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È ÉÊÉËÉÌÍ Î

ÏÐÑÒ� Ó��Ô�Ò ÃÕ �Ò��ÃÒÃÂ
� ¶Å¬¤¦�¨¢��¤ �¸ �¤«��¤ £��¥«£�£ ���¥  � Ö

Hf(x) := −∆f(x)+V (x)f(x),�¬�� � ª��®£ ¡¤�¡¥¹
V (x)

Æ¿��ª¡¢²� ¸ ���¢Å¨«�¢�¥ ¢�ª���¿¥ µ � ¶Å¬¤¦�¨¢��¤ �¸ �¤«±��¤�¥ ª ¨�£�«���«¢�¥ £�¿¥£¡��££¡�� � ¥ª�¢�´§§�Å¬�¢¨¥«°®� �¤�� µ � �
f ∈L2(Rn)
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H

�¸ �¤«��¤� �¦¤�¡¢��¨ �¥�° ®� ¬³ª  «¥ ©�§ ¨���¢ �¸�¤«��¤¢�¥ ¨£ µ � ¤�¢�£��¤¨�¾Æ�  �¾�¡£¡� � ¶Å¬¤¦�¨¢��¤±��²�¢��� ³¤  � �� Ö
∂f

∂t
= −iHf,�§��²¢�¥ � §�����«£� ×¨�¾Æ¿������¢
H

�¸�¤«��¤ �£��¡¢Ø
f(x, t) = e−iHtf(x,0).� ¤�¢�£��¤ ¥¨¢��¨¥´£ �¢�¤�¨«  �

< −∆f, f >
¯ ¸ ���¢Å¨«�¨£ �¢�¤�¨«  �

< V f, f >
¯¦££���¿¥ � ���  �£ �¢�¤�¨� ¯

<Hf, f>
µ
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º�² �¨§ �¢�¨®°�¢ Ö

Ly(x) := −y′′(x)+q(x)y(x), x ∈ (a, b),
×ÞØ

�¬�� −∞≤a<b≤∞ µ � ��ª«°°¨�¥°�¢ Æ¾��� ��
a=0, b=π

¡£ ��
a=0, b=∞ �£����ª¨�£�«�  ´¥ ¯

q ∈ L1
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l
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u= u(x, t)
¥¨�¡¤¡£ ¡£ �

%(x) > 0
�¦§ ��£¹¤¹£¡� ¥¨��¡�³�¨ �

%(x)utt = uxx

¬´��«§ ��²�¢����� ¡£ ��
u(0, t) = 0, u(l, t) = 0

¸�¤�§ Æ���¡����¥�� µ º�²
ω

Æ¤�¥ª�¢Å¨«  Ù ¯
u(x, t) = y(x)(a cosωt+b sinωt)

���¥Ù ¸ �¤¨��¨¥´£ ¤���¡£ �¥¥�¤ ��¡�³�¨ ¥¨ � ¬´��«§ ��²�¢����� ¯ ¬�
y′′+ω2%(x)y = 0

×àØ
¡£

y(0) = 0, y(0) = 0.­��¥¡¤���¬��  ¿¥ ¯ ¬��² ¬«¢²Æ¡�� ×¡£ § ¨�²�¢ Ø �¦§ �����£��«£ § ������ ¥�¸  ´¥ ´±�²�¢���¥�� � £�  «�Æ¤�¥ª�¢Å¨«¥�� µ é ¨�´ª¨��� ª���� ��¾£�¦¤ ¡£�¤� ¯ ¬��² ¬�
%

¥¡�£��¤Æ��²��¢�£�¢ �¨Ú�¤�¢Å¨«�¬��® ¯ �¥¥�¤ ×àØ �� ×ÞØ ���¥¤� �¤�¢£�Æ�¤§ «�¬��® ¯ § ³� �½ ¨¤¨Å¬��� ¸ �¤�§ Æ���¡��� ª«��������¢ §�¤�� µ ê�² �� ¨¢ª�¤� ½ ¨¤¨Å¬��� ¸¤�°�¡§ � ��²��¤§ ¡£����£ ¥¡¤�¡£ � ¤���¾ ¬Ù¤�¥ ª¨�£�«����¥�¤ µ
ç ÓÃ�ÔÃ�Á� ë��ìÕ��ì��
� ¶Å¬¤¦�¨¢��¤ �¸ �¤«��¤ ¯ £¾� «����«°�¢ � �¨Ú�¤�¢Å¨«��¸ �¤«��¤�¥ Ü�¨¥�¨ �¤����¹�¥ µ¶�¥£��¤ ���¢°�¢ ¥¿�¦¢°¦�¾ ��¥��§ ��«£�¥¬�� ��¤���® �¸ �¤«��¤�¥�� ¬�£�¢�® § �±��§ ��¨¥�¨ §®�£��¤�¥¥�� ��¬�� ª¨�£�«�¢¨ ¯ § ³� § «£ �£���¥° �¢ ´�²�¢�� � �²�¥�¤���¨¸¤�°�¡§ � �¦°°Æ¡�� § ���§ ��¨¥�¨ § ��¥¦���³�¡£� ��¬�� £�¿¥£¡��££¡ µ ½��������§°�¢�� ��¥��§ ����� í îïðí îïñòîñ § ®�£��¤�¥ £��¤¨¢�¨ Å£�¸�¤��£³�«£� ª«��£������§ µ�� ��£¾ Æ�  ����° �¢ ¥�¤£��¤¹ ° �ª����¡£� ���¥ � �����²£��¤¹°° ¯

−y′′+qy = λy
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, 6���7 �����
���� 85� µÞµ ½ ¨¤�Å ��²�¢����¥ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ �á� µà µ ¼��«¤¥��¤�¨¢«�«¥ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ �÷� µö µ ¶¸ �¥�¤´§ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ µ �÷� µõ µ Ç¤��¢ Æ¿��ª¡¢²¯

m
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EFEF � ��Ó���ìÒ�ìÂGë��ÁÓÁ� �Ô�Ó�ä ����å� ÏÐÑÒ�Ó��G
Ô�Ò �Ô�������ÂÒ�

»�¥¨¢�£¿¥ �� ��«°°¨ �¨Ú�¤�¢Å¨«���²�¢����� Ö
−y′′(x)+q(x)y(x) = λy(x),

×ÞµÞµÞØ
�¬��

0≤x≤π ¯
λ∈C

¯
q∈L1[0, π]

µ Ä¡£¾°° «����«°�¢ ��� ¨£ Æ����££�¿¥ ¯ ¬��²
q

ª��®£¡¤�¡¥¹ ¯ �� �¤¤� ��²��¾¤� ¢¨¢Å£ £�¿¥£¡�¿¢¥ µ »�¥¨¢�£¿¥ �� ��²�¢��� ¥¡� �¨¢�«¤¨£�¢Æ¿������¢ §�����«£«� ��
y1(0, λ, q) = 1, y′1(0, λ, q) = 0,

×ÞµÞµàØ
y2(0, λ, q) = 0, y′2(0, λ, q) = 1

×ÞµÞµöØ
¥�����¨ Æ���¡����¥ § ������ µ � �¨¢�«¤¨£ � ¨Ú�¤�¢Å¨«���²�¢����¥¤¾� £�®�® «����«¢�£ �¡±����¥ £��¤¨¢� ×�«£� ¸� µ ÝÞõã ¯ H¬�¸��¤ ö µØ ¯ ×ÞµÞµÞØ °«¤§ ��² § �����«£� ¥¨Æ�  ��¬��¾
y1

¡£
y2

£��³�£¡�¡ª�� ¯ § ¡�¸��¨� ��
y(x) = y(0)y1(x)+y′(0)y2(x)

×ÞµÞµõ Ø
���¥°�¢ µ�

q = 0
�£��° �¢ ¥�¸��� § �����«£�¥¤� ª���££¿¥ °� �

cλ(x) = cos
√
λx, sλ(x) =

sin
√
λx√
λ

×ÞµÞµâØ
¤¦ª¨�³�¡£�¥�� µ º��¥ § ¨¢��¢

x
±¤� �� ��¡£� ¥�§¸��û £�«§ £³¥�¢

λ
¤��´�«¤¨£ Æ¿��±ª¡¢²�¨ µ


�
�
� I�
�� � J KL MNL O PL QNL NNR
y1(x, λ, q) = cλ(x)+

∞∑

n=1

Cn(x, λ, q),
×ÞµÞµßØ

Þ
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y2(x, λ, q) = sλ(x)+
∞∑

n=1

Sn(x, λ, q),
×ÞµÞµáØ

îV WX
Cn(x, λ, q) =

∫ x=tn

0

∫ tn−1

0

. . .

∫ t1

0

cλ(t0)
n∏

j=1

[sλ(tj −tj−1)(q(tj−1)] dt0 . . . dtn−1,

Sn(x, λ, q) =

∫ x=tn

0

∫ tn−1

0

. . .

∫ t1

0

sλ(t0)
n∏

j=1

[sλ(tj −tj−1)(q(tj−1)] dt0 . . . dtn−1.

YZ [M\M\N] ^ [M\M\K] _ W`Wò
[0, π]×C×L1(0, π)

òW`XaïW_ `b_ZVî XíîZîñc ðdeðcXðïð_ ðcòWcfð`d aXcîò \

�
�� � gh��
��	��!:� J KL MNL O PL O iL QNL NNR Y í ðd WXja_ Wò òñðXbd kïñò îZ î Xallññc ïðd `aXðde ðcXðïðò ðï m

y1(x, λ, q) = cλ(x)+

∫ x

0

sλ(x−t)q(t)y1(t, λ, q) dt,
×ÞµÞµ÷Ø

y2(x, λ, q) = sλ(x)+

∫ x

0

sλ(x−t)q(t)y2(t, λ, q) dt.
×ÞµÞµ�Ø

n î o ðjñd ðde p WXeïWcW_ p qddfbce òñðXbd kïñ fî Xîí ðXeñò ñc ïðd `aXðdeðcXðïðïL îòòW` ðde^lðc í ðd WXja_î î í ðdp ðXðXr ò ðZ jðïñb`ïbòo `WlXbí acîò ñ_ \

�
�$ � s ��t
�� � J KL MNL O PL O iL QNL NNR

|y1(x, λ, q)| ≤ exp (|=
√
λ|x+x||q||1),

×ÞµÞµÞøØ
|y2(x, λ, q)| ≤ x exp (|=

√
λ|x+x||q||1).

×ÞµÞµÞÞØ
u ñZ Wcekïa_ \

|cλ(x)| =
1

2
|ei

√
λx +e−i

√
λx| ≤ exp (|=

√
λ|x), ×ÞµÞµÞàØ

ª���§ ¨¢�
|sλ(x)| =

∣∣∣∣

∫ x

0

cλ(t) dt

∣∣∣∣≤
∫ x

0

exp (|=
√
λ|t) dt≤ x exp (|=

√
λ|x), ×ÞµÞµÞöØ

��¡¤�
|Cn(x, λ, q)| ≤

∫ x=tn

0

. . .

∫ t1

0

|cλ(t0)|
n∏

j=1

|sλ(tj −tj−1)(q(tj−1)| dt0 . . . dtn−1

≤ xn exp (|=
√
λ|x)

∫ x=tn

0

. . .

∫ t1

0

n∏

j=1

|(q(tj−1)| dt0 . . . dtn−1

×ÞµÞµÞõØ
≤ xn exp (|=

√
λ|x) 1

n!

[∫ x

0

|q(t)| dt

]n

,
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|Sn(x, λ, q)| ≤ xn+1 exp (|=
√
λ|x) 1

n!

[∫ x

0

|q(t)| dt

]n

.
×ÞµÞµÞâØ

º��¥�� � ° �Å£�¡£�¥�� ¦££����ª� �� «��³�«£� ¥�¸  ´¥ µ
v� � � :	�� � �� ��¾°°¨ «��³�«£ °¨��¢²³�«£� £�¤«¢ ¥�¸��� ° �Å£�¡£�¥ �����¢�¾¥��¢¢¡¢�¥ �� ¦££��£ ¯ �°° �¢ � £��¥�£�°�¢ ���«�¬��® �¡��� ° ¨��¢²³�«£«¤� µ

�
�% � I���� 9�!�� �� � J KL MNL O PL O iL QNL NNR

|y1(x, λ, q)−cλ(x)| ≤
1√
|λ|

exp (|=
√
λ|x+π||q||1),

×ÞµÞµÞßØ

|y2(x, λ, q)−sλ(x)| ≤
1

|λ| exp (|=
√
λ|x+π||q||1),

×ÞµÞµÞáØ

|y′1(x, λ, q)+λsλ(x)| ≤ ||q||1 exp (|=
√
λ|x+π||q||1),

×ÞµÞµÞ÷Ø

|y′2(x, λ, q)−cλ(x)| ≤
||q||1√
|λ|

exp (|=
√
λ|x+π||q||1).

×ÞµÞµÞ�Ø

�
�0 � I�
�� � J QNL NNR n î

qm → q de ðcd bc L1
^lðcL îòòW`

yj(x, λ, qm) → yj(x, λ, q) j = 1,2.
×ÞµÞµàøØ

Y òWcfð`d ðcwñî [0, π]×C×L1
òW`XaïW_ `b_ZVî XíîZîñc ðdeðcXðïð_ \


�
�3 � gh��
��	��!:� n î
qm → q de ðcd bc L1

^lðcL îòòW`
y′j(x, λ, qm) → y′j(x, λ, q) j = 1,2.

×ÞµÞµà ÞØ
Y òWcfð`d ðcwñî [0, π]×C×L1

òW`XaïW_ `b_ZVî XíîZîñc ðdeðcXðïð_ \
u ñZ Wcekïa_ \ ��¥��§ ���´¥ �� ��¾�¾ �¡���� ¡£ �� ��«°°¨ ��²�¢�¾£¡��¥�� Ö

y′1(x, λ, q) = −λsλ(x)+

∫ x

0

cλ(x−t)q(t)y1(t, λ, q) dt.
×ÞµÞµààØ

y′2(x, λ, q) = cλ(x)+

∫ x

0

cλ(x−t)q(t)y2(t, λ, q) dt.
×ÞµÞµàöØ
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EFx F ÏÐÑÒ� Ó��Ô�Ò �Ô������ Á ëì��Ô�������
»�¥¨¢�£¿¥ �� ×ÞµÞµÞØ �¨Ú�¤�¢Å¨«���²�¢����� ��Ù���� � Æ¡���²�¢�£�¢ ¯ ���� ���²�¢
0 ≤ x < ∞ ¯

λ ∈ C
¯
q ∈ L1(0,∞)

µ Ä¡£¾°° «����«°�¢ ��� ¨£ Æ����££�¿¥ ¯ ¬��²
qª��®£ ¡¤�¡¥¹ ¯ �� �¤¤� ��²��¾¤� ¢¨¢Å£ £�¿¥£¡�¿¢¥ µ �¥¥�¤ § �¢�  ´¥ ¯ ¬��²

y(x, λ)§�����«£� � ¶Å¬¤¦�¨¢��¤±��²�¢���¢�¥ ¯ ¬�
L2(0,∞)

±° ��¨ ¡£ § �����«£� �� ×ÞµÞµÞØ�¨Ú�¤�¢Å¨«���²�¢���¢�¥ µ

�� �
� I�
�� � J KL NNR YZ [M\M\M] jñy ð`ðcwñaXðde ðcXðï L2(0,∞)

^lðXñ í ðd WXja_î î
λ ∈ C\{λ≥ 0} Vî XíîZ Wc ðdeb`ïðXí zL b_

y(x, λ, q) = ei
√

λx +
∞∑

n=1

En(x, λ, q),
×Þµà µÞØ

îV WX =√λ > 0
b_

En(x, λ, q) =

∫ ∞

x=tn

. . .

∫ ∞

t1

ei
√

λt0

n∏

j=1

[sλ(tj−1−tj)q(tj−1)] dt0 . . . dtn−1.
×Þµà µàØ


�� �� � gh��
��	��!:� J KL NNR Y í ðd WXja_ òñðXbd kïñ îZ
y(x, λ, q) = ei

√
λx +

∫ ∞

x

sλ(t−x)q(t)y(t, λ, q) dt
×Þµà µöØ

ñc ïðd `aXðde ðcXðïðï { Vî o ðjñd ðde p WXe ïWcW_ p qddfbce`ð ïðX| ð_qX îZ ñc ïðd `aXðdeðcXðïLîòòW` îZ ðdelðc îZ [M\M\M] ðdeðcXðï L2
^lðXñ í ðd WXja_î \
�� �$ � s ��t
�� �

|y(x, λ, q)| ≤ exp (−|=
√
λ|x+

∫∞
x

|q|
|
√
λ|

)
×Þµà µõ Ø

b_ î
Q(x) =

∫∞
x
q
| ðX}Xb__ ðX
|y(x, λ, q)| ≤ exp (−|=

√
λ|x+

∫ ∞

x

|Q|). ×Þµà µâØ
u ñZ Wcekïa_ \ ��

|sλ(x)| ≤
1

|
√
λ|

exp (|=
√
λ|x) ×Þµà µßØ

° �Å£�¡£� Æ��¬�£�¢«�ª� ��²¤¡£��

|En(x, λ, q)| ≤ exp (−|=
√
λ|x) 1

n!

[∫∞
x

|q|
|
√
λ|

]n

,
×Þµà µáØ

§ «£¤¡£��
n
±£��¤ ¸�¤Å¨«�¨£�¢ ¨¢���¤«�ª�

|En(x, λ, q)| ≤ exp (−|=
√
λ|x) 1

n!

[∫ ∞

x

|Q|
]n

.
×Þµà µ÷Ø

� ª¡��£ �£��¬�� ¬�£�¢�®�¢ ���¥° ¾� � £��¥�£� § ¨¢��¢ «��³�«£� ¥¦ª��¥��¨¥ µ
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|y(x, λ, q)−ei
√

λx| ≤ exp (−=
√
λx)(exp

||q||1
|
√
λ|

)−1),
×Þµà µ�Ø

|y(x, λ, q)−ei
√

λx| ≤ exp (−=
√
λx)(exp ||Q||1−1),

×Þµà µÞøØ

|y′(x, λ, q)− i
√
λei

√
λx| ≤ ||q||1 exp (−|=

√
λ|x+

||q||1√
λ

)
×Þµà µÞÞØ

|y′(x, λ, q)− i
√
λei

√
λx| ≤ ||q||1√

|λ|
exp (−|=

√
λ|x+ ||Q||1)

×Þµà µÞàØ

�� �0 � I�
�� � n î

qm → q deðcd bc L1
^lðcL îòòW`

y(x, λ, qm) → y(x, λ, q).
×Þµà µÞöØ

n î |λ|L 1
|λ|

L ‖qm‖1

b_ ‖q‖1

òW`XaïW_L îòòW` î òWcfð`d ðcwñî ðdeðcXðïð_ \

�� �3 � gh��
��	��!:� n î

qm → q de ðcd bc L1
^lðcL îòòW`

y′(x, λ, qm) → y′(x, λ, q).
×Þµà µÞõØ

n î |λ|L 1
|λ|

L ‖qm‖1

b_ ‖q‖1

òW`XaïW_L îòòW` î òWcfð`d ðcwñî ðdeðcXðïð_ \

�� �5 � I�
�� � n î

Qm →Q deðcd bc L1
^lðcL îòòW`

y(x, λ, qm) → y(x, λ, q).
×Þµà µÞâØ

n î |λ|L ‖Qm‖1

b_ ‖Q‖1

òW`XaïW_L îòòW` î òWcfð`d ðcwñî ðdeðcXðïð_ \

�� �" � gh��
��	��!:� n î

Qm →Q de ðcd bc L1
^lðcL îòòW`

y′(x, λ, qm) → y′(x, λ, q).
×Þµà µÞßØ

n î |λ|L ‖Qm‖1

b_ ‖Q‖1

òW`XaïW_L îòòW` î òWcfð`d ðcwñî ðdeðcXðïð_ \
v � � � :	�� �

y(x, λ)
��¾«��³�«£� ¡£ � £��¥�£�

Q
±ª�� Æ��³¤� ° �Å£�¡£�¨ �¥¥�¤ ¨£ ¡¤±ª¡¢²°�¢ §�¤��¢�¥ ¯ ¬�

q
¢�§ Æ���¡���¢¿�

L1
±° ��¨ ¯ �� �¡���¨¥ �

Q(x) =
∫∞

x
q

¨§ ±¸¤�¸¤¨´£ ¨¢���¤«� ¡£
Q ∈ L1(0,∞)

µ ¶¾� ¯ ¬� ×ÞµÞµÞØ ¬��²��� ��
−y′′ dx+y dQ= λy dx

×Þµà µÞáØ
��²�¢����� ª ¨�£�«�¢«¢¥ ¯

Q
±¤®� § ¡� �� �°£���Ù� Æ��²��¢�££«��� £�§ ¥����¢� Æ¦���¢±¢¨ µ
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EF~ F �ÒÁ���ëÃÒä �Ð�å� ÃÕ �Ò��ÃÒÃÂ
�� ¨¢ª�¤� Æ�������¥ § �����«£«¬�� ���  �°°�¢ ¬�£�¢«�¬��® �£�¥¦� � ¥¿�¦¢°¦�¾¸���¢Å¨«��¥¬�� ��¤���® § �����«£�¥�� ��²§«£°� ª¨ª¾ Ç��Æ�¢�±é�ª¨��¢±­�¤Å¬�¢±¥� ¨¢���¤«��¸ �¤«��¤ Ýàøã µ Ä¿�¦¢¦£ ¬��¡¥�¢²£«�«¢�¥ � ¥´�Å£� ¯ ¬��² �� �¸�¤«��¤§ ��  � ¢�§ Æ¿��

λ
±�®� µ


�$ �
� I�
�� � JO PL QPL Q�R �ðòñc ï_qò îZ î Xallñ ò ðZ jðïñb`ïbò ^o `WlXbí aï m
−y′′+q(x)y = λy, y(0, λ) = 1, y′(0, λ) = iz,

×Þµö µÞØ
îV WX

λ= z2 L z ∈ C
L
q ∈ L1

loc(−∞,∞)
fî X�_ b`ïbòz\ Y òòW`

y(x, λ, q) = eixz +

∫ x

−x

K(x, t)eitz dt
×Þµö µàØ

fî Xîí ñXeðc K(x, t) |t| ≤ x p WXe ïWcW_ ò bïfaXïWZ �_ íîdp qddfbcce ðX\
v � � � :	�� �

q = 0
�£��¡¢ � § �����«£ ¡¸¸ �¢

eixz
µ


�$ �� � ����� � J KL O PL O iR Y Z
y(x) p WXeïWcW_ p qddfbce o Wc ïW_îc îòòW` í ðd WXja^_î îZ [M\�\M] ò ðZ jðïñb`ïbòo `WlXbí acîòL Vî

y(x) = eixz +

∫ x

0

sin z(x−t)
z

q(t)y(t) dt.
×Þµö µöØ


�$ �$ � ����� � JQPL Q�R n î
K(x, t)

òñðXbd kïñ î

K(x, t) =
1

2

∫ x+t
2

0

q+

∫ x

0

∫ min(−u+(x−t),u)

max(u−(x−t),−u)

q(u)K(u, τ) dτ du
×Þµö µõ Ø

ñc ïðd `aXðde ðcXðïðïL îòòW`
y(x, λ) = eixz +

∫ x

−x

K(x, t)eitz dt
×Þµö µâØ

ò ñðXbd kïñ îZ [M\�\�] ñc ïðd `aXðde ðcXðïðï\
u ñZ Wcekïa_ \
∫ x

0

sin z(x−t)
z

q(t)y(t) dt=

∫ x

0

sin z(x−t)
z

q(t)[eitz +

∫ t

−t

K(t, τ)eiτz dτ ] dt.

S��¬�£�¢«�ª� ¯ ¬��²
sin z(x−t)

z
eiτz =

1

2

∫ τ+(x−t)

τ−(x−t)

eiuz du,



Þµö µ »ô�#¶)S&ô­UH ó�¶ &¼ºôU»&ô&Ä á
��²¤¡£��

∫ x

0

sin z(x−t)
z

q(t)eitz dt=
1

2

∫ x

0

∫ x

2t−x

eiuz du q(t) dt=

=
1

2

∫ x

−x

eiuz

∫ x+u
2

0

q(t) dt du,

§«£¤¡£��
∫ x

0

q(t)

∫ t

−t

K(t, τ)
sin z(x−t)

z
eiτz dτ dt=

=

∫ x

0

q(t)

∫ t

−t

K(t, τ)
1

2

∫ τ+(x−t)

τ−(x−t)

eiuz du dτ dt=

=

∫ x

−x

eiuz[

∫ x

0

q(t)
1

2

∫ min(−u+(x+t),u)

max(u−(x−t),−u)

K(t, τ) dτ dt] du.

S��¬�£�¢«�ª� �
K

±¤� ����� ¨¢���¤«���²�¢����� ¯ � ¥���¾ ¦££����
1

2

∫ x

−x

eiuzK(x, u) du= y(x)−eixz,
×Þµö µßØ

����
y(x)

¥¨��¡�³�¨ �� ×Þµö µöØ ¨¢���¤«���²�¢����� µ
v� � � :	�� � ­¨ª��

z
±¤¾� Å£�¥ ��� ¬�£�¢«��´¥ ¥¨ ¯ ¬��²

z2 = λ
¯ ´�²�¢����� �

K(x, t)
§��Æ¿��ª¡¢¢²��

e−ixz +

∫ x

−x

K(x, t)e−itz dt
×Þµö µáØ

��
−y′′+q(x)y = λy, y(0, λ) = 1, y′(0, λ) = −iz, ×Þµö µ÷Ø

¥�����¨¡¤�¡¥¸¤�°�¡§ � §�����«£� µ

�$ �% � s ��t
�� � J QPL Q�R

K(x, t)
íñcjò bï faXïWZ �| alîc jñy ð`ðcwñaXVîï�L b_

K(x, x) =
1

2

∫ x

0

q, K(x,−x) = 0.
×Þµö µ�Ø

u ñZ Wcekïa_ \ ��
u= α+β

¯
τ = α−β ¬��²����£³�¡£�¥¥��

K(x, t) =
1

2

∫ x+t
2

0

q+

∫ x+t
2

0

∫ x−t
2

0

q(α+β)K(α+β, α−β) dβ dα,
×Þµö µÞøØ

�§ ¨°¾� �� «��³�«£ ¥¦ª��¥��¨¥ µ



÷ Þµ Sº'º)º» µ ¶»Tô­±éó&T+ óééº &¼ºôU»&ô&Ä
»´�  ´¥ ¯ ¬��² ¬� ª�¢ ��²�¢

K
¯ �§ ¨ ¥¨��¡�³�¨ ��� �� ¨¢���¤«���²�¢����� ¯ �¥¥�¤

y
¨£ ¥¨��¡�³�¨ � ¤« § ��¥¦ª����� ×Þµö µöØ ¨¢���¤«���²�¢����� ¯ ���� �� ×Þµö µÞØ ¥����±�¨¡¤�¡¥±¸¤�°�¡§ «� ¨£ µ �

H(v, w) =K(v+w, v−w)
  ��¦�¡££��

H(v, w) =
1

2

∫ v

0

q+

∫ v

0

∫ w

0

q(α+β)H(α, β) dβ dα.
×Þµö µÞÞØ

� ¥¦ª��¥��¾ ��§§«°�¢ °¨��¢²³�  ´¥ ¯ ¬��² �¢¢�¥ �� ¨¢���¤«���²�¢���¢�¥ �¡���¨¥Æ��²��¢�£ § �����«£� ù ����� �¡���¿¢¥ °¨��¢²³�«£� ���  �£ ��£� µ

�$ �0 � ����� � JQPL Q�R Y Z [M\�\MM] ñc ïðd `aXðdeðcXðïc ðò î o WZ ñïkf _kòc ðdeðj la`^í ðXe òW`XaïW_ Vî XíîZ ac XbïðZ ñò p WXe ïWcW_ í ðd WXja_î \
u ñZ Wcekïa_ \ é��²�¢

H0(v, w) =
1

2

∫ v

0

q, Hn+1(v, w) =

∫ v

0

∫ w

0

q(α+β)Hn(α, β) dβ dα,
×Þµö µÞàØ

¡£ ª���££¿¥ ° � �� ��«°°¨ £��¡�Æ¿��ª¡¢²�¥�� Ö

σ0(x) =

∫ x

0

|q|, σ1(x) =

∫ x

0

σ0.
×Þµö µÞöØ

­ ¨¢�¥¡� Æ¿��ª¡¢² §�¢���¢ ¢¦ª¾ ¯ £¾� ¯
σ1

¥�¢ª�û ¨£ µ é��²�¢
M(v, w) = σ1(v+w)−σ1(v)−σ1(w),

×Þµö µÞõØ
§ ¨¢�¥¡� ª«����®  «°�¢ §�¢���¢ ¢¦ª�¥��¾ Æ¿��ª¡¢²µ

�$ �3 � s ��t
�� � J QPL Q�R

|Hn(v, w)| ≤ 1

2
σ0(v)

Mn(v, w)

n!

L Vî
n≥ 0.

×Þµö µÞâØ
u ñZ Wcekïa_ \ »��  �£ ¨¢�´¥Å¨®ª�� °¨��¢² ³�´¢¥ µ �� «��³�«£

n = 0
±¤� ¢² ¨�ª«¢ª��® µ »�±�²¿¥ Æ�� ¯ ¬��²

n= k
±¤� ¨��� ¯ �¥¥�¤

|Hk+1(v, w)| ≤
∫ v

0

∫ w

0

|q(α+β)|1
2
σ0(α)

Mk(α, β)

k!
dβ dα≤

≤ 1

2
σ0(v)

∫ v

0

Mk(α,w)

k!

∫ w

0

|q(α+β)| dβ dα =

=
1

2
σ0(v)

∫ v

0

Mk(α,w)

k!
(σ0(α+w)−σ0(α)) dα =

=
1

2
σ0(v)

[
Mk+1(α,w)

(k+1)!

]α=v

α=0

,

�� ¸ ��¨� ¡¸¸�¢ �� ¯ �§ ¨� «��³����´¢¥ µ



Þµö µ »ô�#¶)S&ô­UH ó�¶ &¼ºôU»&ô&Ä �
é��²�¢ ��´�«¢

H(v, w) =
∞∑

n=0

Hn(v, w).
×Þµö µÞßØ

�� ��¾°°¨ «��³�«£°�¢ ����� ° �Å£�¡£
σ1

¥�¢ª�û ¨�«£� § ¨��� § ¨¢�¥¡� ª«����®  «°�¢§�¢���¢ ¢¦ª�¥��¾ ¯ ³�² �� ¦££��� ��²�¢����£�¢ ¥�¢ª�¤��¢£ �
v≥0, w≥0

£³¥¢��²��¥�¤�«��£ ¤¡£�¬��§ ���¨¢ µ º§ ¨���
H

Æ��²��¢�£ ¯ ¡£ ¥¦¢¢²�¢ ����¢¾¤¨�¬��¾ �� ¨£ ¯ ¬��²���  �£³�¨ � ��§§«°�¢ § ��¥¦ª����� ¨¢���¤«���²�¢����� µ

� �¤�¢£�Æ�¤§ «Å¨®£ �¸ �¤«��¤ § ��Æ¿��ª¡¢²� £��³�£¡�¡ª�� ¸�¢��£�°° °�Å£�¡£�±¥�� ³¤¬��´¢¥ Æ�� � ¥�����¨¡¤�¡¥±¸¤�°�¡§ � §�����«£«¤� ¯ ¨����ª� ¥¡� ¥¿�¦¢°¦�¾ ¸�±��¢Å¨«� �£��¡¢ � § �����«£�¥ ¥¿�¦¢°¦�¾£¡�¡¤� µ º¢¢�¥ ¢��²   ���¢�¾£¡�� ��£� �£��°¨�¨�«££�� ¥�¸ Å£�����£ Æ�  ����° �¢ µ
»�¥¨¢�£¿¢¥ ¥¡� ¸ ���¢Å¨«�� ¯

q
±� ¡£

q∗
±�� ¯ ¡£ ���²�¢

H∗ �� � Æ¿��ª¡¢²¯ �§ ¨¥¨��¡�³�¨ �� ×Þµö µÞÞØ ¨¢���¤«���²�¢�����
q

¬��²���
q∗

±��� µ � �� £��¤��¢¡¢¥ § ��±° �Å£¿�¢¨ ¯ ¬��² ¬�
q

¡£
q∗

¥¦��� ª�¢¢�¥ ��²§«£¬�� ¯ �¥¥�¤ § ¨� §�¢�¬��´¢¥
H

¡£
H∗ ���¡¤¡£¡¤¾� µ ­®��£³�£´¥

σ0

×¡£ �¢¢�¥ § ��Æ����¾ �¢
σ1

¯ ª���§ ¨¢�
M

Ø ��Ü¢³Å¨®  «�� ¥¦ª��¥��¾¥¡¸¸ �¢ Ö ���²�¢

σ0(x) = max(

∫ x

0

|q|,
∫ x

0

|q∗|). ×Þµö µÞáØ

+���££¿¥ °� �
δ0(x) =

∫ x

0

|q−q∗|, δ1(x) =

∫ x

0

δ0
×Þµö µÞ÷Ø

Æ¿��ª¡¢²�¥�� ¯ ª���§ ¨¢� ���²�¢

∆(v, w) = δ1(v+w)−δ1(v)−δ1(w).
×Þµö µÞ�Ø

� � ���¨�¨�¥¬�� ¬�£�¢�®�¢
σ0

¡£
δ0

§�¢���¢ ¢¦ª¾ ¯
σ1

¡£
δ1

¥�¢ª�û ¯
∆

¸ ��¨�§ ¨¢�¥¡� ª«����®  «°�¢ §�¢���¢ ¢¦ª�¥��¾ Æ¿��ª¡¢²µ#²¨�ª«¢ |H0(v, w)−H∗
0(v, w)| ≤ 1

2
δ0(v)

¯ ª���§ ¨¢�


�$ �5 � s ��t
�� � J�PR
|Hn(v, w)−H∗

n(v, w)| ≤1

2
δ0(v)

Mn(v, w)

n!
+

+
1

2
σ0(v)∆(v, w)

Mn−1(v, w)

(n−1)!

