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Abstract—Real-world time series are usually sporadically ob-
served when collected outside of rigorous scientific experiments.
The sampling is irregular across time and across dimensions,
which breaks the typical assumption of most recurrent networks
and dynamical process models. In this work, we propose to use
our GRU-ODE-Bayes [1], a recently proposed model that posits a
continuous latent process whose dynamics are driven by an ordi-
nary differential equation parametrized with neural networks [2].
We apply this framework in the estimation of reaction dynamics
from observational data. In particular, we show that our method
is able to learn unstable autocatalytic chemical reactions within
the large class of reactions driven by the Brusselator dynamical
model [3], such as the Belousov-Zhabotinsky reaction in the
presence of very few sporadic observation points.

Index Terms—Neural Networks, Time Series, ODE, Chemical
Reactions Dynamics

I. INTRODUCTION AND MOTIVATION

Scientific research produces large quantity of time series
data from various domains such as chemistry, astronomy,
healthcare or climate science. Even though most statistical
methods for analyzing this type of data assumes that signals
are measured systematically at fixed constant time intervals,
this assumption is often not hold in practice.

Indeed, due to some practical contingencies, much real-
world data is sporadic (i.e., the signals are sampled irregularly
and not all signals are measured each time). A typical example
is patient measurements, which are taken when the patient
comes for a visit (e.g., sometimes skipping an appointment)
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and where not every measurement is taken at every visit.
Another example would be running lab experiments spread
over several days when sensor errors can occur.

Modeling then becomes challenging as such data violates
the main assumptions underlying traditional machine learn-
ing methods (such as recurrent neural networks). The most
straightforward way to address this issue is to perform impu-
tation, but this is often unsatisfactory as it results in biased
estimates.

Recently, the GRU-ODE-Bayes model [1] proposed a novel
way to address this type of sporadic time series for forecasting
and classification. Based on the seminal Neural-ODE idea
[2], it proposes a filtering approach that posits a continuous
latent process that generates the observations. By framing
the dynamics as an ordinary differential equation (ODE)
parametrized by neural networks, the model is able to model
complex dynamics and integrate it over arbitrary time inter-
vals, therefore addressing the sporadicity issue in a natural
way. Furthermore, it was shown that the continuity prior was
providing extra performance when the continuity assumption is
verified in practice, such as in patients clinical data prediction
or weather forecasting.

This continuity assumption is also valid in chemical reaction
dynamics. Indeed, chemical reactions are intrinsically contin-
uous and can most of the time be expressed analytically as
ODEs. However, reactions in multiple component mixtures
are very complex and the true dynamic is often unknown.
In this case, chemists try to approximate the true dynamic
of the process by running some temporal experiments and
learning the underlying dynamics of the reaction. What is
more, as mentioned above, scientific practice sometimes lead
to sporadic time series, as some concentration or variables are
not measured continuously.

In this work, we propose to use GRU-ODE-Bayes to learn
complex chemical reactions dynamics from sporadic data. We
show that using very few data points, our model is able to learn
the true chemical dynamics with high accuracy. The rest of
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the paper is organized as follows. In section II, we review the
related works relevant to ours. Section III presents succinctly
the GRU-ODE-Bayes method and the main assumptions be-
hind the model. Finally, results of our method on the broad
class of Brusselator reactions are shown in Section IV.

II. RELATED WORKS

Our work naturally builds upon the machine learning and
statistics literature on (sporadic) time series and on the learning
of dynamical systems in chemistry and life sciences in general.

A. Temporal modelling of sporadic time series

The most straightforward approach to handle sporadic time
series consists in data imputation. One then feed the obser-
vation mask and times of observations jointly to the recurrent
network [4]-[6]. Despite some promising experimental results,
this approach relies too much on the ability of the model to
distinguish imputed and true data points. Some works have
tried to address this limitation by introducing more meaningful
data representation for sporadic time series [7], [8], like
tensors [9], [10].

Gaussian processes (GP) are the most popular generative
approach to deal with sporadic observations. They have been
used for smart imputation before a RNN or CNN architecture
[11], [12], or to derive informative representations of time
series [8]. However, they usually suffer from high uncertainty
outside the observation support, are computationally intensive,
and learning the optimal kernel is tricky.

Most recently, the seminal work of Neural ODEs [2],
[13] suggested a continuous version of neural networks that
overcomes the limits imposed by discrete-time recurrent neural
networks. Coupled with a variational auto-encoder (VAE)
architecture, it proposed a natural way of generating irregularly
sampled data. However, the VAE nature of the limits its
expressivity when it comes to forecasting.

Our method also has connections to the Extended Kalman
Filter (EKF) that models the dynamics of the distribution of
processes in continuous time. However, the practical applica-
bility of the EKF is limited because of the linearization of
the state update and the difficulties involved in identifying its
parameters.

