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The dissertation consists of three large parts, these are quadratic first integrals
of chemical reactions, microscopic reversibility or detailed balance in ion channel
models and limit cycles in models of chemical reactions. The results in the
dissertation are as follows.

1 Transient behavior—quadratic first integrals

We determined classes of mass action type kinetic di [erential equations that have a
quadratic first integral [7]. The main tool to find such first integrals is the comparison
of the coe Lciehts of polynomials, taking into account that Kinetic dilerkntial
equations are polynomial dilerkntial equations with no negative cross-e [edt. We
investigated the conditions for mass conservation and found that it excludes the
existence of certain types of quadratic first integrals. We also constructed chemical
reactions for these classes of diLerkntial equations.

1.1 Existence and non-existence of quadratic first integrals—
Diagonal first integrals

Theorem 1 Let us consider the following system of di Lerential equations

X =Fn (Xi;X2;:::%xm); (M=1;::; M) (1)
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Suppose that the system of di Lerkntial equations is kinetic. The function
V(X1 X2 X)) = apXe + apXs + +ayXxs,

(with a, > 0form =1;2;:::; M) is a first integral for the above system if and only
if the functions F, have the following form with K., 0:

3K , P ¢

Fn(X1; X2, 00 Xm) = apKm:pX; apKp:mXmXp: €))
p=1 p=1
pé&m p&m



Example 1 Let M = 2 and suppose that V (x;y) = x?> +y2. Then (3) specializes
to

x'=ay? bxy; y'=bx? axy 4
which may be considered as the induced kinetic di Lerkntial equation of the reaction

a b b a

X X+Y Pry 2x Pwox+vy 2y f®pX+2V: (5)

A typical trajectory is shown in Fig. [2d

Example 2 Let M = 3 and suppose that V (x;y;z) = x? +y2 + z2. Then (3)
specializes to
X' =ay?+bz> cxy exz
y'=cx?+dz> axy fyz (6)
Z'=ex?+fy? bxz dyz
(with nonnegative coe Lciehts a; b; c; d; e; ) which may be considered as the induced

kinetic di Lerential equation of the reaction shown in Fig. [Il A typical trajectory is
shown in Fig. [2b]
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Figure 1. 3D system with a quadratic first integral

The next result shows that (even weighted) sum of squares cannot be a first
integral if mass is conserved.

Theorem 2 Let us consider the di Lerkntial equation system (1) where the functions
Fm are of the form (2). Suppose that the dilerkntial equation system is Kinetic
and kinetically mass conserving. The function

..... 2
V (X1; X 00 x,\,.)—a1x1+a2x2 + am Xy

(where a, & 0 for all m) is a first integral for the system (1)), if and only if for all
m:
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Figure 2. (a) Trajectories of system with a = 2;b = 3 starting from x(0) =
1y(0) = 0:

(b) Trajectories of system (6) with a = 2;b = 3;¢c = 4;d = 5;e = 6; f = 7 starting
from x(0) = #5;y(0) = 85;2(0) =0

Theorem 3 Let us consider the following di Lerkntial equation system

X = X (aiinxkyniinynz), k=1 K)
Yi = Y (X Xegyniinynz), (1=1:L) (7)
2=z (X1 i Xk Y iYL 2)

where the functions Xy;Y,;Z are quadratic polynomials of all the variables and
K;L are positive integers. Suppose that the dilerential equation system is
kinetic and kinetically mass conserving with some positive numbers %; % ; %

V(Xe; i Xka Yoy z) = axe +raxy  byd o iiibpy?

(where ax > 0 and b, > 0 for all k; 1) is a first integral for system if and only if

X
Xie(Xqp i Xk Y iy z) = bAGYiZz, (k=1;:::;K)
=1
X
Yi(Xe; i Xk Y iy z) = akAixkz; (I1=1;:::;L)
k=1 '
X X )
Z = %ﬁXk+ %¥Y|
k=1 I=1

where Ay, Oforallk;l. fK=0o0rL =0, then Xy =Y, =2Z=0.
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Example 3 If V(x;y;z) = x? y? and % =% = % = 1, then the equation system
is(a 0):
' = ayz
" = axz

2’ = axz ayz (8)

