑑ℎ is the hydraulic diameter of the non-circular duct); however, the necessary 

length to reach a fully developed flow is about an order of magnitude larger: at least 50𝑑ℎ [97]. This 

demonstrates that the objective of attaining a fully developed state is not pursued during the installation 

of flow-measuring units. The elbow is highlighted as an example since the product manual does not 

include instructions for installation downstream of sudden expansions. 

 

 

Fig. 2.3 Lindab flow measuring unit and the recommended straight duct lengths  

upstream of the measuring unit. [96] 

 

Figure 2.4 shows the reattachment lengths for axisymmetric sudden expansions as a function 

of the Reynolds number (Fig. 2.4a) and the area ratio (Fig. 2.4 b), reported by various scientific papers. 

Empty and filled markers denote experimental and computational fluid dynamical (CFD) research, 

while black and red markers represent a fully developed and a mostly uniform inlet flow – frequently 

termed as plug flow in the literature – respectively. If a cited paper presents several measurement results 

– e.g., for one Reynolds number but several area ratios – only the two extrema of the reattachment 

lengths are depicted in the figure, connected by a solid line.  
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Fig. 2.4 Reattachment length in axisymmetric sudden expansions a) as a function of the Reynolds number, b) as a 

function of the area ratio. Marker notation: empty – experiment, filled – CFD, black – fully developed inlet flow, red – 

uniform inlet flow. 

 

Although the present research focuses on the turbulent regime, it is useful to discuss the laminar 

and transitional regions as well in order to gain an overview of the trends and orders of magnitude with 

respect to the Reynolds number. Based on the work of Back & Roschke [91], the reattachment length 

increases linearly in the laminar region and peaks at 25ℎ for 𝑅𝑒1 = 250. Due to the destabilization of 

the shear layer and the increased mixing, the reattachment length decreases in the transitional zone. 

After passing a local minimum of around 6ℎ at 𝑅𝑒1 = 1000, it reaches a nearly constant value of 9 –10ℎ 

in the turbulent regime for 𝑅𝑒1 > 3000. By observing Fig. 2.4a, no systematic dependence on the 

Reynolds number can be captured in the turbulent regime, which viewpoint is also shared by, e.g., 

Abbott & Kline [43], So [76], and Steiglmeier et al. [78]. According to the study of Moon & Rudinger 

[92] and Nouri-Borujerdi & Ghazani [71], however, the reattachment length does increase slightly with 
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an increasing Reynolds number, which phenomenon can be explained by the research of So [76]. Based 

on the comparison of numerous experimental works, So stated that the single most important parameter 

affecting the reattachment length in the turbulent regime is the level of the inlet turbulence (𝑇𝑢1). A 

higher inlet turbulence intensity promotes the growth of the shear layer, thus resulting in a shorter 

reattachment length. Based on the simple formula of Russo & Basse (𝑇𝑢 = 0.140 ∙ 𝑅𝑒−0.0790 [98]), the 

average turbulence intensity in fully developed pipe flows monotonically decreases with an increasing 

Reynolds number, which could indirectly lead to a longer reattachment length. Zemanick & Dougall 

[90], however, reported shorter reattachment lengths with an increasing Reynolds number, which 

contradicts the previously delineated train of thought. As for the effect of the area ratio on the 

reattachment length, Fig. 2.4 b shows a wide scatter of the literature data (only the turbulent regime is 

displayed). Albeit, if one focuses only on the CFD results of Nouri-Borujerdi & Ghazani [71] and Bae 

& Kim [84], a concave trend can be discovered, displaying a maximum reattachment length at about 

𝑛𝐴𝑅 = 4 – 5. 

A possible explanation for the large scatter in the presented results can be the unwieldiness of 

the measurement procedure, mainly due to the inherent unsteadiness of the reattaching shear layer and 

the need to measure in the proximity of the wall, which is generally a cumbersome procedure for most 

experimental techniques. The simplest approach is flow visualization. Back & Roschke [91] introduced 

dye into the flow through holes and searched the location where the paint already moved in the 

downstream direction. Moon & Rudinger [92] placed water droplets onto the duct wall and located the 

reattachment region, where the droplets remained mostly at rest. Experiments based on local velocity 

measurements – like the flying hot-wire measurements of Cole & Glauser [83] or the LDA 

measurements of Stevenson et al. [75] and Stieglmeier et al. [78] – frequently use the method of linearly 

extrapolating time-averaged zero-velocity line towards the wall, which cannot account for the increased 

curvature of the streamlines close to the reattachment location. Zemanick & Dougall [90] determined 

the location of the maximum heat transfer, which is suggested to coincide with the reattachment 

location. Possibly, the most straightforward method is to locate the reattachment based on where the 

time-averaged wall friction is zero, as it was done by Devenport & Sutton [80]. This latter method is 

also frequently used in CFD studies [61, 74, 84, 85]. Finally, there are also sources where the 

determination procedure of the reattachment is not mentioned [71, 77, 79]. 
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Information about the secondary separation zone appears to be only sporadically available in 

the literature, whether axisymmetric sudden expansions, plane symmetric sudden expansions, or BFSs. 

It is probably because no specific practical significance is assigned to this feature; nevertheless, it might 

be relevant in ventilation systems. The secondary separation zone is a corner vortex (or vortices) at the 

step base [43, 79, 83], characterized by low velocities [77]. In accordance with the Helmholtz vortex 

theorem, a vortex tends to embed substances [41], such as contaminant particles, which might lead to 

dust accumulation and pathogen buildup at the step corner. Therefore, the installation of cleaning 

hatches is recommended up to the boundaries of the secondary separation zone, which makes 

knowledge about its extent desirable. The existence of the secondary separation zone in axisymmetric 

sudden expansions is mentioned but not scrutinized any further by Moallemi & Brinkerhoff [74], 

Furuichi et al. [54], Cole & Glauser [83] and Gould et al. [79], while Durrett et al. [77] determined its 

length to be 1.2ℎ for one single Reynolds number (𝑅𝑒1 = 84000) and one single area ratio (𝑛𝐴𝑅 = 7.29). 

Further information on this flow feature has been found only for other suddenly-expanding geometries. 

Abbott & Kline [43] examined the secondary separation zone by dye injection and reported its length 

to be around 1ℎ, irrespective of the Reynolds number and the area ratio, for a normally confined BFS 

and a 2D planar sudden expansion. Spazzini et al. [99] examined a normally confined BFS for a single 

area ratio, and they found that the length of the secondary separation zone decreased from 1.8ℎ to 1.1ℎ 

as the Reynolds number increased from 3500 to 16000. Further systematic studies seem to be 

unavailable in the open literature.  

In conclusion, the primary and secondary separation zones are of practical importance in 

ventilation systems. The former determines the minimum installation distance from the expansion plane 

of controlling or measuring devices, while the latter shows the extent of the zone where dust 

accumulation and pathogen buildup might appear. The reattachment length – i.e., the extent of the 

primary separation region – in an axisymmetric sudden expansion is expected to be between 5 – 11h. 

The cited literature shows significant scatter; therefore – despite the slight trends appearing in a few 

studies as a function of both the Reynolds number and the area ratio – a more specific conclusion seems 

unwarranted. The existence of the secondary separation zone is seldom discussed. Its extent is 

expected to be between 1 – 2h, based on axisymmetric sudden expansion, BFS, and 2D planar sudden 

expansion geometries. The author of the present dissertation has not found any scientific papers 

discussing the extent of the primary and secondary separation zones specifically for square sudden 

expansions. Furthermore, the cited literature for rectangular sudden expansions [93-95] primarily 
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focuses on laminar and/or non-Newtonian flows, which is not directly applicable to the context of 

ventilation systems. This highlights the need for further research and sets the first research goal. 

 

Research goal #1: systematic examination of the extent of the primary and secondary 

separation zones in square sudden expansions as a function of the Reynolds number and the area ratio, 

for the case of a fully developed turbulent upstream flow.  

 

2.3 Definition of the loss coefficient  

The loss coefficient (𝜁) of any hydraulic component is defined as the dimensionless total pressure loss 

(∆𝑝𝑡𝑜𝑡) across the element (Eq. (2.3)), where the nondimensionalizing term is conventionally the area-

averaged upstream dynamic pressure (𝑝𝑑𝑦𝑛,1).  

𝜁 =
∆𝑝𝑡𝑜𝑡
𝑝
𝑑𝑦𝑛,1

=
∆𝑝𝑡𝑜𝑡
𝜌
2
𝑢1
2

 (2.3) 

, where 𝜌 is the density of the fluid and 𝑢1 is the area-averaged streamwise velocity upstream of the 

expansion plane. 

The losses introduced by the given component are associated with induced vortex formation in 

addition to the subsequent velocity equalization process in the duct, and friction losses due to the 

presence of the duct wall in the region affected by the element. In the course of calculating hydraulic 

losses in pipe systems, though, it is common practice that irrespective of the actual state of the flow 

(fully developed or not), the friction losses of straight pipes are determined for the case of a fully 

developed flow [24, 33, 81], meanwhile the losses of the given pipe fitting are to be compacted to the 

actual physical length of the element, meaning essentially zero axial extent in the case of sudden 

expansions. The loss coefficient, defined this way, expresses the extra pressure loss due to the presence 

of the inserted pipe fitting, thus it inherently includes the friction loss of the specific component, 

resulting from the difference between the effective friction loss and the friction loss in the case of a 

fully developed pipe flow.  
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As for determining the loss coefficient of a sudden expansion, three different approaches exist 

in the literature, termed herein as extrapolation, maximum pressure, and semi-empirical methods. A 

brief overview of these methods is given herein, aided by Fig. 2.5, while the following subsections 

(2.3.1 – 2.3.3) provide a detailed revision and evaluation of the aforementioned methods from a practical 

standpoint. 

 

 

Fig. 2.5 Three methods for determining the loss coefficient. a) extrapolation method; b) maximum pressure 

method, c) semi-empirical method.  

 

Extrapolation method: this method, illustrated in Fig. 2.5a, involves determining the total pressure 

difference between sections 1 and 2 (∆𝑝𝑡𝑜𝑡,1−2), located far enough from the expansion plane to 

minimize any flow-disturbing effect of the element. The loss introduced by the sudden expansion alone 

(∆𝑝𝑡𝑜𝑡), is obtained by subtracting the friction losses of the attached pipe sections (∆𝑝𝑓𝑟) under the 

assumption of a fully developed pipe flow from the total pressure difference between sections 1 and 2. 

This subtraction can be visually represented by extrapolating the far field total pressure grade lines to 

the location of the expansion, giving rise to the terminology: “extrapolation method”. 

Maximum pressure method: when employing the maximum pressure method, as depicted in Fig 2.5b, 

the analysis focuses on a shorter pipe section positioned between location 1' (just upstream of the step 

edge) and location 2' (where downstream wall static pressure reaches its peak, thus the name “maximum 

pressure method”). This approach capitalizes on the fact that, due to the area expansion of the 
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component, static pressure increases in the direction of flow. The loss is quantified as the difference 

between the ideal pressure rise (∆𝑝𝑖𝑑) applicable in the case of inviscid flow and the effective pressure 

rise (∆𝑝𝑒𝑓𝑓) relevant in the context of viscous flow. The ideal pressure rise is determined through the 

energy equation (discussed later), while the effective pressure rise is directly measured as the difference 

in wall static pressure between pipe sections 1' and 2'. The straight pipe sections are short enough to 

consider the friction losses negligible. 

Semi-empirical method: lastly, the semi-empirical method, illustrated in Fig. 2.5c, is discussed. This 

approach, similar to the maximum pressure method, employs the concept that the total pressure loss in 

a sudden expansion can be computed as the difference between the ideal pressure rise and the effective 

static pressure rises augmented by the friction losses of the attached pipe sections. This latter term needs 

to be considered, as locations 1 and 2 are situated far from the expansion plane. The ideal pressure rise 

is determined from the energy equation, while the effective static pressure rise is derived from the 

momentum equation. Remarkably, this method necessitates no direct measurements at locations 1 and 

2, relying solely on the derivation of the energy and momentum equations, complemented with specific 

empirical observations of the flow parameters; hence its classification as the “semi-empirical method”. 

Regarding flow parameters, the following specifics should be considered: in ventilation 

systems, the transported fluid is clean air. The temperature of the ventilation air is either close to the 

ambient temperature, or it can be heated or cooled as needed. In the latter cases, the ventilation ductwork 

is to be equipped with thermal insulation to prevent unwanted heat exchange. As a result, the flow is 

considered Newtonian, single-phase, adiabatic; furthermore, stationary. Air can also be assumed 

incompressible for velocities below ~ 150 m/s and pressure changes smaller than ~104 Pa [13]. As 

neither the velocity nor the pressure limit was exceeded during the course of current work, and these 

limits are not expected to be exceeded in air distribution systems either, incompressibility of the flow 

is also presumed.  

 

2.3.1 The extrapolation method  

The energy carried by the fluid in a horizontal pipe with an axisymmetric sudden expansion inserted in 

it is evaluated between sections 1 and 2 (conf. Fig. 2.2 on page 10) to express the total pressure 

difference between the examined sections. The loss, introduced by the sudden expansion solely 

(∆𝑝𝐵𝐶,𝑒𝑥𝑡), is determined by subtracting the friction losses of the attached pipe sections in the case of a 
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fully developed (𝐹𝐷) pipe flow (∆𝑝𝑓𝑟,1−0
𝐹𝐷 , ∆𝑝𝑓𝑟,0−2

𝐹𝐷 ) from the difference of the mass-weighted total 

pressures (𝑝𝑡𝑜𝑡,1
 𝑚
− 𝑝𝑡𝑜𝑡,2

 𝑚
), as defined by Eq. (2.4). The reasoning for the necessity of using the mass-

weighted average of the total pressures is provided in Appendix A. As for determining the friction losses 

of straight pipes of length 𝑙1−0 and 𝑙0−2 upstream and downstream of the expansion plane, respectively, 

one can rely on self-conducted measurements/numerical simulations, or apply the widely validated 

Darcy-Weisbach equation, given in Eq. (2.5) [13]. The pipe friction coefficient (𝜆) for fully developed 

flows in hydraulically smooth pipes is given by Eq. (2.6), as provided by Prandtl and Nikuradse [13]. 

By nondimensionalizing Eq. (2.4), the loss coefficient of the sudden expansion determined by the 

extrapolation method is given in Eq. (2.7). 

∆𝑝𝐵𝐶,𝑒𝑥𝑡 = 𝑝𝑡𝑜𝑡,1
 𝑚
− 𝑝

𝑡𝑜𝑡,2

 𝑚
− ∆𝑝𝑓𝑟,1−0

𝐹𝐷 − ∆𝑝𝑓𝑟,0−2
𝐹𝐷  (2.4) 

∆𝑝𝑓𝑟,1−0
𝐹𝐷 = 𝜆1

𝑙1−0
𝑑1
∙
𝜌

2
𝑢1
2
;  ∆𝑝𝑓𝑟,0−2

𝐹𝐷 = 𝜆2
𝑙0−2
𝑑2
∙
𝜌

2
𝑢2
2
 (2.5) 

1

√𝜆1
= 2 ∙ log(𝑅𝑒1√𝜆1) − 0.8;   

1

√𝜆2
= 2 ∙ log (𝑅𝑒2√𝜆2) − 0.8 (2.6) 

𝜁𝐵𝐶,𝑒𝑥𝑡 =
𝑝
𝑡𝑜𝑡,1

 𝑚
− 𝑝

𝑡𝑜𝑡,2

 𝑚
− ∆𝑝𝑓𝑟,1−0

𝐹𝐷 − ∆𝑝𝑓𝑟,0−2
𝐹𝐷

𝜌
2
𝑢1
2

 (2.7) 

A brief explanation of the system of notations is inserted here. Text in the lower index: BC 

stands for Borda-Carnot expansion, ext stands for extrapolation method, tot stands for total pressure, 

and fr stands for friction. Numbers in the lower index: if only one number appears in the lower index 

(0, 1, 2), it represents the specific cross-section, denoted by the number in Fig. 2.2; two numbers with 

a hyphen in between (1-0, 0-2) denote the pipe section between the two cross-sections, defined by the 

numbers. FD in the upper index means a fully developed flow. The overbar with an m in the upper 

index denotes mass-averaging of the specific variable.    

The pipe friction formulae in Eqs. (2.5)-(2.6) are stated to be valid for square cross-sections as 

well [13], provided that the hydraulic diameters (𝑑ℎ1, 𝑑ℎ2)  are used in place of the diameters (𝑑1, 𝑑2) 

in Eq. (2.5) and for calculating the Reynolds number in Eqs. (2.2) and (2.6). This concept of using the 

hydraulic diameter for determining the friction losses of non-circular ducts is deep-rooted in the 

literature [14, 23, 24, 41, 42]. Still, its validity is going to be checked herein as well, in subsection 3.3.5. 

The hydraulic diameter for square ducts is defined in Eq. (2.8). 



21 

 

𝑑ℎ =
4 ∙ 𝐴

𝑃
=
4 ∙ 𝑎𝑑

2

4 ∙ 𝑎𝑑
= 𝑎𝑑 (2.8) 

, where 𝐴 is the cross-sectional area, 𝑃 is the (wetted) perimeter, and 𝑎𝑑 is the side length of the duct. 

The extrapolation method can be readily used when the mass-averaged total pressure is 

available on the boundaries, most typically in CFD studies [84, 85, 100], and is going to be used herein 

as well in the course of evaluating the numerical results. In physical experiments, however, the 

measurement of wall static pressure is generally conducted [33,101], for which the extrapolation 

method is still applicable once the non-uniformity of the flow profiles is accounted for by applying 

profile shape factors (see subsection 2.3.3). A straightforward drawback of the extrapolation method is 

the need for a long upstream and downstream pipe section. According to the literature, the required 

length to achieve a fully developed flow can be estimated either in terms of the downstream pipe 

diameter, ranging from 8–12𝑑2 as proposed by Idelchik [13], or in terms of the step height, which 

corresponds to 60ℎ (being equal to 7.5–22.5𝑑2 in the specific research) according to Nouri-Borujerdi 

and Ghazani [71]. Besides the sometimes practically unfeasible space demands, the extrapolation 

method can also bring about elevated uncertainties of the determination of losses of the specific element, 

being easily masked by the significant friction losses of the long straight pipe sections [33].  

 

2.3.2 The maximum pressure method 

The starting concept of the maximum pressure method is that the loss of a sudden expansion can be 

expressed as the difference between the ideal and the effective static pressure rise. The investigation of 

the fluid flow is confined to a short pipe section, between location 1’, placed close upstream of the step 

edge, and location 2’ (conf. Fig. 2.2), where the downstream wall static pressure peaks, as done, e.g., 

by Benedict et al. [89]. The straight pipe sections are short enough to consider the friction losses 

negligible. The pressure loss determined from the maximum pressure method (∆𝑝𝐵𝐶,𝑚𝑎𝑥𝑝), is given in 

Eq. (2.9), in which the effective pressure rise (∆𝑝𝑒𝑓𝑓,𝑚𝑎𝑥𝑝) is determined from wall static pressure 

measurements as the difference between the downstream (𝑝2′) and the upstream (𝑝1′) static pressures, 

given in Eq. (2.10).  The ideal pressure difference ((∆𝑝𝑖𝑑) is expressed from the energy equation in Eq. 

(2.11) – as derived in Appendix B, Eqs. (B-3)-(B-7) – in which 𝑁 is the so-called energy coefficient, 

accounting for the non-uniformity of the flow (detailed in subsection 2.3.3). The loss coefficient, 

determined from the maximum pressure method, is defined by Eq. (2.12). 
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∆𝑝𝐵𝐶,𝑚𝑎𝑥𝑝 = ∆𝑝𝑖𝑑 − ∆𝑝𝑒𝑓𝑓,𝑚𝑎𝑥𝑝 (2.9) 

∆𝑝𝑒𝑓𝑓,𝑚𝑎𝑥𝑝 = 𝑝2′ − 𝑝1′ (2.10) 

∆𝑝𝑖𝑑 =
𝜌

2
(𝑁1𝑢1

2
−𝑁2𝑢2

2
) (2.11) 

𝜁𝐵𝐶,𝑚𝑎𝑥𝑝 =

𝜌
2
(𝑁1𝑢1

2
−𝑁2𝑢2

2
) − (𝑝

2′
− 𝑝

1′
)

𝜌
2
𝑢1
2

 (2.12) 

Based on the measurements of Heskestad [88] and the numerical simulations of Nouri-

Borujerdi and Ghazani [71], the maximum pressure is reached at 15-20ℎ downstream of the sudden 

expansion, which is significantly shorter than the ~60ℎ necessary length to reach a fully developed flow 

[71], detailed earlier. Thus, the most clear-cut advantage of the maximum pressure method relative to 

the extrapolation method is the significantly reduced necessary downstream length of the experimental 

apparatus. For this reason, this method is applied during the experimental campaign of the present 

research. As a drawback, the maximum pressure method neglects the fact that there is a difference 

between the effective friction losses and the friction losses in the case of a fully developed pipe flow in 

the affected zone, which gives rise to some uncertainties when calculating the loss coefficient by this 

method.  

 

2.3.3 The semi-empirical method 

The sudden expansion is exceptional amongst pipe fittings in the sense that there exists a widely known 

semi-empirical formula for determining its loss coefficient (𝜁𝐵𝐶), given in Eq. (2.13). The formula is 

widespread both in fluid dynamic textbooks [23, 24, 41, 102, 103] and building service engineering 

handbooks [14, 105-108], and is known to be valid in the turbulent region, more specifically for 𝑅𝑒 > 

104, when the inlet flow profile is uniform [13, 14]. By uniform flow profile, authors generally refer to 

a mostly constant velocity across the pipe cross-section, with a very thin boundary layer developing 

next to the pipe wall – which is never the case in industrial flows. In certain textbooks, attention is 

drawn to the question of flow uniformity [23, 24, 42], while others do not mention it at all [102-104]. 

Building service engineering handbooks frequently present measurement data on the loss coefficient of 

different pipe fittings, among which data for sudden expansions is exceptionally given by the formula 

in Eq. (2.13) [105-108] instead of measurement results.  
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𝜁𝐵𝐶 = (1 −
1

𝑛𝐴𝑅
)
2

 (2.13) 

The practicability of Eq. (2.13) is unquestionable due to its simplicity; however, one must not 

forget that numerous assumptions have been made during the course of obtaining it, which can have a 

notable effect on the loss coefficient, depending on the implied parameter range. Therefore, the 

derivation of the pressure loss coefficient of the sudden expansion is revisited, with particular attention 

paid to the neglected terms. For conciseness, the key equations are given in the main text, while the 

detailed derivations are found in Appendix B. The derivation process is substantially based on the work 

of Oliveria & Pinho [81]. 

The basic conservation equations – mass, momentum, and energy – are to be evaluated between 

sections 1 and 2, as appearing in Fig. 2.2. The total pressure loss caused by the sudden expansion 

(∆𝑝𝐵𝐶,𝑒𝑚𝑝) and the friction of the attached pipe sections (∆𝑝𝑓𝑟
𝐹𝐷) can be expressed as the difference 

between the ideal (∆𝑝𝑖𝑑) and the effective static pressure rise (∆𝑝𝑒𝑓𝑓) between sections 1-2, as shown 

by Eq. (2.14). Subscript emp stands for the semi-empirical method. The ideal static pressure difference 

is derived from the energy equation (Appendix B, Eqs. (B-3)-(B-8)), while the effective static pressure 

difference is obtained from the momentum equation (Appendix B, Eqs. (B-9)-(B-17)). Straight pipe 

friction losses are given by the Darcy-Weisbach equation for a fully developed flow condition 

(Appendix B, Eqs. (B-18)-(B-20)). By rearranging Eq. (2.14) and dividing it with the upstream dynamic 

pressure, the loss coefficient of the sudden expansion is expressed in Eq. (2.15), where 𝑐 in general 

stands for pressure coefficients and 𝜁 for loss coefficients.  

∆𝑝𝐵𝐶,𝑒𝑚𝑝 + ∆𝑝𝑓𝑟
𝐹𝐷 = ∆𝑝𝑖𝑑 − ∆𝑝𝑒𝑓𝑓  (2.14) 

𝜁𝐵𝐶,𝑒𝑚𝑝 = 𝑐𝑝,𝑖𝑑 − 𝑐𝑝,𝑒𝑓𝑓 − 𝜁𝑓𝑟
𝐹𝐷  (2.15) 

By substituting the energy (→𝑐𝑝,𝑖𝑑), the momentum (→𝑐𝑝,𝑒𝑓𝑓) and the Darcy-Weisbach equation 

(→𝜁𝑓𝑟
𝐹𝐷) into Eq. (2.15), the Borda-Carnot loss, given by the semi-empirical method, can be defined, as 

shown in Eq. (2.16). The newly introduced coefficients of kinetic energy (𝑁) and momentum (𝑀) – 

collectively termed as profile shape factors – accounting for the non-uniformity of the flow, are defined 

by Eq. (2.17) and Eq. (2.18), respectively. As Eq. (2.16) will be simplified in several steps in the 

following, the loss coefficients are denoted by a sequence number in the lower index for later reference. 

The sequence numbers are given as Roman numerals (I → V) to avoid confusion with the notation of 

the locations of the cross-sections. 
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𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼 = {𝑐𝑝,𝑖𝑑} − {𝑐𝑝,𝑒𝑓𝑓 + 𝜁𝑓𝑟
𝐹𝐷}

= {𝑁1 (1 −
𝑁2
𝑁1

1

𝑛𝐴𝑅
2 )} − {

2𝑀1
𝑛𝐴𝑅
(1 −

𝑀2
𝑀1

1

𝑛𝐴𝑅
) − [∆𝜁𝑓𝑟 + ∆𝑐𝑀 − ∆𝑐𝑝0]}

= 𝑁1 −
2𝑀1
𝑛𝐴𝑅
+
2𝑀2 − 𝑁2

𝑛𝐴𝑅
2 − [∆𝜁𝑓𝑟 + ∆𝑐𝑀 − ∆𝑐𝑝0] 

(2.16) 

𝑀 =
∫𝑢2𝑑𝐴

𝑢
2
𝐴

 (2.17) 

𝑁 =
∫ 𝑢3𝑑𝐴
 

𝐴

𝑢
3
𝐴

 (2.18) 

, where 𝑢 is the local streamwise velocity at an arbitrary point, and 𝑢 is the area-averaged streamwise 

velocity at a specific cross-section 𝐴. 

The terms appearing in the square brackets in Eq. (2.16) are usually neglected [23, 24, 41], and 

they represent the following physical effects: 

Á ∆𝜁𝑓𝑟 compensates for the fact that the effective wall friction in the affected zone differs from 

that of the fully developed wall friction. It is worth mentioning that most textbooks state that 

the friction force due to the presence of the pipe wall in the downstream affected zone of the 

sudden expansion can be neglected, given the sluggishness of the flow in the recirculation 

region [24, 41]. However, from a system perspective, it is not the friction within the affected 

zone itself that is neglected, but rather the difference in friction loss between the effective state 

and the fully developed state. Furthermore, the flow in the primary recirculation region is 

characterized as energetic rather than sluggish. 

Á ∆𝑐𝑀 represents the possible upstream effect of the sudden expansion, signifying that due to a 

distortion of the velocity profile, the momentum coefficient is different in the expansion plane 

from that in a fully developed flow profile. The upstream effect of sudden expansion is 

generally not mentioned in the literature, or it is stated to be negligible [109]. 

Á ∆𝑐𝑝0 accounts for any possible deviations of the static pressure from uniformity in the 

expansion plane. Textbooks generally consider the static pressure uniform in the expansion 

plane [23, 41]; however, reference to any primary source supporting this consideration is not 

provided.    
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Oliveira & Pinho [81] examined the effect of the above-listed terms for axisymmetric sudden 

expansion with an area ratio range of 𝑛𝐴𝑅 = 2.25 − 16 and a Reynolds number range of 𝑅𝑒1 = 0.5 −

200, and they found that they have a significant effect for 𝑅𝑒 < 20, which slowly vanishes with an 

increasing Reynolds number. Quantification of the terms ∆𝜻𝒇𝒓, ∆𝒄𝑴, ∆𝒄𝒑𝟎 has not been found in the 

literature for the turbulent regime, neither for axisymmetric, nor for square sudden expansions. 

By neglecting the terms in the square brackets in Eq. (2.16) (simplification step 1), the loss coefficient 

reduces to the form provided by Eq. (2.19).  

𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝐼 = 𝑁1 −
2𝑀1
𝑛𝐴𝑅
+
2𝑀2 − 𝑁2

𝑛𝐴𝑅
2  (2.19) 

The profile shape factors can be determined from Eqs. (2.17)-(2.18) by either experimental means – 

which would be cumbersome due to the immense number of necessary measurement points to obtain a 

sufficiently resolved velocity distribution for a reasonably accurate numerical integration – or by 

numerical modeling. Moreover, 𝑀 and 𝑁 can also be calculated with the help of already existing semi-

empirical correlations (simplification step 2), describing the velocity profile of fully developed 

turbulent flows, which leads to the following definition of the Borda-Carnot loss coefficient in Eq. 

(2.20). 

𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝐼𝐼 = 𝑁1,𝑒𝑚𝑝 −
2𝑀1,𝑒𝑚𝑝

𝑛𝐴𝑅
+
2𝑀2,𝑒𝑚𝑝 − 𝑁2,𝑒𝑚𝑝

𝑛𝐴𝑅
2  (2.20) 

, where 𝑀𝑒𝑚𝑝 and 𝑁𝑒𝑚𝑝 are the profile shape factors, determined with the help of a workflow, based 

on semi-empirical formulae, as follows. 

