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Notations

Throughout the thesis, the following notations are used:

• Lowercase Latin letters: scalars and indices.

• Bold lowercase Latin letters: vectors.

• Uppercase Latin letters: matrices.

• Capital calligraphic letters: sets.

• Rn
+: the set of n-dimensional vectors with strictly positive coordinates.

• Rn
⊕: the set of n-dimensional vectors with nonnegative coordinates.

• en: the n-dimensional vector of all ones. If the dimension is clear from the context, the
n is omitted.

• 0n: n-dimensional vector of all zeros.

• 0n×n: n × n matrix of zeros.

• In: n × n identity matrix.

• I = {1, . . . , n}.

• ∆x, ∆y, ∆s: Newton-directions

• dx, dy, ds: scaled Newton-directions

• ∆x−, ∆y−, ∆s− and ∆x+, ∆y+, ∆s+: decomposed Newton-directions in Ai-Zhang type
methods

• dx−, dy−, ds− and dx+, dy+, ds+: scaled variants of the decomposed Newton-direc-
tions in Ai-Zhang type methods

Let a, b ∈ Rn be two vectors and α ∈ R. Then

• ab: the Hadamard product of a and b.

• a+: the positive part of a, i.e., a+ = max{a, 0} ∈ Rn.

• a−: the negative part of a, i.e., a− = min{a, 0} ∈ Rn.

• aα = [aα
1 , aα

2 , . . . , aα
n]

T (if the operation is well-defined).

• a/b = [a1/b1, a2/b2 . . . , an/bn]T (if the operation is well-defined).

• ∥a∥ =
√

∑n
i=1 a2

i : the Euclidean norm of the vector a.

• ∥a∥1 = ∑n
i=1 |ai|: the L1 (Manhattan) norm of a.

• ∥a∥∞ = maxn
i=1 |ai|: the infinity norm of a.

• diag(a): the diagonal matrix with the elements of vector a in its diagonal.





Chapter 1

Introduction

Interior point algorithms (IPAs) have been studied extensively by several authors in the
last four decades, and their different variants are implemented in most commercial solvers.
Despite this interest, there are still numerous open questions related to both the theory and
implementation of IPAs.

This dissertation proposes new IPAs for two problem classes, linear optimization and
sufficient linear complementarity problems (LCPs). The new algorithms combine two well-
known techniques from the literature on IPAs, the approach of Ai and Zhang [4] and the
algebraically equivalent transformation technique proposed by Darvay [26].

1.1 Interior point algorithms

Even though the main ideas and basics of IPAs can be originated from nonlinear optimiza-
tion techniques, the modern history of IPAs starts with linear optimization.

Linear programming (LP) problems have been in the focus of attention since World War
II. The simplex method to solve linear optimization problems was developed by Dantzig
[25] between 1947 and 1951. This algorithm exploits the combinatorial nature of the LP
problem, namely, if there exists an optimal solution, it is always attained at a vertex of the
feasible set. Although there were different attempts to propose new methods, this was the
only numerically efficient algorithm for solving LP problems for many years.

In 1972, Klee and Minty [102] constructed an LP problem instance for which a particular
variant of the simplex method visits all vertices of the feasible polyhedron, therefore showed
that the worst-case complexity of the algorithm is exponential in the size of the problem.
However, in most cases, the required number of iterations is significantly lower than this
upper bound, and nowadays, its improved versions are still implemented in commercial
solvers. Still, the question of whether it is possible to introduce a polynomial-time algorithm
for LP became a really active research area after the result of Klee and Minty.

In 1979, Khachiyan [81] proved that the ellipsoid method (an algorithm originally intro-
duced for convex optimization by Shor [155]) can solve the linear optimization problem in
polynomial time. This result has received much attention due to its theoretical importance,
but it turned out that in practice, its performance is significantly worse than that of the
simplex algorithm; in fact, the required number of iterations is usually close to the proven
worst-case upper bound O(n2L), where n is the number of variables and L is the length of a
binary coding of the input data.

In 1984, Karmarkar [80] proposed a new polynomial algorithm for LP, and this result
started a new era in operations research. This algorithm generates a sequence of points in
the interior of the feasible polyhedron (i.e., it is an interior point algorithm) and therefore
follows an entirely different approach than the simplex method, which gives a sequence of
vertices of the feasible set. The description of the method was given using the terminology
of nonlinear projective geometry. However, in 1986 Gill et al. [61] showed that the method
of Karmarkar is related to barrier methods.
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The logarithmic barrier method was proposed by Frisch [59] for convex optimization in
1955. Therefore, the first IPAs were introduced not for LP but for nonlinear programming
problems (NLPs). The results related to these early IPAs for NLPs were discussed in detail
in the 1968 book by Fiacco and McCormick [56].

This previous observation established a stronger connection between linear and nonlin-
ear optimization and gave rise to the generalization of IPAs to more general problem classes.

In their famous book, Nesterov and Nemirovski [135] introduced the concept of self-
concordant barrier functions and generalized the applicability of IPAs to a large class of
convex optimization problems. Based on this approach, they also showed that a polynomial
IPA could be given for the semidefinite optimization problem, which has also been attracting
considerable interest since then.

IPAs have also been proposed for numerous other problem classes, such as LCPs, non-
linear complementarity problems, conic optimization, etc. More details can be found in the
books [103, 106, 135, 144], just to mention a few.

The subsequent methods based on the approach of Karmarkar have proven to be effi-
cient in practice and competitive with the simplex method. Since the first results, numerous
authors have investigated several different implementations for both the simplex algorithm
and IPAs. For large-scale sparse LP problems, IPAs seem to perform better [7]. However,
in general, it cannot be stated that one of the two approaches would outperform the other.
In their paper [77], Illés and Terlaky investigated the advantages and disadvantages of both
pivot and interior point algorithms. Nowadays, most commercial solvers contain efficient
implementations of both IPAs and pivot algorithms. Many articles have been dedicated to
finding the best implementation practices for IPAs, to mention a few of them, [63–65, 119,
124, 126, 128–130, 185].

There are numerous different approaches for introducing IPAs and various ways of clas-
sifying them based on their characteristics. Most IPAs are path-following algorithms, which
means that iterations remain close to a so-called central path that has been examined in
detail first by Meggido [125] and Sonnevend [156]. The first path-following IPA was intro-
duced by Renegar [143] in 1986. Based on which formulation of the LP problem the central
path problem is given, we can talk about primal, dual, and primal-dual algorithms.

Among IPAs, primal-dual path-following algorithms proved to be the most efficient
methods. The primal-dual approach was proposed by Meggido [125] in 1989. Kojima et
al. [108] independently gave the first complexity results regarding this method. The primal-
dual PC IPA introduced and implemented by Mehrotra [126] in 1992 is still the basis of most
implementations of IPAs in numerous solvers.

More details on the early history of IPAs can be found, for example, in the papers [58,
112, 172]. The most important results regarding IPAs for LP are summarized in the books of
Roos et al. [148], Wright [172] and Ye [178].

In this thesis, our goal is to propose new primal-dual path-following IPAs for LP prob-
lems and LCPs. In the following sections, we formally define these two problem classes,
formulate the central path in both cases, and then give the basic ideas for designing IPAs.

1.2 The linear programming problem

The LP problem is the most frequently investigated optimization problem in the literature.
The standard linear programming problem pair can be formulated as follows:

min cTx,
Ax = b,

x ≥ 0,


max bTy,

ATy + s = c,
s ≥ 0.

 (1.1)
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where A ∈ Rm×n with full row rank, b ∈ Rm and c ∈ Rn are given.

1.2.1 The central path problem for linear programming

The optimality criteria for the primal-dual pair (1.1) can be formulated as:

Ax = b,

ATy + s = c,
xs = 0.

x ≥ 0,
s ≥ 0,


Let F LP = {(x, y, s) : Ax = b, ATy + s = c, x ≥ 0, s ≥ 0} denote the set of primal-dual

feasible solutions and F LP
+ = {(x, y, s) ∈ F LP : x > 0, s > 0} the set of strictly feasible

solutions.
In the case of IPAs, instead of the third equation of the optimality criteria (the complemen-

tarity condition), we consider a relaxed version

Ax = b,

ATy + s = c,
xs = νe,

x ≥ 0,
s ≥ 0,

 (1.2)

where ν is a given positive parameter. System (1.2) is called the central path problem. The last
equation of (1.2) is called the centering equation.

It was shown by Sonnevend [156] that if F LP
+ ̸= ∅, namely, the LP problem has a strictly

feasible solution, then for each ν > 0 system (1.2) has a unique solution which is called the
ν-center. Furthermore, as ν tends to 0, the ν-centers converge to a solution of the LP problem
(1.1). The set of ν-centers form a smooth, analytic curve that is called the central path:

C =
{
(x, y, s) ∈ F LP : ∃ ν > 0 such that xs = νe

}
.

As we will see in the later sections, the central path works as a guideline in IPAs; namely,
we follow this curve by generating a sequence of points in a certain neighborhood of the
central path.

1.3 The linear complementarity problem

Let us consider the linear complementarity problem in the following form:

−Mx + s = q,
xs = 0,

x, s ≥ 0,

 (1.3)

where M ∈ Rn×n and q ∈ Rn are given, and our goal is to find a vector pair (x, s) ∈ Rn ×Rn

that satisfies the system.
LCPs have a wide range of applications in numerous different fields, for example, solv-

ing the Arrow-Debreu market exchange model with Leontief utilities [177], finding equilib-
rium points in bimatrix games [111], and several engineering applications can be found in
the survey [55]. The LCP class also contains the LP and quadratic programming problems
as special cases. In the following paragraphs, we discuss these relationships in detail.
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Let us consider the LP problem in the following, symmetric form:

min cTx,
Ax ≥ b,

x ≥ 0,


max bTy,

ATy ≤ c,
y ≥ 0,

 (1.4)

where A ∈ Rm×n is assumed to have full row rank, b ∈ Rm and c ∈ Rn.
The optimality critera of (1.4) can be written as:

−Ax + u = −b,

ATy + v = c,

xTu + yTv = 0,
x, y, u, v ≥ 0.


Therefore, (1.4) can be formulated as an LCP with

M =

[
0m×m A
−AT 0n×n

]
and q =

(
−b

c

)
.

M is skew-symmetric, since MT = −M. Therefore, LP problems are special LCPs with a
skew-symmetric coefficient matrix.

The quadratic programming problem can be written as

min 1
2 xTQx +cTx,

Ax ≥ b,
x ≥ 0,

 (1.5)

where Q ∈ Rn×n is a symmetric matrix, A ∈ Rm×n, b ∈ Rm and c ∈ Rn.
The optimality criteria can be formulated using the Karush-Kuhn-Tucker conditions:

u = c + Qx − ATy, x, u ≥ 0, xTu = 0,
v = −b + Ax, y, v ≥ 0, yTv = 0.

}
Thus, (1.5) can be reformulated as an LCP with

M =

[
Q −AT

A 0m×m

]
and q =

(
c
−b

)
.

The coefficient matrix has a special structure in this case as well; namely, it is a bisym-
metric1 matrix.

Many of the classical applications and results can be found in the monographs of Cottle
et al. [23], Kojima et al. [106], and Murty [133].

Similarly to the LP case, let F LCP = {(x, s) : −Mx + s = q, x ≥ 0, s ≥ 0} denote the
set of feasible solutions, F LCP

+ = {(x, s) ∈ F LCP : x > 0, s > 0} the set of strictly positive
feasible solutions and F LCP

∗ = {(x, s) ∈ F LCP : xs = 0} the set of solutions to the LCP.
From the literature, we know that there are subclasses of LCP that can be solved in poly-

nomial time. Both previously mentioned problems, LP and convex quadratic programming
(assuming that the coefficient matrix Q is positive semidefinite), belong to this category.

1By bisymmetry, we mean the definition of Cottle et al. [23, page 4], namely, a matrix M ∈ Rn×n is bisymmet-

ric if (with the permutation of the same set of rows and columns) it can be brought to the form M =

(
B −AT

A C

)
,

where B and C are symmetric matrices.
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These optimization problems are special cases of the LCP, and as LCPs, the coefficient matrix
has a special property in both cases. However, in the general case, it was shown by Chung
[19] in 1989 that LCP is an NP-complete problem. He proved that the NP-complete knap-
sack feasibility problem2 reduces to the LCP in polynomial time. Therefore, in most papers
related to LCPs, the authors assume that the coefficient matrix has some special property
that makes it possible to introduce efficient methods. More than 50 matrix classes have been
considered in this context before; a survey on these can be found in the paper [21] of Cottle.
This thesis only discusses the few definitions most frequently applied in connection with
IPAs for LCPs.

A matrix M ∈ Rn×n is called a P-matrix if all of its principal minors are positive. It was
first shown in [152] that M ∈ Rn is a P-matrix if and only if the LCP (1.3) has a unique
solution for all q ∈ Rn.

The class of sufficient matrices has been introduced by Cottle et al. [20]. A matrix M ∈
Rn×n is column sufficient if the following implication holds for all x ∈ Rn:

if xi(Mx)i ≤ 0 for all i ∈ I then xi(Mx)i = 0 for all i ∈ I . (1.6)

M is row sufficient if MT is column sufficient, and a matrix M is sufficient if it is both row and
column sufficient.

In 1991, Kojima et al. [106] introduced the class of P∗(κ)-matrices. Let κ be a given
nonnegative number. A matrix M ∈ Rn×n is a P∗(κ)-matrix, if

x⊤Mx + 4κ ∑
i∈I

(xi(Mx)i)
+ ≥ 0

holds for all x ∈ Rn, where the plus sign in the superscript denotes the positive part of the
vector, as it has already been mentioned in the list of notations. This class can be considered
as the generalization of positive semidefinite (PSD) matrices3 since P∗(0) is the set of PSD
matrices.

The smallest κ value for which M is a P∗(κ)-matrix is called the handicap of M. The
matrix class P∗ can be defined in the following way:

P∗ :=
⋃
κ≥0

P∗(κ).

Kojima et al. [106] proved that if a matrix belongs to the set P∗, then it is column suffi-
cient. Later, Guu and Cottle [69] showed that a P∗-matrix is also row sufficient, meaning that
all P∗-matrices are sufficient. In 1996, Väliaho [164] proved the other inclusion. Therefore,
the class of sufficient matrices is equivalent to the class of P∗-matrices.

The previous equivalence is an interesting result that connects the theory of pivot and
interior point algorithms for solving LCPs. Namely, the P∗ matrix class and the P∗(κ)-
property have been proposed regarding IPAs, while sufficiency has been investigated first in
connection with pivot algorithms for solving LCPs. Hertog et al. [71] proved that a matrix is
sufficient if and only if the criss-cross algorithm with the minimal index rule can be applied
to solve the corresponding LCP problem with arbitrary right-hand side vector q.

2In the case of the knapsack feasibility problem, n + 1 positive integers a1, a2, . . . , an and b are given, and the
task is to decide whether the equation a1x1 + a2x2 + . . . anxn = b has a binary solution.

3We would like to note that, as usual in the theory of LCPs, we do not assume that a PSD matrix is symmetric.
I.e., M ∈ Rn×n is PSD if xT Mx ≥ 0 is satisfied for all x ∈ Rn.
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1.3.1 The central path problem for linear complementarity problems

The central path problem for LCPs can be formulated as follows:

−Mx + s = q,
xs = νe,

x, s > 0,

 (1.7)

where ν > 0 is a given parameter.
In general, the solution of (1.7) does not necessarily exist, and even when the system is

solvable, the solution is not always unique. Illés, Roos, and Terlaky [72] gave an elementary
proof of some important statements regarding P∗(κ)-LCPs in an unpublished manuscript
in 1997. The proof can be found in [134].

Theorem 1.1 Let us consider an LCP with a P∗(κ) coefficient matrix M. Then the following three
statements are equivalent:

1. F LCP
+ ̸= ∅.

2. ∀ w ∈ Rn
+ ∃! (x, s) ∈ F LCP

+ : xs = w.

3. ∀ ν > 0 ∃! (x, s) ∈ F LCP
+ : xs = νe.

According to the last statement, for P∗(κ)-LCPs, when F LCP
+ ̸= ∅, the central path exists

and it is unique. Moreover, as ν tends to 0, the solutions of the central path problem (1.7)
converge to a solution of the LCP. Another proof of these statements and important results
related to the central path problem of sufficient LCPs can be found in the book [106] of
Kojima et al.

Due to this desirable property, numerous IPAs in the literature on LCPs have been intro-
duced to solve P∗(κ)-LCPs. The complexity of these methods is polynomial in the size of
the problem and the handicap of the matrix. However, de Klerk and E.-Nagy [104] proved
that there are matrices for which the value of the handicap is exponential in the size of the
problem.

Tseng [161] proved that it is co-NP-complete to decide whether a matrix is row/column
sufficient or not; therefore, a polynomial algorithm that can decide sufficiency cannot be
expected. In this area, we have to mention the work of Väliaho, who introduced an (ex-
ponential) algorithm for deciding sufficiency in [164], and another exponential method for
calculating the handicap of a sufficient matrix in [163]. It is an open question whether a
polynomial algorithm exists for the latter problem. In [47], we examined different methods
for testing sufficiency, among these, a nonlinear programming-based approach. This will be
discussed in Section 5.5.

Unfortunately, in the case of LCPs that come from practical problems, the coefficient
matrix usually does not have any special property that can be used to construct efficient
algorithms. Therefore, the convergence of theoretical IPAs cannot be guaranteed in general.
However, there are some papers dealing with general LCPs, e.g., [30, 31, 74, 75].

1.4 Main ideas of designing primal-dual path-following IPAs

This section gives a short introduction to primal-dual path-following IPAs for LP problems.
Here we confine ourselves to the LP case, but a similar discussion could be given for LCPs
as well. From now on, we assume that the LP problem is given in standard form (1.1).
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Based on the strategy for choosing a starting point, we can talk about feasible and infea-
sible IPAs. The first infeasible IPAs for LP were proposed by Lustig [118], Tanabe [158] and
Kojima et al. [105], and for (monotone horizontal) LCPs by Zhang [184].

Another way of handling the case when a feasible starting point is not given is the self-
dual embedding technique proposed by Ye et al. [179]. With their approach, for each LP
problem, a homogeneous self-dual LP problem can be constructed, for which a strictly fea-
sible starting point can be determined easily. In the end, the solution of the original problem
can be obtained from the solution of the homogeneous model. In this thesis, we discuss only
feasible IPAs; therefore, from now on, we focus our attention on feasible methods.

In the case of feasible IPAs, it is assumed that a strictly feasible starting point (x, y, s) is
given. Our goal is to move towards the ν-center for a chosen parameter value ν > 0. Then,
according to system (1.2), we should determine the search directions (∆x, ∆y, ∆s) such that

A(x + ∆x) = b,

AT(y + ∆y) + (s + ∆s) = c,
(x + ∆x)(s + ∆s) = νe.

x + ∆x > 0,
s + ∆s > 0,

 (1.8)

Since this previous system is nonlinear, we neglect the quadratic term ∆x∆s from the last
equation and the positivity constraints. After rearranging the simplified system, we get the
following:

A∆x = 0,

AT∆y + ∆s = 0,
s∆x + x∆s = νe − xs.

 (1.9)

This system is called the Newton-system, and its solutions are the Newton-directions. We
can determine an approximate solution to the central path problem by taking a step of
appropriate length along these directions. We can give a generic IPA in the following way:

Input: A ∈ Rm×n, b ∈ Rm, c ∈ Rn

an accuracy parameter ε > 0,
an initial point (x0, y0, s0) ∈ F LP

+ .
x := x0, y := y0, s := s0 and ν := ν0 = xT

0 s0/n
while xTs > ϵ do

Determine ∆x, ∆y, ∆s according to (1.9);
Choose a "suitable" step length α;
Let x(α) = x + α∆x, y(α) = y + α∆y and s(α) = s + α∆s;
(x, y, s) := (x(α), y(α), s(α));
Update the value of ν;

end
ALGORITHM 1.1: Outline of a general IPA for LP

As it can be seen from the general algorithm, there are many different possibilities for
defining IPAs. What we need to keep in mind when designing these types of algorithms are
the following:

• We need to ensure that the new iterates remain strictly feasible.

• The new iterates have to be in a proper neighborhood of the central path so that the
iteration can be repeated.

• We need to choose the update parameter so that the polynomial complexity of the IPA
can be proved.
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Therefore, the parameters defining the update of the ν-center, the neighborhood, and
the step length must be synchronized to get a convergent algorithm with the best possible
polynomial complexity.

Based on the step length of the method, we can talk about short-step, long-step, and
adaptive-step IPAs. In the case of short-step IPAs, the iterates remain in a small neighbor-
hood of the central path, while larger updates are allowed for long-step methods. Thus, we
update the value of ν to (1 − ϑ)ν, where ϑ is a given update parameter. In the first case, the
value of the update parameter depends on the dimension of the problem (n), while in the
second case, the value of ϑ is assumed to be a constant factor. In the case of adaptive-step
methods, the update strategy for ν depends on the current point (x, y, s) as well.

Another important type of IPAs is predictor-corrector (PC) algorithms. These methods
consist of a predictor and a few corrector steps in each iteration. The predictor step is greedy;
it tries to decrease ν (or the duality gap) as fast as possible. This can result in having the new
iterate too far from the central path. The aim of the corrector steps is to get back to a smaller
neighborhood of the central path. The first PC IPA was introduced by Mizuno et al. [131].

The purpose of defining neighborhoods in IPAs is to measure the distance of the iterates
from the central path. In the literature, we can find numerous different approaches for
defining neighborhoods of the central path, in this introduction, we give two well-known
examples. A frequently applied small neighborhood is the set N2:

N2(τ) =
{
(x, y, s) ∈ F LP

+ : ∥xs − µe∥ ≤ τµ
}

,

where τ ∈ (0, 1) is a given parameter, and µ = (xTs)/n is the duality gap. The wide
neighborhood N−

∞ has been introduced by Kojima et al. [108]. It is defined as follows:

N−
∞ (1 − γ) = {(x, y, s) ∈ F LP

+ : xs ≥ γµe}, (1.10)

where similarly to the previous case, γ ∈ (0, 1) is given. As it can be seen from the defini-
tions, N2 is much more restrictive than the second neighborhood. In the analysis, we will
use a different type of wide neighborhood which can be considered as a generalization of
the one proposed by Ai and Zhang [4], but we need to introduce some further notations
before (see Subsection 1.6.3).

There are also different strategies for finding the search directions (∆x, ∆y, ∆s). Weighted
path-following methods arise from the observation that instead of νe, we can write an ar-
bitrary positive vector w ∈ Rn on the right-hand side of (1.2), i.e., we can consider the
system

Ax = b,

ATy + s = c,
xs = w.

x ≥ 0,
s ≥ 0,

 (1.11)

This system still has a unique solution for each positive vector w [72, 107]. Thus, we
can define and follow a suitable target sequence {wk, k ∈ N} with limk→∞ wk = 0, but
these points are not necessarily on the central path. This approach generalizes central path-
following algorithms and results in new search directions and, this way, in new IPAs.

Weighted trajectories were investigated first by Meggido [125] and Adler and Monteiro
[2]. The first weighted path-following IPAs were proposed by Roos and den Hertog [147],
Monteiro et al. [132] and Ding and Li [44].

It is possible to define new search directions without modifying the central path curve
but considering its equivalent reformulations instead. One such example is the algebraically
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equivalent transformation technique of Darvay which will be discussed in detail in Section
1.5.

1.5 The algebraically equivalent transformation technique

The algebraically equivalent transformation (AET) technique has been introduced by Darvay
[26, 28] in 2002. First, we give the description of the method for LP problems, and then we
discuss its generalization to LCPs. Darvay’s technique has been generalized to numerous
other problem classes; after the description of the methodology, we give a review of the
literature related to the AET technique.

1.5.1 Applying the AET technique for LP problems

To be able to define new search directions, Darvay reformulated the central path problem in
the following way:

Ax = b, x ≥ 0,

ATy + s = c, s ≥ 0,

φ
(xs

ν

)
= φ (e) ,

 (1.12)

where φ : (ξ, ∞) → R is a continuously differentiable and invertible function, and ξ ∈ [0, 1)
is a given parameter.

This transformed system (1.12) does not modify the central path but determines differ-
ent search directions depending on the function φ. From now on, we fix the value of ν as
τµ, where µ = (xTs)/n is the duality gap of the current point and 0 < τ < 1 is a given
parameter4. More precisely, if we are at the point (x, y, s) ∈ F LP

+ and take a step toward the
ν = τµ-center, then if we apply Newton’s method to (1.12), the search direction (∆x, ∆y, ∆s)
is the solution of the following system:

A∆x = 0,

AT∆y + ∆s = 0,

s∆x + x∆s = τµ
φ(e)− φ

(
xs
τµ

)
φ′
(

xs
τµ

) =: aφ.


(1.13)

Since we assumed that A has full row rank and x and s are strictly positive vectors, the
Newton-directions are uniquely determined by the system (1.13).

To facilitate the analysis of IPAs, we usually consider a scaled version of (1.13). Let

v =

√
xs
τµ

, dx =
v∆x

x
, ds =

v∆s
s

, and Ā = A diag
(v

s

)
.

With these notations, the scaled Newton-system can be written as:

Ādx = 0,

ĀT∆y + ds = 0,
dx + ds = pφ,

 (1.14)

4Traditionally, in the analysis of Ai-Zhang type methods, the value of the update parameter τ is included in
the formulation of the Newton-system. In this thesis, our goal is to combine these two approaches, i.e., propose
Ai-Zhang type IPAs using the AET technique; this is why we use this formulation when describing the AET
technique.
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where

pφ =
φ(e)− φ(v2)

vφ′(v2)
.

Let p be the function for which p(vi) = (pφ)i holds for all vi ∈ (ξ, ∞), i.e.,

p(t) =
φ(1)− φ(t2)

tφ′(t2)
. (1.15)

Throughout the dissertation, especially in Chapter 4, we are going to use some important
properties of p(t) to prove the correctness of the proposed algorithms.

Most IPAs from the literature can be considered as a special case of the AET technique
with the identity function. In his papers [26, 28], after the general description of the method
for linear optimization, Darvay analyzed the case of the function φ(t) =

√
t. The function

φ(t) = t−
√

t has been applied first by Darvay et al. [29, 38], and the function φ(t) =
√

t
2(1+

√
t)

has been investigated by Kheirfam and Haghighi [97].
Table 1.1 shows the values of the vector pφ and the function p(t) for the most frequently

applied functions from the literature.

φ(t) pφ p(t)

t v−1 − v 1
t − t

√
t 2(e − v) 2(1 − t)

t −
√

t 2(v−v2)
2v−e

2(t−t2)
2t−1

√
t

2(1+
√

t)
e − v2 1 − t2

TABLE 1.1: Definition of pφ and p(t) for different
transformation functions from the literature

FIGURE 1.1: Graphs of the different
functions p(t)

1.5.2 Applying the AET technique for LCPs

As we will see in the following subsection, the AET technique has been generalized to sev-
eral different problem classes. One of these is the LCP class, and since we will propose a
new IPA using the AET technique for LCPs in Chapter 3, in this subsection, we give the
detailed formulations on how the AET technique can be applied to this problem.

Similarly to the LP case, we apply a continuously differentiable and invertible function
φ : (ξ, ∞) → R (with ξ ∈ [0, 1) given) to the centering equation of the central path problem
(1.7):

−Mx + s = q,

φ

(
xs
τµ

)
= φ (e) ,

x, s > 0.

 (1.16)

If we apply Newton’s method to the system (1.16), we obtain
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−M∆x + ∆s = 0,

s∆x + x∆s = τµ
φ(e)− φ

(
xs
τµ

)
φ′
(

xs
τµ

) =: aφ.

 (1.17)

If we assume that x and s are strictly positive vectors, and M is a P∗(κ)-matrix, this
system has a unique solution for all aφ ∈ Rn [107, Lemma 4.1.]. In fact, this statement holds
for a more general matrix class, P0-matrices5.

Using the same notations as in the previous subsection, the scaled system can be formu-
lated as

−Mdx + ds = 0,
dx + ds = pφ,

}
(1.18)

where M = DMD. If M is a P∗(κ)-matrix then M also has this property according to [107,
Theorem 3.5]. Therefore, in this case, the scaled system (1.18) also has a unique solution for
all pφ ∈ Rn.

As it can be seen from the previous formulations, the vectors aφ and pφ are exactly the
same as in the LP case.

1.5.3 Literature related to the AET technique

In the last ten years, the AET method has become popular and has been generalized to
several different problem classes. By changing the transformation function φ, many authors
developed different types of new IPAs using the AET technique. The references of these
works classified by problem class and transformation function are summarized in Table 1.2.

First, we give the abbreviations and the short description of the problem classes for
which the AET technique has been applied.

Problem classes:

• LP: linear programming (1.1)

• MLCP: monotone linear complementarity problem (an LCP with PSD coefficient matrix M)

• MMLCP: monotone mixed linear complementarity problem

The mixed LCP can be written in the form

M
(

x
y

)
+

(
q1
q2

)
=

(
s
0

)
, xs = 0, x, s ≥ 0,

where M ∈ R(n+m)×(n+m), q1 ∈ Rn and q2 ∈ Rm are given and the goal is to determine
x, s ∈ Rn and y ∈ Rm that satisfy the system. This problem is equivalent to (1.3) [8].
In the monotone case, it is assumed that M is a PSD matrix.

• MHLCP: monotone horizontal linear complementarity problem

The horizontal LCP can be formulated as

Mx + Ns = q, xs = 0, x, s ≥ 0,

where M, N ∈ Rn×n and q ∈ Rn are given and the goal is to find x, s ∈ Rn that satisfy
the system. This problem is also equivalent to (1.3) [8, 67].

5 M ∈ Rn×n is a P0-matrix if all of its principal minors are nonnegative.
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We call a HLCP monotone if the following implication holds:

Mx + Ns = 0 =⇒ xTs ≥ 0.

The classes MHLCP and MLCP are also equivalent [173].

• P∗(κ)-LCP: P∗(κ)-linear complementarity problem (an LCP with P∗(κ) coefficient matrix
M)

• P∗(κ)-HLCP: P∗(κ) horizontal linear complementarity problem (a HLCP with P∗(κ) coef-
ficient matrix M). This problem is equivalent to P∗(κ)-LCP [8].

• LCCO: linearly constrained convex optimization

Let A ∈ Rm×n and b ∈ Rm be given, and let f : Rn → R be a convex, twice continu-
ously differentiable function. Then the LCCO problem is the following:

min f (x) s. t. Ax = b, x ≥ 0.

• SOCO: second-order cone optimization

Let Kn denote the second-order cone in Rn, i.e.,

Kn =

{
(x1, x2, . . . , xn) ∈ Rn : x2

1 ≥
n

∑
i=2

x2
i , x1 ≥ 0

}
.

This set is also called Lorentz or ice-cream cone. Let A ∈ Rm×n, c ∈ Rn and b ∈ Rm be
given. The SOCO problem can be formulated as:

min cTx s. t. Ax = b, x ∈ K,

where K ⊆ Rn is the Cartesian product of several second-order cones.

• SDO: semidefinite optimization

Let Sn denote the space of n × n real symmetric matrices, and Sn
⊕ denote the cone of

symmetric PSD matrices. If for a matrix X ∈ Sn
⊕ holds, we use the notation X ⪰ 0. Let

U, V ∈ Sn. Let us denote the inner product of U and V by U •V, i.e., U •V = Tr(UTV),
where Tr denotes the trace of the matrix. Then the SDO problem can be formulated as
follows:

min C • X s. t. Ai • X = bi ∀ i = 1, . . . , m, X ⪰ 0.

