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Abstract

The thesis deals with numerical problems of sine wave fitting algorithms that are
realized with floating-point arithmetic. Sine wave fitting algorithms are applied in several
fields of the science of electrical engineering. For instance, the quality of the electrical
power system can be characterized with a sinusoidal signal. Furthermore, sine wave
fitting opens the door to determine the absolute value and the phase of an impedance.
One of the most important application areas is the testing of analog-to-digital converters
and of digitizing waveform recorders. The testing methods are prescribed in IEEE
standards 1241 and 1057, respectively.

The implementation of sine wave fitting algorithms with floating point arithmetic is
wide-spread both in the fields of processing data with personal computers and with digital
signal processors. Roundoff errors due to floating point arithmetic are usually regarded
as negligible. However, in the thesis, | show that during the fitting, errors may occur that
are by more orders of magnitude larger, than the precision of the number representation.

Basically, the thesis focuses on two areas: on the one hand, the aim is to reveal
numerical weak points of least squares (LS) sine wave fitting algorithms that are
connected to floating point number representation. On the other hand, it also aims to
analytically determine upper bounds on condition numbers that can be assigned to the
three- and four-parameter LS algorithms. In the thesis, | show that the results can also be
extended to the case of maximum likelihood sine fitting.

A detailed investigation of the error sources reveals that roundoff errors due to
imprecise phase calculation increase the expected value and the variance of the cost
function of the LS algorithms. | show that the error may be by more orders of magnitude
larger than the roundoff error of the number representation. Besides, | investigate the
effect of errors due to imprecise summation, and (for the maximum likelihood
estimation) due to imprecise noise model evaluation. | also propose efficient methods
that can reduce the investigated errors significantly, without slowing down the running
of the algorithms too much.

Furthermore, | investigate the conditioning of the three- and four-parameter LS
methods. Applying matrix perturbation theory on eigenvalues, | prove that by setting
time axis parameters symmetrical to zero, and by properly scaling the system matrix, the
condition number assigned to both methods reaches the theoretical minimum

asymptotically, if the number of sampled periods is increased.
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Notations

)
cond(")
cov{’}
diag{xy, Xz, ..., X}
detA
E{}
LSB(")
P()
QC)
var{-}
of}
ll-l,,
lIIl 7

Matrix notation

Transposed matrix

Inverse matrix

Moore-Penrose pseudoinverse
Matrix element (row i, column j)
Column vector notation

Row vector notation

Fractional part

Condition number

Covariance

Diagonal matrix with diagonal elements x,, x5, ...

Determinant

Expected value

Least significant bit of a floating point number
Probability

Operator of quantization

Variance

Standard deviation

p-norm

Frobenius norm
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Symbols

A Amplitude of the cosine component

b Nominal bit number

B Amplitude of the sine component

C Amplitude of the offset

epsq Relative accuracy of double precision number representation
epss Relative accuracy of single precision number representation
f Signal frequency

fs Sampling frequency

I Identity matrix

J Number of sampled periods

N Number of samples

Q Ideal code bin width (quantization step) of a quantizer

Amplitude of the sine function

S Singular value

Onoise Standard deviation of noise

1) Phase of the sine function

u Mean value

A Eigenvalue

W Angular frequency

) Relative angular frequency (w/f)
0 Parameter vector
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Abbreviations

3PLS
4PLS
ADC
AWGN
DSP
CDF
CF
CN
CRB
DE
ENOB
€rms
FFT
ipFFT
LM

LS
LSE
ML
MLE
PC

SVvD

3-parameter least squares
4-parameter least squares
Analog-to-digital converter
Additive white Gaussian noise
Digital signal processor
Cumulative distribution function
Cost function

Condition number
Cramer-Rao bound
Differential evolution
Effective number of bits

Root mean square error

Fast Fourier transform
Interpolated FFT
Levenberg-Marquardt

Least squares

Least squares estimator
Maximum likelihood
Maximum likelihood estimator
Personal computer

Singular value decomposition
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1 Introduction

1.1 Background of the research

This thesis deals with the numerical properties of sine fitting algorithms. The research
has been carried out as part of the scientific activity of Professor Istvan Kollar’s research
group, heavily involved in quantization and analog-to-digital converter (ADC) testing
problems [1]. The roots of these latter go back to 1999, when the draft version of IEEE
Standard 1241 appeared [2]. Firstly, Professor Kollar made suggestions for the final
version in [4], while later he realized the implementation difficulties of the standard in
case of non-experts, therefore he proposed to have a common framework for ADC testing
[5]. The first attempt for such a framework is due to J. Blair in LabView [6]. The
implementation of Professor Kollar is based on MATLAB [1]. This tool has been
maintained and developed continuously [7]. Recently its LabVIEW version has also been
published [8]. The MATLAB toolbox is recognized in the current version of IEEE
Standard 1241 [2].

Besides, several significant contributions have been made by the researcher group in
the topic of sine fitting. In [9], the convergence of the least squares sine fitting method is
investigated — this method is prescribed in the standard. This paper is also cited in [2].

Possibly the most important results of Professor Kollar are those related to the theory
of quantization [10]. He has co-authored the book Quantization Noise with B. Widrow
[11]. This book is a fundamental work in the field of roundoff errors and also for the
current thesis. In [12], the effect of quantization on the result of the sine fitting is
described. It is mentioned that under some conditions, the least squares estimator
coincides with the maximum likelihood estimator. However, in practice, these conditions
are often not fulfilled. Although the standard prescribes least squares fitting, from a
scientific point of view, it is also important to search for alternative methods.

An interesting research direction for the ADC research group is the investigation of
maximum likelihood ADC testing [13]. This method uses some extra information about
the ADC, that is, about the quantizer, with the help of which a more accurate estimation
can be made for the reconstruction of the excitation signal. The outcome of maximum
likelihood ADC testing is in part a result of a co-operation with the researchers of the
Technical University of Kosice, Slovakia [14], [15].
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The research group has also relationship with the researchers of the University of
Perugia in Italy and with the Free University of Brussels in Belgium. The co-operation
is based on the idea of the Italian researchers, the quantile-based estimator for sine fitting
[16],[17]. This estimator also takes extra information about the ADC into consideration.

Another research topic is the investigation of coherency, that is, whether an integer
number of periods has been sampled from the sine wave [18], [19]. Sine fitting is usually
executed in the time domain. However, it is also possible to estimate signal parameters
in the frequency domain. A method that evaluates the fitting in the frequency domain has
been introduced in [18] and [20].

Sine wave fitting is used not only for ADC testing. Generally, it can be stated that
there are application fields of sine fitting at which the quality of fitting is of great
significance. Thus, precision measurement techniques are required. However, among
these fields, ADC testing is very important. For ADC testing, a high purity analog sine
wave has to be generated. The generated signal is sampled and quantized. By this means,
the signal is discretized in time and amplitude, that is, it is digitized. The operation of
quantization is time invariant and approximately linear. However, only approximation
holds: quantization is a non-linear operation, since its input-output characteristics is a
staircase function, see Appendix A.1.

After sampling and quantizing the input signal, the fitting is performed on the resulting
digital data set. The result of fitting determines the quality of the conversion. The
calculation of parameters demands high precision. Thus, it is crucial to have knowledge
on the numerical accuracy. Furthermore, in case it is needed, the precision should even
be increased.

The thesis focuses on least squares and maximum likelihood methods, under the
following assumptions: the excitation signal is single-tone sinusoidal, that is, no
harmonics are added. Besides, the sampling is equidistant, and the measured data are
processed with floating point arithmetic. This arithmetic ensures wide dynamic range for
number representation. Sampling is also assumed to be ideal, that is, small deviances
from ideal sampling instants (jitter) are not taken into consideration. The focus of the
thesis is on the one hand on analyzing the numerically weak points of the algorithms that
are introduced by the finite representation lengths, that is, by roundoff errors. On the
other hand, methods are proposed in order to be able to reduce the effect of roundoff

errors, and to improve the quality of the fitting.
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Although (multi-)sinusoidal excitation is commonly used in frequency domain system
identification [86], the estimation of system parameters by measuring sinusoidal signals
at the input and the output of the system, and extracting estimators from this
measurement, is above the scope of this work. To sum up, the aim of the thesis is to
minimize the errors of sine wave fitting that result from numerical inaccuracies in the

evaluation of the fitting methods.
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2 Sine wave fitting algorithms

In this chapter, first some application fields of sine fitting will be highlighted followed
by the general model of a sinusoidal signal, and the description of different sine wave
fitting methods.

2.1 Applications and scope

Sine wave fitting algorithms are applied in several fields of the science of electrical
engineering. It can be utilized to determine the quality of the power system, such as
deviation from the nominal frequency and harmonic distortion [21]. Sine wave fitting
also opens the door to measure the absolute value and the phase of an impedance [22],
[23]. Furthermore, sine wave parameter estimation is useful for power transformers [24]
and the method can also be advantageous for tidal analysis [25].

There are fields where the accuracy of the parameter estimation is crucial. Among the
most challenging areas are the testing of ADCs [2] and of digitizing waveform recorders
[3]. The quality of an ADC or digital waveform recorder test depends on the accuracy of
the estimation. For the case of the power system, it is also economically of major
importance to have accurate estimates. It may also be important to have very accurate
measured impedance value.

As described in Chapter 1, the scope of this thesis is the investigation of numerical
properties of sine fitting algorithms. Numerical problems can be reduced by increasing
the precision of number representation, that is, decreasing roundoff errors, see Appendix
A.2. However, this also increases the cost of the utilized hardware. Thus, it is an
interesting question, whether the required accuracy can be achieved with lower resolution

—and of lower cost [26].

2.2 Signal model
A general fitted sine wave with arbitrary initial phase and with offset can be described
with four parameters, as follows:
Yk = R-cosQuft, +¢)+C , (2.1)
where y, is the k™ sample in the fitted sine wave, ¢ is the initial phase, R and C denote the

amplitude and the offset, respectively. The signal frequency is denoted by f. Furthermore,

t, s the time instant, at which y,, is evaluated. The sine fitting is performed at these time
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instants. Since (2.1) is non-linear in the initial phase, mostly a modified description is

applied in parameter estimation methods:
Ve = A-cosuft,) + B - sin(2nft,) + C , (2.2)
where A and B denote the amplitudes of the cosinusoidal and sinusoidal components,

respectively. They are often referred to as in-phase and in-quadrature components. For
regular sampling time instants are specified by
te=k/fs, k=1.,N, (2.3)

where fs is the sampling frequency and N denotes the record length. In general, k can
assume also non-integer values. In this case, the sampling can be non-equidistant. In this
work, only equidistant sampling will be considered, that is, k assumes integer values.

Although [2] prescribes sine fitting in the way given in (2.2), the description can be
slightly modified using (2.3):

yk=A-cos<2n£k)+B-sin(2n£k>+c ) (2.4)

In this description, the parameter that is needed to describe the sine wave is the ratio
between the signal frequency and the sampling frequency f/f;. Consequently, the four
needed parameters are A, B, C and f/f;.

This work investigates the numerical aspects of fitting one sine wave. However, the
numerical considerations of the work can be extended for the case of multiple harmonics.
In the following sections, an overview on least squares and maximum likelihood sine

wave fitting algorithms is given.

2.3 Least Squares Estimation

In this section, the least squares estimator (LSE) will be introduced. The aim of least
squares sine wave fitting is that the cost function (CF) of the estimator is minimized. The
CF of the estimation is

CFLs(x,y) = Z(xk —y)?=x-y)T(x-y) =eTe=N-efys (25
k=1

where X is the measured data set, y denotes the fitted sine wave, e represents the error
terms and egpys IS the root means square error. The least squares (LS) solution of the
fitting is a fitted sine wave y, for which CFyg is minimal.

In LS estimation, two cases should be distinguished. In the three-parameter least

squares (3PLS) fitting the frequency ratio f/f; in (2.2) is assumed to be known precisely.
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Contrarily, in the four-parameter least squares (4PLS) fitting, this parameter is also to be
estimated.

There are several advantages of the application of the LS method. First, it is easy to
understand, how it works. It is a great advantage in comparison with the maximum
likelihood estimator, see Section 2.6. Secondly, it is robust, provided that a good initial
frequency estimate is determined, see Section 2.3.2. Furthermore, it can be evaluated
quickly. For these reasons, this method is the most widely used sine fitting algorithm.

In the following, the most important properties of the three- and four-parameter LS

methods are summarized.

2.3.1 Three-parameter least squares method

In the 3PLS fitting, the to be fitted sine wave can be described by

where
CoS ¢4 singp; 1
D, = | 0S¢z sing: 1 L gp= anék (2.7)
N

cos. On SiI:l oy 1
and @ contains the parameters’ estimates:
"= B 0). (2.8)
If the — not necessarily integer — number of sampled periods is denoted by J, the

following equation holds:

I_7 2.9
NTT (2.9)

From (2.7) and (2.9) we have
0 = 271%1( _ (2.10)

In order to calculate the LS estimates, let us define the following system of equations

D0 +e=x, (2.11)
that is, try to describe the sampled record with the given parameters so that the sum of
squared errors is minimal. This is the LS solution. Since the number of rows in Dy is
larger than the number of columns, the system of equations is overdetermined. Let us
consider the following quantity:

IDo6 — x> = [lell2 (2.12)
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that is, the two norm of the error vector, see Appendix A.3.1. For the error vector, we can

write

N
llell, = Z(xk — ¥i)? = /CF5(6) . (2.13)
k=1

If ||e]|, is minimal, \/CF;5(0), and consequently CF,5(0) are also minimal. Notation
CF15(0) is applied instead of CF;5(x,y), since the value of the CF can be described as a
function of 8. Parameter vector 0, at which ||e||, assumes its minimum value, can be

determined by applying the Moore-Penrose pseudo-inverse, see Appendix A.4.4
arg min CF;g(0) = 0y = D{x . (2.14)

This is the LS solution of the three-parameter problem.

2.3.2 Four-parameter least squares method

The estimation becomes much more difficult, if the frequency ratio f/f; is unknown.
In this case, the fitted sine wave y cannot be described as the linear combination of the
parameters. Namely, the unknown frequency turns the problem into non-linear.

The CF of this estimation is the same as for the 3PLS, described by (2.5). However,
in this case, the parameters cannot be calculated in one step. For the minimization of the
CF of the 4PLS, any optimization method is convenient. A detailed description on
different optimization methods can be found in the Appendix A.5. In [2] and [3], a first

order Taylor-series expansion around the frequency estimate in iteration step i is

prescribed:
Di(')i +e=X, (215)
where
cos@y, sing; 1 2nl{—A;_;singp;+ B;_1cos@.}
D. = Cos@, sing, 1 2n2{—A;_,sing,+ B;_;cos@,}
i— : : : : )
cos@y singy 1 2nN{—A;_;singy + B;_; cos @y} (2.16)
f
Y =21 (—) k
k f. i
and the parameters’ estimates at iteration step i are
0] = <Ai B; C; A(i) ) . (2.17)
fs/;

21



Consequently, the 4PLS estimator refines the relative frequency estimate in each iteration

B).,- ()9

i+1 i i

step:

To be able to construct D4, parameters A,, B, and C, have to be known, see (2.16). To
this aim, a 3PLS fitting can be executed with an initial frequency estimate f;.

The calculation of the multiplication by 2 in the last column of system matrix D; can
be avoided, if the ratio of w to f;, that is, the relative angular frequency is searched,
instead of the relative frequency. Introducing notation
_ 2 _wi (2.19)

s 5

where ¥; is the relative angular frequency at iteration step i, the original problem can be

Y,

slightly modified:

cos@, sing; 1 1{—A;_1sin@;+ B;_1cosp,}
Cos@; sing, 1 2{—A;_;sing,+ B;_;cos@,}

D=1 S ; (2.20)
cos@y singy 1 N{—A;_;singpy + B;_1 cos gy}
Pr =ik
and the estimates at iteration cycle i are
0 =(4; B; C (a9)) . (2.21)

In this thesis, this form of D; will be considered.

A drawback of the 4PLS compared to the 3PLS is its iterative nature. According to
[2], the number of needed iteration steps is not more than 6. A general experience is that
each iteration doubles the number of significant digits [2]. Nevertheless, there is no exact
rule for the stop criterion.

The effect of inaccurate knowledge of frequency on the fitting error can be analyzed
in general. In [9], it was assumed that there is no additive noise in the measured data set,
and the amplitude of the signal is known. Thus, only the effect of inaccurate knowledge
on the frequency was investigated. The result of the derivation is:

2 o Aw (2.22)

The iteration can be stopped, if in the last iteration, Aw/w is sufficiently small. Namely,
by this means the resulting fitting error can be kept small too. However, the exact value

of the stop criterion depends on the actual application.
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Obtaining an adequate initial (angular) frequency estimate for the 4PLS algorithm is
important for more reasons. First, the convergence of the algorithm cannot be guaranteed
without a good initial frequency estimate. Secondly, the number of iterations can be
significantly decreased, if the estimate is close to the real frequency value.

The estimation of the initial frequency for the 4PLS problem is not straightforward.
The simplest approach is to calculate the fast Fourier-transform (FFT) of the input signal,
and take the frequency for which the value of the FFT is maximal. The drawback of this
method is that if the signal is not coherently sampled, that is, the number of sampled
periods is not an integer number, the frequency of the signal is not on the frequency grid
of the FFT. Thus, the signal energy leaks to adjacent frequencies, resulting in the
phenomenon of leakage [27]. Although formally the coherency can be easily specified —
J and N should be integer numbers in (2.9) — it is not obvious to check whether the
sampling was indeed coherent [28]. A possible approach is to synchronize the signal
generator and the ADC, as it is done in [16]. If this cannot be achieved, a method is to
ensure coherency is described in [8].

If coherent sampling cannot be guaranteed, the accuracy of the FFT frequency
estimator can be outperformed. This can be achieved by windowing the input signal and
interpolation. The method that combines the result of the FFT with interpolation is called

interpolated FFT (ipFFT). Different ipFFT techniques will be shown in Section 2.5.

2.4 Statistical properties of the least squares methods

In this section, an overview on the statistical properties of the widely used LS sine
fitting methods will be given. In order to characterize an estimator, its variance and bias
have to be determined. In general, an estimator can be regarded as good, provided it is
unbiased and its variance is close to the Cramer-Rao bound [78]. This latter value is the
smallest possible estimator variance. Cramer-Rao lower bounds (CRBs) for the variance
of the LS estimates were calculated by Andersson, assuming unbiased estimators and
additive white Gaussian noise (AWGN) [36]. However, this is not certainly a valid
approximation for ADC testing. In Section 2.4.2, it will be pointed out that if the noise is
AWGN, but the quantizer suffers from nonlinearities, the estimates will be biased.
Furthermore, the additive noise cannot always be modeled as white noise [12].
Nevertheless, if the assumptions hold, the LS estimates coincide the maximum likelihood
estimates [12]. For detailed description of the maximum likelihood method, see Section
2.6.
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2.4.1 Variance
Although unbiasedness and the additive Gaussian noise assumption are often not met
in practice, the CRBs under these assumptions can be determined. Results are as follows

[36]: for the 3PLS
2

o 2 .
Var(A) = CRB(4) ~ % (2.23)
D Zoﬁoise (2 24)
Var(B) > CRB(B) ~ —v )

A Oroi 2.25
var(C) = CRB(C) ~ 2% (2.25)
where g,,,isc IS the standard deviation of the additive Gaussian noise. From these
equations, lower bounds can also be derived on the aggregated amplitude and initial
phase [36]:

~ 20'2 .
Var(R) = CRB(R) ~ — 7% (2.26)
Var(¢) = CRB(¢) ~ 20moise (2.27)
B NR?
For the 4PLS, CRBs are the following:
A 2Oﬁoise 3B?
Var(4) = Vo123 (2.28)
®) Zo-rfoise 347
> (2.29)
Var(B) z—y 1+ 7
2
A Onoise (2.30)
> _Nobe
Var(C) = ~
240—130i5e (2.31)

Var(®) = RIN3

It can be observed that the variances of parameters A and B can assume 1 to 4 times the

variance of the 3PLS fitting. Contrarily, the lower bound on the variance of the offset is

the same. If the estimated parameters are the aggregated amplitude and the initial phase,

then:
2
Var(R) = Z0noise (2.32)
N
80—1%oise (2.33)

Var(cf)) = NRZ
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It follows that the lower bound on the variance of the aggregated amplitude is
uninfluenced, but the variance of the initial phase is four times larger for the 4PLS than
for the 3PLS.

2.4.2 Bias

In order to characterize an estimator, besides variance, its bias has to be calculated,
too. In general, unbiasedness is expected from a good estimator. In other words,
unbiasedness means that the expected value of the estimator is the real value of the
estimated parameter. Unfortunately, LS methods do not possess this property. It was
shown in [33] that harmonic distortion and noise affect the result of the 4PLS fitting. In
particular, these distortions result in a biased frequency estimate.

The 3PLS was also investigated in point of bias. In [34] and [35], it was pointed out
that although the amplitude estimate of this method is also biased, it is asymptotically

unbiased:
o2 .
E R\ =R+ notse
{R} N

assuming additive Gaussian noise. However, this result does not take quantization into

(2.34)

consideration. The amplitude and offset estimates are biased if the quantization cannot
be modelled as additive noise source [16], [17].

The problem can be easily understood on the example of estimating a constant signal
disturbed by Gaussian noise. Let us have a quantizer with ideal code bin width Q = 1,
see Appendix A.1. We have a measured sample set

Ve =Q(0 + &) (235)
where 6 is the measured constant signal, & is the additive Gaussian noise and Q (-)denotes
the operation of quantizaton. Furthermore, let us assume that

0 = 15.25
E{&} =0 (2.36)

Onoise = 0.5,
that is, the constant signal is disturbed by zero-mean Gaussian noise. The standard
deviation of the noise is the half of the ideal quantization step Q. Our task is to estimate
6 from the noisy measured sample set y. The simplest approach is to calculate the mean

value of the record, i.e.,

25



N
1
7 R (2.37)
0 Nzy"'
k=1

This is also the LS estimate. Let us have an ideal quantizer with nominal bit number b =
5. In Fig. 2.1, transition levels are denoted on axis x by black and the assigned values are
denoted by blue. Furthermore, the probability density function of & is also represented.

For the expected value of the estimator defined by (2.37) we can write

1 N 1 2b_q
COREOWARE DI @
k=1 i=0

where p; denotes the probability that the signal is in code bin i.

In the example:

E{6} =15.2477 # 0 , (2.39)

that is, the LS estimate is biased for quantized samples even in case of ideal quantization.
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Transition levels and quantized vales

Figure 2.1 — Probability density function of the input signal

2.5 3PLSor 4PLS

The variance analysis of the 3PLS and the 4PLS showed that the CRBs for the 3PLS
are always lower or equal to that of the 4PLS. However, in practical situations, the
frequency of the input signal is rarely known accurately. Certainly, in general, by
estimating more parameters, the CF can be minimized more efficiently. On the other
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hand, if a parameter is known precisely, then its estimation does not improve the results.
What is more, it was shown that it even makes the estimation worse [36]:

E{CF(8)) = 0200 (1 + %) , (2.40)

where n is the number of estimated parameters. In the derivation, the noise was assumed
to be AWGN. It is obvious that if the frequency is known precisely, then its estimation
increases the expected value of the CF. This result can be interpreted as a special case of
the principle of parsimony [37]. For choosing between the two algorithms, the following

rule can be derived, based on the expected value of the CF [36]. If

240—1%oise (2-41)
R2N3 7

|Wreal — wol| <
where w,..q; IS the actual angular frequency and w, is the angular frequency estimate,
the 3PLS yields smaller CF value. Otherwise, the parameter vector, found by the 4PLS,
is closer to the optimum. Comparing the limit to (2.31), it coincides with the standard
deviation of the angular frequency estimation of the 4PLS. However, this rule is rather
theoretical, since the real angular frequency w4 is naturally unknown. Otherwise, the
known value could be used for the estimation.

In Section 2.3.2, the importance of good initial frequency estimation was described.
For this purpose, ipFFT was suggested. There are different types of ipFFT frequency
estimators. For signals with rectangular window, an analytical formula can be determined
[29]. For different types of windows different interpolation formulas can be derived: for
Hanning window [30], for Rife-Vincent windows [31] can be utilized. A comparative
study on ipFFT algorithms can be found in [32]. After performing the convenient ipFFT
method, a good initial frequency estimate is available for the 4PLS.

