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Abstract 

Historic masonry vaults and domes are the most remarkable parts of the architectural heritage in 

Europe and over the world. Many of these structures had existed and survived for centuries or 

millennia, though minor or significant cracks have already appeared in them. Thus, proper 

strengthening solutions should be implemented to protect those structures. However, first, their 

mechanical behaviour, such as the cracking patterns, load-bearing capacity, and stability under 

loads (forces or support displacements) should be understood to choose suitable strengthening or 

maintenance methods. 

This thesis applies the Discrete Element Method to analyze different masonry vaults and domes 

under quasi-static loads and support displacements. Masonry structures are composed of separate 

solid bodies (stones or bricks), and this natural discontinuity of the material may influence the 

mechanical response of the whole structure. In this thesis, issues related to the discrete nature of 

the masonry shells are studied. The effect of the block arrangements is investigated. The load-

bearing capacity, cracking patterns or failure mechanisms, and a measure of stability (the ratio of 

the horizontal component to the vertical component of reactions at supports) of different masonry 

vaults and domes are determined. The effect of the sign of Gaussian curvature is also addressed. 
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Chapter 1: Introduction and background 

 

1.1 Background of historic masonry vaults and domes 

A significant part of the architectural heritage and achievements in Europe and worldwide is 

represented by historic masonry structures, e.g. masonry vaults and domes. Roofing is one of the 

most important components for buildings. Vaults and domes (or masonry shells) are typically 

applied for this purpose in masonry structures. Existing earthen masonry structures can be found 

that are over 1000 years old (Dahmen & Ochsendorf, 2012). Despite their long existence for many 

centuries, some of them have already undergone minor or major cracking under self-weight, 

differential support displacement, and live loads (static or dynamic). To correctly interpret the 

structural behaviour of these structures and apply suitable solutions to prevent further cracks or 

even collapse, it is necessary to evaluate their structural response under loads or support 

displacements. This section provides a detailed overview of the studied types of historic masonry 

vaults and domes. The importance of the block arrangements (bond patterns) in masonry shells is 

also addressed.  

1.1.1 No-tension continua and the importance of bond patterns in masonry shells 

The construction materials used for building vaults and domes are mostly bricks and stones (e.g., 

lime stones, sandstones, marble etc.). Between the individual solid blocks, a mortar layer may or 

may not be applied. Even if originally there used to be a mortared connection, the cohesion 

between blocks may be lost due to chemical effects or other reasons for historic masonry structures 

(Boni et al., 2022). The compressive strength of masonry typically exceeds the requirements of 

most structures by at least an order of magnitude (Dahmen & Ochsendorf, 2012). However, the 

tensile strength can be considered negligible, as masonry blocks and mortar offer virtually no or 

minor resistance to tensile forces. In agreement with this, in this dissertation dry (non-cohesive) 

contacts are considered.  

Classical approaches, e.g., Heyman’s limit state analysis, for analysing masonry shells also often 

assume that masonry has no tensile resistance. This assumption is generally a safe approximation 

of historic structures where the mortar layers (if any) have fully lost cohesion. In this spirit, 

Heyman (1967) explained the “orange-slice” cracking of spherical domes and derived the 

necessary spandrel load for fan vaults. During the last half century, innumerable studies were also 
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published assuming zero tensile resistance of masonry. The most recent sophisticated graphostatic 

methods like those of Akbarzadeh et al. (2014) and Rippmann (2016) are based on the thrust 

network analysis of Block & Ochsendorf (2007), which aims to find funicular shell forms where 

tension does not arise at all.  

However, an increasing number of studies (see below) have demonstrated that masonry structures 

can exhibit significant tensile resistance if proper bond patterns are selected, even when the 

individual contacts do not resist tension. This tensile resistance arises from friction at the contacts 

or interfaces between blocks. An example of this phenomenon is the application of the running 

bond pattern (Figure 1.1). When a horizontal layer of voussoirs is vertically compressed by the 

horizontal layers from above and below, the blocks in the middle layer cannot slide out horizontally 

because of the frictional resistance on their top and bottom surfaces. This phenomenon can become 

particularly important for balancing the hoop stresses in masonry domes. Cipriani and Lau (2006) 

mentioned that contacts between the stone blocks in Mamluk domes with conservatively low 

friction coefficients could provide the necessary friction to develop small tensile stresses around 

the base. Foraboschi (2014) emphasized that friction between bricks or stones with an interlocking 

pattern allows masonry to transmit significant tensile stresses even when the mortar is cracked or 

loses its cohesion. Simon & Bagi (2012, and 2016) quantitatively noted in DEM-simulated 

experiments that the friction between blocks considerably improves the strength of domes and 

decreases the necessary minimal thickness of the dome to carry its self-weight. Beatini et al. (2018) 

independently showed (also with DEM simulations) that the vertical pressure applied to each of 

the horizontal layers can provide hoop tension resistance in domes. A practical advantage of the 

same effect was indicated by Mousavian & Casapulla (2020), where the authors suggested the use 

of interlocking patterns to construct domes to decrease the minimally necessary thickness. 

 

Figure 1.1. Explanation of the crosswise tensile resistance (Simon & Bagi, 2016). 

1.1.2 Analyzed types of masonry vaults and domes  
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Master builders of the Roman Empire expanded the use of the arch in architecture to create a wide 

range of vaults and domes (Dahmen & Ochsendorf, 2012). In this dissertation, historic vaults and 

domes, e.g. barrel vaults, sail vaults, fan vaults, cross vaults, and hemispherical domes are 

investigated. These are the most basic types of masonry shells.  

1.1.2.1 Hemispherical domes 

A hemispherical dome is a shell formed by rotating a semi-circular curve around its vertical axis 

of symmetry. The spherical shape was likely first known and applied in practice to construct small 

tombs and round huts (Baldwin, 1950). However, many of them were corbelled domes (Figure 

1.2). They were not true domes: in a corbelled dome, blocks were arranged cantilevering toward 

the centre of the dome. All the blocks were placed in horizontal planes. 

 

Figure 1.2. Illustration of a corbelled dome (Foti et al., 2017). 

1.1.2.1.1 How to construct a dome 

In ancient societies, building a dome, especially a large hemispherical dome, was always a great 

challenge because of the limitations of the construction technology at that age. Roman builders 

overcame this challenge by applying formwork or centring. They developed a two-dimensional 

Roman arch centring into two different centrings (horizontal and radial centrings; Figure 1.3). 

  

                   (a)                                      (b) 

Figure 1.3. Hemispheric centring: (a) horizontal formwork and (b) radial formwork (Lancaster, 

2005). 
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Brunelleschi's dome, though not a standard hemispherical dome, is a masterpiece of Renaissance 

architecture. One of the most remarkable aspects of dome construction is the application of an 

innovative block arrangement to avoiding using centering. The workers placed bricks in a very 

special way, which is a version of the herringbone pattern (Figure 1.4). In this special herringbone 

pattern the vertical bricks displayed a spiral profile. The second remarkable aspect of 

Brunelleschi’s dome is the application of double shells. The idea of using a double-shelled dome 

has been adopted in many subsequent long-span structures to resist bending moments in the shell 

(Cowan, 1977). 

 

Figure 1.4. Herringbone patterns in Brunelleschi's dome. 

1.1.2.1.2 Support system of a hemispherical dome 

A hemispherical dome often has a circular bottom, and the most common support system is to use 

a circular cylinder drum. This structural element is comparatively light and very strong. Figure 1.5 

shows an example of the view and sections of the dome and drum of the Basilica of S. Maria 

Assunta in Carignano. In other cases, the drums can also rest on pendentives or squinches (see 

Figure 1.6) to fit a square bay. 

 

Figure 1.5: Drum of the Basilica of S. Maria Assunta (Marder & Jones, 2015). 
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Figure 1.6: A dome and the supporting drum standing on pendentives (left) and squinches (right). 

1.1.2.1.3 The statics of hemispherical domes under self-weight 

Hemispherical domes, under their self-weight, experience compression along their meridians. 

However, horizontal or hoop compression occurs at the part of the structure where the angle does 

not exceed 51.8 from the top (Heyman, 1967, Arun, 2006, and Lau, 2006). Below this part, the 

hemispherical domes are under horizontal tension in hoop direction, as shown in Figure 1.7. This 

part usually requires buttresses or reinforcement to counteract the hoop tension force. 

 

Figure 1.7: Force system in the dome (Sharbaf et al., 2021). 

1.1.2.2 Open vaults 

Unlike a hemispherical dome which is supported by a drum, an open vault is always support by 

tas-de-charge (Figure 1.9, green) at its four corners and by walls or arches at the edges. The 

supported walls or arches in some studies are also known as confinement. The confinement is not 

always necessary for an open vault. The ground-plan or the bay of open vaults can be square or 

rectangle. In this dissertation, open vaults, e.g. sail vaults, fan vaults, and cross vaults, with square 

bays are studied. These three vaults also represent the three different masonry shell types with 

different signs of Gaussian curvatures.  

1.1.2.2.1 Sail vaults 
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The formation of a sail vault can be considered as cutting a spherical cap or a semi-sphere 

(hemispherical dome) with a right prism (or four vertical planes). The Gaussian curvature of a sail 

vault is positive. Sail vaults are popular in Maltese Architecture though the origins of the masonry 

vault can be traced back to ancient Rome. Sail vaults were adopted in many large buildings in 

Valletta no later than the 1570s (Antista et al., 2023). These vaults can still be observed in the side 

chapels of the conventual church of St John which was built between 1574 and 1578 by unknown 

masons. They are most probably constructed under the supervision of the Maltese architect 

Girolamo Cassar (Guido and Mantella, 2008).  

Sail vaults can be constructed by using fully jointed masonry or rib-and-panel system. Figure 1.8 

shows two sail vaults made by stones at Grand Master’s Palace courtyard, and rib-and-panel 

system at St. John Church, Valletta.  

  

                         (a)                                                                (b) 

Figure 1.8. Different forms of sail vaults: (a) the sail vault at Grand Master’s Palace courtyard, late 

XVI century (Antista et al., 2023) and (b) the sail vault at St. John Church, Valletta (Antista et al., 

2024). 

1.1.2.2.2 Fan vaults 

Fan vaulting was an extraordinarily pragmatic English innovation in Gothic churches that had 

never been previously described. A fan vault is a masonry shell formed by rotating a smooth curve 

concave from below around a vertical axis located on its convex side. Thus, the Gaussian curvature 

of a fan vault is negative. According to Leedy (1980), a fan vault has the following interrelated 

visual and structural characteristics shown in Figure 1.9: (1) consists of conoids that are revolution 

surfaces (brown); (2) consists of vertical ribs, each of which has a consistent curvature (blue); (3) 

a distinct central spandrel panel (yellow); (4) a tas-de-charge (green); and (5) horizontal circular 

ribs at the top of the conoids (red). 
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Figure 1.9. Fan vault components. Brown: masonry conoids; Red: horizontal circular rib on top of 

the conoids; Blue: congruent vertical ribs positioned at equal angles; Green: Tas-de-charge; 

Yellow: spandrel. Photo by Steve Cadman, Peterborough Cathedral, donated for free use, 

https://commons.wikimedia. org/wiki/File: Peterborough_retrochoir1.jpg, cropped and coloured 

by Bagi (2021). 

The earliest known application was the east cloister aisle of the Gloucester Cathedral (Verey, 1976), 

shown in Figure 1.10. Fan vaulting most likely originated from the employment of centrings with 

one identical curve (Figure 1.11a, two-centred curve) for all the ribs instead of having separate 

centrings for the transverse, diagonal, and intermediate ribs. However, the generator curve can also 

be the union of two different circular segments, which gives the “four-centred curve” (Figure 1.11b) 

that was widely used in later fan vaults. 

 

Figure 1.10. The Cloisters at Gloucester Cathedral, England. Photo by Christopher J.T. 

Cherrington, the Cloisters at Gloucester Cathedral, donated for free use, File:The_Cloisters_ 

at_Gloucester_Cathedral.jpg. 

 

                (a)                                           (b) 
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Figure 1.11. Different types of curves used in fan vaulting: (a) two-centred curve and (b) four-

centred curve. 

In many fan vaults, there is a small space outside the extrados and above the tas-de-charge, namely, 

a vaulting pocket. The mass was filled with rubble stones (Figure 1.12). The depth of backfill is 

approximately 1/2‒2/3 of the total height of the vault (Heyman, 1967, and Leedy, 1980). 

 

Figure 1.12. A fan vault with backfill. Source: https://www.lookingatbuildings.org.uk/. 

1.1.2.2.3 Cross vaults 

From a geometrical perspective, cross vaults are generated by the intersection of two orthogonal 

barrel vaults. The profile of a barrel vault is normally cylindrical. Thus, the Gaussian curvature of 

a cross vault is zero. Masonry cross vaults began to be constructed in Europe during the Roman 

Empire, initially serving as covering systems for the thermal baths (Gaetani et al., 2016), and 

achieved extraordinary heights of splendour during the Gothic period (Bertolesi et al., 2019). The 

structural form of the Roman cross vaults was originally obtained by intersecting two barrel vaults 

sitting on a square bay with no ribs (fully jointed masonry). To guarantee the strength of the groin, 

Roman builders, later applied internal ashlar ribs at diagonals (Fitchen, 1961). Transversal arches 

may also be built to provide lateral support to the shells. Figure 1.13 shows a groin vault built on 

transverse arches.  

 

Figure 1.13. Groin vault built on transverse arches (Bertolesi et al., 2019). 
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The layout of the voussoirs or blocks depends on the location of the vault and the used materials. 

In the French style, the courses of blocks are parallel to the ridge lines, while the English way lay 

them diagonally to the ridges. Figure 1.14 shows the block arrangements in the two different styles. 

 

             (a)                                  (b) 

Figure 1.14. Layouts of voussoirs: (a) French and (b) English styles (Jackson, 1915). 

1.1.2.3 Barrel vaults 

The simplest vault, also referred to as a “half-open vault” is the barrel vault. It often has a semi-

cylindrical shape. The vault is formed by extruding a semi-circular curve or arch along an axis. 

The origins of barrel vaulting can be dated from the ancient 3rd millennium of Asia Minor and 

Egypt. After that, this structure flourished in the Roman Empire (Lancaster, 2009). The earliest 

construction approach for building a barrel vault was the ‘pitched construction’ (Figure 1.15), 

which consists of many independent arches leaning one upon another. For a cylindrical barrel vault, 

the vectors of pressure result in a downward force on the crown while the lower portions near the 

supports of the vault results in a huge lateral force pushing outwards. This may cause tilt of the 

underlying walls. Thus, the sides of the vaults are often anchored or sits on extremely thick walls 

or supported by buttresses. For example, at Muchalls Castle in Scotland, adjacent outer walls under 

the barrel vaults are up to 4.6 m (15 ft.) thick in order to avoid tilt. 

 

Figure 1.15. The pitched construction of a barrel vault (Lancaster, 2015). 
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Over the centuries, four types of patterns (Figure 1.16), longitudinal vaults, transverse vaults, bone 

vaults, and inverted bone vaults, were used by master builders for constructing barrel vaults 

(Astrua, 1996, and Tomasoni, 2008). Among these four vaults, longitudinal and transverse vaults 

(Figure 1.16a and 1.16b) are the most widely used patterns. Thus, in this dissertation, only 

transverse and longitudinal barrel vaults were investigated. 

 

            (a)                        (b)                          (c)                            (d) 

Figure 1.16. Existing bond patterns for a barrel vault: (a) longitudinal vault, (b) transversal vault, 

(c) bone vault, and (d) inverted bone vault (Levi, 1932). 

1.2 Research aims 

In the previous section, the importance of the block arrangements in masonry shells and a detailed 

overview, including the origins, structural forms, and bond patterns of different types of domes 

and vaults were introduced. This section addresses the research aims based on the previous 

introduction. The aims of the dissertation are: (1) quantify the crosswise tension resistance 

provided by running bond and herringbone patterns since they are the most widely used block 

arrangement in masonry shells; (2) figure out the optimal location of externally installed 

reinforcement for hemispherical domes; (3) analyze the mechanical response, e.g. load-bearing 

capacity, cracking patterns, and the orientation of reactions, of three open vaults representing 

different signs of Gaussian curvatures with square bays; (4) study the load-bearing capacity of 

barrel vaults with transversal and longitudinal bond patterns under vertical loads; (5) simulate the 

backfill of fan vaults and find out the mechanical role of it.   

1.3 Existing research tools and the chosen method 

This section introduces the existing research tools for analysing masonry structures. Since the 

chosen research tool in this dissertation is the discrete element method, other research tools will 

be only briefly summarized.  

1.3.1 Graphical techniques 
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Before the 19th century, building a masonry structure was purely based on geometrical design 

rules and empirical experience. For example, after Antonioni et al. (2007) and Fangary (2010), 

Viollet-le-Duc mentioned an extremely simple geometric formula for determining the thickness of 

columns, as shown in Figure 1.17. These simple empirical design rules functioned as the "design 

code" during a time when engineering mechanics were not yet used to analyze masonry structures.  

 

Figure 1.17. The thickness needed for the masonry shoulder to withstand the thrust of an arch of 

vault (Viollet-le-Duc after Antonioni et al. 2007 and Fangary 2010). 

With the development of engineering sciences after 19th century, graphical statistical techniques 

have been developed. The classical graphostatic methods include the old Eddy-Lévy, Wolfe, 

Durand-Claye, etc., algorithms. By using force polygons and simple geometric techniques, e.g. 

projective characteristics of figures, they provide intuitive visual information about the relation 

between the form (geometry) and forces of a structure. In the XXIth century modern computerized 

graphical statics methods, such as Thrust Network Analysis (Block and Ochsendorf, 2007), have 

been developed. The aim of these recent techniques is also to find possible force systems to 

maintain equilibrium of the structure under loads. Figure 1.18 shows an example of how to find a 

force system by using funicular polygons to determine one possible equilibrium of a structure. 

 

Figure 1.18. Relationship between the compression-only shell (G), its planar projection (primal 

grid Γ) and the reciprocal diagram (dual grid Γ*) to determine equilibrium (Block and Ochsendorf, 

2007). 
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1.3.2 Limit state analysis 

This technique is based on Heyman’s limit state theorem (Heyman, 1966) for masonry structures 

inspired by Kooharian (1952). Heyman’s limit state analysis is based on the following assumptions: 

1) the blocks are unbreakable (infinite compressive strength is assumed); 2) the contacts have no 

resistance to tension; 3) contacts do not slide: the tangential relative translations in the contacts are 

zero. Under these assumptions, if an equilibrium force system can be found for the given loads 

with the given geometry, the state is safe; if a kinematically admissible virtual displacement system 

can be found on which the given loads produce nonnegative work, then the structure will not 

support the loads. However, there are material restrictions that have to be satisfied, and these are 

not always valid, e.g. when sliding occurs in reality. 

1.3.3 Continuum shell theories 

Masonry vaults and domes can be modelled as continuum shells. The most important shell theories 

are membrane solutions, Kirchhoff–Love shells, Reissner–Mindlin shells, and third-order shear 

deformation theory. Mostly, membranes are widely used in analysing masonry shells. If a masonry 

shell is considered to be a membrane, the in-plane two principal stresses x and y and the in-plane 

shear stress xy are constant along the thickness. The out-of-plane stresses, z, xz and yz, are zero. 

Figure 1.19 shows the stress state for a membrane. However, the use of a membrane solution is 

more proper for analysing a masonry shell when the dimensions of the shell are far greater than 

the thickness. Moreover, in many cases, considering the stresses along the thickness as constants 

cannot represent the real behaviour of the structures. 

 

Figure 1.19. The stress state of a membrane (Bagi, 2018). 

1.3.4 Nonlinear FEM 

Nonlinear finite element analysis (FEA) is an essential component of computer-aided design for 

solving solid mechanics problems based on continuum mechanics (Belytschko et al., 2014). In 
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reality, a masonry shell is composed of a regular distribution of bricks or stones. The most 

challenging task for applying the nonlinear FEM to analyze the behaviour of composite materials 

is to use proper homogenization techniques so that the material can be modelled as a continuum. 

Sometimes, adopting a suitable constitutive model is also very complex. Moreover, the selection 

of an appropriate mesh description, i.e., whether a Lagrangian, Eulerian or arbitrary Lagrangian 

Eulerian mesh is used, is important for many large deformation problems. The contact nonlinearity, 

which depends on the material behaviour, friction coefficient, geometry and loading conditions of 

the components in contact, may also cause non-convergence, especially when large deformations 

and sliding occur between contacts (Pore et al., 2021). 

1.3.5 Discrete element method 

Discrete element models consider the simulated material or structure as a collection of separate 

solid bodies that are able to slide along each other, partly or completely separate, and form new 

contacts when large displacements lead to the rearrangement of contact topology. The DEM, 

initially known as distinct element method, is originally proposed by Cundall in 1971 to simulate 

the mechanical behaviour of fractured rocks as an alternative to the FEM in which the mechanical 

model is continuous and discretization is performed for numerical purposes only. It was further 

developed by Cundall and Strack (1979) to make it applicable to granular mechanics. 