The matrices Ai ∈ Sn for all i = 1, . . . , m and C ∈ Sn, and the vector b ∈ Rm are given,
and the goal is to find a matrix X that satisfies the system. This problem class contains
SOCO as a special case.

• CQSDO: convex quadratic semidefinite optimization

We use the same notations as in the case of the SDO problem, moreover, let Q ∈ Sn
⊕ be

given. Then the CQSDO problem can be defined as:

min C • X +
1
2

X • QX s. t. Ai • X = bi ∀ i = 1, . . . , m, X ⪰ 0.

If Q = 0n×n, we get back the SDO problem.

• MSDLCP: monotone semidefinite linear complementarity problem



1.5. The algebraically equivalent transformation technique 13

Let A : Sn → Sn be a given linear transformation, and Q ∈ Sn be a given matrix. With
these notations, the task in the semidefinite LCP is to determine matrices X and Y that
satisfy the following system:

Y = A(X) + Q, XY = 0, X, Y ⪰ 0.

A semidefinite LCP is called monotone if A is monotone. It was shown by Kojima et
al. [110] that CQSDO is a special case of MSDLCP.

• SO: symmetric optimization

In the case of the SO problem, we consider a Euclidean Jordan-algebra6 (V , ◦), where
V is a vector space over R and ◦ is a bilinear map. Let K denote the corresponding
symmetric cone (the cone of squares, i.e., K = {x2 : x ∈ V}). Let ⟨u, v⟩ = tr(u ◦ v)
denote the inner product of u,v ∈ V . The SO problem can be written as follows:

min ⟨c, x⟩ s. t. ⟨ai, x⟩ = bi ∀ i = 1, . . . , m, x ∈ K,

where b ∈ Rm, c ∈ V and a1, . . . , am ∈ V are given. LP, SOCO and SDO are special
cases of SO, since Rn

⊕, the Lorentz cone and Sn
⊕ are symmetric cones.

• SCMLCP: monotone linear complementarity problem over symmetric cones

Let us consider again the notations introduced in the case of the SO problem. Fur-
thermore, let A : V → V be a given linear transformation, and q ∈ V . Then the
linear complementarity problem over symmetric cones (SCLCP) is to find x, s ∈ V that
satisfy the following system:

s = A(x) + q, x ◦ s = 0, x, s ∈ K.

The optimality conditions of SO and several other optimization problems can be for-
mulated as SCLCP. An SCLCP is called monotone if A is monotone.

• Cartesian CCO: Cartesian circular cone optimization

The n-dimensional circular cone can be defined as

Qn
θ =

{
(x0; x̄) ∈ R × Rn−1 : x0 ≥ cot(θ)∥x̄∥

}
,

where θ ∈ (0, π/2) is a given angle. In the case of θ = π/4 the cone reduces to the
second order cone proposed in the case of the SOCO problem.
Let Iθ,n denote the circular identity matrix, i.e.,

Iθ,n =

[
1 0T

0 cot(θ)In−1

]
.

Then the circular inner product of two vectors c, x ∈ Rn can be defined as ⟨c, x⟩θ =
cT I2

θ,nx. Let A ∈ Rm×n and x ∈ Rn be given. The circular matrix-vector product of
A and x can be defined as (Ax)θ = AI2

θ,nx. With these notations, the Cartesian CCO
problem can be formulated as

min
n

∑
j=1

⟨cj, xj⟩θj s. t.
n

∑
j=1

(Ajxj)θj = b, xj ∈ Qnj
θj

,

6Here, we omit the discussion of Euclidean Jordan-algebras since this topic is outside of the scope of this
thesis. For further details, we refer the reader to [6], [52] and [145].
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where b ∈ Rm, Aj ∈ Rm×nj , cj ∈ Rnj and θj ∈ (0, π/2) are given for all j = 1, . . . , n.

• Cartesian CCMLCP: monotone linear complementarity problem over the Cartesian product
of circular cones

Let Qn
θ be the Cartesian product of several circular cones, i.e., Qn

θ = Qn1
θ1
× . . .Qnm

θm
,

where ∑m
j=1 nj = n and θj ∈ (0, π/2) are given for all j = 1, . . . , m and let θ =

(θ1, . . . , θn). Let (V , •) denote the Euclidean Jordan-algebra associated with the Carte-
sian circular cone7.

In the case of the LCP over the Cartesian product of circular cones (CCLCP) the goal
is to determine x and s that satisfy

s = (Mx)θ + q, ⟨x, s⟩θ = 0, x, s ∈ Qn
θ ,

where θ ∈ (0, π/2)n is a given vector of angles, M ∈ Rn×n and q ∈ V is given. The
Cartesian CCLCP is called monotone if M is monotone, i.e., when ⟨u, (Mu)θ⟩θ ≥ 0 is
satisfied for all u ∈ V .

• Cartesian P∗(κ)-SOCLCP: P∗(κ)-linear complementarity problem over the Cartesian prod-
uct of second order cones

Let K ⊆ Rn be the Cartesian product of several second-order cones. Let A : K → K be
a given linear transformation, and q ∈ Rn be a given vector. Then the linear comple-
mentarity problem over the Cartesian product of second order cones is to determine x
and s that satisfy

s = A(x) + q, xTs = 0, x, s ∈ K.

In the case of Cartesian P∗(κ)-SOCLCPs, it is assumed that A has the Cartesian P∗(κ)-
property (see, e.g., [123, Definition 2.1.]). This definition is a generalization of the
P∗(κ)-matrix property.

• Cartesian P∗(κ)-SCLCP: P∗(κ)-linear complementarity problem over the Cartesian product
of symmetric cones

Let us consider an n-dimensional Cartesian Euclidean Jordan-algebra (V , ⋄). In this
case, V is the Cartesian product of finitely many simple Euclidean Jordan-algebras
(V = V1 × · · · × Vm), and its cone of squares is K = K1 × · · · ×Km, where Kj is the cor-
responding cone of Vj for all j = 1, . . . , m. Let ◦ denote the bilinear map of the simple
Euclidean Jordan-algebras. If x = (x(1), . . . , x(m))T ∈ V and s = (s(1), . . . , s(m))T ∈ V ,
then the bilinear map ⋄ can be defined as x ⋄ s = (x(1) ◦ s(1), . . . , x(m) ◦ s(m))T.

Let A : V → V be a given linear transformation, and q ∈ V . Then the Cartesian SCLCP
is to find x, s ∈ V for which the following system is satisfied:

s = A(x) + q, x ⋄ s = 0, x, s ∈ K.

In the case of Cartesian P∗(κ)-SCLCPs, it is assumed that A has the Cartesian P∗(κ)-
property.

• Cartesian P∗(κ)-SCHLCP: P∗(κ) horizontal linear complementarity problem over the Carte-
sian product of symmetric cones

Similarly to the previous case, let us consider an n-dimensional Cartesian Euclidean
Jordan-algebra (V , ⋄), where V is the Cartesian product of finitely many simple Eu-
clidean Jordan-algebras, and its cone of squares is K = K1 × · · · × Km, where Kj is

7The details can be found in [5] and [138].
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the corresponding cone of Vj for all j = 1, . . . , m. Let Q : V → V and R : V → V be
given linear transformations, and q ∈ V . Then the horizontal linear complementarity
problem over the Cartesian product of symmetric cones is to find x and s that satisfy

Q(x) +R(s) = q, x ⋄ s = 0, x, s ∈ K.

In the case of Cartesian P∗(κ)-SCHLCPs, it is assumed that the pair (Q,R) has the
P∗(κ) property (see the definition in [9, pg. 7]).

In connection with the AET technique, several different types of IPAs have been investi-
gated. The following list gives the abbreviations applied in Table 1.2.

Algorithm types:

• SS: short-step IPA

• LS: long-step IPA

• ISS: infeasible short-step IPA

• WSS: weighted path-following short-step IPA

• CP: corrector-predictor IPA

• PC: predictor-corrector IPA

• LS-SOC: long-step second-order corrector IPA.

It is important to mention that some of the IPAs in Table 1.2 are weighted path-following
methods; therefore, in these cases, the definition of the central path and the way of apply-
ing the AET technique is different. In 2002, Darvay [27] proposed a weighted path-following
IPA for LP, and all weighted IPAs in Table 1.2 are based on this result. In the case of weighted
path-following IPAs for LP problems, we consider system (1.11), instead of (1.2). Then we
apply a continuously differentiable and invertible function φ : R⊕ → R⊕ to (1.11) the fol-
lowing way:

Ax = b,

ATy + s = c,
φ (xs) = φ(w).

x ≥ 0,

s ≥ 0,


Finally, let us mention that in 2018, Darvay and Takács [43] introduced a new type of

AET method for linear optimization based on a different rearrangement of the centering
equation. Namely, instead of (1.12), they considered

Ax = b, x ≥ 0,

ATy + s = c, s ≥ 0,

φ
(xs

ν

)
= φ

(√
xs
ν

)
.


The seven references related to this new technique are denoted by ∗ in Table 1.2. Six

papers are based on the function φ(t) = t2, which is equivalent to using the original AET
method with φ(t) = t2 − t. Kheirfam and Nasrollahi [100] applied the function φ(t) = tq,
q ≥ 2 which is equivalent to using the original AET technique with φ(t) = tq − t

q
2 .
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Problem class Function References
LP φ(t) =

√
t Darvay (2002, SS) [26, 27], (2003, SS) [28]

Darvay et al. (2014, ISS) [37], (2020, LS-SOC) [36]
Darvay and Takács (2018, LS) [42]
Ahmadi et al. (2014, ISS) [3]
Wang et al. (2018, ISS) [170]
Illés et al. (2021, PC) [76]

φ(t) = t −
√

t Darvay et al. (2016, SS) [38], (2020, CP) [32]
E.-Nagy and Varga (2021, LS) [51], Chapter 2

φ(t) = t
q
2 , q ∈ N+ Kheirfam and Nasrollahi (2018, SS) [98]

φ(t) = t2 − t Darvay and Takács (2018, SS) [43]∗

φ(t) = tq − t
q
2 , q ≥ 2 Kheirfam and Nasrollahi (2020, SS) [100]∗

Function class Haddou et al. (2019, SS) [70]
E.-Nagy and Varga (2022, LS) [48, 50], Chapter 4

MLCP φ(t) =
√

t Mansouri and Pirhaji (2013, SS) [122]
Asadi et al. (2015, ISS) [15]

MMLCP φ(t) =
√

t Wang et al. (2009, WSS) [169]
MHLCP φ(t) =

√
t Zhang and Xu (2010, SS) [180]

P∗(κ)-LCP φ(t) =
√

t Wang et al. (2015, SS) [165]
φ(t) =

√
t

2(1+
√

t)
Kheirfam and Haghighi (2016, SS) [97]

φ(t) = t −
√

t Darvay et al. (2020, SS) [33], (2020, CP) [34]
E.-Nagy and Varga (2022, LS) [49], Chapter 3

φ(t) = t2 − t Zhang et al. (2020, SS) [183]∗

Darvay et al. (2022, PC) [35]∗

Function class Illés et al. (2022, SS) [78]
P∗(κ)-HLCP φ(t) =

√
t Asadi and Mansouri (2013, SS) [12], (2014, ISS) [13]

Kheirfam (2014, PC) [89], (2014, ISS) [88]
φ(t) = t2 − t Kheirfam (2019, SS) [83]∗

LCCO φ(t) =
√

t Zhang et al. (2008, SS) [182]
Roumili and Kebbiche (2012, WSS) [150]

SOCO φ(t) =
√

t Wang and Bai (2009, SS) [167]
Tang et al. (2015, WSS) [159]

SDO φ(t) =
√

t Mansouri et al. (2012, ISS) [121]
Wang et al. (2019, ISS) [171]

φ(t) = t −
√

t Kheirfam (2017, SS) [94]
CQSDO φ(t) =

√
t Bai et al. (2010, SS) [18],

Zhang et al. (2012, SS) [181]
MSDLCP φ(t) = t −

√
t Kheirfam (2018, ISS) [82]

SO φ(t) =
√

t Wang and Bai (2012, SS) [168],
Kheirfam (2013, ISS) [87], (2013, WSS) [86],

(2014, PC) [90], (2016, ISS) [92]
φ(t) = t −

√
t Darvay and Rigó (2018, SS) [39], (2018, ISS) [146]

Kheirfam et al. (2022, CP) [84]
φ(t) = t2 − t Darvay and Takács (2018, SS) [157]∗

SCMLCP φ(t) =
√

t Wang (2012, SS) [166]
Kheirfam (2014, WSS) [91]

Cartesian CCO φ(t) = t2 − t Kheirfam (2019, SS) [95]∗

Cartesian CCMLCP φ(t) =
√

t
2(1+

√
t)

Pirhaji et al. (2018, SS) [138]

Cartesian P∗(κ)-SOCLCP φ(t) =
√

t Kheirfam (2015, ISS) [85]
Cartesian P∗(κ)-SCLCP φ(t) =

√
t Mansouri et al. (2017, WSS) [123]

Cartesian P∗(κ)-SCHLCP φ(t) =
√

t Asadi et al. (2017, ISS) [10]
φ(t) = t −

√
t Asadi et al. (2020, SS) [9]

Darvay and Rigó (2021, PC) [40]
Function class Darvay and Rigó (2022, SS) [41]

TABLE 1.2: Applications of the AET technique to different problem classes8

8In the case of the papers marked with *, the authors applied the new type of AET technique proposed by
Darvay and Takács [43].
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As it can be seen from Table 1.2, the most frequently applied real transformation function
(i.e., not the identity) is φ(t) =

√
t. Moreover, apart from our results, we found only two

long-step IPAs in the literature on the AET transformation, namely, the method of Darvay
and Takács [42] from 2018, and the second-order method of Darvay et al. [36], for linear
optimization. This motivated us to examine different (Ai-Zhang type) long-step algorithms
that can be introduced using the AET technique and introduce a whole AET function class
for which the convergence and best known iteration complexity of an Ai-Zhang type IPA
can be proved.

Although there are numerous problem classes where the AET technique can be applied,
and no long-step IPA has been proposed, we restricted ourselves to the LP and P∗(κ)-LCP
problems. The main reason why we dealt with LP problems is that we not just wanted to
introduce new IPAs, but to examine and understand the key elements and limitations of
the applied methodology in general. We believe that if the main results are established for
a simpler problem class, similar results can be proposed for more general problem classes
using these observations. Numerically, P∗(κ)-LCPs can be significantly harder to solve than
LPs. For this class, we hope that applying the AET technique with different transformation
functions can help with handling the numerically challenging problem instances; therefore,
we started to work on the generalization of our results to P∗(κ)-LCPs.

At the end of the section introducing the AET technique, we would like to mention that
other methods have also been introduced in the literature to find new search directions for
IPAs, by considering barrier functions different from the logarithmic barrier function. This
approach was proposed first by Peng et al. [136] for linear optimization. They considered
barrier functions defined by self-regular kernel functions.

A twice continuously differentiable function ψ : R+ → R⊕ is called a kernel function if
it has the following properties:

1. ψ(1) = ψ′(1) = 0,

2. ψ′′(t) > 0 for all t > 0,

3. limt→0+ ψ(t) = limt→∞ ψ(t) = ∞.

Assuming that a kernel function ψ is given, a barrier function Ψ : Rn
+ → R⊕ can be de-

fined as Ψ(v) = ∑n
i=1 ψ(vi), i.e., by applying ψ coordinatewise, then taking the sum of the

obtained values for all indices.
Peng et al. modified the scaled Newton-system (1.14) the following way:

Ādx = 0,

ĀT∆y + ds = 0,
dx + ds = −∇Ψ(v).


With this approach, they could reduce the gap between the complexity bounds of short-step
and long-step IPAs.

The class of eligible kernel functions was proposed by Bai et al. [17] by giving additional
conditions on the derivatives of ψ(t). These functions are not necessarily self-regular, and
the authors could also reduce the gap between the iteration bounds of short-step and long-
step methods for a specific eligible kernel function. Thes results were extended to P∗(κ)-
LCPs by Lesaja and Roos [113].

The class of eligible and finite kernel functions was proposed by Bai et al. [17] in 2002,
and the class of positive-asymptotic kernel functions was introduced by Darvay and Takács
in [39]. The relation of this methodology to the AET technique has been discussed in detail
in the Ph.D. dissertation of Rigó [145, Section 2.5].
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1.6 The method of Ai and Zhang

In this thesis, we propose Ai-Zhang type IPAs; this is why it is important to recall the main
ideas and advantages of the original algorithm of Ai and Zhang.

Even though long-step IPAs perform better in practice, the worst-case theoretical com-
plexity of short-step methods was better for many years, i.e., there was a contradiction be-
tween theory and practice. This discrepancy was pointed out by Renegar [144] as the "irony
of IPAs". Peng et al. [136] could reduce (but could not close) the gap by applying self-regular
barrier functions. In 2004, Potra [141] defined a PC IPA for degenerate LCPs in a wide neigh-
borhood of the central path with the best known complexity.

The first long-step IPA with the same iteration complexity as short-step algorithms was
introduced by Ai and Zhang [4] in 2005. Their paper presented a long-step and a PC algo-
rithm for solving monotone LCPs. They proved that the complexity of their long-step IPA is

O(
√

nL), where n denotes the dimension of the problem and L = log xT
0 s0
ε , where (x0, y0, s0)

is the given starting point and ε is the required precision. Previously, the best known iter-
ation complexity for long-step methods was O(nL). In our work, we considered different
generalizations of their long-step IPA.

The two key elements of their approach were a new type of wide neighborhood and the
decomposition of the Newton-directions into two components. These will be discussed in
detail in the following subsections.

Based on the ideas of Ai and Zhang, several authors proposed new, both practically
and theoretically efficient algorithms for different problem classes. Some of the important
related results are summarized in Table 1.3, without claiming completeness. The problem
classes have already been discussed in Subsection 1.5.3. Since some algorithm types have
been considered in the case of Ai-Zhang type methods and have not been investigated in
the case of the AET technique, we give their list before presenting Table 1.3.

• IPC: infeasible predictor-corrector IPA

• ILS: infeasible long-step IPA

• SOC: second-order corrector IPA

• ISOC: infeasible second-order corrector IPA

• IAS: infeasible IPA with arch-search9

• CP-AS: corrector-predictor arc-search IPA

• IPC-AS: infeasible predictor-corrector IPA with arc-search

As it can be seen from Table 1.2, the algorithm types related to the approach of Ai and
Zhang are very diverse. Apart from long-step and PC IPAs that can be considered as the
generalizations of the original two algorithms proposed by Ai and Zhang in [4], there are en-
tirely different approaches that are still related to this technique since they apply Ai-Zhang
type wide neighborhoods.

9Arc-search IPAs search optimizers along an ellipse that approximates the whole central path. The method-
ology was investigated first by Young. For further details we refer the reader to his book [176].
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Problem class References
LP Liu et al. (2011, SOC) [116]

Yang et al. (2016, IAS) [175]
Darvay and Takács (2018, LS) [42]
Darvay et al. (2020, LS-SOC) [36]
Kheirfam and Nasrollahi (2020, IPC) [99]
E.-Nagy and Varga (2021, LS) [51]
E.-Nagy and Varga (2022, function class)

P∗(κ)-LCP Kheirfam (2015, CP-AS) [96]
E.-Nagy and Varga (2022, LS) [49]

P∗(κ)-HLCP Potra (2014, LS, first and second order PC) [142]
SOCO Feng (2012, LS) [53]
SDO Li and Terlaky (2010, LS) [114]

Liu and Liu (2012, SOC) [115]
Feng and Fang (2014, PC) [54]
Pirhaji et al. (2017, LS) [137]
Kheirfam (2017, IPC) [93]
Kheirfam et al. (2021, ISOC) [101]

SO Liu et al. (2013, ILS) [117]
Yang et al. (2015, ILS) [174]
Mansouri et al. (2018, IAS) [120]
Shahraki et al. (2018, PC) [154]
Asadi et al. (2019, PC) [14]

Cartesian P∗(κ)-HLCP Asadi et al. (2018, LS) [11]
Asadi et al. (2019, PC) [16]

Cartesian P∗(κ)-SCLCP Shahraki and Delavarkhalafi (2020, AS-IPC) [153]

TABLE 1.3: References related to the approach of Ai and Zhang

To make further discussion easier, we formulate the main ideas of Ai and Zhang both
for LP and LCP problems in the following two subsections. Since our goal is to combine this
approach with the AET technique, the formulations are given using the modified systems
introduced in connection with the AET technique.

1.6.1 The decomposition of Ai and Zhang for LP problems

The main idea of Ai and Zhang [4] was to decompose the Newton-directions (∆x, ∆y, ∆s)
into two parts (∆x+ and ∆x−, ∆y+ and ∆y−, ∆s+ and ∆s−, respectively), and use different
step lengths with the two components. If we apply this approach to the system (1.13), we
get the following two systems:

A∆x− = 0,

AT∆y− + ∆s− = 0,
s∆x− + x∆s− = τµvp−

φ = a−φ ,


A∆x+ = 0,

AT∆y+ + ∆s+ = 0,
s∆x+ + x∆s+ = τµvp+

φ = a+φ ,

 (1.19)

where p−
φ , a−φ and p+

φ , a+φ are the negative and positive parts of pφ and aφ, respectively.
The new point with step length α = (α1, α2) will be x(α) = x + α1∆x− + α2∆x+, y(α) =
y + α1∆y− + α2∆y+ and s(α) = s + α1∆s− + α2∆s+. It is important to notice that ∆x+ is not
the positive part of ∆x (in this case, the sign + is a subscript instead of a superscript), but it
is the solution of the system with p+

φ on its right-hand side. Similarly, ∆x− is the solution of
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the system with p−
φ on its right-hand side. The notation is similar for the vectors ∆y+, ∆y−

and ∆s+, ∆s−.
The components coming from the first system are cardinal for the progress towards op-

timality, while the solutions of the second system have an essential role in controlling the
centrality of the new iterates.

To be able to formulate the scaled version of the two systems, we introduce the following
notations:

dx− =
v∆x−

x
, ds− =

v∆s−
s

, dx+ =
v∆x+

x
, ds+ =

v∆s+
s

.

Using these notations, the scaled systems can be formulated as

Ādx− = 0,

ĀT∆y− + ds− = 0,
dx− + ds− = p−

φ ,


Ādx+ = 0,

ĀT∆y+ + ds+ = 0,
dx+ + ds+ = p+

φ ,

 (1.20)

where Ā = A diag
( v

s

)
, similarly to the previously mentioned scaled systems for LP prob-

lems.

1.6.2 The decomposition of Ai and Zhang for LCPs

Similarly to the LP-case, we consider the following two systems:

−M∆x− + ∆s− = 0,
s∆x− + x∆s− = τµvp−

φ = a−φ ,

}
−M∆x+ + ∆s+ = 0,

s∆x+ + x∆s+ = τµvp+
φ = a+φ .

}
(1.21)

To determine the scaled systems from (1.21), we use the notations from the previous
subsection:

−Mdx− + ds− = 0,
dx− + ds− = p−

φ ,

}
−Mdx+ + ds+ = 0,

dx+ + ds+ = p+
φ ,

}

where D = diag(d) and M = DMD.

1.6.3 Wide neighborhood definition

As it has already been mentioned in Section 1.4, in IPAs, we can introduce different neigh-
borhoods to measure the distance from the central path. In terms of the size of the neighbor-
hood, we can talk about small and large (or wide) neighborhoods. From a practical point
of view, wide neighborhoods are better since they allow larger steps and, therefore, faster
progress towards optimality. In Section 1.4, we showed two examples, the small neighbor-
hood N2 and the wide neighborhood N−

∞ proposed by Kojima et al. [108]. The neighbor-
hood applied in our results is also a wide neighborhood and is based on the approach of Ai
and Zhang.

Apart from the decomposition of the Newton-directions, the other key element of the
results of Ai and Zhang was a new wide neighborhood definition:

W̃(τ, β) =

{
(x, y, s) ∈ F LP

+ : ∥vp+
φ ∥ =

∥∥∥∥ 1
τµ

a+φ

∥∥∥∥ ≤ β

}
,

where β, τ ∈ (0, 1) are given parameter values. They did not apply the AET method in
their paper; therefore, in their article pφ = v−1 − v. However, as it can be seen from the
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definition, W̃ can be defined not just in the case of the identity function but for any suit-
able transformation function φ, i.e., W̃ can be considered as a generalization of the original
neighborhood of Ai and Zhang.

Their main reason for applying this type of neighborhood was to restrict the coordinates
of v too close to 0. They recognized that the larger coordinates give less reason for concern
and can be controlled without including them in the neighborhood definition.

Let I+ = {i ∈ I : τµ − xisi > 0} = {i ∈ I : vi < 1}, and I− = I \ I+. If a point
(x, y, s) is on the central path, then xisi = τµ, that is, vi = 1 holds for all indices. Therefore,
these two index sets can be considered as a partition of I , based on whether the centering
equation (the last equation of (1.2) with ν = τµ) is under- or over-fulfilled.

Traditionally, in papers proposing Ai-Zhang type methods, the index sets I+, and I−
are defined in a slightly different way, namely, the indices for which vi = 1 are included in
the set I+, and not in I−. Since, up to our best knowledge, for all functions in the literature
related to the AET technique p(1) = 0 holds, furthermore, it is also true for the function
class proposed in Chapter 4, this change will not cause any difference in the analysis. Since
from both a theoretical and a practical point of view, we compare the applied Ai-Zhang type
neighborhoods to the neighborhood N−

∞ , this slightly different definition can facilitate our
discussion. This way, a point is in the neighborhood N−

∞ (1 − τ) if and only if the corre-
sponding index set I+ is empty.

Another important equivalence can be given for I+, using the properties of the function
p(t). For all previously investigated functions in the literature on the AET technique and all
elements of the function class proposed in Chapter 4, the following equivalence holds:

(pφ)i > 0 if and only if i ∈ I+. (1.22)

In this thesis, we are going to use a new neighborhood that is a slightly modified version
of the generalized Ai-Zhang type neighborhood W̃(τ, β):

W(τ, β) =
{
(x, y, s) ∈ F LP

+ : ∥p+
φ ∥ ≤ β and v > ξe

}
,

with β, τ ∈ (0, 1) given. We included the technical condition v > ξe in the definition to
ensure that pφ is defined, and used the norm of p+

φ instead of vp+
φ to make some of the

estimations easier. Using (1.22) and the fact that vi < 1 for all i ∈ I+, ∥vp+
φ ∥ ≤ ∥p+

φ ∥ holds,
therefore, W(τ, β) ⊆ W̃(τ, β), i.e., our new neighborhood is a subset of the (generalized)
neighborhood W̃ of Ai and Zhang.

In [42], Darvay and Rigó introduced an Ai-Zhang type long-step IPA using the AET
method with the function φ(t) =

√
t. The neighborhood applied in their paper is a special

case of W(τ, β). The second-order corrector IPA proposed by Darvay et al. [36] is also based
on the transformation function φ(t) =

√
t, and uses the same neighborhood definition as

[42].

1.7 Motivation, scope of the thesis

As it has already been pointed out in the introduction, Ai-Zhang type long-step IPAs are
essential from both a theoretical and a practical point of view. These are efficient long-step
methods for which the best known iteration complexity of the short-step variants can be
achieved.

The AET technique of Darvay is also a fundamental result regarding the selection of
search directions in IPAs.
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This thesis combines the two approaches mentioned above; namely, we introduce new
Ai-Zhang type long-step IPAs using the AET technique. This approach has only been ex-
amined in the literature in one specific case (for LP with the function φ(t) =

√
t by Darvay

and Takács [42] and Darvay et al. [36]), and most investigated algorithms related to the AET
technique are short-step or PC methods.

We started working on this topic in 2019, and our main goal then was to propose a new
Ai-Zhang type long-step IPA by applying the AET technique using the function φ(t) =√

t
2(1+

√
t)

proposed by Kheirfam and Haghighi [98]. Although the method works well in prac-
tice, we could not prove that it converges, even after trying several different approaches
and parameter settings. After this, we started working with the transformation function
φ(t) = t −

√
t introduced by Darvay et al. [38].

In the case of this latter function, the convergence and best known complexity of the
long-step IPA could be proved; these results are summarized in Chapter 2.

From this result, the original algorithm of Ai and Zhang [4], and the IPA of Darvay and
Takács [42], we knew that this type of IPA can be introduced for at least three different
functions from the literature, namely, φ(t) = t, φ(t) =

√
t and φ(t) = t −

√
t. We started

investigating which properties of these functions are applied when proving the convergence
and complexity results of these methods and which are the ones that are not satisfied by
φ(t) =

√
t

2(1+
√

t)
. This general analysis resulted in the function class presented in Chapter 4

for LP. We proposed a general Ai-Zhang type long-step algorithmic framework and proved
that if the function applied in the AET technique belongs to a certain class of functions, then
the desired properties of the general IPA can be proved.

Since, according to our best knowledge, no long-step IPA has been introduced for suffi-
cient LCPs using the AET technique, after investigating the particular case of φ(t) = t −

√
t

for LP, we generalized our method to this problem class as well. These results are summa-
rized in Chapter 3.

We also implemented the above-mentioned general algorithmic framework for both LPs
and LCPs and tested our new methods on different problem instances. Based on these nu-
merical tests, we made several interesting observations worth investigating from a theoreti-
cal point of view. These results are given in Chapter 5.

In Chapter 6, we summarized our results and collected some interesting research ques-
tions that we would like to investigate in the future.

1.8 New results

At the end of the first chapter, we would like to summarize the new results presented in this
thesis. The new theoretical findings in Chapters 2-4 are joint results with my supervisor, as
we had regular consultations during my PhD studies, and I carried out the implementations
discussed in Chapter 5.

In Chapter 2, we propose a new Ai-Zhang type long-step IPA by applying the AET
technique with the function φ(t) = t −

√
t. We prove that the method is convergent and has

the same iteration complexity as short-step IPAs. These results are an improved version of
[51].

In Chapter 3, we introduce the first Ai-Zhang type IPA for P∗(κ)-LCPs that uses the
AET technique. The applied transformation function is φ(t) = t −

√
t, i.e., this result can

be considered as the generalization of the IPA in Chapter 2 for LCPs. We prove that the
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algorithm converges and has the same iteration complexity as short-step IPAs. The results
presented in this chapter can be found in [49].

In Chapter 4, we propose a general Ai-Zhang type long-step algorithmic framework for
LP problems, where the transformation function applied in the AET technique (more pre-
cisely, the function p(t) obtained from the right-hand side of the scaled system) is part of
the input. We give a set of necessary conditions on p(t) and prove that if these conditions
are satisfied, the IPA is convergent and has the best known iteration complexity. This way,
we define a new function class related to the AET technique. We propose new transforma-
tion functions belonging to this class that have not been applied in context with the AET
technique before.

Even though the transformation function φ(t) does not play any role in the analysis, to
complete our discussion, we formulate a set of necessary conditions on φ(t) as well.

We do not use the continuity and monotonicity of p(t) in the analysis. When p(t) is
not continuous, the corresponding φ(t) is not necessarily continuously differentiable, but a
piecewise continuously differentiable function. To be able to handle this case, we general-
ize the AET technique to the case of piecewise continuously differentiable transformation
functions.

We also give some construction rules that can be used to construct new transformation
functions that belong to our class.

These results can be found in [50].