Although the result of the ipFFT method can be used as an initial frequency estimate
for the 4PLS, it is also possible to regard this estimate as accurate. Then, with the ipFFT
frequency estimate, the 3PLS can be performed. In this approach, the frequency is treated
separately, and it is estimated before the sine fitting [38]. This approach with different
types of ipFFT frequency estimates has been investigated in detail by Belega and Dallet
[38]-[46].

In [47] the two approaches, that is, the 4PLS, and the 3PLS combined with the ipFFT
frequency estimation, are compared to each other. The frequency is estimated with Rife-

Vincent window-ipFFT. The result of the comparison is that 4PLS does not outperform
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3PLS significantly if N > 512. Taking into consideration that the computational demand
of the 4PLS is higher, the authors suggest to use 3PLS combined with ipFFT. However,

this method is not standardized yet.

2.6 Maximum likelihood estimation

Though LS methods are widely used, if the additive noise source does not model the
quantization accurately, they yield biased results, see Section 2.4.2. To overcome this
problem, some a priori information is needed about the converter. Making use of the
knowledge on transition levels, the maximum likelihood estimator (MLE) can be
introduced.

During maximum likelihood (ML) estimation, quantized noisy signals are
investigated by taking code transition levels and additive noise parameters into

consideration. The signal model is:
x=Q(y+% k=1..N. (2.42)

It follows that the output of the quantizer can be characterized by [13]:

0, if Vi +& <T
x =1 1 if T)<ye+& <Tiyq, (2.43)
20 —1,  if Ty Sy +éx
where T is the I™ transition level and a b-bit quantizer is used. It follows that the ML
method presupposes that the signal is quantized.

In ML estimation, a parameter set is searched, for which the probability of observing
the collected samples is the largest, assuming a known distribution for (random) errors.
In the original form of the ML estimation, these parameters are:

e parameters of input signal x;

e parameter of the additive noise (a,,,is IN case of Gaussian distribution);

e (uantizer transition levels T.

However, even for an 8-bit quantizer, the number of transition levels is 255. This implies
a large size of the parameter set. The problem becomes much more serious with
increasing number of bits. To overcome this issue, code transition levels can be
calculated in advance, and can be used as a priori information [15]. The transition levels
can be effectively estimated by the histogram test [48]. By this means, the size of the

parameter set is decreased to 4 or 5 (A, B, C, g,,ise and 9 if the frequency is unknown).
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The noise model of € in (2.42) determines the probabilities of observing the measured
samples. The noise is usually assumed to be AWGN, with zero-mean and standard
deviation g,,,;5.. Under this assumption, the probabilities can be calculated by using the
erf function. The probabilities that an element of a random variable vector X assumes a

given value can be calculated as follows [13]:

1 T, —
P(X,=0) == lerf(l—yk> + 1] (2.44)
2 O-Tloise\/E
1 T -
P(X,=2—-1)== [1 _ erf(M)l (2.45)
2 O-noise\/E
1 T — Yk Ty — Yk
P(Xk=l)=—erf<— —erfl ———||, 0<!
2 o—noise\/i O—noise\/E (2.46)
<2b -1
where
f(a) ’ f "o
erfla) = — e Z .
NEAR (2.47)

With these formulas, the probability of the observation of a sample is:
The overall probability is the product of each probability (under the assumption that

additive noise values are independent of each other)

N
Pyata = HP(Xk =Xy) . (2.49)
k=1

The MLE represents parameters that maximizes this quantity. Since the natural logarithm
function is strictly monotonic, the solution of the problem also maximizes In Py,,. The
advantage of this latter calculation is that instead of a product of N terms, their sum has

to be evaluated:

N
Chat = = In Paata = = ) INP(Ke = ) (2:50)
k=1

The negative sign is needed since in case of a cost function, the purpose is minimization.

It is known from estimation theory that ML estimates are asymptotically unbiased and
efficient (with increasing N, the limits of variances of the estimates equal to the CRBs).
Considering also that ML can properly handle quantization, ADC overload, ML
estimates outperform LS estimates under non-ideal conditions [14]. A detailed

comparison can be found in [15].
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The most important drawback of the ML method in comparison with the LS is its
computational demand. For the minimization of the CF, a numerical optimization method
has to be applied, see Appendix A.5. The first problem is that the specification of the stop
criterion is not straightforward [56]. Contrarily to the LS method, it cannot be stated that
six iterations are in general sufficient. Furthermore, ML becomes sensitive if the standard
deviation of the additive noise is small, that is, if the measurement is practically noiseless
[49]. Under these circumstances, the calculation of the erf function may lead to numerical
instability, see Section 3.3. On the other hand, the LS method cannot handle overdrive in
the excitation sine wave directly, while the ML method can. Thus, for the LS method,
overdriven samples have to be discarded manually.

As a conclusion, LS can be said faster and more robust, while ML performs more
accurate results. The optimal choice between two algorithms depends on the actual

application.
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3 Error sources in numerical calculations

Up to this point, LS and ML sine wave fitting algorithms and their properties have
been presented. As described, these methods are widely used (this is especially true for
the LS method). Being able to determine their statistical properties, the user expects
asymptotical unbiasedness and the approach of the CRBs is also expected for the MLE.
Similarly, the behavior of the LSE can be forecasted in statistical sense. These
expectations certainly hold for the analytical solution of the algorithms, assuming the
calculations are performed with infinite precision. However, having only a limited
amount of digits for number representation, roundoff errors will affect the results [11].
At first, one would suppose that the roundoff error of the result is in the order of
magnitude of the precision of the number representation. The main message of this
chapter is that it is not even approximately true. It is always an interesting question,
whether calculations can be performed with required precision on a platform with given
limited precision. In the thesis, single and double precision floating point representations
are applied. In personal computers (PCs) double precision is used, while in digital signal
processors (DSP) single precision is applied widely. In particular, the effect of using
single precision is considered for two reasons. First, this representation suffers from
much larger roundoff errors compared to double precision. Thus, double precision results
can be used as reference. On the other hand, for many practical applications, involving
real time operations performed by DSPs, single precision can be advantageous, because
it requires a reduced amount of processing power and memory [71]. This also applies to
embedded systems equipped with small processing devices, such as microcontrollers or
FPGAs, where power consumption and chip area are critical figures of merit [51]. Recent
results are mentioned in the literature, discussing efficient FPGA architectures, including
multiple-precision operations [72][73], as well as single precision implementations of
commonly used algorithms and mathematical functions[74][75][76].

In the following, the weak points of the LS and ML methods will be revealed from
numerical point of view, based on [51], [56] and [57], while possible solutions of these
problems will be proposed in Chapter 4.

In the derivations, only the effect of roundoff errors is taken into considerations. The
evaluation of sine and cosine functions may also be inaccurate, if these functions are

evaluated based on function approximation. However, this problem has already been
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solved in [58]. Thus, it is assumed that sine and cosine functions can be evaluated without
approximation errors, and only limited precision number representation distorts the result
of their calculation.

For the derivations, it should be recalled that if the noise can be modelled as AWGN,
the LSE and the MLE coincide. Although in practice the estimators yield slightly
different results, their optima are close to each other. Since the CF of the ML estimation
cannot be investigated in such a general form as that of the LS, derivations will be made
only for the LS estimation. The exact evaluation of the CF of the ML estimation is above
the scope of this thesis. Nevertheless, it will be pointed out that the proposed solutions

provide numerical improvements also for the ML method.

3.1 The effect of imprecise phase calculation

In this section, it will be shown that due to finite precision number representation, the
errors of the calculated phases result in an evaluation error of the fitted sine wave. The
increase in the error is squarely proportional to the number of sampled periods and
proportional to the number of samples. The following analysis extends the ideas of [51].

To illustrate this effect of imprecise phase calculation, let us assume that we have a

fitted sine wave:
Yk = Ag cos@y + By sing, +Cy = Ry cos(pr +¢g) +C, k=1,...,N (3.1)

Pr = 27‘[%]{ = Yok, k=1,..N. (3.2)

N

Let us assume that the record was sampled by a 12-bit bipolar ADC with Full Scale FS=1,
i.e., the range of the converter is | — FS/2; FS/2]. Let the amplitude of the sinusoidal
excitation be R, = 0.49 (almost fully driven ADC), N = 64000 =~ 2¢ and 9, =

1001
64000

21 This setting ensures coherent sampling, exactly 1001 periods are sampled.

Moreover, it fulfils the relative prime condition of [2]. For the case of simplicity let us
have C = 0 and ¢, = —m/2, that is,

Y = Ry -sin(gy), k=1, ..., N. (3.3)

Using single precision, there are several problems to face with. First, 9, cannot be

stored precisely. The error of the storage is
A9, = single(¥y) — 9, = —3.19-107° , (3.4)
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where single(d,) denotes the result of rounding 9, to the nearest representable single
precision value. (Double precision representation is assumed to be precise here, as it
ensures much higher precision than single representation.) This inaccuracy in the
representation of frequency results in a drift phenomenon. The error of the signal model
increases with increasing k

single(9g)k = (9y + A9k = @i + (AQ) g freq. k=1,..,N (3.5)

where
(AQ)k freq. = Ao " k, k=1,..,N, (3.6)

and (A )y freq. denotes the phase error due to imprecise frequency information. For the
last sample in the fitted sine, the roundoff error grows to
(AY)N freq. = Ro " sin@y — Rg - sin(py + AYy - N) = 1.00-107* . (3.7)

This is a known phenomenon, and for the LS method it has been described in detail in
[9]. Since the effect on the CF of the LS is known, see (2.22), it will not be investigated
in this thesis.

Henceforth, we assume that phase information ¢, is not distorted by the imprecise
frequency information, i.e., it can be calculated precisely, but then the result is rounded

to the nearest representable single precision value:
single(@y) = @i + (Ap) k=1,..,N, (3.8)

where (Ag), is the roundoff error. The roundoff error of ¢, leads to the evaluation error
of the fitted sine wave y. Fig. 3.1 shows this error, obtained by using double precision
evaluation as reference. The maximal evaluation error increases stepwise with increasing
k. A more detailed investigation of the figure reveals that the maximum errors can be
described by a staircase function in which each section is twice as long and has twice the
amplitude of a former section. This follows from the properties of floating point number
representation: at each step in the staircase function, the exponent of the represented
floating point number increases by 1. It implies that the range after the step is twice as
long as the previous range and that in the following range the maximal roundoff error is
doubled, as well. For a more detailed description of floating point number representation,
see Appendix A.2.2.
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Figure 3.1 — Evaluation error in the fitted sine wave, from [51]

The effect of imprecise phase calculation on the fitted sine can be determined by

applying linearization. For a general function f, linearization can be given by:
f(z+Az) = f(z)+ Az f'(2) . (3.9)
In the investigated example that is

R sin{gy + (A@)i} = Ry sin(@y) + Ro cos(@y) - (Ap)y (3.10)

The larger the error in the phase evaluation, the larger the evaluation error of the fitted
sine wave. The latter error has a cosinusoidal envelope over the data set. The error term
in (3.10) originates from the phase calculation error, rather than from measurement noise.
This effect may be modeled as an additional ‘noise’ source injected into the system. Since
the absolute value of the roundoff error of (A¢g), increases with k, the maximum value
assumed by the error sequence grows with increasing record length N. For the considered

signal, we have:

LSB(¢;) = LSB(9, - 1) = 7.45-107°, LSB(¢y) = LSB(9, - N) = 4.88-10"* (3.11)

where LSB is the value of the least significant bit in the represented number and
LSB(1)=epss is the relative accuracy of single precision number representation, see
Appendix A.2.2. These calculations can be applied based on floating point number
representation. For example, to calculate LSB(¢y), the value of ¢, has to be bounded

between the neighboring powers of 2:
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212 <9, N ~ 6.29-103 < 213 (3.12)

Thus, the exponent of 9, - N is 12. Since the precision of single precision number
representation is 24 bits, the last bit represents 2711 = 4.88 - 10~*. This is the resolution
of the representation.

For the last sample, the evaluation error of the phase is by 4 orders of magnitude larger
than for the first one. According to (3.10), the maximal evaluation error of the fitted sine
at the end of the data set is also in the order of magnitude 10, This is in the order of
magnitude of the resolution of the 12-bit ADC (Q = 1/2'? = 2.44-107*). Thus, it
cannot be neglected. The error is added to the fitted sine wave y;,.

To understand the problem more in detail, let us take the CF of the LS estimator:

N N
2 2
CFLs = Z(xk — Yk + €phaser)) = Z(ek — €phase,k) (3.13)
k=1 k=1
where e is the error vector without the evaluation error of samples, see (2.5), and e, 45

contains the evaluation error of the fitted sine, that is, from (3.10):
€phasek ~ Ry cos(@y) - (M) - (3.14)

The cost function can be written as:

N
CF g = Z(e,f — 2€xephase T e;hase,k) . (3.15)
k=1
In the vicinity of the optimum, error e, originates primarily from additive noise. Let us
assume that the distribution of this additive noise is known. Even in this case, for two
sampling sets with the same sine parameters and noise distribution, the value of their CFs
will be different. The actual CF value depends on the actual additive noise values. Thus,
only the distribution of the CF can be given. Formally, the CF can be modeled with a

random variable CF;g

N
ﬁLS = Z(e_lg - 2e_ke_phase,k + e_pz)hase,k) : (3.16)
k=1

where random variables of e, and ey, 4« are denoted by &), and éppase i, respectively.

For a sampled data set, CF is the actual realisation of random variable CF . In the rest
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of the derivation, random variable vectors € and €45, Will be assumed to contain
independent elements with zero mean. Furthermore the elements of € will be assumed to
be independent of the elements of €,,45.. Although (3.14) suggests that the elements of
€ynase are correlated due to the cosinusoidal relationship, the elements of A¢ are
modeled as independent. Thus, the assumption that the elements of €., are

independent is reasonable.

In the following sections, it will be shown that the expected value and the variance of
the CF increases due to imprecise phase calculation. Notations, expressions and formulas
that are used in the derivations can be found in Appendix A.6

3.1.1 Expected value and variance of the CF with precise phase calculation

If the CF could be calculated with infinite precision, the evaluation error in the fitted

sine wave would not be present. The precise CF would be

N
CFLsprec = Z e]% . (3.17)
k=1
With random variables:
N
ﬁLS,prec = Z _I% . (318)
k=1

Indeed, similarly to CFg, ﬁLS,prec is also a random variable in a sense that for different
sampling sets it assumes different values. Again, this happens even if the statistical
properties of the additive noise coincide for the two sampling sets. It is important to see
that CFyg prec is the cost function we would like to evaluate. However, due to roundoff
errors, we get CF s that is, a cost function disturbed by imprecise phase calculation.

The sum of error terms can be modeled by:
N

Z ér = N E{e§} + Eprec - (3.19)
k=1

In this equation, random variable &3 has the same distribution, as every element of €.
Since the elements of e have the same distribution, the expected value of the sum is N
times the expected value of the elements. However, the sum cannot be modeled only with

its expected value. Due to the additive noise, &, that is, the uncertainty of the ﬁLs,prec
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is also present. It can be regarded as of Gaussian distribution with zero-mean, according
to the central limit theorem [11].

The variance of &, depends on the actual distribution of the additive noise. This is,
in general, unknown. Here, two extreme situations will be considered. First, it is assumed
that no noise is added to the input. Thus, the error of fitting purely results from
quantization. The quantization noise can be modeled as an additive white noise that is
uniformly distributed in [—Q/2;Q/2), where Q is the ideal code bin width of the
quantizer [11]. If &, follows this distribution, then [11]:

) 4 Q2 2 4 ) 4
var{e}} = 30 (E) =180 and var{&y ..} = N 180 (3.20)
If it is normally distributed with zero mean and standard deviation g,,;se, (this is the

other extreme situation), then [11]

E{e_g} = Grzloise ’ Uar{e_g} = E{elé} - Ez{elg} = Za:oise

(3.21)
and var{&yye.} = 2Nopgise -
The expected value of ﬁLS,prec can also be determined for these two situations:
2
E{ﬁLS,prec} —N- E{e'g} _ N E for uniform distribution . (3.22)

L2 . . . .
N - 0,5 for Gaussian distribution

For increasing record length N, the expected value of ﬁleprec has increasing dominance
over uncertainty &,.... Namely, the expected value is proportional to N, while the
standard deviation, that is, the square root of the variance of ;... is proportional to VN.

If the evaluation error in the fitted sine is present, an additional error is injected into

the system, as shown in (3.16). The error of the CF due to the evaluation error of the

fitted sine wave is

N
Ephase = Z(_Zekephase,k + epz)hase,k) (323)
k=1
and with random variables:
N
Ephase = Z(_ze_ke_phase,k + €lhaser) = &+ & (3.24)
k=1
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where

N

N
= _ 5 5 = _ 52
& = —2 Z ekephase,k and &y = Z ephase,k ' (3-25)

Similarly to the uncertainty of ﬁLS,prec, & and &, are regarded as of Gaussian
distribution, according to the central limit theorem. Thus, they can be characterized by
their expected value and variance. In the following, it will be shown, that &4, IS

significant, compared to the uncertainty of ﬁLS,prec.

3.1.2 Increase in the expected value of the CF due to imprecise phase

calculation

In this section, the increase in the expected value of the CF, caused by imprecise phase
calculation is investigated. It will be pointed out that, in general, it may be much larger
than the uncertainty of ﬁszprec. It will be shown that this error is approximately squarely
proportional to the number of sampled periods and the eps value of the number
representation, and proportional to the number of samples.

The value of increase in the expected value is compared to standard deviation
0{5prec}, since if the uncertainty of the CF were dominant over the increase caused by
the imprecise phase calculation, the effect of the latter should not be regarded. Namely,
in this case, the difference between the CFs of two sampling sets with the same
parameters would is much larger, than the caused increase in the expected value,
depending on the actual sampling.

First, the expected value of &,,,,. is calculated. This value, if it differs from zero,
increases the expected value of the cost function. Since &4, Is the sum of &; and &, it

expected value equals to the sum of E{&;} and E{&,}. The expected value of &, is
N N
E(&) = E {—2 > éképhase,k} = -2 E{@) E{ephases} =0, (3:26)
k=1 k=1

since both e and e,,5c CONtain zero-mean elements, and the vectors are independent, see
Appendix A.6.

The second term, E{&,} is the sum of the expected values of éghase,k. Thus, the

expected value of e_ghase,k has to be determined. Applying (3.14):
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E{Ezz;hase,k} = Rg COSZ((pk) ' E{(M)i} ’ (327)

where (Ag), is the random variable assigned to the roundoff error of ¢,. It can be
modeled as of uniform distribution between +0.5LSB(¢;) [11]. It follows that it is zero-
mean. As an approximation, E{(A@)%} is assumed be proportional to the absolute value
of the phase [11]:

LSB*(¢y) _ , eps?

~ 3.28
12 D) (3.28)

E{(Ap)i} =

Substituting this result to (3.27), and considering that the roundoff errors of the phase

evaluation can be regarded as independent, we get:

N N eps?
E{€;,}=E {Z e_ghase,kl = Z Rg COSZ(‘PR) : ‘pI% F
k=1 k=1
(3.29)
§ eps? eps? = 1+ cos2¢
k
B Z R§ cos® (@) - (k- @1)? 7 = Rgﬁvz k? —
k=1 k=1
where
o fo ]
P, = ans = ZnN : (3.30)
The derived formula of E{€,} can further be simplified. It is known that [50]
N
N(N+1)(@2N+1 N3
z g2 = N+ 1 ) N (3.31)
£ 6 3

and the sum of k2 cos 2¢),, can also be given in a closed form, see Appendix A.7:

2N +1 .
>— sin(ZN + D¢, N N cos(2N + 1)¢, cos ¢,

2sin @4 4 sin? ¢,

2., — N
k? - cos(2py) =

i

(3.32)

N cos(2N¢,) sin(2N¢,) cos(¢,)
4 sin? ¢, 4 sin3 @, '

This sum consists of four terms. In the first term, sin ¢, = ¢4, since ¢; is small. Thus,

the following approximation can be made:
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2N +1 2N +1

N=——sin2N + Dg;[ |N=—— sin(2N + D¢,
2 sin ¢4 - 2¢4
NZsin(2N + De;|  |N?sin(2N + 1)¢, (3.33)
- 2¢,4 B 2 ﬂ
N
NZ2 N3
= —27_[] |Sln(2N + 1)(p1| < 4‘_7'[]

and

N cos(2N + 1)¢ cos ¢4 N cos(2N + 1)¢, cos ¢4

~
~

4 sin? ¢, 4¢?
(3.34)
N cos(2N + 1) cos ¢, - N | N
N 21]\? |, 2ny| o |(4m)?
+(F) +(F)

Similarly, boundary elements of the other terms in (3.32) can be shown to be proportional
to N3, and inversely proportional to the powers of J. Consequently, for increasing J,
(3.31) becomes dominant over (3.32). With these approximations, from (3.29), the
following equation can be obtained:

eps? k21 eps? N3
E{g,} = R2p? — ~ —R2p? - — 3.35
{g,} 0P1 12 L > > 0P1 12 3 ( )
Since E{&;} = 0, we get
_ _ _ _ 1 eps? N3
E{Sphase} = E{Sl} + E{SZ} = E{SZ} ~ ER(%(.O% ' 12 ' ?
(3.36)
1 2m/\? eps? N3 eps? _ N
=_Rg.(_]) . p '—=27T2R§' p ]2__
2 N 12 3 12 3

After the derivation of the increase of the expected value, caused by imprecise phase
calculation, this value has to be compared to the uncertainty of the CF, that is, the

standard deviation of &,.... Let us assume that the additive noise is of uniform

distribution (for Gaussian distribution, similar considerations can be made):
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3 1 eps? N3
Efephase} _ ZR0P1 T3 3

- ~ Qz : (337)
[var{&,rec) 150 VN

Considering that R, ~ FS/2 and Q = FS/2%, we have:

E(e | 1FS? 0? eps? N3 192 11
€ 552 P1° TR
phase ~ 2 2 12 3 - /180 (p% . epsz . N2.5

TR FS2 222123
var{‘gprec} ZZbM\/ﬁ (3.38)

2b 2

— ] 2pn72.5 2b 2712
=38 180<2nﬁ) eps2N25 ~ 1.84 - 22Peps2J2yN .

With the parameters of the example given by (3.1):

b=12 ¢, =0.0983 eps =eps; N = 64000 (3.39)
we have

E{Ephase} ~ 111

/var{s‘prec} | (3.40)

In general, increasing J (or ¢,), N or b, or decreasing precision makes the effect of
imprecise phase calculation dominant. Contrarily, by setting these values so that the
expected value of €, becomes negligible besides the uncertainty of the CF, this effect can
be mitigated.

The derivation was applied for a special case, when the cosinusoidal component in the
sine wave is zero. However, these approximations hold similarly to a general sine wave,
where (3.10) becomes

Ay cos{gy + (Ap)} + By sin{g, + (Ap)} + Co
~ Ag cos(@y) — Ao sin(@y) - (Ap)y + Bo sin(@y)
+ B, cos(@y) - (Ap), + C, (3.41)
= A, cos(@y) + By sin(y) + Cy
+ [Bo cos(@i) — Ap sin(@)1(Ap)y -
The evaluation error in the fitted sine wave ey, pqse I (3.14) becomes
€phasek ~ [Bo cos(@y) — Ao sin(@y)](Ap)y (3.42)

and for the expected value of &3y, . We have
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E{&user} = [BE cos?(@y) + Adsin?(gy) — 24,8, sin(ey) cos(y)]

- E{(Ap)}}

_ —Bg 1+ ccz)s 20y A2 1- CCZ)S 29k _ AyB, Sin(Z(Pk)]

: E%(M)i} -
_ B2 -zl-Acz) + cos(20y) _(BSZ;A%Z)) — sin(Z(pk)AoBol
-E{(A)i} -

Thus, we get

N
E{EZ} =E {Z e_ghase,kl

k=1

~ Z [Bo + Aj + cos(2¢y) - (B§ — Ag) — sin(2¢y) -AOBOl E{(M)i} (3.44)

2 2
k=1
[, RS (B3 —43) , eps’
~ 1-— + cos(2¢y) - ———— — sin(2¢y) - AoBo | - @ -
4|2 2 12

Similarly to the derivation in (3.29)-(3.33), the sum of cosinusoidal and sinusoidal terms

can be neglected besides the sum of ones. With this approximation:

N N RZ epSZ 1 epsz N
B _ 0
Efe,} = E{Z eghase,k} ~ 790’% . 12 - ERg(p% 12 Z ke
k=1 k=1 k=1 (3.45)
1 eps? N3 eps® N
~ ZR2p2 - c— = 2m2RZ. 2
2 O(pl 12 3 T 0 12 ] 3

Since this value equals to the result in (3.35), the derivation is also valid for a general

sine wave.