A numerical technique is a discrete element method if the following four criteria are satisfied: 1) 

the model consists of finite-sized separate blocks (either rigid or deformable); 2) the elements can 

translate, rotate, and (in many codes) deform independently of each other; 3) the elements can 

undergo large displacements; 4) the modifications of the contact topology are automatically 

tracked by the code; in particular, the new contacts are automatically detected throughout the 

whole simulation procedure and taken into consideration after they are formed, which is the 

computationally most demanding part of DEM calculations. 

Most DEM codes are time-stepping algorithms; they follow the displacements of the modelled 

collection of blocks using Newton’s force-acceleration law. According to the time integration 

scheme applied for solving the Newtonian equations, the methods can be classified as explicit 

techniques, such as UDEC/3DEC, and PFC, or implicit techniques, such as DDA (Shi, 1988 and 

1992) and NSCD (Jean & Moreau, 1992). An overview of these and their masonry applications 

can be found in Sarhosis et al. (2016). 



20 

The advantages of DEM compared to FEM are: 1) DEM can calculate displacements of individual 

blocks and this is important when some local effects (e.g. sliding between contacts) occur in a 

masonry structure; 2) DEM can detect the transmission of contact forces and how new contacts 

form or cracks at different time steps. However, it also has disadvantages. Since DEM focuses on 

the movement of individual elements and track the contact forces and formation of new contacts, 

it is quite time-consuming compared to FEM especially when the number of discrete elements 

(blocks) in a structure is extremely large. Another disadvantage of most DEM methods is that it is 

very difficult to model the fractures in the blocks in a computationally efficient way. 

Masonry vaults and domes are composed of individual stone blocks or bricks, and their discrete 

build-up strongly influences their mechanical response, such as load-bearing capacity and cracking 

patterns, to static or kinematic loads. In reality, minor cracks often iniate due to the limited strength 

of masonry, however, the vaults and domes normally do not fail or collapse with these cracks. The 

failure of them is usually related to localized effects, e.g., a few cracked joints forming a hinge or 

crushing or sliding of a single voussoir, which then leads to the loss of stability of the whole 

structure or of a large region in it. Traditional continuum-based methods (such as the finite element 

method) are inefficient or even unable to describe these phenomena. Thus, this dissertation chose 

to apply the DEM to investigate the mechanical behaviour, such as load-bearing capacity, cracking, 

and orientation of reaction forces, of the analyzed masonry vaults and domes. Commercial 

software (3DEC) developed by Itasca was used for all the numerical simulations.  The reasons for 

choosing 3DEC were: 1) it is widely used and thoroughly tested for decades in analyzing masonry 

structures; 2) assuming that the material parameters are suitably calibrated, 3DEC can reliably 

simulate the mechanical behaviour of masonry structures; 3) the computational reliability and 

efficiency are high, as demonstrated in numerous engineering practices involving structures 

composed of discrete elements. 

1.4 Introduction of 3DEC 

An explicit time integration method (the central difference method) is applied in 3DEC (Cundall 

1988) to track the state-changing process in small time steps to integrate the Newtonian equations 

of motion of the discrete elements. More details on the fundamentals of 3DEC can be found, for 

example, in Lemos et al (2023), Rigo and Bagi (2018), Kibriya et al. (2023) or Sarhosis et al. 

(2016). 

1.4.1 Discrete elements 
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In 3DEC, blocks (or “discrete elements”) can be rigid or deformable.  Deformability in 3DEC is 

achieved in our study by subdividing the discrete elements into uniform-strain tetrahedral finite 

elements. Figure 1.20 shows an example of a masonry planar wall where the blocks are divided 

into tetrahedral finite elements in 3DEC. Elements can be modelled as linear elastic isotopic or 

linear elastic with the Mohr–Coulomb/Prager–Drucker failure criterion. In this dissertation, all 

blocks are considered deformable, and linear elastic isotropic materials. 

 

                   (a)                                               (b)  

Figure 1.20. Subdivision of a planar wall: (a) a masonry planar wall and (b) block subdivision into 

tetrahedral finite elements. 

1.4.2 Contact properties 

Three characteristic parameters are applied in 3DEC to represent dry contacts. The first parameter 

is the contact normal stiffness, denoted by JkN. This parameter indicates the boundary point at 

which one discrete element penetrates through the surface into the interior of another neighbouring 

discrete element (Lengyel and Bagi, 2015). A uniformly distributed contact force expresses the 

action of two blocks on each other in the neighbourhood of the penetrating node. The intensity of 

the distributed compressive contact force between two elements is calculated as JkN multiplied by 

the increment of the relative displacement in the normal direction. When two blocks separate from 

each other, the contact force is zero. 

The second parameter is the contact shear stiffness, JkS. This parameter ensures that an opposite 

tangential force will arise if a slight relative displacement increase occurs in the tangential direction. 

The magnitude of the opposite tangential distributed force increment is the tangential stiffness 

multiplied by the tangential relative displacement increment. Nevertheless, the magnitude of the 

accumulated tangential force is limited by the friction limit. If the friction limit is reached, the 

tangential force above is truncated. 

The third parameter is the joint friction angle, Jfric. This parameter represents the roughness of the 

block contacts. Usually, it is in the range of 35-50° in the case of masonry structures. Exceptionally, 
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very smoothly polished surfaces can reach as low as 10° for smooth joints in weak rocks (such as 

tuff), and they can reach more than 50° for very rough joints in hard rocks (such as granite). 

1.4.3 The selection and calibration of material properties 

It is a critical step to select and calibrate proper material properties before starting simulations 

since it may significantly influence the mechanical response of the analyzed structure. In this 

theses work, the selection of the material properties is made in three different ways.  

Firstly, in some cases, the contact parameters were directly chosen from the literature where the 

parameters were already well-calibrated in those studies. For example, in Chapter 2 and 5, the 

contacts between bricks were calibrated by Fódi (2011). Her study calibrated the parameters by 

using shear tests for two stacked blocks and detected the load-displacement response. The second 

way is to perform calibration tests by ourselves. In this way, initial input data was chosen first. 

Then, simulations were started and results were compared to real experiments or other researches. 

Finally, a proper group of contact parameters where the results are closest to real experiments or 

other researches can be determined. For example, in Chapter 3, arch tests were performed to 

compared the results with other researches. In Chapter 6, a slope test was used to select the proper 

contact friction angle. In the last method, sensitivity studies were done to investigate whether 

contact properties significantly influenced the mechanical behaviour, load-bearing capacity and 

orientation of reactions, of the structure. This approach is applied for the case where no data and 

real experiments can be found to perform calibration tests. Thus, the initial contact properties were 

chosen based on previous experiences or according to the suggestions of the 3DEC Manual. After 

that, sensitivity studies by adjusting the contact parameters and repeating the tests were done to 

check whether the modification of contact properties affected the behaviour of the analyzed 

structure. For example, Chapter 3 and 5 shows the corresponding sensitivity studies. 

1.5 Structure of the dissertation 

This dissertation is separated into seven chapters. The first chapter provides a detailed introduction 

of the background of historic masonry vaults and domes and the research aims of the dissertation. 

The existing research tools and the chosen numerical modelling software (3DEC) are explained. 

Chapters 2-6 contain the detailed study of the analyzed topics. Their outcomes are arranged into 

five principal results. Chapter 7 summarizes the new scientific results (principal results) of the 

dissertation.  
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Chapter 2: Crosswise tension resistance in masonry shells with 

different bond patterns 

 

2.1 Introduction 

Beatini et al. (2018) addressed the importance of contact friction on the stability of masonry domes 

with running bond patterns, where the upper blocks sit halfway over the lower blocks. Figure 2.1a 

shows the analyzed hemispherical dome, which displays orange-slice cracking (Figure 2.1b) and 

is failing into pieces. However, another dome with the same dimensions but an increased length-

to-height ratio of the blocks can find its own equilibrium (Figure 2.1c). 

     

           (a)                               (b)                           (c) 

Figure 2.1. A hemispherical dome under self-weight: (a) dome with running bond pattern, (b) dome 

with orange-slice cracking, and (c) equilibrated dome (Beatini et al., 2018). 

2.1.1 Introduction of bond patterns in masonry shells 

In masonry shells, two basic types of bond patterns are widely used for constructing domes and 

other types of shells. These patterns included the running (stretcher) bond pattern (Figure 2.2a) 

and the herringbone pattern (Figure 2.2b). Running bond patterns are the simplest patterns. Due to 

the ease of construction, this pattern has become the most widely used method for all types of 

masonry structures. Herringbone patterns were probably invented by Moslim architects. In Europe, 

it was already applied in small domes as early as the eleventh century in the Veneto area, Italy 

(Askarov, 2004). 

 

            (a)                             (b) 

Figure 2.2. The basic bond types for masonry shells: (a) running bond and (b) herringbone. 
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For running bond patterns, there are a large number of applications in masonry walls, domes, and 

vaults. The longitudinal or transverse patterns of barrel vaults (Figure 2.3a) and the dovetail or 

diagonal patterns of cross vaults (Figure 2.3b) are different practical achievements achieved by 

using the running bond pattern. 

 

                       (a)                                                        (b)  

Figure 2.3. Applications of the running bond pattern in masonry shells: (a) barrel vaults (Levi, 

1932) and (b) cross vaults (Viollet, 1997) with running bond patterns. 

The herringbone pattern also exhibited several different patterns (Figure 2.4). These variations 

may differ in the shape of the bricks (length-to-width ratio) or in the number of consecutive 

horizontal blocks between the vertical blocks.  

 

Figure 2.4. Variations in the herringbone pattern: (a) very flat bricks applied in the Great Mosque 

in Eski Malatya, Turkey, in the thirteenth century (Askarov, 2004), and (b) multiple horizontal 

bricks between the vertical bricks in the small-scale test dome of Brunelleschi’s Florence dome 

(Lorenzi, 2013). 

2.1.2 Aim of the thesis 

In the FEM, a widely applied approach to describing the mechanical behaviour of different bond 

patterns is to use a homogenization technique (Pau and Trovalusci, 2012; Stefanou et al., 2015; 

and Fantuzzi et al., 2019) to produce an equivalent continuum with constitutive relations that can 

be introduced into a shell model. The elastic regime of the behaviour, as well as the failure 

conditions, can be incorporated into the derived model. Cecchi (2010) and Milani & Cecchi (2013) 
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provide an overview of the different homogenization approaches. Those authors studied 

homogenization techniques for running bonds, English bonds, and herringbone patterns. The 

authors illustrated that the equivalent continuum can be the usual Cauchy continuum (translational 

degrees of freedom only), the Cosserat continuum (translational and rotational degrees of freedom) 

or higher-order continua in some cases. In-plane and out-of-plane behaviours may both be 

incorporated. Regarding the behaviour of the herringbone pattern in masonry shells, the study of 

Milani & Cecchi (2013) deserves special attention. This thorough analysis included different 

orientations and elastic–plastic regimes of the behaviour, though the associated flow rule was used 

for the sliding joints. 

Instead of performing or generating homogenization techniques, the aim of our study was 

completely different. Our approach focuses purely on the crosswise tension resistance originating 

from the compression between blocks in masonry systems, as explained in Figure 1.1. Rather than 

arriving at complex constitutive relations of a shell model through homogenization, we intend to 

provide simple, straightforward, and concise relations to quantitatively express the crosswise hoop 

tensile resistance from the magnitude of the meridional compression stress in terms of the 

elementary characteristics of the pattern, such as the dimensions of the blocks and the friction 

coefficient in the joints. This phenomenon has been quantified in the literature for the simplest 

running bond case only, and our aim is to extend it to other patterns. 

In the theoretical derivations derived by my supervisor (see Appendix I), dry Coulomb-frictional 

contacts with zero dilation are assumed between unbreakable blocks. The out-of-plane effects are 

completely excluded. The stresses are assumed to be constant along the thickness (membrane state). 

Section 2.2 summarizes the theoretical predictions of the failure modes of running and herringbone 

patterns. Detailed information about the derivations of my supervisor can be seen in Appendix I. 

The theoretical predictions are then checked and validated via computer-simulated experiments. 

The analyzed masonry system is considered in 3DEC as a collection of separate deformable 

voussoirs. To summarize, the aim of the investigations that will be introduced in this chapter is to 

check the validity of these theoretical results via DEM-simulated experiments. 

2.2 Theoretical predictions for the failure modes 

The theoretical derivations of my supervisor (see Appendix I) were preceded by my preliminary 

DEM simulations on plane walls and cylindrical shells subject to constant meridional compression 

and gradually increasing hoop tension. In these simulations, the characteristic failure modes were 
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monitored, and the sliding and tipping of the blocks were carefully observed to provide the 

foundation for the theoretical derivations. The theoretical derivations were based on the 

experienced failure modes and on the contact force distributions that could be seen in the DEM 

simulations. At the failure state, the forces acting between the blocks had to ensure the equilibrium 

of every component of the structure, while some of the forces were already on the failure limit. In 

section 2.2.1, a brief background of the theoretical derivations is introduced. The predictions of 

the failure modes for running bond and herringbone patterns will be introduced in section 2.2.2. 

2.2.1 Background of the theoretical derivations 

Infinitely large walls were assumed in the theoretical derivations, excluding any boundary effects. 

The failure modes are shown for each pattern in the corresponding group of blocks or elementary 

cells, together with the assumed force systems acting between the blocks. In every considered 

pattern, the elementary equilibrium equations led to such a relationship between the meridional 

average compressive stress and the hoop-directional average tensile stress that included parameters 

characterizing the brick shape and the friction coefficient on the joints perpendicular to the 

meridional compression. In these equilibrium equations, the blocks were assumed to be 

unbreakable. However, in reality, blocks can crack due to different effects, such as tension, 

bending, shear or compressive crushing at contact surfaces. These issues were completely 

excluded from the thesis. It is important to emphasize that in cases such as, e.g., in the bottom 

region of a large dome under self-weight, the magnitude of the hoop stress may reach nearly the 

tension resistance of the material itself. In such a situation, a more detailed analysis involving 

three-dimensional continuum-mechanical modelling of the individual blocks may become 

necessary. 

For simplicity, the self-weight of the individual blocks was excluded from the theoretical 

derivations (as well as from the DEM validation tests). This means that the meridional compression 

was the same at all horizontal interfaces or joints. This approximation is not novel in the literature 

and can be found in, e.g., Beatini et al. (2018). However, this approach might be too restrictive in 

certain situations. Slight modification of the theoretical derivations can be easily performed if the 

need to consider the self-weight of individual blocks arises. Casapulla & Argiento (2018) derived 

theoretical predictions of the shear resistance of planar walls with dry contacts and running bond 

patterns, considering the self-weight of the bricks and additional vertical loads acting on the top of 

the considered system. An important result in their analysis is the role of the magnitude of the 
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additional load in relation to the self-weight. They showed that if the additional load is greater than 

three or four times the wall self-weight, the effect of the self-weight becomes negligible. The 

additional load is the dominant effect that governs the load-bearing capacity of the masonry wall. 

This phenomenon was previously described by Casapulla et al. (2013). We analyze the equilibrium 

of individual blocks or of groups consisting of only a few blocks (elementary cells), for which the 

vertical pressure caused by the self-weight of these small groups is assumed to be negligible in 

comparison to the meridional compression. Note that this is a good approximation in situations 

where the meridional compression is caused by the weight of the structure above the analyzed 

block (or group of blocks), such as, e.g., in the hoop tensile region of a dome or in the top region 

of a fan vault with a large spandrel load. However, the self-weight of the individual blocks should 

not be neglected in situations where its contribution is comparable to the stresses, e.g., in the top 

region of a fan vault with a very low spandrel load. 

2.2.2 Predictions of the failure modes 

2.2.2.1 Running bond pattern 

This section considers three different variations in the running bond pattern The most common 

version with symmetry around the vertical and horizontal axes is shown in Figure 2.5a. In this 

pattern, every block in the horizontal row is placed at half the length of the blocks in the next rows 

below and above. The second version (Figure 2.5b) is produced in such a way that each block in a 

horizontal row is shifted leftwards or rightwards by a proportion (other than 1/2) of the block 

length. The horizontal axes of symmetry can be found through the centroids of the blocks. This 

pattern is named the “straight-shifted” pattern. Finally, the term “skew shifted” denotes the pattern 

in which every consecutive horizontal row of blocks is shifted, similar to the previous row, but in 

the same direction with the same proportion (also other than 1/2) of the block length (Figure 2.5c). 

This arrangement shows point symmetry to the centroids of the blocks. 

    

            (a)                            (b)                             (c) 

Figure 2.5. Variations in the running bond pattern: (a) Double-symmetry, (b) straight-shifted, and 

(c) skew-shifted. 
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2.2.2.1.1 Double-symmetry running bond pattern 

In 3DEC simulations, plane walls were analyzed first. However, identifying the relationship 

between crosswise tension resistance and vertical compression is difficult because of the boundary 

effect. In the plane walls, only the blocks near the loaded boundaries were sliding away. To avoid 

this effect, cylindrical shells subjected to outwards pressure at the intrados were applied to 

investigate the failure modes of the shells with different bond patterns. 

Figure 2.6b and 2.6c illustrate the force equilibrium in the double-symmetry running bond pattern. 

When the applied crosswise tension force is greater than the contact friction limit, the blocks start 

sliding away from each other, and the crack opens. The assumed failure mode (Figure 2.6a) is 

illustrated by the sky-blue zigzag line that passes through the joints. Along this zigzag line, the 

wall opens so that the left and right parts of the wall separate from each other horizontally. 

Theoretically, this may occur along every other possible zigzag line. 

 

Figure 2.6. Failure state of the double-symmetric running bond pattern: (a) the failure mode, the 

horizontal tension stress distribution along a vertical cut, the average tensile stress, and the 

elementary cell for equilibrium analysis; (b) stresses acting in the elementary cell; and (c) resultant 

forces of the stresses in the elementary cell. 

2.2.2.1.2 Straight-shifted running bond pattern 

In Figure 2.7, the system and the elementary cell are symmetric around a horizontal axis but not 

along any vertical axis. In this case, the running bond pattern is the “straight-shifted” pattern. The 

multiplayer α will denote the magnitude of the shift. Note that for the above double symmetric 

running bond pattern, α equals 0.5. For the straight-shifted pattern and the skew-shifted pattern 

(see Figure 2.8), α < 0.5. 
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Figure 2.7. Failure state of the straight-shifted running bond pattern: (a) kinematics at failure 

(marked in sky-blue) and the distribution of the horizontal tensile stresses along a vertical cut and 

(b) forces acting on the orange elementary cell of (a). 

The failure mode is quite similar to that of the double-symmetry running bond pattern. Figure 2.7b 

illustrates the force equilibrium in the straight-shifted running bond pattern. When the applied 

crosswise tension force is greater than the contact friction limit, the blocks slide away and form a 

zigzag shape of cracking. Figure 2.7a shows the shape of the cracks.  

2.2.2.1.3 Skew-shifted running bond pattern 

In this pattern (Figure 2.8), the brick arrangement is symmetric about a central point. This 

arrangement is the “skew-shifted” pattern. Similarly, the multiplayer α denotes the magnitude of 

the shift. Figure 2.8b shows the force equilibrium. Figure 2.8a illustrates the shape of the cracks.  

 

Figure 2.8. Failure state of the skew-shifted pattern: (a) the failure mode and (b) force equilibrium 

along the zigzag line. 

2.2.2.2 Herringbone pattern 

2.2.2.2.1 Herringbone pattern with a 1:2 brick shape 

With respect to the 1:2 herringbone pattern (Figure 2.9a), the preliminary 3DEC simulations 

showed that the vertical bricks may tip over. Corresponding to whether such a rotation takes part 

in the failure state, two kinds of failure modes can be distinguished: combined sliding-and-tipping-

over and pure sliding modes. However, as will be seen later in this section, the pure sliding mode 
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occurs only in those cases where the contact friction coefficient is unrealistically small, so this 

mode is not included in the thesis in detail. 

     

Figure 2.9. (a) The 1:2 herringbone pattern, (b) failure mode in the case of realistic friction, and 

(c) forces in the elementary cell for the combined failure mode. 

In the preliminary simulations (which were performed with realistic material parameters), the 

combined sliding-and-tipping-over failure mode shown in Figure 2.9 was found. The 

corresponding theoretical derivation is based on the following kinematics. The vertical brick 

rotates in such a way that at two corner points (marked with sky-blue dots in Figure 2.9b), it sticks 

to the horizontal block below and above, while these horizontal blocks slide purely horizontally 

with respect to their horizontal neighbours above and below. The two contacts on the top and 

bottom of the orange cell purely slide, while the two internal horizontal contacts (i.e., between the 

vertical block and its top and bottom neighbours) open for relative rotation. It should be noted that 

when the vertical block rotates, the vertical distance between the two corner points marked with 

cyan dots in Figure 2.9 becomes slightly higher than the height (2h) of the vertical block considered 

in the moment balance equation. However, preliminary simulations indicate that since the rotations 

(≈0.3°) are small (their cosine remains approximately equal to 1) at the failure state, rotation-

induced cracking of the contacts on the top and bottom of the vertical block is very minor, with a 

maximum value of less than 0.5 mm, while the size 2h is 26.18cm. Therefore, this height increment 

is neglected in the moment balance equation for the vertical block. 

