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“Never do a calculation until you know the answer.”
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Chapter 1

Introduction

Electronic band structures are fundamental to understanding the behavior of electrons in solid
materials. They describe the allowed energy levels for electrons as a function of their momentum
within a crystalline lattice. This energy-momentum relationship influences a material’s electrical,
thermal, and optical properties, shaping its behavior as a metal, insulator, semiconductor, or a
semimetal.

In particular, the study of electronic band structures is crucial for designing and discovering
new materials with specific functionalities. For example, metals exhibit partially filled conduc-
tion band, allowing electrons to flow freely and conduct electricity and heat efficiently. Insulators,
on the other hand, have large band gap between the valence band and the conduction band, pre-
venting electron flow at low energies. Meanwhile, semiconductors have small band gap allowing
electrons to be thermally excited leading to a low conductivity with strong dependence on the
temperature.

Semimetals display properties that are intermediate between metals and insulators and similar
to semiconductors. Unlike insulators and semiconductors, semimetals have no band gap, but
unlike metals, semimetals have low carrier density. Therefore, they have a moderate conductivity
with strong dependence on the temperature similarly to semiconductors.

Weyl semimetals [1, 2, 3, 4] are a unique type of semimetals characterized by the presence of
Weyl points in their electronic band structure, where the valence and conduction bands cross.
FEach Weyl point carries a topological charge, or chirality, which can be positive or negative
[5, 6, 7]. This topological character makes Weyl points robust against perturbations, meaning
they cannot be removed or gapped out unless two Weyl points of opposite chirality annihilate
each other [1, 8, 9]. These Weyl points lead to a variety of exotic phenomena such as anomalous
Hall effect [10], chiral anomaly [11]|, negative magnetoresistance [12] and photogalvanic effect
[13].

One of the most distinctive features of Weyl semimetals is the presence of Fermi arcs [1, 2, 14].
These are open-ended, continuous curves of electronic states on the surface of the material,
connecting the projections of Weyl points with opposite chiralities. Fermi arcs are a direct
consequence of the nontrivial topology of the bulk Weyl points and are a signature feature of
Weyl semimetals.

Beyond the specific context of Weyl semimetals, Weyl points exhibit a universality that goes
beyond the semimetal framework, emerging as accidental degeneracies in various parameter-
dependent quantum systems. Accidental degeneracies [15, 16] occur in quantum systems when
energy levels coincide due to specific values of external parameters, rather than as a consequence
of inherent symmetries. These degeneracies are "accidental" in the sense that they occur only
for particular settings of parameters such as magnetic and electric fields, potentials, interaction
strengths, geometric parameters or other control variables.

One could argue naively that a degeneracy of a quantum system requires fine-tuning of only
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one parameter, that is, the energy difference between two levels which is zero at the degeneracy.
Indeed, it is the case when the two levels are "independent", for example, when the Hamiltonian
describing the system has a block diagonal structure. In this case the two eigenvalues corre-
sponding to two different blocks can coincide with the fine-tuning of only one parameter. This is
the case when there is an underlying symmetry and the two blocks are corresponding to two dif-
ferent eigenvalues of the symmetry operator. But without symmetry or even with the symmetry
within one block of the Hamiltonian, the levels are generally repelling each other giving rise to an
avoided crossing (also known as anticrossing) when the system is tuned with one parameter: the
two levels first approach each other and before they could meet, their distance (splitting) starts
to grow again. Similarly, if the parameter space is two-dimensional, then the energy surfaces still
avoid each other. Three dimensions is the first where we expect energy degeneracies and they
generally appear as points which are robust against the change of further parameters.

In this thesis we give an insightful geometrical view of the appearance of Weyl points in
parameter-dependent quantum systems. Neumann and Wigner [17] showed that in the n?-
dimensional space of n x n Hermitian matrices the two-fold degenerate matrices form n? — 3
dimensional manifolds. The Hamiltonian of a parameter-dependent quantum system maps the
parameter space into the space of Hermitian matrices. If this mapping itself is non-singular,
then its image appears as a manifold, too. The degeneracies of a parameter-dependent quantum
system correspond to the intersections of the image of the Hamiltonian with the degeneracy
manifolds (see Fig. 1.1).

If the sum of the dimension of the two manifolds equals the dimension of the ambient space
the generic intersections are point-like. Moreover, the tangent space of the two manifolds at the
intersection points span the tangent space of the ambient space. This type of intersection is called
a transverse intersection. Transverse intersections are stable, meaning that small perturbations
of the manifolds can not make the transverse intersection disappear.

For Weyl semimetals, the parameter space consists of the Cartesian components of the three-
dimensional quasimomentum vector satisfying the dimension condition discussed above, and the
Hamiltonian is assumed to be non-singular, which is not a strong condition. Consequently, the
image of the Hamiltonian forms a 3-dimensional manifold in the space of Hermitian matrices. The
two-fold degeneracy stratum, on the other hand, has dimension n? — 3. Since 3 + (n? — 3) = n?,
i.e., the dimensions add up to that of the full Hermitian space, the intersection of the Hamiltonian
image with the degeneracy stratum is generically transverse and consists of discrete points, stable
against perturbations. The Weyl points are the preimages of these transverse intersection points
under the Hamiltonian mapping, located in the quasimomentum parameter space (Brillouin
zone).

The distinction between the quasimomentum and the other parameters of the crystal, e.g.,
external magnetic field, is based on the different role of these parameters. The quasimomentum
is not an experimentally tunable parameter but rather a canonical momentum describing the
motion of electrons. Their dynamics depends on the crystal’s dispersion relation and the exter-
nal forces. In contrast, other parameters can be tuned experimentally to explore and manipulate
the crystal’s behavior. However, based on solely the energy spectrum there is no qualitative
difference between the parameters. For example, an artificial parameter space consists of the
quasi momentum component k,, the electric field component E, and the magnetic field compo-
nent B, would also host Weyl points with robustness against the perturbation of the remaining
components, although, this parameter space might not be justified by any relevant physics, and
such parameter space lacks phenomena associated with Weyl semimetals such as the presence of
Fermi arcs, etc.

A completely different type of parameter-dependent quantum system is the interacting spin
system [18, 19, 20, 21|. The Hamiltonian of a spin system is quite specific, as the interaction
term usually does not depend on the external magnetic field, while the Zeeman term has a
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Figure 1.1: Transverse and non-transverse intersections of manifolds. (a) In two dimen-
sions, curves generally intersect transversely at a point (red point). This intersection is stable
under perturbation (dashed curve), meaning the intersection point cannot disappear, only shift
(yellow point). (b) If two curves are tangent at the point of contact, the intersection is unstable.
It can either disappear or split into multiple intersections upon perturbation. This is referred to
as a non-transverse intersection. (c) In three dimensions, curves generally avoid each other. If
two curves make contact, the intersection is unstable, even if the curves are not tangent, and it
disappears upon perturbation. (d) A stable point-like intersection in three dimensions is realized
by the intersection of a line and a surface. The sum of their dimensions 1+42=3 matches the
dimension of the space they are in. Similarly, in a quantum system with a 3-dimensional param-
eter space, the Hamiltonian maps the parameter space into the n?-dimensional space of n x n
Hermitian matrices, where two-fold degenerate matrices form an (n? — 3)-dimensional manifold.
The dimensional equality 3 + (n? — 3) = n? ensures that the intersections are isolated, stable
Weyl points.
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linear dependence on it. Using the Cartesian components of the external magnetic field as the
parameter space makes the Hamiltonian of the interacting spin system a linear map from the
three-dimensional Euclidean space to the space of Hermitian matrices. Degeneracy points are
often referred to as diabolical points in the literature [19, 20|, a name that comes from the
double-conical shape of the dispersion relation. This terminology is common not only in spin
systems but also, for example, in molecular physics [22]. Both Weyl points in momentum space
of crystals and diabolical points in magnetic (and other) systems correspond to the transverse
intersection between the image of the Hamiltonian mapping and the degeneracy manifold, and
in this respect, they can be considered equivalent. We refer to these degeneracies as Weyl points,
regardless of the physical system [1, 16, 19, 21, 23, 24, 25| from this point onwards.

A different type of degeneracy point arises from the collision of two Weyl points with opposite
topological charge [8, 9]. This degeneracy point has zero topological charge and is unstable under
perturbation. The dispersion around such a point is quadratic in the direction where the two Weyl
points merged. The geometric interpretation of this degeneracy point involves a non-transverse
intersection, where the two manifolds are tangent at the contact point (Fig. 1.1b). The contact
between manifolds can be quite complex, and their classification is possible through contact
equivalence. Progressively more complex contacts give rise to increasingly complex degeneracies,
which can be obtained by merging more and more Weyl points [4, 26]. This requires more
finetuning, meaning that these degeneracies become increasingly unstable against perturbations.

If the sum of the dimensions of the manifolds is less than that of the ambient space, then
generically the manifolds do not intersect at all. Non-transverse intersections arise when the
manifolds still intersect (Fig. 1.1c). These intersections are unstable and disappear upon pertur-
bation. A simple example of this is when a Weyl point appears in a two-dimensional parameter
space. Perturbing it with a third parameter causes the Weyl point to disappear. This is the
case with graphene neglecting the spin-orbit interaction. There are two-dimensional Weyl points
present in the K and K’ points of the Brillouin zone, but introducing the spin-orbit interaction
splits these degeneracies [27]. This can be viewed in the full three-dimensional parameter space
which consists of the original parameters (quasimomentum) and the perturbation (spin-orbit
interaction), where the Weyl point remains stable. By isolating the perturbation parameter, we
obtain two-dimensional cross-sections of the total parameter space, and varying the perturba-
tion corresponds to moving through these cross-sections. Passing through a Weyl point in these
cross-sections appears as a point degeneracy that momentarily appears and then immediately
disappears.

A similar example is when a three-fold degeneracy appears in a three-dimensional parameter
space. Three-fold degeneracies require the fine-tuning of 8 parameters [17]|, but symmetries can
stabilize them [28, 29]. Breaking the symmetries splits the three-fold degeneracy into Weyl
points. This example is more complex because a three-fold degeneracy can split in two different
ways into two-fold degeneracies: either the upper two eigenvalues remain degenerate or the lower
two remain degenerate. Furthermore, even after a small perturbation, the three near-degenerate
energy levels remain close and the problem cannot be globally reduced to an effective two-level
system.

If the sum of the dimensions of the manifolds exceeds that of the ambient space, then a
transverse intersection is not point-like: the intersection itself is a manifold of dimension equal
to the excess, and it is stable under perturbations. For example, in four-dimensional parameter
spaces this intersection is generically one-dimensional, corresponding to nodal lines rather than
isolated Weyl points. Equivalently, one may think of slicing the four-dimensional parameter space
into three-dimensional sections, in which case the nodal line appears as a continuous family of
Weyl points, reminiscent of a 3 space + 1 time description of spacetime. However, nodal lines (or
even nodal surfaces) can also be stabilized by symmetries in a three-dimensional parameter space
[30, 31]. This represents a non-transverse intersection, which is inherently unstable. Breaking the
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symmetries causes the nodal line to break apart into Weyl points or no degeneracy [32, 33, 34].

Our approach can also be generalized to non-Hermitian systems [35], where the Hamiltonian
is an arbitrary complex matrix. The intersection of the image of the Hamiltonian map with the
manifold of two-fold degenerate, non-diagonalizable matrices in the space of complex matrices
results in the so-called exceptional points [36, 37].

In this thesis, we present the first steps toward classifying energy degeneracies in parameter-
dependent quantum systems. Our focus is solely on two-fold degeneracies, particularly, the point-
like ones. In Chapter 2, we introduce the spin-orbit coupled two-spin system [21, 23], in which we
provide a comprehensive characterization of the two-fold ground state degeneracy configurations
achievable by elementary methods. We highlight several properties of the degeneracies, such as
dimension, topological charge, and dispersion, which help differentiate them in a classification
scheme. We determine the stable configurations and the generic transitions between them, and
we also examine the topological charge distribution in non-point-like degeneracies.

In Chapterr 3, we explore the geometrical perspective behind degeneracies [38, 39, 40]. We
demonstrate that a natural parametrization near a degeneracy is provided by the Schrieffer-Wolff
transformation [41, 42, 43, 44, 45|, where the distance from a degeneracy stratum is proportional
to the standard deviation of the eigenvalues — in the case of two-fold degeneracies, this corre-
sponds to the gap between the two eigenvalues. We also show that Weyl points correspond to
transverse intersections between manifolds and introduce the concept of the order of distance
from the degeneracy stratum for parameter-dependent quantum systems.

In Chapterr 4, we use the 2 x 2 effective Hamiltonian to describe two-fold degeneracies. We
show that multiplicity is a new topological index, serving as an upper bound on the number of
newborn Weyl points that emerge upon perturbation [46].
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Chapter 2

Characterisation of the ground state
degeneracies in the spin-orbit coupled
two-spin system

Nuclear and electron spins are ubiquitous constituents in condensed matter physics. Already
a few interacting quantum spins exhibit a rich variety of phenomena in rather different settings
such as molecular magnets [18, 19, 20|, magnetic adatoms [47, 48], or spin-based quantum bits
[49, 50], to name a few. When studied in the three-dimensional parameter space defined by an
external magnetic field, all these quantum magnets possess an intrinsic geometrical and topologi-
cal structure, characterized by concepts [5, 51| such as the Berry phase, the Berry curvature, and
the Chern number. In many cases, topological considerations entail robust phenomena, governed
by some global properties, insensitive to microscopic details.

2.1 Total topological charge of spin systems

In this thesis, we address another robust phenomenon rooted in topology, which appears in
interacting spin systems subject to a magnetic field, the emergence of ground state degeneracies
at certain magnetic fields. In this case, a topological invariant (an appropriately defined global
Chern number, here referred to as the total topological charge) predicts the existence and global
properties of ground-state degeneracy points [5, 19, 20, 21, 52, 53|.

2.1.1 Berry curvature and Chern number

Before introducing the specific setup and its energy degeneracies we will consider in this work,
we briefly review the related geometric and topological concepts [5, 6, 7|. The Hamiltonian
of a spin system H(B) depends on the external magnetic field vector B, defining a three-
dimensional parameter space. We study such a system from the viewpoint of the ground-state
manifold |¥o(B). The topological quantities we describe here are related to the Berry phase
7 (C), the geometric phase which is acquired by the ground state when we adiabatically deform
the Hamiltonian in a closed path C of the parameter space:

7(C) = 25,40 .dB = !Bo-ds. 2.1)

Here, Ag(B) =i (Vo(B)| VB |¥Yo(B)) is the Berry connection. The second equality in Eq. (2.1),
featuring the Berry curvature Bo(B) = Vg x Ay(B), holds whenever Stokes’ theorem can be
applied to the open surface S whose boundary is the path C. The relation between the Berry
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connection and the Berry curvature is similar to that of the magnetic vector potential and the
magnetic field. Note that the Berry curvature can be measured experimentally [53].

The integral of the Berry curvature for a surface of the parameter space is analogous to the
magnetic flux through a surface in real space. However, for closed surfaces, the Berry flux can
be non-zero, in contrast to the magnetic flux. The Berry flux through a closed surface S in the
parameter space is the Chern number associated to that surface (up to a 27 factor):

Q0(S) = % # B, - dS, (2.2)
S

and this is an integer. The sources of this non-zero flux are the ground state degeneracies, the
points in the parameter space where the Berry curvature diverge. Hence a topological charge is
attributed to each isolated degeneracy point, whose value is the Chern number of a closed surface
that encloses that degeneracy point but no other degeneracy points. The total topological charge
of such a system is the Chern number of a closed surface that encloses all degeneracy points; this
is equal to the sum of the topological charges of the degeneracy points.

2.1.2 Spin systems

A particular class of Hamiltonians for a spin system is given by

H(B) = Hz(B) + Hint = g B - Zgzsz + Zsi : (jiij) , (2.3)
i (4.4)

where the first term, called the Zeeman term, describes the interaction of the spins with the
external magnetic field, and the second term corresponds to the interaction between the spins.
In the Hamiltonian, S; = (S; 4, Siy, SZ-,Z)T is a vector whose components are the spin operators
acting on the i-th spin.

In the Zeeman term, up is the Bohr magneton, and g, is the g-tensor of the i-th spin. The
g-tensor is a 3 x 3 real-valued matrix, which makes the Zeeman term anisotropic. The g-tensor
depends on the choice of gauge and is not necessarily symmetric. However, with an appropriate
gauge choice, it can be made symmetric.

The quantity J ij in the interaction term is called the exchange matrix between the i-th and
j-th spins. The exchange matrix is also a real-valued 3 x 3 matrix that depends on the gauge
choice. In special cases, such as when the spins form a 1D chain, all of the exchange matrices
can be diagonalized simultaneously with an appropriate gauge choice. However, in general, this
is not possible. Additionally, if the gauge is fixed to make the g-tensor symmetric, the exchange
matrix is also fixed.

The exchange matrix is often decomposed into three parts: its trace (the isotropic exchange
interaction), its traceless symmetric part (the dipole-dipole interaction), and its antisymmetric
part (the Dzyaloshinsky—Moriya interaction).

To calculate the total topological charge of Eq. (2.3) in the magnetic parameter space we
have to chose a surface which encloses all degeneracies and calculate its Chern number. For this
we can choose a sphere around the origin with a finite radius B and rescaling it to infinity to
contain all degeneracies:

QO,tot = /\ILHOIO QO()\B)~ (2-4)

Using the special linear form of Eq. (2.3)

H(AB) = \Hz(B) + Hint = A (HZ<B> T iH) , (2.5)
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where the scaling by A does not affect the eigenstates. Therefore, scaling the sphere in the
magnetic parameter space by A results the same integral for the ground state Chern number as
scaling the interaction term by 1/ for a fixed sphere.

In the A — oo limit, the Hamiltonian is interactionless, therefore, each spin aligns according
to its individual Zeeman term independently, and the ground state has a tensor product form.
The Chern number is additive for tensorial multiplication, therefore, each spin contributes to the
Chern number by its single spin Zeeman Hamiltonian

Hzi = psB - (9;5) - (2.6)

Now, we can use the fact that the Chern number does not change upon perturbing the Hamilto-
nian as far as there is no gap closing on the surface. Assuming non-singular g-tensors, the i-th
spin Hamiltonian has only a (2s; + 1)-fold degeneracy point in the origin where the half-integer
s; is the magnitude of the spin. This does not change as we continuously deform the g-tensor as
far as it remains non-singular, therefore, we can change it to the identity matrix up to a sign:

g; — (sgndet g;) L1x1, (2.7)
where sgn is the sign function. The resulting isotropic Zeeman Hamiltonian has the form
Hyzs0i = ugB - S, (2.8)
which has ground state Chern number [19]
Qoi = £2s;. (2.9)

Adding together each spin’s contribution with the proper sign results the total ground state
topological charge of the spin system

Qotot = 2 Z (sgndet g;) si. (2.10)

7

This formula is valid when every g-tensor is non-singular, i.e., det g, # 0. When one or more
g-tensor is a singular matrix, the ground state degeneracy of the non-interacting system is not
point-like and can not be enclosed by a sphere, therefore the Chern number is not defined.

The result Eq. (2.10) is valid for more general Hamiltonians where we only need to assume
that in every direction for a large enough magnetic field the linear Zeeman term described in
Eq. (2.6) is dominant. Anisotropy terms such as 2 or S? — Sg, many-spin-interaction terms, or
constant offset magnetic fields in the Zeeman term are allowed when this condition is satisfied.

When the total ground-state Chern number is zero, the system either has no ground-state
degeneracies or features degeneracies with topological charges that cancel each other. In contrast,
a non-zero ground-state Chern number guarantees the presence of ground-state degeneracies.
However, while a non-zero total topological charge ensures the existence of energy degeneracies,
it does not provide definitive answers to certain specific questions.

(i) What is the geometrical pattern (isolated points, lines, surfaces, or their combinations)
drawn by the degeneracy points in the three-dimensional magnetic parameter space?

(i) How is the topological charge carried by the degeneracy points distributed among the
points?

(iii) Are different geometrical patterns and topological charge distributions stable against small
perturbations of the system’s Hamiltonian?
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These are nontrivial questions, and answering them probably requires extensive numerical
investigations, in general.

Here, we address questions (i), (ii), and (iii) for a specific, experimentally relevant setup, a
spin-orbit-coupled interacting two-spin system |21, 54, 55, 56, 57, 58, 59, 60|, and obtain exact
results. We provide a full classification of geometrical patterns (and corresponding topological
charge density patterns) of the ground-state magnetic degeneracy points of this setup; this ‘zoo’
of patterns is introduced in Tables 2.1 and 2.2. As revealed in Tables 2.1 and 2.2, the degeneracy
points can be isolated, as in the electronic dispersion relation of a Weyl semimetal [1, 4], or they
can form lines or surfaces, as in nodal-loop [30] or nodal-surface [31] semimetals.

2.2 Hamiltonian of the spin-orbit coupled two-spin system

We consider a system of two interacting localized electrons, subject to spin-orbit interaction,
and assume that they are placed in a homogeneous magnetic (Zeeman) field (Fig. 2.1a). This
system can be described by a 4 x 4 Hamiltonian matrix [21]

H = Hy + Hiy, (2.11a)
Hyz = psB - (§LSL + grSR) ; (2.11b)
Hiy = JSt - RSR. (2.11c)

Here, Hy, is the Zeeman interaction with the external homogeneous magnetic field B, Hj, is the
spin-orbit-affected exchange interaction between the two electrons, up is the Bohr-magneton, g,
and gp are the real-valued, spin-orbit-affected g-tensors of the two electrons, S7, and Sy are the
spin vector operators represented by 1/2 times the spin-1/2 Pauli matrices, J > 0 is the strength
of the exchange interaction (antiferromagnetic), and Risarecal, 3x3 special orthogonal matrix
accounting for the spin-orbit interaction in the exchange term.

The exchange interaction term Hijy; we use in Eq. (2.11c) was derived from a two-site Hubbard
model at zero magnetic field, where spin-orbit interaction appears as a spin-dependent tunneling
term [21, 61] between the two sites. The two-electron sector of this Hubbard model is a 6 x 6
matrix, which can be projected to the 4 x 4 exchange Hamiltonian [21, 54| above by eliminating
the states with doubly occupied sites via quasidegenerate perturbation theory. It is tempting to
associate a spatial direction to the spin-dependent tunneling, e.g., the direction of the rotation
axis of R. Here, we avoid that, because that spatial direction is gauge dependent, that is, it
depends on the choice of the Kramers-pair single-particle basis states, as discussed below.

In the Zeeman Hamiltonian of Eq. (2.11b), the g-tensors are arbitrary real matrices, which are
not necessarily symmetric. One way to think about their effect is that the spins feel potentially
different effective magnetic fields By, /g eg = QE /B instead of the external magnetic field. The
matrix transpose is required by the convention used in the Hamiltonian, although, in many cases
the g-tensors are symmetric so the distinction is irrelevant. For concreteness, let us first focus
on the case when the determinants of both g-tensors are positive, det(gy,), det(gg) > 0. The
elements of the three 3 x 3 matrices g;,, g, and R are determined by microscopic details (spin-
orbit interaction, confinement potential, choice of basis, etc.), but here we treat them as possibly
independent phenomenological parameters.

In our topological considerations, we distinguish the three Cartesian magnetic-field compo-
nents B;, By, B, in the Hamiltonian as ‘primary’ parameters, and refer to further parameters
as ‘secondary’ ones. In this nomenclature, secondary parameters are fixed, while primary pa-
rameters are thought of as external parameters, varied continuously. At certain points within
the space of primary parameters, the ground state of H becomes degenerate. We refer to these
points as magnetic degeneracy points.

We have studied this two-spin system in detail in our recent work [21]. There we have shown
that in the case det(gy,), det(ggr) > 0, (i) topological considerations guarantee the existence of
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Figure 2.1: Magnetic degeneracy points of two interacting spin-1/2 electrons. (a)
Exchange interaction between the spins is described by its strength J and a rotation R. External
magnetic field B couples to the spins through the g-tensors. (b) Geometry and topological charge
distribution of magnetic degeneracy points for det g;,,det gg > 0. Colors indicate topological
charge: +1 (red), —1 (blue), 0 (black). Six-point and two-point patterns are stable, and the
generic transition between these patterns is when two oppositely charged pairs meet and their
charges annihilate each other (four points).

ground-state magnetic degeneracy points (often, but not always, Weyl points), irrespective of
microscopic details of the Hamiltonian, (ii) the degeneracy points carry topological charge, and
the total topological charge carried by all degeneracy points of the three-dimensional magnetic-
field parameter space sums up to +2. By numerical work and intuitive considerations, we have
demonstrated four different geometrical patterns formed by the magnetic degeneracy points, and
the corresponding topological charge distributions:

(A) A sphere, carrying a surface topological charge of +2. This is the case without spin-orbit
interaction, when the g-tensors are isotropic and the exchange interaction is of antifer-
romagnetic Heisenberg type (JSp, - Sg). This case also provides an example where the
magnetic degeneracy points are not Weyl points.

(B) Two isolated (Weyl) points, each carrying charge +1.

(C) Six isolated (Weyl) points, four of them carrying charge +1, two of them carrying charge
-1.

(D) Four isolated points, two of them carrying charge +1, the other two carrying no charge.
(See Fig. 2.1b of this work or Fig. 4a of Ref. [21].)

We note that we use the term Weyl point to label an isolated degeneracy point that possesses
all of the following properties:

(1) the energy splitting in its vicinity increases linearly with small deviation in the parameter
space, in all directions,

(2) the degeneracy is two-fold, and
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(3) the absolute value of its topological charge is one (which, by the way, follows from (1) and
(2)).
Accordingly, we did not label the charge-neutral degeneracy points in case (D) above as Weyl
points, since they violate both (1) and (3). In the condensed-matter literature, band degeneracy
points not showing at least one of the above three properties are sometimes called multi-Weyl
points [4, 62, 63, 64], but we do not use this terminology here.

Going beyond our earlier numerical study, here we develop an analytical approach, which
allows for a complete classification of the geometrical and topological structure of magnetic
degeneracy points. For this analysis, it is important to distinguish cases defined by the different
possible values of the total topological charge Q. According to Eq. (2.10), for non-singular
g-tensors this charge is the sum of the g-tensor determinants’ sign, i.e.,

Qp = sgn(det gy,) + sgn(det gg), (2.12)

and hence Qg € {—2,0,2}.

We will show that the geometrical patterns are the same in case Qp = +2 (Table 2.1) and
case Qg = —2, although the topological charges are the opposite in the two cases. Also, we will
show that the geometrical patterns are distinct in the case Qp = 0 (Table 2.2). Rephrasing this
in terms of the relative sign

S = sgn[det(gy,) - det(ggr)], (2.13)

we can say that the geometrical patterns are different for different values of S.

For § = 41 we obtain a sevenfold classification of geometrical patterns of magnetic degen-
eracy points (Table 2.1), corresponding to seven different topological charge distributions (i.e.,
three more beyond the ones identified in Ref. [21]), and further four possible classes are identified
for § = —1.

S =0, i.e., if one or both g-tensors are singular, Eq. (2.10) does not work; the total topological
charge can be only computed with searching all the ground state degeneracies and adding their
individual charges together. The number of possible scenarios is quite large due to the variety
of g-tensor ranks and the alignment of their null spaces. However, most of these cases are
not particularly noteworthy. Therefore, we focus on the most common and illustrative case:
one g-tensor being regular and the other is a co-rank-1 (rank-2) matrix. This specific scenario
effectively highlights the additional phenomena that can arise compared to regular matrices.

Note that geometrical patterns of magnetic degeneracy points for a different class of Hamil-
tonians were studied recently in Ref. [65].

Furthermore, we use our approach to characterize the stability of these patterns against
small perturbations of the Hamiltonian (see Fig. 2.1b): we find two stable and one almost stable
charge configurations both for § = +1 and for § = —1, the almost stable magnetic configuration
forming a generic boundary between stable configurations, similar to bifurcations in the theory
of dynamical systems [66].

The rest of the chapter is structured as follows. In Sec. 2.3 and 2.4, we give the location
of degeneracies and derive a classification of the geometrical patterns and topological charge
density patterns of magnetic degeneracy points, with the main results summarized in Tables 2.1
and 2.2. In Sec. 2.5, we analyze the stability of each of these patterns against perturbations of
the Hamiltonian. In Sec. 2.6, we derive the topological charge distribution among the discrete
degeneracy sets, and in Sec. 2.7 further extend the topological charge distribution to non-point-
like degeneracies.

2.3 Location of ground state degeneracies

Given the Hamiltonian (2.11), it is not obvious how to analyze the geometrical patterns
formed by the magnetic degeneracy points. One could, in principle, find the eigenvalues of the
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4 x 4 Hamiltonian (2.11) analytically, and investigate, in a very large dimensional parameter
space, the conditions under which ground-state degeneracies occur. Numerical diagonalization
and numerical search for the magnetic degeneracy points is also an option, but this requires a
lot of computational effort and is most likely incomplete [21].

Fortunately, for the specific Hamiltonian, Eq. (2.11), a fully analytical treatment of the
problem is possible. We provide an analytic result for the magnetic field value corresponding to
the degeneracies. To find the degeneracies of the system, one has to solve an eigenvector problem
for the direction and then solve a one variable equation for their distance from the origin.

2.3.1 Simplifying the Hamiltonian with a gauge transformation

As a first step, we introduce a local spin transformation UL/R(O) on the left /right spin. If Ois
a rotation around the unit vector n with angle a, then the corresponding unitary transformation
[67] is

UL/R(O) = exp (—zan . SL/R) . (214)

This unitary transformation acts on the corresponding spin vector operator as an orthogonal
rotation on its elements

UL/R(O)SL/RUL_/IR(O) = OSyr.- (2.15)

Therefore, to eliminate the rotation R appearing in the exchange term, we have to rotate the
right spin with the unitary transformation U = Ug ' (R):

_ R ~ ~—1
H'(B)= UL HB)U;' = upB- (gLSL +gpR SR> +JSL- Sy
= up(Br-S.L+ Bgr-Sr)+JSL- Sk, (2.16)

where we introduce the effective magnetic fields By, = g B and By = R grB. A further

global rotation of both spins Uy = UL (O)Ugr(O) keeps the interaction term simple because of
the identity <OSL) . <OSR) = 851, - Sr. As a consequence, the effective magnetic fields rotate

together, with the orthogonal matrix o . By a proper choice we can rotate one of the effective
magnetic fields (e.g. the left) to the z direction to get a simpler Hamiltonian

H"(B) = UyH'(B)U, (2.17)
ps (B + Bry) + J/2 BB 0 0
_ uBBR1L UB (BL - BRH) —J/2 J 0
2 0 J —us (BL — Bgry)) — J/2 usBgi 1 ’
0 0 uBBRL —us (BL + Bgr)) + J/2

where By, = |By| and Br)| = (OilBR) = Bgr-BL/Bp and Bry = (OleR> + i (OleR)
z T y

which latter depends on the choice of the rotation o) (its complex argument can be chosen
arbitrarily).

2.3.2 Direction of ground state degeneracies

To find the degeneracies of the matrix H”(B) defined in Eq. (2.17), we rephrase the degener-
acy of a matrix by the rank of a related matrix. If X is an eigenvalue of the 4 x 4 matrix H, then,
the matrix H — A is singular. Its rank is less then the maximal 4, therefore, the determinant of
H — X\ is zero. Similarly, if A is a degenerate eigenvalue of the 4 x 4 matrix H, then, the matrix
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H — X\ is ‘more’ singular. Its rank is at least 2 less then the maximal, therefore, every 3 x 3 minor
is zero. FErasing the first row and the last column yields a determinant

1 ,UBBRJ_ UB (BL—BRH)—J/2—)\ J
migy = é 0 J —UB (BL—BRH)—J/Q—A
0 0 puBBR L
J
= 3 (u3Bru)?, (2.18)

which can be zero only if (i) the interaction strength .J is zero or (ii) the perpendicular component
of the right effective magnetic field is zero. We are intersted in the interacting case. Condition
(ii) states that the two effective magnetic field can be simultaneously rotated to the z axis, which
means that the effective magnetic fields have to be parallel

By | Br (2.19)
gLB || RgpB. (2.20)

Acting with the inverse of RQ%: leads us to the eigenvector condition

gx' TR 9B | B, (2.21)
(gLRg;)T B | B. (2.22)

Introducing the 3 x 3 matrix
M = gy Ry, (2.23)

the possible ground state degeneracies of the two-spin system is in the direction of the left
eigenvectors of the matrix M (right eigenvector of the matrix M T). Note that M is real, but
in general it is not symmetric. Hence, in conclusion, we have mapped the problem of finding
the direction of magnetic degeneracy points to the eigenproblem of a 3 x 3 non-symmetric real
matrix.

(a) Br/B = (1, 0.3, 0) (b) Br/B = (1,0, 0) (C)

0 50 100 150 200 0 50 100 150 200 0 50 100 150 200
B (mT) B (mT) B (mT)

Figure 2.2: Magnetic degeneracy points for two interacting spin-1/2 electrons.
J =10 peV and Br,/B = (3,0,0) (a) Non-parallel effective magnetic fields do not have a level
crossing at finite magnetic fields. (b) Parallel effective magnetic fields pointing in the same di-
rection yield a ground state degeneracy point. (c¢) Antiparallel effective magnetic fields yield an
excited state degeneracy point.
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2.3.3 Distance of ground state degeneracies from the origin

First, we consider the case when the magnetic field vector B = Bw, is a left eigenvector of M
with a positive eigenvalue a, and we assume that v, is normalized. Then, the effective magnetic
field vectors are parallel and point to the same direction. The transformed Hamiltonian H” (B)
in Eq. (2.17) takes the simple form

pBg+B 0 0 0
1 0 upg—-B —J J 0 J
" _ e
H'(Bva) = 2 0 J —pBYgB — J 0 T (224)
0 0 0 —uBg+B
where
9+ = JLw, + 9Rv, (225)
with the scalar g-factors
v, = |gEva|v (2'26)
> A A~ gL a
JRv, — ’Rnga‘ = ‘gﬁva’ - a’v . (2'27)

We denote the basis states of H” by [11), [11), [{1) and [[]), where |1) (|1)) indicates that the
spin is aligned (anti-aligned) with the corresponding effective magnetic field.