3.1.3 Variance of the CF due to imprecise phase calculation

In order to characterize the random variable that represents the error due to imprecise

phase calculation, its variance has also to be determined. The variance equals to

var{s'phase} = var{& + &} = var{&} + var{&,} + 2cov{&;, &} .  (3.46)

Due to the independent and zero-mean property of € and €45, the variance of &; is
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N
17(11‘{81} - var{ 2 z éphase k} =4 var{ekephase k}
k=1

k=1

(3.47)

N
=4 z var{éy} - var{éphasex} »
k=1

see Appendix A.6. The elements of € have the same distribution. Thus, the variance can

be written as

N N
var{&} = 4var{e‘0}z var{€phase i} = 4var{e‘0}z E{e‘ﬁhase,k} . (3.48)
k=1 k=1
The latter equation holds, since éppase,x IS zero-mean. Applying (3.36):
4var{eo} Z E{ €phase, k} 4var{e_0} ' E{&TZ}
(3.49)
1 eps? N3
2 i
- 4var{eo} RO(pl 12 3
If the additive noise is uniformly distributed
_ Q? 1, , eps® N®\ @Q? . , eps® N°
var{&} ~ (4 1z) \gRei 7 3 ) =g Revt T3
(3.50)
, Q7 eps® . N
=4t R )3
while for Gaussian distribution
eps? N3

_ 1 eps? N

Uar{gl} ~ (4- O-r%oise) ) <§Rg(p% ’ T : ?) = ZﬂnolseRofp% ) 12 ?
(3.51)
N
3

2
eps
= 8m?g, n015eR0 12 ]2 )

Now let us calculate the variance of &,.

N N
var{&,} = var {Z éﬁhase’k} = Z var{elnaser) (3.52)
k=1 =1

is, with (3.14)

since e,pnqse CONtains independent elements. The variance of ephase K
(3.53)

var{e_phase,k} = RO cos* Pr - var{(A(p)k} .

Since (A), is uniformly distributed [11]
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4 4
LSB(pi)”  4€ps (3.54)

A A\21 —

Summing up these results, we get

N N
var(&) = ) var(Ted = Z RS cos* gy - var(Bg)3)
k=1 -
. . eps* A . eps*
Z Ro cos*(@r) Px 180 Z Ro cos* (@) (ko) 180
(3.55)
_ p4 4 o4
= R0<P1 180 Zk cos* (k)

eps > k43+4c052g01+cos4g01

180 8
k=1

= RO(P1

If the effect of the second and third term in the sum is neglected, as it was done for

the case of E{&,} in Section 3.1.2, the following approximation can be given [50]

(p eps N5
(3.56)
Roeps N Rgeps* N
_ (24T = el
ago Mg = s

Finally, for the calculation of the variance of the sum of &; and &,, the covariance between

elements € and €55 has to be determined
cov{—2&ephaseks e_Shase,k}
= E{~2&x8pnase ) — E{—28k8pnase }E{€onase,c} (3.57)
= E{—2813naser} = —2E{&}E{€ naser) = 0
Thus, the variance due to the imprecise phase storage can be given by the sum of variance

of & and &,, that is

var{gphase} = var{& } + var{&,} . (3.58)

During the derivation, (3.14) was used as the approximation of ey, . FOr a general
sine wave, (3.42) should be used, as it was pointed out in Section 3.1.2. Nevertheless,
with the same considerations that were made in Section 3.1.2, the approximation of the

variance is also valid for a general sine wave.
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Comparing & and &, it can be observed that & is proportional to eps?, while &, is
proportional to eps*. Thus,
var{& } » var{&,} (3.59)

and

var{&pnase} = var{&;} . (3.60)

are reasonable approximations. Examples on the validity of this approximation will be
given in Sections 3.1.4 and 4.4.1. In practical applications, var{&;} dominates over
var{&,}. However, with increasing J and b, it is possible that var{&,} becomes larger
than var{&;}. Nevertheless, if approximation in (3.59) holds, then similarly to the
increase in the expected value, the variance of the CF due to the imprecise phase
calculation is proportional to J? and eps?. If the approximation does not hold, the

variance has to be calculated according to (3.58).

3.1.4 The effect of imprecise phase calculation on the CF

In Sections 3.1.1-3.1.3, the expected value and the variance of the evaluation error in
the fitted sine wave have been calculated. It was shown that the expected value of this
error is much larger than the uncertainty of the precise evaluation.

In this section, it is pointed out that both the expected value and the variance due to
imprecise phase calculation are much larger than the resolution of the floating point
number that represents the CF. For illustration purposes, it will be assumed that the
measured sine wave was disturbed by AWGN, with standard deviation 0,5 = @, that
is, the standard deviation of the noise equals to the ideal gquantization step of the
converter. Let us determine the resolution of the floating point number that represents

the CF. In the calculation, parameters of the original example are used:
FS
b=12 Ry, =049 = 5 1= 0.0983 eps = eps; N = 64000 . (3.61)
The distribution of CFys prec is approximated with Gaussian distribution. In the rest of

the calculation, ﬁLS,prec will be represented with its expected value. As it was shown in

Section 3.1.1, this is a reasonable approximation.

Since the additive noise is AWGN, the expected value is

E{CFLS,DFGC} =N- O-Ifoise =N- QZ =N (Z_D) . (3l62)
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The ratio of the increase of the expected value of the CF due to imprecise phase

calculation to the resolution of the floating point number that represents CFyg prec iS

— 1 epsz N3 1FSZ ) epS’Z N3
Efepnase} _2R001 73 2271 o T
LSB(E{CF AT ~ =
(s prec) N 525 " €pss N - 535 - epss (3.63)
_12%  epsy NT_ 2%, 119107 650002
22?1 3 T8 - =2 _

By increasing b, N or ¢4, this ratio also increases.
The standard deviation of the ﬁLs,prec due to imprecise phase calculation was

determined in Section 3.1.3. With the parameters in (3.61)

o{&pnase} = Vvar{&} + var{&,}

4 4
B L
noise”*071 12 3 480 5

FS\*FS? _eps?N3 FS* , eps*N®
< () et B et
2b) 4 "' 12 3 T 16 "' 480 5 (3.64)

FS#4 2 1 eps? N2
\/ N-pieps <22b9 + 0.0983 280 5 )

16

FS4
= \/EN%olzepsz(SA -105 + 2.4 - 10-10)

It can be seen that for the observed data set var{&;} > var{&,}. Thus,

2 2, 2. €psé N3
0{Ephase} Jvar{&} 2076ise RoP1 - 12 '3
LSB(E{ﬁLS,prec}) LSB(E{ﬁLS,prec}) N- O-r%oise " EPSs
Ry VN %0.0983\/64000 212 .0983 (3.65)
= = TS =— V32000
O'noise3\/E Z_b 3\/7 2 3

=1.2-10* .

In general, it can be observed that increasing ¢4, N or b can make the standard deviation
much larger, than the resolution of the represented number. Contrarily, by setting these

values so that o{&,p4se} is decreased, the effect of the evaluation error in the fitted sine

wave can be mitigated.
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3.1.5 Uncertainty of parameter estimation due to imprecise phase
calculation

In Sections 3.1.1-3.1.4, it was pointed out that the cost function of LS fitting has
increased expected value and variance due to imprecise phase evaluation. As it can be
seen in (3.13), these derivations hold for a fitted sine wave y. However, for a measured
sample set, also the fitting has to be evaluated.

If the parameters are calculated by direct pseudo-inverse calculation, the 3PLS

parameters are the following (similar considerations can be made for the 4PLS):
8, = D{x = (DID,) " (DIx) . (3.66)

The elements of DD, and the elements of DJx are results of summations. For example,
the upper left element in matrix D3D, is the sum of the squared elements in the first
column of Dy.

Direct pseudo-inverse evaluation can be numerically instable — this problem will be
investigated in detail in Chapter 4. However, in Chapters 5 and 6, it will be pointed out
that with some elementary modifications, it can be made numerically stable. This is one
of the main messages in the thesis. Thus, direct pseudo-inverse calculation will be
considered here.

The first two columns of D, contain sine and cosine values, see (2.7). Consequently,
these elements are also disturbed by imprecise phase calculation. For example, the upper

left element in Dg Dy is

N

cos”[py + (@)l = )

1 + cos 2(pk + 2(Ap)i]

M=

(DgDO)n -

NIZ

N
1
EZ L2y + 2(8p),]

(3.67)

Q

| =

M= T

1
+ > [cos 2¢, — 2(A@)y sin 2¢]

=

=1

N
1
Z cos 2<pk> - Ez 2(A@)y sin 2¢y,
k=1

N,
2

N =

N
k=1

= (DEDO)ll,prec + &
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T H T H
where (DODO)ll,prec equals to the value of the upper left element in (DgDy) without

imprecise phase calculation and &;, is the error of this element due to imprecise phase

calculation. If the error is treated as a random variable, its expected value is

N N
E{én}=E {_ Z(E)k sin prk} = - Z E(A@)isin2¢, =0  (3.68)
k=1 k=1

and its variance is

N N
var{&} = var {— Z(E)k sin Z(pk} = Z var (Ag)y sin? 2,

k=1 k=1
N N
eps? eps?
= Z Pk 2192 sin? 20 = —}192 Z @ - sin? 2¢;
k=1 k=1 (3.69)
N N
_ eps? Z K22 1 — cos 4q, N eps? < k2 p?
12 ! 2 12 2
k=1 k=1
eps® N
12 "t 6
In the derivation, approximation
N N
z k? cos 4@ | < z k? (3.70)
k=1 k=1

was applied similarly as in Section 3.1.2. Furthermore, the sum of k? terms was
approximated, according to (3.31). The standard deviation of the investigated element

can be compared to the resolution of the floating point number that represents (DEDO)H,

o) P63 _ eIV (3.71)
LSB(DgDy)1; % eps 32

where (DgDo), , was approximated with N/2. Consequently, increasing N or ¢,
increases this relative error.

Similar considerations can be made for other elements of (D§D,). It follows that the
expected value of the error of the elements is zero, and the estimation is unbiased, that
is, the expected value of the parameters is the real parameter values. On the other hand,
the variance of the parameters is increased. The effect of the uncertainty of the elements
in (DgDy) will be highlighted in Section 3.2.
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3.2 Summation error

Besides phase evaluation, other error sources also influence the result of sine wave
fitting. The LS estimation minimizes the sum of the squared errors, see (2.5). Thus, in
the evaluation, a summation has to be carried out.

In the following, we assume that the effect of imprecise phase calculation has been
eliminated. The calculated CF; g may be corrupted by roundoff errors even in this case.
This is caused by fact that during the summation, the result is rounded after each
summation step. Since the expected value of roundoff errors due to this rounding is 0,
the expected value of roundoff error after the summation steps is also 0. However, by
assuming standard summation, the value of the sum is accumulating. The variance of the
result is [54]:

N3 eps?
~ F2(z21__
~ Bl

eps?
12

N
var{€sum} (k - E{e—Z})Z (3.72)
kZl :

where &, IS the error term, introduced by summation. This variance should be

compared to the variance of the estimated CF. If e, is of Gaussian distribution, then

applying (3.21):
_oy N3 eps? N3 eps?
var{&um} - Ez{eg}T ?192 _ O-rzlloise? 1192 _ eps? - N2 (3.73)
Var{gprec} ZNo-r?oise ZNo-:{oise 72

Consequently, using single precision, the summation error will be greater than the
uncertainty of the CF estimation only if N > 1/eps, = 8.4 10°. Since this is not a
practical case, the effect of summation error can be neglected at the summation of the
error terms. Similar considerations can be made if the additive noise uniformly
distributed.

However, this is not the only part of the algorithm at which summation is needed.
Summation is also applied for the calculation of the parameters of the fitted sine wave if
direct pseudo-inverse calculation is performed, see Section 3.1.5. The upper left element
of matrix (DgDy) will be investigated, again. Provided that J > 10,]/N < 1/4

o N
(DEDO)11 = Z cos? gy ~ 5 (3.74)
k=1
see Chapter 5. Thus, the upper left element in matrix DD, is proportional to N. Similarly

to the case when the elements of the CF were summed, a roundoff error occurs at each
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summation step. Denoting the summation error of (DEDO)11 by &ume, Similar

considerations can be made, as for (3.72), that is,
N

_ 1\%eps? N3 eps?
var{gs“mz}zZ(k'E) 12 1212 (3.75)
k=1
and the standard deviation is
_ NVN
O-{‘gsumz}z 12 eps . (3'76)

Assuming that &, 1S of normal distribution (according to the central limit theorem),

the error is smaller than

NVN (3.77)

eps

|€sum2| < 30-{gsumz} ~

in 99.6% of the cases. By increasing the record length, the uncertainty of (DgD,)_ , also

increases. The result can be compared to the resolution of floating point number

(DEDO)M:

B N+/N
oleums) 17 ePs VR -
LSB(DyDy)1; %eps 6

With increasing N, the relative error can be much larger than the number representation

error. The same considerations can be made for (DEDO)ZZ, that is, for the sum of squared

sine values. For other elements of (DEDO), the summation error is not as large as for
these two elements, since they are not increasing with increasing N, see Chapter 5. An

exception is (D{Do)gg, but this element equals to N precisely, and can be calculated

without roundoff errors. Since
8o = (DEDO)_lD'(I)‘X ) (3.79)

the errors of (DgDy) . and (DgDy),, are directly connected to the value of 8. Thus,

they affect the result of sine fitting. If (DgDy) is regarded as diagonal (in Chapter 5, it
will be pointed out that it is a good approximation for J > 10,//N < 1/4), then

(Dox),

1

=T
(DoDo)ll,prec + Esum2

(DIx), (3.80

By = ——
ot (DgDo)n
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- - (DIx),
)

&
DTD 1 sum2
(DoDo):1 prec < * (D'(I)‘Do)ll,prec

Esum?2

1 — ——sum2

. (DgDO)ll,prec (DTX)

=~ 0 .
(DEDO)ll,prec 1

where (D§Dy) denotes the value of (D§Dy). . without summation error. If the
11,prec 11

cosinusoidal component (A) in the sampled sine wave is close to 0, then

N N
(Dgx)1 = z cos(9pk) * xp = z cos(9pk) - [sin(9pk) +e,] =0 . (3.81)
k=1 k=1
It follows that
001~ 0, (3.82)

and the effect of the summation error is negligible. However, if the sampled signal is a
noisy cosine function (B, = 0), then

N N

(Dgx)1 = Z cos(Ypk) - x), = Z cos(9pk) - [Ag cos(Wpk) + e ]
k=1 k=1
N N N (3.83)
= Z Agcos?(9ok) + z cos(9pk) - e, = A, z cos?(9,k) .
k=1 k=1 k=1

The sum is affected by the summation error that has the same distribution, as &;,,,. Let

us notate the random variable of this error with &,,,,5. With this notation,

Age
Ty) = (DI _ (DT _Aogsums
(DIx), = (DIX), _+ Aoesums = (DIX),_ <1 ' (Dgx)lpre)  @84)

Thus, estimated parameter is:

1-— Esumz2
(DgDo)ll,prec T
0,1 ~ T (D0X)1
(D0D0)11,prec 38
1 Esum2 ( . 5)

(DEDO)lerec( TX) <1+ AogsumS >
(DgDo)ll,prec 0 Lprec (D'(I)‘x)l,prec

Since
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(Dgx) 1,prec

____CLpTec 4, , (3.86)
(DgDO)ll,prec 0

we get that
ApEsums

gsumz
0oy =4 (1 — —) 1+ —)
ot 0 (DgDO)ll,prec (Dgx)l,prec

~ A, 1- Esum?2 <1+Aogsum3

/-~

AN (3.87)

= 4, (1 0 gsuNmz 19 gsuNm3 _ gsum;;sum3) .

Neglecting error term 4 =“m2Zune, the error of the estimation is

_ Esum2 Esum3
€001 = Ao (_2 N + 2 N ) (3.88)
Due to the normal distribution of &g, and &,ms
N+VN
|€sum2| < 30’{§Sum2} = eps and |Ssum3| < 30-{§Sum3} = eps (389)
in 99.6% of the cases. Thus,
NN s NN
[0, | < 40 2 N T2 ,‘\L, eps | = AgVNeps . (3.90)

It follows that the relative error of summation appears in the parameter value. The longer
the record, the larger the error. The error can be compared to the LSB of the estimated

parameter

|£90,1 | < AO\/NQPS _ AO\/NGPS — \/ﬁ (391)
LSB(4,) — LSB(4,)  Ageps '

In Section 3.1.4, the effect of imprecise phase calculation was investigated. The record
length of the example was N = 65000. With this record length,

|€901| 2
ol ~ 253 - , 3.92
LSB(Ay < V64000 ~ 2.53 - 10 (3.92)
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Comparing this effect to (3.63) and (3.65), it can be seen that the effect of imprecise

summation is much lower than that of imprecise phase calculation.

3.3 Noise CDF evaluation of the maximum likelihood estimator

Error sources up to this point affect both the LS and the ML methods. This section
investigates the effect of the model of the observation noise on the parameter estimation.
Since LS does not utilize any noise model, this error is special for the ML method.

The ML method has been described in Section 2.6. It was shown that the CF of the
ML is the sum of logarithmic functions. The argument of the logarithmic functions was
given by the difference of erf functions, under AWGN assumption, see (2.46).

From a numerical point of view, this calculation method is a potential error source,
due to the following. The Gaussian distribution can describe the noise model
satisfactorily for small noise values, such that |&, | < 306,,.:s.. HOWever, for larger values
of |¢,|, the probability density function of the Gaussian distribution converges quickly
to zero, and its cumulative distribution function (CDF) converges quickly either to 0
(when &, < —30,ise) Or to 1 (when &, > 30,,,;5.)- The argument values of the erf
function may assume large values for two reasons. First, during real measurements an
outlier, that is, a sample affected by large noise value &, may actually appear, despite its
low probability of occurrence. On the other hand, after initialization, model parameters
may significantly differ from the optimal values. At run-time, this indicates that the
model optimization needs additional iterations. To illustrate the numerical problem, let
us calculate the following value:

erf(4) =1—1.58-1078 . (3.93)

The deviation of this value from 1 is so small that it cannot be represented using single
precision.

For large erf arguments (when &, > 30,,,:5¢), the result of (2.46) can be given in a

form:
1
P =0 =711+8)—-(1+5)], (3.94)
where 8, and 8, denote a small values. If both @ > 4 and ==Yk > 4 hold, both
20n0ise V20noise

single precision erf evaluations would yield a result of exactly 1. This is caused by fact
that 6, and &, cannot be represented beside 1. In this case, the difference in (2.46) equals

to 0, leading to singularity when evaluating the natural logarithm. Thus, if for only one
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element the arguments of the erf functions are larger than 4, (2.46) yields 0. The
logarithm of 0 is —oo. Consequently, the algorithm in this form is numerically unusable.
Furthermore, numerical issues may occur, even if this singularity issue is avoided. Let

us calculate the following difference
r = erf(a) — erf(b), where a =3.75 and b = 3.5 . (3.95)

Arguments a and b were chosen so that they can be represented without roundoff error,
even using single precision. By this means, the roundoff error caused by erf evaluation
and subtraction can be observed, and the effect of the roundoff at the storage of a and b
has no additional effect.

Using single precision evaluation, the result is 5.96-10~7, while with double
precision, the result is 6.29 - 1077, It follows that the relative error of the single precision

evaluation (assuming that the double precision evaluation is precise) is

Ar
—=529- 1072 . (3.96)

This error is much larger, than the resolution of the single precision representation.

The problem is, as described above that both erf values are close to 1. Thus, small
difference of larger numbers has to be evaluated. Since both erf functions are close to 1,
but they do not reach it (and therefore their values are between 0.5 and 1), their LSB

equals to
LSB(erf(a)) = LSB(erf(b)) = LSB(0.5) = ezﬁ . (3.97)
At the storage of erf(a) and erf(b), a roundoff error occurs. The roundoff error at both
storages is uniformly distributed between —eps/4 and eps/4. After the subtraction
between the two erf values, the distribution of the difference of these roundoff errors is
symmetric triangular, between -eps/2 and eps/2. This is because the convolution of
uniform distributions has to be calculated at the subtraction [11]. Since this is an absolute
error, it can be relatively large, if the difference is in the order of magnitude of eps. This
was the case in the described example, where the exact difference was in the order of
magnitude of eps;.
Furthermore, in order to evaluate the CF of the ML, the natural logarithm of the

calculated difference has to be determined:

In(r + Ar) =In [r (1 + g)] =In(r)+1n (1 + g) ~ In(r) + g . (3.98)
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Thus, the relative error of the difference appears directly in the logarithm value. The
problem is mitigated, if at least one of the erf values is under 0.5. For example, if
r = erf(a) — erf(b), where a =0.5 and b = 0.25, (3.99)

then the result of both single and double precision evaluation is 0.244, and the relative
error of the single precision evaluation is 3.82- 1078, that is, it is in the order of

magnitude epss;.

3.4 Condition number of the system of equations

In Section 2.3, three- and four-parameter LS fitting methods were introduced. They
were shown to be significantly different, since the 4PLS fitting cannot be executed
without iteration. In this section, it will be shown that the numerical properties of both
methods are also significantly different.

Both the 3PLS and the 4PLS methods require the calculation of the Moore-Penrose

pseudo-inverse
0 =D*x (3.100)

where D is the system matrix of the 3PLS or the 4PLS methods. The Moore-Penrose

pseudo-inverse can be calculated directly by

D* = (D'D)"!DT . (3.101)

However, from a numerical point of view, it may be instable if the condition number of
D is large (> 10* for single precision, > 108 for double precision number
representation). The condition number (CN) based on 2-norm is the ratio of the largest
singular value to the smallest singular value in the system matrix, see Appendix A.4.1.
In the thesis, this condition number will be used. It upper bounds the sensitivity of the

solution to perturbations. During the fitting, system of equations
DO =x (3.102)

has to be solved in LS sense. The condition number of D gives an upper bound on the

evaluation error of the solution [82]:

16, - oll, {nnsnz _ Il ||x£—x||2}
———— < cond(D + + O (&? (3.103)
ol 2 T T =)

where D; is the perturbated matrix D, and O, is the erroneous solution due to

perturbations on D and x and cond(D) denotes the condition number of D, see Appendix
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A.4.1. In worst case situation, the condition number magnifies these perturbations that
may originate, for instance, from roundoff errors. In case of floating point number
representation, the magnitude of the perturbation (¢) is the relative error of the number
representation (eps).

Direct pseudo-inverse calculation may become numerically instable, because the
condition number that can be assigned to this method is the square of the condition
number of system matrix D. In the 4PLS, it can result in the phenomenon that the fitting
does not converge. To overcome this problem, decomposition methods, like singular
value decomposition (SVD) or QR-decomposition can be utilized [82]. Contrarily, if the
condition number of D is small (<10), direct pseudo-inverse calculation can be applied
without numerical issues. This method has the advantage that it is computationally less
demanding, compared to decomposition methods.

Let us consider a 12-bit ADC with Q = 1 and N = 50000. The excitation signal has
the following parameters:

f 1
A=12 B=1 =2048, —=— 3.104
00, 650, C 048, £ o4 ( )

so that 99.6% of the entire ADC range is excited by the stimulus. First, let us assume that
we have a priori knowledge about the frequency of the signal, that is, 3PLS fitting can be
executed. To get the solution, the pseudo inverse of matrix D in (2.7) has to be evaluated.
In this example

cond(Dy) = 1.41 . (3.105)

Thus, direct pseudo-inverse calculation can be applied. However, if the frequency cannot
be regarded as known, and the 4PLS fitting has to be executed, the pseudo-inverse of D;
in (2.20) has to be determined. With the investigated parameters, with substitution 4; =
A and B; = B:

cond(D;) = 1.18- 108 . (3.106)

The CN is even larger, than 1/eps, = 8.39 - 10°. It can be seen that the 4PLS problem
is very much ill-conditioned.

