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Vehicle handling and stability are critical factors in road transport. Unfortunately, numerous road

accidents occur every day, many of which are related to the lateral stability of vehicles. Drivers often

do not choose the speed in accordance with the tra�c regulations, the dynamic characteristics (the

geometry, the mass, and the acceleration capacity) of the vehicle, and the environmental conditions

(the weather and the tra�c situation). In other cases, unwanted vibrations may appear in real tra�c

that were not suspected during the design and testing of the vehicle. According to road transport

statistics [1, 2], 9% of the road accidents in Hungary between 2016 and 2023 were caused by trucks,

4% by motorcycles, 4% by mopeds, and10% by bicycles. Electric scooters (e-scooters) appeared

mainly in big cities in the last decade and generated a rapid spread of micro-mobility vehicles.

Unfortunately, the number of accidents also increased with their appearance. The Hungarian Central

Statistical O�ce also has statistical data for the 2024 year on the accidents caused by �scooters

with motors� (not including mopeds) in Hungary, see [2]. Shockingly, approximately 4% of road

accidents were caused by scooters in June.

All these statistical data con�rm that the mechanical modeling of classical vehicle combinations

(truck, truck-semitrailer, etc.) should remain a relevant topic in vehicle dynamics to reduce the risk

of serious accidents related to these vehicles. Beyond this, with the spread of mico-mobility vehicles

(e-scooters, electric unicycles, segways, skateboards, etc.), there is a need for a new research direction

of vehicle dynamics to understand how these vehicles move and how they should be controlled. This

dissertation aims to achieve results in both topics, namely, the dynamics of two-wheeled trailers

and e-scooters are in the focus.

1.1 Nonlinear vehicle dynamics

The lateral stability and handling of vehicles is a key issue for road transport and has long been an

important research topic. The analyses of linear vehicle models of Whitcomb and Milliken [3] and

Pacejka [4] date back to the 1950s and 1960s, respectively. Their research has laid the foundations

for vehicle design. However, some of the phenomena in this research �eld remained unexplored since

they are related to the nonlinear dynamics of the vehicles. Thanks to the mathematical tools and

computational methods that have been developed, nonlinear analysis has become established in

academia and has also begun to be used in industry. Stability charts, phase portraits, and nonlinear

bifurcation diagrams were composed for the most intricate nonlinear vehicle dynamics problems in

the last decades.

For example, the very old problem of towed wheels, namely the shimmy motion of steered wheels,

has been deeply studied by Schlippe and Dietrich [5], Pacejka [6], and Stepan [7]. However, new

relevant results have been obtained recently using modern mathematical tools, see Beregi [8�11]

and Horvath and Takacs [12]. Similarly, the airplane nose gear shimmy analysis has been boosted

by Thota, Krauskopf, and Lowenberg [13, 14]. The physical explanation of an everyday problem has

become also possible thanks to these new approaches; the rocking motion of suitcases was analyzed

by Facchini, Sekimoto, and Pont [15] and Horvath and Takacs [16]. Of course, more important
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CHAPTER 1. INTRODUCTION

nonlinear vehicle dynamics problems related to road vehicles, like the wobble motions of motorcycles

and bicycles, have also been studied by Sharp, Evangelou, and Limebeer [17], Schwab, Meijaard,

and Papadopoulos [18], Meijaard et al. [19], Kooijman, Schwab, and Meijaard [20], Plöchl et al. [21],

Klinger et al. [22], and Edelmann, Haudum, and Plöchl [23]. Vehicle handling in close to critical

maneuvers is also the focus of recent studies of Rossa, Mastinu, and Piccardi [24] and Goh, Goel,

and Gerdes [25], which allow the development of a new generation of vehicle motion control that

utilizes the results of nonlinear analyses.

The above-mentioned vehicle dynamics problems are well-known in everyday life and are

represented as important topics in the research community. Although they were already investigated

by many research groups, there are still many open questions. In order to better understand the

dynamics related to these problems, detailed theoretical, numerical, and experimental analyses are

required. However, the appropriate mechanical and mathematical modeling and the analysis with

proper mathematical tools can lead to challenging engineering tasks from numerous perspectives.

The vehicle systems in question are often complex multi-degree-of-freedom dynamical systems with

coupled vibration modes. In addition, a spatial mechanical model is often required to describe the

nonlinear dynamics appropriately. The complicated nature of the contact between the wheels of the

vehicle and the ground has to be handled, too, which is a fairly complex task. Hence, most of the

previous studies are limited to numerical analysis, e.g., using multibody dynamics software and

commercial computer codes. In this thesis, low-degree-of-freedom models of two-wheeled vehicles

are constructed and investigated, which can be managed analytically but still capture the spatial

dynamics and the relevant vibrations of the vehicles. Namely, the thesis aims to �ll the research

gap between the simple in-plane and the complex multibody models.

In vehicle handling, the modeling of tires and the modeling of the tire-ground contact have

relevant e�ects on the resulting vibrations. Therefore, this research �eld has been investigated

deeply for many decades, and several tire models exist with di�erent levels of complexity. In the

simplest case, a single contact point is considered between the wheel and the ground, see Moreland

[26]. For more complex tire models such as the brush model presented in detail by Beregi et

al. [8�10] and the stretched string model detailed by Schlippe and Dietrich [5] and Takacs, Orosz,

and Stepan [27], a �nite contact patch is considered, and the tire deformation is represented with

spring elements. In the case of semi-empirical tire models, the tire force characteristics are speci�ed

semi-empirically, namely by using shape functions based on experiments with real tires. The most

famous semi-empirical tire model is the so-calledMagic Formula of Pacejka [4, 6]. This model is

widely used in the industry since it does not require the handling of a complex system of ordinary

and partial di�erential equations. On the contrary, the exact modeling of the contact region requires

many computational resources and is not analytically feasible. Therefore, engineers often use

numerical tools with advanced dynamical tire models, such asFTire [28], RMOD-K [29], SWIFT [6]

and TMeasy [30]. In practice, these tire models are implemented in multibody system software like

Adams [31] and MATLAB Simulink [32].

In certain cases, unwanted vibrations emerge after the design stage of the vehicle, although

extensive �eld tests are always included. In general, the design of vehicles is related to an optimization

problem that is subjected to many aspects. Thus, the �nal design is a compromise regarding the

geometric, inertial, and control parameters. For example, a parameter setup would be advantageous

for avoiding undesired vibrations, but it is not optimal from other points of view, e.g., comfort or

maneuverability. The development of stability control algorithms came to the forefront because
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CHAPTER 1. INTRODUCTION

of this issue. It opens new opportunities by introducing new, somewhat independent parameters

in the vehicle system. But in real applications, sensing, signal processing, and actuation all take

time. Therefore, time delay is also introduced by the control. On the one hand, the presence of the

time delay makes the dynamical systems in�nite-dimensional and the mathematical models even

more complicated. On the other hand, the time delay can have a bene�cial e�ect on the stability

properties of the controlled system. For example, it was shown by Szaksz and Stepan [33] that

the time delay in the position control of an elastic robotic arm has a stabilizing e�ect. A similar

stabilizing e�ect can be observed in the case of a human-controlled towing of vehicles presented

by Szaksz and Stepan [34] and stabilization of an inverted pendulum, see the research of Balogh and

Insperger [35] and Balogh, Kovacs, and Insperger [36]. Although these studies already explored the

non-trivial e�ect of time delays on stability, some engineers still put relevant e�orts into reducing

the delay in the control loop as much as possible. This dissertation highlights the bene�cial impact

of time delay on vehicle control performance.

1.2 The snaking motion of trailers

The snaking motion of trailers became a relevant topic in the freight transport industry more

than 40 years ago, see Troger and Zeman [37]. However, it is still an actively researched �eld.

Trailers are very commonly used in very di�erent combinations with respect to the mass ratio of the

towing vehicle and the towed vehicle (i.e., the trailer). Several road accidents happen due to the

inappropriate amount of payload and incorrect payload position, which easily leads to the so-called

snaking and rocking motions of the trailer. These unwanted vibrations are often associated with

high towing speeds and are often generated by some initial impulses or perturbations caused by the

driver or other circumstances (such as wind gusts or uneven roads), see [37�42].

In the past, theoretical and numerical investigations have been made on the stability properties

of car-trailer combinations considering di�erent levels of complexity of the investigated mechanical

models, see the 3 DoF model of Bevan, Smith, and Ashley [40] and Kang and Deng [41], the 4 or

6 DoF models of Anderson and Kurtz [42] or the 32 DoF model of Sharp and Ferna«dez [39]. A

systematic experimental investigation by Darling, Tilley, and Gao [38] was also carried out using

an adjustable trailer and concluded that the key factors that a�ect the stability properties of the

car-trailer combination are the yaw inertia, the mass distribution, and the position of the trailer

axle.

In theoretical stability analyses, the pitch/bounce and the roll motions of the trailer are often

separated from the lateral dynamics, which is a commonly used and accepted approach in vehicle

dynamics. Namely, the use of in-plane models is a conventional solution in the �eld. Sometimes,

the single-track model, the so-called bicycle model, is also applied to simplify the analysis as in the

studies of Lugner, Pacejka, and Plöchl [43] and Beregi, Takacs, and Stepan [8]. As a result, the

governing equations have a relatively simple form, and analytical calculations can be performed

even with the nonlinear system. These models partially explain unsafe parameter zones and related

nonlinear phenomena. For example, it is shown by Beregi [11] that the global stability of the

rectilinear motion is not ensured in the linearly stable towing speed range, and large enough

perturbations may lead to unwanted large amplitude vibrations of the trailer. Some relevant

phenomena may be unexplored when in-plane models are used. For example, the rocking motion is

clearly not described by these models. Therefore, a spatial mechanical model is constructed in this

3



CHAPTER 1. INTRODUCTION

study to account for the nonlinear coupling between the vertical and lateral motions of the trailer.

The car-trailer system can show di�erent types of loss of stability that are referred to in various

terminologies. In Tab. 1.1, we give the de�nitions of the di�erent types of stability problems in order

to refer to them in the remaining part of this study. To avoid jackkni�ng, rollover, and trailer-sway

(snaking), engineers have developed several control strategies in the last decades. Some control

schemes are summarized and classi�ed by Vempaty, He, and Zhao [44]. Most of the control strategies

are �leading-unit based�, i.e., the towing car is controlled. However, there exist some strategies

that are either �trailer-unit based� (i.e., the trailer is controlled) or �overall car-trailer combination

based� (i.e., both the towing car and the trailer are controlled), see the stability control schemes

by Kang and Deng [41], Hac, Fulk, and Chen [45], Kageyama and Nagai [46], and Bernardis et al.

[47]. According to the types of control actuation, three major control classes can be summarized:

di�erential braking, active steering, and active roll control. Di�erential braking can be achieved

by braking the towing car, the trailer, or both. The underlying mechanism is simple: if the yaw

rate of the vehicle exceeds a threshold value, the di�erential braking system is activated; namely,

an individual wheel is braked. According to Vempaty, He, and Zhao [44] and Kang and Deng

[48], di�erential braking can be easily implemented on car-trailer combinations equipped with an

anti-lock braking system since no additional actuators are needed. Active steering and active roll

control are rarely applied to articulated vehicles since steering and anti-roll actuators are expensive.

Table 1.1: Types of loss of stability of car-trailer combinations

de�nition synonym(s) description

car-swing A non-oscillatory motion of the towing car about
its yaw axis.

jackkni�ng trailer-swing [44] A non-oscillatory motion of the trailer about its
yaw axis.

rollover tip-over, overturn A non-oscillatory motion of the trailer about its
roll axis, leading to a lateral fall.

snaking trailer-sway [44]; sway
[45]

A side-to-side oscillatory motion of the trailer
about its yaw axis.

rocking An up-and-down oscillatory motion of the trailer
about its roll and pitch axes, with the loss of
contact of tires with the ground.

This study aims to avoid unwanted snaking and rocking vibrations by carefully exploring the

nonlinear dynamics and determining the appropriate parameter combinations of two-wheeled trailers.

With analytical, numerical, and experimental investigations, one can suggest, for example, where

the payload on the trailer should be placed and how the towing speed should be chosen. In addition,

the globally stable speed region can be extended by applying stability control having feedback delay,

e.g., by using a di�erential braking scheme.

1.3 The balancing of electric scooters

As previously mentioned, the spread of micro-mobility vehicles in urban transportation made a

demand for the dynamic analysis of these devices to reduce the number of related road accidents.

Namely, new types of single-track vehicles, such as e-scooters and electric unicycles, have become

4
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very popular in recent decades and are involved in many accidents. On the one hand, they can do

sudden maneuvers thanks to their stability properties, which are tuned close to the stability limit.

On the other hand, their motion control requires special e�ort from the riders, which means their

motion is much more in�uenced by the riders' skills than the classical road vehicles like cars, trucks,

and buses. Of course, all these issues are already well-known for a long time since bicycles and

motorcycles were developed more than a hundred years ago. Consequently, their mechanical and

mathematical modeling already started at that time. Although the motion of motorcycles, bicycles,

and e-scooters can be described using the same mechanical model, they have di�erent geometric

features and characteristics. The recent studies on the dynamics of motorcycles [17, 49�54] and

bicycles [18�23, 55�60] answer the most relevant questions regarding the stability, and experts in

the �eld know a lot about the dynamic properties of these vehicles, both in theoretical and practical

aspects. In contrast, e-scooters [61�63] and electric unicycles [64] are relatively new, and their

dynamics have not been studied to a great extent yet.

To appropriately describe the dynamics of these single-track vehicles, a spatial mechanical model

is needed. The commonly used Whipple-Carvallo (or often simply called as Whipple) bicycle model

was constructed independently both by Carvallo [65] and Whipple [66]. The complex structure of

the geometric and kinematic constraints of this spatial mechanical model provides a set of nonlinear

di�erential equations that cannot be managed analytically. Hence, most of the literature focuses on

semi-analytical and numerical stability analysis. The validity of these studies is often limited to

small vibrations, i.e., only linear stability analysis is performed.

The spatial rolling of the wheels in the Whipple model causes challenging modeling problems for

engineers. Namely, the geometric constraint, which describes that both wheels touch the ground,

results in a complicated nonlinear relation within the pitch, the steering, and the lean angles.

Although the handling of this constraint is a crucial part of the derivation of the equations of motion,

several studies do not specify how they manage this constraint in their model. Psiaki [67] was the

�rst researcher to state that the constraint equation can be solved for the pitch angle analytically.