L Vî
n≥ 1.



Þø Þµ Sº'º)º» µ ¶»Tô­±éó&T+ óééº &¼ºôU»&ô&Ä
u ñZ Wcekïa_ \ ó£§ ¡� ���  �£ ¨¢�´¥Å¨®ª�� °¨��¢²³�´¢¥ µ

n= 1
±¤�

|H1(v, w)−H∗
1(v, w)| ≤

≤
∫ v

0

∫ w

0

|q(α+β)H0(α, β)−q∗(α+β)H∗
0(α, β)| dβ dα≤

≤
∫ v

0

∫ w

0

|q(α+β)||H0(α, β)−H∗
0(α, β)| dβ dα+

+

∫ v

0

∫ w

0

|q(α+β)−q∗(α+β)||H∗
0(α, β)| dβ dα≤

≤ 1

2
δ0(v)M(v, w)+

1

2
σ0(v)∆(v, w).

»��²¿¥ Æ�� ¯ ¬��² �� «��³�«£
n= k

±¤� ¨��� ¯ �¥¥�¤
|Hk+1(v, w)−H∗

k+1(v, w)| ≤

≤
∫ v

0

∫ w

0

|q(α+β)||Hk(α, β)−H∗
k(α, β)| dβ dα+

+

∫ v

0

∫ w

0

|q(α+β)−q∗(α+β)||H∗
k(α, β)| dβ dα≤

≤
∫ v

0

∫ w

0

|q(α+β)|1
2
δ0(v)

Mk(α,w)

k!
dβ dα+

+

∫ v

0

∫ w

0

|q(α+β)|1
2
σ0(v)∆(α,w)

Mk−1(α,w)

(k−1)!
dβ dα+

+

∫ v

0

∫ w

0

|q(α+β)−q∗(α+β)|1
2
σ0(v)

Mk(α,w)

k!
dβ dα =

=
1

2
δ0(v)

∫ v

0

Mk(α,w)

k!
(σ0(α+w)−σ0(α)) dα+

+
1

2
σ0(v)

∫ v

0

∆(α,w)
Mk−1(α,w)

(k−1)!
(σ0(α+w)−σ0(α)) dα+

+
1

2
σ0(v)

∫ v

0

(δ0(α+w)−δ0(α))
Mk(α,w)

k!
dα =

=
1

2
δ0(v)

[
Mk+1(α,w)

(k+1)!

]α=v

α=0

+
1

2
σ0(v)

[
∆(α,w)

Mk(α,w)

k!

]α=v

α=0

,

�� ¸ ��¨� ¡¸¸�¢ �� ¯ �§ ¨� «��³����´¢¥ µ

�$ �" � gh��
��	��!:� J�PR YZ ðjjñd ñ | ðX}Xb_ ðòò ðX

|K(x, t)−K∗(x, t)| ≤ 1

2

[
δ0(

x+ t

2
)+σ0(

x+ t

2
)∆(

x+ t

2
,
x−t

2
)

]
eM(x+t

2
, x−t

2
).×Þµö µàøØ

u ñZ Wcekïa_ \ �� ´¥ ¦££�� �� ��¾�¾ «��³�«£°�¢ ¥�¸��� ° �Å£�¡£�¥�� Ö
|H(v, w)−H∗(v, w)| ≤ 1

2
[δ0(v)+σ0(v)∆(v, w)] eM(v,w),

×Þµö µà ÞØ



Þµö µ »ô�#¶)S&ô­UH ó�¶ &¼ºôU»&ô&Ä ÞÞ
�� ¸ ��¨� ´�²�¢�� ¯ § ¨¢� �§ ¨� °¨��¢²³��¢¨ �¥�¤�´¢¥ µ

�$ �8 � I�
�� � J�PR �ðòñc ï_qò îZ [M\�\M] ò ðZ jðïñb`ïbòo `WlXbí aï î

q
ñX Xðïfð î

q∗
o W^ïðcwñaXWòòî X f bd ð_L o bXja�X î

[0, π]
ñc ïð`fî X X�í Wc \ �òòW` ||q||1, ||q∗||1≤D

í ðX Xðïïî
K

L
K∗ íîdp qddfbce ðò`ð

|K(x, t)−K∗(x, t)| ≤ c(D)||q−q∗||1
×Þµö µààØ

ïðX| ð_q XL îV WX î
c(D)

òWc_ ïîc_ p qdd ðïXðc î
q
L
q∗

o WïðcwñaXWò faXî_Z ïa_aï�X\
u ñZ Wcekïa_ \ Ä¦¢¢²�¢ �«�¬��® ¯ ¬��²

δ0(
x+ t

2
) ≤ δ0(x) ≤ ||q−q∗||1,

×Þµö µàöØ

∆(
x+ t

2
,
x−t

2
) ≤ δ1(x) ≤ π||q−q∗||1,

×Þµö µàõØ
¡£ ¬�£�¢�® ° �Å£�¡£�¥ ���  �£¿�¢�¥

σ
±¤� ¡£

M
±¤� µ ê�²

c(D) = (D+
1

2
)e2πD ×Þµö µàâØ

§ ��Æ����¾ ª«��£��«£ ��£� µ

�$ �
1 � gh��
��	��!:� JQPL Q�R �ðde ðc y1

b_
y2

�deîcîZL íñc ï îZ ðXrZ r o Wc ï^lîcL b_ Xðdeðc yα = y1 sinα+y2 cosα
\ �òòW`

yα(x, λ, q) = yα(x, λ,0)+

∫ x

−x

K(x, t, q)yα(t, λ,0) dt.
×Þµö µàßØ

u ñZ Wcekïa_ \ '��¦�  �
y−

��
y−(0, λ) = 1

¯
y−

′(0, λ) =−iz ¥�����¨ ¡¤�¡¥�¥° ¾� ¨¢�´�®§ �����«£� µ
y1(x, λ) =

y(x, λ)+y−(x, λ)

2
,

×Þµö µàáØ
ª���§ ¨¢�

y2(x, λ) =
y(x, λ)−y−(x, λ)

2iz
,

×Þµö µà÷Ø
��¡¤�

y1(x, λ) = cos xz+

∫ x

−x

K(x, t) cos tz dt
×Þµö µà�Ø

¡£
y2(x, λ) =

sin xz

z
+

∫ x

−x

K(x, t)
sin tz

z
dt.

×Þµö µöøØ
� ¥¡� ��²�¢��� �¨¢�«¤¨£ ¥�§°¨¢«Å¨®  � �� «��³�«£� ��  � µ



Þà Þµ Sº'º)º» µ ¶»Tô­±éó&T+ óééº &¼ºôU»&ô&Ä

�$ �

� gh��
��	��!:� JQPL Q�R �bïðZ ñò WXeîc [

α
^ï�X p qdd r] L íñcjò bï faXïW^Z �| alîc jñy ð`ðcwñaXVîï�

Kα(x, t)
íîdp qddfbceL V Wde

y2(x, λ) =
sin xz

z
+

∫ x

0

K0(x, t)
sin tz

z
dt,

×Þµö µö ÞØ
í kd sinα 6= 0

^`î
yα(x, λ) = sinα cosxz+

∫ x

0

Kα(x, t) cos tz dt,
×Þµö µöàØ

b_ ò bï òqX}cl}Z r o WïðcwñaXV WZ ïî`ïWZ � íîdp qddfbce`ð
|Kα(x, t)−K∗

α(x, t)| ≤ c(D)||q−q∗||1
×Þµö µööØ

ïðX| ð_q X\
u ñZ Wcekïa_ \ ­¨ª�� � £�³¢´£�Æ¿��ª¡¢² ¸«¤����¢ ¯ ×Þµö µà�Ø±° �¢ �� ¨¢���¤«�«£�¥����¡�

0
±�®�

x
±¨� ��ª¡���¢¨ �

K(x, t)−K(x,−t) §��Æ¿��ª¡¢¢²�� µ ©� ¸��¨�
sinα 6=0

¯�¥¥�¤
sin xz

z
=

∫ x

0

cos tz dt
×Þµö µöõØ

§ ¨��� �
Kα(x, t) = sinα[K(x, t)+K(x,−t)]+ ×Þµö µöâØ

+ cosα[1+K(x, x)−K(x,−x)−
∫ t

0

K(x, τ)−K(x,−τ) dτ ]

ª«��£��«£ § ��Æ����¾ ��£� µ� ¥¿�¦¢°¦�¾ ¸���¢Å¨«��¥¬�� ��¤���® § ��Æ¿��ª¡¢²�¥ ���¡¤¡£¡¤� ª�¢��¥��®°�Å£�¡£ �� ��¾�¾ �¡��� ¢²¨�ª«¢ª��® ¥¦ª��¥��§ ¡¢²� µ
EF� F �ÒÁ���ëÃÒä �Ð�å� ÃÕ �Ò��ÃÒÃÂ Á ëì��Ô�������
º°°�¢ �� ��Æ�  ����° �¢ ��²�¢ �¤�¢£�Æ�¤§ «Å¨®£ �¸ �¤«��¤� ¥�¤�£¿¢¥ ¯ �§ ¨ � Æ¡���²�±¢�£�¢ ����� ¶Å¬¤¦�¨¢��¤±��²�¢���

L2
±° ��¨ § �����«£�¨� ª ¨£�¨ ��²§ «£°� µ


�% �
� I�
�� � J KL QPL Q�R �ðòñc ï_qò îZ î Xallñ o `WlXbí aï m
−y′′+q(x)y = λy, y(x, λ) = eixz(1+o(1)), x→∞,

×Þµõ µÞØ
îV WX

λ= z2 L =z ≥ 0
L
q(x), xq(x) ∈ L1(0,∞)

fî X�_ b`ïbòz\ Y òòW`
y(x, λ, q) = eixz +

∫ ∞

x

K(x, t)eitz dt
×Þµõ µàØ

fî Xîí ñXeðc K(x, t) t≥ x p WXe ïWcW_ ò bïfaXïWZ �_ íîdp qddfbcceðX\



Þµõ µ »ô�#¶)S&ô­UH ó�¶ &¼ºôU»&ô&Ä � S*éºÇ(º#º¶º# Þö
v� � � :	�� �

q = 0
�£��¡¢ � §�����«£ ¡¸¸�¢

eixz
µv� � � :	�� � ��

y(x)
Æ��²��¢�£ Æ¿��ª¡¢² ¸�¢��£�¢ �¥¥�¤ § �����«£� �� ×Þµõ µÞØ¸¤�°�¡§ «¢�¥ ¯ ¬�

y(x) = eixz +

∫ ∞

x

sin z(t−x)
z

q(t)y(t) dt
×Þµõ µöØ


�% �� � ����� � JQPL Q�R n î
K(x, t)

òñðXbd kïñ î

K(x, t) =
1

2

∫ ∞

x+t
2

q+

∫ ∞

x

∫ t+(u−x)

t

q(u)K(u, τ) dτ du
×Þµõ µõ Ø

ñc ïðd `aXðdeðcXðïðïL îòòW`
y(x, λ) = eixz +

∫ ∞

x

K(x, t)eitz dt
×Þµõ µâØ

ò ñðXbd kïñ îZ [M\O \�] ñc ïðd `aXðde ðcXðïðï\u ñZ Wcekïa_ \
∫ ∞

x

sin z(t−x)
z

q(t)y(t) dt=

∫ ∞

x

sin z(t−x)
z

q(t)[eitz +

∫ ∞

t

K(t, τ)eiτz dτ ] dt.

S��¬�£�¢«�ª� ¯ ¬��²
sin z(t−x)

z
eiτz =

1

2

∫ τ+(t−x)

τ−(t−x)

eiuz du,

��²¤¡£��
∫ ∞

x

sin z(x−t)
z

q(t)eitz dt=
1

2

∫ ∞

x

∫ 2t−x

x

eiuz du q(t) dt=

=
1

2

∫ ∞

x

eiuz

∫ ∞

x+u
2

q(t) dt du,

§«£¤¡£��
∫ ∞

x

q(t)

∫ ∞

t

K(t, τ)
sin z(t−x)

z
eiτz dτ dt=

=

∫ ∞

x

q(t)

∫ ∞

t

K(t, τ)
1

2

∫ τ+(t−x)

τ−(t−x)

eiuz du dτ dt=

=

∫ ∞

x

eiuz[

∫ ∞

x

q(t)
1

2

∫ u+(t−x)

u

K(t, τ) dτ dt] du.

S��¬�£�¢«�ª� �
K

±¤� ����� ¨¢���¤«���²�¢����� ¯ � ¥���¾ ¦££����
∫ ∞

x

eiuzK(x, u) du= y(x)−eixz,
×Þµõ µßØ

����
y(x)

¥¨��¡�³�¨ �� ×Þµõ µöØ ¨¢���¤«���²�¢����� µ



Þõ Þµ Sº'º)º» µ ¶»Tô­±éó&T+ óééº &¼ºôU»&ô&Ä

�% �$ � s ��t
�� � J QPL Q�R

K(x, t)
íñcjò bï faXïWZ �| alîc jñy ð`ðcwñaXVîï�L b_

K(x, x) =
1

2

∫ ∞

x

q.
×Þµõ µáØ

u ñZ Wcekïa_ \ ��
u= α−β ¯

τ = α+β
¬��²����£³�¡£�¥¥��

K(x, t) =
1

2

∫ ∞

x+t
2

q+

∫ ∞

x+t
2

∫ t−x
2

0

q(α−β)K(α−β, α+β) dβ dα,
×Þµõ µ÷Ø

�§ ¨°¾� �� «��³�«£ ¥¦ª��¥��¨¥ µ
»´�  ´¥ ¯ ¬��² ¬� ª�¢ ��²�¢

K
¯ �§ ¨ ¥¨��¡�³�¨ ��� �� ¨¢���¤«���²�¢����� ¯ �¥¥�¤

y
¨£ ¥¨��¡�³�¨ � ¤« § ��¥¦ª����� ×Þµõ µöØ ¨¢���¤«���²�¢����� ¯ ���� �� ×Þµõ µÞØ ¥����±�¨¡¤�¡¥±¸¤�°�¡§ «� ¨£ µ �

H(v, w) =K(v−w, v+w)
  ��¦�¡££��

H(v, w) =
1

2

∫ ∞

v

q+

∫ ∞

v

∫ w

0

q(α−β)H(α, β) dβ dα.
×Þµõ µ�Ø

� ¥¦ª��¥��¾ ��§§«°�¢ °¨��¢²³�  ´¥ ¯ ¬��² �¢¢�¥ �� ¨¢���¤«���²�¢���¢�¥ �¡���¨¥Æ��²��¢�£ § �����«£� ù ����� �¡���¿¢¥ °¨��¢²³�«£� ���  �£ ��£� µ

�% �% � ����� � JQPL Q�R YZ [M\O \�] ñc ïðd `aXðde ðcXðïc ðò la`í ðXe 0≤w ≤ v <∞Vî XíîZ Wc XbïðZ ñò p WXeïWcW_ í ðd WXja_î \
u ñZ Wcekïa_ \ é��²�¢

H0(v, w) =
1

2

∫ ∞

v

q, Hn+1(v, w) =

∫ ∞

v

∫ w

0

q(α−β)Hn(α, β) dβ dα,
×Þµõ µÞøØ

¡£ ª���££¿¥ ° � �� ��«°°¨ £��¡�Æ¿��ª¡¢²�¥�� Ö

σ0(x) =

∫ ∞

x

|q|, σ1(x) =

∫ ∞

x

σ0.
×Þµõ µÞÞØ

­ ¨¢�¥¡� Æ¿��ª¡¢² ¢�§¢����³ª ¯ §�¢���¢ Å£¦¥¥�¢¾ ¯ £¾� ¯
σ1

¥�¢ª�û ¨£ µ é��²�¢
M(v, w) = σ1(v−w)−σ1(v),

×Þµõ µÞàØ
��£¾ ª«����®  «°�¢ §�¢���¢ Å£¦¥¥�¢¾ ¯ § «£��¨¥ ª«����®  «°�¢ §�¢���¢ ¢¦ª¾ Æ¿��±ª¡¢²µ

�% �0 � s ��t
�� � J QPL Q�R

|Hn(v, w)| ≤ 1

2
σ0(v)

Mn(v, w)

n!

L Vî
n≥ 0.

×Þµõ µÞöØ



Þµõ µ »ô�#¶)S&ô­UH ó�¶ &¼ºôU»&ô&Ä � S*éºÇ(º#º¶º# Þâ
u ñZ Wcekïa_ \ »��  �£ ¨¢�´¥Å¨®ª�� °¨��¢²³�´¢¥ µ � � «��³�«£

n = 0
±¤� ¢²¨�ª«¢ª��® µ »�±�²¿¥ Æ�� ¯ ¬��²

n= k
±¤� ¨��� ¯ �¥¥�¤

|Hk+1(v, w)| ≤
∫ ∞

v

∫ w

0

|q(α−β)|1
2
σ0(α)

Mk(α, β)

k!
dβ dα≤

≤ 1

2
σ0(v)

∫ ∞

v

Mk(α,w)

k!

∫ w

0

|q(α−β)| dβ dα =

=
1

2
σ0(v)

∫ ∞

v

Mk(α,w)

k!
(σ0(α−w)−σ0(α)) dα =

= −1

2
σ0(v)

[
Mk+1(α,w)

(k+1)!

]α=∞

α=v

,

�� ¸ ��¨� ¡¸¸�¢ �� ¯ �§ ¨� «��³����´¢¥ µ
é��²�¢ ��´�«¢

H(v, w) =

∞∑

n=0

Hn(v, w).
×Þµõ µÞõØ

�� ��¾°°¨ «��³�«£°�¢ ����� ° �Å£�¡£ �
0≤w≤v<∞ ���¥Ù ¬��§ ���¥�¢ 1

2
σ0(0)σ1(0)

n!

±¤�� ° �Å£¿�¬��¾ ¯ ³�² �� ¦££��� ��²�¢����£�¢ ¥�¢ª�¤��¢£ µ º§ ¨���
H

Æ��²��¢�£ ¯ ¡£¥¦¢¢²�¢ ����¢¾¤¨�¬��¾ �� ¨£ ¯ ¬��² ���  �£³�¨ � ��§§«°�¢ §��¥¦ª����� ¨¢���¤«�±��²�¢����� µ

�% �3 � s ��t
�� � J QPL Q�R

|K(x, t)| ≤ 1

2
σ0(

x+ t

2
)eσ1(x)−σ1(x+t

2
).

×Þµõ µÞâØ
u ñZ Wcekïa_ \ �� ´¥ ¦££�� �� ×Þµõ µÞöØ ° �Å£�¡£�¥�� § ¨¢��¢

n≥ 0
±¤� µ


�% �5 � s ��t
�� � J QPL Q�R
∫ ∞

x

|K(x, t)| dt≤ eσ1(x).
×Þµõ µÞßØ

u ñZ Wcekïa_ \ ó¢���¤«�  ´¥ �� ��¾�¾ «��³�«£°�¢ ¥�¸��� ° �Å£�¡£� µ
T�²�¢Ù�²¯ § ¨¢� �� ��¾�¾ £��¥�£�°�¢ ¯ §®��£³�£´¥

σ0

×¡£ �¢¢�¥ §��Æ����¾ �¢
σ1

¯ ª���§ ¨¢�
M

Ø ��Ü¢³Å¨®  «� � ¥¦ª��¥��¾¥¡¸¸�¢ Ö ���²�¢

σ0(x) = max(

∫ ∞

x

|q|,
∫ ∞

x

|q∗|). ×Þµõ µÞáØ
+���££¿¥ °� �

δ0(x) =

∫ ∞

x

|q−q∗|, δ1(x) =

∫ ∞

x

δ0
×Þµõ µÞ÷Ø

Æ¿��ª¡¢²�¥�� ¯ ª���§ ¨¢� ���²�¢
∆(v, w) = δ1(v−w)−δ1(v).

×Þµõ µÞ�Ø



Þß Þµ Sº'º)º» µ ¶»Tô­±éó&T+ óééº &¼ºôU»&ô&Ä
�� ���¨�¨�¥¬�� ¬�£�¢�®�¢

σ0
¡£
δ0

§�¢���¢ Å£¦¥¥�¢¾ ¯
σ1

¡£
δ1

¥�¢ª�û ¨£ ¯
∆

¸ ��¨���£¾ ª«����®  «°�¢ §�¢���¢ Å£¦¥¥�¢¾ ¯ § «£��¨¥ ª«����®  «°�¢ §�¢���¢ ¢¦ª�¥��¾Æ¿��ª¡¢²µ#²¨�ª«¢ |H0(v, w)−H∗
0(v, w)| ≤ 1

2
δ0(v)

¯ ª���§ ¨¢�

�% �" � s ��t
�� � J��R

|Hn(v, w)−H∗
n(v, w)| ≤1

2
δ0(v)

Mn(v, w)

n!
+

+
1

2
σ0(v)∆(v, w)

Mn−1(v, w)

(n−1)!

L Vî
n≥ 1.u ñZ Wcekïa_ \ ó£§ ¡� ���  �£ ¨¢�´¥Å¨®ª�� °¨��¢²³�´¢¥ µ

n= 1
±¤�

|H1(v, w)−H∗
1(v, w)| ≤

≤
∫ ∞

v

∫ w

0

|q(α−β)H0(α, β)−q∗(α−β)H∗
0(α, β)| dβ dα≤

≤
∫ ∞

v

∫ w

0

|q(α−β)||H0(α, β)−H∗
0(α, β)| dβ dα+

+

∫ ∞

v

∫ w

0

|q(α−β)−q∗(α−β)||H∗
0(α, β)| dβ dα≤

≤ 1

2
δ0(v)M(v, w)+

1

2
σ0(v)∆(v, w).

»��²¿¥ Æ�� ¯ ¬��² �� «��³�«£
n= k

±¤� ¨��� ¯ �¥¥�¤
|Hk+1(v, w)−H∗

k+1(v, w)| ≤

≤
∫ ∞

v

∫ w

0

|q(α−β)||Hk(α, β)−H∗
k(α, β)| dβ dα+

+

∫ ∞

v

∫ w

0

|q(α−β)−q∗(α−β)||H∗
k(α, β)| dβ dα≤

≤
∫ ∞

v

∫ w

0

|q(α−β)|1
2
δ0(v)

Mk(α,w)

k!
dβ dα+

+

∫ ∞

v

∫ w

0

|q(α−β)|1
2
σ0(v)∆(α,w)

Mk−1(α,w)

(k−1)!
dβ dα+

+

∫ ∞

v

∫ w

0

|q(α−β)−q∗(α−β)|1
2
σ0(v)

Mk(α,w)

k!
dβ dα =

=
1

2
δ0(v)

∫ ∞

v

Mk(α,w)

k!
(σ0(α−w)−σ0(α)) dα+

+
1

2
σ0(v)

∫ ∞

v

∆(α,w)
Mk−1(α,w)

(k−1)!
(σ0(α−w)−σ0(α)) dα+

+
1

2
σ0(v)

∫ ∞

v

(δ0(α−w)−δ0(α))
Mk(α,w)

k!
dα =

= −1

2
δ0(v)

[
Mk+1(α,w)

(k+1)!

]α=∞

α=v

− 1

2
σ0(v)

[
∆(α,w)

Mk(α,w)

k!

]α=∞

α=v

,



Þµõ µ »ô�#¶)S&ô­UH ó�¶ &¼ºôU»&ô&Ä � S*éºÇ(º#º¶º# Þá
�� ¸ ��¨� ¡¸¸�¢ �� ¯ �§ ¨� «��³����´¢¥ µ

�% �8 � gh��
��	��!:� J��R YZ ðjjñd ñ | ðX}Xb_ ðòò ðX

|K(x, t)−K∗(x, t)| ≤ 1

2

[
δ0(

x+ t

2
)+σ0(

x+ t

2
)∆(

x+ t

2
,
t−x

2
)

]
eM(x+t

2
, t−x

2
).×Þµõ µàøØ

u ñZ Wcekïa_ \ �� ´¥ ¦££�� �� ��¾�¾ «��³�«£°�¢ ¥�¸��� ° �Å£�¡£�¥�� Ö

|H(v, w)−H∗(v, w)| ≤ 1

2
[δ0(v)+σ0(v)∆(v, w)] eM(v,w),

×Þµõ µà ÞØ
�� ¸ ��¨� ´�²�¢�� ¯ § ¨¢� �§ ¨� °¨��¢²³��¢¨ �¥�¤�´¢¥ µ

�% �
1 � gh��
��	��!:� J��R YZ ðjjñd ñ | ðX}Xb_ ðòò ðX

∫ ∞

x

|K(x, t)−K∗(x, t)| dt≤ ∆(
x+ t

2
,
t−x

2
)eM(x+t

2
, t−x

2
).

×Þµõ µààØ
u ñZ Wcekïa_ \ ó¢���¤«�  ´¥ �� ��¾�¾ ¥¦ª��¥��§ ¡¢²° �¢ ¥�¸��� ° �Å£�¡£� µ

�% �

� I�
�� � J��R �ðòñc ï_qò îZ [M\O \M] o `WlXbí aï î

q
ñX Xðïfð î

q∗
o WïðcwñaXWò ^òî X\ �òòW` ||q||1, ||q∗||1, ||xq(x)||1, ||xq∗(x)||1≤D í ðX Xðïï î

K
L
K∗ íîdp qddfbce ð^ò`ð ðde`b_Z ï

|K(x, t)−K∗(x, t)| ≤ c(D)(||q−q∗||1+ ||xq(x)−xq∗(x)||1),
×Þµõ µàöØ

í a_`b_Z ï
∫ ∞

x

|K(x, t)−K∗(x, t)| dt≤ c(D)(||q−q∗||1 + ||xq(x)−xq∗(x)||1)
×Þµõ µàõØ

ïðX| ð_q XL îV WX î
c(D)

òWc_ ïîc_ p qdd ðïXðc î
q
L
q∗

o WïðcwñaXWò faXî_Z ïa_aï�X\
u ñZ Wcekïa_ \ Ä¦¢¢²�¢ �«�¬��® ¯ ¬��²

δ0(
x+ t

2
) ≤ δ0(x) ≤ ||q−q∗||1,

×Þµõ µàâØ

∆(
x+ t

2
,
t−x

2
) ≤ δ1(x) ≤ ||xq(x)−xq∗(x)||1,

×Þµõ µàßØ
¡£ ¬�£�¢�® ° �Å£�¡£�¥ ���  �£¿�¢�¥

σ
±¤� ¡£

M
±¤� µ ê�² § ¨¢�¥¡� ° �Å£�¡£° �¢

c(D) = (D+
1

2
)eD ×Þµõ µàáØ

§ ��Æ����¾ ª«��£��«£ ��£� µ



Þ÷ Þµ Sº'º)º» µ ¶»Tô­±éó&T+ óééº &¼ºôU»&ô&Ä
EF� F �Ã��ÒÂÃÃÒÓ�����Â
é��²�¢

y(x, λ)
×ÞµÞµÞØ ���£�¾����£ § �����«£� µ �

q
±�®� ª��® Æ¿��¡£� §�£� ¢�§�¿¢���  ¿¥ Æ�� ¯ �� Æ����££�¿¥ ¯ ¬��²

q
¨£ ¡£

λ
¨£ ª��®£�¥ µ +���££¿¥ °� �� ��«°°¨×¼¤¿Æ�¤±Ø ª«����®¥�� Ö

y(x, λ) = r(x, λ) sinϕ(x, λ),
×Þµâ µÞØ

y′(x, λ) = r(x, λ) cosϕ(x, λ),
×Þµâ µàØ

�¬��
r(x, λ)> 0

µ �  ª«����®¨¢¥¤� � ¥¦ª��¥��¾ ��²�¢�¾£¡��¥ ���  �£¿�¢�¥ Ö
ϕ′ = cos2 ϕ+(λ−q) sin2 ϕ,

×Þµâ µöØ
r′

r
= (q−λ) sinϕ cosϕ.

×Þµâ µõ Ø
º� � �¤�¢£�Æ�¤§ «Å¨® «����«¢�£ ¶�´¤§±é¨�´ª ¨��� �³¸´£Ù ��²�¢����¥¤� ¨£ ��ª¡���¬��¾ÝÞõ ¯ ßßã µv� � � :	�� �

q
Æ��²��¢�££«�¨ ¸�¢�  �¨°�¢ ���¥ � Æ�¤§´�«¥ � ¥��££�¨¥´£ ¡¤����§ ±°�¢ ���  �£¿�¢�¥ ¯ § ³� � �¦°°¨ ¸ �¢�°�¢ «����«¢�£³���� ×�¨£��¤¨°ÙÅ¨®£Ø ¡¤����§°�¢ µ


�0 �
� s ��t
�� �
r2(0, λ) exp [−(||q||1+λx)] ≤ r2(x, λ) ≤ r2(0, λ) exp (||q||1+λx)

×Þµâ µâØ
u ñZ Wcekïa_ \ Ä¦ª��¥��¨¥ ×Þµâ µõ Ø±°¾� µ

�0 �� � gh��
��	��!:� n î

qm → q L1
^lðcL îòòW`

r(x, λ, qm) → r(x, λ, q) j = 1,2,
×Þµâ µßØ

ϕ(x, λ, qm) → ϕ(x, λ, q) j = 1,2,
×Þµâ µáØb_ î òWcfð`d ðcwñî [0, π]×C×L1

òW`XaïW_ `b_ZVî XíîZîñc ðdeðcXðïð_ \
u ñZ Wcekïa_ \ �� ÞµÞµâ µ �¡��� ¡£ �� ÞµÞµß µ ¥¦ª��¥��§ ¡¢² £��¤¨¢�

y
¡£
y′

��²�¢����£�¢¥�¢ª�¤�«� � § ������� ¬��§ ���¥�¢ ¯ ��¬«�
r2 = y2 + y′2

¡£
r

¨£ µ �� ��¾�¾ ° �Å£±�¡£ £��¤¨¢�
r

¡£ 1
r

��²�¢����£�¢ ¥�¤�«��£ ¯ ³�² ��
(y, y′) = (r cosϕ, r sinϕ)

ª�¥��¤��²�¢����£ ¥�¢ª�¤��¢Å¨«  «°®� ¥¦ª��¥��¨¥ �
(cosϕ, sinϕ)

ª�¥��¤ ��²�¢����£ ¥�¢±ª�¤��¢Å¨«  � ¯ �°°¾� ¸ ��¨�
ϕ

��²�¢����£ ¥�¢ª�¤��¢Å¨«  � ¨£ µ
v� � � :	�� � ¶�¥ °¨��¢²³�«£°�¢ §®��£³���� ¼¤¿Æ�¤±ª«����®¥�� ¬�£�¢«�¢�¥ µ ©�
y(x, z)

� −y′′+q(x)y = z2y
��²�¢��� § �����«£� ¯ �¥¥�¤ ��

y(x, z) =
r(x, z)

z
sinϕ(x, z),

×Þµâ µ÷Ø
y′(x, z) = r(x, z) cosϕ(x, z)

×Þµâ µ�Ø
§®��£³���� ¼¤¿Æ�¤±ª«����®¥¤� � ¥¦ª��¥��¾ ��²�¢�¾£¡��¥ ¨����¥ Ö

ϕ′ = z− q

z
sin2 ϕ,

×Þµâ µÞøØ



Þµß µ �¶¶)º©�¶&#éê»� »*»ºéºÄ Þ�
r′

r
=
q

z
sinϕ cosϕ.