The problem is caused by the fact that while parameters A, B and C are connected to
guantities in the same dimension (to a voltage value on the analog side), 9 is connected
to the ratio of signal frequency to sampling frequency. The fourth parameter of the

algorithm is the needed relative angular frequency change. Thus, it is connected to the
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derivative of the signal model with respect to 9, see (2.20). It follows that the fourth
column is proportional to sampling instant k. Since k goes from 1 to N, it can cover several
orders of magnitude. Furthermore, the derivative is also proportional to A and B. These
parameters can also assume values in a wide range. Consequently, while the first three
columns in D; contain values in the same order of magnitude, the elements in the fourth
column may become much larger. This explains the well-conditioning of 3PLS and the
ill-conditioning of 4PLS.

On the other hand, the needed correction in ¥ is usually small. The more the signal
oversampled, the smaller 9. The CN gives an upper bound for the relative error in the
calculation. However, this upper bound is not element-wise, but it refers to the whole
parameter vector, see (3.103). It follows that for small 9 values relatively large errors
may occur, although the absolute error is small. Consequently, it is not ensured that after
an iteration in the 4PLS, the system gets closer to the optimum frequency. Thus, also
convergence problems may occur.

With the parameters of the example, the 4PLS algorithm was evaluated both with
single and double precisions using QR-decomposition for pseudo-inverse calculation.
While the CF of double precision evaluation was 4.1 - 103, single precision evaluation
yielded a CF value of 2.1 - 10°. Since in the example, the signal was quantized with a
12-bit quantizer with Q = 1, the expected value of the CF (assuming the quantization
noise is uniformly distributed between —Q/2 and Q/2) is

2
E{CF} =N - (12—2 =42-103 . (3.107)
It can be seen that that the single precision algorithm failed to converge, while the double
precision algorithm could find the optimum.
Although the effect of ill-conditioning was illustrated for the four-parameter LS, it
also affects the MLE method.

3.5 An illustrative example

In Sections 3.1-3.4, different error sources in numerical calculations were introduced.
In this section, the effect of these error sources is demonstrated on a measured data set,
using ML estimation. Since the record is a result of measurement, exact parameter values
are not known. Nevertheless, the CF can be analyzed in the vicinity of the parameter

vectors, resulting from different optimization algorithms.
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The CF of the ML fitting is usually assumed to be quadratic in the vicinity of the
optimum. Mathematically formulated, it means that if an algorithm can get close enough
to the optimum, third and higher-order terms in the Taylor-series expansion of the CF
can be neglected. This assumption results in a smooth CF that can be easily optimized by
the Levenberg-Marquardt (LM) method, see Appendix A.5.1. Furthermore, this
smoothness ensures also that the optimum is unique, that is, different optimization
algorithms should converge, in principle, to the same parameters.

However, in praxis this cannot be realized, since the differences between the CF
values in getting smaller when the optimum is approached. Due to roundoff errors, these
evaluations cannot be made with arbitrary precision. Consequently, the result of different
methods should be close to each other, but, in general, they will not coincide perfectly.
The expectation would be that the difference between CF optimum values of different
algorithms are in the order of magnitude of the precision of the number representation.

To see, whether this expectation holds in praxis, the ML estimator for a measured data
set with N = 10° samples obtained by a 16-bit ADC was evaluated both with a
derivative-based LM and with a heuristic Differential Evolution (DE) algorithm. The
relative difference between the CF optimum values of the two algorithms was 6.59 -
10713, and the DE found the lower value. The difference in itself seems negligible, but
it is much larger than double precision number representation eps,; = 2.22 - 10716,

In order to explain this large difference between expectations and practical results, the
CF has to be scanned in the vicinity of the optima of both algorithms. The CF was

evaluated along the straight line between parameter vectors ppg and pyu:

A
CFeyal; = CF <pDE + (i — 2000) ﬁ), i =1..5000,

Ap = pLm — PpE »

(3.108)

where CF,,, denotes the vector that contains the result of the evaluations. The resolution

of the evaluation is Ap/1000, and

CFeval,2000 = CF(ppE), CFeval,3000 = CF(pLm) - (3.109)

Certainly, this does not reveal the whole behavior of the CF. The value of the ML cost
function depends on five parameters. Thus, for detailed scanning, the values of the five-
dimensional parameter vector should be perturbated independently. In the example, these
perturbations on each parameter are not independent of each other, since the ppg + (i —
2000) - Ap/1000 describes a straight line. Nevertheless, a trend in the CF can be
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investigated even with this limited scanning. The optimal ppg parameters and the
difference between the parameters of ppg and py are represented in Table 1. Although
the relative differences are much larger than the resolution of double precision
representation, it is more important to see the CF values assigned to different parameters.
This statement holds because the first derivative of the CF is close to zero in the vicinity

of the optimum. Thus, large parameter changes result in smaller CF changes.

Parameter in ppg Value Difference in pyy — PpE
A —2.28-1071 1.10-10711

B —5.44-1071 —5.55-10711

C 5.01-107! —1.59-1071!

v 6.09 - 1073 165 - 10-15
Onoise 5.28-107° 1.61-10712

Table 1 — Parameter values and differences between parameter vectors

The result of the CF evaluation along the straight line between the parameter vectors
is represented in Fig. 3.2. To highlight the behavior in the vicinity of the optimum, the
deviation of CF,4 (i) from CF(ppg) is represented, relatively to resolution of CF(ppg),
that is

Cl:‘eval,i - CF(pDE)
LSB(CF(ppg))

(3.110)

Fig. 3.2 shows that the bottom of the CF is uneven. However, the trend of the CF can be
observed. After fitting a parabola in LS sense to the calculated values, it can be observed
that the deviations from this fitted parabola is about £5000 - LSB(CF(ppg)). This value
is much larger than the resolution of the number representation. Furthermore, while DE
has found smaller CF value, on the fitted parabola, LM is much closer to the optimum.
It is interesting to check which parameters cause this large difference. In other words,
the question is, whether there are specific parameters that influence the evaluation of the
CF much more than other parameters. For this purpose, the CF was also evaluated by
perturbing each parameter while holding the others fix. For example, for the cosine

component

Ay —A
A; = Apg + (i — 2000) - —2_—2F (3.111)

1000
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while the other parameters are the same as in ppg. Fig. 3.3 shows that although every
parameter causes raggedness in the CF, the one that causes the largest disturbance, is the

frequency. This deviation is by more than one order of magnitude larger than for other

parameters.
20000 T T
Onginal values
Fited parabola
15000 | -
10000 | m”‘ ”H |” m
* DE h
Y: 6750
Il
5000
o |
X: 2000 | |
Y0
-5000 ' L

Figure 3.2 — Cost function values in the vicinity of DE and LM optima along the
straight line between the two parameter vectors, and the fitted parabola [57]

Furthermore, the CF was differentiated with respect to the parameters, along the
straight line between ppg and py . Results can be seen in Fig. 3.4. Regarding also Fig.
3.2, both figures illustrate that although the DE found a better CF value, both the
derivative and the parabola fitting show that LM parameters are closer to the optimum.
Namely, all the CF derivatives are close to 0 at p;,, and the fitted parabola has lower
value at this algorithm, too. Fig. 3.4 also shows that the sensitivity of the CF is much
higher on the value of 9 than for the other parameters.

From a practical point of view, the raggedness of the CF seems to be some noise,
without which the DE would also converge to the LM optimum. However, it is interesting
to see, why the result is different for these algorithms. First, the DE does not make use
of the derivative of the CF, it searches for a global optimum by trying out different
parameter vectors. Due to the ragged CF, the DE managed to find a local optimum.
Contrarily, the LM uses derivative values, along which it could arrive to the bottom of

the cost function. This would be the global optimum without the additive ‘noise’. It
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means that it cannot be decided which algorithm performed better. On the one hand, the
DE yielded better result, since the CF is the measure between the algorithms. On the
other hand, it is visible that the LM is closer to the ‘real’ optimum, but the CF seems to

be disturbed by some additive noise. Consequently, the CF is not smooth.
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Figure 3.3 — Cost function values in the vicinity of DE and LM optima along the
parameters, holding the others constant(a-e) and along the straight line between
the two parameter vectors (f) [57]
In Chapter 4, it will be pointed out that the raggedness of the CF can be decreased
significantly by eliminating the effect of the error sources, described in Sections 3.1-3.4.
Among error sources, imprecise phase calculation will be shown to have the largest

influence on the CF.

3.6 Conclusions

In this chapter, error sources in numerical calculations were investigated, taking
imprecise phase calculation, imprecise summation and imprecise CDF evaluation into
consideration. Besides, it was shown that the 4PLS method can be very much ill-
conditioned.

The analyses were carried out assuming floating point number representation. In
computers, calculations are mostly executed with this representation. Although floating

point representation has limited relative error, its absolute error increases with the
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increasing absolute value of the number to be represented. In order to evaluate sine wave

fitting algorithms, the instantaneous phase information has to be determined
o = Ok = 271%]( , (3.112)

However, this value increases with increasing k. Consequently, at the end of the sampled
record, the maximal value of the roundoff error is much larger compared to its value at

the beginning, if the number of sampled periods J is large (J > 10).
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Figure 3.4 — CF derivative values along the straight line between ppg and pyum [57]

Due to the accumulation of the roundoff errors, the results of the CF-minimizer
algorithms will be distorted by errors that have much larger amplitudes than the precision
of the number representation. Thus, the expected value of the CF of LS algorithms is
increased, and in the vicinity of the optimum, it behaves as it was disturbed by an additive
noise.

In Section 3.1, it was shown that due to imprecise phase calculation, the error of the
CF can be much larger (even by 4-5 orders of magnitude) than the resolution of the

floating point representation. The roundoff error of the phase calculation was assumed to

be white and uniformly distributed in (— LSBZ(“”‘) ; LSBZ("”‘)], where LSB is the value of the

least significant bit in the floating point number, that is, the resolution of the represented
number. It was derived that in the applicability range of the assumptions, both the

expected value and the variance of the CF is increased due to imprecise phase calculation.
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The increase of the expected value and the variance of the CF is proportional to the
number of samples, and proportional to the square of the number of sampled periods J
and the relative error of the number representation (eps). Thus, increasing J or N, or
decreasing floating point precision increases the expected value and the variance of the
CF.

Besides, it was shown that imprecise summation results in the error of the estimated
parameters. The problem is caused by the naive approach of summation. In the naive
approach, the next term is added to a growing sum. However, the effect of this error
source is much smaller than that of the imprecise phase calculation.

Furthermore, the evaluation of the CDF was pointed out to be numerically instable, if
probabilities are calculated as the difference of erf functions. If the absolute value of the
parameter of erf is large (> 3), the value of the erf function gets close to 1. Thus, during
the calculation, small differences have to be determined, and the information cannot be
evaluated with high precision. If the arguments of the erf functions are greater than 4,
then using single precision, the difference will be 0. Since the ML method calculates the
logarithm of the differences, the algorithm is in this form numerically instable.

The condition numbers of the 3PLS and the 4PLS were also investigated. While the
CN of the 3PLS is small even for long records, the 4PLS is ill-conditioned if N is large
(N > 10%J/N < 1/4). An example was shown that due to ill-conditioning, the single
precision evaluation of the 4PLS can diverge.

Finally, an illustrative example was presented in order to show the effect of numerical

inaccuracies on the optimization methods.
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4 Proposed cost function evaluation methods

In this chapter, methods will be proposed in order to mitigate numerical inaccuracies
that result from imprecise phase calculation, imprecise summation and imprecise CDF
evaluation. The condition number of the system of equations will be investigated in detail
in Chapters 5 and 6. Although in general, arbitrary precision can be achieved on a given
limited precision platform, this implies significant increase in computational demand.
The aim of this chapter is to find the numerically sensitive points of the algorithms and
improve accuracy only at these sensitive points, while keeping the precision of the limited
platform for the other parts of the algorithms. The underlying ideas can be found in
[51][56][57].

The proposed increased precision phase evaluation is based on software package
“QDSP Toolbox for Matlab” [11], the summation is realized applying the subtraction of
the mean value, pairwise summation or Kahan’s compensation method [59], while the
for the evaluation of the CDF with large arguments, the erfc function is suggested [60].
As it can be seen these methods are not novel. However, it is important to see how they
can be used for the problems described in the thesis. Besides, Sections 4.1-4.3 contain
some analyses about the remaining roundoff errors. Finally, improvement in the accuracy

of numerical calculations due to these methods is demonstrated in Section 4.4.

4.1 Proposed phase evaluation

As described in Section 3.1, the phase calculation error originates from the inaccurate
storage of the phase information in (3.2). More precisely, the absolute roundoff error
increases with increasing ¢;. However, the precise phase information can be extracted

from the terms of ¢y, in (3.2), using the following method.

Since sine and cosine are periodic functions, the fractional part of fik contains the
N

information that is needed to calculate their values for a given k. The proposed method

is that the phase information should be calculated by 27 <f£ k>, where (-) is the fractional

part operator after rounding to the nearest integer value:

<§ k> = jifk — round (}é k) . (4.1)

For example, (2.3) = 0.3 and (2.6) = —0.4. The calculation of the fractional part

does not inject roundoff error into the system, since an integer number can be subtracted
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precisely from a floating point number. While the fractional part is still represented in
single precision, its magnitude is mapped to (—0.5; 0.5], also limiting the error in (3.10)

to a predictable value. In addition, the imprecise storage of © has much lower effect on

the result, than in the case it is multiplied by growing fi k, when the numerical inaccuracy
N

of mis enlarged. Certainly, the calculation of 2w <f£ k> is also disturbed by roundoff

N

errors, but as described above, its relative value is in the order of magnitude of eps.
In order to ensure that the fractional part is determined precisely, the calculation of

Jék cannot be performed in the standard way. If %k were calculated using single
N N
precision, the accurate phase information would be lost at the single precision storage.

Thus, it could not be restored, and <J§ k> would also be imprecise. Thus, %k has to be

N

calculated with increased precision.

In order to do that, first we have to find a way for increased bit number representation,
while not slowing down the computer too much. The problem of floating point
representation is that it has finite mantissa length. Thus, operations cannot be performed
with arbitrary precision. To overcome this problem, each number can be split into more
parts [11]. For instance, in single precision representation they can be split into 3 parts
so that each part is a single precision number that contains 11 significant bits in its

mantissa (the rest of the bits is 0), see Fig. 4.1.

K k-11 k-22
2 2 2

Figure 4.1 — Illustration of splitting a floating point number into more parts [56]

The difference between the exponents is 11. The original number can be calculated as
the sum of these three parts. The benefit of splitting is that the product of two splits
contains at most 11+11=22 significant bits (and single representation has 23-bit
mantissa). This means that the product of two splits can be stored precisely, that is,

without roundoff error.

If operation %k is to be performed, %should be split into three parts. Record length N

can be assumed to be less than 222 ~ 4 million. In this case, each k value from 1 to N
can be represented with two splits precisely. After splitting the terms into parts, the

multiplication can be calculated based on convolution:
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f = ES
(fS k)enh = [f1, f2, 3] * [n4, m,] 4.2)

=[firnfirne+ o nyforng+ 3oy, f3ngl
where f; and k, denote the first split of the parts from % and k, respectively. Notice again

that the resulting vector elements are not distorted by roundoff errors, since their 23-bit
mantissa contains at most 22 significant bits. After the multiplication the fractional part

of the splits can be calculated. The result contains 4 parts, the sum of which is <J§ k>.

N

Formally:

<}£k> =(f ) H(fy o+ fyn) H(fy e+ fy ) +(fy ) (4.3)

The calculation of the fractional part of the splits can be performed without roundoff
errors. Namely, an integer number can be subtracted from a floating point number
precisely.

This method can also solve the problem of imprecise frequency storage. If needed,
even the roundoff error of the stored frequency can be eliminated. The real frequency is
the sum of the nearest single value and a correction factor that equals to the roundoff

error:

0. -G, 6. 44

real single corr.

The multiplication of the precisely stored frequency with k can be performed similarly
to (4.2). It is important to mention again that only the critical part of sine wave fitting
algorithms (that is, the phase evaluation) is calculated with increased precision.
Theoretically, arbitrary precision could be achieved on any platform, for example, double
precision could be implemented on a single precision DSP. However, due to the increased
time consumption, the algorithm would become practically useless.

Summarizing the proposed method, the periodic property can be exploited to perform

the operation more accurately with the following steps:

a) calculate Jék with increased precision;
N

b) calculate <§ k> ;

C) cast the result back to single precision;

d) multiple only this fractional part by 2.
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Since the resulting phase information is in range (—m; ], the absolute error at the
phase storage is always lower than 2.4 - 1077, This is a major improvement compared to
the second term of (3.11).

The described algorithm is significantly different from the precise sine evaluation of
[58]. The latter method also maps the phase information in a limited range. After the
mapping, the value of sine and cosine functions are calculated based on a lookup table
method. However, that work focuses on the precise evaluation of the sine function,

assuming that the sine wave argument (that is, the phase) is accurately known. The

problem that is solved by the above-given evaluation method is that if ?k is calculated

N

and it is given over as the argument of the sine function, it has to be stored on limited
precision before evaluating the value of the sine function. At the storage, a roundoff error
occurs that is increasing with increasing k. While sine function can be accurately
evaluated for the argument that is disturbed by roundoff error, the evaluation error
originates from fact that the phase information was imprecise.

Phase information is known inaccurately, since the imprecise storage introduces a
phase roundoff error. It follows that the accurate value of the sine function cannot be
obtained, since the precise information was lost at the storage of the phase. From a
practical point of view, the proposed method evaluates the phase information with
increased precision instead of single precision, maps the result to a limited range and
only after this limitation does the rounding — resulting in a much lower absolute error. To
sum up, the novelty of the proposed method is that is preserves precise phase information
with the help of which precise sine and cosine function calculation is possible.

In the proposed method, only the phase information was calculated with increased
precision. This approach could be extended to other portions of the fitting algorithm, at
a price of increased processing time. However, as a general rule, only the critical parts of

the algorithm should be improved, finding a balance between run time and accuracy.

4.2 Proposed summation

As described in Section 3.2, the standard deviation of the summation can become
much larger than the resolution of the number representation, see (3.78). The
phenomenon originates from the naive approach of summation. This accumulates the
result, adding small numbers to a growing sum. There are several approaches to deal with

this problem.
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First, it is possible to subtract the mean value before summation, and correct for this
subtraction at the end. The mean value can be estimated by averaging a limited number
of samples, or by calculating the sum with the naive approach, and dividing it by the
record length. The method is the following:

a) calculate or estimate the mean value;

b) round this mean to a number with smaller mantissa length to reduce roundoff
error of the following steps;

c) subtract this value from each sample;

d) sum these modified samples;

e) atthe end, add N times the rounded mean to the sum;

Among the problems described in Section 3.2, this method can be effective for

calculating (DEDO)11 and (DEDO)ZZ. For these elements, the expected value of the terms

in the sum is 0.5. Contrarily, for the calculation of (Dgx), the mean value of the elements
are unknown prior to the summation. In general, it is hard to define the number of
elements that should be averaged to gain a good mean estimate. Thus, for these elements,

this summation is not as effective as for (DgDy), , and (DgDy)_,-

Another possible solution for decreasing the summation error in floating point
representation is using Kahan’s compensated summation [59]. The algorithm can be
given as follows. Let us calculate the sum a + b + ¢ so that a > b > c¢. The method
calculates a + b, then first a, then b is subtracted from this sum. The result should be
exactly 0. However, in reality, it yields the roundoff error. As a compensation for the
roundoff, this error is added to the next term (c). By this means, the compensated term
can be added to the sum, decreasing the roundoff error. The pseudocode of the algorithm

is the following:

sum = 0; %gsum of elements
e = 0; $roundoff error
for i = 1 to M %$Kahan compensation
temp = sum;
z = VectorToSum (i) + e; (4.5)
sum = temp + z;
e = (temp - sum) + z; $roundoff
error
end

The third possibility is the application of pairwise summation [59]. In this method, groups
and subgroups can be built from the elements to be summed, and then they can be added
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gradually, as shown in Fig. 4.2. If the groups contain values that assume approximately
the same order of magnitude, it results in lower roundoff errors at the summation steps.
This technique is similar to the calculation of the FFT. It achieves higher accuracy, with
low extra computational costs.

51234

i

55678

2 S?B

il

Figure 4.2 — lllustration of pairwise summation for 8 values, from [51]

Improvement in the accuracy can be demonstrated on the example of summing
squared cosine values in (DEDO). During pairwise summation, the sum is growing from
left to right in Fig. 4.2. The expected value of every element to be summed is 1/2. For
S12 the expected value is 1, while for Si234 it is 2. For the sake of simplicity, let us assume
that the number of values to be summed is a power of 2. While the expected values
increase from left to right in Fig. 4.2, the number of elements to be summed decreases.

The variance of the whole summation can be calculated as follows:

_ eps? 1\ N 13\ 2 N 132
var (S} ~ - (W (5) +37(273) +-+5(v3)

P2 (v (2) v () e nen (D)

12 2 2 2 (4.6)
log,(N)

B ep52N<1>2 i o — epsZN(N H NZ2eps?

12\ LT 48 To48

The standard deviation of result can be compared to the resolution of the floating point

number that represents the sum
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N2eps?  Neps
O-{gsumz,pairwise} - 48 _ 4\/§ _ 1 (4.7)
LSB(DTDg)1; 2V3

N N
- eps - eps

Contrarily to the naive summation in (3.78), the standard deviation of pairwise
summation does not increase with increasing record length. During the proof, it was
assumed that N is a power of 2, but this method can improve the result of the summation

for an arbitrary record length [59].

4.3 Proposed CDF evaluation

In Section 3.3, it was pointed out that the evaluation of probabilities for the maximum
likelihood cost function may also be disturbed by large roundoff errors. The proposed
solution for the problem is that for the samples at which the noise level is high, the
complementary error function (erfc) should be used instead of the erf function. This
function analytically equals to 1 — erf, but due to the storage of the deviation from 1, it
can represent function values for larger operand values much more accurately than the
erf function. The investigation of precise evaluation of erf and erfc functions are
described in [60].

The calculation of (2.46) can be modified using erfc. With the notations of (3.94):

1 Ty — vk ) <Tl+1 - %c)l 1
P(X, =1)==]erfc| ————— ) —erfc| —————= ]| ==(6, — 6,) , 4.8
( “ ) Zl <O-noise\/E O-noise\/E 2( ' 2) ( )

It can be observed that instead of calculating the small difference of relatively large

numbers in (3.94), the difference can be calculated directly.

< —3. In this case,

However, this approach cannot handle arguments, for which —T;_yz"

5
erf is close to —1 and erfc is close to 2. Thus, the same problem occurs, as for large erf
argument values: a small number should be represented beside 2 [60]. The problem can
be solved, using identity erfc(—z) = 2 — erfc(z). The calculation of (2.46) in this case

can be given as:

1 T — Yk Ty — Y
P(X = l) == lerfc <— —) — erfc <— —)l . 4.9
“ 2 OnoiseV 2 OnoiseV 2 ( )

. T;— Ti—1— .
Depending on argument values ——2%- and —=222% the following rule should be
O'noise‘/E ‘Tnoise\/i

followed:
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(2.46),if —0.477 < argument values < 0.477
used evaluation:{ (4.8),if 0.477 < argument values . (4.10)
(4.9),if argument values < —0.477

The limits are chosen this way, because erf(0.477) = 0.5. With this technique, the
Ti—Yk
o'noise\/z| <

T1—Yk
OnoiseV2

10 for single precision. This is a major improvement, compared to the original range

representable range is widened to

| < 27 for double precision, and to

T1—Yk
O'noise\/E

T1—Yk
O'noise‘/z

| < 5.9 for double precision and

| < 3.9 for single precision.

It should be noted that if GTl__yf/E and :l‘?_f/’% are in different ranges of (4.10), the

importance of using different evaluations becomes less important. In this case, the

difference between the erf values is never zero. Thus, (2.46) can be used without
singularity issues.

The above described algorithm does not only widen the representable rage, but it also
improves numerical accuracy. Taking the example of (3.95) in Section 3.3, it can be
observed that both arguments are greater than 0.477. Thus, for the evaluation, (4.8)
should be used

r = erfc(b) — erfc(a), where a = 3.75 and b =3.5 . (4.12)

The relative error of single precision evaluation is

Ar
—=217- 1078 . (4.12)

This is a major improvement compared to (3.96).