Consequently, the following force system is formed at failure (shown in Figure 2.9c): 1) 

concentrated normal forces with magnitude N = σc · h · t act in those corners where the vertical 

bricks turn over their horizontal upper and lower neighbours (sky-blue dots); 2) compressive 

stresses act as distributed normal stresses along horizontal sliding surfaces between horizontal 
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bricks, producing a resultant stress with magnitude N but at an indefinite point of action. However, 

this is a simplified assumption. The preliminary 3DEC experiments showed that the normal 

stresses could not be exactly distributed due to the rotation of the vertical blocks; 3) the T1 

frictional forces at the top and bottom of the cell are equal to the sliding limit. 

From the moment balance equation (see details in Appendix I), it can be concluded that the 

necessary frictional coefficient to ensure that T2 can indeed be expressed by the top (and bottom) 

half-block is μ≥0.5. Friction coefficients in real contacts in masonry structures are fare above this 

value. 

For the sake of completeness however, consider now the other case, i.e., of very low frictional 

resistance in the joints, when μ ≤ 0.5. In this case, the vertical bricks do not rotate, and the failure 

is due to pure sliding (Figure 2.10a). The contact shear resultant T reaches the friction limit on all 

horizontal joint surfaces at the same time. The forces acting at this failure mode are shown in 

Figure 2.10b for the 1:2 shape of the bricks. (In this case, the distance d of the normal resultants N 

is equal to what is needed to maintain the moment balance of the vertical brick: d · N = 2 h · T. 

 

Figure 2.10. (a) Kinematics for the pure sliding failure mode and (b) contact forces for the pure 

sliding failure mode. 

2.2.2.2.2 Herringbone pattern with a 1:3 brick shape 

The 1:3 herringbone pattern is shown in Figure 2.11a, and the experienced kinematics of the cell 

marked with orange can be seen in Figure 2.11b. In the static analysis at the failure state, the 

following assumptions (shown in Figure 2.11c) are made about contact forces transmitted through 

the horizontal contact surfaces. These assumptions are justified, on one hand, based on the results 

of the preliminary tests. On the other hand, the results of the simulation validation experiments are 

likely in good agreement with the theoretical predictions that are based on this assumption. The 
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first assumption concerns the contact force distribution on the top of the horizontal blocks. The 

figure shows that the three equal thirds of the top surface carry equal vertical contact forces, i.e., 

each third of the surface carries N = σc · h · t. The second assumption is that in those corners where 

a vertical block turns over around the corner of a horizontal block, the compressive force (N = 

σc · h · t.) is transmitted strictly at the corner. Finally, the third assumption is that a horizontal 

frictional force μ· N is transmitted at those thirds of the horizontal surfaces of the horizontal bricks 

where relative horizontal translations occur (green horizontal forces of magnitude μ· N in Figure 

2.11c). Similar to the 1:2 running bond pattern, the change of vertical distance between the cyan-

marked corners is not considered either in the moment balance equation for the vertical block.  

 

Figure 2.11. (a) The 1:3 herringbone pattern, (b) failure mode in the case of realistic friction, and 

(c) forces assumed to act on the vertical and horizontal blocks at failure. 

The necessary magnitude of the friction coefficient to allow for these kinematics can be determined. 

In this calculation, the elementary cell shown in Figure 2.12 is considered. The theoretical 

derivations (see Appendix I) yield that, only if 1/6 ≤ μ ≤ 7/6 does such a failure mechanism occur 

in the 1:3 herringbone pattern.   

A friction coefficient of μ ≤ 1/6 results in pure horizontal sliding kinematics at failure (as in Figure 

2.10 for the 1:2 shape herringbone pattern). When the friction coefficient is μ ≥ 7/6, the kinematics 

are modified in such a way that the horizontal blocks cannot slide along each other but must turn 

over each other.  



33 

 

Figure 2.12. Forces acting on an elementary cell of the 1:3 herringbone pattern.  

2.3 Validation of the theoretical predictions with 3DEC 

2.3.1 Introduction of the validation test and identification of the failure of the analyzed shell 

These tests were performed on nearly infinitely large masonry walls to minimize the boundary 

effects. To achieve this, cylindrical shells were created (like those shown in Figure 2.13) whose 

radius of curvature was sufficiently large to be considered infinite in comparison to the wall 

thickness. The height of the wall was also sufficiently large to maximally exclude boundary effects 

on the top and bottom. 

 

                   (a)                                      (b) 

Figure 2.13. Explanation of the loading procedure: (a) the distributed loads on the cylindrical 

structures to produce the hoop tension in the validation tests and (b) the characteristic displacement 

that was kept track to recognize failure. 

In the validation tests for different bond patterns, the cylindrical walls were subjected to a 

uniformly distributed vertical compressive load acting on the top and bottom surfaces (see the 

thick blue arrows in Figure 2.13a). Self-weight was neglected. Then, the hoop stress was produced 

in the form of an initially small but then gradually increasing, distributed outwards pressure pint 

(thin red arrows) acting on the internal surface of the cylinder. This outwards pressure was 
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gradually increased in small increments in a quasi-static manner (the structure was carefully 

equilibrated after each load increase) until a further increase in pressure could no longer be reached; 

i.e., equilibrium could not be reached for the last increase. Equilibrium was understood as a state 

where the ratio of the largest unbalanced force on any node related to the total applied load dropped 

below the threshold 10−7. 

The failure state of the structure is defined as follows. It is assumed that equilibrium has been 

reached for an actual load pact. A characteristic displacement, which was in our simulations the x-

directional translation ux of the middle height point with the largest x-coordinate (Figure 2.13b), 

was ux,act for this load. The load was increased by 1%, after which the equilibrating procedure was 

started, keeping track of ux. (In the case of linearly elastic behaviour, an equilibrated state would 

be found at ux = 1.01 ux,act.) If the measured displacement exceeds 10 times the value that was 

achieved at that point, i.e., ux > 10 ux,act, then this is considered to be failure, and the load bearing 

capacity of the structure is pact with 1% accuracy. 

Assuming membrane behaviour, while the structure has not yet failed, the outwards pressure 

results in a hoop tension σt, whose intensity is related to pint according to (2.1): 

 σt = pmid ·Rmid/ t  (2.1) 

where pmid is the distributed load intensity reduced from the intrados to the middle surface such 

that pmid ·Rmid = pint ·Rint, Rmid and Rint are the radii of the middle surface and of the intrados, 

respectively, and t is the wall thickness (Figure 2.14). Equation (2.1) is the outwards force balance 

equation of a narrow vertical strip of the cylindrical wall, whose top view is shown in Figure 2.14. 

 

Figure 2.14. The hoop stress and the outwards intrados pressure acting on a cylindrical membrane. 

When the structure cannot resist the hoop tension anymore, the structure starts cracking at the last 

increment of pint. The load–displacement relation is shown for two structures in Figure 2.15, where 

equilibrium is not found for the last load increment, and failure can clearly be identified. On the 

vertical axes, the outwards pressure pint is shown, while the horizontal axes measure the magnitude 
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of the ux representative horizontal translation of the red point marked in Figure 2.13b. The two 

diagrams are typical outputs of the simulations. Both diagrams represent brittle behaviour, 

characteristic of interlocked masonry according to the terminology in Foraboschi (2019). In the 

case of the running bond patterns, the experienced behaviours slightly became softer until 

approximately 30% of the failure load was reached; subsequently, the slope became practically 

constant, and the behaviours did not deviate from linear until they reached the failure limit. Finally, 

the structures suddenly fail. In the case of the herringbone patterns, linear behaviour was observed 

first, which typically lasted until approximately 1/2 of the failure load. The behaviour became 

nonlinear above that load level (the stiffness considerably decreased); however, similar to that of 

the running bonds, the failure happened abruptly again, and a clear failure load magnitude could 

be identified. 

 

Figure 2.15. Typical p-ux load–displacement curves from the 3DEC simulations for two cylindrical 

shells: (a) for the double-symmetric running bond pattern and (b) for the 1:2 herringbone pattern. 

Vertical axis: outwards pressure in [N·m−2]; horizontal axis: characteristic horizontal translation 

in [10−4 m]. 

Since rotational mechanisms often occur in herringbone patterns, the height of the investigated 

cylindrical wall may, to some extent, influence the ultimate pressure. The 1:2 herringbone pattern 

was analyzed to determine the mean height of the cylinders. The element dimensions were 25 cm 

(length) × 12.5 cm (height or width) × 6.5 cm (wall thickness), and the middle radius was 1.2 m. 

Table 2.1 contains the data of the failure outwards pressure (which is directly related to the tensile 

strength of structures, according to equation (2.1) and Figure 2.14). The results in Table 2.1 show 

that the 5b height is sufficient for the analysis of the herringbone pattern. A similar convergence 

test was performed for the running bond pattern, although we expected that because of the pure 

horizontal sliding failure mode (Figures 2.6–2.8), the results should not depend on the height of 

the structure. A four-layer cylinder, as shown in Figure 2.13a, was built with a middle radius of 
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100 cm. The brick dimensions were 26.18 cm (length) × 12.5 cm (height) × 6.5 cm (wall thickness). 

Then, using the same cylindrical radius and brick dimensions, a twofold higher eight-layer 

structure was also made. The failure pressures were found to be completely identical (269 N m−2 

in both cases under vertical compression of 7050 N m−2); thus, the failure load of the running bond 

pattern was indeed insensitive to the height of the cylinder. The height 2b was applied in the 

validation tests of the running bond patterns. It should be noted that even though the height of the 

cylindrical wall for running bond patterns does not influence the ultimate pressure, the boundary 

effects cannot be completely eliminated. For example, Figure 2.15a shows a change in stiffness 

between the initial and intermediate phases of loading. This is because when the pressure is first 

applied, the out-of-plane behaviour of the shell is dominant. As the load continues to increase, the 

in-plane (crosswise) deformation of the shell becomes more significant.  

Table 2.1. Convergence analysis of the necessary height of the simulated cylindrical shell for the 

1:2 herringbone pattern. 

 

2.3.2 Input parameters of the analyzed cylindrical shell in 3DEC 

For the running bond pattern, the brick dimensions were 26.18 cm (length) × 12.5 cm (height) × 

6.5 cm (wall thickness). The height of the cylinders with a running bond pattern was equal to 2b. 

For the herringbone pattern, the height of the cylinders was equal to 5b. The middle radius of the 

tested masonry walls was 1.2 m, and the radii of the intrados and extrados were 1.1675 m and 

1.2325 m, respectively. Two different herringbone patterns were tested: in the first case, the width-

to-length ratio was 1:2, while in the other case, it was 1:3. Note that b denotes the length of the 

brick. 

The material density was 1482 kg/m−3, and the bulk modulus and shear modulus were 1.1 × 1010 

N·m−2 and 8.33 × 109 N·m−2, respectively. Fódi (2011) calibrated the 3DEC contact parameters 

according to several shear tests. The validation experiment was performed both on pairs of bricks 

placed on top of each other and on complete planar masonry walls. The calibration was performed 

manually. The load‒displacement diagrams were inspected, and the 3DEC parameters were 
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gradually modified during the repeated simulations. Based on these results, the following material 

characteristics were used in our simulations. The normal contact stiffness was 1.0 × 1010 N·m−2, 

the shear contact stiffness was 7.0 × 109 N·m−2, and the friction angle was 38°. 

2.4 Results 

2.4.1 Failure modes in 3DEC 

    

                   (a)                                                 (b)                                                (c) 

  

                                                            (d) 

  

                                                            (e) 

Figure 2.16. Failure mode of masonry walls in 3DEC: (a) 1:2 running bond pattern, (b) 1:3 straight-

shifted running bond pattern, (c) 1:3 skew-shifted running bond pattern, (d) 1:2 herringbone pattern, 

and (e) 1:3 herringbone pattern. Colours indicate the magnitude of vertical translations. 

Figure 2.16 shows examples of the failure modes of a cylindrical shell with a 1/2 running bond 

pattern, a 1:3 skew-shifted running bond pattern, and 1:2 and 1:3 herringbone patterns. Figure 

2.16a shows that the blocks separate from each other, forming a zigzag line as the predicted failure 

mode (Figure 2.6a). A masonry wall with a 1:3 straight-shifted running bond pattern exhibited a 
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similar crack shown in Figure 2.16b. Figure 2.16c shows the failure mode for the 1:3 skew-shifted 

running bond pattern. The crack is also the same as the predicted failure mode (Figure 2.7a and 

2.8a). Figure 2.16d and Figure 2.16e show the cracks in the masonry wall with 1:2 and 1:3 

herringbone patterns. The neighbouring horizontal bricks slide away from each other (Figure 2.16d 

and 2.16e, left). However, compared to the sliding of the horizontal blocks, the tipping (rotation) 

of the vertical blocks is not obvious. The opening of the rotation crack is nearly two orders of 

magnitude less than the magnitude of the sliding crack. The tipping over or rotation of the crack 

is tracked by the z-direction displacement (Figure 2.16d and 2.16e, right) of the structure. This can 

also be detected from the contact normal stress distributions (Appendix I, Figure 7).  

The simulation of the 1:3 herringbone pattern with a contact friction angle of 51° (μ ≈ 7/6) can be 

found in Appendix I. As predicted in section 2.2.2.2.2, the vertical blocks and horizontal blocks 

all exhibit rotational motion. Even though cylindrical walls were used for performing the 

numerical simulations, the boundary effect on those blocks still occurred near the top and bottom 

supports. The rotation of the blocks was much better detected in the middle part of the wall. The 

last test was also done with a contact friction angle of 60° (μ > 7/6), the rotational mechanism 

appeared for both vertical and horizontal blocks. 

2.4.2 The magnitude of crosswise tensile resistances 

The results of the quantitative relationship between the crosswise tensile resistance and the vertical 

compressive stress are summarized in Figure 2.17. 

 

Figure 2.17. Dependence of hoop tensile strength on vertical compression. 
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The diagram shows that the theoretical predictions were always slightly conservative. In the case 

of the running bond patterns, the predictions were in nearly perfect agreement with the simulated 

experimental results for the doubly symmetric (1: 2) running bond pattern. As the deviation of the 

arrangement from the doubly symmetric α = 1/2 position increased to α = 1/3 and then to α = 1/4, 

the difference between the theoretical and simulated experiments also increased. We explain this 

as the decreasing size of the horizontal overlapping area between voussoirs on top of each other: 

less accurate positioning of the bricks on each other leads to an increasing inaccuracy of the 

predictions. (Note that the difference was always on the safe side.) In the case of the herringbone 

patterns, nearly perfect agreement (also on the safe side) was found for the 1:2 shape, and a slightly 

larger deviation (a few %) was found for the 1:3 shape. In any analyzed case, even for the most 

shifted arrangements (α = 1/4 shifted running bond patterns), the deviations between the prediction 

and numerical experiments did not exceed 10% and were usually much smaller. 

2.5 Summary and limitation 

This thesis investigated the crosswise tensile resistance for different bond patterns with the help of 

using low-curvature cylindrical shells. For running bond patterns, previous literature has quantified 

the relationship between tensile resistance and vertical compressive stresses for symmetric running 

bond pattern. This thesis extended the theoretical derivations for different shifted running bond 

patterns, and for herringbone patterns with 1:2 and 1:3 block shapes. The outcomes are as follows: 

(1) According to the results, running bond patterns are stronger (with greater crosswise tension 

resistance) than herringbone patterns. However, herringbone has its own advantages in 

constructing masonry shells, e.g., no centring is needed to build a hemispherical dome. 

(2) The numerical validation shows that the deviation between the numerical simulations and 

theoretical predictions is less than 10%. Theoretical predictions are more conservative because 

they are always lower than numerical simulations. 

In the theoretical predictions, the blocks are considered unbreakable and dry contacts are assumed. 

However, in the lower region of masonry vault and domes, the tensile stress might reach the tension 

resistance of masonry material. Thus, our theoretical predictions applied to those structures with 

strong blocks but weak mortar layers.  

Principal result 1 
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With computer-simulated experiments, I validated the theoretical predictions of crosswise tension 

resistance for different running bond and herringbone patterns with a realistic friction coefficient 

 =0.781. With deviations below 10% between theoretical predictions and numerical experiments 

and the theoretical predictions being always on the safe side, I showed that: 

• The crosswise tension resistance of straight-shifted and skew-shifted running bond patterns for 

 = 1/2, /3 and 1/4, is t c

b

h


  = .  

The parameter  expresses the ratio of shifting. 

• Shells with herringbone pattern also exhibit crosswise tension resistance, though their failure 

mode is different from that of running bond patterns. I identified two failure modes, depending on 

the magnitude of friction coefficient on the surfaces. For 1:2 herringbone pattern, the combined 

rotating and sliding failure mode appears when the realistic  =0.781 friction coefficient is applied; 

for 1:3 herringbone pattern, the combined failure happens in this case. When μ= 1.235 and 1.732, 

pure tipping over failure mode occurs in 1:3 herringbone pattern.  

• The crosswise tension resistances of 1:2 herringbone and 1:3 herringbone patterns are 

0.5

4
t c


 

+
= , and 

1/ 3

3
t c


 

+
= respectively, for the mixed failure mode.  

In the above formulas t  denotes the crosswise tension resistance, c is the vertical compressive 

stress,  is the friction coefficient. 
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Chapter 3: DEM analysis of masonry hemispherical domes 

externally reinforced by metal bars 

 

3.1 Introduction 

The typical cracking of a hemispherical dome is “orange-slice” cracking (Figure 3.1a). The 

magnitude of the crack opening or width at the base level is the largest. However, this also depends 

on the boundary conditions. For example, if a dome is fixed at the base level (e.g., a dome stands 

on the ground), then the largest crack opening (Figure 3.1b) occurs above the base level. In reality, 

reinforcement is often applied to prevent the orange-slice-like cracking.  

                                          

               (a)                                            (b) 

Figure 3.1. Cracking of hemispherical domes: (a) “Orange-slice” cracking without supporting, and 

(b) “Orange-slice” cracking when dome is fixed at bottom (Atamturktur et al., 2012). 

3.1.1 Strengthening methods 

The first method relies on the natural tensile resistance of masonry blocks by applying tongue and 

groove joints formed with interlocked elements, as shown in Figure 3.2 (Varma et al., 2006). 

However, masonry materials exhibit relatively weak tension resistance. Thus, this method is 

preferable for use with hemispherical domes at small scales. 

 

Figure 3.2. Tongue and groove joints (Varma et al., 2006). 

Another variation of the previous method is to find a proper voussoir shape and bond pattern to 

increase the crosswise tension resistance. Cipriani & Lau (2006), Baratta and Corbi (2012), 

Foraboschi (2014), and Simon & Bagi (2016) called attention to the phenomenon of “crosswise 

tension resistance”, which was the topic of the previous Chapter in my dissertation. 
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The most traditional externally bonded strengthening method is to place metal bars or chains. 

Reinforcement is installed on the extrados of domes. With this method, a smooth and clean boning 

surface is required to attach the reinforcement. The difficulty of this method is how to fix the 

reinforcement on the dome surface. Figure 3.3 shows the metal bars used for strengthening the 

Church of Umilta (Foraboschi, 2014). 

 

Figure 3.3. Metar bars on the Church of Umilta (Foraboschi, 2014). 

Currently, composite fibre-reinforced plastic or polymer (CFRP) has become widely used in 

strengthening masonry structures. Compared with metal bars or chains, CFRP is much easier to 

install on the surfaces of masonry structures, especially on curved surfaces (Jasienko et al., 2021). 

Figure 3.4 shows how to strengthen the cracked hemispherical dome of St. Anna’s Church in 

Wilanow, Poland (Chmielewski, 2015), with CFRPs. First, a bonding surface (substrate) should 

be prepared to attach the reinforcement strips (Figure 3.4a). Then, carbon fibre stripes or other 

composite stripes are glued or mounted on the repaired surface (Figure 3.4b). Finally, the exposed 

surfaces are covered with supplemented cement-lime plaster. 

      

                (a)                                (b) 

Figure 3.4. CFRP applied on the cracked hemispherical dome of St. Anna’s Church: (a) smooth 

preparation for reinforcement and (b) completion of glued CFRP (Chmielewski, 2015). 

The fibre-reinforced cementitious matrix (FRCM) is very similar to that of CFRP. The main 

difference between them is that FRCM composite materials are composed of carbon or PBO fibres, 
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whereas fabric meshes are bonded with inorganic matrices. However, organic resin (epoxy) is used 

in CFRPs. Thus, FRCMs overcome the drawbacks of CFRPs, e.g., poor fire and high-temperature 

resistance, inapplicability on wet surfaces and low compatibility with the substrate (Donnini et al., 

2019). Figure 3.5 shows the results of FRCM strengthening with carbon and PBO fabric meshes. 

 

Figure 3.5. FRCM strengthening with carbon (left) and PBO (right) fabric meshes (Jasienko et al., 

2021). 

The last strengthening method is to apply ring beams (such as reinforced concrete beams) within 

the thickness of the dome. This method has solid historical origins. For example, Brunelleschi used 

stone ring reinforcement in the shell of the dome of the Florence Duomo. Figure 3.6 shows the 

construction of a ring beam reinforcement for the Church of St. Peter and Paul (Szydlowski, 2017). 

The main advantage of this type of strengthening approach is the ability to construct a spacious 

hemispherical dome. 