×Þµâ µÞÞØ
º� � �¤�¢£�Æ�¤§ «Å¨® £�¥£��¤   �°° ¯ § ¨¢� �� ��¾�¾ ¯ § �¤�

y′(x, z)
¡£
zy(x, z)

¢��²±£«�¤�¢�  � § ����²��¨¥ µ ©«�¤«¢²� ¯ ¬��² Å£�¥ ¸��¨�³ª
λ
±¥¤� ��¥��§ ��¬��® ¯ ¸ ¡��«´�¢�§¢����³ª ¸ ���¢Å¨«��¥ �£��¡¢ µ � §®��£³���� ¼¤¿Æ�¤±�¤�¢£�Æ�¤§ «Å¨® ¬�££�±ª«�±���®  «¤� ���  �£¿� �� Þµâ µÞµ «��³�«£¢«�   ®ª�� �¤¾£�°°

r2(0, z) exp

[
−||q||1

z

]
≤ r2(x, z) ≤ r2(0, z) exp

||q||1
z

,
×Þµâ µÞàØ

��¬«� �� Þµâ µà µ �¡��� «��³�«£� ���¥¤� � ª«����®¥¤� ¨£ ¨��� µ

EF� F �����ÑÁ�Ã����å �ì����Â F À � ��Ñ����Â F ���Ð����G
Ð�å� �ì����Â F


�3 �
� I�
�� ×¦££��¬�£�¢�³�® �¡���Ø � �ðdeðc F (t, x)≤G(t, x) [0,∞]×I ^cL îV WX
I⊂

⊂R
fbd ð_ fîde fbd ïðXðc ñc ïð`fî X X�í \ �ðòñc ï_qò îZ î Xallñ ò ðZ jðïñb`ïbò p̂ ðXîjîïWòîï m

x′(t) = F (t, x(t)), x(a) = c,
×Þµß µÞØ

x′(t) =G(t, x(t)), x(a) = d.
×Þµß µàØ

n î
� îZ [M\N\M] b_ îZ [M\N\P] ò ðZ jðïñb`ïbò p̂ ðXîjîï í ðd WXja_î XbïðZ ñò b_ ðde b`ïðX^í zL
� F (t, x)≤G(t, x) [a, b]×I

^cL fî Xîí ñXeðc I⊂R
L î í ðd WXja_ WòîïL jð Xðdî Xallñ_îZ [M\N\M] ðde ðcXðï í ðd WXja_aï ïî`ïî XíîZ � ñc ïð`fî X X�í `îL

� x1(t)
b_
x2(t)

îZ [M\N\M] b_ [M\N\P] ðde ðcXðï í ðd WXja_î �deL V Wde x1(a) =
= c≤ d= x2(a)

L
îòòW`

x1(t) ≤ x2(t), a≤ t≤ b,
×Þµß µöØ

b_ Vî ðde t0 ∈ (a, b)
^`ð ðdeðcXr_ bd fîcL îòòW`

a≤ t≤ t0
^`î ñ_ \

� ¶�´¤§±Æ¡�� �£�Å¨��«Å¨®£ �¡����¥ � §�����«£�¥ ¢´��¬��²�¨¢�¥ ��²§«£¬�� ª¨±£��¢²³���� ��¬��²��¥��¡£¡¤¾� £�®�¢�¥ µ ×Þµâ µöØ ���¸  «¢ ���¥ �� ��¾�¾ �¡��� ��²£��¤¹¥¦ª��¥��§ ¡¢²�¨ ¯ ¸ ¡��«´� Ö

�3 �� � I�
�� � �ðdeðc y(x, λ)

[M\M\M] ïðï_Z rXðd ð_ í ðd WXja_îL λ1 < λ2
\ �òòW`

y(x, λ1)
la`í ðXe ò bï c�X XV ðXeð ò}Z }ïï fîc

y(x, λ2)
^c ðò ñ_ c�X XV ðXe ð\



àø Þµ Sº'º)º» µ ¶»Tô­±éó&T+ óééº &¼ºôU»&ô&Ä
u ñZ Wcekïa_ \ +��²¿¥ ¡£�¤� ¯ ¬��²

y = 0 ⇔ ϕ= kπ, k ∈ Z.
×Þµß µõ Ø

é��²�¢�¥ ��¡¤�
ϕ1(x)

¡£
ϕ2(x)

� § ��Æ����¾ £�¦�ª«����®¥ ¯ § ¡�¸��¨� ¯ ¬�
y(x, λ1)¥¡� ¢´��¬��²�

a
¡£
b
¯ �¥¥�¤

ϕ′
1(x) = cos2 ϕ1(x)+(λ1−q(x)) sin2 ϕ1(x), ϕ1(a) = 0,

×Þµß µâØ
ϕ′

2(x) = cos2 ϕ2(x)+(λ2−q(x)) sin2 ϕ2(x), ϕ2(a) = d,
×Þµß µßØ

�¬��
0≤d<π ¡£

tan d= y(x,λ2)
y′(x,λ2)

µ º ���¢¾¤¨�¬��¾ ¯ ¬��²
ϕ1

±¤� ¡£
ϕ2

±¤� ���  �£¿�¢�¥ ��
¦££��¬�£�¢�³�® �¡��� Æ���¡����¨ ¯ ��¡¤�

ϕ2(b) > ϕ1(b) ≥ π > ϕ2(a)
µ � ·����¢� �¡���£��¤¨¢� ��¬«� ª���§ ¨�²�¢

a < x < b
±¤�

ϕ2(x) = π
¯ ����

y(x, λ2) = 0
µ

EF� F ç �ìÔ�� ����Ò�Á���ä Ã� ìÒ���ä ����� ÏÐÑÒ� Ó��G
Ô�Ò ÃÕ �Ò��ÃÒ �Õ �Â�Ò�ä Á

»�¥¨¢�£¿¥ �� ×ÞµÞµÞØ ��²�¨§ �¢�¨®£ ¶Å¬¤¦�¨¢��¤±��²�¢����� ��
y(0) cosα−y′(0) sinα= 0,

×Þµá µÞØ
y(π) cosβ+y′(π) sinβ = 0

×Þµá µàØ
¸ �¤�§ Æ���¡����¥¥�� ¯ �¬��

α
¯
β

����� ª��®£ £�«§�¥ µ ©� ª���§ ¨�²�¢
λ

¥�§¸��û×ª��®£ ¯ § ¨¢� ¥¡£¾°° �«�¢¨ Æ��  ´¥Ø £�«§ ¤� ×ÞµÞµÞØ± ×Þµá µÞØ± ×Þµá µàØ±¢�¥ ª�¢ ¢�§�¤¨±ª ¨«�¨£ § �����«£� ¯ �¥¥�¤
λ

£�  «�¡¤�¡¥ ¯ � § �����«££�� ¯ § ¨¢� ¬���« ��¤���® £�  «�±Æ¿��ª¡¢¢²�� µ

�5 �
� 6��!t7�� �

σ(α, β, q)
^fî X | ðX}X| qò îZ [M\M\M] ðdeðcXðïc ðò îZ [M\K\M] ^ [M\K\P]o ð`ðíp ðXïbïðXðòò ðX îj�j� _o ðòï`�í aï\

v � � � :	�� � �� ×Þµá µÞØ± ×Þµá µàØ ¸ �¤�§ Æ���¡����¥�� Ù�² ª«��£�����´¥ ¯ ¬��²
y(x) ∈ σ(α, β, q(x))⇐⇒ y(π−x) ∈ σ(β, α, q(π−x)). ×Þµá µöØ


�5 �� � I�
�� � YZ [M\M\M] ^ [M\K\M] ^ [M\K\P] _î| aïb`ïbòo `WlXbí acîò í ðd_Z aí XaXVî^ï�îc fbd ïðXðc _Wò _î| aïb`ïbò ð XbïðZ ñòL
λ0<λ1< . . . λn< . . .

L
λn →+∞ \ Y

λn

^V ðZïî`ïWZ � _î| aïp qddfbcec ðò
n

jî`îl c�X XV ðXeð fîc î
(0, π)

cekXï ñc ïð`fî X X�í Wc \ Y_î| aïp qddfbceðò ïðX| ð_ W`ïWd WcaXñ_ `ðcj_Z ð`ï î XòWïcîò
L2[0, π]

^lðc \
v � � � :	�� � � £�  «�Æ¿��ª¡¢²�¥ £�«§��«£� �� ��²�£ £¸ �Å¨«�¨£ �£���¥° �¢ �� ¨��§ �������®� ���¡¤¾ ��¬�� µv� � � :	�� � U ����«¢�£ ¶�´¤§±é¨�´ª¨��� ��²�¢����¥¤� �«£� Ýßßã±°�¢ � õ µö µÞµ �¡±���� µv� � � :	�� � ¼�¤Å¨«�¨£ � ¨Ú�¤�¢Å¨«���²�¢����¥¤� �«£� ÝÞ÷ã±°�¢ � � µõ µ �¡���� µ



Þµ÷ µ � ¶)ó­¼»&»óÄUÄ àÞ
u ñZ Wcekïa_ \ S����¬��¾ ¯ ¬��²

0≤α, β≤π µ ×ÞµÞµÞØ ¡£ ×Þµá µÞØ § �����«£� § ¨¢��¢
λ
±¤���²¡¤���§¹ ¯ ���²�¢ �� � §�����«£

y(x, λ)
¯ ¡£ ��¥��§ ���´¥ � ¸��«¤¥��¤�¨¢«�«¥°�¢ª��® Æ��³¤«£� µ ×Þµâ µöØ £��¤¨¢�

ϕ′ = cos2 ϕ+(λ−q) sin2 ϕ,
×Þµá µõ Ø

§ ³� �� ×Þµá µÞØ ¥�����¨ Æ���¡���° ¾�
ϕ(0, λ) = α.

×Þµá µâØ
©�

q
Æ��²��¢�£ ¯ �¥¥�¤ �� ×Þµá µõ Ø Æ��³¤«£ ���¸  «¢

sinϕ=0=⇒ϕ′>0
¯ ��¬«�

ϕ≥0
µ � �¦££��¬�£�¢�³�® �¡��� § ¨���

ϕ(x, λ)
¢¦ª�¥ª¾

λ
±°�¢ µ � � ¨£ ¥¦¢¢²�¢ �«�¬��® ¯ ¬��²¤¦��³����

x∈ [0, π]
§������

limλ→−∞ ϕ(x, λ)=0
¯ ª���§ ¨¢�

limλ→+∞ ϕ(x, λ)=+∞ µ� � Þµâ µà µ �¡��� £��¤¨¢� ��
q ∈ L1

±¤� ¨£ ���  �£¿� µ
λ

¸�¢��£�¢ �¥¥�¤ £�  «�¡¤�¡¥ ¯ ¬�
ϕ(π, λ) ≡ −β §��´�®

π
µ ­ ¨ª��

ϕ(π, λ)
§�¢���¢ ¢¦ª¾

λ
±°�¢ ¯ �¡���¨¥ ��² ��²�¢

λ0
¡¤�¡¥ ¯ �§ ��²¤�

ϕ(π, λ0) = π−β µ
0 ≤ α, β ≤ π

§ ¨���
0 < ϕ(x, λ0) < π (0, π)

±¢ ¯ ³�²
y(x, λ0)

��²
(0, π)

±¢ �� ¢�§ �¹¢¾ £�  «�Æ¿��ª¡¢²µ
λ

¢¦ª��¡£¡ª�� ¥�¸  ´¥ �
λ1, λ2, . . .

¡¤�¡¥�¥�� Ù�²¯ ¬��²
ϕ(π, λn) = (n+1)π−β µ Ä¦¢¢²�¢ �«�¬��® ¯ ¬��²

ϕ(x, λn)
£�  «�Æ¿��ª¡¢² ��£� ¯

n
��¤�° �²¦¥¥�� �

(0, π)
¢²³�� ¨¢��¤ª���´§�¢ µ� £�  «�Æ¿��ª¡¢²¤�¢�£��¤ ���  �££¡�¡� ¨����¾ �¢ �� «����«¢�£ ��§ ¡���¤� ¬¨ª��¥�±�´¢¥ µ

EF� F ç ���ä Õ�Ã��Â�Â

�" �
� s ��t
�� � JO iR �ðde ðc q∈L1

L
λn∈σ(α, β, q)

\ n î î _î| aïb`ïbò ðò _Z aí WZa_aïî
sinα = sin β = 0

ð_ ðïlðc
1
^ïrX ò ðZ j| qòL ðde blò bc ï

0
^ï�XL îòòW`

√
λn = n+γ+

c

n
+o(

1

n
),îV WX

c=






1
2π

∫ π

0
q+ 1

π
cotα− 1

π
cotβ,

Vî
sinα 6= 0, sin β 6= 0

1
2π

∫ π

0
q+ 1

π
cotα,

Vî
sinα 6= 0, sin β = 0,

1
2π

∫ π

0
q− 1

π
cot β,

Vî
sinα = 0, sin β 6= 0,

1
2π

∫ π

0
q,

Vî
sinα = 0, sin β = 0,

γ =






0,
Vî

sinα 6= 0, sin β 6= 0,
1
2
,

Vî
sinα 6= 0, sin β = 0,

1
2
,

Vî
sinα= 0, sin β 6= 0,

0,
Vî

sinα= 0, sin β = 0,
�" �� � s ��t
�� � JO PL O iL QNR �ðde ðc q∈L1
L
gn

o ðjñd î
λn ∈σ(0, β, q)

^V WZ ïî`ïWZ �[
L2

^lðc] cW`í aXï _î| aïp qddfbce \ Y òòW`
gn(x) =

√
2

π
sinnx+O(

1

n
),

×Þµ÷ µÞØ

g′n(x) =

√
2

π
n cos nx+O(1),

×Þµ÷ µàØ
[0, π]×L1

òW`XaïW_ `b_ZVî XíîZîñc ðde ðcXðïð_ ðc \



àà Þµ Sº'º)º» µ ¶»Tô­±éó&T+ óééº &¼ºôU»&ô&Ä

�" �$ � s ��t
�� � JO PL O iR �ðdeðc q ∈ L1

L
sinα 6= 0

L
gn

o ðjñd î
λn ∈ σ(α, β, q)

^V WZïî`ïWZ � [
L2

^lðc] cW`í aXï _î| aïp qddfbce\ Y òòW`
gn(x) =

√
2

π
cos nx+O(

1

n
),

×Þµ÷ µöØ

g′n(x) = −
√

2

π
n sin nx+O(1),

×Þµ÷ µõ Ø
[0, π]×L1

òW`XaïW_ `b_ZVî XíîZîñc ðde ðcXðïð_ ðc \
EF� F � ��Ã����� ÃÕ �Ò��ÃÒ ì� �Ò��� ë�ÔÔ�ì��

�8 �
� 6��!t7�� � �ðòñc ï_qò îZ [M\M\M] � wV`}jñcd ð` ðde ðcXðï ò bï ïðï_Z rXðd ð_ uLví ðd WXja_aï � Y

W (λ) =W (u, v, λ) = det

∣∣∣∣
u v
u′ v′

∣∣∣∣
×Þµ� µÞØ

í ðcceñ_ bd ðï îZ [M\M\M] ðdeðcXðï �`Wc_òe jðïð`íñcac_acîò c ðfðZZqò \
��

x
±�¾� ª��® Æ¿��¡£� ¢�§   ��¦��¿¥ ¯ § �¤�


�8 �� � s ��t
�� � Y �`Wc_òe jðïð`íñcac_
x
^lðc aX Xîcj�\


�8 �$ � 6��!t7�� � �ðde ðc u
b_
v

[M\M\M] ðde^ðde í ðd WXja_îL u îZ [M\K\M] L
vîZ [M\K\P] p ðXïbïðXðò í ðX Xðïï\ [M\M\M] �`ððc p qddfbceð m

G(x, t, λ) =

{
1

W (λ)
u(x, λ)v(t, λ), x≤ t

1
W (λ)

u(t, λ)v(x, λ), x≥ t

×Þµ� µàØ
Y �`ððc p qddfbce ï îZ [M\M\M] ^ [M\K\M] ^ [M\K\P] o `WlXbíî _î| aïb`ïbò ðñlðc [

u= c ·vð_ ðïbc] c ðí b`ïðXí ðZZqò \v � � � :	�� � � � ¤�¢£¥² ����¤§ ¨¢«¢£ ¡£ � Ç¤��¢ Æ¿��ª¡¢² ���£�¾����£ �¨¢�«¤¨£� ¨Ú�¤�¢Å¨«���²�¢��� ×¤�¢�£��¤Ø �£��¡¢ ��Ü¢¨«�¬��® µ U ����«°�¢ ���¢°�¢ ¢�§ ¨��� ¯¬��² � � ¤�¢£¥² ����¤§ ¨¢«¢£ ¡¤�¡¥� ¥�¢£��¢£ ×�«£� ÝÞõã ¯ H¬�¸��¤ ö µ¯ ×ß µâØØ µ

�8 �% � s ��t
�� � �ðde ðc f ∈ L2(0, π)

\ n î
y(x, λ) =

∫ π

0
G(x, t, λ)f(t) dt

L îòòW`
−y′′(x, λ)+q(x)y(x, λ) = λy(x, λ)+f(x).

×Þµ� µöØ
é��²�¢

L
�� ×ÞµÞµÞØ± ×Þµá µÞØ± ×Þµá µàØ £�  «�¡¤�¡¥¸¤�°�¡§ � �¨¢�«¤¨£ �¸ �¤«��¤� ¯���� ���²�¢

Ly = −y′′+qy, ×Þµ� µõ Ø
DomL= {y, y′ ∈AC[0, π] :y(0) cosα−y′(0) sinα = 0,

y(π) cosβ+y′(π) sinβ = 0}.é��²�¢ ��ª«°°«
G : f(t) 7→

∫ π

0
G(x, t, λ)f(t) dt

¯
L2 → L2

Æ��²��¢�£ �¨¢�«¤¨£ µ � ���¾�¾ «��³�«£�¥�� ��
L

¡£ �
G

�¸�¤«��¤�¥ £��³�£¡�¡ª�� � ¥¦ª��¥��¾¥¡¸¸�¢ Æ����±§ ��¬��  ´¥ § �� Ö



ÞµÞø µ ­±S�ÇÇ+*#( *¶ ¶¼ºÄ»ôUéS�ÇÇ+*#( àö

�8 �0 � s ��t
�� � n î

λ
c ðí _î| aïb`ïbòL îòòW`
(L−λI)Gf = f, f ∈ L2(0, π),

×Þµ� µâØ
G(L−λI)y = y, y ∈   Wí

L.
×Þµ� µßØ

� ¥¦ª��¥��¾ ��Ü¢³Å¨® ¡¤���§ ¡°�¢ ��¬«� −G ��
L

�¸�¤«��¤ ¤����ª�¢£� Ö

�8 �3 � 6��!t7�� � �ðdeðc T Xñc ða`ñ_ Wo ð`aïW`\ Y òòW` î

z 7→ (zI−T )−1 C\σT

^c b`ïðXí ðZ ðïï Wo ð`aïW` b`ïbòz p qddfbceï [îV WX
σT

î
T
Wo ð`aïW` _o ðòï`�íî] î

TWo ð`aïW` `ðZ WXfðc_ bc ðò c ðfðZZqò \
�8 �5 � I�
�� � JO KR ¡ ðX}X| ð îZ [M\M\M] ^ [M\K\M] ^ [M\K\P] _î| aïb`ïbòo `WlXbíî
n.

_î^| aïb`ïbò bï
λn

L î V WZZ a ïî`ïWZ � cW`í aXï _î| aïp qddfbceï gn
\ Y òòW`

G(x, t, λ) =

∞∑

n=0

gn(x)gn(t)

λn−λ
, λ 6= λn.

×Þµ� µáØ
EFE¢ F ä Gë�ÔÔ�ì�� ì� �Õ �Â�Ò��ë�ÔÔ�ì�� �ìÔ�� ����ÒG

�Á���ä Ã�

�
1 �
� 6��!t7�� � ¡ ðX}X| ð

u(x, λ)
îZ [M\M\M] ðdeðcXðï u(0, λ) = sinα

L
u′(0, λ) =

=cosα
ò ðZ jðïñ b`ïbò ðòlrX ñcj�X� í ðd WXja_aï\ Y %(λ)

_o ðòï`aXp qddfbce ðde | Wll`�Xp WXeïWcW_ Xbo w_ r_ p qddfbceL îí ñ îZ [M\M\M] ^ [M\K\M] ^ [M\K\P] _î| aïb`ïbòo `WlXbíî _î^| aïb`ïbò ðñlðc �d`ñò 1
||u(x,λ)||2

2

^ïL ïWfalla
%(0) = 0

\
é«�¬��® ¯ ¬��² � £¸ �¥�¤«�Æ¿��ª¡¢² Æ¿�� � ��Ü¢³Å¨®°�¢ ¦¢¥¡¢²�£�¢ §��ª«��£�±���� ¥�����¨ Æ���¡����¥° ¾� ¨¢�´�® § �����«£�®� µ ¶��³�£¡�¡ª�� «�Æ����§ ��¬��  ´¥ ����¾�¾ �¡���� Ö


�
1 �� � I�
�� �
G(x, t, λ) =

∫ ∞

λ0

u(x, z)u(t, z)

z−λ d%(z).
×ÞµÞø µÞØ


�
1 �$ � s ��t
�� ×¶¸ �¥�¤«�Æ¿��ª¡¢² �´��  ��¢£«��¨Ø �
f ∈ L2(0, π)

^`ð XbïðZ ñò
F (λ) =

∫ π

0

f(x)y(x, λ) dx ∈ L2(R, d%),
×ÞµÞø µàØ

b_
f(x) =

∫

R

F (λ)y(x, λ) d%(λ).
×ÞµÞø µöØ


�
1 �% � 6��!t7�� � ¡ ðX}X| ð
v(x, λ)

[M\M\M]
v(π, λ)= sin β

L
v′(π, λ)=− cosβ

fbd ^o Wc ïlðXñ p ðXïbïðXðò ðï ò ñðXbd kïr í ðd WXja_aï\ Y òòW` îZ
mβ(λ) =

v′(0, λ)

v(0, λ)

×ÞµÞø µõØ
p qddfbce ï îZ [M\M\M] ^ [M\K\M] ^ [M\K\P] _î| aïb`ïbòo `WlXbíî

m p̂ qddfbcebc ðò c ðfðZ ^Zqò \



àõ Þµ Sº'º)º» µ ¶»Tô­±éó&T+ óééº &¼ºôU»&ô&Ä

�
1 �0 � s ��t
�� ×

m
±Æ¿��ª¡¢² �´��  ��¢£«��¨Ø � J MOR Y Z

m p̂ qddfbce í ð`Wí W p̀ Ld e}ò ðñ b_ o �X�_îñ fî X�_îòL ðde_Z ð`ð_ ðò L ïWfalla
£�¤ =λ > 0

^`î =m(λ) > 0
L

£2 ¤
λ ∈ σ(α, β) ⇐⇒m(λ) = cotα

\

�
1 �3 � I�
�� � J QiR �ðdeðc mα,β =

mβ sin α−cos α

mβ cos α+sinα

\ Y Z [M\M\M] ^ [M\K\M] ^ [M\K\P] _î^| aïb`ïbòo `WlXbíî
m p̂ qddfbce ð b_ _o ðòï`aXp qddfbceð ò}Z }ïï î ò}fðïò ðZ r }__Z ðp qd ^d b_ aX X p ðcc m

mα,β(z) =

∫

R

(
1

λ−z −
λ

1+λ2

)
d%(λ),

×ÞµÞø µâØ
fî Xîí ñc ï

% p WXeïWcW__ad ñ o Wc ï| îñlîc
%(µ)−%(λ) =

1

π
lim
ε↓0

∫ µ

λ

=mα,β(z+ iε) dz.
×ÞµÞø µßØ

EFEEF ÏÐÑÒ� Ó��Ô�Ò ÃÕ �Ò��ÃÒ Á ëì��Ô�������
»�¥¨¢�£¿¥ �

−y′′(x)+q(x)y(x) = λy(x)
×ÞµÞÞµÞØ

¶Å¬¤¦�¨¢��¤ ��²�¢����� �
[0,∞)

¨¢��¤ª���´§ �¢ µ ­��ª¨�£�«�  ´¥ ¯ ¬��² § ¨�²�¢ ¸�±¤�§ Æ���¡����¥ £�¿¥£¡��£�¥ �¬¬�� ¯ ¬��² � § ��Æ����¾ �¨¢�«¤¨£ �¸ �¤«��¤ ¦¢��  ´¢�«�����²�¢ ¯ ¡£ ¢¡¬«¢² ��²£��¤¹ § ��«���¸³�«£� ��£�¿¢¥ � £¸ �¥�¤´§ ¤� ª�¢��¥��®�¢ µ+ ¡�¨� Æ����££�¿¥ ¯ ¬��²
q∈L1

loc

¯ ���� � ¸���¢Å¨«� � ª¡��£ £��¥�£��¥�¢ ¨¢���¤«�¬��® µ

�

�
� s ��t
�� � J MO L O iR �ðdeqò p ðXL V Wde îZ [M\MM\M] ðdeðcXðïc ðò fî Xîí ñXeðc
λ0 ∈C

^`ð ò bï jî`îl Xñc ða`ñ_îc p qdd ðïXðc L2
^lðXñ í ðd WXja_î fîc \ Y òòW` ∀λ∈C

^`ðo Wc ïW_îc ò bï jî`îl Xñc ða`ñ_îc p qdd ðïXðc L2
^lðXñ í ðd WXja_ XbïðZ ñò \

v � � � :	�� � �
q

¸���¢Å¨«��®� Æ¿��¾�¢ ��¬«� ª��² § ¨¢��¢ ¥�§¸��û
λ
±¤� ¥¡��¨¢�«¤¨£�¢ Æ¿������¢

L2
±° ��¨ § �����«£ �¡���¨¥ ¯ ª��² ���Æ��  �°° ��²¯ ¡£ § ¨¢��¢¢�§ª��®£

λ
±¤� ¸�¢��£�¢ ��²µ


�

�� � 6��!t7�� � J N�R YZ ï í Wcj| �òL V Wde Vîïa`ò}` ð_ ðï fîcL Vî í ñcjðc c ðí ^fî X�_
λ
^`î îZ [M\MM\M] ðde ðcXðïc ðò ò bï Xñc ða`ñ_îc p qdd ðïXðc L2

^lðXñ í ðd WXja_î fîc \

�

�$ � 6��!t7�� � J N�R Y Z ï í Wcj| �òL V Wde Vîïa`o Wc ï ð_ ðï fîcL Vî í ñcjðc c ðí ^fî X�_

λ
^`î îZ [M\MM\M] ðdeðcXðïc ðò w_îò ðde Xñc ða`ñ_îc p qdd ðïXðc L2

^lðXñ í ðd WXja_îfîc \
v � � � :	�� � º��¥�� � ��Ü¢³Å¨®¥�� © µ ��² � ª������ ° � ��² ��²¤� ¥¨£�°° £´��¤Ù¥�¢Å�¢�¤¨¥´£ ¥¦¤¦¥°¾� «��® ���§��¤¨�¨ ¥�¢£�¤´¥Å¨®ª�� ¥�¸Å£����°�¢ µ

�

�% � s ��t
�� � J MO L O iR n î îZ î Xallñ p ðXïbïðXðò ò}ZqX la`í ðXe ñò ïðX| ð_qX m
� ¤

q
î X� X`�X òW`XaïW_L



ÞµÞà µ � ©�»Uô¼&#» º¶º» àâ
2 ¤

q(x) > kx2
fî Xîí ñXe ðc k > 0

^`îL
7 ¤

q(x) ∈ L1 L9 ¤
q(x) ∈ L2 +L∞ L

îòòW` î Vîïa`o Wc ï ð_ ðï aX X p ðcc \
EFEx F ç ÑÁ��ÒÕ Ã�� ����
»�¥¨¢�£¿¥ �� ×ÞµÞÞµÞØ ��²�¢����� �

[0,∞)
¨¢��¤ª���´§ �¢ µ � ¸ �¤�§ Æ���¡����¥ ���²�±¢�¥

y(0) cosα−y′(0) sinα= 0,
×ÞµÞà µÞØ

ª���§ ¨�²�¢
α

ª��®£ £�«§ ¤� µ ©��«¤¸�¢� �£��° �¢ �� ��²�¢���¬�� ��¤���®
L

�¨Ú�±¤�¢Å¨«��¸ �¤«��¤ ¦¢��  ´¢�«�� ¯ ¬ ¨£��¢ Ä�¤
(L± i) = 0

µ»�¥¨¢�£¿¥ ��´�«¢ �� ×ÞµÞÞµÞØ ��²�¢����� �
[0, b]

¨¢��¤ª���´§�¢ ¯ �¬��
b→∞ è� ¸�¤�§ Æ���¡����¥ ���²�¢�¥

y(0) cosα−y′(0) sinα= 0,
×ÞµÞà µàØ

y(b) cosβ+y′(b) sin β = 0,
×ÞµÞà µöØ

�¬��
α

¯
β

����� ª��®£ £�«§ �¥ µ é��²�¢ ×¬�£�¢�®�¢ �
[0, π]

�£��¬��Ø � ¸¤�°�¡±§ � £¸ �¥�¤´§�
λ0,b, ..., λn,b, ...