4.4 Simulations and measurements

In this section, the effectiveness of the proposed methods will be demonstrated by
simulations and measurement results. First, the 3PLS method will be investigated. This
algorithm is disturbed by the imprecise phase calculation and imprecise summation.
Then, it will be shown that the proposed methods can also be applied for the case of the
MLE.

4.4.1 Accuracy improvement for the LSE

In this section, 100 noisy stimuli are generated, and their CF is evaluated with and
without correction for phase evaluation and summation errors. For the stimuli, the

following parameters are set:
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A=035 B=0.35C=05 9=2r-2"5 N =215x~32000. (4.13)

With these settings, the relative frequency can be stored precisely (it equals to 278), and
the sampling is coherent. The quantization is modelled by a uniformly distributed noise
with zero-mean, and width of Q = 1/212, that is, by the ideal quantization step of a 12-
bit quantizer. The 3PLS fitting was evaluated in four different ways. First, double
precision evaluation was applied in order to have a reference result for the latter
evaluations. Secondly, single precision evaluation was used. In the third evaluation, the
phase calculation was improved, but the summation approach was the naive one. Finally,
both phase calculation and summation of the elements of (DgDy) and (Dgx) were
improved, the latter by pairwise summation. Results were stored in vectors CFaoupie:
CFiingles CFsingle prect: aNd CFgingie precz, respectively. Table 2 shows the mean value
and the standard deviation for each vector. Besides, the on average value of the effective
number of bits (ENOB) is also represented. For detailed description of ENOB, see
Appendix A.1l. The difference between the results of the double and single precision
evaluation is mostly caused by the imprecise phase calculation. The ENOB loss due to
single precision number representation is 0.3 bits. By evaluating the phase with increased
precision (CFsingie prec1) difference between double and single precision evaluation is
reduced considerably. If pairwise summation is also applied (CFingle precz), differences

become negligible.

CFdouble Cl:“single CFsingle_precl Cl:"single_precz
Mean value 1.6268-107* | 2.4177-107* | 1.6269-107* | 1.6268-107*
Calculated ENOB | 12.000 11.715 12.000 12.000
mean (bits)
Standard 8.2714-1077 | 1.3316-107° | 8.2695-10"7 | 8.2719-1077
deviation

Table 2 — Statistical properties of different evaluations

The difference between CFjpgle and CFgjnge prec1 1S Caused by imprecise phase

calculation. This results in an increased variance in parameter estimation, and in an

increased expected value and variance in the CF evaluation for a given parameter set. For
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this latter error, approximations were made in Sections 3.1.2 and 3.1.3. The variance of
CF calculation due to imprecise phase calculation is
_ ~ _ 2 ep52 N3 R4(p4€p54 N5
var{Epmase) = var(a) + var(e) =" R80E T T g T (1)
= 1.3032-1071% + 2.8362- 10713 = 1.5868 - 10712

using (3.50),(3.56) and (3.58). From Table 2

var{CFsingle} - var{CF

singleprect

}=1.0893-10712 . (4.15)

In the derivation in Section 3.1.3, var{e‘phase} was the estimate of variance due to
imprecise phase calculation. In the simulation, var{CFsnge}— var{CFsinge preci}
shows the increase in variance due to imprecise phase evaluation. Comparing the two
results, it can be seen that var{e‘phase} was a good estimate of the increase in variance.

The increase in the expected value of the CF was approximated in (3.35)

2 1 eps? N3 ~
E{Epnase} ~ 5 R§0f - ——- 5= 6.5594-107° . (4.16)
In the simulation, the difference in mean values was
mean{CFingie} — mean{CFynge,..,} = 7.9080 - 1075 . (4.17)

The expected value of the CF is increased more than it would be expected by E{Ephase}.
This behavior can be explained (besides the estimation is based on approximation) by the
fact that E{Ephase} describes the increase in the expected value for a given parameter
vector. However, in Section 3.1.5, it was shown that the variance in parameter estimation
is also increased due to imprecise phase calculation. Thus, parameter vectors of the single
precision evaluation and the single precision evaluation with the proposed phase
evaluation are slightly different. Nevertheless, comparing (4.16) and (4.17), the
approximation of the increase in the expected value due to imprecise phase calculation
can be regarded as good.

Finally, besides ‘on average’ behavior, the CF values were compared one by one for
CFgouble aNd CFgjngie precz- ReSUlts are as follows

mean{CFsingle_precz - CFdOUble}
mean{CFqoupie}

=5.8097 - 1077 (4.18)
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and

O-{CFsingle_preCZ - CFdouble}

=3.3894-107° . (4.19)
mean{CFdouble}

It can be seen that both the mean value and the standard deviation of the error, relatively

to the double precision representation, is in the order of magnitude of eps;.

6000 r ;

5000

4000

3000

2000

1000

Difference in LSB(CF(pyg)

-1000 i -
DE LM
Parameter vector
Figure 4.3 — Cost function values in the vicinity of DE and LM optima along the
straight line between the two parameter vectors, with the proposed phase evaluation
4.4.2 Accuracy improvement for the MLE

Similarly to the LS estimation, the expectation for the ML method is that imprecise
phase calculation dominates the error in the ML cost function evaluation. Thus, first the
effect of this error is mitigated with the method described in Section 4.1.

With this supplement, the CF of the ML was evaluated in the vicinity of the original
parameter vectors ppg and pyy. The input of the optimization was the same measurement
data set as in Section 3.5. Results are shown in Figures 4.3 and 4.4. In comparison with
Figures 3.2 and 3.3, the additive noise on the CF has been significantly reduced. This is
due to the fact that the CF values are much less sensitive to the frequency. The uncertainty
of the CF is reduced to +50 - LSB(CF(ppg)). This is significant improvement compared
to the original £5000 - LSB(CF(ppg)). Furthermore, after evaluating phase information
with increased precision, the standard deviation of the CF values is in the order of

magnitude of eps,. Thus, the original expectation is fulfilled.
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Fig. 4.3 shows that LM has found a lower CF value than DE. Thus, DE was re-run
with increased precision phase evaluation. After the new run, the difference between the
CFs of LM and DE algorithms is 7.30 - 10~1>. This result is much lower than the original
6.59 - 10713, As expected, imprecise phase calculation dominates the errors for the case
of MLE, too. However, it is interesting to see why imprecise noise CDF evaluation does
not affect the result of MLE evaluation. The reason is that such cases occur very rarely
when both erf parameters are greater than 3.
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Figure 4.4 — Cost function values in the vicinity of DE and LM optima along the
parameters, holding the others constant(a-e) and along the straight line between the
two parameter vectors (f), with the proposed phase evaluation

Although in these rare cases, the evaluation is less precise as it was performed by erfc,
the resulting sum of logarithms is so large that these errors do not affect it considerably.
In this example, with parameters at which the LM found its optimal values, imprecise
CDF evaluation results in a relative difference of 3.48 - 10716 in the CF. This difference
is in the order of magnitude of eps,;. However, the proposed method for CDF becomes

useful, if large erf parameters would lead to divergence, as highlighted in Section 3.3.

4.5 Conclusions

In this chapter, efficient methods were introduced in order to increase the numerical
accuracy of sine wave fitting algorithms. First, the effect of imprecise phase calculation
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was mitigated. In the proposed algorithm, the periodic property of sine and cosine
functions is exploited. Namely,

sin(gy) =sin(2nrn+ ¢,) nEZ. (4.20)

Thus, only the fractional part of the information (é k) needs to be known in order to

calculate sine and cosine values. The proposed method is that the phase information

should be calculated by 2 <fis k>, where (-) denotes the fractional part after rounding to

the nearest integer value. During the calculation, ék and <fisk> is evaluated with
increased precision, and after the evaluation of the fractional part, the result is stored on
the original limited precision. With this method, <f£s k> is mapped to a limited range

(—0.5; 0.5], and the value of phase is also be limited to the range (—m; ]. Since the
roundoff error of floating point representation is roughly proportional to the absolute
value of the represented number, with this limitation, the roundoff error is significantly
decreased. The advantage of this method is that only the fractional part of the phase is
evaluated with increased precision. Thus, the algorithm needs extra computational
demand only at its numerical weak point. The other parts of the method can be evaluated
with the original limited precision.

It was also pointed out that the naive approach of summation may result in an error in
the fitting. In the naive approach, the next term is added to a growing sum. The effect of
this error source on the CF is much smaller than that of the imprecise phase calculation.
However, if needed, it can be significantly mitigated by applying pairwise summation
[59]. Finally, a method has been proposed to reduce the effect of imprecise noise CDF
evaluation of the ML method. The method exploits that erfc represents the difference
between 1 and erf. Thus, if the absolute value of the argument of erf is large (>3), erfc
represents the result much more precisely. A simple rule has been proposed in order to
decide, whether the calculations should be performed using erf or erfc. By this means,
numerical instability of the ML fitting can be reduced.

In Chapter 3, the possible ill-conditioning in the system of equations was also
mentioned, as possible error source. This problem will be investigated in detail in
Chapters 5 and 6.
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5 Investigation of the condition number of the LS methods

In this chapter, the condition number of the three- and four-parameter LS methods
will be investigated, extending the ideas of [52]. It will be shown that the 3PLS is well-
conditioned in its standard form. Contrarily, the 4PLS can be ill-conditioned. An
adequate pre-conditioning will be introduced in order to be able to ensure good-
conditioning.

Before investigating the CN of the LS method, some considerations should be made.
It was shown in Section 2.3 that for the calculation of the parameter vectors a pseudo-
inverse calculation is needed. In Section 3.4, it was described that for ill-conditioned
problems, the pseudo-inverse should not be calculated directly, by (3.101) since in this
case, the CN is squared. However, if the conditioning of DTD is good, the direct
evaluation can be executed in a numerically stable way. Thus, there is no need to use
computationally more demanding methods, like SVD or QR-decomposition, see
Appendix A.4.5. The aim this chapter and Chapter 6 is to ensure a small condition
number for system matrix D, applying some simple modifications in the algorithms. In
the following, it will be assumed that good-conditioning can be ensured. Thus, pseudo-
inverse can be calculated directly, and consequently the condition number of (DTD) has

to be investigated in order to characterize the numerical properties of the problems.

5.1 The three-parameter case

Firstly, the CN of the 3PLS fitting will be investigated. To this aim, the condition

number of D{D, has to be calculated. This matrix can be given as

N N N
z cos? @y Z COS @ Sin @y, Z COS @y,
k=1 k=1 k=1
N N N
DD, = Z oS @y, sin @ Z sin? ¢ z sing, |=H
k=1 k=1 k=1
N N N (5.1)
Z COS @y Z sin ¢, Z 1
k=1 k=1 k=1
iill EIZ iil?;
=\ hiz hyy hy3
hyz  hyz  hss
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In the following, the elements of matrix H = DD, will be investigated (notation H will
be explained later in this section). It will be shown that H can be approximated by a
diagonal matrix, and an upper bound on its CN will be derived. In the derivations, the

following inequalities will be used:

2 V2 I8
sing >—¢ and sin% >—¢, provided that0 < ¢ <. (5.2)

Knowing that

P1 = 2”% = Zﬂé (5.3)

the condition in (5.2) is fulfilled if

(5.4)

I

<

2|~

7T -
Q1< > that is

This condition prescribes that at least four samples should be sampled from one period.
In the following, it will be assumed that this condition is fulfilled.
Calculations of the sum of sine and cosine functions will be given in closed forms.

Derivations of these forms are provided in Appendix A.7.

Investigation of k44

The upper left element in matrix H is the sum of squared cosine values.

N N

- 1+cos2¢; N cos(N+ 1)p;sinNe,
— 2 - - . —_ . (55
hus Z oS Pr Z 2 2 + 2 sin @4 (55)

k=1 k=1

The deviation of h;; from N/2 can be upper bounded, applying (5.2) and (5.3), and

making use of fact that the absolute value sine and cosine functions is at most 1:

- N cos(N + 1)@, sin N, 1-1 1
) 2 sin ¢ - 2 N 2, N\ 6)
2 (z00)| |2 (52ny)
Investigation of Ry,
N 1w 1 sin No, sin(N + 1)
_ sin sin
hy, = Z COS @ Sin @, = —Z sin 2@, == L - L& . (67
e 2 o] 2 sin ¢4

The following upper bound can be given:
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|E | |1 sin Ng, sin(N + 1), < 1 1-1 1 N
12| = |= - < |= = = —
2 2 sin ¢4 2,(2 2, 1

2\z 1) 2 (n 2m N)
Investigation of hy3
_ N cos Gl +21)(p1 sin Népl
hi3 = Z COS @ = — o1
k=1 SIHT
The following upper bound can be given:
1 cos W +21)¢1 sin Népl 1-1 1 N
= < = = .
e sm% V2 ani 2V2]
T ¥1 T “"N

Investigation of hy,

N N
hy, = Z sinfg, =N — Z cos?g, =N —hy, .
k=1 k=1
It follows that
i N| _l5 N < N
22 2 - 11 2 —= 8] .
Investigation of 3
_ N sin U +21)<p1 sin Népl
hyz = Z sin gy =
sinﬁ
k=1 2
The following upper bound can be given:
i sin W +21)('01 sin Népl 1-1 1 N
2 sin% Q QZNL 2‘/5]
T ¥1 T “"N
Investigation of hs3
N
ii33 = Z 1 = N .
k=1

(5.8)

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)

(5.14)

(5.15)

This term always equals to N. Thus, there is no need to approximate this element.
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Summary of the results

Results can be summed up as follows:

DD, =H=H+E , (5.16)
where
N/2 0 0
H= ( 0 N/2 0) (5.17)
0 0 N

and E represents the error terms. In other words, H can be described as the sum of a
diagonal matrix H, and some perturbation that is contained in E. This explains notation
H, since this matrix can be characterized a perturbated matrix H. The singular values of
D{D, equal to the singular values of H + E. Based on the derivations above, upper

bounds on the elements of E are:

.1 T
/‘8 —8 ‘2\/?\
E _N L . | (5.18)
Tl T8 T8 T2v2 '
PRI 0
22 T 2V2

Knowing the bounds on the elements of E, eigenvalues of H can be estimated. Let us
notate the eigenvalues of H with 1; and the eigenvalues of H with A;. From perturbation

theory on eigenvalues, the following limits can be given [77]:
12 = 4| < Eull; < By llF (5.19)

where ||-||, denotes the 2-norm and ||-|| denotes the Frobenius norm, see Appendix
A.4.2. However, for the calculation of the CN, the singular values are needed. Since H =
DD, is symmetric and positive semidefinite, it follows that its eigenvalues equal to its

singular values, see Appendices A.3 and A.4. Thus,

0.75N
|si = Sil < |[Epllz < Epllr = 5 (5.20)

holds, where the singular values of H and H are denoted by s; and §;, respectively. It

follows that the following limitation can be given on the CN of the 3PLS:
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max(§;) < max(s;) + ||Ep ||

cond(D{D,) = cond(H + E) = (5.21)

min(3;) ~ min(s;) — |[|Eplls

It is obvious from (5.17) that the largest s; equals to N and the smallest s; equals to N/2.

Consequently,

N+ O.75N 14 0.75
cond(D{D,) < N O.]75N = ({75 if J>15. (5.22)

The condition on J is needed in order to ensure that the denominator is greater than 0. It
follows that the CN is lower than 11, provided that the number of sampled periods is
greater than 2. If J is increased beyond 4, the CN drops under 3.8.

Inequality (5.22) can be approximated by

14075
7 4.5
cond(D{D,) < 2—1]5 ~ 2+ T if J islarge. (5.23)
1 —==
J

It can be seen that the condition number is small and it is inversely proportional to the
number of sampled periods. Consequently, it is not important to use computationally

more demanding decomposition methods.

5.2 The four-parameter case

In this section, the CN of the 4PLS will be investigated. It will be pointed out that the
CN can be decreased significantly by proper pre-conditioning. Contrarily to the 3PLS, it
will be shown that D{D; cannot be approximated with a diagonal matrix. Thus,
perturbation theory on eigenvalues cannot be applied as effectively as in the of the 3PLS.
Instead, a derivation for optimal pre-conditioning, assuming some conditions, will be
presented. Results will be verified through simulations.

As it could be seen in Section 3.4, the 4PLS can be very much ill-conditioned. It is
easy to construct ill-conditioned examples, even with condition numbers that are higher
than 1/eps; = 4.5+ 10%°. For example, for a sinusoidal signal with the following
parameters

Y = A;cos@y + B; - sinp, +C; k=1..N, N = 10°
f 1 (5.24)

A; B; C;) = (20000 25000 2'%), —=—-,
(A; B; C) =( ) fi 1000
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the CN of direct pseudo-inverse calculation is
cond(D{D;) = 1.37 - 1021, (5.25)

In Section 3.4, it was described that the ill-conditioning is caused by the estimation of
the frequency. The fourth column of D; may cover several orders of magnitude. Thus,
the behavior of this column is significantly different from the first three columns. The
problem can be mitigated by scaling the fourth column properly [61]. In linear algebra,
this technique is called pre-conditioning, see Appendix A.4.6. Formally, instead of D;,

P - D; is investigated, where

(el )

(5.26)

oSO R OO

0
0
0
1/y

S OO

0

The effect of this preconditioning is that the fourth column of D; is divided by y, that is,
it is scaled. By this means, the system of equations is changed. The new solution of the

system of equations is
0,5 = [(P-D)"(P-D)]"'(P-D)™x = (DJPPD,) ' (P-DY"x ,  (5.27)
where ;. denotes the solution vector of the scaled system of equations. Since P is
diagonal, PTP = P2 and
D{PTPD; = P?D]D; . (5.28)
The solution of the new system of equations is
0;5c = (DTPTPD;) " (P-D)Tx = (P2D'D,) (P~ D;)"x
= (DTD;) " (P2)~'DTPTx = (DTD,) DT (P?)~1PTx  (5.29)
= (DTD;) 'DIP1x .
Compared to the original problem, the fourth parameter is modified:
0lc =4 By C y(a9),) . (5.30)
The method is advantageous if
cond(P - D;) « cond(D;) . (5.31)

In [62], it was shown that the CN of D] D; can be descreased to approximately 14 in case
of long records. Furthermore, an optimal scaling factor was derived in part. In the
following, also the missing part of this derivation is provided, and (assuming some

conditions) an optimal scaling factor is given that minimizes the CN of DT D;.
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The CN of the pre-conditioned problem can be investigated by the following
equations:

(P- Di)T(P D) = (D;'I‘Di)sc = i:Isc = Hsc + Egc (5.32)

where E. contains the error terms of the scaled matrix H., and

N 0 . BNZ 1 0 o B
2 4y /2 4y \
N AN? | 1 AN |
w0 5 o -=|_yl0 5 0o -=|
sc — 2 4Y - | 2 4Y | 5.33
0 0 N 0 o o 1 o | 63
BN?  AN?Z R2N3 BN AN 0 RZNZ/
— 0 _
4y 4y 6y2 4y 4y 6y?
=NHSC2 .

The upper-left 3x3 matrix coincides with (5.17). It is obvious that the optimal y is
proportional to record length N and to aggregated amplitude R. In the following, it is
assumed that Eg. = 0. Thus, the conditioning of Hg has to be investigated. To this aim,
singular values (5.33) have to be determined as a function of y. However, in order to be
able to determine the CN, it is sufficient to determine the singular values of Hgc,.
Namely, the singular values of Hg. equal to N times the singular values of Hg,. Thus,
the ratio between singular values remains unchanged. Since Hg., is symmetric and
positive semi-definite, s; = A;. Eigenvalues A; are the roots of the characteristic

polynomial of Hg,. From (5.33):

R AN AN
C(A)=[0.5—A]{(05 A)(l—l)(—Nz—/1>———(1—/1)}
% 4y 4
—E(o.s—A)Tym—A)
2 27N 2 2N 2 (534)
= (0.5—-)(1—-21){(05-2) Roye—q) AN BN
©. ' 6y 16y2  16y2

=C) =(05-1)(1-2) {(0.5 ) (:;;NZ - /1) - 1}6?; NZ} .

It follows that s; = 1 and s, = 0.5 are always singular values. From the third term, the

other two singular values are:

R? ) R? R2N? R2N? (5.35)
2 2
C,(D) = (05— /’l)(—N —A) =5 N = =5 =051 ———1
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+22 REN® = A2 RENT +05 |1+ REN
16y2 6Y2 ' 48y2

The third and fourth roots of the characteristic polynomial are:

2pN2 2N2 2 22
BN s [ gs)

- 12y2 (5.36)
53’4 = 2 .
. R2N? . g .-
Let us use notation z = o After simplifications we get:
5+05+\/ﬁ+i+025
6 P E\Z6 T2 (5.37)
53'4 = 2 .

If z is close to zero, s; = 0.5, and s, gets close to 0. Thus, the problem becomes ill-
conditioned because of s,. Contrarily, if z is large, s; = z/6, and s, = 0.25. Thus, the
conditioning of the problem becomes ill with increasing z, too. The minimal condition
number can be achieved at z = 3.429, see Fig. 5.1. The optimal scaling factor that

minimizes the CN of the problem is therefore:

_ RN RN
Yorr = 3779 1852

and the CN of Hg, is 14.0 in this case.

(5.38)
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z= R2N2/y2

Figure 5.1 — Condition number of (D{D;) _ as a function of z, from [52]
SC

This is a major improvement, compared to (5.25). The result shows that the minimal CN

given in [62] can be reached. As expected, the scaling factor depends on the record length
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and the aggregated amplitude. The derived scaling factor coincides with [62], except
(5.38) also contains record length N. However, this is a significant difference.

This derivation holds only if E;. = 0. In Section 5.1, perturbation theory on
eigenvalues was utilized in order to derive the upper bound on the CN assigned to the
3PLS fitting. In that case, the largest and smallest singular values of the unperturbated
matrix H were N and N/2. In case of the 4PLS, the largest singular value is N, and the
smallest singular value equals to 0.07N. The perturbation theory on eigenvalues cannot
be utilized as effectively for the 4PLS as for the 3PLS. Namely, the same perturbation
on 0.07N influences the upper bound on the CN much more, than on N/2.
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Figure 5.2 — Histogram of CNs of (D{D;) _ for different numbers of
SC

sampled periods J [52]

5.3 Simulation results

In order to show the gained reduction of the CN of the 4PLS in case E;. # 0, a Monte
Carlo simulation was carried out with the following parameters: J/N was uniformly
distributed in [1073;0.25], A and B were uniformly distributed in [0; 20000]. The
simulation was run for 10° times in four different cases: first, the number of sampled

periods was uniformly distributed in [4; 5]. Besides, the simulation was run with period
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lengths uniformly distributed in [19; 20], [49; 50] and [100; 101], too. Results can be
seen in Fig. 5.2.
It can be observed that if at least 4 periods are sampled, the CN of (D{ D;)__ is between

14 and 20. For increasing record lengths, as expected, the condition of the derivation
(Egc = 0) is fulfilled better. For 100< J < 101, the CN is between 14.0 and 14.2.

5.4 Pre-conditioning of the MLE

Although derivations were carried out for the LS estimators, the derived pre-
conditioning can also be applied in the ML fitting. In the ADC testing MATLAB-toolbox
[1], the Levenberg-Marquardt algorithm is utilized for the maximum likelihood
parameter estimation, see Appendix A.5.1.4. In iteration step i, the needed change in the

parameters is

92CF(0) )‘1aCF(e) (5.39)

(Ae)i:'_< 0100 M) G

where 1 is the identity matrix and A is the parameter of the LM method (the effect of A is
described in Appendix A.5.1.4.). In the vicinity of the optimum, A can be decreased so
that the Hess-matrix

92CF(0)

5.40
00700 (540)

becomes dominant besides AI. Thus, the CN of the Hess-matrix gives an upper bound on

the accuracy of the calculations.

CN before pre-conditioning CN after pre-conditioning
3.25- 101! 23.18
4.01-101 30.59
4.64-1011 35.81
9.25-101 41.44

Table 3 — CN of the Hess-matrix of the MLE with and without pre-conditioning

Similarly to the case of the LS, the Hess-matrix is ill-conditioned, if the frequency of the
signal is estimated besides amplitude parameters. The reason is that the Hess-matrix

behaves similarly to matrix D] D;: in its rows and columns that are connected to the
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frequency component, the values grow proportionally to the record length. Thus, with
increasing record length, the CN of the ML method increases, as well. Consequently, by
applying scaling factor (5.38), we can expect considerable improvement in the CN.