Fully developed turbulent flow profiles (Re > 4000) in pipes of circular cross-section can be 

successfully described by the power law model [13, 23, 24, 102, 104, 110], provided by Eq. (2.21). 

𝑢

𝑢𝑐𝑙
= (1 −

2𝑟

𝑑
)

1
𝜇

 (2.21) 

, where 𝑢 is the streamwise velocity at an arbitrary point, 𝑢𝑐𝑙 is the centerline velocity, equal to the 

maximum value of the axial velocity over the cross-section, 𝑟 is the radial coordinate (0 ≤ 𝑟 ≤ 𝑑/2), 

i.e., the distance between the duct axis and the given point, 𝑑 is the pipe diameter, and 𝜇 is the power 

profile parameter.  
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By substituting the power law profile into the definitions of the profile shape factors in Eqs. (2.17)-

(2.18), 𝑀 and 𝑁 can be derived for circular ducts in terms of the power law parameter, as shown in Eqs. 

(2.22) – (2.23).   

𝑀𝑒𝑚𝑝 =
(2𝜇 + 1)2(𝜇 + 1)

4𝜇2(𝜇 + 2)
 (2.22) 

𝑁𝑒𝑚𝑝 =
(2𝜇 + 1)3(𝜇 + 1)3

4𝜇4(𝜇 + 3)(2𝜇 + 3)
 (2.23) 

According to Idelchik [13], Eqs. (2.22)-(2.23) are also valid for square cross-sections without 

any modifications; however, the provided primary sources for verifying this statement are 

undiscoverable. Nevertheless, the power law function does not describe flows in square ducts perfectly 

due to the distorted velocity isolines in the cross-stream plane bulging towards the corners of the duct. 

The distortion is caused by the anisotropy of the Reynolds stresses, giving rise to secondary fluid 

motions that are perpendicular to the main flow direction, even when the flow is fully developed. This 

so-called secondary motion of the second kind was first described by Prandtl [111] and was proven to 

be present only for turbulent flows in non-circular ducts [112]. Because of the expected uncertainty 

of the power law function, the validity of Eqs. (2.22)-(2.23) should be checked for square duct 

flows herein.  

The next step in the calculation procedure is determining the power profile parameter. Several 

sources state that 𝜇 = 7 is a reasonable choice for industrial flows [23, 102, 113], while some references 

refer to the power law formula already as the 1/7 law [23, 104, 113], or erroneously as a seventh-order 

parabola [106]. Nevertheless, the power profile parameter depends on the Reynolds number, as shown 

by experiments of Nikuradse [114] and Nunner [110]. A simple correlation to approximate the power 

law parameter as a function of the pipe friction coefficient (𝜆) is shown in Eq. (2.24), as provided by 

Nunner [110]. 

𝜇 =
1

√𝜆
 (2.24) 

When considering the lowest Reynolds number limit for a turbulent flow, i.e. 𝑅𝑒 = 4000, the profile 

shape factors take the value of 𝑀 = 1.04 and 𝑁 = 1.11 for a power profile parameter of 𝑚 = 5.0. With 

an increasing Reynolds number both the momentum and kinetic energy coefficients decrease, 

approaching the value of one.   
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The workflow to calculate the loss coefficient of the sudden expansion based on empirical 

correlations is the following: 𝑅𝑒1: Eq. (2.2) → 𝜆: Eq. (2.6) → 𝜇: Eq. (2.24) → 𝑀𝑒𝑚𝑝, 𝑁𝑒𝑚𝑝: Eqs. (2.22)-

(2.23) → 𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝐼𝐼 Eq. (2.20). The listed equations are sporadically available in the literature for 

axisymmetric sudden expansions and have been developed into a comprehensive workflow 

herein. Applying the empirical profile shape factors in the formula of the Borda-Carnot loss 

coefficient introduces uncertainties in the calculated value of the loss coefficient, which has not 

been found to be quantified in the literature either for axisymmetric or for square sudden 

expansions. 

A further possible simplification (step 3) of Eq. (2.20) is to approximate the upstream and 

downstream values of the profile shape factors as being equal and to take the value based on the 

upstream flow conditions (Eqs. (2.25)-(2.26)).  

𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉 = 𝑁𝑒𝑚𝑝 −
2𝑀𝑒𝑚𝑝

𝑛𝐴𝑅
+
2𝑀𝑒𝑚𝑝 − 𝑁𝑒𝑚𝑝

𝑛𝐴𝑅
2  (2.25) 

𝑁2,𝑒𝑚𝑝 ≈ 𝑁1,𝑒𝑚𝑝: = 𝑁𝑒𝑚𝑝;  𝑀2,𝑒𝑚𝑝 ≈ 𝑀1,𝑒𝑚𝑝: = 𝑀𝑒𝑚𝑝 (2.26) 

This simplification is also introduced by Idelchik [13], but its effect is not quantified therein. It is worth 

noting that for laminar flows, this step is irrelevant – and thus not even mentioned in the work of Oliveira 

& Pinho [81] –as laminar flow profiles are described by a parabolic law that does not depend on the 

Reynolds number. Quantification of simplification step 3, represented by Eqs. (2.25)-(2.26) has not 

been found to be discussed in the literature either for axisymmetric or for square sudden 

expansions. 

For the practically non-existent case of a completely uniform flow, the profile shape factors are 

equal to 1 (simplification step 4), and Eq. (2.25) reduces to the formula in Eq. (2.27), being a repetition 

of Eq. (2.13), but with an assigned sequence number (V) for future reference. 

𝜁𝐵𝐶,𝑒𝑚𝑝,𝑉 = (1 −
1

𝑛𝐴𝑅
)
2

 (2.27) 

Similar to the formerly introduced simplifications, the effect of considering the flow to be uniform 

instead of the more practically relevant case of being fully developed has not been found to be 

quantified in the literature, either for axisymmetric or for square sudden expansions.  
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From a practical viewpoint, a simple enough semi-empirical equation is easily implemented in 

computer programs and spares the necessity of delving into large data tables. Moreover, it conserves 

the information on flow physics, thus, the trends in the variables are seen at first inspection. A possible 

drawback is that the simplification steps introduce errors into the applied formula, which therefore 

needs to be quantified for the practically relevant parameter ranges.  

 

 In the above-written, the extrapolation, the maximum pressure and the semi-empirical methods 

for determining the loss coefficient of a sudden expansion have been summarized, with the following 

relevance in the present thesis:  

1. The maximum pressure method (Eq. (2.12) is used to evaluate the loss coefficient of a square 

sudden expansion from the experiments in the case of a single area ratio and a limited range of 

the Reynolds number. The results are used to validate the numerical models.  

2. The range of the examined area ratios and Reynolds numbers is extended by numerical 

simulations. The loss coefficients from the numerical simulations are evaluated with the help 

of the extrapolation method (Eq. (2.7)), which – considering that besides the numerical errors, 

simulations introduce no other uncertainties due to simplifying assumptions – will serve as the 

baseline value for comparison, for assessing the validity of the semi-empirical method. 

3. Based on the numerical simulations, the four simplifications steps of the semi-empirical method 

(𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼 → 𝜁𝐵𝐶,𝑒𝑚𝑝,𝑉) are quantified for the square sudden expansion in the examined 

parameter range. This analysis provides insights into the accuracy and applicability of the semi-

empirical method by comparing its results to the baseline values obtained from the numerical 

simulations. 

 

The discussion of the loss coefficient of square sudden expansions has been observed to be absent in 

the literature, except for the limited information given in Idelchik [13], which leads us to the second 

research goal: 

Research goal #2: systematic examination of the loss coefficient of square sudden expansions, 

as a function of the Reynolds number and the area ratio, for the case of a fully developed turbulent 

upstream flow; assessment of the validity range and uncertainty associated with the semi-empirical 

approach. 
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2.4 Definition of the static pressure recovery coefficient 

A sudden expansion, essentially a diffuser with a 180-degree opening angle, is commonly assessed 

based on its capacity to convert dynamic pressure into static pressure [13, 102, 104, 108]. This 

evaluation is typically quantified using the static pressure recovery coefficient (𝑐𝑆𝑃𝑅), defined by Eq. 

(2.28) as the static pressure rise (∆𝑝𝑆𝑃𝑅) provided by the diffuser, nondimensionalized by the area-

averaged upstream dynamic pressure (𝑝𝑑𝑦𝑛,1). Quoting the words of Idelchik [13]: “It is very important 

in many practical applications to recover the maximum possible static pressure in the minimum length 

of the diffuser even at the cost of greater energy losses in it.”  

𝑐𝑆𝑃𝑅 =
∆𝑝𝑆𝑃𝑅
𝑝
𝑑𝑦𝑛,1

 (2.28) 

Sporadically though, but in some cases, the performance of sudden expansions is analyzed on 

the basis of the static pressure recovery instead of the losses. [56, 88, 89]. Static pressure recovery is 

reported for turbulent flows in axisymmetric sudden expansions by Benedict et al. [89], who focus on 

the differences between compressible and incompressible flows. Other authors perform modifications 

to sudden expansions with the goal of increasing the static pressure recovery: Heskestad [88], e.g., 

applies suction at the step edge of axisymmetric geometries in the case of turbulent flows, while Mandal 

et al. [115] inserts a fence downstream of the step edge of a 2D plane symmetric sudden expansion, and 

examines its effect on the static pressure recovery for flows in the laminar regime (𝑅𝑒1= 20–100). The 

mentioned modifications are going to be expanded upon in subsection 2.5.  

Similar to the approach for assessing losses, static pressure recovery can also be characterized 

using the extrapolation, the maximum pressure and the semi-empirical methods. The underlying 

principle for deriving static pressure recovery coefficients with these methods aligns with that of the 

loss coefficients and will not be reiterated here. However, for completeness, the relevant equations are 

elaborated upon in the following subsections.  

 

2.4.1. The extrapolation method 

For the extrapolation method, the flow is examined between sections 1 and 2 (conf. Fig 2.2), for which 

the static pressure recovery (increase) due to the presence of the sudden expansion (∆𝑝𝑆𝑃𝑅,𝑒𝑥𝑡) is 

expressed as the sum of the effective static pressure difference at the ends of the examined section 
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((𝑝2 − 𝑝1)𝑒𝑓𝑓) and the pipe friction losses (∆𝑝𝑓𝑟
𝐹𝐷). Pipe friction losses are determined for fully 

developed flows, as detailed during the evaluation of the loss coefficient in subsection 2.3.1. The static 

pressure recovery and its dimensionless form (𝑐𝑆𝑃𝑅,𝑒𝑥𝑡) for the extrapolation method is given in Eqs. 

(2.29) – (2.30).  

∆𝑝𝑆𝑃𝑅,𝑒𝑥𝑡 = (𝑝2 − 𝑝1)𝑒𝑓𝑓 + (∆𝑝𝑓𝑟,1−0
𝐹𝐷 + ∆𝑝𝑓𝑟,0−2

𝐹𝐷 ) = ∆𝑝𝑒𝑓𝑓 + ∆𝑝𝑓𝑟
𝐹𝐷 (2.29) 

𝑐𝑆𝑃𝑅,𝑒𝑥𝑡 =
∆𝑝𝑒𝑓𝑓 + ∆𝑝𝑓𝑟

𝐹𝐷

𝜌
2
𝑢1
2

= 𝑐𝑝,𝑒𝑓𝑓 + 𝜁𝑓𝑟
𝐹𝐷  (2.30) 

 

2.4.2 The maximum pressure method 

The maximum pressure method is the most straightforward approach to determining the static pressure 

recovery, being directly measured as the difference between the downstream maximum static pressure 

(𝑝2′) and the upstream reference pressure ( 𝑝1′), located close to the step edge (conf. Fig. 2.2). As the 

evaluating surfaces are close to the expansion plane, the friction losses of the straight pipe sections are 

neglected, as done in [56, 88, 89, 115]. The static pressure recovery (∆𝑝𝑆𝑃𝑅,𝑚𝑎𝑥𝑝) and its dimensionless 

form (𝑐𝑆𝑃𝑅,𝑚𝑎𝑥𝑝) for the maximum pressure method are given in Eq. (2.31) and (2.32), respectively. 

∆𝑝𝑆𝑃𝑅,𝑚𝑎𝑥𝑝 = 𝑝2′ − 𝑝1′ (2.31) 

𝑐𝑆𝑃𝑅,𝑚𝑎𝑥𝑝 =
𝑝2′ − 𝑝1′
𝜌
2
𝑢1
2

 (2.32) 

 

2.4.3 The semi-empirical method 

Proceeding to the semi-empirical method, one can note that by combining Eq. (2.29) with Eq. (2.14), 

the static pressure recovery (∆𝑝𝑆𝑃𝑅,𝑒𝑚𝑝) can be expressed as the difference between the ideal pressure 

change (∆𝑝𝑖𝑑) and the semi-empirical Borda-Carnot loss (∆𝑝𝐵𝐶,𝑒𝑚𝑝), as shown by Eq. (2.33). The 

dimensionless static pressure recovery coefficient (𝑐𝑆𝑃𝑅,𝑒𝑚𝑝) is given in Eq. (2.34). 

∆𝑝𝑆𝑃𝑅,𝑒𝑚𝑝 = ∆𝑝𝑒𝑓𝑓 + ∆𝑝𝑓𝑟
𝐹𝐷 = ∆𝑝𝑖𝑑 − ∆𝑝𝐵𝐶,𝑒𝑚𝑝 (2.33) 

𝑐𝑆𝑃𝑅,𝑒𝑚𝑝 = 𝑐𝑝,𝑖𝑑 − 𝜁𝐵𝐶,𝑒𝑚𝑝 (2.34) 
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The static pressure loss coefficient for the semi-empirical method (𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝐼) is given by Eq. (2.35) as 

expressed directly from Eq. (2.16). As the simplification methodology is analogous to that described 

during the discussion of the loss coefficients, the derivation of 𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝐼𝐼 → 𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝑉, presented in 

Eqs. (2.36)-(2.39) is not detailed in this subsection.   

𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝐼 =
2𝑀1
𝑛𝐴𝑅
(1 −

𝑀2
𝑀1

1

𝑛𝐴𝑅
) + [∆𝜁𝑓𝑟 + ∆𝑐𝑀 − ∆𝑐𝑝0] (2.35) 

𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝐼𝐼 =
2𝑀1
𝑛𝐴𝑅
−
2𝑀2

𝑛𝐴𝑅
2  (2.36) 

𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝐼𝐼𝐼 =
2𝑀𝑒𝑚𝑝,1

𝑛𝐴𝑅
−
2𝑀𝑒𝑚𝑝,2

𝑛𝐴𝑅
2  (2.37) 

𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝐼𝑉 =
2𝑀𝑒𝑚𝑝

𝑛𝐴𝑅
−
2𝑀𝑒𝑚𝑝

𝑛𝐴𝑅
2  (2.38) 

𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝑉 =
2

𝑛𝐴𝑅
−
2

𝑛𝐴𝑅
2  (2.39) 

The author of the present thesis carried out an extreme value analysis of the static pressure 

recovery coefficient of sudden expansions in the case of a fully developed turbulent inlet flow (Eq. 

(2.38)) by performing partial differentiation with respect to 𝑛𝐴𝑅. The analysis yields valuable insights. 

Based on the first derivative of Eq. (2.38), there exists an extreme value at 𝑛𝐴𝑅 = 2 (Eq. (2.40)). 

Furthermore, the second derivative at 𝑛𝐴𝑅 = 2 is equal to −𝑀 4⁄  (Eq. (2.41)), which – as the momentum 

coefficient 𝑀 is always greater than zero – is negative for all physically possible values of 𝑀. Since the 

second derivative is negative, it suggests that the static pressure recovery coefficient of a sudden 

expansion reaches a maximum value at 𝒏𝑨𝑹 = 𝟐. Besides fully developed inlet flows, the analysis is 

clearly valid for uniform inlet flows (Eq. (2.39)). 

𝜕𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝐼𝑉

𝜕𝑛𝐴𝑅
= −
2𝑀

𝑛𝐴𝑅
2 +

4𝑀

𝑛𝐴𝑅
3 = 0 

−2𝑀 ∙ 𝑛𝐴𝑅 + 4𝑀 = 0 

𝑛𝐴𝑅 = 2 

(2.40) 

𝜕2𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝐼𝑉

𝜕𝑛𝐴𝑅
2 |

𝑛𝐴𝑅=2

=
4𝑀

𝑛𝐴𝑅
3 −

12𝑀

𝑛𝐴𝑅
4 |

𝑛𝐴𝑅=2

=
4𝑀

8
−
12𝑀

16
= −
1

4
𝑀 

𝑀 > 0 →  
𝜕2𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝐼𝑉

𝜕𝑛𝐴𝑅
2 |

𝑛𝐴𝑅=2

< 0 

(2.41) 
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Surprisingly, only one piece of literature has been discovered that reveals the existence of a 

maximum value of the static pressure recovery coefficient as a function of the area ratio: Benedict et al. 

[89] claim that axisymmetric sudden expansions with an area ratio of about 𝑛𝐴𝑅 = 1.93 yields “optimum 

performance” – i.e., maximum static pressure recovery – for compressible and incompressible fluids, 

independent of the fluid's upstream velocity. The conclusion is given on the basis of a plot of the static 

pressure ratio (upstream/downstream static pressure) versus the diameter ratio of the sudden expansion, 

calculated from the semi-empirical equations for incompressible and compressible uniform upstream 

flow, but an analytical approach is lacking.  

The concept of using the extrapolation, the maximum pressure, and the semi-empirical methods 

for the evaluation of the static pressure coefficient in this thesis is the same as it has been indicated for 

the analysis of the loss coefficient, thus it is only briefly summarized here: 

Á The maximum pressure method (Eq. (2.32) can be used to evaluate the static pressure recovery 

coefficient of a square sudden expansion with a single area ratio and for various Reynolds 

numbers. However, this step becomes unnecessary once the numerical model is validated with 

the help of the loss coefficient. 

Á The range of the examined area ratios and Reynolds numbers is extended by numerical 

simulations, from which the static pressure recover coefficients are evaluated with the help of 

the extrapolation method (Eq. (2.30)), providing the baseline value for comparison, for the 

validity assessment of the semi-empirical model. 

Á Based on the numerical simulations, the simplification steps of the semi-empirical method (Eqs. 

(2.35)→(2.39)) are quantified for the square sudden expansion in the examined parameter 

range.  

 

While the discussion of the static pressure recovery coefficient for axisymmetric sudden expansions is 

– scarcely though, but – available in the literature, its analysis for the case of square sudden expansions 

has been observed to be absent. Thus, research goal no. 3 is formulated as follows: 

Research goal #3: systematic examination of the static pressure recovery coefficients of square 

sudden expansions, as a function of the Reynolds number and the area ratio, for the case of a fully 

developed upstream flow, and assessment of the validity range and the uncertainty of the semi-empirical 

approach, with particular scrutiny on optimum area ratio to reach the maximum static pressure recovery. 
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To give a general overview on the extrapolation, maximum pressure, and semi-empirical 

methods discussed in sections 2.3 and 2.4, Table 2.2 offers insights into the benefits, drawbacks, and 

common applications of these approaches, along with references to the relevant scientific literature 

sources. 

Table 2.2 Summary of the extrapolation, maximum pressure and semi-empirical methods 

Method Advantage Disadvantage Typical use References 

Extrapolation Most accurate from a 

system point of view 

Lengthy domain needed  

Local loss may be 

masked by elevated 

friction loss 

CFD 

Experiments with available 

velocity distribution 

 

Loss: 33, 84, 

85, 100, 101 

SPR: - 

Semi-empirical No need for 

additional 

CFD/experiments 

Easily implemented in 

planning software 

 

Uncertainty due to 

simplifications steps 

Hydraulic system design 

calculations 

Loss: 13, 14, 

23, 24, 41, 42, 

81, 102-108 

SPR: - 

Maximum 

pressure 

Short apparatus 

needed 

Uncertainty due to 

neglecting friction effects 

Experiments with limited 

space 

Loss: 89 

SPR: 56, 88, 

89, 115 

 

 

2.5 Modifications of sudden expansions 

Modifications of suddenly expanding geometries appear in the literature with generally two main goals: 

(1) reducing the reattachment length [48, 116-120]; (2) improving the energetic characteristics [84, 85,  

88, 115, 121-124] – i.e., reducing the losses or increase the static pressure recovery – of the expansion, 

depending on the final utilization of the modified geometry. Reduction of the reattachment length is 

more typical of aerodynamic research for controlling boundary layer separation [125, 126], for which 

backward-facing step geometries are frequently used, representing a benchmark case of separated flows 

[116, 118-120]. The energetic characteristics of sudden expansions become more relevant in the field 

of hydraulics [124] – e.g., in fluid delivery pipelines, such as ventilation ductworks [84, 85] – but the 

increase of the static pressure recovery is also of primary importance in the case of sudden dump 

combustors of aircraft gas turbines [115, 121-123].  
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 The introduced modifications are customarily divided into two categories: (1) active methods 

that necessitate some external energy source for their operation; and (2) passive methods that do not 

require any external energy once installed. These modifications that alter the flow behavior to reach a 

more desirable state without changing the original geometry profoundly are commonly termed flow 

control methods. Typical examples of active flow control are, e.g., boundary layer suction and blowing 

[88, 117] or periodic excitation of the free shear layer with the help of mechanical vibration [116], 

synthetic jets [119, 126], acoustic speakers [48] or plasma actuators [118, 120]. Active flow control is 

mostly present in aviation, as sophisticated actuators have a prohibitive price for the industry. 

Meanwhile, passive flow control appears to be a better candidate for sudden expansions in ventilation 

systems, as it generally incorporates low-cost geometric modifications of the original geometry [84, 85, 

115, 123, 124]. To offer a general idea about the flow-controlling possibilities available in suddenly 

expanding geometries (sudden expansions, 2D/3D BFSs, 2D planar sudden expansions), both the active 

and the passive methods are presented briefly in the following, providing only a handful of 

representative studies on active methods. 

 The most widely examined active control is based on the periodic excitation of the separated 

shear layer. When forced at its natural vortex shedding frequency, the shear layer undergoes a more 

intense turbulent mixing, leading to a quicker thickening of the shear layer, thus an earlier reattachment. 

The method of periodic excitation is recently dominated by the installation of plasma actuators in the 

proximity of the expansion plane [118], for which an example is given in Fig. 2.6a. The basic 

mechanism of this method is that the actuator causes the air to be weakly ionized by an electric field. 

The charged particles undergo an acceleration in this electric field, and due to a collisional mechanism, 

small unsteady jets – referred to as “ionized wind” – get to be superimposed on the original flow field, 

providing the periodic excitation of the shear layer. Unsteady jets can also be created mechanically, 

e.g., through an attached pipe section, in which periodic piston oscillation is ensured with the help of a 

servo-motor [119], as shown by Fig. 2.6b. These jets are called synthetic jets in the world of flow 

control, and they describe an unsteady flow, where suction and blowing are periodically changing, and 

the net mass flow is zero. Lastly, periodic excitation can also be attained by soundwaves, applying 

woofers [48] (Fig. 2.6c), or by mechanical vibration, using an oscillating flap [116] (Fig. 2.6d).  
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Fig. 2.6 Active flow control methods of suddenly expanding geometries. a) Plasma actuators, figure partially 

reproduced from Fig. 1 in [118]; b) Synthetic jets, figure partially reproduced from Fig. 2 in [119]; c) Acoustic 

forcing, figure partially reproduced from Fig. 1. In [48]; d) Mechanical forcing, figure partially reproduced 

form Fig. 4 in [116]. 

 

 Another common type of active control in the case of suddenly expanding geometries is a 

continuous suction carried out at the convex step edge (viewed from the inside of the channel), resulting 

in a substantial shortening of the recirculation zone by deflecting the streamlines towards the wall of 

the downstream pipe section. This modification was first proposed by Heskestad in [88], as seen in Fig. 

2.7a, and was further improved to a so-called vortex-controlled or “Cranfield vortex diffuser” – referring 

to its origins of the invention and the eddy, forming inside the vortex chamber – by Adkins [121] and 

Spall [122], shown in Fig. 2.7b.  
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Fig. 2.7 Active flow control methods of suddenly expanding geometries. a) Continuous suction, figure partially 

reproduced from Figs. 1-2 in [88]; b) Vortex control diffuser, figure partially reproduced from Fig. 3 in [121]. 

 

Besides the shortening of the reattachment length, the authors of the cited papers also monitored the 

energetic characteristics of the vortex-controlled diffusers, which were ameliorated as well. The 

relationship between the reattachment length and the energetic characteristics deserves a comment. One 

could easily have the intuitive impression that a reduced reattachment length leads to a reduced loss 

coefficient, as the dissipation of the kinetic energy by the shear layer is confined to a shorter extent. 

However, losses are also generated by the subsequent equalization of the flow field downstream of the 

step edge, being a complex, three-dimensional phenomenon. Therefore, a shorter reattachment length 

does not necessarily imply a lower loss or increased static pressure recovery coefficient, which 

observation is also corroborated by the findings of Heskestad [88]. 
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Passive control methods of sudden expansions are sporadically dealt with in the scientific 

literature, and – as expounded in the following – the provided information is sometimes scant. Based 

on the available sources, passive control can be categorized into two groups: (1) the installation of guide 

vanes inside the element without changing the contour of the sudden expansion [13, 115]; (2) slightly 

changing the contour of the sudden expansion [13, 84, 85, 115]. Idelchik [13], for example, proposes 

the insertion of baffle vanes into the sudden expansion, as depicted in Fig. 2.8a, guiding the flow 

towards the wall of the downstream channel. He claims that “when the baffle vanes are correctly 

installed, the losses are reduced by 35 – 40%”. However, the rules or “correct installation” are quite 

vague, as neither the number nor the exact geometry and location of the baffle vanes are provided 

explicitly. Only rules of thumb like “the channels between the vanes and the walls, as a rule, contract” 

or “the vanes should have a small curvature” are provided [13]. The introduction of sheet vanes can 

also happen with the intention of obstructing the flow instead of guiding it, as shown in Fig. 2.8 b,c. 

These transverse barriers – as termed by [13] – or fences – as referred to by Mandal et al. [115] – are 

placed in the recirculation region. They are expected to reduce the losses of the sudden expansion by 

disintegrating the large-scale downstream recirculation bubble into smaller eddies, thus reducing the 

intensity of the reverse flow. Mandal et al. [115] examined the effect of a single fence installed 

downstream of the expansion plane of an axisymmetric sudden expansion of 𝑛𝐴𝑅 = 4, for a Reynolds 

number range of 𝑅𝑒1 = 20 – 100, in the case of a fully developed upstream flow, and they could obtain 

a maximum of 6-10% increase in the pressure recovery for a specific location and height of the fence. 

As for the transverse barriers, appearing in Idelchik [13], no technical data are presented, and the 

provided primary source of the proposed geometry is untraceable.    

 

 

Fig. 2.8 Passive flow control methods of suddenly expanding geometries. a) Baffle vanes, figure reproduced 

from Fig. 4-7a in [13]; b) Transverse barriers, figure reproduced from Fig. 4-8 in [13]; c) Fence, figure 

partially reproduced from Fig. 1 in [115].  
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The main trend in changing the contour of the sudden expansion is expanding the flow in two 

steps, either by placing two sudden expansions [124] (see Fig. 2.9a) or a short diffuser section and a 

sudden expansion – i.e., a sudden expansion with chamfered edge [13, 84, 85] (see Fig. 2.9b) – right 

after each other.  

 

Fig. 2.9 Passive flow control methods of suddenly expanding geometries. a) Sudden expansion with two steps, 

figure reproduced from Fig. 1 in [124]; b) Sudden expansion with a chamfered edge,  

figure reproduced from Fig. 1 [84].  

 

Ghosh et al. [124] performed a numerical optimization for 2D planar sudden expansions with two steps 

to reach maximum static pressure recovery for an area ratio range of 𝑛𝐴𝑅 = 𝐴3 𝐴1⁄  = 1.5 – 3.0. and a 

Reynolds number range of 𝑅𝑒1 = 104 – 107. However, their achievements are difficult to appraise, as 

the pressure recovery coefficients are only provided for the optimized geometries without comparing 

them to any baseline values, such as the single sudden expansion. Bae & Kim [84, 85] examined 

axisymmetric sudden expansions with a chamfered edge, predicating their work on the original idea of 

a “diffuser of circular cross-section with stepped walls” of Idelchik [13]. The main difference between 

the work of Idelchik and Bae & Kim is that while the former is dedicated to geometries with relatively 

long diffuser sections having diffuser slenderness of 𝑙𝑑𝑖𝑓𝑓 𝑑1⁄  ≥ 0.5 (conf. Fig 2.9b), the latter one 

explores the loss-reducing possibilities for a slight chamfer of 𝑙𝑑𝑖𝑓𝑓 𝑑1⁄  ≤ 0.5, which – due to its 

confined spatial extent – is more relevant in the field of flow control. Bae & Kim conducted an extensive 

set of numerical simulations to investigate the loss coefficient of the sudden expansions with a 

chamfered edge for an area ratio range of 𝑛𝐴𝑅 = 2.0 – 6.0, and a Reynolds number range of 𝑅𝑒1 = (1 – 

8)∙105, as a function of the chamfer length (𝑙𝑑𝑖𝑓𝑓) and the chamfer angle (𝛼). The loss coefficient could 

be reduced by a maximum of ~50 – 70% for an optimum configuration of 𝑙𝑑𝑖𝑓𝑓 𝑑1⁄  = 0.5 and 𝛼 ≈ 12°. 