The analytic solution is also presented by Xiong, Wang, and Liu [58], Peterson and Hubbard [68],

and Wang et al. [69]. However, the analytic solution is cumbersome and di�cult to implement.

Therefore, the use of thedynamic inclusion method presented by Peterson and Hubbard [68] can

provide a solution during the derivation process of the nonlinear governing equations. The dynamic

inclusion means that the constraint is handled as a kinematic constraint, and the pitch angle is

used as an additional coordinate.

As a multi-body system, bicycles can lose their stability with di�erent vibration modes called

by various names in the literature. We summarized these types of loss of stability of motorcycles

and bicycles in Tab. 1.2, where we also give a short description of them. The benchmark model

of bicycles with a constant forward speed and the linear stability analysis has been introduced

by Meijaard et al. [19]. It was shown that the bicycle is self-stable within a speed range, i.e., between

the so-called weave speed and the capsize speed. For a long time, this self-stability was believed

to correlate to gyroscopic and caster e�ects. However, Kooijman et al. [56] showed that neither

the gyroscopic precession of the front wheel nor a positive trail is necessary for self-stability. By

contrast, geometric properties like the front assembly (fork and handlebar) mass distribution or the

rake angle of the bicycle play a relevant role in self-stability.

Besides the investigation of the dynamics of uncontrolled motorcycles and bicycles, control strate-

gies are also the focus of recent studies. Namely, control strategies for path-tracking by Edelmann,
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Table 1.2: Types of loss of stability of motorcycles and bicycles

de�nition synonym(s) description

capsize A non-oscillatory motion with increasing
lean/roll angle, leading to a lateral fall.

weave sway; snaking [70] A low-frequency side-to-side oscillatory motion
of the rear frame (the body and the rear wheel)
about the roll axis, with oscillations about the
yaw axis.

wobble tank slapper; speed
wobble, death wobble,
speedman's wobble [71];
shimmy [59, 70]

A high-frequency oscillatory motion of the front
frame (the fork, the handlebar, and the front
wheel) about the steering axis.

Haudum, and Plöchl [23], fuzzy control for roll angle tracking by Chen and Dao [72], human control

of a bicycle considering reaction time by Lipp [73], and the optimal handling of a bicycle by Moore,

Hubbard, and Hess [74] have also been studied recently. A riderless motorcycle is balanced at zero

forward speed in the concept of theHonda Riding Assist [75], where the balancing is achieved by a

variable caster mechanism and by steering the handlebar. Rider assist systems came already into

the focus in vehicle dynamics, when stability control, anti-lock systems, and traction control started

to be developed for single-track vehicles. As can be suspected, self-driving will be the next main

task for engineers, as happened in the case of double-track vehicles (passenger cars, trucks, buses,

etc.). The most important di�erence is that autonomous driving may be relevant for single-track

vehicles in riderless mode, e.g., during parking.

Autonomous parking is also a futuristic wish of customers of micro-mobility vehicles. On the

one hand, e-scooters have become quite popular recently for several reasons. They o�er a great

possible solution to the ��rst and last mile problem�. They are relatively small, compact, and

foldable. This makes them practical for commuting and using public transport in an environmentally

friendly way. On the other hand, a relevant part of e-scooters is operated by sharing companies.

These e-scooters are built to be more robust and reliable, and they consequently lost some of their

bene�cial properties (low mass, small size). This is one of the reasons why e-scooters are often

scattered in the streets, as many people do not move them to the docking areas. This study analyzes

a possible solution by which e-scooters could be driven to designated parking areas without a rider.

As a �rst step, we investigate the stability of an autonomous e-scooter based on the concept of

the Honda Riding Assist [75], which can balance itself at zero longitudinal speed. Balancing these

vehicles at zero speed in the originally unstable upright position is the most complicated control

task. It serves as a basis for extending self-driving functions for low speeds.

1.4 Scope of the dissertation

As introduced in the previous sections, this study focuses on two-wheeled vehicles: trailers and

e-scooters. The investigations of snaking trailers and self-balancing e-scooters seem to be far from

each other. However, many mechanical and mathematical modeling aspects are common. To begin

with, both problems are related to the spatial rolling of wheels. In addition, modeling of the wheel-

ground contact is crucial. The description of the pitch motion of the vehicle is complicated, although

it plays a key role in the dynamics. The stability strongly depends on the longitudinal speed, and
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the stability control has to be designed considering this. One can use the same mathematical

tools to analyze the e�ect of the time delay in the control loop. All these aspects are investigated

analogously for both the trailer and the e-scooter but separately in two main chapters.

In Chapter 2, the stability of towed two-wheeled trailers is investigated. A full spatial mechanical

model is constructed to consider all the yaw, pitch, and roll motions. The nonlinear equations of

motion are derived with the Lagrange equation of the second kind. Linear and nonlinear stability

analyses are performed using analytical, numerical, and experimental methods. The e�ect of several

parameters on the linear stability properties is shown on linear stability charts. The nonlinear

vibrations of the trailer are investigated by performing local bifurcation analysis with the center

manifold reduction and numerical investigations using continuation. The e�ect of the pitch is

identi�ed based on the results. The constructed mechanical model is validated with experiments

performed on a small-scale trailer running on a conveyor belt. A simple control algorithm is

presented, with which the stable running of the trailer can be ensured for a larger towing speed

range.

In Chapter 3, the stability of riderless e-scooters is detailed. A spatial mechanical model

is constructed based on the Whipple bicycle model. The nonlinear governing equations of the

non-holonomic system are derived using Kane's method. Closed-form formulas are derived to

approximate the pitch motion for small vibrations around di�erent equilibria. Two control strategies

are developed to balance the e-scooter in the upright position at zero longitudinal speed. Linear

state feedback controllers with multiple delays are designed, and the e�ect of geometric and control

parameters is investigated with the help of linear stability charts. The performance of the proposed

control algorithms is veri�ed through nonlinear simulations.

The conclusions, together with possible future research directions, are summarized in Chapter 4.
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This chapter investigates the nonlinear dynamics of towed two-wheeled trailers using a spatial 4 DoF

model. The nonlinear governing equations are derived with the help of the Lagrange equation of the

second kind. Beyond the linear stability analysis, the nonlinear vibrations are analyzed with special

attention to the coupling between the vertical and the lateral motions of the trailer. The sense of

the Hopf bifurcations is determined both semi-analytically and numerically. The theoretical results

are veri�ed by experiments carried out on a small-scale trailer. To extend the globally stable speed

range, stability control is applied.

2.1 Modeling

In this study, a spatial mechanical model of a two-wheeled trailer with non-rigid wheel suspensions

is used, where all the yaw, pitch, and roll motions are considered, see Model A in Fig. 2.1(a). To

have a relatively low degree-of-freedom model and a moderate number of parameters, we do not

take into account the coupled dynamics of the towing car and the trailer. This simpli�cation may

seem inappropriate, but in this study, we focus on the e�ect of the pitch motion on the nonlinear

vibrations of the trailer. One of the main contributions of our study is the analysis of the nonlinear

coupling between the vertical and lateral motions of the trailer. We hypothesize that the linearly

independent pitch motion a�ects the local bifurcations, namely, it changes the sense of the Hopf

bifurcations at the linear stability boundaries. To verify this assumption, three models are compared

to each other in our analysis, see Fig. 2.1. These models represent di�erent levels of complexity,

beginning with the most complex full spatial model (Model A) with 4 DoF, see panel (a). Model B

in panel (b) is a reduced model with blocked pitch motion, but it considers the e�ect of the roll

motion on the stability. Model C is the simplest 2 DoF in-plane model with blocked pitch and

roll motions, see panel (c). This latter model is the most commonly used one in the literature for

stability investigations, see for example, the studies of Beregi, Takacs, and Stepan [8, 9], Beregi

et al. [10], and Lugner, Pacejka, and Plöchl [43].

2.1.1 Mechanical model and generalized coordinates

The full spatial mechanical model (represented as Model A in Fig. 2.1) of two-wheeled trailers can

be seen in Fig. 2.2. The trailer is moving in the(x0; y0; z0) ground-�xed coordinate system. The

towing speedv is kept constant for the kingpin (point A) in the x0 direction, while the movement

of the kingpin is not constrained in the y0 direction. The trailer is considered as a rigid body

with mass m and mass moment of inertia tensorJC at the center of gravity C. The longitudinal

and vertical positions of the center of gravity are given relative to the axle of the wheels by the

parameters a and h, respectively. We consider that the trailer is symmetric with respect to its

longitudinal plane, i.e., point C is located in this center plane of the trailer. In the nominal position,

the towing bar is horizontal. The constant vertical distance between the kingpin and the ground is

denoted by h0, the track width is 2w, and the caster length, i.e., the longitudinal distance between

9



CHAPTER 2. STABILITY OF TOWED TWO-WHEELED TRAILERS

Figure 2.1: Mechanical models of a two-wheeled trailer with di�erent levels of complexity: (a) full
spatial model, (b) reduced model with blocked pitch motion, (c) in-plane model.

the axle of the massless wheels and the kingpin, isl . In the mechanical model, the pitch dynamics

of the trailer is considered, accordingly the overall sti�ness and the damping of the right/left tires

and their suspensions are denoted by the parametersk and c, respectively. The interaction between

the towing vehicle and the trailer is modeled by the lateral sti�ness klat and by the lateral damping

clat . This assumption may seem to be an oversimpli�cation, but it is often used in the literature [7,

76] in order to keep the complexity of vehicle models and the corresponding mathematical formulas

on a manageable level. Accordingly, the number of parameters in our model is moderate.

Figure 2.2: The spatial, 4 DoF model of towed two-wheeled trailers. Axonometric view with the
generalized coordinates and geometric parameters.

The system would have six degrees of freedom without any constraints. However, the constant

towing speed assumption manifests in the following rheonomic geometric constraint:

r x0
A = vt ; (2.1)

10
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where r x0
A refers to the x0 coordinate of the kingpin A. In addition, the z0 coordinate of this point

is �xed:

r z0
A � h0 : (2.2)

Thus, we consider that the kingpin cannot move vertically and its longitudinal motion is

also constrained. This assumption is based on real-life observations and some related work of

the literature. Videos available about trailer stability issues on highways show that the vertical

vibrations of the towing vehicle are often negligible compared to the lateral vibrations. It is shown

in [77] that the longitudinal sti�ness of the kingpin in�uences the linear stability of the cornering

maneuver of the towed rigid wheel. But, it does not a�ect the linear stability of the rectilinear

motion, and only has moderate e�ects on the large amplitude vibrations.

The system hasn = 6 � 2 = 4 DoF, i.e., one has to choose four generalized coordinates to

describe the con�guration uniquely. Let us choose the yaw angle , the pitch angle #, the roll

angle ' , and the lateral displacement of the kingpin u, see Fig. 2.2. Thus, the vector of generalized

coordinates is

q =
h
 # ' u

i T
: (2.3)

In order to avoid the presence of kinematic constraints, which could originate in the rolling

of the wheels, we would rather use an elastic tire model that is based on the creep-force idea

of Pacejka [6] considering the side slip of the wheels. This assumption leads to a more realistic model

description. It also avoids kinematic constraints; correspondingly, the system remains holonomic,

and the equations of motion can be derived with the Lagrange equation of the second kind [78].

In addition, the resultant governing equations are second-order ordinary di�erential equations. To

determine the equations of motion in the following subsections, we detail the kinematics (geometrical

relations and velocities) of the trailer and the generalized forces.

2.1.2 Coordinate frames

We de�ne four frames. The ground-�xed global reference frame is referred toF0 with the coordinate

system (x0; y0; z0), with bases i0, j 0 and k0. The other three reference framesFk are provided by

means of subsequent angular rotations: with the yaw angle about the z0-axis, with the pitch

angle # about the y1-axis, and with the roll angle ' about the x2-axis. Hence,(x3; y3; z3), denoted

by F3, is the trailer-�xed moving reference frame. The rotations, i.e., the transformation between

the reference frames, can be expressed with rotational/transformation matrices:

T 0;1 =

2

6
6
4

cos � sin  0

sin  cos 0

0 0 1

3

7
7
5 ; T 1;2 =

2

6
6
4

cos# 0 sin#

0 1 0

� sin# 0 cos#

3

7
7
5 ; T 2;3 =

2

6
6
4

1 0 0

0 cos' � sin '

0 sin' cos'

3

7
7
5 :

(2.4)

With the help of these rotational matrices, a general expression for the transform of an arbitrary

vector r can be derived as

r F i = T i;j � r F j ; (2.5)

where the representation of the vector in theF i frame is given as

r F i =
h
r x i r yi r zi

i T

F i
: (2.6)
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The transform of an arbitrary matrix J can be expressed as

JF i = T i;j � JF j � T T
i;j ; (2.7)

where T T
i;j is the transpose of matrix T i;j . The tranformation between coordinate framesn and m

is a series of tranformations:

T n;m =
m� 1Y

j = n

T j;j +1 ; (2.8)

where n < m .