¯ £�  «�Æ¿��ª¡¢²�¨
yn,b(x)

¯
m

±Æ¿��ª¡¢²�
mβ,b

¯ Ç ¤��¢Æ¿��ª¡¢²�
Gb(x, t, λ)

µ

�
� �
� 6��!t7�� � Y Z

m(λ) = lim
b→∞

mβ,b(λ)
×ÞµÞà µõØ

p qddfbce ï îZ [M\MM\M] ^ [M\MP \M] _î| aïb`ïbòo `WlXbíî
m p̂ qddfbcebc ðò c ðfðZZqò \v � � � :	�� � ��

m
±Æ¿��ª¡¢² ��� ª�¢ ¡¤���§ ��ª� ¯ �¬�� � �¨§ �£� �¡���¨¥ ¯ ��¬«������«°°¨£ � ¢² ³�� ��£® ¡£ Æ��£¾ Æ¡�£³¥�¥�¢ ¯ ´�²�¢¨£ ¬��«¤¸ �¢� �£��° �¢ ��

mβ,bÆ¿��ª¡¢²�¥
β
±�®� Æ¿������¢¿� § ¨¢��¢ =z 6= 0

±¤� ¥�¢ª�¤�«�¢�¥ µ

�
� �� � I�
�� � J MOR
£� ¤

m(λ) = y′(0,λ)
y(0,λ)

[îV WX
y(x, λ)

[M\MM\M]
L2

^lðXñ í ðd WXja_î] L
£2 ¤

m
`ðd�Xa`ñ_ C\σ(L)

^ðcL _o ðwñaXñ_îc î cekXï î X_ � b_ î cekXï p ðX_ r p bX_ kòWcL
£7¤ =λ > 0

^`î =m(λ)> 0
\


�
� �$ � I�
�� � J MOR
£�¤ �bïðZ ñò ðde R

^ðc í WcWïWc c ðí w_ }òò ðcr
%
_o ðòï`aXp qddfbceL V Wde %b

de ðcd bcïî`ï
%
^V WZL îZîZ

%(λ)−%(µ) = lim
b→∞

(%b(λ)−%b(µ))
×ÞµÞà µâØ

% p WXeïWcW__ad ñ o Wc ï| îñlîc \



àß Þµ Sº'º)º» µ ¶»Tô­±éó&T+ óééº &¼ºôU»&ô&Ä
£��¤

f ∈ L2(0,∞)
^`ð XbïðZ ñò

F (λ) = (L2) lim
R→∞

∫ R

0

f(x)y(x, λ) dx,
×ÞµÞà µßØ

b_
f(x) = (L2) lim

R→∞

∫ R

−R

F (λ)y(x, λ) d%(λ).
×ÞµÞà µáØ


�
� �% � I�
�� � J QiR �ðdeðc mα = m sinα−cos α
m cos α+sin α

\ Y Z [M\MM\M] ^ [M\MP \M] o `WlXbíî
m
^p qddfbce ð b_ _o ðòï`aXp qddfbce ð ò}Z }ïï î ò}fðïò ðZ r }__Z ðp qdd b_ aX X p ðcc m

mα(z) =

∫

R

(
1

λ−z −
λ

1+λ2

)
d%(λ),

×ÞµÞà µ÷Ø
fî Xîí ñc ï

% p WXeïWcW__ad ñ o Wc ï| îñlîc
%(µ)−%(λ) =

1

π
lim
ε↓0

∫ µ

λ

=mα(z+ iε) dz.
×ÞµÞà µ�Ø

v� � � :	�� � º� ´�²�¢�� ¯ § ¨¢� ª¡��£ ¨¢��¤ª���´§ �£��¡° �¢ �� ÞµÞø µß µ �¡��� µ� £¸ �¥�¤´§   �����¡¤¾� ���  �£ «����«¢�££«�°�¢ � ¥¦ª��¥��¾� § �¢�¬��  ´¥ Ö

�
� �0 � I�
�� � YZ [M\MM\M] ^ [M\MP \M] o `WlXbí aV WZ ïî`ïWZ � Wo ð`aïW` _o ðòï`�íîðde_Z ð`ð_ \

�� ��¾�¾ £��¥�£�°�¢ �«��´¥ ¯ ¬��² ¬� � ¸���¢Å¨«�
L1

±° ��¨ ¯ �¥¥�¤ ¬��«¤¸ �¢��£�� ª�¢ µ ó�²�¢¥�¤ � £¸ �¥�¤´§   �����¡¤¾� �´�  ´¥ ¯ ¬��² Ö

�
� �3 � I�
�� � �ðde ðc q ∈ L1 \ Y òòW` îZ [M\MM\M] ^ [M\MP \M] o `WlXbíî p WXeïWcW__o ðòï`�íî î

[0,∞) p bXðde ðc ð_ \ Y jñ_Zò`bï _o ðòï`�í Xðdp ðX| ðll í ðd_Z aí XaXVîï�îcfbd ïðXðc _Wò ðde_Z ð`ð_ _î| aïb`ïbòlrX aX XL îí ðXeðò w_îò î
0
o Wc ïlîc ïW`X�jVîïcîò \

�
[0,∞)

¨¢��¤ª���´§�¢ ¥�¸��� Æ��²��¢�£ £¸ �¥�¤´§ §������ ��¬�� ª¡��£ ª��²ª¡�����¢ £�«§Ù ¢����³ª £�  «�¡¤�¡¥ ¨£ µ � ¸�¢��£ £��¤¥���� �¨£��«�«£� ¡¤��¥¡° �¢×Ù�²
L1

±° ��¨ ¯ § ¨¢� «����«¢�£�°° ¸���¢Å¨«��¥ �£��¡¢ Ø �� ´�®°°¨ �³� ¡ª° �¢   ���¢�¾£�¡¸ ¡£�¥ �¦¤�¡¢��¥ µ �� �¤��§¡¢²�¥ «���¥¨¢�¡£� § �����«�¬��® ¸ ¡��«´� �� Ýâ÷ ¯ ßßã§´¢¥«¥°�¢ µ­¡� ��² £¸ �Å¨«�¨£ �£���� ¡¤��§ �£ §���§ �³��¢¨ Ö

�
� �5 � s ��t
�� � n î

q(x) →∞ îí ñc ï
x→∞L îòòW` î _o ðòï`�í jñ_Zò`bïL w_îòî

+∞
^lðc ïW`X�jVîï\

E FE~ F ç ÑÁ��ÒÂ�Ò ����
»�¥¨¢�£¿¥ �� ×ÞµÞÞµÞØ ��²�¢����� �

[0,∞)
¨¢��¤ª���´§ �¢ ¯ ¡£ ���²¿¥ Æ�� ¯ ¬��² �¬��«¤¥¦¤±�£�� «�� Æ�¢¢ µ º¥¥�¤ § ¨¢��¢

λ
±¤� ¥¡� ��¤�° �¨¢�«¤¨£�¢ Æ¿������¢

L2
±° ��¨§ �����«£ ª�¢ µ é��²�¢

βj , bj
��² ��²�¢ £�¤���� ¯ ¬��² �

y(0) cosα−y′(0) sinα= 0,
×ÞµÞö µÞØ



ÞµÞö µ � ©�»UôÄ�ô º¶º» àá

y(bj) cosβj +y′(bj) sin βj = 0,
×ÞµÞö µàØ

¸ �¤�§ Æ���¡����¥¥�� ����� £�  «�¡¤�¡¥¸¤�°�¡§ «¥
mj m

±Æ¿��ª¡¢²�¨ ��² �����
λ0¸�¢�°�¢ ¥�¢ª�¤�«�¢�¥ � ¬��«¤¥¦¤ Ýßöã ��²

m(λ0)
¸�¢�  «¬�� µ


�
$ �
� I�
�� � � òòW`
lim
j→∞

mj(λ) =m∞(λ)
×ÞµÞö µöØ

�deL V Wde îZ
m∞(λ) p qddfbce í ð`Wí W p̀ L fî X�_

λ
^`î fî X�_L de}ò ðñ b_ o �X�_îñfî X�_îòL ðde_Z ð`ð_ ðò \ ¥deîc ðZ ñdîZ îZ

mα,∞ = m∞ sin α−cos α
m∞ cos α+sinα

p qddfbce`ð\ �Wfal^la XbïðZ ñò ðde WXeîc % Xbo w_ r_ p qddfbceL îí ðXe mα,∞ λ0, . . . , λn, . . .
o �X�_îñlîc�d`ñò L p WXe ïWcW__ad ñ o Wc ï| îñlîc o ðjñd

%(λ)−%(µ) = lim
b→∞

(%b(λ)−%b(µ)).
×ÞµÞö µõØ

v� � � :	�� �
%

�� ��«°° ��Ü¢¨«��
L

�¸�¤«��¤ £¸ �¥�¤«�Æ¿��ª¡¢²� ¯ § ��� ¨£ �¡¸ Å£¾£Æ¿��ª¡¢²µ �� ÞµÞø µß µ ¡£ �� ÞµÞà µõ µ �¡���° �¢ ¥¨§�¢���� ¦££��Æ¿��¡£�¥
%

¡£
mα,∞¥¦�¦�� ¨£ Æ�¢¢«��¢�¥ µé��²�¢

y(x, λ)
×ÞµÞÞµÞØ±¢�¥ ��

y′(0, λ)

y(0, λ)
=m∞(λ)

×ÞµÞö µâØ
Æ���¡����¥�� ¥¨��¡�³�¾ § �����«£� µ

�
$ �� � I�
�� � �ðdeðc v(x) = y(x, λ0)

fî Xîí ñXeðc λ0 ∈ C\R
^`ðL b_ ïðò ñc ï_qò îZ

Ly = −y′′+qy Wo ð`aïW`ï î
  Wí

L=
{
y, y′ ∈ACloc(0,∞)|y(0) cosα−y′(0) sinα= 0, lim

x→∞
W (y, v̄) = 0

}
.

b`ïðXí ðZ b_ ñ ïî`ïWí aceWc \ YZ kde í ðdVîïa`WZ Wïï L jñy ð`ðcwñaXWo ð`aïW` }cîj| �c^d aXïL _o ðòï`�íî îZ
mα,∞

p̂ qddfbce λ0, . . . , λn, . . .
o �X�_îñl�X aX X� fbd ïðXðc _W`WZîï\n î

yk(x)=y(x, λk)
L ðde λk

^V WZ ïî`ïWZ � _î| aïp qddfbceL îòòW` îZ
yk(x)

p qddfbce ðòïðX| ð_ W`ïWd WcaXñ_ `ðcj_Z ð`ï î XòWïcîò îZ
L2(0,∞)

ïb`lðc \



¦ < =É� ÉËÉÌ

>ý� DÌÍþÌÍ�É ÿ�ÎËÿDÎ ÊÍ�ÉÎ
B§ÌÉþÊý ÿÿ?� �§

xFEF ç �Á¨ ��ìÒ�ìÂ�Â Ñ���ÁÓÃ�Á ��ä ��ÔÁ��� Õ Ã���G
Ð���ÃÂ ����ì�

© ª«ª«ª ¬­®­¯­°±²
»�¥¨¢�£¿¥ ��

−y′′(x)+q(x)y(x) = λy(x)
×à µÞµÞØ

¶Å¬¤¦�¨¢��¤±��²�¢����� �
[0, π]

¨¢��¤ª���´§ �¢ ¯ ½ ¨¤¨Å¬��� ¸ �¤�§ Æ���¡����¥¥�� µ é�±�²�¢
q ∈L1(0, π)

ª��®£ µ � ¥�¤«°°¨ Æ�  �����¥° �¢ ° ��«��´¥ ¯ ¬��² � £¸ �¥�¤´§ �¨£�±¥¤¡� ¯ �
λ1

¯
λ2

¯
. . .

¯ £�  «�¡¤�¡¥�¥ Å£�¥ �
+∞±° �¢ ��¤�®�¬��¢�¥ µ ¶¾� ¯ ¬�

q(x)
¢�§ ±¢����³ª ¯ �¥¥�¤

λn ≥ n2
×�«£� ¸¡��«´� ×à µÞµ÷Ø±��Ø µ

º �¾£�¦¤ § ���£�°° �¨§ �¢�¨®¥°�¢ ª��¾���¥ Æ�� ¥¡¤�¡£¥¡¢� � ½ ¨¤¨Å¬���±£�  «�¡¤±�¡¥�¥ ¬«¢²���£�¨¤� ª�¢��¥��® °�Å£�¡£�¥ µ ¼®�²� ¯ ¼�²¢� ¡£ ��¨¢° �¤��¤ ��� £�±  ����¡¥ ¯ ¬��² ��
Ω

±¢ ¡¤���§ �����
H = −∆+V (x)

¯
V (x) = 0

�¸ �¤«��¤ ��£¾ ¥¡�½ ¨¤¨Å¬���±£�  «�¡¤�¡¥¡¢�¥ ¬«¢²���£� �¥¥�¤ § �û ¨§ «�¨£ ¯ ¬�
Ω

�¦§° µ ·«¤ � £�  �¡£Þ�ââ±°¾� £�«¤§ ��¨¥ ¯ Å£�¥ Þ��à±° �¢ £¨¥�¤¿�� ¨�����¢¨ µ � §��Æ����¾ ��²�¨§ �¢�¨®£¥¡¤�¡£� ª¨�£�«�ª� �£¬°�´�¬ ¡£ ·�¢�´¤¨� Þ�÷á±° �¢ Ýàã ° ¨��¢²³����«¥ ¯ ¬��² ¬� �¸���¢Å¨«� ¢�§¢����³ª ¯ �¥¥�¤ λ2

λ1
≤ 4

µ ×»�¤§ ¡£����£�¢ �� ��²�¨§ �¢�¨®£ �£�� § «£  �����¹ ¯ ¬¨£��¢ ¨�²�¢¥�¤ ��
Ω

¬��§ �� Å£�¥ ��² ¨¢��¤ª���´§ ��¬�� ¯ ���� � £�  «�¡¤±�¡¥�¥ ¬«¢²���£� ¢�§ ¨£ Æ¿��
Ω

±�®� ¯ Å£�¥ � ¸���¢Å¨«��®� µ � � ��¾°° ¨�¡���� «��³�«£Ù�² Æ����§ ��¬��® «� ¯ ¬��² �� ��£¾ ¥¡� £�  «�¡¤�¡¥ ¬«¢²���£� �
0

¸���¢Å¨«� �£��¡¢§�û¨§ «�¨£ µØ Ä ¡� ¡ªª�� ¥¡£¾°° ��² Ù  �°° Å¨¥¥¿¥° �¢ Ýöã ��²�¢ §®�£��¤� ���«���¥ ¯�§ ��²¢�¥ £��³�£¡�¡ª�� � λn

λ1

¬«¢²���£¤� ¨£ ¨������«¥ �� �¸�¨§ «�¨£ ° �Å£�¡£� µ � �«°°�� ¾ °¨��¢²³�«£´¥¢�¥ ��² ¤¦ª¨�³���� ª«������� ¥¦ª��¥��¨¥ µ
à÷



à µÞµ #º­#ºÇ�»ê+ ¼&»º#H óUé&Ä à�
© ª«ª© ª ³ λn

λ1 ´µ¶·¸¹º²� �
�
� I�
�� ×� £¬°�´�¬±·�¢�´¤¨�Ø � �ðòñc ï_qò îZ
L= − d2

dx2 +q(x)
Wo ð`aïW`ï î

[0, π]
ñc ïð`fî X X�í Wc   ñ`ñwV Xðï o ð`ðíp ðXïbïðXðòò ðXL ïWfalla Xðdeðc q(x) ≥ 0

\ �òòW`
λn

λ1
≤ n2,

×à µÞµàØ
b_ Vî la`í ðXe n > 1

^`ð ðdeðcXr_ bd fîcL îòòW`
q = 0

íí \
[0, π]

^c \
u ñZ Wcekïa_ \ '��¦�  �

y(x, z)
��

−y′′+q(x)y = z2y, x ∈ [0, π], z > 0,
×à µÞµöØ

y(0) = 0, y′(0) = 1
×à µÞµõ Ø

¥�����¨¡¤�¡¥¸¤�°�¡§ � ��²¡¤���§¹ §�����«£«� ¯ ¡£ ª���££¿¥ °� �� ��«°°¨ ú §®±��£³���� ¼¤¿Æ�¤± ú ª«����®¥�� Ö
y(x, z) =

r(x, z)

z
sinϕ(x, z),

×à µÞµâØ
y′(x, z) = r(x, z) cosϕ(x, z),

×à µÞµßØ
ϕ(0, z) = 0,

×à µÞµáØ
�¬��

r(x, z) > 0
¯ ¡£ ª�££�¾ª�� ��

x
£��¤¨¢�¨ ��¤¨ª«�«£�   ��¦��¿¥ µº�²£��¤¹ £�«§��«££�� �«�¬��® ¯ ¬��² Ù  ª«����®¨¢¥ �� ��«°°¨ ��²�¢����¥¢�¥��£�¢�¥ ������ Ö

ϕ′ = z− q

z
sin2 ϕ,

×à µÞµ÷Ø
r′

r
=
q

z
sinϕ cosϕ.

×à µÞµ�Ø
v� � � :	�� � � ¥��££�¨¥´£ ¡¤����§°�¢ ���¥ � Æ�¤§´�«¥ Å£�¥

q
Æ��²��¢�££«�¨¸�¢�  �¨°�¢ ¨����¥ ù ��²¡°¥¡¢� � ¥¡� ����� �¨£��¤¨°ÙÅ¨®£ ¡¤����§°�¢ ��²�¢�¾ µ� ×à µÞµâØ Æ��³¤«£°®� �«�£�¨¥ ¯ ¬��²

y = 0 ⇔ sinϕ = 0
¯ ³�²

z2
¸�¢��£�¢ �¥¥�¤£�  «�¡¤�¡¥ ¯ ¬�

ϕ(π, z) π
��¡£� £�«§Ù �¦°°£�¦¤¦£� µ '��¦�  �

λn
¢¡�²����²¦¥¡�

zn

µ
� �
�� � ����� �

ϕ(π, zn) = nπ
\

u ñZ Wcekïa_ \ ×à µÞµ÷Ø±° ®� �«�£�¨¥ ¯ ¬��²
sinϕ = 0 =⇒ ϕ′ > 0

¯ ³�²
ϕ(·, z) π §¨¢��¢�¦°°£�¦¤¦£¡� ��²£��¤ ª�£�¨ Æ¦� µ

ϕ
¸�¢��£�¢ �¥¥�¤ ��¡£� £�«§Ù �¦°°£�¦¤¦£�

π
±¢�¥ ¯ ¬�

y = 0
¯ ��¬«�

ϕ(π, zn) π
±¢�¥ �¢¢² ¨£��¤�£� ¯ �¬«¢² ¢´��¬��²� ª�¢

y(·, zn)
±¢�¥ � Æ¡�¨� ¢² ³��

(0, π]
¨¢��¤ª���´§�¢ µ � ¶�´¤§±Æ¡�� �£�Å¨��«Å¨®£ �¡����¥ £��¤¨¢� �

(0, π)
¢²³�� ¨¢��¤ª���´§�¢ �� ×�� ¡¸¸�¢ �¥�´«�¨£

1
±�¾� ¥���¾�¾ £�«§��«£ £��¤¨¢�¨Ø

n
µ ½ ¨¤¨Å¬��� £�  «�Æ¿��ª¡¢²¢�¥

(n−1)
�²¦¥� ª�¢ ¯ ��¬«� � Æ¡�¨� ¢²³���¢

n
¯ ����

ϕ(π, zn) = nπ
µ

­ ¨¢� �«�¢¨ Æ��  ´¥ ¯ � °¨��¢²³�«£°�¢ �¡¢²���£ ��£� ¯ ¬��² λn

λ1

��¡£� £�«§ ±� µ º�¡¤���¾£�¦¤ �«££´¥ ° � �� ��«°°¨ ��§§«� Ö



öø à µ Sº'º)º» µ ¶� 'U»*ô»*Äºé&¶)éU ¶ +*Çº¶ ó#»ºô+�ééT­&#
� �
�$ � ����� � �ðdeqò p ðXL V Wde fî Xîí ñXe ðc n > 1

^`ð
λn

λ1

= n2.
×à µÞµÞøØ

�òòW`
q(x) = 0

\
u ñZ Wcekïa_ \ ��

Fn
¡£ �

ψn(x) = ϕ(x,zn)
zn

  ��¦�¡£ ° �ª����¡£¡ª��

ψ′
n(x) = 1−q(x)sin

2 znψn(x)

z2
n

= Fn(x, ψn(x)),
×à µÞµÞÞØ

ψ′
1(x) = 1−q(x)sin

2 z1ψ1(x)

z2
1

= F1(x, ψ1(x)).
×à µÞµÞàØ

·��«�  ´¥ ¯ ¬��²
Fn(x, ψ)≤F1(x, ψ)

�
[0, π]×[0,

π

z1
]
��¤��§ «¢²�¢ ¯ ¡£ ��²�¢�¾£¡�

Å£�¥ � ��¤��§ «¢² ¬��«¤«¢ ª��²
q(x) = 0

±¤� ª�¢ µ º�
q(x) ≥ 0

§¨��� �� ��«°°¨��²£��¤¹ «��³�«£ ¥¦ª��¥��§ ¡¢²� Ö
� �
�% � s ��t
�� � n î

n > 1
L
0< x≤ π

2

L îòòW`
n sin x > | sinnx|. ×à µÞµÞöØ

n î
n

ðd b_Z _Z aí L îòòW` îZ ðde ðcXrïXðc_ bd 0< x < π
ð_ ðïbc ñ_ ñdîZ \u ñZ Wcekïa_ \ 0

±°�¢ § ¨¢�¥¡� ����� ¡¤�¡¥�
0
¯ �� ��£¾ ��¤¨ª«���¥¤� ¸ ��¨� ¯ �����«°°¨£¬�

0<nx≤π ¯
n cosx>cos nx

���  �£¿� µ º§ ¨���
0<x≤ π

n

±¤� �� «��³�«£ ¨��� µ
sin x≥

≥ 2
π
x [0, π

2
]
±�¢ ¯ § �¤�

sin x
¥�¢¥«ª µ ê�² ú § ¨ª��

sin x
£�¨��¤Ù�¢ §�¢���¢ ¢¦ª¾ ¨£ú ¯ ¬�

x > π
2n

¯ �¥¥�¤
n sin x > 1

§¨��� �� ��²�¢�¾���¢£¡� ¨£§ ¡� ���  �£¿� µ ©� ¸ ��¨�
n

��¡£� £�«§ ¯ �¥¥�¤ § ¨¢�¥¡� ����� £�¨§§ ��¤¨¥´£ π
2

±¤� ×´�²�¢��� ª�£�¨ Æ��
x
±° �¢ ¯§ ¨¢�

(π
2
−x)±° �¢ Ø ¯ ��¬«� �� «��³�«£ π

2

¡£
π

¥¦�¦�� ¨£ ¨��� µ
� ¥¦�° �¨¥������ à µÞµõ µ «��³�«£ £��¤¨¢� ¯ § ¨ª�� zn

z1
= n

��¡£� £�«§ ¯
sin z1ψ(x)

z1
> |sin znψ(x)

zn

|, ×à µÞµÞõØ
¬�

0< z1ψ(x) < π
¯ ��¬«� ª��®°�¢

Fn(x, ψ) ≤ F1(x, ψ)
¯ ¡£ ��²�¢�¾£¡� Å£�¥ �¥¥�¤��¬�� ¯ ¬�

q(x) = 0
¯ �§ ¨¢� «��³����´¥ µ­ ¨ª�� ×§ ¨¢��¢
z
±¤�Ø

ψ(x)
Æ��²��¢�£ ¡£

π
§ ¨¢��¢ �¦°°£�¦¤¦£¡� Å£�¥ ��²£��¤ª�£�¨ Æ¦� ¯

0 < ψ1(x), ψn(x) < π
z1

§¨¢��¢
x ∈ (0, π)

±¤� ¯ § ³�
ψ1(π) = ψn(π)

µ º�¡¤��� Þµß µÞ ¦££��¬�£�¢�³�® �¡��� £��¤¨¢�
ψn(x) = ψ1(x)

§ ¨¢��¢
x ∈ [0, π]

±¤� ¯ ����
Fn(x, ψn(x))=F1(x, ψ1(x))

¯ ����
q=0

§§ µ
x∈[0, π]

±¤� µ º���� � ��§§«� ° ��«��´¥ µ
, ��
�
� 
�
�� 2 �	�!: t
��� � »��²¿¥ Æ�� ¯ ¬��² ª���§ ¨�²�¢

n > 1
��¡£� £�«§ ¤�

zn

z1
≥n

µ »�¥¨¢�£¿¥ ¸¡��«´� �� ���¢�£�¢
1

¸���¢Å¨«�� µ � § ��Æ����¾ λ̃n

λ̃1

¬«¢²���£�¥
¥¨£�°°�¥ ¯ § ¨¢�

n2
µ � £�  «�¡¤�¡¥�¥ Æ��²��¢�£ Æ¿��ª¡¢²�¨ � ¸ ���¢Å¨«�¢�¥ ¯ ��¡¤��¡���¨¥ ��²�¢

%̂
¥�¢ª�û ¥�¢°¨¢«Å¨®  �

q
±¢�¥ ¡£ �� ���¢�£�¢

1
¸���¢Å¨«�¢�¥ ¯ �§ �±

�²¤� λ̂n

λ̂1

= n2
µ é�§§«¢¥ ¡¤���§ ¡° �¢

%̂= 0
¯ �� �� Å£�¥ �¥¥�¤ ��¬��£¡��£ ¯ ¬�

q= 0
¯

¡£ �¥¥�¤ ¸ �¤£�� λn

λ1
= n2

µ º���� � �¡���� ° ��«��´¥ µ
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x

» ¼½¼ ¾¿ÀÁ ¼ ÂÃÃÄÅÆÇÀ¾ÈÉÊ Á Ë» ¼½¼½ÌÍ ÎÏÐÎÑÃÒÇÃÎÑÅÓÏÔÎÆ ËÑÕÖÍ¼
× ØÙÚ ØÙÛÜÝÞ ß àÁ

q(x) ≤ 0
ÓÅ zn

z1
= n á ÁââãÀ Óää åãÀæçÇèÁ á Fn(x, ψ) ≥ F1(x, ψ) áÁé É¿ÒÃ ÄÏÐÁÑêÏÐ âëèÎÇâÎÆÉâ

q= 0
¼ àÁ ÇÎÔ¾Ç Çãè¾¿¿ÀÁ ÉÅ

q(x)≤ 0 á ÓÅ èÁÃÁé ÉÃÐÎÑ
n>1

ÎÏÓÅÆ ÅÆ¾é ÀÁ
0< zn

z1
≤n á ÁââãÀ ÁÆ ÎÃÒÆÒ ÏãÑæãÃÁÇé ÎÑÎÇ Ëä ÓÃæ¾ÄÃ ÁÆ ÁÆãÑãÅÁÑ

−1
2

äãÇÎÑÈÉ¾ÃÃÁÃÍ éÄÇÁÇì Á á ÔãÏÐ q=0
ÓÅ λn

λ1
=n2 ¼ íÆÆÎÃ ¿ ÎÃ¾ÇÇÄâ ÁÆ ÁÃ¾¿¿É ÇÓÇÎÃÇ î

ï ßðßñ ß òÝóØô ËõÔÎÑ Íß ö÷øùúûüýø þÿ L= − d2

dx2 +q(x) �� ÷��û��û þ [0, π] ùúû÷��þ����� �ú 	 ù�ù
� �÷û � ÷�÷�� ÷�û
û÷�÷øø ÷�� þ� �� q(x) ≤ 0 � � þ λ1 > 0� þøø��
λn

λ1
≥ n2,

Ë» ¼½¼½ÖÍ

ü �þ ���� ÷�� n > 1��÷ ÷��÷ú ��ü 
� �þú� þøø�� q = 0 �� � [0, π]�ú �
� ���� � � λn

λm

������ !
ï ßðß" ß òÝóØô Ë# ÅÔ¿Á$ÏÔ%&ÎÑÏ$ÀÉÁÍ ß ö÷øùúûüýø þ ' �(�(� û
û÷� L �� ÷��û���û ���þ�úþÿ�øøþ� þ � ÷�û
û÷�÷øø ÷�� )øø��

λn

λm
≤ d n

m
e2, n≥m,

Ë» ¼½¼½* Í

ü �þ ���� ÷�� n >m��÷ ÷��÷ú ��ü 
� �þú� þøø�� m | n 
ü q = 0 �� � [0, π]�ú �×ØÙÚ ØÙÛÜÝÞ ß dxe x åÎÃÅ+ ÎÏÓÅÆÀÓÅÆÓÇ ì ÎÃëÃÉ ¼
, ùÿ�ú�-û�ü �
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� �
�5 � ����� � �ðde ðc k ∈ Z

\ Y òòW`
λkn

λn

≤ k2. 67 .8.89:
b_ ;de;cXr_ bd w_<=

q = 0
^`< f<c \

u >Z Wcek?a_ \ 0@ABCD E@F G HIAB λkn

λn
≥ k2 . J@FKLM ND G HIAB @DDIO PQFRM KSQT λkn

λn
= k2UV

q = 0
. 2 W @FXWX LUL@F@T DYPCF QW QFKSSZ L@O[ UVW@L@V KFFYLKVL HQVWTKFM ND E@F \

� �
�" � s ��t
�� � J NNR �;de;c a ≤ ã < b̃ ≤ b
L b_ ?;= >c ?_q= < [P \M\M] � wV`}j>cd ;`;de;cX;?;? [a, b]

^c `}dZ k?;?? o ;`;]p ;X?b?;X;== ;X\ Y ==W`L V<
[ã, b̃]

^c �de<c<Z W=<? <o ;`;]p ;X?b?;X;= ;? k |̀ �= ;XrL < _o ;=?`�] ]>cj;c ;de ;_ ;X;] ; =>_ ;ll X;_Z <Z
[a, b]>c ?;`f< X X�] Wc p ;Xk`? o `WlXb]< _o ;=?`�] ac<= ] ;dp ;X;Xr ;X;] bc bX\ n < o ;j>d la`^] ;Xe = b? ] ;dp ;X;Xr _<| a?b`?b= ] ;d ;de;Z >=L <==W` a= ã

L
b= b̃

\
'@F^FM @

wj

G
j = 0, . . . , n

Q
λn_H@W LQOLIWR VQM KLECAAPUTB TNFFH@FB@ZL G

xj ` @aZAQWIDQL Q ` ITLIDQL G Q[ @FB@DO@
ϕ(xj, zkn)=kjπ

. 2DDIO Q
[wj−1, wj]

ZTL@OPQFFN[ITL@DZTL@LL b ZOZcHF@L_`OISFU[ Q @FVX VQM KLUOLUD@
λn 6HZVW@T Q VQM KLECAAPUTB [@AVWI_OYLKVQ VQM KLECAAPUTB F@VW: G [ YA QW

[xj−1, xj ]
ZTL@OPQFFN[ IT L@DZTL@LL `OISFU[ KTQD

λkn

Q
k.

VQM KLUOLUD@ 6NABQTQWIT IDSRF: . dBZFPKT
w0 = x0 = 0

UV
wn = xn = π

.e@ABCD UVWO@ Q D^P@LD@WXL \ PQAB [ ZTa@T
0 ≤ j ≤ n_O@ wj = xj

G PQAB FUL@WZD @ABIFBQT
j
G Q[ @FBO@ Q

(wj−1, wj)
ZTL@OPQFFN[ VWZAIOfQT LQOLQF[ QWWQ QW

(xj−1, xj)ZTL@OPQFFN[ IL . 5@A[NLQLM ND G HIAB @W NLRSSZ @V@L T@[ F@H@LVUA@V . 0@DZTLVCD Qb ZOZcHF@L_`OISFU[ KL [wj−1, wj]_T . 2 W @FVX VQM KLUOLUD@ @TT@D Q `OISFU[ KTQD G [ ZTL[ITaILLND G
λn

G L@HKL Q
k.