These results are to be critically treated, though, because of two reasons: (1) the authors evaluated the 

loss coefficient with the extrapolation method; however, they calculated the area-weighted average of 

a)

A3
A1 d1

ldiff
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the total pressures instead of the mass-weighted average, which leads to an underestimation of the loss 

coefficient; (2) the viscous sublayer was not resolved by the numerical mesh; furthermore, the utilized 

turbulence model was the k-ε model with enhanced wall treatment, which is generally not recommended 

[127] in the case of flows over smooth surfaces with an adverse pressure gradient – which is the case 

for the chamfer walls –, typically predicting a delayed and reduced separation, which might lead to 

further underestimation of the losses.     

As can be seen from the above examples, flow-controlling methods were suggested for 2D 

BFSs, 2D planar expansions, and axisymmetric sudden expansions. However, modifications of square 

sudden expansions seem to be lacking in the scientific literature. Consequently, there exists a need to 

develop a passive flow control method for square sudden expansions that is simple, easy to install, cost-

effective, and robust, making it suitable for application in ventilation ducts. The suggested method by 

the author of the present dissertation is depicted in Fig. 2.10.  

 

 

Fig. 2.10 Passive flow control of square sudden expansions: the miniflap method. 

 

Short, rectangular sheets of adjustable angle – referred to as miniflaps from now on – are placed at the 

step edge of the sudden expansion, acting as a continuation of the upstream duct wall. The miniflaps 

can be thought of as a short diffuser located at the expansion plane – resembling the chamfer method 

of Bae & Kim [84] to some degree – however, when the angle of the miniflaps is increased, a wedge-

shaped corner clearance appears between the sheets. Considering the practical implementation of the 

miniflaps, they are presumed to be executed by means of the sheet metal processing technology applied 

to the realization of the ducts themselves. The flaps are considered appendages of the duct of smaller 

cross-section, realized by outbending the trailing edges of the duct, providing an easy-to-manufacture 

and economical configuration. In accordance with the main goals of the flow control methods in 

suddenly expanding geometries, research goal no. 4 is given as follows: 

wedge-shaped

clearance

miniflaps

miniflaps
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Research goal #4: Systematic investigation of the effect of miniflaps on the losses in flows that 

develop in square sudden expansions, as a function of the Reynolds number, the area ratio of the sudden 

expansion, the miniflap length and the miniflap angle, for the case of a fully developed upstream flow; 

development of a semi-empirical model to describe the loss coefficient dependency on the 

aforementioned parameters, and assessment of the model uncertainty. 
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3 Materials and methods  

The applied methods for the evaluation of the flow structure, the loss coefficient, and the static pressure 

recovery coefficient for the case of the square sudden expansion without and with miniflaps are 

presented in this section. First, the ranges of characteristics, being practically relevant from the point of 

view of ventilation systems, are considered in order to provide a framework for the parameter range to 

be examined. Second, the experimental setup is introduced, where the geometry variants are restricted 

to one area ratio of the square sudden expansion, and one miniflap length. Finally, the details of the 

numerical modeling are given, which – once validated with the help of the measurement results – is an 

effective and economically affordable tool to extend the examined parameter range. 

 

3.1 Ranges of characteristics 

Table 3.1 contains the representative ranges of characteristics of ventilation ducts and sudden 

expansions, in which the variables that can influence the related loss are depicted. The ranges, being 

valid for the present experimental and numerical study, are also indicated in the table. It is to be 

emphasized that these values are not strictly regulated by standards but are rather rules of thumb 

representing the engineering practice [14-16, 22, 107, 108]. Figure 3.1 gives a visual guide to the 

notations used in Table 3.1. The data in Table 3.1 are commented on as follows:  

Cross-section. Ventilation air ducts are available in circular, elliptical, and rectangular cross-sections, 

with the last being the main focus of the present research. An aspect ratio (i.e., width/height) of a 

rectangular cross-section of less than 3:1 is advised in [14] unless constrained otherwise by the available 

space. The square cross-section is chosen for the present study, as it links the research fields related to 

circular and rectangular cross-sections in terms of the 90-degree periodicity of wall geometry along the 

circumference.  

Hydraulic diameter. The recommended sizes for rectangular air ducts vary between 100 mm x 150 mm 

and 1200 mm x 2000 mm [16], resulting in a hydraulic diameter range of 120 mm–1500 mm, covering 

the application areas of runouts, branch ducts, and main ducts [14].   
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Table 3.1. Ranges of characteristics of ventilation ducts and sudden expansions. 

Name Notation Ventilation systems Present 

experimental study 

Present numerical 

study 

VENTILATION DUCT     

   cross-section 𝐴 circular, elliptical, 

rectangular 

rectangular: square rectangular: square 

   hydraulic diameter  𝑑ℎ 120 mm – 1500 mm[16] 150mm ­ 250mm * 

   average velocity  𝑢 2 m/s – 10 m/s  

10 m/s – 20 (30 m/s)[14, 107] 

3.8 m/s – 18.5 m/s * 

   Reynolds number  𝑅𝑒 104 – 106 (orders of 

magnitude) 

(0.36 – 1.8) · 105 (0.09 – 3.0) · 105 

   velocity profile  𝑢(𝑦) fully developed; disturbed fully developed fully developed 

   roughness 𝜀 hydraulically smooth[13, 108] hydraulically smooth hydraulically 

smooth 

SUDDEN EXPANSION     

   geometry  concentric, eccentric concentric concentric 

   area ratio  𝑛𝐴𝑅 1.1 – 4 – 6.4 [22] 2.78 1.5 – 6.4 

* The true values of the hydraulic diameters and the average velocities are irrelevant in the case of the numerical simulations, 

only the related non-dimensional variables – i.e., the area ratio and the Reynolds number – matter. 

 

Figure 3.1: Basic parameters in ventilation ducts and sudden expansions: a visual guide to Table 3.1. The fully 

developed and uniform inlet flow profiles are shown in the upper and lower half sections, respectively. 
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Average velocity.  A maximum of 30 m/s is allowed in [14]; however, a trend toward lower velocities 

is appreciated to moderate pressure drop and noise. For low-, normal-, and high-pressure ventilation 

systems, the recommended maximum velocities – usually being present in the main ducts – are 10 m/s, 

15 m/s, and 20 (30) m/s, respectively [14, 107]. In comfort ventilation systems, the maximum velocities 

rarely exceed a limit of 8-10 m/s, whereas in industrial ventilation systems, higher velocities can also 

occur. The lowest velocities, generally above 2 m/s, are found in the runouts.  

Reynolds number.   The ranges of duct size and average velocity correspond to the orders of magnitude 

of 104 < Re < 106 in HVAC systems, an intermediate range of which is performed in the experiments 

(3.6·104 < Re < 1.8·105), and the numerical simulations (9.0·103 < Re < 3.0·105).  

Velocity profile. The uniform velocity profile is an idealistic, non-existing feature in HVAC ducts. For 

its approximation, the technical literature discusses plug flow, i.e., a mostly uniform flow with a very 

thin boundary layer [88]. For HVAC elements, a more realistic approach is the fully developed velocity 

profile for both the inlet and outlet, serving as a basis in pressure drop calculations in engineering 

practice [81] and also in the present study.  

Roughness. The frequently used material for air ducts is galvanized steel with a nominal surface 

roughness of ε = 0.15 mm [108]. In the above-described Reynolds number range, air ducts can be 

considered hydraulically smooth [13]. The hydraulic smoothness of the walls of the present 

experimental setup will be assessed in subsection 3.3.5.  

Geometry. Eccentric expansions have the advantage of avoiding a dead region between the duct wall 

and the ceiling or ground; still, concentric expansions are also widespread. Since concentric expansions 

are expected to exhibit symmetric flow patterns, they simplify the investigation process. As a result, 

they have been chosen for the present research. Area ratio. Since size range is available in the literature 

only for circular expansions [22], the author was compelled to consider such range also for rectangular 

expansions. Area ratios vary between 𝑛𝐴𝑅 = 1.1 – 6.4; therefore, an area ratio of 𝑛𝐴𝑅 = 2.78 has been 

chosen as the subject of the experimental study, while the examined area ratios have been extended to 

𝑛𝐴𝑅 = 1.5 – 6.4 for the numerical simulations.   
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3.2 Experimental setup  

The experimental procedure presented in this dissertation was carried out in the Theodore von Kármán 

Wind Tunnel Laboratory, located at the Budapest University of Technology and Economics in the 

Department of Fluid Mechanics. The experimental setup was built, as characterized in Table 3.1, to 

provide wall static pressure, velocity, and turbulence data in the vicinity of a square sudden expansion. 

The test rig, the measurement devices, and the measurement uncertainty are discussed in the following. 

Experimental uncertainty for each quantity is reported for a confidence level of 95%, based on the 

current standard [128]. Repeatability was checked for velocity and pressure measurements by 

remeasuring specific points for different atmospheric conditions. The test rig was the same for the 

repeatability measurements, but the measurement personnel was varied to reduce possible human errors. 

 

3.2.1 Test rig  

Figure 3.2 displays the sketch of the experimental apparatus along with photos of the actual setup. The 

air enters the measurement facility through an inlet orifice plate of an inner diameter of 120 mm for 

flow rate measurements (1), designed and installed with an adequate free upstream space in accordance 

with the current standard [129]. Moving further downstream, the turbulence and the lateral velocity 

components are reduced by a combination of a honeycomb (2) and three screens (3), as specified by 

Scheiman and Brooks [130]. Followed by a circle-to-square transition element (4), the air enters a 

square duct with a hydraulic diameter (i.e., side length) of 𝑑ℎ1 = 0.15 m (5). In accordance with Idelchik 

[13], this duct section was designed to be sufficiently long (8 m ≈ 53𝑑ℎ1), with suitable reserve, to have 

a naturally developed turbulent velocity profile when the flow enters into the square sudden expansion 

of 𝑛𝐴𝑅 = 2.78, optionally equipped with the flow-controlling miniflaps (6). After the cross-section is 

rapidly increased, the airflow is allowed to recover in a square duct with a hydraulic diameter (i.e., a 

side length of 𝑑ℎ2 = 0.25 m) (7), resulting in a step height of ℎ = 0.05 m. To avoid the upstream effect 

of the centrifugal fan and to have a sufficiently long duct section for flow reattachment and pressure 

recovery, an 18𝑑ℎ2 = 4.5 m long relaxation section is ensured downstream of the sudden expansion. 

Finally, a free-exhaust centrifugal fan with a frequency converter (9), responsible for air transmission 

at the desired flow rate, is attached to the test rig through a square-to-circle transition element (8). 

Detailed technical specifications regarding the inlet orifice plate and operational characteristics of the 

fan, along with additional photographic documentation of the experimental configuration, can be found 

in Appendix C. 
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Fig. 3.2 Experimental setup. a) Top view of the experimental setup, not drawn to scale. Dimensions are 

indicated in meters; b) Side view of the experimental setup and measurement devices; c) Photos of the 

experimental setup.  

 

The flow-controlling miniflaps are shown in an enlarged view separately in Fig. 3.3 for better 

visibility. The miniflaps are 1 mm thick rectangular polymer composite sheets of a width of 150 mm = 

𝑑ℎ1 and a length of 𝑙𝑚𝑓 = 20 mm = 0.13𝑑ℎ1. The miniflap angle relative to the duct axis is denoted by 

𝛼, and can be varied between 0° and 90°, but a range of 0° – 51° turned out to be sufficiently broad to 

be examined during the experiments. At 𝛼 = 0°, the miniflaps are parallel to the duct axis.  The angle 

of the four miniflaps can be adjusted separately from each other, but during the presented experimental 
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campaign, they were always set to the same 𝛼 value to maintain symmetry. Due to the special 

manufacturing of the miniflaps, the radius at the step edge is practically negligible.  

 

Fig 3.3 a) Sketch of the miniflaps; b) Photo of the miniflaps in the experimental setup.  

 

3.2.2 Velocity and turbulence measurements 

As sketched in Fig. 3.2, velocity and turbulence measurements were carried out by a laser Doppler 

anemometer (LDA). In the present study, a two-component TSI LDA was used in backscatter mode, 

fixed on an ISEL positioning system. The side and bottom walls of the channel were made of 18 mm 

thick plywood, painted in black to reduce excessive light scattering near the walls during the LDA 

measurements. The top of the channel was covered with a 4 mm thick SCHOTT Amiran anti-reflective 

glass to provide optical access. The three linear translation stages of the positioning system were 

mounted orthogonally. The null-point error, i.e., the accuracy of the positioning system, was 0.05 mm 

in the 𝑥 and 𝑦 directions and 0.3 mm in the 𝑧-direction (conf. Fig. 3.2). The precision of the traverse 

was 20 μm. The light produced by a Melles Griot 350mW air-cooled Argon ion gas laser was separated 

into green and blue pairs of laser beams in the fiberlightTM Multicolor Beam Generator. The green and 

blue laser beams were used to measure the 𝑥- and 𝑦-components of the velocity, respectively, and for 

obtaining the related normal Reynolds stresses. One of the beams in both pairs was phase-shifted by a 

Bragg cell. Laser light was then transferred via optical cables to a TR260 fiberoptic probe, responsible 

for focusing the laser beams to form the measurement volume. The flow was seeded with Safex Blitz 

fog fluid atomized into micron-sized droplets by a Safex F2005 fog generator. The volume flow rate of 

the seeding fluid was set to allow for a single-realization mode [131] and to avoid altering the turbulence 

intensity of the airflow [132]. The scattered light was then collected by the fiberoptic probe, turned into 

electric signals with the help of a PDM photodetector module, and processed in an FSA 3500 signal 

‌

b)a)
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processor unit. Analysis of the incoming data was carried out with the FLOWSIZERTM 64 software. 

The data collection at one point lasted for 60 seconds in the main stream and 240 seconds in the 

separation region. During that period, several tens of thousands of velocity realizations were recorded 

with a ~100 – 1000 Hz sampling rate, decreasing occasionally to ~10 Hz in the separation zone. The 

LDA measurements were restricted to 𝑅𝑒1 = 0.36∙10
5, due to seeding constraints. Further characteristics 

of the LDA system are given in Table 3.2.  

 

Table 3.2 Characteristics of the LDA system. 

 
Green  

(x-component) 

Blue  

(y-component) 

Angle of laser beams (°) 3.94 3.94 

Outlet diameter of laser beams (mm) 2.65 2.65 

Focal length (mm) 363 363 

Wavelength (nm) 514.5 488 

Fringe spacing (μm) 3.729 3.547 

Measurement volume diameter (μm) 89.73 85.11 

Measurement volume length (mm) 1.3 1.2 

 

In the estimation of the uncertainty of the time-averaged velocity data based on [131, 133, 134], 

the following sources of error were taken into consideration: accuracy of the frequency tracking and 

fringe spacing, thermal expansion of the optical probe, the non-zero extent of the measurement volume, 

positioning of the measurement volume, and statistical uncertainty due to the finite duration of data 

collection. Velocity bias was minimized by applying gate-time weighing. The absolute uncertainty of 

the LDA velocity measurements was in the order of 10-2 m/s in the whole cross-section, which – in the 

case of the streamwise velocity component – results in a relative error of a maximum of 0.5% in the 

main flow region and around 2% in the shear layer. The relative error in the separation region is 

dominated by the range of 10 – 20% due to the presence of low velocities. As the cross-stream velocity 

component is generally two orders of magnitude smaller than the streamwise velocity component, the 

related relative uncertainties can reach 20 – 500%.  
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3.2.3 Wall static pressure measurements 

Static pressure taps of an internal diameter of 0.5 mm were manufactured according to the ISO 

5801:2017 standard [135] and were installed on both sides of the channel in the horizontal symmetry 

plane. The distance between the taps was 0.25 m farther away from the sudden expansion and 0.05 m 

in the vicinity of the sudden expansion for better spatial resolution. The pressure taps were connected 

to a 48-channel Scanivalve pressure multiplexer by silicone tubes; then, the pressure was forwarded to 

a Setra 293 capacitive pressure transducer. For each location, pressure measurements with a sampling 

frequency of 1 kHz were carried out for 10 seconds. Measured values were stored and processed by a 

personal computer using the LabVIEW software. The pressure transducer was calibrated to a Betz 

manometer at the beginning of each measurement session, thus, the absolute uncertainty of the wall 

pressure measurements was considered to be 0.5 Pa, which resulted in a relative uncertainty of less than 

0.5% in the measured pressure range. Wall static pressure measurements were conducted for five 

different Reynolds numbers in the entire adjustable range: 𝑅𝑒1 = (0.36; 0.72; 1.08; 1.42; 1.78)∙10
5. 

 

3.2.4 Auxiliary measurements 

Temperature and barometric pressure in the laboratory were monitored using a GREISINGER 

electronic GMH 3710 thermometer and a Setra 470 barometric pressure transducer, respectively, for air 

density calculations. The uncertainty of the temperature measurements was 0.3 °C, and that of the 

barometric pressure measurements was 100 Pa, which data contain the instrumental error and the 

variance in atmospheric conditions during the measurement scenarios. Uncertainty of the volume flow 

rate as a result of the measurement principle was estimated to be 3%, based on the relevant standard 

[129]. Uncertainties resulting from the pressure difference, temperature, and atmospheric pressure were 

also included, according to the root sum square error propagation rule [136]. The pressure difference 

was measured with a Setra 293 pressure transducer. 

The measurement instrumentation, measurement ranges, and the related uncertainties are 

summarized in Table 3.3, while the experimentally examined parameter settings are recapitulated in 

Table 3.4. 
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Table 3.3 Measurement instrumentation and uncertainty. 

Measured quantity Technique Instrument  
Measured 

range 

Uncer-

tainty 
Note 

pressure difference 

(orifice plate,  

static pressure taps) 

 

capacitive 

pressure 

transducer 

Setra 293 90 –  

2300 Pa 

± 0.5 Pa calibrated to Betz 

manometer 

atmospheric 

pressure 

 

absolute 

pressure 

gauge 

 

Setra 470 101600 – 

103100 Pa 

± 750 Pa ambient pressure 

variance included 

ambient temperature 

 

resistance 

thermometer 

Greisinger GMH 3710 18.4 – 

19.5 °C 

± 0.3 °C ambient 

temperature 

variance included 

flow velocity laser Doppler 

anemometer 

LA Melles Griot Argon-ion laser, 

TSI fiberlightTM Multicolor Beam 

Generator, 

TSI TR 260 Fiberoptic probe, 

TSI PDM 1000 photodetector 

module, 

TSI FSA 3500 signal processor 

unit, 

FLOWSIZERTM 64 software, 

SAFEX F2005 fog generator, 

Safex Blitz seeding fluid 

 

-1.0 –  

4.7 m/s 

± 10-2 m/s instrumental 

(LDA and 

positioning 

system) and 

statistical 

uncertainty  

position traverse 

system 

ISEL linear traverse 1 – 5 mm ± 0.05 mm 

 

± 0.3 mm 

 

± 20μm 

null-point error in 

the x, y-directions 

null-point error in 

the z-direction 

precision 

 

volume flow rate pressure 

difference 

principle 

inlet orifice plate 0.08 –  

0.41 m3/s 

± 3% instrumental and 

measurement 

principle 

 

 

Table 3.4 Experimentally examined parameter settings. 

Geometry Area ratio 

 

𝑛𝐴𝑅 

Miniflap 

length 

𝑙𝑚𝑓 𝑑ℎ1⁄  

Miniflap angle 

 

𝛼 

Reynolds number 

 

𝑅𝑒1 

   
LDA 

Wall static 

pressure 
LDA 

Wall static  

pressure 

Square sudden 

expansion 
2.78 - - - 0.36∙105 (0.36; 0.72; 1.08; 1.42; 1.78) ∙105 

Square sudden 

expansion with 

miniflaps 

2.78 0.13 12° 0°-51° 0.36∙105 (0.36; 0.72; 1.08; 1.42; 1.78) ∙105 
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3.3 Numerical modeling 

The numerical procedure presented in this dissertation was carried out using the ANSYS Workbench 

2021 R2 commercial CFD software package.  

 

3.3.1 Geometry 

The sketch of the geometry of the square sudden expansion, and the 3D numerical model in the 

proximity of the step, with and without the miniflaps, is demonstrated in Fig. 3.4.  

Fig. 3.4 a) Sketch of the square sudden expansion geometry; b) 3D model of the quarter geometry of the square 

sudden expansion without miniflaps c) 3D model of the quarter geometry of the square sudden expansion  

with miniflaps. 

 𝑛𝐴𝑅 = 2.78,  𝑙𝑚𝑓 = 0.13𝑑ℎ1, 𝛼 = 12° 

 

The upstream and downstream duct lengths and inner hydraulic diameters are denoted as 𝑙1, 𝑙2, 𝑑ℎ1 and 

𝑑ℎ2, respectively, while 𝑙𝑚𝑓 stands for the length, and 𝛼 stands for the angle of the miniflaps with 

respect to the duct axis. A total of 69 geometry variants – 7 without and 62 with miniflaps – were 

prepared, as summarized in Table 3.5, where the numerically investigated Reynolds numbers are also 

depicted for coherence. The parameter range of the area ratios was introduced in Table 3.1, while the 

parameter range of the length and angle of the miniflaps was determined by preliminary experimental 

and numerical studies. In addition, as the geometry appearing in the formerly mentioned research of 

Bae & Kim [84, 85] shares some common features with the miniflap method, their results also provided 

guidelines in the current study for setting the miniflap length range, provided in terms of the upstream 

hydraulic diameter. The geometries have been created by ANSYS DesignModeler, allowing for easy 

parametrization. 
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Table 3.5 Numerically examined parameter settings. 

 Geometry Area ratio 

𝑛𝐴𝑅 

Miniflap 

length 

𝑙𝑚𝑓 𝑑ℎ1⁄  

Miniflap angle 

𝛼 

Reynolds number 

𝑅𝑒1 

V
a

li
d

a
ti

o
n

 

Square sudden 

expansion 
2.78 - - (0.36; 0.72; 1.08; 1.44; 1.80) ∙105 

Square sudden 

expansion with 

miniflaps 

2.78 0.13 
0; 6°; 9°; 12°; 

15°; 18°; 21° 
(0.36; 1.08; 1.80) ∙105 

E
x

te
n

d
ed

 

n
u

m
er

ic
a

l 

st
u

d
y
 

Square sudden 

expansion 

1.5; 1.75; 2.0; 

2.25; 2.78; 

4.0; 6.4 

- 
- 

 
(0.09; 0.36; 1.08; 3.0) ∙105 

Square sudden 

expansion with 

miniflaps 

2.0; 2.78; 4.0; 

6.4 
0.13; 0.3; 0.5 

6°; 9°; 12°; 15°; 

18° 
(0.36; 1.08; 3.0) ∙105 

 

By virtue of symmetry conditions, only a one-quarter channel is modeled for the present 

parameter study to reduce the size of the numerical mesh and, thus, the necessary numerical resources. 

Although symmetry would also allow for the simulations of a one-eighth channel, that might lead to an 

undesirable mesh distortion. Flow symmetry, both from the experimental and numerical results, is 

substantiated in Appendix D. 

The upstream duct length (𝑙1 = 5𝑑ℎ1) was set to be long enough to avoid any possible upstream 

effect of the sudden expansion (being practically negligible [109]). As a reasonable approximation for 

fully developed flow, the downstream length was set to 𝑙2 = 10𝑑ℎ2 as a compromise in computational 

resources. It has been demonstrated in Appendix E that such a compromise enabled the determination 

of the loss coefficient within an error of <1%.  

As for modeling the miniflaps, two simplifications of the actual geometry were applied to 

enable the creation of a numerical mesh that is of sufficiently high quality for the numerical method to 

converge: (1) the miniflaps were modeled as infinitely thin walls; (2) a short collar – a short section of 

a pyramidal diffuser – was added to the geometry, closing the wedge-shaped clearance between the 

miniflaps, as highlighted by red in Fig. 3.4c. The absolute length of the collar remained the same (10% 

of the shortest miniflap length) for the entire examined parameter space. 
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3.3.2 Mesh and boundary conditions 

A 3D mesh – shown in Fig. 3.5 – consisting of purely hexahedral elements was generated with the 

MultiZone method of the ANSYS Meshing program. The mesh was refined by setting the bias factor 

in the proximity of the step edge, in the free shear layer, and in the boundary layers. The dimensionless 

wall distance 𝑦+ was controlled to be around 1 for an appropriate resolution of the viscous sublayer. 

 

Fig. 3.5 a) Boundary conditions; b) Numerical mesh of the square sudden expansion without miniflaps;  

c) Numerical mesh of the square sudden expansion with miniflaps. 

 𝑛𝐴𝑅 = 2.78, 𝑙𝑚𝑓 = 0.13𝑑ℎ1, 𝛼 = 12°  

 

A mesh independence study was carried out for the representative case of 𝑛𝐴𝑅 = 2.78 and the 

highest examined Reynolds number (𝑅𝑒1 = 3.0∙105) for the sudden expansion without miniflaps and of 

𝑛𝐴𝑅 = 2.78, 𝑙𝑚𝑓 = 0.13𝑑ℎ1, 𝛼 = 12° and 𝑅𝑒1 = 3.0∙105 for the sudden expansion with miniflaps. The 

estimated uncertainty of the loss coefficient and the reattachment length in the wall-normal symmetry 

plane due to the discretization error was determined using the Grid Convergence Index (GCI) method 

[137]. The loss coefficient was calculated using the extrapolation method, while the reattachment length 

was determined as the location, where the streamwise wall shear stress is zero, changing the sign from 

negative to positive. The mesh metrics, predicted loss coefficient and reattachment length values, and 

inlet outlet

wall

symmetry

wall

a)

b)

c)
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their estimated discretization errors, with respect to the extrapolated case, are summarized in Table 3.6, 

where the reattachment length is reported in terms of the step height (ℎ). Based on the mesh 

independence study, the medium-sized mesh for both the sudden expansion without (1.54∙106 elements) 

and with miniflaps (2.08∙106 elements) was accepted, for which the estimated relative discretization 

error is below 5% (in most cases below 1%) for both examined variables. The basic meshing setup 

parameters and the mesh structure were kept the same in the case of all other geometry variants.   

 

Table 3.6 Mesh independence study. 

SQUARE SUDDEN EXPANSION WITHOUT MINIFLAPS 

 Loss coefficient Reattachment length 

Number of 

cells 

Value of 

variable 

Relative 

error 

Absolute 

error 

Value of 

variable 

Relative 

error 

Absolute 

error 

0.52∙106 0.4376 0.70% 0.0031 15.20h 0.69% 0.11 

1.54∙106 0.4382 0.55% 0.0024 15.09h 0.19% 0.03 

4.11∙106 0.4394 0.20% 0.0009 15.11h 0.04% 0.01 

extrapolated 0.4401   15.12h   

SQUARE SUDDEN EXPANSION WITH MINIFLAPS 

 Loss coefficient Reattachment length 

Number of 

cells 

Value of 

variable 

Relative 

error 

Absolute 

error 

Value of 

variable 

Relative 

error 

Absolute 

error 

1.02∙106 0.336 6.2% 0.021 11.00h 2.28% 0.25 

2.08∙106 0.339 5.0% 0.017 10.75h 0.59% 0.06 

4.26∙106 0.342 4.0% 0.014 10.80h 0.10% 0.01 

extrapolated 0.352   10.81h   

 

Boundary conditions were applied to the numerical model as depicted in Fig. 3.5a:  velocity 

inlet on the inlet surface, pressure outlet (0 gauge pressure) on the outlet surface, symmetry on the two 

planes of symmetry, and no-slip, smooth wall on the duct and miniflap walls. Considering the inlet 

velocity, fully developed flow profiles were obtained from auxiliary simulations in short square ducts 

of a quarter geometry, applying periodic inlet-outlet boundary conditions.  

 

3.3.3 Numerical method 

The numerical simulations were carried out with the ANSYS Fluent 2021 R2 software, which solves 

the Reynolds-averaged Navier-Stokes (RANS) equations for a steady-state, turbulent flow. The 
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working fluid was incompressible air, thus, the pressure-based solver was used. The coupled solution 

scheme was applied for the pressure-velocity coupling, and second-order upwinding was set for every 

flux formulation. The pseudo-transient formulation was enabled to increase numerical stability. All 

simulations were run until iterative convergence was reached, i.e., all residuals were decreased by at 

least four orders of magnitude. Physical properties, such as (1) the mass-weighted average of the total 

pressure on the inlet and outlet; (2) local streamwise and cross-stream velocities in control points located 

close downstream of the step in the shear layer; and (3) the streamwise wall shear stress in control 

points, being close to the expected reattachment, were also monitored to assure convergence. As a 

separated flow is inherently unsteady, the residuals and the monitored physical properties displayed 

minor oscillations in some cases. In order to exclude the uncertainty of the calculated loss coefficient 

by taking a random instantaneous value of the examined variables, data sampling for steady statistics 

was enabled for 4-6 cycles. 

 

3.3.4 Turbulence model 

The success of a numerical simulation is predetermined by selecting the appropriate turbulence model 

that fits the flow scenario to be modeled the best. In the present case of a square sudden expansion, one 

has to keep in mind that due to the anisotropy of the Reynolds stresses, secondary flow of the second 

kind (or stress-induced secondary flows) is present in non-circular ducts, even when the flow is fully 

developed. Besides the direct numerical simulation, scale-resolving and hybrid models – which have a 

prohibitive price for the present parameter study – two turbulent model families are capable of modeling 

anisotropic turbulence: (1) the Reynolds Stress Models (RSM), where all Reynolds-stress components 

are described with a separate transport equation; and (2) the and the k-ω based models, for which the 

Reynolds stress tensor is supplemented with a non-linear term, enabling the modeling of anisotropic 

turbulence [127].  