  

                  (a)                             (b) 

Figure 3.6. The ring beam reinforcement of the Church of St. Peter’s and Paul’s Bodzanow: (a) 

view of the completed reinforced concrete and (b) ring beam reinforcement (Szydlowski, 2017). 

3.1.2 The optimal location of reinforcement 

Steel and CFRP reinforcements are commonly installed around the perimeter close to the base of 

a hemispherical dome to avoid meridional cracks (orange-slice cracking). However, the behaviour 

of a reinforced hemispherical dome is not well understood (Varma, 2018), and in particular, the 

optimal location of reinforcement is still an open issue. 
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 Foraboschi (2004) performed more than 50 experiments to investigate masonry arches, vaults, 

and domes under vertical loads. The columns are reinforced with FRP. Some domes were built on 

the ground (which practically means fixed support against outwards translations of the bottom 

points of the dome). Other domes are constructed on short drums (which means large stiffness 

against outwards displacements, in comparison to as if the drums would have been high). The 

results showed that the FRP applied at the base level of the domes had negligible contribution to 

increasing the load-bearing capacity of the domes. 

Fraternali et al. (2015) applied a tensegrity approach to optimize the patterns of FRP reinforcement 

placed on the church of Santa Maria di Monteverginella in Naples. The church was modelled as a 

truss network with a given node set in the study. Each node is potentially connected by tension or 

compression forces. By finding solutions for the static equilibrium equations of all nodes under 

prescribed constraints, different optimized patterns of FRP were found for the dome under loads 

Its shows that for domes under vertical loads, reinforcement is suggested to be applied in the hoop 

direction at the lower part of the dome. 

Chiozzi (2016) applied upper bound limit analysis (i.e. the kinematic theorem) based on the Non-

Rational Uniform Bi-Spline (NURBS) approach, which is widely used in approximating functions 

in 3D modelling (Cottrell 2009), to determine the load-bearing capacity of a hemispherical dome 

under concentrated and uniformly distributed vertical loads (Figure 3.7). The optimal location of 

FRP reinforcement applied on the extrados of the dome was also captured. The geometries of 

hemispherical domes were created in Rhinoceros. A genetic algorithm was used to adjust the initial 

mesh of the NURBS. The minimum collapse load multiplier and an actual failure mechanism were 

found. Figure 3.8 shows the numerical result of the optimal FRP location of a dome under uniform 

distributed vertical loads above the ground-plan, which was approximately 45 from springing. 

 

             (a)                        (b) 

Figure 3.7. Illustration of the analyzed dome with FRP under vertical loads: (a) concentrated 

vertical load and (b) vertical distributed load (Chiozzi, 2016). 
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                   (a)                                     (b) 

Figure 3.8. Failure mechanism of the analyzed dome: (a) dome under a concentrated load and (b) 

dome under a distributed load (Chiozzi, 2016). 

Varma and Ghosh (2015) reported that the optimal location of tension rings on a hemispherical 

dome with a 5.0 m mid-surface radius and 0.5 m shell thickness under self-weight was 

approximately 15 . In their study, combined finite element thrust line analysis was applied. The 

tension ring is installed at the extrados of the dome. Different ratios of Young’s modulus between 

the reinforcement and blocks are assigned to model different strengthening methods or materials. 

For example, a lower value represents tongue and groove joints (Figure 3.2) formed by interlocked 

stones. A high value represents metal or FRP tension rings. However, the cross-sectional area of 

the tension ring was set as a relatively large constant, 0.0185 m2 (185 cm2), which was greater than 

the area of metal bars or FRP stripes. 

3.1.3 Aim of the thesis 

This chapter focuses on the most traditional externally applied strengthening method: horizontal 

tension rings made of metal bars around the extrados. With 3DEC-simulated experiments, the aim 

is to find the optimal location of reinforcement in the sense that the orientation of the reaction 

forces at the bottom of the dome is closest to the vertical direction. In the previously mentioned 

studies (section 3.1.2), “optimal location” was always understood as the location allowing the 

greatest live load. However, our target was not this. From a practical point of view, we believe that 

the orientation of the reaction at the bottom of the dome is the most important: the closer the 

reaction is to the vertical, the safer the underlying supporting structure is. One characteristic that 

may affect this is the axial stiffness of the reinforcement (i.e., the product of cross-sectional areas 

and Young’s modulus of the reinforcement). The other important issue is the boundary conditions 

of the dome. This issue has hardly ever been analyzed in other studies. Then I performed several 

tests to show that if the contacts between the blocks are not dry but cohesive, the existence of 

cohesion strongly influences the optimal location and efficiency of the reinforcement. Finally, an 
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initially cracked dome under further support displacement when reinforcement is applied at 

different positions is illustrated. 

3.2 3DEC simulation of the analyzed dome 

3.2.1 Geometrical properties 

The dimensions of the analyzed hemispherical dome are as follows (see Figure 3.9 as well). The 

span (the diameter of the groundplan) is 12.2 m. The radius of the intrados Ri is 5.95 m. The radius 

of the extrados Re is 6.25 m. The radius of the mid-surface R is 6.1 m. The thickness t is 0.3 m, 

which is greater than Heyman’s prediction (1967) for the minimum thickness of hemispherical 

domes 0.043R (0.2623 m). Another dome with a greater thickness of 0.6 m is also shown for 

comparison (Appendix II). According to Simon and Bagi (2016), when the subdivision of the 

perimeter is more than 30, the minimum required thickness of the dome is in good agreement with 

Heyman’s minimum thickness prediction. The dome (see Figure 3.9, left) consists of 50 individual 

lunes around its perimeter, similar to the dome of the rock in the Old City of Jerusalem. The dome 

consists of 18 horizontal rings of stone blocks. Reinforcement (red line) is installed on the extrados 

of the dome as a horizontal ring at different positions. The reinforcement is always placed at the 

mid-position of the chosen ring. The reinforcement location expressed with the help of the angle 

α is measured from the bottom (Figure 3.9, right). 

 

Figure 3.9. The analyzed dome in 3DEC: dome installed with reinforcement (left) and illustration 

of the reinforcement location (right). 

3.2.2 Material properties of the discrete elements and of the metal reinforcement 

The construction material of the blocks is limestone. Limestone is a sedimentary rock that can be 

easily found worldwide (approximately 10% of all sedimentary rocks in the world are limestone), 

and it is widely used in the construction of historic masonry structures because it is relatively easy 

to cut into different shapes. For example, King’s College Chapel is carved from soft 
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Cambridgeshire limestone (Hendrix 2010). The material parameters are based on the experiments 

of Alnuaim et al. (2019) and Parent et al. (2015). The material properties set in 3DEC are as follows. 

The density of the limestone is 2700 kg/m3, the bulk modulus of the limestone is 10 GPa, and the 

shear modulus of the limestone is 6 GPa.  

The material properties of the steel bars are chosen based on the tension and compression tests of 

Cadoni (2018) and Ponle (2014). Steel bars on the extrados of the dome are simulated by applying 

beam elements (red lines in Figure 3.9) in 3DEC. The material parameters are defined with the 

following characteristics. The Young’s modulus is set to 200 GPa. The corrosion of metal 

reinforcements is a critical issue in long-term use. According to the experiment of Fernandez et al. 

(2015), for metal bars with Φ10 and Φ20, Young’s modulus decreases when the corrosion degree 

increases. For simplicity, in this study, a reduction factor of 0.93 is introduced in the cross-

sectional areas of the reinforcement to model the corrosion of the bars. The factor 0.93 comes from 

Fernandez et al. (2015): 186/200; when the corrosion degree is 8%, the equivalent Young’s 

modulus is approximately 186 GPa for Φ10 bars. The following cross-sectional areas of the beam 

elements were applied: 73.0 mm2 (Φ10 metal rebar), 292.0 mm2 (Φ20 metal rebar), and 1168.1 

mm2 (Φ40 metal rebar). The density of the metal bars is 7850 kg/m3, Poisson’s ratio is 0.3, and the 

yield capacity in tension is 550 MPa.  

3.2.3 Contact properties of the interfaces 

3.2.3.1 Contact properties between the discrete elements 

In most cases, the contacts are considered dry. However, when mortar joints are considered in 

section 3.3.3, contact cohesion is applied as 0.05 MPa and 0.25 MPa, 0.071 MPa and 0.355 MPa 

tensile strength based on the experiment by Rahman and Ueda (2014). Cohesion is the shear 

strength of the joints between blocks when the normal stress is equal to zero, which is represented 

by τ = σntanϕ + c, where τ is shear strength, σn is normal stress, ϕ is friction angle and c is cohesion. 

For many mortars, it often shows a cut-off in the Mohr–Coulomb failure envelope shown in Figure 

3.10. However, for some weak mortars, this phenomenon does not exist. Since the interest of this 

thesis is only to compare the difference in the optimal location of the applied reinforced with and 

without existence of mortar joints, the tensile resistance is simply set as σt = c/tanϕ. 
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Figure 3.10. Mohr circle of mortar (Ghimire et al., 2022) 

 

Figure 3.11. The tested arch in 3DEC. 

The calibration of the normal contact stiffness is based on an arch test. First, an arch (Figure 3.11) 

with a 17 m span (middle surface) is created. Then, the input of the normal contact stiffness is set 

as 1 GPa/m. After that, a gravity load is applied until the arch reaches equilibrium. Finally, the 

required minimum thickness to maintain the safety of the arch is obtained. According to the test, 

when JkN is 1 GPa/m, the minimum thickness calculated from 3DEC is 0.950 m. When the normal 

contact stiffness reaches 1000 GPa/m, the obtained minimum thickness is 0.911 m, which is less 

than the difference of 1.2% between the analytical solution (Blasi and Foraboschi, 1994) of 0.9 m 

and the analytical solution of Milankovitch (1907), 0.913 m. By using the obtained normal contact 

stiffness, the minimum thickness of the analyzed hemispherical dome in this study with a 12.2 m 

span (middle surface) is calculated as 0.265 m, which is only a 1% difference from Heyman’s 

prediction (1967) of 0.2623 m. JkS is set as 1/10 of JkN. The contact properties between blocks 

have the following values: JkN and JkS are set to 1000 and 100 GPa/m, respectively. The friction 

angle Jfric was set to 35° (Lengyel and Bagi, 2015). 

3.2.3.2 Contact properties between discrete elements and reinforcement 

In the literature no actual 3DEC experiments address this issue, so it is challenging to find the 

contact parameters between blocks and metal bars. In our 3DEC model, initially the following 

parameters define the connection between the blocks and beam elements. The cohesion between 
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the blocks and beam elements is set to 1.5 × 106 N/m, the normal JkNr and shear stiffness JkSr are 

10 GPa/m and 7 GPa/m, respectively, the tensile strength σt,r is 1.5 × 104 N/m, and the friction 

angle Jfricr is 30°. These parameters are chosen from the Manual of 3DEC, where beam elements 

are applied to strengthen a tunnel surface. Then a detailed sensitivity analysis was performed to 

determine the influence of different reinforcement-to-block contact parameters on the orientation 

of the reaction force (Figure 3.12). The orientation of the reaction at the bottom of the dome has 

special importance: the closer the reaction is to the vertical, the safer the underlying supporting 

structure is. The results of the sensitivity analysis are shown in Table 3.1. The influence of JkNr 

and JkSr, which have two orders of magnitude differences on the Fh/Fv ratio, was minor. The 

difference is less than 0.8%. A similar sensitivity analysis with a two order of magnitude difference 

was performed for the contact properties of cohesion and tensile strength between the 

reinforcement and blocks. The error is also less than 0.8%. 

Table 3.1. Fh/Fv was obtained with different sets of JkNr and JkSr sequences. 

 

 

Figure 3.12. The horizontal Fh and vertical Fv reaction forces at the base. 

3.2.4 Loading process 

According to Ottoni and Blasi (2016), the majority of historical domes contain externally applied 

metal reinforcements. In some domes, reinforcement is applied during the construction phase. In 
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other domes, reinforcement is installed later when some damage has already occurred or as 

additional rings working together with old chains whose efficiency is reduced over time. The 

investigated domes are strengthened in two different ways in this thesis. In the first case, the 

reinforcement is applied during the construction phase before the self-weight is applied. This 

corresponds to the decentring of the structure after the reinforcement has already been applied. In 

the second case, reinforcement is installed when meridional cracks have already occurred. 

For the first case, the geometry of the hemispherical dome is created according to the data in 

section 3.2.1. The boundary conditions are assigned. Then, beam elements representing metal bars 

are attached at a chosen height on the extrados of the dome. After that, the gravitational field is 

switched on until the equilibrium state of the structure is reached. Finally, the optimal location of 

the metal bars is found after performing the same procedure for the analyzed dome with different 

reinforcement positions. By “optimal location”, such a placement is understood for which the 

orientation of the reaction force (Figure 3.12) on the base of the dome is closest to vertical. 

For the second case, the optimal location of the reinforcement is defined as follows. First, the 

equilibrium state of the dome under self-weight without any reinforcement is found. Then, 

outwards support displacement (Figure 3.13) is applied until the limit value at which the dome 

starts to fail is reached. In this way, the failure value of the support displacement is captured. The 

procedure now begins. Reinforcement is applied when the support displacement reaches 75% of 

the failure value. After that, the support displacement is increased to 100%. Similarly, the optimal 

location is defined by the orientation of the reaction force on the base of the dome. 

 

Figure 3.13. The analyzed dome under outwards support displacement (red). 

3.2.5 Support system 

Two different types of support are considered. In the first case, the dome stands on a fixed support 

(Figure 3.14a). The supporting blocks are created under the dome. All the translations are fixed 
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against one another. All the other blocks of the dome can move freely. The second case is a dome 

that stands on a drum. Similar to Basilica of S. Maria Assunta (Figure 1.5), a maximum drum 

height of 10 m was chosen for this study. A total of four different heights (3 m, 5 m, 7.5 m, and 10 

m) of drums are created for comparison. Figure 3.14b and 3.14c shows the examples of the same 

dome on a 5 m and a 10 m high drums. 

           

                (a)                               (b)                                   (c) 

Figure 3.14. The analyzed dome with different boundary conditions: (a) dome with fixed support, 

(b) dome on a 5.0m high drum, and (c) dome on a 10.0m high drum. 

3.3 Results 

Sections 3.3.1–3.3.3 exhibit the results for the dome with a 0.3 m thickness (t/R = 0.049) under 

self-weight. The reinforcement is installed at the dome before the self-weight is activated. This 

finding indicates that the dome was reinforced before the removal of the centring. Section 3.3.4 

shows the numerical results of the domes under outwards support displacement. Equilibrium is 

found for the dome without reinforcement under self-weight. After that, reinforcement is generated 

on the extrados of the dome. In this case, the dome initially cracks, and reinforcement is used to 

avoid further cracking. Section 3.3.5 offers a different perspective on defining the optimal location 

for reinforcement by identifying where the maximum crack appears on the dome. The numerical 

simulations for the dome with a 0.6 m thickness (t/R = 0.098) can be found in Appendix II. 

3.3.1 Effect of the cross-sectional area of the reinforcement 

The dome is on a fixed support. Analysis was also performed for domes with 5.0 m and 10.0 m 

high drums. Different cross-sections of the metal bars were cut into 73.0 × 10-6 m2 (Φ10), 292.0 × 

10-6 m2 (Φ20), and 1168.1 × 10-6 m2 (Φ40). For comparison, a few more simulations with larger 
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beam element cross-sections of 0.0047, 0.014, and 0.047 m2 are performed. The Young’s modulus 

of the reinforcement is 200 GPa. 

 

                                                                (a) 

 

                                                                   (b) 

 

                                                                 (c) 

Figure 3.15. The optimal location of reinforcement with different cross-sectional areas: (a) dome 

under fixed support, (b) dome on a 5.0 m high drum, and (c) dome on a 10.0 m high drum. 
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Figure 3.15a shows the optimal location of a single tension ring on the hemispherical dome on a 

fixed support with cross-sectional areas of 73.0 × 10-6 m2 (Φ10 metal rebar), 292.0 × 10-6 m2 (Φ20), 

1168.1 × 10-6 m2 (Φ40), and 0.0047 m2 is approximately 17°. The optimal location of the tension 

ring with a cross-section of 0.014 m2 is approximately 12°, nearly the same as that in the study of 

Varma and Ghosh (2015). The optimal location of the tension ring with a cross section of 0.047 

m2 is approximately 7-8°. This indicates that the cross-sectional areas of the tension ring influence 

its optimal location. When the cross-section increases, the optimal location moves downwards 

toward the base. 3DEC simulations of larger cross-sections might involve other strengthening 

methods, such as a reinforced concrete ring beam or multiple metal bars. Figure 3.15b and 3.15c 

show the optimal location of the reinforcement of the same dome on 5.0 m and 10.0 m high drums, 

respectively. The diagrams also reveal that the optimal location of the reinforcement moves 

downwards toward the base when the cross-sectional area of the reinforcement increases. 

3.3.2 Effect of the support system 

3.3.2.1 Effect of the drum height 

Figure 3.16 shows the numerical results of the effect of the boundary conditions. The cross-section 

of the tension ring is 1168.1 × 10-6 m2 (Φ40 metal rebar), with a Young’s modulus of 200 GPa. 

 

Figure 3.16. The optimal reinforcement location for different drum heights was determined with a 

cross-section of 1168.1 × 10-6 m2 (Φ40 metal rebar) and a Young’s modulus of 200 GPa. 

Figure 3.16 shows that the optimal location of a single tension ring with a cross-section of 1168.1 

mm2 (Φ40 metal rebar) varies under different boundary conditions. The optimal location of the 

tension ring on the dome with fixed support is approximately 17°. The optimal location of the 

tension ring on the dome on a 3.0 m high drum (flexural stiffness of 29.0 MPa·m) is approximately 
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12°. The optimal location of the tension ring on the dome on a 5.0 m high drum (6.3 MPa·m) is 

approximately 7–8°. The optimal location of the tension ring on the dome on the 7.5 m (1.9 MPa·m) 

and 10.0 m high (0.8 MPa·m) drums is approximately 2–4°, nearly close to the base. This indicates 

that the boundary condition also influences the optimal location of the tension ring. With 

increasing drum height (reducing the flexural stiffness of the support), the optimal location of the 

tension ring increasingly approaches the base. 

3.3.2.2 Effect of the drum thickness 

Figure 3.17 shows the numerical results of the optimal location of the reinforcement on a drum 

with a height of 5.0 m. The thicknesses of the drum are 0.3 m (the same thickness as the dome), 

0.5 m and 0.7 m. For comparison, the fixed support case is also included. The cross-section of the 

tension ring is 1168.1 × 10-6 m2 (Φ40 metal rebar), with a Young’s modulus of 200 GPa. 

Figure 3.17 shows that the optimal location of the reinforcement moves downwards (toward the 

base) with decreasing thickness of the drum. The optimal location of the reinforcement is 

approximately 8° when the drum thickness is 0.7 m (flexural stiffness of 6.3 MPa·m). The optimal 

location is approximately 3° when the drum thickness is 0.5 m (2.3 MPa·m). When the drum 

thickness is decreased to 0.3 m (0.5 MPa·m), the optimal location is at the base. Reducing the 

thickness of the drums has the same effect as increasing the height of the drums because the 

flexural stiffness of the support is also decreased in this case. 

 

Figure 3.17. The optimal location of reinforcement for different drum thicknesses. 

3.3.3 Effect of mortar joints 
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In this section, a hemispherical dome with mortar layers (cohesive joints) is investigated. The 

properties of mortar joints are characterized by contact cohesion. The details of the parameters can 

be found in section 3.2.3.1. D’Altri et al. (2020) investigated the failure mode of masonry barrel 

vaults under differential settlement. Their study concluded that contact cohesion had no influence 

on the cracking patterns of the vault under support displacement. However, a hemispherical dome 

is a doubly curved shell. Self-weight leads to stresses in both the hoop and meridional directions. 

The hoop stress is tensile in the lower part of the dome. Foraboschi (2019) noted that cohesion has 

an important influence on a planar masonry wall under self-weight and lateral loads, especially 

when the structure is affected by dynamic loads. Figure 3.18 shows the numerical results of the 

effect. The dome is on a fixed support. The cross-section of the tension ring is 1168.1 × 10-6 m2 

(Φ40 metal rebar), with a Young’s modulus of 200 GPa. 

Figure 3.18 shows that contact cohesion has an influence on the optimal location, especially the 

efficiency of the reinforcement. With increasing contact cohesion, the efficiency of the applied 

reinforcement decreases because the ratio of the reinforcement stiffness to the masonry stiffness 

decreases. The occurrence of contact cohesion improves the overall strength or stability of 

masonry structures. The application of a hoop tension ring is commonly used to decrease the tensile 

stresses in the dome and the horizontal component of reactions at the base level. However, if 

contact cohesion is considered, the masonry structure itself can resist part of the hoop tension. 

Thus, the efficiency of the reinforcement is reduced. The optimal location of the reinforcement is 

also different if contacts are cohesive. With increasing contact cohesion, the optimal location 

becomes closer to the base. If there is no contact cohesion or if the contact cohesion is low because 

of the constraining role of the support, the optimal location of the reinforcement is slightly further 

from the base. When the contact cohesion is high, the optimal location of the reinforcement is 

much closer to the base because it is more effective at reducing the horizontal reaction forces when 

the reinforcement is placed closer to the base. It must be noted that all the simulations in this 

section are considered for the dome reinforced by the metal bar with only one cross-section of 

1168.1 × 10-6m2 (Φ40 metal rebar). Further simulations should continue for domes with different 

cross-sections of reinforcement considering contact cohesion. 
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Figure 3.18. The optimal location of the reinforcement with different contact cohesions. 