VQM KLUOLUD@ F@AE^FM @SS
k2λn ≤ λkn

E@FL@PUVCTD UV QW@FXWX LUL@F UOL@F[ US@T . 2 VWZAIOf LQOLQF[ QWKV [ ZQLL QW
[xj−1, xj ]

ZTL@OPQFFN[ITL@DZTL@LL b ZOZcHF@L_`OISFU[ Q k. VQM KLUOLUD@ @TTUF TQABISS D@FF@T@ F@AB@T G Q[ Z@FF@TL[ITaKV G YAB [ ZTa@T
j_O@ wj = xj

. /DDIO P ZVWITL
k2λn = λkn

UV
q = 0

QW^VVW@V OUVWZTL@OPQFFN[ IT .
5KO cVQD QW [ QOQaL HKLOQ G HIAB QW

n - m
@V@LS @T [NLQVVNTD Q DIOFKLIL[ @AD^W@FYLX `IL@TcZKFIDQL . 5 ZP@F QWITSQT Q SZWITB YLKV QW @aaZAZ@DLXF M @F@TLX_V@T @FLUOX @VWD^W^D@L ZAUTB@FT@ G QWL T@[ D^W^FM CD G cVN`KT HZPQLDIWNTD Q gh G 8ijcZDD@DO@ .

v klm klnopq r 2W @FXWX LUL@FH@W HQVITFRQT @W ZV D Z[ ITaHQLR T@[`IWZLYP ` IL@T_cZKFIDOQ G Q[ @TTBZS @T
λ1 > 0

\
s rtru r Ipvkw 6HH@T:r �;=>c ?_q= < P\M\Q\ ?b?;X L Wo ;`a?W`a? �de<c<Z W==< X < p ;X^?b?;X;== ;X\ � ==W`

λn

λm
≤ b n

m
c2 n≥m, 67 .8.8x:

b_ V< la`] ;Xe n >m
^`; ;de;cXr_ bd f<cL <==W`

m | n b_
q = 0

]] \
[0, π]

^c \



7 .7 . 3yz{|0y3 /4}e~{4}/1 �y0/d��|{y3 /1/0�d hh
� �� � �������� � ��¨ ��������� ������������ �������

���� ����������� ������
� �� ��� �� ¡¢£¤¥ ¦
2VHSQNAH UV J@TANOZQ ghj S ZWITB YLILLKD G HIAB HQ Q

q(x) `IL@TcZKF T@[T@AQLYP GQDDIO
λn

λ1
≤ n2. 67 .7 .8:

5 ZTL FKLLND G DUL L@LVWXF@A@V VQM KLUOLUD HKTBQaIVKOQ [RaVW@OCD Q
λn

λm
≤
⌈ n
m

⌉2 67 .7 .7:
DIOFKLIL QaLQ G QHIF dxe x E@FVX @AUVWOUVWUL M @F^FZ . 5 @A[NLQLLKD QWL ZV G HIAB PQT_TQD IFBQT `IL@TcZKFID G Q[ @FB@D @V@LUT λn

λm

L@LVWXF@A@V@T [ @AD^W@FYLZ n
m _@L . /W@D Q`UFaKD QWITSQT fABT@P@W@LL §[NFLZ` F@_¨@FF© 6L^SSP^FAB@V: `IL@TcZKFID G Q[ @FB@DQ

[0, π]
ZTL@OPQFFN[IT S @FCF TUHKTB `ITL D^OTB@W@LUS @T TQABIT TQAB UOLUD@D@LP@VWT@D E^F G [ YA [ KVHIF D^W@F

0_L . /W QFQ`M KT QWL V@M L@LLUD G HIAB HQ Q `IL@TcZKFT@[ `NVWLKT T@[T@AQLYP G HQT@[ DITP@ª ZV G QDDIO QW @AUVWOUVW@D @FHQABHQLRD GQWQW
λn

λm
≤ n2

m2
n≥m 67 .7 .h:

ZV L@FM @VCF . «IOPKLH UV 3 ZVV ghij S ZWITBYLILLKD G HIAB Q V@M LUV @OXV@SS EIO[ KSQTZV ZAQW ¬ @F@A@TaX G HQ Q `IL@TcZKFORF cVQD QWL L@VVWCD E@F G HIAB @ABP^FAB@V 6[ QAQQ EIAQFI[ DIOKSSQT [KO ZV[ @OL PIFL g7j: \
s rs rtr ­k®¯°±²³ r ´

q µ ¶?;· ¸>¹º ;»¼½¾º»¼;¿ À¿>·» º;ÁÂ ;º ºÃ Ä Å < ºÆ?;Ç >= ;»¼ ¶º¼<·
a ∈ [0, π]

Ä Å ¶»¼ q ] ¶·¶?¶· ¸¿¾== ;· [0, a]
Á· Æ¿ ] ¶·¶?¶· ·È

[a, π]
Á· É

2 W @FXWX VWQDQVW M @F^FUV@ZT LfF F@AB@T
ψ =

ϕ

z
. 67 .7 .Ê :

2 WL EIAM ND [@A[NLQLTZ G HIAB 6SZWITBIV E@FLUL@F@D [ @FF@LL: ψ(x, z)
[ITILIT T^PX

z_S @T G [ @OL @SSXF [ KO D^P@LD@WZD 67 .7 .h: .
s rs rs r Ëpvkw 6«IOPKLH_3 ZVV: r Ì;»¼ ;· q(x)≥0

] ¶·¶?¶· ¸¿¾== ;·È [0, x0]
Á¶· É Í=Á= ¶Î ψ̇(x0, z) ≥ 0

Ä <Ç <Ç
z > 0

ÁÎ< ψ(x0, z) z
Á· ;= ] ¶·¶?¶· ·¾½;=½È Ï Ð»»½Æ·¼;É Ñ <¸¿<= ;»¼;?º;· z > 0

ÁÎ< >¿
ψ̇(x0, z) = 0

Ä <== ¶Î q = 0
<

(0, x0]
>·?;Î½<º ºÒ] ¶· É

/TT@D Q LUL@FT@D DCF^TS^WX `@O@[ E@FLUL@F@D [ @FF@LL VWK[IV D^P@LD@W[ UTB@PQT . �UFaKNF QW QFKSSZ \
s rs rÓ r ÔÕÖkv×koØp¯n 6«IOPKLH_3 ZVV: r Ù;=>·?¿Ð= < ÀÚ ÉÛÉÛÃ ;»¼ ;·º;?;? <Ç

y(0) = y′(π) = 0 67 .7 .i:



hÊ 7 . Ü/Ý/Þ/0 . 12Ý|0�z0�3/{y1Þ{|1 e�4/1 �d0/ze2{{ß5yd
à >Î>¸Å º;?Áá ;Ò] <·· µ ;Î;]Ï ;º?Æ?;º;== ;ºÉ Ñ < < q µ ¶?;· ¸>¹º ¸¿ ¾== ;· È Æ¿ · ;]·;» <?â½Ä<== ¶Î <Ç n. Æ¿ <Ç m. ¿<ã ¹?ÆÎ?Æ= Å¹·¼<ä¶¿¹Î< m≤ n

;¿ ;?Æ·
λn

λm
≤ (2n−1)2

(2m−1)2
67 .7 .å:

?;ºã ;¿Ð ºÉ Ñ < æ¹Î] ;º¼ = Æ? =Ðº¾·æ¾Ç È mÁÎ; Æ¿
n
ÁÎ; ;»¼ ;·ºÈ¿ Æ» ½<·Ä <== ¶Î q = 0

(0, π]
Á· É

2 SZWITBYLKV Q 7 .7 .7 VWQDQVWSQT IFPQVHQLR .
2 @ABP^FAB@V ` IL@TcZKFIDOQ PITQLDIWR EX @O@a[ UTB \

s rs rç r Ëpvkw 6«IOPKLH_3 ZVV: r Ù;=>·?¿Ð= < ÀÚ ÉÛÉÛÃ ;»¼ ;·º;?;? <Ç
y(0) = y(π) = 0 67 .7 .9:

à >Î>¸Å º;? µ ;Î;]Ï ;º?Æ?;º;== ;ºÉ Ñ < <
q µ ¶?;· ¸>¹º · ;]·;» <?â½ Æ¿ ;»¼½¾º»¼ ;¿Ä <== ¶Î<Ç

n.
Æ¿ <Ç

m.
¿<ã ¹?ÆÎ?Æ= Å¹·¼<ä¶¿¹Î< m≤ n

;¿ ;?Æ·
λn

λm
≤ n2

m2
, 67 .7 .x:

Æ¿ Å< = Æ? =Ðº¾·æ¾Ç È mÁÎ; Æ¿ nÁÎ; ;»¼;·ºÈ¿ Æ» ½<·Ä <== ¶Î q = 0 (0, π)
Á· É

2 SZWITBYLKV Q 7 .7 .h VWQDQVWSQT LQFKFHQLR .
� �� �� � è � �� �� � é£é ê ë ìíî¤¥ïéðñò
s rs ró r ôkØØõ r Ñ <

q(x)
>¿ ] ¶·¶?¶· ¸¿¾== ;· [0, x0]

Á¶·Ä <== ¶Î Àz>0
ÁÎ<Ã ϕ(x0, z)¿Ç >» ¶Îö<· ] ¶·¶?¶· ·È xÁæ;·Ä Å< x∈[0, x0]

É ÷ È? <Ç >¿ >» <ÇÄ Å ¶»¼ z>0
ÁÎ< ϕ′

±(x, z)>
> 0

É
ø >Ç ¶·¼â?¹¿ É z^AWYLVCD z_L . «Q ϕ′

±(x̃, z) ≤ 0
G QDDIO

x < x̃_O@ q(x) ≥ z2 67 .8.x:[ ZQLL . 5 ZTLHIAB
y′′ =(q−z2)y

G
y
DITP@ª G ` IWZLYP UV T^P@DVWZD G y′> 0

G YAB
x< x̃_O@

ϕ(x, z)< π
2

. 3 ZV
x> 0_OQ ϕ′

±(0, z)> 0 6FKVa 67 .8.x:: . 2 ϕ′
±(x, z)

ECAAPUTB
q(x)EIFBLITIVVKAZ `ITLM QZSQT EIFBLITIV G UV 6[ ZP@F q(x) [ITILIT cV^DD@T: HQ NAOZD GcVQD E^FE@FU NAIOHQL . /WUOL HQ PQFQ[ ZFB@T

x̃_O@ ϕ′
±(x̃, z)

T@[ `IWZLYP G QDDIO PQTIFBQT
x2 ∈ (0, x̃]

G HIAB
ϕ−

′(x2, z) = 0
UV
x < x2_O@ ϕ′

±(x, z) > 0
. e KFQVVWNTD @ABL@LVWXF@A@V

x1 ∈ (0, x2) `ITLIL . /DDIO QW [x1, x2]
ZTL@OPQFFN[SQT

0 < ϕ(x1, z) <
< ϕ(x, z)< ϕ(x2, z) <

π
2

G LIPKSSK
(z cotϕ(x, z))′ = q(x)−z2−(z cotϕ(x, z))2. 67 .7 .ù:

0NaM ND G HIAB
(cotϕ)′±(x, z) = −1

sin2 ϕ
ϕ′
±(x, z)

G Q[ ZSXF √
q(x)−z2 < z cotϕ(x, z)D^P@LD@WZD

x∈[x1, x2)
@V@LUT G [ YA√

q(x2−0)−z2=z cotϕ(x2, z)
. 5 @A[NLQLM ND G



7 .7 . 3yz{|0y3 /4}e~{4}/1 �y0/d��|{y3 /1/0�d hi
HIAB @W F@H@L@LF@T . e KFQVVWNTD @AB L@LVWXF@A@V

x3 `ITLIL [x1, x2)_S @T .
[
log
(
z cotϕ(x, z)−

√
q(x)−z2

)]x3

x1

=

=

∫ x3

x1

d(z cotϕ(x, z)−
√
q(x)−z2)

z cotϕ(x, z)−
√
q(x)−z2

=

=

∫ x3

x1

q(x)−z2−(z cotϕ(x, z))2

z cotϕ(x, z)−
√
q(x)−z2

dx−

−
∫ x3

x1

dq(x)

2
√
q(x)−z2(z cotϕ(x, z)−

√
q(x)−z2)

≥

≥
∫ x3

x1

−(z cotϕ(x, z)+
√
q(x)−z2) dx

QHIF 67 .7 .ù:_@L UV q [ITILITZLKVKL HQVWTKFLND . z cotϕ(x, z)
EIFBLITIV UV DIOFKLIV

[x1, x2]_T G @WUOL −(z cotϕ(x, z)+
√
q(x)−z2)

QFNFORF DIOFKLIV G YAB
[
log
(
z cotϕ(x, z)−

√
q(x)−z2

)]x3

x1

≥K 67 .7 .8ú:
PQFQ[ ZFB@T

x3_LRF ECAA@LF@T K_PQF . «Q x3

LQOL
x2_H^W G QDDIO

z cotϕ(x2, z) >
√
q(x2−0)−z2, 67 .7 .88:QWQW 6fM OQ 67 .7 .ù: [ ZQLL: ϕ′

−(x2, z)> 0
G @FF@TL[ ITaKV .

2 D^P@LD@WXDS@T G HQ @W T@[ IDIW EUFO@UOLUVL G
ϕ(x, z)

H@FB@LL cVQD
ϕ(x)_@LYONTD .

s rs rû r ôkØØõ r
ϕ̇(x) =

∫ x

0

(1+
q(t)

z2
sin2 ϕ(t))e−

∫ x
t

q
z

sin 2ϕ dt. 67 .7 .87:
ø >Ç ¶·¼â?¹¿ É 2 67 .8.x: @AB@TFXVUA@L z VW@OZTL aZü@O@TcZKFPQ

ϕ̇′(x) = 1+
q(x)

z2
sin2 ϕ(x)− q(x)

z
sin 2ϕ(x)ϕ̇(x). 67 .7 .8h:

/W @AB FZT@KOZV aZü@O@TcZKF@AB@TF@L
x→ ϕ̇(x, z)_S @T . 5 ZTaDUL IFaQFL [ @AVWIOIWPQ

e
∫ x

0

q
z

sin 2ϕ_P@F G

(ϕ̇(x)e
∫ x

0

q
z

sin 2ϕ)′ = (1+
q(x)

z2
sin2 ϕ(x))e

∫ x

0

q
z

sin 2ϕ. 67 .7 .8Ê:
Ü@FHQVWTKFPQ G HIAB

ϕ̇(0) = 0
G QW KFFYLKVL DQ`M ND .
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ýklm klnopq r 67 .8.ù: V@AYLVUAUP@F KLEIAQF[ QWHQLM ND 67 .7 .87:_IL \

ϕ̇(x) =

∫ x

0

(1+
q(t)

z2
sin2 ϕ(t))

r2(t)

r2(x)
dt. 67 .7 .8i:

2 67 .7 .8i: @AB@TF@LSXF TBZFPKTPQFR G HIAB ϕ(x, z)
VWZAIOfQT [ITILIT TX

z_S @T .
s rs rþ r ÔÕÖkv×koØp¯nr

ψ̇(x) =
2

r2(x)z2

∫ x

0

r2(
q

z
sin2 ϕ− q

z
ϕ sinϕ cosϕ). 67 .7 .8å:

ø >Ç ¶·¼â?¹¿ É

ψ̇(x) =
ϕ̇(x)

z
− ϕ(x)

z2
=

=
1

r2(x)z2

{∫ x

0

r2(t)[2(z−ϕ′(t))+ϕ′(t)] dt−r2(x)ϕ(x)

}
=

=
2

r2(x)z2

∫ x

0

[r2(t)(z−ϕ′(t))−r(t)r′(t)ϕ(t)] dt=

=
2

r2(x)z2

∫ x

0

r2(
q

z
sin2 ϕ− q

z
ϕ sinϕ cosϕ).

2 D^P@LD@WX F@[[KDSQT T@[ VW@O@LTUTD L@DZTL@LL@F F@TTZ
x0

UOLUDUO@ G @WUOLa@ÿTZKFM ND Q `IL@TcZKFL 0_TQD G HQ x ∈ (x0,∞)
G UV @TT@D [@AE@F@FX @T L@OM @VVWCDDZ

ϕ
G
r
UV
ψ
a@ÿTYcZRM KL ZV . /DDIO O^AWYL@LL

z_O@ ϕ(x, z) →∞ G HQ
x→∞ .

s rs r� r ôkØØõ r Ñ <
0< |ϕ|< π

2

Ä <== ¶Î sin2 ϕ−ϕ sinϕ cosϕ > 0
É

ø >Ç ¶·¼â?¹¿ É �V[ @OL G HIAB 0< ϕ < π
2 _O@ ϕ < tanϕ

.
s rs ru r ÔÕÖkv×koØp¯nr Ì;»¼ ;· k≥0

;» Æ¿ÇÄ kπ≤c≤kπ+ π
2

Ä
kπ+ π

2
≤d≤(k+1)π

ÉÍ== ¶Î
∫ ϕ−1(c)

ϕ−1(kπ)

r2(t)(
q

z
sin2 ϕ− q

z
ϕ sinϕ cosϕ) ≥−kπ

2

[
r2
]ϕ−1(c)

ϕ−1(kπ)
, 67 .7 .89:

∫ ϕ−1(d)

ϕ−1(kπ+ π
2
)

r2(t)(
q

z
sin2 ϕ− q

z
ϕ sinϕ cosϕ) ≥−(k+1)

π

2

[
r2
]ϕ−1(d)

ϕ−1(kπ+ π
2
)
, 67 .7 .8x:

Æ¿ ;»¼;·ºÈ¿ Æ» µ ¶·?¶¿<· <== ¶Î ½<·Ä Å< < ] ;»Ï ;º;ºÈ ·¼âº? >·?;Î½<º ºÒ] ¶· q = 0
É
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ø >Ç ¶·¼â?¹¿ É

∫ ϕ−1(c)

ϕ−1(kπ)

r2(
q

z
sin2 ϕ− q

z
ϕ sinϕ cosϕ) =

=

∫ ϕ−1(c)

ϕ−1(kπ)

r2(
q

z
sin2(ϕ−kπ)− q

z
(ϕ−kπ) sinϕ cosϕ)−

−kπ
∫ ϕ−1(c)

ϕ−1(kπ)

r2(
q

z
sinϕ cosϕ).

5ZP@F
(ϕ−kπ) −π

2

UV π
2

D^WU @VZD G QW @FXWX F@[[Q VW@OZTL QW @FVX LQA `IWZLYP GDZPUP@ Q
q= 0

@V@L@L . 2 [KVIaZD ` @aZA NABQTQW G [ ZTL 67 .7 .89: M ISS IFaQFQ 6FKVa67 .8.ù:: .2 F@[[Q [KVZD E@F@ HQVITFRDU``@T SZWITBYLHQLR \
∫ ϕ−1(d)

ϕ−1(kπ+ π
2
)

r2(
q

z
sin2 ϕ− q

z
ϕ sinϕ cosϕ) =

=

∫ ϕ−1(d)

ϕ−1(kπ+ π
2
)

r2(
q

z
sin2(ϕ−(k+1)π)− q

z
(ϕ−(k+1)π) sinϕ cosϕ)−

−(k+1)π

∫ ϕ−1(d)

ϕ−1(kπ+ π
2
)

r2(
q

z
sinϕ cosϕ) ≥

≥−(k+1)π

∫ ϕ−1(d)

ϕ−1(kπ+ π
2
)

rr′ = −(k+1)
π

2

[
r2
]ϕ−1(d)

ϕ−1(kπ+ π
2
)
.

s rs rt� r ÔÕÖkv×koØp¯nr Ì;»¼ ;· 0 ≤ C ≤ π
2

Ä
0 ≤D ≤ π

É Í== ¶Î
∫ ϕ−1(C)

0

r2(t)(
q

z
sin2 ϕ− q

z
ϕ sinϕ cosϕ) ≥ 0, 67 .7 .8ù:

∫ ϕ−1(kπ+ π
2
+D)

ϕ−1(kπ+ π
2
)

r2(t)(
q

z
sin2 ϕ− q

z
ϕ sinϕ cosϕ) ≥ 67 .7 .7ú:

≥−(k+1)
π

2

[
r2
]ϕ−1(kπ+ π

2
+D)

ϕ−1(kπ+ π
2
)

,

Æ¿ ;»¼;·ºÈ¿ Æ» µ ¶·?¶¿<· <== ¶Î ½<·Ä Å< < ] ;»Ï ;º;ºÈ ·¼âº? >·?;Î½<º ºÒ] ¶· q = 0
É
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ø >Ç ¶·¼â?¹¿ É 67 .7 .8ù: NABQTQW G [ ZTL 67 .7 .89: Q k = 0

@V@LS @T . «Q
D ≤ π

2

G QDDIO
67 .7 .7ú: [ @A@AB@WZD 67 .7 .8x:_cQF . «Q T@[ G QDDIO ` @aZA 67 .7 .8x: UV 67 .7 .89: ^VW_VW@A@ G HQ @FXSSZS @T Q

d = (k+1)π
G NLRSSZSQT Q

c = kπ+ π
2

+D
UV
k = k+1H@FB@LL@VYLUVL HQM LM ND PUAO@ .

s rs rttr ôkØØõ r
r(ϕ−1(kπ+3π

2
))≤ r(ϕ−1(kπ+ π

2
))

]>·ä;·
k= 0,1,2, ...

ÁÎ;É ´Ç
r
Ï Ð»»½Æ·¼ ϕ−1(kπ)

Æ¿
ϕ−1(kπ+ π

2
)
= ¾Ç ¾?? ] ¶·¶?¶· ·ÈÄ

ϕ−1(kπ+ π
2
)
Æ¿
ϕ−1((k+

+1)π)
= ¾Ç ¾?? ] ¶·¶?¶· ¸¿¾== ;· É

ø >Ç ¶·¼â?¹¿ É 5 ZP@F Q FIAQOZL[NVECAAPUTB VWZAIOfQT [ITILIT TX G @FUA SZWITBYLQTZ GHIAB
[
log r2

]ϕ−1(kπ+ 3

2
π)

ϕ−1(kπ+ π
2
)
≤ 0, 67 .7 .7 8:

[ YA QW
r
ECAAPUTB [ITILITZLKVKOQ PITQLDIWR KFFYLKV QWITTQF D^P@LD@WZD

(log r2)′=
= q

z
sin 2ϕ

@FXM @FUSXF . 2 W
u= ϕ(x)

H@FB@LL@VYLUVV@F
∫ ϕ−1((k+1)π)

ϕ−1(kπ+ π
2
)

2r′

r
=

∫ ϕ−1((k+1)π)

ϕ−1(kπ+ π
2
)

q

z
sin 2ϕ=

=

∫ ϕ−1((k+1)π))

ϕ−1(kπ+ π
2
)

q(x) sin 2ϕ(x)

z2−q(x) sin2 ϕ(x)
ϕ′(x) dx=

=

∫ (k+1)π

kπ+ π
2

q(ϕ−1(u)) sin 2u

z2−q(ϕ−1(u)) sin2 u
du.

2 7 .7 .i . F@[[Q VW@OZTL Q T@P@WX [ ZTaZA `IWZLYP G [ YA kπ+ π
2

UV
(k+ 1)πD^W^LL

sin 2u< 0
. /WUOL Q L^OL UOLUD@ TQABISS F@VW G HQ

q_L q(ϕ−1((k+1)π))_OQ G Q[ ZTZ[N[KOQ cV^DD@TLM CD \
∫ ϕ−1((k+1)π)

ϕ−1(kπ+ π
2
)

2r′

r
≤
∫ (k+1)π

kπ+ π
2

q(ϕ−1((k+1)π)) sin 2u

z2−q(ϕ−1((k+1)π)) sin2 u
du=

=

[
− ln(z− q(ϕ−1((k+1)π))

z
sin2 u)

](k+1)π

kπ+ π
2

.

2
(ϕ−1((k+1)π), ϕ−1(kπ+3π

2
))

ZTL@OPQFFN[IT
sin 2u > 0

.
q_L @WfLLQF Q [ Q_ª Z[N[ KPQF S @cVCFP@ \

∫ ϕ−1(kπ+3π
2
)

ϕ−1((k+1)π)

2r′

r
≤
[
− ln(z− q(ϕ−1((k+1)π))

z
sin2 u)

]kπ+3π
2

(k+1)π

. 67 .7 .77:
~VVW@A@WP@
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∫ ϕ−1(kπ+3π
2
)

ϕ−1(kπ+ π
2
)

2r′

r
≤
[
− ln(z− q(ϕ−1((k+1)π))

z
sin2 u)

]kπ+3π
2

kπ+ π
2

= 0. 67 .7 .7h:

� s rs rs r vpvkw � ²o�¯n °v�qõ r
ϕ(x0, z)≤ π

2

@V@LUT Q LUL@F KFFYLKVQ O^AL^T D^P@LD@WZD 67 .7 .8ù:_SXF . 5 KVDCF^T_S @T F@AB@T
ϕ(x0, z) = π

2
+kπ+D

G QHIF
0 ≤D ≤ π

\
∫ ϕ−1(π

2
+kπ+D)

0

r2(t)(
q

z
sin2 ϕ− q

z
ϕ sinϕ cosϕ) dt=

=

∫ ϕ−1(π
2
)

0

r2(t)(
q

z
sin2 ϕ− q

z
ϕ sinϕ cosϕ) dt+

+
k∑

i=1

∫ ϕ−1(iπ+ π
2
)

ϕ−1(iπ−π
2
)

r2(t)(
q

z
sin2 ϕ− q

z
ϕ sinϕ cosϕ) dt+

+

∫ ϕ−1(kπ+ π
2
+D)

ϕ−1(kπ+ π
2
)

r2(t)(
q

z
sin2 ϕ− q

z
ϕ sinϕ cosϕ) dt.

2 7 .7 .8ú . D^P@LD@W[ UTB UV Q 7 .7 .88. F@[[Q VW@OZTL ZLL [ ZTa@ABZD LQA T@[T@_AQLYP G UV HQ QW ^VVW@ACD
0
G QDDIO

q = 0
Q L@FM @V

(0, x0]
ZTL@OPQFFN[IT .� s rs rÓ r ×ÕÖkv×koØp¯n � ²o�¯n °v�qõ r2 [ @AQaILL ` @O@[ E@FLUL@F@D @V@LUT @WfLLQF

znψ(π, zn) = (n− 1

2
)π. 67 .7 .7Ê:

{@AB@T
m

DZV@SS G [ ZTL
n
. /DDIO (2m−1)π

2zm
= ψ(π, zm) ≤ ψ(π, zn) = (2n−1)π

2zn

G UV YAB
zn

zm
≤ 2n−1

2m−1

G QWQW λn

λm
≤ (2n−1)2

(2m−1)2
. /AB@TFXVUA @V@LUT

ψ(π, zm)=ψ(π, zn)
G @SS XF ` @aZAQ 7 .7 .7 . LUL@F VW@OZTL D^P@LD@WZD G HIAB q = 0 (0, π]_T .

� �� �� � è � �� �� � é£é ê ë ìíî¤¥ïéðñò
{@AB@T Q

q(x) `IL@TcZKF [0, a]_T [ ITILIT cV^DD@TX UV
[a, π]_T [ITILIT T^PX .Ý@F^FM @

q̃(x)
Q π

2 _O@ LCDO^W^LL `IL@TcZKFL G QWQW F@AB@T q̃(x)=q(π−x) . /DDIO y(π−
−x, zn)

@ABG Q
q̃(x) `IL@TcZKFHIW LQOLIWR VQM KLECAAPUTB. b@ÿTZKFM ND Q D^P@LD@WXECAAPUTB@D@L \

ỹ(x, zn) = (−1)n+1y(π−x, zn)

r(π, zn)
, 67 .7 .7i:
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r̃(x, zn) =
r(π−x, zn)

r(π, zn)
67 .7 .7å:

UV
ϕ̃(x, zn) = nπ−ϕ(π−x, zn). 67 .7 .79:2DDIO

ỹ(0, zn) = 0, 67 .7 .7x:
ỹ′(0, zn) = 1, 67 .7 .7ù:QWQW

ỹ(x, zn)
Q 67 .8.h:_ 67 .8.Ê : D@Wa@LZUOLUD`OISFU[ Q [ @AIFaKVQ q H@FB@LL q̃_[ QF ./ABVW@O� @FF@TXOZWTZ G HIAB

ỹ(x, zn) =
r̃(x, zn)

zn
sin ϕ̃(x, zn), 67 .7 .hú:

ỹ′(x, zn) = r̃(x, zn) cos ϕ̃(x, zn), 67 .7 .h 8:
ϕ̃(0, zn) = 0, 67 .7 .h7:QWQW

r̃
UV
ϕ̃
UOL@F[ @WH@LXD [ ZTa@T

z>0_OQ G [ ZTL Q q̃_HIW LQOLIWR �OCE@O_PKFLIWRD .e UACF F@AB@T
ψ̃ = ϕ̃

z

.� s rs rç r vpvkw � ²o�¯n °v�qõ{@AB@T
Ψ(z)=ψ(a, z)+ψ̃(π−a, z) . 2 7 .7 .7 LUL@F VW@OZTL @W DUL [ ITILIT T^PXECAAPUTB ^VVW@A@ . 67 .7 .79:_S XF

znΨ(zn) = nπ. 67 .7 .hh:
{@AB@T

m
DZV@SS G [ ZTL

n
. /DDIO mπ

zm
= Ψ(zm) ≤ Ψ(zn) = nπ

zn

G YAB zn

zm
≤ n

m

G QWQW
λn

λm
≤ n2

m2

. /AB@TFXVUA @V@LUT
Ψ(zm) = Ψ(zn)

G YAB
ψ(a, zm) = ψ(a, zn)

UV
ψ̃(π−

− a, zm) = ψ̃(π− a, zn)
. 2DDIO PZVWITL Q 7 .7 .7 VW@OZTL

q = 0 (0, a]_T UV
q̃ = 0

(0, π−a]_T G QWQW q = 0 (0, π)_T .
� �� �� � 	  
�  
¥í£ñ ¦ ò ëìíî¤¥ïéðñî¦�îí
tr ý klm klnopq «Q Q `IL@TcZKF T@[ [ITILIT cV^DD@TX G @FXEIOaNFHQL G HIABSZWITBIV `ITLIDSQT ψ T@[ T^P@DVWZD . {@AB@T `UFaKNF Q [0, 2

3
π]

ZTL@OPQFFN[IT
q = 0

G @ABUSDUTL
1
. {@AB@T

z = 3/2
. 3^TTB@T FKLHQLR G HIAB

y(x,
3

2
) =

{
2
3
sin 3

2
x

HQ
x≤ 2

3
π

− 2√
5
sin

√
5

2
(x− 2

3
π)

@ABUSDUTL
,

67 .7 .hÊ:

y′(x,
3

2
) =

{
cos 3

2
x

HQ
x≤ 2

3
π

− cos
√

5
2

(x− 2
3
π)

@ABUSDUTL
.

67 .7 .hi:
67 .8.x:_SRF

ϕ′(x) ≥ 3

2
− 2

3
> 0. 67 .7 .hå:
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3^TTB@T @FF@TXOZWH@LX@T

ϕ(2
3
π, 3

2
) = π

G
ϕ(π, 3

2
) ≈ 4.27083< 3

2
π
. /WUOL

r(x)=exp(

∫ x

0

q

z
sinϕ cosϕ)=

{
1

HQ
x≤ 2

3
π

exp(
∫ ϕ(x)

π

2

3
sin v cos v

3

2
− 2

3
sin2 v

dv)
@ABUSDUTL 67 .7 .h9:

YAB

ψ̇(π) =
2

r2(π)z2

∫ π

0

r2(
q

z
sin2 ϕ− q

z
ϕ sinϕ cosϕ) =

=
2

r2(π)z2

∫ π

2

3
π

r2(2
3
sin2 ϕ− 2

3
ϕ sinϕ cosϕ)

3
2
− 2

3
sin2 ϕ

ϕ′.

/W QW ZTL@AOKF Q
ϕ(x)=u

H@FB@LL@VYLUV NLKT TN[@OZDNVQT DZVWK[ IFHQLR 6` UFaKNFQ 5Q`F@ PQAB Q 5QLH@[QLZcQ V@AYLVUAUP@F: \
∫ 4.27083

π

exp(

∫ u

π

2
3
sin 2v

3
2
− 2

3
sin2 v

dv)
(2

3
sin2 u− 2

3
u sinu cosu)

3
2
− 2

3
sin2 u

du≈−0.811, 67 .7 .hx:
Q[ Z QWL M @F@TLZ G HIAB

ψ
cV^DD@T Q

z = 3
2 `ITLSQT .s r ý klm klnopq r Ü@F[ @OCFH@L G HIAB PQM IT Q

q(x)
UV Q

q(π−x) `IL@TcZKFHIWLQOLIWR
ψ(π)_D ^VVW@A@ [ITILIT TX_@ z_S @T G HZVW@T ` UFaKNF VWZ[[ @LOZDNV `IL@T_cZKFIDOQ @W QW KFFYLKV ZAQW . 2W @FXWX ` UFaQ QWITSQT QWL [NLQLM Q G HIAB KFLQFKSQT@W V@[ L@FM @VCF . eQFRSQT G

ψ̇(π) ≈ 2

r2(π)z2
(−0.811) ≈−0.292. 67 .7 .hù:

«QVITFRDU``@T DZVWK[ YLHQLM ND Q
q(π−x) `IL@TcZKFHIW LQOLIWR ψ̇(x, 3

2
)
UOLUD@L GQ[ Z [ @AD^W@FYLXF@A

0.0306
G L@HKL QW ^VVW@A [UA [ ZTaZA T@AQLYP .
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'@DZTLVCD Q

−y′′(x)+q(x)y(x) = λy(x) 6h (8 (8:)cHO^aZTA@O_@AB@TF@L@L Q [0,∞)
EUF@AB@T@V@T G PQAB` @aZA Q PQFRV VWK[ @AB@T@V@T (*SS@T Q E@M @W@LS @T PUAZA E@FL@VVWCD G HIAB Q

q `IL@TcZKF TQAB |x|_O@ +∞_H@WLQOL ( �FB@TDIO Q PUAL@F@TS @T +Q VWK[ @AB@T@V@T L@DZTL@LL @AB@TF@L @V@LUT [ ZTaDULPUAL@F@TS @T: HQLKO` ITL @V@L PQT G QWQW Q EUF@AB@T@V @V@LUS @T QW
y(0) = 0

+h (8 (7:
` @O@[ E@FLUL@FL YOM ND @FX G [ YA Q VWK[@AB@T@V @V@LUS @T T@[ YONTD @FX LIPKSSZ E@F_LUL@F@D@L (, ZTL ZV[ @OL G Q V` @DLON[ aZVWDOUL G Q PQFRV

λ1

G
λ2

G
. . .