 In general, the computational power demand of the RSM is the highest among RANS models 

due to the elevated number of transport equations and reduced convergence, for which reason the use 

of RSM is only advisable whenever other turbulence models are incapable of capturing the flow features 

– like, e.g., stress-induced secondary flows – correctly [127]. Ansys Fluent provides two k-ε and two 

k-ω based RSM variants, from which the k-ω variants (Stress-ω and Stress-BSL) are going to be used 

herein for more appropriate modeling of the boundary layer. 
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 As for the k-ω model, the generalized k-ω (GEKO) model has been chosen for the present 

study, due to its favorable properties, described as follows. The GEKO is a relatively recent turbulence 

model, aiming at the consolidation of the numerous different turbulence models [138]. The GEKO 

offers six freely tunable parameters, allowing the user to adjust the model to various flow scenarios 

without having a negative impact on the basic calibration schemes, such as the development of a 

boundary layer over a flat plate. The default setting of these parameters has been adjusted by the creators 

to closely match the k-ω SST model, which is already widely and reliably used in many industry-related 

CFD simulations [138]. A presentation of the three most relevant tunable parameters is given in this 

document, while a more detailed specification of all parameters, together with the formulation 

equations, can be found in the Ansys Fluent software manual [127].  

(1) The corner coefficient (𝐶𝑐𝑜𝑟) is a non-linear stress-strain term that is able to account for stress-

induced secondary flows. The coefficient is suggested to be set in the range of 𝐶𝑐𝑜𝑟𝑛𝑒𝑟 = 0 – 1.5, with 

𝐶𝑐𝑜𝑟 = 1 being the default value. In the case of 𝐶𝑐𝑜𝑟 = 0, the coefficient is disabled, resulting in isotropic 

turbulence, thus the incapability to model stress-induced secondary flows. With an increasing value of 

𝐶𝑐𝑜𝑟, the strength of the secondary flows is also increasing.  

(2) The separation coefficient (𝐶𝑠𝑒𝑝) is responsible for predicting the onset of pressure-induced 

boundary layer separation. Increasing its value leads to a decreased eddy-viscosity, thus an earlier flow 

separation in the presence of an adverse pressure gradient, typically in diffuser flows. The advised 

setting range is 𝐶𝑠𝑒𝑝 = 0.7 – 2.5, with 𝐶𝑠𝑒𝑝 = 1.75 being the default value. One should be aware that the 

separation coefficient modifies the eddy viscosity in the entire flowfield, i.e., not only in the boundary 

layers but also in the free shear layers, which is avoided by an automatic modification of the mixing 

coefficient, discussed below.  

(3) The mixing coefficient (𝐶𝑚𝑖𝑥) affects the turbulence levels of free shear flows. Boundary layers are 

shielded from the effects of 𝐶𝑚𝑖𝑥, in order to keep the near-wall flow behavior well-calibrated. By 

increasing the value of 𝐶𝑚𝑖𝑥, the eddy viscosity, thus, the turbulent kinetic energy is increased, leading, 

to larger spreading rates of the free shear flows. As mentioned above, the value of 𝐶𝑚𝑖𝑥 needs to be 

linked to the value of  𝐶𝑠𝑒𝑝, which is achieved through a correlation (𝐶𝑚𝑖𝑥,𝑐𝑜𝑟𝑟), given in Eq. (3.1).  

𝐶𝑚𝑖𝑥,𝑐𝑜𝑟𝑟 = 0.35 ∙ 𝑠𝑖𝑔𝑛(𝐶𝑠𝑒𝑝 − 1)√(|𝐶𝑠𝑒𝑝 − 1|) (3.1) 
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In some cases, though, stronger mixing is desired than what is given by the correlation in Eq. (3.1), and 

𝐶𝑚𝑖𝑥 can be adjusted manually. These cases are generally characterized by flow unsteadiness, e.g., 

vortex formation in the free shear layer, which cannot be directly accounted for by the turbulence model, 

only through an increased turbulent mixing. An advised setting range of the mixing coefficient is 𝐶𝑚𝑖𝑥 

= 0.5 –1.0, with 𝐶𝑚𝑖𝑥 = 𝐶𝑚𝑖𝑥,𝑐𝑜𝑟𝑟 being the default value, but can be extended according to the users’ 

preferences. 

In this thesis, the following strategy is applied to tune the GEKO coefficients: 

Á At first, a fully developed flow in a straight square duct without a sudden expansion is 

examined, representing the purest case in terms of the evolving secondary flow. 𝐶𝑐𝑜𝑟 is tuned 

for this flow scenario, based on velocity and normal Reynolds stress measurements, available 

in the upstream section of the sudden expansion, for 𝑅𝑒1 = 0.36∙105. Numerical results are 

obtained from auxiliary simulations carried out for a short duct section with periodic inlet and 

outlet conditions. The value of 𝐶𝑐𝑜𝑟 is fixed for the sudden expansion simulations, as 

determined for the straight square duct. The tuning of 𝐶𝑠𝑒𝑝 and 𝐶𝑚𝑖𝑥 is irrelevant for the case 

of a straight square duct, as there is no shear layer or adverse pressure gradients in the flow.   

Á Next, the square sudden expansion without miniflaps is examined. 𝐶𝑚𝑖𝑥 is tuned, based on (1) 

velocity and turbulence measurements, downstream of the expansion plane for 𝑅𝑒1 = 0.36∙105, 

as it can affect the spreading rate of the jet, and (2) loss coefficient values for 𝑅𝑒1 = (0.36 – 

1.8)∙105, as altered turbulence mixing can influence the evolving losses. Tuning of 𝐶𝑠𝑒𝑝 in the 

case of the sudden expansion without miniflaps is irrelevant, as the geometry-induced boundary 

layer separation is fixed at the step edge, and therefore does not respond to the changes in the 

separation coefficient.   

Á Finally, the sudden expansion with miniflaps is examined. As a first step, 𝐶𝑠𝑒𝑝 is tuned to 

predict the onset of separation on the miniflap surface based on (1) velocity and turbulence 

measurements downstream of the expansion plane for 𝑅𝑒1 = 0.36∙105 and at representative 

miniflap angles of 𝛼 = 12°; and (2) loss coefficient values in function of the miniflap angles for 

𝑅𝑒1 = 1.08∙105. Secondly, the value of 𝐶𝑚𝑖𝑥 is set to fine-tune the numerical flowfield, as 

described above. The validity of the numerical results is finally checked for the loss coefficient 

values in function of the Reynolds number as well, for 𝑅𝑒1 = (0.36 – 1.8)∙105 and 𝛼 = 12°. 
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In the context of GEKO simulations, it is a general rule to include only the tuned values in the legend 

or text notation herein. Coefficients that remain at their default values are not represented separately. In 

the case of the RSM Stress-BSL model, all parameters were left at their default values, thus, only the 

name of the turbulence model is depicted in the relevant figures.  

 

3.3.5 Validation of the numerical model 

Validation of the numerical data to high-fidelity experiments is an indispensable step to verify the 

utilization of the numerical method, support the selection of the most appropriate turbulence model, and 

tune the GEKO coefficients. The location of the validation profiles is given in Fig. 3.6.  

 

Fig. 3.6 Location of the validation profiles. ℎ = 0.05 m;  𝑑ℎ1 = 0.15 m 

 

The velocity and turbulence measurements on the upstream side of the sudden expansions were 

more detailed in order to provide sufficient information for tuning the corner coefficient and an 

appropriate inlet velocity boundary condition for the numerical simulations. Five 𝑦 = 0 and five 𝑧 = 0 

profiles were evaluated at two different cross-sections (𝑥 ℎ⁄  = -2.8; -1.4), located at a distance of (0; 

0.21; 0.42)𝑑ℎ1, from the wall-normal symmetry plane. The two-component LDA system measured the 

𝑥- and 𝑦-components of the velocities and normal Reynolds stresses, i.e., the 𝑢, 𝑢’𝑢’, 𝑣, and 

𝑣’𝑣’ quantities. By virtue of symmetry, though, the third components, 𝑤, and 𝑤’𝑤’, can also be retrieved 
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from the measurement results (conf. Fig. 3.6). As the numerical simulations were carried out in a quarter 

channel, the measurement results have been averaged accordingly, e.g., the 𝑢 velocity profile at the axis 

of symmetry of the duct is given as the average of 2 x 4 = 8 half-profiles. Concerning the downstream 

section of the channel, measurements were carried out for half-profiles in the wall-normal symmetry 

planes and along the diagonal for six cross-sections – at 𝑥 ℎ⁄  = 1, 3, 5, 7, 9, 11 – along the 𝑥-direction.  

For a quantitative and qualitative comparison of the numerical and the experimental results, the 

standard error of the estimate (𝜎𝑒𝑠𝑡), defined by Eq. (3.2), and the sample Pearson correlation coefficient 

(𝑅), defined by Eq. (3.3), were determined, respectively. It is important to note that the standard error 

of the estimate was evaluated for multiple profiles collectively, yielding a single 𝜎𝑒𝑠𝑡 value that 

represents the overall discrepancy between the experimental and numerical results for the entire flow 

field. On the other hand, the correlation coefficients hold significance only when determined for each 

examined profile individually. Therefore, they have been computed separately for each profile, and 

their average value is reported here. 

𝜎𝑒𝑠𝑡 =
√∑ (𝜑𝑒𝑥𝑝,𝑖 − 𝜑𝐶𝐹𝐷,𝑖)

2𝑛
𝑖=1

𝑛
 (3.2) 

𝑅 =
∑ (𝜑𝑒𝑥𝑝,𝑖 − 𝜑𝑒𝑥𝑝) (𝜑𝐶𝐹𝐷,𝑖 − 𝜑𝐶𝐹𝐷)
𝑛
𝑖=1

√∑ (𝜑𝑒𝑥𝑝,𝑖 − 𝜑𝑒𝑥𝑝)
2

𝑛
𝑖=1

√∑ (𝜑𝐶𝐹𝐷,𝑖 − 𝜑𝐶𝐹𝐷)
2𝑛

𝑖=1

 (3.3) 

, where 𝜑𝑖 is the examined variable at a sample point 𝑖, 𝜑 is the arithmetic mean of the variable, and 𝑛 

is the number of sample points. The subscripts 𝑒𝑥𝑝 and 𝐶𝐹𝐷 stand for the experimentally and 

numerically determined values, respectively.  
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Straight square duct 

The validation process of the flow in a straight square duct – i.e., the cross-section upstream of the 

sudden expansion – for the RSM Stress-BSL and the GEKO models is given in Fig. 3.7.  

 

*For the 𝑣, 𝑤, 𝑣′𝑣′ and 𝑤′𝑤′ components, 𝜎𝑒𝑠𝑡 is one order of magnitude smaller than for 𝑢 and 𝑢′𝑢′, therefore, the former 

ones are multiplied by 10 for better visibility. 

Fig. 3.7 a) Validation of the numerical models upstream of the sudden expansion at a representative profile of 

𝑦 𝑑ℎ1⁄  = 0.42; b) Tuning of the corner coefficient. 𝑑ℎ1 = 0.15 m; 𝑢1 = 3.63 m/s; 𝑅𝑒 = 0.36∙105.   
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Figure 3.7a shows the dimensionless velocity and Reynolds stress profiles for a representative location 

at 𝑧 𝑑ℎ1⁄  = 0.42 (conf. Fig. 3.6), where the numerical results calculated by the RSM Stress-BSL and the 

GEKO with 𝐶𝑐𝑜𝑟 = 0 and 𝐶𝑐𝑜𝑟 = 0.9 models are compared to the LDA measurements. The measurement 

error bars encompass not only instrumental errors but also statistical errors resulting from the spatial 

averaging of the velocity profiles, as described earlier. The simulation results for 𝑧 𝑑ℎ1⁄  = 0 and 𝑧 𝑑ℎ1⁄ = 

0.21 are given in Appendix F, in Figs. F1-F2.  Fig. 3.7b provides the related values of the standard error 

of the estimate and correlation coefficients as a function of the corner coefficient, evaluated for all 

examined profiles, i.e., 𝑧 𝑑ℎ1⁄  = 0; 0.21; 0.42.  As the corner coefficient is not interpretable in the case 

of the RSM Stress-BSL model, the corresponding values are represented by straight, horizontal lines.  

The optimal setting of the corner coefficient is found where 𝜎𝑒𝑠𝑡 is minimal, and 𝑅 is maximal. 

Thus it can be concluded from Fig. 3.7b that the performance of the GEKO model is significantly 

improving – and is approaching the RSM results – for all examined variables as the corner coefficient 

increases. This observation is also corroborated by the velocity and turbulence profiles in Fig. 3.7a, 

where the GEKO 𝐶𝑐𝑜𝑟 = 0.9 simulation is notably in better agreement with the measurement results 

than the GEKO 𝐶𝑐𝑜𝑟 = 0. The streamwise velocity (𝑢) and the cross-stream Reynolds stress components 

(𝑣’𝑣’, 𝑤’𝑤’) are predicted distinctively well by both the RSM Stress-BSL and the GEKO 𝐶𝑐𝑜𝑟 = 0.9, 

while correspondence for the cross-stream velocities (𝑣,𝑤) is slightly inferior but still accounts for the 

order of magnitude and the qualitative trends reasonably well. The streamwise normal Reynolds stress 

(𝑢’𝑢’) is underestimated by both models, especially in the proximity of the center of the channel and the 

walls.  

It is important to note that when the corner coefficient exceeds 0.9, it leads to a non-physical 

asymmetry in the flow, becoming increasingly pronounced as the 𝐶𝑐𝑜𝑟 value increases. This observation 

is also highlighted by the creators of the GEKO model in [138]. The asymmetry is shown in Fig 3.8, 

depicting the velocity magnitude and the 𝑥-vorticity of the flow as well, where simulation results for 

𝐶𝑐𝑜𝑟 = 1.1 are shown for a clearer perceptibility of the phenomenon. This non-physical asymmetry also 

emerges in the case of the RSM Stress-ω model, therefore, both the GEKO 𝐶𝑐𝑜𝑟 > 0.9, and the RSM 

Stress-ω models were excluded from the scope of the future evaluation. 
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Fig. 3.8 Non-physical asymmetry of the flow in a straight square duct for 𝐶𝑐𝑜𝑟 > 0.9. 𝑅𝑒1 = 0.36∙105. 

 

In addition to analyzing velocity and turbulence data, the study investigates the pipe friction 

coefficient (𝜆). Figure 3.9 displays the measurement results obtained from the experimental setup 

presented in section 3.2, the numerical results of both the RSM Stress-BSL and the GEKO models, and 

the semi-empirical formula for hydraulically smooth pipes introduced in Eq. (2.6). It is noteworthy that 

the measurement results align with the predictions of the semi-empirical model, thereby validating the 

hydraulic smoothness of the measurement setup. Moreover, the data obtained from the RSM Stress-

BSL model exhibits an excellent fit with the semi-empirical formula, indicating its accuracy in 

predicting the friction loss coefficient. However, the GEKO model tends to slightly underestimate the 

friction loss coefficient across the entire range of Reynolds numbers examined. 
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Fig 3.9 Comparison of measured and numerically modeled pipe friction coefficient with the semi-empirical 

model for hydraulically smooth pipes. 

 

As an interim conclusion based on the entirety of Fig. 3.7, the corner coefficient of the GEKO 

model is set to  𝒄 𝒓 = 𝟎.  , for which set the performance of the RSM Stress-BSL and the GEKO 

models are closely equal, with the former one being slightly superior for most examined variables. In 

terms of central processing unit (CPU) time the 2-equation GEKO model slightly outperforms the 7-

equation RSM Stress-BSL model by converging around twice as fast. However, it's worth noting that 

the impact of this advantage is limited due to the limited number of simulations and a relatively small 

simulation domain.  

 

Square sudden expansion without miniflaps 

The validation process of the flow in the square sudden expansion without miniflaps downstream of the 

expansion plane for the RSM Stress-BSL and the GEKO models is given in Figs. 3.10–3.11. Figure 

3.10 depicts solely the streamwise velocity component (𝑢) along the wall-normal and the diagonal 

profiles at 𝑥/ℎ = 1; 3; 5; 7; 9; 11, being relevant from the point of view of determining the reattachment 

length, being a research goal of the present thesis. The effect of the cross-stream velocity components 

and the Reynolds stresses is implicitly included in the streamwise profiles, which are provided in 

Appendix F, in Figs. F3-F4.  
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Fig. 3.10 a) Validation of the numerical models for the streamwise velocity in the square sudden expansion 

without miniflaps downstream of the expansion plane. The diagonal coordinates are nondimensionalized with 

the length of the diagonal of the upstream duct (𝑑𝑑𝑖𝑎𝑔,1); b) Tuning of the mixing coefficient.  

𝑑ℎ1 = 0.15 m;  𝑑𝑑𝑖𝑎𝑔,1 = 0.212 m; 𝑢1 = 3.63 m/s; 𝑅𝑒1 = 0.36∙105.   

 

In Fig. 3.10a, the numerical results calculated by the RSM Stress-BSL, the GEKO 𝐶𝑚𝑖𝑥 =

 𝐶𝑚𝑖𝑥𝐶𝑜𝑟𝑟 = 0.3 – being the default value, calculated from 𝐶𝑠𝑒𝑝 = 1.75 – and the GEKO 𝐶𝑚𝑖𝑥 = 0.5 

models are compared to the LDA measurements, while Fig. 3.10b provides the corresponding values of 

the standard error of the estimate and correlation coefficients as a function of the mixing coefficient. 
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that they have not been included in the diagram, as their inclusion would diminish the clarity and 

legibility of the data presented in the figure. The corner coefficient is 𝐶𝑐𝑜𝑟 = 0.9, as it has been fixed 

during the simulations of the straight square duct. It can be observed from the figure that 𝜎𝑒𝑠𝑡 is 

deteriorating with an increasing 𝐶𝑚𝑖𝑥, while a local maximum is reached for the correlation coefficient 

at 𝐶𝑚𝑖𝑥 = 0.5. However, no particular importance should be attributed to this local maximum, as the 

correlation coefficient changes less than 0.1% in the whole examined range of the mixing coefficient, 

remaining close to an excellent value of 99.6%. Also, the numerical profiles of the streamwise velocities 

at 𝐶𝑚𝑖𝑥 = 0.3 are tantamount to those at 𝐶𝑚𝑖𝑥 = 0.5, suggesting that the effect of the mixing coefficient 

is negligible. 

Before arriving at any conclusions on the optimal value of 𝐶𝑚𝑖𝑥, its effect on the loss coefficient 

is also examined, based on Fig. 3.11.  

 

Fig. 3.11 a) Validation of the numerical models for the loss coefficient in the square sudden expansion without 

miniflaps. The loss coefficients are determined from the maximum pressure method; b) Tuning of the mixing 

coefficient.  

 

92%

94%

96%

98%

100%

0.015

0.016

0.017

0.018

0 0.5 1 1.5 2

Rσ
es

t

Cmix

RSM SEE

GEKO SEE

RSM r

GEKO r

σest – RSM Stress-BSL

σest – GEKO Ccor = 0.9

R – RSM Stress-BSL

R – GEKO Ccor = 0.9

0.35

0.40

0.45

0.50

0.55

0.0E+00 1.0E+05 2.0E+05

ζ B
C

,m
a
xp

Re1

measurement

GEKO

GEKO Cmix = 0.5

GEKO Cmix = 1

GEKO Cmix = 1.5

0.35

0.40

0.45

0.50

0.55

0.0E+00 1.0E+05 2.0E+05

ζ B
C

,m
a
xp

Re1

measurement
RSM Stress-BSL
GEKO CC0.9 CM0.3

pressure measurement

CFD GEKO Cmix = 0.3

CFD GEKO Cmix = 0.5

CFD GEKO Cmix = 1.0

CFD GEKO Cmix = 1.5

for all GEKO: Ccor = 0.9

pressure measurement

RSM Stress-BSL

GEKO Cmix = 0.3

     = 0.9

a)

b)



65 

 

The standard error of the estimate reaches a minimum at 𝐶𝑚𝑖𝑥 = 0.5, for which a notable improvement 

of the correlation coefficient is also observed: 94% → 99% (conf. Fig. 3.11b). This could lead to a false 

impression that increasing the mixing coefficient has a markedly benevolent effect on the numerical 

modeling of the loss coefficient. But, as shown on the right side of Fig. 3.11a, the loss coefficients for 

the whole examined range of 𝐶𝑚𝑖𝑥 are indiscernible, furthermore, the relative difference between the 

loss coefficient values at 𝐶𝑚𝑖𝑥 = 0.3 and 𝐶𝑚𝑖𝑥 = 1.5 is less than 0.6%, being smaller than the excepted 

discretization error of the numerical simulation. Altogether, the effect of the mixing coefficient on the 

flow field and the loss coefficient values was found to be negligible; therefore, keeping 𝐶𝑚𝑖𝑥 at its 

default value – i.e. 𝐶𝑚𝑖𝑥 = 𝐶𝑚𝑖𝑥𝐶𝑜𝑟𝑟 = 0.3 – has been judged reasonable. 

Considering the validity of the RSM Stress-BSL and the GEKO models, the streamwise 

velocities are predicted notably well; the performance of the GEKO is slightly better in the recirculation 

region – i.e., up to ~𝑥/ℎ = 9, close to the wall – in the wall-normal plane, while the performance of the 

RSM Stress-BSL is somewhat superior at 𝑥/ℎ = 1 in the diagonal plane. The predicted loss coefficients 

are almost overlapping for both models in the examined Reynolds number range, tending to 

underestimate the slope of the experimental loss coefficient versus the Reynolds number curve. Based 

on Fig. 3.11a, the numerical modeling is expected to overestimate the loss coefficient by an absolute 

value of 0.03 (6-7%) for the Reynolds number range of 𝑅𝑒1 = (1–2)∙105.    

Summarizing the validation results for the square sudden expansion without miniflaps, the 

mixing coefficient of the GEKO model is set at its default value, i.e.   𝒎𝒊𝒙 =  𝒎𝒊𝒙  𝒓 = 𝟎. 𝟑, for 

which set the performance of the RSM Stress-BSL and the GEKO models are equally acceptable in 

predicting the streamwise velocity and the loss coefficient values. Although the GEKO model offers a 

notable reduction in CPU turbulence model time (about 1/4 of that of the RSM Stress-BSL model), it 

requires more iterations for convergence. Consequently, when considering overall CPU time, these two 

models perform comparably. 
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Square sudden expansion with miniflaps 

The validation and coefficient-tuning process of the flow in the square sudden expansion with miniflaps 

is given in Figs. 3.12–3.14. As for this geometry the RSM Stress-BSL model faced persistent 

convergence challenges, significantly increasing the necessary simulation time, numerical modeling of 

the square sudden expansion with miniflaps were to be kept to the GEKO model. The aforementioned 

convergence problems are acknowledged by the software manual [127] to be a main possible 

shortcoming of the RSM turbulence models in general, and were not encountered either for the 

simulations in the straight square duct or for the square sudden expansion without miniflaps. 

Because of the introduction of the miniflaps into the geometry, the flow faces a region of 

adverse pressure gradient, raising the risk of separation from the miniflap surface. The onset of this 

separation is assumed to have an important effect on the downstream flow field and the loss coefficient 

as well; therefore, the separation coefficient is to be tuned first, as suggested in [138]. Figure 3.12 

depicts solely the streamwise velocity component (𝑢) along the wall-normal and the diagonal profiles 

at 𝑥/ℎ = 1; 3; 5; 7; 9; 11, the same way as it has also been demonstrated for the case without miniflaps. 

The cross-stream velocity components and the Reynolds stresses are provided in Appendix F in Figs. 

F5-F6. The separation coefficient was studied for 𝐶𝑠𝑒𝑝 = 0.7;1.0;1.5;1.75, where the two extrema are 

the minimum and maximum allowed values of the coefficient [138]. In Fig. 3.12a, the numerical results 

calculated by the GEKO 𝐶𝑠𝑒𝑝 = 1.75  being the default value, and the GEKO 𝐶𝑠𝑒𝑝 = 1.0 models are 

compared to the LDA measurements, while Fig. 3.12b provides the corresponding values of the 

standard error of the estimate and correlation coefficients as a function of the separation coefficient. 

The corner coefficient is 𝐶𝑐𝑜𝑟 = 0.9, as it has been fixed during the simulations of the straight square 

duct, and the mixing coefficient is left at its default value 𝐶𝑚𝑖𝑥𝐶𝑜𝑟𝑟. A local optimum can be observed 

from the figure at 𝐶𝑠𝑒𝑝 = 1.0, where 𝜎𝑒𝑠𝑡 is minimal, and 𝑅 is maximal. The effect of the separation 

coefficient is noticeable in the numerical velocity profiles: decreasing  𝐶𝑠𝑒𝑝 leads to an increased 

opening rate of the downstream jet, being more detectable in the diagonal plane. 



67 

 

 

Fig. 3.12 a) Validation of the numerical models for the streamwise velocity for a miniflap angle of 𝛼 = 12°, 

downstream of the expansion plane. The diagonal coordinates are nondimensionalized with the length of the 

diagonal of the upstream duct (𝑑𝑑𝑖𝑎𝑔,1); b) Tuning of the separation coefficient. 

 𝑑ℎ1 = 0.15 m; 𝑑𝑑𝑖𝑎𝑔,1 = 0.212 m; 𝑢1 = 3.63 m/s; 𝑅𝑒1=0.36∙105.   

 

Further tuning of the separation coefficient is done based on the loss coefficient versus the 

miniflap angle curve for a representative Reynolds number of 𝑅𝑒1 = 1.08∙10
5, as shown in Fig. 3.13. 

Choosing 𝐶𝑠𝑒𝑝 = 1.0 is corroborated by a distinctive maximum peak of the correlation coefficient, and 
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fact that decreasing 𝐶𝑠𝑒𝑝 to 0.7 leads to a further – minor – decrease in 𝜎𝑒𝑠𝑡, the use of 𝐶𝑠𝑒𝑝 = 0.7 is 
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contraindicated [138], as it can easily lead to the underseparation of the boundary layer from the 

miniflap surface, also indicated by the fact that the slope of the 𝐶𝑠𝑒𝑝 = 0.7 curve in Fig. 3.13a is 

significantly smaller than that of the experimental results in the 𝛼 = 12° – 21° range. Therefore, setting 

the separation coefficient value to  𝒔𝒆𝒑 = 1.0 was found to be reasonable. In addition, the impact of 

the mixing coefficient on both the streamwise velocity and the loss coefficient was investigated. 

However, similar to the findings in the case of the square sudden expansion without miniflaps, its 

influence was deemed negligible and thus not further elaborated.  

 

 

Fig. 3.13 a) Validation of the numerical models for the loss coefficient as a function of the miniflap angle. The 

loss coefficients are determined from the maximum pressure method; b) Tuning of the separation coefficient.  

𝑅𝑒1 =1.08∙105. 
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Commenting on the validity of the GEKO model, the streamwise velocities are predicted 

notably well in the wall-normal plane, while the expansion rate of the shear layer is slightly 

underestimated in the diagonal plane. Concerning the loss coefficient values, 𝜁𝐵𝐶,𝑚𝑎𝑥𝑝 has been 

evaluated at a representative miniflap angle of 𝛼 = 12° – being the expected optimal setting of the 

miniflaps based on the experiments – as a function of the Reynolds number, as depicted in Fig. 3.14. 

Similarly to the case of the square sudden expansion without miniflaps, the numerical model tends to 

overestimate the loss coefficient by an absolute value of 0.02 (3 – 4%) for the Reynolds number range 

of 𝑅𝑒1 = (1 – 2)∙105.    

 

Fig. 3.14 Validation of the numerical models for the loss coefficient for a miniflap angle of 𝛼 = 12°, as a 

function of the Reynolds number. The loss coefficients are determined from the maximum pressure method. 

 

Summarizing the validation results for the square sudden expansion with miniflaps, the 

separation coefficient of the GEKO model is set to  𝒔𝒆𝒑 = 1.0, for which set the performance of the 

GEKO model is acceptable in predicting the streamwise velocity and the loss coefficient values as well. 

The effect of the mixing coefficient was found to be negligible, and therefore it was left at its default 

value, being 𝐶𝑚𝑖𝑥 = 0 for 𝐶𝑠𝑒𝑝 = 1.0 (conf. Eq. (3.1)). 

 The utilized turbulence models and the settings of the GEKO coefficients for the case of the 

straight square duct and the square sudden expansion without and with miniflaps are summarized in 

Table 3.7.  
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Table 3.7 Summary of utilized turbulence models and the GEKO parameters settings.  