The Hamiltonian in Eq. (2.24) has a block diagonal structure corresponding to each value of
the total spin z component Sio . € {—1,0,1}. Therefore, the eigenvalues of different blocks can
cross upon a change of the absolute value of the external magnetic field B.

Indeed, at zero magnetic field, the ground state of H”(0) in Eq. (2.11) is the pseudo singlet
state (|1)) —[41))/v/2 from the St » = 0 subspace, with energy —3.J/4, and the remaining three
states are pseudo triplets with zero energy .

If the magnetic field is much greater than the interaction strength J, then the energy eigen-
states are the product states. The ground state is the state |[||) from the Sior . = —1 subspace
with energy —%/LBngB + %: this follows from that fact that |g4| > |g—|, which is implied by
9L, 9Rv, > 0. Therefore, at a certain magnetic field strength between zero and infinity, the
Stot,> = 0 ground state must be degenerate with the Syt . = —1 ground state (see Fig. 2.2b). In
fact, straightforward calculation shows that this level crossing degeneracy happens at the critical

magnetic field strength

J 1 1

B, = < + ) (2.28)
2MB JLo, 9Rv,

and the degenerate states are

0) = —— (g [T — gL D), (2.200)
\/9E + gk
1) = 1), (2.20D)

labelled with their Siot,. quantum number.
If, however, the direction of the magnetic field corresponds to a negative eigenvalue, then,
the effective magnetic field vectors are parallel but point to the opposite direction. Therefore,

'Here ‘pseudo’ indicates that these are not genuine global singlet and triplet states, but rather singlet- and
triplet-like combinations defined in the locally rotated spin frames, which nonetheless exhibit the characteristic
14-3 splitting.
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the scalar g-factors have an opposite sign, which results the inequality |g+| < |g—|. This means
that the |]J) state can not reach the ground state from the Sto . = 0 subspace. What happens
instead, is that the Sio . = 0 triplet state initially starts with a zero slope at B = 0 and reaches
|11) at a sufficiently large magnetic field (also described by Eq. (2.28) with proper signs) resulting
an energy degeneracy of an excited state (see Fig. 2.2¢).

If we change the g-tensors it can happen that one of them becomes singular. In such a
transition, M also becomes singular, i.e., one of its eigenvalues (a) goes through zero (while
the eigenvalue a itself and its corresponding eigenvector v, behave regularly). In the dispersion
relation, no abrupt change takes place; only the relative ordering of the magnitude of g, and g_—
reverses. According to Eq. (2.28), the location of the ground state degeneracy exhibits a 1/gr,
fashion behavior as gr,, — 07, diverging to infinity. Entering negative values, an excited state
degeneracy emerges from infinity.

If the real-valued matrix M has a complex eigenvalue, then the corresponding eigenvectors
are also complex, which gives non-physical solutions for the location of degeneracies.

2.4 Classification of degeneracy patterns

As we now show, the structure of the eigenvalues and eigenvectors of the matrix M implies
the geometrical pattern of the magnetic degeneracy points: a time-reversed pair of ground state
degeneracy points corresponds to a left eigenvalue of M which corresponds to real, positive
cigenvalue. The matrix M is a real-valued 3 x 3 matrix that is not necessarily symmetric, and
therefore may not be diagonalizable. However, it can still be brought into a canonical form,
known as the Jordan normal form J, via a similarity transformation using an invertible matrix

15, such that
J=P 'MP. (2.30)

The Jordan normal form J consists of Jordan blocks, each corresponding to a single eigenvalue,
with that eigenvalue repeated along the diagonal and ones on the superdiagonal (in the special
case of a 1 x 1 block, there is no superdiagonal element):

a 1 0 - 0
0 a 1 Co

Ja=10 0 a . 0] (2.31)
: .. . o1
0 -~ 0 0 a

A single eigenvalue may correspond to multiple Jordan blocks in the Jordan normal form. We
can classify the eigenvector structure of a matrix according to:

(i) the number and sizes of its Jordan blocks,
(ii) whether different blocks share the same eigenvalue,

(iii) and the nature of the eigenvalues — whether they are real or complex, and in the real case,
whether they are positive, negative, or zero.

The possible Jordan normal forms of a 3 x 3 matrix, classified by the sizes of the Jordan
blocks, are:

a 0 0 a 1 0 a 1 0
J3 =10 b 0 5 Jz =10 a O s J1 =10 a 1]. (2.32)
0 0 ¢ 0 0 b 0 0 a
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Js can be further classified into three classes: a # b # ¢, a # b= c and a = b = ¢, and Jy
can be classified into a # b and a = b.

The algebraic multiplicity of an eigenvalue is its multiplicity as a root of the characteristic
polynomial; in the Jordan normal form, it corresponds to the total number of times the eigenvalue
appears on the diagonal. In contrast, the geometric multiplicity is the dimension of the eigenspace
associated with that eigenvalue (that is, the number of linearly independent eigenvectors) and
equals the number of Jordan blocks for that eigenvalue. For a 3 x 3 matrix, the algebraic and
geometric multiplicities of each eigenvalue uniquely determine the structure of the Jordan normal
form. (For larger matrices, however, this is no longer the case; additional information is needed
to fully specify the Jordan structure.)

To further split the classes according to the nature of the eigenvalues, we have to use the fact
that the matrix M is real valued, and also use the sign of its determinant. This latter quantity
is identical to the relative sign of the g-tensors

S = sgn[det (gr,) - det (gr)] = sgn [det (QLRQE{l)} — sgndet M, (2.33)
because of the equalities sgn det (gg) = sgndet (Qﬁl) for non-singular gr and det R=1.

2.4.1 Patterns of magnetic degeneracy points for § = +1

When the relative sign of the g-tensors is +1, there are two possibilities. Whether both
g-tensors have a positive determinant, or they both have a negative determinant. These cases
can be mapped to each other with the gy, ;g — —gp, /g sign flip. This action leaves M invariant,
therefore, location of the degeneracies is also unchanged, only their topological charge is reversed.
From now we focus on the case when det(gy,), det(gg) > 0. The total charge is Qy = +2.

As we show below, for det(gy,), det(ggr) > 0 there are 7 different cases, labelled from (I) to
(VII) in Table 2.1, that are classified by the number of positive eigenvalues, and their algebraic
and geometric multiplicities. We call these cases the eigenpatterns of the matrix M.

For case (I), the matrix M has three different positive eigenvalues, a, b and ¢. The algebraic
and geometric multiplicities are all 1. Let us denote the normalized left eigenvectors with v,, vy
and v.. Then, there are six magnetic degeneracy points, one time-reversed pair associated to each
eigenvector v,, appearing if the magnetic field is aligned or antialigned with those eigenvectors.
The locations of the degeneracy points in the original magnetic-field parameter space are

Ba,i = +By - Va, (Oé €a, ba C)' (234)

The expressions for the critical fields B, is given in Eq. (2.28).

Two further eigenpatterns arise when M has two different positive eigenvalues, a and b, see
Table 2.1, rows (II) and (III). In these cases, one of these eigenvalues, say a, must have an
algebraic multiplicity of 2. (Two different positive and one negative eigenvalue yields negative
determinant which corresponds to & = —1.) Then, a can have a geometric multiplicity of 2,
yielding case (IT) in Table 2.1, or a geometric multiplicity of 1, yielding case (III). In case (II),
the magnetic degeneracy points are arranged at two isolated points along the line of vy, at
By, + = £By, - v, and along an ellipse in the plane spanned by the two remaning eigenvectors,
Vg, and v,,. See Appendix A.l for details. In case (III), the magnetic degeneracy points are
arranged in four isolated points, similarly at B, + = B, - v, and By + = £By, - vy

Four further eigenpatterns appear when M has a single positive eigenvalue, a > 0, see
rows (IV)-(VII) of Table 2.1. These eigenvalues can have an algebraic multiplicity of 3, and
a geometric multiplicity of 3, yielding case (IV), where the magnetic degeneracy points form
a closed surface, an ellipsoid. The simplest example is the case without spin-orbit interaction,
where the g-tensors and R are all proportional to the unit matrix, and the magnetic degeneracy
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Eigenpattern Jordan Geometric Topological charge Stability
label normal form pattern distribution codimension
a 0 0 B:
(I) 0 b 0 74 4% (4+1), 2 x (—1) 0 (stable)
00 ¢ 5, ’
a 0 0 B}
(IT) 0 a 0 ﬁ;ﬁ 2 x (+1), 0 3
00 b 7 ’
a 1 0 B:
(III) 0 a O 743» 2x(4+1),2x0 | 1 (stable transition)
00 b 5 ’
a 0 0 B} P
(IV) 0 a O —et<— 2 (surface charge) 8
004 | A"
a 1 O B, /
(V) 0 a O — 2 (line charge) 4
0 0 a Z ’
a 1 0 B:
(VD) 0 a 1 74 2 x (+1) 2
0 0 a 7 ’
a 0 0 B:
(VII) 0 n/c 0/1 43 2 x (+1) 0 (stable)
0 0 n/c ‘_/BX ’

Table 2.1: Zoo of geometrical patterns and topological charge density patterns of
magnetic ground-state degeneracies of a spin-orbit-coupled two-spin system. Clas-
sification is based on the eigenpatterns of the 3 x 3 real matrix M with positive determinant,
see Eq. (2.23). In the second column, we display the Jordan normal form of M. Each eigenpat-
tern implies a geometrical pattern of the magnetic degeneracy points, which in turn implies a
topological charge density pattern. The third column schematically shows the geometrical pat-
tern of degeneracy points, and the topological charge of each geometrical element: +2 (orange),
+1 (red), 0 (black), —1 (blue). In seventh row, the Jordan normal form may have negative
or complex eigenvalues (‘n/c’), and if there is a degenerate eigenvalue, then the superdiagonal
element of its block can be either 0 or 1. The last column shows the stability codimension of the
eigenpatterns, i.e., the number of linearly independent constraints for a small perturbation not
to break the pattern.
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points form a sphere. Alternatively, a can have an algebraic multiplicity of 3, and a geometric
multiplicity of 2, yielding case (V), where the magnetic degeneracy points form a closed loop,
an ellipse. Yet another alternative is that a has a geometric multiplicity of 1, yielding case (VI),
with two isolated magnetic degeneracy points. Finally, it can also have an algebraic multiplicity
of 1, and consequently a geometric multiplicity of 1, denoted as case (VII), yielding two isolated
magnetic degeneracy points. The other eigenvector(s) are either negative or form a complex
conjugate pair, and thus do not contribute to any further ground state degeneracy. This sevenfold
classification of the relevant solutions of the eigenvalue problem implies a sixfold classification
of the qualitatively different geometrical patterns of the magnetic degeneracy points, since the
eigenpatterns (VI) and (VII) yield the same geometry.

2.4.2 Patterns of magnetic degeneracy points for S = —1

Patterns of magnetic degeneracy points appearing for a negative relative sign & = —1 of the
g-tensors are different from the ones discussed the previous subsection.

In this case, the total topological charge of the ground state magnetic degeneracy points is
Qp = 0. This indicates that two-spin Hamiltonians could exist without any magnetic degeneracy.

In fact, this expectation is confirmed by the eigenpattern analysis of the matrix M. The
analysis follows the steps of the previous subsection. The matrix M defined in Eq. (2.23) has a
negative determinant in this case, but still the magnetic degeneracy points are associated with the
positive eigenvalues of M. The negative determinant of M implies that the combinations of al-
gebraic and geometric multiplicities of its eigenvalues are different from the positive-determinant
case. Apart from these differences, the analysis is very similar, hence we omit the details here,
and summarize the results in Table 2.2.

sz Bz|./ Bz'/
BX/.| B, 5| B, (| B

four points  two points no points
(stable) (unstable) (stable)

Figure 2.3: Magnetic degeneracy points for two interacting spin-1/2 electrons, when
the relative sign of the g-tensors is negative, S = —1. Color of each point indicates its
topological charge: +1 (red), —1 (blue), 0 (black). Four points and no points patterns are stable,
and the generic transition between them is that the two oppositely charged pairs meet and their
charges annihilate each other (two points).

For a negative relative sign, we obtain four eigenpatterns: (VIII), (IX), (X), and (XI), based
on the possible combinations of algebraic and geometric multiplicities of positive eigenvalues.

Pattern (XI) corresponds to the trivial case, where there is no positive eigenvalue, and there-
fore no degeneracy appears at any field. This pattern can be understood as pattern (VII) with
the sign of one positive eigenvalue reversed, which removes a pair of degeneracy points.

Patterns (VIII), (IX), and (X) can be similarly related to patterns (I), (II) and (III), where
the sign of one eigenvalue is flipped, therefore, there is no degeneracies corresponding to that
eigenvalue. These cases can have either two points, four points, or a degeneracy ellipse, although
not in this specific order.
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FEigenpattern Jordan Geometric Topological charge Stability
label normal form pattern distribution codimension
a 0 0 B,
(VIII) 0b 0 _/.74.'13 2 % (+1), 2 x (—1) 0 (stable)
0 0 neg B, Y
a 0 0 B
(IX) 0 a 0 ﬁ% 0 3
0 0 neg B, ’
a 1 0 B,
(X) 0 a O 74 2x0 1 (stable transition)
0 0 neg B, ’
n/c 0/1 O B,
(XI) 0 n/c 0/1 74 no charge 0 (stable)
0 0 neg B, ’

Table 2.2: Zoo of geometrical patterns and topological charge density patterns if the
g-tensors have opposite signs. Notation and the structure of the table follows that in Table
2.1. The label ‘neg’ refers to a negative eigenvalue. In (XI) row, the Jordan normal form may
have negative or complex eigenvalues (‘n/c’). If two or three negative eigenvalues coincide, then
the superdiagonal elements of the corresponding block can be either 0 or 1.

2.4.3 Patterns of magnetic degeneracy points for S =0

When one or both g-tensors are singular, a wider variety of scenarios can emerge. Depending
on the ranks of the two g-tensors and the alignment of their null spaces, a large number of cases
arise. However, these do not introduce fundamentally new phenomena. Therefore, we focus
only on the most representative situation: when one g-tensor is regular (i.e., has a non-zero
determinant), and the other is singular with rank 2 (that is, it has one zero eigenvalue with both
algebraic and geometric multiplicity equal to 1). These cases correspond to transitions between
configurations with § = +1 and & = —1, where one of the eigenvalues of M passes through zero.
During this transition, as the eigenvalue changes sign from positive to negative, the associated
Weyl point pair moves off to infinity and disappears. This process alters the total topological
charge, since the vanishing Weyl points carry non-zero topological charge.

2.5 Stability analysis of eigenpatterns and corresponding geomet-
rical patterns

In Ref. [21], we have studied random Hamiltonians for this spin-orbit-coupled two-spin model
numerically, and among those random Hamiltonians, we have identified only two of the above six
different geometrical patterns, the ‘six points’ pattern and the ‘two points’ pattern. Why don’t
we find representatives of the other four geometrical patterns in a random ensemble of Hamil-
tonians? As we argue below, each eigenpattern can be characterized by a ‘degree of stability’
or ‘codimension’, denoted by d, which is a non-negative integer, familiar from the codimension
property of bifurcations [66]: if d = 0, then the eigenpattern is stable, if d > 0, then the eigen-
pattern is unstable, and an increasing d is interpreted as decreasing stability: the larger d, the
more parameters of H need to be tuned to observe the given eigenpattern and the corresponding
magnetic degeneracy pattern. We will show that for § = +1 the ‘six points’ pattern and the ‘two
points’ pattern are the only stable patterns, providing an explanation for our earlier numerical
findings.
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We define stability via sensitivity to small random perturbations. Consider the Hamiltonian
H of Eq. (2.11) with fixed secondary parameters, which specifies the matrix M , which in turn
has a specific eigenpattern. If we slightly modify the secondary parameters, and thereby add an
infinitesimal perturbation, H — H' = H + §H, then the eigenpattern of H' may be the same
as that of H, or it may be different. (Note that throughout this section, the prime in H' and
related quantities refers to a perturbed instance of the quantity, unlike in other sections.) If the
eigenpattern of H’ is the same as that of H for any infinitesimal perturbation 0 H, then we call
the eigenpattern of H stable. Otherwise, we call it unstable.

Instead of considering H directly, we address the question of eigenpattern stability by re-
garding the matrix M as the element of a 9-dimensional vector space. 2 The infinitesimal
perturbations SM span a 9-dimensional vector space, too; we denote this vector space by W.
The question of eigenpattern stability can then be phrased as follows: for a given M , what is the
dimension of the subspace Wy < W spanned by the infinitesimal perturbations §M that preserve
the eigenpattern of M under M — M’ = NI +6M ? If dim (Ws) = 9, then the eigenpattern
is preserved for an arbitrary infinitesimal perturbation, i.e., the eigenpattern of M is stable.
Otherwise, it is unstable, and the degree of stability can be characterized by the codimension
of the stable subspace Wy, which is d = 9 — dim (W), with d = 0 denoting the stable case and
increasing d signalling increasing instability.

We now outline a method to calculate d for a given M. This is based on the Jordan decom-
position of M,

M =PiP ", (2.35)

with J being the Jordan normal form of M , and P a similarity transformation (a real-valued
non-singular 3 x 3 matrix). Let us choose eigenpattern (V) as our example, so its Jordan normal
form reads

j:

S O >
S > =

0
0. (2.36)
A

The matrix M has thus one eigenvalue with an algebraic multiplicity of 3 but only two linearly
independent corresponding eigenvectors. Recall that this eigenpattern implies that the ground
state degeneracy points are located on an ellipse.

We first characterize those perturbations of M which preserve this eigenpattern, that is,
preserve the structure of the Jordan form. For these, the Jordan form of the deformed matrix
M’ must read

L SA 0 0
J=J+6J=J+( 0 6x 0 |, (2.37)
0 0 &\

with an infinitesimal dA. Since the only constraint on the perturbation is that the eigenpattern
(that is, the Jordan normal form) should be preserved, an arbitrary infinitesimal change is allowed
in the similarity transformation P,

P =P1+5P) (2.38)

with an infinitesimal term

R op11 dp12 dp13
0P = 5]921 (szg 5])23 . (2.39)
dp31 Op32  dps3

2We can modify all elements of M by changing some parameters of the original Hamiltonian.
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Now we have parametrized, usmg 10 infinitesimal parameters (the 0p;;-s and 0)), all matrices
that are infinitesimally close to M and have the same eigenpattern as M; in fact, we have
overparametrized the set of matrices corresponding to eigenpattern (V) near M. We can express
the shift of the matrix M up to linear order in these infinitesimal parameters to get the tangent
space of eigenpattern (V) at M.

~ ~ ! ~ Al at ~al—1 Aoao~—1
oM = M - M=PJP —-PJP
- P ([515, 7] 5[1) P l=pPomp (2.40)

where M is the linear order change expressed in the basis of the Jordan normal form.

e —0p21 +0A  dp11 — dpr2  —Opa3
M = 0 Opa1 + dA 0 ) (2.41)
0 op31 oA

The image of M is 5-dimensional because there are 6 non-zero matrix elements and there is 1
constraint on them:

5.?\211 + 6M22 = 25M33. (2.42)

To determine the dimension more algorithmically, we have to describe M ({pi;},0A) in the
form of

10

5MZJ - ZCZ] ’YG’W (Zaj = 17273)7 (243)
y=1

where ({ey}) = ({6pij},0A) is the 10-tuple of the infinitesimal parameters, and the coefficients
of the linear relation are arranged in the 9 x 10 matrix

[an)
[an}

0

|
—_
[
RN
=
o
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The dimension of the stable subspace of perturbations is dim (Ws) = rank(C). A straightforward
calculation shows that in this specific case, dim (W) = rank(C') = 5. Correspondingly, the
stability codimension is d = 9 — dim (W) = 4 for eigenpattern (V), cf. Table 2.1. We therefore
conclude that the eigenpattern (V) has a rather high codimension d, and is therefore quite
unstable, i.e., it is difficult to observe it in nature.

The stability of each of the 7 eigenpatterns in Table 2.1 can be characterized by calculating
the corresponding codimension d in a similar way. The results are shown in the fifth column of
Table 2.1.

2.5.1 Stable patterns and generic transition between them

The most important result is that the stability codimension of eigenpatterns (I) and (VII)
are zero from relative sign & = +1, hence these are the stable eigenpatterns, and consequently,
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these provide two geometrical patterns of the magnetic degeneracy points: the ‘two points’
configuration (VII), and the ‘six points’ configuration (I). This result explains and corroborates
our earlier numerical finding [21|, where only these two geometrical patterns were found by
studying randomized Hamiltonians.

A further question is, how transitions between stable eigenpatterns take place upon changing
the secondary parameters of the Hamiltonian? If we consider two Hamiltonians from the two
different stable eigenpattern classes (I) and (VII), and continuously interpolate between them,
then there must be a critical point on the way where four of the six points disappear.

To describe the nature of the transition, let us simply consider that case (VII) can generically
arise in two distinct ways: either two of its eigenvalues form a complex conjugate pair, or both
are negative. Out of these, only the first scenario allows for a direct transition from class (I).
Specifically, two of the three positive eigenvalues of the matrix M approach each other and then
become complex conjugates. At the point of direct contact, the matrix M becomes degenerate,
possessing a positive eigenvalue with algebraic multiplicity 2. This corresponds to either case
(IT) or (III). Among these, the generic transition is determined by the fact that case (III) has
codimension exactly 1 (given by Table 2.1), i.e., it is a stable transition. In this scenario, the
matrix M is not diagonalizable but can be brought into Jordan normal form. This occurs
because, during the transition, the eigenvectors also converge and eventually coincide. With
further variation, they become complex.

Regarding degeneracies, this means that the degeneracies associated with the two eigenvalues
merge and annihilate each other. In the direct transition, a four-point configuration emerges,
of which one pair is stable (corresponding to the non-degenerate eigenvalue), and the other is
unstable (associated with the degenerate eigenvalue, and formed through the merger).

It is important to emphasize that the collision of degeneracies occurs with codimension-1,
despite the fact that they move in a 3D space. This implies that their motion cannot be fully
independent—if it were, the degeneracies would generically avoid each other rather than collide.

To reach the remaining patterns, further fine tuning is required. An interesting example is
case (VI), which geometrically yields the same pattern as case (VII), yet it is unstable. This
case corresponds to a 3 x 3 Jordan block, which arises when all three eigenvalues coalesce si-
multaneously, at which point the eigenvectors also coalesce. This implies that the associated
degeneracies undergo a triple merger. Such a transition can occur either all at once, or via a
sequential process in which two pairs collide first, followed by the third eigenvalue merging into
them (also suggesting the codimension to be 2).

In the case of relative sign & = —1, the two stable patterns are case (VIII), which features
four degeneracy points, and case (XI), which has none. The stable transition between them
occurs through case (X), where the degeneracies merge in a manner analogous to the transition
for relative sign S = +1, see Fig. 2.3.

The transition between & = +1 and & = —1 cases is discussed in Section 2.4.3: a point pair
disappears at infinity as the corresponding eigenvalue goes through zero. This has codimension
one because the only constraint is det M =0.

2.6 Topological charge distribution

Additionally, we determined the topological charge distribution in the different configura-
tions. In principle, it could happen that two different Hamiltonians yield the same geometry of
degeneracy points, but the charge is distributed differently among the elements. For example,
when det(gy,), det(gg) > 0, the total topological charge Qg is +2, that is, the sum of the topo-
logical charges of each ground state degeneracies in the magnetic field parameter space. In case
(IT), the ellipse-shaped loop could be neutral and the isolated points could carry charge +1 each,
or the points could be neutral and the ellipse could carry charge +2. As we show now, in our
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model, the topological charge density is uniquely determined by the geometrical pattern; in the
example above, the points are charged and the loop is neutral.

To calculate the topological charge of say, B,y, we focus on the two degenerate ground
states |0) and |—1) in the degeneracy point (see Egs. (2.29)), make a linear expansion of the
Hamiltonian for small deviations 6B = B — B,y of the magnetic field from the degeneracy
point, and truncate the Hamiltonian for the two-dimensional subspace spanned by |0) and |—1).
This reduced Hamiltonian can be written in terms of Pauli matrices,

H.cq(6B) = pugéB - g, T, (2.45)

where T = (71, 72, 73) is half times the vector of Pauli matrices, e.g., 73 = 2(|0) (0] — |—1) (—1|).
Because of the similarity of H..q and the Hamiltonian of a single spin in a magnetic field with an
anisotropic g-tensor, we call g,, the effective g-tensor of the degeneracy point B,. The deter-
minant of the effective g-tensor of a Weyl point is nonzero, and its sign provides the topological
charge of the Weyl point:

Qu+ = sgndet (g, ) - (2.46)

To obtain an analytical result for the elements of the effective g-tensor, we evaluate H,eq
in Eq. (2.45) with 0B = 0Be,, (a = z,y,z) pointing along the unit vector e, of direction «,
multiply both sides with 73 (8 = x, ¥, 2), and take the trace of both sides. This procedure yields
the matrix elements

2

(ga—i-)aﬁ = mTr[Hred((sB ea)76]~ (247)
The matrix obtained from this relation can be identified with the following basis independent
expression:
25 2, Pl
s 9r9L + 9igr R
O = e.Qe
gaJr g% +g%{ z z
~ ~ R_l
+ 9rRIL — 9gLIR (1-e, ®e.), (2.48)

\/ 9t + 9%

where O is the rotation setting the z axis along the direction of RQE'UQ (which is the same as
the direction of g1 wv,). Note that @ denotes the dyadic product of two three-dimensional real
vectors.
A straightforward calculation using the matrix determinant lemma yields
. a(l+a) R
det = ——5(a—"b)(a—c)detgg, 2.49

9o+ (1 +CL2)2 (CL )(CL C) gr ( )
where a, b and ¢ are the eigenvalues of the matrix M. Inserting this determinant into Eq. (2.46)
and using a > 0 and det gg > 0, we obtain

Qut =sgn[(a—0b)(a—c)] if (a—b)(a—c)#0. (2.50)

The charge Q,— of the degeneracy in the opposite direction is the same as Q, because Eq. (2.50)
does not depend on how we choose the eigenvector +v,.

If (a—b)(a—c) # 0, that is, a # b and a # ¢, then the effective g-tensor g, is a regular matrix
because det g,+ # 0. This implies that the degeneracy will split linearly under a perturbation
0 B of the magnetic field, regardless of its direction, meaning that the degeneracy point is a Weyl
point.
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In the case where a = b # ¢ or a = b = ¢, the determinant of the effective g-tensor vanishes,
i.e., det g,+ = 0, meaning that g, is singular. This implies that there exist direction(s) along
which the energy splitting under a magnetic field perturbation occurs only at higher order. On
top of that the simple sign formula is not enough to determine the topological charge.

If the eigenvalue a has geometric multiplicity greater than one, the degeneracy point lies
on a higher-dimensional degeneracy manifold. In this case, the point is not isolated: it is part
of a degeneracy curve (for multiplicity 2) or a surface (for multiplicity 3). Consequently, per-
turbations tangent to the degeneracy manifold do not lift the degeneracy to linear order. This
is simply understood geometrically: moving tangentially to the manifold means staying closer
to the degeneracy set, so the distance from degeneracy increases only at higher order, and the
corresponding energy splitting is likewise nonlinear.

In contrast, if the geometric multiplicity of a is exactly one, the degeneracy is an isolated
point. However, the effective g-tensor being singular implies that there still exist direction(s) in
which the magnetic field perturbation does not lift the degeneracy linearly. This again reflects
the fact that the point is not a Weyl point, even though it is isolated.

When the matrix M is non-degenerate (i.e., generic) with positive determinant, there are
three distinct possibilities regarding its eigenvalues:

(i) All three eigenvalues are real and positive (case (I)). In this case, each of the three pairs of
existing degeneracy points are Weyl points. According to Eq. (2.50), the pairs associated
with the largest and smallest eigenvalues carry +1 topological charge, while the pair as-
sociated with the intermediate eigenvalue carries -1 charge. This distribution satisfies the
total topological charge constraint: 4 x (+1) +2 x (—1) = +2.

(ii) One eigenvalue is real and positive, while the other two are real and negative (case (VII)).
In this case, only the positive eigenvalue corresponds to a ground-state Weyl point pair
with +1 topological charge. The other two eigenvalues are associated with excited-state
degeneracies, and do not contribute to the ground-state topology. The total topological
charge from ground-state degeneracies is therefore still 42.

(iii) One eigenvalue is real and positive, while the other two form a complex-conjugate pair (also
case (VII)). In this case, only the positive real eigenvalue corresponds to a Weyl point pair
with +1 topological charge. The complex-conjugate eigenvalues do not correspond to any
physical degeneracy points. As in (ii), the total topological charge from the ground-state
degeneracies is +2.

We can now understand Weyl point collisions from the perspective of topological charges
as well. When transitioning from the six-point case to the two-point case, the intermediate
eigenvalue merges with one of the extremal ones; that is, a Weyl point pair with charge —1
collides with a pair with charge 4+1. The resulting degeneracy point is no longer a Weyl point,
since its total charge is zero.

Moreover, based on the singularity of its effective g-tensor, we also see that its dispersion
is not linear in all directions: indeed, there exists a direction along which a magnetic field
perturbation causes the energy degeneracy to split quadratically while in all other directions the
splitting remains linear. It can be shown that this specific direction coincides the direction along
which the two oppositely charged Weyl points collided.

The total topological charge of the system remains +2, as it is preserved by the non-colliding
Weyl point pair.

With further fine-tuning, it may occur that the doubly degenerate eigenvalue merges with
the third one; that is, the previously formed zero-charge degeneracy pair collides with a Weyl
point pair (case (VI)). As a result, a new degeneracy pair is formed whose topological charge
must be +1 due to charge conservation.



CHAPTER 2. CHARACTERISATION OF THE GROUND STATE DEGENERACIES IN
30 THE SPIN-ORBIT COUPLED TWO-SPIN SYSTEM

This new degeneracy is characterized by cubic dispersion along a special direction (in fact,
not just a direction, but motion along a suitably curved path in parameter space is required to
observe this), while the dispersion remains linear in all other directions.

This case also serves as an example demonstrating that Eq. (2.50) is only valid for Weyl points:
here, the degeneracy pair carries topological charge 41, but the formula would incorrectly predict
Zero.

Let us now consider the transition where det M changes sign. In this case, the total topo-
logical charge is Qo = +2 when S = +1, and Qo = 0 when S = —1.

Assume that we initially start in the six-point-case, where all three eigenvalues of M are
positive, and suppose that the determinant of gy, goes through zero. During this transition, one
of the eigenvalues also goes through zero and becomes negative. Since this can only occur for
the smallest eigenvalue, the transition involves one of the +1-charged Weyl point pairs. As the
determinant approaches zero, this Weyl point diverges to infinity and disappears. As a result,
the system loses +2 units of topological charge, and the total charge drops to zero.

Focusing still on the & = +1 cases, in addition to point-like degeneracies there are also
configurations where the degeneracy set includes an ellipse (case (II) and case (V)), or even an
entire ellipsoid (case (IV)).

In the mixed case, where both a degeneracy point pair and an ellipse are present, the topo-
logical charge for the point pair in Eq. (2.50) simplifies to Qu+ = sgn[(a — b)?] = +1. Thus the
point pair is a Weyl point pair, each carrying charge 41, which already accounts for the entire
topological charge of the system. Therefore, the ellipse must carry zero net charge. Whether
this zero charge arises from a uniformly vanishing linear charge density or from a cancellation
between locally positive and negative contributions along the ellipse cannot be determined based
on this analysis.

In the other scenario, where only the elliptical degeneracy is present, the ellipse must carry
the full charge of +2. Even in this case, one can still ask how the charge is distributed along
the ellipse: whether it is continuously spread or concentrated at certain special, discrete points.
Perhaps surprisingly, the latter turns out to be the case.

In case (V), all degeneracy points lie on a single ellipsoid, and therefore the total topological
charge of +2 is distributed along the surface.

The results so far, concerning the total topological charge and its distribution among different
types of degeneracy sets (e.g., point pairs, ellipses, ellipsoids), are summarized in Tables 2.1
and 2.2.

The internal distribution of the charge within a given degeneracy manifold, such as how it is
spread along an ellipse or on an ellipsoid, will be addressed in the next section.

2.7 Topological charge density of non-point-like degeneracies

2.7.1 Linear charge density along degenerate curves

To examine the topological charge density along a line degeneracy, we must first define what
we mean by it. Since the charge is fundamentally a flux through a surface, the idea is to surround
the curve with a surface and integrate the Berry curvature over it. A natural choice is a tubular
surface: at each point along the space curve, we consider the plane orthogonal to the tangent
vector and draw a circle of fixed radius. The union of these circles forms a tube enclosing the
curve. This tubular surface can be parametrized by the arc length s along the curve and an
angular coordinate 9 around each circular cross-section. Technically, a third parameter r, the
tube radius, defines a whole family of such surfaces (a tubular neighborhood of the curve) and
the actual surface is the level set corresponding to fixed r.