In Chapter 5, we present our numerical results. We implemented all proposed algo-
rithms in Matlab and solved LP, sufficient and non-sufficient LCP instances. We investi-
gated the practical role of different feasible parameter settings for the neighborhood and
update parameters, in the case of φ(t) = t −

√
t, both for LPs and LCPs. We experimented

with different starting points and right-hand-side vectors in the case of LCPs generated from
Csizmadia-matrices. Furthermore, we compared the performance of the general IPA for ten
different functions from the class proposed in Chapter 4. The previously mentioned tests
were carried out using a greedy step length for the IPAs. To be able to understand our
analyses better, we implemented the theoretical variants as well and made some important
observations on the coordinates of the vector v. In the last section, we proposed a nonlinear
programming approach to test the sufficiency of matrices and performed numerical tests
using the BARON solver. The results presented in this chapter are improved versions of the
numerical results in [47–51].





Chapter 2

A new long-step interior point
algorithm for linear programming
problems

This chapter introduces an Ai-Zhang type long-step IPA for solving LP problems. We apply
the AET technique with the function φ(t) = t −

√
t. We prove that the method is convergent

and has the best known iteration complexity of short-step variants. Although we could
obtain an IPA from the general algorithm described in Chapter 4, here we use some special
properties of the function t −

√
t that are not necessarily satisfied by the elements of the

function class discussed in the general case, and for this special function, better estimations
and, for this reason, better parameter settings can be applied.

The analysis presented in this chapter is an improved version of our results in [51].

2.1 The applied wide neighborhood and the long-step IPA

In the case of φ(t) = t −
√

t, the vector pφ = 2(v−v2)
2v−e and ξ = 1/2. Therefore, the neighbor-

hood W(τ, β) introduced in Subsection 1.6.3 can be written as

W(τ, β) =

{
(x, y, s) ∈ F LP

+ :

∥∥∥∥∥
(

2(v − v2)

2v − e

)+
∥∥∥∥∥ ≤ β and v >

1
2

e

}
. (2.1)

We assume that 0 < β < 1 is a given parameter value.
Using (1.15), the function p(t) in the case of φ(t) = t −

√
t can be defined as follows:

p :
(

1
2

, ∞
)
→ R, p(t) =

2(t − t2)

2t − 1
.

In the analysis, we use some estimations of the function p, namely, for all t ∈ (1/2, ∞)

p(t) ≥ 2(1 − t), (2.2)
p(t) ≥ −t, (2.3)

p(t) ≥ 1 − t2

t
. (2.4)

(2.3) is also included in the conditions described for the general algorithm in Chapter
4. However, the other two properties are not satisfied in general for the elements of the
proposed function class. Therefore, the analysis differs from the general case in several
points.
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The role of the technical condition v > e/2 is to ensure the invertibility of the transfor-
mation function φ. From this assumption, it follows that

i ∈ I+ ⇐⇒ vi < 1 ⇐⇒
(

pφ

)
i > 0.

For all algorithm variants, we follow the idea of [4]. To verify that W(τ, β) is indeed a
wide neighborhood, we compare it with the wide neighborhood N−

∞ (1 − τ). The definition
of N−

∞ (1 − τ) was given in (1.10). We can give equivalent reformulations for N−
∞ (1 − τ)

using the definition of v and the index set I+:

N−
∞ (1 − τ) =

{
(x, y, s) ∈ F LP

+ : v ≥ e
}
=
{
(x, y, s) ∈ F LP

+ : I+ = ∅
}

.

Lemma 2.1 Let 0 < β < 1 and 0 < τ < 1 be given parameters, and let γ =
(

1 − β
2

)2
τ. Then

N−
∞ (1 − τ) ⊆ W(τ, β) ⊆ N−

∞ (1 − γ).

Proof. If (x, y, s) ∈ N−
∞ (1 − τ), then ∥p+

φ ∥ = 0 < β and v ≥ e > 1/2e.
For the second inclusion, let (x, y, s) ∈ W(τ, β) and assume indirectly that there exists

an index i ∈ I for which xisi < γµ, that is, v2
i < γ/τ =

(
1 − β

2

)2
.

Using (2.2), we can write

(pφ)i = p(vi) ≤ 2(1 − vi) > 2
(

1 −
√

γ

τ

)
= β,

which is a contradiction.

The following lower and upper bounds on the coordinates of the vector v will be useful
for different estimations during the analysis.

Corollary 2.1 Let (x, y, s) ∈ W(τ, β), then

1 − β

2
≤ vi < 1 ∀i ∈ I+,

1 ≤ vi ≤
√

n/τ ∀i ∈ I−.

Proof. The first statement directly follows from Lemma 2.1. The upper bound vi ≤
√

n/τ
holds for all i ∈ I since

∑
i∈I

v2
i = ∑

i∈I

xisi

τµ
=

1
τµ

xTs =
n
τ

. (2.5)

The upper bound
√ n

τ has an essential role in Ai-Zhang type methods since the neigh-
borhood itself does not control the value of vi for the indices in I−. Therefore this bound
will be applied in all three examined cases. In Chapter 5, we will give some interesting
observations on the coordinates vi, and it will turn out that in practice, the coordinates are
always far below this bound.

During the analysis, we consider the case of α2 = 1, i.e., we take a full Newton-step in
the direction (∆x+, ∆s+), and determine a value of α1 so that the desired complexity of the
algorithm can be achieved.

Before presenting the analysis, we give the pseudocode of the interior point algorithm.
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Input: A ∈ Rm×n, b ∈ Rm, c ∈ Rn

the update parameter 0 < τ < 1,
the neighborhood parameter 0 < β < 1,
the accuracy parameter ε > 0,
an initial point (x0, y0, s0) ∈ W(τ, β).

x := x0, y := y0, s := s0 and µ := µ0 = xT
0 s0/n.

while xTs > ϵ do
Determine ∆x+, ∆s+, ∆y+ and ∆x−, ∆s−, ∆y− according to (1.19);
Set α2 = 1 and α1 = max{α1 ∈ (0, 1] : (x(α), y(α), s(α)) ∈ W(τ, β)},
where x(α) = x + α1∆x− + α2∆x+, y(α) = y + α1∆y− + α2∆y+ and

s(α) = s + α1∆s− + α2∆s+;
(x, y, s) := (x(α), y(α), s(α));
µ := xTs/n;

end
ALGORITHM 2.1: Outline of the IPA for LP based on φ(t) = t −

√
t

From now on, we assume that a point (x, y, s) ∈ W(τ, β) is given, and in the next section
we prove the correctness of the algorithm.

2.2 Analysis of the algorithm

Let us introduce the following notations:

dx(α) = α1dx− + α2dx+, ds(α) = α1ds− + α2ds+,

h(α) = τµv2 + α1τµvp−
φ + α2τµvp+

φ ,

where α = (α1, α2) is the chosen step length with α1, α2 ∈ (0, 1] given. With these notations,
x(α)s(α) = (x + α1∆x− + α2∆x+)(s + α1∆s− + α2∆s+) can be written as

x(α)s(α) = h(α) + τµdx(α)ds(α).

These notations are generally applied in papers related to Ai-Zhang type methods, and
therefore, they will also be used in the subsequent chapters.

It is important to notice that the search directions are orthogonal, as usually is the case
for LP problems, since

dx(α)Tds(α) = α2
1dxT

−ds− + α1α2(dxT
−ds+ + dxT

+ds−) + α2
2dxT

+ds+,

furthermore dx+ and dx− are in the kernel of the matrix Ā, while ds+ and ds− are in the
rowspace of Ā (see system (1.20)), therefore all four scalar products are 0 in the previous
expression.

The following two lemmas give lower bounds on the value of h(α).

Lemma 2.2 Let α ∈ (0, 1]2, then hi(α) ≥ τµ for all i ∈ I−.

Proof. In the case of i ∈ I−, vi ≥ 1 and hi(α) = τµvi(vi + α1(pφ)i). We need to prove that

vi(vi + α1(pφ)i) ≥ 1, i.e., α1 ≤ 1−v2
i

vi(pφ)i
holds.

Using (2.4), we obtain

1 − t2

tp(t)
=

1 − t2

t
2t − 1

2t(1 − t)
=

2t2 + t − 1
2t2 = 1 +

t − 1
2t2 ≥ 1.
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On the other hand, α1 ≤ 1 by definition. Thus, hi(α) ≥ τµ holds for all i ∈ I−.

We show that h(α) is a componentwise strictly positive vector.

Lemma 2.3 Let (x, y, s) ∈ W(τ, β) and α ∈ (0, 1]2, then h(α) ≥ γµe for γ =
(

1 − β
2

)2
τ, and

consequently h(α) > 0.

Proof. By Lemma 2.1, τµv2
i = xisi ≥ γµ for all i ∈ I . Furthermore, if i ∈ I+, then

vi(pφ)i > 0, so hi(α) ≥ τµv2
i ≥ γµ.

In the case of i ∈ I−, the statement is a consequence of Lemma 2.2, since hi(α) ≥ τµ ≥
γµ.

In the analysis, we use the step lengths α1 =
√

βτ
n and α2 = 1. From α2 = 1 it follows

that
hi(α) ≥ τµ (2.6)

holds for the indices in I+ as well, due to property (2.4):

hi(α) = τµ(v2
i + α2vi pi) ≥ τµ(v2

i + α2(1 − v2
i )) = τµ.

Property (2.4) does not necessarily hold for the members of the function class examined
in Chapter 4, therefore this result cannot be used in general.

To be able to prove the feasibility of the new iterates and to ensure that they stay in the
neighborhood W(τ, β), we need a technical lemma. In its proof, we apply Lemma 3.5 of [4].
For the sake of completeness, we repeat the latter lemma here.

Lemma 2.4 [4, Lemma 3.5] Let u, v ∈ Rn be given such that uTv ≥ 0, and let r = u + v. Then

∥∥(uv)−
∥∥

1 ≤
∥∥(uv)+

∥∥
1 ≤ 1

4
∥r∥2 .

Lemma 2.5 Let (x, y, s) ∈ W(τ, β), α1 =
√

βτ
n and α2 = 1. Then

∥ [dx(α)ds(α)]− ∥1 = ∥ [dx(α)ds(α)]+ ∥1 ≤ 1
2

β.

Proof. To estimate ∥[dx(α)ds(α)]−∥1, we use Lemma 2.4 (i.e., Lemma 3.5 of [4]). In our
case, dx(α) and ds(α) are orthogonal (i.e., we apply the previous lemma in the special case
when uTv = 0), this is why the first inequality is satisfied with equality.

∥[dx(α)ds(α)]−∥1 = ∥[dx(α)ds(α)]+∥1 ≤ 1
4
∥dx(α) + ds(α)∥2

=
1
4
∥α1(dx− + ds−) + α2(dx+ + ds+)∥2 =

1
4

(
α2

1∥p−
φ ∥2 + α2

2∥p+
φ ∥2
)

.

By the definition of W(τ, β), we have ∥p+
φ ∥ ≤ β. We need to estimate the term ∥p−

φ ∥2:

∥p−
φ ∥2 ≤ ∑

i∈I−
v2

i ≤ ∑
i∈I

v2
i =

n
τ

,

according to (2.3) and (2.5).
Using these two estimations and substituting the values of α1 and α2, we can write

1
4

(
α2

1∥p−
φ ∥2 + α2

2∥p+
φ ∥2
)
≤ 1

4
βτ

n
n
τ
+

1
4

β2 =
1
4

β +
1
4

β2 ≤ 1
2

β.
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The following lemma gives a positive lower bound on the vector x(α)s(α), which is the
first step in proving the strict feasibility of the new point.

Lemma 2.6 Let (x, y, s) ∈ W(τ, β), α1 =
√

βτ
n and α2 = 1. Then

x(α)s(α) ≥
(

1 − β

2

)
τµe

holds.

Proof. By Lemma 2.3, we have h(α) ≥ τµe. Using Lemma 2.5 and substituting the value of
γ, we get

x(α)s(α) = h(α) + τµdx(α)ds(α) ≥ τµe − τµ∥[dx(α)ds(α)]−∥1e ≥
(

1 − β

2

)
τµe.

The obtained lower bound on the vector x(α)s(α) is strictly positive for all β ∈ (0, 1).
The following statement is the linear programming analogue of Proposition 3.2 from [4]

(it was proposed for monotone linear complementarity problems). The proof remains the
same.

Lemma 2.7 Let (x, y, s) ∈ F LP
+ and (∆x, ∆y, ∆s) be the solution of the system

A∆x = 0,

AT∆y + ∆s = 0,
s∆x + x∆s = z.


If z + xs > 0 and (x + t0∆x)(s + t0∆s) > 0 holds for some t0 ∈ (0, 1], then x + t∆x > 0 and
s + t∆s > 0 for all t ∈ (0, t0].

To prove the positivity of the new vectors x(α) and s(α), we apply Lemma 2.7 with
z = τµ(α1vp− + α2vp+). Since z + xs = h(α) > 0 according to Lemma 2.3, it is enough
to prove that the Hadamard product x(α)s(α) is positive. This is satisfied for all β ∈ (0, 1),
because in this case 1 − β/2 > 0 holds. Therefore, the new points are strictly positive,
namely x(α) > 0 and s(α) > 0.

The following two statements propose bounds on the duality gap of the new point, that
is, µ(α) = x(α)Ts(α)/n.

Lemma 2.8 Let α1 =
√

βτ
n and α2 = 1, then µ(α) ≥ (1 − α1) µ.

Proof. vTp+
φ is nonnegative, and from (2.3) we have vi

(
pφ

)
i ≥ −v2

i . Using these and (2.5),
we obtain

µ(α) =
x(α)Ts(α)

n
= µ +

α1τµ

n
vTp−

φ +
α2τµ

n
vTp+

φ ≥ µ +
α1τµ

n
vTp−

φ

= µ − α1τµ

n ∑
i∈I−

v2
i ≥ µ − α1τµ

n ∑
i∈I

v2
i = (1 − α1) µ.
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The following theorem guarantees the proper reduction of the duality gap after an itera-
tion:

Lemma 2.9 Assume that (x, y, s) ∈ W(τ, β), α1 =
√

βτ
n and α2 = 1. Then

µ(α) ≤
(

1 −
√

βτ

n

[
8
9
(1 − τ)−

√
βτ

])
µ. (2.7)

Proof.

µ(α) =
x(α)Ts(α)

n
= µ +

α1τµ

n
vTp−

φ +
α2τµ

n
vTp+

φ .

First, let us estimate the term vTp+
φ :

eT
(

vp+
φ

)
=
∥∥∥vp+

φ

∥∥∥
1
≤

√
n
∥∥∥vp+

φ

∥∥∥ ≤
√

n
∥∥∥p+

φ

∥∥∥ ≤
√

nβ. (2.8)

The first equality holds since vp+
φ ≥ 0, and by applying the Cauchy-Schwarz inequality, we

get first estimation. Using the property vi ≤ 1 when i ∈ I+, we get the second inequality.
Using the definition of the neighborhood W(τ, β), the last inequality can also be verified.

To obtain an upper bound on the expression vTp−
φ , consider the inequalities 2v − e > 0

and vi > 1 for all i ∈ I−:

vTp−
φ = eT

(
v

2(v − v2)

2v − e

−)
= ∑

i∈I−

2vi(vi − v2
i )

2vi − 1
= ∑

i∈I−

2v2
i

(1 + vi)(2vi − 1)
(1 − v2

i )

≤ ∑
i∈I−

8
9
(1 − v2

i ) ≤ ∑
i∈I

8
9
(1 − v2

i ) =
8
9

n
(

1 − 1
τ

)
. (2.9)

Using (2.8) and (2.9), we obtain

µ(α) ≤ µ +
α1τµ

n
8
9

n
(

1 − 1
τ

)
+

α2τµ

n
√

nβ =

(
1 − α1

[
8
9
(1 − τ)−

√
βτ

])
µ.

Notice, that the upper bound on µ(α) in (2.7) is positive for all β, τ ∈ (0, 1). Indeed,

1 −
√

βτ

n

[
8
9
(1 − τ)−

√
βτ

]
≥ 1 − 8

9
(1 − τ) >

1
9

.

With a suitable parameter setting, we can ensure that the duality gap decreases strictly
monotonically, i.e., µ(α) < µ.

Corollary 2.2 Let τ ≤ 1/2 and β ≤ 1/4. If (x, y, s) ∈ W(τ, β), α1 =
√

βτ
n and α2 = 1, then

µ(α) < µ holds.

Proof. We need to check whether the multiplier of µ in the inequality (2.7) is less than 1.
This means that 8/9(1 − τ)−

√
βτ > 0, and this holds when β < 64/81(1 − τ)2/τ, which

is satisfied for our choice of parameter values.

Figure 2.1 shows all (β, τ) pairs for which the upper bound given on the duality gap
decreases, i.e., these are suitable from the point of view of our analysis.
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FIGURE 2.1: Values of β and τ for which the bound on the duality gap
decreases in the LP case with φ(t) = t −

√
t

In addition to strict feasibility, we also need to prove the fulfillment of the technical

condition v(α) =
√

x(α)s(α)
τµ(α)

> 1
2 e.

Lemma 2.10 Let (x, y, s) ∈ W(τ, β), α1 =
√

βτ
n and α2 = 1. Then v(α) > 1

2 e holds.

Proof. From Lemma 2.6 and Corollary 2.2, we have

v2(α) =
x(α)s(α)

τµ(α)
≥
(

1 − β

2

)
e. (2.10)

Since 1 − β
2 > 1

4 holds for all β ∈ (0, 1), we have proved the statement.

To show that the new iterates remain in the neighborhood W(τ, β), we need another
technical lemma:

Lemma 2.11 Let (x, y, s) ∈ W(τ, β), α1 =
√

βτ
n , and α2 = 1. Then τµ(α)e ≤ h(α).

Proof. We have already seen that in the case of α2 = 1, h(α) ≥ τµe, according to (2.6).
Furthermore, by Corollary 2.2 we have µ(α) < µ. Thus, the statement follows.

Now we are ready to prove that after an iteration, if the right-hand side of the third
equation in the Newton system (1.20) is denoted by pφ(α), then ∥pφ(α)+∥ ≤ β holds. To-
gether with Lemma 2.10, this means that the new iterates after a Newton-step remain in the
neighborhood W(τ, β) .

Lemma 2.12 Let τ ≤ 1/2 and β ≤ 1/4. If (x, y, s) ∈ W(τ, β), α1 =
√

βτ
n and α2 = 1, then the

new point stays in the neighborhood, namely (x(α), y(α), s(α)) ∈ W(τ, β).

Proof. By definition and Lemma 2.10, we need to prove

∥∥pφ(α)
+
∥∥ =

∥∥∥∥∥
[

2v(α)(e − v(α))
2v(α)− e

]+∥∥∥∥∥ ≤ β.
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Since 2v(α)
2v2(α)+v(α)−e > 0 when v(α) > 1/2e,

∥∥pφ(α)
+
∥∥ =

∥∥∥∥ 2v(α)
(2v(α)− e) (e + v(α))

[
e − v2(α)

]+∥∥∥∥
≤
∥∥∥∥ 2v(α)

2v2(α) + v(α)− e

∥∥∥∥
∞

∥∥∥[e − v2(α)
]+∥∥∥ . (2.11)

Let q :
( 1

2 , ∞
)
→ R and q(t) = 2t

2t2+t−1 . This function is strictly decreasing in its domain,
therefore, using (2.10), the first term in (2.11) can be estimated as∥∥∥∥ 2v(α)

2v2(α) + v(α)− e

∥∥∥∥
∞
≤ q

(√
1 − β

2

)
, (2.12)

where the expression
√

1 − β/2 is strictly decreasing in β, therefore, the upper bound is
strictly increasing in β.

To give an upper bound on
∥∥∥[e − v2(α)

]+∥∥∥, we use Lemmas 2.11, 2.5 and then 2.8:

∥∥∥[e − v2(α)
]+∥∥∥ =

1
τµ(α)

∥∥∥[τµ(α)e − x(α)s(α)]+
∥∥∥

≤ 1
τµ(α)

( ∥∥[τµ(α)e − h(α)]+
∥∥+ τµ

∥∥[dx(α)ds(α)]−
∥∥ )

≤ 1
τµ(α)

τµ
β

2
≤ 1

1 − α1

β

2
≤ β

2(1 −
√

βτ)
, (2.13)

where the last term is strictly increasing in both β and τ.
Using the just proved inequalities (2.11), (2.12) and (2.13), we obtain∥∥∥∥∥

(
2v(α)(e − v(α))

2v(α)− e

)+
∥∥∥∥∥ ≤ β

[
q

(√
1 − β

2

)
1

2(1 −
√

βτ)

]
. (2.14)

To prove that the last expression is less than or equal to β, we need to ensure that the
multiplier of β on the right-hand side (the value of the expression in square brackets) is at
most 1. Notice that by the monotonicity of the estimations (2.12) and (2.13), their product
is also strictly increasing both in β and τ. Moreover, substituting β = 1/4 and τ = 1/2, the
coefficient of β on the right-hand side of (2.14) is less than 0.78, which concludes the proof.

From (2.14), we can calculate all pairs of (β, τ), for which the new iterates certainly re-
main in the neighborhood W(τ, β) according to our analysis. These values are represented
by the green and red areas in Figure 2.2. The blue area in Figure 2.1 shows the values for
which the upper bound on the duality gap decreases. Therefore, the parameter values for
which both conditions are certainly satisfied (the duality gap decreases and the new iter-
ates remain in the neighborhood) can be found at the intersection of the two areas, which
is colored in red in Figure 2.2. Since we applied upper bounds in the calculations, these are
subsets of the actual parameter settings that would be suitable for the algorithm.
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FIGURE 2.2: Suitable parameter values for β and τ in the LP case
with φ(t) = t −

√
t

Usually, in Ai-Zhang type methods, the values of the neighborhood and update param-
eters are fixed as equals. Our main goal in determining all suitable parameter pairs is to
be able to compare different parameter settings in practice. These numerical results will be
presented in Subsection 5.2.1.

2.3 Complexity of the algorithm

Theorem 2.1 Let τ ≤ 1/2 and β ≤ 1/4, α1 =
√

βτ
n , α2 = 1, and suppose that a starting point

(x0, y0, s0) ∈ W(τ, β) is given. Then the algorithm provides an ε-optimal solution in

O
(√

n log
xT

0 s0

ε

)
iterations.

Proof. Let (xk, yk, sk) denote the point given by the algorithm in the kth iteration. According
to Lemma 2.9, the following inequality holds for the duality gap in the kth iteration:

xT
k sk

n
= µk ≤ µk−1

(
1 −

√
βτ

n

[
8
9
(1 − τ)−

√
βτ

])
≤ µ0

(
1 −

√
βτ

n

[
8
9
(1 − τ)−

√
βτ

])k

.

From this, we get that xT
k sk ≤ ε holds if(

1 −
√

βτ

n

[
8
9
(1 − τ)−

√
βτ

])k

µ0n ≤ ε

is satisfied. Taking the logarithm of both sides, we obtain

k log

[
1 −

√
βτ

n

(
8
9
(1 − τ)−

√
βτ

)]
+ log(µ0n) ≤ log ε.
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Using the inequality − log(1 − ϑ) ≥ ϑ for ϑ ∈ [0, 1), we can require the fulfillment of the
stronger inequality

−k

√
βτ

n

(
8
9
(1 − τ)−

√
βτ

)
+ log(µ0n) ≤ log ε.

The last inequality is satisfied when

k ≥
√

n
βτ

1
8
9 (1 − τ)−

√
βτ

log
(

xT
0 s0

ε

)
,

and this proves the statement.

In the analysis, we applied the fixed step lengths α1 =
√

βτ
n , α2 = 1. When describing

the IPA in Algorithm 2.1, we chose α1 as the largest value so that the new iterate remains in

the neighborhood W(τ, β). Since the duality gap is strictly decreasing in α1 and
√

βτ
n is a

lower bound on the value of α1 in Algorithm 2.1, the two variants have the same theoretical
complexity, i.e., we can state the following corollary:

Corollary 2.3 Let τ ≤ 1/2 and β ≤ 1/4, and suppose that a starting point (x0, y0, s0) ∈ W(τ, β)
is given. Then Algorithm 2.1 determines an ε-optimal solution in

O
(√

n log
xT

0 s0

ε

)
iterations.



Chapter 3

A new long-step interior point
algorithm for solving sufficient linear
complementarity problems

In this chapter, we generalize the long-step IPA introduced in Chapter 2 for sufficient linear
complementarity problems. These results were published in the article [49].

In Chapter 1, we have already discussed the role of sufficiency; according to Theorem
1.1 by Illés, Roos, and Terlaky, for sufficient LCPs, the central path exists, and it is unique.
Therefore, from now on, we assume that the coefficient matrix M of the LCP is sufficient,
more precisely P∗(κ), furthermore, F LCP

+ ̸= ∅ and an initial point (x0, s0) ∈ F LCP
+ is given.

However, even if we assume the sufficiency of the coefficient matrix, the analysis of IPAs is
more complicated than the LP case since the search directions here are not orthogonal.

As in Chapter 2, we consider the case when the transformation function in the AET
method is φ(t) = t −

√
t, and therefore p(t) = 2(t−t2)

2t−1 for all t ∈ (1/2, ∞). As we have al-
ready mentioned, this function has some special properties that can be used to tighten some
estimations in the analysis, compared to the general case described in Chapter 4, namely,
(2.2)- (2.4).

In the literature, there are numerous IPAs for solving sufficient LCPs. As it can be seen
from Table 1.2 and 1.3, there are different IPAs using the AET technique for this problem
class, and we can also find Ai-Zhang type IPAs for solving sufficient LCPs. However, to our
best knowledge, no algorithm in the literature combines the two approaches, i.e., Ai-Zhang
type IPA using the AET technique. The algorithm presented in this chapter is the first such
method for LCPs.

3.1 The IPA and the applied wide neighborhood

We apply an Ai-Zhang type wide neighborhood, but our definition differs from (2.1) exam-
ined in the LP case. Namely, we consider the following neighborhood:

WLCP(τ, β, κ) =

{
(x, s) ∈ F LCP

+ :
∥∥∥p+

φ

∥∥∥ ≤ β

1 + 4κ
and v >

1
2

e
}

,

where β, τ ∈ (0, 1) are given numbers. This definition depends not just on these parameter
values but also on the handicap of the matrix. To avoid misunderstandings, the subscript
LCP is applied when we talk about the generalized neighborhood for sufficient LCPs, and
W(τ, β) denotes the original neighborhood investigated in the LP case.

First, we need to show that WLCP(τ, β, κ) is a wide neighborhood for all nonnegative κ
(similarly to W(τ, β), i.e., the κ-dependency does not ruin this property). Again, we com-
pare our wide neighborhood with N−

∞ (1 − τ) (introduced by Kojima et al. [108]).
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Lemma 3.1 Let 0 < τ < 1 and 0 < β < 1 be given parameters, and let γ = τ
(

1 − β
2(1+4κ)

)2
.

Then
N−

∞ (1 − τ) ⊆ WLCP(τ, β, κ) ⊆ N−
∞ (1 − γ)

holds.

Proof. If (x, s) ∈ N−
∞ (1 − τ), then (τµ − xisi)

+ = 0 for all i ∈ I , therefore ∥p+
φ ∥ = 0 <

β/(1 + 4κ). The condition v > 1/2e is also satisfied, since v2
i = (xisi)/(τµ) ≥ 1 > 1/4 for

all i ∈ I .
For the other inclusion, let (x, s) ∈ WLCP(τ, β, κ) and assume that there exists an index

i ∈ I for which xisi < γµ holds. In this case, v2
i = xisi

τµ < γ
τ =

(
1 − β

2(1+4κ)

)2
. Using (2.2), we

get

(pφ)i = p(vi) ≥ 2(1 − vi) > 2
(

1 −
√

γ

τ

)
=

β

1 + 4κ
,

which is a contradiction.

Not surprisingly, in the previous lemma, the neighborhood N−
∞ (1 − γ) also depends

on the handicap. However, it would be possible to use a κ-independent parameter γ. Let
γ̃ = τ (1 − β/2)2. Since γ > γ̃, WLCP(τ, β, κ) ⊆ N−

∞ (1− γ̃) also holds, but we can get better
estimations using the κ-dependent variant.

In the following corollary, we give lower and upper bounds on the coordinates of v.

Corollary 3.1 If (x, s) ∈ WLCP(τ, β, κ) then

1 − β

2(1 + 4κ)
≤ vi < 1 ∀i ∈ I+,

1 ≤ vi ≤
√

n/τ ∀i ∈ I−.

This corollary is analogous to Corollary 2.1 for sufficient LCPs. The only difference is
the lower bound given over the index set I+, which comes from the different (κ-dependent)
neighborhood definition. The upper bound over I− is presented for the sake of complete-
ness and, again, comes from the equation (2.5).

Now we can define the long-step IPA for sufficient LCPs.

Input: a matrix M ∈ Rn×n, M ∈ P∗(κ) for a given κ ≥ 0 and q ∈ Rn

an update parameter 0 < τ < 1, a neighborhood parameter 0 < β < 1,
an accuracy parameter ε > 0,

an initial point (x0, s0) ∈ WLCP(τ, β, κ) with µ0 =
xT

0 s0
n .

x := x0, s := s0 and µ := µ0
while xTs > ε do

Determine ∆x+, ∆s+ and ∆x−, ∆s− by solving systems (1.21);
α2 := 1 and
α1 := argmin

α1∈(0,1]

{
µ(α) = (x(α)Ts(α))/n : (x(α), s(α)) ∈ WLCP(τ, β, κ)

}
,

where x(α) = x + α1∆x− + α2∆x+ and s(α) = s + α1∆s− + α2∆s+;
x := x(α);
s := s(α);
µ := xTs

n ;
end

ALGORITHM 3.1: Outline of the IPA for P∗(κ)-LCPs using φ(t) = t −
√

t
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3.2 Analysis of the algorithm

The following lemma contains some well-known results from the theory of interior point
algorithms for the Newton-system of sufficient LCPs. The proof of the first and third state-
ments can be found in [106], and for the second statement, see for example [68, Lemma
2].

Lemma 3.2 Let us consider the following system:

−M∆x + ∆s = 0,
s∆x + x∆s = a,

}

where M is a P∗(κ)-matrix, x, s ∈ Rn
+ and a ∈ Rn are given vectors.

1. Then the system has a unique (∆x, ∆s) solution.

2. The next estimations hold for the solutions of the above system:

∥∆x∆s∥r ≤
21/r + 4κ

4

∥∥∥∥ a√
xs

∥∥∥∥2

for r ∈ {1, 2, ∞},

where 1/∞ := 0.

3. −κ
∥∥∥ a√

xs

∥∥∥2
≤ ∆xT∆s ≤ 1

4

∥∥∥ a√
xs

∥∥∥2
.

We need to prove that after an iteration, the decrease of the duality gap is suitable and
that the new iterate will also be in the neighborhood. Therefore we examine the new iterate
after taking a Newton-step with step-length α = (α1, α2), where α1, α2 ∈ (0, 1] are given.

The notations dx(α), ds(α) and h(α) are the same as in Chapter 2, but we repeat them
for easier readability:

dx(α) = α1dx− + α2dx+, ds(α) = α1ds− + α2ds+,

h(α) = τµv2 + α1τµvp−
φ + α2τµvp+

φ .

Again, with these notations, x(α)s(α) = (x + α1∆x− + α2∆x+)(s + α1∆s− + α2∆s+) can be
written as

x(α)s(α) = h(α) + τµdx(α)ds(α).