G VQM KLUOLUD@D cVQD Q
+∞_S @T LIOFRaTQD gÊxj G VXL G HQ

q(x)
[UA T@[T@AQLYP ZV G QDDIO

λ1 > 0
+FKVaQ h (8 (8 ( LUL@F NLKTZ [ @AM @ABWUVL: (- D^P@LD@WX LUL@FS @T ^VVW@EIAFQFM ND QW

y
[@AIFaKVID LNFQM aITVKAQZL \

Ó rtrtr Ëpvkw r Ù;=>·?¿Ð= <
−y′′(x)+q(x)y(x) = λy(x)

+h (8 (h:
÷ ¸ÅÎ¾ä>·» ;ÎÁ;»¼ ;·º;?;? < (−∞,0]

Ï Æº;»¼;· ;¿ ;·Ä Æ¿ ?;»¼Ð= Ï ;ºÄ Å ¶»¼ <
q µ ¶?;· ¸>¹º

+∞
ÁÅ ;Ç ?<Î?Ä Å < x → −∞

É ´== ¶Î ] >·ä;· ½<º.¿ λÁÎ< µ ¶·?¶¿<· ;»¼ ¶º¼<· y ∈
∈ L2(−∞,0]

Áæ;º> ] ;» ¶ºä¹¿ ºÆ?;Ç >=Ä <] > −∞ÁÅ ;Ç = ¾Ç ;º;ä½; µ ¶Ç >?â½Ä ·Òº º¹Å ¶Ç ?<Î?ÄÆ¿ ∫ 0

−∞ y2 = 1
É ÍÇ < ] ;» ¶ºä¹¿ ?¶½¹ææ¹ Î;·ä;º= ;Ç >= < = ¾½;?= ;Ç È ?Ò º<ã ä¶·¿¹» ¶==<º /

0 Ñ<
x≤ x0

ÁÎ< q(x) ≥ λ
Ä <== ¶Î y(x) Æ¿

y′(x) µ ¶Ç >?â½Ä
0 x→−∞ ;¿ ;?Æ· y

y′
0
ÁÅ ¶Ç ?<Î?É

Ê1



h (2 ( J*e*Þ*'�) Êh
ø >Ç ¶·¼â?¹¿ É �V[ @OL G HIAB DITVLQTV VWIOWRLRF @FL@DZTLP@ @ABUOL@F[�@T FUL@WZD+h (2 (2:_T@D @AB

y(−∞) = 0_L D Z@FUAYLX
L2(−∞,0]_S @FZ [ @AIFaKVQ G FKVa `F ( g9j ('@ABCD E@F G HIAB

y(x0) = 0
PQFQ[ ZFB@T

x0_FQF fABG HIAB x ≤ x0_OQ q(x) ≥ λ
(-DDIO

y′(x0) 6= 0
¬ E@FL@H@LX G HIAB

y′(x0)< 0
( +h (2 (2:_S XF FKLHQLR G HIAB y `IWZLYP GDITP@ª UV cV^DD@TX

(−∞, x0]_IT G YAB y(−∞) = +∞ ¬ @FF@TL[ITaKV ( eQABZV Q
(−∞, x0]

EUF@AB@T@V@T
y_TQD TZTcV TNFFH@FB@ ( Ü@FL@H@LM CD G HIAB ZLL

y > 0
G a@QDDIO

y
DITP@ª ZLKVQ UV

y(−∞) = 0
[ ZQLL

y
VWZAIOfQT [ITILIT TX G UV

y′ `IWZLYP (- [KVIaZD LNFQM aITVKA SZWITBYLKVKHIW P@W@VVCD S@ Q
h= y′

y

ECAAPUTBL ( *AB_VW@O�@T S @FKLHQLR +FKVa +1 (1 (ù:_L Q PUA@V @V@LS @T: G HIAB
h′(x, z) = q(x)−λ−h2(x, z).

+h (2 (Ê:
z^AWYLVCD

λ_L G UV F@AB@T N>0
L@LVWXF@A@V ( * FUA TQAB

K_PQF x<−K_OQ q(x)−
−λ > N2 +1

UV
y(x) > 0

G
y′(x) > 0

G QWQW
h(x) > 0

( «Q PQFQ[ ZFB@T
x < −K_OQ

h(x)<N
G QDDIO

h′(x)> 1
G D^P@LD@WUVDU``@T x′<x_O@ ZV h(x′)<N UV

h′(x′)> 1
¬K[ @W F@H@L@LF@T G H ZVW@T

h(x′)> 0
( - WQW

h(x) ≥N
[ZTa@T

x <−K_OQ G UV [ ZP@F
N

L@LVWXF@A@V PIFL G
h(−∞) = +∞ (

ýklm klnopq r
λ≤ 0_OQ V@[ Q +h (2 (2: @AB@TF@L @[ FYL@LL [ @AIFaKVQ G V@[ `@aZA Q[@AIFaKV a@OZPKFLM Q T@[ F@H@L TNFFQ QW @FVX LNFQM aITVKA VW@OZTL ( - WQW

y `IWZLYPUV [ITILIT TX QW @AUVW
R_@T G L@HKL T@[ F@H@L

L2_S @FZ ( 3AB λ1 > 0
(

{@AB@T
0< λ = z2 UV M @F^FM @

y(x, z)
Q +h (2 (2: @AB@TF@L h (2(2(LUL@FS @T @[ FYL@LL[ @AIFaKVKL ( e@W@VVCD S @ QW QFKSSZ �OCE@O_PKFLIWRDQL \

y(x, z) =
r(x, z)

z
sinϕ(x, z),

+h (2 (i:
y′(x, z) = r(x, z) cosϕ(x, z),

+h (2 (å:
QHIF

r(x, z) > 0
G UV P@VVWXP@F QW

x
VW@OZTLZ a@OZPKFKVL M @F^FLCD ( - h (2 (2( LUL@FS @FZ[ KVIaZD LNFQM aITVKA VW@OZTL E@FL@H@LX G HIAB

lim
x→−∞

ϕ(x, z) = 0.
+h (2 (9:

{@AB@T LIPKSSK
ψ =

ϕ

z
.

+h (2 (x:
*ABVW@O� VWK[IFKVVQF FKLHQLR G HIAB fM PKFLIWRZTD QW QFKSSZ @AB@TF@L@DT@DL@VWT@D @F@A@L \

ϕ′ = z− q

z
sin2 ϕ,

+h (2 (ù:
r′

r
=
q

z
sinϕ cosϕ.

+h (2 (2ú:
ý klm klnopq r - DFQVVWZDNV UOL@F@[S@T @W@D Q EIO[NFKD cVQD

q
EIFBLITIVVKAZ

`ITLM QZSQT ZAQWQD ¬ @ABUSDUTL Q DUL IFaQF aZVWLOZSfcZRV UOL@F@[S@T @AB@TFX (
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# �� � 6 �7 ����� 8� �����������
Ó rs rtr Ëpvkw +-9:;<=>:_?@A>=BC<D r EFG ÙHIJ· K¿ÐI LÇ L=− d2

dx2 +q(x) ¶µ HÎ¹K¶ÎKL ½L º.¿ ¿Ç ¹M H»¼H· H¿ H·Ä ½L»¼ L [0,∞)
Ï ÆºH»¼ H· H¿ H·Ä L 0

ÁæL· à JÎJ¸Å ºHK µ HÎHMÏ HºÁKÆKHº ºHºÉ Ñ L q(x) ≥ 0
Æ¿ |x| →∞ H¿ HKÆ· q(x) → +∞

Ä LII¶Î
λn

λm

≤ d n
m
e2 n≥m,

+h (1 (2D
Æ¿ H»¼H·ºÈ¿ Æ» ºH»Ï ¾ºã Hææ m| n

ÁÎH ºHÅ HKÉ
ý klm klnopq r e<NOP Q;<A <R

m|n @9@S; @A 9@T N@:@S @>U@ANV9W> +
m=nX@S YCZWZ@D (ýklm klnopq r -

q(x) = x2 [\S@AcCQN @9@S@ @>U C9T @BS [ WN]< ]C9RYBWS 9[ @YSB=Tf)c:B^]CA>@B \[ @BQS\BB< (
−y′′+x2y = (2n+1)y, y = e−x2/2Hn(x) (n≥ 0),

+h (1 (1D
<:\N Hn

<R
n.

« @BT CS@ [ \NCA\T ( *YY\B λn = 2n−1 _ n≥ 1 _ <R<R +h (1 (2D AUCNZQAXZ<NO<A S@NP @9`N ( - ZW>S@N@A [\S@AcCQN>QS @9@S@ <R\A;<A T=S<SP < _ :\>U < ;@c9NW9+N@><NQ;;C9 m|n @9@SWA D WN@9 (
# �# � a ���������& ����b ��c����c�� �����������
Ó rÓ rtr Ëpvkw +«\BZQS:X4 C99D r EFdG ÌH»¼H· limx→−∞ q(x)=+∞ Æ¿ ºH»¼ H· q(x)≥0M ¶·¶K¶· ¸¿¾II H·È (−∞, x0]

Á· É ÍII¶Î ψ̇(x0, z)> 0
Ä LÇLÇ ψ(x0, z) z > 0

ÁÎL z ÁæH·¿Ç J» ¶ÎöL· M ¶·¶K¶· ·ÈÉ
Ó rÓ rs r ôkØØõ r Ñ L q(x) M ¶·¶K¶· ¸¿¾II H· (−∞, x0]

Á¶·Ä LII¶Î Àz>0
ÁÎLÃ ϕ(x0, z)¿Ç J» ¶ÎöL· M ¶·¶K¶· ·È

x
ÁæH·Ä ÅL x≤x0

É ÷ ÈK LÇ J¿ J»LÇÄ Å ¶»¼ z>0
ÁÎL ϕ′

±(x, z)>0
É

ø JÇ ¶·¼âK¹¿ É Ü@N:<9RAQNZ< < h (2 (2( SWS@N; @A YCT \A]\SS T Q9\]CY S=N<P ]\A9Q>\S _ <;CR\AUeSQ9 :<9\ANO < 1 (1 (i ( N@TT QW:\R (
- Y^Z@SY@RVY; @A _ :< @R A@T \Y\R fWNB@WBSW9S _ ϕ(x, z)

:@NU@SS c9<Y ϕ(x)X@SeB=AY (Ó rÓ rÓ r ôkØØõ r g J·äH· x1 < x2

ÁÎH
ϕ̇(x2)− ϕ̇(x1)e

−
∫ x2
x1

q
z

sin 2ϕ
=

∫ x2

x1

(1+
q(t)

z2
sin2 ϕ(t))e−

∫ x2
t

q
z

sin 2ϕ dt,
+h (h (2D

Æ¿ L ã ¶ææ ¶ºäL ºJ J· KH» ÎL·äÒ¿ L1(−∞, x2]
ÁæHºJÉ

ø JÇ ¶·¼âK¹¿ É - +h (2 (ùD @>U@ANV9W>@S z 9R@BCAS ]Cü@B@AcCQNZ<
ϕ̇′(x) = 1+

q(x)

z2
sin2 ϕ(x)− q(x)

z
sin 2ϕ(x)ϕ̇(x).

+h (h (1D



h (h ( e�5'*{*d«*Þ '-z'h *5}e~{5}*) �y'*d��|{y4 Êi
*R @>U NCA@QBC9 ]Cü@B@Ac CQN@>U@AN@S x→ ϕ̇(x, z)X; @A ( , CA]YWS \N]<NS T @>9R\B\RZ<
e−

∫ x2
x

q
z

sin 2ϕXZ@N _
(ϕ̇(x, z)e−

∫ x2
x

q
z

sin 2ϕ)′ = (1+
q(x)

z2
sin2 ϕ(x, z))e−

∫ x2
x

q
z

sin 2ϕ.
+h (h (hD

*RS <R @>U@ANV9W>@S x1 SVN x2XC> CAS@>BQNZ< +h (h (2DX@S Y<[P =Y ( ?@ Y@NN T W> NQSAC _:\>U < P \;; \N]<N L1(−∞, x2]X; @NC i
r2(x2)(1+

q(x)

z2
sin2 ϕ(x, z))e−

∫ x2
x

q
z

sin 2ϕ = (1+
q(x)

z2
sin2 ϕ(x))r2(x)

= r2 +qy2 = z2y2(x)+y′2(x)+q(x)y2(x) = (y′(x)y(x))′+2z2y2(x).

y′(x)y(x)
< ZW>@9 9R<Y<9R\Y\A <;9R\NfS f\NUS\A\9 ( - −∞ Y^R@NW; @A _ :< q(x) >

>z2 _ y [\RCSeZ _ Y\AZ@ª _ T \A\S\A A^ZV _ @RWBS y′(x)y(x) C9 T \A\S\A A^ZV _ ]@ <YY\BY\BNQS\9 ZQNS\RQ9f C9 _ <R<R ]@BCZQNSP < L1X; @NC ( y2 ∈L1(−∞, x2]
[ @]C> AU CNZQAZ<NO (

Ó rÓ rç r ôkØØõ r ÌH»¼ H· z1 < z2
É ´ II¶Î M H»Ï HºHºÈH· ·L»¼ K ÁÎL x < −K H¿ HKÆ·

ϕ(x, z1)< ϕ(x, z2)
É

ø JÇ ¶·¼âK¹¿ É Ü@NS@:@SP `Y _ :\>U K \NU<A A<>U_ :\>U x<−KXB< q(x)>z2
1 _ q(x)>z2

2 _W9 <YY\B T CA] ϕ(x, z1) _ T CA] ϕ(x, z2) 0
W9 π

2 Y^RW @9CY ( « < ϕ(x, z1)−ϕ(x, z2)≥0 _<YY\B
(ϕ(x, z1)−ϕ(x, z2))

′ = z1−z2−q(x)
sin2 ϕ(x, z1)

z1
− sin2 ϕ(x, z2)

z2
≤ z1−z2 < 0,

<R<R
limx→−∞(ϕ(x, z1)−ϕ(x, z2)) A@T N@:@S A=NN< ( '@:QS ϕ(x, z1)<ϕ(x, z2)

(
Ó rÓ ró r ôkØØõ r

ϕ(x, z)
¿Ç J» ¶ÎöL· M ¶·¶K¶· ·È

z
ÁæH· É

ø JÇ ¶·¼âK¹¿ É {@>U@A z1<z2 _ F (x, ϕ)= z1− q(x)
z1

sin2 ϕ
W9
G(x, ϕ)= z2− q(x)

z2
sin2 ϕ

(- R @NVRV N@TT< 9R@BCAS @NW> A<>U KXB< x<−K @9@SWA ϕ(x, z1)<ϕ(x, z2)
( , CZ@N

ϕ′(x, z1) = F (x, ϕ(x, z1)),
+h (h (Ê D

ϕ′(x, z2) =G(x, ϕ(x, z2))
+h (h (iD

W9
F (x, ϕ)<G(x, ϕ),

+h (h (åD
<R 2(å (2 ( ^99R@:<9\ANeSO SWS@N 9R@BCAS ϕ(x, z1)< ϕ(x, z2) TCA]@A xXB@ (

- T\A\S\ACSQ9S f@N:<9RAQNZ< < h (h (h ( N@TTQ;ON <R <NQ;;CS Y<[P =Y iÓ rÓ rû r ÔÕÖkv×koØp¯nr

ϕ̇(x) ≥
∫ x

−∞
(1+

q(t)

z2
sin2 ϕ(t))e−

∫ x

t
q
z

sin 2ϕ dt.
+h (h (jD
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ýklm klnopq r +h (2(2úD 9@>eS9W>WZ@N QSf\><NT <R:<SP =Y +h (h (jDX@S i
ϕ̇(x) ≥

∫ x

−∞
(1+

q(t)

z2
sin2 ϕ(t))

r2(t)

r2(x)
dt.

+h (h (xD
Ó rÓ rþ r ÔÕÖkv×koØp¯nr

ψ̇(x) ≥ 2

r2(x)z2

∫ x

−∞
r2(

q

z
sin2 ϕ− q

z
ϕ sinϕ cosϕ).

+h (h (ùD
ø JÇ ¶·¼âK¹¿ É

ψ̇(x) =
ϕ̇(x)

z
− ϕ(x)

z2
≥

≥ 1

r2(x)z2

{∫ x

−∞
r2(t)[2(z−ϕ′(t))+ϕ′(t)] dt−r2(x)ϕ(x)

}
=

=
2

r2(x)z2

∫ x

−∞
[r2(t)(z−ϕ′(t))−r(t)r′(t)ϕ(t)] dt=

=
2

r2(x)z2

∫ x

−∞
r2(

q

z
sin2 ϕ− q

z
ϕ sinϕ cosϕ).

� Ó rÓ rtr vpvkw � ²o�¯n °v�qõ{@>U@A
h(t) = r2(t)

(
q(t)

z
sin2 ϕ(t)− q(t)

z
ϕ(t) sinϕ(t) cosϕ(t)

)
,<R CAS@>B<A]=9 +h (h (ùDX; @A ( , @> Y@NN T=S<SA=AY _ :\>U :<

q≥0 T\A\S\A k9^YY@A _<YY\B ∫ x0

−∞ h > 0
( « <

ϕ(x0) ≤ π
2
_ <YY\B h≥ 0 (−∞, x0)X\A W9

x→−∞XB@ h > 0 _: C9R@A sin2 ϕ>ϕ sinϕ cosϕ _ :< 0<ϕ< π
2

( 3>U @R @9@S; @A ψ̇>0
( *>UW;YWAS N@>U@A

ϕ(x0) = kπ+π/2+D, k ≥ 0 @>W9R _ 0 ≤D < πW9 S@YCAS9`Y <
∫ x0

−∞
h =

∫ ϕ−1(π/2)

−∞
h+

k∑

j=1

∫ ϕ−1(jπ+π/2)

ϕ−1(jπ−π/2)

h+

∫ x0

ϕ−1(kπ+π/2)

h
+h (h (2úD

^99R@>@S ( e W>@9 CAS@BZ<NN=T B< T@>T=S<SS=Y _ :\>U :<
q ≥ 0 T\A\S\A k9^YY@A

[0, x0]X\A W9
ϕ(0) = 0 _ <YY\B +h (h (2úD X;<A T CA]@A S<> A@TA@><SeZ +<RR<N <

Y`N^A;9W>>@N _ :\>U \SS ∫ ϕ−1(π
2
)

0

9R@B@[ @NS ∫ ϕ−1(π
2
)

−∞
:@NU@SSD _ W9 <R @>U@9 S<>\Y WBXSWY@ k9<Y <YY\B N@:@S A=NN< _ :< q=0

<R\A <R CAS@BZ<NN=T\A _ <T @NU@A CAS@>BQNS=AY (,\9S =>U<A@R < ;CR\AUeSQ9 T=S<SP < +T CZ@N (−∞, x0]XA q A@T N@:@S <R\A\9<A A=NXN<D _ :\>U <R @N9V S<> 9RC>\Bf<A [\RCSeZ _ S@:QS ψ̇ > 0
(



h (h ( e�5'*{*l«*Þ '-z'h *5}e~{5}*) �y'*l��|{y4 Êj
Ó rÓ r� r Ëpvkw +«\BZQS:X4 C99D r ÙHIJ· K¿ÐI L ÀF ÉÛÉÛÃ ÷ ¸ÅÎ¾äJ·» HÎ H»¼ H·ºHKHK L ¿Ç ¹M ÁH»¼H· H¿ H· É Ñ L L q µ ¶KH·¸J¹º · HM· H»LKâ½Ä H»¼½¾º»¼H¿ Æ¿

limx→±∞ q(x) = +∞
Ä

LII¶Î LÇ n. Æ¿ LÇ m.¿Lã ¹KÆÎKÆI Å¹·¼Lä¶¿¹ÎLÄ ÅL m< n
Ä

λn

λm

<
n2

m2

+h (h (22D
KHºã H¿Ð ºÉ
ý klm klnopq r e W>S@N@A [\S@AkCQN>QS @9@SWA _ T CAS <R @NVRV 9R<Y<9R;<A T@>P @X>U@RS`Y _ +h (h (22DX; @A @>U@ANV9W> QNNA< _ S@:QS @R < ; @k9NW9 WN@9 (
ø JÇ ¶·¼âK¹¿ É {@>U@A <

q(x) [\S@AkCQN (−∞, a]XA T\A\S\A k9^YY@AV W9
[a,∞)XA T \A\S\A A^ZV ( Ý@N^NP @ q̃(x) <

aXB< S`YB^R^SS [ \S@AkCQNS _ <R<R N@>U@A q̃(x) =
= q(2a−x) ( *YY\B y(2a−x, zn) @>U_ < q̃(x) [\S@AkCQN:\R S<BS\RO 9<P QSf`>>ZWAU(m@ÿACQNP =Y < Y^Z@SY@RV f`>>ZWAU@Y@S i

ỹ(x, zn) = (−1)n+1y(2a−x, zn),
+n (n (21D

r̃(x, zn) = r(2a−x, zn)
+n (n (2nD

W9
ϕ̃(x, zn) = nπ−ϕ(2a−x, zn).

+n (n (2Ê D
-YY\B ỹ(x, zn)

+1 (2(2D T @>\N]Q9< q :@NU@SS q̃XT <N W9
ỹ(±∞)=0

( , CZ@N y(x, zn)XA@Y
(n−1) @>U9R@B@9 A=NN:@NU@ Z<A RX@A _ y(x, zn) @NVP @N@ <

+∞ Y^R@NW; @A (−1)n−1 _e>U
ỹ
< −∞ Y^R@NW; @A [\RCSeZ C9 _ Z<>UC9 ỹ < n (2(2( SWS@N; @A @T NeS@SS T @>\N]Q9 (Ó rÓ ru r ôoØØõ r

ϕ(+∞, zn) = nπ
É

ø JÇ ¶·¼âK¹¿ É +n (2(ùDX; ON NQS9RCY _ :\>U sinϕ = 0 =⇒ ϕ′ > 0 _ e>U ϕ(·, z) π TCA]@AS^;;9R^B^9WS @>U9R@B Z@9RC f^N ( ϕ [\AS\9<A <YY\B @>W9R 9RQTp S^;;9R^B^9@ πXA@Y _:<
y=0 _ W9 y(x, zn)XA@Y [ \AS\9<A n−1 A=NN:@NU@ Z<A RX@A +qjrD _ S@:QS A<>U xXB@

(n−1)π<ϕ(x, zn)<nπ
( , CZ@N y(+∞)= 0 _ < ZW>S@N@A; @A Z<>U

ϕ→nπ−0
Z<>U

ϕ→ (n−1)π+0 _ ]@ <R =SO;;C A@T N@:@S _ T @BS <YY\B yXA<Y W9
y′XA@Y =>U<A<RN@AA@ <R @NVP @N@ _ @NN@AST\A]Q9;<A y→ 0XZ<N ( '@:QS ϕ(π, zn) = nπ
(

*>U9R@B� @NN@AVBCRAC _ :\>U
ỹ(x, zn) =

r̃(x, zn)

zn
sin ϕ̃(x, zn),

+n (n (2sD
ỹ′(x, zn) = r̃(x, zn) cos ϕ̃(x, zn),

+n (n (2åD
W9 < N@TT< 9R@BCAS

ϕ̃(−∞, zn) = 0,
+n (n (2jD

<R<R
r̃
W9
ϕ̃
WBS@NT @R:@SVY T CA]@A z>0XB< _ T CAS < q̃X:\R S<BS\RO � B`f@BXZQNS\ROY (+n (2(tDXA<Y T @>f@N@NV @A N@>U@A ψ̃ = ϕ̃

z

(



Êt n ( Ü*Ý*Þ*' ( )- Ý|'�z'�4*4 - u�5'*{*l �l'*zu-{{ß,yl
'@YCAS9`Y <

Ψ(z) = ψ(a, z)+ ψ̃(a, z)
f`>>ZWAUS ( - n (n (2 SWS@N 9R@BCAS @R YWS9RC>\Bp<A T\A\S\A A^ZV f`>>ZWAU ^99R@>@ ( +n (n (2Ê DX; VN

znΨ(zn) = nπ.
+n (n (2tD

{@>U@A m YC9@;; _ T CAS n ( *YY\B mπ
zm

= Ψ(zm) < Ψ(zn) = nπ
zn
_ e>U zn

zm
< n

m
_ <R<R

λn

λm
< n2

m2

(
Ó vÓ vw� v Ëxyoz +«\BZQS:X4 C99D v ÙHIJ· K¿ÐI L ÀF ÉÛÉÛÃ ÷ ¸ÅÎ¾äJ·» HÎÁH»¼ H·ºHKHK L (−
−∞,0]

Ï ÆºH»¼H· H¿ H· LÇ
y(0) = 0

+n (n (2ùD
µ HÎHMÏ HºKÆKHº ºHºÉ Ñ L L q µ ¶KH·¸J¹º · HM· H»LKâ½Ä H»¼½¾º»¼H¿ Æ¿ limx→−∞ q(x)=+∞

Ä
LII¶Î LÇ n. Æ¿ LÇ m.¿Lã ¹KÆÎKÆI Å¹·¼Lä¶¿¹ÎLÄ ÅL m< n

Ä
λn

λm
<
n2

m2

+n (n (1úD
KHºã H¿Ð ºÉ
ø JÇ ¶·¼âK¹¿ É '@>U`Y f@N _ :\>U < [\S@AkCQN (−∞,−x0]X\A T\A\S\A k9^YY@A _ [−
−x0,0]XA T\A\S\A AV ( Ý@N^NP @ q̃(x) <
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ý o�� o���x� v - ;CR\AUeSQ9 9\BQA %∈C1

:@NU@SS < π
2
[\AS;<A @N@>@A]V N@SS Z\NA<< YWS fWN\N]<NC ] Cü @B@AkCQN:<SO9Q> ( *RS :<9RAQNP =Y YC < :<BT <]CY T@>P @>URW9; @A (ý o�� o���x� v '@YCAS9`AY @>U \NU<A %(x)

9�B�9W>@S [0, π
2
]X@A _ <T @NUB@ %− 1

4

NCXA@QBC9 _ ]@ A@T Y\A9S<A9 ( [π
2
, π]XA S@YCAS9`Y %(π−x)X@S ( - [0, π

2
]XA W9 <

[π
2
, π]XAf@NeBS m CBCk:N@SX[B\;NWT QY 9<P QSWBSWY@C =>U<A<R\Y ( - Ê (1 (2( SWS@N 9R@BCAS < T QX9\]CY W9 <R @N9V 9<P QSWBSWY :QAU<]\9< 4

( *T C<SS < S@NP @9 [0, π]
CAS@BZ<NN=T\AS@YCAS@SS m CBCk:N@SX[B\;NWT < 9<P QSWBSWY@CB@ λ4

λ2
= 4

( *R < [WN]< T=S<SP < _ :\>U :<
%−

1

4 /∈ C2 _ < Ê (1 (2( SWS@N; @A A@T NCA@QBC9 %− 1

4 XB@ C9 N@:@S @>U@ANV9W> (ý o�� o���x� v ,O]\9eS9=Y p>U <R @NVRV T@>P @>URW9 Y\A9SB=YkCOP QS _ :\>U %− 1

4 ∈
∈ C2[0, π

2
]∩C2[π

2
, π] A@ NCA@QBC9 _ :<A@T Y\AYQZ W9 T \A\S\A k9^YY@AV N@>U@A

[0, π
2
]X@A ( -YY\B < fWN CAS@BZ<NN=T\Y\A < T Q9\]CY W9 <R @N9V m CBCk:N@S 9<P QSWBSWY:QAU<]\9< YC9@;; _ T CAS 4

( *R <RS P @N@ASC _ :\>U < S@NP @9 [0, π]XA S@YCAS@SS m CBCk:N@S[B\;NWT < 9<P QSWBSWY@CB@ λ4

λ2
< 4 _ P ONN@:@S < 9�B�9W> @>U>QS<9 ( '@:QS < Ê (n (1 ( SWS@NA@T S@BP @9RS:@SV YC λn

λm
XB@ (



� � ��� ����

� "����!"  �� ������

� �$ � %���&����
-R CAZ@BR 9[ @YSBQN@NT WN@S @N9V @B@]TWAU@ 2ù1ùX; VN 9RQBT <RCY q2r ( -T;<BR=T C<A^BT WAU k9CNN<>Q9R ;CR\AUeS\SS< <R <NQ;;C WB]@Y@9 SWS@NS ió vwvwv Ëxyoz +-T;<BR=T C<AD v ÙHIJ· K¿ÐI L

−y′′(x)+q(x)y(x) = λy(x)
+s (2(2D

H»¼H·ºHKHK LÇ
y′(0) = y′(π) = 0

+s (2(1D
á HÒML··ÁÏ ÆºH µ HÎHMÏ HºKÆKHºHII HºÉ ÌH»¼H· q ∈C[0, π]

É Ñ L H·· HI L µ Î¶æºÆM ¹·LI L¿Lã ¹KÆÎKÆI HJ λn = n2
Ä
n≥ 0

Ä LII¶Î q = 0 [0, π]
Á· É

4W9V;; ?\B> A\BZW> T <S@T <SCY=9 T=AYQC AU\T QA YC]@B`NS +qt _ ùrD _ :\>U QNXS<NQ;<A YWS Y`N^A;^RV [@B@T f@NSWS@N:@R S<BS\RO 9[ @YSB=T 9<P QSWBSWY@CA@Y C9T @XB@S@ 9R`Y9W>@9 <::\R _ :\>U T @>QNN<[eS:<99=Y _ T @NUCY [ \S@AkCQN;ON 9RQBT <RA<Y ¬< A=NN< [\S@AkCQN l@=T <AAX[ @B@T f@NSWS@N@YY@N YCZWS@N@9 @9@SA@Y S@YCAS:@SV ( �NU@AYCZWS@N@9 @9@S@Y <R\A;<A 9\Y T Q9 \[@BQS\BAQN C9 @NVf\B]=NA<Y ( - R @R@YBVN 9RONOSWS@N@Y@S -T;<BR=T C<A Se[=9p SWS@N@YA@Y A@Z@RR`Y (-T;<BR=T C<A @B@]@SC ; CR\AUeSQ9< T @>N@:@SV9@A :\99Rp ( « @NU@SS@ YWS B^ZCX]@;; @S Y^RN`AY ( , CA]YWS @9@S; @A < [\S@AkCQN T @>:<SQB\RQ9Q:\R @N@>@A]V q∈L1 _W9 <R _ :\>U < 9<P QSWBSWY@Y Y^R^SS Z<A <
0
W9 ZW>S@N@A 9\Y AW>UR@S9RQT (� v � ²��¯� °y�� v - l@=T<AAX@9@S; @A

√
λn = n+

c

n
+O(

1

n
),

+s (2(nD
<:\N

c=
1

2π

∫ π

0

q.
+s (2(Ê D

« < < 9<P QSWBSWY@Y Y^R^SS ZW>S@N@A 9\Y AW>UR@S9RQT 9R@B@[ @N _ <YY\B c= 0 _ <R<R
∫ π

0

q = 0.
+s (2(sD

ss



så s ( Ü*Ý*Þ*' ( -,?-zÞß, �-l '�'*{*
-
λ0 = 0

9<P QSWBSWYB@ f@NeBZ< +s (2(2DX@S _ −y′′0 +q(x)y0 =0 _ <T C QSeB:<SO q=
y′′

0

y0
XB< _: C9R@A < A=NN<]CY 9<P QSf`>>ZWAUA@Y ACAk9 A=NN:@NU@ [0, π]XA ( �<BkCQNC9<A CAS@>BQNZ<

0 =

∫ π

0

q =

∫ π

0

y′′0
y0

=

[
y′0
y0

]π

0

+

∫ π

0

(
y′0
y0

)2

.
+s (2(åD

- [@B@T f@NSWS@N@Y T C<SS
0 =

∫ π

0

(
y′0
y0

)2

,
+s (2(jD

@RWBS y′0 = 0 _ W9 <YY\B q =
y′′

0

y0
= 0

(� � v � ²��¯� °y�� v '@YCAS9`Y <R
L : y 7→−y′′+q(x)y \[ @BQS\BS <R {y, y′∈AC[0, π]�

y′(0)=y′(π)=0} WBS@NT @RW9C S<BS\T QAU\A ( - 9<P QSWBSWY@Y <9RCT[S\SCY=9 @N\9RXNQ9< T C<SS C9T WS ∫ π

0

q = 0.
+s (2(tD

- [@B@T f@NSWS@N@Y T C<SS
〈Ly, y〉=

∫ π

0

(y′2 +q(x)y2) dx.
+s (2(ùD

y0 = 1X@S :@NU@SS@9eSZ@
〈Ly0, y0〉 = 0.