The effect of pre-conditioning was investigated for the case of ML fitting. For this
purpose, the CN of the Hess-matrix was evaluated without and with the preconditioning
of the frequency component. The scaling factor was the same as for the LS estimation in
(5.38). The evaluation was performed with the ADC testing MATLAB-toolbox [1] with
double precision. Every data set contained N = 10° elements. Results are represented in
Table 3. It can be seen that although the scaling factor was derived for the LS estimation,

it also improves the CN of the ML estimation considerably.

5.5 Conclusions

In this chapter, the condition numbers assigned to the 3PLS and 4PLS methods have
been investigated. It was proved that an upper bound on the condition number assigned
to the 3PLS can be given. To this aim, perturbation theory on eigenvalues was applied
[77]. It was shown that the matrix that determines the condition number of the 3PLS
(D{D,) can be approximated with a diagonal matrix. Then, upper bounds on the
approximation error were derived. Provided that //N < 1/4 holds, that is, at least four
samples are sampled from one period, it was proved that the condition number assigned
to the 3PLS can be upper bounded: it is smaller than 11, if ] > 2. If Jis increased beyond
4, the condition number drops under 3.8. The derived upper bound is roughly inversely
proportional to the number of sampled periods, and with increasing J, it approaches 2.

Besides, the CN of the 4PLS has been investigated, too. It was pointed out that
increasing the amplitude of the sine wave or increasing the record length increases the
CN. Matrix D] D; was approximated, and this approximation highlighted that the CN is
proportional to the record length and to the aggregated amplitude of the sine wave. With
the pre-conditioning of the approximating matrix, an optimal scaling factor was derived
for which the CN of the matrix is minimal. It was derived that the CN can be decreased
under 15, assuming the approximation conditions are valid. The derived results were
verified with simulations in which D D; matrices were simulated without approximation.
The simulations showed that the derived pre-conditioning is effective, and the
approximation becomes better with increasing number of sampled periods. Finally, pre-
conditioning was also shown to be an effective method to decrease the CN assigned to
the ML estimation.
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6 Data centering of time instants

In this chapter, a data centering technique will be introduced, based on [52]. It will be
pointed out that with this technique, the 4PLS matrix D] D; can be made approximately
diagonal. Thus, with appropriate pre-conditioning, the condition number assigned to the
4PLS problem can be reduced significantly. Data centering can also be applied in case
of the 3PLS. In the following sections, the upper bound on the condition number of both
the 3PLS and 4PLS methods will be proved to be inversely proportional to the number
of sampled periods. Furthermore, for large number of sampled periods (/ > 10,//N <

1/4), the condition number of both methods can be decreased under 1.5.

6.1 Description and measurement

As described in Section 2.3, in practical applications mostly uniform sampling occurs
and in the measurement, k goes from 1 to N. However, [2] does not define time instants
tx. Since the offset of time is usually not important in time invariant systems, the starting
value of k can be chosen arbitrarily. This way, an offset is added to the time axis, similarly
to data centering for polynomial fitting [63]. Thus, time instants of the measurement can
be transformed so that they become symmetrical to zero. By this, it will be shown that
for long records (J > 10,//N < 1/4), D]D; can be approximated with a diagonal
matrix. Thus, we can expect improvement on the condition number.

With data centering of time instants, ¢ = 0 can be shifted to the middle of the data set.

Formally, the needed time offset / can be calculated as:

N+1

After this data centering, the optimization will be evaluated with the following

parameters:

(67) =(4; B i (29)) (6.2)
that is, the offset and the fine tuning of the relative angular frequency remain unchanged,
while A; and B; are the amplitudes at r=0. With the new parameters, the time domain

signal can be described as:

Y = A" cos(@y_y) + B' - sin(gy_) + C. (6.3)
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Notice that the index of y is unchanged, since data centering does not influence the fitted
sine wave as a time domain signal. The original parameters can be calculated with the

new parameters:

A= A’ cos (2n£l) _ B'sin <2n£l)

ffs f (6.4)
B = A'sin (Zn—l) + B’ cos (27r—l) :
fs fs
Naturally, the aggregated amplitude remains unchanged:
R =+A'2+B'2 =\ A% + B2, (6.5)

This technique becomes advantageous if every data point is used, that is, there is no
discarded sample. Namely, in this case, it can be exploited that due to symmetry, the sum
of odd functions is exactly 0. Both three- and four-parameter LS matrices contain sums
of functions of sine and cosine values. Consequently, every element is the sum of even
or odd functions. Data centering sets time parameters so that the sampling instants are
symmetrical to zero. For odd functions, for instance, for sin(a), the following equation
holds:

N

Z sin(@r_y) =0 . (6.6)

k=1
The sum is exactly zero. Thus, there is no need to calculate it in N summation steps.
Similarly:
N

N
1
> sin(gr) cospy) = ) 5sin2gp) =0 . (6.7)

k=1 k=1

After describing data centering of time instants, its effect on both the 3PLS and 4PLS
will be demonstrated. In order to further increase numerical stability, the original
algorithm is also slightly modified at another point. It can be seen from (5.17) that the
conditioning of H is not optimal. It could be improved if the offset component in the
system matrix were scaled, similarly to the case of the 4PLS in Section 5.2. Now, the
third column of D', and D’; should be divided by /2 to ensure that the third diagonal
element in H' is equal to the first two diagonal elements. Certainly, the parameter vector

is also modified:

(87) = (4; B} cVZ y(29),) . (6.8)
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After this modification, let us observe the effect of data centering. Calculations of the
sum of sine and cosine functions will be given in closed forms. Derivations of these forms
are provided in Appendix A.7.

6.2 Condition number reduction for the 3PLS

The effect of data centering and dividing the third column of D, by V2 on the 3PLS

is the following, assuming that (5.4) holds. Similarly to the original problem, (DD,)’
has to be investigated:

N N 1 N
Z cos® @y, z COS Pj—; SIN Py TZ COS Pg—1
k=1 k=1 2 k=1
T 1 c . > . 2 1 l .
(DgDy)’ = Z COS P Sin Py Zsm i1 EZ sin @y,
k=1 k=1 k=1
N N N (6.9)
5. 52 7)1
= COS Pr—1 = SIN P >
ﬁk:l ﬁk:l 2k=1
(R B, R
=H'=|hi, hyp ha3
hizs hys  hss

The elements of H’ are sums of even or odd functions. Since time instants are symmetric

to zero, the sum of odd functions equal to 0. Thus, we get:

N 1 N
Z c0s2pp_, 0 —Z COS Q) _;
) 3 3 P \/Ekzl
his hi, his N
h:llz héz héB _ O ZSinZQDk—l 0 . (610)
Ris Ry R v
1 Z 0 N
— ) COSQry 2
\/Ek=1 ’
Investigation of k',
N 1 N 1sin(Ne,)
_ Sin P1
h11 = kz_lcosz(pk_l =§kz_1 1+ cos Zq)k_l = E + EW . (611)

The following upper bound can be given:
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~ N 1sin(N 1 1 1 1 N
R e e R et it R
& o1 "7y
Investigation of /3
. (No,
_ 1 1 SIm\——
hiz = _z COSPy—1 = ——( (/? ) . (6.13)
\/Ek=1 V2 sin71
The following upper bound can be given:
P1
- sin 1 1 N
|Ris| = ﬁ( 2(,)1) \—=l=7|"%- (6.14)
g | v2e| Iz2ry
Investigation of hj,
N N
Bo= ) sinfg =y 1-costp = N—hy . (619
k=1 k=1
The following upper bound can be given:
_ N . Ny N
h), _§| = |h}, — §| = T (6.16)
Summary of the results
Results can be summed up as follows:
(DEDO), = ﬁ, =H’ + E’ (617)
where
N/2 0 0
H = ( 0 N/2 0 ) (6.18)
0 0 N/2

and E’ contains the error terms. Based on the above presented derivations, upper bounds

on E’ are:
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1o 4l

(50 =3)
N _ (6.19)
o)

The Frobenius-norm of this matrix is:

0.395N 0.4N . (6.20)

E; =
|Ep |l £ 7 < 7

Thus, the condition number of (D{D,)’ can be upper bounded by:

max($;) - max(s;) + ||Ep |7

cond(H) = cond{(D{D,)'} = min(3;) — min(sy) — E, |l

(6.21)
05404
< 04’ if ] >0.8
0.5—];

This upper bound can be approximated by:

0-5 + % 1.6
cond {(D{Dy)'} < —0a "~ 1+—, if J islarge. (6.22)
: J
0.5 — T

Comparing (5.23) to (6.22), it can be observed that the upper bound of the condition
number has been reduced significantly. In fact, with data centering and scaling the third
column of Dg, the condition number is always smaller than 1.5, if at least 4 periods are

sampled, and at least 4 samples are sampled from one period.
6.3 Condition number reduction for the 4PLS

In the four-parameter case, an extra column is added to the system matrix. In this case,

the problem becomes iterative. Let us consider the case when the sampling instants are

symmetric to zero, that is we have D}, and the third column is divided by v/2:
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1
COS (_ sing,_; — D,
( P11 P11 2 i,14 \‘
1
;| cosg,_ sing,_; — Djas |
D! = | P21 $2-1 2 Lo =0k=-1,
: (6.23)
_ 1
COS PN SIn Py ﬁ D; na
[ = N+1
2
where:
Dijs = —Ai_1(k =1 -singy_ + Bi_1(k =1 - cos gy . (6.24)

In order to simplify notations, in the following A" will be used instead of A4;_,, and B’

will be used instead of B;_,. The upper left 3x3 matrix in (Dl-TDl-)' can be calculated the

same way as for the three-parameter case in Section 6.2. Thus, only the fourth column in
(DTD;)" will be investigated:
(DD,) (:.4) = A'(:,4)

N

Z —A'"(k — 1) sin @j_; cos @y_;
k=1

N ~

Z B'(k — 1) singy_;cospy_; @14 (6.25)

— k=1 — @24

1 ZN: Ak — D si h34/

— ) - — 1) sin @y _ P

‘/Ekzl Pr—1 hya

N
Z A (k — 1)%sin? @y_, + B"*(k — )% cos? ¢y,
k=1

where A" and B’ are the cosine and sine amplitudes in the fitted sine wave. In this vector,
only the even functions have been considered, since the sums of odd functions equal to
zero. In the derivations, it will be assumed that (5.4) holds. Besides, it will also be

assumed that at least four periods are sampled:

4<]. (6.26)
Substituting this to (5.4), we get:
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11 (6.27)
J2T4
Investigation of k',
N 1 N
hi, = Z —A'(k — 1) sin @y_; cos py_; = _EA, Z(k — 1) sin2¢y,_;
k=1 k=1 (6.28)
1, NcosNp,; 1 . cos<p1>
B 2A ( 2 sing, +ZsmN(plsin2<p1 '
The following upper bound can be given:
ST Y NcosNp; 1 . cos<p1>
|h14| B |A ( 4 sin ¢, * 4smN(p1 sin? ¢
(6.29)
< |A] N 1 N 1-1
T4 2,000 12, Ty?
w2yl |(z2my)
Using (6.27):
|4’

MES N S A (TR
4 Wi 21 =4 |\ 4 4]
sl |(a4) 167 (6.30)

N2
i

Investigation of hj,

|| <

N2 . N2 |A'|N?
4] " 64) 15]

N
hys = Z B'(k — 1) singy_; cos pp;

k=1 (6.31)
NcosNep; 1 COS @1 >
=B'(— — —sinNp, ——] .
( 4 sin¢, * 4SNP G2 01

The following upper bound can be given:

- B'|[ N> 1-1 B'|/(N? N? B'|N?
|hé4|su —+ :I | — LY . (6.32)
4 4] 4] 4 \ 4] 64] 15J
16N2
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Investigation of hj,

- A
! =Z—— k — 1) sin gy
34 L \/E( Pr—1
(6.33)
_ A" Ncos épl +lsin(N(p1) cos%
V2\ 2 sinfL 2 2 sinz%
The following upper bound can be given:
N
I |A’] Ncos 301+ . (ng)cosqoz1
= — sin | ——
34 2\/§ Sin% 2 Sln2 %

|A’|/ 1 1 \I— |A'|<1v2 1v2> (6.34)
)

SzﬁlNﬁz I V2. IV | 22 22y 8
\ T ‘N <727TN>

|A|< +N2> |A’|N?

T 2v2\2v2] 32])  s5V2)

Investigation of hj,

Faq = z A% (k — D)%sin? @y_; + B"*(k — )% cos? ¢

— cos 2<p 1+ cos2¢y_
E A’Z(k kol B’Z(k—l)z—k !
(6.35)

N
1
= 52 A% (k — D21 — cos 2¢x_;) + B *(k — D2(1 + cos 2¢;_;)

N N
1 1
= EZ:(A’2 + B’Z)(k -D?+ EZ(BIZ - A’Z)(k —D?cos2¢@y_; -
k=1

k=1

Using that A’ + B> = R2, the first sum is [50]:
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N 2 N
N k- 17 = R?Z(k -1y
k=1 =

LD YY)

k=1

_R*(N(N+1)(2N +1) N(N + 1)
—7( c -2l 5 +le)

_ R72<2N3 - ?;NZ N W ;L 1) N(N2+ DG : 1)2> (6.36)

R? ([2N3 +3N?+ N N3+2N?4+ N N34+2N?+N
— 2 6 - 2 + 4

R? (2N3 +3N?2+N N3 +2N?+N
2 6 4

_ R?* (4N® + 6N? + 2N — 3N® — 6N? — 3N _R2N3—N_RZS
T2 12 - 24 1
where
3 _
s, =N N (6.37)
24

Thus, the following upper bound can be given:

1
[Faa — RZS;| = 5|B"* — 4"

N
Z(k —D?%cos2¢y_,
k=1

1 N\?sin N 1/sinN 1 cos?
== |B"% — 47 (_) . P, 2 P . & $1
2 2/ singp; 2 2 sin ¢4 sin3 ¢,
N cos
+—cosN<,olT('o1
2 sin“ ¢4 (6.38)
< |B? a7 o111 2 N1
=1E T B2, 7 8lz, T T
2 —2m 5= Lol iy P
"N TN (nan) (nan)

<|B"”? — 4" AR s
= 32 ' 32] ' 256J° ' 64)2
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<|B"? -4 Al PR N + v
= 32]  32]  4096] 256j)
SinceJ = 4andJ/N < 4 hold, at least 16 samples are sampled, thatis N > 16. It follows

that

2 3
igi.(ﬁ> L N (6.39)
16/ —8192]

With this expression:

N3 N3 N3 N3 }

1 p2 12 a2
|Rh — R%S)| < |B"" - 4 |{32]+8192]+4096]+256]

(6.40)
N3 R?N3
<|B?-4%—=<
| |28] = 28]
Summary of the results
Results can be summed up as follows:
(DfD,) =H =H' +F' (6.41)
where
N/2 0 0 0
, [0 N2 0 0 6.42
H=l o 0o N2 o (6.42)
0 0 0 R2%S,
and
1 1 |A"|N
+= 0 +-—
8 4 15
0 + 1 0 IB'IN
N ~8 15/
0 6.43
+— 0 0 —
4 5v2]
|A'IN |B'IN |A'IN R?N?

15] 15/ s5y2] 28]
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Matrix H' is ill-conditioned for long records and for large R values. Thus, proper scaling
is needed to ensure well-conditioning. The needed scaling factor is that ensures that the

last element in H' also becomes N/2 equals to:

’ 2R251 251 IV2 - 1 (644)
14 _j N _RJT_RJ 12

Since the last row and column of H' is divided by this scaling factor, the upper bounds

in E;, divided by y’ remain upper bounds, if ¥’ can be lower bounded:

NZ -1 N2 RN (6.45)
[ > —— : > ] .
v RJ 12 —Rj12.25 350 1 N=16
The scaled matrices can be given as:
(D{D;), = Hic = Hic + Ef (6.46)
where
N/2 0 0 0
, [0 N/2 0 0 6.47
Hee =1 ¢ 0 N/2 0 (6.47)
0 0 0 NJ/2
and
+ 1 0 + 1 3.5 |A'|
— 8 4 15 R
0 +1 0 3.5 |B'|
, _N ~8 15 R (6.48)
Bsep =7 1 3.5 |A'] '
+-— 0 0 —_——
4 5V2 R
3.5 |A'| 3.5 |[B'| 3.5 |A'| 12.25
15 15 R 5y2 R 28

For the calculation of max||Eg || . the maximum of squared sum is searched in
N 2 N 2 N
L3904 (35BN (354 (6.49)
“15R ~15 R “5V2R
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as a function of A’ and B’, knowing that B’ =+ R2 — A’*>. The expression has a
maximum at A’ = R, and the sum equals to 0.30 in this case. Thus, the maximum of the
Frobenius-norm can be given by:

0.973N 0.98N

maX”E;C,b”F = i < 7 iffj >4 . (6.50)

In this case, the condition number of Hg. can be upper bounded by:

_ max($;) max(s;) + ||E;C,b||1:'

- min(§i) min(Si) - ”Eéc,b”F

cond(H;.) = cond {(D}"Di);c}

(6.51)
05+ 958
05—~

provided that (5.4) holds and at least 4 periods are sampled. The result can be

approximated:
0.5+ 0.98
_ 7 392 6.5
cond(Hj) < —598 ~ 1+——, if J islarge. (6.52)
05— =1~ J

The bound means that the condition number is guaranteed to be under 3, if at least four

periods are sampled, and at least four samples are sampled from one period.
6.4 Simulation results

In this section, it will be shown that the derived upper bounds on condition numbers
are not exceeded. The condition numbers that are assigned to the 3PLS and the 4PLS
fittings are independent of the measured data set. Thus, no measured data is needed. The
upper bounds can be investigated by simulations.

Similarly to Section 5.3, a Monte Carlo simulation was carried out so that //N was
uniformly distributed in [1073;0.25]. In the 4PLS fitting, A and B were uniformly
distributed in [0; 20000]. The simulation was run for 10° times in four different cases:
first, the number of sampled periods was uniformly distributed in [4; 5]. Besides, the
simulation was run for period lengths uniformly distributed in [19; 20], [49; 50] and
[100; 101], too. Result of the 3PLS fitting can be seen in Fig. 6.1.
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Figure 6.1 — Histogram of CNs of (D3 D,)’ for different numbers of sampled periods J

It can be observed that the condition numbers decrease with increasing J. Furthermore,

the derived upper bound

05+%
— L ity >08 (6.53)
0.5 - T

is not exceeded: if J € [4; 5], the upper bound equals to 1.5, if J € [19; 20], the upper
bound is 1.088, if ] € [49; 50], the upper bound is 1.033, and if ] € [100; 101], the upper
bound is 1.016. Result of the 4PLS fitting can be seen in Fig. 6.2. The derived upper

bound
05+ 238
0.5-— T

is not crossed in this case, either: if J € [4;5], the upper bound equals to 2.92, if | €
[19; 20], the upper bound is 1.23, if | € [49;50], the upper bound is 1.08, and if ] €
[100; 101], the upper bound is 1.04.
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Figure 6.2 — Histogram of CNs of (D7 D;)"_for different numbers of sampled periods J
SC

6.5 Proposed evaluation of LS algorithms

In this section, the evaluation of the 3PLS and 4PLS methods will be investigated.
Since in Sections 6.2 and 6.3, it was pointed out that the algorithms are well-conditioned,
at least after proper scaling for the 4PLS, the direct evaluation of the pseudo-inverse
calculation can be applied. Furthermore, data centering was shown to be an effective
method to improve conditioning. Thus, (D{D,)’ and (D?Di);c will be calculated. The
definition of these matrices can be found in Sections 6.2 and 6.3. Proposals on the
evaluation will be presented for the 3PLS, but they are also valid for the 4PLS. Thus, in
the following, (D3 D)’ will be investigated.

First, it can be noticed that this matrix is symmetric. It follows that 6 elements have
to be calculated instead of 9. Furthermore, h'55 equals to N /2. Thus, there is no need to

calculate it. Finally, using trigonometric identities

511 =N — rlzz ) (6.55)
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that is, only one of these elements has to be computed. To conclude, only 4 elements from

9 has to be evaluated in order to be able to construct (DiD,)’. For the 4PLS, 8 elements
from 16 have to be calculated to construct (DiTDL-);C.

If data centering is also applied, h,, and h,; are exactly 0. Thus, for the 3PLS 2
elements, for the 4PLS 6 elements have to be determined. From a numerical point of
view, it is beneficial if it is known that the value of an element is exactly 0. In this case,
the result is exact and it is not distorted by the roundoff errors that are accumulating when
summations are performed, or the roundoff error due to imprecise phase evaluation
cannot be neglected, see Sections 3.1 and 3.2.

Furthermore, roundoff errors can be decreased for all matrix entries in (DiD,)’ and
(DiTDl-);C, considering the following. Every element is a sum of cosinusoidal and

sinusoidal functions that are equally sampled. (The only exception is hs5, but as it was
discussed, it is always equal to N/2.) For these sums, a closed formula can be derived,

see Appedix A.7. For example,

N
- N cosNg,sin(N + 1)@,

_ 2 _N (6.56)
hq1 E cos“ ko, > + Zsing, .

k=1

By this means, there is no need for summation. The sums can be calculated with a few
multiplications and additions. Thus, the result is not distorted by the roundoff error of the
summation. In addition, roundoff errors due to imprecise phase calculation can be
eliminated, provided that phase information (N — 1) ¢ is determined precisely.

It follows that accuracy is also improved. This is especially important if the number
of sampled periods is large (J > 10) and/or if single precision evaluation is applied, see
Sections 3.1 and 3.2. To conclude, the results of Sections 6.2 and 6.3 can be summed up
in the following steps:

e use data centering of time instants, that is, shift t = 0 to the middle of the data
set;

e divide the third column of system matrix D, or D;, after data centering, by
V2;

e in case of the 4PLS, divide the fourth column of D’; by y' in (6.44);

o for the calculation of the sums in (D§D,)’ or (D{D;)’ use closed formulas,

and also take into consideration that these matrices are symmetric;
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e calculate the pseudo-inverse directly;

e calculate the parameter vector;

e to get the original parameter vector, divide the offset by /2 and in case of the
4PLS, divide the frequency change by y'. To get original parameters A and B,
use (6.4).

6.6 Conclusions

In this chapter, it was pointed out that with a simple modification, the matrix that
determines the condition number assigned to the 4PLS (D7D;) can be made
approximately diagonal. While running the investigated fitting algorithms, it is usually
assumed that the measurement started at time instant t = 0. However, the sampled signal
is processed offline. Thus, t = 0 has no physical meaning, and it can be arbitrarily
shifted. With the modification of time axis parameters, t = 0 was set so that it is at the
middle of the data set. With this data centering, sampling instants of the samples are
located symmetrically to this instant. Formally, an offset is subtracted from the ordinal
number of the sample k. The needed time offset / can be calculatedas [ = (N + 1)/2, and

the new instantaneous phase is

P =9k =1 . (6.57)
Certainly, this modifies the parameters of the description, but data centering does not
influence the fitted sine wave as a time domain signal. This method makes the modified
4PLS matrix (D7 D; )’ approximately diagonal. After the modification, it was proved that
if the third column of the modified 4PLS system matrix D’; is scaled (divided) by v/2,

2_
and the fourth column is scaled by R % the condition number of the scaled matrix

(Dl-TDl-)'SC approaches the optimal 1.
Data centering can also be applied in case of the 3PLS. In this case, it was proved that

by scaling the third column of the system matrix by /2, the optimal 1 can be approached,
too.
Finally, some proposals have been made in order to evaluate 3PLS and 4PLS

effectively so that their condition numbers remain small.
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7 Summary and outlook

In this thesis, it was shown that imprecise phase calculation and ill-conditioning in the
system of equations can significantly decrease the numerical accuracy of three- and four-
parameter least squares sine wave fitting algorithms. Solutions have been proposed in
order to mitigate the effect of both error sources considerably.

By the application of the proposed solutions it can be certified that the results are not
affected by the phase calculation errors. Besides, it can be guaranteed to the user of the
algorithm that by fulfilling certain conditions, the condition number assigned to the
algorithms remain low. Consequently, the investigated algorithms can be implemented
in a numerically robust way even in single precision. Thus, the cost of the equipment that

is needed to execute sine fitting, can be reduced significantly.