A possible reaction is the following:

a

X+Z %0 X+Y Y+7Z

Example 4 IfV (Xq; Xo;Y1;Y2;2) = X3+X3 y2 yZand % = %5 = %) =% = % = 1,
then the equation system is (a;b;c;d  0):

x] = ay,z + by,z Yyl = axqZ + CXpZ

Xy = cy1Z + dy,z Yo = bX1Z + dx,z

= X3 X V1 Y2 ©)
A possible reaction is the following:

X1 +Z ¥ aY;+bY,+X; + (1l-ah)Z
X, +2Z 0oy, +dY, + X + (1-c-d)Z
Yi+Z 'V aX; +cX, + Y+ (1-ac)Z
Y,+2Z ¥ bXy+dX, + Y, + (1-b-d)Z

Another possible reaction can be seen in Fig. [3

X, +Y, «—pe—— Y +Z

SN,

X, +Z Xi+Y,
XX +Y X, +Z
Y>+Z —b——b X +Y,

Figure 3. Reaction system for (9).



1.2 The rst integral is a binary quadratic form

Now we investigate rst integrals that are quadratic homogeneous polynomials in
two variables, that is, V(x;y) = ax?+2bxy+ cy?. Without the loss of generality, it
may be assumed that > 0 and b6 0. Consider the following di erential equation
system

X9= A;x%+ Bxy+ C1y?+ D1x+ E y+ Fy
yO= Aox?+ Boxy+ Coy2+ Dox+ Eoy+ Fo (10)

and suppose that the di erential equation system ikinetic . Then the following
statements hold.

Theorem 4 The function V(x;y) = ax2+2bxy+ cy? wherea> 0,c> 0,ac k¥ 60
is a rst integral for the system (10), if and only if it has the following form
(K oL 0):

x°= bKx?+( cK + bL)xy+cLy?
y'= aKx?+ (bK alL)xy bLy? (11)

If the system (11) is kinetically mass conserving ther®= y°=0.

Theorem 5 The function V(x;y) = ax? + 2bxy+ cy? wherea> 0, b >0, ¢ > 0,
ac b =0 is a rstintegral for the system (10), if and only if it has the following
foom(K O;L OM O;N 0, Sis arbitrary):

x°= bKx?+cSxy+cLy? bMx+cNy
y°= aKx? bSxy bLy?’+aMx bNy (12)

If the system (12) is kinetically mass conserving with some positive numbe¥g %
then it has the form

X0= %KX %+ %Sxy+%Ly? %Mx+ %Ny
y’= %Kx? %Sxy %Ly*+%Mx %Ny (13)

Theorem 6 The function V(x;y) = ax?> 2bxy+ cy? wherea> 0, b >0, c > 0,
ac k> =0 is a rstintegral for the system ), if and only if it has the following
foom(K OL OM ON OR 0 Sisarbitrary):

x°= bKx2+ cSxy+ cLy?+ bMx+ cNy+ cR
yY=aKx 2+ bSxy+ bLy?+ aMx+ bNy+ bR (14)

If the system (14) is kinetically mass conserving ther®= y°=0.



Theorem 7 The function V(x;y) = ax?+2bxy cy?> wherea> 0,c>0,b80
is a rst integral for the system (10), if and only if it has the following form
(K oL OM 0):

x°= bKx?+(cK bL)xy+cLy? bMx+cMy

yo= aKx2+(bK + aL)xy+ bLy?+ aMx+bMy (15)

If the system (15) is kinetically mass conserving ther®= y°=0.

Theorem 8 The function V(x;y) = ax?+2bxywherea> 0, b6 0 is a rstintegral
for the system (10), if and only if it has the following foom K O;M 0, S'is
arbitrary):

x°= bKx? bSxy bMx
yo= aKx2+(bK + aS)xy+bSy+aMx+bMy (16)

If the system (16) is kinetically mass conserving ther®= y°=0.

Remark 1 The stationary points of system (11) are (1)x;y) =(0;0); (2)if L 6 0
andK 6 0, theny = %x; 3)ifL=0,thenx =0; (4) if K =0, theny = 0.