The total topological charge enclosed in the tube is the surface integral of the Berry curvature
over the tubular surface. As we shrink the radius » — 0, the tube shrinks tightly around the
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curve. The total charge remains invariant in this limit, since the enclosed topological charge
is independent of the tube radius. However, the integrand becomes increasingly localized and
accurately reflects the local distribution of charge along the curve.

This motivates the definition of a linear charge density of topological charge: by differentiating
the total charge with respect to the arc length s, or equivalently, by integrating the flux density
(i.e., the normal/radial component of the Berry curvature) over the meridional angle coordinate
¥ (that is, over a single circular cross-section) and taking the limit » — 0, we obtain the local
topological charge per unit length.

Therefore, for a degeneracy curve, the formula revealing the linear topological charge density
reads

27
v(s) = —lim | d0B(p,(5,0)) (09D, X b,y (2.51)

2m r—0 Jq

where p,(s,9) is the parametrization of the tubular neighborhood. This is the quantity that
we study in the following. For future reference, we introduce the two-dimensional (2D) Berry
curvature Bop via

Ban(s. 9) = B(p,(5.9)) - (9op, X 9up,),. (2.52)

i.e., the integrand in Eq. (2.51). We also introduce the apparent topological charge density vy (s),
which is the right hand side of Eq. (2.51), without taking the limit r — 0:

27
P(s) = - /0 d0Bap (s, 9), (2.53)

T o
related to the charge density defined above as

v(s) = lim ,.(s). (2.54)
r—0
The physical dimension of the Berry curvature and the Berry flux density is magnetic field =2,
whereas the dimension of the 2D Berry curvature, the apparent topological charge density and
the topological charge density is magnetic field—!.

2.7.2 Case (II): neutral ellipse

First we consider the neutral ellipse degeneracy case (II). For this pattern, having zero total
charge, one can envision two qualitatively different scenarios: (a) The charge distribution is
identically zero at all points of the ellipse. (b) There is a non-zero linear charge density along
the ellipse, but the negative and positive contributions cancel each other when added up for the
entire ellipse. Speculation based on classical electrostatics intuition actually suggest scenario
(b): if we think of the ellipse as a globally charge-neutral ‘metal’, then the two point charges
outside the ellipse would ‘polarize’ the ellipse (cf. the interesting analogy with electrostatics in
Section 2.7.5).

Here, we provide evidence that scenario (a) is the case, the local charge distribution along
the degeneracy ellipse vanishes. This is the first key result of this work. This conclusion will be
drawn from Fig. 2.4 ¢, but let us arrive there through a few intermediate steps.

In Fig. 2.4 a, we show the degeneracy patterns, two red points and a black ellipse. We use
the specific choice of parameters where the g-tensors are

2 0 0
gun=10 2 0], Gru=1laxs, (2.55)
01 4
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Figure 2.4: Neutral degeneracy ellipse has vanishing linear topological charge distri-
bution. (a) Berry flux density B,, (temperature map) on the surface of a torus surrounding
a neutral degeneracy circle (black). Meridian radius, /R = 0.2 (b) Two-dimensional Berry
curvature Bap(s, ) [Eq. (2.52)] on the parametrization of the torus, i.e., as a function of longi-
tudinal arc length s and meridian angle . (c) Apparent linear topological charge density 7 (s)
[Eq. (2.53)], as function of longitudinal arc length s and meridian radius 7. As r — 0, this
function converges to the constant zero function (white), showing that the linear topological
charge density vanishes, v(s) = 0. (d) A benchmark for the numerical integration: numerically
evaluated ground-state Chern number Qg on the torus, as function of the meridian radius r.
Numerical error grows slightly as » — 0, due to the divergence of the Berry curvature in the
vicinity of the degeneracy circle, but it remains well below 10™° even for the smallest 7 values
considered.

and the exchange interaction is characterized by Jir = 1 and RH = 1l 343. For simplicity, energy
and magnetic field are dimensionless, unless noted otherwise (or equivalently J = 1 peV and
magnetic field is measured in peV/ug).

The total topological charge carried by the red degeneracy points in Fig. 2.4 a is +2. These
degeneracy points are located at opposite magnetic fields,

\/5 0

By=+>"1[1 (2.56)
2

8

and each of them carry a topological charge +1. The degeneracy ellipse shown as the black loop
in Fig. 2.4 is actually a circle in the zy plane for this parameter set, centered at the origin, with
radius R = 3/4.

Figure 2.4 a shows the Berry flux density on a torus surrounding the degeneracy circle. The
Berry flux density is defined as the normal-to-surface component of the Berry curvature vector
field. For example, for a point B on the torus, the Berry flux density reads

B,(B) =B(B) -n(B) (B € torus), (2.57)

where n(B) is the normal vector of the torus at point B. The torus in Fig. 2.4 a is colored
according to the nonzero Berry flux density.

On the way toward the linear topological charge density, to be expressed via Eq. (2.51), we
specify the parametrization of the torus surrounding the degeneracy curve as

D, (8,0) = Reyaa(s) + r[cost e, + sind epaq(s)], (2.58)
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cos(s/R) 0
€rad(s) = | sin(s/R) |, e=1 0 |. (2.59)
0 1

Note that the normal vector of the torus can be expressed from the parametrization via

6 Py X aspr
n(p,(s,9)) = WZPTM' (2.60)

With the parametrization in Eq. (2.58), in Fig. 2.4 b we plot the 2D Berry curvature Bap
(see Eq. (2.52)) on the torus, with meridian radius » = 0.2R. The data in Fig. 2.4 b is used to
infer the linear topological charge density, by numerically performing the integration over the
parameter ¢ and dividing by 27 to obtain the apparent charge density 7,(s), and then taking
the limit » — 0. The apparent charge density as function of s and r is shown in Fig. 2.4 c.
Although the value of the apparent charge density is nonzero for finite 7, it does converge to
zero for all values of s as ¥ — 0. This is numerical evidence that the degeneracy circle is charge
neutral. To illustrate the accuracy of our result shown in Fig. 2.4 ¢, we numerically evaluate
the ground-state Chern number Qg on the torus as the function of the meridian radius r, by
integrating the apparent charge density over the longitudinal arc length s. The result, shown
in Fig. 2.4 d, is indeed zero, exhibiting a numerical error less than 107°, illustrating that our
numerical procedure is rather accurate.

Up to now, we considered a specific parameter set, and we performed numerical calculations
for that special case. This lead us to the finding that the neutral ellipse has an everywhere-
vanishing linear charge density. Does this hold only for this special case, or is it generic for
any neutral degeneracy ellipse within the spin-orbit-coupled two-spin model? We claim that the
latter is true, and we outline the proof in Sec. 2.7.4.

2.7.3 Case (V): charged ellipse

Next we consider the charged ellipse degeneracy case (V). The question is: how is the topo-
logical charge distributed along the ellipse? Using the method of the previous subsection, we
show that the topological charge is concentrated at two opposite points of the ellipse, i.e. it is
not continuously distributed along the ellipse.

The example parameter set we use consists of g-tensors

2 00
gLv=[(0 2 0], ggryv=TIsxs, (2.61)
01 2

and the interaction is described by Jy = 1 and RV = 1343. The degeneracy ellipse is a circle
with radius R = 3/4 again, shown as a black line in Fig. 2.5 a.

Fig. 2.5 (in analogy with Fig. 2.4) shows (a) the Berry flux density B,, on a torus surrounding
the degeneracy circle, (b) the two-dimensional Berry curvature Bap(s,®) on the coordinates
[0,27R) % [0, 27) of the torus, (c) the apparent topological charge density 7, (s) of the degeneracy
circle, and (d) the numerically evaluated ground-state Chern number on the torus.

Fig. 2.5 a and b reveal a remarkable difference compared to Fig. 2.4 a and b: from Fig. 2.5 a
and b, the Berry flux is concentrated in narrow regions (red spots) in the neighborhoods of
two opposite points of the ellipse. Fig. 2.5 ¢ suggests that the linear topological charge density,
which corresponds to the plotted data 7,.(s) in the r — 0 limit, consists of two Dirac deltas: the
degeneracy circle is neutral in all points except two discrete points opposite to each other, each
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Figure 2.5: Charged degeneracy ellipse has two charged points. (a) Berry flux density
B,, (temperature map) on the surface of a torus surrounding a charged degeneracy circle (black).
Meridian radius, /R = 0.2 (b) Two-dimensional Berry curvature Bap(s, ) [Eq. (2.52)] on the
parametrization of the torus, i.e., as a function of longitudinal arc length s and meridian angle 9.
(c¢) Apparent linear topological charge density 7,(s) [Eq. (2.53)], as function of longitudinal arc
length s and meridian radius r. As r — 0, this function converges to the constant zero function
(white), showing that the linear topological charge density vanishes, v(s) = 0. (d) A benchmark
for the numerical integration: numerically evaluated ground-state Chern number on the torus,
as function of the meridian radius r. Numerical error grows slightly as r — 0, but it remains
well below 1072 even for the smallest r values considered.

carrying a topological charge of +1. In Section 2.7.4, this numerical evidence is supported by
analytical results.

Fig. 2.5 d shows that the numerical error of the Chern number is below 1073, illustrating the
accuracy of our numerical procedure. The feature that the error grows as the radius decreases is
rather natural: for smaller radius, the Berry flux gets more focused on a smaller area, hence our
numerical integration using an equidistant grid on the surface of the torus gets less accurate.

The direction of the charged points is (0, 1, O)T, as determined by the Jordan decomposition
of M, according to Eq. (36). From Eq. (2.28), the position of these points is expressed as:

3
By==+|1]. (2.62)

. .. . . . 3
This result is in agreement with Fig. 2.5 ¢, where the charge density has two peaks at s € { TR, 5 R}.

Fig. 2.5 b shows pronounced peaks of the two-dimensional Berry curvature. These peaks
appear because at each charged degeneracy point there are two opposite directions perpendicular
to the tangent vector of the degeneracy circle in which the energy splitting grows quadratically as
we move away from the circle, and the Berry flux density is typically greater where the splitting
is smaller.

For both degeneracy points, we determine these directions analytically using Eq. (63), and
we find (0, —1,6)T. This feature appears in the (s,1) torus of Fig. 2.5 b as red spots where the
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flux density is high; the spot locations can be determined analytically as

T 41
(s1,01) = <2R,7r—tan 16)’

™ 1
(s2,92) = | =R,2m —tan™ " — |,

2 6

3 ) (2.63)
(s3,03) = <2R 7+ tan~! 6) ,

371'

matching the peaks seen in the numerical data.

To conclude, in this section we provided numerical evidence that the neutral degeneracy
ellipse, pattern (II) of [23], has vanishing linear topological charge density, whereas the charged
degeneracy ellipse, pattern (V) of [23|, has all its topological charge focused in two opposite
points of the ellipse. Even though the numerical results are obtained here for a specific choice
of secondary parameters (g-tensors, exchange strength J and exchange rotation matrix R), the
statements are general, see Sec. 2.7.4 for the outline of the analytical proof. For example, if the
secondary parameters are changed with respect to those in Section 2.7.2, such that the resulting
matrix M still has the eigenpattern (II), then the degeneracy circle generically deforms into
an ellipse, but all of its points remain charge-neutral. Results of Section 2.7.3 are generalized
analogously. For details of these generalizations, we refer to Sec. 2.7.4.

2.7.4 Linear topological charge density vanishes for rank-2 points of degen-
eracy curves

In this section, we outline analytical results that support the numerical evidence of topological
charge distributions studied in Sections 2.7.2 and 2.7.3.

We define the rank of degeneracy points, by the rank of their effective g-tensor defined in
Eq. (2.45). The rank of a degeneracy point of a curve and its topological charge is related.
In particular, we find that a rank-2 degeneracy point located on a degeneracy curve carries no
topological charge.

In Appendix A.4, we show that all degeneracy points of the neutral degeneracy ellipse are
rank-2. Furthermore, in Appendix A.4 we show that in the charged degeneracy ellipse, the two
points where the Berry flux density is concentrated in Fig. 2.5 are rank-1, and all other degeneracy
points are rank-2. Finally, in Appendix A.5, we prove that the linear topological charge density
at a rank-2 degeneracy point of a line degeneracy is zero, supporting the numerical evidence seen
in Figs. 2.4c and Figs. 2.5c. We also observe that although hence there is no source of the Berry
curvature on rank-2 degeneracy curves, there is always a 7 flux tube along the degeneracy, for
details see Appendix A.5.

It is tempting to think about the charged ellipse degeneracy pattern (V) as a result of fine-
tuning of pattern (II): upon tuning the secondary parameters (g-tensors, exchange parameters),
two charged points of pattern (II) merge with the neutral degeneracy ellipse of pattern (II), form-
ing the charged degeneracy ellipse of pattern (V). (Note the related discussion on the conversion
between Weyl point and nodal lines in band structures [68].) This picture is reinforced by the
fact that pattern (V) is less stable than pattern (II), signalled by their stability codimensions 4
and 3, respectively. Furthermore, in Appendix A.3, we show an example, where tuning a single
parameter explicitly leads to two Weyl points merging with the neutral degeneracy ellipse.
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2.7.5 Case (IV): continous surface charge distribution on an ellipsoid

Now consider the degenerate case (IV), the (charged) ellipsoid. We define the surface topo-
logical charge density as the jump in the component of the Berry curvature normal to the surface,
between its two sides, analogous to electrostatics:

o(Bs) = 5 (Ba(Bs) ~ Bu(Bs.)), (2.64)

where By is a point on the degeneracy surface, and Bn(BSy) are the components of the Berry
curvature normal to the surface, evaluated in the limit B — Bg from either side.
Fig. 2.6 shows this surface topological charge distribution o(Bg) for the example parameter
set with g-tensors
2 0 O 1 00
gLiv=10 6 0], grw=|(0 3 0], (2.65)
0 0 18 0 09
and interaction described by Jy = 1 and RIV = l3x3. With these parameters, the degeneracy
ellipsoid has its principal axes aligned with the (B, By, B.) reference frame. The semi-axes of
the ellipsoid are
3 1 1
1 p= 1 v = 12
Contrary to the linear charge density of the ellipses, the ellipsoid shows a continuous charge
distribution, which reads

o =

(2.66)

1 1
o(Bg) = . (2.67)
2mafBy 2 B2 2
\/ e
This formula is obtained from the general result for the surface topological charge distribution
det g
o(Bg) = k) (2.68)

m(a+1)|grgkBs|

Here, a is the only eigenvalue of the matrix M = a - 13,3 [23]. Equation (2.68) is derived in
Appendix A.6.

Interestingly, the surface charge density in Eq. (2.67) has the same functional form as the
electrical charge distribution of an electrically charged conducting ellipsoid [69]. Figure 2.6
exhibits the curvature effect known from electrostatics: the greater the local surface curvature,
the higher the surface charge density. A further similarity is that the Berry curvature inside the
ellipsoid is zero, similarly to the electric field inside a charged conductor. A difference, however, is
that the Berry curvature in our example exits the surface radially with respect to the origin (i.e.,
it is proportional to B/B), in contrast to the electric field which exits the conductor’s surface in
the normal direction of the surface (i.e., it is proportional to n(B)). Another difference is that
the curl of the Berry curvature is non-zero [65], however, the curl of the electric field induced by
the charged conductor vanishes.

Given a degeneracy surface in a three-dimensional parameter space, is it a generic feature
that it carries a continuous topological surface charge density? Here we argue that it is. Such
a degeneracy surface divides the parameter space to two disjoint regions - in our example, the
inside and the outside of the ellipsoid. The ground state changes continuously in both regions as
the function of the parameters, generically implying a nonzero and continuous Berry curvature
vector fields in both regions separately. But at the degeneracy surface, the ground state changes
suddenly - in our example from a singlet-like state at the inside and a triplet-like state at the
outside - and hence the Berry curvature also jumps, leading to a finite surface charge density
according to Eq. (2.64).
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Figure 2.6: Topological surface charge distribution on a degeneracy ellipsoid. See
Section 2.7.5 for parameter values. This topological charge distribution is the same as the
electric charge distribution on the surface of a charged conducting ellipsoid.

2.8 Conclusion

In conclusion, we have provided a full analytical description of the geometrical patterns
and topological charge distribution patterns of magnetic ground-state degeneracy points in a
spin-orbit-coupled two-spin system. By recognizing the special structure of the Hamiltonian,
we have mapped the problem of finding the denegeracy points to the eigenproblem of a real
non-symmetric 3 x 3 matrix. We have found three distinct regions in the space of (secondary)
parameters, according to the total topological charge in magnetic (primary) parameter space,
Qo = sgn(det g ) + sgn(det gg).

The regions Qy = +2 are very similar, only the signs of the charge distributions are the
opposite. In both regions, our stability analysis reveals the existence of two stable and extended
(i.e., non-zero measure) regions in the secondary parameter space: in the first one, case (VII),
two Weyl points carry the topological charge, while in the second one, case (I), six Weyl points
carry the total charge, Qp = 4 x (+1) + 2 x (—1). There is no other geometrically stable
region, meaning that other charge patterns exist only in special, fine-tuned Hamiltonians, realized
for secondary parameters forming a set of zero measure. Some of these configurations can,
however, be observed. For Qy = +2, the unstable configuration that is the most stable is the
one with two merged Weyl points, that is case (III). This configuration (III) emerges at the
boundary between the two topologically stable phases, (I) and (VII). We naturally cross this
surface in case we change some of the secondary parameters of the Hamiltonian, such that we go
continuously from a region from case (I) to a region with case (VII). Approaching this surface, a
positively and negatively charged pair of Weyl points must approach each other, and just merge
to annihilate each other. This boundary, corresponding to case (III), includes further special
patterns, corresponding to further fine-tuning of the parameters.

A similar picture emerges for the case Qy = 0. There, two generic, extended regions are found
with no degeneracy points (case (XI)), and with four Weyl points (case (VIII)), respectively.
The generic surface between them corresponds to case (X), with two neutral degeneracy points,
where the two pairs of Weyl points just merged. These magnetic degeneracy patterns are shown
in Fig. 2.3.

The linear stability of regions (I), (VII), (VIII) and (XI) is corroborated by robust topo-
logical arguments: Weyl points cannot disappear upon infinitesimal smooth deformations of the
secondary parameters. Starting from these configurations, removing Weyl points or creating new
degeneracy points requires fine-tuning of the parameters: either positive and negative charges
must move towards each other, and then annihilate at a very special point (this corresponds to
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the boundaries (I1I) and (X) discussed above), or fine-tuning leads to the formation of an ellipse
or an ellipsoid of degeneracy points that are not Weyl points, as their energy dispersion is flat
in at least one direction. Numbers and charges of the Weyl points in regions (I), (VII), (VIII)
and (XI) are constrained by the total topological charge, whereas the relative locations of these
Weyl points is constrained by the fact that they always come in time-reversed pairs [21].

Additionally, we examined the charge distribution within non-point-like degeneracies. To
this end, we defined both line and surface charge densities. For each of the two types of ellipses,
we numerically determined the charge density for representative Hamiltonians. We found that
in both cases the linear charge density vanishes, while in the charged ellipse the topological
charge is concentrated at two points. We related this to the rank of the degeneracy, defined
as the number of linearly independent directions along which the degeneracy splits linearly. We
proved that rank-2 points along a degeneracy curve have zero linear charge density. Furthermore,
we showed that the neutral ellipse consists entirely of rank-2 points, while the charged ellipse
is rank-2 everywhere except at the two accumulation points, where the rank drops to 1. In
contrast to the case of ellipses, for an ellipsoid the topological charge is continuously distributed
over the surface. Remarkably, the distribution is exactly the same as that of electric charge on a
conducting ellipsoid in electrostatics, even though the analogue of the electric field, namely the
Berry curvature, is no longer strictly identical.

2.9 Discussion

We have seen that even in the absence of a general theory, one can get far using ad hoc meth-
ods, at least in simple settings. In our case, the Hamiltonian was a small, linearly parameterized
matrix, which made it relatively easy to determine the location of degeneracies explicitly. Fur-
thermore, by truncating the Hilbert space in a straightforward manner, we were able to compute
the so-called effective g-tensor, which in turn helped to identify the charge distribution. How-
ever, in the case of linear degeneracies, we could no longer determine the full charge distribution
rigorously; we merely pointed out a correlation between the rank of the degeneracy point and
the localization of topological charge.

Such techniques can be useful when attempting to classify degeneracies, revealing a nat-
ural hierarchy of structural features. At the top level, degeneracies can be grouped by their
dimensionality such as point-like, line-like, or surface-like. Within each class, one can further
distinguish cases based on the rank, i.e., the number of linearly independent directions in which
the degeneracy splits. This, in turn, has connection with the topological charge, and finally, one
can consider the local stability of these structures under perturbations. These observations raise
the question of whether a finite set of indices or invariants could eventually lead to a systematic
classification scheme for degeneracies.

In the next chapter, we elaborate on what is actually being computed when determining
the effective g-tensor. While this method is widely used in practice, it is rarely accompanied
by a geometric interpretation despite the fact that it often encodes meaningful topological or
structural information.



Chapter 3

The geometry of the Hermitian matrix
space and the Schrieffer—Wolft
transformation

Many physics problems are translated to matrix eigenvalue problems. For example, the
frequency spectrum and the spatial patterns (modes) of small oscillations of a mechanical system
are described by the eigenvalues and the eigenvectors of the dynamical matrix, which is a real
symmetric matrix. Another example, which is the focus of this thesis, is quantum mechanics,
where the stationary states and the energies are given by the eigenvectors and eigenvalues of the
Hamiltonian, which is a Hermitian operator, often a finite-dimensional matrix.

In certain cases, a physics problem translated to a matrix eigenvalue problem is treated using
perturbative methods. One of these is the Schrieffer-Wolff (SW) transformation [42, 41, 43] —
also known as quasidegenerate perturbation theory [44, 45] Van Vleck perturbation theory [70],
or Lowdin partitioning 71| — which decouples the subspaces of the relevant and irrelevant energy
eigenstates through an appropriate unitary transformation.

In this chapter, motivated by many examples in quantum mechanics, we focus on the case,
when the Hamiltonian (n x n Hermitian matrix) of interest is in the vicinity of an unperturbed
Hamiltonian Hy whose energy spectrum hosts a 2-fold degenerate eigenvalue, and we need to
determine only those eigenvalues and eigenstates of the perturbed Hamiltonian H that correspond
to the degenerate subspace of Hy. In this case, the Schrieffer-Wolff transformation takes the
n x n Hermitian matrices Hy and H as inputs, and outputs a 2 x 2 Hermitian matrix H.g, the
effective Hamiltonian, whose eigenvalues and eigenvectors represent the relevant eigenvalues and
eigenvectors of H. This provides a practical, useful computational method: if n is large, then
computing the eigensystem of Hg usually much easier than doing the same for H. Furthermore,
the Schrieffer-Wolff transformation is typically applied together with an approximate, truncated
power expansion of Heg in the perturbation parameter(s), i.e., Heg is approximated as a low-order
polynomial.

We provide a geometrical interpretation of the Schrieffer-Wolff transformation, relating the
latter to the geometry of the submanifolds of degenerate matrices. The geometrical view we
develop here builds a new connection between differential geometry and quantum mechanics,
and hence enables the application of tools in one domain to deepen the understanding of, or
solve problems in, the other domain.

Our first result is that we recognize that for any unperturbed degenerate Hamiltonian Hy,
the Schrieffer-Wolff transformation provides a canonical analytical local chart of the manifold of
Hermitian matrices, which is aligned with the corresponding degeneracy submanifold. Further-
more, we identify the effective Hamiltonian as the collection of those coordinates of this chart
that lead out of the degeneracy submanifold.

39
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Our second result is a ‘distance theorem’;, which is a proportionality relation between (i)
the Frobenius (a.k.a. Hilbert-Schmidt) distance between a generic Hamiltonian H and a 2-
fold degeneracy submanifold, and (ii) the difference of the quasidegenerate eigenvalues of H
corresponding to that degeneracy submanifold (sometimes simply called the ‘energy splitting of
the degeneracy’). More precisely, the distance from the 2-fold degeneracy stratum equals the
energy splitting divided by /2.

Our third result is a rigorous proof of the ‘protection’ of Weyl points, which are degeneracy
points appearing, e.g., in the electronic band structure of crystalline materials [1]. Making use of
the relations developed here, we show that the protection of Weyl points against perturbations
is analogous to the protection of the crossing point of two lines drawn on a paper sheet, and we
formalize this analogy by a common underlying theorem, namely the transversality theorem.

3.1 The space of the Hermitian matrices

The Hermitian matrices (of size n x n) are the complex matrices H with H = HT. Their
set Herm(n) is a real vector space, it is a subspace of C"*™ of all n x n complex matrices.
Although C™*™ is a complex vector space (of dimension n?), Herm(n) inherits only real vector
space structure, because it is not closed under the multiplication by the imaginary unit <.

The dimension of Herm(n) over R is n?. We fix a basis of Herm(n), which we will refer to
as ‘canonical basis’, which enables to identify Herm(n) with R™. This basis is formed by three
families of matrices, the real off-diagonal parts ((n? —n)/2 matrices), imaginary parts ((n?—n)/2
matrices) and the diagonal parts (n matrices):

(real) 1 i N 1 .
= —=(ep-eltese)=—= : (for a < b), (3.1)
2 2
V2 V2 1 0 b
a b
) 0 —1 a
(im) _ % ] Ty — .
o) = —=(ep-el —eq-el) = —= : (for a < b), (3.2)
2 2
V2 V2 i 0 b
a b
0
oldiag) — ¢ et — 1 a, (3.3)
0
a
where ey, ..., e, is the standard basis of C". For any other unitary basis u1, ..., u, of C" (where

ug = Ueq is the a-th column of a unitary matrix U € U(n)), there is an associated basis of
Herm(n) (over R), obtained from Equations (3.1), (3.2), (3.3) by replacing e, with wug, resulting
Ugb =UouUt.
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For brevity, we denote the canonical basis of Herm(n) by C' = (c1,...,c,2), where c,-s are
the above defined ¢ matrices in an appropriate order where the first k? elements generate the
upper left k& x k block. For example,

C1 = U&?lag), Co = Oér;al), C3 = 0_512111)7 Cqy = Uéglag), C5 = U&%eal), Ce = O’%m), v (3.4)
Similarly, we denote the basis associated with a unitary matrix U € U(n) by CV = (', ..., %),
with ¥ = UcaUt, therefore, &Y., cgg span the subspace of Herm(n) consisting of the matrices
acting on the subspace of C™ spanned by ui, ..., ug.

For k < n, Herm(k) is embedded in Herm(n) as the subspace that consists of the matrices
having zero entries outside the upper left k x k block, that is, the subspace spanned by ¢y, . .., ¢2.

We often identify Herm(k) with this subspace of Herm(n).
The complex vector space C"*" is endowed with a Hermitian inner product (Frobenius inner
product) defined as

n n
(M, N) = tr(MT : N) =35 M N, (3.5)
a=1 b=1
where z* denotes the complex conjugate of z € C. That is, the inner product of two matrices
agrees with the inner product of the vectors formed by the entries.

Although, this inner product takes complex values, its restriction to Herm(n) is real valued
because every summand on the right side of Equation (3.5) has its complex conjugate too.
Therefore, the Frobenius inner product on Herm(n) simplifies as (H, K) = tr(H - K) € R, making
Herm(n) a Euclidean space. The basis CY of Herm(n) associated to U € U(n) (in particular, the
canonical basis ') is orthonormal with respect to the Frobenius inner product. If the coordinates
of H and K in the basis CV are h¥ and kéj, respectively, then

n2

(H,K)=> nJky. (3.6)

a=1

The induced Frobenius norm of a Hermitian matrix is ||[H|| = \/tr(H?). The distance of two
matrices H,G € Herm(n) induced by the Frobenius norm is denoted by d(H,G) = |H — G]|.
This distance induces a topology on Herm(n). An open neighborhood, or simply a neighborhood
of H in Herm(n) is an open subset A C Herm(n) which contains an open ball around H, that
is, there is a radius 0 < r such that d(H,G) < r implies that G € A.

Lemma 3.7. The scalar product is invariant under the conjugation by unitary matrices. That

is, (UHUY, UKU") = (H, K) holds for every H, K € Herm(n) and U € U(n).
Proof. (UHUY, UKU") = tr(UH'UTUKU") = tr(U'UH'K) = tr(H'K) = (H, K). O

Let Hermg(n) C Herm(n) be the subspace consisting of the matrices with zero trace. The

(real) (im)

dimension of Hermg(n) over R is n? — 1. A basis ¢1,...,¢é,2_; is formed by the o;;  and o

matrices, extended with an orthonormal basis of the diagonal matrices with zero trace. This

latter basis of traceless diagonal matrices replaces the matrices al(id iag), which are not contained

in Hermg(n). For example, for n = 2 one can choose the normalized Pauli matrices as a basis of

Hermyg(2):
0 1 real
<1 o>:o§2 g (3.8)

0 —2 im
(z’ 0) =i (39)

1 0 1 dia dia
<0 _1> = (o179 — of39). (3.10)
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3.2 Degeneracy of the eigenvalues

Hermitian matrices have real eigenvalues and they can be diagonalized by a unitary basis
transformation. Furthermore, for each H € Herm(n), one can choose a unitary matrix U € U(n)
such that

A=U"'-H.-U (3.11)

is diagonal with the eigenvalues in increasing order A\; < Ao < --- < \,. The ordered eigen-
values are continuous functions \; : Herm(n) — R, as it can be proven e.g. using Weyl’s
inequality [72|. However, the diagonalizing matrix U is not unique; each column, in fact, can
be independently multiplied by an arbitrary phase factor. Moreover, in the case of degenerate
eigenvalues A\; = A;+1, the corresponding columns of U form a unitary basis of the corresponding
2-dimensional eigenspace. This basis can be transformed by any unitary action of U(2) to obtain
a different matrix U’ that still diagonalizes H.

The degeneracy set ¥ C Herm(n) is the set of matrices with at least two coinciding eigen-
values. This degeneracy set X is a subvariety, i.e., an algebraic subset defined by polynomial
equations. Indeed, Indeed, it can be defined by one polynomial equation, namely, 3 is the zero
locus of the discriminant of the characteristic polynomial. By the Neumann—Wigner theorem
[17] the codimension of ¥ is 3. For convenience, we summarize the original proof in Table 3.1.
Our work provides an alternative proof, as a byproduct of the SW chart, see Corollary 3.17.

Non-degenerate matrices 2-fold ground state degenerate matrices
Diagonalization Number of Diagonalization Number of
structure parameters structure parameters

A AL <o < A n Al = <o <Ay n—1

2

U(n) 2 _ U(n) n? —4

UllWeomxxom ™ " |Vetmxomx 0@  —(n-2)
n times n — 2 times
H n? n?—3

Table 3.1: Summary of the proof of the Neumann-Wigner theorem for 2-fold (ground state)
degeneracy. Consider a Hermitian matrix in form H = UAU ™!, where A is diagonal, containing
the ordered eigenvalues, and the columns of the unitary matrix U € U(n) are eigenvectors of
H. The dimension of U(n) is n?, since every unitary matrix sufficiently close to the identity can
be written as e/ with K € Herm(n) (in other words, the Lie algebra of the Lie group U(n) is
the space u(n) = i - Herm(n) of the anti-Hermitian matrices). If we construct a non-degenerate
H, every column of U can be modified by a U(1) action providing the same matrix H. Hence
the choice of U has n? — n free parameters, which together with the n parameters of A verifies
that the dimension of the non-degenerate matrices (i.e., the generic part of Herm(n)) is n%. If
we construct a 2-fold degenerate H (A\; = Ay < A3), then the eigenvectors ui,us spanning the
degenerate eigenspace can be modified by a U(2) action. Hence the choice of U has n? —4—(n—2)
free parameters, which together with the n — 1 parameters of A verifies that the dimension of
the 2-fold degeneracy is n? — 3, hence, its codimension is 3 independently of n.

The set 3 can be decomposed into the disjoint union of different strata based on the type
of the degeneracy, i.e., which eigenvalues coincide [39]. In this context, this decomposition or
partitioning of X is often called stratification. Each stratum can be labeled by an ordered partition
of n in the following way. Let x = (k1,...,k;) be a sequence of integers 1 < k; < n of length
1 <1 < n such that n = 22:1 ki, defining k as an ordered partition of n. The number of the
ordered partitions of n is 2"~1, (including the case with [ = n). The associated stratum X, of ¥

consists of the matrices with coinciding eigenvalues A\j = - -+ = Ay, < Apjq1 = = Mgy < - - -
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a) b)

/

Figure 3.1: The stratification of Herm(4), the space of 4x4 Hermitian matrices. (a) The strata are
labeled with the ordered partitions of 4, whose number is 23 = 8. The non-degenerate matrices
form an open and dense subset Y1171 in Herm(4). Its complement is the degeneracy set ¥ (grey),
the set of matrices with at least two coinciding eigenvalues. For example, A\ = A9 < A3 < A4 in
Y11y, and A1 = Ay < A3 = Ag in ¥(g). The two-fold ground state degeneracy set Xz (orange)
consists of the matrices with \j = Ay < A3, that is, Yo = X5 9) U¥(211). (b) ¥ is a subvariety of
Herm(4). Although, each stratum is a (non-closed) smooth submanifold of Herm(4), however, %
is not a smooth manifold. The smooth points of 3 are the exactly two-fold degenerate matrices
in ¥211) UX(121) UX(112). The two-fold ground state degeneracy set X9 is a smooth submanifold
in Herm(4). Its generic points belong to ¥(211). At the points of (55, 32 is smooth, but 3
is not smooth. Indeed, ¥(99) is the (transverse) intersection of the smooth branches ¥ and

Y1,1,2) UL

The partition with [ = n and k; = 1 marks the complement of ¥, the set of non-degenerate
matrices. Each stratum ¥, is a (not closed) smooth submanifold of Herm(n), whose dimension
is dim¥, = n? - YL, (k? —1) by the Neumann-Wigner theorem [17], cf. Table 3.1. The
closure cl(3,) contains the higher degeneracies. The smooth points of ¥ are the strictly two-fold
degenerate matrices, that is, exactly 2 eigenvalues coincide and all the others are different. The
set ¥ is singular at all other points, see Figure 3.1. We refer to |39, 73| for details.