7.1 New scientific statements — Theses

The new scientific results of the thesis can be summed up in the following two
statements:

Thesis 1 — | have shown that due to floating point number representation, the evaluation
of the instantaneous phase of the sine wave is distorted by roundoff errors that increase
with the ordinal number of the sample. These errors increase the expected value and the
variance of the least squares cost function. | have calculated the increase in the expected
value and in the variance under the following assumptions: the roundoff errors are
independent and uniformly distributed, the effects influencing the sine wave are modeled

as additive independent noise with uniform or Gaussian distribution.

1.1 I have shown that the increase in variance term of the LS cost function
that is dominant in practical applications, and the increase in the expected
value of the LS cost function can be by more orders of magnitude larger
than the roundoff error of the floating point number representation. In the
applicability range of the assumptions, these values are approximately
proportional to the record length and approximately squarely proportional
to the number of sampled periods and to the relative number
representation accuracy of the floating point representation.

1.2 | have given an effective algorithm in order to increase the accuracy of

phase evaluation. This algorithm calculates the instantaneous phase with
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increased precision. Exploiting the periodicity of sine and cosine
functions, the result is mapped to range (—m; ]. The method upper
bounds the maximal roundoff error that occurs at the representation of the

phase information on finite precision.

Related own publications: [51], [56], [57]

Thesis 2 — | have determined upper bounds on the condition numbers that can be assigned

to the three- and four-parameter least squares sine wave fitting algorithms.

2.1

2.2

| have proved that with equidistant sampling, recording at least four samples
from one period, using every sample in the record, the condition number
assigned to the standardly formalized three-parameter least squares sine

wave fitting method can be upper bounded by

1+0.}75
—0.7% ' J>15, (71)
OS—T

where J denotes the number of sampled periods. (Time instants of the

standardly given algorithm were determined by formula
_k
fs

where f; denotes the sampling frequency.)

t, k=1..N (7.2)

| have proved that with equidistant sampling, recording at least four samples
from one period, using every sample in the record, setting time axis
parameters symmetrically with respect to 0, and scaling the DC component
of the system matrix by v/2, the upper bound on the condition number that

can be assigned to the three-parameter least squares sine wave fitting

algorithm is
05+%%
— 04 J > 0.8. (7.3)
0.5 — T

where J denotes the number of sampled periods. By this means, | have
proved that by increasing J, the theoretical minimum of the condition

number can be reached asymptotically. (By setting time axis parameters
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symmetrically with respect to 0, sampling instants were calculated by

formula

k=l 1N z—N+1) (7.4)
— N, —. _

2.3 | have proved that with equidistant sampling, recording at least four

tk=

samples from one period, using every sample in the record, setting time
axis parameters symmetrically with respect to 0, scaling the DC

component of the system matrix by v2 and the relative angular frequency
component of the system matrix by R /% the upper bound on the

condition number that can be assigned to the four-parameter least squares

sine wave fitting algorithm is

054098
~— 098"’ J=4 (7.5)
0.5 - T

where R is the amplitude of the record, N is the number of samples and, J

denotes the number of sampled periods. By this means, | have proved that

by increasing J, the theoretical minimum of the condition number can be

reached asymptotically. The relative angular frequency is given by
w

A

where w is the angular frequency of the signal. (By setting time axis

9 (7.6)

parameters symmetrically with respect to 0, sampling instants were

calculated by formula

kol k1N z—N+1) (7.7)
— N, — _

Related own publications: [52]

tk:

7.2 Applicability of the results

7.2.1 Generalization to non-linear LS fittings

The results of the thesis can be generalized for linear and non-linear LS fittings. For
polynomial fitting — which is the most well-known among linear fitting applications —

the method of setting parameters symmetrical to 0 is known in the literature [63].
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However, results can also be applied for nonlinear LS fittings, where the nonlinearity is
caused by a transcendental function — as in case of the 4PLS fitting. An example is the
exponential growth:

f(z1,25,t) = z, - €72 (7.8)
where z; > 0 and z, > 0 are the parameters of the exponential growth, and t denotes
time. Exponential growth can model, for example, the increase in a population. The to be
fitted curve is

Vi = f(21, 25, t,) = 2y - €%k, (7.9)

If the fitting is performed with the Newton-Gauss method, matrix J has to be calculated,
see Appendix A.5.1.3

j = (a f (21,25, ti) | 0f (21, 25, tk))_ (7.10)

dz; dz,
The derivatives of f are

af(ZLZZ' tk) — ezztk

7.11
oz (7.11)
and
0f (21, 23, ti)
;—222" =z, t), - eZlk (7.12)
For the optimization
am-1Te (7.13)

has to be calculated, where e is the fitting error, see Appendix A.5.1.3. From a numerical
point of view, it is advantageous if JTJ is diagonal. In this case, with proper scaling, the
condition number assigned to this problem can be kept small. Let us determine the non-
diagonal elements:

N (0F (20,20 ) 0f (21,20 1)\
(oo = (s = Y (L2000 TEI) N5 e (124

a0z a0z
k=1 1 2 k=1

If the values of t, are all positive, then (J7]),, can be decreased by subtracting an offset

from t,. By this means, with proper scaling, the condition number assigned to the

algorithm can be decreased, as well.

7.2.2 Frequency domain system identification

The decrease of roundoff error due to imprecise phase calculation can be applied in
the area of frequency domain system identification [86], if identification is performed

with multisine excitation
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u(t,) = Z R -sin(2rfnt,, + ¢,) (7.15)

where u denotes the excitation signal and M is the number of sinusoidal components in
the excitation signal. With the method proposed in Section 4.1 — ensuring that before the
generation, the roundoff errors due to imprecise phase calculation are reduced — the errors

in the generated multisine can be decreased.

7.2.3 Calculations with complex numbers

In the thesis, the periodic property of sine and cosine functions was exploited. Thus,
only the fractional part (with respect to 2m) is needed to evaluate the functions. By
analogy with this approach, the accuracy of multiplication and raising to power of
complex numbers can also be improved. At the multiplication of two complex numbers,
their absolute values are multiplied, while their phases are added. If the sum of two
phases is out of interval (—m; ], then by increasing the precision of the calculation of
the phase information, and mapping the result in the given interval, roundoff errors can

be decreased.

7.2.4 Further research topics

The topic of the thesis is related to the research of the researcher group [1] established
by Professor Istvan Kollar ( 2016). The researcher group is specialized for analog-to-
digital converter (ADC) testing. Results of the research are built in the ADC testing
MATLAB toolbox [1]. The reduction of the phase calculation error and the scaling of the
system matrices are planned to be included in the toolbox.

Besides the numerical problems of sine wave fitting, determining the lower bound for
the variance of the maximum likelihood sine wave fitting (Cramér-Rao lower bound) and
efficient parametrization of this method in order to reduce the parameter space of the
estimation are also active research areas. We plan to make further research in this field.
In the long run, our aim is to standardize the results of our research in IEEE standard
1241 [2]. This standard contains prescriptions for ADC testing. During further
investigations, the underlying ideas of the thesis can be certainly extended to the

following areas:
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the analysis on condition numbers can be extended to non-uniform sampling.
In this case, the elapsed times between two samples are not equal, for instance,
due to jitter;

the investigation of the effect of overdrive or data loss on condition numbers.
In this case, there are time instants at which no data are available for the fitting;
the effect of multi-harmonics on the results;

determination of scaling factors for the case of the maximum likelihood

estimation, as well.
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A.1l. Analog-to-digital converters

Signals of the surrounding world are of analog nature. They are continuous in time
and amplitude. However, modern signal processing techniques can only handle digital
signals. In order to convert analog signals to digital ones, they have to be sampled and
quantized. After sampling, the signal becomes discrete in time, and after quantization, it
also becomes discrete in amplitude. These steps are performed by analog-to-digital
converters (ADCs).

In the following, definitions in the area of ADCs are given that are used in the thesis.

A full list of definitions (also containing the introduced ones) can be found in [2].

Digital out
30/2
"
11 4 —i
110 4 Q
la
101 + ; i
100 +
011 4
Q/2
>
010 + |
001 4
ooo | — : »
Vvielh T, T3 T, Tz T T Vo Analogin

Figure A.1.1 — Input-output characteristics of an ideal 3-Bit ADC [2]

Code bin (1): A digital value that is assigned to an analog range.

Code transition level (T;): Analog value that seperates code bins [ — 1 and I.

Code bin width (W;): The difference between two transition levels: W, = T;,; — T;.
Gain and offset: slope and ‘Digital out’-axis intercept values, respectively that determine
the straight line that can be fitted to the input-output characteristics of the converter. The
fitting can be performed in least squares sense or so that the fitting error is 0 at the first
and last code values.

Full scale range (FSR): The difference between the maximal and minimal analog values
that can be converted by the ADC: FSR = V.0 — Vinin:

Ideal code bin width (Q): Code bin width of an ideal converter that can be obtained by

dividing the FSR by the number of code bins.

113



Fig. A.1. shows the input-output characteristics of an ideal 3-Bit ADC. In a real
converter, the code bin widths differ from the ideal ones, that is, code bins are narrower
or wider than Q.

As described among the definitions, the FSR of the converter is the difference between
the largest positive and largest negative analog value in the operating range of the ADC.
If the largest minimum value V,,,;,, is non-negative, the ADC is called unipolar, while if
Vmin 1S Negative, the ADC is bipolar.

ADCs are mostly tested with sine wave excitation. The following definitions are given

for this excitation type:
SINAD (signal to noise and distortion ratio): For a pure sine wave, the ratio of the rms
(root means square) value of the signal to the rms of the additive noise and non-linear
distortions and sampling time errors of the converter. Since the original analog sine wave
is unknown, the rms of the signal is calculated as the rms of the sine wave that is fitted
to the data ([2] prescribes least squares fitting):

I'MSsin _ R/\/E

INAD = =
3 NAD 1oy 5
N2k=1(J’k — Xk)

(A.1.1)

where rmsg;,, denotes the rms of the sine wave, NAD is the sum of the additive noise and
distortion, R is the amplitude of the fitted sine wave, y, is the kth sample in the fitted
sine wave and x; is the kth sample in the fitted sine wave.

Even if there is no additive noise on the sampled sine wave, due to quantization, a
quantization noise is added to the sampled data. The quantization noise can be modelled
as a white noise uniformly distributed in (— Q/2; Q/2]. This is the pseudo-quantization
noise (PQN) model [11]. In this ideal case

1 N Q2
NADjgeal = NZ(yk —x)? = 5 (A.1.2)
k=1

because the additive noise is white, zero-mean and uniformly distributed. With this
quantity, the effective number of bits (ENOB) can be defined [2]
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FSR/G

ENOB = b —log, (

NAD )
NAD/V12

NADideal

(A.1.3)

\/leg=1(3’k - xk)z\

QZ
/N-ﬁ

where b is the nominal bit number of the converter. From a practical point of view, this

= b —log,

measure shows how many bits of the converter can be used. If the measured noise and
distortion is twice as much as the ideal one, the ENOB value drops by 1. It means that if
b = 12, only the 11 most significant bits should be considered during calculations, since

the last bit is strongly distorted by noise and distortion.
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A.2. Number representation systems

In order to process signals digitally, it is important to be able to represent different
values in our computer. Certainly, only limited number of bits is available to represent
and store our data. In the simplest case, when non-negative (unsigned) integer values
have to be represented, 2™ different values can be stored on n bits. These are the integer
numbers between 0 and 2™ — 1. However, if negative values (signed integers) should
also be stored, this representation is not sufficient any more. To overcome this problem,
2’s complement representation can be used. In this, for negative numbers, the positive
value should be bitwise negated, and 1 should be added to the result. For example, on 8

bits, -5 can be represented in the following way:

Original number Bitwise negation Addition of 1

2’s complement form

00000101- 11111010; 11111011,

Table 4 — Composition of 2’s complement form

The 2’s complement form can represent numbers from —2""1 to 2"~1 — 1. This way,
both positive and negative numbers can be stored. However, this representation still
cannot deal with the fractional part of a number. In the following, two different

representations of numbers with fractional part will be presented.

A.2.1.Fixed-point number representation

In the first approach, the bits that represent the number to be stored, are split into two
parts: integer part and fractional part. The length of the integer part is i, and the length of
the fractional part is f, so that i + f = n, see Fig. A.2.1.

Position | 2i-1 21 | 20 | 271|272 ... | 2°f
Bit 0 1(0(1(0|1(/0|0(0]|1/1 0 1 1 0 1
L

Figure A.2.1 — Fixed-point number representation example

for unsigned numbers with n = 16 bits

In this representation, increasing i results in a higher range for the price of lower

resolution, while increasing f results in higher resolution with limited number range. In
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the example in Fig. A2.1, n=16,i=12,f = 4. The resolution is 0.0625, the
representable range is [0; 2047.9375] for signed and [—1024; 1023.9375] for unsigned
numbers. In the example, the represented unsigned number is 1350.8125.

If a number with fractional part is to be stored, it has to be rounded to the nearest
representable value. For example, 0.1 cannot be stored precisely. Instead, 0.125 is stored,
because this value is the nearest representable value.

The problem of fixed-point number representation is that it has fix resolution,
regardless the number to be represented. It follows that for small numbers, the relative
error becomes large. In the representation of 0.1, the absolute roundoff error is 0.025.
However, the relative error of this representation is 2.5%. On the other hand, for larger
numbers, the relative error becomes much smaller. For example, for 1000.1, the absolute
roundoff error is 0.025, again, while the relative error is 0.01%. Thus, this representation
is sufficient for numbers with large (but not too large) absolute values, but insufficient
for small absolute values. The problem is worsened by fact that the range of representable
numbers is also limited.

This representation is wide-spread due to its simplicity. Compared to the floating point
arithmetic that will be discussed in Section A.2.2, the fixed-point arithmetic is less
complex, and the evaluation speed of fixed-point operations is also higher. This is
significant for real-time operations [64][65]. Fixed-point arithmetic can be found both in
digital signal processors (DSPs) [66][67], and field programmable gate arrays (FPGAS)
[68][69].

A.2.2.Floating point number representation

As it was described in Section A.2.1, fixed-point arithmetic suffers from the limited
representable range, and from large relative roundoff errors for small values. To
overcome these problems, floating point number representation can be used. The
interpretation of this representation, also used in personal computers (PCs), can be found
in IEEE Standard 754 [70].

A binary floating point number consists of 32 bits (single precision), 64 bits (double

precision) or 128 bits (quad precision). A normal number is given in a normalized form,

Sign-M - 2E (A.2.1)
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where Sign denotes the sign of the number, M is the mantissa and E is the exponent. The
first bit in the representation is the sign bit S. It is O for positive numbers, and 1 for
negative numbers, that is

Sign = (—1)5 . (A.2.2)

The second part is the biased exponent. This part is biased in order to be able to
represent positive and negative values, and it determines the order of magnitude of the
number to be represented. Exponent E can be calculated from the biased exponent by

E = E, — bias (A.2.3)

where Ej, is the biased exponent. The value of bias is different for different types of
floating point numbers, for instance, for single precision, biasy = 127.

Finally, the mantissa of the floating point number has to be specified. Since normal
numbers are normalized, the first bit of the mantissa is always 1. Thus, it does not have
to be stored. Denoting the stored mantissa by M,, the mantissa of normal numbers can
be calculated as

M =1.M,. (A.2.4)

It can be seen that the stored M, value represents the fractional part of the mantissa.
An example for single precision number representation is presented in Fig. A.2.2. In
this example, the exponent is E = 110, the sign is positive. After adding the leading 1 to

M,, the represented number is approximately 2.33 - 1033,

S| Biased exponent Mantissa without leading 1 bit (M,)
(Ep)

0{1/1{1{0{1{1/0{1/1/1/0/0/1/1/0/0/0/0]1/1/0/1/1/0/1/0/1/0/0]1]1

Figure A.2.2 — Floating point number representation example for single precision

Until this point, only normalized numbers were taken into consideration. However,
there are special values in floating point representation that have to be interpreted
differently. If every bit in the biased exponent is 1, and the mantissa without the leading
1 bit is not 0, then the resulting number is NaN (not a number), regardless of S. If every
bit in the biased exponent is 1, and the mantissa without the leading 1 is 0O, then the
represented number is plus or minus infinity, depending on the value of the sign bit. If

every bit is 0, except the sign bit, then the represented number is signed 0.
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Besides normalized numbers and special values, it is also possible to represent
denormalized numbers. For these numbers, the biased exponent is 0, but the mantissa
without the leading 1 bit is not 0. In this case, not 1, but 0 should be added to the mantissa
part as leading bit. This ensures that numbers with very small absolute values can also be
represented.

Table 5 contains some parameters of single, double, and quad precision number
representations. The precision (p) is given for normal numbers, and it is by 1 larger than
the length of the mantissa part. Namely, the leading 1 bit is not stored, but it also increases
precision. Machine epsilon (eps) gives an upper bound for the relative representation
errors due to roundoff. It can be calculated as

eps = 27P . (A.2.5)

The advantage of this representation is that it can cover a wide number range, as it is
visible from Table 5. Furthermore, for normal numbers, due to the normalized nature, the
relative error of the number representation due to roundoff is approximately the same for
numbers with different orders of magnitude. The relative roundoff error is determined by
the length of the mantissa. However, this representation also implies that larger numbers
can be stored with larger absolute error. This error is connected to the exponent.

Parameter Single Double Quad
Precision p (bits) 24 53 113
Machine epsilon (eps) | 1.19- 1077 2.22-10716 1.93-10734
Maximum exponent 127 1023 16383

Table 5 — Parameters of different floating point representations

From the above-described floating point representations, in PCs double precision is

used, while in DSPs also single precision is applied widely.
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A.3. Vector norms, matrix norms, eigenvalues and singular
values

In this chapter, some fundamental vector and matrix properties will be summarized.
Vector norms, matrix norms, eigenvalues and singular values will be considered, based

on [82][83]. The definitions will be restricted to real vectors and matrices.

A.3.1.Vector norms

A vector norm is a f: R™ — R function with the following properties:

f(x) =0 and f(x) =0 ifandonlyif x=0

fa+y) < f@) + () (A3.6)
flax) =lalf(x) a€eR
The mostly used vector norms are the p-norms, defined by:
(A.3.7)

where the vector norm is denoted by ||-||,,. The most important p-norms are 1-, 2- and oo-
norms:

%Il = [x1] + || 4 - + [

A.3.8
Il =[x+ 3 + o+ 23 (A39)

l1xlleo = max(|x;])

A.3.2.Matrix norms

Similarly to vector norms, matrix norms can also be defined. A matrix norm is an f:

R™" — R function with the following properties:

f(A)>0 and f(A) =0 ifandonlyif A=0
f(A+B) < f(A)+f(B) (A.3.9)
f(AB) < f(A) - f(B) '
f(aA) = |alf(A) a€R

Among matrix norms, one of the mostly used ones is the Frobenius-norm:
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(A.3.10)

Besides, p-norms can be defined for matrices, as well. These are induced by the p-norm
of vectors:

All, = sup

x#0

<IIAXIIp> (A.3.11)
%Il
where sup(v) denotes the supremum of vector v. For these norms, the following

statements hold:

m
|All; = max Z a;j, maximum absolute sum of column values
<jsn
i=1
n

Al = max Z a;j, maximum absolute sum of row values
1<ism =
(A.3.12)
|A]l, = maxs;, where s contains the singular values of A

(see Appendix A. 3.3)
IAll; < llAllF < VnllAll

Al < VIIAll1[[Alle

A.3.3.Eigenvalues, singular values

In matrix computations, eigenvalues (and eigenvectors) have to be calculated

frequently. For a squared matrix A, if
Ax=1x, x# 0 (A.3.13)

holds, then A is the eigenvalue of A, and x is the eigenvector of A. If A can be written

as

then the eigenvalues of A are non-negative. In this case, A is a positive semi-definite
matrix. (If every eigenvalue were positive, A would be positive definite.). Furthermore,

A is also symmetric.
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Let us assume that A € R™*", and m > n. The square root of the eigenvalues of ATA
are called singular values, and they are denoted by s;. If A is symmetric and positive

semidefinite, then its eigenvalues and singular values equal to each other. Namely, for
the singular value of A:

ATAx = s%x (A.3.15)
and since A is symmetric:
ATAx = AAx = AAx = JAX = A%x (A.3.16)
It follows that
s2 =22, (A.3.17)

Since A is positive semidefinite, its eigenvalues are non-negative. Singular values are
also non-negative. It follows that

s=1. (A.3.18)
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A.4. Condition number and orthogonality

This chapter investigates practical problems of solving a linear system of equations.

As a motivating example, let us have a system of linear equations:

Ax=b (A.4.19)

with the following matrix and vector values:

A= (182 ig;) b= (ggé) = x=Alb= (1) (A.4.20)

where A~1 denotes the inverse matrix of A. Since A is regular, the solution is unique.

Now let us assume that b is perturbated so that the perturbation is not larger than 1%:

b= (38;;) > x= (fgg) . (A4.21)

It can be observed that the error of the result is much larger than the magnitude of the
perturbation. Though the solution in (A.4.20) can be obtained analytically, from a
numerical point of view, the problem cannot be solved in a robust way. In the following
sections, an overview on some measures of numerical treatability will be given, based on
[82][83][84].

A.4.1.Condition number

To get further insight into the problem, the concept of matrix conditioning is

introduced. In general, the condition number of a regular matrix is
cond(A) = ||A7Y| - 1Al . (A4.22)
The condition number can be given for an arbitrary matrix norm. In the following, the 2-
norm is used:
IAllz = Smax(A) (A.4.23)

where A is an m x n matrix, and s,,,,,(A) is the maximal singular value of A. With the

2-norm, the condition number is defined by

Smax (A)
Smin (A) '

cond(A) = cond,(A) = [|A7Y], - llAll, = (A.4.29)
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The condition number is a measure of robustness, since the error of solving (A.4.19)

can be upper-bounded:

lAcllz — [IAllz | [Ibe = bll,

lIxe —xl, N
Al b 1l

< cond(A) { } + 0(&?) (A.4.25)

where ¢ denotes the perturbation [82]. This shows that the relative error of A and b are
magnified by the condition number of A. Since cond(A) = 1, the upper bound on the
relative error of the result is always larger than (or in and ideal case, when cond(A) = 1,
it equals to) the relative error of A and b. If the condition number is small, that is, it is
close to 1, the calculation error can also be kept low. In this case, the matrix is well-
conditioned. Otherwise, the matrix is ill-conditioned. As a rule of thumb, for quadratic
matrices, the larger the condition number, the closer the matrix to being singular. In
particular, using (A.4.24), the condition number is infinity for singular matrices.
Counterexamples to this rule are, for example, matrices containing orthogonal vectors so
that their vector norms are in different orders of magnitude. In this case, the elements of
x can be calculated in a numerically stable way, see Section A.4.3.

In example (A.4.20), cond(A) = 2.06 - 10*. A can be assumed to be known precisely.
However, a perturbation of 1% distorts b. This small perturbation is magnified by the
condition number. This is the reason of the large error in calculating x.

Perturbations may originate from several sources. They may be caused by roundoff
errors. Furthermore, they may also originate from imprecise measurement. Certainly, if
the measurement is imprecise, the result will also be distorted. This is described formally
in (A.4.25), that is, the error of the result in worst case situation is larger than the error
of the measured values. In order to keep calculation errors low, equations should be given

so that the condition number is low.

A.4.2.The effect of matrix perturbation on the eigenvalues

As it could be seen in Section A.4.1, matrices are not always known exactly. An
important question can be, what the effect of matrix perturbations is on the eigenvalues.
Let us have a perturbated matrix

A=A+E (A.4.26)

where A denotes the perturbated matrix, and E represents perturbations. Let us denote

the eigenvalues of A with 4;, and the eigenvalues of A with A,. From perturbation theory
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for matrix eigenvalues, the following inequalities hold, provided that both A and A are
symmetrical [77]

|2: = 4| < IEll; < |IEllF

(A.4.27)

It follows that both the element-wise difference, and the sum of differences are limited.

A.4.3.0rthogonality

In numerical calculations, orthogonality of vectors is another measure of robustness.
To understand the point of orthogonality, let us take two vectors v, and v, in the two-
dimensional plane so that v; # A-v,,1 € R. Let us factorize w € R? as the linear

combination of v, and v,, see Fig. A.4.1.