2.1.3 Kinematics

To determine the kinematic quantities, one has to de�ne the state of velocity of the rigid body. The

angular velocity vector of the trailer can be represented in frameF3 as

! = _ T � 1
0;3

2

6
6
4

0

0

1

3

7
7
5

F 0

+ _# T � 1
1;3

2

6
6
4

0

1

0

3

7
7
5

F 1

+ _' T � 1
2;3

2

6
6
4

1

0

0

3

7
7
5

F 2

=

2

6
6
4

� _ sin# + _'
_ cos# sin ' + _# cos'
_ cos# cos' � _# sin '

3

7
7
5

F 3

: (2.9)

The velocity of the kingpin A can be calculated as the time derivative of the position vectorr A

in the ground-�xed F0 reference frame:

vA = _r A =
h
v _u 0

i T

F 0
; (2.10)

where

r A =
h
vt u h0

i T

F 0
(2.11)

considers the geometric constraints of Eqs.(2.1) and (2.2). The velocities of the center of gravity C

and points R and L can be expressed by means of transport formulas as

vC = vA + ! � r AC ; (2.12)

vR = vA + ! � r AR ; (2.13)

vL = vA + ! � r AL : (2.14)

These formulas can be handled more comfortably in the trailer-�xedF3 reference frame, where the

velocity vector vA reads

vA =

2

6
6
4

vx3
A

vy3
A

vz3
A

3

7
7
5

F 3

=

2

6
6
4

_u sin  cos# + v cos cos#

_u(sin  sin# sin ' + cos  cos' ) + v(cos sin# sin ' � sin  cos' )

_u(sin  sin# cos' � cos sin ' ) + v(cos sin# cos' + sin  sin ' )

3

7
7
5

F 3

: (2.15)

The components of the necessary position vectors in Eqs.(2.12)-(2.14) can be given with the

geometric parameters of the trailer. Based on Fig. 2.2, these can be expressed as

r AC =
h
� l + a 0 h

i T

F 3
; (2.16)

r AR =
h
� l � w 0

i T

F 3
; (2.17)

r AL =
h
� l w 0

i T

F 3
; (2.18)
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respectively. Thus, the velocity vector of the center of gravity C, point R and point L in the

trailer-�xed F3 reference frame can be calculated as

vC =

2

6
6
4

vx3
C

vy3
C

vz3
C

3

7
7
5

F 3

=

2

6
6
4

vx3
A + h _ cos# sin ' + h _# cos'

vy3
A + _ (h sin# � (l � a) cos# cos' ) + ( l � a) _# sin ' � h _'

vz3
A + ( l � a) _ cos# sin ' + ( l � a) _# cos'

3

7
7
5

F 3

; (2.19)

vR =

2

6
6
4

vx3
R

vy3
R

vz3
R

3

7
7
5

F 3

=

2

6
6
4

vx3
A + w _ cos# cos' � w _# sin '

vy3
A � l _ cos# cos' + l _# sin '

vz3
A + _ (w sin# + l cos# sin ' ) + l _# cos' � w _'

3

7
7
5

F 3

; (2.20)

vL =

2

6
6
4

vx3
L

vy3
L

vz3
L

3

7
7
5

F 3

=

2

6
6
4

vx3
A � w _ cos# cos' + w _# sin '

vy3
A � l _ cos# cos' + l _# sin '

vz3
A + _ (� w sin# + l cos# sin ' ) + l _# cos' + w _'

3

7
7
5

F 3

; (2.21)

respectively. In addition, the velocities of the (possible) tire-ground contact pointsR0 and L0 of

the right and the left tires are needed, as well. These contact points are such geometrical points

that de�ne the points of action of the lateral tire forces, and they are also used to calculate the

suspension forces, see Sec. 2.1.4. Let us denote the distance measured between the points R andR0

with sR , and the distance measured between points L andL0 with sL , see Fig. 2.3.

Figure 2.3: The interpretations of the (possible) tire-ground contact points R0 and L0; and the
distancessR and sL .

The equation of the line between points R andR0 can be formulated in the frameF0 as

r R0 = r R � sR T 0;3

h
0 0 1

i T

F 3
; (2.22)

where

r R = r A + r AR : (2.23)

The position vector of point R can be expressed in the ground-�xedF0 reference frame as

r R =

2

6
6
4

r x0
R

r y0
R

r z0
R

3

7
7
5

F 0

=

2

6
6
4

vt + w(sin  cos' � cos sin# sin ' ) � l cos cos#

u � w(cos cos' � sin  sin# sin ' ) � l sin  cos#

h0 � w cos# sin ' + l sin#

3

7
7
5

F 0

: (2.24)

Using the transformations of Sec. 2.1.2, Eq. (2.22) provides

r R0 =

2

6
6
4

r x0
R0

r y0
R0

r z0
R0

3

7
7
5

F 0

=

2

6
6
4

r x0
R � sR (cos sin# cos' + sin  sin ' )

r y0
R � sR (sin  sin# cos' � cos sin ' )

r z0
R � sR cos# cos'

3

7
7
5

F 0

: (2.25)

The distance sR can be calculated based on the fact thatR0 is the contact point of the right tire,

namely, the vertical component of its position vector is zero in the ground-�xed frame:

r R0 � k0 = r z0
R0 = 0 : (2.26)
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By solving this equation, one can get the value ofsR as

sR =
h0

cos# cos'
� w tan ' + l

tan #
cos'

: (2.27)

Note that if the trailer moves in steady-state (i.e., when  = 0 , # = 0 and ' = 0 ), then sR = h0.

Using Eq. (2.27) in Eq. (2.22) gives the x0 and y0 coordinates of point R'. The velocity of point R0

can be calculated by di�erentiating with respect to time:

vR0 = _r R0 : (2.28)

Similar calculations can be done for the left tire, yielding

r L0 = r L � sL T 0;3

h
0 0 1

i T

F 3
; (2.29)

where

r L = r A + r AL : (2.30)

The position vector to point L can be expressed in the ground-�xedF0 reference frame as

r L =

2

6
6
4

r x0
L

r y0
L

r z0
L

3

7
7
5

F 0

=

2

6
6
4

vt � w(sin  cos' � cos sin# sin ' ) � l cos cos#

u + w(cos cos' � sin  sin# sin ' ) � l sin  cos#

h0 + w cos# sin ' + l sin#

3

7
7
5

F 0

: (2.31)

Hence,

r L0 =

2

6
6
4

r x0
L0

r y0
L0

r z0
L0

3

7
7
5

F 0

=

2

6
6
4

r x0
L � sL (cos sin# cos' + sin  sin ' )

r y0
L � sL (sin  sin# cos' � cos sin ' )

r z0
L � sL cos# cos'

3

7
7
5

F 0

: (2.32)

Using r z0
L0 = 0 , the distance between points L andL0 is

sL =
h0

cos# cos'
+ w tan ' + l

tan #
cos'

: (2.33)

The velocity vector for point L0 is

vL0 = _r L0 : (2.34)

2.1.4 Forces and nonlinearities

Let us investigate the forces acting on the trailer. For this, let us divide the system into three bodies:

two massless material points (representing the contact points of the right and the left wheels) and

the body of the trailer. The contact points of the wheels are located at R' and L'. The overall

massm of the system is related to the body of the trailer. The connection of the wheels to the

body is realized by the massless springs and dampers of the suspensions and by the massless tubes

�xed to the body that constrain the wheels to move parallel to the z3 axis.

Free-body diagrams

The forces acting on the contact point of the right wheel and the body of the trailer can be seen

in the free-body diagrams of Fig. 2.4. The normal load acting on the massless particle at R' is

the constraint force from the ground. Since it is perpendicular to the ground, it only has az0

component, denoted byNR . The lateral and the longitudinal components of the tire force are
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Figure 2.4: Forces acting on the trailer: (a) the free-body diagram of the contact point of the right
wheel represented by the massless particle at R', (b) the free-body diagram of the body of the
trailer with the massless tubes.

denoted by F lat
R and F long

R , respectively. These act in the lateral and the longitudinal directions with

respect to the wheel. In more details, the lateral unit vectorelat is the projection of the rotational

axis of the wheelsy3 to the plane of the ground (x0; y0), see Figs. 2.2 and 2.3:

elat =

2

6
6
6
4

cos sin # sin ' � sin  cos'p
sin2 # sin2 ' +cos2 '

sin  sin # sin ' +cos  cos'p
sin2 # sin2 ' +cos2 '

0

3

7
7
7
5

F 0

: (2.35)

The longitudinal direction is perpendicular to elat , therefore the longitudinal unit vector can be

calculated as

elong =

2

6
6
6
4

sin  sin # sin ' +cos  cos'p
sin2 # sin2 ' +cos2 '

� cos sin # sin ' � sin  cos'p
sin2 # sin2 ' +cos2 '

0

3

7
7
7
5

F 0

: (2.36)

Since the movement of point R' is constrained by the massless tube in thex3 and y3 directions, an

internal constraint force emerges between the tube and the massless particle. The related constraint

force components are denoted byK x3
R and K y3

R in the free-body diagrams. The wheel suspension

force F susp
R originates in the deformation of the spring and the damper and it acts as an internal

active force along thez3 direction. On the one hand, it pushes down the massless particle R' to the

ground, while it counterforce lifts the body of the trailer at R.

Since the mass of the wheel is neglected, a force equilibrium can be written for the forces acting

on the massless particle at point R'. From the three scalar equations of the equilibrium, the two

componentsK x3
R and K y3

R of the constraint force, and the normal loadNR can be expressed. Since

the constraint force is an internal force, its virtual power is zero. Hence, it does not play a signi�cant
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role in the derivation of the governing equations. On the contrary, the normal load has a signi�cant

role. It can be expressed with the tire force and the suspension force as

NR =

�
F long

R tan # + F susp
R

1
cos#

p
sin2 # sin2 ' + cos2 '

�
2

cos' + 2F lat
R cos# sin '

q
3 � 2 cos(2#) sin2 ' + cos(2' )

: (2.37)

A similar free-body diagram could be drawn and similar calculations can be done for the left

wheel. Based on these, the normal load at the left wheel can be expressed as

NL =

�
F long

L tan # + F susp
L

1
cos#

p
sin2 # sin2 ' + cos2 '

�
2

cos' + 2F lat
L cos# sin '

q
3 � 2 cos(2#) sin2 ' + cos(2' )

; (2.38)

where F lat
L and F long

L are the lateral and the longitudinal tire force components andF susp
L is the left

wheel suspension force. Here, we note that the results of Horvath and Takacs [79] were obtained by

using a simpli�ed formulation for the normal forces that rationalizes the calculations and provides

similar results regarding the stability and nonlinear vibrations.

The gravitational force acting on the body of the trailer can be calculated in the frameF0 as

G =
h
0 0 � mg

i T

F 0
; (2.39)

where g is the gravitational acceleration. The force vector at the kingpin A contains constraint force

components in thex0 and z0 directions, and its y0 component takes into account the deformation

of the lateral spring and damper. Thus, it can be written as

FA =
h
F x0

A F y0
A F z0

A

i T

F 0
; (2.40)

where

F y0
A = � klat u � clat _u : (2.41)

Non-smooth characteristics of the wheel suspension forces

We assume that the characteristics of the wheel suspension forces are non-smooth, see Fig. 2.5. Let

us characterize the actual length of the suspension withs. If the suspension is fully compressed, i.e.,

s < L min , we consider higher sti�ness and damping for the suspension, whereL min is the minimal

length of the suspension. We pay special attention to the rocking motion of the trailer, namely,

we consider that the right or left tire can detach from the ground, and the related vertical load

becomes zero. We neglect the e�ect of the unsprung mass by considering zero masses for the wheels.

The suspension forces are zeros if the suspension is fully expanded, i.e.,L max < s , where L max

is the maximal length of the suspension. IfL min < s < L max , normal operation occurs. For the

steady-state condition _s = 0 , the schematic characteristics of the suspension forces can be seen in

Fig. 2.5.

The piece-wise smooth formula of the wheel suspension characteristics can be formulated as

Fs(s) =

8
>>>><

>>>>:

F0 + F1 ; if s < L min ;

F0 ; if L min < s < L max ;

0 ; if L max < s ;

(2.42)
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Figure 2.5: The schematic non-smooth characteristic of the suspension forceFs(s) for the steady-
state condition _s = 0 together with the switchings.

for both of the right F susp
R = Fs(sR ) and the left F susp

L = Fs(sL ) suspension forces. In Eq.(2.42),

the force characteristics are

F0 = � k(s � L 0) � c _s ; (2.43)

F1 = � k1 (s � L min ) � c1 _s ; (2.44)

where L 0 is the free length of the spring. To imitate the collision in the suspension, one should

choosek1 � k and c1 � c. Note that we did not take into account that the suspension dampers

can be highly nonlinear. We used this simpli�cation because most caravans only have leaf springs

without any dampers. This also means that the dampingc of the suspension is small, and the

suspension relaxes relatively rapidly. The non-smooth characteristics of Eq.(2.42) can be formulated

as

Fs(s) = ReLU ( F0 � H (L max � s) + F1 � H (L min � s)) ; (2.45)

where we use the so-called Heaviside step-functionH (x) [80], often de�ned asH (x) =
Rx

�1 � (x)dx,

where � (x) is the Dirac-delta function. The ReLU(x) = maxf 0; xg function in Eq. (2.45) guarantees

that the suspension force cannot be negative even when the suspension expands rapidly (i.e.,_s � 0).

The schematic characteristics of the Heaviside-step functionH (x) and the recti�ed linear unit

function ReLU(x) can be seen in Fig. 2.6.

Figure 2.6: The schematic characteristics of (a) the Heaviside-step functionH (x) and (b) the
recti�ed linear unit function ReLU(x).

Nonlinear characteristics of the tire forces

Although both the lateral and the longitudinal tire forces are included in our mechanical model

(see Fig. 2.4), we do not consider any combined slip model. The majority of our calculations will
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focus on the stability of the uncontrolled trailer, where we assume that the longitudinal speed of the

trailer is constant, rolling resistance is negligible, and no braking/driving is applied to the wheels.

Consequently, the longitudinal tire forces are zeros (F long
R = 0 , F long

L = 0 ) in Secs. 2.2-2.4. The case

of non-zero longitudinal tire forces will be investigated in Sec. 2.5, where di�erential braking is

applied to enhance stability. For this vehicle control, we will use the longitudinal forces as control

inputs, without considering the longitudinal slips of the tires. Hence, a tire model is only used to

determine the lateral tire forces.

In the dissertation, the lateral tire forces are calculated based on the semi-empirical Magic

Formula of Pacejka [6] via the side slip angles� R and � L of the right and left wheels:

F lat
R = NR � (� R ) ; (2.46)

F lat
L = NL � (� L ) ; (2.47)

where� (� R ) and � (� L ) are the normalized tire force characteristics. With these formulas, we assume

that the lateral tire forces depend linearly on the vertical loads NR and NL of Eqs. (2.37)-(2.38).

The side slip angles for the right and the left tires can be formulated as

� R = � arctan

 
vlat

R0

vlong
R0

!

; (2.48)

� L = � arctan

 
vlat

L0

vlong
L0

!

; (2.49)

where the lateral and longitudinal velocity components at the right and the left wheels are

vlat
R0 = vR0 � elat ; vlong

R0 = vR0 � elong ; (2.50)

vlat
L0 = vL0 � elat ; vlong

L0 = vL0 � elong : (2.51)

The side slip angle for the right tire is shown in Fig. 2.7. In Eqs.(2.48)-(2.49), we use the velocities of

Figure 2.7: The side slip angle� R of the right tire.

the (possible) contact points R' and L' to calculate the side slip angles since the deformations in the

contact patch depend on the kinematic quantities related to the tire particles in the contact patch.