In this chapter we restrict our study to the subset s of 3 consisting of 2-fold ground-state
degenerate matrices, that is, matrices with Ay = Ay < A3. Since higher eigenvalues can coincide
with each other, X5 is the union of all strata 3, corresponding to k = (kq,...,k;) with ky = 2.
The generic points of 39 belong to the stratum corresponding to (2,1,...,1).

The set Yo is a smooth, not closed submanifold in Herm(n) of codimension 3, that is,
dim(X3) = n? — 3, cf. Figure 3.1. This follows from the Neumann-Wigner theorem, see Ta-
ble 3.1 for a sketch of the proof.

In addition to Yo, its closure cl(X2) contains the higher degeneracies as well, it precisely
decomposes as the disjoint union cl(Xg) = Xy U X3 U ---UX,. The proof is the following. If
an infinite sequence Hy, Ho, ... of elements H; € Xy is convergent in Herm(n), then its limit
lim; o H; is in cl(32) by the definition of the closure. As a consequence of the continuity of the
eigenvalues, the lowest two eigenvalues of lim;_,., H; are degenerate, and it might happen that
one or more other eigenvalues also converge to them.

Our results can be naturally adapted to arbitrary k-fold degeneracy, which is not necessarily
ground state, i.e., the set of matrices with A\; < A\jy1 =+ = Aok < Mgt
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We introduce one more notation. Let ¥, ;1) C X denote the set of matrices H € Herm(n)
with A\ = Agy1, that is, the closure of the two-fold degeneracy stratum corresponding to
A = Ag+1. For example, in Herm(4) we have Y2,3] = V1,2, U (1,3)UX(3,1)UX(4), its complement
is 2(171,1’1) U 2(2’171) U 2(171’2) @] 2(272), cf. Figure 3.1.

3.3 The Schrieffer—Wolff transformation induces a local chart

We consider matrices H € Herm(n) in a sufficiently small neighborhood Vy of a fixed 2-fold
ground-state degenerate matrix Hy € ¥o. For simplicity, we assume that Hy is diagonal in the
canonical basis of C" with increasing order of the eigenvalues.

As we mentioned before, the choice of the unitary matrix U € U(n) in the diagonalization
(3.11) of H is not unique. Furthermore, U cannot be chosen to depend continuously on H in
any (open) neighborhood of Hy in Herm(n). This is because the eigenvectors corresponding to
degenerate eigenvalues cannot be chosen continuously'. Instead, what happens if our objective
is to attain only a block diagonal structure

B=U"'HU, (3.12)

where B consists of a 2 x 2 and a (n — 2) x (n — 2) block? It turns out that such a family of
unitary matrices U € U(n) can be chosen not only as a continuous, but an analytical function
of H as well. Moreover, if U is assumed to be of the form U = ¢** with S a block off-diagonal
Hermitian matrix, the decomposition (3.12) is essentially unique. It is formulated by our first
statement as follows.

Theorem 3.13 (Exact SW decomposition, cf. Figure 3.2). Fiz a diagonal matriz Hy € 3o with
increasing order of its eigenvalues along its diagonal. Then, there are neighborhoods Vo, Wy C
Herm(n) of Hy and a neighborhood Xy C Herm(n) of 0 such that for every H € Vy there is a
unique decomposition

H=¢%.B.e™, (3.14)

where B and S are n x n Hermitian matrices with the following special properties:
1. B €W, is a block diagonal matriz with 2 x 2 and (n — 2) x (n — 2) blocks.

2. 5 € Xy is an off-block matriz, i.e., its 2 x 2 and (n —2) x (n —2) blocks along the diagonal
are zero. Non-zero entries are in the 2 X (n — 2) and (n — 2) x 2 off-diagonal blocks.

3. The first two columns of € span the sum of the eigenspaces of H corresponding to the
lowest two eigenvalues.

Furthermore, the dependence of S and B on H €V is (real) analytic.

Actually, the theorem gives an exact formulation of the well-known method called Schrieffer—
Wolff transformation [41, 42, 43, 44, 45], by breaking up B into parts according to the blocks as
follows, cf. Figure 3.2:

H=¢" . (Hy+ B+ T+ Heg) - e, (3.15)

where T, B, Heg and S are n x n Hermitian matrices with the following special properties:

1. B is block diagonal matrix and it has non-zero entries only in the (n —2) X (n —2) bottom
right block.

!The eigenspaces form a complex line bundle over the non-degenerate matrices, which is nontrivial. For
example, it is always possible to find a small 2-sphere S? around Hy in Herm(n) \ X, such that the first Chern
number of the lowest eigenstate is non-zero, showing the impossibility of a continuous choice of eigenvectors.
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Figure 3.2: The exact SW decomposition (3.15). By Theorem 3.13 the block diagonalization of
a matrix H close enough to Hy is unique, if the unitary matrix has the special form e*°, where S
is off-block, and both S and the block diagonal matrix are sufficiently close to 0. Decomposing
the block diagonal matrix into parts gives the ‘non-interesting block’ B, the scalar matrix 71" in
the ‘interesting block’ carrying the trace of this block, and the traceless effective Hamiltonian
Heg.

2. T is a scalar matrix in the 2 x 2 upper left block and all the other entries are zero.

3. The traceless effective Hamiltonian Heg has a traceless 2 x 2 block and all the other entries
are zero.

4. S is an off-block matrix, see above (point (2) in Theorem 3.13).

Assuming that (S,T, B, Heg) is in a sufficiently small neighborhood of (0,0,0,0), then the de-
composition is unique, and the dependence of S, T', B and Heg on H € V) is (real) analytic, by
Theorem 3.13. Note that in the literature the effective Hamiltonian is usually defined together
with its trace, i.e., Heg + T

The proof of Theorem 3.13, and hence the unique decomposition (3.15) is based on the
analytic inverse function theorem, see Section B.1. The unitary transformation e is described
in [43]| as a ‘direct rotation’ between the eigenspaces of H and Hj corresponding to the lowest
two eigenvalues. In the following, we clarify the relation of [43] with Theorem 3.13, and we adapt
the results of [43] to specify the validity range of decomposition (3.15).

By the convention introduced in Section 3.1, Heg can be considered as a traceless 2 x 2
Hermitian matrix, that is, Heg € Hermg(2) C Herm(n). Let y1,y2,y3 denote its coordinates in
the orthonormal basis ¢1, éa, ¢3 of Hermg(2) introduced in Section 3.3

9 9 9 1
Hog = y1¢1 + yolo + y3és = \ﬁ(lez + Y20y + Y302). (3.16)

The number of the (possibly) nonzero coordinates of the matrices B, T' and S in the canonical
basis of Herm(n) is

1. B: (n—2)?%
2. T: 1,
3. 5: 4(n—2).
Together these are n? — 3 coordinates, let z1, ..., 2,2_5 denote them.

Corollary 3.17 (SW decomposition induces a local chart, cf. Figure 3.3). (a) The map ¢ :
Vo — R™ with coordinate functions x; and y; is a local chart on Herm(n) around Hy,
and @ is analytic in the canonical coordinates on Herm(n).
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Schrieffer—Wolff chart R™’
(0,y) | {y = const. }| (z, y)
........... TR T
ﬁ {x = 0} {x = const.}
® ®
(0,0) (x,0)

Figure 3.3: A schematic picture showing the local chart induced by the SW decomposition
around the fixed Hyp. A matrix H € ) is endowed with two sets of coordinates: (1) the
projection Hyoj = Hy, of H to 3o is described by the coordinates of S, B and T (these are
n? — 3 coordinates denoted by z;), (2) the traceless effective Hamiltonian Heg is described by
3 coordinates denoted by ¥;. The constant level set of the y and x coordinates through H is
denoted by X and Yy, respectively. The Y sets are affine subspaces in Herm(n) of dimension
3. As an essential step of the proof of Theorem 3.23 (see Proposition 117 in Appendix B.2) we
will show that the line joining H and Hy; is orthogonal to ¥o at Hy, or equivalently, the Yy
subspaces are orthogonal to Yo, moreover, Hy, is the closest point of o to H.

(b) In this local chart the set X of 2-fold ground state degenerate matrices is the common zero
locus of the coordinates y;, that is,

S (Vo = {H € Vo | y(H) = ya(H) = y3(H) = 0}. (3.18)

This chart shows that X9 is a codimension-3 submanifold in Herm(n), providing an alternative
proof for the Neumann—Wigner theorem (whose original proof is summarised in Table 3.1).
Consider the projection Hpyoj of H to ¥ by omitting Heg from the SW decomposition (3.15),
that is,
Hppoj =€ - (Hy+ B +T) - e . (3.19)

This can be rephrased in the SW chart picture as making the y; coordinates 0, see Figure 3.3.
We show that Hp.o; can be constructed without using the SW decomposition. The following
construction works for the large set H € Herm(n) \ Y[2,3) of Hermitian matrices, not only on the
domain Vy of the SW decomposition around an Hy. Let A = U HU be a diagonalization of H,
containing the eigenvalues A\ < Ay < A3 < --- < A\, of H. Let

AL+ Ao

A= SR (3.20)

be the average of the lowest two eigenvalues. Let As be the diagonal matrix obtained from A by
replacing the first 2 entries A; (j = 1,2) with A. Define

Hy=U-Asx-U7!, (3.21)

the matrix obtained from H by ‘collapsing the lowest two eigenvalues’. Observe that Hyx, € Y.
In Section B.1 we show that Hy. does not depend on the choice of the unitary matrix U, and
Hy, depends on H in analytic way, although U cannot be chosen continuously. The following
statement will be also proved in Appendix B.1.

Theorem 3.22 (Projection to Yo, cf. Figure 3.3). If the SW decomposition (3.15) of H with
respect to Hy € Yo is defined, then it holds that Hy, = Hpyo;.



CHAPTER 3. THE GEOMETRY OF THE HERMITIAN MATRIX SPACE AND THE
SCHRIEFFER-WOLFF TRANSFORMATION 47

3.4 Enmergy splitting and the distance from

Recall the distance of two matrices H,G € Herm(n) induced by the Frobenius metric is
denoted by d(H,G) = ||H — G||. The distance d(H, A) of an element H € Herm(n) and a subset
A C Herm(n) is the infimum of the distances d(H, G), G € A.

Theorem 3.23 (Distance from Y3). For every H € Herm(n) \ X 3)

1
V2

where A1 and Ay are the lowest two eigenvalues of H and Heg is the effective Hamiltonian of H
with respect to any Hy € 3o for which the exact SW decomposition (3.15) of H is defined.

d(H,>9) =d(H, Hy) = Ao = A1l = || Hest]s (3.24)

The first equation expresses that Hy, is the closest point of 3o to H. We note that the first
and second equations hold also for H € X3 3}, although, the projection Hy is not unique, as it
depends on the choice of U.

3.5 Parameter-dependent quantum systems and Weyl points

Parameter-dependent quantum systems are described by a smooth (C*) map from a manifold
M of dimension m to the space of Hamiltonians, i.e., Hermitian matrices Herm(n). Slightly
abusing the notation again, we denote this map by H. So from now on H : M — Herm(n) is a
smooth map with H(pg) = Hp € 3o for a point pg € M, which is called degeneracy point. For
simplicity, assume that Hy is diagonal.

As above, let V) denote a neighborhood of Hy where the SW decomposition is unique. Then,
consider the corresponding neighborhood Wy € H~1(Vy) of pg in M. On this Wy, the (traceless)
effective Hamiltonian map is defined by the SW decomposition, that is,

Heg : Wo — Hermg(2). (3.25)

By introducing a local chart in Wy centered at pg (i.e., po = 0) and expressing Heg in the basis
¢; of Hermg(k) (cf. Sec. 3.3), we obtain a map

h:R™ = R3 (3.26)

defined in a neighborhood of the origin, satisfying h(0) = 0. The i-th component of h is
hi =y;o H (i =1,2,3), where y; are the effective coordinates of the SW chart in Corollary 3.17.
This is illustrated in Fig. 3.4.

If we want to describe the ‘type’ of the degeneracy point pg, this problem leads to the
description of the intersection of H and Yo at Hy, which can be reduced to the description
of the ‘type’ of the root of h at 0. For this it is necessary to know h in an arbitrarily small
neighborhood of the origin. This description of the degeneracy point leads to the study of
map germs h : (R™,0) — (R3,0), and their classifications in singularity theory. Although this
relation between degeneracy points and singularities implicitly appears in several works, see e.g.
[74, 75, 46, 76], this relation is essentially based on the geometric picture described here. We
illustrate this relation on the characterization of Weyl points. Weyl points represent the simplest
type of degeneracy, and we show that they correspond to the simplest type of intersection called
transverse intersection of H and ¥, and also to the simplest singularity type of h. These relations
explain the protected nature of Weyl points, as a straightforward consequence of transversality.

Recall that in the physics terminology, Weyl points are isolated two-fold degeneracy points
in a 3-dimensional parameter space, with linear energy splitting in every direction. We formalize
this informal description below.
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Figure 3.4: Illustration of the effective Hamiltonian map. The image of the parameter-dependent
Hamiltonian H : M — Herm(n) touches the two-fold degeneracy set 39 at Hy. The effective
Hamiltonian Heg — Hermg(2) is obtained by taking the SW chart in the neighborhood of Hy,
and keeping only the three outgoing y; components. In the example shown the reduced map Heg
becomes singular at the contact point because H is tangent to Yo.

First, we define what is the order of energy splitting of a degeneracy along a curve. For a
curve v : (R,0) — (M, pg) and ~'(0) # 0. The energy splitting along H o~y is measured by

(A1z07)(8) = Aa((H 0 7)(t)) — M((H o 7)(8)). (3.27)
By Theorem 3.23 this agrees with the distance function up to a scalar factor, that is,
(Arz 0 7)(8) = V2A((H 07)(t), %) = V3 (e 0 ) ()] (3.28)
Definition 3.29 (Order of energy splitting).

ordy (A% 0 )

> , (3.30)

r(v) := ordg(Heg 0 y) = ordg(h o) = 1r£1j£13{0rd0(hi oy)} =

where ordy(f) denotes the order of the function f att = 0.

The last equation comes from A2, = 2||Heg||?>. The squaring is needed, because Ajg o7 is
not always a smooth function at ¢t = 0.

Remark 3.31. One might wonder why we consider arbitrary curves rather than just straight lines
through the point of degeneracy. The following example illustrates the issue. Take the effective
map

hx,y,z) = (x — 2%, y, 2%). (3.32)

Along any line with nonzero x- or y-component, the splitting is linear. Along the z-axis one
obtains quadratic splitting, since h(0,0,t) = (—=t2,0,t3). However, by considering a more general
curve one can reach higher order. For instance, with the parabola (t) = (t2,0,t) we obtain

ho~(t) = (0,0,t3), (3.33)

so the splitting is cubic along v. This is not a far-fetched example: already in the spin-orbit
coupled two-spin system degeneracy pattern (VI) introduced in Section 2.J.1 gives rise to such
degeneracy points with cubic splitting along the appropriate curve. The splitting was explicitly
mentioned in Section 2.0.
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Now we formalize what is a Weyl point. Recall the notion of transversality, see e.g. [77, 78|.
Consider smooth manifolds M and N, a smooth submanifold Z € N of N, and a smooth map
f: M — N with f(p) € Z for a point p € M. The tangent map df, is a linear map from the
tangent space T, M of M at p to the tangent space Ty, N of N at f (p). In local coordinates
(df)p is the Jacobian matrix. Then, f is transverse to Z at p if

Ty Z + (df)p(TpM) = Ty N (3.34)

holds. That is, the tangent space of the submanifold Z and the image of the tangent map (df),
span the tangent space of N at f(p), see panel (a) and (d) in Figure 1.1.

Transversality implies the expected dimension of the preimage, namely, if f is transverse to
Z at every point of f~1(Z), then f~1(Z) is a submanifold of M of dimension dim(f~!(2)) =
dim(M) 4+ dim(Z) — dim(N), see |77, pg. 28|. By the statements closely related to the transver-
sality theorem |77, pg. 35, 68-69|, transversality with respect to a fixed submanifold is a stable
and generic property of smooth maps, cf. Figure 1.1.

Theorem 3.35 (Characterization of Weyl points). Given a parameter-dependent quantum sys-
tem by a C* map H : M3 — Herm(n) and a two-fold ground state degeneracy point pg € M?3,
H(py) = Hy € X9 and the induced effective map germ h : (R30) — (R3,0), the following
properties are equivalent:

1. The map H 1is transverse to Yo at po,
2. The rank of the Jacobian of h at 0 has maximal rank, i.e. rk((dh)o) = 3.

3. Taking any curve 7y : (R,0) — (M?3,po) with v(0) = po and +'(0) # 0, for the composition
(ho~)(0) # 0 holds.

4. Taking any curve v : (R,0) — (M3, po) with v(0) = py and +'(0) # 0, for the composition
H o~ the energy splitting is linear.

A two-fold degeneracy point py satisfying any, hence all of the properties (1)—(4) is called
Weyl point. Note that (4) formulates the physicist definition.

Remark 3.36. By (2), the characterization of Weyl points is already determined by the first-
order part of the exact effective map h. It implies that in the approximate computation of the
SW transformation (see e.g. [44, 45]) to the first-order term is sufficient to decide whether a
degeneracy point pg € M3 is a Weyl point or not. Namely, it can be decided by the following
steps, cf. Example 3.6.3:

1. Take the first-order SW transformation, i.e. the upper-left traceless 2 x 2 block of H(p).

2. Via the Pauli decomposition it can be considered as a map hV) : R® — R3, defined in a
netghborhood of the origin pg = 0.

3. po is a Weyl point if and only if rk((dh(1))g) = 3.

Remark 3.37. Note that the Jacobian matriz of the first-order effective map (dh(l))o is the
effective g-tensor (up to a \/2 factor) of the degeneracy point defined in Eq. (2.45).

Remark 3.38. Observe that the codimension of ¥o in Herm(n) is 3, and we also take the
parameter space M to be 3-dimensional. This situation arises in many physical contexts (such
as 3D crystals or magnetic fields, see Chapter 2 and Chapter /). The coincidence of these
dimensions allows point-like transverse intersections, which in turn gives rise to Weyl points.

The properties of the transversality mentioned above imply the following corollaries.
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Corollary 3.39 (Weyl points are isolated). Every Weyl point py is an isolated degeneracy point,
in the sense that there is a neighborhood Wo C M3 of po such that H(p) & X for po # p € Wh.

Intuitively, the protected nature of Weyl points includes the following phenomena:

(a) Weyl points are stable: For any small perturbation, a Weyl point does not disappear, it
only gets displaced by a small amount in M (if at all).

(b) Weyl points are generic: Under a generic perturbation, any degeneracy that is not a Weyl
point either splits into Weyl points or disappears.

To translate (a) and (b) into rigorous claims, we consider one-parameter perturbations H; of
H. Formally, these are C> maps (germs) from M3 x R to Herm(n) defined on a neighborhood
of (po,0), such that H,—y = H. For simplicity we formulate the statement in a local version for
isolated two-fold degeneracy points, although, it can be generalized for non-isolated or multifold
degeneracy points, see Remark 139.

Corollary 3.40 (Weyl points are stable and generic). Let H : M3 — Herm(n) be a parameter-
dependent quantum system with an isolated two-fold ground state degeneracy point py € M3,
H(po) = Hy € Xo. Let Wy C M3 be a neighborhood of py whose closure cl(Wpy) is compact and
it does not contain other ground state degeneracy points, that is, H=1(cl(32)) N cl(Wo) = {po}-

(a) If po is a Weyl point, then for every one-parameter perturbation Hy of Hy—o = H, there is
an 0 < €, such that for |t| < € the perturbed Hamiltonian H; has exactly one degeneracy
point in Wy, and it is a Weyl point. Moreover, there is a C* curve v : (—¢,€) — M3 such
that y(t) is the unique Weyl point of Hy in Wy.

(b) If po is not a Weyl point, then for every 0 < € there is a K € Herm(n) with | K| < €, such
that every degeneracy point of the perturbed map Hy : p — Hg(p) = H(p) + K in Wy is
a Weyl point.

Finally, Property (2) of Theorem 3.35 implies that the topological charge of a Weyl point
is £1. Indeed, the topological charge is equal to the local degree degyh of h at 0, which is
sgndet dhyg, if rk(dhg) = 3, see Section 4.4. (Note that in the physics literature the topological
charge is defined as the first Chern number of the eigenvector bundle corresponding to the lowest
eigenvalue, evaluated on a small sphere in M3 around pg, but it is equal to the local degree
degg h of h at 0.)

3.6 Examples

3.6.1 3 x 3 Hermitian matrices in the vicinity of diag(0,0,1)

In the case of 3 x 3 matrices, the exact SW decomposition 3.13 can be given in a closed form
using Cardano’s formula to determine the diagonalization, then, to get the block-diagonalized
form, one needs to perform the exact direct rotation between the near-degenerate subspaces.
However, the resulting expressions are extremely complicated. As an alternative to exact decom-
position, one might use a series expansion [44] to approximate the terms of the decomposition.

As an example, we take a general H € Herm(3) around Hy = diag(0,0,1) € ¥y with the
elements as coordinates such that

0 00 v+z x—1y p—1iq
H=10 0 0|+ |x+iy v—2 r—is]|. (3.41)
0 0 1 p+iqg rH+is w
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The SW decomposition up to second order reads

0 0 (I+v—w+z2)(p—iq)+ (x—iy)(r—is)
iS?) = 0 0 (I+v—w—2)(r—is)+(x+iy)(p—iq) | +..., (3.42)
—h.c. —h.c. 0
0 00
B2 — (1+w+p2+q2+7“2+82+---) 00 0]}, (3.43)
0 01
2, .2 .2 2 100
7)) _— <v_p T4 —;T ts +> 0 1 0}, and (3.44)
000
z z—1y 0 1 p?+q®—r2 -5 20p—iq)(r+is) 0
HY = |z+iy -z o0 —5 | 2+ig)(r—is) —p'—g? 4P+t 0 4o
0 0 0 0 0 0
= (x—pr—gqs+...)o,
+ (y+ps—qr+...)oy (3.45)
2 2 .2 2
+ <Z—p +q 2T 5 +>UZ

Recall that in the last equation Heg is considered as a 2 x 2 matrix of trace zero. Note that
the effective Hamiltonian in the first-order H e(i}f) is the truncation of H to its near-degenerate

upper-left 2 x 2 block.

3.6.2 Exact SW decomposition

In the special case p=q¢=r =s =0 in Eq. (3.41) it is trivial to perform the SW decompo-
sition, as H is already block diagonal, and S = 0.
For a simple non-trivial example we take the 2 dimensional section of Herm(n)

0
Hp,r)= |0 (3.46)
p

s O O
3

The components S, B, T, Heg of the SW decomposition (3.15) of H with respect to Hy can be
expressed explicitly as functions of p and r as:

0 0 p
1 V1+4p? + 42 — 1
iS(p,r) = ———— tan~! R 0 0 |, (3.47)
/p2+r2 2 p2_|_7a2 —p —r 0
00 0
14 /1+4p2 + 4r2
Bp,r) = — +2p T2 0 0 o], (3.48)
00 1
100
1—/1+4p2 + 4r2
T(p,r) = +4p T 0 1 0], and (3.49)
00 0
2_p2 2pr 0
1—/1+4p2 442 (P 7
Heff(pﬂd) = 4(2+T’2> 2pr _p2+T2 0
p 0 0 0
1—+/1+4p2 + 4r2
= P (2pro, + (p* — r%)0) . (3.50)

Ap? +1?)
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Observe that every term S, B, T and Heg is an analytic function of (p,r) in a neighborhood of
(0,0), although this is not obvious at first sight. The non-analytic behaviour of these maps far
from (0,0) shows that the SW decomposition can only be defined locally.

3.6.3 Explicit example of a Weyl point

In Sec. 3.5 we have discussed the generic nature of Weyl points in a mathematical context.
This discussion is relevant to many physical setups. Weyl points arise as spectral features in the
electronic, phononic, photonic, magnonic band structures of crystalline materials, or metama-
terials. More generally, Weyl points also arise in quantum systems described by a Hamiltonian
depending on three parameters. One example is an interacting spin system in a homogeneous
magnetic field, where the manifold of parameters is M = R3, corresponding to the external
magnetic field vector |21, 23]. Another example is a multiterminal Josephson junction, where
the manifold of parameters is the three-dimensional torus, hosting the values of three magnetic
flux biases piercing the loops of the superconducting circuit [79, 24, 80].

An explicit 3 x 3 example for a Hamiltonian with a Weyl point is the following:

z Tr—1y Yy—1ixrz
H(z,y,z)= | z+iy -z x—iyz|. (3.51)
y+irz x+iyz 1+zyz

This matrix has a two-fold ground state degeneracy at © = y = z = 0. This is a Weyl point
according to Remark 3.36 as the first-order effective Hamiltonian is

He(;f) ($7 y7 Z) = ‘TO-Z‘ + yay + ZUZ) (352)
which, expanded in the orthonormal Pauli basis, corresponds to the effective map
W (@,y,2) = V2 (2,9, 2). (3.53)

The Jacobian of A1) is v/2 times the identity, hence it has maximal rank 3. Note that the off-
block matrix elements can be arbitrary functions of z,y and z with constant term 0, so that the
resulting Hamiltonian still describes a Weyl point at the origin. Moreover, one can also perturb
the 2 x 2 block with higher-order terms without destroying the Weyl point, as they do not change
the Jacobian (and hence its rank) of the first-order effective map h(!) at the origin. Off-block
and higher-order terms have significant effect, with the possibility of creating new degeneracy
points, only far from the origin.

3.6.4 Parameter-dependent quantum systems exhibiting non-generic degen-
eracy points

A 4 x 4 example of a point-like degeneracy that is not a Weyl point occurs in A-B-stacked
bilayer graphene. The linearized tight binding model around the K point reads [81]

0 ho(ky — ik,) 0 0
| ho(ks + tky) 0 M 0

H (k) = 0 " 0 ho(ky — iky) | (3.54)
0 0 T (kg + iky) 0

where the 2D quasimomentumvector k is measured from K, v is the intralayer band velocity
and ; is the vertical interlayer hopping. This matrix exhibits a degeneracy between the two
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middle states at 0. For the excited states, the Schrieffer—Wolff transformation still applies, and
by computing the second-order effective Hamiltonian we obtain

2 — ik )2
Hil (k) = 2hm<(k:z +Oik:y)2 e oky)) (3.59)
= (W K)o+ kb)) (3.56)

where m = 71 /20

Notice that Eq.(3.54) defines a linear Hamiltonian. Hence its image, in the 16-dimensional
space of 4 x 4 Hermitian matrices, is a two-dimensional plane. For this Hamiltonian the energy
splitting is quadratic along any curve v : R — R? with v(0) = 0 and +/(0) # 0. By the distance
theorem (Theorem 3.23), which states that the energy splitting equals the distance from the
degeneracy manifold, this implies that the image plane of the Hamiltonian map is tangent to the
degeneracy stratum o in every direction.

Moreover, the effective map is not equidimensional, so a generic small perturbation completely
removes the degeneracy; cf. panel (c) in Figure 1.1.

The absence of the o, component in Eq. (3.56) is a consequence of chiral symmetry. There-
fore the effective Hamiltonian can be viewed as a map M? — R?. If the system is perturbed by
chiral-symmetry—preserving terms, the Hamiltonian remains equidimensional, and the degener-
acy typically splits into 2D Weyl points rather than disappearing entirely (although this is not
strictly excluded). In the next chapter we will investigate this scenario.

If we compare Eq.(3.56) with Eq.(3.50), the similarity is striking. Indeed, after a simple
rescaling and a permutation of the Pauli matrices, the two effective Hamiltonians agree to leading
order. This provides an example where, if we interpret Eq. (3.46) as a linear Hamiltonian map
R? — Herm(3), then both Hamiltonians exhibit a twofold degeneracy at the origin, which are
equivalent in a suitable sense, although the original maps are quite different.

3.7 Conclusions

In this chapter, we investigated the geometry of the n2-dimensional Euclidean space of n x n
Hermitian matrices in relation to their degeneracies. We began by introducing a coordinate
system for Hermitian matrices and describing their stratification according to eigenvalue degen-
eracies. Throughout this work, we focused on two-fold ground state degeneracies, although in
Ref. [40] we have generalized our results to higher-order and excited-state degeneracies as well.

We showed that the Schrieffer—Wolff (SW) transformation provides a local chart around a
degeneracy: it yields a coordinate system in which n? —3 parameters vary within the degeneracy
manifold, while the remaining 3 coordinates, which form the effective Hamiltonian, correspond
to directions transverse to it.

We also demonstrated that the distance of a Hamiltonian from the ground state degeneracy
manifold is proportional to the splitting of lowest to eigenvalues. Moreover, in the case of
parameter-dependent Hamiltonians, the SW transformation defines an effective Hamiltonian as
a smooth map from the parameter space to R?, whose zero set corresponds to the degeneracy
locus. This reduces the problem of characterizing degeneracies to the study of zero sets of
multivariable functions, allowing techniques from singularity theory to be applied.

As a concrete example, we identified Weyl points as transverse intersections, which are there-
fore generic and stable. We argued that transversality is already encoded at first order, which
allows us to identify Weyl points purely based on the maximal rank of the effective g-tensor.
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Chapter 4

Birth Quota of Non-Generic
Degeneracy Points

In Chapter 2 we explored degeneracies from a naive perspective and in Chapter 3 established
a connection between degeneracies and the zero sets of vector-valued functions. The focus of
this chapter is to show how the well-known concept of root multiplicity manifests itself in the
context of degeneracies in quantum systems

In this chapter, we continue to study point-like degeneracies, but now we turn our attention
to non-generic cases. Previously, we encountered such points in the context of Weyl-point col-
lisions, where non-generic degeneracies can emerge. Crystal symmetries, however, can stabilize
isolated non-generic two-fold degeneracy points, such as multi-Weyl points, in the electronic band
structure of three-dimensional solids [4, 26, 82, 29]. If the symmetry is broken, e.g., by changing
an external magnetic (Zeeman) field or applying mechanical strain, the non-generic degeneracy
point splits into multiple Weyl points [4]. As the symmetry-breaking perturbation is switched
on gradually, these newly born Weyl points follow continuous trajectories in the Brillouin zone,
originating from the original degeneracy point.

The question naturally arises: For a given non-generic degeneracy point, how many Weyl
points can emerge upon perturbation? From topological charge conservation and the generic
character of Weyl points, it follows that the minimum number of newborn Weyl points upon a
generic perturbation is the absolute value |@| of the topological charge @ associated to the non-
generic degeneracy point (e.g. the Chern number in 3D). The same consideration implies that the
number of newborn Weyl points may also be |Q|+2M with M being a positive integer, in such a
way that M of the excess Weyl points have unit positive charge and M have unit negative charge,
hence the sum of the charges of the newborn Weyl points equals Q). Is there also a ‘birth quota’,
i.e., an upper limit of the number of newborn Weyl points? This is a fundamental question,
which has only been studied to a limited extent in the mathematical physics literature [74], and
the implications to realistic physical systems remain unexplored.

In this chapter, we answer this question positively, and show that such a non-generic degen-
eracy point does have a birth quota, which turns out to be the so-called local multiplicity known
in singularity theory. Our result is not exclusive to Weyl points in three dimensions (3D), we also
obtain an analogous result for two-dimensional (2D) crystals with chiral symmetry illustrated on
the example of bilayer graphene, as well as a minimal example in 1D (Fig. 4.2). We emphasize
that our analysis covers the effect of any possible perturbation. While this may sound surprising,
it is possible to derive such general results using singularity theory.

We showcase the power of these results on quasiparticle (electronic, photonic, phononic) band
structures: we compute the birth quota of all four types of two-fold degeneracies stabilised by
the 230 crystalline space groups [29] (Table 4.1). However, the notion of the birth quota is
more generic: it is applicable to quantum systems controlled by external parameters, such as
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interacting spin systems [18, 19, 21, 23, 80] or quantum circuits [24, 34|;more generally, it is
applicable to any physical system that is described by a matrix, e.g., linearly coupled mechanical
oscillators or electromagnetic modes.

4.1 Bilayer graphene

We illustrate the birth of Weyl points from a non-generic degeneracy point by the already
mentioned example of electrons in A-B-stacked bilayer graphene (Fig. 4.1). This is a two-
dimensional crystal, whose simplest band-structure models have chiral (a.k.a. sublattice) symme-
try, which protects the accidental degeneracies (2D Weyl points) in the two-dimensional Brillouin
zone. A simple tight-binding model of delocalized electrons in graphene yields the following 2 x 2
Hamiltonian (see Section 3.6.4), valid in the vicinity of the high-symmetry point K (and K’) of
the Brillouin zone [81, 83|:

G 0 (ky — iky)?
H = 27n<(km+iky)2 0 ) (4.1)

Here, k;, are momentum components measured from K, and the matrix represents a combined
layer-sublattice degree of freedom. The effective mass is m ~ 0.035 m, [81, 83].