3.3.4 The optimal location of the reinforcement for the dome under support displacement 

This section shows the results of the optimal location of the reinforcement under outwards support 

displacement. Before applying the support displacement to the reinforced dome, the failure 

displacement of the unreinforced dome had to be determined. To achieve this, the support of the 

dome was slowly translated outwards, with a velocity of 0.002 cm/sec. After every 0.2 cm of 

displacement was reached, the supports were fixed again, and the structure was equilibrated. The 

failure displacement of the unreinforced dome is 16.3 cm (1.3% of the span of the dome). The 

failure mode of the dome under support displacement is rotational collapse mode 1 according to 

Aita et al. (2019) (shown in Figure 3.19a), where hinge rows are formed on horizontal planes. In 

agreement with Aita et al. (2019), our simulation results also show that collapse mode 2 cannot 

occur because it requires some interpenetration between adjacent lunes to form a kinematically 

compatible mechanism for the dome. The hinge formed at extrados is at 20◦ from the springing of 

the dome (see Figure 3.20), which is nearly the same as the 24◦ from the study of Zessin et al. 

(2010). After this failure displacement value is known, the analysis of the optimal location of 

reinforcement for the dome under support displacements starts. First, the equilibrium of the 

analyzed dome under gravity without reinforcement is found. Then, the support displacement is 

introduced slowly (i.e., quasi-statically, with a velocity of 0.01 mm/sec) and increases to 12.2 cm 

(75% of the failure value of the dome without reinforcement). After that, reinforcement is applied 

at different positions. Finally, the support displacement increased to 16.3 cm (the failure value of 

the dome without reinforcement) to determine the optimal location of the reinforcement. The dome 

is on a fixed support. The cross-section of the tension ring is 1168.1 × 10-6 m2 (Φ40 metal rebar), 

with a Young’s modulus of 200 GPa. 
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            (a)                                 (b) 

Figure 3.19. Rotational collapse: (a) mode 1 and (b) mode 2 Aita et al. (2019). 

 

Figure 3.20. A hinge formed at extrados at 20◦ from the springing of the dome. 

Figure 3.21 shows that when the outwards support displacement (16.3 cm) is reached, the optimal 

location of the reinforcement is at the base of the dome, where Fh/Fv is the lowest. When the 

reinforcement is applied below 12-13°, the Fh/Fv is far lower than that in the other cases when the 

reinforcement is applied away from the base. The compensation of the horizontal component of 

the thrust at the base is more effective when the reinforcement is applied near the base. 

 

Figure 3.21. The optimal location of reinforcement of the dome under 16.3 cm outwards support 

displacement. 

3.3.5 The maximum crack appeared on the dome with different support conditions 

In previous sections, the optimal location for reinforcement was consistently determined by the 

lowest value of Fh/Fv. To enhance clarity and comprehension, this section introduces an alternative 
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approach to defining the optimal reinforcement location by examining where the maximum crack 

appears on the dome. For a hemispherical dome with dry contacts and simple stacked bond patterns, 

the structure cannot resist tensile stresses. Therefore, it is evident that the reinforcement (single 

ring in this study) should be placed where the maximum tensile stress would arise in case of a 

tension-resisting material, or where the maximum crack width occurs in case of no-tension 

material.   

     

                 (a)                                      (b)                                 (c) 

Figure 3.22. Maximum cracks appeared on the dome of no-tension material, with different support 

conditions: (a) dome on fixed support, (b) dome on a short drum, and (c) dome on a high drum. 

By tracking the normal contact displacement, the location of the maximum crack and the width 

distribution of the crack between two neighbouring lunes along the meridional direction of the 

dome can be determined. Figure 3.22a illustrates these characteristics for a dome with fixed 

support, showing that the maximum crack opening appears in the lower region of the dome but 

higher than the base level. It also indicates that because of the restriction of the support, the crack 

width at the base level is zero. Figures 3.22b and 3.22c show that as the drum height increases, the 

maximum crack moves closer to the base. This observation is consistent with the results discussed 

in previous sections. It should be noted that the top edge of the crack (where the crack width is 

zero) at the interface of the compression and tension zones (also known as neutral plane) is not at 

the same plane in all cases. For the dome with a higher drum, the compression zone is smaller. 

3.4 Summary and limitations 

This thesis reports the main results of an investigation on the optimal location of metal 

reinforcement for a hemispherical dome. The primary outcomes of the investigation are briefly 

summarized as follows: 
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(1) The boundary conditions (in this study, the thickness and height of the drums) influence the 

optimal location. When the height of the drum increases or the thickness of the drum decreases, 

the optimal location of the reinforcement approaches the base level. 

(2) The cross-sectional area of the reinforcement influences its optimal location. The optimal 

location is closer to the base when the reinforcement cross-sectional area is increased. 

(3) Contact cohesion plays an important role in determining the optimal location of reinforcement, 

especially in terms of reinforcement efficiency. When there is no contact cohesion or when the 

cohesion is low, the optimal location of the reinforcement is slightly farther from the base. When 

the contact cohesion is high, the optimal reinforcement location is close to the base. However, in 

parallel, the efficiency of the reinforcement decreases because the ratio of reinforcement stiffness 

to masonry stiffness decreases. 

(4) When the dome is undergoing support displacement, it is more effective to place the 

reinforcement at the base level to counteract the horizontal component of the reactions at the base. 

In this thesis, the optimal location of the reinforcement was found for a dome with a bond pattern 

where the blocks stack on each other, which means that the dome is formed by independent lunes. 

However, bond patterns such as running bonds and herringbone patterns are also often used in 

masonry shells. The arrangement of the blocks can allow a significant crosswise tensile resistance 

to occur in the hoop direction (Chen and Bagi, 2020). This limits the interpretability and validity 

of the results for generalizing. In future studies, hemispherical domes with running bonds, 

herringbone patterns, and their variations can be analyzed. The phenomenon of hoop-directional 

crosswise tensile resistance could be incorporated in the existing modelling approach (e.g., dome 

formed by independent lunes) in the form of an “equivalent cohesion”, whose value depends on 

the magnitude of meridional compressive stresses. Such an analysis has not yet been performed. 

Another limitation of the validity of the results is that the correlation between Young’s modulus 

and the corrosion degree of metal bars is difficult to establish according to the experiment of 

Fernandez et al. (2015). In this thesis, the corrosion of metal bars was simply modelled by 

introducing a reduction factor of 0.93 in the cross-sectional areas of the reinforcement. The actual 

corrosion degree of reinforcements (which can significantly vary over centuries) may also affect 

the optimal position. 

Principal result 2 
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I performed 3DEC simulations to investigate the optimal location of the reinforcement for stone 

hemispherical domes with different drum heights and different thickness-to-span ratios with the 

most typical 1:2 running bond pattern. The optimal location of the reinforcement is understood in 

my research as providing the smallest ratio of the horizontal component of the reaction to the 

vertical component at the base of the dome. With computer-simulated experiments, I showed that:  

• The normal stiffness of the cross-sections of the reinforcement affects the optimal location. When 

the normal stiffness of the cross-sections increases, the optimal location of the reinforcement tends 

towards the base.   

• The drum height and drum thickness affect the optimal location of the reinforcement. Reducing 

the thickness of the dome is equivalent to increasing the height of the drum. When the drum height 

increases, or the drum thickness decreases, the optimal location of the reinforcement tends towards 

the base. 

• The existence of the resistance of the contacts to tension affects the optimal location of the 

reinforcement. When the contacts are cohesive, the optimal location of the reinforcements is closer 

the base. Moreover, the existence of tensile resistance in the contacts decreases the relative 

efficiency of the reinforcement. 

Publication 

Chen S., Bagi K. (2023), DEM analysis of masonry hemispherical domes externally reinforced 

with metal bars, Engineering Structures 291: 116496. 

https://doi.org/10.1016/j.engstruct.2023.116496 
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Chapter 4: DEM analysis of masonry open vaults with square bays 

 

4.1 Introduction 

The shape or surface of masonry shells is usually selected as the revolution of a smooth curve. The 

curved geometry of these shells introduces complex mechanical behaviours. The curvatures in the 

vicinity of a point of the shell can be characterized with the Gaussian curvature (Tapp, 2016). 

Different points on a smooth surface may have different curvatures. If the sign of the Gaussian 

curvature of all points on a surface is identical (whatever positive, zero, or negative), then the 

whole surface, as shown in Figure 4.1, is classified as an elliptic, hyperbolic, or parabolic surface 

(Bathe, 2011). The mechanical effect of Gaussian curvature in masonry shells has significant 

implications for their structural behaviour, e.g., load-carrying capacity and failure mechanism. 

 

Figure 4.1. From left to right: elliptic, hyperbolic and parabolic surfaces. 

4.1.1 Effect of the sign of Gaussian curvature in continuum shells 

According to Niordson (1985), continuum shells with non-positive Gaussian curvature are 

typically weak structures. They are highly sensitive to boundary disturbances, which can 

significantly affect the entire structure. Marti (2013), denoting the Gaussian curvature by K, states 

“... Elliptical surfaces with K > 0 (e.g. dome-type shells) are very stiff when supported in a manner 

compatible with membranes. Hyperbolic surfaces with K < 0 are less stiff and require some form 

of stiffening at the edges for stability. Parabolic surfaces in single curvature with K = 0 (cylindrical 

and conical forms) are developable and require frames or end plates to maintain their form”. 

Nemeth (1991), analytically comparing the in-plane shear buckling resistance of the three types of 

shells, found that “shells with positive Gaussian curvature are much more shear buckling resistant 

than corresponding flat plates and shells with negative and zero Gaussian curvature”. 

Vaziri and L. Mahadevan (2008) analyzed the deformation in a toroidal continuum shell by using 

Abaqus (Dassault Systemes). For surfaces with zero and positive Gaussian curvatures, the 

deformation of the shell submitted to a concentrated force is localized around a small region where 

the concentrated load is applied. However, when a load is applied to a surface with a negative 
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Gaussian curvature, the deformation extends through the entire system. Figure 4.2 shows the 

deformation of the shell when a concentrated load is applied to surfaces with zero, positive, or 

negative Gaussian curvature.   

 

Figure 4.2. Indentation of a toroidal shell: (A) schematic of a segment of a toroidal shell; (B) 

deformation caused by normal indentation of the point on the outer surface, which has positive 

Gaussian curvature; (C) deformation caused by normal indentation of the point on the nodal line, 

which has zero Gaussian curvature; (D) deformation caused by normal indentation of the point on 

the inner surface, which has negative Gaussian curvature; and (E) force-indentation response of 

the three shells under indentation (Vaziri and Mahadevan, 2008). 

Hakula (2022) investigated “sensitive” (extremely thin) shells under concentrated dynamic loads 

applying the FEM. The study focused on drug capsules with shapes where the curvature type was 

not uniform, but each capsule had an elliptic region. The main observation is that, even though the 

concentrated loads act only on a small fraction of the boundary where the neighbouring regions of 

the shells were parabolic or hyperbolic the response of the shells is global. Although that analysis 

is not directly relevant to our study (partly because our shells have uniform Gaussian curvature, 

partly due to the quasi-static nature of our analysis, and partly because the thickness of a masonry 

shell is not nearly zero), the study by Hakula (2022) may inspire further investigations in our topic 

as well. 

4.1.2 Aim of the thesis 
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By now, the topic has been studied for continuous shells only, but masonry is a material that is 

definitely not continuous. In this thesis, a novel study is performed to investigate and compare the 

load-bearing capacity, the orientation of reactions at supports, and the failure mechanism of three 

main types of open masonry vaults with square bays. The three vaults are sail, fan and cross vaults. 

A sail vault is formed by cutting a spherical cap or a semi-sphere with a right prism (or four vertical 

planes), hence the Gaussian distribution of a sail vault is positive. A fan vault, a special structure 

in the English Gothic architecture, is a masonry shell formed by rotating a smooth curve concave 

from below around a vertical axis located on its convex side. Thus, the Gaussian curvature of a fan 

vault is negative. A cross vault is an intersection of two barrel vaults, its Gaussian curvature is 

zero. Since the geometry of the analyzed shells in our research were prepared by rotating or 

translating a circular line segment, the curvature of each shell is everywhere constant, apart from 

the lines of intersection where the curvature does not exist, e.g. groins in the cross vault and ridges 

in the fan vault.  

      

                     (a)                                       (b)                                          (c) 

Figure 4.3. Geometries of the analyzed vaults in 3DEC: (a) sail vault, (b) fan vault, and (c) cross 

vault. 

4.2 3DEC simulations 

4.2.1 Geometrical properties 

The dimensions of all three analyzed vaults are 3 m × 3 m. The thickness of each vault is 10 cm. 

The thickness of historic masonry sail vaults and cross vaults might be greater than 10 cm. 

However, according to Leedy (1978), the thickness of most fan vaults constructed with fully 

jointed masonry is 8-11 cm. Thus, in this study, the thickness of each vault was chosen to be 10 

cm. For comparison, the vaults with a greater thickness (16cm) are also investigated. Note that the 

minimum thickness required for a hemispherical dome under self-weight of the same radius is 

0.043R (0.089 m) according to Heyman’s prediction (1967); the minimum thickness of a cross 
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vault is 0.066R (0.096 m) according to Avelino et al. (2021). Thus, even the smaller thickness (10 

cm) is enough to ensure their equilibrium state under self-weight. Figure 4.3 shows the geometries 

of the vaults in 3DEC. The total height of the cross vault is 1.5 m. The total heights of the sail vault 

and fan vault are the same at 2.12 m. The geometry of the sail vault and block arrangement is 

similar to that of Antista et al. (2023). The height of the tas-de-charge of each vault is 1/3 of the 

total height. This means that the height of the tas-de-charge of the cross vault is 0.5 m, and the 

height of the tas-de-charge of the sail and fan vault is 0.71 m. 

4.2.2 Material and contact properties 

The density of the limestone is 2700 kg/m3, the bulk modulus of the limestone is 10 GPa, and the 

shear modulus of the limestone is 6 GPa. The material is modelled as a linearly elastic and isotropic 

deformable continuum inside the individual voussoirs, with no failure criteria applied. Our 

simulations show maximum compressive and tensile stresses of 13.6 MPa and 0.92 MPa, 

respectively. These values are significantly lower than the uniaxial compressive strength (112 MPa) 

and tensile strength (6.5 MPa) of limestone reported by Anikoh et al. (2015), indicating that the 

material is not at risk of crushing or tensile failure. The contact properties between blocks have 

the following values: JkN and JkS are set to 1000 and 100 GPa/m, respectively. The contact friction 

angle is 35°. 

4.2.3 Boundary conditions and load process 

The longitudinal walls and tas-de-charge of all vaults are fixed when only vertical loads are applied. 

The two edges in the vertical (y) direction are against transverse (x) translations. The quasi-static 

loads are applied using three different approaches. It is important to note that before applying any 

loads, the equilibrium of the structures under self-weight must be reached. The first approach is 

the case of gradually increasing concentrated force. In this case, the longitudinal walls and tas-de-

charge of all vaults are fixed. Loads are applied at three different positions. The first chosen 

position of the vertical loads (point 1, purple dot, in Figure 4.4a) is similar to that in Tralli et al. 

(2014): this is a general location between the diagonal and the lateral boundary of the bay. Two 

further positions (point 2, green dot, and point 3, blue dot in Figure 4.4a) are also chosen for 

comparison to analyze whether the location of the vertical loads influences the failure mode of the 

vaults: point 2 is on the diagonal of the structure, and point 3 is at the lateral boundary (at the 

longitudinal wall). Vertical loads are applied in several steps until failure is reached. First a rough 
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approximation of the failure load is found: in each step, the load increment is 1 kN. When the load 

magnitude reaches the failure state of the structure, a finer search is done: the loading process 

restarts from the last step where the structure was still in equilibrium and the load increment is 

decreased to 0.1 kN (it is noted that the failure loads shown in Table 4.1 turns out to be between 

about 3.7 and 54 kN, so the 0.1 kN increments are sufficiently small). 

The second approach of loading is outwards support displacement applied to the longitudinal walls 

and tas-de-charge shown in Figure 4.4b. When the support displacement is considered, the tas-de-

charge and longitudinal walls are moved outwards with prescribed small increments of 2mm, and 

after every such increment, the structure is brought to equilibrium before applying the next 

increment. In total, 5 cm (1.67% of the span) of outwards support displacement was applied.  

The third type of loading combines the previous two versions. This approach models vaults that 

have already experienced a small outwards support displacement, leading to the separation 

between the lateral wall and the main shells. Initially, with fixed supports, the vaults are allowed 

to equilibrate under their self-weight. Then, a 5mm support displacement (0.17% of the span) is 

applied quasi-statically to the tas-de-charge and the lateral walls (this value was chosen according 

to Figure 4.8: after 5 mm, the force system does not considerably change any more). When this is 

reached, the supports are stopped, the structures are equilibrated, and increasing concentrated loads 

are applied to selected points on the vaults, until reaching failure.  

 

                 (a)                                       (b) 

Figure 4.4. The boundary conditions and loading cases: (a) vertical load, and (b) outwards support 

displacement. 

4.3 Results 
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In Section 4.3.1, the load bearing capacity and failure mechanism of the vaults with fixed supports 

are introduced. Section 4.3.2 and 4.3.3 report the orientation of reactions at supports and cracking 

patterns of the vaults under support displacement. These three sections only contain the numerical 

results of the vaults with 10cm thickness. The results of the vaults with 16cm thickness are 

displayed in Appendix III. Section 4.3.4 collects the load-bearing capacity of the vaults under 

concentrated loads with fixed supports and already expanded supports (the third loading approach). 

4.3.1 Load-bearing capacity and failure mechanism for the vaults with fixed supports 

  

                 (a)                                   (b)                               (c)                                    (d) 

Figure 4.5. Failure state of the sail vault under vertical loading at different positions: (a) top view 

of the loading positions, (b) load applied point 1, (c) load applied at point 2, and (d) load applied 

at point 3. 

Figure 4.5 shows the failure state of the analyzed sail vault under a concentrated vertical load 

applied at different positions. Only the loaded block fell out of its original position. A few blocks 

in the same row and neighbouring rows also move slightly. After the loaded block falling out, the 

remaining structure can still reach equilibrium with no further collapse. The whole structure only 

exhibited a local failure mechanism for all the three cases. 

 

                 (a)                             (b)                                    (c)                                    (d) 
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Figure 4.6. Failure state of the fan vault under vertical loading at different positions: (a) ground 

plan of the loading positions, (b) load applied at point 1, (c) load applied at point 2, and (d) load 

applied at point 3. 

Figure 4.6 shows the failure state of the analyzed fan vault under a concentrated vertical load. 

Figure 4.6b shows that the loaded block falls out of its original position. Global cracks appear in 

the row of the loaded block and on the neighbouring conoid on the opposite side of the aisle. After 

the loaded block falling out, the remaining structure can still reach equilibrium with no further 

collapse. The whole structure shows local failure with global cracks. A similar failure mode 

(Figure 4.6c) happens when the load is applied on the diagonal of the vault. Another simulation 

was performed for the same vault, in such a way that the location of the loaded block changed to 

the lateral edge (point 3). In this case, more blocks near the loaded block fall out, and the whole 

structure completely collapses (Figure 4.6d). 

 

                 (a)                               (b)                                    (c)                                    (d) 

Figure 4.7. Failure mechanism of the cross vault under vertical loading at different positions: (a) 

ground plan of the loading positions, (b) load applied at point 1, (c) load applied at point 2, and (d) 

load applied at point 3. 

Figure 4.7 shows the failure state of the analyzed cross vault under a concentrated vertical load. 

The vault in Figure 4.7b shows a partial collapse where the loaded barrel is strongly cracked and 

damaged due to the hinge mechanism, but the neighbouring barrels are only slightly cracked, 

without any collapsing. One hinge formed in the intrados along the row of the loaded block, and 

two hinges formed at the extrados on the left and right sides. Other simulations were done for the 

cross vault in such a way that the vertical concentrated load is applied at point 2 (above the diagonal 

of the bay) and point 3 (at the lateral edge). In these case, the structure behaved similar to a sail 

vault. A localized failure (Figure 4.7c and 4.7d), loaded block dropping off from its initial position, 

occurs. A very minor hinge crack appears. The remaining structure can find the equilibrium with 

no further collapsing. 
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The failure modes of the vaults can also be illustrated by the force flow within them. By detecting 

the stress trajectories in the shells, it was found that the forces in the sail vault travel directly to the 

tas-de-charge along the shortest path, regardless of the loading positions. In the case of the fan 

vault, the forces not only flow to the tas-de-charge but also to the transverse boundaries, which are 

often supported by neighbouring conoids or transverse arches in reality. For the cross vaults, the 

forces always flow parallel to the longitudinal walls towards the tas-de-charge.  

4.3.2 Mechanical response under support displacement 

 

                                                          (a) 

 

                                                         (b) 

Figure 4.8. Mechanical response of the vaults under 5 cm support displacement: (a) Fy/Fz at the 

longitudinal walls and (b) Fy/Fz at the tas-de-charge. 