However, quasi-stationary models are generally used in the literature with a di�erent approach. For

the sake of simplicity, side slip angles are usually calculated using the velocity of the wheel center

point. In steady-state conditions, the two di�erent formalisms provide the same side slip angles. In

transients, there are some discrepancies, which, however, may be marginal. According to the fact

that we modeled the tires as massless particles in our model, we simply restrict our side slip angle

calculation to the contact points R' and L'.
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The normalized tire force characteristics� (� R ) and � (� L ) in Eqs. (2.46) and (2.47) are

� (� R ) = D sin (C arctan (B� R � E (B� R � arctan(B� R )))) ; (2.52)

� (� L ) = D sin (C arctan (B� L � E (B� L � arctan(B� L )))) ; (2.53)

where B is the sti�ness factor, C is the shape factor,D is the peak factor andE is the curvature

factor, see Fig. 2.8(a). In practice, these parameters are not constant; they may depend on the

vertical load, the static and dynamic coe�cients of friction, the temperature, the camber angle, etc.,

see [6]. For the sake of simplicity, we neglect these dependencies and consider �xed values in our

analysis. Note that we neglect the self-aligning moments of the tires, which may have a negligible

e�ect on the �nal results. The normalized tire force characteristics � (� R ) and � (� L ) by means of

the side slip angles� R and � L for the realistic trailer setup of Tab. 2.1 can be seen in Fig. 2.8(b).

Figure 2.8: (a) The schematic characteristics of the Magic Formula of Pacejka with constant
coe�cients. (b) The normalized tire force characteristics � (� R ) and � (� L ) by means of the side slip
angles� R and � L for the realistic trailer setup of Tab. 2.1.

2.1.5 Nonlinear governing equations

The Lagrange equation of the second kind [78] reads

d
dt

@Ekin

@_qk
�

@Ekin

@qk
= Qk ; k = 1 ; : : : ; n ; (2.54)

where Ekin is the kinetic energy of the system,Qk is the kth component of the generalized force,

and qk is the kth generalized coordinate.

The kinetic energy of the system can be expressed with the kinematic quantities described in

Sec. 2.1.3 as

Ekin =
1
2

mvC
2 +

1
2

! T � JC � ! ; (2.55)

where vC = jvC j. In our calculation, we assume that the axes of the(x3; y3; z3) system are principal

axes of inertia to simplify calculations. Therefore, the matrix of the mass moment of inertia

tensor JC at the center of gravity C with respect to the trailer-�xed F3 reference frame is

JC =

2

6
6
4

JCx 0 0

0 JCy 0

0 0 JCz

3

7
7
5

F 3

: (2.56)

The generalized forces can be identi�ed as the coe�cients of the virtual velocities in the virtual

power of the active forces:

�P =
nX

k=1

Qk � _qk : (2.57)
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For our system, the virtual power can be calculated by the formula

�P = G � � vC + FA � � vA + F susp
R � � vR � F susp

R � � vR0 + F susp
L � � vL � F susp

L � � vL0+

+ F lat
R � � vR0 + F lat

L � � vL0 + F long
R � � vR0 + F long

L � � vL0 :
(2.58)

where � vC, � vA , � vR , � vL , � vR0 and � vL0 are the virtual velocities of points C, A, R, L, R' and L',

respectively.

Considering all the nonlinearities given in Sec. 2.1.4, the nonlinear equations of motion of the

uncontrolled trailer ( F long
R = 0 , F long

L = 0 ) can be written in the general form:

M (q) •q + c(q; _q) = 0 ; (2.59)

where M (q) 2 R4� 4 is the mass matrix and c(q; _q) 2 R4� 1 is a vector containing the remaining

parts of the equations including all the nonlinear and non-smooth characteristics. Due to the

complexity of the nonlinear governing equations, no compact formula can be shown in the study.

2.2 Linear stability analysis

For the linear stability analysis of the rectilinear motion of the trailer, the nonlinear equations of

motion are linearized around the steady-stateq(t) � q0. For the sake of simplicity, we consider the

caseq0 = 0, namely

 (t) �  0 = 0 ;

#(t) � #0 = 0 ;

' (t) � ' 0 = 0 ;

u(t) � u0 = 0 :

(2.60)

Due to the symmetry of our model, ' 0 = 0 is satis�ed for any parameter setup. Moreover, we tune

the free length of the spring in the suspensions to maintain zero pitch angle#0 = 0 in steady-state,

i.e.:

L 0 = h0 +
mg(l � a)

2kl
: (2.61)

We assume that none of the switches in Eq.(2.45) occur in case of small amplitude vibrations

around the rectilinear motion. This can be guaranteed by the proper choices of the minimal and

maximal lengths L min and L max of the wheel suspensions. Using the perturbation

y(t) = q(t) � q0 (2.62)

around the rectilinear motion, the linearized equations of motion can be written as

M lin •y + C lin _y + K lin y = 0 ; (2.63)

where M lin is the mass matrix, C lin is the damping matrix and K lin is the sti�ness matrix of the

linearized system:

M lin =

2

6
6
6
6
6
4

JAz 0 mh(l � a) � m(l � a)

0 JAy 0 0

mh(l � a) 0 JAx � mh

� m(l � a) 0 � mh m

3

7
7
7
7
7
5

; (2.64)
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C lin =

2

6
6
6
6
6
4

2cl2 0 � 2ch0l � 2cl

0 2cl2 0 0

� 2ch0l 0 2cw2 + 2ch2
0 2ch0

� 2cl 0 2ch0 2c + clat

3

7
7
7
7
7
5

; (2.65)

K lin =

2

6
6
6
6
6
4

2BCD Nl 0 0 0

0 2kl2 � mgh � 2Nh0 0 0

� 2BCD Nh0 0 2kw2 � mgh � 2Nh0 0

� 2BCD N 0 0 klat

3

7
7
7
7
7
5

; (2.66)

where we use the mass moments of inertia about the(x3; y3; z3) axes with respect to the kingpin A:

JAx = JCx + mh2 ; (2.67)

JAy = JCy + m(l � a)2 + mh2 ; (2.68)

JAz = JCz + m(l � a)2 : (2.69)

In Eqs. (2.65) and (2.66), we also introduce the nominal vertical load

N =
mg
2

�
1 �

a
l

�
(2.70)

and the tire-related damping

c =
BCD

v
N (2.71)

in order to shorten the formulas. Note that the sti�ness matrix K lin is asymmetric due to the terms

related to the lateral tire forces. See also the study of Beregi, Takacs, and Stepan [8] for similar

asymmetry properties introduced by tire forces.

As it can be seen in Eqs.(2.64)-(2.66), the linearized system can be separated into two subsystems:

one di�erential equation can be disjointed; namely, the pitch motion can be analyzed alone (1 DoF

subsystem with generalized coordinate#), while the remaining equations are coupled (3 DoF

subsystem with generalized coordinates , ' and u). Hence, the pitch motion does not a�ect the

linear stability of the rectilinear motion of the 3 DoF subsystem. In vehicle dynamics, this type

of separation of the vertical dynamics (pitching, bouncing) and the lateral dynamics (handling)

is commonly used for linear analysis. Our mechanical model also con�rms this approach for the

dynamics of the trailer.

2.2.1 Vertical dynamics

The 1 DoF subsystem forms a second-order di�erential equation:

JAy
•# + 2c l2 _# +

�
2kl2 � mgh �

mgh0(l � a)
l

�
# = 0 ; (2.72)

which can be written in a general form as

•# + 2 �! n _# + ! 2
n# = 0 ; (2.73)

where the natural angular frequency of the undamped system! n and the damping ratio � are

de�ned as

! n =

vu
u
t 2kl2 � mgh � mgh0 (l � a)

l

JAy
and � =

c l2

! nJAy
; (2.74)
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respectively. Thus, the stability criteria for the vertical dynamics correspond to

2kl2 � mgh �
mgh0(l � a)

l
> 0 and c > 0: (2.75)

The critical sti�ness of the wheel suspension can be calculated as

kcr = mg
hl + h0(l � a)

2l3
: (2.76)

The sti�ness of the wheel suspension has to exceed the critical valuekcr to ensure linear stability,

i.e., k > k cr. Of course, this critical sti�ness is useful only in the design phase of the trailer. In

the case of an existing trailer, the stability criteria of Eq. (2.75) may be violated by overload (i.e.,

m > 2kl 3

g(hl + h0 (l � a)) ) or badly chosen position of the payload, in practice.

2.2.2 Lateral dynamics

The linearized equations of motion of the 3 DoF subsystem can be written as

M lat •y lat + C lat _y lat + K lat y lat = 0 ; (2.77)

where M lat is the mass matrix, C lat is the damping matrix and K lat is the sti�ness matrix of the

linearized 3 DoF subsystem:

M lat =

2

6
6
4

JAz mh(l � a) � m(l � a)

mh(l � a) JAx � mh

� m(l � a) � mh m

3

7
7
5 ; (2.78)

C lat =

2

6
6
4

2cl2 � 2ch0l � 2cl

� 2ch0l 2cw2 + 2ch2
0 2ch0

� 2cl 2ch0 2c + clat

3

7
7
5 ; (2.79)

K lat =

2

6
6
4

2BCD Nl 0 0

� 2BCD Nh0 2kw2 � mgh � 2Nh0 0

� 2BCD N 0 klat

3

7
7
5 : (2.80)

The perturbation vector of the 3 DoF subsystem is

y lat =
h
 ' u

i T
: (2.81)

By using the exponential trial solution y lat (t) = a e�t with characteristic root � (also called as

characteristic exponent), we obtain the characteristic function of the system as

Dchar(� ) := det
�
M lat � 2 + C lat � + K lat

�
: (2.82)

Thus, the characteristic equation can be written in the form of a 6th-degree polynomial equation

for the characteristic root:

Dchar(� ) = 0 ) b0� 6 + b1� 5 + b2� 4 + b3� 3 + b4� 2 + b5� + b6 = 0 : (2.83)

Due to the complexity of the governing equations, no compact formula can be shown for the

coe�cients of the characteristic function. The stability of the rectilinear motion can be investigated

using the Routh-Hurwitz criteria [78]. Namely, the motion is asymptotically stable if the real parts
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of all characteristic roots are negative:Re� i < 0 for 8i . The motion is unstable, if there exists at

least one characteristic root, whose real part is positive.

On the one hand, no closed-form formula can be derived for the critical towing speed, which is

an essential parameter in stability analyses of vehicles. On the other hand, one can evaluate the

Routh-Hurwitz criteria numerically for a speci�c set of parameters. Here, we utilize the parameter

values of the experimental study of Darling, Tilley, and Gao [38], which were also used by Beregi,

Takacs, and Stepan [8] to validate an in-plane car-trailer combination model. Some of the parameters,

which are also necessary for our spatial trailer model, are not involved in the analysis [38]. Hence,

we tried to identify and/or estimate these parameters based on the available information and our

physical sense. Moreover, we tuned the lateral sti�nessklat and damping clat in our model with

respect to the critical towing speed and vibration frequencies detected in [38]. Note that these

parameters are used to imitate the interaction between the trailer and the towing vehicle, and one

can tune them based on the natural frequency of the vibration mode that is related to the stability

loss of the car-trailer system. We collect all the parameters in Tab. 2.1 called the realistic trailer

setup.

Table 2.1: Parameters for the realistic trailer and the experimental rig

notation parameter name realistic trailer experimental rig

l caster length 3.77 m 0.2 m
w half of the track width 0.95 m 0.065 m
h0 height of the kingpin 0.35 m 0.04 m
a horizontal position of C 0.24 m � 0:043 m
h vertical position of C 0.21 m 0.132 m
m mass of the trailer 879 kg 1.5 kg
JCx mass moment of inertia about thex-axis at C 554 kg m2 1:08� 10� 2 kg m2

JCy mass moment of inertia about they-axis at C 2107kg m2 3:85� 10� 2 kg m2

JCz mass moment of inertia about thez-axis at C 2601kg m2 2:94� 10� 2 kg m2

k sti�ness of the suspension 30kN=m 500 N=m
c damping of the suspension 0.95kNs=m 300 Ns=m
klat lateral sti�ness 13 kN=m 360 N=m
clat lateral damping 0.75 kNs=m 0.53 Ns=m
L min minimal length of the spring 28 cm 17.9 mm
L max maximal length of the spring 42 cm 40 mm
L 0 free length of the spring 48.5 cm 57.9 mm
B sti�ness factor 14.17 5.47
C shape factor 1.85 1.35
D peak factor 1.00 1.18
E curvature factor 0.97 0.39

For this setup, our mechanical model provides a Hopf bifurcation (dynamic/oscillatory loss

of stability) at the critical towing speed 29:5 m/s, which agrees with the theoretical calculations

of Beregi, Takacs, and Stepan [8]. Namely, the real part of the rightmost complex conjugate pair of

characteristic roots is negative forv < 29:5 m/s, i.e., the rectilinear motion is linearly stable, and

the oscillations decay in time. For v > 29:5 m/s, these roots have positive real parts; accordingly,

the rectilinear motion is linearly unstable, and the oscillations of the trailer increase in time.

In addition, one can also investigate the e�ect of di�erent parameters on the linear stability.

In the linear stability charts of Fig. 2.9, 2.10 and 2.11, the original setup is illustrated by dashed

horizontal lines. The white areas correspond to linearly unstable rectilinear motion, where snaking,
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rocking, and roll-over of the trailer may appear in practice; the shaded areas correspond to linearly

stable rectilinear motion.

In Fig. 2.9, we construct linear stability charts in a wide speed range for the sti�ness k

and damping c of the wheel suspension. We use these parameters because they can be varied

independently from the other parameters of the trailer, and their e�ects are not considered in the

in-plane models (like Model C). The theoretical vibration frequency related to the stability boundary

is not plotted in the �gure, but it is in the range of 0:8 � 1:3 Hz for our system parameters. These

values have good agreement with the experimental results of Darling, Tilley, and Gao [38]. As it

can be observed in Fig. 2.9, the investigated parameters in�uence the value of the critical speed

strongly. The sti�ness k of the wheel suspension has a relevant role since a small variation of the

original value can signi�cantly increase the critical speed. Thus, these stability charts may suggest

suitable parameter values for the trailers and can support the engineering design process.

Figure 2.9: The e�ects of the sti�ness (a) and the damping (b) of the wheel suspension on the linear
stability. The dashed horizontal lines correspond to the realistic trailer setup of Tab. 2.1 providing
the critical towing speed 29:5 m/s marked by red dots.