If ac I > 0O, then the trajectories lie on an ellipse while ibc I < 0, then the
trajectories lie on a hyperbola as shown in Fig. 4a and 4b. Examples for reactions
and trajectories for system (11) are:

Example 5 Ifa=2;b=1;c=3;K =1;L =1 then the system is

x%= x% 2xy+3y?
y'=2x" xy oy

A possible reaction is the following:

2 1 2 1 3

2X+Y 2x1t X X+Y 12 Yy 2v1 3% x+2vV

Example 6 Ifa=2;b= 3;c=2;K =1;L =1 then the system is
x9=3x% Sxy+2y?
yo= x? 4xy+3y?

A possible reaction is the following:

1 3

2X+Y 2X1 3 3X
X+2Y % 2v1?® 3y
X 4 X+vy1° vy



(@a=2;b=1;c=3;K=1;L=1 (b) a=1;b= 3c=2;K=1;L=1

Figure 4. Trajectories for Example 5 and 6

1.3 Shifted sum of squares

Theorem 9 Let us consider the di erential equation system (10). Suppose that
this system iskinetic . The function V(x;y) = (x+ @)+ (x + b)? is a rst integral
for the system (10) if and only if it has the following form:

x°= Ay(y+ b Bx(y+ b= Ay? Bxy bBx+ bAy

yo=Bx(x + a) Ay(x+ a)=Bx?> Axy + aBx aAy (17)

whereA 0;B 0;a Ob 0. Ifa<0,thenB =0, andifb <0, thenA =0.
From this it follows that there are no periodic orbits in the rst orthant.

If V(x;y)=(x+1)2+(y+1)2, then the equations and the reactions are

x%= Ay?2 Bxy Bx+ Ay
y'= Bx? Axy + Bx Ay



2 Stationary behavior

Mass action type deterministic kinetic models of ion channels are usually constructed
in such a way that the principle of detailed balancing or microscopic reversibility
holds. This has a dual purpose: rst, to ensure that these models are in accordance
with the laws of thermodynamics, and second, to measure less, since the conditions
to ensure detailed balancing reduce the number of reaction rate coe cients to be
measured. We investigated several ion channel models that are detailed balanced
according to the literature, however, on the one hand these models violate mass
conservation, and on the other hand, in their case only the necessary conditions (the
so-called circuit conditions) are taken into account. We showed that ion channel
models have such a special structure that leads to correct conclusions in spite of
inaccurate assumptions. We transform the models into mass conserving ones, and
apply the full set of necessary and su cient conditions to ensure detailed balancing
(the circuit conditions and spanning forest conditions). Our main result is that the
classes of models including all the known ion channel examples are compartmental
models, therefore they have zero de ciency at the beginning, and being transformed
into a mass conserving model they have no circuits, therefore one has only to test
the spanning forest conditions. It is not less interesting that the spanning forest
conditions obtained for the transformed models are literally the same as the circuit
conditions for the original model. The results can be found in [6] and in a short,
nonrigorous form in [4].

2.1 The main result - Our strategy

lon channels can be modelled with reversible chemical systems that usually have
a rectangular grid structure. In order to investigate the conditions that ensure
detailed balancing in the original and in the transformed model, we use the following
notations and procedure.

Let us denote byM;P; ;N;L;S;K and M%P% ®¢N©%L%SCKOthe number of
species, the number of reaction pairs, the de ciency, the number of complexes, the
number of linkage classes, the dimension of the stoichiometric space (i.e., the number
of independent reaction steps) and the number of independent cycles respectively in
the original and in the transformed system.

We applied Feinberg's theorem which states that a reversible chemical system is
detailed balanced if and only if the reaction rate constants satisfy the (N L)
circuit conditions and the spanning forest conditions. The circuit conditions can
be formulated in the following way: choosing an arbitrary spanning forest in the
FHJ-graph of the network, it is possible to ndP (N L) indepedendent circuits,
and for each of these circuits, the product of the rate constants in the clockwise
and anticlockwise direction is equal. For the formulation of the spanning forest
conditions we suppose that the edges of the spanning forest has been given an
prientation. Then there are independent nontrivial solution to the vector equation

i) @& Vi = 0where the sum is taken for all reaction steps in the oriented spanning
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forest andvj is the correspondinggreactiorbstep vector. With thesa; coe cients
the spanning forest conditions are” ki’ = ~ ki’ wherek; are the corresponding
rate coe cients.