The role of the following technical result is similar to Lemma 2.5, namely, to give upper
bounds on the different norms of the Hadamard-product of dx(α) and ds(α). However, as
it has already been pointed out, now the search directions are not orthogonal, and we need
to use the estimations from Lemma 3.2. The resulting upper bound is a more complicated
formula than in the LP case and depends on the value of the handicap.

Corollary 3.2 Let (x, s) ∈ WLCP(τ, β, κ) and α1, α2 ∈ (0, 1] be given. Then

∥dx(α)ds(α)∥r ≤
21/r + 4κ

4

(
α2

1
n
τ
+ α2

2
β2

(1 + 4κ)2

)
for r ∈ {1, 2, ∞},

where 1/∞ := 0, and

−κ

(
α2

1
n
τ
+ α2

2
β2

(1 + 4κ)2

)
≤ dx(α)Tds(α) ≤ 1

4

(
α2

1
n
τ
+ α2

2
β2

(1 + 4κ)2

)
.
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Proof. The vector dx(α)ds(α) is the same as 1
τµ ∆xα∆sα, where ∆xα and ∆sα are the solutions

of the system
−M∆x + ∆s = 0,

s∆x + x∆s = τµv(α1p−
φ + α2p+

φ ),

}
since I− ∩ I+ = ∅.

If we apply Lemma 3.2 to the above system, we get

∥dx(α)ds(α)∥r ≤
21/r + 4κ

4

∥∥∥α1p−
φ + α2p+

φ

∥∥∥2
,

since τµv√
xs =

√
τµ.

Furthermore,
∥∥∥α1p−

φ + α2p+
φ

∥∥∥2
= α2

1

∥∥∥p−
φ

∥∥∥2
+ α2

2

∥∥∥p+
φ

∥∥∥2
by the orthogonality of p−

φ and

p+
φ . According to the definition of the neighborhood WLCP(τ, β, κ),

∥∥∥p+
φ

∥∥∥2
≤ β2

(1+4κ)2 . More-
over, ∥∥∥p−

φ

∥∥∥2
= ∑

i∈I−
p2(vi) ≤ ∑

i∈I−
v2

i ≤ n
τ

.

In the first inequality we applied (2.3), and the second follows from (2.5).
From these estimations, the first statement of the corollary follows. The inequalities

regarding the scalar product dx(α)Tds(α) can be proved similarly.

Since the definition of h(α) is exactly the same as it was in the LP case, we can use the
lower bounds calculated in Lemma 2.2 and 2.3. For the sake of completeness, we repeat
those results here but omit the proofs.

Lemma 3.3 For all indices i ∈ I−, hi(α) ≥ τµ holds.

Lemma 3.4 If (x, s) ∈ WLCP(τ, β, κ), then h(α) ≥ γµe, and consequently h(α) > 0.

From now on, we use the step-lengths α1 = 1
1+4κ

√
βτ
n and α2 = 1. From α2 = 1 it follows

that
hi(α) ≥ τµ (3.1)

holds for all indices, not just for the ones in I−, similarly to the LP case.
We have to prove that the new iterates are strictly positive, i.e. x(α) > 0 and s(α) > 0

holds. First, we give a lower bound on the product of these two vectors.

Lemma 3.5 Let (x, s) ∈ WLCP(τ, β, κ), α1 = 1
1+4κ

√
βτ
n and α2 = 1. Then

x(α)s(α) ≥
(

1 − β + β2

4(1 + 4κ)

)
τµe.

Proof. By applying (3.1) and then Corollary 3.2, we get the following:

x(α)s(α) = h(α) + τµdx(α)ds(α) ≥ τµe − τµ ∥dx(α)ds(α)∥∞ e

≥ τµe − 1
4(1 + 4κ)

(β + β2)τµe =

(
1 − β + β2

4(1 + 4κ)

)
τµe.

To prove that the new iterates (x(α) and s(α)) are strictly positive, we can apply Propo-
sition 3.2 by Ai and Zhang [4]. They analyze the case of monotone LCPs, but the properties
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of the coefficient matrix do not have any role in their proof; therefore, it can be used in this
more general setting as well. The special case of LP problems has been discussed in Lemma
2.7.

Proposition 3.1 ([4, Proposition 3.2]) Let (x, s) ∈ F LCP
+ and (∆x, ∆s) be the solution of the sys-

tem
−M∆x + ∆s = 0,

s∆x + x∆s = z.

}
If z + xs > 0 and (x + t0∆x)(s + t0∆s) > 0 holds for some t0 ∈ (0, 1], then x + t∆x > 0 and
s + t∆s > 0 for all t ∈ (0, t0].

To prove the positivity of the vectors x(α) and s(α), we apply Proposition 3.1 with z =
τµ(α1vp−

φ + α2vp+
φ ). Since z + xs = h(α)>0 by Lemma 3.4, it is enough to prove that their

Hadamard product is positive. This is satisfied for all β ∈ [0, 1], because for the lower bound
obtained in Lemma 3.5

1 − β + β2

4(1 + 4κ)
≥ 1 − β + β2

4
> 0

holds.
The next two lemmas examine the change in the duality gap µ(α) = x(α)Ts(α)

n after the
Newton-step.

Lemma 3.6 Let (x, s) ∈ WLCP(τ, β, κ), α1 = 1
1+4κ

√
βτ
n and α2 = 1. Then

µ(α) ≤
(

1 − α1

[
8
9
(1 − τ)−

√
βτ − 1 + β

4

])
µ.

Proof. By the definition of µ(α),

µ(α) = µ +
α1τµ

n
vTp−

φ +
α2τµ

n
vTp+

φ + τµ
dx(α)Tds(α)

n
.

First, we give an upper bound on the expression vTp+
φ :

vTp+
φ =

∥∥∥vp+
φ

∥∥∥
1
≤

√
n
∥∥∥vp+

φ

∥∥∥ ≤
√

n
∥∥∥p+

φ

∥∥∥ ≤
√

n
β

1 + 4κ
. (3.2)

The first equality holds since the vector vp+ is nonnegative, and the first estimation can be
shown using the Cauchy-Schwartz inequality. The second inequality can be verified using
the property that vi ≤ 1 when i ∈ I+, and for the last estimation, we used the definition of
the neighborhood WLCP(τ, β, κ).

We can estimate the term vTp−
φ using vi > 1 for all i ∈ I−:

vTp−
φ = ∑

i∈I−
vi p(vi) = ∑

i∈I−

2v2
i

(1 + vi)(2vi − 1)
(1 − v2

i )

≤ ∑
i∈I−

8
9
(1 − v2

i ) ≤ ∑
i∈I

8
9
(1 − v2

i ) =
8
9

n
(

1 − 1
τ

)
. (3.3)

Combining (3.2) and (3.3), and using Corollary 3.2, we obtain
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µ(α) ≤ µ +
α1τµ

n
8
9

n
(

1 − 1
τ

)
+

α2τµ

n
√

n
β

1 + 4κ
+

τµ

4n

(
α2

1
n
τ
+ α2

2
β2

(1 + 4κ)2

)
= µ

(
1 − α1

8
9
(1 − τ) +

α2τ√
n

β

1 + 4κ
+

α2
1

4
+ α2

2
β2τ

4n(1 + 4κ)2

)
. (3.4)

Since α2 = 1 = (1 + 4κ)
√

n
βτ α1, we get

µ(α) ≤ µ
(

1 − α1
8
9 (1 − τ) + α1

√
βτ +

α2
1

4 + α2
1

β
4

)
≤
(

1 − α1

[
8
9 (1 − τ)−

√
βτ − 1+β

4

])
µ.

This result shows that the step-length α1 is responsible for the decrease of the duality
gap in our analysis, i.e., by choosing its value correctly, we can prove the convergence and
desired complexity of the method. According to our estimation (3.4), the terms multiplied
by α2 increase the duality gap, but this step-length has an essential role in ensuring that the
new iterates remain in the neighborhood WLCP(τ, β, κ), as it will be discussed later.

For the correctness of our algorithm, we need to ensure that the duality gap decreases
after every iteration.

Corollary 3.3 Let (x, s) ∈ WLCP(τ, β, κ), α1 = 1
1+4κ

√
βτ
n , α2 = 1 and β = τ = 1

4 . Then

µ(α) < µ.

Proof. Substituting β = τ = 1
4 ,(

8
9
(1 − τ)−

√
βτ − 1 + β

4

)
≈ 0.7292,

so the statement holds by Lemma 3.6.

Similarly to the LP case, we can determine all (β, τ) pairs for which the upper bound
given on the duality gap decreases, i.e., these are suitable from the point of view of our
analysis. These values are shown in Figure 3.1.

FIGURE 3.1: Values of β and τ for which the bound on the duality gap
decreases in the LCP case with φ(t) = t −

√
t
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To make sure that the iterates stay in the neighborhood WLCP(τ, β, κ), we need a lower
bound on the duality gap after a Newton-step.

Lemma 3.7 Let (x, s) ∈ WLCP(τ, β, κ) and α1, α2 ∈ (0, 1], then

µ(α) ≥
(

1 − α1 − κτ

[
α2

1
τ

+
α2

2β2

n(1 + 4κ)2

])
µ.

Proof. Let us consider the definition of µ(α):

µ(α) = µ +
α1τµ

n
vTp−

φ +
α2τµ

n
vTp+

φ + τµ
dx(α)Tds(α)

n

≥ µ +
α1τµ

n
vTp−

φ − κτµ

n

(
α2

1
n
τ
+ α2

2
β2

(1 + 4κ)2

)
≥
(

1 − α1 − κτ

(
α2

1
τ

+
α2

2β2

n(1 + 4κ)2

))
µ,

where we used vTp+
φ ≥ 0, Corollary 3.2, and the estimation

α1τµ

n
vTp−

φ = −α1τµ

n ∑
i∈I−

2vi(v2
i − vi)

2vi − 1
≥ −α1τµ

n ∑
i∈I

v2
i ≥ −α1µ,

that follows from (2.3) and (2.5).

To guarantee that the new points after taking the Newton-step stay in the neighborhood
WLCP(τ, β, κ), we need to choose the values of the parameters τ and β properly.

First, we need to ensure that all coordinates of the vector v(α) =
√

x(α)s(α)
τµ(α)

are greater
than 1/2.

Lemma 3.8 Let (x, s) ∈ WLCP(τ, β, κ), α1 = 1
1+4κ

√
βτ
n and α2 = 1. Then

v(α) >
1
2

e.

Proof. Using Lemma 3.5 and Corollary 3.3, we obtain

v2(α) =
x(α)s(α)

τµ(α)
≥ 1 − β + β2

4(1 + 4κ)
≥ 1 − β + β2

4
.

To prove the statement, it is enough to show that

1 − β + β2

4
>

1
4

,

which is satisfied for all β ∈ [0, 1].

Finally, we need to show that
∥∥pφ(α)+

∥∥ ≤ β
1+4κ holds. To be able to prove this, we need

the following technical lemma:

Lemma 3.9 Let α1 = 1
1+4κ

√
βτ
n and (x, s) ∈ WLCP(τ, β, κ). Then

∥ [τµ(α)e − h(α)]+ ∥ ≤ β

1 + 4κ
τµ(α) (1 − α2) .
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Proof. By Lemma 3.3, we have τµ(α) − hi(α) ≤ 0 for all i ∈ I−, therefore we need to
consider indices only from I+.

From (2.4), it follows that

1 − v2
i ≤ (pφ)ivi ∀ i ∈ I+. (3.5)

Using Corollary 3.3 and (3.5), we obtain

τµ(α)− hi(α) = τµ(α)− τµ
(
v2

i + α2vi(pφ)i
)
≤ τµ(α)

(
1 − v2

i − α2vi(pφ)i
)

≤ τµ(α)(pφ)ivi(1 − α2) ≤ τµ(α)(pφ)i (1 − α2) .

This, together with the definition of WLCP(τ, β, κ) yields

∥ [τµ(α)e − h(α)]+ ∥ ≤ τµ(α)∥p+
φ ∥ (1 − α2) ≤

β

1 + 4κ
τµ(α) (1 − α2) .

This result shows that if we fix the value of α2 as 1, then τµ(α)− hi(α) ≤ 0 holds for the
indices from I+ as well, i.e., ∥(τµ(α)e − h(α))+∥ = 0 in this case, similarly to the LP case.
This also follows from (3.1).

Lemma 3.10 Let β = τ = 1
4 . If α1 = 1

1+4κ

√
βτ
n , α2 = 1 and (x, s) ∈ WLCP(τ, β, κ), then the new

point (x(α), s(α)) ∈ WLCP(τ, β, κ).

Proof. We need to prove that

∥∥pφ(α)
+
∥∥ =

∥∥∥∥∥
(

2v(α)(e − v(α))
2v(α)− e

)+
∥∥∥∥∥ ≤ β

1 + 4κ
.

We can give an upper bound on the norm the following way:

∥∥pφ(α)
+
∥∥ =

∥∥∥∥∥
(

2v(α)(e − v(α))
2v(α)− e

)+
∥∥∥∥∥ =

∥∥∥∥ 2v(α)
(2v(α)− e) (e + v(α))

(
e − v2(α)

)+∥∥∥∥
≤
∥∥∥∥ 2v(α)

2v2(α) + v(α)− e

∥∥∥∥
∞

∥∥∥(e − v2(α)
)+∥∥∥ . (3.6)

Let q :
( 1

2 , ∞
)
→ R and q(t) = 2t

2t2+t−1 . This function is strictly decreasing on its domain,
therefore using the discussed lower bound on v(α) and substituting the values of β and τ,
the first term in (3.6) can be estimated as∥∥∥∥ 2v(α)

2v2(α) + v(α)− e

∥∥∥∥
∞
≤ q

(√
1 − β + β2

4

)
< 1.065. (3.7)
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For the other term, we use Corollary 3.2 and Lemma 3.9:∥∥∥(e − v2(α)
)+∥∥∥ =

1
τµ(α)

∥∥∥[τµ(α)e − x(α)s(α)]+
∥∥∥

≤ 1
τµ(α)

(∥∥∥[τµ(α)e − h(α)]+
∥∥∥+ τµ

∥∥∥[dx(α)ds(α)]−
∥∥∥)

≤ 1
τµ(α)

[
β

1 + 4κ
τµ(α) (1 − α2) + τµ

(
1√
8
+ κ

)(
α2

1
n
τ
+ α2

2
β2

(1 + 4κ)2

)]
=

β

1 + 4κ
(1 − α2) +

µ

µ(α)

(
1√
8
+ κ

)(
α2

1
n
τ
+ α2

2
β2

(1 + 4κ)2

)
. (3.8)

From Lemma 3.7, we have

µ

µ(α)
≤ 1

1 − α1 − κτ
(

α2
1

τ +
α2

2β2

n(1+4κ)2

) ≤ 1

1 − 1
1+4κ

√
βτ
n − 2βτκ

n(1+4κ)2

≤ 1
1 −

√
βτ − 1

8 βτ
,

since
κ

(1 + 4κ)2 ≤ 1
16

for all κ values. Using the previous estimation and substituting α2 = 1, from (3.8) we obtain∥∥∥(e − v2(α)
)+∥∥∥ ≤ β

1 + 4κ

1
1 −

√
βτ − 1

8 βτ

1 + 4κ√
8

1
1 + 4κ

(1 + β)

=
β

1 + 4κ

1
1 −

√
βτ − 1

8 βτ

1 + β√
8

.

Substituting β = 1
4 and τ = 1

4 , we have

1
1 −

√
βτ − 1

8 βτ

1 + β√
8

≈ 0.5955 < 0.6. (3.9)

Using (3.7) and (3.9), we get

∥∥pφ(α)
+
∥∥ < 1.065 · 0.6

β

1 + 4κ
<

β

1 + 4κ
,

therefore the new point is in the neighborhood WLCP(β, τ, κ).

The (β, τ) pairs, for which the new iterates remain in the neighborhood WLCP(τ, β, κ)
according to our analysis are represented by the green and red areas in Figure 3.2. The blue
area in Figure 3.1 shows the values for which the upper bound on the duality gap decreases.
Therefore, the parameter values for which both conditions are certainly satisfied (i.e., the
duality gap decreases and the new iterates remain in WLCP(τ, β, κ) ) are in the intersection
of the two areas and are shown in red in Figure 3.2. Since we applied upper bounds in the
calculations, these are subsets of the actual parameter settings that would be suitable for the
algorithm.
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FIGURE 3.2: Suitable parameter values for β and τ

in the LCP case with φ(t) = t −
√

t

3.3 Complexity of the algorithm

Theorem 3.1 Let β = τ = 1
4 , α1 = 1

1+4κ

√
βτ
n , α2 = 1, and suppose that a starting point (x0, s0) ∈

WLCP(τ, β, κ) is given. Then the algorithm provides an ε-optimal solution in

O
(
(1 + 4κ)

√
n log

xT
0 s0

ε

)
iterations.

Proof. According to Lemma 3.6, the following holds for the duality gap in the kth iteration:

xT
k sk

n
= µk ≤ µk−1

(
1 − α1

[
8
9
(1 − τ)−

√
βτ

])
≤ µ0

(
1 − α1

[
8
9
(1 − τ)−

√
βτ

])k

.

By rearranging, we get

xT
k sk ≤

(
1 − α1

[
8
9
(1 − τ)−

√
βτ

])k

µ0n.

Therefore xT
k sk ≤ ε holds if(

1 − α1

[
8
9
(1 − τ)−

√
βτ

])k

µ0n ≤ ε

is satisfied.
Taking the natural logarithm of both sides yields

k log
[

1 − α1

(
8
9
(1 − τ)−

√
βτ

)]
+ log(µ0n) ≤ log ε.
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Using the inequality − log(1 − ϑ) ≥ ϑ, it is enough to prove that

−kα1

(
8
9
(1 − τ)−

√
βτ

)
+ log(µ0n) ≤ log ε.

The last inequality is satisfied when

k ≥ (1 + 4κ)

√
n

βτ

1
8
9 (1 − τ)−

√
βτ

log
(

xT
0 s0

ε

)
,

and this proves the statement.

From Theorem 3.1, it follows that with the step-lengths applied in Algorithm 3.1, the
same theoretical complexity can be achieved.

Corollary 3.4 Let β = τ = 1
4 , and suppose that a starting point (x0, s0) ∈ WLCP(τ, β, κ) is given.

Then Algorithm 3.1 determines an ε-optimal solution in

O
(
(1 + 4κ)

√
n log

xT
0 s0

ε

)
iterations.

An interesting question regarding the IPA presented in this chapter is whether it would
be possible to carry out the analysis in a κ-independent neighborhood. In his 2014 paper
[142], Potra proposed an Ai-Zhang type method for horizontal LCPs. He did not apply the
AET method, i.e., in his case, φ can be considered as the identity function. In that case, the
method’s convergence and best known complexity could be proved using the original, κ-
independent neighborhood of Ai and Zhang. With the current estimations, the convergence
cannot be proved for our method, assuming that the neighborhood does not depend on the
handicap.

For most IPAs from the literature for solving P∗(κ)-LCPs, the neighborhood definition
(or at least some other parameter of the IPA) depends on the value of handicap. From a prac-
tical point of view, this is problematic since, usually, the handicap of the coefficient matrix is
not known in advance, and the only algorithm that has been introduced to determine it has
exponential running time [163]. Therefore, these methods cannot be implemented directly.
In Chapter 5, we will discuss this matter in detail.





Chapter 4

A new class of large-update interior
point algorithms for linear
optimization

When we started working with Ai-Zhang type methods in 2019, there was only one such
algorithm related to the AET technique introduced by Darvay and Takács [42]1 , using the
function φ(t) =

√
t. Our original goal was to propose a new Ai-Zhang type IPA using the

function φ(t) =
√

t
2(1+

√
t)

, suggested by Kheirfam and Haghighi [98]. After several failed at-
tempts regarding this function, we started working with another well-known function from
the literature, φ(t) = t −

√
t. The results obtained with this function have been presented in

the previous two chapters.
After we succeeded in proving the convergence and complexity in this particular case,

we started investigating what properties of the functions t (i.e., the original method of Ai
and Zhang that did not apply the AET technique),

√
t and t −

√
t make it possible to prove

the desired properties of Ai-Zhang type IPAs, and what causes the problems in the case of√
t

2(1+
√

t)
.

The result of this research is a general Ai-Zhang type long-step algorithmic framework
and a function class. The transformation function applied in the AET technique (more pre-
cisely, the function p(t) obtained from the right-hand side of the scaled system) is part of
the input. We introduce a class of functions (i.e., a set of necessary conditions on p(t)), for
which the convergence and best known iteration complexity of the general algorithm can
be proved. These conditions and the analysis of the general algorithm will be presented in
Section 4.1. In Section 4.2, we examine whether the most frequently applied functions from
the literature of the AET technique are included in our class, and propose new functions
that have not been used in this context before.

In Section 4.3, we will transform the conditions on p(t) into conditions on the transfor-
mation function φ(t), and generalize Darvay’s technique to piecewise continuously differ-
entiable transformation functions.

This chapter is based on the manuscript [50].

4.1 The general algorithmic framework and its analysis

In Chapter 2, we have already proposed an Ai-Zhang type IPA for LP, using the function
φ(t) = t −

√
t (the corresponding function p is p(t) = 2(t − t2)/(2t − 1)). Now, we consider

a general IPA, where p(t) is part of the input. However, we follow the same line of thoughts

1In 2020, Darvay et al. proposed a second-order corrector IPA using the function φ(t) =
√

t, that also works
in an Ai-Zhang type wide neighborhood [36].



48 Chapter 4. A new class of large-update interior point algorithms for linear optimization

when proving the convergence and complexity results for this general algorithm, but instead
of using the properties of a specific function, we give a set of necessary conditions on p(t).

When we analyzed the IPA in Chapter 2, in Corollary 2.1 we showed that an upper
bound can be given on the coordinates of the vector v, namely

vi ≤ t∗ :=
√

n
τ

∀ i ∈ I .

This upper bound does not depend on the algorithm or the applied transformation func-
tion, and therefore, can be generally applied. It is frequently used in the literature of Ai-
Zhang type methods, since Ai-Zhang type neighborhoods do not restrict the value of vi
when i is in I−, unlike other types of neighborhoods.

In (1.15), we defined p(t) over the interval (ξ, ∞). Since the arguments of p are the
coordinates of v, according to the previous observation, it is enough to define p(t) and give
the necessary lower and upper bounds over the interval (ξ, t∗] instead of (ξ, ∞).

Before we start discussing the analysis, we give the pseudocode of the general algorith-
mic framework. The function p(t) is part of the input; therefore, for each different function
p we get a different long-step IPA.

Input: A ∈ Rm×n, b ∈ Rm, c ∈ Rn, a function p(t) : (ξ, t∗] → R,
an update parameter 0 < τ < 1, a neighborhood parameter 0 < β < 1,
an accuracy parameter ε > 0,

a starting point (x0, y0, s0) ∈ W(τ, β) with µ0 =
xT

0 s0
n .

x := x0, y := y0, s := s0 and µ := µ0

while xTs > ϵ do
Determine ∆x+, ∆y+, ∆s+ and ∆x−, ∆y−, ∆s− according to (1.19) ;
(α1, α2) := argmin{µ(α) : (x(α), y(α), s(α)) ∈ W(τ, β)},
where x(α) = x + α1∆x− + α2∆x+, y(α) = y + α1∆y− + α2∆y+ and

s(α) = s + α1∆s− + α2∆s+;
x := x(α);
y := y(α);
s := s(α);
µ := xTs

n ;
end

ALGORITHM 4.1: Outline of the general algorithm for LP problems

Throughout this chapter, we assume that p(t) : (ξ, t∗] → R satisfies the following prop-
erties:

(P1) The inequality p(t) ≥ 1 − t2 holds over (ξ, 1).

(P2) There exists a positive constant c for which p(t) ≥ −c(t− 1/t) holds for all t ∈ [1, t∗].

(P3) There exists a positive constant r for which p(t) ≤ −r(t− 1/t) holds for all t ∈ [1, t∗].

(P4) There exist two constants ϱ ∈ [1, 2) and η ∈ (ξ, 1) such that p(t) ≤ ϱ(1 − t2) for all
t ∈ (η, 1).

Due to the Ai-Zhang-type decomposition and the special neighborhood definition, the
domain of the function p is divided into two intervals with respect to the proposed prop-
erties; (ξ, 1) and [1, t∗]. From (P2) and (P3) it follows that p(1) = 0. These two properties
give lower and upper bounds for the function p(t) over the interval [1, t∗]. The properties
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(P1) and (P4) refer to the behavior of the function p(t) over the interval (ξ, 1). As it will turn
out from our analysis, in some sense, the constraints over the interval [1, t∗] play a more
important role in proving the desired properties of the general IPA. The constraint (P4) is
not directly necessary for our proof to work; however, it is assumed so that we can guar-
antee that suitable update and neighborhood parameters exist that satisfy our assumptions
on these parameters (to be discussed later in this section). Therefore, (P4) is included here
mainly for the sake of completeness.

An important equivalence comes from (P1) and (P3), that is,

p(t) > 0 if and only if t ∈ (ξ, 1), (4.1)

in other words
pi > 0 if and only if i ∈ I+.

Note that we do not assume the continuity of p(t) when proving our results. However,
all functions previously considered in the literature related to the AET technique are contin-
uous.

Furthermore, in our case, it is not required that p(t) should be monotonically decreasing,
but for most cases in the literature, this property is also satisfied. The only exception is the
function φ(t) = t2 − t+

√
t introduced by Illés et al. in [78], however, it is still monotonically

decreasing over [1, ∞), which is the more relevant interval from the point of view of our
analysis. This function satisfies the conditions (P1)-(P4).

As it will turn out, in the analysis, we do not use the connection between φ and p. There-
fore from now on, we omit the subscript from the notation of the vector pφ, and simply use
p instead.

As it has already been mentioned in Chapter 1, we use the neighborhood

W(τ, β) =
{
(x, y, s) ∈ F+ : ∥p+∥ ≤ β and v > ξe

}
,

where β and τ are given parameters. We include the technical condition v > ξe in the
definition to ensure that p is well defined.

We compare the neighborhood W(τ, β) to N−
∞ (1 − τ) to prove that the neighborhood

W(τ, β) is wide.

Lemma 4.1 1. Assume that (P3) holds, then N−
∞ (1 − τ) ⊆ W(τ, β).

2. Suppose that (P1) holds and let γ = (1 − β)τ. Then W(τ, β) ⊆ N−
∞ (1 − γ) is true.

Proof. 1. If (x, y, s) ∈ N−
∞ (1 − τ), then xs ≥ τµe, i.e. v ≥ e. From the assumption, it

follows that I+ = ∅, therefore ∥p+∥ = 0. Furthermore, from v ≥ e, we also have v ≥ ξe,
since ξ ∈ [0, 1).

2. Let (x, y, s) ∈ W(τ, β), and assume that there exists an index i ∈ I such that xisi < γµ
holds. Then, for this index, v2

i = xisi
τµ < γ

τ < 1. Since p(t) ≥ 1 − t2 on the interval (ξ, 1), we
can write

p(vi) ≥ 1 − v2
i > 1 − γ

τ
= 1 − (1 − β) = β.

But pi ≤ ∥p+∥ ≤ β holds for all index i ∈ I by the definition of W(τ, β), which is a
contradiction. Therefore, xisi ≥ γµ is satisfied for all index i ∈ I .

Throughout this chapter, we fix the value of the parameter γ as (1 − β)τ, since this way,
the proofs and estimations are easier to understand. However, it would be possible to carry
out the analysis with a general γ parameter and tailor its value to each function p(t) before
performing the numerical tests. This way, the set of suitable parameters would possibly
be larger. However, the complexity of the IPA would remain the same, i.e., this could help
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with the numerical tests, but would not modify the theoretical results significantly. In the
previous two chapters, in the case of the function p(t) = 2(t − t2)/(2t − 1) (a correspond-
ing transformation function is φ(t) = t −

√
t), we used γ = 1/4(1 +

√
1 − 2β)2τ which is

suitable for this special function and gives slightly better bounds.
Using the neighborhood definition, we can give a lower bound on the coordinates of v.

Corollary 4.1 Assume that (P1) is satisfied and let (x, y, s) ∈ W(τ, β). Then

xisi

τµ
= v2

i ≥ γ

τ
= 1 − β ∀ i ∈ I .

As it can be seen from the pseudocode (and the definition of W(τ, β)), the parameters β
and τ play an important role in our analysis. Therefore, in addition to the properties (P1)-
(P4) given for the function p(t), we also introduced a set of conditions for the constants β
and τ:

(C1) 0 < β < 2(1 − ξ2)/3 and 0 < τ < 1,

(C2)
√

βτ ≤ r
c
(1 − τ),

(C3) 1 −
√

1 − β +
1

2(1 −
√

βτ)
≤ 1 − t2

p(t)
for all t ∈

[√
1 − 3

2 β, 1
)

,

where c and r are the positive numbers defined in conditions (P2) and (P3).
Although (C3) depends on the function p(t), this constraint gives bounds on the value

of the parameters β and τ. We included (P4) in the list of assumptions on p(t) to ensure that
there exist β and τ that satisfy (C3).

Indeed, from (P4) it follows that (1 − t2)/p(t) ≥ 1/ϱ > 1/2 is satisfied over (η, 1).
According to (C3), we should choose the value of β so that η <

√
1 − 3/2β is satisfied, this

gives an upper bound on β, that is, β < 2/3(1 − η2). The left-hand side of (C3) is strictly
increasing both in β and τ, and its value can be arbitrarily close to 1/2 if we choose suitably
small values for the parameters, i.e., it can be less than 1/ϱ. Furthermore, (C1) and (C2)
give only upper bounds on the parameters, therefore, these conditions allow us to choose
arbitrarily small values for β and τ. Therefore, when (P4) is satisfied, there exist suitable
parameters β and τ.

The other direction is also true, i.e., if there exist β and τ that satisfy (C3), then (P4) is

satisfied with ϱ = 1/
(

1 −
√

1 − β + 1
2(1−

√
βτ)

)
and any

√
1 − 3

2 β < η < 1. Therefore, (P4)

is a necessary and sufficient condition for the existence of suitable parameter values.

4.1.1 Convergence analysis

From now on, we assume that (x, y, s) ∈ W(β, τ).
The notations dx(α), ds(α) and h(α) are exactly the same as in the previous two sections,

but we repeat them here for easier readability:

dx(α) = α1dx− + α2dx+, ds(α) = α1ds− + α2ds+,

h(α) = τµv2 + α1τµvp− + α2τµvp+.

Again, with these notations, x(α)s(α) = (x + α1∆x− + α2∆x+)(s + α1∆s− + α2∆s+) can be
written as

x(α)s(α) = h(α) + τµdx(α)ds(α).

The next lemmas give positive lower bounds on the coordinates of h(α).
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Lemma 4.2 Assume that (P2) and (P3) hold, and let α1 ≤ 1
c , then hi(α) ≥ τµ for all i ∈ I−.

Proof. In the case of i ∈ I−, vi ≥ 1, pi ≤ 0 according to (P3) and hi(α) = τµvi(vi + α1 pi).
Using (P2) and the assumption on α1, we get

hi(α)− τµ = τµ(v2
i − 1 + α1vi pi) ≥ τµ(v2

i − 1)(1 − cα1) ≥ 0,

thus, for all i ∈ I−, hi(α) ≥ τµ holds.

Lemma 4.3 Assume that (P1)-(P3) hold, and let α1 ≤ 1
c , then h(α) ≥ γµe > 0.