This Hamiltonian exemplifies a non-generic degeneracy point in 2D, located at (k;, k,) =0
with dispersion E+ = +h?k?/2m quadratic in momentum (Fig. 4.1a). To illustrate the struc-
ture of this degeneracy point, we first decompose the Hamiltonian with Pauli matrices, H
(k‘g — k‘g) 0+ 2kykyoy, where chiral symmetry forbids the o, term [7]. It also forbids a o¢ term,
but as it does not affect the band-degeneracies, we ignore such terms in the following. This
allows us to reinterpret the Hamiltonian as the dimensionless effective Hamiltonian map

h:R? = R?, (k. ky) = (k2 — k), 2kgky). (4.2)

We plot how the signs (color coded) of the value of this map change on the (k;,k,) plane in
Fig. 4.1b. The meeting point of all colors defines the degeneracy point, and the color pattern in
its neighborhood shows that this point has a winding number (or charge) of Qop = 2.

One type of perturbation to this degeneracy point is mechanical strain: applying it along z

adds the perturbation term’
0 w
me (0 ) »

to H; strain of 1% yields w ~ 6 meV [84]|. The effect of the strain is shown in Fig. 4.1c,d: the
non-generic degeneracy point is split to two 2D Weyl points at

ki — <i v 2”“”,0) , (4.4)

h

both having charge Qop = 1, i.e., the total charge is conserved upon perturbation.
Another type of perturbation appears when the skew interlayer hopping is taken into account,
causing trigonal warping. This perturbation term is described by

(4.5)

How = —hos < 0 ket lky) :

ky —iky, 0

!This is the effective form of the perturbation. In reality, strain modifies the hopping amplitudes of the original
4 x 4 Hamiltonian, which in turn descend to the 2 X 2 model in the form given here.
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k.z: / k() kx/ko

Figure 4.1: Birth of 2D Weyl points from a non-generic degeneracy point in bilayer graphene.
a-b) Non-generic degeneracy point. a) Dispersion relation of the valence band (blue surface) and
conduction band (orange surface) based on Eq. (4.1). b) Colored plane shows the sign pattern
of the effective Hamiltonian map h of bilayer graphene, see Eq. (4.2). White denotes (+,+)
regions, i.e., where both components of h(ks,k,) are positive. Gray: (—,+). Black: (—,—).
Green: (+,—). Degeneracies are located where all four colors meet and their charge is equal
to the signed number of white-gray-black-green cycles as we go around them counter clockwise.
c-d) Two 2D Weyl points born due to mechanical strain, both having charge +1, see Eq. (4.3).
e-f) Four 2D Weyl points born due to trigonal warping, see Eq. (4.5). The three outer 2D Weyl
points has charge +1, while the inner one has charge —1. The energy scale is Ey = h?k3/2m,
with the wave vector scale kg = v2mw/h for c-d) and ko = 2mus/h for e-f). The non-generic
degeneracy point of a-b) is scale-invariant.
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where v3 ~ 10° 2 [81, 83|. The effect of this perturbation is shown in Fig. 4.1e,f: the non-generic
degeneracy point of Fig. 4.1a,b is split to 4 2D Weyl points: 3 having charge QQop = 1, located
at

k, = 2ms (cos 27r7n’ sin 27m> n € {1,2,3}, (4.6)
h 3 3

and 1 having Qop = —1, located at k4 = (0,0). Again, the charge of the degeneracy point of H

is conserved by the perturbation.

The observation that the non-generic degeneracy point at K can split to 2 or 4 2D Weyl
points triggers the question: is there a perturbation of H such that the number of newborn 2D
Weyl points is different from 2 or 47 One implication of our analysis below is that the answer is
‘no’, i.e., Fig. 4.1 covers all possibilities. The lower bound (2) is governed by topological charge
conservation, whereas the upper bound (4), i.e., the ‘birth quota’, follows from our analysis
below.

4.2 Minimal 1D model

First, we consider a minimal mathematical model of the birth quota effect: the birth of
generic roots (‘1D Weyl points’) of the polynomial f : R — R, f(z) = 23, from its non-generic
root at the origin # = 0. Any generic perturbation of the form f;(z) = 3 + t122 + tox + t3
has one or three real roots, and all of them converge to 0 as the vector of control parameters
t = (t1,t2,t3) tends to 0. We draw such perturbations in Fig. 4.2a, where, for simplicity, we set
(t1,t2,t3) = (0,p,q). In the case of three roots (green region), two of them have positive signs
(i.e. the function is increasing, charge +1, red dot), and one has negative sign (the function
is decreasing, charge —1, blue dot). In the case of one root (orange region), it has positive
sign (charge +1). Hence the sum of the charges is +1, same as the charge of the root of the
unperturbed function f, exemplifying charge conservation.

The number of the real roots changes when the control vector ¢ steps through the zero locus
D = {(t1,t2,t3) € R3 | D(t1,t2,t3) = 0} of the discriminant D of f (see Appendix C.2). This
discriminant set D in the control space is illustrated as the purple solid line in Fig. 4.2a.

Importantly, when we consider the complexification ? fc; : C — C, the complex discriminant
set D¢ does not separate different root configurations: one can always find a path between
different configurations such that the roots avoid collision in the complex plane. In fact, fc; has
three distinct complex roots for any ¢t € C3 \ D¢. This is illustrated by Fig. 4.2b,c,d, displaying
the (¢) unperturbed map fc and (b,d) two perturbed maps, and the roots of those C — C maps
as red points. The number of complex roots born upon perturbation from the root of fc(z) = 23
is called the local multiplicity multy fc = 3 of fc at the root x = 0. As illustrated in Fig. 4.2c,
this local multiplicity is the winding number of f¢ evaluated on a small circle (green) around the
root; the value 3 can be read off.

This winding number is also called the local degree degfc, which is defined as the local
degree deg fc r of the real-imaginary decomposition (‘realification’)

f(C,IR . R2 — R2,
(u,v) = (Re(fe(u+iv)), Im(fe(u+iv)) (4.7)
of the complexification fc. Here, the explicit form of fc g reads fcr(u,v) = (u®—3uv?, 3ulv—v?).

Since every generic root of f; is also a generic root of fc ;, we conclude that the number of roots
born from the original root of f at x = 0 upon perturbation is upper-bounded by deg fc k.

2For a real analytic function f : R™ — R", its complexification is defined as the function fc : C™ — C™ that
has the same power series as f.
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Figure 4.2: Number of generic roots (‘1D Weyl points’) born from the non-generic root of f(z) =
23 is lower-bounded by the charge of the root (which is 1) and upper-bounded by the local
multiplicity of the root (multgf = 3). a) Phase diagram of perturbations of f(z) = 2% of the
form fp,q(a:) =3 + px + q. Orange: perturbation has one generic root. Green: perturbation
has three generic roots. Purple line: perturbation has one generic root and one non-generic
root. b) Complexified perturbation fc,, with p =1, ¢ = 0. ¢) Complexified map fc(z) = 3,
exhibiting a single root with a winding number or local multiplicity multyf = 3. d) Complexified
perturbation fc, 4 with p = —1, ¢ = 0. The complex values of the function are represented as
arrows, so phase windings can be read off. b), d) exhibits three complex roots with winding
number 1 each, even though the real function f, , has b) one real root and d) three real roots.
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Note that higher-degree perturbations of f can have more than three roots, but these extra
roots are ‘born at infinity’, not from the original root at = 0. For example, the root = = 1/t
of the perturbed map f;(z) = 2 — tz* = —ta3(z — 1/t) goes to infinity as ¢ tends to 0.

In the rest of this chapter, we outline the generalization of this minimal model, and use it to

derive the birth quota of non-generic isolated two-fold degeneracy points.

4.3 Effective Hamiltonian at a two-fold degeneracy point

The models we study, e.g., tight-binding models of the electronic band structure, are described
by a Hamiltonian map H : M™ — Herm(N). Here, M is an m-manifold, and Herm(N) is the
real vector space of N x N Hermitian matrices. We focus on the example when M™ = BZ is the
Brillouin zone of a 3D crystal (m = 3), but will also comment on the 2D case (m = 2), relevant
for bilayer graphene described above.

A key quantity in our analysis of the birth quota, analogous to the function f in the minimal
model above, is the effective Hamiltonian map h associated to the non-generic isolated two-fold
degeneracy point P € BZ. Denote the ordinal number of the degenerate levels by ¢ and i + 1.
Then, for the eigenvalues of H(P), it holds that F; 1 < F; = E;y1 < Ej19, and E; < E;j1q
holds in a neighborhood Up of P € BZ. The effective Hamiltonian map h is obtained by an
exact Schrieffer-Wolff transformation (see Chapter 3) at P, which provides a map from the
neighborhood Up of the degeneracy point P into the space of traceless Hermitian 2 x 2 matrices.
The latter matrix space is identified with R? via the standard Pauli-matrix decomposition, X o+
Yo,+Zo, = (X,Y,Z), hence the Schrieffer-Wolff transformation yields the effective Hamiltonian
map h: Up — R3.

The fact that P is an isolated degeneracy point can be reformulated as h=1(0) = {P}, i.e. the
preimage set of the origin 0 € R? contains only one point. We assume that in the natural wave-
vector coordinates of the BZ, measured from P as the reference point, h is an analytic map, that
is, its Taylor series is convergent and it produces h ®. This results in an A : (R?,0) — (R?,0) map,
consisting of 3 locally convergent power series hi, he and hs of 3 variables, fulfilling h(0) = 0.
Our following analysis works for m = 3 in general, and also for m = 2 assuming chiral symmetry,
when the degeneracy is at zero energy. The latter conditions imply hs = 0 and provide a map
h: (R%0) — (R20) *.

4.4 Birth quota

Up to now, we converted band-structure features to an h : R?> — R3 analytic map. This
enables us to establish the birth quota of a non-generic degeneracy point using concepts and
relations from singularity theory. The local degree deggyh of the effective Hamiltonian map
h : (R™,0) — (R™,0) at 0 is the global degree of the normalised map (‘pseudospin texture’
[26]) h = ﬁ : §m=1 5 §m=1 defined on a sufficiently small sphere S™~! around the origin, see
[86, 87, 88, 89, 90| for details. For m = 2 the local degree is a winding number, and for m = 3 it
agrees with the first Chern number of the eigenstate corresponding to the i-th eigenvalue, see [7].

For both cases, the local degree is often referred to as the (topological) charge of the degeneracy

3Note that our analysis also works in C> (i.e. smooth) category, using the notion of map germs, however the
analytic condition simplifies the discussion.

4Similarly, spinless P7 symmetry restricts the Hamiltonian to be real valued, yielding he = 0. Hamiltonians
with both chiral and PT symmetry correspond to the case m = 1 with effective Hamiltonian map A : (R,0) —
(R,0). Such symmetric 1D systems can provide a physical realization of the minimal example with H(k) = f(k)os.
Moroeover, in systems with fermionic time-reversal symmetry, twofold-degenerate Kramers pairs can meet to form
a fourfold degeneracy in a 5-dimensional parameter space, known as an instanton [85].
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point. We will also refer to the complexification h¢ : (C™,0) — (C™,0) of h, and its local degree
deg hc.

The effect of a physical perturbation on the crystal electrons, e.g., mechanical strain or a
change of the magnetic (Zeeman) field, is described in our framework as a deformation of the
effective Hamiltonian map h. An unfolding of h with & control parameters is an analytic map
H : R3 x RF — R3 x R¥ of the special form H(z,y,2,t) = (ht(z,v,2),t), where t € R¥, such
that hg = h. For fixed control parameters ¢, we call h; an analytic deformation, or simply
deformation, of h. To derive the birth quota of h, we will use the complex generalizations of
these concepts: a holomorphic unfolding H¢ and the corresponding complex deformation hc; of
the complexification hcy = hc are defined similarly to the real case above [90, 87]|.

We call the points of h; *(0) C R® degeneracy points of hy, and the points of h(E;(O) ccC?
complex degeneracy points. A complex degeneracy point p is generic, and we call it a complex
Weyl point, if the Jacobian of hc at p has maximal rank, i.e., rank 3. A real degeneracy point p
is generic, and we call it a (real) Weyl point, if the Jacobian of h; at p has maximal rank. This
happens if and only if p is generic as a complex degeneracy point. At a real Weyl point p, the
local degree is deg, hy = +1, determined by the sign of the Jacobian determinant, cf. [4]. At a
complex Weyl point p, the local degree of hc is always deg, hct = 1.

Our goal is to characterize the birth of (real) Weyl points from a non-generic degeneracy
point. Hence, we need to distinguish between Weyl points born from the original degeneracy
point, and all other Weyl points. This we already noted in the minimal model above, by pointing
out that 1D Weyl points can be born at infinity. To make this distinction here, we consider the
complex case first. We take a spherical boundary S> C C3 in the configuration space, centered
at the origin, which we call the separator, such that the only degeneracy point of h¢ inside this
sphere is the origin. The separator bounds the closed ball BS ¢ C3. When a deformation is
applied continuously, the degeneracy points h(?:}t (0) follow continuous trajectories in the complex
configuration space. Therefore, there is a neighborhood Uc of the origin of the control space
such that for all ¢t € Ug, (i) the degeneracy points born from the original degeneracy point do not
reach the separator, and (ii) the degeneracy points of the undeformed map h¢ that are outside of
the separator do stay outside. For convenience, we take a neighborhood Uc that is an open ball
centered at the origin of the control space. Furthermore, from now on, we restrict the unfolding
Hc onto BS x Uc.

We define the complex discriminant set Dc C Uc as those control vectors ¢ for which hc ¢
has non-generic complex degeneracy points in BS. That is, for any control vector ¢ € Uc \ D,
all degeneracy points of hc are complex Weyl points. A key observation is that the number of
complex Weyl points within BS, denoted as jjh(alt (0), is the same for any control vector ¢ € Uc\Dc.
This is related to the fact that the complex codimension of the discriminant set D¢ is at least 1,
and therefore the real codimension is at least 2. This implies that Uc \ D¢ is path-connected, and
hence the number jjh(Eé(()) of complex Weyl points cannot change along any control trajectory in
Uc \ Dc. For details, we refer to Appendix C.1 and [90]. In conclusion, the number of preimages
of 0, ﬁhéi(()) is a property of hc, and hence a property of h. It is called the local multiplicity of
he (multohe), and also called the local multiplicity of h (multgh).

In the band-structure context, the effective Hamiltonian map h is a real map. We denote
the set of real control vectors t € R¥ in Uz and D¢ by U and D, respectively. With these, we
can express the key message of this work: the local multiplicity multgh is the birth quota of
the original non-generic degeneracy point, i.e, multgh is the upper bound of the number of Weyl
points born from the original degeneracy point:

thy 1(0) < multoh. (4.8)

Here, hy is restricted to B3 and t € U \ D. Equation (4.8) is a consequence of the previous
paragraph, and the fact that a real Weyl point is also a complex Weyl point.
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4.5 Methods to calculate the birth quota

We mention three different methods to compute the birth quota multghc. The first one is the
direct application of the definition for the constant deformation hc4(x) = he — q with ¢ € C3
close to 0. Note that by Sard’s lemma [86], for almost all values ¢, all degeneracy points of
hc,4 are generic. By definition, the number of the roots of hc, inside the ball BS is the local
multiplicity. Hence the computation of the birth quota multghc reduces to solving the equation
hc = ¢, which, in general, can be done numerically.

Another method is based on the fact that the local multiplicity is equal to the local degree
degg hc of the complexification h¢, see [90, E.3|. Here, the local degree is understood in the sense
described for the minimal model, i.e. it is the local degree of the real-imaginary decomposition
(realification) hc g : RS — RS. The computation of the local degree also allows the use of integral
formulas, see e.g. in [91, 7].

We note that an alternative, commonly used definition of the local multiplicity uses algebraic
methods: the local multiplicity is defined as the dimension of the so-called local algebra of h at
0, see Appendix C.3 and Refs. [87, 90]. This definition also provides a practical computational
method of the birth quota. In the physical applications below, we computed the birth quotas
using deformations, as well as this algebraic method.

4.6 Applications

In what follows, we derive the local multiplicity for two different families of isolated two-fold
degeneracy points: for chiral symmetric band-structure models of few-layer graphene, and for
all stable isolated two-fold degeneracy points that arise in time-reversal-symmetric crystals. The
results are summarised in Table 4.1.

For bilayer graphene, discussed above, we find that the local multiplicity of the unperturbed
effective Hamiltonian map A is 4, confirming that the number of newborn 2D Weyl points upon
a generic deformation is either 2 or 4. For chiral-symmetric models of trilayer graphene with
ABC stacking, or multi-layer (n-layer) graphene with ABCA... stacking, the local degree of the
degeneracy point at the K point is n, whereas the local multiplicity is n?, as shown in the top
panel of Table 4.1. (For derivation, see Example 2 in Appendix C.3.)

Our methods provide the birth quota for non-generic degeneracy points appearing in 3D
crystals as well. We focus on time-reversal symmetric crystals, which are classified in 230 space
groups. It is known [29] that there are four types of isolated two-fold degeneracy points in the
quasiparticle band structures of such crystals, listed in the bottom panel of Table 4.1.

The charge-1 Weyl point is the generic degeneracy point (called Weyl point throughout this
thesis), whereas the charge-2, -3, -4 Weyl points are non-generic degeneracy points showing non-
linear dispersion in certain directions. Charge-2 and -3 Weyl points have been proposed in Ref. [4],
with effective Hamiltonians in the form H = ak.o. + (bk' + ck™) o + h.c. with n € {2,3},
b] # |c|, k+ = ky*ik, and 0+ = 0,%i0y. The charge-4 Weyl point has been proposed in Ref. [26],
and is described by the effective Hamiltonian H = Ak kyk.o, + B (kg + wki + wzkz) o+ + h.c.
with w = exp(—27i/3). Note that this map corresponds to the map studied in Ref. [89, Pg. 24|,
and also that such charge-4 Weyl points have been observed experimentally [92, 93].

We have computed the local multiplicities of these degeneracy points, and list the results in
Table 4.1. (Derivations are shown in Example 2 and Example 3 in Appendix C.3.) The table also
indicates the number of space groups where the corresponding non-generic degeneracy points are
stabilised by symmetries.
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local degree local
R? - R? (winding number, | multiplicity
top. charge) (birth quota)
monolayer graphene 1 1
bilayer graphene (AB) 2 4
n-layer graphene (ABCA...) n n?
local degree local
R? —» R? (Chern number, | multiplicity #é%G #SS g
top. charge) (birth quota) .
Charge-1 Weyl point 1 1
Charge-2 Weyl point 2 4 36 48
Charge-3 Weyl point 3 9 26 12
Charge-4 Weyl point 4 12 - 13

Table 4.1: Local multiplicities of isolated two-fold degeneracy points. The upper panel (R? —
R?) lists the absolute value of the local degree, and the local multiplicity, associated to the
electronic quasiparticles that emerge in the simplest chiral-symmetric tight-binding models of
mono- or multilayer graphene. The lower panel (R3 — ]R3) lists the same invariants, for all
four types of isolated two-fold degeneracy points in crystals. The absolute value of the local
degree is the minimum number of newborn Weyl points upon a generic deformation. The local
multiplicity is the birth quota, i.e., the maximum number of newborn Weyl points. The last
two columns of the lower panel indicate the number of space groups where symmetries stabilise
non-generic degeneracy points, based on Ref. [29]. The label SO (nSO) denotes band structures
with (without) spin-orbit coupling, e.g. electronic (phononic, photonic) band structures.

4.7 Conclusions

We have shown that when a non-generic degeneracy point is split, the number of resulting
Weyl points is not only bounded from below by the absolute value of the topological charge of
the original degeneracy but also bounded from above. The key step is to apply a Schrieffer—Wolff
transformation, which reduces the Hamiltonian near the degeneracy to a smaller effective Hamil-
tonian. In this form, the problem is no longer a map into Hermitian matrices but it is a vector
field: the components of the effective Hamiltonian define a function whose zeros coincide with
the band degeneracies.

The advantage is that the behavior of zeros of vector fields is much better understood. In
particular, for the complexified effective Hamiltonian map, the number of zeros created under
perturbation is fixed: it always equals the multiplicity of the original zero. The real Weyl points
correspond to a subset of these complex zeros, and therefore their number is always bounded
above by the multiplicity.

We have also outlined several ways to compute this multiplicity. For numerical work, the
most practical method is to expand the Hamiltonian to the required order, interpret the resulting
power series as a complex polynomial, add a generic constant term, and solve for its complex
roots, thus, obtaining the multiplicity directly.

This “birth quota” is not restricted to 3D Weyl points: it also applies to 2D Weyl points
protected by chiral symmetry, and even to 1D cases where the effective Hamiltonian reduces to
a scalar function. Finally, we have systematically enumerated the symmetry-protected two-fold
degeneracies known in solid-state systems and determined their corresponding birth quotas.
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4.8 Discussion

Our results establish a strong link between singularity theory and the theory of topological
semimetals. While the examples discussed here were primarily drawn from electronic band struc-
tures, the framework naturally extends to other types of Bloch band systems, such as phononic,
magnonic, or photonic crystals. More broadly, the approach applies to general parameter-
dependent quantum systems, including, for instance, multi-terminal Josephson junctions, mag-
netically controlled quantum spin systems, and any physical system described by families of
Hermitian matrices such as linearly coupled mechanical oscillators or linear electronic circuits.

This perspective invites a more systematic classification of degeneracies, by treating them as
zero locus of the effective Hamiltonian map. In this context, the natural notion of equivalence is
contact equivalence [90, 76|, rather than the more commonly used topological classifications.

The advantage of the algebraic tools presented in the final chapter is that they go beyond pure
geometry. While the Hamiltonian defines a parameterized family of matrices, the degeneracy set
is an algebraic variety, i.e. a locus specified by equations. It is therefore natural to substitute the
parameterization directly into these defining equations and treat them algebraicly. Geometrically,
this means that the Hamiltonian map is allowed to be singular. Moreover, the two-fold degeneracy
manifold become singular near a higher degenracy, so in their neighborhood an effective two-level
model no longer exists. Nevertheless, the degeneracy set remains tractable algebraically: one is
studying the intersection of singular varieties, which can still be organized and classified [94].

A possible direction for future work is to investigate further invariants under contact equiv-
alence, such as the order of determinacy, which characterizes the minimal degree beyond which
higher-order perturbations do not affect the equivalence class of the singularity. It also indicates
the order at which perturbative calculations can be truncated without altering the qualitative
structure.

In addition to analyzing the lowest-order (linear) splitting behavior near degeneracies, we
also suggest that the maximal splitting order of eigenvalues, evaluated along a space curve
departing from the degeneracy point, is an interesting quantity to consider. Based on examples,
we conjecture a connection between the order of determinacy and the maximal splitting order.

Finally, we observe that the contact class obtained from the effective Hamiltonian corresponds
to the isomorphism class of the local algebra associated with the degeneracy. This raises the
question of whether the algebraic structure of a degeneracy can be determined without explicitly
calculating the effective Hamiltonian — a particularly relevant issue when dealing with higher-
order degeneracies, where truncating the Hilbert space is no longer feasible, and the splitting
into simpler structures, such as Weyl points, must be understood directly from the full system.
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research, I studied the ground-state degeneracies of a two-spin system realized in a double
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2. Effective Hamiltonian and its relation to degeneracies
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Related publication: III.

3. Birth quota of non-generic degeneracy points
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Appendix

A Spin-orbit coupled two-spin system

A.1 Closed degeneracy curves are ellipses, closed degeneracy surfaces are
ellipsoids

In Table 2.1, the eigenpattern (IV) implies that the degeneracy points form a closed surface.
Here we show that this surface is an ellipsoid. A similar proof shows that the loops formed by
the degeneracy points in cases (II), (V), and (X) are ellipses.

In case (IV), the matrix M has a single eigenvalue a and the normalized eigenvectors form
the three-dimensional unit sphere. So, any v unit vector is an eigenvector, and we can apply the
results (2.27) and (2.28) to obtain the locations of the degeneracy points

Jl+a) v  Jl+a) w
2u  |givl 2B |Guo|

Ba(v) = (9)

In the second step, we have made use Gy, = \/QLQE, which the real symmetric component of

the polar decomposition. In the principal reference frame of G, the location of the degeneracy
point associated to v reads

B, Vg

1 1
Ba, | = J(2 +a) v |, (10)
Bu. M JGE 4 G+ G2\

where (G, Gy, G) are the principal values of GL. Acting with G, on both sides of the equation,
and taking the length-squared of the resulting vectors, we obtain the equation
J(1 2

(—i—a)] ’ (11)

G2B2, + G2B2, + G2DB?, = [ =

which implies that the degeneracy points form an ellipsoid.

For cases (II), (V), and (X), we have an additional constraint: v has to be in the degenerate
subspace of M. This intersects the ellipsoid with a plane passing through the origin. Since the
intersection of a plane and an ellipsoid is always an ellipse, we conclude that the degeneracy

points in these cases are ellipses.

A.2 Effective g-tensor determinant

Here, we provide the derivation of the determinant of

2 A 2, 1 . . a1
. + R .1 . - R
~ 9RrY9L T 9LY9R O 'e.®e.0+ 9rRIL — 9JLIR

gaJrO - 2 2
9+ ok o+

7

O '1-e.we)0 (12)
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A —1 - "
Using that O e, = v, = gEva/gL, where and hence we have

A gL+ gionR graL — gLdrR
Q(H_O = R P L D) Vg ® Vg + (]l _6a®60) (13)
o + ok N
Dividing both the numerators and the denominators by g%{, we have

. gL+ *QQRR_l gL — 9r 1

ga-l-o = * g? fja ® i}a + e (1 - fja ® i}a) (14)
9Rr 912:{
Using the relation gr,/gr = a, this simplifies to

2 gL+ GQQRRil gL — GQRRil

ga+0 = T’UG X Vg + ﬁ(ﬂ — Ve ® Ua) (15)

Sa1a 1 . N .
Inserting the unit matrix as lgx3 = RgngRR on the right of g;,, we obtain

P S PP |
. g1 RGr grR  +a°grR . B
ga+0 = L R R]_ n a2 R Vg &® Vg

S D |
gLRgngRR —agpR
V14 a?

Using the earlier definition M = gLRg;f from Eq. (2.23), we find

(1~ 9, ® Do) (16)

.2 M+a®, 1. - M-—-a . ~-1 - -
ga+0 = WQRR va®va+\/ﬁgRR (]l—va,®va)

Now we rearrange the terms to express g, +f) as the sum of a matrix and a dyadic product,
a form revealing the applicability of the matrix determinant lemma:

M—i—a2 M—G R R_lfj
1+a2  Vigaz)IRT e

A M—-a , -1

9.+0 = WQRR ® Va (17)

+

The matrix determinant lemma states that for an invertible matrix A and two vectors u and v,
it holds that

det(A—i—u@v) = (l—i-U-A_lu) det{A}, (18)

It is tempting to identify the quantities of Eq. (17) with those appearing in the matrix
determinant lemma Eq. (18) as follows:

~ M—-a , ~-1

A= At (192)

. M+a?. -1

B = G ok (19b)
Mta® M-a). o1 o .

u = <1+a2 ‘m)gRR Yo = (B = A4)% (19)

v o= B, (19d)
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An important caveat is that our matrix A is not invertible, since a is one of the eigenvalues
of M. Therefore, we can not use the matrix determinant lemma directly. Therefore, we will use
the matrix determinant lemma for auxiliary quantities A’ and u' that are infinitesimally close
to A’ and o’ , respectively, defining A’ as an invertible matrix, and take the limit A = A and
u’ — wu as the last step of the calculation. We define the auxiliary quantities as follows:

A~

al M—-d -1
A = WQRR ) (20)
v = (B-A)p,, (21)

and we will take the limit ¢’ — a as the last step of the calculation.

Now, we use the matrix determinant lemma for A/, u’, and v to evaluate the determinant of
Eq. (17), and express v’ and v via Egs. (21) and (19d), respectively:

detg, O = (1 Yo, ATNB - A’)@a> det A” (22)
We use in Eq. (22) the fact that Oisa rotation, which implies det 0= 1, and furthermore we
use the relations A/_IA/ = 1343 and v, - v, = 1 to obtain
detg,, = Do A 'Bo,det A (23)
Then, Ais expressed using Eq. (20):

~ -1 . ~
M-—d  ~—1 M+a%. .1 M-—d . .1
det ¢ = ¥y | ——grR  _ grR v,det | ——gr R 24
9at a ( IR ) a2 IR a R (24)

Using the relation for the inverse of a matrix product, we rearrange the first matrix inverse to
obtain

~ -1 =« ~
. M —d M+a2 .1 M-—d .1
det g = v, Rg7" gn R v,det | —gr R 25
S gR( 1+a2> 14 q2 IR eSO Uy 2n (25)

~—1\T
Now we use v, = (gRR ) vo/gR, yielding

~ -1 . ~
o | (Mr—a\ Mta?| . - M—d -
detg,, = —<. ( “) PO G R o, det <“29R 1). (26)

IR V1 + a? 1+ a? Vita

The next step is to make use of the fact that v, is a left eigenvector of M with eigenvalue a,

that is, v M = av!:
a—a’> Ya+a? L1 M-—d . .1

det g = —vq-grR vydet | ——=grR 27
ga—‘r [(m 1 + G2 IR a " 9Rr a ng ( )

Expressing v, cancels the g-tensor and the rotation, and using v, - v, = 1, we find
R V1i+a? a+a? M—d
detg,, = . 5 -det | ———
a—ad 14a V14 a?
Finally, expressing the first determinant via the eigenvalues, and invoking det R~! = 1, we obtain

m‘a—i—aQ (a—ad)(b—a)(c—a)

1

) det g det B . (28)

det g = . det g
et g+ a—a 1+ a? ( /71 T CL2)3 €l gr
a(l+a) ;
= m(a — b)(a — C) det gRr; (29)

where the o’ — a limit was taken in the last step.
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A.3 Jordan normal forms for the examples in Section 2.7

In this section, we revisit the Jordan decomposition of 3 x 3 real matrices, and discuss the rela-
tion between the matrix M introduced in Eq. (2.23) of the main text, its Jordan decomposition,
and the magnetic degeneracy points.

In the main text, we have introduced the real valued non-symmetric matrix M in Eq. (2.23),
as the central quantity of the two-spin problem. Also, we claimed that the directions of the
degeneracy points in the magnetic-field parameter space are described by the left eigenvectors
(left ordinary eigenvectors) of this matrix M. Because of the non-symmetric property, M is not
always diagonalizable. Instead, it can be written as

A !
M=PJP =|w wy ws |J| — vi — |, (30)
I . i R

which is called the Jordan decomposition. Here, P! (P) is a non-singular matrix whose rows
(columns) are the left (right) generalized eigenvectors of M. From PP =1 it follows that
va] = 0;;. It is important to note that the left (right) generalized eigenvectors are not neces-
sarlly orthogonal to each other and not necessarily normalized. Also, the transformation matrix
P is not unique. The matrix J is the Jordan normal form of M, which has a block- diagonal
structure formed of Jordan blocks.

A left generalized eigenvector of rank m € {1,2,3} corresponding to eigenvalue X satisfies

T (M—)\]l)mzo (31)
and
T (- An)m_l £0. (32)

The parallel condition in Eq. (2.19) is fulfilled by the left ordinary eigenvectors denoted as b which

are the rank-1 generalized left eigenvectors. The i-th row in 15_1 is an ordinary left eigenvector
of M if the i-th row in J does not contain a superdiagonal 1 element. Linear combinations of
ordinary eigenvectors corresponding to the same eigenvalue are also ordinary eigenvectors.

In the following subsections we provide the Jordan normal forms corresponding to the Hamil-
tonians and degeneracy patterns discussed in subsections 2.7.2, and 2.7.3, and section 2.7.5. Note
that in examples (II) and (V) discussed in the main text, we set both the interaction matrix
R= 1343 and the right g-tensor gg = 13x3 as the 3 x 3 unit matrix, and hence the matrix M
equals the left g-tensor gp..

Degeneracy pattern (II), section 2.7.2

For the example Hamiltonian producing the degeneracy pattern (II), treated in section 2.7.2,
the left g-tensor was specified in Eq. (2.55), leading to

2 00
Mu =gyuRugpy =9Lu= |0 2 0]. (33)
01 4
The matrices of the Jordan decomposition [see Eq. (30)] of this matrix My read:

2 . 01 2
0 5 PH — O 1 0 . (34)
0 1 00
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The Jordan normal form Jy; is diagonal, it consists of three Jordan blocks: two blocks of the
form j1X1(2), and one block of the form j1X1(4).

As seen from Eqgs. (30) and (34), the left eigenvector corresponding to the eigenvalue 4 is
vy = (0,1,2)”. As claimed in Eq. (2.56), there are two Weyl points, forming a time-reversed
pair, along the B-field direction set by v;. It is also seen in Eq. (34) that two left eigenvectors
corresponding to the eigenvalue 2 are vy = (0,1,0)7 and w3 = (1,0,0)7. In fact, all vectors
in the subspace Span(vsy,v3) are eigenvectors with eigenvalue 2. According to Eqs. (2.28) and
(2.55), the corresponding magnetic degeneracy points form a circle with radius R = 3/4.

Degeneracy pattern (V), section 2.7.3

In section 2.7.3, describing the charged ellipse degeneracy pattern (V), the left g-tensor and
hence the matrix M was set to

X 2 00
My=1|0 2 0 (35)
01 2
A Jordan decomposition of this matrix is:
R 2 10 R 0 01 . 0 01
Jvy=1(0 2 0|, Py=(01 0|, Py =[(01 0]. (36)
0 0 2 100 100

The Jordan normal form Jy consists of the Jordan blocks J1x1(2) and Jox2(2). There is a
superdiagonal 1 element in the first row, hence v; = (0,0,1)T is not an ordinary left eigenvector
but a rank-2 generalized left eigenvector.