 RSM Stress-BSL GEKO 

  𝐶𝑐𝑜𝑟 𝐶𝑠𝑒𝑝 𝐶𝑚𝑖𝑥 

Straight square duct utilized 0.9 1.75 (default) 0.3 (𝐶𝑚𝑖𝑥𝐶𝑜𝑟𝑟) 

Square sudden expansion 

without miniflaps 
utilized 0.9 1.75 (default) 0.3 (𝐶𝑚𝑖𝑥𝐶𝑜𝑟𝑟) 

Square sudden expansion 

with miniflaps 

not utilized due to 

convergence issues 
0.9 1.0 0.0 (𝐶𝑚𝑖𝑥𝐶𝑜𝑟𝑟) 

 

Before delving into the results discussions in Chapters 4 and 5, Table 3.8 offers a concise 

overview of the research goals related to square sudden expansions (introduced in Chapter 2), along 

with the employed turbulence models, and the investigated parameter ranges (as detailed in Chapter 3): 

 

Table 3.8 Summary of research goals, employed turbulence models and investigated parameter ranges  

Research goal 
Turbulence 

model 
Ranges 

  

Reynolds 

number 

(𝑅𝑒1) 

Area 

ratio 

(𝑛𝐴𝑅) 

Miniflap 

angle 

(𝛼) 

Miniflap 

length 

(𝑙𝑚𝑓) 

#1 Extent of primary and secondary 

separation zones 

𝑙𝑟 , 𝑙𝑠𝑒𝑐 = 𝑓(𝑅𝑒1, 𝑛𝐴𝑅) 

RSM Stress-BSL 

GEKO 
(0.9 – 3.0)∙105 1.5 – 6.4 - 0 

#2 Semi-empirical method for loss 

coefficient calculation; assessment of 

uncertainty 

𝜁𝐵𝐶 = 𝑓(𝑅𝑒1, 𝑛𝐴𝑅) 

RSM Stress-BSL 

GEKO 
(0.9 – 3.0)∙105 1.5 – 6.4 - 0 

#3 Semi-empirical method for static 

pressure recovery coefficient calculation; 

assessment of uncertainty; optimal area-

ratio for maximum pressure recovery 

𝑐𝑆𝑃𝑅 = 𝑓(𝑅𝑒1, 𝑛𝐴𝑅); 𝑐𝑆𝑃𝑅,𝑚𝑎𝑥 = 𝑓(𝑛𝐴𝑅) 

RSM Stress-BSL 

GEKO 
(0.9 – 3.0)∙105 1.5 – 6.4 - 0 

#4 Application of passive flow control 

method, effect of miniflaps on losses 

𝜁𝑀𝐹 = 𝑓(𝑅𝑒1, 𝑛𝐴𝑅, 𝛼, 𝑙𝑚𝑓) 
GEKO (3.6 – 3.0)∙105 2.0 – 6.4 6° - 18° 

(0.13 – 

0.5)𝑑ℎ1 
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4 Results and discussion – square sudden expansion without miniflaps 

4.1 Flow features in square sudden expansions 

As it has been formulated in research goal #1, the extent of the primary and secondary separation zones 

in square sudden expansions is to be examined as a function of the Reynolds number (𝑅𝑒) and the area 

ratio (𝑛𝐴𝑅) of the expansion. The flow features are explored with the help of numerical simulation using 

the RSM Stress-BSL and the GEKO 𝐶𝑐𝑜𝑟 = 0.9 models in a quarter channel, for 𝑅𝑒1 = (0.09 – 3.0)∙105 

and 𝑛𝐴𝑅 = 1.5 – 6.4. 

Figure 4.1 helps to have a general idea about the flow topology, where a representative case of 

𝑛𝐴𝑅 = 2.78 and 𝑅𝑒1 = 0.36∙10
5 is shown in the case of the RSM Stress-BSL model. The primary and 

secondary separation zones are marked in all subfigures of Fig. 4.1. Fig. 4.1a shows the streamwise 

velocity (𝑥-component) in the wall-normal and diagonal symmetry planes. The two separation regions 

are well discernible in the wall-normal plane. In contrast, in the diagonal plane, the secondary separation 

zone is shrunk into the proximity of the step corner, and the primary separation is characterized by 

higher backflow velocities and a larger extent. An overall notion of the 3D structure of the separation 

zone is provided by the pathlines in the quarter channel, depicted in Fig. 4.1b. Lastly, Fig. 4.1c presents 

the zero isosurface of the 𝑥-velocity – forming the envelope of the whole separation region –in which 

the most salient feature is the long, narrow protrusion if the separation region, extending far downstream 

in the corner(s) of the duct.  



72 

 

 

Fig. 4.1 Flow features in a square sudden expansion, modeled in a quarter channel. a) 𝑥-velocity in the wall-

normal and the diagonal planes; b) pathlines; c) zero 𝑥-velocity isosurface. 

𝑅𝑒1 = 0.36∙105, 𝑛𝐴𝑅 = 2.78, RSM Stress-BSL turbulence model. 
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Figure 4.2 shows the 𝑥-component of the wall shear stress for all examined Reynolds numbers 

and for a representative case of 𝑛𝐴𝑅 = 2.78, in the case of the RSM Stress-BSL model. The zero isolines 

of the 𝑥-wall shear stress – highlighted with a white contour in Fig. 4.2 – are used to evaluate the lengths 

of the separation zones.  

 

Fig. 4.2 Contours of the 𝑥-wall shear stress, representing the reattachment zones. 

𝑛𝐴𝑅 = 2.78, RSM Stress-BSL turbulence model. 
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As moving downstream of the expansion plane, the contour, where the 𝑥-wall shear stress changes sign 

from positive to negative, represents the border of the secondary separation zone. The secondary 

separation is confined to the proximity of the step corner in the case of the smaller Reynolds numbers, 

and it starts to have some downstream protrusions as the Reynolds number increases. A conservative 

approach to assess the extent of the secondary separation zone can be done based on the maximum 

length of these protrusions, whereas a mean-based description can be provided by calculating the 

arithmetic mean of the 𝑥-location of the 𝑥-wall shear stress contour lines across both walls of the quarter 

channel. Quantitative results for the maximum and mean extent of the secondary separation zone are 

given in Fig. 4.3, where the sporadically appearing isolated patches of the zero x-wall shear stress 

isolines (conf. Fig. 4.2) are disregarded from the evaluation. Advancing further in the 𝑥-direction, the 

downstream boundary of the primary separation – i.e. the reattachment length – is depicted by the 

contour, where the 𝑥-wall shear stress changes sign from negative to positive. Similarly to the 

evaluation of the secondary separation zone, the reattachment length can be assessed based on its 

maximum and mean value. Quantitative results for the maximum and mean reattachment lengths are 

given in Fig. 4.4, supplemented with the minimum values of those as well, providing a basis of 

comparison with the axisymmetric sudden expansions. As observed in Fig. 4.2, the reattachment is 

fairly symmetrical for 𝑅𝑒1 = 0.09∙10
5, and slightly loses symmetry with an increasing Reynolds number. 

It should be noted that this symmetry loss is a natural consequence of the random, anisotropic nature of 

turbulence. As shown in Appendix D, the measure of asymmetry is small and confined to the proximity 

of the walls, thus ensuring that the reasonability of the simplification step is not corrupted when 

conducting the simulations in a quarter channel instead of a full channel. 

Figure 4.3a and Fig. 4.3b show the maximum and mean lengths of the secondary separation 

zones, as a function of the area ratio and the Reynolds number, respectively, for both the GEKO and 

the RSM Stress-BSL models. The maximum length of the secondary separation results to be between 

2–5𝒉 for the RSM Stress-BSL and 1–6𝒉 for the GEKO model. The maximum protrusions tend to be 

diminished with an increasing area ratio, while no marked trend is noticeable as a function of the 

Reynolds number. The mean length of the secondary separation zone falls between 1–2𝒉 in the case 

of both models, being in accordance with the literature for axisymmetric sudden expansions [77], 2D 

planar expansions [43], and normally confined BFSs [99]. The mean extent of the secondary separation 

zone displays no apparent trend either in function of the area ratio or in function of the Reynolds 

number. 
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Fig. 4.3 Maximum and mean length of the secondary separation region a) as a function of the area ratio;  

b) as a function of the Reynolds number. Literature values: axisymmetric sudden expansion [77]: 1.2ℎ; 2D 

planar expansion [43]: 1ℎ; normally confined BFS [99]: 1.1ℎ – 1.8ℎ   

GEKO: GEKO Ccor = 0.9; RSM: RSM Stress-BSL. 

 

Figure 4.4a and Fig. 4.4b show the minimum, the maximum, and the mean reattachment length, 

as a function of the area ratio and the Reynolds number, respectively, for both the GEKO and the RSM 

Stress-BSL models (notice the different y-scales in the separate diagrams). For comparison, the 

numerical simulation results of Nouri-Borujerdi & Ghazani [71] for axisymmetric sudden expansions 

in the case of 𝑅𝑒1 = 105 are also depicted in Fig. 4.4a.  
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Fig. 4.4 Minimum, maximum, and mean reattachment length a) as a function of the area ratio;  

b) as a function of the Reynolds number. Notice the different y-scales! 

GEKO: GEKO Ccor = 0.9; RSM: RSM Stress-BSL turbulence model. 
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The minimum reattachment length falls into the range of 5–10ℎ for the RSM StressBSL model and 3–

10ℎ for the GEKO model, for which the majority of the points are found between 7–10ℎ, with only one 

outsider of ~3ℎ at 𝑛𝐴𝑅 = 1.75. The minimum reattachment length range in square sudden expansions is 

observed to be in fair overlap with that in axisymmetric sudden expansions (5–11ℎ). Due to the narrow 

corner elongations, though, the maximum range of the reattachment length is 3–4 times longer than that 

in axisymmetric sudden expansions, being 15–32ℎ for the RSM Stress-BSL and 19–42ℎ for the GEKO 

model, while the mean reattachment length falls between 8–14ℎ for the RSM Stress-BSL and 9–16ℎ 

for the GEKO model. The higher reattachment lengths in the case of the GEKO model are supposed to 

be the consequence of the fact that it tends to underestimate the turbulence kinetic energy – more 

specifically, the 𝑢’𝑢’ normal Reynolds stress component (conf. Appendix F) –, which leads to a lower 

thickening rate of the shear layer, thus a longer reattachment. As based on the 𝑥-velocity validation to 

LDA measurements, both models were found to be equally adequate, the reattachment length is reported 

for an expanded range, incorporating the results of both the RSM Stress-BSL and the GEKO models. 

This results in a minimum reattachment range of 5–10𝒉, a maximum reattachment range of 15–

42𝒉, and a mean reattachment range of 8–16𝒉 in square sudden expansions for the examined area 

ratio and Reynolds number range.  

As for the observable trends in function of the area ratio, it is worth noting that both the 

maximum and mean reattachment lengths increase with an increasing area ratio, peak at 𝑛𝐴𝑅 = 2, and 

then start to decrease again. This is in accordance with the findings of Nouri-Borujerdi & Ghazani [71], 

who found a similar trend for axisymmetric sudden expansions at 𝑅𝑒1 = 105, exhibiting a maximum 

reattachment at about 𝑛𝐴𝑅 = 4 – 5, being slightly higher than in the case of square sudden expansions. 

As for the effect of the Reynolds number, a decreasing trend can be observed with an increasing 

Reynolds number for the entire examined area ratio range in the case of the minimum and mean 

reattachment lengths. For the maximum reattachment, the dependence on the Reynolds number seems 

to be more complicated: for 𝑛𝐴𝑅 = 1.5 – 2.78, the maximum reattachment first increases then decreases 

in the case of the GEKO model, and it monotonically decreases for the RSM Stress-BSL model, while 

for  𝑛𝐴𝑅 = 4.0 – 6.4, it tends to be constant for both models. 
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The results, considering the reattachment length and the extent of the secondary separation 

region in square sudden expansions are presented in Table 4.1. The table also includes a comparison 

with flow features observed in axisymmetric sudden expansions. Additionally, these findings are 

summarized in Contribution #1. 

 

Table 4.1 Length of separation zones for square and axisymmetric sudden expansions. 

Zone name Zone length 

 Square Axisymmetric 

 minimum maximum mean  

secondary separation (𝑙𝑠𝑒𝑐) - 1 – 6ℎ  1 – 2ℎ 1 – 2ℎ∗ 

reattachment length (𝑙𝑟) 5 – 10ℎ 15 – 42ℎ 8 – 16ℎ 5 – 11ℎ 

* Based on axisymmetric sudden expansion, BFS and 2D planar sudden expansion geometries (conf. section 2.2) 
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New scientific results  

The literature lacks data on flow features, specifically the extent of the primary and secondary 

separation zones that occur in square sudden expansions, being frequently used in ventilation systems. 

To address this gap in the literature, an extensive set of numerical simulations, validated to LDA and 

pressure measurements, has been carried out for the realistic case of fully developed turbulent inlet 

flow. The simulations systematically investigate the extent of the secondary separation zone and the 

reattachment length for an area ratio range of 𝑛𝐴𝑅 = 1.5 – 6.4 and a Reynolds number range of 𝑅𝑒1 = 

(0.09 – 3.0)∙105, being representative of ventilation systems. The primary separation zone is 

characterized by energetic backflows, which can adversely affect the accuracy of flow measuring units, 

and controlling ability of devices such as valves and dampers. Thus, the downstream location of the 

primary separation zone, i.e., the reattachment length, determines the minimum distance required for 

the reasonable installation of flow measuring or control devices in air ducts. The secondary separation 

zone is characterized by slow-moving fluid, increasing the likelihood of the accumulation of 

contaminants and pathogens in the ventilation duct. Therefore, the extent of the secondary separation 

zone provides valuable information on the appropriate placement of cleaning hatches. 

 

CONTRIBUTION #1 – flow features in square sudden expansions 

The maximum and mean extent of the secondary separation zone and the minimum, maximum, and 

mean reattachment lengths, developing in square sudden expansions, are given in Table T1.1. The 

geometry and the flow features are depicted in Fig. T1.1. The physical assumptions and the ranges of 

validity are provided in Table T1.2, for which the related equations are shown in Eqs. (T1.1) – (T1.3). 

The list of symbols is summarized in Table T1.3. 

 

Fig. T1.1 Geometry of the square sudden expansion and schematic drawing of the developing flow features. 
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Table T1.1 Flow features in square sudden expansions. 

 minimum maximum mean 

Secondary separation (𝒍𝒔𝒆𝒄)  1 – 6h 1 – 2h 

Reattachment length (𝒍𝒓) 5 – 10h 15 – 42h 8 – 16h 

 

 

Table T1.2 Physical assumptions and ranges of validity. 

Name Description 

Nature of flow single-phase, stationary, adiabatic, turbulent 

Material properties constant density and viscosity 

Rheology Newtonian 

Geometry square sudden expansion 

Wall roughness hydraulically smooth 

Inlet flow fully developed 

𝑛𝐴𝑅 1.5 – 6.4  

𝑅𝑒1 (0.09 – 3.0)∙105 

 

𝐴1 = 𝑑ℎ1
2 ;  𝐴2 = 𝑑ℎ2

2  (T1.1) 

𝑛𝐴𝑅 =
𝐴2
𝐴1

 (T1.2) 

𝑅𝑒1 =
𝑢1 ∙ 𝑑ℎ1
𝜈

 (T1.3) 

 

Table T1.3 List of symbols. 

Letters 

𝐴 cross-sectional area of the duct m2 

𝑑ℎ hydraulic diameter of the duct m 

ℎ step height m 

𝑙𝑠𝑒𝑐  length of the secondary separation zone m 

𝑙𝑟  reattachment length m 

𝑛𝐴𝑅  area ratio 1 

𝑅𝑒 Reynolds number 1 

𝑢 area-averaged streamwise velocity m/s 

𝜈 kinematic viscosity of the fluid m2/s 

Subscripts 

1 upstream of the expansion plane  

2 downstream of the expansion plane  
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4.2 Loss coefficient of the square sudden expansion 

The loss coefficient of square sudden expansions with a fully developed turbulent inlet flow is examined 

with the help of numerical simulation as a function of the area ratio (𝑛𝐴𝑅) and the Reynolds number 

(𝑅𝑒1), as it has been put forward in research goal #2. The fluid is considered to be incompressible, and 

the attached duct sections are hydraulically smooth. The losses are explored with the help of numerical 

simulation using the RSM Stress-BSL and the GEKO 𝐶𝑐𝑜𝑟 = 0.9 models in a quarter channel, for 𝑅𝑒1 

= (0.09 – 3.0)∙105 and 𝑛𝐴𝑅 = 1.5 – 6.4, likewise, it was done to explore the flow features. The simulation 

results are presented in this section with the aim of assessing the validity of the semi-empirical loss 

coefficient formulae. The relevant equations from Chapter 2 are reiterated here in Eqs. (4.1) – (4.11) to 

aid the readers' understanding. 

𝜁𝐵𝐶,𝑒𝑥𝑡 =
𝑝
𝑡𝑜𝑡,1

 𝑚
− 𝑝

𝑡𝑜𝑡,2

 𝑚
− ∆𝑝𝑓𝑟,1−0

𝐹𝐷 − ∆𝑝𝑓𝑟,0−2
𝐹𝐷

𝜌
2
𝑢1
2

 (baseline value) (2.7) → (4.1) 

𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼 = 𝑁1 −
2𝑀1
𝑛𝐴𝑅
+
2𝑀2 − 𝑁2

𝑛𝐴𝑅
2 − [∆𝜁𝑓𝑟 + ∆𝑐𝑀 − ∆𝑐𝑝0] (2.16) → (4.2) 

 𝑀,𝑁 values from CFD   

𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝐼 = 𝑁1 −
2𝑀1
𝑛𝐴𝑅
+
2𝑀2 − 𝑁2

𝑛𝐴𝑅
2  (2.19) → (4.3) 

 [∆𝜁𝑓𝑟 + ∆𝑐𝑀 − ∆𝑐𝑝0] ≈ 0   

 𝑀,𝑁 values from CFD   

𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝐼𝐼 = 𝑁1,𝑒𝑚𝑝 −
2𝑀1,𝑒𝑚𝑝

𝑛𝐴𝑅
+
2𝑀2,𝑒𝑚𝑝 − 𝑁2,𝑒𝑚𝑝

𝑛𝐴𝑅
2  (2.20) → (4.4) 

 𝑀𝑒𝑚𝑝 =
∫𝑢2𝑑𝐴

𝑢
2
𝐴
=
(2𝜇 + 1)2(𝜇 + 1)

4𝜇2(𝜇 + 2)
 (2.22) → (4.5) 

 𝑁𝑒𝑚𝑝 = 𝑁 =
∫ 𝑢3𝑑𝐴
 

𝐴

𝑢
3
𝐴
=
(2𝜇 + 1)3(𝜇 + 1)3

4𝜇4(𝜇 + 3)(2𝜇 + 3)
 (2.23) → (4.6) 

 𝜇 =
1

√𝜆
 (2.24) → (4.7) 

 
1

√𝜆
= 2 ∙ log(𝑅𝑒√𝜆) − 0.8; (2.6) → (4.8) 

 𝑅𝑒 =
𝑢 ∙ 𝑑ℎ
𝜈

 (2.2) → (4.9) 

𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉 = 𝑁𝑒𝑚𝑝 −
2𝑀𝑒𝑚𝑝

𝑛𝐴𝑅
+
2𝑀𝑒𝑚𝑝 − 𝑁𝑒𝑚𝑝

𝑛𝐴𝑅
2  (fully developed model) (2.25) → (4.10) 

 𝑁2,𝑒𝑚𝑝 = 𝑁1,𝑒𝑚𝑝;  𝑀2,𝑒𝑚𝑝 = 𝑀1,𝑒𝑚𝑝   

𝜁𝐵𝐶,𝑒𝑚𝑝,𝑉 = 1 −
2

𝑛𝐴𝑅
+
1

𝑛𝐴𝑅
2 = (1 −

1

𝑛𝐴𝑅
)
2

 (uniform model) (2.27) → (4.11) 

 𝑀𝑒𝑚𝑝 = 𝑁𝑒𝑚𝑝 = 1   
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The loss coefficient, obtained from the numerical simulations using the extrapolation method 

(𝜁𝐵𝐶,𝑒𝑥𝑡 in Eq. (4.1)), is considered to be the baseline value for assessing the accuracy of the semi-

empirical method. Semi-empirical loss coefficient no. I (𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼 in Eq. (4.2)) is expected to be equal 

to 𝜁𝐵𝐶,𝑒𝑥𝑡 since no simplifications were introduced during its derivation from the energy and momentum 

equations, and all empirical variables (𝑀,𝑁, ∆𝜁
𝑓𝑟
, ∆𝑐𝑀, ∆𝑐𝑝0) are directly obtained from the numerical 

simulations. Possible deviations between 𝜁𝑒𝑥𝑡 and 𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼 might arise from interpolation errors, 

though, resulting from the finite discretization of the simulation domain. In the present dissertation, four 

simplification steps of the semi-empirical loss formula have been introduced, which are recapitulated 

briefly as follows. Step 1, 𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼 → 𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝐼: the terms appearing in the square brackets in Eq. (4.2) 

are neglected. These terms are: the difference between the effective friction loss and the friction loss in 

the case of a fully developed turbulent flow (∆𝜁𝑓𝑟), the upstream effect of the sudden expansion (∆𝑐𝑀) 

and the discrepancy caused by a non-uniform static pressure distribution at the expansion plane (∆𝑐𝑝0). 

Step 2, 𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝐼 → 𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝐼𝐼: the profile shape factors (𝑀,𝑁) are determined from semi-empirical 

correlations presented in Eqs. (4.5) – (4.9) instead of calculating them directly from the numerical 

simulations; Step 3, 𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝐼𝐼 → 𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉: the upstream and downstream values of the profile shape 

factors are approximated to be equal and determined from the upstream flow parameters. 𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉 is 

going to be referred to as the fully developed model. Step 4, 𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉 → 𝜁𝐵𝐶,𝑒𝑚𝑝,𝑉: a uniform inlet 

flow is assumed instead of a fully developed turbulent inlet profile. 𝜁𝐵𝐶,𝑒𝑚𝑝,𝑉 is going to be referred to 

as the uniform model.  

The errors introduced by the simplifications steps of the semi-empirical approach are quantified 

in Fig. 4.5, in the case of all simulated Reynolds numbers (𝑅𝑒1 = (0.09; 0.36; 1.08; 3.0)∙10
5), and the 

minimum and maximum of the examined area ratios (𝑛𝐴𝑅 = 1.5; 6.4) for both applied numerical models. 

The difference between the values calculated from the semi-empirical method no. I and the 

extrapolation method are also depicted in the diagram. As anticipated, 𝜁𝐵𝐶,𝑒𝑥𝑡 and 𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼 exhibit a 

fair correspondence; the only considerable difference occurs at 𝑅𝑒1 = 0.09∙10
5, in the case of both 

represented area ratios and for both turbulence models. For the rest of the cases, the absolute 

discrepancy remains below 0.01. To enhance clarity, the extrapolated values of the loss coefficients are 

displayed at the bottom of the diagram for all simulated Reynolds numbers, with the RSM Stress-BSL 

values in blue and the GEKO model values in magenta. 
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Fig. 4.5 Absolute errors, introduced by the simplification steps.  

a) RSM Stress-BSL model; b) GEKO Ccor = 0.9 model. 

 

It is important to mention that the differences between the simplification stages are presented 

as absolute differences (i.e., errors) in the loss coefficients (∆𝜁𝐵𝐶) instead of relative errors. This 

approach is chosen because when a sudden expansion is introduced into a system, it is the absolute error 

that matters in assessing hydraulic losses throughout the entire system. To provide a broader 

understanding of these absolute errors, it is to be considered that the maximum loss of a sudden 

expansion – occurring as 𝑛𝐴𝑅 → ∞ – is equal to unity if the upstream flow is uniform, and it ranges 

from 1.04 to 1.09 for a fully developed upstream flow in the examined Reynolds number range. 

Therefore, if the absolute error equals, e.g., 0.05, the relative error with respect to the maximum possible 

loss coefficient of a sudden expansion is approximately 5%.  
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Figure 4.5 provides valuable insights on the impact of the simplification steps. For the majority of 

the represented cases, the most significant error stems from assuming a uniform flow instead of a fully 

developed one (Step 4). Notably, this error increase towards higher area ratios and lower Reynolds 

numbers. Advancing backward in the simplification steps, Step 3 introduces negligible errors for the 

entire examined parameter range. Step 2, however, can also lead to a notable underestimation of the 

loss coefficient, particularly at lower Reynolds numbers.  

The momentum (𝑀) and kinetic energy coefficients (𝑁) as a function of the Reynolds number 

are shown separately in Fig. 4.6. Besides the semi-empirical and the modeled values for straight square 

ducts, the figure includes modeled values for circular pipes, obtained from auxiliary 2D axisymmetric 

simulations conducted with the k-ω SST turbulence model. The profile shape factors in the square duct, 

calculated from the RSM Stress-BSL model, and those in the circular (2D axisymmetric) pipe, exhibit 

a close correspondence, while the GEKO model predicts higher values for both 𝑀 and 𝑁.  

 

 

Fig. 4.6 Semi-empirically and numerically modeled profile shape factors as a function of the Reynolds number. 

 

Altogether, all numerical models predict higher profile shape factors compared to the semi-empirical 

method, presented by Eqs. (4.5)-(4.9). On the whole, Fig. 4.6 supports the statement made by Idelchik 

[13], suggesting that the empirical formulae in Eqs. (4.5)-(4.6) equally apply to circular and square 

ducts. Therefore, the underestimation of the profile shape factors by the semi-empirical approach is 

assumed to be caused by limitations inherent in the power law formula (conf. Eq. (2.21)) rather than by 

differences in flow profiles between circular and square ducts. Improvement of the power law formula 

goes beyond the scope of the present thesis, however, the findings presented in Fig. 4.6 highlight the 

need for further exploration and refinement of the semi-empirical approach to better capture the profile 

shape factors for circular and square ducts. 
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Lastly, Step 1 is analyzed. The omission of the terms appearing in the square brackets in Eq. 

(4.2) does not yield such clear trends, as observed in the previous simplification steps. It can lead to 

both under- and overestimation of the loss coefficient, and there is no straightforward relationship 

between the Reynolds number either. The separate impact of these terms is illustrated in Fig. 4.7.  

 

 

Fig. 4.7 Absolute errors, introduced by simplification step no. 1.  

a) RSM Stress-BSL model; b) GEKO Ccor = 0.9 model.  

 

While the analysis of ∆𝑐𝑀 and ∆𝑐𝑝0involves complex 3D effects beyond the scope of this research, it is 

worth noting that ∆𝜁𝑓𝑟 dominates the error sources in the lower area ratio range, especially when using 

the GEKO model. This phenomenon can be explained as follows: ∆𝜁𝑓𝑟 represents the difference 

between the friction losses in the case of a fully developed and the actual flow, expressed as ∆𝜁𝑓𝑟 =
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𝐹𝐷 − 𝜁𝑓𝑟,1−0) + (𝜁𝑓𝑟,0−2

𝐹𝐷 − 𝜁𝑓𝑟,0−2) in Appendix B, by Eq. (B-22), in which the friction loss for 
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the fully developed flow (𝜁𝑓𝑟,1−0
𝐹𝐷 , 𝜁𝑓𝑟,0−2

𝐹𝐷 ) is determined from the Kármán-Prandtl formula (Eq. (4.8)). 

As mentioned earlier in subsection 3.3.5, the GEKO model tends to underestimate the friction losses in 

straight square ducts compared to the RSM Stress-BSL model (this latter being in excellent 

correspondence with the Kármán-Prandtl formula), leading to elevated values of ∆𝜁𝑓𝑟. With an 

increasing area ratio, the absolute reattachment length, thus the extent of the shear layer and the 

associated losses, become larger, resulting in a gradual decrease of the relative contribution of the 

friction losses. 

Having all simplification steps considered, the largest error is introduced by Step 4, i.e., 

assuming the inlet flow to be uniform (𝜁𝐵𝐶,𝑒𝑚𝑝,𝑉) – which is the most commonly employed formula in 

the literature –, rather than fully developed (𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉). Therefore, the focus of this thesis is to eliminate 

this error. Furthermore, the loss coefficient for a fully developed upstream flow, as given in Eq. (4.10), 

can be determined purely from well-established semi-empirical correlations consolidated to an easy-to-

use workflow in section 2.3. As for a general assessment of the validity of the proposed semi-empirical 

method, Fig. 4.8 depicts the baseline value (𝜁𝐵𝐶,𝑒𝑥𝑡), the fully developed model (𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉) and the 

uniform model (𝜁𝐵𝐶,𝑒𝑚𝑝,𝑉) as a function of the Reynolds number for all examined area ratios. The 

numerical results are presented for both the RSM Stress-BSL and the GEKO 𝐶𝑐𝑜𝑟 = 0.9 simulations.  

The most significant qualitative finding from Fig. 4.8 is that the commonly employed formula in the 

case of a uniform inlet flow (𝜁𝐵𝐶,𝑒𝑚𝑝,𝑉) consistently underestimates the loss coefficient of a sudden 

expansion. The only exception is the 𝑛𝐴𝑅 = 1.5, 𝑅𝑒1 > 1.08∙10
5 case, using the GEKO model. However, 

as discussed above, the GEKO model tends to underestimate the friction losses – thus the entire loss 

coefficient – being a dominant source of loss for the lower area ratios. Besides the consistent 

underestimation of the loss coefficient, 𝜁𝐵𝐶,𝑒𝑚𝑝,𝑉 also fails to capture the slightly decreasing trend of 𝜁 

as a function of the Reynolds number. Contrarily, the fully developed model (𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉) exhibits a 

notably better agreement with the numerically simulated – particularly the RSM Stress-BSL – data, 

especially for 𝑅𝑒1 > 0.36∙10
5. It successfully reproduces the decreasing trend of the 𝑅𝑒 − 𝜁 curve, 

although it underestimates its slope in the lower Reynolds number range.  
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Fig. 4.8 Numerically and semi-empirically modeled loss coefficients of square sudden expansions as a function 

of the Reynolds number. 

RSM: RSM Stress-BSL; GEKO: GEKO Ccor = 0.9 model. 