Figure 4.8 shows the mechanical response results of the vaults under support displacement. The 

mechanical behaviour is characterized by the ratio of the horizontal (y direction) and vertical 

components of the reactions at the supports. Figure 4.8a shows that when support displacements 

occur, the contribution of the longitudinal walls to providing lateral support to the shells decreases 
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because of the separation between them. Figure 4.8b shows that the orientations of the reactions 

of the sail and fan vaults are much closer to the vertical direction than are those of the cross-vault, 

which means that lateral supporting systems (e.g., buttresses) are less likely to tilt. 

4.3.3 Cracking patterns of vaults under support displacement 

This section presents figures of the cracking patterns of the three types of vaults under support 

displacements. Figure 4.9 illustrates the cracks on the vaults when the support displacement 

reaches 7cm (2.3% of the span). 

  

                (a)                                       (b)                                           (c) 

Figure 4.9. Cracking patterns of the vaults under 7cm support displacement: (a) cracks on the sail 

vault, (b) cracks on the fan vault, and (c) cracks on the cross vault.  

Figure 4.9a shows a large crack in the middle of the vault (marked in the red oval), along with two 

cracks approximately parallel to the lateral wall extending to the transverse boundary. Some 

scattered cracks also appear near the diagonal. In Figure 4.9b, which depicts the fan vault, a crack 

parallel to the lateral wall is visible, and a few blocks (marked in the red circle) on the top move 

downwards. Heyman (2000) and McInerney et al. (2012) noted similar downward movement of 

top blocks due to the settlement of supports in the Henry VII Chapel, Westminster, where the 

maximum downward displacement exceeds 40mm. Figure 4.9c illustrates the cracks in the cross 

vault. Consistent with the findings of McInerney and DeJong (2015) and Anjos (2022), Sabouret’s 

cracks (marked in the red ovals) are observed. Anjos (2022) also highlighted that the locations of 

Sabouret’s cracks are influenced by the h/s ratio (height to span) and dimension of bays of the 

cross vault. Additionally, longitudinal hinges occur near the crown, and two zig-zag cracks are 

present near lateral walls and tas-de-charge. 

4.3.4 Comparison of the load-bearing capacities of the vaults 

This section exhibits the failure type and load-bearing capacity of the vaults with fixed supports 

and initially expanded (5mm) supports. t/s denotes the thickness-to-span ratio of the vaults. 
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Table 4.1. Load-bearing capacity and failure type under vertical concentrated loads for the vaults 

with fixed support. 

 Load bearing capacity (KN) 

 t/s=0.034 t/s=0.055 

 point 1 point 2 point 3 point 1 point 2 point 3 

Sail 

vault 

4.5  

(local 

failure, 

partial 

cracking) 

7.9  

(local 

failure, 

partial 

cracking) 

3.7  

(local 

failure, 

partial 

cracking) 

12.4  

(local 

failure, 

partial 

cracking) 

20.6  

(local 

failure, 

partial 

cracking) 

10.2  

(local 

failure, 

partial 

cracking) 

Fan 

vault 

6.4  

(local 

failure, 

global 

cracking) 

4.8  

(local 

failure, 

global 

cracking) 

5.5  

(global 

failure) 

18.2  

(local 

failure, 

global 

cracking) 

 14.3  

(local 

failure, 

global 

cracking) 

16.4  

(global 

failure) 

Cross 

vault 

13.5  

(partial 

failure) 

9.8  

(local 

failure, 

partial 

cracking) 

8.0  

(local 

failure, 

partial 

cracking) 

53.9  

(partial 

failure) 

39.1  

(local 

failure, 

partial 

cracking) 

31.0  

(local 

failure, 

partial 

cracking) 

 

Table 4.2. Load-bearing capacity and failure type under vertical concentrated loads for the vaults 

with 5mm support displacement. 

 Load bearing capacity (KN) 

 t/s=0.034 t/s=0.055 

 point 1 point 2 point 3 point 1 point 2 point 3 

Sail 

vault 

1.2 

(local 

failure, 

partial 

cracking) 

2.0  

(local 

failure, 

partial 

cracking) 

1.0  

(local 

failure, 

partial 

cracking) 

3.4  

(local 

failure, 

partial 

cracking) 

5.5  

(local 

failure, 

partial 

cracking) 

2.7  

(local 

failure, 

partial 

cracking) 

Fan 

vault 

1.7  

(local 

failure, 

global 

cracking) 

1.3  

(local 

failure, 

global 

cracking) 

1.5  

(global 

failure) 

4.9  

(local 

failure, 

global 

cracking) 

 3.9  

(local 

failure, 

global 

cracking) 

4.4  

(global 

failure) 

Cross 

vault 

3.8  

(partial 

failure) 

2.6  

(local 

failure, 

partial 

cracking) 

2.15  

(local 

failure, 

partial 

cracking) 

14.2  

(partial 

failure) 

10.3  

(local 

failure, 

partial 

cracking) 

8.3  

(local 

failure, 

partial 

cracking) 

 



71 

Table 4.1 collects the failure mechanism and load-bearing capacity of the vaults with 10 cm and 

16 cm thickness under concentrated loads. It can be seen that load positions influence the load-

bearing capacity of the vaults. The load-bearing capacity of the sail vault when the load is applied 

on the diagonal is higher than that when the load is applied near the boundary and the shell surface 

away from them. For a fan vault. The load-bearing capacity of the fan vault when the load is 

applied on the diagonal is lower than that when the load is applied at other positions. The load-

bearing capacity of the cross vault when the load is applied near the longitudinal wall is lower than 

if applied at other positions. Table 4.2 summarizes the load-bearing capacity and failure types of 

the vaults for the case when the supports first suffered a 5mm support displacement and then the 

structure was loaded with a concentrated force after this, which means in scenarios where 

separation between the lateral walls and the shells had already occurred before applying the force 

load. The results indicate that this separation significantly influences the load-bearing capacity of 

the vaults: the failure loads dropped to approximately 1/4 of those belonging to the cases with 

fixed supports, although the separation has a minimal impact on the cracking patterns. 

4.4 Summary 

This study investigated the failure mechanism and orientation of reactions at supports of a cross 

vault, sail vault, and fan vault. These curves represent three different structural forms with zero, 

positive and negative Gaussian curvatures. The main outcomes are summarized as follows: 

(1) The sail vault only experiences local failure in the area where the vertical load is applied. The 

neighbouring blocks are slightly influenced. However, the whole structure can still reach 

equilibrium with any further cracking. 

(2) The fan vault shows global cracking. The failure of the fan vault occurs because of blocks 

dropping off. The position of the vertical load of the fan vault influences whether the whole 

structure collapses. 

(3) The position of the vertical loads also influences whether the whole collapses. If the load is 

applied near the boundary, similarly to the sail vault, it only shows local failure where the loaded 

block falls out. However, when the loading position is further from the boundary, the whole 

structures collapses. The failure of the cross vault is because of the global hinge that formed in the 

vault. 
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(4) When support displacements occur, the role of the longitudinal walls providing lateral support 

to the main shells is decreasing because of the separation between them. The orientations of the 

reactions at the tas-de-charge of the sail and fan vaults are closer to the vertical direction than those 

at the cross-vault. 

(5) The separation between the lateral support and the shells due to initial outwards support 

displacements significantly decreases the value of the load-bearing capacity of all vaults, but it 

does not affect the cracking patterns. 

Principal result 3  

I performed 3DEC simulations to investigate the failure mechanism of the three basic types of 

open masonry vaults (elliptic: sail vault; hyperbolic: fan vault; parabolic: cross vault), each with 

the same square bay, submitted to vertical static loads and outwards support displacements. With 

computer-simulated experiments, I showed that: 

• Under a concentrated downwards force load, the masonry sail vault, characterized by a positive 

Gaussian curvature (K > 0), shows localized failure where only the loaded block drops out from 

the initial position. Changing the loading position has no influence in the failure mode of the 

analyzed sail vault: it remains local. 

• The masonry fan vault, characterized by a negative Gaussian curvature (K < 0), shows global 

damage. The position of the vertical loads of the fan vault affects whether the whole structure will 

collapse, or only the whole structure cracks but does not collapse. 

• The masonry cross vault, characterized by zero Gaussian curvature (K = 0), shows a local failure 

where the loaded block drops off and some neighbouring blocks slightly move out from their 

original positions when the load is applied on the diagonal and near the longitudinal wall. The 

remaining structure is slightly cracked but can find the equilibrium with no further collapse. When 

the load is applied on the shell surface between the diagonal and longitudinal wall, a more extended 

collapse (due to the formation of a hinge line) occurs, which affects only the loaded barrel.  

Publication 

Chen S., and Bagi K. (2024), DEM analysis of masonry open vaults with square bays, submitted 

to International Journal of Architectural Heritage (under review). 
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Chapter 5: DEM analysis of the load-bearing capacity of barrel 

vaults under vertical loads 

 

5.1 Introduction 

A barrel vault is formed by perpendicularly translating a generator curve, concave from below to 

its plane, to produce the middle surface of the vault (Romano and Grande, 2008).  

5.1.1 Analyzed types of block arrangements of barrel vaults 

If the vaults are constructed through the approach where the arches stand vertically and the arches 

are also independent of each other, then this process is named ‘transversal’ in this thesis. A 

transverse barrel vault (Figure 1.16b) practically consists of separate arches that are held together 

by the mortar layers between them. Since the barrel vault can be considered a shell with zero 

Gaussian curvature, the membrane theory states that the arches are not pressed to each other under 

self-weight. This means that if the mortar is weak for tension, the arches work individually unless 

there is some kind of longitudinal support, e.g., at the two ends, to hold them together. An existing 

alternative to the transverse arrangement is shown in Figure 1.16a. It is named the ‘longitudinal 

construction’. The courses (i.e., the rows of bricks or stones) run parallel to the crown and 

abutments. The positions of the bricks and stones along the consecutive rows are shifted (normally 

half of the length of the block) with respect to each other. The construction process and the shape 

of the individual elements are essential characteristics of barrel vaults. 

5.1.2 Aim of the thesis 

The aim of this chapter is to compare the load-bearing capacity and failure mechanisms of barrel 

vaults with these two bond patterns under vertical static loads. Barrel vaults with different embrace 

angles are also analyzed. In agreement with the usual assumption commonly applied in the analysis 

of historic masonry structures, we assume that the contacts are dry, without any resistance to 

tension, obeying the Coulomb friction model. In this case, the most apparent difference between 

the two patterns is that the longitudinal barrels may work as complete shells overall (Cattari et al., 

2008) and exhibit the phenomenon of ‘crosswise tension resistance’ (Chen and Bagi, 2020) along 

their longitudinal joints. However, such a longitudinal tensile resistance does not exist in the 

transverse pattern. This would suggest that the longitudinal vaults are, in general, stronger than the 

transverse vaults with the same overall geometry. However, there is another issue related to the 
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geometry, which works in the opposite way. This issue is the size effect of the voussoirs located 

along an arch (Figure 5.1). Due to the nonzero tension resistance of the voussoir material and the 

zero tension resistance of dry (non-cohesive) joints, an arch that consists of a lower number of 

blocks (larger size of blocks) along the arch length has a greater load-bearing capacity than an arch 

with the same geometry but consists of a larger number of blocks (smaller size of blocks) along 

the arch. 

 

                (a)                                    (b) 

Figure 5.1. Size effect of the voussoir length along the arch: (a) larger load bearing due to the 

bending resistance of the voussoirs and (b) smaller load bearing due to the no-tension resistance 

of the joints. 

Our work was inspired by Romano and Grande (2008), who applied the finite element method 

(FEM) to analyze the mechanical response of barrel vaults with longitudinal and transverse 

patterns. However, the sliding and separation of the blocks were not considered in their study. 

5.2 3DEC simulation 

5.2.1 Geometric properties 

Twelve different geometries are analyzed in this chapter: three different angles of embrace (180°, 

120° and 60°) with transverse and with longitudinal patterns for short and long barrel vaults. The 

length of the short barrel vault is 1.24 m in the longitudinal y direction. For the long barrel vault, 

the length is 4.65 m. The origin of the coordinate system (x: crosswise direction; y: longitudinal 

direction; z: vertical direction) is placed in the middle of the barrel’s ground, as shown in Table 

5.1. The middle span of each barrel vault is 2.4 m, and the thickness is 0.15 m (note that in the 

case of the 180° angle of embrace, this thickness corresponds to a 0.125 thickness-to-radius ratio, 

while Milankovitch’s analytical result for the minimum thickness-to-radius ratio is 0.1075; see 

Milankovitch, 1907). More detailed geometrical data of the example of short barrel vaults are 

summarized in Table 5.1, where the barrel geometries can also be seen. For long barrel vaults, 

despite the total length, all the other geometric parameters, e.g., the radius, thickness of the vaults, 

and embrace angles, are the same as those of short (1.24 m span) barrel vaults. 



75 

Table 5.1. Geometries of barrel vaults with a 1.24 m span. 

 

5.2.2 Material and contact properties 

The contact parameters were chosen based on the validation experiment of Fódi (2011). For the 

elements, the density was set to 1428 kg/m3. The bulk modulus of the elements was 1.10x1010 

N/m2, and the shear modulus was 0.833x1010 N/m2. The characteristics of the joints were as 

follows: a normal contact stiffness of 1.0x1010 (N/m2)/m, a shear contact stiffness of 0.70x1010 

(N/m2)/m, and a friction angle of 38°. The bricks are 0.31 m × 0.075 m × 0.15 m in size, which 

corresponds to the traditional brick size in Italy. A sensitivity study is presented in Appendix IV 

to check that the ratio between the load bearing capacity of transverse versus longitudinal barrels 

is practically insensitive to the contact parameters. 

5.2.3 Loading process and criteria of the failure state 

The loads are applied to the structures in two main steps. First, the equilibrium state of the structure 

under self-weight is found. The second step is to apply a live load at 1/3 span, according to three 

different load distributions, to the barrel vault with different embrace angles and bond patterns. 

The three different load distributions are as follows: 1) concentrated loading at 1/3 of the length of 

the barrel vaults; 2) distributed loading along the whole length (which practically reduces the 

problem to a 2D arch; 3) a square is loaded around the region at 1/3 of the length of the barrel 

vaults. 
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              (a)                            (b)                               (c) 

Figure 5.2. Loading methods: (a) concentrated loading, (b) full-length distributed loading, and (c) 

square distributed loading applied for longitudinal barrel vaults with 180° embrace angle. 

The concentrated loading (Figure 5.2a) is applied in 3DEC by creating a loading block on the 

extrados of the barrel vault. There are three blocks of the barrel directly affected by the loading 

block. The magnitude of the loading area is 0.0054 m2. The distributed loading along the whole 

length (Figure 5.2b) is expressed by applying a z-directional downwards distributed force with 

constant intensity. Eighteen blocks are directly affected in the longitudinal barrel vaults by this 

load, and 24 blocks are directly affected in the case of transverse barrel vaults. The magnitude of 

the loading area is 0.3466 m2. The square-distributed loading (Figure 5.2c) is also expressed by 

applying a z-directional downwards-distributed force with constant intensity. Six blocks are 

directly affected by both kinds of barrel vaults. The magnitude of the loading area is 0.0783 m2, 

approximately 4.4 times smaller than the area of the full-length loading and 14.5 times larger than 

the area of the concentrated loading. 

The live loads are initially from zero and then gradually increase in a quasi-static manner until 

failure of the structure. The failure load is determined by a trial-and-error repetition of the 

simulations of the load increment in the last step to ensure that the failure state is captured within 

1% accuracy of the load. The failure state is defined as follows. It is assumed that equilibrium has 

been reached for an actual load. A characteristic displacement is kept track throughout the loading 

procedure, which was in our simulations the z-directional (i.e., vertical) translation uz of the point 

on the extrados at 1/3 span and 1/3 length (red point in Figure 5.2). The accumulated actual 

displacement that belongs to Fact is denoted by uz,act. The load is increased by 1%, the equilibrating 

procedure is started, and the track uz is maintained. (In the case of linearly elastic behaviour, an 

equilibrated state would be found at uz = 1.01 uz,act.) If the measured displacement exceeds ten 

times the value of the accumulated actual displacement, i.e., uz > 10 uz,act, then this failure is 

considered to occur. The load-bearing capacity of the structure is captured as Fact with 1% accuracy. 
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Technically, in the simulations, the load-bearing capacity of the structure was calculated by taking 

the difference between the support reaction forces that belonged purely to the self-weight and those 

reactions that belonged to the self-weight plus failure live load. The aim of this calculation was to 

ensure that the results were not influenced by any dynamic effects. 

5.3 Results 

Tables 5.2, 5.3, and 5.4 present the numerical results of the failure states for the short (1.24 m) 

barrel vaults. The vertical translation plots are also shown for each case. The load–displacement 

diagrams are exhibited in Appendix IV. The load-bearing capacities are summarized in Table 5.5 

in Section 5.3.3. 

5.3.1 Short-barrel vaults with concentrated loading 

Table 5.2 shows the results for the barrel vaults under concentrated loads. By comparing Tables 

5.2a and 5.2b, it can be seen that with concentrated loading, for transverse barrel vaults, local 

failure occurs at the arches where the load is applied. On the other hand, the failure of longitudinal 

barrel vaults occurs because of the formation of longitudinal hinges along the whole length. The 

load bearing capacity of longitudinal barrel vaults is far greater than the load bearing capacity of 

transverse barrel vaults. 

Table 5.2. Results of barrel vaults with concentrated point-like loading: (a) transverse barrel vaults 

and (b) longitudinal barrel vaults. 

                                     (a)                                                                          (b) 

 

 



78 

5.3.2 Short-barrel vaults with full-length distributed loading 

Table 5.3 shows the results for the barrel vaults under distributed loads along the full length. By 

comparing Tables 5.3a and 5.3b, it can be seen that with distributed loading, for transverse barrel 

vaults, the failure occurs at every individual arch in nearly the same way, with a hinge under the 

load. Note that since the blocks in the crosswise arches are shifted with respect to each other by 

half the block length, the locations of the hinges are not perfectly identical. The failure of 

longitudinal barrel vaults occurs because of longitudinal hinge rows that form along the whole 

length. The load bearing capacity of longitudinal barrel vaults is definitely smaller than the loading 

bearing capacity of transverse barrel vaults. 

Table 5.3. Results for barrel vaults with full-length distributed loading: (a) transverse barrel vaults 

and (b) longitudinal barrel vaults. 

                                         (a)                                                                            (b) 

                                                                                                                                                         

The probable reason for the difference between transverse barrel vaults and longitudinal barrel 

vaults, i.e., the bending resistance of blocks that are finite in size along the arc length, is 

investigated for the 60° embrace angle structure, for which an additional analysis has been 

performed focusing on the size effect of bricks. To check the importance of this effect, another 

transverse barrel vault with a 60° embrace angle is created, but in such a way that there are 34 

bricks along the arc length. This number, 34, is identical to the number of bricks along the arc 

length in the longitudinal barrel of 60° and significantly smaller than the original number of blocks, 

8, in the 60° transversal barrel. Then, loading is executed as previously mentioned to determine 

the failure load. The results are presented in the fourth row of Table 5.3a. A comparison with the 
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third row in Table 5.3a shows that the load bearing capacity of the transverse barrel vault 

containing more bricks with a 60° embrace angle was significantly lower than that of the transverse 

barrel with fewer (but longer) bricks along the arch. The failure of transverse barrel vaults 

containing more bricks is also due to the failure of individual arches. However, the failure of the 

longitudinal barrel vault with a 60° embrace angle occurs because of the bucking of the whole 

shell, which forms longitudinal hinge rows. 

5.3.3 Short-barrel vaults with square distributed loading 

Table 5.4 shows the results for the square distributed loading. By comparing Tables 5.4a and 5.4b, 

it can be seen that the local failure of transverse barrels occurs at those arches where the load is 

applied. In contrast, the failure of longitudinal barrel vaults occurs due to longitudinal hinges along 

the whole length. The load bearing capacity of longitudinal barrel vaults is far greater than the load 

bearing capacity of transverse barrel vaults. Note that the failure mechanism and load bearing 

capacity under square distributed loading are very similar to those under concentrated loading, 

although the failure load magnitudes (i.e., the resultants) are different. 

Table 5.4. Results for barrel vaults with square distributed loading: (a) transverse barrel vaults and 

(b) longitudinal barrel vaults. 

                                        (a)                                                                          (b) 

                                                        

Table 5.5 summarizes the load bearing capacities of the analyzed barrel vaults under all three 

different loading cases. The results showed that for loads that do not act on the complete barrel 

length, the longitudinal pattern results in a greater load bearing capacity, while for the full-length 

load (which is nearly equivalent to the 2D arch problem), the transverse pattern becomes stronger. 



80 

An additional analysis of the transverse and longitudinal barrels at 60° revealed that both barrels 

had 34 blocks along the arc length, indicating nearly equal load bearing capacities. A detailed 

analysis of the contact mechanics revealed that in transverse barrels, the slight friction between 

consecutive arches contributes to the load bearing. 

Table 5.5. Summary of the load bearing capacity of barrel vaults under all three different loading 

cases. 