The ordinary eigenvectors are in the subspace Span(vs,v3), similarly to the previous case.
As a consequence of this, and Eq. (2.28), the corresponding degeneracies are on a circle with
radius R = 3/4 in the zy-plane again. This is similar to the degeneracy circle of pattern (II),
but there the circle was neutral, while here it is charged.

Using Figs. 2.5 a, b, ¢, we argued in the main text that the topological charge of this charged
degeneracy circle is localized on two opposite points of the circle. Here we claim that the charge
is located in the vo direction. This can be illustrated by studying a parameter-dependent matrix
M that exemplifies a transition from the degeneracy pattern (II) formed by two equally-charged
Weyl points and a neutral circle, to the degeneracy pattern (V) formed by the charged circle:

R 20 0
My y(e)=10 2 0 |[. (37)
0 1 2+e€

For € > 0, this matrix has a Jordan decomposition analogous to (34), i.e., it implies the degen-
eracy pattern (II). In particular, its largest eigenvalue is 2 4 €, with an ordinary left eigenvector
v1 = (0,1,6)T. As € is tuned continuously to zero, then v; coalesces with the (e-independent)
second left ordinary eigenvector va = (0,1,0)T. During this transition the Weyl points approach
the neutral ellipse and then merge with it at e = 0.

Degeneracy pattern (IV), section 2.7.5

In section 2.7.5, describing the charged ellipsoid degeneracy pattern (IV), the matrix M was
set to

My =2 13y3 (38)

Every vector is an eigenvector, hence there are degeneracies in every direction. The distance of
the degeneracy points from the origin is given by Eq. (2.28).
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A.4 Rank of the effective g-tensor in the points of the degeneracy ellipses

Figure 2.4 of the main text provides numerical evidence that the topological charge density
of the neutral degeneracy ellipse, of pattern (II), is zero. Similarly, Fig. 2.5 shows that the
topological charge density of the charged degeneracy ellipse, pattern (V), is concentrated at two
charged points, whereas the linear charge density in all other points of the ellipse is zero. In
this section, we show that the above charge distributions are related to the ranks of the effective
g-tensors g q(Bj) of the degeneracy points, defined in Eq. (2.45). Namely, the effective g-tensor
is a rank-1 matrix for the charged points of the charged ellipse, and a rank-2 matrix for the
uncharged points of the charged ellipse and for every point of the neutral ellipse, too. The rank-
2 property implies a first-order energy splitting of the degeneracy as we leave the degenerate line
in any perpendicular direction. In the case of a rank-1 effective g-tensor there exist a direction
perpendicular to the tangent vector of the degeneracy circle, with the property that the energy
splitting is of higher-than-linear order if we leave the circle in that particular direction.

The effective g-tensor for a ground-state degeneracy point at By = Byb reads (Eq. (17))

. M+a® M-a 4T M—a . -1
dog(Bo)O = — gnR bb +7 R 39
g ff( 0) ( 1 ¥ (12 m) gr \/TQR ( )
where
b= Rgnb/|grbl. (40)

Note that, here, b and b is used for v, and V. Also compared to the previous section, here we

denote the dyadic product as a matrix product bb of a column vector and a row vector, instead
of the alternative notation b® b. The orthogonal matrix O, is an (ambiguous) rotation fulfilling
Ob = e (e.g., it can be the 7 rotation around the bisector of b and e.).

Equation (39) for the effective g-tensor is too complicated to determine rank [g.g(Bo)] di-
rectly. Instead, in the forthcoming calculation, we show that the rank is reflected by the rank of
a a simpler matrix AQ, which we express below in Eq. (55). Then, in subsections A.4 and A.4,
we use this matrix AQ to derive the rank of the effective g-tensor on degeneracy ellipses.

As a first step in our calculation, we substitute b with b according to Eq. (40), into Eq. (39),

and multiply the latter with Oil from the right:

M+a®> M- grgibb” M — 1
+c; B a gTR?RA a gn R 10 1‘ (41)
1+a V1+a?) b grgrbd V1+a?

Here, we use b instead of By in the argument of g.g, because the latter quantity does not depend
on the norm By.

In cases (II) and (V), where degeneracy ellipses appear, the directions of the magnetic de-
generacy points are in the subspace of the second and third left generalized eigenvectors. That
is, the degeneracy points can be parameterized by the angle ¢ € [0, 27| via

geﬁ(b) =

b = Byve + [3v3 = (V2 cos p + vz sin @), (42)
with 8 = /B3 + B5. Since vy and v3 are not necessarily orthogonal and normalized, 3 is not

necessarily |b| and ¢ is not necessarily the angle between b and vs.

The forthcoming steps lack an a priori intuitive justification, but a posteriori they prove to be
particularly useful. First, let us recall that according to Eq. (30), the left generalized eigenvectors
form the rows in the similarity transformation matrix P~ in the Jordan decomposition of M.
Using this, b can be written as the second row of the matrix Qp_l, that is

(QP_1>2 ’ (43)

g
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where

) 1 0 0

Q=510 cosp sing]|. (44)
0 —sing cosy

Inserting a unit matrix in the form of P 'Pto Eq. (43) yields
~ —1 A/

T = (15‘115@15‘1>2 = (P Q)Q. = 1§’ (45)

g

Here the sign = denotes the definition of Ql and in the last step, we used Eq. (30).
Substituting Eq. (45) to the effective g-tensor of Eq. (41), we obtain

M+a2 M —a A M —a A1 a1
— D+——|ggR O , 46
( 1+ a2 \/1—|—a2> \/1+a2]gR (46)
where we introduced the shorthand

~ AT A /T ~/
P — 9rIRQ U2ng

D TA/A ATA/T ’
vy Q grgrQ v2

N ~ T
geH(Q U2> =

(47)

which is a dyadic product.
Next, we further transform M and D in Eq. (46), starting with the latter. Substituting unit
matrices into Eq. (47) yields

A~

~/—1 A =1\ . 7 a/T N
A (Q PP Q)gRQEQ V20, Q )
= I\ ~/. .o AJT :
v, (PP )QQRQEQ v

Then, using the associative nature of matrix multiplication, we obtain

Al—1 ~ A~ —1~/, 7 A/T A~/ Al—1 ~ ~
. Q P(P Q' gratQ ’02) wuQ Q7 Prold

D = - (49)
~ ~—1~/, ST T
oI P (P 0'9r9L0 vQ) v Pr
where we introduced
~—1 /7, 7 a/T
r=P Q gRgE{ vo. (50)
Then, we substitute the definition of Ql from Eq. (45) to Eq. (49), yielding
PP RPN N Aaa ]
. PQ P PrviPQP L o
p-T@ " PRP  _po7' " (0 1 0)QP (51)
vy Pr T2

The denominator ro, which is the second vector component of r, appears from the scalar product
of r with v P = (0 1 0). Note that ro = |g£b|?, which follows, e.g., from Egs. (50) and (45),
and it guarantees that the denominator in Eq. (51) is nonzero.

According to Eq. (51), the matrix D can be thought of as a result of a similarity trans-

" oA —1 ~
formation generated by PQ . Now, we transform the terms of Eq. (46) containing M to
a similar form. Multiplying M with appropriately composed unit matrices, using its Jordan
decomposition, and introducing the transformed Jordan normal form via

Jo=QJQ (52)
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we find

L1 1

M = (PQ‘IQP_1> (13J15_1> (PQ QP_1> —PQ 'JoQP . (53)

=

Inserting Egs. (51) and (53) into Eq. (46), we find the following expression for the effective
g-tensor:

R 1A aa—1, a1 a1
9ei(b) = PQ AQQP grR O (54)
where we introduced
~ jQ+a2 jQ—a r jQ—a
Ap = — — (0 1 0)+ ——. 55
@ <1+a2 \/m) ol SV e (%)

Matrix AQ has the same rank as the effective g-tensor, because they only differ by multiplications
of non-singular matrices. In what follows, we will determine the rank of the g-tensor at the points
of the degeneracy ellipses by determining the rank of Ag.

Neutral ellipse

In Eq. (34), we have shown an example Jordan decomposition corresponding to a degeneracy
pattern including a neutral ellipse. More generally, the normal form of that degeneracy pattern
has a two-fold degeneracy of the following kind:

) b
Ju= [0 (56)
0

o 2 O
* O O

where a,b > 0 and a # b. Since its second Jordan block is proportional to the 2 x 2 unit matrix,
the transformation with @ defined in Eq. (44) leaves the normal form invariant:

Jon = Ju, (57)

for every . That means that every point of a neutral ellipse has the same rank effective g-tensor.
Then, expressing Ag from Eqgs. (55), (57) and (56) yields

b—a

b+a2 b—a O 0

. ta? T Vi ri/r2 ez 00
Ag = 0 atal 1 (0 10+ o o0o0
0 0 ata? ] \r3/ro 0 0 0
1+a? (58)
b—a b+a? b—a LS
V1+a? 1+a? ( \/1;ra2 r2
— a(l+a
0 e 0
a a -
0 e 0

AQ cannot be a dyadic product because the condition Ag11A4g 22 = AQ 124021 cannot be
satisfied as Ag 11, AQ 22 # 0 and Ag 21 = 0. That means rank(g.g) > 1. The determinant of the
effective g-tensor is zero [Eq. (2.49) with ¢ = al, therefore rank(g.q) < 3. This way we proved
that the rank is 2 for every points of the neutral degeneracy ellipse.
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Charged ellipse

In Eq. (36), we have shown an example for a Jordan decomposition corresponding to a degen-
eracy pattern of a charged ellipse. More generally, the Jordan normal form of that degeneracy
pattern has a three-fold eigenvalue degeneracy, and a single 1 element in the superdiagonal:

~

Jv =

o O QR

10
a 01, (59)
0 a
with @ > 0. Now J @,v does depend on the angle ¢ parameterizing the degeneracy point along
the degeneracy ellipse:

a cosyp —singp

Jov=[0 «a 0o . (60)
0 0 a

Expressing Ag from Eqs. (55) and (60) yields

2 1 1 : 1 1
R ez €SP | T3 N m] —Ssmne [1+a2 - \/m] /72
Ag=1 0 ut 0 1 (0 1 0)
0 0 a—Hz; ?"3/’!"2
14a 61
0 cos —singp 0 A sin(p) ( )
V1ta?  V14a? Q.12 14a?
+{o o 0 |=fo 2 o |
0 0 0 0 Agam 0

where the elements Ag 12 and A 32 are given by lengthy but unimportant expressions. Similarly
to the neutral ellipse, the condition Ag 1240 23 = AQ,13AQ,22 is not satisfied for sin ¢ # 0, hence
the rank of the effective g-tensor is 2 for those points. However, if sin ¢ = 0, i.e., if the magnetic
field is along the direction of vy, the matrix Ais clearly a dyadic product and not a zero matrix,
hence its rank is 1, implying that the rank of the effective g-tensor is also 1.

Finally, let us consider this latter case, when the rank of the effective g-tensor is 1. Starting
at the degeneracy point By, and changing the magnetic field by d B along the degeneracy line
as B = Bg + 6B, the energy splitting induced by dB is at least of second order in §B. Since
the rank of the effective g-tensor is 1, there must be a plane of higher-order splitting, that is, a
plane along which the energy splitting is at least of second order in d B. Which is the second
direction, which spans this plane together with the direction of the degeneracy ellipse?

This question can be answered by recasting the rank-1 effective g-tensor as a dyadic product
of two vectors. Without the derivation, we claim that one way this can be done is as follows:

Jer(v2) = drdj, (62)
where
1 grIRY? Aol
d; = T a(l+ a)m +wi|, d2=ORgRv: (63)

with w; is the right generalized eigenvector defined in Eq. (30). The column vector d; in the
square bracket defines the direction of maximal linear splitting in 0B, cf. Eq. (2.45). If dB lies

in the plane perpendicular to that vector, then the energy splitting is at least second order in
0B.
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A.5 Rank-2 points of a degeneracy curve carry zero linear topological charge
density

In this section, we show that, in general, degeneracy curves consisting of rank-2 points carry
zero linear topological charge density. For simplicity, we assume that the degeneracy line is along
the B, axis.

We use x = B, y = By and z = B, for brevity, and we shift the coordinate system of
the magnetic parameter space such that the rank-2 point we consider is in the origin, where
(z,y,2) = 0. From now on, we further simplify notation by using (s, ) instead of ¢g(s, ).

According to Eq. (2.53), our goal is to evaluate

2m 27
W(0) = —lim [ dBon(s,0) = — lim [ d9(—2) Tm [(9yebo|dstio)] . (64)
w™r—0 Jg w™r—=0 /o
For the parameter-space geometry we consider, the relation between the Cartesian coordinates
and the torus parameters is x = rcosd, y = rsind, and s = z. Our strategy is to evaluate
the above ¥ integral, i.e., to show that it vanishes, by using an approximate ground state v for
r — 0, obtained via a z-dependent two-level effective Hamiltonian.

Along the z axis, in the small neighborhood of the degeneracy point, we take an orthonormal
basis (n(z), x(z)) of the degenerate ground-state subspace for each z, such that the two basis
states depend on z continuously. Using this basis, we define the effective Hamiltonian of the
degeneracy point (0,0, z) as follows:

Her(2) = P(2)H (x,y,2)P(2), (65)

where P(2) = [n(2)) (n(z)|+[x(2)) (x(2)| projects on the two-dimensional ground-state subspace
(this projector P should not be confused by the similarity transformation P).
This effective Hamiltonian can also be written as

He(2) = @ - §9x3(2)7(2), (66)
T, and T = (13, Ty, 7.)T are the Pauli operators acting on the states (1(z), x(2)),
(In(2)) (n(2)] = |x(2)) (n(2)]). Furthermore, g,,5 is a 2 x 3 matrix of the form

o= (1 10 9. o

where = (

x’
e.g., 7(z) = %

Gyx Gyy Gyz

The coordinate z is absent from Eq. (66), since our degeneracy point is on a degenearcy line of
direction z, i.e., the two energy levels of the Hamiltonian must be degenerate as we move along
the z axis.

The matrix go,3(2) is of size 2 x 3 and of rank 2, hence it can be further simplified to a
block matrix with a nonzero 2 x 2 block and a vanishing 2 x 1 block (see Eq. (72) below), using
a z-dependent unitary transformation of the basis (|77(2)),|x(z))). To this end, we introduce the
vectors g, = (Gra» Jay, gacz)T and g, = (9ya> Jyy> gyz)T which are linearly independent because of
the rank. We further introduce the vector

91(2) = 9.(2) x g,(2), (68)
for which it holds that
92x391 = 0. (69)
Now we introduce the orthogonal matrix O(z) which rotates g () to the z direction

Ogl = ge,, (70)
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with g(z) = |g, (z)|. One possible choice for O(z) is an orthogonal matrix which rotates 180°

around the bisector ¢(z) of e, and g, (z). Now we substitute the identity OO to Eq. (69)
to obtain

92x391 = <Q2x3é_l> (09¢> = goy39e. = 0, (71)

A~ —

where we introduced gh,3(2) = go435(2)O ~(2), which has the form
/ /
~/ — gxx gxy O> 72
9ox3 <93/;a: g;y 0 (72)

After these steps we finally simplify the effective Hamiltonian defined in Eq. (66) with a
A—1
unitary transformation. Substituting O O yields

-1

Her(2) = @ - G2x3(2)0 (2)0(2)7(2) = @ - Ghy3(2)7'(2), (73)
where the new Pauli operator reads
T'(2) = O(z)r(z) = U(z)T(z)UT(z). (74)

After the first equation sign, O transforms the vector components of 7, while after the second
equation sign, the corresponding unitary matrix U(z) = exp(—int(z) - 7(z)) = —it(z) - 7(2)
transforms the operators in the Hilbert space. In Eq. (73) the Pauli operator 7. does not appear,
thus we can simplify the effective Hamiltonian by introducing the 2 x 2 nonzero block gyo of

the matrix g5, 3 in Eq. (72), and the 2-component vector operator 79 = (74, Té)T, yielding

He(2) = @ - §oxa(2)T2(2). (75)

This two-level effective Hamiltonian is straightforward to diagonalize, and its diagonalization
provides a formula for the unique ground state away from the z axis:

1

(s, 9)) = o= ) ~ 5

(1) = e=ED (=) (76)
where

V'(2) = Ux)v(2) (77)
X'(2)) = U(2)Ix(2) (78)

are the transformed basis states and a(z, 1) is the polar angle of the vector gayox. A key
property of this angle is
alz, 9+ m) = a(z,9) + 7. (79)
As we show below, this property implies Baop(s,9) = —Bap(s,9 + 7), and hence a vanishing
result of the integral in Eq. (64).
To compute the integrand of Eq. (64), we first evaluate the derivatives of the ground state
(76):
—1
2
1 A , ,
|0:10) = 5 (\8Zn'> —e"0,x") —i(0,a)e’™ \X'>) . (81)

0o0) = (Bya)e'™ X') (80)

S-S
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Then, the scalar product in the integrand of Eq. (64) reads

1 .
(Dytb0l0:t00) = 5 [i(Dsa)e™* (X'[0:n0") + (D) (X'[0:X") + (9p)(Dz01)] - (82)
The second term in the square bracket is real, since
1 1
Re (X'[0:x) = 5 ((X19:X) + (0:X'IX)) = 50: (X[¥) = 0. (83)

Furthermore, the third term is also real, since «, defined as an angle, is real-valued.
As a consequence, the imaginary part of the scalar product in the integrand of Eq. (64) reads

Im (Oy1)o|0.100) = i [(09a)e™™ (X'|0:1) + c.c.] . (84)

From this result, using Eq. (79), it follows that
Im (Oyvoo(z, 9 + 7)|0:400 (2,0 + m)) = — Im (Dytho(z,9)[0:4b0 (2, 7)) - (85)

Finally, Eq. (85) implies that the ¢ integral of Eq. (64) vanishes.

While the topological charge density vanishes at rank-2 points of a degeneracy curve, the
Berry curvature is not identically zero. To see this, we consider a small disk D intersecting the
degeneracy curve and calculate the integral of the Berry connection A = i (19| Vi) around the
perimeter of the disk, which is a loop surrounding the line degeneracy:

27

s
A-dl = z/ (10|09po) d¥ = 1 Oya(z,0)dY = = [a(z,27) — a(z,0)] = 7. (86)
0 2 Jo

1

oD 2
This result is independent of the radius of the disk chosen.

If the degeneracy is broken by some perturbation, the Berry curvature becomes well defined

and finite everywhere, with a large Berry curvature along the position of the degeneracy curve.

In this case, the integral of the Berry curvature for the disk equals the integral of the Berry

connection around the perimeter

//DB-dA: ) A (87)

The connection integral changes continuously with perturbations of the Hamiltonian, while the
curvature diverges at the degeneracy. This allows us to interpret this result in the degenerate case
as half a quantum of Berry flux concentrated in a line-like flux tube along the line degeneracy.

A.6 Surface charge density of the ellipsoid

Here, we derive the surface charge density of the charged ellipsoid, a result quoted in the
main text as Eq. (2.67). To do this, first, we transform the Hamiltonian to a simple form, where
the Berry curvature is easy to determine, then we transform it back to obtain the surface charge
density.

Berry curvature in a simplified Hamiltonian

The Hamiltonian of the two-spin system can be simplified with the following steps. A global
unitary transformation U which changes the right spin as S = RSR changes the interaction to
be isotropic

H'(B)=UHB)U!' =B (gLSL + gRR*lsg) 4 JSy, - Sh. (88)
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This transformation changes the right g-tensor too. Now, we simplify the Zeeman term of the
right spin with a linear transformation

B’ = RjEB. (89)
To do this, we substitute the unit matrix QRRARQ;J, we get
PN B A S TN
H'(B)=B - xR (RgngLSL + s’R) 4 ISy - Sh. (90)

This changes the left g-tensor to a transformed M matrix

~ !

Rgg'gy, = 9191 Rg' 91, = 97 Mgy, = M . (91)
The result is a Hamiltonian with R, = 1343 and Qi?. = 13,3
H'(B)=B'- (M’SL + s’R) + JSy, - Sk. (92)

The global unitary transformation leaves the Berry curvature invariant but the linear transfor-
mation in the parameter space changes it, as we derive it in the next subsection.
For degeneracy ellipsoids M = allzx3 is proportional to the unit matrix,

HI(B/) =B (CLSL + Si{) + JSt, - Si{. (93)
The result is an isotropic Hamiltonian. It has a degeneracy sphere with radius
1 1
=—(14+-]. 4
r=3(1+3) (94)

carrying a total topological charge 2. The Berry curvature in the transformed parameter space
can be calculated using Gauss’s law because of the isotropy

B/
BB)=1", o <F (95)
53 B > R.

Transformation of the Berry curvature in 3 dimensional parameter space

To obtain an isotropic Hamiltonian we did a global unitary transformation on the Hilbert
space which preserves the Berry curvature, but we also did a linear transformation on the param-
eter space which, however, changes the curvature. In this subsection we derive the transformation
of the Berry curvature in 3-dimensional parameter spaces.

We assume that Berry curvature with the transformed argument @’(x) is known, this trans-
formed curvature is given by Bj (x') = ie;jx (0j10|0),1) where 0y is the derivative with respect
to zj.. We want to find the curvature with respect to the variable @, given by B;(x) =
i€;jk (0j9|0k1)). For the i-th component we get

Bi (@) = ieiji (0)|0my) = i€z (050(' ())|0p) (2 (2))) = ieijn(052]) (Onxly,) (O] O71)) . (96)

where we used the chain rule. The partial derivative d;z; = Jj; is an element of the Jacobian
matrix. This shows that the Berry curvature transforms as a 2-form. Multiplying with the
Jacobian from the left yields

JniBi () = i€ijiTni i Ik (O] 00, 10) = i(det J)epm (0|0l ) = (det J)B, (' (x)),  (97)

where the Berry curvature with the transformed argument B'(x’) appeared. From this we write
the transformation rule specific to 3-dimensional parameter space:

B(z) = (det J)J ' B('(z)). (98)

For a linear transformation @'(x) = Ja the Jacobian is the coefficient matrix.
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Berry curvature in the parameter space of the ellipsoid

Now we can use the transformation of the Berry curvature derived in Eq. (98) to the Berry
curvature in Eq. (95) with the transformation introduced in Eq. (89)

B(B) = (det J)J 'B/(B'(B)). (99)

Here J = R[]E Outside the ellipsoid we get

. . -1 Ra
B(Bs,) = det (Ral) (fgh) &f}) — det (gp) m;z;ﬁ (100)
inside we get
B(Bs_) = 0. (101)
From Eq. (2.28) we get the equation for the degeneracy ellipsoid Bg = Bgb
|98 Bs| = Bs|grbl = Bsgr = % <1 + i) . (102)
To get an expression for the surface normal of the ellipsoid, we consider the scalar field
1(B) = (atB) (103)
that is constant on the degeneracy ellipsoid. Hence the gradient
Vf=20rgrB (104)

is proportional to the normal vector of the surface. Thus, the normal vector for the degeneracy
ellipsoid at Bg reads

A AT
grIrBs
n(Bg) = “RZR=2

= 2R : (105)
|grRGR B3|

The surface topological charge density is proportional to the jump of the normal component of
the Berry curvature

det gR o adet gR
2r|gnBs| - |grgrBs|  7(a+1)|grgnBsl|

7(Bs) = o [B(Bs,) ~ B(Bs)|-n(Bs) = (106)

where in the last step Eq. (102) was used.
This calculation shows that the topological surface charge density is finite if the degenerate
surface separates the parameter space into two regions with different Berry curvatures.

B Schrieffer—Wolff transformation

This section contains the proofs and further details of the statements in Chapter 3.
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B.1 The Schrieffer—Wolff transformation induces a local chart

Proof of Theorem 3.15 on the exact SW decomposition. Recall that the diagonal matrix Hy €
Yo is fixed, and define B := B+ T + Heg = B — Hy, see decomposition (3.15) and Figure 3.2 for
notations. B is a block diagonal matrix of 2 x 2 and (n —2) x (n—2) blocks. The correspondence

(S,B)— H = f(S,B) := ¢ - (Hy+ B) - ™% (107)

defines a real analytic map f : R — R"Z, in fact, the dimension of the space of (S, B) is
(n—2)2+22+2.2.(n—2) =n% We apply the analytic inverse function theorem [95, pg. 47,
Thm. 2.5.1.].

We show that the Jacobian of H at 0 has maximal rank, that is, tk((df)o) = n?. This
is equivalent to the fact that for every fix (S, B) # (0,0), the first-order part of f(tS,tB) =
¢S . (Hy +tB) - e~ at t = 0 is nonzero. That is,

d

— (eitS - (Ho + té) . e*itS)

5" =[S, Ho] + B # 0. (108)

t=0

To show that i[S, Hy| + B # 0, consider the entry a,b of the commutator:

n
(S, Holayp = Z(Sa,ZHO;l,b — Ho.0056) = Sap(Mp — Aa)- (109)

=1
It shows that [S, Ho| is an off-block matrix, and it is nonzero if S # 0. Indeed, S, # 0 can
happen only if the index a,b satisfies a < 2 < b or b < 2 < a, hence in this case Ay — Ay # 0.
Since B is block diagonal, for this a,b index B, j = 0, therefore it cannot cancel [S, Hyl,» # 0.
That is, (i[S, Ho] + B)ap # 0, if S,p # 0, implying that i[S, Ho] + B = 0 only if S = 0 and

B=0.

By the analytic inverse function theorem, there is a neighborhood W of (0,0) € R (in the
(S, B) space) and Vy of Hy € Herm(n) such that f’VNVO : Wy — V) is a bijection, whose inverse is

also analytic. This gives the unique decomposition if H € Vy and (E ,S) € WO, and the analytic
dependence of Band S on H.

Moreover, we have to show that the ‘lowest two state property’ is satisfied, that is, the first two
columns of €** span the sum of the eigenspaces of H corresponding to the lowest two eigenvalues.
This is an additional property, which possibly requires the choice of smaller neighborhoods Vj
and Wy. Observe the following:

(a) The eigenvalues of B and H are equal.

(b) The subspace spanned by the first two columns of e is exactly the sum of the eigenspaces
of the 2 x 2 block of B.

Therefore, the lowest two state property is equivalent to the statement that A < u holds for each
eigenvalue \ of the 2 x 2 block of B and p of the (n—2) x (n—2) block of B. The inequality A < p
holds for H = Hy, and the eigenvalues are continuous functions of H. Therefore, the inequality,
and hence, the lowest two state property holds for every H in a sufficiently small neighborhood
of H 0-

O

Remark 110. Surprisingly, in our proof the continuous behaviour of the eigenvalues implies
the analytic behaviour of the sum of the eigenspaces corresponding to the lowest two eigenvalues
around Hy € Yo (more precisely, the projector onto this eigenspace). Indeed, the dependence of
S on H 1is analytic, and the sum of the eigenspaces is equal to the subspace spanned by the first
two columns of €, which is deduced from the continuous behaviour of the eigenvalues, and it
implies the analytic dependence of the projector.
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In the Appendix we provide exact conditions for the neighborhoods Vy, Wy and Sy based on
the results in [43].

Proof of Corollary 3.17 on the local chart induced by the SW decomposition. (a) The proof of The-
orem 3.13 shows that the correspondence H — (z;,y;) is an analytic bijection with analytic
inverse between the neighborhood Vy C Herm(n) of Hy and a neighborhood of 0 € R™. (b)
Equation (3.18) is a straightforward consequence of the construction. Indeed, y; = 0 means that
Heg = 0, and in this case H € 33 by equation (3.15).

O

Remark 111. The existence of the SW chart fitting to Yo in the sense of Corollary 3.17 gives
an alternative proof for the Neumann—Wigner theorem, stating that Yo is a submanifold of codi-
mension 3 (see Table 3.1 for the sketch of the original proof).

Proof of Theorem 3.22 on the projection to 5. Let P denote the subspace spanned by the first
k columns of €, which is equal to the sum of the eigenspaces of the lowest two eigenvalues of H.
Let P+ denote its Hermitian complement, this is the subspace spanned by the last n —2 columns
of €, and it also agrees with the sum of the eigenspaces of the highest n — 2 eigenvalues of H.
In particular, P and P+ are invariant subspaces of Hy, and Hp,oj. We show that the restrictions
of Hproj and Hy; to both P and PL are equal.

Both Hy, and Hp.o; has k-fold degeneracy, and P is the eigenspace corresponding to the
lowest two degenerate eigenvalues of Hpoj, and also Hy,. Moreover the degenerate eigenvalues
of these matrices are also equal. Indeed, the trace of the 2 x 2 block of Hyy.j is equal to A1 + A2
(where Aj o denotes the eigenvalues of H ), since Heg has trace 0. Hence the restrictions of Hpyoj
and Hy to their common degenerate eigensubspace P are equal.

On the other hand, their restrictions to P+ are equal to the restriction of H. Then Hpypo;
and Hy, agree on both P and PL, hence Hpoj = Hy.

O

B.2 Energy splitting and the distance from ¥,

In this subsection we prove Theorem 3.23 on the distance from Yo. We start with its easy
parts.

Proposition 112. d(H, Hy) = ||Heg|| = ’\2;\/5)‘1

Proof. d(H,Hs) = ||[H — Hy|| = ||€"® - Heg - e7*°|| = ||Heg||, the second equation follows from
the eigenvalues of a 2 x 2 matrix:

Mo =TF\/y? +y2+y2 = | He . 113
].,2 yl 3/2 y3 \/Q ( )

O

Next we show the harder part, namely, for every H € Herm(n) \ Y[2,3) the unique closest
point of Y9 to H is Hx. First of all, notice that Yo is not a compact set, hence, theoretically
it might happen that Yo does not have closest point to H, more precisely, the distance function
dp : Herm(n) — R defined as dy(G) = d(H, G) does not have a minimum on 3. Avoiding this
possibility causes several complications, which are managed at the end of this subsection. But
before this, we first observe that a minimum point of the restricted function dg |y, is also critical
point of it, therefore we have the following.

Proposition 114. If yu is a minimum value of dg on X, that is, p = min{d(H,G) | G € X5},
and K € X9 satisfies d(H, K) = u, then the line {tK + (1 —t)H | t € R} is orthogonal to X9 at
K.
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Figure 3: The matrix form of the elements of the tangent space ThH,>2 and normal space N of
Y9 at a diagonal matrix Hy € ¥s. By Lemma 118, the tangent space consists of matrices whose
upper-left 2 x 2 block is a scalar matrix. The normal space, i.e. the orthogonal complement
of the tangent space agrees with the space of effective Hamiltonians Hermg(2) C Herm(n): its
elements have only a traceless upper left 2 x 2 block and zero entries everywhere else.

Proof. dy has a global minimum at K, in particular, it is a local minimum. Since 35 is a
smooth manifold, every local minimum of a smooth function is a critical point, meaning that the
differential (d(dg|s,))x of du|x, at K is 0. It means that the gradient of di at K is orthogonal
to Xo. Indeed, for any tangent vector v € Tk of 3o at K the evaluation of the differential is

(d(dnls,))r(v) = (d(dn)) Kk (v) = (grad (du), v), (115)

where the first equality comes from the definition of the restriction, and second equality is
definition of the gradient. Hence (d(dg|s,))x is zero for every v € Tk Y, if and only if grad ;- (dp)
is orthogonal to Tk 5.
On the other hand, since dy is the distance from H, the gradient grady (dy) is parallel to
K — H, hence it is parallel to the line joining H and K. Therefore, this line is orthogonal to the
tangent space Tk Yo, hence to Yo at K.
O

From now on we look for all the lines through H orthogonal to ¥5. According to Proposi-
tion 114, the intersection points of these lines with Y5 are the candidates for the closest point of
22 to H. Let

Ly ={tHy+ (1—-t)H | t e R} (116)

be the line joining H and Hy.
Proposition 117. Ly is orthogonal to Yo at the intersection point Hy.
Before the proof we highlight its essential step, the descripiton of the tangent space.

Lemma 118. Let Hy € ¥y be a diagonal matriz. Then the tangent space Tr,%2 of Yo at Hy
consists of the Hermitian matrices whose upper-left 2 x 2 block is a scalar matriz. See Figure 3.

Proof of Lemma 118. By the SW decomposition (3.15) and Corollary 3.17, 39 is locally given
by the equation Heg = 0, that is, y; = y2 = y3 = 0. Hence the tangent space TH,%2 consists of
the directions orthogonal to the Heg directions, which includes everything in the (n—2) x (n—2)
block, in the off-block, and the trace of the 2 x 2 block, proving the lemma.

O
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Remark 119. A more precise analysis also highlights the role of the off-block form of the exponent
S in SW decomposition (3.15): its variation changes the off-block elements of Hy up to first order.
Indeed, by Equation (108), every tangent vector can be written in form i[S, Ho| + B with an off-
block S and a block diagonal B where now B = B + T, that is, Heg = 0, since we are in Xo.
By Equation (109), the entries of this tangent vector are iSgp(Ap — Ag) + Ba,b; showing that S
generates the off-block elements, and B generates the (n —2) x (n — 2) block and the trace of the
2 x 2 block.

Moreover, one can prove Lemma 118 without referring to the SW decomposition, but starting
from an over-parametrization of ¥o around Hy of the form €' (Hy + B’)e*iG, where B=B+T
as above, but now G can be any element of Herm(n). This leads to tangent vectors of the form
i|G, Ho| + B with entries iGap(Ap — Aa) + §a7b, which also shows that the off-diagonal elements
of a tangent vector depend on the off-block entries of G and it can be arbitrary, since Ay — Ay 7 0
between different blocks; the 2 x 2 block of G s irrelevent, since \y — Ay = 0 if a,b < 2; and the
(n—2) x (n—2) block of G contributes only to the (n — 2) x (n — 2) block of the tangent vector,
which can be arbitrary by a choice of é, as well as the trace of the 2 X 2 block.