+s (2(2úD
*YY\B ZC9R\AS L≥ 0 TC<SS y0 = 1

<
0
9<P QSWBSWY:@R S<BS\RO 9<P QSf`>>ZWAU Y\A9XS<A99R\B\9< _ <R<R +s (2(2D T C<SS q = 0
(ý o�� o���x� v - [\S@AkCQNB< S@SS <NY<NT <9 f@NS@ZW9 T @NN@SS < T Q9\]CY ;CR\AU eSQ99@>eS9W>WZ@N -T;<BR=T C<A SWS@N@ YCS@BP @9RS:@SV T Q9 [ @B@T f@NSWS@N@Y @9@SWB@ C9q22r (

� �� � �7���&�7 ��� ������ 7 ����� �������������
ó v� vwv Ëxyoz +�:@BA W9 ):@AD v EÛÚG ÙHIJ· K¿ÐI L

−y′′+P (x)y = λy
+s (1 (2D

H»¼H·ºHKHK LÇ
y′(0) = y′(π) = 0

+s (1 (1D
á HÒML··ÁÏ ÆºH µ HÎHMÏ HºKÆKHº ºHºÄ LÅ ¶º P Ï ¶º¼K¶·¶¿Ä n×n ¿Ç JMM HKÎJIÒ¿ M ¹KÎJ� ÆÎÁKÆI� Ï Ð»»½Æ·¼ É Ñ L H·· HI L µ Î¶æºÆM ¹·LI L 0

·Á¿Ç HÎH¿ ¿Lã ¹KÆÎKÆI HÄ K¶½¹ææ¹ ½Æ» KHºH·¿¶I H» Æ¿Ç j ÁÎH j2
·Á¿Ç HÎH¿ ¿Lã ¹KÆÎKÆIÄ LII¶Î P = 0 [0, π]

Á· É
ø JÇ ¶·¼âK¹¿ É Ý@N^NP @ Y (x, z)

<R +s (1 (2D @>U@AN@S Y (0)=A _ Y ′(0)=B Y@R]@SC f@NSWX
S@N@Y; VN CA]=NO n ]<B<; NCA@QBC9<A f`>>@SN@A T@>\N]Q9QS _ <:\N z =

√
λ
W9 [ A

B

]

n
B<A>p ( -R @>U]CT @ARCO9 @9@S:@R :<9\ANO<A qs1 _ snr < T @>\N]Q9 f@NeB:<SO
Y (x, z) = A cosxz+B

sin xz

z
+

∫ x

0

K(x, t)

{
A cos tz+B

sin tz

z

}
dt

+s (1 (nD



s (1 ( -,?-�Þß, �-l '�'*�* ,|'� �� ��'*l��|��4�- sj
<N<Y;<A _ <:\N < K(x, t)

9RCTT@SBCY=9 T QSBCª WBSWY� T<>f`>>ZWAU T CA]YWS ZQNXS\ROP Q;<A ]Cü@B@AkCQN:<SO _ W9 < +T QSBCª [\S@AkCQN\YB< C9 ;CR\AUeS:<SOD 2(n (Ê (QNNeSQ9 9R@BCAS
K(π, π) =

1

2

∫ π

0

P (x) dx.
+s (1 (Ê D

- R QNS<N=AY Z CR9>QNS @9@S; @A A= I _ B = 0
( u W>S@N@A 9\Y jXB@

Y ′(π, j) = 0.
+s (1 (sD

,Q9BW9RS <R +s (1 (nD @NVQNNeSQ9; ON
Y ′(x, z) = −zI sin xz+K(x, x) cosxz+

∫ x

0

Kx(x, t) cos tz dt,
+s (1 (åD

<T C; @ x= πXS W9 z = jXS :@NU@SS@9eSZ@
0 =K(π, π) cos jπ+

∫ x

0

Kx(π, t) cos jt dt.
+s (1 (jD

l<>U
jXB@ <R CAS@>BQN A=NNQ:\R S<BS < � C@T <AA N@TT< T C<SS _ S@:QS K(π, π) = 0 _<R<R ∫ π

0
P (x) dx= 0

(,\9S T @>C9T WS@NP `Y <R @>U]CT @ARCO9 @9@S; @A N@eBS T Q9\]CY ;CR\AUeSQ9 Z<BCQXkCO9 WBZ@NW9WS ( �@>U@A y0(x) S@S9RVN@>@9 Y\A9S<A9 Z@YS\B ( *YY\B
∫ π

0

−y∗0y′′0 +y∗0P (x)y0 dx= 0,
+s (1 (tD

S@:QS y0

< A=NN<]CY 9<P QSWBSWY:@R S<BS\RO 9<P QSf`>>ZWAU_ <R<R [ WN]Q=N Y0(x) = I<
0
9<P QSWBSWY:@R S<BS\RO T@>\N]Q9 ( *RS +s (1 (2DX; @ :@NU@SS@9eSZ@ Y<[P =Y _ :\>U

P (x) = 0
(

- SWS@N @BV9@;; ZQNS\R<S< C9 C><R +@]]C> A@T P @N@AS T @>D ió v� v� v Ëxyoz v ÙHIJ· K¿ÐI LÇ À  ÉÚ ÉÛÃ H»¼H·ºHKHK á HÒML··ÁÏ ÆºH µ HÎHMÏ HºKÆKHº ºHºÉ ÌHÁ»¼H· σ0 = {m1, . . . , mn} H»¼ ½L º.¿ ¿Ç ¹M ¶Iæ.º ¹º º. n HºHM� ÅL ºMLÇ É Ñ L M J·äH·
k
ÁÎL ºÆKHÇ JI ½Æ» KHºH· ¿¶I ¶º¼L· j H» Æ¿Ç ¿Ç ¹M Ä Å ¶»¼ mk +j2 ÎÆ¿Ç H L ¿µ HIKÎÒM·LIÄLII¶Î L P (x) µ ¶KH·¸J¹º I¶·¿ KL·¿Ä σ0 µ HäJ» L P M ¹KÎJ� ¿Lã ¹KÆÎKÆI HJ· HI ÅL ºMLÇL É

ø JÇ ¶·¼âK¹¿ É -R +s (1 (åD @>U@ANV9W>; @ x= πXS W9 √mk +j2XS :@NU@SS@9eSZ@
Y ′(π,

√
mk +j2) =−

√
mk +j2I sin π

√
mk +j2+

+K(π, π) cosπ
√
mk +j2+

+

∫ x

0

Kx(π, t) cos t
√
mk +j2 dt.

« <
j A<>U_ <YY\B

√
mk +j2 = j+

mk√
mk +j2 +j

= j+
mk

2j
+O(

1

j3
),

+s (1 (ùD



st s ( Ü*Ý*Þ*' ( -,?-�Þß, �-l '�'*�*
√
mk +j2 sin π

√
mk +j2 = (−1)jmkπ

2
+O(

1

j2
)

+s (1 (2úD
W9

cosπ
√
mk +j2 = (−1)j +O(

1

j2
).

+s (1 (22D
*RWBS

Y ′(π,
√
mk +j2) = (−1)j

(
K(π, π)−mkπ

2
I
)

+o(1),

<R<R
K(π, π)− mkπ

2
I S@S9RVN@>@9@A Y^R@NeS:@SV < 9RCA>=NQBC9 ±Y ′(π,

√
mk +j2)TQSBCª\YY<N _ W9 T CZ@N <R CAZ@BSQN:<SO T QSBCª\Y :<NT <R< AUeNS _ A@T N@:@S CAZ@BXSQN:<SO ( *YY\B NWS@RCY @>U \NU<A yk,0(x)=yk,0 @>U <;9R\NpS WBSWY� Z@YS\B _ <T @NUB@

K(π, π)yk,0 = mkπ
2
yk,0I _ S\ZQ;;Q

〈Lyk,0, yk,0〉 =

∫ π

0

y∗k,0P (x)y2
k,0 dx= y∗1,02K(π, π)y2

1,0 =mkπ.
+s (1 (21D

'@>U`Y f@N _ :\>U m1 ≤m2 ≤ . . .≤mn

( - Z<BCQkCO9 TO]9R@BB@N +s (1 (21DX; ON k= 1@9@SWA Y^Z@SY@RCY _ :\>U y1,0

<R
m1

9<P QSWBSWY:@R S<BS\RO Y\A9S<A9 9<P QSf`>>ZWAU(u C99R<:@NU@SS@9eSZ@ +s (1 (2DX; @ _
P (x)y1,0 =m1y1,0

+s (1 (2nD
<]O]CY ( u@>U`Y W9RB@ _ :\>U :<

y1,j(x) = y1,0(x) cos jx,
+s (1 (2Ê D

<YY\B y1,j(x) @>U_ <R m1 +j2
9<P QSWBSWY:@R S<BS\RO 9<P QSf`>>ZWAU( 3>U <R

y1,0XB<+W9 @>U;@A T CA]@A xXB@ <R ^99R@9 y1,j(x)XB@D T @BVN@>@9 y2,0(x) = y2,0

Z@YS\BXB< 〈Ly2,0, y2,0〉 = m2π _ <R<R y2,0

<R
m2

9<P QSWBSWY:@R S<BS\RO 9<P QSZ@YS\B ( *RSf\NUS<SZ< Y<[P =Y _ :\>U QNS<NQ;<A <R
mk + j2

9<P QSWBSWY:@R <R
yk,0(x) cos jx

9<XP QSf`>>ZWAU S<BS\RCY _ W9 T CA]@A xXB@ W9 T CA]@A kXB<
P (x)yk,0 =mkyk,0.

+s (1 (2sD
*R k9<Y p>U N@:@S9W>@9 _ :< P Y\A9S<A9 _ W9 9<P QSWBSWY@C <R mk

9RQT \Y (
� �# � �7���&�7 ��� ������ ¡ ���� ��c���������
*;;@A < BW9R; @A <R @>U]CT @ARCO9 m CB<k \[ @BQS\BS S@YCASP `Y 2n×2nX@9 T QSBCª[\S@AkCQNN<N ( - TQSBCª [\S@AkCQNBON f@NS@99R`Y _ :\>U f\NUS\A\9 _ ^A<]P =A>QNS _ W9<R +s (n (2DX +s (n (1DX; @A T@>:<SQB\R\SS <N<Yp ( �NU@AY\B C9 Z<A \NU<A 9[ @kCQNC9 @9@S _<T CY\B < [\S@AkCQN T @>:<SQB\R:<SO < 9[ @YSB=T;ON ( - ;CR\AUeSQ9 @>U pP ZQNS\RO; @Z@R@SW9WA TpNCY +NQ9] <R s (n (Ê ( N@TTQSD ('@YCAS9`Y < Y^Z@SY@RV 9<P QSWBSWY[B\;NWT QS < [0, π]

CAS@BZ<NN=T\A i
ψ′

2 +Q(x)ψ1 +mψ1 = λψ1,
+s (n (2D



s (n ( -,?-�Þß, �-l '�'*�* m ��-� *5}*l�*'*4�* sù

−ψ′
1 +Q(x)ψ2−mψ2 = λψ2,

+s (n (1D
<

ψ2(0) = ψ2(π) = 0,
+s (n (nD

[ @B@T f@NSWS@N@YY@N _ <:\N ψ1

W9
ψ2 n

:\99Rp Z@YS\B\Y _ Q ^A<]P =A>QNS +A@T f@NSWSXN@A`N Z<NO9D n×nX@9 T QSBCª [\S@AkCQN W9 m> 0
(- R

n=1 @9@S; @A <R +s (n (2DX +s (n (1D @>U@AN@S@Y <
Q(x) @N@YSB\9RS<SCY=9 [\S@AXkCQN S@BW; @A T\R>O B@N<SCZ C9RSCY=9 @N@YSB\AS eBP QY N@ qåúr (

Ý@N^NP @ Ψ(x)
<R +s (n (2DX +s (n (1D @>U@AN@S Ψ(0)=

[
I
0

]
Y@R]@SC f@NSWS@N@Y; VN CAX]=NO

n
]<B<; NCA@QBC9<A f`>>@SN@A T@>\N]Q9QS ( Ý@N^NP @ Ψ1 _ CNN@SZ@ Ψ2

<
Ψ

f^N9V _CNN@SZ@ <N9O
n
9\BQ; ON QNNO AW>UR@S@9 T QSBCª\S ( λ [\AS\9<A <YY\B 9<P QSWBSWY _ :<

Ψ2(π)
9RCA>=NQBC9 _ T=NSC[NCkCSQ9< n−rank(Ψ2(π))

+=>U<Ap>U_ T CAS < )k:B^]CA>@B@9@S; @AD ( +s (n (2DX +s (n (nDXA<Y <
Q=0 [\S@AkCQN:\R S<BS\RO 9<P QSWBSWY@CS W9 9<P QSXf`>>ZWAU@CS @>U9R@B�@A YC9RQT eS:<SP =Y ( , CA]@>UCY 9<P QSWBSWY n T=NSC[ NCkCSQ9p _W9

Ψ(x, λk) =

[
cos kxI

λk−m
k

sin kxI

]
, λk = ±

√
m2 +k2, k = ±1,±2, . . . ,

Ψ(x,m) =

[
I
0

]
, λ0 =m.






+s (n (Ê D

ý o�� o���x� v l<>U |ν|XB@ λν = ν+o(1)
(*AAU C ; @Z@R@SW9 =SQA Y^Z@SY@RR@A < m CB<k \[ @BQS\B\YB< Z\A<SY\RO -T;<BR=XT C<AXSWS@N ió vÓ vwv Ëxyoz v Ed FG ÙH»¼ÐI Ï HºÄ Å ¶»¼ Q ¾·Läã Ò·» ¹ºKÄ Ï ¶º¼K¶·¶¿Ä Æ¿ LÇ À  ÉF ÉÛÃ ÁÀ  ÉF ÉFÃ µ Î¶æºÆML ¿µ HIKÎÒML Ò»¼L·LÇÄ MJ· K L Q=0 H¿ HKæH· ÀKHÅ¹K LÇ À  ÉF ÉdÃ ÁæH·M H»Lä¶KKÃ É ´ II¶Î Q= 0 [0, π]

Á· É
ý o�� o���x� v - R

n=1 @9@S; @A «\BZQS: q1ùr ; CR\AUeS\SS :<9\ANO SWS@NS <R m< 1
2f@NS@ZW9 T @NN@SS ( - R CSS N@eBS T O]9R@BB@N @BB@ < f@NS@ZW9B@ ACAk9 9R`Y9W> (ø JÇ ¶·¼âK¹¿ É - S\ZQ;;C<Y;<A ZW>C> f@NSWS@N@RR`Y _ :\>U λ Z<NO9 9RQT (

ó vÓ v� v ôoØØõ v
Ψ∗

1Ψ2 = Ψ∗
2Ψ1.

+s (n (sD
ø JÇ ¶·¼âK¹¿ É Ψ∗

1(0)Ψ2(0)=Ψ∗
2(0)Ψ1(0)

W9
(Ψ∗

1Ψ2)
′=−Ψ∗

2(λI−Q+mI)Ψ2+Ψ∗
1(λI−

−Q−mI)Ψ1 = (Ψ∗
2Ψ1)

′ (
ó vÓ vÓ v ÔÕÖoy×o�Ø x¯�v

(Ψ1 + iΨ2)
∗(Ψ1 + iΨ2) = Ψ∗Ψ = (Ψ1− iΨ2)

∗(Ψ1− iΨ2),
+s (n (åD

Æ¿ LÇ JKK Ï HºâÎK M ¹KÎJ� ¶I J·½HÎK¹ºÅLK.I Éø JÇ ¶·¼âK¹¿ É -R +s (n (åD @>U@AN@S <R\AA<N Y^Z@SY@RCY <R @NVRV N@TTQ;ON ( - T@X>\N]Q9\Y @>UWBS@NT�9W>@ T C<SS Ψ TCA]@A [\AS;<A n B<A>p _ e>U Ψ∗Ψ
CAZ@BSQNX:<SO ( -YY\B Z C9R\AS (Ψ1± iΨ2)

9@T N@:@S 9RCA>=NQBC9 (



åú s ( Ü*Ý*Þ*' ( -,?-�Þß, �-l '�'*�*
ó vÓ vç v ôoØØõ v ÌH»¼H· E=(Ψ1+iΨ2)(Ψ1−iΨ2)

−1
É ÍII¶Î À½L º.¿ λÁÎLÃ E Ò· JKÆÎÉ

ø JÇ ¶·¼âK¹¿ É +s (n (åDX;ON Y^AAU@A @NN@AVBCR:@SV _ :\>U E∗ = E−1
(

ó vÓ vó v ôoØØõ v
E ′ = iE(λI−Q)+ i(λI−Q)E− im(I+E2).

+s (n (jD
ø JÇ ¶·¼âK¹¿ É E ]@ÿAekCOP Q;ON < (B−1)′ = −B−1B′B−1 YW[N@S f@N:<9RAQNQ9QZ<N <RQNNeSQ9 Y^Z@SY@RCY (ó vÓ vû v ôoØØõ v

λ
Ò»¼L·LII¶ÎL M ÒºKJµ ºJ¸JK¹¿ö ¿Lã ¹KÆÎKÆI H LÇ À  ÉF ÉÛÃ Á À  ÉF ÉFÃ µ Î¶æÁºÆM ¹·LI Ä MJ· K +1 E(π, λ)

Á·LI É
ø JÇ ¶·¼âK¹¿ É �@>U@A λ <R +s (n (2DX +s (n (nD [B\;NWT < 9<P QSWBSWY@ ( ,=NSC[ NCkCSQ9< n−
−rank(Ψ2) = n−rank((Ψ1 + iΨ2)− (Ψ1− iΨ2)) = n−rank(E−I) _ <T C W[[ @A
E 1

9<P QSWBSWYWA@Y < T=NSC[ NCkCSQ9< (ó vÓ vþ v ôoØØõ v ¢¾»Ç âKHKK À½L º.¿Ã λÁÎL ºÆKHÇ JI n äLÎLæ xÁæH· äJ£ HÎH·¸J¹ºÅLK.Ï Ð»»½Æ·¼Ä LM Hº¼ HI H»¼Ð KK M J·äH· xÁÎH E M ÒºKJµ ºJ¸JK¹¿¿L º ½HKK ¿Lã ¹KÆÎKÆI HJK ½H¿Ç JIÏ Hº ÆÎKÆIÐºÉ
ø JÇ ¶·¼âK¹¿ É �^>ReS9`Y λXS ( , CZ@N E =ACSWB _ 9<P QSWBSWY@C fWNC>@>U9R@B�@Y _ <R<R< 4<S\ qÊ 2r T Q9\]CY f@P @R@SW; @A S<NQN:<SO 5.4. SWS@N 9R@BCAS < T=NSC[ NCkCSQ99<N9RQT\NS 9<P QSWBSWY@Y B@A]@R@SN@A nX@9@ ]Cü@B@AkCQN:<SO ( ß>U<A<R\A f@P @R@S 5.6.SWS@N@ 9R@BCAS [ @]C> <

[0, π]
CAS@BZ<NN=T\A @R < B@A]@R@SN@A nX@9 B@[B@R@ASQN:<SO

n
]<B<; ]Cü@B@AkCQN:<SO Y\T[N@ª WBSWY� f`>>ZWAAU@N (ó vÓ v� v ôoØØõ v ¢¾»Ç âKHKK λÁL ºÆKHÇ· HI L ϕ1

Ä
ϕ2

Ä
. . .

Ä
ϕn

½L º.¿ ÆÎKÆI�Ä äJ£ HÎH·Á¸J¹ºÅLK. Ï Ð»»½Æ·¼ HI ö»¼Ä Å ¶»¼ ϕk(0) = 0
Æ¿ LÇ {eiϕk |i = 1, . . . , n}

¿Ç ¹M Á
n
ÁH¿ E¿Lã ¹KÆÎKÆI HJK Läã L M H» É

ø JÇ ¶·¼âK¹¿ É -R QNNeSQ9 <R @NVRV N@TTQ;ON Y^Z@SY@RCY _ f@N:<9RAQNZ< _ :\>U E(0)=IW9
E

=ACSWB (ó vÓ v¤ v ôoØØõ v ÌH»¼ H· eiϕk1
(x)=eiϕk2

(x)=· · ·=eiϕkj
(x) Æ¿ ºH»¼H· P (x) L Å ¶ÇÇ ¹ã ÒIKLÎK¶Ç . ¿Lã ¹Kµ Î¶ã HI ¸J.É ÍII¶Î ϕ′

k1
(x), ϕ′

k2
(x), . . . , ϕ′

kj
(x) L Ran(P )

ÁÎH M H»¿Ç ¶ÎâÁK¶KK P [2(λI−Q)−m(E+E−1)]P
ºHI Æµ HÇ Æ¿ ¿Lã ¹KÆÎKÆI HJæÈº ¹º º. j ÁH¿ É

ø JÇ ¶·¼âK¹¿ É - 4<S\ qÊ 2r
II.

f@P @R@S 5.4. SWS@N@ 9R@BCAS (eiϕkl
(x))′ _ (l = 1,2, . . . , j)B@A]@R@SN@A jX@9 T @>@>U@RCY <

Ran(P )XB@ T @>9R\BeS\SS P [iE(λI −Q) + (λI −
−Q)iE−mi(I+E2)]P

N@YW[ @RW9 9<P QSWBSWY@C;VN QNNO B@A]@R@SN@A jX@99@N _ <T C;VN
EP = PE = eiϕkl

(x)P T C<SS Y^Z@SY@RCY < N@TT< QNNeSQ9< (ó vÓ vw� v ÔÕÖoy×o�Ø x¯�v ÌH»¼ H· Φ =
∑n

j=1 ϕj

É Í II¶Î
Φ′(x) = Tr[2(λI−Q)−m(E+E−1)].

+s (n (tD



s (n ( -,?-�Þß, �-l '�'*�* m ��-� *5¥*l�*'*4�* å 2
ó vÓ vwwv ÔÕÖoy×o�Ø x¯�v ÌH»¼ H· f(x)

Ï ¶º¼K¶·¶¿ [0, π]
Á· É Í II¶Î

∫ π

0

f(x)e±iϕk(x,λ) → 0
+s (n (ùD

ÅL |λ| →∞ É
ø JÇ ¶·¼âK¹¿ É ||E+E−1|| ≤ 2

W9 <R @NVRV N@TT< T C<SS
2(λ−||Q||−m) ≤ d

dx
ϕk(x, λ) ≤ 2(λ+ ||Q||+m),

+s (n (2úD
e>U <R QNNeSQ9 Y^Z@SY@RCY < �C@T <AA N@TTQ;ON (
ó vÓ vw� v ÔÕÖoy×o�Ø x¯�v |λ| →∞ H¿ HKÆ·

Φ(π, λ) = 2nλπ−2Tr

∫ π

0

Q+o(1).
+s (n (22D

ø JÇ ¶·¼âK¹¿ É �AS@>BQNP =Y +s (n (tDX<S 0XSON πXC> (-
ϕk

f`>>ZWAU@Y@S T CA]@A B^>ReS@SS λXB< ]@ÿACQNS=Y _ @RWBS A@T S=]:<SP =Y _:\>U f\NUS\A\9<YX@ λX;<A ( m@ +s (n (tD T C<SS <R ^99R@>`Y f\NUS\A\9 +9VS B@>=NQBC9D
λX;<A (�� ó vÓ vwv yxyoz � ²��¯� °y��õ v, CA]@A 9<P QSWBSWY n T=NSC[ NCkCSQ9p _ @RWBS λ [\AS\9<A <YY\B 9<P QSWBSWY@ +s (n (2DX +s (n (nDXA<Y _ :< T CA]@A 1 ≤ k ≤ nXB@ ϕk(π, λ) 2π S^;;9R^B^9@ ( «< λ < Z<NO99RQT @>U@A@9@A T\R\> _ f\NUS\A\99Q>C \Y\Y;ON Φ(π, λ) YWS 9R\T 9RW]\9 9<P QSWBSWYY^R^SS N@>f@NP @;; 2nπXS ZQNS\R:<S ( +s (n (22D W9 λν = ν+o(1) T C<SS

Φ(π, λν)−Φ(π, λ−ν) = 4nνπ+o(1).
+s (n (21D

« <
λ
9<P QSWBSWY _ Φ(π, λ) 2π S^;;9R^B^9@ Y@NN N@>U@A _ @RWBS A<>U νXB@

Φ(π, λν)−Φ(π, λ−ν) = 4nνπ,
+s (n (2nD

@T C<SS [ @]C> Φ(π, λ) [\AS\9<A 2nπXS ZQNS\RCY YWS 9R\T 9RW]\9 9<P QSWBSWY Y^R^SS (m@ <YY\B +s (n (22D T C<SS <R ^99R@9 9<P QSWBSWYB@ C><R Y@NN _ :\>U N@>U@A
Φ(π, λν) = 2nνπ−2Tr

∫ π

0

Q
+s (n (2Ê D

+W9
Tr
∫ π

0
QXA<Y C9

π S^;;9R^B^9WA@Y Y@NN N@AAC@D ( )[ @kCQNC9<A ν=0XB< <RS Y<[P =Y _:\>U
Φ(π,m) = −2Tr

∫ π

0

Q.
+s (n (2sD

,Q9BW9RS _ +s (n (tDX<S CAS@>BQNZ<
Φ(π,m) = 2nmπ−2Tr[

∫ π

0

Q+

∫ π

0

m
E(·, m)+E−1(·, m)

2
].

+s (n (2åD



å1 s ( Ü*Ý*Þ*' ( -,?-�Þß, �-l '�'*�*
~ 99R@Z@SZ@ @RS < YWS @>U@ANV9W>@S _

Tr

∫ π

0

E(·, m)+E−1(·, m)

2
= nπ.

+s (n (2jD
*R k9<Y <YY\B N@:@S9W>@9 _ :< E(x,m)=I

( m@ <YY\B Ψ2(x,m)=0 _ <R<R Ψ1(x,m)=
=I

( ?@eBZ< @R@Y@S +s (n (2DX; @ _ <RS Y<[P =Y _ :\>U Q=0 _ <T CS ;CR\AU eS<A=AY Y@NN@SS (
wv ý o�� o���x� v « <

m= 0 _ - R s (n (2( SWS@N QNNeSQ9< A@T T<B<] C><R ( - R @>U]CXT @ARCO9 @9@SB@ «\BZQS: q1ùr kCYYW; @A S<NQN:<SOY @NN@A[ WN]QY (� v ý o�� o���x� v 4\A9S<A9 cXB@ <
cI [\S@AkCQNS C9 T @>:<SQB\RR< < 9[ @YSB=T< i<NY<NT <RR=Y <R s (n (2( SWS@NS < Q−cI [\S@AkCQNN<N f@NeBS m CB<k \[ @B<S\BB< (Ó v ý o�� o���x� v - )k:B^]CA>@B \[ @BQS\B\Y @9@SW; @A @N@>@A]V Z\NS < 9[ @YSB=T@>U BW9RWS C9T @BAC i < N@>@N9VA YeZ`N ZW>S@N@A 9\Y T Q9CY 9<P QSWBSWY@S ( - m CB<k@9@S; @A <R

m
9<P QSWBSWY@A YeZ`N +<T CAS <R +s (n (2nDX;ON NQS:<SOD C9T @BA`AY Y@NNZW>S@N@A 9\Y [\RCSeZ W9 ZW>S@N@A 9\Y A@><SeZ 9<P QSWBSWY@S (
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ªAZ@BR f@N<]<S\A QNS<NQA\99Q>;<A <RS WBSP `Y _ :\>U 9[ @YSBQNC9 <]<S\Y;ON :<SQB\RXR=Y T@> @>U ]Cü @B@AkCQN\[ @BQS\B @>U`SS:<SOCS qåsr ( ªNU@A [B\;NWT QY >U<YB<A;=YY<AA<Y f@N < S@BT W9R@SS=]\TQAU\Y 9RQT \9 Q>Q;<A ¬ Y\AYBWS [ WN]QY S<NQNX:<SOY - ( 4 CB9k: qÊ1r Y^AUZW; @A ( - )S=BTX�C\=ZCNN@ \[ @BQS\B\Y @9@SW; @A 9[ @YSXBQNC9 <]<S\Y <N<SS Y\BQ;;<A <R

mXf`>>ZWAUS W9 < 9[ @YSBQNf`>>ZWAUS WBS@SSWY (4 N<99RCY=9 @B@]TWAUA@Y 9RQT eS _ :\>U @R@Y ;QBT @NUCY@ � mCB<k \[ @BQS\B\Y @9@SWAC9 � T @>:<SQB\RR< < [\S@AkCQNS iû vwvwv Ëxyoz v E «Ä  ÛG ´ ÷¸ÅÎ¾äJ·» HÎ ¶µ HÎ¹K¶Î mÁÏ Ð»»½Æ·¼ H Æ¿ ¿µ HIKÎ¹ºÏ Ð»»½Æ·¼ HI¾ÇÐº æ¹ÎM Hº¼ JI M H»ÅLK¹Î¶ÇÇL L µ ¶KH·¸J¹ºK /¬õ ­ Ñ L %∗(λ)=%(λ)
MJ·äH· λ∈R H¿ HKÆ·Ä LII¶Î q∗(x)=q(x) MLã ä· HM M J·äH·Ð KK

[0, π]
Á· É

¬� ­ Ñ L m∗(λ) = m(λ)
MJ·äH· λ ∈ C\R H¿ HKÆ·Ä LII¶Î q∗(x) = q(x)

MLã ä· HMM J·äH·Ð KK [0, π]
Á· É

û vwv� v Ëxyoz v Ed ®Ä ¯ÚG ´ à JÎL¸ ¶µ HÎ¹K¶Î mÁÏ Ð»»½Æ·¼H Æ¿ ¿µ HIKÎ¹ºÏ Ð»»½Æ·¼H I¾ÇÐºæ¹ÎM Hº¼ JI M H»ÅLK¹Î¶ÇÇL L 2×2
M ¹KÎJ�µ ¶KH·¸J¹ºK /¬õ ­ Ñ L %∗(λ) = %(λ)

MJ·äH· λ ∈ R H¿ HKÆ·Ä LII¶Î Q∗(x) =Q(x)
MLã ä· HM M J·ÁäH·Ð KK [0, π]

Á· É
¬� ­ Ñ L m∗(λ) = m(λ)

MJ·äH· λ ∈ C\R H¿ HKÆ·Ä LII¶Î Q∗(x) = Q(x)
MLã ä· HMM J·äH·Ð KK [0, π]

Á· É
ý o�� o���x� v - 9[@YSBQNf`>>ZWAU W9 <R

mXf`>>ZWAU C9 Y^Nk9^A^9@A T @>:<SQB\RXRQY @>UTQ9S _ NQ9] <R 2(2ú (å ( W9 <R - (Ê (21 ( SWS@NS (4\AYBWS<;; 9[ @YSBQNC9 <]<S\Y _ T CAS [ WN]Q=N Y`N^A;^RV [@B@T f@NSWS@N@Y T @NXN@SS <]O]O 9[ @YSB=T\Y;ON 9RQBT <RO 9<P QSWBSWY@Y B@A]9R@BWS C9 Z CR9>QNSQY ( ÝONC9T @BS @B@]TWAU qÊsr _ :\>U ZW>@9 CAS@BZ<NN=T \A YWS Y`N^A;^RV [ @B@T f@NSWS@NN@NY<[\SS 9[ @YSB=T ^99R@9 9<P QSWBSWY@ @N@>@A]V < [\S@AkCQN T @>:<SQB\RQ9Q:\R ( - R
ån



åÊ å ( Ü*Ý*Þ*' ( ªlu*�Þ °��?�±,²4
=SO;;C WZ@YC> 9RQT\9 kCYY; @A q2n _ 1 2_ 1Ê _ 11 _ 1n _ 1s _ 1t _ nú _ Êå _ sú _ Êùr ; CXR\AU eS\SS<Y Y`N^A;^RV \NU<A f@NSWS@N@Y@S _ <T @NU@Y ;CRS\9eSP QY < [\S@AkCQN @>UWBXS@NT�9W>WS ( u W>`N 1úú2X; @A «\BZQS: qn1r ; CR\AUeS\SS @ª[\A@AkCQNC9 B@A]9R@B@YS@NP @99W>WZ@N Y<[ k9\N<S\9 9R`Y9W>@9 W9 @NW>9W>@9 f@NSWS@NS (û vwvÓ v ­ o®¯°±²³ v E   G ÌH»¼H· X ·¶ÎM ¹ºK KÆÎÉ Í»¼ M ⊂X

ÅL ºMLÇ K Ç ¹ÎKÄ ÅL LÇ
M

¹ºKL º » H· HÎ¹ºK ºJ· H¹ÎJ¿ L ºKÆÎ ¿�Î� X ÁæH· É
û vwvç v ­ o®¯°±²³ v E   G ÌH»¼H· X ·¶ÎM ¹ºK KÆÎÉ Í»¼ M ⊂ X∗ ÅL ºMLÇ L H ⊂ XÎÆ¿ÇÅL ºMLÇÎL ½¶·LKI¶Ç .L· KHºã H¿Ä ÅL x∈H Æ¿

m(x) = 0 ∀m∈M ÁÎH H¿ HKÆ· x=0
É

« < <]\SS X W9
X∗ _ <YY\B B^ZC]@A <RS T \A]P =Y _ :\>U M ⊂X∗ S@NP @9 _ :< X XB@Z\A<SY\RO<A S@NP @9 ( « < <R

M ⊂X∗ :<NT <RB<
M ⊂X

C9 S@NP @9`N _ <YY\B <:@NU@SS _:\>U M S@NP @9 X XB@ Z\A<SY\RO<A _ <RS T \A]P =Y _ :\>U M S@NP @9 X X; @A (û vwvó v Ëxyoz v ÀÑ ¶Î½¹KÅÃ ÌH»¼ H· q ∈ L2
Ä
λn 9 −∞Ä

n≥ 1
KHK¿Ç ÈºH» H¿ IÐº¾·æ¾Ç È½L º.¿ ¿Ç ¹M ¶I É ÌH»¼H· λn ∈ σ(αn,0)

É ´ II¶Î L λn

¿Lã ¹KÆÎKÆI HI M H»ÅLK¹Î¶ÇÇ ¹I L
µ ¶KH·¸J¹ºK ⇔ KHK¿Ç ÈºH» H¿ µ 6= ±

√
λn

ÁÎH {e±2iµx, e±2iλnx}
KHºã H¿ L2[−π, π]

ÁæH· É
4C]@B`NS _ :\>U @ª[\A@AkCQNC9 B@A]9R@B@Y S=N<P ]\A9Q><CB< Z\A<SY\RO SWS@N@Y9@>eS9W>WZ@N +qs _ Ês _ åÊ rD <R @NV;; @T NeS@SS @B@]TWAU@Y A<>U S^;;9W>@ N@Z@R@S:@SV@;;VN < f@NSWS@N; VN +W9 sin β 6= 0 @9@SWA <

σ(α, β)XB< Z\A<SY\RO ;\AU\N=NS<;; _ ]@:<9\ANO P @NN@>� f@NSWS@N@Y;VND _ NQ9] < qn1r kCYY Ê ( BW9RWS (, @>f@N@NV @NVYW9ReSW9 =SQA CNU@A Se[=9p QNS<NQA\9 _ ZW>@9 W9 ZW>S@N@A CAS@BZ<NXN=T B< Z\A<SY\RO SWS@N@Y@S ;CR\AUeS=AY @;;@A < f@P @R@S; @A +NQ9] < å (Ê (1 (_ < å (s (2(_< å (s (1 ( W9 < å (s (Ê ( SWS@NSD (
© ³´ ³ µ�¶��·¸¹º� »·¸¶º·º¼
�@>U@A v(x, λ) = v0(x, λ)

<R +2(2(2D @>U@AN@S
v(π, λ) = 0, v′(π, λ) = −1

+å (1 (2D
f@NSWS@N@Y@S YC@NW>eSV T @>\N]Q9< ( m@ÿACQNP =Y v∗X\S :<9\ANO<A (û v� vwv ôoØØõ v ÀÑ ¶Î½¹KÅ EFÚG Ä   ÉÚ É ºHMMLÃ ÌH»¼ H· ||q||1, ||q∗||1 ≤D

É ÍII¶Î
1−2z2v(π−x, λ)v∗(π−x, λ) = cos 2xz+

∫ 2x

0

cos τzM1(x, τ, q, q
∗) dτ,

+å (1 (1D
Æ¿ |M1(x, τ, q, q

∗)| ≤ c(D)
Ä LÅ ¶º L c(D) I¶·¿ KL·¿ Ï Ð»» HKºH· L q Ä q∗ µ ¶KH·¸J¹º¶I½¹ºL¿Ç K¹¿¹K.ºÉ ÷ ÈKÄ LM H··¼ JæH· ‖q∗∗‖1 ≤D

Ä LII¶Î
|M1(x, τ, q, q

∗)−M1(x, τ, q, q
∗∗)| ≤ c(D)‖q∗−q∗∗‖1.