Proof. When i ∈ I+, based on Corollary 4.1, we get hi(α) ≥ τµv2
i = xisi ≥ γµ. While in the

case of i ∈ I−, from Lemma 4.2 it follows that hi(α) ≥ τµ ≥ γµ.

The previous result can be considered as the generalization of Lemma 2.3 in Chapter 2
(this lemma was also applied in Chapter 3, since the definition of h(α) is the same in the
LCP case). As it has already been mentioned, in that case, we used a different value for
γ, and therefore, for α2 = 1 we could prove that hi(α) ≥ τµ for all indices, and not just
for the indices in I−. However, in that chapter, we exploited the special properties of the
function p(t) = 2(t − t2)/(2t − 1), and these are not satisfied in general for the elements of
the proposed function class.

The next technical lemma will be used to show that iterates remain in the neighborhood
W(τ, β).

Lemma 4.4 Assume that (P2) holds and let α1 ≤ 1
c

√
βτ
n and α2 ≤ 1, then

∥ [dx(α)ds(α)]− ∥1 = ∥ [dx(α)ds(α)]+ ∥1 ≤ 1
2

β.

Proof. Following the proof of Lemma 3.5 by Ai and Zhang [4], we have

∥[dx(α)ds(α)]−∥1 = ∥[dx(α)ds(α)]+∥1 ≤ 1
4
∥dx(α) + ds(α)∥2

=
1
4
∥α1(dx− + ds−) + α2(dx+ + ds+)∥2 =

1
4
(
α2

1∥p−∥2 + α2
2∥p+∥2)

By the definition of W(τ, β), we have ∥p+∥ ≤ β. We need an upper bound on the term
∥p−∥2:

∥p−∥2 = ∑
i∈I−

p2
i = ∑

i∈I−
p2(vi) ≤ c2 ∑

i∈I−

(
vi −

1
vi

)2

≤ c2 ∑
i∈I−

v2
i ≤ c2 ∑

i∈I
v2

i ≤ c2 n
τ

,

where we used (P2), and in the last inequality, we applied (2.5). Using this estimation and
substituting the values of α1 and α2, we get

1
4
(
α2

1∥p−∥2 + α2
2∥p+∥2) ≤ 1

4
1
c2

βτ

n
c2 n

τ
+

1
4

β2 ≤ 1
2

β,

which proves the statement.

Let µ(α) = x(α)Ts(α)
n be the duality gap after taking the Newton-step. The following

lemmas examine the effect of an iteration on the duality gap. First, we give a lower bound
on µ(α).
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Lemma 4.5 If (P2) holds, then
µ(α) ≥ (1 − α1c)µ.

Proof. Let us consider the definition of µ(α):

µ(α) = µ +
α1τµ

n
vTp− +

α2τµ

n
vTp+ ≥ µ +

α1τµ

n
vTp− = µ +

α1τµ

n ∑
i∈I−

vi p(vi)

≥ µ +
α1τµ

n ∑
i∈I−

(
−c
(
v2

i − 1
))

≥ µ − c
α1τµ

n ∑
i∈I

v2
i = µ − c

α1τµ

n
n
τ
= µ(1 − α1c).

For the first estimation, we used vTp+ ≥ 0, and for the second inequality, we applied (P2).
The last inequality follows from the nonnegativity of the parameter c.

The following proposition plays an important role in calculating the upper bound of
µ(α).

Proposition 4.1 If (P3) holds, then vTp− ≤ rn
(
1 − 1

τ

)
.

Proof. Using (P3) and the nonnegativity of 1 − v2
i for i ∈ I+, we get

vTp− = ∑
i∈I−

vi pi ≤ ∑
i∈I−

r(1 − v2
i ) ≤ ∑

i∈I
r(1 − v2

i ) = rn
(

1 − 1
τ

)
.

The next proposition will be used to prove that the reduction in the duality gap is posi-
tive.

Proposition 4.2 Suppose that (P2) and (P3) are satisfied and let α1 ≤ 1
c , then

α1

[
(1 − τ)r − c

√
βτ
]
< 1.

Proof.
(1 − τ)r − c

√
βτ < (1 − τ)r < r ≤ c ≤ 1

α1
,

which proves the statement.

As usual for Ai-Zhang type methods, from now on, we fix the value α2 = 1 in the analy-
sis, i.e., we take a full Newton-step in the positive direction (∆x+, ∆y+, ∆s+). Furthermore,

we fix the step-length α1 = 1
c

√
βτ
n , and in this case, the assumption α1 ≤ 1

c in the previous
lemmas is automatically satisfied. The next part of the analysis shows that a certain ratio
needs to be maintained between the two step-lengths to be able to prove the convergence of
the method.

Now, we examine the decrease in the duality gap after an iteration.

Lemma 4.6 Let α1 = 1
c

√
βτ
n and α2 = 1. Suppose that (P2) and (P3) hold. Then

µ(α) ≤
(

1 −
[
(1 − τ)r − c

√
βτ
]

α1

)
µ.

Furthermore, if (C2) is also satisfied, then the duality gap decreases, i.e., µ(α) ≤ µ holds.



4.1. The general algorithmic framework and its analysis 53

Proof. By the definition of µ(α),

µ(α) = µ +
α1τµ

n
vTp− +

α2τµ

n
vTp+.

To estimate the term vTp+, we use the fact that eTu = ∥u∥1 for all nonnegative vector u.
From the Cauchy-Schwartz inequality, it follows that ∥u∥1 ≤

√
n∥u∥. Therefore,

vTp+ ≤
√

nβ,

since vi < 1 for all i ∈ I+ and ∥p+∥ ≤ β by the definition of W(τ, β).
Using the previous estimation and Proposition 4.1, we get

µ(α) ≤ µ +
α1τµ

n
rn

τ − 1
τ

+
α2τµ

n
√

nβ = µ + α1(τ − 1)rµ + c
√

βτα1µ

= µ
(

1 −
[
(1 − τ)r − c

√
βτ
]

α1

)
.

Here, the multiplier of µ is positive by Proposition 4.2, and it is less than one due to (C2),
therefore, µ(α) ≤ µ, i.e., the duality gap decreases.

The next lemma also has an important role in proving that the new iterates remain in the
wide neighborhood W(τ, β).

Lemma 4.7 Assume that the properties (P1)-(P3) and (C2) hold, and let α1 = 1
c

√
βτ
n . Then

∥ [τµ(α)e − h(α)]+ ∥ ≤ βτµ(α)

(
1 − α2

√
γ

τ

)
.

Proof. According to Lemma 4.2, we have hi(α) ≥ τµ for all i ∈ I−. From this, it follows
that τµ(α)− hi(α) ≤ 0 for all i ∈ I−.

In the case of i ∈ I+ by Lemma 4.6, (P1) and Corollary 4.1, we have

τµ(α)− hi(α) = τµ(α)− τµv2
i − α2τµvi pi ≤ τµ(α)− µ(α)

µ

(
τµv2

i + α2τµvi pi
)

= τµ(α)
(
1 − v2

i − α2vi pi
)
≤ τµ(α)pi

(
1 − α2

√
γ

τ

)
.

Therefore, using this upper bound and the definition of W(τ, β), we get

∥ [τµ(α)e − h(α)]+ ∥ ≤ τµ(α)∥p+∥
(

1 − α2

√
γ

τ

)
≤ βτµ(α)

(
1 − α2

√
γ

τ

)
.

As it has already been pointed out, in Chapters 2 and 3, due to the properties of the
applied transformation function, we could apply a different value for γ. In those cases, we
could prove that ∥ [τµ(α)e − h(α)]+ ∥ = 0 holds (see Lemmas 2.11 and 3.9), but it is not true
in general.

The following lemma gives a lower bound on the expression x(α)s(α).

Lemma 4.8 Assume that (P1)-(P3) hold, and let α1 = 1
c

√
βτ
n and α2 = 1. Then

x(α)s(α) ≥
(

1 − 3
2

βτ

)
µe.
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Proof. From Lemma 4.3 and Lemma 4.4, it follows that

x(α)s(α) = h(α) + τµdx(α)ds(α) ≥ γµe − τµ∥ [dx(α)ds(α)]− ∥e

≥ γµe − τµ
1
2

βe = µ

(
γ − βτ

2

)
e = µ

(
1 − 3

2
βτ

)
e.

Corollary 4.2 Assume that (P1)-(P3) hold, and let α1 = 1
c

√
βτ
n and α2 = 1. If β < 2

3 , then
x(α)s(α) > 0 holds.

Using Lemma 2.7 (the analogue of Proposition 3.2 of Ai and Zhang [4] for LP problems),
we can show that the new iterates x(α) and s(α) are strictly positive, i.e., feasible.

Lemma 4.9 Suppose that (P1)-(P3) hold, and let α1 = 1
c

√
βτ
n and α2 = 1, furthermore β < 2

3 .
Then x(α) > 0 and s(α) > 0 holds.

Proof. Lemma 2.7 can be applied with z = α1τµvp− + α2τµvp+ since according Lemma
4.3, z + xs = h(α) > 0 and by Corollary 4.2, t0 = 1 is a proper choice.

Using Lemma 4.8, we can examine what are the necessary conditions for maintaining the
technical condition v > ξe after an iteration. For most functions from the literature ξ = 0
holds, therefore in most cases, the following lemma does not give additional requirements
on the parameters.

Lemma 4.10 Suppose that (P1)-(P3), (C1) and (C2) hold, let α1 = 1
c

√
βτ
n and α2 = 1, then v(α) >

ξe.

Proof. Since µ ≥ µ(α) according to Lemma 4.6, from Lemma 4.8 we get

x(α)s(α) ≥
(

γ − βτ

2

)
µe ≥

(
γ − βτ

2

)
µ(α)e.

Combining it with the assumption on β, it follows that

v(α) =

√
x(α)s(α)

τµ(α)
≥
√

γ

τ
− β

2
e =

√
1 − 3

2
βe > ξe. (4.2)

Now we have all the necessary results for proving that ∥p(α)+∥ ≤ β holds, where p(α)
is the new right-hand side of the Newton system after taking an α = [α1; α2]-long step.
Together with Lemma 4.10, this means that the new iterates after the Newton-step remain
in the neighborhood W(τ, β).

Lemma 4.11 Suppose that (P1)-(P3) and (C1)-(C3) hold. Let α1 = 1
c

√
βτ
n , and α2 = 1. Then

∥p(α)+∥ ≤ β

holds.
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Proof. We need to examine only the indices where p(α) is positive, namely v(α) is less than
one. In this case

pi(α) =
p(vi(α))

1 − v2
i (α)

(
1 − v2

i (α)
)
≤ 1

1 −
√

1 − β + 1
2(1−

√
βτ)

(
1 − v2

i (α)
)

,

by (C3) and using the lower bound (4.2).
Therefore,

∥p(α)+∥ ≤ 1
1 −

√
1 − β + 1

2(1−
√

βτ)

∥∥∥[e − v2(α)
]+∥∥∥ .

To estimate the second term, we use Lemma 4.4, Lemma 4.7 and Lemma 4.5:∥∥∥[e − v2(α)
]+∥∥∥ =

1
τµ(α)

∥∥∥[τµ(α)e − x(α)s(α)]+
∥∥∥

≤ 1
τµ(α)

( ∥∥∥[τµ(α)e − h(α)]+
∥∥∥+ τµ

∥∥∥[dx(α)ds(α)]−
∥∥∥ )

≤ 1
τµ(α)

(
βτµ(α)

(
1 −

√
1 − β

)
+ τµ

β

2

)
≤ β

µ(α)

(
µ(α)

(
1 −

√
1 − β

)
+

1
2

µ(α)

1 −
√

βτ

)

= β

(
1 −

√
1 − β +

1
2

1
1 −

√
βτ

)
.

Combining the two estimations completes the proof.

4.1.2 Complexity of the general algorithm

At the end of the analysis, we prove that the general algorithmic framework has the best-
known iteration complexity when it is applied with a function from the proposed class (i.e.,
p(t) satisfies (P1)-(P4)), and the parameters fulfil the conditions (C1)-(C3). As it has already
been discussed in Section 4.1, the condition (P4) was not mentioned in the analysis, since for
the results that was proved earlier in this chapter, this condition is not necessary, but for our
final theorem, we have to include this constraint to ensure that there exists a parameter pair
(β, τ) that satisfies our conditions (C1)-(C3).

Theorem 4.1 Suppose that the parameters β, τ ∈ (0, 1) and a function p(t) are given and they
satisfy all conditions (P1)-(P4) and (C1)-(C3) with constants c > 0 and r > 0. Assume that a

starting point (x0, y0, s0) ∈ W(τ, β) is given. Let α1 = 1
c

√
βτ
n , and α2 = 1. Then the algorithm

provides an ε-optimal solution in

O
(√

n log
xT

0 s0

ε

)
iterations.

Proof. According to Lemma 4.6, the following inequality holds for the duality gap in the
kth iteration:

xT
k sk

n
= µk ≤ µk−1

(
1 −

((
(1 − τ)r −

√
βτc
)

α1

))
≤ µ0

(
1 −

((
(1 − τ)r −

√
βτc
)

α1

))k
.
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From this, it follows that

xT
k sk ≤

(
1 −

((
(1 − τ)r −

√
βτc
)

α1

))k
µ0n.

Therefore xT
k sk ≤ ε holds if(

1 −
((

(1 − τ)r −
√

βτc
)

α1

))k
µ0n ≤ ε

is satisfied.
Taking the natural logarithm of both sides, we obtain

k log
(

1 −
((

(1 − τ)r −
√

βτc
)

α1

))
+ log(µ0n) ≤ log ε.

Using the inequality − log(1 − ϑ) ≥ ϑ, we can require the fulfillment of the stronger in-
equality

−kα1

(
(1 − τ)r −

√
βτc
)
+ log(µ0n) ≤ log ε.

This inequality is satisfied when

k ≥ c
√

n
βτ

1
(1 − τ)r −

√
βτc

log
(

xT
0 s0

ε

)
,

and this proves our statement.

From Theorem 4.1, it follows that the complexity of Algorithm 4.1 is the same as in the
case of the fixed step-lengths applied in the analysis.

Corollary 4.3 Suppose that the parameters β, τ ∈ (0, 1) and a function p(t) are given and they
satisfy all conditions (P1)-(P4) and (C1)-(C3) with constants c > 0 and r > 0. Assume that a starting
point (x0, y0, s0) ∈ W(τ, β) is given. Then Algorithm 4.1 determines an ε-optimal solution in

O
(√

n log
xT

0 s0

ε

)
iterations.

4.2 Constants and properties for special functions

In this section, we give we give examples of functions belonging to the proposed class.
The first five rows of Table 4.1 show functions from the literature of the AET method.

The other rows show new functions that have been introduced in this context in our paper
[50] for the first time, up to our best knowledge. The rows 7-9 and 12 describe classes of
functions, based on the values of the parameters k and m.

In the last four columns, we propose suitable values for the parameters c, r, β, and τ
that satisfy the conditions (C1)-(C3). During the analysis, we fixed the value of γ as γ =
(1 − β)τ, but even in this case, there are different possible values for β and τ that satisfy the
conditions. As it has already been mentioned, it would be possible to prove the convergence
and desired complexity with a general γ parameter, and this way we could also get different
(possibly larger) values for β and τ. This would not modify the theoretical complexity of the
algorithms but could have an important role when performing numerical tests.
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The fourth function (introduced by Kheirfam and Haghighi [97]) does not belong to the
function class defined in this chapter since there is no positive constant c that satisfies prop-
erty (P2). This means that the function p(t) = 1 − t2 decreases too quickly over the interval
[1, t∗]. Therefore for this function, the convergence of the general long-step algorithm cannot
be proved with our approach.

As it can be seen from Table 4.1, the ninth function is a generalization of the third one. In
general, for this function p(t) we cannot give a closed formula for the corresponding φ since
the integral of 1

p(t) is a hypergeometric function. This function also shows that we can get a
wider function class by building our analysis on the scaled system, since for a function φ(t),
the corresponding p(t) can always be determined using (1.15), but in this case, we cannot
exactly determine φ(t) starting from a function p(t).

All previous papers related to the AET technique consider continuous functions p(t).
However, the properties required for our analysis do not include the continuity of the func-
tion p(t). Therefore, we can define noncontinuous functions with finitely many jump dis-
continuities, provided that the other conditions are satisfied. One such example can be seen
in the tenth row of Table 4.1. According to Lemma 4.12, there are infinitely many functions φ
that give this function p(t), the table shows only an example. This function φ is not differen-
tiable in 1√

τ
, but the convergence and best known iteration complexity still follows from our

analysis. Since this function φ is still invertible, we can apply the AET technique by taking
the right-hand derivative in formula (1.13) in the point 1√

τ
. In general, invertible functions

with finitely many jump discontinuities can be handled similarly. This will be discussed in
detail in the following section.

In the eleventh and twelfth rows we defined functions p(t) which are not strictly de-
creasing over [1, t∗].

φ(t) p(t) Conditions ξ c r β τ

1. t 1
t − t - 0 1 1 1

8
1
8

2.
√

t 2(1 − t) - 0 2 1 1
4

1
4

3. t −
√

t 2(t−t2)
2t−1 - 1

2 1 8
9

1
8

1
8

4.
√

t
2(1+

√
t)

1 − t2 - 0 ∄ 1 1
8

1
8

5. t2 − t +
√

t 2(1−t4+t2−t)
4t3−2t+1 - 0 1 1

2
1
8

1
8

6. t arctan t (π/4−t2 arctan t2)
t
(

arctan t2+ t2
1+t4

) - 0 1 1
2

1
8

1
8

7. tk ln t −2t ln t
2k ln t+1 k ≥ 1 e−

1
2k 1 1

2k
1
8k

1
8k

8. tk 1−t2k

kt2k−1 k ≥ 1 0 1 1
k

1
8k

1
8k

9. No closed formula mtk

mtk−1 (1 − t) m ≥ 2, k ≥ 1 m− 1
k 1 1

2
1
8

(
1 − 1

k√m

)
1
8

(
1 − 1

k√m

)
10.

{
t if t ≤ 1√

τ
,

√
t +

√
8 − 4

√
8 if t > 1√

τ

{
1
t − t if t ≤ 1√

τ
,

2
(
1 − 1

t

)
if t > 1√

τ

- 0 2 1 1
8

1
8

11. No closed formula − cos t ln
( 1

2 t
)
− t + cos 1 ln

( 1
2

)
+ 1 - 0 2 1

2
1
8

1
8

12. No closed formula k(cos t − cos 1)− t + 1 k ∈ [1, 2] 0 2 1
2

1
8

1
8

TABLE 4.1: Constants and properties for special functions
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FIGURE 4.1: Functions 10 and 11 and suitable lower and upper bounds

4.3 Properties of the function φ

As it has already been mentioned in Subsection 4.1.1, our analysis only uses the properties
of the function p(t), and this function does not need to be written in the form (1.15) for
some function φ. If we would like to decide for a function φ whether our analysis gives a
convergent algorithm with complexity O(

√
nL), it is enough to calculate the corresponding

function p using (1.15), and then check whether the properties (P1)-(P4) are satisfied.
However, in this section, we still would like to show some important observations re-

garding the function φ as well. If we obtain p by using the AET technique, the functions
p and φ are connected through (1.15), which can be viewed as a differential equation for φ
when the value of p is given, and our goal is to determine which functions result in the same
right-hand side vector in the Newton-system when using the AET method.

The next lemma shows that if we multiply a function φ with a nonzero number, or add
a constant to it (i.e., shift the function vertically), then the corresponding function p remains
the same. This is a simple consequence of the definition of p.

Lemma 4.12 Let φ1 : (ξ, ∞) → R, ξ ∈ [0, 1) be a continuously differentiable function and de-
termine the corresponding function p1(t) using the formula (1.15). Consider the function φ2(t) =
ζφ1(t) + σ, where ζ, σ ∈ R are given constants, ζ ̸= 0. Then for the corresponding function p2(t)
(calculated using (1.15) with φ2(t))

p1(t) = p2(t) ∀t ∈ (ξ, ∞)

holds.

The previous lemma means that the same function p(t) belongs to infinitely many func-
tions φ.

Another important property here is that the sign of ζ is not restricted; the same right-
hand side vector can belong to both increasing and decreasing functions. Therefore, the
assumption that φ should be strictly increasing (which is mentioned in many papers using
the AET method), is not necessary; it is enough to assume that this function is invertible and
its derivative does not vanish over the domain. The first paper by Darvay that introduces
the AET method [28] also requires only the invertibility and continuous differentiability of
the function and does not mention its increasing (or decreasing) property.
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According to Lemma 4.12, we can assume without loss of generality that φ(u) is strictly
increasing (so φ′(u) > 0 over its domain) and φ(1) = 0. These assumptions make it eas-
ier to formulate the necessary conditions for φ(u). If we keep the original assumption of
Darvay that φ(u) should be continuously differentiable, then the properties (P1)-(P4) can be
reformulated for the transformation function φ(u) as follows:

(P’1) The inequality φ(u)
φ′(u) ≤ −

√
u(1 − u) for all u ∈ (ξ2, 1).

(P’2) There exists a positive constant c for which φ(u)
φ′(u) ≤ c(u − 1) for all u ∈ [1, (t∗)2].

(P’3) There exists a positive constant r for which φ(u)
φ′(u) ≥ r(u − 1) for all u ∈ [1, (t∗)2].

(P’4) There exist two constants ϱ and η such that ϱ ∈ [1, 2) and η ∈ (ξ, 1) and φ(u)
φ′(u) ≥

−ϱ
√

u(1 − u) for all u ∈ (η2, 1).

It can be observed that the above-listed conditions refer not to φ itself, but to the function
φ(u)
φ′(u) which is the reciprocal of the derivative of the logarithm of φ(u) if u > 1, and of −φ(u)
if u < 1.

4.3.1 A modified AET technique with piecewise continuously differentiable
transformation functions

For p(t), we have already discussed that when all conditions are met, the function can have
finitely many jump discontinuities, and the analysis still gives the desired results. In this
case, the corresponding function φ can be determined by using one-sided derivatives at the
discontinuities.

Having jump discontinuities in the function φ is also be possible, and the monotonicity of
φ can also change, provided that it remains invertible, and all conditions that are necessary
for our analysis are met; see, for example, Figure 4.2. However, the next corollary shows
that, without loss of generality, it can be assumed that φ is continuous and strictly increasing
(or decreasing) over its whole domain.

FIGURE 4.2: A suitable function φ where the monotonicity changes

Corollary 4.4 Let φ1 : (ξ2, ∞) → R, ξ2 ∈ [0, 1) be a function with finitely many jump discontinu-
ities or monotonicity changes and determine the corresponding function p(t) using formula (1.15).
Then we can define a continuous function φ2 : (ξ2, ∞) → R, ξ2 ∈ [0, 1) that strictly increases or
decreases over (ξ2, ∞), for which the corresponding function p(t) is the same.
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Proof. If φ1 is increasing or decreasing, but has jump discontinuities, then by using proper
vertical shifts at the breaking points we can define a continuous function φ2 and according
to Lemma 4.12, these transformations do not modify the value of p(t).

If the function φ1 changes its monotonicity, then we can construct a strictly increasing
function φ2, by taking the intervals where φ1 is decreasing, and multiply the value of φ1
by −1. (A strictly decreasing function can be constructed similarly, by taking the intervals
where φ1 is increasing.) These changes do not modify p(t), according to Lemma 4.12. After
these, it is possible that φ2 still has jump discontinuities, but these can be handled as in the
previous case.

Therefore, in this subsection, we assume that φ is continuous, strictly increasing and
φ(1) = 0. However, we discard the differentiability assumption on φ and assume that there
are finitely many points t1, t2, . . . , tk where φ is not differentiable. If φ is calculated from a
function p that satisfies our conditions (P1)-(P4), and has finitely many jump discontinuities
in t1, t2, . . . , tk, then φ is continuously differentiable over the intervals (ξ2, t1) and (ti, ti+1),
i ∈ {1, . . . , k − 1} and the one-sided derivatives exist in t1, t2, . . . , tk. Thus, we suppose that
φ is a piecewise continuously differentiable (PC1) function.

We need the further assumption that the one-sided derivatives at the breaking points are
not zero.

Let us define the function

dφ(u) =

{
φ′(u), if ∃ i ∈ {1, . . . , k − 1} s.t. u ∈ (ti, ti+1),
limt→t+i

φ′(u) if u ∈ {t1, t2, . . . , tk}.

In the definition of dφ(u), when φ(u) is not differentiable, we replace φ′(u) with the
right-hand side derivative. However, we could use any of the one-sided derivatives in the
definition instead, and the subsequent results would remain the same.

The properties on φ(u) in the piecewise differentiable case can be formulated as:

(P”1) The inequality φ(u)
dφ(u)

≤ −
√

u(1 − u) holds for all u ∈ (ξ2, 1).

(P”2) There exists a positive constant c for which φ(u)
dφ(u)

≤ c(u − 1) for all u ∈ [1, (t∗)2].

(P”3) There exists a positive constant r for which φ(u)
dφ(u)

≥ r(u − 1) for all u ∈ [1, (t∗)2].

(P”4) There exist two constants ϱ and η such that ϱ ∈ [1, 2) and η ∈ (ξ, 1) and φ(u)
dφ(u)

≥
−ϱ

√
u(1 − u) for all u ∈ (η2, 1).

In the original AET technique of Darvay, the continuous differentiability of the trans-
formation function is assumed so that Newton’s method can be applied to determine the
search directions. If we discard this assumption, we need to generalize the AET technique
to the PC1 case.

Instead of Newton’s method, we can apply the extended Newton-method proposed by
Kojima and Shindo in 1986 [109].

First, we need to show that the nonlinear mapping corresponding to system (1.12) in
the case when φ is a PC1 function is a piecewise continuously differentiable mapping from
Rn+m+n to Rn+m+n.

Definition 4.1 (Kojima and Shindo [109]) Let F : Rn → Rn be a continuous mapping and let
{Ui : i ∈ Λ} be a countable family of closed subsets of Rn such that the following conditions are
satisfied:
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• cl(int Ui) = Ui for every i ∈ Λ.

• (int Ui) ∩ (int Uj) = ∅ for all i, j ∈ Λ and i ̸= j.

•
⋃

i∈Λ Ui = Rn.

• {Ui : i ∈ Λ} has a locally finite property. (For any x ∈ Rn there exists an open neighborhood
V of x such that {i : V ∩ Ui ̸= ∅} is finite.)

• For each i ∈ Λ the restriction F|Ui of the mapping to each Ui is a continuously differentiable
mapping.

Then F is a PC1 mapping on the subdivision {Ui : i ∈ Λ} of Rn.

Let Γ denote the set of all n-tuples of {0, 1, . . . , k − 1, k}. Then |Γ| = (k + 1)n. For each
r ∈ Γ we can define a set Ur in the following way:

Ur =

{
(x, y, s) ∈ Rn+m+n : xs ∈

(
n

×
j=1

[
trj , trj+1

])
, y ∈ Rm

}
,

where we applied the notations t0 = ξ2 and tk+1 = ∞. If we consider all (k + 1)n such
sets (Ur for all r ∈ Γ), then the nonlinear mapping corresponding to system (1.12) is a PC1

mapping on the subdivision {Ur : r ∈ Γ} of Rn+m+n.
Therefore, the extended Newton-method can be applied to (1.12), provided that φ is a

piecewise continuously differentiable function. This way, for the Newton-directions, we get

A∆x = 0,

AT∆y + ∆s = 0,
s∆x + x∆s = aφ = ν

φ(e)− φ
( xs

ν

)
dφ

( xs
ν

) .

 (4.3)

In the definition of dφ, we considered the right-hand side derivatives in the breaking points,
but mentioned that we could use any of the one-sided derivatives. The case is the same for
the modified Newton-system (4.3) as well.

Therefore, using the one-sided derivatives, the AET technique can be applied even in
the case when the transformation function is not continuously differentiable, but piecewise
continuously differentiable.

4.3.2 Construction rules

In this subsection, we give some lemmas on how new transformation functions φ can be
constructed using those for which the desired properties have already been proved. Ac-
cording to our numerical results, when we run the IPA with the theoretical step length, all
coordinates of the vector v are greater than 1 during the whole computation, and in addi-
tion, the conditions referring to the interval [1, (t∗)2] are much easier to check. Therefore, it
is reasonable to concentrate on the validity of these construction rules over [1, (t∗)2]. In this
case, we need to check whether (P’2) and (P’3) are satisfied for the proposed new functions.
Furthermore, the differentiability of φ is not necessary for our method to work, therefore,
we can define φ with a different assignment rule over (ξ, 1), for which the other conditions
(P’1) and (P’4) are satisfied, and from (P’4) it follows that suitable values exist for β and τ that
satisfy (C1) -(C3).

To simplify our discussion regarding the cunstruction rules, we consider the case when
φ is continuously differentiable over the interval [1, (t∗)2], but the results could be extended
to the PC1 case as well.
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The following lemma shows that when two functions satisfy the given conditions over
[1, (t∗)2], their product is also suitable.

Lemma 4.13 Assume that the functions φ1(u) : [1, (u∗)2] → R and φ2(u) : [1, (u∗)2] → R

are invertible and satisfy the conditions (P’2) and (P’3) with positive constants c1, c2, r1 and r2,
respectively; furthermore, φ1(1) = 0 and φ2(1) = 0. Then their product φ(u) = φ1(u)φ2(u) also
satisfies the conditions.

Proof. For u = 1, the statement is true since both sides of the inequalities are equal to 0.
Suppose that u > 1, then using monotonicity and continuity assumptions on φ, (P’2) and

(P’3) can be rewritten as

φ′(u)
φ(u)

≥ 1
c(u − 1)

and
φ′(u)
φ(u)

≤ 1
r(u − 1)

, (4.4)

respectively.
Since φ′(u) = φ′

1(u)φ2(u) + φ1(u)φ′
2(u),

φ′(u)
φ(u)

=
φ′

1(u)
φ1(u)

+
φ′

2(u)
φ2(u)

.

Using the constraints on φ1 and φ2, it can be shown by a simple calculation that φ(u) satisfies
(P’2) with c = c1c2

c1+c2
, and (P’3) with r = r1r2

r1+r2
.

Corollary 4.5 Assume that the function φ(u) : [1, (u∗)2] → R is invertible and satisfies the
conditions (P’2) and (P’3) with c and r, and φ(1) = 0. Then the function uk φ(u) (k ≥ 1) also
satisfies the conditions.

Proof. Since we assumed that φ(u) satisfies the above-mentioned conditions, and we know
that the function uk (k ≥ 1) also (see Table 4.1), the statement follows from Lemma 4.13.

Lemma 4.14 Assume that the functions φ1(u) : [1, (u∗)2] → R and φ2(u) : [1, (u∗)2] → R

are invertible and both satisfy the conditions (P’2) and (P’3) with positive constants c1, c2, r1 and r2,
respectively; furthermore, φ1(1) = 0 and φ2(1) = 0. Assume that φ1(u) ≥ 0 and φ2(u) ≥ 0 for all
t ∈ (1, (u∗)2). Then their sum φ(u) = φ1(u) + φ2(u) also satisfies the conditions over [1, (u∗)2].

Proof. For u = 1, the statement holds, since both sides of the inequalities are 0 according to
our assumptions. Assume that u > 1 and consider the reformulated inequalities (4.4).

Since φ′(u)
φ(u) =

φ′
1(u)+φ′

2(u)
φ1(u)+φ2(u)

, using (P’2) (in the form φ1(u) ≤ c1(u − 1) and φ2(u) ≤ c2(u −
1)), we get

φ′(u)
φ(u)

≥ min
{

1
c1

,
1
c2

}
· 1

u − 1
,

therefore c = max{c1, c2} is a suitable constant.
For the second inequality, using (P’3) we obtain

φ′(u)
φ(u)

≤ max
{

1
r1

,
1
r2

}
· 1

u − 1
,

thus r = min{r1, r2} is a proper constant for this constraint.