Note that if the sti�ness k and the damping c of the wheel suspension are considerably large

(i.e., k ! 1 and c ! 1 ), the 4 DoF model (Model A) tends to the in-plane model (Model C). In

this case, the critical speed is reduced tov = 25:7m=s. We will discuss the di�erent models in more

detail in Sec. 2.3.

The interaction between the towing vehicle and the trailer is modeled by the lateral sti�nessklat

and by the lateral damping clat . Since their exact value is unknown for the car-trailer system (i.e.,

they were tuned in the analysis), it is worth investigating their e�ect on linear stability. As can

be seen on the linear stability charts of Fig. 2.10, the critical speed strongly depends on these

parameters. The variation of the lateral sti�ness klat in�uences the critical speed in a complex

manner, see Fig. 2.10(a). In contrast, the critical speed depends nearly linearly on the lateral

damping clat , see Fig. 2.10(b). As can be observed in the �gure, the greater the lateral damping is,

the higher the critical speed is, which agrees with our physical sense.

Road accidents involving trailers are often related to inappropriate values of the mass moment of

inertia and/or the payload position. Hence, in Fig. 2.11, stability charts are also constructed with

respect to the vertical h and longitudinal a positions of the center of gravity C. Note that the mass

moments of inertia of the trailer may depend on these parameters, and to consider these e�ects, we

use the approximations

JCx = m(4w2 + 4h2)=6; (2.84)

JCy = m(l2 + 4h2)=6; (2.85)

JCz = m(l2 + 4w2)=6: (2.86)
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Figure 2.10: The e�ects of the lateral sti�ness (a) and the lateral damping (b) on the linear stability.
The dashed horizontal lines correspond to the realistic trailer setup of Tab. 2.1 providing the critical
towing speed29:5 m/s marked by red dots.

These formulas are based on the mass and mass moment of inertia data given by Darling, Tilley,

and Gao [38], namely,JCz provides the same value as their experimental setup, andJCx and JCy

are formulated using the same approach. As shown in Fig. 2.11(a), the critical towing speed can be

relevantly increased by increasing the heighth. However, the critical speed drops again for high

payload positions, which is in good agreement with our physical sense. The e�ect of the longitudinal

position a is illustrated in Fig. 2.11(b). The plotted stability boundary suggests that the larger

a is, the higher the critical speed is. Note that our model does not take into account that the

so-called nose weight (the load on the towing hook) increases together witha, which may cause

other stability issues. More detailed mechanical models of the car-caravan combination describe

this phenomenon better and may give somewhat di�erent results with respect to the e�ect of the

longitudinal position a, see, e.g., [8, 38].

Figure 2.11: The e�ects of the vertical (a) and the horizontal (b) positions of the center of gravity on
the linear stability. The dashed horizontal lines correspond to the realistic trailer setup of Tab. 2.1
providing the critical towing speed 29:5 m/s marked by red dots.

2.3 Bifurcation analysis

In practice, the linear stability analysis given in Sec. 2.2 does not provide enough information about

the behavior of the trailer since the nonlinear vibrations often have a key role in the dynamics [81].

In several cases, the presence of unstable limit cycles in linearly stable speed ranges may cause

safety-critical large amplitude vibrations when large perturbations occur. These limit cycles can

relate to subcritical Hopf bifurcations emerging at the linear stability boundaries. In this section,

�rst, the local bifurcation of the system is investigated using the center manifold reduction [82,

83], which is accomplished semi-analytically only due to the complexity of the system. Then, we

perform numerical bifurcation analysis using continuation techniques to obtain information about

the global dynamics of the trailer.
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2.3.1 Local bifurcation analysis

Although the theory of the center manifold reduction [82, 83] is well-known, it is rarely applied

to higher dimensional systems. Due to the complexity of the method, even the sense of the Hopf

bifurcation cannot be determined analytically for such systems because, at a certain point of the

algorithm, one should evaluate the formulas numerically. The scenario is the same for our mechanical

model, too. However, as we will show, essential information is provided by the center manifold

reduction with respect to the nonlinear coupling between the vertical and the lateral motions of the

trailer. Such information may never be obtained if numerical continuation is applied only. Although

the algorithm of the center manifold reduction is very conventional, we provide all the details of

the calculation in order to emphasize the key steps where the above-mentioned nonlinear coupling

emerges and can be identi�ed.

For the local bifurcation analysis, we rewrite the equations of motion into a system of �rst-order

di�erential equations. To do this, let us introduce the vector of state variables

z =

"
y

_y

#

; (2.87)

where y is the perturbation around the rectilinear motion, see Eq. (2.62). Based on this, the

governing equations of Eq.(2.59) can be rewritten and expanded in power-series form up to the

third-degree terms:

_z= Az + F2 + F3 ; (2.88)

where the coe�cient matrix A reads

A =

"
0 I

� M lin
� 1K lin � M lin

� 1C lin

#

: (2.89)

The vectors F2 and F3 contain the second and third-degree terms, respectively. Since we are

interested in the local bifurcation, the non-smooth characteristics of the suspension forces of

Eq. (2.45) do not appear in Eq. (2.88). But it is worth mentioning that our system is asymmetric

even in the linear domain due to the characteristics of the lateral tire forces, see Eq.(2.66). The

second-degree terms (F2 6= 0) are also related to the tire forces, and they make the coupling between

the linearly independent lateral (described by , ' , and u) and the vertical (described by #) motions

of the trailer. For example, the �rst component of the vector F2 contains a term related to # _ .

By means of the center manifold reduction, our eight-dimensional system is reduced to a

two-dimensional one [82]. First, the normal form of the governing equations is determined by

transforming the equations of motion to the basis of the eigenvectors of the linear part. Let the

eigenvalues and the eigenvectors ofA be denoted by� j and sj , respectively. Here, we investigate

the case when six eigenvalues have non-zero imaginary parts and two real eigenvalues exist, which

case holds for the parameter setup analyzed in this section. At the linear stability boundary, a

complex conjugate pair of eigenvalues exists with zero real part (see the red dot corresponding to

the linear stability boundary of the realistic trailer setup in Fig. 2.11):

� 1;2 = � i! ; (2.90)

while the other eigenvalues are

� j = 
 j ; j = 3 ; 4; (2.91)
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� j;j +1 = 
 j � i! j ; j = 5 ; 7; (2.92)

with 
 j < 0 and ! j > 0. Thus, the eigenvectors corresponding to the complex eigenvalues are:

s1 = s2 ; s5 = s6 ; s7 = s8 ; (2.93)

where the overline refers to the complex conjugate. Since the lateral and the vertical (pitch) motions

are not coupled linearly through A (cf. Eqs. (2.64-2.66)), the eigenvectors corresponding to these

linearly independent motions are perpendicular to each other. Let us denote� 7;8 and s7 = s8 to

be the eigenvalues and the eigenvectors of the 1 DoF subsystem of the pitch motion, respectively.

Namely, s1 � s7 = s3 � s7 = s4 � s7 = s5 � s7 = 0 .

The columns of the transformation matrix can be composed by means of the eigenvectors,

see [81]:

T =
h
Res1 Im s1 s3 s4 Res5 Im s5 Res7 Im s7

i
; (2.94)

which has the following structure due to the linear independence of the lateral and vertical motions:

T =

2

6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
6
4

� : : : � 0 0

0 : : : 0 � �

� : : : � 0 0

� : : : � 0 0

� : : : � 0 0

0 : : : 0 � �

� : : : � 0 0

� : : : � 0 0

3

7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
7
5

: (2.95)

In the matrix, symbols � refer to non-zero elements. By means of this transformation matrix, we

introduce the new variable x = [ x1 x2 : : : x8]T as

x = T � 1z : (2.96)

Note that after the transformation, the new variables x7 and x8 still describe the pitch motion of

the trailer. The system in the new basis can be formulated as

_x = T � 1ATx + T � 1 (F2(Tx ) + F3(Tx )) ; (2.97)

where T � 1AT is the so-called Jordan matrix, which enables the separation of Eq. (2.97) as

_xc = Bx c + f (xc; xs) ; (2.98)

_xs = Cx s + g(xc; xs) ; (2.99)

where the subscript c refers to the so-called center manifold [82, 83] with the center variables, while

s denotes the stable variables, which are, in our case:

xc =
h
x1 x2

i T
; (2.100)

xs =
h
x3 x4 x5 x6 x7 x8

i T
: (2.101)

In Eqs. (2.98) and (2.99), matricesB and C are

B =

"
0 !

� ! 0

#

; (2.102)
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C =

2

6
6
6
6
6
6
6
6
6
6
4


 3 0 0 0 0 0

0 
 4 0 0 0 0

0 0 
 5 ! 5 0 0

0 0 � ! 5 
 5 0 0

0 0 0 0 
 7 ! 7

0 0 0 0 � ! 7 
 7

3

7
7
7
7
7
7
7
7
7
7
5

; (2.103)

respectively. Vectorsf and g contain second and third-degree terms. Again, we notice thatf have

mixed second-degree terms related tox7, x8, and the center variablesx1, x2. Thus, terms like x1x7,

x1x8, x2x7 and x2x8 with non-zero coe�cients occur in f . Later, we will show how the pitch motion

a�ects the sense of the Hopf bifurcation through these mixed terms.

In order to eliminate the stable variable xs and to describe the dynamics of the system on the

center manifold by means of the center variablesxc, the center manifold can be approximated as a

purely quadratic surface:

xs = h(xc) =

2

6
6
6
4

h3(x2
1; x1x2; x2

2)
...

h8(x2
1; x1x2; x2

2)

3

7
7
7
5

; (2.104)

where hk = ck20x2
1 + ck11x1x2 + ck02x2

2 for k = 3 ; : : : ; 8 contains 18 unknown constant coe�cients.

We take the time derivative of Eq. (2.104):

_xs = Dx c h(xc) _xc ; (2.105)

where Dx c refers to the partial derivative with respect to xc. We substitute the expression of the

quadratic surface of the center manifold into Eqs.(2.98) and (2.99), thus, we obtain the following

set of equations:

_xc = Bx c + f (xc; h(xc)) ; (2.106)

_xs = Ch (xc) + g(xc; h(xc)) : (2.107)

Let us substitute Eq. (2.106) into Eq. (2.105):

_xs = Dx c h(xc) (Bx c + f (xc; h(xc))) : (2.108)

We substract Eq. (2.107) from Eq. (2.108):

Dx c h(xc) (Bx c + f (xc; h(xc))) � Ch (xc) � g(xc; h(xc)) = 0 ; (2.109)

from which the coe�cients ckij can be calculated. Equation(2.109) consists of 6 scalar algebraic

equations with 18 unknowns. Equating coe�cients of the polynomials, one can solve this equation

and can obtain that h3 = h4 = h5 = h6 = 0 . However, h7 and h8 are not zeros; consequently, the

variables x7 and x8 related to the pitch motion in�uence the local nonlinear dynamics on the center

manifold. Namely, f in Eq. (2.98) provides third-degree terms with respect tox1 and x2 when the

x7 = h7(x2
1; x1x2; x2

2) and x8 = h8(x2
1; x1x2; x2

2) are substituted into the mixed second-degree terms

(e.g. x1x7) mentioned above.

In our system, after substituting the calculated coe�cients into Eq. (2.98), namely, using the

second-degree approximation of the center manifold, the reduced order system is given by
"

_x1

_x2

#

=

"
0 !

� ! 0

# "
x1

x2

#

+

" P
i + j =3 aij x i

1x j
2P

i + j =3 bij x i
1x j

2

#

: (2.110)
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Thus, there are no second-degree terms in the nonlinear part anymore, and the Poincaré-Ljapunov

parameter � can be calculated via the third-degree terms only, as suggested by Stepan [84]:

� =
1
8

(3a30 + a12 + b21 + 3b03) : (2.111)

The sense of the bifurcation can be identi�ed by investigating the sign of the Poincaré-Ljapunov

parameter � . If � is positive, then the corresponding Hopf bifurcation is subcritical, and the

emerging periodic solutions are unstable. If� is negative, then the corresponding Hopf bifurcation

is supercritical, and the emerging periodic solutions are stable [84].

As mentioned before, due to the complexity of the governing equations and the large number

of parameters of our mechanical model, no closed-form formula can be derived for the Poincaré-

Ljapunov parameter. However, for a certain parameter setup, the sign of� , thus the sense of

the Hopf bifurcation, can be obtained semi-analytically. Here we consider our realistic trailer

parameters given in Tab. 2.1 with the height h = 1 m of the center of gravity. We apply the same

approximation formulas for the mass moments of inertia like in Sec. 2.2 to assume the dependence

of these parameters on the value ofh. For this setup, the above-detailed center manifold reduction

is applied (see Appendix A.1 for details) providing � = 7 :758� 10� 4 s� 1 > 0, namely, the Hopf

bifurcation at the linear stability boundary is subcritical. This is the more dangerous case from an

engineering point of view since an unstable periodic solution coexists with the stable rectilinear

motion.

If the nonlinear e�ect of the pitch motion is neglected, i.e., the nonlinear coupling between the

vertical (pitch) and the lateral motions is omitted by considering h7 = h8 = 0 (see Appendix A.2),

then we obtain � = � 11:699� 10� 4 s� 1 < 0. Therefore, the Hopf bifurcation is supercritical, which

suggests that using models neglecting pitch motion may not identify the presence of the more

dangerous subcritical Hopf bifurcation case.

2.3.2 Numerical bifurcation analysis

In order to validate the analytical calculations, numerical bifurcation analysis is performed with the

help of DDE-BIFTOOL [85]. Namely, the Hopf bifurcations corresponding to the linear stability

boundaries are located, and the branches of the emerging periodic solutions are followed.

Of course, numerical continuation is not limited to local bifurcation analysis, but it can also

provide information about the large amplitude vibrations of the trailer. However, for this, one has

to consider the non-smooth nature of the governing equations detailed in Sec. 2.1.4. Namely, we

approximate the Heaviside function by

~H (x; � ) =
1
2

�
1 + tanh

�
x
�

��
; (2.112)

where � is the so-called smoothing parameter. The smaller� is, the more sudden the switching

is. Using this function, the H (x) and the ReLU(x) functions in Eq. (2.45) are formulated as

H (x) = ~H (x; � s) and ReLU(x) = ~H (x; � F ) � x. The smoothing parameters� s [m] and � F [N] are

related to the smoothings with respect to the suspension displacements and the resulted suspension

force Fs. Thus, the originally non-smooth governing equations are approximated by their smoothed

version during the continuation with DDE-BIFTOOL . Based on investigations on the shimmying

motion of a towed rigid wheel [12], the numerical bifurcation analysis with smoothing provides

reasonable results.
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To tend to the real scenario, the limit case � s ! 0 and � F ! 0 is investigated by choosing

smaller and smaller� s and � F values as long as the numerical stability of the computation is ensured.