 

The differences between the numerically simulated and the fully developed models 

(∆𝜁𝐵𝐶(𝑒𝑚𝑝,𝐼𝑉−𝑒𝑥𝑡) = 𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉 − 𝜁𝐵𝐶,𝑒𝑥𝑡)), as well as the numerically simulated and the uniform 

models (∆𝜁𝐵𝐶(𝑒𝑚𝑝,𝑉−𝑒𝑥𝑡) = 𝜁𝐵𝐶,𝑒𝑚𝑝,𝑉 − 𝜁𝐵𝐶,𝑒𝑥𝑡)), are directly presented in Fig 4.9. It can be observed 

in the figure that the errors associated with both the fully developed and the uniform semi-empirical 

model tend to increase with higher area ratios and lower Reynolds numbers. However, the discrepancy 

range is comparatively smaller (-0.06 – 0.01) for the fully developed model than in the case of the 

uniform model (-0.14 – 0), corroborating the superiority of the fully developed model in accurately 

predicting the loss coefficient of a sudden expansion for fully developed inlet flows. As the GEKO 

model has been observed to underestimate friction losses in straight ducts – making it less reliable for 

accurate loss predictions – only the results obtained from the RSM Stress-BSL model are presented in 

the forthcoming. 
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Fig. 4.9 Difference between the semi-empirically and numerically modeled loss coefficients of square sudden 

expansions. Discrepancy between the fully developed model and the baseline value in the case of the a) RSM 

Stress-BSL; b) GEKO Ccor = 0.9 model. Discrepancy between the  uniform model and the baseline value in the 

case of the c) RSM Stress-BSL; d) GEKO Ccor = 0.9 model; 

 

In general engineering practice, it is customary to present information in a non-dimensional 

form, as demonstrated in Fig. 4.9. However, when incorporating an element into a system, the 

dimensional losses in Pascals will ultimately matter. To calculate the uncertainties in Pascals of the 

semi-empirical models, the loss coefficients are to be multiplied by the upstream dynamic pressure; for 

instance, ∆(∆𝑝𝐵𝐶(𝑒𝑚𝑝,𝐼𝑉−𝑒𝑥𝑡) = ∆𝜁𝐵𝐶(𝑒𝑚𝑝,𝐼𝑉−𝑒𝑥𝑡) ∙ 𝜌𝑢1
2
2⁄ . The pressure differences can be directly 

retained from the numerical simulations for the representative hydraulic diameter of 𝑑ℎ1 = 0.15 m, and 
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the air density of 𝜌𝑟𝑒𝑓 = 1.22 kg/m3, illustrated in Fig.4.10. Since the momentum and kinetic energy 

coefficient are weakly dependent on the Reynolds number, the actual pressure values will vary slightly 

for different duct sizes. Figure 4.10 displays the average streamwise velocities along the 𝑦-axis instead 

of the Reynolds numbers, providing a more tangible understanding of the data.  

 

 

Fig. 4.10 Differences in Pascals between the semi-empirically and numerically modeled pressure losses of 

square sudden expansions for representative values of 𝑑ℎ1 = 0.15 m and 𝜌𝑟𝑒𝑓  = 1.22 kg/m.  Discrepancy 

between a) the fully developed model and the baseline value; b) the uniform model and the baseline value.  

Results are shown for the RSM Stress-BSL model. 

 

While the uncertainty of the non-dimensional loss coefficients tends to increase for lower Reynolds 

numbers (conf. Fig. 4.9), the differences expressed in Pascals increase in higher Reynolds number 

regimes. This observation aligns with the expectations since the dynamic pressure is proportional to the 

square of the average streamwise velocity, resulting in large multiplication factors for high Reynolds 

numbers. It is also interesting to note that the uniform model may underestimate the losses by a 

maximum of 20 Pa, which is about an order of magnitude larger than the maximum error (2.5 Pa) of 

the fully developed model. This observation further emphasizes the advantages of the fully developed 

model.  
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 The expected errors of the semi-empirical models are also to be evaluated in the context of 

losses developing in an entire HVAC air distribution system, which are generally categorized into low, 

normal, and high-pressure classes [14]. The related maximum permissible pressure drop (𝛥𝑝𝑠𝑦𝑠,𝑚𝑎𝑥) in 

the supply and the exhaust ductwork [139], as well as the suggested maximum velocities for these 

pressure classes [14], are summarized in Table 4.2.  It is important to note that the EN 13779:2007 

standard [139], reporting the maximum allowed pressure drop, is no longer in effect; however, it can 

still give a general idea of the expected magnitude of the pressure losses. The current standard in effect 

– EN 16798-3:2018 [140] – does not explicitly provide pressure values; instead, it focuses on the 

specific fan power categories. As observed from Table 4.2, the maximum permissible pressure drop 

limits are more stringent for exhaust systems, therefore – in consideration of a worst-case scenario – 

further analysis is conducted specifically for the exhaust systems. 

 

Table 4.2 Permissible pressure drop and suggested maximum velocities in ventilation ductwork for different 

pressure classes. 

 
Pressure classes 

 
Low Normal High 

Maximum permissible pressure drop: 

supply system, Pa [139] 
200 300 600 

Maximum permissible pressure drop: 

exhaust system, Pa [139] 
100 200 300 

Suggested maximum velocity, m/s [14] 10 15 20 (30) 

 

The relative error between the fully developed model and the baseline value from a system 

perspective is defined as 𝛿(∆𝑝𝐵𝐶(𝑒𝑚𝑝,𝐼𝑉−𝑒𝑥𝑡) ≔ ∆(∆𝑝𝐵𝐶(𝑒𝑚𝑝,𝐼𝑉−𝑒𝑥𝑡)/𝛥𝑝𝑠𝑦𝑠,𝑚𝑎𝑥, and implicitly for the 

uniform model. The result of this analysis can be observed in Fig. 4.11, where the displayed parameter 

is the suggested maximum velocity in the air ducts for the different pressure classes [14]. It can be 

concluded from Fig. 4.11 that the relative discrepancy for all three categories of exhaust systems is 

below 1% for the fully developed model (Fig. 4.11a) and may reach 3–4% in the case of the uniform 

model (Fig. 4.11b), except for the extreme case of an airflow of 30 m/s, where it might exceed 7%. It 

is to be emphasized that the data in Fig. 4.11 have been calculated for a single sudden expansion 
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element. Since a system might contain multiple sudden expansions, the relative discrepancy may reach 

considerable proportions when performing hydraulic calculations based on the uniform model.  

Considering the loss coefficient of square sudden expansions, the findings are summarized in 

Contribution #2.  

 

 

Fig. 4.11 Relative discrepancies between the semi-empirically and numerically modeled pressure losses of 

square sudden expansions. Discrepancy between a) the fully developed model and the baseline value;  

b) the uniform model and the baseline value. Results are shown for the RSM Stress-BSL model. 
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New scientific results  

Accurate calculation of the hydraulic resistance of air duct components inherently contributes to the 

creation of energetically more efficient ventilation systems, a primary concern in contemporary 

building construction. Hence, the method of calculating the loss coefficient of square sudden expansions 

– a frequent element in ventilation ductworks – has been refined, enabling a more reliable design and 

operation of ventilation systems. Existing calculation methods available in the literature have been 

critically evaluated and supplemented in a comprehensive manner. An extensive set of numerical 

simulations, validated to LDA and pressure measurements, have been conducted for the realistic case 

of fully developed turbulent inlet flow. The loss coefficients provided by the numerical simulations are 

considered as baseline values for assessing the accuracy of the semi-empirical method. The systematic 

examination focuses on the loss coefficient within an area ratio range of 𝑛𝐴𝑅 = 1.5 – 6.4 and a Reynolds 

number range of 𝑅𝑒1 = (0.09 – 3.0)∙105, being representative of ventilation systems. The novelty of this 

calculation method lies in its extension of the applicability of descriptive equations, which were 

previously sporadically available in the literature for circular cross-sections, to now include square 

ducts.  These equations have been developed into a novel comprehensive workflow for enabling easily 

executable calculations, supplemented with a quantitative validity analysis. 

 

CONTRIBUTION #2 – loss coefficient of square sudden expansions 

A semi-empirical model provided in Eq. (T2.8) is proposed for calculating the loss coefficient of square 

sudden expansions for the case of fully developed turbulent inlet flow. The calculation inputs, 

workflow, and output are provided by Eqs. (T2.1) – (T2.3), Eqs. (T2.4) → (T2.7) and Eq. (T2.8), 

respectively. The geometry of the square sudden expansion and the input parameters are depicted in 

Fig. T2.1. The physical assumptions and the ranges of validity are provided in Table T2.1. For these 

ranges, the estimated absolute uncertainty of the semi-empirical loss coefficient is given in Fig. T2.2. 

The list of symbols is summarized in Table T2.2. 

 

Fig. T2.1 Geometry of the square sudden expansion and input parameters. 

= ==

=

d
h

1

d
h

2

u1 ==



94 

 

INPUT DATA: 

 𝐴1 = 𝑑ℎ1
2 ;  𝐴2 = 𝑑ℎ2

2  (T2.1) 

 𝑛𝐴𝑅 =
𝐴2
𝐴1

 (T2.2) 

 𝑅𝑒1 =
𝑢1 ∙ 𝑑ℎ1
𝜈

 (T2.3) 

WORKFLOW: 

 
1

√𝜆1
= 2 ∙ 𝑙𝑜𝑔(𝑅𝑒1√𝜆1) − 0.8 (T2.4) 

 𝜇 ≈
1

√𝜆1
 (T2.5) 

 𝑀 =
(2𝜇 + 1)2(𝜇 + 1)

4𝜇2(𝜇 + 2)
 (T2.6) 

 𝑁 =
(2𝜇 + 1)3(𝜇 + 1)3

4𝜇4(𝜇 + 3)(2𝜇 + 3)
 (T2.7) 

OUTPUT DATA: 

 𝜁𝐵𝐶 =
∆𝑝𝐵𝐶
𝜌
2
𝑢̅1
2
= 𝑁 −

2𝑀

𝑛𝐴𝑅
+
2𝑀 −𝑁

𝑛𝐴𝑅
2  (T2.8) 

 

 

Fig. T2.2 Absolute uncertainty of the semi-empirical loss coefficient.  

 

  

R
e 1

nAR

ΔζBC



95 

 

Table T2.1 Physical assumptions and ranges of validity. 

Name Description 

Nature of flow single-phase, stationary, adiabatic, turbulent 

Material properties constant density and viscosity 

Rheology Newtonian 

Geometry square sudden expansion 

Wall roughness hydraulically smooth 

Inlet flow fully developed 

𝑛𝐴𝑅 1.5 – 6.4  

𝑅𝑒1 (0.09 – 3.0)∙105 

 

 

Table T2.2 List of symbols. 

Letters 

𝐴 cross-sectional area of the duct m2 

𝑑ℎ hydraulic diameter of the duct m 

𝑀 momentum coefficient 1 

𝑁 kinetic energy coefficient 1 

𝑛𝐴𝑅  area ratio 1 

∆𝑝𝐵𝐶  total pressure loss of the square sudden expansion Pa 

𝑅𝑒 Reynolds number 1 

𝑢 area-averaged streamwise velocity m/s 

𝜁𝐵𝐶  loss coefficient of the square sudden expansion 1 

∆𝜁𝐵𝐶  absolute uncertainty of the loss coefficient of the square sudden expansion 1 

𝜆 pipe friction coefficient 1 

𝜇 profile shape factor 1 

𝜈 kinematic viscosity of the fluid m2/s 

𝜌 density of the fluid  kg/m3 

Subscripts 

1 upstream of the expansion plane  

2 downstream of the expansion plane  
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4.3 Static pressure recovery coefficient of the square sudden expansion 

Further analysis of the numerical simulations conducted to evaluate the loss coefficients enables us to 

extend our examination to the static pressure recovery coefficient of square sudden expansions, as 

indicated in research goal #3. The steps involved in determining the static pressure recovery coefficient 

through the semi-empirical approach are analogous to those employed for the loss coefficient and were 

fully listed in Eqs. (2.35)-(2.39). When considering the loss coefficient, it was established that the 

largest error is introduced by simplification step 4, which involves neglecting the effect of a fully 

developed inflow and assuming a uniform one instead. One of the aims of this section is to assess the 

uncertainty associated with the fully developed and uniform model in relation to the baseline value (i.e., 

the static pressure recovery coefficient determined from the numerical simulations using the 

extrapolation method). Due to the limitations of the GEKO model – discussed in the previous section 

– results are only presented for the RSM Stress-BSL model in this context. An additional objective is 

to validate whether numerical simulations corroborate the concept of a maximum static pressure 

recovery coefficient at 𝑛𝐴𝑅 = 2, as derived in Eqs. (2.40)-(2.41). To facilitate the reader's 

comprehension, a recapitulation of the relevant equations from Chapter 2 is provided in Eqs. (4.12)-

(4.14), which are referred to as the baseline value, the fully developed model, and the uniform model, 

respectively. 

 

𝑐𝑆𝑃𝑅,𝑒𝑥𝑡 =
𝑝2 − 𝑝1 + ∆𝑝𝑓𝑟,1−0

𝐹𝐷 + ∆𝑝𝑓𝑟,0−2
𝐹𝐷

𝜌
2
𝑢1
2

 

 

(baseline value) (2.30) → (4.12) 

𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝐼𝑉 =
2𝑀

𝑛𝐴𝑅
−
2𝑀

𝑛𝐴𝑅
2  (fully developed model) (2.38) → (4.13) 

𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝑉 =
2

𝑛𝐴𝑅
−
2

𝑛𝐴𝑅
2  (uniform model) (2.39) → (4.14) 

 

First, the values of 𝑐𝑆𝑃𝑅,𝑒𝑥𝑡, 𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝐼𝑉 and 𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝑉 are presented in Fig. 4.12, as a function 

of the area ratio for all examined Reynolds numbers. The key conclusion from the diagram is that the 

numerical simulations consistently support the concept of a maximum static pressure recovery 

occurring at 𝑛𝐴𝑅 = 2. This maximum static pressure recovery coefficient is approximately 0.5 across 

the entire range of Reynolds numbers investigated. Consequently, an essential interim conclusion is that 
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if the objective is to achieve the highest possible static pressure recovery, a sudden expansion with an 

area ratio of 2 should be installed in the ventilation system. Regarding the validity of the semi-empirical 

models, both the fully developed and uniform models exhibit an underestimation of the static pressure 

recovery, which underestimation gradually decreases with an increasing Reynolds number and/or area 

ratio.  

 

 

Fig. 4.12 Numerically and semi-empirically modeled static pressure recovery coefficient of square sudden 

expansions as a function of the area ratio. RSM: RSM-Stress-BSL model. 

 

This observation is further supported by Fig. 4.13, in which the difference between the fully 

developed model and the baseline value (∆𝑐𝑆𝑃𝑅(𝑒𝑚𝑝,𝐼𝑉−𝑒𝑥𝑡) = 𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝐼𝑉 − 𝑐𝑆𝑃𝑅,𝑒𝑥𝑡) as well as the 

uniform model and baseline value (∆𝑐𝑆𝑃𝑅(𝑒𝑚𝑝,𝐼𝑉−𝑒𝑥𝑡) = 𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝐼𝑉 − 𝑐𝑆𝑃𝑅,𝑒𝑥𝑡) are directly depicted. 

The range of discrepancy is slightly smaller (-0.005 – 0.025) for the fully developed model than for the 

uniform model (-0.01 – 0.04). 

0.2

0.3

0.4

0.5

0.6

0 2 4 6 8

c S
P

R

nAR

Re1 = 0.09∙105

0.2

0.3

0.4

0.5

0.6

0 2 4 6 8
nAR

Re1 = 0.36∙105

0.2

0.3

0.4

0.5

0.6

0 2 4 6 8

c S
P

R

nAR

Re1 = 1.08∙105

0.2

0.3

0.4

0.5

0.6

0 2 4 6 8
nAR

Re1 = 3.0∙105

RSM

developed

uniform

RSM: cSPR,ext

cSPR,emp,IV

cSPR,emp,V



99 

 

 

Fig. 4.13 Difference between the semi-empirically and numerically modeled static pressure recovery 

coefficients of square sudden expansions. Discrepancy between a) the fully developed model and the baseline 

value; b) the uniform model and the baseline value. Numerical results are shown for the RSM Stress-BSL model. 

 

Similarly to as was demonstrated in the discussion of the losses, it is also valuable to assess the 

errors introduced by the semi-empirical models in Pascals, as illustrated in Fig. 4.14, in the case of a 

representative hydraulic diameter of 𝑑ℎ1 = 0.15 m and an air density of 𝜌𝑟𝑒𝑓 = 1.22 kg/m3.  

 

Fig. 4.14 Differences in Pascals between the semi-empirically and numerically modeled static pressure 

recoveries of square sudden expansions for representative values of 𝑑ℎ1 = 0.15 m and 𝜌𝑟𝑒𝑓  = 1.22 kg/m.  

Discrepancy between a) the fully developed model and the baseline value;  

b) the uniform model and the baseline value.  

Results are shown for the RSM Stress-BSL model. 
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The absolute error of the static pressure recovery in Pascals for the fully developed model is expressed 

as ∆(∆𝑝𝑆𝑃𝑅(𝑒𝑚𝑝,𝐼𝑉−𝑒𝑥𝑡) = ∆𝑐𝑆𝑃𝑅(𝑒𝑚𝑝,𝐼𝑉−𝑒𝑥𝑡) ∙ 𝜌𝑢1
2
2⁄ , and implicitly for the uniform model. Though 

the uncertainty of the non-dimensional static pressure recovery tends to increase for lower Reynolds 

numbers (conf. Fig. 4.13), the differences expressed in Pascals increase in the higher Reynolds number 

regime. This can be attributed to the fact that the dynamic pressure is proportional to the square of the 

average streamwise velocity, resulting in large multiplication factors for high Reynolds numbers, as 

explained during the discussion of the loss coefficient. Comparing the errors of the uniform model (-1 

– 8 Pa) with those of the fully developed model (-0.5 – 4 Pa), it is apparent that the errors of the uniform 

model are roughly twice as large as those of the fully developed model. This observations supports the 

notion that the fully developed model is superior to the uniform model in accurately predicting the static 

pressure recovery coefficient of a sudden expansion for fully developed inlet flows.  

The findings regarding the static pressure recovery coefficient of square sudden expansions are 

summarized in Contribution #3.  

 

 

  



101 

 

New scientific results  

The method of calculating the static pressure recovery coefficient of square sudden expansions has been 

refined, enabling a more reliable design of ventilation systems. Existing calculation methods available 

in the literature have been critically evaluated and supplemented in a comprehensive manner. An 

extensive set of numerical simulations, validated to LDA and pressure measurements, have been 

conducted for the realistic case of fully developed turbulent inlet flow. The static pressure recovery 

coefficients provided by the numerical simulations are considered as baseline values for assessing the 

accuracy of the semi-empirical method. The systematic examination focuses on the static pressure 

recovery coefficient within an area ratio range of 𝑛𝐴𝑅 = 1.5 – 6.4 and a Reynolds number range of 𝑅𝑒1 

= (0.09 – 3.0)∙105, being representative of ventilation systems. The novelty of this calculation method 

lies in its extension of the applicability of descriptive equations, which were previously sporadically 

available in the literature for circular cross-sections, to now include square ducts.  These equations 

have been developed into a novel comprehensive workflow for enabling easily executable calculations, 

supplemented with a quantitative validity analysis. Additionally, the research has been supplemented 

with an analytical evaluation of the static pressure recovery equations, which establishes the existence 

of an optimum area ratio at 𝑛𝐴𝑅 = 2 for the best performance of the sudden expansion when considered 

as a diffuser. This analysis has been found to be lacking in the literature. 

 

CONTRIBUTION #3 – static pressure recovery coefficient of square sudden expansions 

A semi-empirical model provided in Eq. (T3.7) is proposed for calculating the static pressure recovery 

coefficient of square sudden expansions in the case of a fully developed turbulent upstream flow. The 

calculation inputs, workflow, and output are provided by Eqs. (T3.1) – (T3.3), Eqs. (T3.4) → (T3.6) 

and Eq. (T3.7), respectively. The geometry of the square sudden expansion and the input parameters 

are depicted in Fig. T3.1. The physical assumptions and the ranges of validity are provided in Table 

T3.1. For these ranges, the absolute uncertainty of the semi-empirical static pressure recovery 

coefficient is given in Fig. T3.2. The list of symbols is summarized in Table T3.2. 

Based on the partial derivation of the static pressure recovery coefficient – given in Eq. (T3.7) 

– with respect to the area ratio – as provided in Eqs. (T3.8) – (T3.9) –, and also supported by the results 

of the numerical simulations, a square sudden expansion yields maximum static pressure recovery at an 

area ratio of 𝑛𝐴𝑅 = 2. 
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Fig. T3.1 Geometry of the square sudden expansion and input parameters. 

 

INPUT DATA: 

 𝐴1 = 𝑑ℎ1
2 ;  𝐴2 = 𝑑ℎ2

2  (T3.1) 

 𝑛𝐴𝑅 =
𝐴2
𝐴1

 (T3.2) 

 𝑅𝑒1 =
𝑢1 ∙ 𝑑ℎ1
𝜈

 (T3.3) 

WORKFLOW: 

 

 

1

√𝜆1
= 2 ∙ 𝑙𝑜𝑔(𝑅𝑒1√𝜆1) − 0.8 (T3.4) 

 𝜇 ≈
1

√𝜆1
 (T3.5) 

 𝑀 =
(2𝜇 + 1)2(𝜇 + 1)

4𝜇2(𝜇 + 2)
 (T3.6) 

OUTPUT DATA: 

 𝑐𝑆𝑃𝑅 =
∆𝑝𝑆𝑃𝑅
𝜌
2
𝑢̅1
2
=
2𝑀

𝑛𝐴𝑅
−
2𝑀

𝑛𝐴𝑅
2  (T3.7) 

ANALYTICAL LOCUS OF MAXIMUM 𝒄𝑺𝑷𝑹,𝒆𝒎𝒑 

 
𝜕𝑐𝑆𝑃𝑅
𝜕𝑛𝐴𝑅

= 0  𝑛𝐴𝑅 = 2 (T3.8) 

 
𝜕2𝑐𝑆𝑃𝑅

𝜕𝑛𝐴𝑅
2 |

𝑛𝐴𝑅=2

< 0 (T3.9) 
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Fig. T3.2 Absolute uncertainty of the semi-empirical static pressure recovery coefficient. 

 

Table T3.1 Physical assumptions and ranges of validity. 

Name Description 

Nature of flow single-phase, stationary, adiabatic, turbulent 

Material properties constant density and viscosity 

Rheology Newtonian 

Geometry square sudden expansion 

Wall roughness hydraulically smooth 

Inlet flow fully developed 

𝑛𝐴𝑅 1.5 – 6.4  

𝑅𝑒1 (0.09 – 3.0)∙105 

 

 

  

ΔcSPR

R
e 1

nAR



104 

 

Table T3.2 List of symbols. 

Letters 

𝐴 cross-sectional area of the duct m2 

𝑐𝑆𝑃𝑅  static pressure recovery coefficient of the square sudden expansion 1 

∆𝑐𝑆𝑃𝑅  absolute uncertainty of the static pressure recovery coefficient 

of the square sudden expansion 

1 

𝑑ℎ hydraulic diameter of the duct m 

𝑀 momentum coefficient 1 

𝑛𝐴𝑅  area ratio 1 

∆𝑝𝑆𝑃𝑅 static pressure recovery of the square sudden expansion Pa 

𝑅𝑒 Reynolds number 1 

𝑢 area-averaged streamwise velocity m/s 

𝜆 pipe friction coefficient 1 

𝜇 profile shape factor 1 

𝜈 kinematic viscosity of the fluid m2/s 

𝜌 density of the fluid  kg/m3 

Subscripts 

1 upstream of the expansion plane  

2 downstream of the expansion plane  

 

Related publications: [P2], [P3] 

[P2] E. Lukács, “Turbulens áramlás numerikus szimulációja négyzet keresztmetszetű csatornában” 
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5 Results and discussion – square sudden expansion with miniflaps 

5.1 Loss coefficient of the square sudden expansion with miniflaps 

This section will explore the impact of the flow-controlling miniflaps – introduced in section 2.5 – on 

the loss coefficient of square sudden expansions, as outlined in research goal #4. The effect of various 

parameters is to be discussed, including the miniflap angle (𝛼 = 6 – 18°), the miniflap length (𝑙𝑚𝑓/𝑑ℎ1 

= 0.13 – 0.5) and the upstream Reynolds number (𝑅𝑒1 = (0.36 – 3.0)∙105), for sudden expansions with 

an area ratio range of 𝑛𝐴𝑅 = 2.0 – 6.4. It is to be noted that the numerical simulations presented in this 

study are exclusively focused on the GEKO model, because of previously discussed convergence issues 

of the RSM Stress-BSL model. The corner coefficient and the separation coefficient of the GEKO 

model are set to 𝐶𝑐𝑜𝑟 = 0.9 and 𝐶𝑠𝑒𝑝 = 1.0, respectively, while the other parameters are left at their 

default value (conf. subsection 3.3.5). 

As the numerically modeled parameter range is confined to a miniflap angle range of 𝛼 = 6 – 

18°, first, the measured loss coefficient values (𝜁𝑀𝐹,𝑚𝑎𝑥𝑝) are depicted in Fig. 5.1 (in black) for 𝛼 = 0 

– 40° (𝑛𝐴𝑅 = 2.78, 𝑙𝑚𝑓/𝑑ℎ1 = 0.13, 𝑅𝑒1 = (0.37; 1.10; 1.82)∙10
5), to provide a more general 

understanding of the effect of the miniflap angle. The subscript MF in 𝜁𝑀𝐹,𝑚𝑎𝑥𝑝 refers to the square 

sudden expansion equipped with miniflaps. For comparison, the measured loss coefficients without 

miniflaps (𝜁𝐵𝐶,𝑚𝑎𝑥𝑝) are also depicted in the diagram (in red). 

 

Fig. 5.1 Experimental results of the loss coefficient of a square sudden expansion equipped with miniflaps as a 

function of the miniflap angle (in black). Results for the sudden expansion without miniflaps are also depicted 

(in red.) 𝑛𝐴𝑅 = 2.78, 𝑙𝑚𝑓/𝑑ℎ1 = 0.13, 𝑑ℎ1 = 0.15 m. 
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As observed from Fig. 5.1, the loss coefficient initially decreases with an increasing miniflap angle, 

reaching a minimum between 𝛼 = 11–13 °. The miniflap angle, associated with the minimum loss 

coefficient, is considered the optimal setup, having a particular interest from a practical standpoint. 

Increasing the miniflap angle beyond its optimum leads to flow separation. As a result, the miniflaps’ 

ability to guide the flow diminishes, leading to an increasing loss coefficient. For 𝛼 > 30° the loss 

coefficient reaches a nearly constant value; a further increase of the miniflap angle has a negligible 

effect. Regarding the effect of the Reynolds number on the loss coefficient, our findings align with the 

formerly discussed observations, i.e., the loss coefficients tend to decrease as the Reynolds number 

increases. However, because of the degressive trend of the 𝜁 vs. 𝑅𝑒 curve, this effect becomes less 

pronounced with an increasing Reynolds number.  

Figure 5.2 presents the numerically modeled loss coefficient of sudden expansions equipped 

with miniflaps (𝜁𝑀𝐹,𝑒𝑥𝑡) as a function of the miniflap angle (𝛼), confined to a miniflap angle range of 

𝛼 = 6° – 18°.  

 

Fig. 5.2 Numerical results of the loss coefficient of a square sudden expansion equipped with miniflaps as a 

function of the miniflap angle. 𝑅𝑒1 = 0.36∙105, 𝑑ℎ1 = 0.15 m. 

Numerical model: GEKO Ccor = 0.9, Csep = 1.0 
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The analysis encompasses all miniflap lengths – appearing as the parameter in the figures –and area 

ratios. The results are shown for a representative Reynolds number of 𝑅𝑒1 = 0.36∙10
5 in the main text, 

while results for the entire examined Reynolds number range are given in Appendix G. A convex trend 

is clearly observed in Fig. 5.2 for most examined cases. The loss coefficient displays a decreasing trend 

as the miniflap angle increases from 𝛼 = 6° to 9°, followed by an increasing trend from 𝛼 = 12° to 18°, 

implying that the optimal miniflap angle tends to fall within the range of 𝛼 = 9 – 12°. The only exception 

is noted for the case of 𝑛𝐴𝑅 = 2 and 𝑙𝑚𝑓/𝑑ℎ1 = 0.5, where a deviation from the general trend occurs for 

𝛼 = 6  → 9 . In the absence of other plausible explanations, this deviation is attributed to numerical 

uncertainties. 

To determine the optimal miniflap angle as a function of the area ratio, the miniflap length, and 

the Reynolds number, second-order polynomials are fitted (by MATLAB R2023a software) to the 

numerically modeled datasets, as appearing in Fig. 5.2. The loci of the minima of the fitted polynomials, 

representing the optimal miniflap angle setup, are depicted in Fig. 5.3a, providing valuable practical 

information, including that (1) the optimal miniflap angle spans between 𝛼𝑜𝑝𝑡 = 8 – 12° for the entire 

examined parameter range; (2) the optimal angle tends to increase for higher area ratios and Reynolds 

numbers, while it decreases for longer miniflaps; however, these variations are modest. To assess the 

significance of the above-listed findings, relevant building service engineering standards are to be 

considered. The EN 1505:2000 [16] standard, pertaining to sheet metal air ducts with rectangular cross-

sections, defines an angle tolerance of ± 2°. Therefore, if the suggested miniflap angle setup is defined 

as 𝜶 𝒑𝒕 = 10° ± 2°, it effectively covers the miniflap angle range of 𝛼𝑜𝑝𝑡 = 8 – 12°, and will remain 

applicable for the entire parameter space under examination. To assess the quality of the polynomial 

fitting, the coefficient of determination (𝑅2) is examined with the help of a histogram in Fig. 5.3b, 

illustrating the distribution of the 𝑅2 values. The histogram indicates a generally acceptable level of fit, 

as all 𝑅2 exceed 0.8, and a large proportion of the observations (~70%) fall within the excellent range 

of 𝑅2 > 0.95. This provides confidence in the reliability of the fitted polynomials for determining the 

optimal miniflap angle in relation to the area ratio, miniflap length, and Reynolds number. 
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Fig. 5.3 a) Optimal miniflap angle in degrees; b) Distribution of the coefficient of determination values of 

second-order polynomial fitting to the 𝜁𝑀𝐹,𝑒𝑥𝑡 vs. 𝛼 curves. 𝑑ℎ1 = 0.15 m. 