When φ1(u) ≤ 0 and φ2(u) ≤ 0 hold for all [1, (u∗)2], their sum also satisfies the con-
ditions, since φ1(u) + φ2(u) = −(−φ1(u) + (−φ2(u))). −φ1(u) + (−φ2(u)) satisfies the
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conditions of Lemma 4.14, and if we multiply φ by a non-zero number, we get the same
function p, according to Lemma 4.12.

Lemma 4.15 Let φ(u) be an invertible polynomial over [1, (u∗)2], and assume that φ(1) = 0.
Then φ(u) satisfies the conditions (P’2) and (P’3).

Proof. According to our assumptions, φ(u) = (u − 1)s(u), where s(u) is a polynomial of
degree at least 0. Furthermore, in the case of u = 1, the statement holds, since both sides of
(P’2) and (P’3) are 0. Therefore, it can be assumed that u > 1.

Let us denote the degree of the polynomial φ(u) by k. We apply induction on k.
When k = 1, the transformation function can be written as φ(u) = ζ(u − 1), where ζ is a

nonzero constant. In this case, φ′(u)
φ(u) = 1

u−1 , therefore, c = 1 and r = 1 are suitable constants,
the constraints are satisfied for k = 1.

Assume that all polynomials of degree k − 1 (which are invertible over [1, (u∗)2] with
φ(1) = 0) satisfy the inequalities (P’2) and (P’3) with constants ck−1 and rk−1.

Let φ(u) = (u − 1)s(t) be a polynomial of degree k (i.e., s(u) is a polynomial of degree
k − 1). In this case,

φ′(u)
φ(u)

=
1

u − 1
+

s′(u)
s(u)

By induction,
1

ck−1

1
u − 1

≤ s′(u)
s(u)

≤ 1
rk−1

1
u − 1

.

Using these inequalities, and choosing the values of ck and rk as

ck =
ck−1

ck−1 + 1
and rk =

rk−1

rk−1 + 1
,

it can be shown that (P’2) and (P’3) are satisfied.
Therefore, for a suitable polynomial of degree k, c = 1

k and r = 1
k are constants that

satisfy the inequalities and the statements of the lemma are true for general k.

As it can be seen from these results, the set of suitable transformation functions is signif-
icantly larger than what has been considered in the literature before, and the construction
rules give us the possibility of constructing more new functions from the ones for which the
properties have already been checked.

In Section 5.3, we will compare the practical performance of the general IPA for ten
different functions from the class proposed in this chapter.





Chapter 5

Numerical results

5.1 Preliminaries

We implemented all proposed algorithms in Matlab to test their practical efficiency. We have
two main codes, one for solving LP problems and one for solving LCPs.

Since the theoretical algorithms usually do not work well in practice (and for LCPs, there
are other concerns, namely, even if the input matrix is sufficient, the value of the handicap
is not known in advance in most cases), we also implemented greedy variants of the inves-
tigated methods. The details of these modifications are given in the corresponding subsec-
tions.

The numerical experiments were carried out on a Dell laptop with an Intel i7 processor
and 16 GB RAM, and for all test problems, we determined ε-optimal solutions with ε = 10−5.

The strategy for choosing a suitable starting point differed for the problem classes. For
LP problems, we applied the self-dual embedding technique. For LCPs, in most articles in
the literature, the authors use the starting point x0 = e, s0 = e, and generate the right-hand
side vector q so that this starting point is feasible. For most of the numerical tests, we also
chose this starting point. However, in Subsection 5.2.2, we argue that this choice is suitable
for solving LCPs with Csizmadia-matrices.

In the analysis in Chapters 2 and 3, to make our calculations easier, similarly to most
articles in the literature, we fixed the value of the neighborhood parameter β and the update
parameter τ as equals. However, we determined and plotted all parameter pairs that are
suitable from the point of view of our analysis in Figures 2.1 and 3.1. In Subsection 5.2.1
we examine the practical role of these parameters for both problem classes and show that
we can find better parameter pairs than what we fixed in the analysis (while the theoretical
convergence and complexity properties of the algorithms remain the same).

We also implemented the proposed IPAs with the theoretical step lengths to further an-
alyze the theoretical methods. For LCPs, we had to determine the value of the handicap for
some smaller matrices for this purpose. We observed an interesting phenomenon regarding
the coordinates of the vector v for both LPs and LCPs. These results are summarized in
Subsection 5.4.

In Chapter 3, we investigated a new IPA for sufficient LCPs. However, we did not dis-
cuss the problem of deciding whether a matrix is sufficient or not. In Section 5.5, we propose
a nonlinear programming approach to detect the sufficiency of a matrix.

5.1.1 Linear optimization

Applied preprocessing techniques

In the LP case, we solved selected LP problem instances from the Netlib library [60].
To efficiently apply the proposed IPAs, first, we applied some basic preprocessing tech-

niques known from the literature, mainly to ensure that we have a strictly feasible starting
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point and that the coefficient matrix has a full row rank. Numerous other presolve tech-
niques are discussed in the literature on IPAs and implemented in different solvers; how-
ever, a complete discussion of these methods is beyond the scope of this thesis.

First, we transformed the problems to standard form, then eliminated the redundant
constraints using the procedure eliminateRedundantRows.m by Ploskas and Samaras [139].
After these reformulations, we applied a slightly modified version of procedure CLEAN by
Adler et al. [1] to eliminate fix-valued variables from the LP problems.

To be able to give strictly feasible initial points in the neighborhood W(τ, β), we first
transformed the problems into symmetric form and then applied the self-dual embedding
technique [179]. For the embedded problem, we can choose x = e and s = e as appropriate
initial points since they are strictly feasible and included in the neighborhood W(τ, β). A
short summary of the self-dual embedding technique is given in the following subsection.

The numbers of rows and columns after the reformulations and the embedding proce-
dure are denoted by m and n, respectively, and are shown in Table 5.1. The time (in sec-
onds) required to clean and embed the problem (preprocessing) and retrieve the solution
of the original optimization problem (postsolve) is also shown in Table 5.1, in the columns
"Prep. (s)" and "Posts. (s)".

Name m n Prep. (s) Posts. (s) Name m n Prep. (s) Posts. (s)
25fv47 1856 3712 0.2866 0.0137 nug05 227 454 0.0314 0.0023
adlittle 139 278 0.0167 0.0032 nug06 488 976 0.0463 0.0092
afiro 53 106 0.0043 0.0024 nug07 933 1866 0.1290 0.0244
agg 591 1182 0.0345 0.0021 nug08 1634 3268 0.4180 0.0836
agg2 758 1516 0.0476 0.0033 recipe 249 498 0.0118 0.0005
agg3 758 1516 0.0474 0.0015 sc105 164 328 0.0044 0.0011
bandm 418 836 0.0341 0.0018 sc205 317 634 0.0095 0.0005
beaconfd 222 444 0.0138 0.0008 sc50a 79 158 0.0015 0.0002
blend 116 232 0.0051 0.0003 sc50b 78 156 0.0014 0.0003
bnl1 1550 3100 0.1157 0.0060 scagr25 672 1344 0.0367 0.0006
bore3d 260 520 0.0195 0.0008 scagr7 186 372 0.0053 0.0003
brandy 247 494 0.0175 0.0011 scfxm1 583 1166 0.0276 0.0018
degen2 759 1518 0.0427 0.0029 scfxm2 1164 2328 0.1050 0.0048
e226 443 886 0.0177 0.0009 scfxm3 1745 3490 0.2532 0.0073
etamacro 869 1738 0.0684 0.0034 scrs8 1270 2540 0.0698 0.0016
fffff800 1007 2014 0.0577 0.0016 sctap1 662 1324 0.0284 0.0004
finnis 1038 2076 0.0670 0.0014 scsd1 762 1524 0.0168 0.0007
fit1d 2077 4154 0.4593 0.0012 scsd6 1352 2704 0.0444 0.0013
fit1p 2078 4156 0.3102 0.0004 scsd8 2752 5504 0.1928 0.0069
ganges 1933 3866 0.9625 0.0081 share2b 164 328 0.0032 0.0002
gfrd_pnc 1404 2808 0.1534 0.0020 ship04l 1965 3930 0.1103 0.0034
grow15 1247 2494 0.2266 0.0049 ship08s 1714 3428 0.2446 0.0060
grow7 583 1166 0.0458 0.0011 standata 1350 2700 0.0785 0.0018
israel 318 636 0.0074 0.0002 standgub 1351 2702 0.0779 0.0020
kb2 79 158 0.0016 0.0003 standmps 1350 2700 0.1004 0.0026
lotfi 366 732 0.0078 0.0007 stocfor1 159 318 0.0137 0.0006

TABLE 5.1: Size of the chosen LP problems and the time spent on
preprocessing and postsolving (in seconds)

All the investigated methods can produce ε-optimal solutions to LP problems in poly-
nomial time. After running the IPA and the postsolve procedure, we also obtain ε-optimal
solutions. There are different results in the literature on rounding the solutions provided by
an IPA to an exact solution in polynomial time, see, e.g., [127, 149].
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The self-dual embedding technique

To start our algorithms from a strictly feasible starting point, we applied the self-dual em-
bedding technique first proposed by Ye et al. [179].

In the case of this method, it is assumed that the LP problem is given in the following
symmetric form1:

min c̃T x̃,

Ãx̃ ≥ b̃,
x̃ ≥ 0,


max b̃T ỹ,

ÃT ỹ ≤ c̃,
ỹ ≥ 0,

 (5.1)

where Ã ∈ Rm×n is assumed to have full row rank, b̃ ∈ Rm and c̃ ∈ Rn.
However, in the previous chapters, we assumed that the LP problem is given in standard

form. Any LP problem can be written in symmetric form, but the usual transformations
from standard to symmetric form would double the number of constraints. This question
was addressed in the last Remark of Jansen et al. [79, p. 232]. For the sake of completeness,
we repeat their remark here. Namely, if we consider the primal problem in standard form
(1.1), the reformulation can be performed as follows:

Remark 5.1 ([79, p. 232]) Let B be a basis of A, then A can be written as [B, N], where N contains
the non-basic columns of A. Let us partition c and x similarly, that is, cT = [cT

B, cT
N ], xT = [xT

B, xT
N ].

Then instead of the constraints Ax = b, x ≥ 0 we can write xB + B−1NxN = B−1b, x ≥ 0,
which is equivalent to −B−1NxN ≥ −B−1b, xN ≥ 0. After a similar reformulation of the objective
function, we obtain a symmetric LP that is equivalent to the original primal problem of (1.1) and has
the same number of constraints:

min (cT
N−cT

BB−1N)xN ,

−B−1NxN ≥ −B−1b,
xN ≥ 0.


Therefore, we can assume in this subsection that the LP problem is given in symmet-

ric form. Goldman and Tucker proved that for a symmetric LP problem pair, a homoge-
neous skew-symmetric self-dual LP problem (the Goldman-Tucker model) can be formu-
lated, which is equivalent to the original system [62, 162].

The Goldman-Tucker model has no interior point solution. However, it can be embedded
into a self-dual LP problem for which the vector of all ones is a feasible solution.

Theorem 5.1 ([179]) Let us consider the following self-dual LP problem associated with (5.1):

min qTu,
Mu ≥ −q,

u ≥ 0,

 (5.2)

where the matrix M ∈ R(m+n+2)×(m+n+2) and the vectors u, q ∈ R(m+n+2) are defined as

M =


0m×m Ã −b̃ b
−ÃT 0n×n c̃ c

b̃T −c̃T 0 ρ

−b
T −cT −ρ 0

 , u =


y
x
ζ
θ

 , q =


0m
0n
0

m + n + 2

 ,

1This formulation has already been given in Chapter 1, formula (1.4). Here we slightly changed the notation
to distinguish (5.1) from the standard LP problem considered in Remark 5.1.
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with b = em + b̃ − Ãen−m, c = en−m + ÃTem − c̃, and ρ = 1 − b̃Tem + c̃Ten−m.
Then u = em+n+2 is strictly feasible with the slack variable vector v = Mu + q = em+n+2.
Furthermore, problem (5.2) has an optimal solution uT = (tT, rT, ζ, θ) that can be constructed in

polynomial time. If ζ > 0, then x/ζ and y/ζ are optimal solutions of the primal and dual problems
in (5.1), respectively. Otherwise, the primal and dual problems have no optimal solutions.

To sum up, the embedding procedure consists of the following steps:

The input is an LP problem in standard form.

1. We transform the LP problem to symmetric form using the reformulations described
in Remark 5.1.

2. We construct the associated self-dual LP problem according to Theorem 5.1.

3. By introducing slack variables, we reformulate the previously obtained LP problem in
standard form.

This way, according to Theorem 5.1, we can always start the IPAs from a strictly feasible
solution.

Implemented algorithm variants

As it has already been mentioned, we implemented both a greedy and a theoretical version
of the general algorithm discussed in Chapter 4. The function p(t) is part of the input, i.e.,
the same code can be applied to test different transforming functions.

In the greedy case, the step lengths α1 and α2 were calculated in the following way.
We fixed the value of α2 as 1 and determined the largest α1 value so that the new point
(x(α), y(α), s(α)) remains in the neighborhood W(τ, β), which also depends on the chosen
function p(t).

Input: A ∈ Rm×n, b ∈ Rm, c ∈ Rn, a function p(t) : (ξ, ∞) → R

an update parameter 0 < τ < 1, a neighborhood parameter 0 < β < 1,
an accuracy parameter ε > 0,

a starting point (x0, y0, s0) ∈ W(τ, β) with µ0 =
xT

0 s0
n .

x := x0, y := y0, s := s0 and µ := µ0.
while xTs > ε do

Determine ∆x−, ∆s−, ∆y− and ∆x+, ∆s+, ∆y+ according to (1.19) ;
α2 := 1 ;
α1 := max{α1 : (x(α), y(α), s(α)) ∈ W(τ, β)}, where x(α) = x + α1∆x− + α2∆x+,
y(α) = y + α1∆y− + α2∆y+ and s(α) = s + α1∆s− + α2∆s+;

x := x(α);
y := y(α);
s := s(α);
µ := xTs

n ;
end

ALGORITHM 5.1: Pseudocode of the greedy variant of the general algorithm for LPs

In Chapter 4, we applied the fixed step lengths α1 = 1
c

√
βτ
n and α2 = 1. When describing

the IPA in Algorithm 5.1, we chose α1 as the largest value so that the new iterate remains

in the neighborhood W(τ, β). Since the duality gap is strictly decreasing in α1 and 1
c

√
βτ
n

is a lower bound on the value of α1 in Algorithm 5.1, its complexity is at least as good as
the analyzed case in Chapter 4, i.e., the derived complexity result of Theorem 4.1 holds for
Algorithm 4.1 as well.
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5.1.2 Linear complementarity problems

Similarly to the LP case, we implemented a general long-step algorithmic framework for
solving LCPs. Since we would like to generalize the results of Chapter 4 to sufficient LCPs,
we built up the code in a similar manner as for the LP case. However, since we have the
theoretical results only in the particular case when φ(t) = t −

√
t (Chapter 3), for LCPs, we

only present our numerical results using this function.

Test instances

The sufficient matrices that we used for the numerical tests are the following:

• ENM_SU: 82 matrices were constructed by E.-Nagy, from size 3× 3 to size 10× 10 [46].

• MGS_SU: 61 matrices were generated2 by Morapitiye and Illés, from size 10 × 10 to
size 700 × 700 [73].

• Lower triangular P-matrices (all of their principal minors are positive) introduced by
Csizmadia:

C =


1 0 0 · · · 0
−1 1 0 · · · 0
−1 −1 1 · · · 0

...
...

...
. . .

...
−1 −1 −1 · · · 1


This matrix is interesting from a theoretical point of view since the handicap is expo-
nential in the bitsize of the matrix, κ = 22n−8 − 0.25 [47].

• EV_SU: 70 sufficient matrices with n = 100, 200, 500 700, 1000, 1500, 2000, con-
structed by E.-Nagy and Varga [46]. These instances were generated by rescaling non-
symmetric PSD matrices. This transformation preserves the sufficient property of the
matrices but possibly ruins the positive semidefiniteness. We only considered cases
where the PSD property did not hold after the transformation.3

The examined non-sufficient matrices are also collected on the webpage [46]:

• ENM_NSU: 80 instances, from size 3 × 3 to size 10 × 10.

In most cases, we calculated the right-hand sides with the following formula:

−Me + e = q,

therefore x0 = e and s0 = e are feasible starting vectors (and are in the neighborhood
WLCP(τ, β, 0)). In the case of Csizmadia’s matrices, we examined different approaches in
this matter, this is discussed in Subsection 5.2.2.

To simplify our discussion, if we talk about an LCP with a specific coefficient matrix,
we write the name of the matrix before the abbreviation LCP. For example, an LCP with a
Csizmadia coefficient matrix is called Csizmadia-LCP.

2In [47], Väliaho’s algorithm was applied to test the sufficiency of these matrices, up to size 20 × 20. Those
instances for which the sufficiency could be shown can be found on the webpage [46]. It turned out that three
out of these matrices are actually not sufficient due to numerical inaccuracy occurring in one of the applied
transformations.

3Later, we generated 90 more matrices using this method with n = 1000, 5000, 10000. These also can be
found on the webpage [46].
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Details of the implementation

As it has already been mentioned in the introduction, it is co-NP hard to determine the
row/column sufficiency of a matrix. However, in Chapter 3 we assumed that the coefficient
matrix of the LCP is sufficient, or equivalently, P∗(κ)-matrix. In Section 5.5, we will get back
to the problem of deciding whether a matrix is sufficient or not. Similarly to most methods
from the literature, in the analysis, we suppose not just the sufficiency but that the handicap
of the matrix (i.e., the smallest κ value for which the coefficient matrix is a P∗(κ)-matrix) is
also known.

Usually, in practice, the handicap of the coefficient matrix is not known in advance.
Moreover, considering the complexity of the previously mentioned decision problems, it
is not surprising that the only algorithm introduced to determine it has exponential running
time [163]).

Therefore, in most cases, the theoretical algorithms for solving sufficient linear comple-
mentarity problems cannot be implemented directly. In our case, the κ-dependency of the
neighborhood also raises some important questions about the implementation.

Because of the reasons mentioned above, for the numerical tests, we implemented a
greedy variant of our algorithm:

Input: a matrix M ∈ Rn×n, and q ∈ Rn

an update parameter 0 < τ < 1, a neighborhood parameter 0 < β < 1,
an accuracy parameter ε > 0,

an initial point (x0, s0) ∈ WLCP(τ, β, 0) with µ0 =
xT

0 s0
n .

x := x0, s := s0 and µ := µ0.
while xTs > ε do

Determine ∆x−, ∆s− and ∆x+, ∆s+ by solving systems (1.21);
α2 := 1;
Let α1 be the largest value such that (x(α), s(α)) ∈ WLCP(τ, β, 0) and the duality
gap does not increase;

x := x(α);
s := s(α);
µ := xTs

n ;
end

ALGORITHM 5.2: Pseudocode of the greedy variant for LCPs

As it can be seen from the pseudocode, in this case, we ignore the value of the handicap
and take the largest step so that the new iterates remain in the neighborhood for κ = 0,
namely, in WLCP(τ, β, 0). For safety reasons we also check whether the duality gap actually
decreases after an iteration (it is known from the theory of sufficient LCPs that the duality
gap is not monotonically decreasing in the value of α1, and we take a larger step than the
one that we proved the convergence for). During our numerical tests, this latter condition
was never restrictive, i.e., the step length was always determined only by the constraint on
the neighborhood.

We could consider a different approach for handling the κ-dependent neighborhood,
based on the ideas of Potra [140]. We could start with a small positive value κ̃, and then, if the
change in the duality gap is not suitable, we could double (or increase to the necessary level)
the value of κ̃, and consider the new neighborhood WLCP(τ, β, κ̃). The problem with this
idea is that the neighborhood becomes smaller when we increase the value of κ̃. Therefore,
it can happen that the current point is not in WLCP(τ, β, κ̃) for the new value of κ̃. This can be
corrected by using centering steps; however, in this case, we should have an upper bound
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on the number of centering steps needed, which would make the analysis significantly more
difficult.

5.2 Numerical experiments in the case of φ(t) = t −
√

t

5.2.1 The role of the neighborhood and update parameters

Due to the special properties of the function φ(t) = t −
√

t, in this case, we have more
freedom in choosing the neighborhood and update parameters for both LPs and LCPs, as
we have already discussed in Chapters 2 and 3. Usually, in the analysis of Ai-Zhang type
methods, the value of these two parameters are chosen as equals to make it easier to check
certain conditions. This subsection aims to examine whether this is a good choice in practice.

As discussed in Chapters 2 and 3, the pairs (β, τ) for which the new iterates remain in the
neighborhood W according to our analysis are represented by the green area in Figure 5.1,
and the blue area shows the values for which the upper bound on the duality gap decreases.
Therefore, the parameter values for which both conditions are certainly satisfied (i.e., the
duality gap decreases and the new iterates remain in W) are in the intersection of the two
areas for both LPs and LCPs, and are colored red in the corresponding figures.

Figure 5.1 shows the chosen (β, τ) pairs in the LP and LCP cases, respectively. The point
E was only considered in the LP case since, in the case of LCPs, it is not included in the
intersection of the two areas. The point F represents the pair β = 0.25 and τ = 0.25 which
was applied in the theoretical analysis in Chapters 2 and 3.

FIGURE 5.1: The suitable and the chosen pairs (β, τ) in the LP (left) and
LCP (right) case, for φ(t) = t −

√
t

For linear optimization, the numerical results are shown in Table 5.2. The minimum
number of iterations for each test problem is highlighted in green, and the minimum run-
ning time is written in blue. The last two columns show the results for the settings applied
in the theoretical analysis, namely β = 0.25 and τ = 0.25. In the first two cases, we chose
the value of the neighborhood parameter as 0.5 (i.e., we considered a wider neighborhood),
while in the third, fourth, and fifth cases, we fixed β = 0.2. Not surprisingly, the average
number of iterations was smaller in the case of the wider neighborhood. When β = 0.2,
changing the value of the update parameter has no significant effect (but it can be observed
that if we take smaller values for τ, i.e., try to take larger updates, then the results become
slightly better).



72 Chapter 5. Numerical results

β = 0.5, τ = 0.1 β = 0.5, τ = 0.2 β = 0.2, τ = 0.2 β = 0.2, τ = 0.3 β = 0.2, τ = 0.5 β = 0.25, τ = 0.25
Name Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s)
25fv47 70 888.71 69 861.68 80 1058.06 81 1095.91 81 1065.56 77 1017.77
adlittle 20 0.33 21 0.31 22 0.32 23 0.33 24 0.38 22 0.32
afiro 14 0.04 14 0.04 15 0.04 16 0.04 18 0.04 15 0.04
agg 33 17.63 31 16.90 33 17.01 33 17.04 32 16.45 33 16.86
agg2 31 31.90 31 31.27 34 34.26 34 33.95 35 35.07 33 33.82
agg3 37 38.26 36 36.94 40 45.79 39 39.72 38 38.65 38 38.54
bandm 36 7.35 35 7.09 38 7.79 38 7.66 39 7.85 37 7.44
beaconfd 18 0.76 17 0.67 17 0.71 17 0.69 20 0.82 17 0.70
blend 17 0.16 17 0.15 18 0.17 19 0.18 22 0.20 18 0.16
bnl1 85 667.05 79 601.31 91 698.83 89 678.66 88 669.36 86 653.29
bore3d 38 2.35 36 2.13 42 2.59 39 2.38 38 2.35 39 2.37
brandy 37 2.08 36 1.94 40 2.20 40 2.17 39 2.08 38 2.30
degen2 22 23.37 23 19.99 24 20.83 25 22.22 28 24.52 24 21.16
e226 38 9.28 36 7.34 40 8.01 39 9.15 39 8.90 38 8.45
etamacro 71 109.13 65 87.70 78 104.89 75 101.79 74 98.98 73 99.87
fffff800 63 144.83 60 123.53 70 141.70 68 136.61 67 136.39 67 135.71
finnis 56 138.84 53 117.89 62 138.26 61 136.06 61 135.75 59 132.02
fit1d 31 629.08 31 512.30 34 572.32 35 579.28 37 606.40 34 558.58
fit1p 32 703.77 33 540.62 36 593.57 36 591.61 39 640.96 35 572.99
ganges 24 434.40 24 322.72 25 337.10 26 349.63 28 374.61 25 337.20
gfrd_pnc 31 219.46 29 155.35 32 171.54 31 165.38 33 176.32 31 164.62
grow15 24 123.72 25 96.13 25 96.39 26 99.74 28 110.21 25 96.97
grow7 24 14.69 24 10.97 25 11.51 25 11.16 27 12.32 24 10.79
israel 39 4.82 37 3.42 42 3.90 42 3.82 42 3.90 41 3.78
kb2 25 0.12 24 0.10 25 0.10 24 0.12 25 0.10 24 0.10
lotfi 25 4.23 25 3.35 28 3.89 28 3.71 29 3.77 27 3.56
nug05 11 0.66 11 0.44 11 0.45 13 0.54 17 0.67 12 0.49
nug06 12 4.74 13 3.67 13 3.86 15 4.27 18 5.04 14 4.03
nug07 18 41.20 19 32.08 20 34.36 21 35.80 23 39.55 20 34.57
nug08 14 163.06 15 130.00 16 138.49 17 145.88 19 162.21 16 136.94
recipe 17 1.39 17 0.81 19 0.92 18 0.91 21 1.05 18 0.90
sc105 14 0.44 15 0.27 15 0.31 16 0.30 19 0.34 15 0.27
sc205 17 2.99 17 1.62 17 1.62 17 1.60 20 1.88 17 1.62
sc50a 14 0.09 15 0.06 15 0.07 16 0.08 18 0.08 16 0.08
sc50b 12 0.07 13 0.05 13 0.06 14 0.07 17 0.07 13 0.07
scagr25 28 24.28 28 18.49 28 18.31 28 18.28 29 19.30 28 18.28
scagr7 20 0.65 20 0.46 20 0.50 20 0.49 22 0.52 20 0.49
scfxm1 48 28.78 46 20.21 54 23.51 52 23.09 53 23.32 51 22.68
scfxm2 56 228.96 55 169.16 63 193.88 62 191.45 64 198.02 60 184.11
scfxm3 58 690.99 56 557.05 64 634.18 64 635.54 65 641.92 62 611.75
scrs8 57 250.93 55 216.26 62 245.22 62 245.55 64 254.12 60 239.59
scsd1 16 16.94 16 15.14 17 15.87 17 16.26 20 18.72 17 16.34
scsd6 20 107.78 21 102.09 22 108.07 22 108.64 24 117.32 22 107.54
scsd8 17 724.62 19 731.02 20 761.63 21 800.24 25 946.22 20 768.48
sctap1 41 28.74 41 25.47 50 31.30 50 31.55 54 33.92 48 30.13
share2b 19 0.36 19 0.32 20 0.36 20 0.37 23 0.42 20 0.36
ship04l 27 425.07 27 379.78 29 407.68 31 433.01 34 472.73 30 419.70
ship08s 32 335.13 32 299.40 37 344.33 37 346.18 39 370.78 36 337.95
standata 33 174.09 34 161.94 41 192.80 43 201.78 46 216.85 41 193.13
standgub 33 174.73 34 161.79 41 194.15 43 203.32 46 216.54 41 194.21
standmps 41 215.95 40 189.13 48 225.70 49 229.43 49 230.55 46 217.71
stocfor1 28 0.51 26 0.48 29 0.56 28 0.54 28 0.52 27 0.49
Average 31.62 151.14 31.06 130.37 34.62 147.12 34.71 149.31 36.31 156.63 33.65 143.49

TABLE 5.2: Numerical results for LP problems with different parameter
settings, for the function φ(t) = t −

√
t

An interesting phenomenon can be observed when we compare the first two columns.
One could think that we should choose β as large as possible and τ as small as possible,
namely, consider the largest possible neighborhood and be as "greedy" as possible when
choosing the target point. These results contradict the intuition since the average iteration
number is slightly worse for β = 0.1 than for β = 0.2, and the average running time becomes
significantly worse. The reason behind this is that if we choose τ too small (i.e., try to take
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too large updates), then we may reach the boundary of the neighborhood at a point with a
larger duality gap (i.e., the difference can be a consequence of our choice of step length). The
other issue we have to mention here is that there are some instances where the number of
iterations decreases when we reduce τ but the running time increases, e.g., grow7, grow15,
fit1p, fit1d. We observed that for these test instances, in the case of τ = 0.1, more time is
required to solve the linear systems in each iteration than for τ = 0.2.

We also examined the different parameter settings for LCPs. In all cases, we calculated
the right-hand side vector as q = −Me + e; therefore, the applied starting point x0 = e and
s0 = e was suitable in all cases. The value of the precision parameter was ε = 10−5.

Table 5.3 shows the average iteration numbers and running times for the LCPs con-
structed with the ENM_SU matrices. In the case of LCPs, we considered average running
times and iteration numbers since all test problems are small (compared to the examined LP
instances), and the behavior of our algorithm is very similar for problems of the same type
and size.

β = 0.5, τ = 0.1 β = 0.5, τ = 0.2 β = 0.2, τ = 0.2 β = 0.2, τ = 0.3 β = 0.25, τ = 0.25
Size Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s)

3 4.00 0.0046 5.30 0.0070 5.30 0.0052 6.60 0.0061 5.80 0.0056
4 4.40 0.0051 5.30 0.0058 5.30 0.0051 6.50 0.0071 5.90 0.0058
5 4.40 0.0050 5.50 0.0054 5.30 0.0053 7.00 0.0076 6.00 0.0062
6 4.40 0.0047 5.70 0.0065 5.60 0.0058 7.00 0.0070 6.10 0.0071
7 4.70 0.0049 5.90 0.0067 5.70 0.0068 7.20 0.0081 6.30 0.0071
8 5.20 0.0060 6.40 0.0064 6.40 0.0062 7.50 0.0086 6.90 0.0077
9 5.09 0.0056 6.36 0.0060 6.36 0.0062 7.36 0.0067 6.73 0.0062

10 6.00 0.0122 7.09 0.0090 7.27 0.0076 8.09 0.0088 7.82 0.0090

TABLE 5.3: Numerical results for the ENM sufficient LCPs
with different parameter settings

As it can be seen from Tables 5.3 and 5.4, the best average iteration numbers and running
times were both achieved in the first case, when the value of the neighborhood parameter
was relatively large, and the value of the update parameter was small. The settings applied
in the theoretical analysis are again shown in the last two columns for reference.