 

5.3.4 Results for long (4.65 m span) barrel vaults 

This section briefly introduces the differences in the failure modes of long-barrel vaults compared 

to short vaults. For barrel vaults with 180° embrace angles, the failure modes of the short- and 

long-barrel vaults under all three load distributions are exactly the same. The failure of longitudinal 

barrel vaults always occurs because of the hinge that forms along the whole length. The transverse 

barrel vaults exhibit localized failure on the arches where the loads are applied. Global failure 

occurs only when the load is applied along the whole length. There was also no difference in the 

long transverse barrel vaults with embrace angles of 120° and 60° relative to the short vaults. 

Localized failure occurs on the arches where the load is applied. Global failure occurs only when 

the load is applied along the whole length. However, for long longitudinal barrel vaults with 120° 

and 60° embrace angles under concentrated and square distributed loads, localized failure occurs 

around the loading parts, and a hinge also appears from the edge (near the loading part) of the 

vault; however, the hinge is not along the whole length. Figure 5.3 shows the failure of the long 

longitudinal vault with embrace angles of 120° and 60° under concentrated loads. 
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Figure 5.3. Cracks on long longitudinal vaults with embrace angles of 120° (left) and 60° (right) 

under concentrated loads. 

5.4 Summary 

Based on numerical simulations considering downwards static loads, the following conclusions 

can be drawn: 

1) In general, transverse barrels are weaker because every individual arch works separately, and 

longitudinal barrels are stronger because the longitudinal rows distribute the loads between the 

transverse slices of the barrel. 

2) If an arch consists of fewer blocks along the arc length, the bending resistance of the blocks can 

be taken advantage of, which increases the load bearing capacity of individual arches. This causes 

a size effect because a fewer number of blocks along the arc means a greater load bearing. These 

two main competing effects cause the longitudinal barrels to turn stronger for concentrated loads 

and for 1/3-length distributed loads; however, for the full-length load (which is nearly identical to 

the 2D arch problem), the transverse barrels are stronger, assuming that the same bricks are applied. 

3) Long longitudinal barrel vaults with 120° and 60° embrace angles under concentrated and 

partially distributed loads, respectively, exhibit different failure modes than short barrel vaults. 

Principal result 4 

I performed 3DEC simulations to investigate the load-bearing capacity of barrel vaults (span, 

standard Italian brick) under concentrated and different distributed vertical static loads. Short 

barrel vaults (i.e. length smaller than the span) and long barrel vaults (i.e. length larger than the 

span), with different angles of embrace were analyzed and compared. The size effect of the bricks 

was also studied: along the arc length, a low number of bricks (8) and a large number of bricks 

(34) was tested. With computer-simulated experiments, I showed that: 
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• For short transverse barrel vaults, the failure always occurs only at the arches where the vertical 

loads are applied. For short longitudinal barrel vaults, the failure is because of the hinge cracking 

along the whole length for all analyzed loading distributions.  

• For long transverse barrel vaults, the failure mechanism is the same as the short vaults. However, 

for long longitudinal barrel vaults, the failure mode is different. The embrace angle affects the 

failure mode: when the embrace angle is 180°, there is a global hinge along the whole length; when 

the embrace angles are 120° and 60°, the loaded blocks fall out from its own positions. The hinge 

will also occur, however, it is not along the whole length.  

• The size effects for the transverse barrel vaults with 60° embrace angle is significant: the load-

bearing capacity for the vaults with 8-bricks discretization along the arc is more than twice as the 

vaults with 34-bricks discretization. 

Publication 

Chen S., Ferrante A., Clementi F., and Bagi K. (2021), DEM analysis of the effect of bond pattern 

on the load bearing capacity of barrel vaults under vertical loads, International Journal of Masonry 

Research and Innovation 6(3): 346-373. doi: 10.1504/IJMRI.2021.116234 
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Chapter 6: DEM analysis of fan vaults 

 

6.1 Introduction 

6.1.1 Construction of fan vaults 

According to construction approaches, fan vaults can be classified into the following types (Leedy 

1978): (1) Jointed masonry vaults: The shell is made of jointed masonry (the apparent “ribs” are 

just surface ornaments carved on the intrados of the stones); (2) Vertical (i.e., meridional) 

structural ribs hold the hoop-directional panels: “rib-and-panel system”; (3) The two systems are 

combined (those parts with rich tracery are made of jointed masonry, while simpler parts are made 

of rib-and-panel masonry). Details can be found in Bagi (2021). Figure 6.1a shows an illustrative 

example of a fan vault constructed from jointed masonry. Figure 6.1b displays a fan vault 

constructed by the rib-and-panel system. 

 

                     (a)                                            (b) 

Figure 6.1. Construction of fan vaults: (a) Fan vault constructed from jointed masonry (extrados 

view) and (b) Fan vault constructed from horizontal panels and vertical ribs holding them; intrados 

view (photos from Leedy 1980). 

6.1.2 Role of backfill 

In many fan vaults, there is a small space (Figure 6.2, marked by broken blue lines) outside the 

extrados and above the tas-de-charge, namely, a vaulting pocket. This space is often filled with 

rubble stones. The backfill pressure is approximately 1/2‒2/3 of the total height of the vault 

(Heyman, 1967, and Leedy, 1980). The mechanical role of backfill in fan vaults is an open issue 

to analyze. There is almost no research investigating the mechanical role of backfill in a fan vault 

by performing proper numerical simulations. 
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Figure 6.2. Vaulting pocket (blue lines) of a fan vault filled with rubble in 3DEC. 

The few studies mentioned about the importance of backfill are as follows:  

Roddy (2014) emphasized that backfill plays an important role in a fan vault in three main 

aspects:1) The thrust surface can extend into the backfill. Because of this, the thrust is distributed 

over a much larger area of the lateral wall than the extremely small area between the conoid wall 

and the lateral wall if there is no backfill; 2) The backfill acts as a weight in the direction opposite 

to the outwards thrust, which reduces the stress transmitted to the lateral wall; 3) Because of the 

three-dimensional characteristics of the backfill, the span of the fan vault, which behaves like a 

shell, is reduced. When the thrust extends into the backfill, the lower part of the conoid does not 

act as a shell. Although Roddy (2014) explained in detail the assumed mechanical role of backfill 

in a fan vault, these explanations are hypotheses. No physical tests or numerical simulations were 

performed to validate the assumptions. 

Block and Oschendorf (2008) noted that backfill provides additional weight and alters the thrust 

network that it travels through. They applied “Thrust Network Analysis” to find a statically 

admissible force system where the structure can find the equilibrium state under its self-weight. In 

their research, two-dimensional minimum thrust lines were obtained for King’s College Chapel 

fan vaults by using the slicing technique considering a fan vault as a group of vertical arches. They 

found that the backfill significantly reduced the horizontal component of the thrust, while the 

vertical component of the thrust increased. However, in reality, there are many possible three-

dimensional force paths. The paths cannot be simply represented by the 2D-arch (“slicing”) 

technique. This approach is also not efficient enough to explain the redistribution of forces in a fan 

vault. 
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McInerney et al. (2012) analyzed St. John’s College vault and King’s College Chapel vault in 

3DEC (the same software as applied in this thesis) based on laser scanning data recorded for these 

two vaults. However, the backfill was not modelled by real block elements in 3DEC. Instead, a 

simplified approach was adopted in which all the blocks of the shell below the fill level were fixed. 

The magnitudes of the transverse and longitudinal thrusts at the fill level, the actual fill level, and 

the minimum fill level required for stability were compared for these two vaults. The stability of 

the fan vaults was measured by vertical displacement, where no initial local collapse mechanism 

occurred (Figure 6.3, marked by broken blue lines). In their simulations, the ribs were not 

considered. The authors applied radial joints instead of a realistic bond pattern. The collapse mode 

found in their simulations may be a result of a fan vault with continuous meridional joints instead 

of a realistic bond pattern (e.g., running bond pattern). 

 

Figure 6.3. Fan vault with continuous radial joints (McInerney, Trzcinski, and DeJong 2012). 

6.1.3 Aim of the thesis 

The aim in this chapter is to analyze the role of backfill. We focus on the oldest types of fan vaults, 

which were constructed entirely from jointed masonry. Fan vaults of small size (3.0 m span) with 

two different thicknesses (a realistic, typical 100 mm and an unrealistically small 25 mm) and fan 

vaults of large size (5.2 m span and a realistic, typical 100 mm thickness (corresponding to the fan 

vault of St. Mary Magdalene West Tower, Somerset) are investigated. The reason why 3.0 m span 

fan vaults and 5.2 m span fan vaults are analyzed is that most fan vaults (with around or above 3.0 

m span) are made of jointed masonry (Leedy 1978). The largest fan vault in the world made of 

jointed masonry has a 5.53 m span. Hardly any data are available in the literature about the 

thickness of these vaults. However, the limited data available in Leedy’s catalogue suggest that 

the thickness of jointed masonry fan vaults is approximately 8–11 cm. Thus, in our research, the 

thickness of the large fan vault with a 5.2 m span is also set to 10 cm. For each fan vault, different 
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heights of backfill are prepared to determine how the backfill behaves and how the height of 

backfill influences the orientation of the reaction forces. 

The aims of the present research are: 1) to determine the relative importance of the tas-de-charge 

in comparison to the lateral wall; 2) to determine the differences in the orientation of reaction 

forces expressed on the shell by the longitudinal walls and tas-de-charge caused by the existence 

of backfill with different heights, and 3) to compare the structure behaviour of the fan vaults with 

realistically and unrealistically small thicknesses. 

6.2 3DEC simulation of fan vaults 

6.2.1 Geometrical properties 

 (1) Small-span vault 

The radius of the middle surface of the first investigated fan vault in this thesis is 1.45 m, the radius 

of the extrados is 1.5 m, the radius of the intrados is 1.4 m, and the thickness of the shells is 0.1 m 

(100 mm). Another unrealistically thin fan vault, only 0.025 m (25 mm), is created with the same 

middle surface. The effect of the thickness was subsequently analyzed. The extrados span of the 

fan vault is 3.0 m. The height measured from the bottom of the tas-de-charge to the top of the 

spandrel of the fan vault is 1.48 m. The geometrical detail is shown in Figure 6.4b. Because of this 

symmetry, only a quarter of a full conoid of revolution is created in 3DEC (see Figure 6.4a). 

 

           (a)                                                                 (b) 

Figure 6.4. Illustration of the geometry of the simulated smaller fan vault (3.0 m span). 

(2) Large-span vault 

The radius of the middle surface is 2.55 m, the radius of the extrados is 2.6 m, and the radius of 

the intrados is 2.5 m. The thickness is also 0.1 m. The height is 2.56 m (from the bottom of the tas-

de-charge to the top of the spandrel). 
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Normally, the height of the tas-de-charge zone is approximately 1/3 to 1/2 of the total height of 

the fan vault (Heyman 1967; Leedy 1978) (Figure 6.5). In this research, the height of the tas-de-

charge of the small-span vault is 0.51 m. The height of the tas-de-charge of the large-span vault is 

0.85 m. The bottom blocks of the conoid are placed on the tas-de-charge. The top surface of the 

tas-de-charge is not parallel to the bay. The angle between them is 20°. To provide the compression 

force from the central spandrel to the conoid and avoid stress concentration on the top edge of the 

conoid, a small angle, 10° truncation, is applied between the central spandrel and the top edge of 

the conoid. Along the meridian direction, the remaining circular part is divided into five rows. The 

longitudinal wall is oriented along the x direction to support the conoids along its edge. 

The backfill was modelled by using Voronoi elements in 3DEC. Voronoi elements, also known as 

Voronoi tessellation, are among the most widely applied techniques for generating random 

polygonal grains within a defined domain. In this research, the applied average element size was 

0.033 m. A larger size of 0.06 m and a smaller size of 0.02 m were also generated for comparison. 

These factors did not significantly influence (0.5% deviation) the response (contact stresses and 

vertical z-displacement) of the small-span fan vault under self-weight or 1 cm support 

displacement. For the fan vaults with a 3 m span (1.48 m height), different heights of backfill are 

applied: 0.53 m (1/3 of the total height), 0.74 m (1/2 of the total height), and 0.94 m (2/3 of the 

total height). For the fan vaults with a 5.2 m span (2.56 m height), the following heights were 

applied: 0.85 m (1/3 of the total height), 1.28 m (1/2 of the total height), and 1.71 m (2/3 of the 

total height); and the other three heights (1.3875 m, 1.495 m, and 1.6025 m) were between 1/2 and 

2/3 of the total height of the fan vault. Figure 6.6 shows an example of a fan vault (3.0 m span) 

with different heights of backfill. 

 

Figure 6.5. The height of the Tas-de-charge and the total height of a fan vault (Heyman 1967). 
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Figure 6.6. Illustration of different heights of backfill of a fan vault (3.0 m span). 

6.2.2 Material properties of discrete elements 

The density of the limestone is 2700 kg/m3, the bulk modulus of the limestone is 10 GPa, and the 

shear modulus of the limestone is 6 GPa. The backfill is composed of rubble stones. The density 

of the backfill material is 2000 kg/m3, the bulk modulus of the backfill is 80 MPa, and the shear 

modulus of the backfill is 40 MPa. All the material parameters used are based on previous 

experiments (Pinho, Lucio, and Baiao 2015) and are listed in Table 6.1. 

Table 6.1. Material properties. 

 

6.2.3 Contact properties between discrete elements 

Table 6.2. Contact properties. 

 

All contact parameters between limestone blocks are collected in Table 6.2. The contact properties 

of the backfill (rubble stones) are determined by the same three different parameters: JkN, JkS, and 

Jfric. The choice of JkN value was based on literature data on experimentally validated 3DEC 

models of stone assemblies. Aikawa (2011) performed 3DEC to analyze railway track ballast 

stones in response to dynamic loads. In his study, the applied JkN of railway ballast particles was 

set to 20 GPa/m based on the experimental tests of Mitani and Esaki et al. (2005). Xu et al. (2016) 

performed a case study of Yanqianshan open-pit iron mines in three different places on a mountain 

by using 3DEC. The validated normal contact stiffness is 5.5–8.2 GPa/m. Rubble masonry 
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structures were modelled by De Felice and Liberatore et al. (2022) by setting the value to 8.2 

GPa/m. Based on these previous applications, in this thesis, the normal contact stiffness is set to 

10 GPa/m, which is between 5.5 and 20 GPa/m. Since the applied contact friction angle is only 16° 

(see below), the influence of JkS/JkN on the contact normal and shear forces is minor. Thus, in this 

study, JkS is set to be the same as JkN, 10 GPa/m. 

The calibration procedure for the contact friction angle of the backfill was performed by a “slope” 

test. First, an investigated cubic domain of 0.5 m × 0.5 m × 0.5 m filled by Voronoi elements 

(Figure 6.7a) was created. The cube was formed by five masonry walls (one from below and four 

laterally). These walls are fixed at their original positions. Then, the equilibrium of the investigated 

cube under its self-weight was found. Finally, the supporting wall on the right side was removed. 

Therefore, some of the Voronoi elements fell out of their original positions, as shown in Figure 

6.7b. A new equilibrium state of the structure was found with the same solution ratio. The 

remaining Voronoi elements formed a new geometry with a specific slope angle. Different slope 

angles were formed if different friction angles were applied in 3DEC. By comparing the slope 

angle formed in 3DEC to the slope angle formed in real geotechnical experiments of 50‒60°, a 

suitable friction angle could be found. In this thesis, our choice of slope formed by a stone 

assembly is 54°. After many attempts, it was finally found that the contact friction angle between 

the discrete elements must be set to 16° for a slope angle of 54°. Figure 6.8 shows the slope angles 

of the investigated cube filled with randomly generated sets of Voronoi elements. 

 

                  (a)                                 (b) 

Figure 6.7. Slope test: (a) investigated cube formed by Voronoi elements; (b) dropping of blocks 

after removal of the lateral wall. 
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Figure 6.8. The slope of the investigated cube generated by Voronoi elements with three randomly 

different discrete element sets. The red lines show a slope angle of 54°. 

6.2.4 Loading process 

Fan vaults were loaded in two steps. First, equilibrium was reached for fan vaults under their self-

weight. Second, after equilibrium was reached, an outwards support displacement (in the y 

direction) was applied to the tas-de-charge and longitudinal walls by applying prescribed velocities. 

To maintain a quasi-static procedure, an outwards support displacement is applied at a relatively 

low boundary velocity (1.0 × 10−3 m/s) with 20 steps (each step is 2.5 mm). Between each step, 

equilibrium should be reached, and the next step follows. Figure 6.9 shows the outwards support 

displacement (red arrow) applied to the tas-de-charge (Γ0) and the longitudinal wall (Γy). The total 

outwards support displacement applied to the considered part of the fan vault with a span of 3 m 

was 5 cm (3.33% of the total span). For the 5.2 m span, the total outwards support displacement 

applied to the considered part is 8.5 cm (3.27% of the total span). 

 

Figure 6.9. Outwards support displacement (red lines) applied to the tas-de-charge and longitudinal 

walls. 

The value of the applied outwards support displacement for both small-span and large-span fan 

vaults is approximately 2/3 of that value until local failure occurs, as shown in Figure 6.3. We 

checked for small-span and large-span vaults without backfill when the support displacement 
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increased further, possibly until failure. We found that when the outwards support displacement 

reached a certain value (for the 3 m span fan vault, it was 7.5 cm, and for the 5.2 m span, it was 

12.8 cm), one block was completely removed from its original position. For displacements smaller 

than that, the block did not completely slide out. It moved down slightly, but it could find a position 

to stop. When a 7.5 cm or 12.8 cm support displacement is reached, despite this single voussoir 

falling, all the other blocks still reach equilibrium. When the support displacement continued to 

increase, an increasing number of blocks dropped, but the rest of the vault could still equilibrate. 

Due to the extremely long computational time, we stopped the procedure at 10 cm and 18 cm when 

the majority of the vaults were still standing. Thus, in this thesis, no sharp or sudden or well-

defined failure was found for the structure. We could not find an unambiguous, clear, or simple 

criterion for defining at which support displacement the structure collapses. 

6.2.5 Boundary conditions 

Because of the symmetry of the complete fan vault (Figure 6.9, green square), one fourth (Figure 

6.9, red square) of the complete shell in studied. The conoid of the analyzed fan vault stands on 

the tas-de-charge. Initially, we imagine the tas-de-charge to be perfectly fixed (and hence, the 

bottom surface of the conoid should not move either). The edge of the conoid in the y direction 

(i.e., perpendicularly to the axis of the nave, “inwards” from the lateral wall) has no translation in 

the x direction because of the support from the adjacent fan vault Γx. The edge of the one-fourth 

central spandrel in the x direction cannot move in the y direction because of the restriction from 

the remaining part of the central spandrel Γy’. The edge of the one-fourth central spandrel in the y 

direction has no translation in the x direction because of the restriction of the remaining part of the 

central spandrel Γx’. The boundary conditions are summarized in Table 6.3 and Figure 6.10. 

 

Figure 6.10. Boundary conditions of the analyzed fan vaults. 
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Table 6.3. Boundary conditions of the analyzed fan vaults. 

 

6.3 Results 

In section 6.3.1 and 6.3.2, the numerical results of for small spans (3 m) and large spans (5.2 m) 

are presented. The equilibrium of the structure is measured by the ratio (Fy/Fz) of the horizontal 

reaction force Fy to the vertical reaction force Fz. The reaction forces Fy and Fz at the tas-de-charge 

and longitudinal walls are illustrated in Figure 6.11. Section 6.3.3 exhibits the failure mechanism 

of the fan vaults under support displacement.  

     

                         (a)                                                     (b) 

Figure 6.11. Reaction forces at the tas-de-charge and longitudinal walls: (a) Fy and (b) Fz. 

6.3.1. The orientation of reactions in the small span (3 m) fan vault 

Figure 6.12 shows diagrams of the Fy/Fz ratio at the tas-de-charge and longitudinal walls. The 

outwards support displacement was gradually applied from the equilibrium state of the fan vault 

under a self-weight of 5 cm. 
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                                             (a) 

 

                                             (b) 

Figure 6.12. Diagrams of Fy/Fz at the tas-de-charge and longitudinal walls of 3-m span fan vaults: 

(a) Fy/Fz at longitudinal walls and (b) Fy/Fz at tas-de-charge. 

Figure 6.12a shows that Fy/Fz for the longitudinal wall rapidly decreased as long as outwards 

support displacement occurred. Fy in the longitudinal wall tends to approach zero (Appendix V). 

This is because of the separation between the longitudinal wall and the conoid. The separation 

proceeded gradually (but quickly) from the top of the longitudinal wall to the bottom. During this 

process, more pressure went into the tas-de-charge. The reaction force Fy in the tas-de-charge 

reached the peak point when the outwards support displacement was approximately 0.4‒0.6 mm 

(Appendix V). After that, it decreased and tended to a value with no significant change. The 

orientation of the reaction force in the tas-de-charge was changed to be much closer to the vertical. 

Figure 6.12b shows the ratio between Fy and Fz in the tas-de-charge operation. 

Three additional simulations of small-span fan vaults were performed for comparison. One of them 

is the fan vault, which has a higher density of backfill. In this simulation, the height of the backfill 

is 0.53 m (1/3 of the total height of the fan vault). The density of the backfill was increased from 
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2000 to 3000 kg/m3. Another two simulations involved small-span fan vaults with incredibly small 

thicknesses (only 25 mm). One did not contain a backfill, but the other had a 0.53 m high backfill. 