The smoothed characteristic of the suspension forceFs(s) is shown in Fig. 2.12 for three di�erent

values of the smoothing parameter� s. As can be seen, the characteristic is oversmoothed in case of

� s = 10 � 1 m and � s = 10 � 2 m. On the contrary, � s = 10 � 3 m can be a proper choice, cf. Fig. 2.5.

Figure 2.12: The smoothed characteristic of the suspension forceFs(s) for di�erent values of the
smoothing parameter � s.

Accordingly, parameters � s = 10 � 3 m and � F = 10 � 3 N are used in our calculations, which leads

to sudden changes within one time step of the detected periodic solutions related to the suspension

forces (cf. Eq.(2.45)). We also take care of how the number of mesh points and the degree of the

interpolation function are selected in the collocation method. Namely, we increase the number of

mesh points to 144. This way, there are enough points in our periodic solution to appropriately

detect the possible switchings (e.g., when full compression or full expansion of the suspensions

happens). The degree of the interpolation function is set to one; that is, linear interpolation is

applied. In our model, the switchings happen very suddenly, and a higher-order interpolation would

not necessarily be more accurate. With this set of parameters, the continuation of a branch of

periodic solutions is successfully carried out in a few minutes on an Intel-Core i5-8265U processor.

In Fig. 2.13, stability charts are constructed in the plane of the towing speedv and the height h

of the center of gravity. The numerically determined Poincaré-Ljapunov parameter � is also

plotted. Based on the sign of� , the sense of the bifurcation is determined. The subcritical and

supercritical Hopf bifurcations are illustrated by dashed red and solid blue curves, respectively.

Panel (a) corresponds to our spatial trailer model (Model A), while panel (b) is related to the

simpli�ed model (Model B) in which the pitch motion is blocked. As shown in Sec. 2.2, the linear

stability boundaries coincide for both models. However, the sense of the Hopf bifurcation disagrees

for certain parameter setups. In the �gures, we mark the original h = 0 :21 m and the modi�ed

h = 1 m trailer setups with dashed horizontal lines. Model B suggests that the bifurcations are

subcritical for 0:19 m < h < 0:28 m. Therefore, for the original h = 0 :21 m trailer setup, supercritical

and subcritical bifurcations take place for Model A and Model B, respectively. More importantly,

the sense of the bifurcation disagrees for higher center of gravity positions. Namely, forh = 1 m,

subcritical and supercritical bifurcations take place for Model A and Model B, respectively. Thus, the

numerical continuation con�rms the results of the semi-analytical bifurcation analysis of Sec. 2.3.1.

In Fig. 2.13(c), the stability chart of the in-plane model (Model C) is constructed, which does not

describe the dependence of the critical towing speed on the vertical position of the center of gravity.

This model provides supercritical Hopf bifurcation at a lower critical speed ofv = 25:7 m/s.

A nonlinear stability chart is constructed for Model A in Fig. 2.14, where the domains of di�erent
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Figure 2.13: Linear stability charts and the sense of the Hopf bifurcation for (a) the full spatial
model, (b) the reduced model with blocked pitch motion, and (c) the in-plane model.

colors refer to di�erent nonlinear properties of the trailer. In the gray area of this �gure, the

rectilinear motion is linearly stable, which is the only steady state in that domain. In the white

and crosshatched domains, the rectilinear motion is linearly unstable, and a stable limit cycle takes

place in the state space. We di�erentiate the limit cycles with respect to the minimum suspension

forces (minimum vertical force on the tires) corresponding to them. In the crosshatched zones, this

minimum force is zero. Namely, the tires lose contact with the ground, or they are at the limit

of loss of contact. The red unsafe zone refers to the parameter domain where the linearly stable

rectilinear motion is not globally stable due to the presence of an unstable limit cycle. Large enough

perturbations may lead to large amplitude vibrations of the trailer. Such unsafe zones typically

appear at subcritical Hopf bifurcations, but saddle-node bifurcations of periodic orbits can also

provide such zones at supercritical Hopf bifurcations. This latter case also happens for our system

parameters, see the �gure.

To present more information about the nonlinear properties of the system, bifurcation diagrams

related to dashed horizontal lines of Fig. 2.14 are plotted in Fig. 2.15. The amplitudes of the

generalized coordinates , #, ' , and u are plotted as functions of the towing speedv. Dashed red

lines and solid blue lines refer to unstable and stable motions, respectively. Red dots denote the

critical speeds where Hopf bifurcations take place. Black dots characterize the towing speed above

which the loss of contact of the tires happens. This latter type of limit cycles is marked with thick

blue lines. Based on the continuation, one can observe that symmetric solutions exist for the lateral

motion (  , ' , u), while the pitch motion ( #) is asymmetric. Thus, both the min/max values of the

periodic solutions are illustrated for #.

Figure 2.15(a) shows an example of a supercritical Hopf bifurcation without an unsafe zone.

More precisely, saddle-node bifurcations of periodic orbits are within the linearly unstable speed

range. At the �rst sharp folding point on the periodic bifurcation branch, the full compression of
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Figure 2.14: Stability chart of the nonlinear system in the plane of the towing speedv and the
vertical position h of the center of gravity. Bifurcation diagrams are constructed in Fig. 2.15 for the
parameters marked by dashed horizontal lines. The unsafe zones for both lower and higher vertical
positions are highlighted in red.

Figure 2.15: Bifurcation diagrams: (a) supercritical case without unsafe zone, (b) supercritical case
with unsafe zone, (c) subcritical case with unsafe zone for low vertical positions of the center of
gravity; (d) subcritical case with negligible unsafe zone for a high vertical position of the center of
gravity. Dashed red curves correspond to unstable, solid blue curves to stable motions. Thick blue
segments of the bifurcation branches of periodic orbits refer to motions with loss of contact of tires.

the wheel suspension appears, leading to a qualitative change in the motion of the trailer thanks

to the non-smooth nature of the suspension force. Figure 2.15(b) shows the results of the original

parameters of Darling, Tilley, and Gao [38], where a supercritical Hopf bifurcation and an unsafe

zone coexist. In Fig. 2.15(c), a simpler structure of the limit cycles can be observed, namely,

subcritical Hopf bifurcation leads to the unsafe zone.

Figure 2.15(d) relates to the parameter setup for which we presented the results of the semi-

analytical local bifurcation analysis in Sec. 2.3.1. The sense of the Hopf bifurcation corresponding
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to the linear stability boundary is subcritical. As suggested by the small absolute value of the

calculated Poincaré-Ljapunov parameter� = 7 :758� 10� 4 s� 1, the numerical continuation provides

a steeply rising branch of unstable periodic solutions. The saddle-node bifurcation of periodic

solutions emerges, resulting in a narrow bistable speed region, which is the reason why a very narrow

unsafe zone can be observed in Fig. 2.14 for the larger values ofh.

As shown by the bifurcation diagrams presented here, the non-smooth characteristic of the

suspension forces in�uences relevantly the nonlinear behavior of the system. The full compres-

sion/expansion of the wheel suspension and the loss of contact of tires occur for all investigated

parameters. We show more details about these scenarios in Sec. 2.4 with respect to our experiments.

2.3.3 Detailed comparison of trailer models with di�erent complexity

Although only a narrow bistable region is discovered for high positions of the center of gravity by

our spatial trailer model (Model A), the suggested subcritical bifurcation may draw attention to the

suddenly appearing large amplitude vibrations. One may not suspect large amplitudes observing

supercritical bifurcation, which is predicted by Model B. Therefore, it is worth investigating and

comparing the sense of the Hopf bifurcations and the limit cycles provided by the spatial model

(Model A) and the simpli�ed model (Model B). This was limitedly shown in Fig. 2.13 based on the

local theory of bifurcations. Here, we show more details about the global nonlinear behavior of the

di�erent models.

Let us perform the bifurcation analysis for the realistic trailer setup with a higher center of

gravity position, i.e., h = 1 m . For the investigated parameter setup, the Hopf bifurcation is

subcritical for Model A and supercritical for Model B, respectively. This can also be seen in the

bifurcation diagrams of Fig. 2.16. Based on the local bifurcation analysis, one would suggest that

the spatial model provides more safe-critical results than the simpli�ed model. However, the value of

the Poincaré-Ljapunov parameter is close to zero. More precisely, it is orders of magnitude smaller

than it is for small center of gravity positions, see the right panels of Fig. 2.13(a-b). The branches

of the emerging stable/unstable periodic solutions rise almost vertically (even for the supercritical

case of Model B) up to the sharp turning point of the branches. Thus, these parts of the bifurcation

branches show practically similar behavior except for the very narrow unsafe zone of Model A. The

situation is somewhat di�erent for larger towing speeds: the amplitudes of the limit cycles are a bit

larger for Model B than for Model A.

It was shown in Sec. 2.2 that some parameters have a signi�cant e�ect on the linear stability.

These parameters presumably a�ect the nonlinear behavior, as well. Let us investigate the e�ect of

the lateral sti�ness klat . Bifurcation diagrams are presented in Fig. 2.17, for the realistic trailer

setup with h = 1 m and reduced lateral sti�ness klat = 6 kN=m. As can be seen, subcritical Hopf

bifurcations take place for both the spatial and the simpli�ed models, and the stable limit cycles

show a similar pattern up to a moderate towing speed. However, additional unstable and stable

limit cycles are present in the spatial model (Model A) in the speed range of 40�48 m/s. Therefore,

the spatial model suggests more complex nonlinear dynamics for this parameter setup, having

bistability and dangerous large amplitude vibrations at high towing speeds.

Based on the examples shown above, where the Poincaré-Ljapunov parameter is orders of

magnitude smaller than it is for the other parameter setups, it can be concluded that the local

bifurcation analysis does not provide enough information about the nonlinear behavior of the system.

Therefore, global bifurcation analysis, e.g., nonlinear analysis by means of collocation methods,
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Figure 2.16: Bifurcation diagrams for the realistic trailer setup with h = 1 m : (a) subcritical case
with negligible unsafe (bistable) zone for the spatial model; (b) supercritical case without unsafe
(bistable) zone for the simpli�ed model.

Figure 2.17: Bifurcation diagrams for the realistic trailer setup with h = 1 m and reduced lateral
sti�ness klat = 6 kN=m: (a) subcritical case with negligible unsafe (bistable) zone, and bistability at
high towing speeds for the spatial model; (b) subcritical case with negligible unsafe (bistable) zone
for the simpli�ed model.
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is crucial. Moreover, our examples highlighted that the simpli�ed model is not conservative with

respect to safety (e.g., existence of bistable domain, vibration amplitudes). Since our spatial model

may be more realistic, the use of this model is recommended for global bifurcation analysis.

2.4 Validation of the model with experiments

Based on the mechanical model described in Sec. 2.1.1, a small-scale experimental rig was designed

and manufactured. Since several parameters (for example, the mass of the trailer, the position of

the center of gravity, the mass moment of inertia, etc.) can be modi�ed on the experimental rig,

the semi-analytical and numerical results can be validated.

2.4.1 Experimental setup

We aimed to design an experimental rig that resembles the mechanical model as much as possible.

Therefore, the wheel suspensions of the trailer were designed with special attention. The wheels are

not rigidly connected to the towing bar but with a suspension system comprising swinging arms,

springs, and dampers.

The 3D CAD model of the suspension system can be seen in Fig. 2.18(a) without the necessary

screws and bearings. A double wishbone suspension containing an upper and lower swinging arm

was designed. The swinging arms are connected to the towing bar with an upper and lower center

suspension unit. The wheel and the swinging arms are connected via the wheel knuckle. The

spring-damper unit (parametrized by k and c in the mechanical model) is located between the lower

swinging arm and the upper center suspension unit. Its prestress is provided by a prestress ring.

The whole wheel suspension system was manufactured by rapid prototyping (3D printing from PLA

material). The manufactured and assembled wheel suspension system can be seen in Fig. 2.18(b).

Figure 2.18: (a) The 3D CAD model of the suspension system, (b) the suspension system of the
experimental rig with wheels, screws, springs, and dampers after the manufacturing and assembling.

The experimental setup can be seen in Fig. 2.19. The trailer is placed on a conveyor belt, whose

speed can be tuned between 0 m/s and 5 m/s. The motion of the kingpin is constrained in the

towing direction by a roller bearing linear guide, while the kingpin can move in the lateral direction

against the spring (klat ) and damper (clat ) imitated by a rubber band in our experiment. Two discs

with the same mass are placed along the longitudinal axis of the towing bar. These dummy payloads

symbolize the mass of the trailer payload. The mass of the towing bar is 154 g, the dummy payloads

are 2 � 568 g, and the suspension system with the wheels is 211 g. Thus, the total mass of the
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experimental rig is approximately 1501 g. The position of the center of mass and the mass moment

of inertia of the trailer can be tuned by the longitudinal and vertical positioning of the dummy

payloads. The caster lengthl can also be modi�ed by shifting the wheel suspension system along

the longitudinal direction. Note that most of the inertial parameters cannot be tuned independently.

For example, the repositioning of the wheel suspension modi�es the position of the center of gravity,

too. This makes the tuning of the experimental setup to be di�cult.

Several other parameters can be modi�ed independently, for example, the sti�nessklat and the

damping clat of the rubber band, the prestress of the springs (by varying the height of the prestress

rings), and the sti�ness k of the suspensions (by replacing the spring-damper unit).

Figure 2.19: The small-scale experimental setup.

To be able to compare the experimental results with the theoretical ones, all the parameters of

the small-scale experimental setup were identi�ed. The spring sti�nessklat and the damping clat of

the rubber band were measured in a separate measurement setup. Namely, the free vibration of the

kingpin along the linear guide was measured using a laser sensor when the trailer was detached. The

recorded time signals were used to determine the natural angular frequency and the damping ratio

of this 1 DoF oscillator. The peaks of the time signal were located, and an averaged time period

was calculated, while the damping was characterized by the logarithmic decrement. The sti�ness of

the rubber band was calculated from the natural angular frequency and it was also rechecked by

using a mechanical force gauge.