β = 0.5, τ = 0.1 β = 0.5, τ = 0.2 β = 0.2, τ = 0.2 β = 0.2, τ = 0.3 β = 0.25, τ = 0.25
Size Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s)

10 5.60 0.0057 6.80 0.0070 6.70 0.0069 7.80 0.0081 7.20 0.0073
20 6.00 0.0062 7.00 0.0070 7.20 0.0070 8.30 0.0079 7.90 0.0077
50 5.10 0.0097 6.30 0.0111 6.10 0.0109 7.50 0.0125 6.80 0.0123

100 5.50 0.0173 6.60 0.0181 6.40 0.0142 7.60 0.0171 7.30 0.0160
200 6.00 0.0286 7.70 0.0317 7.70 0.0286 8.60 0.0311 8.20 0.0292
500 6.30 0.1274 8.30 0.1429 8.20 0.1432 10.10 0.1717 9.20 0.1570
700 7.00 0.3180 9.00 0.3578 9.00 0.3501 11.00 0.4167 10.00 0.3824

TABLE 5.4: Numerical results for the MGS sufficient LCPs
with different parameter settings

The results for the Csizmadia-LCPs are shown in Table 5.5. The 200× 200 problem could
not be solved since the step length α1 at the first iteration was too small and could not be
handled numerically. We will discuss this numerical issue in detail in the next subsection.
The average number of iterations is the smallest for the first setting, similarly to the previous
problems. However, the average running time is slightly smaller in the case of β = 0.5 and
τ = 0.2.
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β = 0.5, τ = 0.1 β = 0.5, τ = 0.2 β = 0.2, τ = 0.2 β = 0.2, τ = 0.3 β = 0.25, τ = 0.25
Size Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s)

10 11 0.0103 11 0.0100 11 0.0099 12 0.0100 12 0.0096
20 14 0.0129 14 0.0121 15 0.0128 16 0.0136 15 0.0142
30 18 0.0178 18 0.0160 19 0.0175 20 0.0176 19 0.0165
40 21 0.0193 22 0.0212 23 0.0215 24 0.0225 23 0.0218
50 25 0.0406 25 0.0333 27 0.0352 29 0.0407 27 0.0362

100 43 0.0839 44 0.0802 47 0.0968 48 0.0921 47 0.0857
150 61 0.1538 62 0.1478 66 0.1554 69 0.1670 66 0.1602

Average 27.57 0.0484 28.00 0.0458 29.71 0.0499 31.14 0.0519 29.86 0.0492

TABLE 5.5: Numerical results for Csizmadia-LCPs
with different parameter settings

Since the size of the available sufficient matrices is relatively small, we generated new
sufficient instances by rescaling non-symmetric positive definite matrices from size 100 ×
100 to 2000 × 2000 (EV_SU matrices). The average number of iterations and the average
running times are shown in Table 5.6. It can be observed that, again, the "greediest" approach
gave the best results, that is, when we chose β = 0.5 and τ = 0.1.

β = 0.5, τ = 0.1 β = 0.5, τ = 0.2 β = 0.2, τ = 0.2 β = 0.2, τ = 0.3 β = 0.25, τ = 0.25
Size Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s)
100 4.5 0.0116 5.6 0.0134 5.6 0.0130 7.0 0.0158 5.9 0.0148
200 4.6 0.0211 5.6 0.0259 5.7 0.0278 7.3 0.0334 6.7 0.0311
500 5.6 0.1388 6.7 0.1978 7.0 0.1767 8.6 0.2145 7.8 0.1913
700 5.6 0.3589 7.2 0.5031 7.1 0.4685 8.5 0.6083 7.8 0.5112

1000 5.9 0.6079 7.4 0.7518 7.4 0.7438 8.8 0.8463 8.1 0.7946
1500 8.4 2.2847 9.6 2.5931 10.8 2.8369 12.8 3.3418 11.4 2.9955
2000 6.9 4.5994 8.4 5.8210 9.0 6.1646 10.7 7.2201 9.5 6.3928

TABLE 5.6: Numerical results for the sufficient matrices generated using PSD
matrices, with different parameter settings

Even though we do not have any theoretical results for non-sufficient LCPs, we tested
the different parameter settings for the non-sufficient instances ENM_NSU. The behavior of
our method is similar to the case of sufficient LCPs of similar size. The minimum number
of average iterations was attained for β = 0.5 and τ = 0.1, although the average running
times show some diversity. However, again we have to take into account that the size of
these problems is really small, similarly to the ENM_SU instances.

β = 0.5, τ = 0.1 β = 0.5, τ = 0.2 β = 0.2, τ = 0.2 β = 0.2, τ = 0.3 β = 0.25, τ = 0.25
Size Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s)

3 4.40 0.0049 5.80 0.0052 5.70 0.0050 7.10 0.0058 6.20 0.0055
4 5.10 0.0060 6.20 0.0053 6.10 0.0054 7.20 0.0061 6.60 0.0057
5 4.50 0.0042 5.90 0.0052 5.80 0.0050 7.00 0.0061 6.10 0.0054
6 4.60 0.0058 6.00 0.0061 5.80 0.0057 7.00 0.0069 6.10 0.0065
7 4.60 0.0051 6.00 0.0080 5.90 0.0092 7.10 0.0099 6.30 0.0080
8 5.00 0.0051 6.10 0.0066 6.00 0.0067 7.20 0.0072 6.60 0.0070
9 5.40 0.0053 6.50 0.0059 6.40 0.0059 7.50 0.0065 7.20 0.0064

10 5.88 0.0062 6.75 0.0060 7.00 0.0061 8.00 0.0069 7.75 0.0070

TABLE 5.7: Numerical results for non-sufficient LCPs
with different parameter settings
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Interestingly, the phenomenon mentioned in the case of LP problems (that the best re-
sults are obtained with the second setting) cannot be observed for LCPs in general. The main
reason for this can be that the size of the examined LCP instances is smaller. Alternatively, it
also can be caused by the special structure of the LP instances after the self-dual embedding
procedure. This question requires further research.

5.2.2 Observations on LCPs with Csizmadia-matrices

In this section, our goal is to examine the solutions of the Newton-system (1.17) in the special
case of LCPs with Csizmadia coefficient matrices.

Nowadays, Csizmadia-matrices are frequently mentioned in papers related to IPAs for
LCPs. They are interesting from a theoretical point of view since it was shown by E.-Nagy
that the handicap is exponential in the bitsize of the matrix, κ = 22n−8 − 0.25 [47]. Therefore,
these matrices can also be used to create numerically challenging LCP instances.

Since Csizmadia-matrices are P-matrices, Csizmadia-LCPs have unique solutions for
any right-hand side vector q. When q ≥ 0 holds, this unique solution is the vector of all
zeros (x = 0 and s = q). Similarly to most papers from the literature, first we apply the
starting point x = e, s = e, and calculate the right-hand side vector as q = −Me + e.
Therefore, in this special case, we know that the only solution is the vector of all zeros, but
still, this problem is numerically hard to solve with IPAs and, thus, a good test problem
instance.

Let us consider the Newton-system (1.17). To simplify our notations, in this section, we
denote vector aφ on the right-hand side of the system by a. Due to the special structure of
the coefficient matrix, we can give a closed formula for the vector ∆x.

∆x1 =
a1

x1 + s1

∆x2 =
a2

x2 + s2
+

x2

x2 + s2

a1

x1 + s1
(5.3)

∆xi =
ai

xi + si
+

xi

xi + si

ai−1

xi−1 + si−1
+

i−2

∑
k=1

(
akxi

(xi + si)(xk + sk)

i−1

∏
j=k+1

2xj + sj

xj + sj

)
∀ i = {3, . . . , n}.

For the chosen starting point, all coordinates of a are the same, i.e., let ai = a =

τ
φ(1)−φ(1/τ)

φ′(1/τ)
for all i ∈ I . If we substitute these values to formula (5.3), we get

∆xi =
a
2

(
3
2

)i−1

∀i ∈ {1, . . . , n}.

Therefore, each coordinate of ∆x is one and a half times the previous one, and because of
this, the last coordinate is significantly larger than the first one, namely ∆xn =

( 3
2

)n−1 ∆x1.
This is the main reason for the numerical difficulties related to this problem and starting
point. If the problem has a few hundred variables, the last coordinate of ∆x becomes so
large that the feasible step length is practically zero (it is so small that it cannot be handled
numerically).

Furthermore, this explains why the AET technique cannot help in this case since it only
affects the value of the parameter a (i.e., changing φ only modifies the vector ∆x by a con-
stant multiplier), and the ratio ∆xn/∆x1 is independent from φ. Therefore, independently
from the choice of transforming function, the numerical issue remains the same.

Table 5.8 shows our results in the case of the function φ(t) = t −
√

t. With our imple-
mentation and the starting points x0 = e and s0 = e, we could not solve the 200 × 200
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problem instance, since the step length α1 at the first iteration was too small and could not
be handled numerically.

n Iteration Time (s)
10 12 0.0156
20 15 0.0155
30 19 0.0191
40 23 0.0250
50 27 0.0320

100 47 0.0960
150 66 0.1258

TABLE 5.8: Numerical results for Csizmadia-LCPs with q = −Me + e, x0 = e
and s0 = e

To investigate whether the numerical issues can be avoided by modifying the initial
point, we resolved the same problems (with q = −Me + e) using different starting points.
Let x0 = λe (λ ∈ (0, 1]), and s0 = q + Mx0, that is, (s0)i = 1 + (i − 2) · (1 − λ) for all
i ∈ {1, . . . , n}. For λ = 1, we get back the case x0 = s0 = e.

λ = 0.97 λ = 0.99 λ = 1
n Iter. Time (s) Iter. Time (s) Iter. Time (s)
10 11 0.9467 11 0.0290 12 0.0156
20 14 0.0389 15 0.0163 15 0.0155
30 15 0.0238 17 0.0246 19 0.0191
40 17 0.0225 20 0.0434 23 0.0250
50 19 0.0264 23 0.0410 27 0.0320

100 27 0.0959 35 0.0617 47 0.0960
150 31 0.1047 45 0.1288 66 0.1258
200 - - 53 0.1675 - -
250 Not in WLCP(τ, β, 0) 62 0.1942 - -

TABLE 5.9: Results for Csizmadia-LCPs with q = −Me + e,
with modified starting points

As can be observed in Table 5.9, for smaller problem instances, the required number of
iterations decreases as we decrease the value of λ. However, it is not possible to choose
arbitrarily small values for λ if we want to have a special starting point in the neighborhood
WLCP(τ, β, 0). Therefore, for larger problems, this approach is impractical but shows that
the frequently applied starting point x0 = s0 = e may not be the best choice for the problem
instances generated using the Csizmadia-matrices, even though it is on the central path and
the modified starting points are not.

For these modified starting points, we do not give an exact formula for the vector ∆x
since the coordinates of the vector aφ are different in this case; therefore, the effect of this
modification cannot be observed so easily, using only the formulas. Figure 5.2 shows the
coordinates of the vector ∆x for the 50 × 50 Csizmadia-LCP using the starting points gener-
ated with λ = 1, 0.99 and 0.97. As can be seen in both Table 5.9 and Figure 5.2, even a small
modification of the starting point can help with the numerical issues related to ∆x.
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FIGURE 5.2: Coordinates of ∆x in the first iteration for the 50 × 50 Csizmadia-
LCP with different starting points (in linear and logarithmic scale)

We examined Csizmadia-LCPs with modified right-hand side as well. We chose x0 = e
and s0 = ηe, where η ≥ 1 is a given parameter, and calculated q as q = −Me + ηe. For
η = 1, we get back our original case, when x0 = e, s0 = e and q = −Me + e. Therefore, this
modification increases the the right-hand side q by the nonnegative vector (η − 1)e. Since
q remains nonnegative, the unique solution of the modified problem is the all zero vector,
similarly to the original case. Hence, the structure of the modified LCP remains similar to
the Csizmadia-LCP with q = −Me + e.

Similarly to the original case, all coordinates of a are the same, i.e., let ai = a =

τη
φ(1)−φ(1/τ)

φ′(1/τ)
for all i ∈ I . Compared to the first case, the value of a is multiplied by

the parameter η.
If we substitute these values into formula (5.3), we get

∆xi =
a(η + 2)i−1

(η + 1)i =
a

η + 2

(
1 +

1
η + 1

)i

∀i ∈ 1, . . . n.

According to the previous formula, the quotient of the consecutive coordinates is 1 +
1

η+1 . Therefore, the increase in the coordinates of ∆x becomes smaller as we increase the
value of η, and this modification makes it possible to solve significantly larger problems, as
can be seen in Table 5.10.

Since we modify the right-hand side of the system, the central path also changes. Figure
5.3 shows the projection of the central path to the plane of x1 and x50 in the case of the 50× 50
Csizmadia-LCP with different η-values. As it can be seen from the figure, the last coordinate
increases very quickly (after x1 = 1) in the original case (when η = 1), and this increment
becomes slower as we increase the value of η.

These observations together suggest that in the case of the original problem with q =
−Me + e, the frequently applied starting point x0 = s0 = e and its close neighborhood
should be avoided due to this exponential growth in the central path. The modified problem
is easier to solve numerically since the applied transformation reduces the growth rate of the
last coordinates of the points on central path.
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η = 1 η = 10 η = 50 η = 100
n Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s)
10 12 0.0156 8 0.9576 8 0.0269 8 0.0266
20 15 0.0155 9 0.0362 9 0.0124 9 0.0136
30 19 0.0191 10 0.0172 9 0.0126 9 0.0152
40 23 0.0250 11 0.0156 9 0.0145 9 0.0192
50 27 0.0320 11 0.0187 9 0.0167 9 0.0172

100 47 0.0960 14 0.0877 11 0.0335 10 0.0273
150 66 0.1258 17 0.0792 12 0.0320 11 0.0304
200 - - 20 0.1319 12 0.0394 12 0.0416
250 - - 23 0.0759 13 0.0511 12 0.0491
300 - - 24 0.1364 13 0.0855 12 0.0727
400 - - 31 0.3055 13 0.1217 13 0.1189
500 - - 37 0.4580 16 0.2221 14 0.1851
600 - - 43 0.8769 17 0.3631 14 0.3031
700 - - 50 1.3263 18 0.5291 15 0.4418

1000 - - - - 21 1.3917 17 1.0954
1500 - - - - 30 4.5627 20 3.2659

TABLE 5.10: Results for Csizmadia-LCPs with q = −Me + ηe

FIGURE 5.3: The projection of the central path to the plane of x1 and x50 in the
case of the 50 × 50 Csizmadia-LCPs with q = −Me + ηe

5.3 Numerical results regarding the new function class

We tested the greedy variant of the algorithm discussed in Chapter 4 with ten different
functions p(t). These are shown in Figure 5.4. As we have already discussed in Lemma 4.12,
infinitely many transforming functions φ(t) belong to a function p(t), and it is not necessary
to obtain p(t) using the AET technique. Therefore, this correspondence is not required for
our method to work. However, when possible, we present a chosen function φ(t) along
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with the input function p(t) in Table 5.11. A possible pair (β, τ) that satisfies the conditions
(C1)-(C3) is presented in the last column of Table 5.11. The function p4(t) does not satisfy our
conditions, as has already been pointed out in Chapter 4. However, we still carried out the
numerical tests with p4(t) to show that in practice, this function gives as good results as the
others in the function class. This also shows that the proposed constraints are not restrictive,
and it is possible that with other estimations and a different approach for the analysis, the
convergence for this specific function could also be proved. The case of p3(t) has already
been discussed in Section 5.2, with different pairs of parameters (β, τ). However, if we use
the general analysis with t −

√
t, we have more limitations in choosing β and τ, since in

Chapter 4, we fixed γ = (1 − β)τ. Since for this function, it has already been shown that
better results can be achieved with different parameter settings, in this section it is presented
mostly for the sake of completeness.

p1(t) = 1
t − t φ1(t) = t β = 1

8 , τ = 1
8

p2(t) = 2(1 − t) φ2(t) =
√

t β = 1
8 , τ = 1

8

p3(t) =
2(t−t2)

2t−1 φ3(t) = t −
√

t β = 1
8 , τ = 1

8

p4(t) = 1 − t2 φ4(t) =
√

t
2(1+

√
t)

β = 1
8 , τ = 1

8

p5(t) = 1−t4

2t3 φ5(t) = t2 β = 1
16 , τ = 1

16

p6(t) = −2t ln t
2 ln t+1 φ6(t) = t ln t β = 1

8 , τ = 1
8

p7(t) = −2t ln t
4 ln t+1 φ7(t) = t2 ln t β = 1

16 , τ = 1
16

p8(t) = π/4−t2 arctan t2

t(arctan t2+t2/(1+t2))
φ8(t) = t arctan t β = 1

8 , τ = 1
8

p9(t) =

{
1
t − t, if t ≤ 1√

τ
,

2 (1 − t) , if t > 1√
τ

φ9(t) =

{
t, if t ≤ 1√

τ
,

√
t +

√
8 − 4

√
8, if t > 1√

τ

β = 1
8 , τ = 1

8

p10(t) = − cos t ln
( 1

2 t
)
− t + cos 1 ln

( 1
2

)
+ 1 No closed formula β = 1

8 , τ = 1
8

TABLE 5.11: The applied functions and parameter settings in the numerical
tests for LP problems

FIGURE 5.4: The ten functions applied in the numerical tests

Tables 5.12 and 5.13 show the number of iterations and running time (in seconds) re-
quired to find an ε-optimal solution (with ε = 10−5). For each test problem, the minimum
number of iterations is written in green, and the minimum running time is written in blue.



80
C

hapter
5.

N
um

ericalresults

p1(t) p2(t) p3(t) p4(t) p5(t) p6(t) p7(t) p8(t) p9(t) p10(t)
Name Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s)
25fv47 88 1269.9442 84 1011.1949 88 1071.8355 81 1026.1419 105 1512.8386 88 1067.8734 103 1478.2659 88 1077.6316 79 999.3625 100 1192.3223
adlittle 22 0.3384 22 0.3176 22 0.3417 22 0.3268 23 0.3828 22 0.3169 22 0.3509 22 0.3200 22 0.3034 24 0.3646
afiro 15 0.0425 15 0.0369 15 0.0351 16 0.0403 16 0.0583 15 0.0387 16 0.0435 15 0.0441 16 0.0437 18 0.0449
agg 36 21.2172 34 16.4005 36 17.3302 31 15.6275 48 29.3524 36 17.5459 44 26.3806 36 17.6061 32 16.1126 45 21.4498
agg2 35 41.0084 35 33.4476 35 33.0733 33 34.3484 44 51.7099 36 34.5229 41 47.7801 35 33.5479 32 32.0110 43 39.9164
agg3 44 51.7856 41 38.7514 43 41.1335 38 37.2496 60 70.6669 45 42.3176 56 65.3300 44 42.1444 36 35.8793 52 47.9563
bandm 42 9.7412 40 7.8058 41 8.0614 38 7.6928 53 12.6582 42 8.1606 50 12.1225 41 8.0933 37 7.5728 49 9.2834
beaconfd 18 0.9046 17 0.7164 18 0.7174 16 1.0899 25 1.1965 18 0.7384 22 1.0411 18 0.7418 20 1.0839 22 0.8559
blend 19 0.2043 18 0.1634 19 0.1843 19 0.1829 20 0.2839 19 0.1873 20 0.2403 19 0.1988 19 0.1803 20 0.1964
bnl1 103 886.6852 97 703.5007 102 746.1495 87 654.9845 136 1164.0182 105 765.2774 126 1081.2717 101 731.9675 83 625.7611 131 941.9433
bore3d 49 3.4314 47 2.6960 49 2.8423 44 2.6701 64 4.6843 50 2.9310 62 4.3303 48 2.8874 43 2.7293 55 3.2199
brandy 43 2.7553 41 2.1722 42 2.2898 38 2.0333 50 3.4280 44 2.3644 48 3.0180 42 2.3048 37 2.0344 47 2.4589
degen2 24 29.0054 24 23.9295 24 23.5432 24 24.6224 26 30.8880 25 24.5230 25 29.7312 24 23.3067 25 25.5544 27 26.0751
e226 44 11.9532 42 9.4271 44 9.7068 39 9.2583 56 15.6132 44 9.8854 55 15.1659 44 10.1011 37 8.4664 49 10.6348
etamacro 93 157.9539 85 120.0515 91 129.7896 77 118.0495 150 254.8923 95 134.3515 131 222.5221 92 129.8454 75 110.3937 131 207.6546
fffff800 80 203.8360 74 156.0457 78 167.3454 69 152.2872 106 277.4100 81 171.5474 98 250.0307 78 165.3668 65 143.8615 97 234.9987
finnis 70 194.1369 67 154.3016 70 164.2649 63 151.8780 99 272.9038 72 180.9404 90 249.2752 70 160.8329 63 150.3576 86 226.5249
fit1d 36 724.1944 35 601.2017 36 621.5515 34 601.1919 41 819.9224 36 618.2850 40 802.8498 36 617.9829 33 588.4467 41 773.3131
fit1p 38 761.8749 37 637.2256 37 632.2888 35 618.9038 46 915.0693 38 646.8391 43 855.9555 37 631.5670 36 635.5771 43 809.3486
ganges 25 411.3687 24 338.5572 25 353.6420 24 351.5181 28 460.1650 25 348.2910 27 441.8749 25 352.5425 26 371.2613 32 493.5829
gfrd_pnc 35 227.2540 33 182.4577 35 193.3131 31 176.6366 48 312.6690 35 194.6159 46 299.2503 35 193.3497 30 172.3226 43 278.4986
grow15 25 119.0198 25 100.2720 25 100.5024 24 99.3140 40 187.7591 25 105.5304 31 146.2535 25 98.6504 25 102.4620 45 199.8426
grow7 26 15.2790 25 11.8513 26 12.6057 24 11.4959 34 19.7555 26 12.4886 29 17.3867 26 12.1334 24 12.1969 38 21.2585
israel 48 5.5131 45 4.3302 47 4.5323 42 4.2072 65 7.5328 48 4.6815 61 7.0439 47 4.6145 43 4.2627 57 6.4348
kb2 27 0.1243 25 0.0979 27 0.1132 23 0.1063 32 0.1913 27 0.1185 30 0.1391 27 0.1428 23 0.1027 33 0.1687
lotfi 29 4.7018 28 3.9552 28 3.7743 28 3.9313 39 6.6191 28 3.9624 33 5.5755 28 3.8926 28 4.1704 36 5.9575

TABLE 5.12: Numerical results obtained with the functions p1(t)-p10(t) using the general greedy IPA, for the first 26 Netlib instances



5.3.
N

um
ericalresults

regarding
the

new
function

class
81

p1(t) p2(t) p3(t) p4(t) p5(t) p6(t) p7(t) p8(t) p9(t) p10(t)
Name Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s) Iter. Time (s)

nug05 11 0.5656 12 0.5736 11 0.5553 14 0.6194 11 0.6398 11 0.5031 11 0.5837 11 0.5060 15 0.7144 14 0.7989
nug06 13 4.8616 13 3.8872 13 3.7424 15 4.8045 12 4.3627 13 3.9594 13 4.9249 13 4.0504 16 4.9872 15 5.4518
nug07 20 43.0371 20 36.3898 20 35.9052 21 39.4628 20 43.4195 20 35.7984 20 42.8418 20 35.9111 23 42.5819 22 44.9518
nug08 16 168.2923 16 142.8753 16 142.9287 17 155.5986 15 158.4301 16 144.2062 15 158.2825 16 143.2092 18 163.7902 17 170.4021
recipe 19 1.1708 19 0.9995 19 0.9919 19 1.0169 24 1.6019 20 1.1386 23 1.4265 19 1.0548 20 1.1166 23 1.5297
sc105 14 0.3105 14 0.2804 14 0.2693 14 0.2727 17 0.4907 15 0.3075 15 0.3597 14 0.3327 16 0.3175 18 0.4321
sc205 17 1.9914 17 1.7157 17 1.7063 17 1.8018 15 1.8629 17 1.7116 19 2.2345 17 1.7388 17 1.7206 17 2.0928
sc50a 14 0.0891 15 0.0785 15 0.0622 15 0.0656 17 0.1125 14 0.0666 16 0.0959 14 0.0795 15 0.0710 17 0.1114
sc50b 13 0.0687 12 0.0500 12 0.0542 13 0.0599 15 0.0901 12 0.0551 13 0.0739 12 0.0660 14 0.0678 14 0.0763
scagr25 30 25.4749 28 19.2229 30 20.6399 26 18.7761 34 28.6679 30 20.8153 32 27.2599 29 19.9878 26 19.1096 35 28.5776
scagr7 21 0.6272 20 0.5221 21 0.5294 19 0.4931 23 0.8192 21 0.6213 23 0.6701 20 0.5668 19 0.5235 25 0.7498
scfxm1 60 34.5584 57 26.5320 59 27.3769 53 25.5566 77 44.3008 61 28.3411 73 41.5920 60 27.7607 51 24.9212 71 39.2494
scfxm2 68 259.0571 66 211.6753 69 223.6298 63 207.3682 85 324.6756 69 220.5296 82 312.1906 68 218.4168 61 202.9623 80 289.0591
scfxm3 71 855.4279 67 684.4672 70 729.5462 63 660.5931 88 1057.3269 71 728.4430 84 1007.0727 70 719.8147 62 650.9486 81 922.3657
scrs8 68 331.6992 66 276.9483 68 281.3480 62 260.7558 92 446.2965 70 289.2427 84 409.6804 67 276.0981 58 244.6853 82 377.3119
sctap1 54 42.8980 16 15.9637 16 16.0257 55 36.4769 61 49.0918 17 16.7242 61 49.5590 16 15.8956 53 36.2339 59 45.5838
scsd1 17 20.8538 22 111.1788 22 111.6304 17 16.8999 18 21.7370 22 112.0119 17 21.0964 22 113.1560 18 19.1913 19 21.8610
scsd6 22 131.7050 19 756.6800 19 746.5448 22 114.0048 22 132.3925 19 753.1554 23 138.2867 19 751.4666 22 114.8740 23 131.6601
scsd8 19 878.9771 53 35.0162 54 35.7797 20 813.2384 18 837.5714 54 35.3620 18 835.2365 54 35.4371 22 885.3134 21 913.1138
share2b 21 0.4397 20 0.3725 21 0.3732 20 0.3447 25 0.5998 22 0.4390 25 0.5356 21 0.4096 21 0.3985 23 0.5008
ship04l 29 499.5040 29 426.6873 29 425.5715 30 446.9603 34 581.5097 29 423.6714 32 547.3328 29 426.2049 33 502.6971 36 579.8544
ship08s 40 459.1638 39 380.8196 39 386.6882 37 370.2920 55 628.2385 41 401.6142 51 581.4402 39 380.8262 38 398.1557 49 533.7834
standata 44 255.0128 44 215.7402 45 222.7826 45 230.2163 49 283.1525 44 215.1605 49 284.2623 44 216.3396 47 240.8983 47 258.2868
standgub 44 256.9937 44 218.0026 45 221.8502 45 230.7728 49 284.9992 44 214.8503 49 285.5177 44 215.4561 46 241.8523 47 260.5252
standmps 53 306.9414 51 256.1027 53 260.9958 51 257.4692 61 351.3229 53 258.5650 59 340.0210 53 261.3011 51 295.5051 55 302.7317
stocfor1 33 0.6338 31 0.5143 32 0.5323 27 0.5481 47 1.0264 33 0.5948 44 0.8312 32 0.5909 28 0.5967 41 0.8614
Average 37.4038 187.2044 35.9615 153.5424 37.1538 158.4428 34.6154 153.8511 46.8846 225.3348 37.7500 159.7351 44.2308 214.5507 37.0385 157.4710 34.5962 156.6682 44.5192 201.6582

TABLE 5.13: Numerical results obtained with the functions p1(t)-p10(t) using the general greedy IPA, for the second 26 Netlib instances
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As can be seen from the tables, both the average iteration number and the running time
were somewhat similar for those functions where the same parameter setting could be ap-
plied. For p5(t) and p7(t), both the neighborhood and update parameters were smaller.
Although this means larger updates, the iterates were generated in a smaller neighborhood
of the central path, and this resulted in worse performance in general (this also confirms our
observation from Subsection 5.2.1, namely, that the parameter β has a more significant effect
on the results than τ).

The results obtained with the non-decreasing function p10(t) are also among the worst.
From a theoretical point of view, this function is very interesting since it shows that the
monotonicity of p(t) does not have a role in proving the convergence and best known com-
plexity of the IPA, and this aspect has not been examined in the literature before. However,
in practice, applying non-monotonous functions does not seem useful based on our results.

The average results obtained with the functions p2, p4, and p9 are similar; the IPAs based
on them have the best performance, comparing the ten examined cases.

The best average running time was obtained with the function p2(t) = 2(1 − t) (φ2(t) =√
t), but very similar results were obtained for p4(t) (this function does not belong to our

class). This indicates that further examinations are necessary to examine whether it is pos-
sible to propose another type of analysis and function class for Ai-Zhang type methods that
would include this function as well.

The average number of iterations was minimal for p9(t), which is the first AET func-
tion with a jump discontinuity. Based on these results, constructing new AET functions by
combining others (possibly with discontinuities) is a promising direction. We hope this can
result in more efficient algorithms, especially for more complex problem classes, such as
LCPs.

As we have already seen in Subsection 5.2.1, we can get better numerical results if we do
not fix the value of β and τ as equals, but choose the neighborhood parameter to be larger
than the update parameter. To improve the results presented in Tables 5.12 and 5.13, we
solved again the 52 chosen Netlib instances with the parameter settings β = 0.2 and τ = 0.1.
These new results are shown in Table 5.2. According to the analysis presented in Chapter 4,
these values are not suitable for the functions p6(t) and p7(t), therefore, the results for these
functions are omitted. In Chapter 4, we fixed the value of γ as (1 − β)τ and proved that this
value is suitable for the whole investigated function class. However, if we tailored the value
of γ for each function, this would allow us to choose β and τ from larger intervals.