 

An intriguing observation is raised regarding the optimal miniflap angle, suggesting an 

aerodynamic analogy between the miniflaps and flat plates placed in a fluid flow at an angle of attack. 

Remarkably, both the optimal miniflap angle and the angle of attack for a maximum lift of a flat plate 

[141] are found to be in the vicinity of 10°. This similarity suggests a potential connection between the 

aerodynamic principles governing lift generation and the flow control mechanism of miniflaps. It 

appears that a miniflap operates effectively when set at an angle of attack that results in maximum “lift 

force”, i.e., causing a maximum suction effect over the inner surface of the flap. This optimal setup 

corresponds to the most effective expansion of the jet, thus realizing a “shear layer diffuser” [142] of 

minimum loss. The discussed correlation warrants further investigation and future evaluations to 

explore the underlying mechanisms and implications in more detail.   
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In order to gain further insight into the impact of the miniflaps, the loss coefficient values for a 

miniflap angle of 10° (𝜁𝑀𝐹,𝛼𝑜𝑝𝑡) – previously determined as the optimal setup – are analyzed as a 

function of the dimensionless miniflap length. The analysis is depicted in Fig. 5.4, with respect to which 

the process of nondimensionalization is to be discussed explicitly. The loss coefficient values are 

normalized by the semi-empirical loss coefficient in the case of square sudden expansions without 

miniflaps for fully developed turbulent inlet flows (𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉), validated in section 4.2. This choice of 

using the semi-empirical correlation rather than the directly calculated results from numerical 

simulations of square sudden expansions without miniflaps is motivated by the ultimate goal of 

establishing a correlation for the loss-reducing effect of the miniflaps based on purely semi-empirical 

equations. Regarding the nondimensionalization of the miniflap length (𝑙𝑚𝑓), previous investigations 

of the similar geometry of a diffuser with a chamfered edge by Idelchik [13] and by Bae & Kim [84] 

utilized the upstream (hydraulic) diameter (𝑑ℎ1) as the nondimensionalizing term. However, in this 

study, an alternative approach of using the step height (ℎ) as the nondimensionalizing term is also 

considered. The dimensionless coefficients for the optimal miniflap angle are presented as a function 

of 𝑙𝑚𝑓/𝑑ℎ1 and 𝑙𝑚𝑓/ℎ in Fig. 5.4a and Fig. 5.4b, respectively.  

 

Fig. 5.4 Normalized loss coefficient of square sudden expansion equipped with miniflaps at an angle of  

𝛼 = 10° as a function of a) 𝑙𝑚𝑓/𝑑ℎ1; b) 𝑙𝑚𝑓/ℎ. 

 𝑅𝑒1 = 0.36∙105, 𝑑ℎ1 = 0.15 m. 

 

 

0.75

0.8

0.85

0.9

0.95

1

1.05

1.1

0 0.1 0.2 0.3 0.4 0.5

lmf /dh1

nAR = 2

nAR = 2.78

nAR = 4

nAR = 6.4

model

nAR = 2

nAR = 2.78

nAR = 4

nAR = 6.4

model

model: 0.171  𝑒−7. 0 𝑙  𝑑  ⁄ +0.831

𝑹𝟐 = 0.87

a)

0.75

0.8

0.85

0.9

0.95

1

1.05

1.1

0 1 2 3

lmf /h

nAR = 2

nAR = 2.78

nAR = 4

nAR = 6.4

model

nAR = 2

nAR = 2.78

nAR = 4

nAR = 6.4

model

model: 0.170  𝑒−3.22 𝑙  ℎ⁄ +0.832

𝑹𝟐 = 0.97

b)

𝜁 𝑀
𝐹
,𝛼
𝑜
𝑝
𝑡
𝜁 𝐵
𝐶
,𝑒
𝑚
𝑝
,𝐼
𝑉

⁄

𝜁 𝑀
𝐹
,𝛼
𝑜
𝑝
𝑡
𝜁 𝐵
𝐶
,𝑒
𝑚
𝑝
,𝐼
𝑉

⁄



110 

 

Visual inspection of the data in Fig. 5.4 suggests that the data scatter is reduced when the 

miniflap length is nondimensionalized with respect to the step height rather than the upstream hydraulic 

diameter. This observation is further supported by the coefficient of determination (𝑅2) values 

calculated for the model equations fitted to the data. The 𝑅2 value increases from 0.87 to 0.97 when the 

miniflap length is nondimensionalized with ℎ instead of 𝑑ℎ1, suggesting that the model equation, which 

relates the dimensionless loss coefficient to the nondimensionalized miniflap length, provides a more 

accurate representation of the data when the miniflap length is scaled by the step height.  

Figure 5.5a extends the analysis presented in Fig. 5.4b by including all numerically simulated 

results and the fitted models (determined by MATLAB R2023a software) across the entire examined 

Reynolds number range. The corresponding equations for the model fitting are listed in Eqs. (5.1) – 

(5.5), for which the determination of coefficient values range between the excellent values of 𝑅2 = 0.96 

– 0.97, as depicted in Fig. 5.5a. The coefficients 𝑎, 𝑏 and 𝑐 are given in terms of the upstream Reynolds 

number (𝑅𝑒1).  

 

Fig. 5.5 Normalized loss coefficient of square sudden expansion equipped with miniflaps at an angle of  

𝛼 = 10°. a) model fitting; b) saturation threshold of the 𝜁𝑀𝐹,𝛼𝑜𝑝𝑡/𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉 vs. 𝑙𝑚𝑓/ℎ curve. 

 

𝜁𝑀𝐹,𝛼𝑜𝑝𝑡
𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉

= 𝑎 ∙ 𝑒−𝑏∙𝑙  ℎ⁄ + 𝑐 → 𝜁𝑀𝐹,𝛼𝑜𝑝𝑡 = 𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉 ∙ (𝑎 ∙ 𝑒
−𝑏∙𝑙  ℎ⁄ + 𝑐) (5.1) 

𝑎 = 0.0217 ∙ 𝑅𝑒1
0.200 (5.2) 

𝑏 = 0.253 ∙ 𝑅𝑒1
0.246 (5.3) 

𝑐 = 1.56 ∙ 𝑅𝑒1
−0.0602 (5.4) 

𝜁𝑀𝐹,𝑜𝑝𝑡 = 𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉 ∙ 1.56 ∙ 𝑅𝑒1
−0.0602 (5.5) 
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Figure 5.5 reveals that increasing the miniflap length effectively reduces the loss coefficient of 

the sudden expansion up to approximately 𝑙𝑚𝑓/ℎ = 1. Beyond this threshold, the curve saturates, 

indicating that further increasing the flap length does not significantly decrease losses. This behavior is 

accurately captured by the fitted equation of the form 𝑦 = 𝑎 ∙ 𝑒−𝑏𝑥 + 𝑐, which tends to approach the 

value of 𝑐 as the miniflap length increases. The specific value of this threshold can be determined based 

on Fig. 5.5b, where 𝛿𝑦 = (𝑎 ∙ 𝑒−𝑏𝑥 + 𝑐)/𝑐 is indicated as a function of the dimensionless flap length, 

indicating the relative difference of the dimensionless loss coefficient (𝛿𝜁𝑀𝐹,𝛼𝑜𝑝𝑡/𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉) from the 

saturation value. It is observed that for 𝑙𝑚𝑓/ℎ = 1, the relative difference reduces below 1% for all 

Reynolds numbers. Therefore, it is suggested that the maximum length of the miniflaps should be 

limited to one step height (𝒍𝒎𝒇/𝒉 = 1), for which the dimensionless loss coefficient will closely 

approximate parameter 𝑐, as given by Eq. (5.5). The loss coefficient pertaining to the optimal 

configuration of 𝛼 = 10° and 𝑙𝑚𝑓/ℎ is denoted as 𝜁𝑀𝐹,𝑜𝑝𝑡. 

To assess the accuracy of Eq. (5.1), confidence bands at a 95% confidence level have been 

added to 𝜁𝑀𝐹,𝛼𝑜𝑝𝑡/𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉 vs. 𝑙𝑚𝑓/ℎ curves, as depicted in Fig. 5.6. These curves for the three 

different Reynolds numbers are presented in separate diagrams for improved clarity. The absolute 

uncertainty of 𝜻𝑴𝑭,𝜶 𝒑𝒕/𝜻𝑩 ,𝒆𝒎𝒑,𝑰𝑽, determined by the confidence bands, do not exceed 0.04 for the 

entire examined parameter range. Given the dimensionless representation of the loss coefficients, it can 

be directly read from Fig. 5.6 that the miniflaps are able to reduce the loss coefficient of a square sudden 

expansion to (83% → 73%) ± 4% of the original value for 𝑅𝑒1 = 0.36∙10
5 → 3.0∙105, respectively, when 

miniflaps of length 𝑙𝑚𝑓/ℎ = 1 are installed at 𝛼 = 10°.  

 

Fig. 5.6 Normalized loss coefficient of square sudden expansion equipped with miniflaps at an angle of  

𝛼 = 10°; confidence bands at a 95% confidence level. 
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As supplementary information, Fig. 5.7 provides illustrative data about the pressure loss 

reduction in Pascals, achieved by miniflaps at their optimal setup for a representative hydraulic diameter 

of 𝑑ℎ1 = 0.15 m, and an air density of 𝜌𝑟𝑒𝑓 = 1.22 kg/m3. The pressure loss reduction attributed to the 

miniflaps is expressed as ∆𝑝𝑀𝐹,𝑜𝑝𝑡 = (𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉 − 𝜁𝑀𝐹,𝑜𝑝𝑡) ∙ 𝜌𝑢1
2
2⁄ . According to Fig. 5.7, the 

pressure loss reduction can reach 10 – 20 Pa per element, in the more representative range of 10 – 20 

m/s in ventilation systems. However, for velocities of 30 m/s, the savings can be as high as 100 Pa. This 

substantial reduction in pressure loss emphasizes the importance and benefits of installing miniflaps in 

practical applications, such as ventilation ductworks. 

 

Fig. 5.7 Pressures loss reduction achieved by the installation of miniflaps at their optimal setup: 

 𝛼 = 10°, 𝑙𝑚𝑓/ℎ =  1. For a representative hydraulic diameter of  

𝑑ℎ1 = 0.15 m and an air density of 𝜌𝑟𝑒𝑓  = 1.22 kg/m3.   

  

Finally, it is interesting to compare the performance of the miniflaps with that of the already 

existing pyramidal, i.e., square-to-square diffusers with straight walls. The loss coefficient as a function 

of the miniflap angle is shown in Fig. 5.8 for a representative case of 𝑛𝐴𝑅 = 4, and 𝑅𝑒1 = (0.36; 1.08; 

3.0)∙105. The loss coefficients of pyramidal diffusers, obtained from the hydraulic handbook of Idelchik 

[13], are also included in the figure. In the case of the pyramidal diffusers, 𝛼 denotes the half-opening 

angle. In addition to the loss coefficients, the length ratio of the two configurations – i.e., full-length 

pyramidal diffusers vs. the axial projection of inclined miniflaps (𝑙𝑑𝑖𝑓𝑓/𝑙𝑚𝑓) – is also shown in the 

figure by the red line. The corresponding scale is provided on the right side of the diagram. It should be 
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noted that data for pyramidal diffusers were only available in Idelchik’s handbook [13] for 𝑅𝑒1 = (0.5; 

1.0; 2.0; 4.0)∙105. In order to facilitate a meaningful comparison with the square sudden expansion 

equipped with miniflaps, a linear extrapolation and interpolation method was employed to estimate the 

loss coefficients of pyramidal diffusers at Reynolds numbers of 𝑅𝑒1 = (0.36; 1.08; 3.0)∙10
5. It is visible 

from Fig. 5.8 that pyramidal diffusers are energetically more favorable than the miniflap configuration 

for 𝛼 < 10°, but from approximately above 𝛼 = 10° the loss coefficient of the sudden expansion equipped 

with miniflaps become already comparable to or even less than that of pyramidal diffusers. Notably, 

the length of the miniflap configuration for 𝛼 = 10° is only one-fifth of that of pyramidal diffusers, as 

indicated by the diffuser/miniflap length curve. The 𝑙𝑑𝑖𝑓𝑓/𝑙𝑚𝑓 ratio has been examined across the entire 

examined area ratio range and was found to fall within the range of 4 – 8. The reduced space requirement 

and the moderate manufacturing costs relative to a full-length diffuser provides a competitive advantage 

for the miniflap configuration. 

The findings, considering the loss coefficient of square sudden expansions equipped with 

miniflaps, are summarized in Contribution #4.  

 

 

Fig. 5.8 Comparing the performance of the miniflap method to that of pyramidal diffusers. 

Pyramidal diffuser data reproduced from Idelchik [13]. 
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New scientific results  

Mechanical ventilation in buildings is a key contributor to the significant energy consumption of the 

construction industry; therefore, rational energy management in ventilation systems plays a major role 

in promoting the energy efficiency of buildings. To address the fluid mechanical losses associated with 

square sudden expansions – and thus, with the overall energy expenditure of ventilation ducts – a novel 

passive flow control method, termed the miniflap method, has been developed. For the assessment of 

the effectiveness of the miniflap method, an extensive set of numerical simulations, validated to LDA 

and pressure measurements, has been conducted. The simulations focused on the realistic case of fully 

developed turbulent inlet flow and systematically examined the loss coefficient of square sudden 

expansion equipped with miniflaps across various parameter ranges. These ranges included a miniflap 

length of 𝑙𝑚𝑓 𝑑ℎ1⁄  = 0 – 0.5 → 𝑙𝑚𝑓 ℎ⁄  = 0 – 2.4, a miniflap angle of 𝛼 = 6° – 18°, an area ratio of the 

sudden expansion of 𝑛𝐴𝑅 = 2 – 6.4, and a Reynolds number range of 𝑅𝑒1 = (0.36 – 3.0)∙105. The results 

of the study demonstrated that the miniflap method performed competitively compared to existing 

pyramidal diffusers, achieving comparable loss coefficient values while requiring a significantly 

shorter axial extent and easy-to-manufacture geometry. 

 

CONTRIBUTION #4 – loss coefficient of square sudden expansions equipped with miniflaps 

A passive flow control method, termed as miniflap method, is proposed for reducing the losses of square 

sudden expansions. The miniflaps are short, rectangular sheets placed at the step edge of the sudden 

expansion, acting as a continuation of the upstream duct wall. The sketch of the geometry of a square 

sudden expansion equipped with miniflaps is shown in Fig. T4.1. The geometry and the input 

parameters are depicted in Fig. T4.2, the physical assumptions and the ranges of validity are provided 

in Table T4.1, and the list of symbols is summarized in Table T4.2. 

The optimal angle of the miniflaps, associated with the minimum value of the loss coefficient, is given 

by Eq. (T4.1). In order to calculate the loss coefficient of a square sudden expansion at an optimal 

miniflap angle setup in function of the miniflap length, a set of model equations is provided in Eqs. 

(T4.2) – (T4.7). The optimal length of the miniflaps for the optimal miniflap angle setup is given by 

Eq. (T4.8). A correlation of the corresponding loss coefficient at an optimal miniflap configuration is 

given in Eq. (T4.9). 
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Fig. T4.1 Square sudden expansion equipped with miniflaps. 

 

Fig. T4.2 Geometry of the square sudden expansion equipped with miniflaps and input parameters. 

 

OPTIMAL MINIFLAP ANGLE  

 𝛼𝑜𝑝𝑡 = 10° ± 2° (T4.1) 

MODEL EQUATIONS FOR LOSS CALCULATION AT 𝜶 𝒑𝒕  

 𝜁𝑀𝐹,𝛼𝑜𝑝𝑡 = 𝜁𝐵𝐶 ∙ (𝑎 ∙ 𝑒
−𝑏∙𝑙  ℎ⁄ + 𝑐) (T4.2) 

 𝑎 = 0.0217 ∙ 𝑅𝑒1
0.200 (T4.3) 

 𝑏 = 0.253 ∙ 𝑅𝑒1
0.246 (T4.4) 

 𝑐 = 1.56 ∙ 𝑅𝑒1
−0.0602 (T4.5) 

 𝜁𝐵𝐶 = 𝑁 −
2𝑀

𝑛𝐴𝑅
+
2𝑀 −𝑁

𝑛𝐴𝑅
2  (T4.6) 

 𝑅𝑒1 =
𝑢1 ∙ 𝑑ℎ1
𝜈

 (T4.7) 

OPTIMAL MINIFLAP LENGTH   

 𝑙𝑚𝑓,𝑜𝑝𝑡 = 1ℎ (T4.8) 

MODEL EQUATION FOR LOSS CALCULATION AT 𝜶 𝒑𝒕,  𝒍𝒎𝒇, 𝒑𝒕  

 𝜁𝑀𝐹,𝑜𝑝𝑡 = 𝜁𝐵𝐶 ∙ 1.56 ∙ 𝑅𝑒1
−0.0602 (T4.9) 
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Table T4.1 Physical assumptions and ranges of validity. 

Name Description 

Nature of flow single-phase, stationary, adiabatic, turbulent 

Material properties constant density and viscosity 

Rheology Newtonian 

Geometry square sudden expansion 

Wall roughness hydraulically smooth 

Inlet flow fully developed 

𝑛𝐴𝑅 1.5 – 6.4  

𝑅𝑒1 (0.09 – 3.0)∙105 

𝑙𝑚𝑓 ℎ⁄  0 – 2.4 

 

 

Table T4.2 List of symbols. 

Letters 

𝑎, 𝑏, 𝑐 parameters of the model equation m2 

𝑑ℎ hydraulic diameter of the duct m 

ℎ step height m 

𝑙𝑚𝑓  miniflap length m 

𝑀 momentum coefficient 1 

𝑁 kinetic energy coefficient 1 

𝑛𝐴𝑅  area ratio 1 

𝑅𝑒 Reynolds number 1 

𝑢 area-averaged streamwise velocity m/s 

𝛼 miniflap angle degree 

𝜁 loss coefficient 1 

𝜈 kinematic viscosity of the fluid m2/s 

Subscripts 

1 upstream of the expansion plane  

2 downstream of the expansion plane  

BC Borda-Carnot expansion without miniflaps  

MF Borda-Carnot expansion with miniflaps  

opt optimal  
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5.2 Static pressure recovery coefficient of the square sudden expansion with miniflaps  

As a natural continuation of section 5.1, this part focuses on evaluating the static pressure recovery 

coefficient of square sudden expansions equipped with miniflaps for the same parameter range as 

demonstrated in the previous section. It is to be recalled that the loss coefficient (𝜁𝐵𝐶) and the static 

pressure recovery coefficient (𝑐𝑆𝑃𝑅) are linked together by Eq. (5.6), where the ideal pressure coefficient 

(𝑐𝑝,𝑖𝑑) depends solely on the Reynolds number (𝑅𝑒) – as 𝑁 = 𝑓(𝑅𝑒) – and the area ratio of the sudden 

expansion (𝑛𝐴𝑅), as demonstrated by Eq. (5.7). The kinetic energy coefficient (𝑁) in Eq. (5.7) is 

considered to be equal for the upstream and downstream duct sections, as introduced in Chapter 2. 

𝑐𝑝,𝑖𝑑 = 𝑐𝑆𝑃𝑅 + 𝜁𝐵𝐶  (5.6) 

𝑐𝑝,𝑖𝑑 = 𝑁(1 −
1

𝑛𝐴𝑅
2 ) (5.7) 

Consequently, for a fixed Reynolds number and area ratio, the ideal pressure coefficient remains 

constant for all miniflap lengths and Reynolds numbers, which implies that the optimal miniflap angle 

established to reach a minimum loss coefficient – i.e. 𝛼𝑜𝑝𝑡 = 10° ± 2° –, also applies to achieve 

maximum static pressure recovery. This correlation is illustrated by Fig. 5.9, displaying the numerically 

simulated static pressure recovery coefficient versus miniflap angle datasets, together with the fitted 

second-order polynomial curves for all examined area ratios and miniflap lengths, and for a 

representative Reynolds number of 𝑅𝑒1 = 0.36∙10
5. As observed from the figure, the plotted curves 

reach their maximum in the vicinity of 𝛼 = 10° for most cases. 
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Fig. 5.9 Numerical results of the static pressure recovery coefficient of a square sudden expansion equipped 

with miniflaps as a function of the miniflap angle. 𝑅𝑒1 = 0.36∙105, 𝑑ℎ1 = 0.15 m 

 

To further examine the impact of miniflap length, the dimensionless static pressure recovery 

coefficient is plotted against the miniflap length, normalized by the step height, in Fig. 5.10. The figure 

clearly demonstrates the 𝑐𝑆𝑃𝑅-increasing effect of the miniflaps, resulting in a significant enhancement 

of the static pressure recovery coefficient by 20 → 60% for area ratios ranging from 𝑛𝐴𝑅 = 2 → 6.4. 

However – unlike in the case of the loss coefficients (conf. 5.5) –, the curves for different area ratios do 

not collapse into a single curve when the static pressure recovery coefficient is nondimensionalized by 

semi-empirical formula, given for 𝑐𝑆𝑃𝑅,𝑒𝑚𝑝,𝐼𝑉 in Eq. (2.38). Consequently, it is not feasible to provide 

a simple semi-empirical formula for the static pressure recovery coefficients, similar to the one 

presented for the loss coefficients in Eq. (5.1). Therefore, for the determination of the static pressure 

recovery coefficient for square sudden expansions equipped with miniflaps at an angle of 𝛼𝑜𝑝𝑡 = 10°, 

it is recommended to utilize Eq. (5.8), which combines Eqs. (5.1), (5.6), and (5.7), and inherently 

includes 𝑛𝐴𝑅. The equation parameters 𝑎, 𝑏, 𝑐 are given in Eqs. (5.2) – (5.4).  
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𝑐𝑀𝐹,𝛼𝑜𝑝𝑡 = 𝑁(1 −
1

𝑛𝐴𝑅
2 ) − 𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉 ∙ (𝑎 ∙ 𝑒

−𝑏∙𝑙  ℎ⁄ + 𝑐) (5.8) 

 

 

Fig 5.10 Normalized static pressure recovery coefficient of square sudden expansion equipped with miniflaps at 

an angle of 𝛼 = 10°. 𝑅𝑒1 = 0.36∙105. 

 

Figure 5.11 illustrates the outcomes of the numerical simulations along with those of the model 

equation (Eq. (5.8)). Consistent with our understanding of the loss coefficients, the saturation effect of 

the miniflaps is observed at approximately 𝑙𝑚𝑓 ℎ⁄  = 1 in the case of the static pressure recovery 

coefficients as well.  

 

 

Fig. 5.11 Static pressure recovery coefficient of square sudden expansion equipped with miniflaps at an angle of 

𝛼 = 10° 
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The optimal area ratio in order to reach the highest static pressure recovery remains at 𝑛𝐴𝑅 = 2, within 

the examined parameter range; however, sudden expansions with higher area ratios (𝑛𝐴𝑅 = 2.78; 4) also 

perform close to this optimal level. Regarding the model equations, the coefficient of determination 

values for all datasets exceed the excellent threshold of 0.96 and thus are not depicted separately. 

However, it should be acknowledged that the model equation consistently underestimates the static 

pressure recovery coefficient. This underestimation is typically in the range of 0.03 – 0.05 for the 

majority of the data, occasionally reaching 0.07 for the largest area ratio 𝑛𝐴𝑅 = 6.4. The underlying 

cause of this underestimation stems from the fact that the empirical model (conf. Eqs. (2.21) – (2.24)) 

tends to underestimate the kinetic energy coefficient (𝑁), as extensively discussed in section 4.2. 

Improving the prediction of the kinetic energy coefficient would necessitate improvements in the power 

law formula that describes the velocity distribution within the duct, which is beyond the scope of the 

current thesis.  

As a concluding remark for this section, the insertion of miniflaps in square sudden expansions 

has been found to effectively increase the static pressure recovery coefficient when installed at their 

optimal angle: 𝛼𝑜𝑝𝑡 = 10° ± 2°, and optimal length: 𝑙𝑚𝑓,𝑜𝑝𝑡 = 1ℎ. The static pressure recovery coefficient 

for the optimum setup can be determined from Eq. (5.9). 

𝑐𝑀𝐹,𝑜𝑝𝑡 = 𝑁(1 −
1

𝑛𝐴𝑅
2 ) − 𝜁𝐵𝐶,𝑒𝑚𝑝,𝐼𝑉 ∙ 1.56 ∙ 𝑅𝑒1

−0.0602 (5.9) 
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6 Summary and future outlook 

Sudden expansions are commonly used in pipe systems to achieve velocity reduction and static pressure 

recovery, particularly when spatial and financial constraints prohibit the use of lengthy and costly 

diffusers. While circular sudden expansions have been extensively studied by the scientific community, 

there is a lack of data on rectangular sudden expansions, which are commonly found in ventilation 

systems. The present dissertation aimed to bridge this gap by investigating fluid flows in concentric 

square sudden expansions. The primary emphasis of this analysis lay in investigating flow features such 

as primary and secondary separation zones, as well as determining the loss and static pressure recovery 

under fully developed turbulent upstream conditions.  

Based on experimental and numerical results, it was observed that the primary recirculation 

zone extends far downstream in the corner regions, with a reattachment length ranging from 15 to 42 

step heights downstream of the expansion plane, being 3–4 times longer than in the case of 

axisymmetric sudden expansions. Understanding the extent of the reattachment length is crucial when 

considering the positioning of flow measuring and controlling devices, as preferably they are to be 

located outside the separation zone. Similar to axisymmetric sudden expansions, a secondary separation 

zone was identified at the base of the step, extending up to 1–2 step heights downstream of the expansion 

plane. This zone is characterized by slow-moving fluid, increasing the likelihood of the accumulation 

of dust and pathogens in the ventilation duct. Determining the extent of the secondary separation zone 

provides valuable information for determining the reasonable placement of cleaning hatches. 

Regarding the energetic evaluation of the square sudden expansion, the commonly used formula 

for calculating the loss, derived for uniform upstream flows, was found to underestimate the effective 

loss in fully developed turbulent flow conditions. To address this discrepancy, a consolidated workflow 

based on well-established semi-empirical equations was proposed, and the associated uncertainty was 

assessed. The application of the semi-empirical equations was extended to investigate the static pressure 

recovery. Through an analytical examination of the provided equations, it was found that the static 

pressure recovery reaches its maximum value when the area ratio of the sudden expansion is 2.  

In addition, this study introduced a novel passive flow control method using short rectangular 

sheets of adjustable angle – termed as miniflaps – placed at the step edge of the sudden expansion. The 

optimal miniflap angle and length, associated with a maximum loss-reducing capability, were found to 

be 10° ± 2° and one step height, respectively. The insertion of the miniflaps at their optimal setup 
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resulted in a notable ~20-30% reduction of losses in square sudden expansions. This loss-reducing effect 

of the miniflaps aligns with requirements formulated by the current building directives, aiming at the 

energy efficiency of ventilation systems. Moreover, the miniflap method performed competitively 

compared to existing pyramidal diffusers, achieving similar loss coefficient values while requiring a 

significantly shorter axial extent and easy-to-manufacture geometry.  

 

This dissertation concludes by suggesting potential future goals, outlined as follows: 

Á Extend the parameter range by investigating concentric and eccentric rectangular sudden 

expansions. 

Á Explore different miniflap geometries to enhance the performance of the miniflap method. As 

a specific example, incorporating a saw-like trailing edge for the miniflaps, inspired by the 

biomimicry of humpback whales, could excite the free shear layer in a manner that leads to 

increased mixing, shorter reattachment length, and potentially smaller losses. 

Á Refine the power-law function describing the velocity distribution inside pipes, especially in 

square sudden expansions, to reduce uncertainties even further in the proposed semi-empirical 

model. 

Á Conduct a more in-depth analysis to understand the underlying reasons for the optimal static 

pressure recovery at an area ratio of 2. 

Á Investigate the aerodynamic analogy between miniflaps and the maximum lift generated by a 

flat plate placed in a fluid flow. 
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Appendix A 

The energy equation between sections 1 and 2, as appearing in Fig. 2.2, for a compressible flow in a 

horizontal pipe with a sudden expansion inserted in it, assuming a stationary adiabatic process takes the 

following form (Eq. (A-1)) [13]. 

∫ (𝑝 +
𝜌

2
𝑢2) 𝑢𝑑𝐴

 

𝐴 

= ∫ (𝑝 +
𝜌

2
𝑢2) 𝑢𝑑𝐴

 

𝐴2

+ ∆𝑃𝑡𝑜𝑡,1−2 (A-1) 

, where 𝐴 is the cross-section – subscripts 1 and 2 stand for locations 1 and 2, respectively, for all 

upcoming variables as well –, 𝑝 is the static pressure at an arbitrary point of the corresponding cross-

section, 𝜌 is the density of the fluid, 𝑢 is the local streamwise flow velocity at the specific point across 

the cross-section and ∆𝑃𝑡𝑜𝑡,1−2 is the total power lost.  