The sti�ness k of the wheel suspension was measured with a compression test. Unfortunately, we

were unable to measure the dampingc of the wheel suspension in a separate experiment. Therefore,

we identi�ed this parameter via the trailer stability tests.

Separate measurements were carried out to determine the tire force characteristics of the

experimental rig. A pair of wheels were towed on the conveyor belt by a rigid caster. The side slip

angle � was measured while a constant lateral force was applied to the wheels. The measurement

points normalized by the vertical load are shown in Fig. 2.20(a) for three di�erent towing speeds.

As can be observed, the characteristics corresponding to the di�erent towing speeds are nearly

identical for small side slip angles, which means that the so-called cornering sti�ness is the same.

However, there is a considerable di�erence for� > 0:1rad. Nevertheless, to �t the theoretical tire

force characteristics, we calculated a mean value for each of the applied lateral forces using the

measured side slip angles related to the di�erent towing speeds. These mean values are shown with

blue crosses in Fig. 2.20(b). The parametersB , C, D , and E of the Magic Formula (2.52)-(2.53)

were identi�ed via the �tting of the formula to these data. The �tted characteristic is shown with a

solid black curve. The parameter values are summarized in Tab. 2.1 referring to the experimental

rig setup.
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Figure 2.20: (a) The normalized tire force characteristics� (� ) plotted for positive side slip angles� for
three di�erent towing speeds. (b) The mean value of measurement data and the �tted characteristic
of the Magic Formula of Eqs. (2.52)-(2.53).

2.4.2 Experimental results

Since the mass moment of inertia depends on the position of the payload, we �xed the payload

position parameters a and h during the experiments, as well as the caster lengthl . Thus, we

set di�erent towing speed values for the conveyor belt and examined the linear stability and the

nonlinear vibrations of the trailer. We measured the lateral displacement of the kingpin with a laser

sensor (Keyence IL-300) and collected the data via an NI USB-6216(BNC) system. The collected

data were evaluated inMATLAB .

Measurement data are compared to theoretical results in Fig. 2.21 for the parameter setup of

the experimental rig (see Tab. 2.1). In panels (a) and (b), the measured amplitudeumax of the

lateral displacement and the frequenciesf of detected vibrations are plotted versus the towing

speedv, respectively. Measurement points denoted by black crosses are compared to the results

of the numerical continuation shown by blue curves. As can be seen, a relatively good agreement

can be observed for the amplitudes. However, some shift occurs with respect to the linear stability

boundary, i.e., the critical towing speed di�ers between the theoretical and experimental results. In

addition, there is a larger di�erence between the predicted and the measured frequencies.

In Fig. 2.21(c), a stability chart is constructed by numerical continuation for the experimental

setup in the plane of the towing speedv and the damping c of the wheel suspension. As shown, there

is a domain where the loss of contact of the tires occurs. The experimental setup is marked with a

horizontal dashed line, for which the minimum and maximum values of suspension distances (see

Fig. 2.5) are also plotted in panel (d), highlighting that neither full compression nor full expansion

of the suspension happens for this symmetric periodic solution. The minimum and maximum values

of the suspension forceFs are plotted in panel (e).

In Fig. 2.22, we present some numerical results for the parameter pointsM1 and M2 of Fig. 2.21.

We plot the periodic solutions for all four generalized coordinates ( , #, ' , and u) by solid blue lines

for one periodT of the oscillation. The suspension displacementss and suspension forcesFs are

also illustrated with black and gray curves corresponding to the right and left wheels, respectively.

The measured time signals of the lateral displacementu at parameter points M1 and M2 are

also plotted by dashed black curves in Fig. 2.22. Here, we neglect the di�erence in the vibration

frequencies (cf. Fig. 2.21(b)). Thus, we plot one period of the measured signal together with the

numerical results. As can be seen, a good agreement can be observed between the shapes of the

measured and the theoretically calculated time histories. As mentioned before, a loss of contact

happens for the parameter pointM2. However, the amplitudes of the vibrations remain almost the

same as for pointM1, namely, no large amplitude, so-called rocking motion of the trailer occurs.
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Figure 2.21: Experimental results. The detected amplitudeumax (a) and freqency f (b) of the
vibrations versus the towing speedv. Black crosses refer to measurement data, blue curves represent
numerically determined stable solutions. Thick segments refer to motions with loss of contact of tires.
Stability chart (c) for the damping c of the suspension; the dashed horizontal line corresponds to the
experimental setup. Numerically determined min and max values of the suspension displacements
(d) and the suspension forceFs (e).

Figure 2.22: Numerically determined time histories (solid lines) of generalized coordinates, suspension
displacementss and suspension forcesFs. Dashed black curves correspond to the measured lateral
position of the kingpin. Panels refer to the parameter points marked in Fig. 2.21(c).
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This was also the case in the experiment; no gap between the wheels and the conveyor belt was

visible. The wheel suspension was neither fully compressed nor fully expanded as suggested by the

theoretical results, see the evolution of the suspension displacement in the �gures.

2.4.3 Conclusions based on the experimental results

Other qualitative measurements were also performed. The snaking motion could be experienced

for all parameter setups, while the rocking motion appeared for only special cases when the center

of mass was positioned quite high. It should be mentioned that the evolved motion was a bit

asymmetric in these cases. It is possible that the sti�ness and/or the prestress of the springs were

not identical for the right and the left wheels.

Unfortunately, the sense of the Hopf bifurcation at the linear stability boundary could not be

determined based on these experiments. On the one hand, the small amount of dry friction at the

kingpin and the linear guide does not allow us to measure very small amplitude vibrations that

may occur close to the linear stability boundary. The shimmy motion of a towed rigid wheel and

the e�ect of dry friction at the kingpin was investigated by Horvath and Takacs [12]. Based on

these results and the experiments, the full spatial model could be extended with dry friction at the

kingpin in the future to discover possible isolated periodic solutions. On the other hand, the tuning

of the towing speed could not be done with a higher resolution. Thus, some experimental data

suggested a supercritical, and some suggested a subcritical sense. The more accurate examination of

the sense of bifurcations could be a future task. In addition, the yaw, the pitch, and the roll motions

of the experimental rig could also be measured, for example, with a motion tracking system.

All in all, it was shown, that a relatively good qualitative and quantitative agreement can be

observed between the theoretical results and the experimental results of Model A. Therefore, the

mechanical model presented in Sec. 2.1.1 is validated through the experiments. It can be concluded

that the full spatial 4 DoF model (Model A) is appropriate for the description of the snaking and

rocking motion of towed two-wheeled trailers.

2.5 Stability control of towed two-wheeled trailers

The mechanical model and the theoretical results are validated with experiments. As a next step,

we analyze the possibility of controlling the vibrations of the trailer. Our goal is to reduce the

size of the unsafe (bistable) zone and, therefore, to extend the globally stable speed range. Since

the unsafe zone is signi�cantly large for a vertical position of the center of gravity h = 0 :27 m,

see Fig. 2.15(c), most of the results in this section will be shown for this parameter value. Other

parameters correspond to the realistic trailer setup of Tab. 2.1.

To control the snaking motion of the trailer, we design a linear continuous-time state feedback

controller, which operates with the braking forces applied to the right and the left wheels. That is,

di�erential braking is used. We assume that the braking forces can suddenly appear as longitudinal

forces in the contact patch. As mentioned in Sec. 2.1.4, we do not take into account any combined

slip model, and we use the longitudinal forces as the control inputs:

F long
R = � Fbrake

R ; (2.113)

F long
L = � Fbrake

L : (2.114)
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The used mechanical model together with the right braking force and the longitudinal unit vector is

shown in Fig. 2.23.

Figure 2.23: The spatial, 4 DoF model of towed two-wheeled trailers together with the right braking
force F brake

R and the longitudinal unit vector elong .

In many studies related to car-trailer combinations, the yaw rate and the hitch angle (the relative

yaw angle between the towing vehicle and the trailer) are included in the feedback control, see

e.g. [47]. Kang and Deng [41] investigated such control algorithms that contain the side slip angle

and the yaw rate; or the hitch angle and the hitch rate; or all four of them. As a �rst step of

the investigations, we analyze a simple control algorithm with the need to measure as few state

variables as possible. In our study, we cannot use the hitch angle or the hitch rate, since the towing

car is not modeled as a vehicle. On the contrary, we assume that the yaw rate of the trailer can be

measured relatively easily with an inertial measurement unit.

Consequently, we consider braking forces proportional to the yaw rate_ with feedback delay

representing the sensor delay, the computation time, and the actuation lag altogether. We take

into account that the controller has a dead zone where no braking force is actuated. We denote the

half-width of the dead zone with 
 dz. Thus, the braking forces have non-smooth characteristics. A

braking force is driven to the right wheel if the yaw rate exceeds
 dz, and a braking force is driven

to the left wheel if the yaw rate drops below � 
 dz. The piece-wise smooth characteristics of the

right and the left braking forces F brake
R and F brake

L can be formulated as

F brake
R =

8
<

:

K d 

�
_ (t � � ) � 
 dz

�
; if _ (t � � ) > 
 dz ;

0 ; if _ (t � � ) < 
 dz ;
(2.115)

F brake
L =

8
<

:

� K d 

�
_ (t � � ) + 
 dz

�
; if _ (t � � ) < � 
 dz ;

0 ; if _ (t � � ) > � 
 dz ;
(2.116)

where K d is the control gain for the yaw rate and � is feedback delay. The schematic non-smooth

characteristics of the braking forces can be seen in Fig. 2.24, both for
 dz = 0 and 
 dz > 0.

We also take into account that we can not brake when the wheels are detached from the ground,

i.e., when the vertical load is zero (or su�ciently small). Hence, we introduce the piece-wise smooth

formulas for the right and the left braking forces as

F brake
R = ReLU( NR ) �

�
K d 

�
_ (t � � ) � 
 dz

�
� H ( _ (t � � ) � 
 dz)

�
; (2.117)

F brake
L = ReLU( NL ) �

�
� K d 

�
_ (t � � ) + 
 dz

�
� H ( _ (t � � ) + 
 dz)

�
: (2.118)
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Figure 2.24: The schematic non-smooth characteristics of the braking forces for
 dz = 0 (blue lines)
and 
 dz > 0 (black lines).

Using these control laws in the model, one can derive the equations of motion in the form of

Eq. (2.59), where c(q; _q) also depends on the control parametersK d and 
 dz. Note that thanks to

the feedback delay� , the delayed states also appear in the equations of motion, and delay di�erential

equations describe the dynamics. Although four second-order di�erential equations govern the

system, it has an in�nite-dimensional state space.

2.5.1 Linear stability analysis for the controller without a dead zone

Let us investigate the case when the width of the dead zone of the controller is zero, i.e.,
 dz = 0 .

In this case, the braking forces a�ect the linear stability of the trailer. Thus, let us perform linear

stability analysis as a �rst step of the investigations.

The linear system still can be separated into a 3 DoF subsystem with generalized coordinates ,

' , and u and a 1 DoF subsystem with generalized coordinate#. The linearized equations of motion

of the 3 DoF subsystem can be written as

M lat •y lat + C lat _y lat + K lat y lat = Q (2.119)

with the linearized mass, damping, and sti�ness matrices of Eqs.(2.78)-(2.80) and the perturbation

vector of Eq. (2.81). The vector of generalized forces reads

Q =
h
wF brake 0 0

i T
; (2.120)

where

F brake = � K d 
_ (t � � ) : (2.121)

Although the 3 DoF subsystem is separated from the pitch motion, the 1 DoF subsystem

is dependent on the yaw motion through the braking forces. Namely, it forms a second-order

di�erential equation:

JAy
•# + 2c l2 _# +

�
2kl2 � mgh �

mgh0(l � a)
l

�
# = M brake ; (2.122)

where the torque on the right-hand side has a non-smooth characteristic:

M brake =

8
<

:

� hF brake ; if _ (t � � ) > 0;

hF brake ; if _ (t � � ) < 0:
(2.123)

Since the braking forceF brake depends on the yaw rate _ , the pitch motion can be investigated

based on the solution of the 3 DoF subsystem. When the linear subsystem of Eq.(2.119) is unstable,

the pitch motion also diverges from its steady-state solution. If the linear subsystem of Eq.(2.119)

is asymptotically stable, then the original stability criteria of the pitch motion of Eq. (2.75) hold.
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Linear stability charts

Due to the presence of the time delay in the control loop, the stability properties cannot be analyzed

with the Routh-Hurwitz criteria. Hence, we use the semi-discretization methodby Insperger and

Stepan [86] to draw linear stability charts. The semi-discretization method approximates the

in�nite-dimensional monodromy matrix of the system with a �nite-dimensional one. The solution

of the governing equations is asymptotically stable if all eigenvalues (characteristic multipliers) of

this matrix are of modulus less than one [86]. To performsemi-discretization, the 3 DoF subsystem

is transformed into the state space form:

_zlat (t) = A z lat (t) + B u (t � � ) ; (2.124)

u(t) = D z lat (t) ; (2.125)

where

zlat (t) =

"
y lat

_y lat

#

(2.126)

and

u(t) = [ F brake ] ; (2.127)

respectively. Matrix A and vector B of Eq. (2.124) can be obtained by rearranging Eq.(2.119) as

•y lat = � M lat
� 1C lat _y lat � M lat

� 1K lat y lat + M lat
� 1Q : (2.128)

Thus, by collecting the coe�cients, one obtains

A =

"
0 I

� M lat
� 1K lat � M lat

� 1C lat

#

; (2.129)

B =
h
0 0 0 w

JC z
0 w(l � a)

JC z

i T
; (2.130)

respectively. Based on the control law of Eq. (2.121), the vectorD reads

D =
h
0 0 0 � K d 0 0

i
: (2.131)

By implementing matrix A , vectorsB and D into MATLAB , one can construct the �nite-dimensional

approximation of the monodromy matrix [86] and draw the linear stability chart of the system in the

plane of two parameters. Note that the stability boundaries can also be analyzed numerically based

on the transcendent characteristic function. In this latter case, one can use theMultidimensional

Bisection Method of Bachrathy and Stepan [87] to detect the stability boundaries. Although the

calculations were done with both methods, yielding the same results, here, we present the results of

the semi-discretization only.