Figure 6.12 shows that the backfill still plays an important role in the Fy/Fz ratio. Increasing the 

density of the backfill can be considered equivalent to increasing the height of the backfill. Another 

conclusion can be drawn that the thicker fan vault without backfill is much more stable to outwards 

support displacement than the fan vault with a smaller thickness. The orientation of the reaction 

force in the tas-de-charge direction of the thinner fan vault tends to be much closer to the horizontal 

direction than that of the fan vault with a greater thickness when outwards support displacement 

is applied. The backfill for the thin fan vault is also important because it dramatically decreases 

the Fy/Fz ratio. With backfill, the reaction force of the thin fan vault becomes closer to the vertical 

force than that of the fan vault without backfill. It is important to note that the fan vault, which is 

incredibly thin, was able to carry its own self-weight and did not collapse (no single block drooped 

off) for the largest considered support displacement (5 cm, which is 3.33% of the half span). 

6.3.2. The orientation of reactions in the large span (5.2 m) fan vault 

For the large-span fan vault, similar mechanical responses were received as those of the small-

span fan vault. Figure 6.13 shows diagrams of the Fy/Fz ratio at the tas-de-charge and longitudinal 

walls for the fan vault with a 5.2 m span (100 mm thickness). It indicates that the existence of the 

backfill and the height of the backfill dramatically affect the Fy/Fz ratio during the tas-de-charge 

of thin, large-span fan vaults under support displacement. Increasing the Fz component causes a 

decrease in Fy/Fz. Similarly, the backfill is advantageous because the line of action of the force 

acting on the tas-de-charge moves closer to the vertical can be drawn. 

 

                                             (a) 
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                                              (b) 

Figure 6.13. Diagrams of Fy/Fz at the tas-de-charge and longitudinal walls of 5.2 m span fan vaults: 

(a) Fy/Fz at longitudinal walls and (b) Fy/Fz at tas-de-charge. 

6.3.3. Failure mechanism of the vaults 

Figure 6.14 shows the failure mechanism of the vaults with 3m and 5.2m spans under support 

displacement. Each vault contains a large central spandrel modelled by one intact block. (In reality, 

the conoids of this type of fan vault are separated by the spandrel.) The longitudinal wall is totally 

separated from the conoid. Few zig-zag cracks appear between blocks along the meridional 

direction. The blocks at the upper part drops down from their original positions. These phenomena 

are also occurred for the fan vaults with fully intersected conoids (Figure 4.9b). The cracking 

patterns of the analyzed vaults are consistent with the study of Heyman (2000) and McInerney et 

al. (2012). 

   

                   (a)                                       (b) 

Figure 6.14. Failure mechanism of fan vaults under support displacement: (a) 3m-span vault and 

(b) 5.2m span vault. 

6.4 Summary 
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This thesis reports the main results of an investigation on the mechanical role of the backfill of fan 

vaults constructed completely from jointed masonry. The main outcomes of the investigation can 

be briefly summarized as follows: 

(1) The tas-de-charge plays a much more important role in taking the forces expressed by the vault 

than does the longitudinal walls when outwards support displacement occurs. When a fan vault is 

only under self-weight, the longitudinal wall plays a more important role in providing lateral 

support to the conoid than does the tas-de-charge. However, as soon as a slight outwards support 

displacement appears, the longitudinal wall rapidly separates from the conoid. The tas-de-charge 

tends to be more important in balancing the horizontal forces than in balancing the longitudinal 

wall. 

 (2) The existence and height of the backfill strongly affect the ratio of the horizontal and vertical 

reaction forces when outwards support displacement occurs. Compared with fan vaults without 

backfill, vaults with more backfill are much more advantageous because the backfill brings the 

line of action of the force acting on the tas-de-charge closer to the vertical. In general, increasing 

the height of the backfill will also make the line of action of the force acting on the tas-de-charge 

closer to the vertical. 

(3) The simulations related to the small-span fan vault with unrealistically small thickness in 3DEC 

indicate that fan vaulting is an extremely stable construction in the sense that fan vaults can still 

reach the equilibrium state under self-weight and do not collapse even under relatively large 

outwards support displacement. However, the ratio of the horizontal to the vertical reaction forces 

is lower for thicker fan vaults than for thinner fan vaults. The line of action of the force in thicker 

fan vaults is much closer to the vertical direction than that in thinner fan vaults. 

Principal result 5 

I considered vaults with two sizes of span, the one approximating the smallest span that occurred 

for this kind of vault in reality, and the second one approximating the largest span that occurred. I 

expressed the “stability” of the vaults by the orientation of reactions at “tas-de-charge” (i.e. the 

corner support of the vault) and at the longitudinal walls. For the small-span fan vault, I tested an 

unrealistically small shell thickness as well, in a search for the minimally necessary thickness to 

carry the self-weight. With computer-simulated experiments, I showed that: 
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• For both small and large span fan vaults, no optimal height of the backfill exists. The higher the 

backfill is, the more stable the fan vault is (the orientation of reactions is closer to the vertical).  

• For the small span fan vaults, the vault with larger thickness is more stable than the vault with 

smaller thickness. However, even the vault with the unrealistically small thickness can still find 

the equilibrium state under self-weight, and does not collapse even at relatively large outwards 

support displacement (1.67% of the total span). There is no practical lower limit for the shell 

thickness for self-weight for this type of fan vault. 

• The longitudinal wall expresses lateral reaction to the conoid of fan vault under self-weight only 

in case of fixed supports, but this contribution drops to a negligible value as soon as outwards 

support displacements reach the slight value of 0.02% of the span. 

Publication 

Chen S., Bagi K. (2022), DEM Analysis of the Mechanical Role of Backfill of Jointed Masonry 

Fan Vaults: Results of Virtual Experiments, International Journal of Architectural Heritage 18 

(1): 64-83. https://doi.org/10.1080/15583058.2022.2104142 
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Chapter 7: Principal results 

 

Principal result 1 

With computer-simulated experiments, I validated the theoretical predictions of crosswise tension 

resistance for different running bond and herringbone patterns with a realistic friction coefficient 

 =0.781. With deviations below 10% between theoretical predictions and numerical experiments 

and the theoretical predictions being always on the safe side, I showed that: 

• The crosswise tension resistance of straight-shifted and skew-shifted running bond patterns for 

 = 1/2, /3 and 1/4, is t c

b

h


  = .  

The parameter  expresses the ratio of shifting. 

• Shells with herringbone pattern also exhibit crosswise tension resistance, though their failure 

mode is different from that of running bond patterns. I identified two failure modes, depending on 

the magnitude of friction coefficient on the surfaces. For 1:2 herringbone pattern, the combined 

rotating and sliding failure mode appears when the realistic  =0.781 friction coefficient is applied; 

for 1:3 herringbone pattern, the combined failure happens in this case. When μ= 1.235 and 1.732, 

pure tipping over failure mode occurs in 1:3 herringbone pattern.  

• The crosswise tension resistances of 1:2 herringbone and 1:3 herringbone patterns are 

0.5

4
t c


 

+
= , and 

1/ 3

3
t c


 

+
= respectively, for the mixed failure mode.  

In the above formulas t  denotes the crosswise tension resistance, c is the vertical compressive 

stress,  is the friction coefficient. 

Principal result 2 

With computer-simulated experiments of the reinforcements of stone hemispherical domes, I 

showed that:  

• The normal stiffness of the cross-sections of the reinforcement affects the optimal location. When 

the normal stiffness of the cross-sections increases, the optimal location of the reinforcement tends 

towards the base.   
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• The drum height and drum thickness affect the optimal location of the reinforcement. Reducing 

the thickness of the dome is equivalent to increasing the height of the drum. When the drum height 

increases, or the drum thickness decreases, the optimal location of the reinforcement tends towards 

the base. 

• The existence of the resistance of the contacts to tension affects the optimal location of the 

reinforcement. When the contacts are cohesive, the optimal location of the reinforcements is closer 

the base. Moreover, the existence of tensile resistance in the contacts decreases the relative 

efficiency of the reinforcement.  

Principal result 3  

With computer-simulated experiments of three basic types of open vaults, I showed that: 

• Under a concentrated downwards force load, the masonry sail vault, characterized by a positive 

Gaussian curvature (K > 0), shows localized failure where only the loaded block drops out from 

the initial position. Changing the loading position has no influence in the failure mode of the 

analyzed sail vault: it remains local. 

• The masonry fan vault, characterized by a negative Gaussian curvature (K < 0), shows global 

damage. The position of the vertical loads of the fan vault affects whether the whole structure will 

collapse, or only the whole structure cracks but does not collapse. 

• The masonry cross vault, characterized by zero Gaussian curvature (K = 0), shows a local failure 

where the loaded block drops off and some neighbouring blocks slightly move out from their 

original positions when the load is applied on the diagonal and near the longitudinal wall. The 

remaining structure is slightly cracked but can find the equilibrium with no further collapse. When 

the load is applied on the shell surface between the diagonal and longitudinal wall, a more extended 

collapse (due to the formation of a hinge line) occurs, which affects only the loaded barrel. 

Principal result 4 

With computer-simulated experiments of transverse and longitudinal barrel vaults, I showed that: 

• For short transverse barrel vaults, the failure always occurs only at the arches where the vertical 

loads are applied. For short longitudinal barrel vaults, the failure is because of the hinge cracking 

along the whole length for all analyzed loading distributions.  
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• For long transverse barrel vaults, the failure mechanism is the same as the short vaults. However, 

for long longitudinal barrel vaults, the failure mode is different. The embrace angle affects the 

failure mode: when the embrace angle is 180°, there is a global hinge along the whole length; when 

the embrace angles are 120° and 60°, the loaded blocks fall out from its own positions. The hinge 

will also occur, however, it is not along the whole length.  

• The size effects for the transverse barrel vaults with 60° embrace angle is significant: the load-

bearing capacity for the vaults with 8-bricks discretization along the arc is more than twice as the 

vaults with 34-bricks discretization. 

Principal result 5 

With computer-simulated experiments of fan vaults, I showed that: 

• For both small and large span fan vaults, no optimal height of the backfill exists. The higher the 

backfill is, the more stable the fan vault is (the orientation of reactions is closer to the vertical).  

• For the small span fan vaults, the vault with larger thickness is more stable than the vault with 

smaller thickness. However, even the vault with the unrealistically small thickness can still find 

the equilibrium state under self-weight, and does not collapse even at relatively large outwards 

support displacement (1.67% of the total span). There is no practical lower limit for the shell 

thickness for self-weight for this type of fan vault. 

• The longitudinal wall expresses lateral reaction to the conoid of fan vault under self-weight only 

in case of fixed supports, but this contribution drops to a negligible value as soon as outwards 

support displacements reach the slight value of 0.02% of the span. 
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Appendix I 

 

Theoretical derivations of crosswise tension resistance for different bond patterns are introduced 

in detail. 

1. Double-symmetry running bond pattern 

 

Figure 1. Failure state of the double-symmetric running bond pattern: (a) the failure mode, the 

horizontal tensile stress distribution along a vertical cut, the average tensile stress, and the 

elementary cell for equilibrium analysis; (b) stresses acting in the elementary cell; and (c) resultant 

forces of the stresses in the elementary cell. 

Figure 1a shows the cracking pattern of a planar wall with a running bond pattern where the blocks 

are placed in the middle of the neighbouring blocks below and above. Figure 1b and c show the 

force equilibrium of the elementary cell when the failure limit is reached. 

The two truncated blocks in the middle shown in Figure 1b horizontally slide out when the contact 

friction limit is reached between blocks. In this state, the shear stress τ on the contact surfaces is 

equal to the friction limit μ·σc, where μ is the friction coefficient and σc is the vertical compressive 

stress. The length of the bricks is b. Their height is h, and their thickness (perpendicularly to the 

plane of the wall) is t. 

The horizontal force equilibrium equation of the two truncated blocks in the middle is H=2T; 

equivalently, (2σt)·h·t = 2·τ·(b/2)·t: 

                                                                (2σt)·h ≤ 2(μ·σc)·b/2                                                       (1) 

from which the following theoretical prediction is obtained for the hoop tension resistance: 

                                                                  σt ≤ μ·(b/2·h)·σc                                                                            (2) 
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The same result can be reached with another approach. Let n be the number of horizontal rows in 

the system, and consider the limit case n→∞. For the failure mode (zigzag crack in Figure 1a), the 

number of horizontal sliding surfaces is n−1, and the horizontal shear force that acts along each of 

them is τ·(b/2)·t. This means that n·σt·h·t=(n−1) ·τ·(b/2)·t. When n→∞ and considering τ=μ·σc, 

the same result is obtained. 

2. Straight-shifted running bond pattern 

 

Figure 2. Failure state of the straight-shifted running bond pattern: (a) kinematics at failure 

(marked in sky-blue) and the distribution of the horizontal tensile stresses along a vertical cut and 

(b) forces acting on the orange elementary cell of (a). 

When the failure limit is reached, the smaller truncated block shown in Figure 2b will slide out, 

while the larger truncated part will remain at the same position. The force equilibrium of the 

smaller truncated block is H=2T, or equivalently (2σt)·h·t=2·τ·(α·b)·t: 

                                                                  σt ≤ μ·α·(b/h)·σc                                                                 (3) 

Note that when α=0.5, equation (3) is identical to equation (2) for the double-symmetry running 

bond. 

Similarly, the same result can be reached through another line of thought. Let n be the number of 

horizontal rows in the system, and consider the limit case n→∞. For the failure mode shown in 

Figure 2a, the number of horizontal sliding surfaces is n−1, and the horizontal shear force that acts 

along each surface is τ·(α·b)·t. This means that n·σt·h·t=(n−1) ·τ·(α·b)·t. When n→∞ and 

considering τ=μ·σc, the same result is obtained. 

3. Skew-shifted running bond pattern 
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Figure 3. Failure state of the skew-shifted pattern: (a) kinematics at failure (marked in sky-blue) 

and (b) forces acting on contacts. 

The cracking pattern of the skew-shifted bond pattern is shown in Figure 3a. Let n be the number 

of horizontal rows in the system, and consider the limit case n→∞. When the failure state is reached, 

the number of horizontal sliding surfaces is n−1, and the horizontal shear force that acts on each 

surface is τ·(α·b)·t. This means that n·σt·h·t=(n−1) ·τ·(α·b)·t. When n→∞ and considering τ=μ·σc, 

the following relation is obtained for the tensile strength: 

                                                               σt ≤ μ·α·(b/h)·σc                                                              (4) 

4. Herringbone pattern with a 1:2 brick shape 

                                                                        

Figure 4. Failure state of the 1:2 herringbone pattern: (a) the 1:2 herringbone pattern and the tensile 

stress on the vertical cut, (b) failure mode in the case of realistic friction, and (c) forces in the 

elementary cell for the combined failure mode. 

First, consider the moment balance of the vertical block: 

                                                                       T2 = N/2                                                                   (5) 

The necessary frictional coefficient to ensure that T2 can indeed be expressed by the top (and 

bottom) half-block is μ≥0.5. For stone or brick blocks in dry contact, the friction coefficient is 
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much greater (approximately 0.7−1.0), and it would be unrealistic to assume that the friction 

coefficient is less than 0.5. Thus, continuing with the horizontal force balance of half of the 

horizontal block (either the top or the bottom), on the sliding surface, the forceT1 is 

                                                                      T1 = H−N/2                                                               (6) 

which is equal to T1=μ·N (friction limit). The moment balance equation for the same half brick 

can be compiled by taking into account that because of the equivalence of the upper and lower 

horizontal brick in the infinitely large system, H acts at the middle height of the brick. Therefore, 

consider the moment balance about the point of action of H, which is, due to the symmetry, at the 

half height of the brick: 

                                             T2·(h/2) + N·h = T1·(h/2) + N·(h/2 + d/2)                                         (7) 

Considering that T1=μ·N and T2=N/2, the distance d is: 

                                                                 d = (1.5−μ)·h                                                                 (8) 

Indeed, for μ≥0.5, this remains below h so that the vertical normal force acts inside the top and 

bottom contacts, as shown in Figure 4c. 

Returning to the horizontal force equilibrium equation (6), the magnitude of the horizontal tension 

H is: 

                                                                H = (0.5+μ)·N                                                                (9) 

which is equal to H=4·σt·h·t (see Figure 4a for the distribution of horizontal tensile stress along 

the height of the wall). Considering that the average vertical compression stress is related to N as 

N=σc·h·t, the following limit is reached for σt in terms of σc (the equality holds in the failure state): 

                                                              σt ≤ (0.5 + μ)/4·σc                                                                 (10) 

5. Herringbone pattern with a 1:3 brick shape 
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Figure 5. Failure state of the 1:3 herringbone pattern: (a) The 1:3 herringbone pattern and the 

tensile stress on the vertical cut; (b) failure mode in the case of realistic friction; and (c) forces 

assumed to act on the vertical and horizontal blocks at failure. 

The failure state of the 1:3 herringbone pattern is shown in Figure 5b. Based on the assumptions 

introduced in Section 2.2.2.2.2, according to the horizontal force balance of the left third of the 

horizontal block, the magnitude of the horizontal tension H is: 

                                                                 H = (1/3+μ)·N                                                             (11) 

where 2H = 6·σt·h·t (see Figure 5a for the averaged distribution of the horizontal tensile stress 

along the height of the wall). Considering that the average vertical compression stress related to N 

is 3 N=σc·3 h·t, the following limit is reached for σt in terms of σc: 

                                                                  σt ≤ (1/3+μ)/3·σc                                                                 (12) 

The necessary magnitude of the friction coefficient to allow for these kinematics can be determined. 

In the calculation, the elementary cell shown in Figure 6 is considered. In Figure 5c (illustrating 

the approximation that every third of the horizontal block carries equal compressive force N on its 

top surface), the points of action of the left and middle N forces are indefinite, which means that 

their location at failure depends on the friction coefficient defining the magnitude of the horizontal 

friction forces at sliding. However, according to the assumption that each third top surface carries 

equal compressive force N, the distance d must be in the interval (−h)≤d≤h. The moment balance 

of the cell shown in Figure 6 is 2H·4 h = 2 N·d + μ·2 N·6 h, which yields: 

                                                                      1/6≤ μ ≤7/6                                                             (13) 
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Figure 6. Forces acting on a 2×6 elementary cell of the 1:3 herringbone pattern. 

 

                                                (a) 

 

Figure 7. Rotational failure mechanism of the 1:3 herringbone pattern with a contact friction angle 

of 51° (μ ≥ 7/6). 
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Appendix II 

 

 

Figure 1. The optimal location of the reinforcement of the large-span (5.2 m) dome with different 

reinforcement cross-sectional areas. 

 

Figure 2. The optimal location of the reinforcement of the large-span (5.2 m) dome on drums with 

different heights. 
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Figure 3. The optimal location of the reinforcement of the large-span (5.2 m) dome on a 5 m high 

drum with different drum thicknesses. 

 

Figure 4. The optimal location of the reinforcement of the large-span (5.2 m) dome with different 

contact cohesions between blocks. 
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Appendix III 

 

 

       

                       (a)                                                (b)                                                  (c) 

Figure 1. Local failure of the sail vault with 16cm thickness under vertical loading at different 

positions. (a) load applied at point 1, (b) load applied at point 2, and (c) load applied at point 3. 

       

                    (a)                                                     (b)                                               (c) 

Figure 2. Failure modes of the fan vault with 16cm thickness under vertical loads at different 

positions: (a) load applied at point 1, (b) load applied at point 2, and (c) load applied at point 3. 
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                         (a)                                                   (b)                                       (c) 

Figure 3. Failure modes of the cross vault with 16cm thickness under vertical loads at different 

positions: (a) load applied at point 1, (b) load applied at point 2, and (c) load applied at point 3. 

 

                                                          (a) 

 

                                                           (b) 

Figure 4. Orientation of the reactions of the vaults with 16cm thickness under support displacement: 

(a) Fy/Fz at the longitudinal walls and (b) Fy/Fz at the tas-de-charge. 
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                (a)                                     (b)                                               (c) 

Figure 5. Cracking patterns of the vaults with 16cm thickness under 9cm support displacement: (a) 

cracks on the sail vault, (b) cracks on the fan vault, and (c) cracks on the cross vault. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



122 

Appendix IV 

 

Table 1. Results of the sensitivity analysis of barrel vaults with different contact properties. 

 

Table 2. Load-displacement curve for barrel vaults under concentrated loads: (a) transversal and 

(b) longitudinal barrel vaults. 

                                                              (a) 

                                                                                                                                            

                                                             (b) 
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Table 3. Load-displacement curve for barrel vaults under distributed loads along the full length: 

(a) transversal and (b) longitudinal barrel vaults. 

                                                         (a) 

 

                                                          (b) 
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Table 4. Load-displacement curve for barrel vaults under square distributed loads: (a) transversal 

and (b) longitudinal barrel vaults. 

                                                               (a) 

 

                                                               (b) 
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Appendix V 

 

 

Figure 1. Diagram of Fy at the longitudinal wall and tas-de-charge of a 3-m span fan vault with no 

backfill. 
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