The results are better with the modified parameter settings for all functions, both in
terms of average running times and iteration numbers. The best results were obtained in
the case of p4(t), but we have to emphasize that this function is not included in our function
class; therefore, the results are presented in this case only for the sake of completeness. This
result also suggests that in our future research, we should find a way to extend the function
class so that p4(t) is included. If we consider only the functions where the convergence and
complexity results hold for the chosen parameter values, we find that the function p2(t)
gives the best average running time and p9(t) gives the smallest average iteration number,
similarly to the case where β and τ were equals.
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p1(t) p2(t) p3(t) p4(t) p5(t) p8(t) p9(t) p10(t)
Name Iter. T. (s) Iter. T. (s) Iter. T. (s) Iter. T. (s) Iter. T. (s) Iter. T. (s) Iter. T. (s) Iter. T. (s)
25fv47 82 998.78 78 980.23 82 1071.62 76 1047.30 86 1180.44 81 1108.51 74 1011.54 89 1223.36
adlittle 21 0.36 21 0.29 21 0.30 21 0.28 22 0.40 21 0.31 21 0.37 22 0.32
afiro 14 0.04 15 0.03 14 0.04 15 0.04 15 0.05 14 0.04 17 0.05 16 0.04
agg 36 16.26 33 14.60 35 15.69 30 13.46 39 17.40 35 15.72 30 13.62 39 17.26
agg2 35 30.45 33 28.80 35 30.87 32 28.39 38 33.74 35 31.11 31 27.45 38 33.59
agg3 42 37.46 40 37.29 42 38.79 36 34.06 46 43.54 42 39.89 34 31.97 47 44.78
bandm 40 7.59 39 7.55 40 7.69 37 7.31 44 8.44 40 7.61 36 6.89 45 8.62
beaconfd 19 0.71 17 0.68 18 0.71 16 0.62 22 1.02 19 0.81 18 0.69 20 0.78
blend 18 0.16 17 0.15 18 0.15 18 0.17 19 0.23 18 0.17 19 0.17 19 0.18
bnl1 98 710.31 91 660.90 97 708.07 81 586.56 108 778.28 97 702.70 77 557.67 114 825.72
bore3d 46 2.59 44 2.60 46 2.67 41 2.49 50 2.88 46 2.82 40 2.27 50 2.94
brandy 40 2.08 39 2.08 40 2.10 37 1.94 42 2.37 40 2.16 37 1.92 43 2.29
degen2 23 22.15 23 22.40 23 22.34 23 22.32 24 23.41 23 22.26 25 24.22 24 23.49
e226 43 9.56 42 9.36 43 9.74 37 8.37 46 10.21 43 9.79 36 8.19 48 10.54
etamacro 88 123.86 78 110.18 86 121.77 69 98.11 105 147.81 86 121.44 67 94.60 118 166.22
fffff800 76 162.42 70 149.95 74 157.28 64 137.06 82 173.18 75 159.17 61 130.50 85 179.27
finnis 66 153.21 62 142.92 65 149.91 58 135.54 74 175.43 65 151.74 59 137.48 78 181.99
fit1d 35 598.32 33 560.68 34 585.73 32 548.75 36 616.21 35 606.34 33 566.66 36 614.08
fit1p 36 615.79 34 583.02 35 614.62 33 572.90 40 684.85 36 616.87 33 568.11 36 617.80
ganges 25 351.72 24 337.67 24 343.50 24 338.11 27 379.85 24 337.98 26 365.97 28 393.26
gfrd_pnc 35 194.12 32 178.73 34 188.03 30 166.10 40 222.70 34 189.19 30 167.08 41 225.68
grow15 25 99.59 24 101.61 25 101.12 23 92.33 31 122.57 25 100.26 25 101.46 37 146.90
grow7 26 12.32 24 11.76 25 12.32 23 11.37 29 13.89 25 12.41 25 12.06 33 15.80
israel 45 4.42 43 4.12 44 4.22 40 3.79 50 4.80 45 4.25 39 3.69 51 4.85
kb2 26 0.13 25 0.11 26 0.11 23 0.10 29 0.14 26 0.12 22 0.10 28 0.12
lotfi 27 3.64 27 3.73 27 3.74 26 3.54 32 4.46 27 3.74 27 3.73 31 4.30
nug05 10 0.40 11 0.49 10 0.42 13 0.58 11 0.54 11 0.53 15 0.63 13 0.59
nug06 12 3.58 13 3.91 12 3.49 14 4.14 12 3.65 12 4.05 16 4.87 14 4.38
nug07 19 34.51 19 35.61 20 36.92 21 37.60 20 36.23 19 34.50 23 41.51 21 38.14
nug08 15 136.43 16 144.43 15 136.03 16 144.14 15 136.01 15 136.03 18 159.07 16 142.86
recipe 19 0.95 18 0.99 19 1.02 18 0.96 20 1.09 18 0.99 19 0.97 21 1.13
sc105 14 0.27 14 0.27 14 0.27 14 0.32 16 0.35 14 0.27 16 0.30 16 0.33
sc205 17 1.72 17 1.69 17 1.66 17 1.71 16 1.77 17 1.72 17 1.72 17 1.65
sc50a 15 0.06 15 0.07 14 0.07 15 0.07 16 0.08 14 0.08 16 0.09 16 0.08
sc50b 12 0.05 12 0.06 12 0.06 12 0.06 14 0.07 12 0.06 13 0.07 14 0.07
scagr25 29 19.78 28 19.22 29 19.82 26 18.10 32 22.31 29 20.02 25 17.12 32 21.69
scagr7 21 0.53 20 0.55 20 0.57 19 0.52 23 0.62 20 0.53 20 0.55 23 0.57
scfxm1 57 26.84 53 24.50 56 26.22 49 22.96 60 27.93 56 26.20 48 23.17 62 28.67
scfxm2 65 208.72 61 195.04 64 204.79 58 185.93 70 229.22 64 206.22 58 186.42 71 226.75
scfxm3 65 672.08 62 640.23 65 667.14 58 596.59 71 735.17 65 667.40 58 596.31 73 749.72
scrs8 65 268.90 61 251.54 64 265.58 56 230.80 72 302.67 65 267.18 55 227.76 75 309.43
scsd1 16 16.10 16 15.79 16 15.72 17 17.16 17 16.98 16 16.45 18 17.85 17 17.47
scsd6 21 107.10 21 106.26 21 107.56 22 111.46 21 107.24 21 107.45 23 117.47 21 107.76
scsd8 18 715.31 18 717.91 18 720.35 20 801.86 18 717.55 18 718.05 21 830.45 19 761.30
sctap1 49 32.55 48 32.66 48 31.79 49 32.70 50 33.49 48 31.50 49 32.80 53 35.21
share2b 21 0.37 20 0.39 21 0.41 20 0.38 22 0.46 21 0.45 21 0.38 22 0.45
ship04l 28 414.40 28 413.62 28 413.79 29 427.97 30 442.58 28 415.03 31 461.90 33 449.31
ship08s 37 366.02 36 374.31 37 393.08 34 359.04 41 433.07 37 391.43 36 386.06 41 430.97
standata 40 185.34 40 193.18 40 193.67 41 201.51 40 222.63 40 221.81 42 233.59 42 233.50
standgub 40 224.99 40 225.42 40 226.22 41 230.18 40 226.15 40 226.14 42 237.76 42 235.71
stocfor1 31 0.57 29 0.51 31 0.51 26 0.45 35 0.63 31 0.55 27 0.70 37 0.62
standmps 47 221.76 46 225.06 48 235.29 46 226.12 50 244.23 48 252.11 48 269.16 51 286.54
Average 35.58 150.33 34.04 145.68 35.23 151.84 32.62 144.51 38.62 165.21 35.31 153.73 33.02 147.83 39.96 169.79

TABLE 5.14: Numerical results with β = 0.2 and τ = 0.1
for the chosen Netlib instances

5.4 Results with the theoretical step length

5.4.1 On the theoretical IPA for LP problems

We also implemented the theoretical version of the general algorithm, where we applied the

step lengths α1 = 1
c

√
βτ
n and α2 = 1. Since this variant is inefficient in practice, the main

reason for implementing it was to make some observations on the behavior of the analyzed
algorithm.

With the staring points x0 = e and s0 = e, at the beginning all coordinates of the vector
v are equal to 1√

τ
. We observed that the coordinates remained in a really narrow interval

around this value.
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In the case of the theoretical variant, all coordinates of v were greater than 1, i.e., p+ = 0
held in all iterations, and the iterates never left the neighborhood N−

∞ (1 − τ). In the case
of the greedy variant, the largest coordinates were also far from the upper bound

√
n/τ

applied in the analysis; in fact, the upper bound seems to be independent of the size of the
problem even in the latter case. The lower bound in the case of the greedy variant is always
below one since we take the largest step for which the new iterate is still in W(τ, β). The
bounds on the coordinates of v for four test problems and three selected functions are shown
in Table 5.15.

Name Function
Theoretical
algorithm

Greedy
algorithm Theoretical

upper boundvmin vmax vmin vmax

afiro
p1(t) 2.7869 2.8419 0.9568 4.9871

29.1205p9(t) 2.8254 2.8313 0.9395 4.1782
p10(t) 2.7588 2.8514 0.8322 4.5475

blend
p1(t) 2.7753 2.8396 0.9568 5.4633

43.0814p9(t) 2.8267 2.8302 0.9568 4.1210
p10(t) 2.7332 2.8470 0.8322 5.4240

recipe
p1(t) 2.7724 2.8341 0.9568 5.0944

63.1190p9(t) 2.8271 2.8297 0.9395 4.0486
p10(t) 2.7138 2.8392 0.8322 6.3958

bandm
p1(t) 2.7811 2.8346 0.9568 4.6539

81.7802p9(t) 2.8275 2.8293 0.9395 4.3239
p10(t) 2.7355 2.8416 0.8322 4.4222

TABLE 5.15: Bounds on the coordinates of v with the theoretical IPA for LP

Figures 5.5 and 5.6 show the coordinates of v through all iterations for different functions
when solving the test problem afiro, with theoretical and greedy step lengths, respectively.
The numbers on the vertical axes represent the iterations, and in each row, the points corre-
spond to the coordinates of the vector v. Since we start from the vectors of all ones, and the
value of τ was 0.125 in all cases, at the beginning, all coordinates of v are equal to

√
8, and

in all cases, with the theoretical step length, the iterates remained in the interval [2.75, 2.85],
and even with the greedy variant, the largest coordinate of v was less than 5.5, while the
upper bound applied in the analysis was 29.1205, as can be seen from Table 5.15. We must
mention again that for p4(t), the convergence of the general algorithm is not guaranteed in
theory since there is no constant c that satisfies Property (P2). For comparison, we still run
both variants for this function, and for the theoretical variant, we used c = 1; for this reason,
the fourth graph in Figure 5.5 should be considered with reservations. The results in the
case of the functions p5 and p7 are not shown in Figure 5.5 and 5.6 since, for these functions,
a different parameter setting should be applied according to our analysis. For this reason,
the coordinates could not be compared.
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FIGURE 5.5: Coordinates of v for different functions for the test problem afiro,
with theoretical step length (p1, p2, p3, p4, p6, p8, p9, p10)
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FIGURE 5.6: Coordinates of v for different functions for the test problem afiro,
with greedy step length (p1, p2, p3, p4, p6, p8, p9, p10)
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5.4.2 On the theoretical IPA for LCPs

We implemented a theoretical variant of the algorithm proposed in Chapter 3. However,
since the step length depends on the value of the handicap, we calculated it for some of the
smaller test matrices. In this way, we could run the algorithm exactly as described in our
analysis and make some observations on the coordinates of v, similarly to the LP case. Since
we have not generalized the results related to the function class presented in Chapter 4, all
of our numerical tests for LCPs were performed using the function φ(t) = t −

√
t.

We used the parameter settings β = τ = 0.25 and ε = 10−5. First, we used the starting
points x0 = e, s0 = e (and calculated q as q = −Me + e). The numerical results are
summarized in Table 5.16, and Figure 5.7 shows the change in the coordinates of the vector
v during the iterations for chosen problem instances. As expected, the number of iterations
is significantly larger than in the greedy case and depends on the value of the handicap
(since the step length depends on the handicap as well).

In the case of the Csizmadia-LCP, Figure 5.7 shows that one of the coordinates (the first
one) converges remarkably slower than the others because of the properties of the Newton
directions. This is the main reason why we experienced numerical problems with these
starting points, as it has already been discussed in Subsection 5.2.2.

Coefficient matrix Handicap vmin vmax Iterations Time (s)
ENM_SU_7_01 1.07 1.9993 2.0007 1121 0.0346
ENM_SU_7_02 2.63 1.9989 2.0005 2454 0.0565
ENM_SU_7_03 1.42 1.9993 2.0007 1420 0.0358
ENM_SU_7_04 2.58 1.9993 2.0006 2411 0.0751
ENM_SU_7_05 1.13 1.9963 2.0033 1172 0.1218
Csizmadia_5 3.75 1.9946 2.0038 2809 0.0521
Csizmadia_6 15.75 1.9981 2.0012 12506 0.1309
Csizmadia_7 63.75 1.9993 2.0004 54686 0.4528

TABLE 5.16: Numerical results obtained with the theoretical IPA for LCPs
(x0 = e and s0 = e)

FIGURE 5.7: Coordinates of v with the theoretical IPA for LCPs
(x0 = e and s0 = e)

We could observe the same phenomenon as in the LP case. With the chosen starting

points, at the beginning vi =
√

1
τ = 2 holds for all coordinates of the vector v. It can be seen

from Table 5.16 and Figure 5.7 that the coordinates remain in a really narrow interval around
2. However, in our analysis, we use the upper bound vi ≤

√ n
τ , according to Corollary 3.1.

The value of this upper bound for n = 7 and τ = 0.25 is
√

28 ≈ 5.2915, which is significantly
larger than what we experienced in practice, even in this small dimension.
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Furthermore, all coordinates of v are greater than one; therefore, all iterates remain in the
narrower neighborhood N−

∞ , and never actually get to a point from the set WLCP(β, τ, κ) \
N−

∞ , i.e., in practice the algorithm works in a κ-independent neighborhood when the starting
points are well-centered.

The coordinates of v for the 5 × 5 Csizmadia-LCP with three different starting points
that are not on the central path are shown in Figure 5.8. We kept the right-hand side as
q = −Me + e. The starting points were

a) x0 = 0.9e and s0 = [0.9, 1, 1.1, 1.2, 1.3]T,

b) x0 = [0.8, 0.6, 0.5, 0.5, 0.6731]T and s0 = [0.8, 0.8, 1.1, 1.6, 2.2731]T,

c) x0 = [1.7, 1.72, 1.73, 1.74, 1.75]T and s0 = [1.700, 2.1900, 2.3230, 1.8491, 0.3435]T,

respectively. Here, the intervals around 2 become narrower as the algorithm proceeds, and
the coordinates are concentrated around this value in the end.

FIGURE 5.8: Coordinates of v with the theoretical IPA for the
5 × 5 Csizmadia-LCP, with modified starting points

These numerical results raise the question whether it would be possible to give constant
lower and upper bounds on the coordinates of v, assuming that the starting point is well-
centered, i.e. to show that the algorithm is convergent and has the desired complexity using
the neighborhood

Nv(ν, ν̄) = {(x, s) ∈ F LCP
+ : νe ≤ v ≤ ν̄e},

where 1 ≤ ν ≤ 1/
√

τ ≤ ν̄ are given parameters.
Even though this upper bound would not improve the algorithm’s complexity, it would

make it possible to prove the desired properties of the general IPA with more functions.
In the case of the IPA for LCPs presented in Chapter 3 based on φ(t) = t −

√
t, this ob-

servation suggests that it would be possible to carry out the analysis in a κ-independent
neighborhood. It could also help to clarify some questions regarding the generalization of
the general analysis to sufficient LCPs. In our future work, we would like to explain this
phenomenon theoretically.

5.5 Testing the sufficiency of matrices

In Subsection 1.3.1, we discussed the role of matrix sufficiency when introducing interior
point algorithms for linear complementarity problems. According to Theorem 1.1, if the
coefficient matrix of an LCP is sufficient (or equivalently, P∗(κ)-matrix for some κ ≥ 0), the
central path exists and it is unique.

Therefore, this property has a key role when proving the convergence of IPAs for LCPs.
However, Tseng [161] proved that it is co-NP-complete to decide whether a matrix is row/
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column sufficient or not; therefore, a polynomial algorithm that can decide sufficiency can-
not be expected. In 1996, Väliaho [164] introduced an exponential algorithm for deciding
the sufficiency of a matrix.

We investigated different aspects of sufficient matrices in the paper [47]. The coauthors
of [47] implemented Väliaho’s exponential algorithm from [164] to decide the sufficiency
of a matrix and experimented with the parallelization of the method. Furthermore, they
presented a linear programming-based approach for detecting sufficiency, which is an im-
proved version of the algorithm proposed by Guu and Cottle [22]. We also introduced dif-
ferent nonlinear optimization problems for this decision problem, using the definition of
sufficiency. All three approaches indicate that deciding whether a matrix is sufficient or not
is a very hard problem numerically, even amongst co-NP hard problems. We could not solve
problems larger than 30 × 30 by either method.

Considering the defition of sufficiency (1.6), a vector x is a certificate for non-column-
sufficiency of a matrix M if and only if

x(Mx) ≤ 0 and xT Mx < 0. (5.4)

Since this is a homogeneous feasibility problem, we can add a constraint on the norm of x.
Moreover, we can consider the second constraint as an objective function of the problem.
This way, we can formulate the first nonlinear optimization model for detecting column-
sufficiency:

1. The matrix M is column sufficient if and only if the optimal objective function value
of the following problem is 0. (Note that the optimal value is always nonpositive.)

min xT Mx,
x(Mx) ≤ 0,
∥x∥p ≤ 1.

 (5.5)

We can scale the homogeneous feasibility problem (5.4) in a different way, namely, we can
add a negative upper bound on the quadratic term xT Mx and determine the smallest upper
bound on the coordinates of the vector x(Mx). This gives our second nonlinear model:

2. The matrix M is column sufficient if and only if the following problem is either infea-
sible or its optimal value is positive.

min t,
x(Mx) ≤ te,

xT Mx ≤ −1.


This nonlinear model is infeasible if and only if M is a PSD matrix and all PSD matrices
are sufficient.

We may introduce a new variable vector z = x(Mx) and add these defining equations to the
objective function multiplied with a suitable penalty parameter λ:

3. The matrix M is column sufficient if and only if the optimal objective function value
of the following problem is 0 for all positive λ. (Note that the optimal value is again
nonpositive.)

min
n

∑
i=1

zi + λ
n

∑
i=1

(zi − xi(Mx)i)
2 ,

z ≤ 0.


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These models are suitable for deciding whether a matrix is column sufficient or not.
Since a matrix is sufficient if it is both row and column sufficient, to test the sufficiency of a
matrix, we have to solve the nonlinear programming problems twice (for M and MT).

To numerically test the sufficient property of matrices, we implemented the models in
the AMPL modeling language and solved them with the BARON global nonlinear solver
[151, 160].

After comparing the different model formulations in practice, we found that model (5.5)
gave the best results, so we chose this model to carry out the numerical tests. We compared
the results for different vector norms, and the best running times could be achieved by
limiting the infinity norm of the variable vector. This restriction is necessary for BARON
since it requires nonlinear expressions to be bounded in the model descriptions.

It is important that BARON is a global solver (i.e., it computes the global optimum
value); this is why it can be applied to decide whether the matrix is sufficient or not. The op-
timal objective function value of (5.5) is always nonpositive, and we need to decide whether
the value is 0 (in this case, M is column sufficient) or negative (M is non-sufficient). If we ap-
ply a local nonlinear solver and the optimum is negative, we have proof of non-sufficiency.
However, if the obtained local optimum is 0, we cannot decide whether M is sufficient or
not; this is why we need a global nonlinear solver.

To run the numerical tests, we used the NEOS server [24, 45, 66], where BARON is
available for scientific purposes. The applied precision was 10−4. For the numerical test,
we used the 3 × 3 to 10 × 10 sufficient and non-sufficient matrices constructed by E.-Nagy,
and the 10 × 10 sufficient instances introduced by Morapitiye and Illés, described in Section
5.1.2.

We also tried to test the sufficiency of the 20 × 20 matrices of Morapitiye and Illés. How-
ever, the running time exceeded the 8-hour time limit of the NEOS server, except for the
second 20 × 20 matrix, where the total solve time was only 0.4 seconds. After examining
this latter matrix, we found that it is PSD, and for this reason, the corresponding optimiza-
tion problem is easier to solve.

The average running times for the ENM and MGS sufficient matrices are shown in Table
5.17. The first eight rows describe the results for the ENM matrices, and the ninth row of the
first table shows the average time for the 10 × 10 MGS matrices.

Data set Size
Number of

matrices
Average

running time (s)

ENM

3 10 0.1847
4 10 1.3002
5 10 4.5106
6 10 28.4193
7 10 103.6788
8 10 458.0879
9 10 741.9727

10 11 5857.1727
MGS 10 7 2590.5626

TABLE 5.17: Average running times of BARON for sufficient matrices

For the 10x10 sufficient instances, the average running time was more than 1.5 hours;
in the worst case, it almost reached 4 hours. For the second data set, there was an instance
for which the running time exceeded the 8-hour limit of the NEOS server and a matrix that
caused a memory error with BARON; therefore, these are not included in the table.
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We also tested the sufficiency of Csizmadia’s matrices with BARON. These instances are
P-matrices, therefore for all nonzero vector x there exists an index i such that xi(Mx)i > 0
[57]. Hence, the nonlinear programming problem (5.5) has only one feasible solution, the
all zero vector (meaning that this is the optimal solution as well). As it can be seen from
Table 5.18, BARON could solve these optimization problems very efficiently for smaller
dimensions. The all zero optimal solution vector was found in all cases shown in the table
in less than 0.06 seconds.

Size Running time (s)
10 0.0189
15 0.0313
20 0.0381
22 0.0408
25 0.0487
27 0.0494
30 0.0552

TABLE 5.18: Running times of BARON for Csizmadia’s matrices

However, when we increased the dimension, numerical errors occurred. The smallest
size where the exact solution is not found is 34 × 34. If we further increase the dimension,
BARON converges to an infeasible solution. For the 45 × 45 and larger problems, the ab-
solute value of several coordinates in the optimal vector x given by the solver is close to
1.

The results for the non-sufficient matrices proposed by E.-Nagy can be seen in Table 5.19.

Size
Number of

matrices
Average

running time (s)
3 10 0.1927
4 10 0.2610
5 10 1.3336
6 10 8.5710
7 10 7.1305
8 10 28.9361
9 10 43.4450

10 10 356.1836

TABLE 5.19: Average running times of BARON for non-sufficient matrices

The running times for the non-sufficient instances were significantly lower. Based on
these results, a possible application of the NLP approach would be to run it with a time
limit in the hope of finding a certificate for non-sufficiency. However, in general, the running
times indicate that it would be important to propose new, more efficient methods to be able
to decide the sufficiency of larger matrices.

5.6 Summary of the numerical results

In this section, we summarize our observations on the numerical tests.
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5.6.1 Linear programming problems

In the case of LP problems, we tested our algorithms on selected instances from the Netlib
library [60]. After applying different preprocessing techniques, we used the self-dual em-
bedding technique to be able to start the IPAs from a strictly feasible solution.

We implemented the general algorithmic framework proposed in Chapter 4, and per-
formed different numerical tests with the step-lengths applied in the analysis, and also with
the largest step-lengths for which the iterates remain in the neighborhood W(τ, β). For this
second variant, the proved complexity result (Theorem 4.1) still holds.

In Chapter 2, we proposed an IPA for LP using the AET technique with the function
φ(t) = t −

√
t. For this specific function, we compared six different parameter settings for β

and τ, and found that the best results can be achieved when the neighborhood parameter β
is relatively large, and the update parameter τ is small, but not too small.

We compared the performance of the general algorithmic framework for ten different
transformation functions. Some of these were well-known from the literature of the AET
technique, and we also used some of the new functions proposed in Chapter 4. All LP in-
stances could be solved with all algorithm variants, and we got similar running times and
iteration numbers for the functions where the same settings could be applied. The perfor-
mance also depended on the structure of the problem instances; for different LP problems,
different functions gave the best results. We introduced the first AET function with infinitely
many monotonicity changes. From a theoretical point of view, it is an interesting result, how-
ever, the IPA based on this function gave one of the worst results. We generalized the AET
technique to piecewise continuously differentiable transformation functions, and included
one such function in the numerical tests. The results were promising, the iteration numbers
obtained with this function were among the best.

Based on the results for LP problems, it can be stated that choosing good parameters
is as important, or in some cases can be more important than changing the transformation
function.

When we analyzed the results obtained with the theoretical step-length, we found that
the coordinates of the vector v remain in a really narrow interval if the starting point is close
to the central path. With the greedy variant, the upper bound obtained in practice is also far
from the one used in the analysis, and seems to be independent of the problem size. It is an
important observation, and understanding the theoretical background of this phenomenon
can lead to new results on several aspects of the analysis of long-step IPAs.

5.6.2 Linear complementarity problems

Since for sufficient LCPs, we proved the correctness of the Ai-Zhang type IPA only for the
transformation function φ(t) = t−

√
t, all tests were carried out using this variant. Similarly

to the LP case, we implemented both a theoretical and a greedy variant of the IPA. However,
to get a practically efficient algorithm, as general for sufficient LCPs, we had to make more
significant modifications. Instead of the κ-dependent neighborhood applied in the analysis,
we considered a κ-independent definition in our implementation.

For linear complementarity problems, the number of available sufficient test matrices is
quite small, and their size is smaller than that of the considered LP instances. Generating
larger sufficient matrices is an important task for the near future, to make it easier to test
and compare the performance of different IPAs for LCPs.

Similarly to the LP case, we compared different parameter settings for β and τ. Here,
the best results were achieved with the largest value for β and with the smallest value for τ.
The reason behind this difference can be the special structure of the LP problems obtained
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after applying the self-dual embedding technique, however, this question requires further
research.

Another interesting question that we addressed in this section is the role of choosing a
suitable starting point. We examined how changing the starting point (and in some cases,
the right-hand side vector) affects the performance of the IPA for a test problem that is
known to be numerically difficult for IPAs to handle (the Csizmadia-problem). Even with
small modifications, the performance of the algorithm could be improved significantly.
These results show that in the case of sufficient LCPs, besides choosing suitable parameter
values and transformation functions, finding good starting points also has a crucial role,
moreover, this choice can determine whether we can handle a problem numerically or not.

Regarding the upper bounds obtained for the vector v, the results were similar in the
case of LCPs as in the LP case. Therefore examining whether it is possible to theoretically
prove that a constant upper bound can be given on the coordinates of v is a relevant research
question not just for LPs, but for sufficient LCPs as well.

In Section 5.5, we introduced different nonlinear programming models for deciding
whether a matrix is sufficient or not, and used the BARON global solver to test this ap-
proach numerically. We found that in practice, we can only solve these NLP instances up to
the size 10 × 10. However, the running times were better when the goal was to determine a
certificate for non-sufficiency.

Even though the sufficiency of the coefficient matrix has a crucial role in proving com-
plexity results for LCPs, the problem of deciding whether a matrix is sufficient or not is a
co-NP hard problem, and can with the known algorithms (including our method), it can be
solved only in very small sizes. Therefore, further research required in this area as well, to
be able to propose practically more efficient methods.





Chapter 6

Conclusion, further research

6.1 Summary

This dissertation proposed Ai-Zhang type long-step interior point algorithms for linear op-
timization and sufficient LCPs. To find new search directions, we applied the AET technique
of Darvay. Although both methods were introduced more than 15 years ago in the litera-
ture, when we started working on this topic, there was only one algorithm combining the
two approaches, proposed by Darvay and Takács in 2018 [42]. In this thesis, we presented
different new results in this area.

First, we applied the AET technique with the function φ(t) = t −
√

t, and with the
obtained search directions, we proposed a long-step IPA for LP problems. We proved that
the method is convergent and has the best known iteration complexity.

Then we generalized the algorithm for solving sufficient LCPs. In this case, the central
path exists, and it is unique, but the search directions are not orthogonal; therefore, the anal-
ysis becomes more complex than in the LP case. The applied wide neighborhood depends
on the handicap of the matrix. For this IPA, we also proved that it is convergent and has the
best known iteration complexity (however, as expected for sufficient LCPs, the complexity
depends on the handicap of the matrix).

The main question of our research was what type of functions the AET technique can be
applied with so that a convergent Ai-Zhang type IPA can be constructed with the desired
complexity results. For this purpose, we introduced a general Ai-Zhang type long-step al-
gorithmic framework for which the transforming function (more precisely, the function p(t)
describing the right-hand side of the scaled Newton-system) is part of the input. We pro-
posed a new function class for linear optimization, i.e., a set of properties for the function
p(t). If these are satisfied, we proved the general algorithm’s convergence and same com-
plexity as the best known.

We do not use the continuity and monotonicity of p(t) in the analysis. When p(t) is
not continuous, the corresponding φ(t) is not necessarily continuously differentiable, but
a piecewise continuously differentiable function. To handle this case, we generalized Dar-
vay’s AET technique to the case of piecewise continuously differentiable transformation
functions, using the generalized Newton-method introduced by Kojima and Shindo [109].
Furthermore, we proposed construction rules that can be applied to determine new trans-
formation functions that belong to our class.

An essential part of our work was not just to theoretically analyze but also to test the
proposed new algorithms numerically. For this purpose, we implemented a general long-
step IPA for both LP problems and LCPs in Matlab. Since the theoretical variants are usually
not efficient in practice, we also implemented a greedy variant for both problem classes.

In the LP case, we experimented with different functions from the new class and com-
pared the results for selected test problems from the Netlib library. Due to the special proper-
ties of the function φ(t) = t −

√
t, in this case, we can choose the neighborhood and update

parameters from larger sets compared to the general case. Based on our experiments, we
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found that the typical choice of parameters in Ai-Zhang type papers (i.e., to fix the value of
the two parameters as equals) is inefficient in practice.

For LCPs, due to the κ-dependency of the neighborhood, we had to make several modi-
fications to get an efficient implementation. In the case of Csizmadia-LCPs, we showed how
crucial it is to choose good starting points for our algorithm, and unfortunately, the starting
points frequently applied in the literature lead to serious numerical issues.

For both problem classes, we found that if the starting points are well-centered, then
the coordinates of the vector v remain in a narrow interval, and the lower and especially the
upper bounds are far from what we apply in the analysis. This phenomenon can be observed
for both the theoretical and the greedy algorithm variants, but the interval is much smaller
in the first case.

6.2 Future research

Our research raised several interesting new questions regarding both theoretical and practi-
cal aspects of interior point algorithms.

Our next plan is to generalize the introduced AET function class from LP to sufficient
LCPs. We would like to propose an Ai-Zhang type long-step algorithmic framework for
LCPs, and introduce a new function class for p(t) for which the desired convergence and
complexity properties can be proved. In the case of the function φ(t) = t −

√
t, we could

only prove the correctness of our algorithm if we assumed that the applied wide neighbor-
hood depends on the handicap. However, Potra [142] could propose an Ai-Zhang type IPA
in a κ-independent neighbourhood without applying the AET technique (i.e., in the case
of φ(t) = t). Based on these two results, we conjecture that in the case of sufficient LCPs,
the analysis will give us two function classes, one for which the general algorithm works
in a κ-independent neighborhood and one for which we have to use a κ-dependent wide
neighborhood to be able to prove the convergence.

Even though the starting point of the general analysis was applying the AET technique,
it can be seen from the analysis that the proved results only depend on the properties of
the function p(t). Namely, if we consider a function that satisfies our properties, from a
theoretical point of view, it is not important whether it is originated from the application
of the AET technique or not. This observation allows us to compare our function class to
other, not AET-related function classes, e.g., kernel function-based approaches. We would
like to investigate these relationships in detail and have already taken the first steps in this
direction.

To further our research, we would also like to propose similar function classes in the case
of other algorithm types and problem classes.

The phenomenon observed regarding the coordinates of the vector v suggests that if
we have well-centered starting points, the neighborhood applied in the analysis is much
wider than what we actually need to be able to carry out the analysis. We would like to
examine whether giving a constant upper bound on the coordinates of v is possible. If this
attempt succeeds, we hope to extend the proposed function class so that it includes the
function proposed by Kheirfam and Haghighi (p4). Furthermore, this observation suggests
that the analysis of the algorithm proposed for LCPs could be carried out in a κ-independent
neighbourhood (provided that the starting point is well-centered).

Regarding the implementation, we would like to experiment with more functions from
the proposed class. Based on our results for LP problems, it seems that in this case, the effect
of the choice of transforming function is not so significant. However, since LCPs are much
more difficult to handle numerically, we expect that in the case of this class, we can find
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out the main aspects of choosing a suitable transforming function in practice (apart from
proving that theoretically, the methods have the same iteration complexity).

For LCPs, it would be beneficial to perform numerical tests on larger problem instances
for several reasons. Our numerical results for LP problems show that we need to find a good
trade-off between the neighborhood and update parameters. However, due to the small
size and structure of the available test instances, this phenomenon could not be observed
in the LCP case. However, choosing suitable parameters can have a much more significant
role when solving LCPs, since, in general, these problems are harder to handle numerically.
For larger and less structured test instances, we could also have a better comparison of
the transforming functions. This is why it would be important to propose larger sufficient
matrices and more efficient algorithms to decide whether a matrix is sufficient or not.

We saw that the choice of the starting point could also have a crucial role in efficiently
solving an LCP problem, and even minimal modifications can help us avoid certain nu-
merical issues. We would like to perform further numerical experiments to understand this
question better.
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