In the linear stability charts of Fig. 2.25, the stability boundaries and the stable regions are

plotted in the plane of the towing speedv, and the control gain K d . The stability charts are

constructed for the realistic trailer setup with a center of gravity h = 0 :27 m and by neglecting the

time delay (i.e., � = 0 ). The white and the shaded areas correspond to linearly unstable and stable

rectilinear motions, respectively. The dashed horizontal lines correspond to the uncontrolled case

(K d = 0 ). The critical towing speed, marked by the red dots, isv = 48:6m=s for this setup, which

agrees with Fig. 2.15(c). Based on these linear stability charts, one can select the proper value of

the control gain for an arbitrarily chosen critical towing speed. Figure 2.25(b) is a magni�ed part of
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Fig. 2.25(a) for towing speeds between 40 m/s and 50 m/s. Interestingly, a small positive control

gain results in a smaller critical towing speed. On the contrary, having a small negative value of the

control gain is bene�cial, see the linearly stable (shaded) areas. However, this e�ect is practically

not relevant since this critical towing speed variation is marginal.

Figure 2.25: (a) Linear stability chart for the delay-free controller: the e�ect of the control parameter
on the linear stability. (b) A magni�ed part of the linear stability chart for towing speeds between
40 m/s and 50 m/s. The dashed horizontal lines correspond to the uncontrolled case for the realistic
trailer setup of Tab. 2.1 with h = 0 :27 m, providing the critical towing speed 48:6 m/s marked by
red dots.

One can obtain the characteristic multipliers of the system with the help of semi-discretization.

With these, the characteristic roots/exponents can be calculated. The rate of decay of the cor-

responding vibration can be quanti�ed with the real part of the rightmost characteristic root,

also called the critical characteristic exponent. Let us denote this withRe� max . The motion is

asmyptotically stable if Re� max < 0, and unstable if Re� max > 0.

The stability chart in Fig. 2.26 is extended with the value of Re� max in the plane of the towing

speedv and the control gain K d . As can be seen,Re� max is almost zero at high speeds, and

the motion is weakly stable. Therefore, it is not practical to choose higher towing speeds, even

with di�erential braking. One can also determine the (v; K d ) pair corresponding to the fastest

decay of the vibration. The real part of the rightmost characteristic exponent is the smallest for

v = 15:77m=s and K d = 21460Ns. The point corresponding to this pair is marked in Fig. 2.25(a)

and Fig. 2.26 with Point C1. For this pair, Re� max = � 2:1 s� 1.

Figure 2.26: The real part of the critical characteristic exponent Re� max in the plane of the towing
speedv and the control gain K d . Parameter values correspond to the realistic trailer setup of
Tab. 2.1 with h = 0 :27 m. The (v; K d ) pair related to the fastest decay of the vibration is Point C1.

According to our physical sense, having a non-zero feedback delay in the control loop (i.e.,� > 0)

may have a signi�cant e�ect on the stability properties of the trailer. Linear stability charts are

shown for four di�erent feedback delay values in Fig. 2.27. As can be observed in Fig. 2.27(a),

having a small feedback delay slightly changes the stability boundaries compared to the delay-free

case. The linearly stable region is remarkably larger for� = 0 :05 s, see Fig. 2.27(b). This means

that the time delay can have a bene�cial e�ect on the stability properties. However, the linearly
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stable region shrinks considerably for larger feedback delays, see Fig. 2.27(c-d).

Figure 2.27: Linear stability charts for di�erent feedback delays. The dashed horizontal lines
correspond to the uncontrolled case for the realistic trailer setup of Tab. 2.1 withh = 0 :27 m.

Simulations on the linear subsystems

In order to check the performance of the designed controller, numerical simulations are performed

on the linearized equations of motion. TheDDE23 MATLAB routine is used to simulate the 3 DoF

subsystem of Eq. (2.119). The initial condition is

zlat (t) = 0 for t 2 [� �; 0) (2.132)

zlat (0) =
h
0 0 0 
 0 0 0

i T
; (2.133)

where 
 0 := _ (0) = � 0:05rad=s is an impact-like perturbation of the system. Since the transient

vibrations signi�cantly reduce in 5 s for the investigated parameter values, simulations are run from

time t0 = 0 to t1 = 10 s.

The decoupled second-order di�erential equation of the 1 DoF subsystem(2.122) can be handled

as an ordinary di�erential equation, which is excited externally by the braking force. Using the

solution of the 3 DoF subsystem, the time history of the braking force is known, and theODE45

MATLAB routine can be used for simulating the pitch motion. Due to the fact that the torque

of Eq. (2.123) has a non-smooth characteristic, the non-smooth nature of the subsystem is taken

into account by event handling. The sign of the yaw rate is investigated, and two kinds of events

are detected: when _ (t � � ) becomes positive and when_ (t � � ) becomes negative. The threshold

of these event detections was set to10� 5 rad=s, and the time step of the simulation is iteratively

reduced close to the switching surface_ = 0 until the prescribed tolerance is reached.

The performance of the designed controller is presented via simulation results for di�erent towing

speeds and time delays. The time graphs of the state variables of the 3 DoF subsystem (i.e., , ' ,

u), the yaw rate _ , the braking force F brake , the torque M brake , and the pitch angle # are shown.

The time instants when one of the events occurs are also demonstrated with red stars in the time

graphs of the yaw rate.

Figure 2.28 presents the results of the delay-free controller for two towing speeds. The panels

of Fig. 2.28(a) show the results of Point C1 of Fig. 2.26, namely for v = 15:77m=s and for

K d = 21460Ns. As can be seen, the vibrations decay after a couple of oscillations. The panels of

Fig. 2.28(b) depict the time graphs of Point C2 of Fig. 2.26, namely for the same control gain but

for v = 25 m=s. As suggested by Fig. 2.26, the solution decays slower for this towing speed.

The above-mentioned(v; K d ) pair, related to the fastest decay of the vibration, was determined

for the delay-free controller. Let us investigate what happens if the time delay is non-zero for this

pair, see the simulation results in Fig. 2.29. For� = 0 :1 s, the performance of the controller is worse

than for the delay-free case, but the vibrations decay with time, see the panels of Fig. 2.29(a). For
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Figure 2.28: Simulation results for the realistic trailer setup of Tab. 2.1 with h = 0 :27 m: time
graphs for the lateral dynamics, the braking force, the torque, and the vertical dynamics. The results
are shown for the delay-free controller with control parameterK d = 21460Ns, for v = 15:77m=s
(a) and v = 25 m=s (b).

� = 0 :2 s, Point C1 is in the unstable region, see Fig. 2.27(d). Thus, the motion is unstable and the

vibrations do not decay with time. Our simulations con�rm this, see the panels of Fig. 2.29(b).

2.5.2 Nonlinear analysis for the controller without and with a dead zone

To investigate the nonlinear dynamics of the controlled system, numerical bifurcation analysis is

performed with DDE-BIFTOOL [85]. The results of these investigations are then validated by

performing numerical simulations on the nonlinear governing equations.

Numerical bifurcation analysis

For the nonlinear analysis, the non-smooth nature of the braking forces is considered. While

performing numerical bifurcation analysis, we again approximate the original non-smooth system by

applying smooth Heaviside step-functions. TheH (x) and ReLU(x) functions for the right braking
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Figure 2.29: Simulation results for the realistic trailer setup of Tab. 2.1 with h = 0 :27 m: time
graphs for the lateral dynamics, the braking force, the torque, and the vertical dynamics. The
results are shown for towing speedv = 15:77m=s for the delayed controller with control parameter
K d = 21460 Ns, for � = 0 :1 s (a) and � = 0 :2 s (b).

force in Eq. (2.117) are formulated asH (x) = ~H (x; � 
 ) and ReLU(x) = ~H (x; � N ) � x. Similarly, for

the left braking force in Eq. (2.118), we useH (x) = 1 � ~H (x; � 
 ) and ReLU(x) = ~H (x; � N ) � x. The

new smoothing parameters� 
 [rad=s] and � N [N] are related to the smoothings with respect to the

yaw rate 
 := _ and the normal loads NR or NL . In order to ensure numerical stability of the

computations, parameters� 
 = 10 � 2 rad=s and � N = 10 � 3 N are used.

The nonlinear bifurcation analysis is again carried out with DDE-BIFTOOL . Bifurcation diagrams

for the realistic trailer setup with h = 0 :27 m are shown for the controller without and with a dead

zone. In the bifurcation diagrams, dashed red and solid blue curves refer to unstable and stable

motions, respectively. For the sake of simplicity, we do not implement the combined slip in the

model. However, we pay attention to the relation among the longitudinal forces (i.e., the braking

forces), the lateral tire forces, and the vertical loads. Namely, we de�ne the required coe�cients:

� req;R =

q �
F brake

R

� 2 +
�
F lat

R

� 2

NR
; � req;L =

q �
F brake

L

� 2 +
�
F lat

L

� 2

NL
: (2.134)
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These coe�cients are calculated for every branch point of the periodic solutions we determine.

During the continuation of the bifurcation branch, if � req;R and/or � req;L reaches the prede�ned

threshold � cr = 1 , we declare the corresponding branch point as the limit of validity. The remaining

segment of the bifurcation branch is plotted with a gray curve, and we consider it invalid.

When the dead zone of the controller is zero, the linear stability boundary changes, see the

bifurcation diagrams of Fig. 2.30. To be not confusing in the �gure, we do not highlight the linearly

stable and unstable speed ranges of the rectilinear motion since these ranges overlap one another

for di�erent control gains and time delays. The results are shown for the delay-free case (i.e.,� = 0 )

for di�erent control gains in Fig. 2.30(a). The unsafe (bistable) zone is approximately 14 m/s wide

for the uncontrolled case. With di�erential braking, the unsafe (bistable) zone is smaller. For larger

control gains, the sense of the Hopf bifurcation is changed. That is, supercritical Hopf bifurcation

takes place, and the bistable zone disappears. In addition, the amplitudes of the nonlinear vibrations

are also signi�cantly decreased when stability control of the trailer is applied.

Bifurcation diagrams are shown for a �xed control gain K d = 5000Ns and for di�erent feedback

delay values in Fig. 2.30(b). The feedback delay has both bene�cial and unbene�cial e�ects on

the stability properties of the trailer. Namely, the larger the feedback delay value is, the larger

the critical towing speed is, which is against our physical sense. However, for� > 0, the unsafe

(bistable) zone is larger, than for the delay-free case.

Figure 2.30: Bifurcation diagrams for the yaw angle with respect to the towing speedv for the
realistic trailer setup of Tab. 2.1 with h = 0 :27 m and 
 dz = 0 : (a) for feedback delay� = 0 and for
di�erent control gains, (b) for control gain K d = 5000 Ns and for di�erent feedback delays.

When the dead zone of the controller is non-zero, e.g.
 dz = 0 :1rad=s, the critical towing speed

is the same for all controller setups since the linear system is not in�uenced by the controller.

The critical speed where Hopf bifurcation takes place is plotted with a red dot in the bifurcation

diagrams of Fig. 2.31. The results are shown for the delay-free case (i.e.,� = 0 ) for di�erent control

gains in Fig. 2.31(a). As can be observed, the sense of the Hopf bifurcation is the same for all

investigated control gain values, namely, subcritical Hopf bifurcation takes place. However, by

increasing the value of the control gain, the width of the unsafe (bistable) zone and the amplitudes

of the nonlinear vibrations are signi�cantly decreased.

The e�ect of the feedback delay is shown in the bifurcation diagrams of Fig. 2.31(b) for a �xed

control gain K d = 5000Ns. As can be seen, the width of the unsafe (bistable) zone is decreased if

the feedback delay is increased, e.g., when� = 0 :1 s. The amplitudes of the corresponding periodic

solutions are also considerably smaller. These are counterintuitive results since they suggest that

the feedback delay is bene�cial. Of course, a very large feedback delay degrades the performance

of the controller. For � > 0:1 s, the width of the unsafe zone is increased again. For� > 0:2 s, the

vibration amplitudes are also increased compared to the delay-free case.
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Figure 2.31: Bifurcation diagrams for the yaw angle with respect to the towing speedv for the
realistic trailer setup of Tab. 2.1 with h = 0 :27 m and 
 dz = 0 :1rad=s: (a) for feedback delay� = 0
and for di�erent control gains, (b) for control gain K d = 5000Ns and for di�erent feedback delays.

It is also worth investigating the nonlinear vibrations for a very high position of the center of

gravity, i.e., for h = 1 m . Bifurcation diagrams are shown for the controller without a dead zone in

Fig. 2.32. The e�ect of the control gain is shown for the delay-free controller in Fig. 2.32(a). As can

be seen, the critical speed changes signi�cantly when the control gain is increased. On the one hand,

supercritical Hopf bifurcations take place for the controlled system (i.e., forK d > 0). On the other

hand, the emerging branches are very steep, and the vibration amplitudes increase abruptly. After

a sharp turning point, the periodic solutions soon become invalid, see the gray curves. The e�ect

of the feedback delay is shown in the bifurcation diagrams of Fig. 2.32(b) for a �xed control gain

K d = 5000Ns. As can be observed, the feedback delay� has only a small e�ect on the critical

speed and the vibration amplitudes.

Figure 2.32: Bifurcation diagrams for the yaw angle with respect to the towing speedv for the
realistic trailer setup of Tab. 2.1 with h = 1 m and 
 dz = 0 : (a) for feedback delay� = 0 and for
di�erent control gains, (b) for control gain K d = 5000 Ns and for di�erent feedback delays.

Bifurcation diagrams are shown for the controller with a dead zone in Fig. 2.33. For the delay-free

controller, the critical speed and the sense of the Hopf bifurcations are the same for the uncontrolled

and the controlled cases, see Fig. 2.33(a). However, the vibration amplitudes are signi�cantly smaller

for K d > 0. The e�ect of the time delay � is shown for K d = 5000Ns in Fig. 2.33(b). For � > 0,

the vibration amplitudes are signi�cantly larger. Furthermore, quite large amplitude unstable and

stable periodic solutions appear for� = 0 :3 s in the linearly stable rectilinear motion domain. An

unsafe (bistable) zone is generated by the controller. Therefore, it can be concluded that having a

feedback delay is clearly not bene�cial in the case of a high payload position.

Simulations on the nonlinear system

The numerical bifurcation analysis results are veri�ed by means of numerical simulations with the

nonlinear governing equations of the full spatial mechanical model. The results are shown for the
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