Figure A.4.1 — Linear combination example

In other words, o and f are searched so that

w=a-'vy+f"v;. (A.4.28)

Let us calculate scalar product of w with v; and v,:
(W, vy) = a(vy,vy) + B - (v, Vo) (A.4.29)
(W, V) = a(vy, Vo) + B - (Vo, V3). (A.4.30)
From these two equations, parameters o and 3 can be obtained. However, if v is
perpendicular to v,, (v4,v,) = 0. Thus, the searched parameters can be calculated

independently of each other: o from the first and 8 from the second equation. For

example:
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— (W)vl) — <W,V1>
(vi,ve)  vallz’

if (Vl,V2> = 0. (A431)

The problem can be expressed with matrix notations, too. It is the same system of

equations as (A.4.19), with

A= (vi|lvp), x= (g) b=w. (A.4.32)

Furthermore, the scalar products can be expressed as
wivy =a-viv, +p-vivy (A.4.33)

wiv,=a-viv, + B -vivy . (A.4.34)

In this case, parameters can be determined independently of each other, if v{v, =
vavy = 0. This is the definition of orthogonality, that is, two vectors are orthogonal to

each other, if their scalar product is zero. In this case,

wly, wlv,

'3 =
4l ||V2||2'

if viv, = 0. (A.4.35)

The practical meaning of orthogonality is, as the example shows that the level of
orthogonality gives a measure for the level of independency between two vectors. The
example also shows that it is even more advantageous from a point of parameter

calculation, if the norm of the vectors is 1. If

viv, =0and |[v4]l; =1 and ||vy]l, =1 (A.4.36)

then v; and v, are orthonormal vectors. If a matrix consists of orthonormal vectors, it is

called orthogonal matrix. If Q is an orthogonal matrix then

Q'Q=1 (A.4.37)

where | denotes the identity matrix. It can be observed that the condition number of an

orthogonal matrix is always 1, since the eigenvalues of QTQ are equal to 1.

A.4.4 Extension to non-quadratic matrices
In Sections A.4.1 and A.4.3, non-singular matrices were considered. This implies
quadratic matrices. However, definitions can be extended to non-quadratic matrices, too.
Let us consider a full rank m x n matrix A. If m > n, i.e., there are more equations

than variables in the system of equations, the problem is overdetermined. If m < n, the
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problem is underdetermined. In parameter estimation problems, there are much more
data than parameters, that is, m > n. Thus, in this section, overdetermined systems of
equations will be considered.

In overdetermined problems, a solution is being searched for which ||[Ax — b||, is
minimal. In other words, x is being searched so that the sum of the squared errors between
the elements of Ax and b is minimal. This is the least squares solution and can be

calculated by applying the Moore-Penrose pseudo-inverse:
x=A*b = (ATA)"1ATb (A.4.38)

where operator ‘*” generates the pseudo-inverse of a matrix. The pseudo-inverse and the
conventional inverse coincide, if the latter exists.

The concept of condition numbers can also be extended to non-quadratic matrices.
Though (A.4.22) can only be calculated for quadratic matrices, with the 2-norm, the
definition of condition number can be extended. Assuming m > n, (A.4.24) should be
evaluated so that only the largest n singular values are considered. Similarly to the
quadratic case, large condition numbers result in poor numerical treatability.

For ill-conditioned problems, the pseudo-inverse should not be calculated by (A.4.38).
This is caused by fact that the condition number of ATA is the squared condition number
of A. Thus, the pseudo-inverse can be calculated more precisely, using decomposition
methods. For the description of decomposition methods, see Section A.4.5.

The orthogonality of matrix columns is defined in the same way, as for quadratic
matrices. Similarly, orthogonal matrices consist of orthogonal columns, the lengths of

which are 1.

A.4.5.Decomposition methods

In order to obtain the solution of a system of equations, inverse or pseudo-inverse
calculation is needed. However, in general, the calculation of these matrices may be
imprecise for ill-conditioned problems. To overcome this problem, decomposition
methods can be applied to ensure numerical stability. In the following, an overview on
SVD and QR-decomposition methods is given. As mentioned in Section A.4.4, the
pseudo-inverse is also the inverse matrix, if the original matrix is regular. Thus, in this
section, only pseudo-inverse calculation is considered.

The first investigated decomposition method is the SVD (singular value

decomposition). It can be proved that a full rank matrix A can be decomposed as
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A =UzvVT (A.4.39)

where U and V are orthogonal matrices and X is a diagonal matrix that contains the

singular values of A. The pseudo-inverse can be calculated by
At =vz-1yT (A.4.40)

where 21 is also diagonal and the diagonal elements are the reciprocal values of the
diagonal elements of X. Another decomposition method is QR-decomposition in which

A is decomposed as
A=QR (A.4.41)

where Q is orthogonal and R is upper triangular. The advantage of the decomposition is
that an upper triangular matrix can be inverted in a numerically stable way. The pseudo-
inverse can be given as
At =R71QT . (A.4.42)
It should be emphasized here that an ill-conditioned problem remains ill-conditioned
even after decomposition. Decomposition methods only stabilize the pseudo-inverse
calculations, since they avoid to square the condition number of A during the calculation

of ATA. In Section A.4.6, a simple method is introduced for a possible condition number

reduction.

A.4.6.Pre-conditioning

In some cases, the problem of ill-conditioning can be solved with a simple method
called pre-conditioning. This method adds such a matrix P to the system of equations for

which the inverse can be calculated easily. The modified system of equations is
APy = b, y=Px. (A.4.43)

The method is effective if cond(AP) « cond(A). To illustrate the method, let us

have matrices

4=(i0 “001) P=Co" 100)- (Adad

After the matrix multiplication we get

AP = (1 _11) _ (A.4.45)

The condition numbers are
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cond(A) = 10* and cond(AP) =1 . (A.4.46)

Although the columns of A are orthogonal to each other, the conditioning of A is
poor. In the example, P is diagonal. From a practical point of view, this means that it
scales the columns of A. The ill-conditioning of A originates from fact that its columns
are in different orders of magnitude. Pre-conditioning solves this problem.

In general, if a matrix consists of orthogonal columns, it can be pre-conditioned with

a diagonal matrix so that it becomes orthogonal. If a matrix Q is given by its column

vectors
0= ( qz - qn) (A.4.47)
then
1 1 1
P = dia {~ R } (A.4.48)
SMa, Ml Taall,

With this pre-conditioning, AP is orthogonal, and its condition number equals to 1, as we
saw in Section A.4.3.

It should be emphasized that pre-conditioning does reduce the condition number not
only for orthogonal matrices. In general, if the columns of a matrix are in different orders

of magnitude, pre-conditioning improves the condition number considerably.

A.4.7.Visual interpretation

To understand the point of matrix conditioning and orthogonality, let us have a

matriX, given by its SVD-decomposition:

V2o V2 V31
77(20)7"

A=UzVT = 2
V2 V2 |\0 5/ 1 \/§/
2 2

(A.4.49)
2 2

The condition number of A depends only on X, since the singular values are the
eigenvalues of

ATA = (UzvD)TuzvT = veT(UTU)zVT
(A.4.50)
=VITEVT = 32TzyvT = 3Ty = 32,

Thus, the singular values of A are equal to the diagonal elements of X. In this case,
cond(A) = 2.5.
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In vector space, the multiplication by a matrix A corresponds to a linear mapping. The
multiplication by an orthogonal matrix corresponds to rotation. Furthermore, the
multiplication with a diagonal matrix corresponds to stretching along the axes. The effect
of the SVD-components are contained in Table 6. First, VT rotates the observed shape.
After that X stretches it, and finally, U rotates it, again. The effect of A can also be

visualized. This is shown for a square in Fig. A.4.2.

Matrix Effect on a shape

U Rotation with —45°

Stretching by 2 along axis x and by 5 along axis y

VT Rotation with +30°

Table 6 — Effect of different matrices on the shapes of the vector space

If the inverse of A has to be evaluated, the above described operations should be inverted.
The less the shape of the original shape is distorted, the easier (and numerically more
stable) the inversion. It can be observed that only X distorts the shape of the square.
Furthermore, the condition number of A only depends on X. It follows that conditioning
corresponds to a shape distorting effect in the vector space. The better the conditioning,

the lower the shape distortion — and consequently, the easier the inversion.

Original shape Effect of V'
4 4
2 2
> O D 1 > 0r O
2 2
-4 -4
-4 -2 0 2 4 -4 -2 0 2 4
X T X -
Effect of =*V Effect of U*z*V
4 4
2 2
> 0 > 0
2 2
4 -4
4 2 0 2 4 -4 2 0 2 4
X X

Figure A.4.2 — Effect of matrix multiplication by A
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A.5. Numerical optimization methods

In this chapter, an overview on optimization methods will be given. In general, a cost
function (CF) or a utility function has to be optimized as a function of parameters. A
parameter set is searched for which the value of the CF is minimal or the value of the
utility function is maximal. A maximization problem can be turned into a minimization
problem by changing the sign of the function. Without loss of generality, henceforth only
the minimization problem of the CF is considered. The solution can be described formally
by

Popt = argmin CF(p), (A.5.1)

where p is the parameter set, and p,p is the solution of the minimization.

In Section A.5.1, methods will be introduced that are based on the derivatives of the
CF. In Section A.5.2, a genetic type algorithm, the Differential Evolution will be
described. The introductions are based on [78]-[81].

A.5.1.Derivative based methods

Conventional optimization methods are based on the derivatives of the cost function.
The CF can be expanded in Taylor series around its the optimal parameter set:

ICF(Popt) 92CF(pope)
CF(Popt + AP) = CF(popt) + TOPAP + (Ap)TTa:)pAp 4+ (A5.2)

where dCF(p)/dp is the gradient vector and d2CF(p)/(dpTap) is the Hessian matrix.
It can be observed that a good initial parameter estimator is of crucial importance. Far
from the optimum, the CF can only be described with higher order derivatives. Derivative-
based methods always try to find a convenient step size Ap in order to get closer to the
optimum. The complexity of these algorithms depend on the derivative order that they
evaluate. The first and simplest method for minimization is the gradient method. This

algorithm only evaluates the first order derivative, that is, the gradient.

Ab5.1.1. Gradient method

The gradient method, also known as steepest descent method tries to minimize the CF
in the direction in which the decrease of the CF is maximal. This is the direction of the

negative gradient. The algorithm takes a scaled step in this direction:
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dCF(p)
0Pola

Pnew = Pold =V (A-5-3)

The algorithm is controlled by the value of y. A large y value results in large steps. It is
beneficial far from the optimum, but in the vicinity of the p,p, smaller steps are needed.
Furthermore, too large steps also may result in the increase in the value of the CF instead
of decrease.

The gradient method is simple and computationally not demanding, since only the
first order derivative has to be calculated. On the other hand, the convergence speed may
be much slower than for algorithms that also take higher order derivatives into

consideration.

A5.1.2. Newton-Raphson method

The Newton-Raphson method assumes that the cost function is quadratic. In other
words, it takes the first three terms from (A.5.2). The algorithm evaluates the first and
second-order derivatives of the CF, that is, the gradient vector and the Hessian matrix.
The needed parameter change is

_ _(P*CE@)\ " 9CE(P) (A5.4)
B apTop op o

If the CF is quadratic, this method gets to the optimum in one step. However, Ap is a step
in the direction of the optimum only if the Hessian matrix is positive definite, i.e., its
eigenvalues are positive. Otherwise, the convergence cannot be guaranteed. However,

Hessian matrix is not definitely positive definite.

A5.1.3. Newton-Gauss method

Another drawback of the Newton-Raphson method is its computational demand. The
calculation of the Hessian matrix is time consuming. With the approximation of the
Hessian matrix, the algorithm can be fastened considerably.

Similarly to the Newton-Raphson method, in the Newton-Gauss method, the CF is
assumed to be quadratic. Consequently, it can be characterized by the following equation:

CF(p) = [x— f(M]"[x— f(p)] = eTe, (A.5.5)

where X is the measured data set, for which f(p) should be fitted so that the squared error

eTe is minimal. The first derivative of the CF is
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aCF(p) [af ] _ _ayTe (A.5.6)

and the second derivative is

oCF(p) _ (a1 Ta_e>__ <aCF(p) ~ T)
(0p)Top 2<0pe+] op) 2 (ap)Tape J'T ). (A5.7)

If error vector e is small, the first term becomes negligible besides the second term. Thus,
the second derivative can be approximated as

OCF(p)

~ 2]7). A58

Results in (A.5.6) and (A.5.8) can be substituted to (A.5.4), resulting in

Ap=(0"N"""e . (A.5.9)

It can be observed that the Hessian matrix does not have to be calculated. Thus, from a
point of view of computational demand, the Newton-Gauss method is more effective than
the Newton-Raphson method. Furthermore, the Hessian matrix which is not definitely
positive sem definite, is approximated by JTJ which is always positive semidefinite.
Consequently, it is ensured that Ap is a step in the direction of the optimum, except for
saddle points and singularity points.

However, it is still not guaranteed that the value of the CF decreases after the iteration.
Namely, the step size in the right direction can be so large that the optimum is not

approached.

Ab5.1.4. Levenberg-Marquardt algorithm

To ensure convergence to a minimum, handling problems of the positive definite
property and the adequate step size, coefficient A is introduced to the system. For the
Newton-Raphson method, it specifies parameter vector change as

92CF 1 aCF
B (p) I (p) _ (A5.10)
apTop ap
For the Newton-Gauss method:
Ap = (JTJ+ D Te . (A.5.11)
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This method is called Levenberg-Marquardt (LM) method. It can be observed that if A —

0, the original methods are given. However, if 1 = oo,

1 9dCF(p)
= __ A5.12
1 ap (A5.12)
for the Newton-Raphson, and
1 1 0CF(p)
— Ta — — ] AS5.1
AP =gl e=— (A-3.13)

in case of the Newton-Gauss method. It follows that the gradient method is given and the
step size is scaled by A.

In the vicinity of the optimum, where the CF is nearly of second order, A can be
decreased. However, far from the optimum A should be increased. This makes the matrix
to be inverted positive definite, ensuring an iteration step in the right direction.
Furthermore, an increasing A has a mitigating effect on the step size. Consequently, the
convergence to a minimum can be guaranteed. However, it should be emphasized here
that this convergence only ensures convergence to a local minimum, not to the global

optimum.

A.5.2.Differential Evolution

Until now, conventional methods, based on derivatives, were introduced. If
convergence criteria are met, these methods converge to a local optimum. However, in
order to optimize a CF, it is not necessarily important to know the value of the derivatives.
In this section, a genetic type, population based algorithm, the Differential Evolution
(DE) is introduced [79]. This method was shown to usually find the global optimum.
Certainly, during global optimization, the CF should be scanned for all input values. This
is impossible in practice. In this sense, ‘usually’ means that the DE can find the global
optimum in practical situations. Notwithstanding, it is possible to generate infinite
number of counterexamples for which the global optimum is not found by the DE.
Application areas for which DE can be used can be found in [80].

As mentioned above, DE is a population based method. This means that a number of
NP (population number) parameter vectors should be initialized. Every parameter vector
contains D elements, where D is the dimension of the parameter vectors. For the
initialization, it is important to define upper and lower bounds b, and b, for the

parameters vectors. With these bounds, a part of the D-dimensional space is designated.
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The optimal solution is searched only in this designated part is. The vectors are initialized
with random values from this part of the D-dimensional space.

To understand the operation of the DE method, let us choose a vector from the
population. This is the target vector x.,. Another randomly chosen vector x. is then
perturbed with the scaled difference of two also randomly chosen vectors x, and x,,:

X¢per. = Xc + F(Xg — Xp) (A.5.14)

where F is a user defined constant. After this perturbation, x., and X, . are parents for
which

the operation of crossover has to be performed. For the crossover, a crossover constant
(CR) should be defined by the user. This constant determines the probability that the
resulting child vector vector xy, (the trial vector) inherits its value from vector X per..
The crossover operation is demonstrated in Fig. A.5.1.

After the crossover, the CF is evaluated with x.. If CF(x..) < CF(xy,) holds, the
target vector is substituted by the trial vector in the population. This operation is
performed for every population element to get the next generation. The algorithm stops
when the maximum number of generations, defined by the user, is reached.

It should be emphasized, again that the DE does not use any information about the
function. Thus, there is no need to calculate the derivatives. However, depending on NP
and the maximum number of generations, DE may be computationally much more

demanding than derivative-based algorithms.

Target vector Perturbated vector

b;
a:

dsz

ds

Trial vector

Figure A.5.1 — Crossover with CR=0.7
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A.6. Notations and formulas from probability theory

In this section, some fundamental properties from probability theory will be presented.
Let us regard a random variable x with its probability density function f;(x). The
probability density function determines the probability that random variable X is in a

given interval

b
Pla<x<b)= f fe(x) (A.6.15)

x=a

where P denotes the probability. Certainly, for the probability density function, equation

f fz(x)dx =1 (A.6.16)
X=—00
holds. The expected value of a random variable is denoted by E, and can be determined

by

oo

E{x} = f x - fz(x)dx . (A.6.17)

X=—00

Higher order expected values are called moments. The nth moment is defined by

[0e]

E{()"} = j x™ - fr(x)dx . (A.6.18)

X=—00

If there are more than one variables, their common behavior can be described by the joint
probability density function. For x and y

b d
Pla<x<bc<y<d)= f f fey(x,y) dxdy . (A.6.19)

x=ay=c
Two random variables are independent, if
fry(ay) = fz(0) - f5() (A.6.20)

holds. The expected value of the sum of two random variables is [85]:

E{% + 7} = E{%} + E(}} . (A.6.21)
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The expected value of the squared deviance of a random variable from its expected value

is the variance, that is, the squared standard deviation o2 [85]:

var{x} = 0?{x} = E{(x — E{x})?} = E{x?} — E*{x} . (A.6.22)

The definition of covariance of two random variables is:

cov{x,y} = E{(x — E{x} )y — E{y}D}
= E{xy} — E{xE{(y}} — E{yE{x}} + E{E{x}E{y}}  (A6.23)
= E{xy} — E{x}E{y} .

If the covariance of two random variables equals to zero, then they are uncorrelated. The

variance of the sum of two variables is
var{x + ¥} = E{(x + ¥ — E{x + ¥})?}
= E{{[x - E{x}) + - E(ZD]*}
= E{(x - E{x})*} + E{(y - E{7D?*} (A.6.24)

+2(x - E{x) - E{FY
= var{x} + var{y} + 2cov{x,y} .

Consequently, if x and y are uncorrelated, then the varince of their sums equals to the
sums of their variances. For two independent random variables, the following statement
holds:

E{x-y}= jo jo Xy 'fx,y(XIY) dxdy

X=—00 y:—OO

- [ [ w s sy (A6.25)

X=—00 y=—00

(o8] (o)

_ f x fo(x)dx j y- f53) dy = E(REGF) .

X=—00 y=—00

Comparing this with (A.6.23), it can be seen that the covariance of two independent
variables equals to zero. However, this is not necessarily true in the opposite direction:
uncorrelated variables may not be independent. If besides independency, the expected
value of the random variables are both 0, that is, E{x} = 0 and E{y} = 0, then the

variance of their product is the product of the variances:
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var{z-y} = E{(x-y)?} — E*{x -3} = E{(x - )?} — E*{x}E*{3}}

—BG = [ ) e
X=—00 y=—00

oo (o)

- [ [ @i o) e (A6.26)
X=—00 y=—00

oo [o2]

- f x? - £ (x)dx f 2 f ) dy = E(*} - E(5)

X=—00 y=—00

= (E{z*} - E2(x}) - (E{y*} — E2(3}) = var{x} - var{y} .
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A.7. Calculations of sums of sine and cosine functions in closed
form

In this chapter, closed formulas for the sum of sinusoidal and cosinusodal functions
will be presented. The notation of the sums is

Srs(l)(x) or Src(l) (x) (A-7-1)

where s and ¢ denotes the summation of sinusoidal and cosinusoidal functions,

respectively. If | is added to the notation, data centering is applied with parameter

| = % (A7.2)

If | is not added, the summation is performed without data centering. Finally, r denotes

the power of k in the sum with which the sinusoidal or cosinusoidal function is multiplied.

For example,
N
S,s(x) = > k?sin(kx) (A.7.3)
and
Soc(x) = cos(kx) (A.7.4)
while
N
Sia(x) = ) (k=1 -cos((k —Dx) . (A.7.5)

In the derivations of formulas, the sum of the first N terms in geometric series is applied:

N

. 1 —elNx
jkx — ,jx
kile =ef o7 (A.7.6)

In the following, closed formulas of the sums are derived.
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N

5 1 —elN¥
Sos(x) = z sin(kx) = Im z e/f*t = Im {e’x T }
k=1

k=1
JNx  _jNx  jNx
. e 2 e 2 —e?2
= Im {e”‘ T % } = (A.7.7)
ez e 2 —e2
(N + Dx\sin(Nx/2)
- s 2 sin(x/2)
N N § 1 _ i
X X
Soc(x) = Z cos(kx) = e/ = Re {ef T }
k=1 k=1
JNx  _jNx  jNx
. e 2 e 2 —e?2
= Re {elx T } (A.7.8)
e 2 e 2 —e2
(N + 1)x\ sin(Nx/2)
= cos ,
2 sin(x/2)

Al Y, 1 deikx

S1s(x) = 2 k- sin(kx) = Im{kz: k - ek } Im {Z P Tdx }
d_ (o . d (N + 1x) sin (%)
=—aRe{Zef }=—a cos( > ) sin(%)

k=1

N1 (e sin(F) N+ nwycos ()
= — sm( > > o —icos< > > —x
sin (7) sin (7) (A.7.9)
(@5 )
sm2 7)

N

o M% - <'%>—cos (*5)es()
e SR L IE)

2 sin? (

N =

N &
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(2N + 1)x

N cos sin(Nx
2 4 (Nx)

X L2 X
251n2 4 sin 5

S1cx) = Z k- costlex) = Re {z k- e’kx} Re {z 11 dfij:x}
d N e d[{ [(N+1)x)\sin (%)
zalm{ze] }za Sm< 2 ) sin (3)

k=1

N+1 (N + 1Dx) sin (&) N (N + 1)x) cos (&)
= cos( > 2/, Esin( ) 2/ (A7.10)

? 2/ sin(3) 2/ sin(3)
<<N+_1>> an () cos ))

2 2 2/ sin2 (
r x) sin? %X Nsin (2N2+ . x) 1 — cos(Nx)
2 sin (%) - 2 sin? % - 2 sin (%) - 4 sin? %

S

N &

2 2

_Nsin(

N N N .
. 1 d%e/k>
Sys(x) = Z k? - sin(kx) = Im z k?-e/k*} = Im Z_——
72 dx?
k=1 k=1 k=1
2 (v
=—gm), e

k=1
__ & NV + 1)" sin (- (A7.11)
dx2 Sln< > o 7) >
2N +1 2N +1 . N + 1 x
:_N 5 cos(x 5 x)+N51 ) cos 7)
2 sin (7) 4 sin? (%)

N N sin(Nx) B 1 — cos(Nx) cos (f)

2 X 03X
4 sin > 4 sin 5
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:N: N N 2 ,Jkx
— 2 _ § 2 jkx — 1 d e]
e 2 k—1k cosll) = ke e = Re Z]_Z dx?

k=1 k=1

. (N
__ ¢ {ZN: ejkx} L <(1v + 1)x> sin (zx)

d? dx* 2 sin(=
! @) (A.7.12)

y2N 1 @N+ Dx

_ 2 2

- 2 sin> * 4sinz X 4sinz X
Sln2 sin > sin >

2N+ 1)x x
Ncos—( > ) COS?_I_NCOS(NX)

sin(Nx) cos (%)

3 X
4 sin >

N N
Sost(x) = Z sin((k — D)x) = Im {Z ej(k—l)x}

k=1 k=1
. ] _ eij
=Im e]xe_]lx i
1—el*
jNx _jNx  jNx (A.7.13)
. e2e 2 —e?2
= Im{e JU-Dx _ : B G
X _Jx X
e2 e 2 —e2

N N
Soct(x) = Z cos((k —D)x) = Re {Z ej(k—l)x}

k=1 k=1
, . 1 — eJNx
= Reje/*e ™ /H —
1—el*
jNx _jNx  jNx (A.7.14)
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