Proof of Proposition 117. It is enough to show that H — Hy, is orthogonal to the tangent space
ThHy, 29 of 3o at Hy.. Because of Lemma 3.7 it is enough to show the orthogonality in the diagonal
case, namely, A — Ay, is orthogonal to T, 32. But A — Ay is a diagonal matrix with nonzero
elements only in the 2 x 2 block, and its trace is 0. More precisely, the diagonal elements are
i — A (i = 1,2) where \; are lowest two eigenvalues of H and A = (A1 + \p)/2 is their mean
value. By Lemma 118, the 2 x 2 block of each tangent vector K &€ T3 is a scalar matrix, we
denote its diagonal entries by c. Then

(A —=Ag, K) =c(A1 = A) +c(A2— ) =0, (120)
proving the proposition. O

Remark 121. If H is sufficiently close to Yo, then the orthogonality of Ly to Yo implies that
Hy is the unique closest point of X9 to H. This follows from the tubular neighborhood theorem
[96] (see also [77, pg. 74, exercise 3.]): if a point p € R™ is sufficiently close to a submanifold
N C R", then it has a unique closest point p' € N, characterised by the orthogonality of the line
joining p and p' to N. However, it is not enough for the global version of Theorem 3.23, that is,
for every H € Herm(n) \ Xy, j41)-

In the following we characterise the lines orthogonal to Yo at a point.

Proposition 122. Let L be a line in Herm(n) through a point Hy € Yo. Then the following are
equivalent:

1. L =Ly for an element H € L\ {Hp} (in particular, Hs, = Hy).
2. L is orthogonal to Yo at Hy.

3. L can be parametrized as follows: Starting with any diagonalization Hy = UAgU ™' with
increasing order of the eigenvalues, we choose a 2 X 2 diagonal matriz D of trace 0 with
increasing order of the diagonal elements in the upper-left block, and take the parametriza-
tion

ts U(Ag +tD)UL. (123)

4. L =Ly for every H € L\ {Hy} sufficiently close to Hy (in particular, Hs, = Hy).
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Figure 4: The projections of H onto X5 for n = 3, illustrating the proof of Proposition 131.
Panel (a) ((b) respectively): Hy = Hém} (HL = HS’?’}) is constructed by contracting the
eigenvalues \; and A2 (A} and A3) of H to their mean value. The linear motion of the eigenvalues

(red, green and blues line segments) realizes the line segments of Ly (L), joining H with Hy
(Hy,).

Proof. (1) = (2): Follows from Proposition 117.

(1) = (3): Follows directly from the construction of Hy, by choosing D = A — Ag, with any
choice of U diagonalizing H (hence, also Hy), where A = U"'HU is diagonal.

(3) = (4): Consider an element G = U(Ag +tD)U~! € L, then Gy, = Hy if the diagonal
elements of Ay +tD are still in increasing order, that is, until the line reaches the X5 3 degeneracy
stratum. This holds for sufficiently small ¢.

(4) = (1) is obvious. Until now we proved the equivalence of (1), (3) and (4), and any of
them implies (2).

(2) = (3): It follows by counting the dimensions, cf. Table 3.1 for a similar method. First
note that (3) implies (2), that is, the parametrization (123) provides orthogonal lines to X at
Hy. Then we count how many dimensions can be covered by such a parametrization. The choice
of D up to a real scalar factor gives 2 — 1 dimensions. The choice of the lowest two eigenspaces,
that is, the first two columns of U up to U(1) rotations gives 22 — 2 dimensions. Hence, the
dimension of the subspace of matrices which can be reached by a parametrization in form (123)
has 2 — 1 + 22 — 2 = 3 dimensions, therefore it covers the whole normal space of ¥y at Hy.

The above implications imply the equivalence, proving the theorem.

O

Remark 124. By point (3) of the above proposition, the orthogonal lines to 3o at Hy can be
described as ‘spreading the eigenvalues linearly’. Although this construction seems to be insightful,
its difficulty is that the direction of the line depends on both D and the unitary matriz U — more
precisely, on the subspaces spanned by its first two columns. Another way to characterize the
orthogonal lines via SW decomposition is ‘turning an effective Hamiltonian on’: Starting from
the unique SW decomposition (3.19) of Hy (with respect to a possibly different base point HY),
we choose a 2 x 2 Hermitian matrix Heg of trace 0 in the upper left block. The corresponding
line is parametrized as

tes Ho+t-e™ - Heg-e ™, (125)

which is orthogonal to Yo at Hy, cf. Lemma 118.

Next we characterise the lines through a point H € Herm(n) \ X33 which intersect Yo
orthogonally. Lp is one of these lines. To find the others, first consider an example, a matrix
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H € Herm(3) with eigenvalues \; < Ay < A3. To obtain its projection HS’Q} = Hy € Y9, we
contract A\; and \g to their mean value X{l’z} = (A1 + A2)/2, then the line through Hy, and H is
e . —{1,3} —{1,3}
Another possibility is the contraction of A\; and Az to A = (A +A3)/2. If A < g,
then we obtain a point Hg’g} € Yo. Consider the line

L = g™ 4 (1-)H |t e R} (126)
joining Hg’g} and H. It consists of the matrices
A1+ %()\3 -A1) O 0
tHM  (1-0H = U 0 A2 0 Ut
0 0 A3+ %()\1 — /\3)
AL+ %(/\3 — )\1) 0 0
= U 0 A3+ 5(M—X3) 0| @H,  (127)
0 0 A2

where U’ is the product of U with the transposition of the 2nd and 3th basis elements. The
role of U’ is to satisfy the increasing order of the eigenvalues, if we want to have a conventional
form. Then, by Proposition 122, LE’3} is orthogonal to g at H;l’g’}. However, it crosses the
stratum 319y of X (corresponding to the degeneracy Ay = A3) between HS’?’} and H, namely,
for t = 2(A\3 — A2)/(A3 — A1). See Figure 4.

The third possibility, the contraction of Ay and Az to X{z’?’
not in s, since X{2’3} > 1.

The same can be done in general, for an H € Herm(n) \ X3 3. Choose two indices 1 < i1 <
io < n, and let I = {i1,i2} denote their set. Let Hé denote the matrix obtained from H by
replacing the eigenvalues A;,, A;, with their mean = (A + Aiy)/2. More precisely, let AL be
the diagonal matrix obtained from A = U"'HU = diag()\y,. .., \n) by replacing \; with N for
1 € I, and define

} }

. 2,3 C
results a matrix Hé ! which is

HL=U- AL UL (128)

In general, Hé can depend on the choice of U. In fact, if there is a degeneracy \; = Ay of
eigenvalues of H with i € I and ¢ ¢ I, then their separation depends on the choice of the
diagonalization inside the degenerate eigenspace. For simplicity we omit the U dependence from
the notation, and Hé denotes any of the possible choices.

It X' is smaller then the lowest omitted eigenvalue A,,, where m = min({1,...,n} \ I), then
HL € %y Let
Ly ={tHL + (1 -t)H |t e R} (129)

be the line joining Hé and H Obviously, qu crosses other strata of 3 between H and Hé By
Proposition 122, the lines qu are orthogonal to Yo at Hé, moreover:

Proposition 130. The only lines through H € Herm(n) \ X33 which are orthogonal to ¥g are
the LL; lines with I C {1,...,n} satisfying HE € ¥s.

Proof. Assume that a line L through H intersects Yo orthogonally at Hy € Yo. By point
(3) of Proposition 122, L has a special parametrization in form (123). The linear motion of
the degenerate eigenvalues of Hy arrives at 2 eigenvalues of H corresponding to the indices
{i1,42} = I, and then, Hy = HL by the construction. O
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Recall that our goal is to prove that Hy is the closest point of ¥ to H. Towards this goal
the next step is to show that H cannot be a closest point of X9 to H if I # {1,2}. Recall that it
does not imply directly that Hsy is the closest point, until we prove that there is a closest point,
which will be the last step.

Proposition 131. The closest Hé € Yo (with a fized unitary matriz U diagonalizing H, cf.
Equation (128)) to H has the index I = {1,2}.

Proof. If 1 < i1, then A\ < w, therefore, Hé ¢ Yo, If i1 = 1 and 2 < iy, then Hg’Q} is
closer to Xy than Hé because Ag — A1 < A, — AL O

Comparing Proposition 114, 117, 130 and 131, we conclude the following.

Corollary 132. If the distance function dg has a global minimum p on 3o, then d(H, Hy) = 1
and Hy, is the unique closest point of X9 to H. In particular, d(H,X9) = d(H, Hy) holds.

In the following we show that dg has a global minimum on Ys. First we take a weaker
observation.

Proposition 133. The distance function dg has a global minimum on the closure cl(X2) of 3o
in Herm(n).

Proof. Actually it is a classical fact for any closed subset A of R"™ and a point P € R™ that A
has a point with minimal distance from P. For completeness we write a proof for our particular
situation, which works in general.

Take a closed ball B C Herm(n) of radius R centered at H, that is, B = {G € Herm(n) | d(H,G) <
R}. The radius R has to be chosen such that cl(X2) N B is non-empty, e.g., R > d(H, Hy) is
good. If dy has a global minimum on cl(¥2) N B, then it is the global minimum on cl(X3) as
well.

cl(X2)NB is a closed and bounded subset of R™, hence it is compact, therefore, any continuous
function on it has a global minimum, proving the proposition. O

Proposition 134. Hy is the unique closest point of o to H. In particular, d(H,Ys) = d(H, Hx))
holds.

Proof. According to Proposition 133, take a point K € cl(32) with minimal distance from H.
Recall from Section 3.2 the disjoint decomposition cl(¥g9) = Yo U X3 U - U X,, hence, K € ¥
holds with a k > 2. Then, by applying the generalization of Corollary 132 to X, it follows that
K is the projection of H to ¥ by contracting the lowest k eigenvalues of H to their mean value.

Assume indirectly that k& > 2. The triangle of vertices H, Hy, K has a right angle at
Hy,. Indeed, by Proposition 117, the line Ly joining H and Hy, is orthogonal to 3. Since
the line joining Hy and K lies in Yo, it is orthogonal to Ly. See Figure 5. It follows that
d(H, Hs,) < d(H, K), which contradicts with the premise that K is the closest point of cl(32) to
H.

Therefore, k = 2 and K = Hy,, which proves the proposition. O

Proof of Theorem 3.23 on the distance from 5. Proposition 134 and Corollary 112 prove The-
orem 3.23.

O

Remark 135. If H € X|p 3), then Hy, is not unique, it depends on the choice of the unitary matriz
diagonalizing H, more precisely, on the subspace generated by the 2nd column of U. However,
d(H, Hy)) is the same for every Hx,, and it is the global minimum of the distance function dg on
Yo. Therefore, d(H,%9) = d(H, Hx)) holds in this case with any choice of Hs.
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Ek/

Figure 5: The proof of Proposition 134. Since k > 2, the closure of ¥y contains 5. The
projections of H to Yo and Yo, (obtained by contracting the lowest two and the lowest two
eigenvalues of H to their mean value) is denoted by Hy and K, respectively. K is also the
projection of Hy, to Yo in the same sense. Moreover, the line segment joining Hy; and K lies in
Y9, implying that it is orthogonal to the line segment joining H and Hy;, by Proposition 117.
Therefore, the right triangle with vertices H, Hy, and K shows that d(H, Hy) < d(H, K). (The
orthogonality of the line segment joining H and K to Y9 and Hs;, respectively, and K to X is
not used in the proof.)

B.3 Parameter-dependent quantum systems and Weyl points

Proof of Theorem 3.35 on the characterization of Weyl points. The equivalence of (1) and (2) is
a well-known property of transversality, see e.g. |77, pg. 28] or [78, Lemma 4.3.]. To see it
in our particular situation, consider a chart on M3 around py = 0, and consider the SW chart
(Corollary 3.17) on the neighborhood Vy of Hy in Herm(n), with coordinates ¢(H) = (z,y) €
R -3 x R3. Let ¢y : Vo — R3 denote the map ¢,(H) = (y1,¥2,y3). Obviously, h = ¢, o H,
and the tangent space of ¥y at Hy is T, X2 = ker((d¢y)H,). The transversality of H to Yo at
H(py) = Hp means that

Tr 22 + (dH)PO (TPOMS) = THoHerm(n)’ (136)

or equivalently,
ker((dgy) my) + (AH )y (Tp M?) = T, Herm(n). (137)

Recall the definitions from Section 3.5.) By applying (d¢y,)m, on both sides, we get
y ) Ho
(d¢y)H0 © (dH)Po (TpoMs) = (d¢y)H0 (THoHerm(n))' (138)

On the left side, (d¢y) g, o (AH ), = (dh),, by the chain rule, and the right side is equal to TyR3,
since (d¢y ) H, is surjective. Therefore, the transversality is equivalent to the fact that (d¢y)n, is
surjective on the the image of (dH),,, which is equivalent to the fact that (dh),, has maximal
rank 3. This proves (1) < (2).

Point (3) is clearly equivalent to (2), since it is equivalent to the following: for every ~ with
7(0) = po, 7'(0) # 0, v/ (0) ¢ ker((dh)p,). Point (3) is also equivalent to (4), since the order of
energy splitting is equal to the order of h(v(t)), which is 1 by (3). O

Proof of Corollary 3.39 on Weyl points being isolated. First we show that pg has a neighborhood
Wop in M such that the restriction H ’WO is transverse to 39. The differential of h has maximal
rank at po, that is, its determinant is non-zero. But the determinant p +— det((dh),) is a

continuous map, hence py has a neighborhood )7\70 such that det((dh),) # 0 if p € Wy, that is,

the rank of the differential of A has maximal rank at every point p € Wy. Then, by point (2) of

Theorem 3.35, the restriction H|Wo : VNVO — Herm(n) is transverse to X9, i.e., at every p € W,
either H is transverse to Yo at H(p) € Yo, or H(p) ¢ Xo. Then, by the theorem in [77, pg. 30]
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(see also |78, Thm. 4.4.]), H_l(Eg)ﬂWO is a submanifold of dimension dim(M?) —codim(X3) = 0
that is, it consists only of isolated points, proving the corollary.
O

Proof of Corollary 3.40 on Weyl points being stable and generic. Part (a) is essentially the sta-
bility theorem |77, 35|, see also [78, pg. 59, exercise (1) (a)]. We formulate the proof in our
particular situation.

The perturbation H; induces a perturbation h; of hy—g = h, that is, a smooth map (p,t) —
hi(p) defined in a neighborhood of (pp,0). The determinant map (p,t) — det((dhs)p) is con-
tinuous, hence, it is non-zero in a neighborhood of (pg,0). It implies that there is an ¢; > 0
such that for a fixed |t| < €; the map p — H;(p) is transverse to Xy in a sufficiently small
neighborhood of py in M. Therefore, the map (p,t) — H(p) is also transverse to Y, hence
the preimage of Y9 is a smooth manifold T" in a neighborhood of (p,0) in M x R of dimension
dim(I") = dim(M x R) — codim(Xg) = 1. Let 'y be the component of I" containing (pg,0). Ap-
plying the projection (p,t) — p to Iy gives the C* curve v : (—€1,€1) — M through ~(0) = po,
satisfying that v(t) € H; '(22) is a Weyl point of H;.

Other degeneracy points can be avoided by a further restriction of ¢, i.e., |t| < € with a suitable
0 < € < €1, defined as follows. Choose a neighborhood W, of the image of v in Wy which does
not contain other degeneracy points, that is, H, *(Z2) N W, = {y(t)} for all —e; < t < e.
Consider the compact set cl(Wp) \ W,. Observe that there is an 0 < € < €; such that Hy(p) ¢ ¥
for p € cl(Wp) \ W, and 0 < |t| < €. Indeed, otherwise there would be a series (p;, ;) such that
t; converges to 0 and Hy, (p;) € X9, and the limit of a convergent subseries of p; would be a point
q € clWp) \ W, with H(q) € ¥5. This proves point (a).

Part (b) follows from the transversality theorem |77, pg 68-69], see also |78, Lemma 4.6.].
Consider a perturbation parametrized by the Hermitian matrices M x Herm(n) — Herm(n),
defined as (p, K) — Hg(p) := H(p)+ K. This map is transverse to Yo, indeed, for a fixed p it is
a translation of Herm(n). By the transversality theorem, those parameter values K for which the
map p — Hg(p) is transverse to 3o form a dense subset in Herm(n). This proves the theorem.

O

Remark 139. In Corollary 3.40 we formulated the protected nature of the Weyl points in a
way which can be deduced from the properties of transversality. The goal is to demonstrate the
power of this approach in context of the degeneracy points. However, there are several possible
generalizations, whose rigorous proofs are obstructed by technical difficulties.

1. In part (b), one may expect a stronger result, namely, the existence of a one-parameter
perturbation Hy of H which has only Weyl points for 0 < t < e. This does not follow
from the transversality theorems appearing in the literature. Indeed, the set of the ‘wrong’
perturbations (in the particular form Hg(p) = H(p) + K, the set of those K matrices for
which Hg is non-transverse) might be very complicated in general, although its complement
s a dense set. If the map germ of h at py is ‘sufficiently nice’, then the stronger statement
holds. See the Appendiz of [46] for related results and examples.

2. For a sufficiently small ¢, the Weyl points of Hx in Wy can be regarded as the Weyl
points born from the non-generic degeneracy point pg of H. If there is a one-parameter
perturbation Hy with only Weyl points, then these Weyl points converge to pgy, as t tends to
0, and they can be separeted from other Weyl points similarly as in the proof of part (a) of
Corollary 3.40. In general it is harder to formalize the concept of ‘Weyl points born from

)

Ppo -

3. Every Weyl point p of Hy has a sign (£1), defined as the sign of det((dh)p). The sum of
the signs for the Weyl points born from pg does not depend on the perturbation, it is an
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invariant of the degeneracy point po of H. Moreover, it is equal to the local degree deg,, (h)
of h at po, and also with the Chern number of the lowest eigenstate (up to sign). This
number is the topological charge of the non-generic degeneracy point py of H.

4. One can consider the global version, i.e., the transversality to the whole degeneracy set X.
However, ¥ is not a manifold. A map H : M3 — Herm(n) defined on a 3-manifold M3
is transverse to X if it is transverse to every stratum of 3. In other words, such map has
only isolated transverse two-fold degeneracy points, but not necessarily ground-state. A map
which is non-transverse to X can have various degeneracy patterns, for example, multifold
degeneracy points or non-isolated degeneracies. Every map can be perturbed to a transverse
one by an arbitrary small perturbation, hence, any arbitrarily complicated degeneracy splits
into transverse two-fold degeneracy points (Weyl points).

C Birth Quota of Non-Generic Degeneracy Points

In this Appendix, we provide the mathematical background of the results presented in the
main text. In the main text, the concept of local multiplicity of a real or a complex map was
introduced with a perturbative approach; we provide a detailed description of this perturbative
approach in Sec. C.1. On the other hand, often the local multiplicity is defined with a more
direct, algebraic approach, which (i) does not rely on deformations (that is, perturbations), and
(i) provides an alternative computational method. We summarize this algebraic description of
the local multiplicity and its relation with our approach (without proof) in Sec. C.2. In Sec. C.3,
we compute the local multiplicity for various examples.

C.1 The local multiplicity

In this Appendix, we first prove that in the complex case, the discriminant set does not divide
the parameter space into different regions (Sec. C.1). This statement allows us to define the local
multiplicity as the number of complex Weyl points of any generic deformation. Then, we prove
the conservation of the local degree, which, if applied to the complexification, implies that the
local degree of the complexification is equal to the local multiplicity (Sec. C.1). Moreover, it
provides a method, which we call ‘constant deformation’, to compute the local degree and the
local multiplicity (Sec. C.1).

The local multiplicity is well defined

Consider a holomorphic map g : C* — C”, defined on a neighborhood of the origin, with an
isolated root at 0. Such a map is called finite. Let the holomorphic map G : C* xCF — C"*xCF be
a k-parameter unfolding of g, i.e. G(z,t) = (g+(x),t) and go = ¢g. The one variable holomorphic
function = — g;(x) is called the analytic deformation, or simply deformation of g with respect
to the control parameter t. Note that we use the terminology ‘deformation’ as a more specified
version of the ambiguous term ‘perturbation’. We refer to the two variable function (z,t) — g:(x)
as Gi(x,t), i.e. the first component of G.

As it is explained in the main text for n = 3, we restrict G to the domain B?" xUc C C" x C*
satisfying the following conditions:

e B2" C C"is a closed ball centered at the origin with a radius € small enough that the only
root of g in B?" is the origin.

e U C CF is an open ball around the origin such that for all ¢ € U the deformation g; has
no roots in the boundary sphere 9B" = §27~1 je. gt_l(O) ns2n=1 =9,
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As a consequence of these conditions, if ¢ varies in U along a continuous curve through the
origin, then the continuous trajectories of the points of g, 1(0) do not reach the separator sphere
S2n=1. Hence the points of g; *(0) N B2" can be interpreted as the roots of the deformation born
from the origin.

Define the discriminant set D¢ C U as the set of those ¢ € U control parameter values for
which g; has a singular root in B2, i.e. there exists z € B?" with g;(x) = 0 and det(Jac,(g;)) = 0.

Note that the terminology used here is not universal. The name ‘discriminant’ usually denotes
the set of the singular values of a map, see [90]. D¢ is reminiscent of the ‘bifurcation set’ of
an unfolding, but it is not that. More detailed analysis shows that D¢ coincides with the
bifurcation set with respect to contact equivalence. In this work, we call it discriminant set,
as it is a straightforward generalization of the discriminant of polynomials in sense described in
Section 4.2 and on Figure 6.

It can happen in special cases that D¢ = Ug, consider for example the unfolding G(x,t) =
(23 —ta,t) of g(z) = 23. However for generic unfoldings D¢ # Uc, that is, there is at least one
control parameter ¢ such thet g(t) is a generic deformation. From now on all the unfoldings are
assumed to be generic in this sense.

To make the multiplicity well defined, a required property of D¢ is the following:

Proposition 1. For a finite map g, the complement Uc \ D¢ of D¢ is path connected: any two
parameter values t1,t2 € Uc \ D¢ can be joined with a continuous curve in Uc \ Dc.

Proof: We have not found this statement in the literature, hence we provide a short proof
based on two facts.

(1) A set defined by holomorphic equations in the complex space is called complex analytic
set. A complex analytic set has at least 1 complex codimension, hence its real codimension is at
least 2, therefore its complement is path connected [97, 98].

(2) Remmert’s Finite Mapping Theorem [98, Chapter V]: The image of a finite map between
complex analytic sets is complex analytic.

By (1) it is enough to prove that D¢ is an analytic set in Uc. To prove it we use (2).

Observe that det(Jac,(g;)) = 0 holds at a point (z,t) € B2"xUg if and only if det(Jac(, (7)) =
0. Therefore t € D¢ if and only if (0,¢) is a singular value of G, that is, there exists x € B2"
such that G(x,t) = (gi(x),t) = (0,) and det(Jac(, 4(G)) = 0.

To formalize the former description, we define

S ={(z,t) € B x Uc | det(Jac(, ) (G)) =0, (140)
Gi(x,t) = 0}.

S is a complex analytic set. Consider the projection map 7 : S — CF, m(z,t) = t; for a specific
example and visualization, see Fig. 6. Then, since ¢ is finite, the projection map 7 is finite
from (S,0) to (C¥,0) in the sense that 0 is an isolated point of 771(0). By Remmert’s Finite
Mapping Theorem, the image of 7|s is complex analytic. On the other hand, the image 7(S) is
Dc. Therefore D¢ is complex analytic.

As a consequence of Proposition 1, the cardinality of the set g, 1(0) N B?" is the same for
any t € Uc \ Dc. We call this number the local multiplicity multyg of g. We define the local
multiplicity multgh of a real analytic map h : R™ — R"” as the local multiplicity multghc of the
complexification hc : C" — C", where h¢ is the complex holomorphic map defined with the
same power series as h.

Note that multgh is well-defined with this definition if and only if hc is finite at 0. Moreover,
the local multiplicity is always a positive integer. We already anticipate that the alternative,
algebraic definition of the local multiplicity (see App. C.2) can be applied to any analytic map
(i.e., not only finite maps). Furthermore, according to the algebraic definition, non-finite analytic
maps will have an infinite local multiplicity.
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Gty,0(T) = Btz +ta=0

Figure 6: The projection 7 in the case of the unfolding Gy (x,t1,t2) = a3 +t1z +t3 of g(x) = 3.

The surface consists of those points (x,t;,t2) that satisfy g4, +,(x) = 0. The set S is the ‘contour’
of the surface, i.e., the points of the surface where the tangent plane contains a vertical line. The
projection of S to the (t1,¢2) plane is the discriminant set D¢. This discriminant set is the same
as the zero locus of the discriminant of the degree-3 polynomial G, cf. main text. Note that
in this ‘real picture’ the discriminant set divides the (¢1,t2) plane into two parts such that each
point of the lighter part has 1 preimage, while each point of the darker part has 3 preimages with
respect to the projection. This is not the case in the complex version, where the complement of
the discriminant set is connected and every point of it has 3 preimages.
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The local multiplicity is the local degree of the complexification

Consider a point P € R™, and an analytic map h : Up — R™ defined on a neighborhood
Up of P on which the Taylor series of h converges. Assume that P is an isolated root of h, i.e.,
h(P) =0, and P is an isolated point of the preimage set h=1(0).

The local degree degp h of h at P, also called the index of h, is defined as follows [86, 87, 88,
89, 90|. Take a sphere Sg”_l C Up C R™ around P with a small enough radius € such that A has
no other zeros inside the sphere, and the orientation of the sphere is inherited from R™. Define

the map
h = ’Z’ sm—t oy gm—l (141)

which is called ‘pseudospin texture’ in physics, see e.g. [26]. Then the local degree degp h of
h is defined as the global degree degh of h, defined as follows. Take a regular value ¢ € S™~ 1
of h i.e. the tangent map (the Jacobian) of I has maximal rank at each preimage p € h- L(q).
Each preimage p is endowed with a sign, which is positive, if h preserves the orientation around
p, and it is negative, if the orientation is reversed. Then, deg% (and hence degp h) is defined as
the sum of the signs of the the preimages of a regular value g.

Importantly, the global degree degh does not depend on the choice of ¢, and degyh = degh
does not depend on the choice of €, see [90, E.3] and [86].

A simple example, which is easy to visualise, is the m = 2 case, when the local degree is also
called ‘winding number’. For example, the map

h : R?-5R? (142)
h(z,y) = (Re(z+ iy)Q, Im(z + zy)Q) = (x2 — 2, 2xy),

has local degree degyh = 2. In fact, h maps the unit circle of the domain onto the unit circle of
the target, and any value ¢ = (X,Y) € S lis a regular value, which has two preimages, namely,
r+iy = £V/X +iY. The map h = h|g : S! — S! preserves the orientation, hence both
preimage has positive sign, implying degy, h = 2.

In the case of an h : R — R function, degg h is either 1 or 0 depending on the order of the
Taylor series of h: if the power of the leading term is odd, then the local degree is £+1, and if
this degree is even, the local degree is 0.

The local degree degp g of a complex map g : C* — C” at an isolated root P € C" is defined
as the local degree degp gr of the realification (real—lmaglnary decomposition) gg : R?® — R
of g. For example, consider g : C — C, g(z) = 2°. Its realification is the map h in Eq. (142),
hence deg; g = 2. Note that in general, the local degree of a real map is not equal to the local
degree of its complexification. In fact, take the function h: R — R, h(z) = 22, then degy h = 0,
while degy hc = degg hcr = 2.

Consider an unfolding H : R™ x R¥ — R™ x R¥, of h : R™ — R™ where H(z,t) = (hi(z),t)
and hg = h. Restrict H to a domain B]" x U as it is explained in the main text: first we find
a domain B?™ x Uc for the complexification hc (cf. Appendix C.1), and then define U C R* as
the set of the real parts of the points of Uc, and B! as the set of the real parts of the points of
B2,

Proposition 2. (Conservation of the local degree.) The sum of the local degrees at the roots
of a deformation h; equals the local degree of the original map h at its single root. Formally:

Z deg, hy = deggh, (143)
peh; 1 (0)NBm™

holds for all t € U.
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Figure 7: Visual proof of Proposition 2. The boundary of W consists of the sphere S?~! and
the spheres S}}_l around each Weyl point p € h; 1(0) N B™ with reversed orientation. Since the

degree of the map Et is 0 on the whole boundary of W, the degree on S™~! is equal to the sum
of the signs of the Weyl points inside the sphere.

Proof: Take disjoint closed balls B)" C B{" around the roots of h¢ with boundary S;”*I and
interior int(B)"). Cut out the interior of these disjoint balls from B{" to obtain the closed domain

w=B"\ |J (B (144)
peh;t(0)NBm™

Furthermore, consider the normalized map on W, defined as

Bu= o gt (145)
|l

By a classical topological argument, the global degree of the restriction
helow 1 OW — St (146)

to the boundary OW of W is 0, see [86, pg. 28]. This global degree is

degﬁﬂaw = degﬁt\sgnq — Zdegﬁﬂ%nﬂ, (147)
P

where the minus sign arises because the boundary components Sg,”_l inherit reversed orientation
from W. Therefore we find

Zdegﬁt\sgkl = deg%tlsgnfl. (148)
P

The left hand side is equal to the left hand size of Eq. (143) by definition. The right hand
side is equal to degg h, since ht] gm—1 and h\ gm—1 are homotopic maps, and the global degree is
homotopy invariant [86, pg. 28|. This concludes the proof of Eq. (143).

Now we derive two important corollaries of Proposition 2: (1) An alternative definition of
the local degree, which is well suited to calculate the local degree. (2) Local multiplicity is the
local degree of the complexification.

As the first step towards (1) and (2), let D C U be the discriminant set of #, and consider
a control parameter vector ¢ € U \ D. The Jacobian of h; at each root p € B} has the maximal
rank m, therefore deg,h; = +1, and its sign is equal to the sign of the determinant of the
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Jacobian. By Eq. (143), the local degree degg h is equal to the sum of the signs of the roots p of
hy.

As the second step toward (1) consider a specific simple deformation, a constant deformation
hg = h — q with a regular value ¢ € R™ close to the origin. More precisely, we consider the
one-parameter deformation hy = h — tq on the restricted domain U, with ¢t =1 € U \ D. Then
h1(0) = h=1(q). Therefore, degy h is equal to the sum of the signs of the preimages of a small

q
regular value ¢, i.e.,

deggh = > sgn(det (Jacy(h))). (149)
pEh~1(q)NBM™

This result can be used to calculate the local degree deg h.

Finally, we derive (2). We apply Proposition 2 for a deformation g; of a complex holomorphic
map g : C" — C", where t € Ug \ Dc. A holomorphic map always preserves the orientation,
hence deg, g+ = 1 holds for each root p of g;. Therefore the sum at the left side of Eq. (143) is
the number of the roots, that is, the multiplicity multgg. We conclude that

multog = deg g (150)

holds for finite complex maps.

C.2 Algebraic approach: the local algebra

In the singularity-theory literature, multiplicity is often defined in an algebraic way, such
that the definition refers to the real map, without referring to its complexification [87, 90, 97].
In fact, the multiplicity multgh is the dimension of the local algebra Qu(h) associated to h at
0. In Sec. C.2, we summarize concepts and relations of elementary algebra (ring theory). In
Sec. C.2, we introduce the local algebra and use it to provide an alternative definition of the
local multiplicity.

From a ring to a local algebra

An elementary example of a ring is (Z,+, -), the integers equipped with addition and mul-
tiplication. The integers with addition form a group. The integers with multiplication form a
semi-group, which has an identity element (that is 1), but not every integer is invertible: 0 has
no inverse, 1 has an inverse (itself), —1 has an inverse (itself), but other integers do not have
their inverse (within Z). In addition, the multiplication is commutative. Actually, the integers
form a commutative ring with an identity element.

Take, for example, the subset Iy = {..., —8,—4,0,4,8, ...} of the ring of integers. It contains
0. It is closed under both addition and multiplication. In addition, it is also closed under ‘external
multiplication’; that is, under multiplication with ring elements — integers — that are outside 1.
Such a subset is called an ideal of the ring.

A single element of the ring, say r = 4, can generate a principal ideal, which is I, = I in
this case. Formally, the principal ideal generated by r € Z is I, = {r - r'|r' € Z}.

Two elements of the ring can also generate an ideal: I, ; = {a-7+0b-qla,b € Z}. For example,
I3 = R = I;. Another example is I> 4 = I>. The ring of integers is a principal ideal ring: every
ideal in Z is a principal ideal. Furthermore, the ideal generated by a finite set of integers is
the ideal generated by their greatest common divisor. The ring of integers is a Noetherian ring:
every ideal in 7Z is finitely generated. (Every principal ideal ring is a Noetherian ring.)

A ring can be partitioned with an ideal, e.g., Z/I4. The elements of the ring are assigned to
the same partition class (are considered equivalent) if their difference is in the ideal: r; ~j ry if
r1 — rg € I. That is, partitioning Z with I yields 4 classes, the well-known residue classes, [0],
[1], [2], [3]. For example [3] ={...,—=5,—-1,3,7,...}.
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The set of classes is called the quotient R/I of ring R with respect to its ideal I, and the
elements of the quotient R/I are often called residue classes of R mod I. In fact, the quotient
R/I is a ring. For example, [2] + [3] = [1], in the sense that any representative of [2] plus any
representative of [3] is contained in [1]. Similarly, [2] - [3] = [2].

In certain quotient rings we find pairs which multiply to [0], even though neither of them is
[0]. For example, in e.g., in the quotient ring Z /I, we have [2] - [3] = [0]. Such pairs are called
zero divisors.