B. Learning dynamics in chemistry and life sciences

Mathematical modeling with ordinary differential equations
(ODEs) has a very long tradition in biology and ecology.
Efforts to apply ODEs to understand population dynamics
started already in the 18th century (see, e.g., Malthus’s growth
model) [14]. More recently, several optimization methods have
been proposed to fit ODE models to observational data in
domains such as metabolic models and more general biological
pathways [15]-[17]. However, those methods require a heavily
parametrized formulation of the ODE, motivated by a lot
of prior assumptions and expert knowledge. In contrast, the
method we propose here allows very flexible representation
of the ODE, which alleviates the risk of misparametrization,
at the expense of more data samples required for training

the model. To the best of our knowledge, this is the first
attempt to use ODE parametrized by neural networks to fit
biological/chemical processes from observational data.

III. METHODS

In this work we are interested in uncovering the dynamics
of a D dimensional process Y (¢) € RP driven by an unknown
(stochastic) differential equation (SDE) which is observed
sporadically :

dY (1) = p(Y (0))dt + o (Y (1)) AW (1), (1)

where dW (t) is a Wiener process. The distribution of Y (¢)
then evolves according to the Fokker-Planck equation. We
refer to the mean and covariance parameters of its probability
density function (PDF) as pvy (t) and Yy (¢). Our goal is
to estimate those time evolving parameters conditioned on
previous observations.

In practice we have access to NV realizations of the SDE but
the parameters of the SDE can change from one realization
to another. Furthermore, for each realization Y (¢); with (i =
0,...,.N — 1), we only observed sporadic measurements. That
is, we have a vector t] € R7T: of times where the process is
observed along with a mask m € {0,1}7*P that indicates
which dimension is observed at each observation time. We then
have missingness both across time and across dimensions.

A. GRU-ODE-Bayes

GRU-ODE-Bayes [1] was recently proposed as a new
filtering method to deal with sporadic time series. It assumes a
continuous latent process h(t) that generates the observations
Y (t) through some mapping Y (¢) ~ fops(h(?)).

It consists of two modules: GRU-ODE, responsible for
learning the continuous dynamics of the latent process that
generates the observations and GRU-Bayes, responsible for
dealing with incoming observations and update the conditional
current estimate of the latent process.

1) GRU-ODE: The GRU-ODE module parametrizes the
dynamics of the latent process h(¢) with an Neural-ODE
inspired from the classical GRU module. We use the following
parametric ODE:

dh(t) _

2 = (1-2() © (g(t) — h(t),

@)
Where z(t) and g(t) are given as in the GRU equations :
ry = O'(W,«Xt + Urht,]_ + br)

Zy — O'(WZXt + Uzht—l + bz)
gt — tanh(tht + Uh(I‘t O) htfl) + bh),

3)
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Fig. 1. GRU-ODE-Bayes uses GRU-ODE to evolve the hidden state between
two observation times ¢[k] and ¢[k+1]. GRU-Bayes processes the observations
and updates the hidden vector h in a discrete fashion, reflecting the additional
information brought in by the observed data.

2) GRU-Bayes: GRU-Bayes module is responsible for the
update of the hidden state when new measurements are ob-
served. As data comes in in packets, we allow the hidden
process to jump to a new point in hidden space where it reflects
more the newly observed data point as shown on Figure 1.

This update is performed by using a GRU cell that takes
as input the previous hidden state and the current observation
and then mimics a Bayesian update to set the hidden to a new
value that matches the current observations :

h(ty) = GRU(h(t-), forep(y[k], m[k], h(t-))),  (4)

3) End-to-end: At test time, the model performs predictions
as suggested on Figure 1. We integrate the hidden process
according to the GRU-ODE dynamics until the next observa-
tion (done with numerical integration). When an observation
is reached, we process it with GRU-Bayes and update the
hidden state. We then resume to GRU-ODE integration from
the new initial point and continue until a next observation is
reached. At each point in time, we can use f5(.) to predict
the distribution of the measurements.

B. The Brusselator

In order to demonstrate the capabilities of our approach, we
choose to learn the dynamics of a range of reactions that can be
modelled by the Brusselator. The Brusselator is a theoretical
model for a type of autocatalytic chemical reactions. The type
of chemical reactions it’s modeling consists of two initial
reactants A and B whose products X and Y are also catalysts
of coupled reactions as shown below:

A—X
2X+Y —3X
B+X—Y+D

X—E

In the case of A and B being in large excess compared
to products of above reactions, their concentration can be

assumed constant in the solution and the following dynamics
are obtained :

d

x| =4+ XPY) - BIX - 1Y) ©
4 1v) = (B - (XP1Y] ©®

where the brackets stand for the concentration of the given
chemical in the solution (e.g. in moles/l).