In order to express the total pressure difference between sections 1-2 (∆𝑝𝑡𝑜𝑡,1−2), the total power loss 

is related to the upstream volume flow rate (𝑞𝑣,1 = ∫ 𝑢𝑑𝐴
 

𝐴 
), as described by Eq. (A-2):  

∆𝑝𝑡𝑜𝑡,1−2 =
∆𝑃𝑡𝑜𝑡,1−2
𝑞𝑣,1

=
∫ (𝑝 +

𝜌
2
𝑢2) 𝑢𝑑𝐴

 

𝐴 
− ∫ (𝑝 +

𝜌
2
𝑢2) 𝑢𝑑𝐴

 

𝐴2

∫ 𝑢𝑑𝐴
 

𝐴 

 (A-2) 

The integral form of the continuity equation for stationary flows appears in Eq. (A-3), in which densities 

𝜌1 and 𝜌2 at cross-sections 1 and 2, respectively, can be considered constant even for compressible 

flows, as based on the normal component of the Euler-equation, the static pressure – thus the density – 

across straight parallel streamlines does not vary [41]. ∫ 𝜌𝑢𝑑𝐴
 

𝐴
 is the mass flow rate (𝑞𝑚) in the pipe 

by definition.  

𝑞𝑚 = ∫𝜌𝑢𝑑𝐴
 

𝐴

= 𝜌1∫ 𝑢𝑑𝐴
 

𝐴 

= 𝜌2∫ 𝑢𝑑𝐴
 

𝐴2

 (A-3) 

Combining Eq. (A-2) and Eq. (A-3), and substituting 𝑝 +
𝜌

2
𝑢2 = 𝑝𝑡𝑜𝑡, where 𝑝𝑡𝑜𝑡 is the total pressure 

by definition, we arrive at Eq. (A-4), in which 𝑝𝑡𝑜𝑡
 𝑣

 is the total pressure averaged over the volume flow 

rate. 

∆𝑝𝑡𝑜𝑡,1−2 =
∫ 𝑝𝑡𝑜𝑡𝑢𝑑𝐴
 

𝐴 

∫ 𝑢𝑑𝐴
 

𝐴 

−
𝜌1
𝜌2
∙
∫ 𝑝𝑡𝑜𝑡𝑢𝑑𝐴
 

𝐴2

∫ 𝑢𝑑𝐴
 

𝐴2

≔ 𝑝
𝑡𝑜𝑡,1

 𝑣
−
𝜌1
𝜌2
𝑝
𝑡𝑜𝑡,2

 𝑣
 (A-4) 
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For further simplification of Eq. (A-4), the flow is considered to be incompressible (𝜌 = constant), and 

the equation is multiplied by 𝜌 𝜌⁄ = 1. This leads us to Eq. (A-5), where 𝑝𝑡𝑜𝑡
 𝑚

 is the total pressure 

averaged over the mass flow rate at a given cross-section, often referred to as the mass-weighted 

average of the total pressure.  

∆𝑝𝑡𝑜𝑡,1−2 =
∫ 𝑝𝑡𝑜𝑡𝜌𝑢𝑑𝐴
 

𝐴 

∫ 𝜌𝑢𝑑𝐴
 

𝐴 

−
∫ 𝑝𝑡𝑜𝑡𝜌𝑢𝑑𝐴
 

𝐴2

∫ 𝜌𝑢𝑑𝐴
 

𝐴2

=
∫ 𝑝𝑡𝑜𝑡𝑑𝑞𝑚
 

𝐴 

𝑞𝑚
−
∫ 𝑝𝑡𝑜𝑡𝑑𝑞𝑚
 

𝐴2

𝑞𝑚
= 𝑝

𝑡𝑜𝑡,1

𝑚
− 𝑝

𝑡𝑜𝑡,2

𝑚
 (A-5) 
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Appendix B 

Appendix B provides the derivation of the semi-empirical formula for the loss coefficient of an 

axisymmetric sudden expansion. The key equations are given in the main text but are repeated here as 

well for clarity. The derivation mainly follows the logic of Oliveira and Pinho [81] but is supplemented 

with additional steps, where it was found to be necessary for a better understanding. 

The fluid flow is examined in a straight, horizontal pipe, with an axisymmetric sudden 

expansion inserted in it, between sections 1 and 2 (conf. Fig. 2.2). The total pressure loss caused by the 

sudden expansion (∆𝑝𝐵𝐶,𝑒𝑚𝑝) and the friction of the attached pipe sections (∆𝑝𝑓𝑟
𝐹𝐷) can be expressed by 

Eq. (B-1) as the difference between the ideal (∆𝑝𝑖𝑑) and the effective static pressure rise (∆𝑝𝑒𝑓𝑓) 

between sections 1-2. Subscript emp stands for the semi-empirical method. Straight pipe friction losses 

are given for a fully developed flow condition. By rearranging Eq. (B-1) and dividing it with the area-

averaged upstream dynamic pressure, the Borda-Carnot loss can be expressed in a dimensionless form 

(Eq. (B-2)), where 𝑐 in general stands for pressure coefficients and 𝜁 for loss coefficients.  

∆𝑝𝑓𝑟
𝐹𝐷 + ∆𝑝𝐵𝐶,𝑒𝑚𝑝 = ∆𝑝𝑖𝑑 − ∆𝑝𝑒𝑓𝑓  (B-1) 

𝜁𝐵𝐶,𝑒𝑚𝑝 = 𝑐𝑝,𝑖𝑑 − 𝑐𝑝,𝑒𝑓𝑓 − 𝜁𝑓𝑟
𝐹𝐷  (B-2) 

  

The ideal pressure difference 

The ideal pressure difference – in the case of an inviscid flow – in Eq. (B-1) can be derived from the 

energy equation given in Eq. (B-3). 

∫ (𝑝 +
𝜌

2
𝑢2) 𝑢𝑑𝐴

 

𝐴 

= ∫ (𝑝 +
𝜌

2
𝑢2) 𝑢𝑑𝐴

 

𝐴2

+ ∆𝑃𝑡𝑜𝑡,1−2 (B-3) 

, where 𝐴 is the cross-section – subscripts 1 and 2 stand for locations 1 and 2, respectively, for all 

upcoming variables as well –, 𝑝 is the static pressure at a point of the corresponding cross-section, 𝜌 is 

the density of the medium, 𝑢 is the streamwise flow velocity at a given point across the cross-section 

and ∆𝑃𝑡𝑜𝑡,1−2 is the total power lost.  
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In order to express the total pressure difference between sections 1-2 (∆𝑝𝑡𝑜𝑡,1−2), the total power loss 

is related to the volume flow rate (𝑞𝑣), as described by Eq. (B-4). Incompressibility of the flow is 

considered at this point, thus the upstream and downstream volume flow rates are equal: 𝑞𝑣 =

∫ 𝑢𝑑𝐴
 

𝐴 
= ∫ 𝑢𝑑𝐴

 

𝐴2
. For the ideal case of an inviscid fluid ∆𝑝𝑡𝑜𝑡,1−2 = 0.  

∆𝑝𝑡𝑜𝑡,1−2 =
∆𝑃𝑡𝑜𝑡,1−2
𝑞𝑣,1

=
∫ (𝑝 +

𝜌
2
𝑢2) 𝑢𝑑𝐴

 

𝐴 

∫ 𝑢𝑑𝐴
 

𝐴 

−
∫ (𝑝 +

𝜌
2
𝑢2) 𝑢𝑑𝐴

 

𝐴2

∫ 𝑢𝑑𝐴
 

𝐴2

= 0 (B-4) 

Equation (B-4) can be further shaped to Eq. (B-5) by introducing the kinetic energy coefficient in Eq. 

(B-6) and by considering the static pressure to be constant at an arbitrary cross-section. This latter 

assumption is corroborated by the normal component of the Euler equation, based on which the static 

pressure does not vary across straight and parallel streamlines [41]. For variables, being constant at an 

arbitrary cross-section, the overbar notation, representing the averaging process, is abandoned. 

𝑝1 +

𝜌
2 ∫

𝑢3𝑑𝐴
 

𝐴 

𝑢1𝐴1
− 𝑝2 +

𝜌
2 ∫

𝑢3𝑑𝐴
 

𝐴2

𝑢2𝐴2
=

= (𝑝1 +
𝜌

2
𝑢1
2
∙
∫ 𝑢3𝑑𝐴
 

𝐴 

𝑢1
3
𝐴1
) − (𝑝2 +

𝜌

2
𝑢2
2
∙
∫ 𝑢3𝑑𝐴
 

𝐴2

𝑢2
3
𝐴2
) =

= (𝑝1 + 𝑁1 ∙
𝜌

2
𝑢1
2
) − (𝑝2 + 𝑁2 ∙

𝜌

2
𝑢2
2
) = 0 

(B-5) 

𝑁 =
∫ 𝑢3𝑑𝐴
 

𝐴

𝑢
3
𝐴

 (B-6) 

By rearranging Eq. (B-5), the ideal static pressure difference and its dimensionless form is given in Eq. 

(B-7) and Eq. (B-8), respectively.  

∆𝑝𝑖𝑑 = (𝑝2 − 𝑝1)𝑖𝑑 = 𝑁1 ∙
𝜌

2
𝑢1
2
− 𝑁2 ∙

𝜌

2
𝑢2
2
 (B-7) 

𝑐𝑝,𝑖𝑑 =
∆𝑝𝑖𝑑
𝜌
2
𝑢1
2
= 𝑁1 (1 −

𝑁2
𝑁1

1

𝑛𝐴𝑅
2 ) (B-8) 

, where 𝑛𝐴𝑅 is the area-ratio of the sudden expansion. Its relation to the upstream and downstream 

streamwise velocities can be expressed with the help of the continuity equation for incompressible flows 

as 𝑛𝐴𝑅 = 𝐴2 𝐴1⁄ = 𝑢1 𝑢2⁄ . 
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The effective pressure difference 

The effective pressure difference – in the case of a viscous flow – in Eq. (B-1) can be derived from 

the momentum equation given in Eq. (B-9):  

∫𝑢𝜌𝑢𝑑𝐴

 

𝐴

= −∫𝑝𝑑𝐴

 

𝐴

+∫𝑑𝐹𝑓𝑟

 

𝐴

 (B-9) 

, where 𝐹𝑓𝑟 is the friction force. The underbar, in general, denotes vector quantities. 

The momentum equation is to be evaluated in the streamwise direction for two control surfaces: one 

between locations 1 and 2, and another one between locations 1 and 01, and the inner pipe walls (conf. 

Fig. 2.2). The momentum flux, i.e., the left-hand side of Eq. (B-9) becomes more convenient to use in 

practice if expressed in function of the average velocity, as appearing in Eq. (B-10), where 𝑀 is the 

momentum coefficient, shown separately in Eq. (B-11).  

∫𝑢𝜌𝑢𝑑𝐴

 

𝐴

= 𝜌∫𝑢2𝑑𝐴

 

𝐴

= −𝜌𝑢1
2
𝐴1 ∙
∫ 𝑢1
2𝑑𝐴

𝑢1
2
𝐴1
+ 𝜌𝑢2

2
𝐴2 ∙
∫ 𝑢2
2𝑑𝐴

𝑢2
2
𝐴2

= −𝑀1 ∙ 𝜌𝑢1
2
𝐴1 +𝑀2 ∙ 𝜌𝑢2

2
𝐴2 

(B-10) 

𝑀 =
∫𝑢2𝑑𝐴

𝑢
2
𝐴

 (B-11) 

The momentum equation between locations 1 and 2 is expressed in Eq. (B-12): 

−𝑀1 ∙ 𝜌𝑢1
2
𝐴1 +𝑀2 ∙ 𝜌𝑢2

2
𝐴2 =

= 𝑝1𝐴1 − 𝑝2𝐴2 + 𝑝02(𝐴2 − 𝐴1) − ∆𝑝𝑓𝑟,1−0𝐴1 − ∆𝑝𝑓𝑟,0−2𝐴2 
(B-12) 

, where 𝑝02 is the area-averaged pressure on the step wall, and ∆𝑝𝑓𝑟,1−0 and ∆𝑝𝑓𝑟,0−2 are the effective 

friction losses (not for fully developed flows) on the pipe walls for the upstream and downstream pipe 

sections, respectively.  

The friction loss is defined as the wall shear stress integrated over the surface, as shown in Eq. (B-13).  

∆𝑝𝑓𝑟 =
1

𝐴
∫𝜏𝑤

 

𝑎

𝑑𝐴𝑤 =
4

𝑑2𝜋
∫𝜏𝑤𝑑𝜋

 

𝐿

𝑑𝑥 =
4

𝑑
∫𝜏𝑤

 

𝑙

𝑑𝑥 =
4𝑙

𝑑
∙ 𝜏𝑤 (B-13) 

, where 𝜏𝑤 is the wall shear stress, 𝐴𝑤 is the wetted perimeter area, 𝑑 is the inner diameter, and 𝑙 is the 

length of the given pipe section.  
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The effective static pressure difference between locations 1 and 2 is expressed in Eq. (B-14) by 

rearranging Eq. (B-12), subtracting 𝑝1𝐴2 from both sides, dividing the equation by 𝐴2, and substituting 

the continuity equation for incompressible flows (𝑢1𝐴1 = 𝑢2𝐴2) and the area ratio (𝑛𝐴𝑅 = 𝐴2 𝐴1⁄ ): 

∆𝑝𝑒𝑓𝑓 = (𝑝2 − 𝑝1)𝑒𝑓𝑓

=
𝜌

2
𝑢1
2
(
2𝑀1
𝑛𝐴𝑅
−
2𝑀2

𝑛𝐴𝑅
2 )

− [∆𝑝𝑓𝑟,1−0
1

𝑛𝐴𝑅
+ ∆𝑝𝑓𝑟,0−2 − (𝑝02 − 𝑝1) (1 −

1

𝑛𝐴𝑅
)] 

(B-14) 

The second momentum equation between locations 1 and 01 is given in Eq. (B-15) in order to eliminate 

𝑝1 from the right side of Eq. (B-14): 

−𝑀1 ∙ 𝜌𝑢1
2
𝐴1 +𝑀01 ∙ 𝜌𝑢1

2
𝐴1 = 𝑝1𝐴1 − 𝑝01𝐴1 − ∆𝑝𝑓𝑟,1−0𝐴1 (B-15) 

, where 𝑀01 is the momentum coefficient and 𝑝01 is the area-averaged static pressure just upstream of 

the step edge. 

Expressing 𝑝1 from Eq. (B-15) and substituting it back to the right side of Eq. (B-14) yields the effective 

pressure difference and its dimensionless form in Eq. (B-16) and Eq. (B-17), respectively: 

∆𝑝𝑒𝑓𝑓 = (𝑝2 − 𝑝1)𝑒𝑓𝑓

=
𝜌

2
𝑢1
2
(
2𝑀1
𝑛𝐴𝑅
−
2𝑀2

𝑛𝐴𝑅
2 )

− [∆𝑝𝑓𝑟,1−0 + ∆𝑝𝑓𝑟,0−2 − 𝜌𝑢1
2
(𝑀1 −𝑀01) (1 −

1

𝑛𝐴𝑅
)

+ (𝑝
01
− 𝑝

02
) (1 −

1

𝑛𝐴𝑅
)] 

(B-16) 

𝑐𝑝,𝑒𝑓𝑓 =
∆𝑝𝑒𝑓𝑓
𝜌
2
𝑢1
2
=
2𝑀1
𝑛𝐴𝑅
(1 −

𝑀2
𝑀1

1

𝑛𝐴𝑅
)

− [𝜁𝑓𝑟,1−0 + 𝜁𝑓𝑟,0−2 − 2(𝑀1 −𝑀01) (1 −
1

𝑛𝐴𝑅
)

+ (𝑐𝑝,01 − 𝑐𝑝,02) (1 −
1

𝑛𝐴𝑅
)] 

(B-17) 
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The friction loss of the straight pipe sections 

The friction loss of the straight pipe sections for fully developed flows (∆𝑝𝑓𝑟
𝐹𝐷) is expressed with the 

help of the Darcy-Weisbach equation, shown in Eq. (B-18), and its dimensionless form in Eq (B-19).  

∆𝑝𝑓𝑟,1−0
𝐹𝐷 = 𝜆1

𝑙1−0

𝑑1
∙
𝜌

2
𝑢1
2
;  ∆𝑝𝑓𝑟,0−2

𝐹𝐷 = 𝜆2
𝑙0−2

𝑑2
∙
𝜌

2
𝑢2
2
 B-18 

𝜁𝑓𝑟
𝐹𝐷 = 𝜁𝑓𝑟,1−0

𝐹𝐷 + 𝜁𝑓𝑟,0−2
𝐹𝐷 = 𝜆1

𝑙1−0

𝑑1
+ 𝜆2

𝑙0−2

𝑑2

1

𝑛𝐴𝑅
2  B-19 

, where 𝜆 is the pipe friction coefficient in the case of a fully developed flow, defined by Eq. (B-20) 

[13].  

1

√𝜆1
= 2 ∙ log(𝑅𝑒1√𝜆1) − 0.8;   

1

√𝜆2
= 2 ∙ log (𝑅𝑒2√𝜆2) − 0.8 (B-20) 

 

The loss coefficient 

The semi-empirical loss coefficient for an axisymmetric sudden expansion is given in Eq. (B-21), 

obtained by substituting Eq. (B-8), Eq. (B-17) and Eq. (B-19) into Eq. (B-2). Eq. (B-21) is identical to 

Eq. (2.16) in the main text. 

𝜁𝐵𝐶,𝑒𝑚𝑝 = 𝑁1 (1 −
𝑁2
𝑁1

1

𝑛𝐴𝑅
2 ) −

2𝑀1
𝑛𝐴𝑅
(1 −

𝑀2
𝑀1

1

𝑛𝐴𝑅
) − [∆𝜁𝑓𝑟 + ∆𝑐𝑀 − ∆𝑐𝑝0]

= 𝑁1 −
2𝑀1
𝑛𝐴𝑅
+
2𝑀2 − 𝑁2

𝑛𝐴𝑅
2 − [∆𝜁𝑓𝑟 + ∆𝑐𝑀 − ∆𝑐𝑝0] 

(B-21) 

 

, where the terms in the square brackets are defined in Eqs. (B-22)-(B-24): 

∆𝜁𝑓𝑟 = (𝜁𝑓𝑟,1−0
𝐹𝐷 − 𝜁𝑓𝑟,1−0) + (𝜁𝑓𝑟,2−0

𝐹𝐷 − 𝜁𝑓𝑟,2−0) (B-22) 

∆𝑐𝑀 = 2(𝑀1 −𝑀01) (1 −
1

𝑛𝐴𝑅
) (B-23) 

∆𝑐𝑝0 = (𝑐𝑝,01 − 𝑐𝑝,02) (1 −
1

𝑛𝐴𝑅
) (B-24) 
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Appendix C 

 

 

Fig. C1 Technical drawing of the inlet orifice plate [143]. 
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Fig. C2 Characteristic curve of the centrifugal fan [143]. 

 

 

Fig. C3 The inlet orifice plate with silicone tubes for pressure measurement, and the circle-to-square transition. 
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Fig. C4 Turbulence and lateral velocity reducing components: honeycomb (left), screen (right). 

 

 

Fig. C5 Attachment of the separate duct sections with a U-shaped polymer composite element. 

 

 

Fig. C6 Sudden expansion without miniflaps (left), with miniflaps (middle), and an angle-setup stencil (right). 
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Fig. C7 Centrifugal fan (left) and frequency converter (right). 

 

 

Fig. C8 Static wall pressure taps (left) and velocity measurement with and LDA (middle and right). 
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Appendix D 

Flow symmetry is shown for two representative cross-sections, one upstream (𝑥 ℎ⁄  = -1.4) and one 

downstream (𝑥 ℎ⁄  = 5) of the sudden expansion along profiles in the wall-normal symmetry plane, for 

𝑅𝑒1 = 0.36∙105. The location of the profiles is depicted in Fig. D1, while the LDA measurements and 

the CFD (RSM Stress-BSL) results of the streamwise velocity components are shown in Fig. D2a and 

Fig. D2b, respectively. While the LDA measurements show some minor scatter, the CFD results are 

almost indiscernible along the different profiles. A small portion of the CFD results at 𝑥 ℎ⁄  = 5 is given 

in a magnified view in order to demonstrate that though some asymmetry persists in the numerical 

simulations, it is of negligible significance. According to Fig. D2, flow symmetry is maintained in both 

the upstream and downstream cross-sections, corroborating the use of a quarter channel for the 

numerical simulations.  

 

Fig. D1 Representative measurement planes for the demonstration of flow symmetry. 
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Fig. D2 a) LDA measurements; b) CFD (RSM Stress-BSL) simulation of the streamwise flow component at 

 𝑥 ℎ⁄  = -1.4 and 𝑥 ℎ⁄  = 5 along profiles in the wall-normal plane in order to demonstrate flow symmetry. 

 𝑅𝑒1 = 0.36∙105;  𝑢1 = 3.63 m/s;  𝑑ℎ1 = 0.15 m;  𝑑ℎ2 = 0.25 m 
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Appendix E 

CFD simulations with the RSM Stress-BSL model were carried out for a square sudden expansion of 

𝑛𝐴𝑅 = 2.78, with a duct length of 46𝑑ℎ2 downstream of the expansion plane, in order to determine the 

necessary length to reach a fully developed flow or – if it is not feasible – to calculate the loss coefficient 

of the sudden expansion with the extrapolation method with sufficient accuracy. As a worst-case-

scenario, the Reynolds number was set to the highest examined value: 𝑅𝑒1 = 3.0∙10
5, as for higher 

Reynolds numbers, a longer recovery section is expected [13].   

Streamwise velocity profiles were examined at 𝑥 𝑑ℎ2⁄  = 10; 20; 40; 45 downstream locations, 

as shown in Fig. E1a. The last profile was taken at 45𝑑ℎ2instead of 46𝑑ℎ2 to avoid any disturbing effect 

of the outlet boundary. The profiles a 40𝑑ℎ2 and 45𝑑ℎ2 are almost overlapping, indicating a close but 

not yet fully developed state, which is also corroborated by the non-zero value of the rate of change of 

the streamwise centerline velocity in the 𝑥-direction (𝑑𝑢𝑐𝑙 𝑑𝑥⁄ ), depicted in Fig. E1b. As a downstream 

length of 46𝑑ℎ2 already has high computational demands, and it is still not enough to reach a completely 

developed state, the effect of the examined length on the loss coefficient was examined as follows. The 

mass-weighted average of the total pressure was determined for several cross-sections downstream of 

the expansion plane, and the related loss coefficient (𝜁𝐵𝐶,𝑒𝑥𝑡) was calculated by using the extrapolation 

method (conf. Eq. 2.7). The loss coefficient as a function of the downstream length, nondimensionalized 

by the downstream hydraulic diameter of the duct, is depicted in Fig. E2a, together with the wall static 

pressure coefficient (𝑐𝑝), given in Eq. (E1). 

𝑐𝑝 =
𝑝𝑥
𝜌
2
𝑢1
2
 (E1) 

, where 𝑝𝑥 is the wall static pressure, measured at location 𝑥. 

It is observable in Fig. E2a that the loss coefficient reaches a nearly constant value at ~10𝑑ℎ2, 

shortly after the location of the maximum wall static pressure coefficient, so apparently, the subsequent 

equalization of the velocity profile does not alter the loss coefficient significantly. The relative error of 

the loss coefficient (𝛿𝜁𝐵𝐶,𝑒𝑥𝑡) at location 𝑥 (𝜁𝐵𝐶,𝑒𝑥𝑡,𝑥) with respect to the loss coefficient at 45𝑑ℎ2 

downstream of the expansion plane (𝜁𝐵𝐶,𝑒𝑥𝑡,4 ) is given in Eq. (E2), and is depicted in Fig. E2b, from 

which one can note that 𝛿𝜁𝐵𝐶,𝑒𝑥𝑡 decreases below 1% – a sufficiently low tolerance level – at ~7.5𝑑ℎ2. 

Therefore, a downstream length of ~10𝑑ℎ2, containing sufficient safety reserve, was set in the numerical 

simulations for all examined geometry variants and Reynolds numbers.  
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𝛿𝜁𝐵𝐶,𝑒𝑥𝑡 =
𝜁𝐵𝐶,𝑒𝑥𝑡,𝑥 − 𝜁𝐵𝐶,𝑒𝑥𝑡,4 

𝜁𝐵𝐶,𝑒𝑥𝑡,4 
 (E2) 

 

 

Fig. E1 a) Numerical simulation results (RSM Stress-BSL) of the streamwise velocity profiles at different 

downstream locations; b) Rate of change of the centerline velocity in the x-direction. 

𝑅𝑒1 = 3.0∙105; 𝑢2 = 10.9  m/s; 𝑑ℎ2 = 0.25 m 

 

Fig. E2 a) Loss coefficient of the square sudden expansion and wall static pressure distribution in the x-

direction; b) Relative error of the loss coefficient as a function of the downstream duct length.  

𝑅𝑒1 = 3.0∙105; 𝑑ℎ2 = 0.25 m  

u
/ū

 

 /d 1

d
u

cl
/d

x

 /d 1

x/dh2 = 20

x/dh2 = 30

x/dh2 = 40

x/dh2 = 45

0             10           20           30           40   45

y

x/dh2

→ 𝑢

Not drawn to scale.

a) b)

ζ e
xt
;

c p

 𝑒𝑥𝑡
𝑐𝑝

δ
ζ e

xt

x/dh2

a) b)

x/dh2



151 

 

Appendix F 

 

Fig. F1 Validation of the numerical models upstream of the sudden expansion - velocities. 

 𝑑ℎ1 = 0.15 m;  𝑢1 = 3.63 m/s; 𝑅𝑒1 = 0.36∙105   
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Fig. F2 Validation of the numerical models upstream of the sudden expansion – normal Reynolds stresses.   

 𝑑ℎ1 = 0.15 m;  𝑢1 = 3.63 m/s; 𝑅𝑒1 = 0.36∙105   
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Fig. F3 Validation of the numerical models in the square sudden expansion without miniflaps downstream of the 

sudden expansion – velocities. 

𝑑ℎ1 = 0.15 m; 𝑑𝑑𝑖𝑎𝑔,1 = 0.21 m; 𝑢1 = 3.63 m/s; 𝑅𝑒1 = 0.36∙105   
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Fig. F4 Validation of the numerical models in the square sudden expansion without miniflaps downstream of the 

sudden expansion – normal Reynolds stresses.  

𝑑ℎ1 = 0.15 m; 𝑑𝑑𝑖𝑎𝑔,1 = 0.21 m; 𝑢1 = 3.63 m/s; 𝑅𝑒1 = 0.36∙105   
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Fig. F5 Validation of the numerical models for a miniflap angle of 𝛼 = 12° downstream of the sudden 

expansion - velocities. 

𝑑ℎ1 = 0.15 m; 𝑑𝑑𝑖𝑎𝑔,1 = 0.21 m; 𝑢1 = 3.63 m/s; 𝑅𝑒1 = 0.36∙105   
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Fig. F6 Validation of the numerical models for a miniflap angle of 𝛼 = 12° downstream of the sudden 

expansion – normal Reynolds stresses. 

𝑑ℎ1 = 0.15 m; 𝑑𝑑𝑖𝑎𝑔,1 = 0.21 m; 𝑢1 = 3.63 m/s; 𝑅𝑒1 = 0.36∙105   

 

 

 

𝑦
/𝑑
ℎ
1

𝑢′𝑢′ 𝑢1
2

⁄

𝑢′𝑢′ 𝑢1
2

⁄

𝑦
2
+
𝑧
2

 
/𝑑
𝑑
𝑖𝑎
𝑔
1

𝑣′𝑣′ 𝑢1
2

⁄

𝑦
/𝑑
ℎ
1

𝑣′𝑣′ 𝑢1
2

⁄

𝑦
2
+
𝑧
2

 
/𝑑
𝑑
𝑖𝑎
𝑔
1

𝑥/ℎ

LDA GEKO Ccor = 0.9; Csep = 1.0



157 

 

Appendix G 

 

Fig. G1 Numerical results of the loss coefficient of a square sudden expansion equipped with miniflaps as a 

function of the miniflap angle. 

 𝑅𝑒1 = 0.36∙105, 𝑑ℎ1 = 0.15 m. Turbulence model: GEKO 𝐶𝑐𝑜𝑟 = 0.9; 𝐶𝑠𝑒𝑝 = 1.0 

 

0,23

0,24

0,25

0,26

0,27

6 9 12 15 18

ζ M
F

,e
xt

α,  

nAR = 2

0,38

0,39

0,4

0,41

0,42

0,43

6 9 12 15 18

ζ M
F

,e
xt

α,  

nAR = 2.78

0,5

0,52

0,54

0,56

0,58

0,6

6 9 12 15 18

ζ M
F

,e
xt

α,  

nAR = 4

0,64

0,66

0,68

0,7

0,72

0,74

0,76

6 9 12 15 18

ζ M
F

,e
xt

α,  

nAR = 6.4

lmf /dh1 = 0.13

lmf /dh1 = 0.3

lmf /dh1 = 0.5



158 

 

 

Fig. G2 Numerical results of the loss coefficient of a square sudden expansion equipped with miniflaps as a 

function of the miniflap angle.  

𝑅𝑒1 = 1.08∙105, 𝑑ℎ1 = 0.15 m. Turbulence model: GEKO 𝐶𝑐𝑜𝑟 = 0.9; 𝐶𝑠𝑒𝑝 = 1.0 
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Fig. G3 Numerical results of the loss coefficient of a square sudden expansion equipped with miniflaps as a 

function of the miniflap angle.  

𝑅𝑒1 = 3.0∙105, 𝑑ℎ1 = 0.15 m. Turbulence model: GEKO 𝐶𝑐𝑜𝑟 = 0.9; 𝐶𝑠𝑒𝑝 = 1.0 
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