A commutative ring is called domain (or integral domain) if it is free of zero divisors. That
is, if a - b = 0 implies a = 0 or b = 0. For example, Z is a domain, but Z/I,, is a domain only if
n 1s a prime.

A ring is called a real algebra, if it is also a vector space over R, and the multiplication with
scalars is compatible with the ring multiplication. In the same way complex algebras are rings
which are also vector spaces over C. The typical examples are function algebras. In fact, the
functions from any set A to R form a real algebra with respect to the pointwise operations, and if
a subset of them is closed to the operations, then it is a real algebra as well. In these algebras the
ring multiplication is also commutative, and they have identity element, namely, the constant 1
function.

The simplest functions are the polynomials. R[x] denotes the real algebra of polynomials of
one variable with real coefficients, and similarly C[z] is the complex algebra of complex polyno-
mials. The pointwise algebra operations agrees with the formal operations using the coefficients,
ie.

n m k
(Z aia:i> + <Z b¢$i> = Z(ai + b@-)mi (151)
i=0

i=0 =0

where k = max(n, m), and

n m l 7
<Z ax) : (Z b:c) => D abiy| 2 (152)
1=0 =0

i=0 \ j=0

where | = nm.

R[z] and C[x] are principal ideal rings as well, it follows from the existence of greatest common
divisor of polynomials. Moreover these rings has another important common property with Z:
the unique irreducible decomposition. In Z the irreducible elements are the prime numbers,
and by the fundamental theorem of number theory, every integer except 0, 1 and —1, can be
decomposed as a product of prime numbers. The prime factors are unique (up to reordering)
and their signs. Similarly, in C[z] the irreducible polynomials are the degree 1 (i.e., linear)
polynomials, and by the fundamental theorem of algebra every polynomial of at least degree 1
can be decomposed as the product of degree 1 polynomials. The irreducible factors are unique
(up to reordering and up to scalar factors) — in fact, in C[z] the invertible elements are the
degree 0 polynomials (i.e. constant polynomials). Referring to this property we say that Z and
C[x] are unique factorization domains (UFD). R[z] is also an UFD, the irreducible elements are
the degree 1 polynomials and the degree 2 polynomials with negative discriminant. All the real
polynomials of degree at least 1 can be decomposed to the product of irreducible ones, and the
decomposition is essentially unique.

The multi-variable polynomial algebras Rx1,...,z,], and C[zy, ..., x,,] are UFDs as well,
but they are not principle ideal rings. In fact, the ideal generated by x1 and zs cannot be
generated by only one element. Note that a principal ideal domain is UFD, but the converse
is not true, R[z1,..., ], and Clzy,...,z,] are counterexamples. On the other hand these
algebras are Noetherian by the Hilbert’s basis theorem.
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Further examples are the algebras of formal power series R[[x1,. .., 2] and C[[z1,. .., Zm]]
of m variables. E.g. R[[x,y]] consists of the infinite power series

o0
7,j=0

where a;; € R. Since these power series are not assumed to be convergent, they are not functions.
Nevertheless, the ring operations are defined formally, using the coefficients, similarly to Eq. (151)
and Eq. (152).

The rings R[[z1, ..., zy]] and C[[z1,...,zy]] are Noetherian UFDs as well. Moreover they
have an important additional property: they are local rings. Consider the power series g with
constant term g(0) not zero. These are exactly the invertible elements. Indeed, the multiplicative
inverse of g = ¢(0) — g with nonzero ¢(0) reads

Ao Lo ()T
= (o) o

which can be rewritten in the form of a formal power series using the geometric series formula as

k=0

However, a power series with g(0) = 0 does not have a multiplicative inverse.

On the other hand, the collection of power series with g(0) = 0 form an ideal m,,. This m,,
is a mazimal ideal, since the only ideal containing it is the whole ring. Moreover, m,, is the
only maximal ideal in R[[z1,...,2p]] (resp. in C[[z1,...,2n]]). A ring (resp. an algebra) with
a unique maximal ideal is called local ring (resp. local algebra). Being local is equivalent with
the fact that the complement of the irreducible elements forms an ideal.

Finally, the algebra in which we will work is R{z1, ..., zm} C R[[z1,...,zn]] (resp. C{z1,...,2m} C
C[[z1,...,zm]]), consisting of the power series with nonzero convergence radius. Such a power
series defines an analytic function g : R™ O Uy — R on a neighborhood Uy of the origin. Hence
R{z1,...,xm} (resp. C{x1,...,2z}) can be interpreted as either as the algebra of the locally
convergent power series defined in the neighborhood of zero, or as the algebra of the analytic
functions defined in a neighborhood of zero. These algebras are Noetherian UFD local algebras
as well.

Local algebra of analytic maps

In what follows, we will consider f : R™ D Uy — R™ as an analytic map defined in a
neighborhood Uy of the origin with f(0) = 0, simply denoted by f : (R™,0) — (R™,0). We will

denote the components as f; : Uy — R with j € {1,...,m}. Note that in the main text we
considered the special cases 1 < m < 3.
Let R{z;} (i =1,...,m) denote the set of locally convergent power series of m variables, i.e.

R™ — R functions that are analytic at the origin. Let Iy = I(fi,..., fm) be the ideal generated
by the components f; of f. Recall that Iy consists of all linear combinations of f; with coefficients
in R{z;}. The local algebra of f is the quotient Qo(f) = R{x;}/I, i.e. the algebra of the residue
classes mod Iy.

The local algebra Qo(f) of any power series f (defined in the previous paragraph) is a local
algebra (defined in the previous subsection). Indeed, the residue classes of the elements of m
form the unique maximal ideal of it.

In this algebraic framework, the local multiplicity multyf of f is defined as the dimension
dim Qo(f) of the local algebra, cf. [89, Prop. 2.2.].
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Ezample 1: Take fi(z,y) = x and fa(x,y) = y?. Then, the generated ideal in R{xz,y} is

If = { a 1(1’,y) ‘IE+G2(IE,Z/) 'y2 | (156)
a 1,02 € R{ﬁ?,y}},

i.e. g € Iy if and only if every term of g is divisible by x or y%. The local algebra of f(z,y) =
(x,1?) is formed by the linear combinations a[1] + b[y] (a,b € R) of the residue classes of [1] of
1 and [y] of y. Indeed, g1 and gy in R{z,y} represent the same residue class if and only if each
term of g1 — go is divisible by = or y?, consequently the residue class [g] of

g(z,y) = ago + ar +any + (157)

a20562 + anizy + a02y2 + ...

is ago[1] + aop1[y]. Therefore, in this example, the local multiplicity multof of f is dimQo(f) = 2.
Ezample 2: The local multiplicity of a single-variable power series f € R{x} is equal to its
order r, for the following reason:

o oo
f(z) = Z aiz’ =" - Z ajpra?, (158)
=7 7=0

hence f agrees with its leading term z" up to an invertible factor. Therefore Iy = I(z"). A
basis of the quotient Qo(f) = R{z}/I; is formed by the residue classes [1], [z], [?],..., [z""1].
As a consequence, the local multiplicity of f is indeed r. This example also shows that the local
multiplicity is a generalization of the order of single-variable power series.

In the rest of this section, we connect this algebraic definition of the local multiplicity with
the concepts used in the main text and in App. C.1.

Recall that the complexication of a real analytic map f: (R™,0) — (R™,0) is the holomor-
phic map fc : (C™,0) — (C™,0) defined by the same power series. The local algebra Qo(fc) =
C{z;} /1. of fc is a complex algebra, and in fact, Qo(fc) = Qo(f) ® C. Hence the local mul-
tiplicities multg fc = dimc Qo(fc) and multyf = dim Qo(f) are equal. On the other hand, if
gr : (R?®™ 0) — (R?™,0) is the realification of a complex map g : (C™, 0) — (C™,0), then
(multog)? = multogg holds, see the proof of [89, Prop. 2.4..

A real analytic map f is called finite if its local multiplicity multyf = dim Qo (f) is finite.
This is is equivalent with the fact that 0 is an isolated root of the complexification f¢, which
implies that 0 is an isolated root of f as well, see [90, Thm. D.5.]. For a finite map f the local
degree of the complexification is equal to the multiplicity, i.e., degy fc = multg f, see [90, Cor.
E.3]. Together with the arguments in Appendix C.1 we conclude the equivalence of the two
definitions of the local multiplicity. Namely, the number of roots born from the origin upon a
generic deformation fc; is equal to the dimension dim Q(f) of the local algebra Qo(f).

Moreover, the local degree deg, f of the real map f can also be computed from the local
algebra: it is the index of a suitably defined symmetric bilinear form on Qo(f), that is, the
difference between the number of positive and negative eigenvalues, see [88, 89]. This also
implies | deg; f| < multy f.

C.3 Computing the local degree and the local multiplicity for a few examples

In the following section we compute the above invariants on several examples using the
introduced methods. Since most of them are motivated by physical systems, we use the physical
and the mathematical terminology as synonyms. Namely, the roots of amap h : (R?,0) — (R3,0)
or a deformation h; of h are called degeneracy points, the generic roots of h; are the Weyl points.
The local degree of each root is its topological charge, and the local multiplicity multgh is the
birth quota.
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Complexification Realification
f:(R™0) — (R™,0) g:(C"0)— (C"0)
\ \
fe: (C™,0) — (C™,0) gr : (R?™,0) — (R?",0)

1. 2.
multy f = multp fc = deg fc, multgg = degy g 5 degg gr,

3.
deg, f < deg fc multogr & (multg)?

Table 2: Summary of the relations between local degree and local multiplicity, complexification
and realification. 1.: According to the definition of the local multiplicity introduced in the main
text, this equation holds by definition. In fact, both multyfc and multgf are defined as the
number of the generic roots of a generic deformation of fc. On the other hand in Appendix C.2
multy f is defined as the real dimension of the local algebra Qo(f) of f and multy fc is defined
as the complex dimension of the local algebra Qo(fc) of fc. Based on this, the equation follows
from the fact that Qo(fc) is the complexification of Qy(f). The equivalence of the two different
definitions of the local multiplicity is not proved in this article, we refer to [90]. 2.: The equation
is proved in Appendix C.1, see Eq. (150). More precisely the equation is proved for that definition
of the local multiplicity we introduced in the main text. 3.: The inequality is proved in the main
text (using the definitions introduced there). For singular germs, i.e. Jaco(f) < m, the sharper
inequality 2deg, f < multgf is proved in [89]. 4.: This is equation Eq. (150) in Appendix C.1.
5.: The equation holds by definition. 6.: The equation is proved in [89].
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Example 1

Consider the effective Hamiltonian map

hMz,y,2)=1| vy | . (159)

Zn

The case n = 3 is described in [99] as the three-node process, where two Weyl points with the
same charge collide with an oppositely charged third one. This suggests that the charge (local
degree) is +1 and the local multiplicity is 3.

Local degree from the constant-deformation method. For a general n, deggh = n mod 2.
Indeed, the constant deformation

ht(x7y7z) = h(xaya Z) - (t17t27t3)7 i3 < 0 (160)
has 1 real root
(xayaZ)WP = (t17t27 \Vtg) (161)

for n odd with positive sign (since 2" is increasing), and there is no solution for even n. Note
that geometrically, degg h is the ‘generalized winding number’ of the restricted normalized map
Blg2 s 8% — G2
hy1s? .

Local multiplicity from the constant-deformation method. Here, we show that multgh = n.

Indeed,

he(z,y,2) = (t1,t2,13),  t3#0 (162)

has n complex solutions

21k
(T, y,2)cwp k= (t1,t2,€ZT v t3> ; (163)

with 0 < k < n, hence degyhc = n, and this is equal to multghc which is equal to multgh.
Geometrically, n is the ‘generalized winding number’ of the restricted normalized map %\ g5 ¢
S5 — S5,

Local multiplicity from the algebraic method. We present here the algebraic method step by
step, to illustrate it on this simple example. The ideal I}, C R{z,y, 2} consists of the (locally
convergent) power series of 3 variables such that every term is a multiple of z, y or 2. Two
elements f and g of R{z, y, z} represents the same residue class mod Iy, if and only if f—g € Iy,
that is, the coefficients of the z* terms are the same in f and ¢ for k < n. In other words, the
element [f] € R{x,y,z}/I; can be represented by the power series of z derived from f by
substituting = y = 2" = 0. We obtained that Qo(h) = R{x,y, z}/I, = R{z}/I(z") is a vector
space with a possible choice of a basis is formed by the residue classes of 1, z, 22,..., 2"~ 1. We
conclude that multph = dim Qo (h) = n.

All the above arguments show that the only essential part of this A is the third component z™.
The study of the deformations can also be reduced to study the deformations of the single-variable
function z" near 0. Adding extra terms of degree less then n results a degree n polynomial, which
has n complex roots in general. These complex roots converge to 0 if the coefficients of the extra
terms tend to 0. The number of real roots is at most n and at least 1 if n is odd, and the signs
of the roots alternate. As we already noted in the main text, if we allow higher degree terms
in the deformation, more roots appear, but these are coming from the infinity, not from zero, in
the following sense. Consider 2™ — t2"t! = —¢2". (2 — 1/t). As t tends to zero, the extra root
1/t converges to the infinity.
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Notice that previous paragraph remains true if z" is replaced by an arbitrary (locally con-
vergent) power series f(z) of order n. Any small generic complex deformation of f has n roots
coming from 0 and any small generic real deformation has at most n roots, at least 1 in the
odd case, and their signs alternate. In this sense the local multiplicity can be considered as the
generalization of the order of the single-variable power series to higher dimensions.

Example 2

The n-fold Weyl point, including the double (n = 2) and triple (n = 3) Weyl points, appears
in many contexts. See, for example, the electronic band structure of multi-Weyl semimetals, as
described in [4]. An n-fold Weyl point is described by the map

Re(z +iy)"
h(z,y,z) = | Im(z + iy)™ | . (164)
z

Similary to the previous example, we can omit the identity component z for the calculation to
obtain a map f : (R%,0) — (R?,0) with the same local degree and local multiplicity as h. For
this reason, the local degree and the local multiplicity of the 3D double Weyl points are the same
as those of the 2D double Weyl point in bilayer graphene (see main text). Below, we show that
the local degree of the n-fold Weyl point is degy h = deg, f = n, whereas its local multiplicity is
multgh = multg f = n?.

Local degree from the constant-deformation method. Let us introduce the complex variable
w = x + iy. The equation w™ =t (¢t # 0) has n complex solutions, which implies that f; =
f — (t,0) has n real roots, which in turn implies that deg, f = degyh = n. Geometrically
speaking, this local degree is the winding number of w'™ on the complex plane, or, alternatively,
the winding number of the map ﬁ] g2 1 S? — S2, or, alternatively, the winding number of the
map %|51 : 81— gt

Local multiplicity from the constant-deformation method. Here, we sketch the derivation of
the local multiplicity multgh as the local degree deg, hc of the complexification. To obtain the
local multiplicity, we have to find the complex solutions x and y of the system of equations

Re(z +iy)" = ti, (165a)
Im(z +iy)" = ta. (165b)

These equations can be solved exactly, and the number of complex solutions is n?, implying
that the local multiplicity of h is n?. For completeness we will provide the explicit solutions of
Eq. (165) for (¢1,t2) = (t™,0), see Eq. (183), but first we introduce the more effective algebraic
methods to compute the local multiplicity directly from h, without referring to deformations.
Local multiplicity from the algebraic method. We can also find multgh as the dimension
dim Qq(h) of the local algebra associated to h. We show this calculation only for n = 2. In
this case, it holds that Re(x + iy)" = 2? — y* and Im(z + iy)" = 2xy. Therefore the ideal
I, C R{x,y, z} is generated by
z? — 9% zyand z. (166)

First of all, notice that 22 and > are in I;,. Indeed,
=z (2 —y?) +y -y, (167)
and similarly for y3. To identify the residue class

- Rz, y, 2}

[f] € Qo(h) A

(168)
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of f € R{z,y,z}, we first reduce f by substituting zy = 2z = 23 = 0, since the residue class
of these terms are 0. The resulting power series f has only pure z and y powers up to second
degree.
f: ago + a10% + a2’ + aory + agzy’ (169)
and

g = boo + brom + bao” + bory + bozy’ (170)

are in the same residue class if and only if f— g is divisible by z? — 42, that is,
ago = boo, a0 = b1o, ao1 = bo1 and agy + ap2 = bag + boa. (171)

These 4 parameters can be chosen independently to determine a residue class. In other words, a

possible basis of
R{z, y}

Qo(h) = Ty 22— (172)

is formed by the residue classes of 1, x, y and x? + y2, hence the dimension is 4.
The same argument can be presented in a more convenient way, by substituting the elements
of the ideal by 0. That is,
22 —4? =0, 2y =0 and z = 0. (173)

Then we have the 4 nonzero residue classes

[1]7 [:U]? [y]v [1'2] = [y2]> (174)

[2°] = [27] - [2] = [y°] - [2] = [y - 2y] = [y] - [wy] = 0. (175)

The above calculation can be further simplified using the unique factorization in the ring of
power series . Define

fi=z fi=y, i=x—y, 2=z+y. (176)

Then
hi =y = fifs and hy = 22 — y® = g1¢2 (177)

are the unique irreducible decompositions of the components of h. The multiplicity has the
following property, known from the theory of complex plane curve singularities, see e.g. [100,

Chapter 3|:
o (g ) = 25 (7 ) s

ij=1

In our case, each of the 4 terms are equal to 1, hence the multiplicity is 4.
This process also works for greater n, e.g for n =3

Re(z +iy)® = 23— 3ay?
= z(z— V3y)(z + V3y), (179)
Im(z +iy)® = 32°y—y°

= y(V3z —y)(V3z +y), (180)

hence the multiplicity is 3 -3 = 9. Compare with Fig 8, where the deformation Eq. (184) pulls
apart the the zero loci of the components revealing the 9 generic intersection points.
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Figure 8: Birth quota of the 3-fold Weyl point. a) 3-fold Weyl point as a non-generic degeneracy
point. Colored plane shows the sign pattern of the effective Hamiltonian map h = hi—g of
Eq. 181. For the coloring scheme, see Fig. 1 of the main text. b) Three Weyl points (red) born
due to deformation of Eq. (181) with ¢ = 1. ¢) Nine Weyl points (red and blue) born due to
deformation of Eq. (184) with ¢ = 1. The multiplicity of the 3-fold Weyl point is 9, i.e., this
panel illustrates the case when the number of newborn Weyl points is maximal.

Local multiplicity from the ‘square rule’. The third method uses the relation between the
multiplicities of a complex map g : (C™,0) — (C™,0) and its realification gg : (R?>™,0) —
(R2™,0). In this case, multogr = (multog)? holds by the proof of [89, Prop. 2.4.]. Applying this
for the map g(w) = w”, we conclude that multgh = n?.

Example deformations. Here we provide two special deformations with the explicit location
of the Weyl points. The first one is the constant deformation which has the minimal number
| degy h| of real Weyl points, and the second one has the maximal number multgh of real Weyl
points, although, in both cases the number of generic complex Weyl points is multgh.

1st deformation. Consider the simplest complex deformation of the complex function w™ =
(x + iy)", namely the constant deformation (z + iy)™ — ¢", which has n complex roots. Its
realification induces the following real deformation of h:

Re(z +iy)" —t"
hi(z,y,z) = Im(z + iy)" . (181)

z

Then, the n complex roots of w™ — ¢ = 0 imply n real Weyl points at

x cos (221
y =1t | sin (%£) |, (182)
“/) WPk 0

where 0 < k < n, with charge +1, since the realification of a complex map preserves the
orientation.
Furthermore, the complexification of h; has n? complex roots at

T o, [0S (%)
y = te'" o | sin(Z2) (183)
z 0

CWP,km

with 0 < k,m < n. The real Weyl points in Eq. (182) are the solutions corresponding to the
indices satisfying m = 2k (mod n), the others are non-real complex Weyl points.
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For the n = 3 case, the non-generic degeneracy point corresponding to ¢ = 0 is shown in
Fig. 8a as the yellow point, and the 3 Weyl points born from the latter, corresponding to ¢t = 1
are shown in Fig. 8b.

2nd deformation. The deformation

Re (37 + 1y — teiﬁ)n
hy = Im(x + iy)" (184)
z

splits the n-fold Weyl point into n? real Weyl points at

x - 1 cos (™)
y Ll G 4)2 sin (=) |, (185)
. sin (Z (k—n+3)) O"

WP km

where 0 < k <n —1and 1 <m < n. Their charges are

1
Qim = (—1)FT™ . sgn (2 +k— m> . (186)

Fig. 8c shows the n = 3 case for t = 1. The non-generic degeneracy point splits to 9 real
Weyl points.

Example 3

The first two examples were (R3,0) — (R3,0) maps where 1 or 2 components were trivial,
therefore, those could be treated as (R,0) — (R,0) and (R%,0) — (R%0) maps effectively.
Moreover, the second example suggests the inequality (degyh)? < multoh, but this is not true
in general. The following example is a (R3,0) — (R3 0) map from [89, Pg. 24], where all 3
components are non-trivial, and it is also a counterexample for the inequality

TYz
h(z,y,z) = (2* —y* | . (187)
x? — 22

This map has local degree degy h = 4 and local multiplicity multgh = 12, as stated in [89]. Note
that the inequality 2| degy k| < multph is proved in [89] if 0 is a nongeneric root of h.

Even though example Eq. (187) was presented in [89] in a purely mathematical context, a
similar map also arises in the electronic band structure context, highlighted in Eq. (2) of [26].
Denoting the map defined by their Eq. (2) as hysoc, and assigning A = B = —1, it holds that
hnsoc = g o h, where g is the linear map

1( 2TY
g(x,y,2) = 5 V3(z—y) |- (188)
2x

It is clear that composing a map with a linear transformation ¢ with positive determinant pre-
serves the local degree and the local multiplicity, therefore we have degy(g o h) = degyh and
multy(g o h) = multgh.

Local multiplicity from the algebraic method. The result multgh = 12 can be derived easily
using the irreducible decomposition of the components of h. In fact,

In = I(zyz, (z — y)(z + ), (x = 2)(z + 2)), (189)
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and by the general version of Eq. (178) we have

multph = multo(z,z —y,x — 2)
+ multo(z,z —y,z+2)+...
+ multe(z,x +y,x + 2). (190)

Here all the 12 terms are 1. For example
I(%l‘—yaﬂc—z) ZI(x,y,z), (191)

whose multiplicity is 1, since a basis of R{x,y, z}/I(x,y, z) is formed by the residue class of 1.
Ezxample deformations. Here we provide two special deformations with the explicit location
of the Weyl points. The first one is the constant deformation which has the minimal number
| degy h| of real Weyl points. The second one has the maximal number multoh of real Weyl
points, although, in both cases the number of generic complex Weyl points is multgh.
1st deformation. Consider the following constant deformation h(z,y, z) — (¢3,0,0), reads

TYz — t3
ht(‘rvyaz) = $2 _y2 : (192)
z? — 22
It has 4 real Weyl points at
(z,y,z)wp = (£t, £t, £t) | sgn(xyz) =1, (193)

Each has charge 41, since the determinant of the Jacobian of h; is positive everywhere, except
the origin. This observation proves that degy, h = 4. Furthermore, there are 8 non-real complex
Weyl points at

exp(+2mi/3) - (z,y, z)wp- (194)

Therefore, the number of complex Weyl points proves that multgh = 12.

Fig. 9a shows the 4 real Weyl points at every second corner of a cube with edge length 2t
around the origin.

2nd deformation The deformation

(z —t)(y — 2t)(z — 3t)
hi(z,y,2) = a? —y? (195)
x? — 22
splits the degeneracy into the maximal number of multgh = 12 real Weyl points with charges @
at

(‘rayvz>WP = (t7:tt7 it) Q= Sgﬂ(@/Z),
(CL’, Y, z)WP - (:l:2t7 2t, :l:2t) Q= —sgn(z), (196)
(x7yaz)WP = (i3t>i3t73t) Q=1

The topological charge sum rule is satisfied with the 8 positively charged Weyl points and the 4
negatively charged Weyl points giving the charge of the unperturbed non-generic degeneracy.

Fig. 9b shows the 12 real Weyl points at corners of 3 concentric cubes, each contributes with
4 corners corresponding to 1 face.
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Figure 9: Birth quota of the map defined in Eq. (187). a) The minimal number of degyh = 4
Weyl points (red) born due to the constant deformation of Eq. (192) with ¢ = 2. b) The maximal
number of multyh = 12 Weyl points (red and blue) born due to the deformation of Eq. (195)
with ¢ = 1. The sum rule for the topological charge is satisfied with 8 Weyl points with charge
+1 (red) and 4 Weyl points with charge -1 (blue).

Example 4

In the previous three subsections, we computed the local multiplicities of (R?,0) — (R?,0)
maps describing energy degeneracies of quantum systems. In all cases so far, the local multiplic-
ities were finite. In this subsection, we showcase a (R3,0) — (R3,0) map that exemplifies that
the local multiplicity of an isolated degeneracy can also be infinite. This example map is the
following:

Tz
h(z,y,2) = yz : (197)
52 _ (x2 + y2)

Local multiplicity from the algebraic method. We show that multgh = oo. This follows from
the following observations:

a) Since zz, yz and 22 are divisible by z (they are 0 if z = 0), the components of h are
contained in the ideal generated by the functions z and 22 + y2. Therefore I, C I(z,2% + ?).
We conclude that

multgh = dim M > dim Clo.v}

Ih I(Z,Jl2+y2).

b) We show that the right hand side of Eq. (197) is infinite. In particular we show that the
residue classes

(198)

C{z,y}

[1], [z], [+7], [2°], - - € 1G22 417

(199)

are linearly independent. Indeed, their finite linear combinations are exactly the residue classes
of the one variable polynomials

ant" + ap_12" 4+ a1z + ao, (200)

and these polynomials are not contained in the ideal I(z, 2% + y?).
Complexification. According to the infinite multiplicity, hAc is not finite at 0, i.e. 0 is not
isolated in the zero locus hz'(0). Indeed, 22 + y? in C{z,y} decomposes as

22+ y? = (z +iy)(x —iy). (201)
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Therefore the set of the common solutions of z = 0 and 2% + y? = (z + iy)(x — iy) = 0 is the
union of the two complex lines x + iy = 0 and x — iy = 0 intersecting at 0.

Ezxample deformation. Since in this case multgh = oo, there is no birth quota for the number
of Weyl points.

The deformation

xrz
ht (CC, Y, Z) = Yz (202)
22— (22 +y?) + 12

splits the degeneracy point at the origin into a nodal loop

x cos
Yy = tlsinp|, 0<¢p<2n, (203)
loop 0

which is continuously many degeneracies (see Fig. 10a). This can be further splitted to dis-
crete number of Weyl point without upper limit with the following deformation (compare with
Eq. (181))

xIrz
his(z,y,2) = yz
22— (a® +y?) +#°
Re(z +iy)" — t"
+s Im(z + iy)" . (204)
0

The second deformation splits the loop everywhere except where the deformation is zero

x cos (£)
Yy = t | sin (%k) , 0<k<n. (205)
“/) WPk 0

This leaves n Weyl points at the former loop. Setting s = ¢ and increasing it from 0 to 1 describes
a process where the degeneracy point directly splits into at least n Weyl points.

In this case the location of the Weyl points outside the loop is not analytically solvable. By
numerical calculations we found that every point has an oppositely charged pair nearby where
the condition hﬁs(:c,y,z) = 0 is satisfied, thus, the total number of Weyl points is 2n. The
topological charge is distributed among the Weyl points in a non-trivial fashion. See Fig. 10b.

Local degree. degyh = 0 which can be proven with the deformation

Tz +ty
hi(z,y,2) = yz —tx . (206)
22— (2?4 y?) + 12

This deformation splits the degeneracy into nothing because hi(x,y,z) = 0 has no real-valued
solution, meaning that the local degree is indeed zero.
Example 5 — counterexample

Here, we provide a perturbation of the one-variable real function h(z) = x, with the number
of newborn Weyl points being greater than multgh = 1. This example does not invalidate the
results of this chapter, rather it shows that the analytic condition (or the weaker C*°-condition)
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Figure 10: Splitting a degeneracy point without a birth quota. The map defined in Eq. (197)
has multiplicity infinity, thus, it has no birth quota. a) The deformation Eq. (202) with t = 1
splits the degeneracy point into a nodal circle (black solid line) in the zy plane with radius 1. b)
The nodal circle is further splitted into Weyl points (red and blue points) with the deformation
Eq. (204) with n = 7 and s = 1. This deformation leaves 7 Weyl points on the former circle
(chopped gray line) with additional 7 Weyl points nearby giving 14 Weyl points together. It is
possible to split the degeneracy directly into 2n Weyl points with applying the two deformations
together with s =t going from 0 to 1.

assumed for the deformation is indeed required for respecting the birth quota. Indeed, in this
(counter)example the perturbation (x,t) — h;(x), considered as a map of both the configura-
tional and the control parameters, is not analytic, what is more, it is not continuously differen-
tiable.

Consider the perturbation

2t2x z (22 — %)
hi(z) =x — o R VU (207)

FExtending tot = 0 and x = 0. For a fixed t # 0, h¢(z) is an analytic function of  defined in
a neighborhood of © = 0. For t = 0, hg(x) is not defined at 2z = 0. However, if t — 0, then h:(x)
converges to x uniformly:

lim hi(z) = h(z) =z, (208)
t—0
Hence we can define ho(0) = 0 using this limit, consequently ho(z) = h(z) = x everywhere.
Therefore, we could consider h;(x) as a perturbation of h(z).
Roots. hi(x) has 3 generic roots at

zwp € {0, £t}, (209)

therefore the number of the newborn Weyl points from the origin is bigger than the birth quota
multgh = 1. Why does our argument fail in this example? Obviously this perturbation does not
satisfy the conditions required for respecting the birth quota. Which condition is not satisfied?
Is hi(x) an analytic deformation of h(z)? We provide here a detailed analysis of these questions.

Taylor series of hy around 0. One can show that the Taylor series of hy(z) fails to converge
to x. Observe that

he(z) =t - hy (%) , (210)
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Figure 11: Perturbation defined in Eq. (207) of the function hg(x) = = does not respect the birth
quota. a) The function hi(x) uniformly goes to x as ¢ goes to 0. However, the first derivative
is —1 for every t # 0, and +1 for ¢ = 0. In such a process, 3 roots merge in the origin, while
keeping the total topological charge (sign) +1. b) The complexification hct(x) has 2 poles (blue)
on the imaginary axis, in addition to the 3 roots (red) on the real axis, for t € R\ {0}. Note
that the birth quota is respected in a generalized sense: if we assign negative multiplicity to the
poles, then the sum of the multiplicities of the newborn complex roots and poles together equals
the original multiplicity.

meaning that varying t scales up the graph of h;(x). Using this property, the derivatives of h;
at 0 reads

w0y = nl™ (0), (211)

for all t # 0. The first derivative of the perturbed function at 0 is h};(0) = —1 independently of
t. This is not equal to the derivative of the unperturbed function h((0) = 1. Higher derivatives
of the perturbed function even diverges as t goes to 0. Therefore, the Taylor series expansion of
hi(x) at xyp = 0 (with respect to x) does not converge to the Taylor series of h at 0. Practically
this shows the problem with the perturbation h;(x) of h(x).

Continuity and partial differentials. For a more fundamental analysis consider the two vari-
able function H; : (z,t) — hi(x). The problem is that #; is not analytic around zero as a
two-variable function. Although it is continuous (if we define #H;(0,0) = 0), it is not continu-
ously differentiable.

To see the continuity, introduce the polar coordinates x = r cos(a) and ¢ = rsin(a), then

Hi(r, ) = rcos(a) cos(2a), (212)

and
li t)=1 = 0. 213
m Hi(z,t) = lim H, (r, ) (213)

To see that H; is not continuously differentiable, we show that its partial derivative with
respect to z is not continuous at (0,0). Indeed, we find

ot 4 4a?t? — ¢!

Oth(@,?) = (22 + t2)2

, (214)

and writing this in polar coordinates yields

x M1 (r, a) = cos(2a) + sin*(2a). (215)
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This derivative depends on «, but it is independent of . Therefore, the limit

(96715%51(1070) (OxHa(2,1)) = lim (0 Ha (7, ) (216)

does not exist.

Recall that by definition, h; is an analytic deformation of a map h if it is the first component
H1 of an analytic unfolding H with a fixed control parameter value ¢, considered as the function
of z, see Section Birth quota in the main text and Sec. C.1. The analytic property of H is used
in the proof of Proposition 1. Note that smoothness (C*) is also enough to respect the birth
quota. Since in this example H;(x,t) is not analytic (neither smooth), the perturbation h(x) is
not an analytic deformation of h(x) according to our definition.

Complexification. It is instructive to investigate the complexification of h;(x) for ¢ # 0. It is
a meromorphic one-variable function with the 3 generic real roots and two first-order poles at

xp = it (217)

The equation 3 — 2 = 1 = multgh suggest that the poles can be considered as ‘complex Weyl
points with negative sign’, and in fact this is the case, as we can see as follows. The function
f(2) = 1/2" has a pole of order k at zero. On the unit circle 1/2* = z¥ (with overline denoting
complex conjugation), hence we can change f to Z* inside the unit circle to get a continuous
function (which can be smoothed along the unit circle). The local degree of this modified function
at the origin is —k. This result can be interpreted as a pole of order k£ can be replaced with a
root of local degree —k.

Therefore, by this observation, the birth quota multgh = 1 is respected in a generalized sense.
Note that this does not hold in general. Indeed, this example is specific for two reasons: (1) the
1-dimensionality is required for having the isolated poles in the sense used here, and (2) neither
the roots nor the poles cross the separator for small values of .
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