All the investigated original (not mass-conserving) ion channel models are
formally compartmental systems, that is, each complex consists of a single species
and all species are di erent. It means that all these models are of de ciency zero
S0 in their case the circuit conditions alone are necessary and su cient for detailed
balancing.

What we propose is to transform these models into a mass-conserving model in
such a way as to re ect the same physical reality. The transformed models have the
following properties.

1. There is no cycle in the transformed system.
2.5=95°

3. N0 L0 g0= 0=K

4

. The circuit conditions in the original system are equivalent to the spanning
forest conditions in the transformed system.

We formulated a lemma with the help of which we investigated a series of models
and then we provided a formal proof of our main result.

2.2 Lemma

Consider a directed graph whose edges and vertices are the edges and vertices of
a planar rectangular grid. Suppose that the graph has vertices and that to
each vertexj we assign ay; vector in R"*2 such that these vertex vectors are
linearly independent. Letc; and ¢, be vectors inR"*2 such that they are linearly
independent of each other and of eaglj. Let us denote bye; the directed edge of
the graph from vertexi to vertexj and to eache; edge let us assignthg; =y, ;
vector. Let us de ne the u; vectors in the following way. Ife; is directed in
the positive or negative direction in relation to thex axis thenu; = vj ¢y or
Uj := Vi + C1, respectively. Similarly, ifg; is directed in the positive or negative
direction in relation to the y axis thenu; := vj Cp or uj = vjj + Cy, respectively.
Let us denote by spafv; g the subspace generated by the; vectors.

Lemma 1 Under these conditions the following statements hold.

P P
1. Along each directed circle in the graph, a;v; = aj Uj = Owhereg; =1
if the edges of the graph and the circle are directed in the same way and
a; := 1 otherwise.

2. The dimension of spafwv; g and sparfujgisn 1

10



(a) (b)

Figure 5. Rectangular grid with directed edges

Remark 2 It is trivial that the statements of the lemma remain true if either c;
or c; is the zero vector, or, if the graph contains edges that are not part of a circle.
The statements of the lemma are also true for graphs consisting kofdimensional
grids k 3).

2.3 Examples

In the next three examples (see Figures 6, 7 and 8), the left side of the gure shows
the original system and the right side of the gure shows the transformed system
with an oriented spanning forest. Both systems are reversible, the arrows show
a direction needed to write down the spanning forest conditions. The numbering
of the species as well as the direction of the reaction vectors is arbitrary but in
both systems they are chosen correspondingly. Using the lemma, we proved that
the circuit conditions in the original system are equivalent to the spanning forest
conditions in the transformed system.

2.4 Reactions of rectangular grid structure
Let us consider a special class of reversible compartmental systems with species

speciesGy G, :::G_ by the vector (x1;X2;:::;Xp) 2 N§, and suppose (this is the

speciality of the system) that we only have the following reaction stepa terms of
the atomic representation of the species

(X1;X2;111,Xp) (X135 %2511 Xd 13 Xd + 15 Xae 5115 Xp) (18)
(0O Xqg ps Lpa2N;d=1;2:::;D): (19)
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(@)

M =10;N =10;L = 1; (b) M%=11;N%=14;L%=3;
S=9; =0;K =

; 2 S0=9; 0=2;K%=0

Figure 6. A model for 1 glycine channels wher@ represents an agonist, andr,

F and F denotes the resting states, ipped states and open states of the receptor,
respectively

(@M =11;N =11;L =1; (b) M9=13;N%=22;L%=8;
S=10; =0;K =4 S0=10; 9=4;K%=0

Figure 7. A model containing two binding sites for the agonisté and G

This means that the Feinberg Horn Jacksoné;raph (FHJ graph) of the reaction
Is a rectangular grid in the rst orthant with 5:1 (pg +1) vertices.

Realizing that atoms are not conserved in the above reaction, we try to improve it
by constructing a model without this fault but re ecting the same physical reality. In
order to do so we have to introduc® new, single-atom specie$(d=1;2;:::;D)

and the new reaction steps
€+ (X1;X2;1115Xp) (X1 X2i il Xa + 151110 Xp); (20)

whereegq is the dth element of the standard base.
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