Equations 5 and 6 suggest that a fixed point is located at
[X] = A and [Y] = [B]/[A]. Importantly, this fixed point
becomes unstable when:

Unstability condition :

B> 1+ A? 7

When the instability condition is satisfied, the concentra-
tions X and Y start oscillating over time. An example of such
oscillation is shown on figure 2.

Dynamics of concentrations of X and Y over time
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Fig. 2. Example of an unstable dynamic evolution of concentrations of

products X and Y over time when A = 0.7 and B = 1.7.

The most well known example of this type of unstable
autocatalytic reactions is the Belousov-Zhabotinsky reaction
which can be created using a reducing agent (malonic acid)
an oxidiser (bromate), and appropriate redox catalyst (eg.:
manganese ion, cerium ion, or ferroin).

C. Dataset Generation

Because there is usually some measurement error and
because of the uncertainty about the true nature of the hidden
driving ODE, we generate trajectories of concentrations [X]
and [Y] from a modified stochastic differential equation:

dr _ 1+ (b+ Da + ax?y + odW, (1)

% = bx — ax’y + odWs(t)

Where dW1 (t) and dW>(t) are correlated Brownian motions
with correlation coefficient p. We simulate 1,000 trajectories
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driven by the dynamics given in Eq. 8 with parameters a = 0.3
and b = 1.4 such that the ODE is unstable.

We simulate those trajectories over a time period of 50
seconds from which we sample sporadically N4, observa-
tions with Nygmp ~ Uniform(0.38,0.42) « T and T' = 50.
For each of those observations, we then randomly sample
across dimensions to generate missing value dimension wise.
We select both dimensions with probability 0.8 and only one
of them with probability 0.2. The resulting dataset is then a
sporadic time series of the the generative SDE process from
Equation 8.

IV. RESULTS

We train the GRU-ODE-Bayes model on the data described
in Section III. We use 700 trajectories for training, 200 for
validation and leave 100 out for testing. We used DOPRI-5
for the numerical integration of the ODE. Prediction of our
model on a test trajectory is displayed on Figure 3.

We observe that at the start of the trajectory, as no measure-
ment is observed, the model is uncertain about the future of
the trajectory, which is illustrated by the very large confidence
intervals before the first observations (shaded areas). However,
as soon as an observation is reached, the model can update its
latent state more accurately. The uncertainty remains high until
more observations are reached, when the model can condition
the expected trajectory on more information. Furthermore, we
observe that the model is able to capture correlations between
both dimensions of the process as indicated by the red arrow
on the figure, where dimension 2 is updated even if only
information about dimension 1 is gathered.
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Fig. 3. Predictions of GRU-ODE-Bayes on an unknown realization of

the BXLator process of Equation 8. Green and Blue are the two different
concentrations we try to model over time. Solid lines represent the predicted
means, shaded areas are the confidence intervals (1.96 standard deviations).
Red arrow points out the update of dimension 2 when only dimension 1 is
observed, showing that the model is able to detect meaningful correlation
between both dimensions.

Table I further displays mean square errors (MSE) and
negative log-likelihoods obtained on the test sets. They are
computed by using the first 35 seconds of the processes as

observable data and predictions are made on the remaining
hidden observations between ¢ = 35 and ¢ = 50. We compare
it with the Neural-ODE model as well as a Gaussian Process.
We observe that our method clearly outperforms the competi-
tors both in terms of MSE and log-likelihood. We motivate
this performance by 1) the information bottleneck imposed
in the Neural-ODE and 2) the lack of strong extrapolation
capabilities in Gaussian processes. Furthermore, compared to
a Gaussian process approach that would scale quadratically
with the number of observations and dimensions, our model
is much more efficient and scales linearly with the number of
observations.

TABLE I
TEST PERFORMANCE RESULTS
Model MSE | Neg-Loglik
GRU-ODE-Bayes | 0.11 —0.62
Neural-ODE 0.28 0.91
Gaussian Process | 0.33 1.09

V. CONCLUSION

In this paper, we showed the fitness of the GRU-ODE-Bayes
method to assess complex chemical reactions dynamics from
sporadic observational data. We showed that our method was
able to accurately learn the dynamics of the broad range of
reaction dynamics modeled by the Brusselator equation. In
order to make the problem more realistic, we added Browian
motion noise to the dynamics, making every realization of the
temporal process different from one another. Our approach
outperformed a selected subset of baselines and seem to be
suited for long term prediction of the concentrations (see
Figure 3).

Those encouraging results motivate us to make this method
more useful for the chemical community. In particular, an
interesting application would be to be able to predict the
constants ¢ and b from a single experiment time series,
allowing the chemist to infer the concentration of reactants
A and B from the temporal measurements of X and Y.
From preliminary experiments we expect that more time series
realizations would be required to learn this task accurately.
This is left for future work.
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