+å (1 (nD
û v� v� v ­ o®¯°±²³ v ÌH»¼ H· M(t, x) = 2M1(x,2t)

Á½Hº
(Aq∗h)(x) = h(x)+

∫ π

x

M(x, t)h(t) dt h ∈ L1(0, π).
+å (1 (Ê D



å (1 ( ªl'*5�²��°*�²'���4 ås
ý o�� o���x� v -R

Aq∗
\[@BQS\B f`>> <

q [\S@AkCQNSON C9 _ <T CS B^>ReS@SSA@Y >\AX]\N=AY ( - +å (1 (nD ; @k9NW9@Y M XB@ C9 WBZWAU@9@Y _ @RWBS
‖Aq∗ −Aq∗∗‖ ≤ c(D)‖q∗−q∗∗‖1 ≤ c(D)‖q∗−q∗∗‖p,

+å (1 (sD
:<

p ≥ 1
(
M @>U@AN@S@9@A Y\BNQS\9 ‖q‖p ≤ D _ ‖q∗‖p ≤ DX; @A _ e>U < u\NS@BB<\[ @BQS\B\Y S=N<P ]\A9Q><C; ON Y^Z@SY@RV @A Aq∗ : Lp(0, π) → Lp(0, π)

f\NUS\A\9 _ NCXA@QBC9 _ CAZ@BSQN:<SO \[ @BQS\B _ W9 T CA] Aq∗ _ T CA] A−1
q∗ @>U@AN@S@9@A Y\BNQS\9 <

T @><]\SS :<NT <R\A (û v� vÓ v ÔÕÖoy×o�Ø x¯�v ÌH»¼ H· h ∈ L1(0, π)
É Í II¶Î

∫ π

0

h(x) dx−2z2

∫ π

0

h(x)v(x, λ)v∗(x, λ) dx=

∫ π

0

Aq∗ (h(π−x)) cos 2xz dx.+å (1 (åD
ø JÇ ¶·¼âK¹¿ É - τ = 2t

:@NU@SS@9eSW9 =SQA 9R\B\RR=Y T@> < +å (1 (1D @>U@ANV9W>@S
h(π−x)X9R@N _ W9 CAS@>BQNP =Y x 9R@BCAS 0XSON πXC> ( - R CAS@>BQNQ9\Y 9\BB@A]P WS f@NXk9@BWNZ@ <R QNNeSQ9S Y<[P =Y (ý o�� o���x� v -

z = 0
:@NU@SS@9eSW99@N

∫ π

0

Aq∗h=

∫ π

0

h,
+å (1 (jD

@RWBS
∫ π

0

h(x)v(x, λ)v∗(x, λ) dx=

∫ π

0

Aq∗ (h(π−x))
(

sin xz

z

)2

dx.
+å (1 (tD

û v� vç v ôoØØõ v EFÚG ÌH»¼ H· B1

Æ¿
B2

ø L·L¸Å KÆÎÉ g J·äH· q ∈B1

ÁÎH
Aq :B1 → B2Ï ¶º¼K¶·¶¿ ºJ· H¹ÎJ¿ ¶µ HÎ¹K¶ÎÉ ÙH»¼ÐI Ï HºÄ Å ¶»¼¬²­ ½L ºLM Jº¼ H· Î¾»Ç âKHKK q0 ∈B1

ÁÎH Aq0

æJã HIKâ½ Æ¿ LÇ J·½HÎÇ H J¿ Ï ¶º¼K¶·¶¿ É¬²²­ L q→ Aq
ºHI Æµ HÇ Æ¿ Ì Jµ ¿ ¸Å JKÇ KÒºLã ä¶·¿¹»ö L I¾½HKI HÇ È ÆÎKHºHM æH· / M J·äH·

h ∈ B1

ÁÎH
‖(Aq∗ −Aq)h‖ ≤ c(q0)‖q∗−q‖‖h‖,

ÅL ‖q‖, ‖q∗‖ ≤ 2‖q0‖,
+å (1 (ùD

LÅ ¶º c(q0) H»¼ q ÁK.ºÄ q∗ ÁK.º Æ¿ hÁK.º Ï Ð»» HKºH· I¶·¿ KL·¿ ÉÍII¶Î LÇ {Aq(q−q0) :q∈B1}
ÅL ºMLÇ KLÎKL ºMLÇ H»¼ ¶ÎJ» . I¾Ç Hµ � » ¾M æ¾K B2

ÁæH· É
û v� vó v ÔÕÖoy×o�Ø x¯�v À¯ÉÚ É Ã MJLKK L À¯ÉÚ ÉdÃ ÁæH· äH¾ · J¹ºK Aq∗ ¶µ HÎ¹K¶Î¶IIL ºLÇ {Aq∗(q

∗−q) : q ∈ Lp}
ÅL ºMLÇ KLÎKL ºMLÇ H»¼ Lp

ÁæHºJÄ ¶ÎJ» . I¾Ç Hµ � » ¾M æ¾KÉ
¿ozÕ zx� v �@>U@A Lp

0

<R \NU<A LpX; @NC f`>>ZWAU@Y :<NT <R< _ <T @NU@YA@Y <R CAS@>XBQNP <
0
(

û v� vû v ÔÕÖoy×o�Ø x¯�v ´Ç {Aq∗(q
∗−q) : q ∈Lp

0}
ÅL ºMLÇ KLÎKL ºMLÇ H»¼ Lp

0

ÁæHºJÄ
¶ÎJ» . I¾Ç Hµ � » ¾M æ¾K É
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© ³# ³ µÀ¶»�·¸¹º� »·¸¶º·º¼ Á �Â¹»�c»À»Ã»À
u@R@99`Y ;@ < P @N^NW9 AWNY`NC ‖ · ‖ A\BT QS < Y^Z@SY@RVYW[[ @A i N@>U@A ‖q(x)‖ =
=
∫∞
0

|q(x)|(1+x) dx
( lUCNZQA ‖q‖<∞ <YY\B W9 k9<Y <YY\B _ :< q(x) W9 xq(x) C9

L1X; @NC _ W9 ‖q(x)‖ = ‖q(x)‖1 +‖xq(x)‖1

(
û vÓ vwv ­ o®¯°±²³ v ÌH»¼ H· δ > 0

ÁÎL
Cδ = {q :

∫ ∞

0

|q(x)|eδx <∞}. +å (n (2D
*YY\B Cδ

< ‖q‖δ =
∫∞
0

|q(x)|eδx A\BT QZ<N ?<A<k:XSWB (
û vÓ v� v Ä zz°y�� v ÌH»¼ H· q ∈ Cδ

É ÍII¶Î ‖q‖ ≤ c(δ)‖q‖δ

É
ø JÇ ¶·¼âK¹¿ É

‖q‖ ≤ 1

min(1, δ)

∫ ∞

0

|q(x)|(1+min(1, δ)x) dx≤ 1

min(1, δ)
‖q‖δ.

+å (n (1D

û vÓ vÓ v ôoØØõ v ÌH»¼ H· ||q||, ||q∗|| ≤D
É ÍII¶Î

y(x, λ)y∗(x, λ) = e2ixz +

∫ ∞

x

e2iτzM1(x, τ, q, q
∗) dτ,

+å (n (nD
Æ¿ |M1(x, τ, q, q

∗)| ≤ c(D)
Ä ∫∞

x
|M1(x, τ, q, q

∗)| dτ ≤ c(D)
Ä LÅ ¶º L c(D) I¶·¿ KL·¿Ï Ð»» HKºH· L q Ä q∗ µ ¶KH·¸J¹º¶I ½¹ºL¿Ç K¹¿¹K.ºÉ Ù¶½¹ææ¹Ä LM H··¼JæH· ‖q∗∗‖≤D Ä LII¶Î

|M1(x, τ, q, q
∗)−M1(x, τ, q, q

∗∗)| ≤ c(D)‖q∗−q∗∗‖, +å (n (Ê D
∫ ∞

x

|M1(x, τ, q, q
∗)−M1(x, τ, q, q

∗∗)| dτ ≤ c(D)‖q∗−q∗∗‖.

ø JÇ ¶·¼âK¹¿ É -R 2(Ê ( <Nf@P @R@S; @A ;CR\AUeS\SS=Y < Y^Z@SY@RVY@S i
y(x, λ) = eixz +

∫ ∞

x

K(x, t)eitz dt,
+å (n (sD

y∗(x, λ) = eixz +

∫ ∞

x

K∗(x, t)eitz dt.
+å (n (åD

�@>U@A +<R \SS :<9RAQNS P @N^NW9:@R :<9\ANO<AD
σ0(x) = max(

∫ ∞

x

|q|,
∫ ∞

x

|q∗|,
∫ ∞

x

|q∗∗|), σ1(x) =

∫ ∞

x

σ0

+å (n (jD
W9

δ0(x) =

∫ ∞

x

|q∗−q∗∗|, δ1(x) =

∫ ∞

x

δ0.
+å (n (tD
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?CR\AUeS\SS=Y <RS C9 _ :\>U <
K _ K∗ T<>f`>>ZWAU@YB@

|K(x, t)|, |K∗(x, t)| ≤ c(D)σ0(
x+ t

2
),

+å (n (ùD
S\ZQ;;Q ‖q∗∗‖ ≤D @9@SWA

|K∗(x, t)−K∗∗(x, t)| ≤ c(D)

(
δ0(

x+ t

2
)+σ0(

x+ t

2
)δ1(x)

)
,

+å (n (2úD
<T C;VN Y^Z@SY@RCY _ :\>U

|K(x, t)|, |K∗(x, t)|,
∫ ∞

x

|K(x, t)| dt,

∫ ∞

x

|K∗(x, t)| dt≤ c(D),
+å (n (22D

W9
|K∗(x, t)−K∗∗(x, t)|,

∫ ∞

x

|K∗(x, t)−K∗∗(x, t)| dt≤ c(D)‖q∗−q∗∗‖, +å (n (21D
<:\N < c(D) Y\A9S<A9 f`>>@SN@A <

q _ q∗ _ q∗∗ [\S@AkCQN\Y ZQN<9RSQ9QSON (Ý@N^NP @ F < Ü\=BC@BXSB<A9Rf\BT QNS<S ( « < K(x, t)XS YCS@BP @9RSP `Y t<xXB@ 0XA<Y _<YY\B
y(x, λ)y∗(x, λ) =

=e2ixz +

∫ ∞

x

[K+K∗](x, t)ei(x+t)z dt+

+(y(x, λ)−eixz)(y∗(x, λ)−eixz) =

=e2ixz +F (t 7→ [K+K∗](x, t−x)) +

+F ((t 7→K(x, t))∗(t 7→K∗(x, t))(t)) .

,CZ@N K W9
K∗ C9

t < xXB@ 0 _ t < 2xXB@ T CA]YWS Ü\=BC@BXSB<A9Rf\BT QN<A]Of`>>ZWAU RWB=9 _ e>U <R
M1(x, t, q, q

∗) = 2K(x,2t−x)+2K∗(x,2t−x)+2

∫ 2t−x

x

K(x,2t−τ)K∗(x, τ) dτ+å (n (2nDZQN<9RSQ99<N < YeZQAS <N<Y:\R P =S=AY (« QSB< Z<A T W> < +å (n (Ê D ; @k9NW9@Y ;CR\AUeSQ9< (
|M1(x, t, q, q

∗)| ≤

≤ c(D)σ0(t)+c(D)

∫ 2t−x

x

σ0(t−
τ−x

2
)σ0(

τ+x

2
) dτ ≤ +å (n (2Ê D

≤ c(D)σ0(t)+c(D)

∫ 2t

0

σ0(t−
τ

2
)σ0(

τ

2
) dτ ≤

≤ c(D)σ0(t)+c(D)(σ0 ∗σ0)(t),
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W9 :<9\ANOYW[[@A

|M1(x, t, q, q
∗)−M1(x, t, q, q

∗∗)| ≤ +å (n (2sD
≤ c(D) (δ0(t)+σ0(t)δ1(x))+c(D)(σ0∗δ0)(t)+c(D)δ1(x)(σ0 ∗σ0)(t).*;;VN < Y\AZ\NpkCO A\BT QP QB< Z\A<SY\RO C9T @BS

‖h∗h∗‖∞ ≤ ‖h‖1‖h∗‖∞, ‖h∗h∗‖1 ≤ ‖h‖1‖h∗‖1

+å (n (2åD
; @k9NW9@Y 9@>eS9W>WZ@N T CA]@A Y^Z@SY@RCY (
û vÓ vç v ­ o®¯°±²³ v ÌH»¼ H· M(x, t) =M1(t, x, q, q

∗)
Á»L º

(Aq∗h)(x) = h(x)+

∫ x

0

M(x, t)h(t) dt h ∈ Lp(0,∞)
+å (n (2jD

ý o�� o���x� v - R
Aq∗

\[@BQS\B f`>> < q [\S@AkCQNSON C9 _ <T CS B^>ReS@SSA@Y >\A]\XN=AY ( - +å (n (Ê D ; @k9NW9@Y 9R@BCAS <R Aq∗ :L
1(0,∞)→L1(0,∞) \[@BQS\B A\BT QP QB<

‖Aq∗‖ ≤ 1+sup
t

∫ ∞

t

|M(x, t)| dx= 1+sup
x

∫ ∞

x

|M1(x, t)| dt≤ c(D)
+å (n (2tD

W9
‖Aq∗ −Aq∗∗‖ ≤ c(D)‖q∗−q∗∗‖. +å (n (2ùD

û vÓ vó v ÔÕÖoy×o�Ø x¯�v ÌH»¼H· (1+x)q(x) ∈ L1(0,∞)
É Í II¶Î

∫ ∞

0

h(x)y(x, λ)y∗(x, λ) dx=

∫ ∞

0

(Aq∗h) (x)e2ixz dx.
+å (n (1úD

ø JÇ ¶·¼âK¹¿ É )R\B\RR=Y T@> < +å (n (nD @>U@AN@S@S h(x)X9R@N _ W9 CAS@>BQNP =Y x 9R@BCAS
0XSON ∞XC> ( -R CAS@>BQNQ9\Y 9\BB@A]P WS f@Nk9@BWNZ@ <R QNNeSQ9S Y<[P =Y (
û vÓ vû v ôoØØõ v ÌÆKHÇ JI H»¼ ¶º¼L·M(x)∈L1(0,∞)∩L∞(0,∞)

Ï Ð»»½Æ·¼Ä LM Hº¼ÎH
|M(x, t)| ≤ c(D)M(x)

Æ¿ ‖M‖p ≤ c(D)
É ÷ ÈKÄ LM H··¼JæH· q, q∗ ∈ Cδ

J¿ KHºã H¿ÐºÄLII¶Î M(x) ∈ Cδ

Æ¿ ‖q‖δ

Ä
‖q∗‖δ ≤D H¿ HKÆ· ‖M‖δ ≤ c(D, δ)

É
ø JÇ ¶·¼âK¹¿ É �@>U@A M(x) = σ0(x)+(σ0∗σ0)(x)

( - R <R @NVRV ;CR\AU eSQ9\Y 9\BQA;@NQSS=Y _ :\>U |M(x, t)|≤c(D)M(x) _M(x) L1(0,∞)∩L∞(0,∞)X; @NC _ W9 ‖M‖1 _
‖M‖∞ ≤ c(D)

( *RWBS
‖M‖p =

(∫ ∞

0

|M(x)|p dx

) 1

p

≤
(
‖M‖1‖M‖p−1

∞
) 1

p ≤ c(D),
+å (n (1 2D

«<
q, q∗ ∈ Cδ

C9 S@NP @9`N _ <YY\B
lim

x→∞
eδx

∫ ∞

x

|q| ≤ lim
x→∞

∫ ∞

x

|q(t)|eδt dt= 0,
+å (n (11D
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@RWBS
∫ ∞

0

eδx

∫ ∞

x

|q| dx=

[
1

δ
eδx

∫ ∞

x

|q|
]∞

0

+
1

δ

∫ ∞

0

|q(x)|eδx dx≤ D

δ
,

+å (n (1nD
<R<R ‖σ0‖δ ≤ D

δ

W9 e>U
‖M‖δ ≤

D

δ
+(

D

δ
)2.

+å (n (1Ê D

û vÓ vþ v ôoØØõ v ÌÆKHÇ JI H»¼ ¶º¼L· m(x)∈L1(0,∞)∩L∞(0,∞)
Ï Ð»»½Æ·¼Ä LM Hº¼Á

ÎH |M(x, t, q, q∗)−M(x, t, q, q∗∗)| ≤ c(D)m(x)
Æ¿ ‖m‖p ≤ c(D)‖q∗− q∗∗‖

É ÷ ÈKÄ
LM H··¼ JæH· q, q∗ ∈ Cδ

J¿ KHºã H¿Ð ºÄ LII¶Î m(x) ∈ Cδ

Æ¿ ‖q‖δ

Ä
‖q∗‖δ ≤ D H¿ HKÆ·

‖m‖δ ≤ c(D, δ)
É

ø JÇ ¶·¼âK¹¿ É �@>U@A m(x) = δ0(x) + (σ0 ∗ δ0)(x) +M(x)δ1(0)
( - R <R @NVRV ;CXR\AUeSQ9\Y 9\BQA ; @NQSS=Y _ :\>U |M(x, t, q, q∗)−M(x, t, q, q∗∗)|≤c(D)m(x) _m(x)

L1(0,∞)∩L∞(0,∞)X; @NC _ W9 ‖m‖1 _ ‖m‖∞ ≤ c(D)‖q∗−q∗∗‖ ( *RWBS
‖m‖p =

(∫ ∞

0

|m(x)|p dx

) 1

p

≤
(
‖m‖1‖m‖p−1

∞
) 1

p ≤ c(D)‖q∗−q∗∗‖. +å (n (1sD
« <

q, q∗ ∈ Cδ

C9 S@NP @9`N _ <YY\B ‖σ0‖δ ≤ D
δ
_ ‖δ0‖δ ≤ D

δ
‖q∗−q∗∗‖ _ W9 e>U

‖m‖δ ≤ 2

(
D

δ
+(

D

δ
)2

)
‖q∗−q∗∗‖. +å (n (1åD

û vÓ v� v ÔÕÖoy×o�Ø x¯�v ´Ç
Aq∗ : Lp(0,∞) → Lp(0,∞) ¶µ HÎ¹K¶Î ·¶ÎM ¹ã ¹ÎL
‖Aq∗h‖p ≤ c(D)‖h‖p

+å (n (1jD
Æ¿

‖Aq∗ −Aq∗∗‖ ≤ c(D)‖q∗−q∗∗‖. +å (n (1tD
ø JÇ ¶·¼âK¹¿ É p <∞XB@

‖
∫ x

0

M(x, t)h(t) dt‖p ≤ ‖M‖p‖h‖p

+å (n (1ùD
W9

‖
∫ x

0

M(x, t, q, q∗)h(t) dt−
∫ x

0

M(x, t, q, q∗∗)h(t) dt‖p ≤ ‖m‖p‖h‖p,
+å (n (núD

T e>
p = ∞ @9@SWA

‖
∫ x

0

M(x, t)h(t) dt‖p ≤ xM(x)‖h‖p

+å (n (n 2D
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W9
‖
∫ x

0

M(x, t, q, q∗)h(t) dt−
∫ x

0

M(x, t, q, q∗∗)h(t) dt‖p ≤ xm(x)‖h‖p.
+å (n (n1D

, CZ@N
xM(x) ≤

∫ x

0

M(t) dt≤ ‖M‖1,
+å (n (nnD

Z<N<T CAS m T\A\S\ACSQ9< T C<SS
xm(x) ≤ ‖m‖1,

+å (n (nÊ D
< YWS @NVRV N@TTQS f@N:<9RAQNZ< T CA]YWS QNNeSQ9 <]O]CY (² NS<NQ;<A A@T C><R _ :\>U A∗

q CδXS CδX;< YW[ @RAW _ T W> <YY\B 9@T _ :< (q∗−
−q) ∈ Cδ

( u C9R\ASû vÓ v¤ v ÔÕÖoy×o�Ø x¯�v ‖q‖δ

Ä ‖q∗‖δ ≤D H¿ HKÆ· LÇ Aq∗ :Cδ →Cδ ¶µ HÎ¹K¶Î ·¶ÎÁM ¹ã ¹ÎL
‖Aq∗h‖δ ≤ c(D)‖h‖δ,

+å (n (nsDK¶½¹ææ¹ ‖q∗∗‖δ ≤D H¿ HKÆ·
‖Aq∗ −Aq∗∗‖ ≤ c(D)‖q∗−q∗∗‖δ.

+å (n (nåD
ø JÇ ¶·¼âK¹¿ É - YWS @NVRV N@TTQS f@N:<9RAQNZ<

‖
∫ x

0

M(x, t)h(t) dt‖δ ≤ ‖M‖δ‖h‖1

+å (n (njD
W9

‖
∫ x

0

M(x, t, q, q∗)h(t) dt−
∫ x

0

M(x, t, q, q∗∗)h(t) dt‖δ ≤ ‖m‖δ‖h‖1,
+å (n (ntD

<T C;VN +‖h‖1 ≤ ‖h‖δXZ<ND T CA]YWS QNNeSQ9 <]O]CY (û vÓ vw� v ôoØØõ v ´Ç
Aq∗ : L1(0,∞) → L1(0,∞) ¶µ HÎ¹K¶Î·LI ºÆKHÇ JI I¶Îº¹K¶¿ºJ· H¹ÎJ¿ J·½HÎÇ HÉ Ñ L M(x) = σ0(x)+(σ0 ∗σ0)(x)

Ä LII¶Î ‖A−1
q∗ ‖ ≤ ec(D)‖M‖1

É
ø JÇ ¶·¼âK¹¿ É �@>U@A B = Aq∗ −I

( *YY\B
‖Bnh‖1 =

∫ ∞

0

|
∫ xn

0

. . .

∫ x1

0

n∏

j=1

M(xj , xj−1)h(x0) dx0 . . . dxn−1| dxn ≤

≤ (c(D))n

∫ ∞

0

∫ xn

0

. . .

∫ x1

0

n∏

j=1

M(xj)|h(x0)| dx0 . . . dxn−1 dxn =

= (c(D))n

∫ ∞

0

∫

x0<x1<...xn<∞

n∏

j=1

M(xj)|h(x0)| dx1 . . . dxn dx0 =

+å (n (nùD
= (c(D))n

∫ ∞

0

1

n!

∫ ∞

x0

. . .

∫ ∞

x0

n∏

j=1

M(xj) dx1 . . . dxn|h(x0)| dx0 =

= (c(D))n

∫ ∞

0

1

n!

(∫ ∞

x0

M(x) dx

)n

|h(x0)| dx0 ≤
(c(D))n

n!
‖M‖n

1‖h‖1,
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S@:QS <R (I+B)−1X@S @NVQNNeSO ∑∞
n=0(−B)n l@=T <AAX9\B Y\AZ@B>@A9 _ W9 < A\BXT QY ^99R@>@ N@>f^NP @;; ec(D)‖M‖1
(

û vÓ vwwv ôoØØõ v ´Ç
Aq∗:L

∞(0,∞)→L∞(0,∞) ¶µ HÎ¹K¶Î·LI ºÆKHÇ JI I¶Îº¹K¶¿ ºJ· HÁ¹ÎJ¿ J·½HÎÇ HÉ Ñ LM(x)=σ0(x)+(σ0∗σ0)(x)
Ä LII¶Î ‖A−1

q∗ ‖≤1+c(D)‖M‖1e
c(D)‖M‖1

É
ø JÇ ¶·¼âK¹¿ É -R @NVRV N@TTQ:\R :<9\ANO<A ;CR\AUeS:<SO _ :\>U n≥ 1XB@

‖Bnh‖∞ ≤ c(D)‖xM(x)‖∞
(c(D))n−1

(n−1)!
‖M‖n−1

1 ‖h‖∞,
+å (n (ÊúD

S@:QS <R (I+B)−1X@S @NVQNNeSO ∑∞
n=0(−B)n l@=T <AAX9\B Y\AZ@B>@A9 _ W9 < A\BXT QY ^99R@>@ N@>f^NP @;; 1+c(D)‖M‖1e

c(D)‖M‖1
(

û vÓ vw� v ôoØØõ v
1<p<∞

ÁÎH LÇ Aq∗ :Lp(0,∞)→Lp(0,∞) ¶µ HÎ¹K¶Î·LI ºÆKHÇ JII¶Îº¹K¶¿ ºJ· H¹ÎJ¿ J·½HÎÇ HÉ Ñ L M(x) = σ0(x) + (σ0 ∗ σ0)(x)
Ä LII¶Î ‖A−1

q∗ ‖ ≤ 1+

+c(D)‖M‖∞ec(D)‖M‖1
É

ø JÇ ¶·¼âK¹¿ É -R @NVRV N@TTQY:\R :<9\ANO<A ;CR\AUeS:<SO _ :\>U n≥ 1XB@
‖Bnh‖p ≤ c(D)‖M‖∞

(c(D))n−1

(n−1)!
‖M‖n−1

1 ‖h‖p,
+å (n (Ê 2D

S@:QS <R (I+B)−1X@S @NVQNNeSO ∑∞
n=0(−B)n l@=T <AAX9\B Y\AZ@B>@A9 _ W9 < A\BXT QY ^99R@>@ N@>f^NP @;; 1+c(D)‖M‖∞ec(D)‖M‖1

(
û vÓ vwÓ v ôoØØõ v ´Ç

Aq∗ :Cδ →Cδ ¶µ HÎ¹K¶Î·LI ºÆKHÇ JI I¶Îº¹K¶¿ ºJ· H¹ÎJ¿ J·½HÎÇ HÉÑ L M(x) = σ0(x)+(σ0 ∗σ0)(x)
Ä LII¶Î ‖A−1

q∗ ‖ ≤ ec(D)‖M‖1
É

ø JÇ ¶·¼âK¹¿ É )RCASWA :<9\ANO<A ;CR\AUeS:<SO _ :\>U n≥ 1XB@
‖Bnh‖δ ≤

(c(D))n

n!
‖M‖δ‖M‖n−1

1 ‖h‖1 ≤
(c(D))n

n!
‖M‖n

δ ‖h‖δ,
+å (n (Ê1D

S@:QS <R (I+B)−1X@S @NVQNNeSO ∑∞
n=0(−B)n l@=T <AAX9\B Y\AZ@B>@A9 _ W9 < A\BXT QY ^99R@>@ N@>f^NP @;; ec(D)‖M‖δ
(

û vÓ vwç v ôoØØõ v ´Ç
Aδ = {Aq∗(q

∗ − q)|q, q∗ ∈ Cδ}
ÅL ºMLÇ KLÎKL ºMLÇ Cδ

ÁæHºJ» ¾M æ¾KÉ
ø JÇ ¶·¼âK¹¿ É ,CA]@A q∗ ∈ CδXB< Aq∗

CR\T \BÿRT=9 _ Z<N<T CAS
‖Aq∗ −Aq∗∗‖ ≤ c(D)‖q∗−q∗∗‖δ.

+å (n (ÊnD
*RWBS <NY<NT <R:<SO < å (1 (Ê ( N@TT< _ <T @NU 9R@BCAS Aδ S<BS<NT <R >^T;^S (
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© ³� ³ �& ÅÀÆ»·& Ã� »¼¶·¸¹ �·º�¹Â7Á ÆÂÇ»Ã ÅÀ¶»·ÆÁ¹¹�È

7ºÀ
û vç vwv ­ o®¯°±²³ v EFÚG ÌH»¼H· β ∈ R

Æ¿
q, q∗ ∈ Lp(0, π)

É
λ I¾Ç ¾¿ ¿Lã ¹KÆÎKÆI H L qÆ¿ L q∗ µ ¶KH·¸J¹º·LIÄ ÅL ºÆKHÇ JI ¶º¼L· αÄ LM Hº º¼Hº λ ∈ σ(q, α, β)∩σ(q∗, α, β)

É
- S\ZQ;;C<Y;<A <

β = 0 @9@S@S ZCR9>QNP =Y ( -R\A _ :\>U <
λn

9<P QSWBSWY@YT@>:<SQB\RRQY < [\S@AkCQNS _ <RS f\>P =Y WBS@AC _ :\>U ACAk9 YWS \NU<A Y`N^A;^RV
q, q∗ [\S@AkCQN Lp(0, π)X; @A _ <T @NU@YA@Y <

λn

9RQT \Y Y^R^9 9<P QSWBSWY@C (
û vç v� v Ëxyoz v ÀÑ ¶Î½¹KÅÃ ÌH»¼H· 1≤p≤∞

Ä
q∈Lp

Ä
λ 6=0

Ä
λn9−∞

Ä
n≥1 IÐº¾·æ¾Ç È

½L º.¿ ¿Ç ¹M ¶I É ÌH»¼H· λn ∈ σ(αn,0)
É ´ II¶Î L λn

¿Lã ¹KÆÎKÆI HI M H»ÅLK¹Î¶ÇÇ ¹I L
µ ¶KH·¸J¹ºK ⇔{1, x, e±2iλnx} KHºã H¿ Lp(−π, π)

ÁæH· É
�@>U@A v(x, λ)

<R +2(2(2D @>U@AN@S
v(π, λ) = 0, v′(π, λ) = −1

+å (Ê (2D
f@NSWS@N@Y@S YC@NW>eSV T @>\N]Q9< _ W9 N@>U@A z =

√
λ
( m@ÿACQNP =Y < Y^Z@SY@RV _ <S\ZQ;;C<Y;<A 9\Y9R\B :<9RAQNS f`>>ZWAUS i

F (x, z, z∗) = v′(x, λ)v∗(x, λ∗)−v(x, λ)v∗′(x, λ∗).
+å (Ê (1D

«<
q = q∗ _ <YY\B AUCNZQA F = 0

(
û vç vÓ v ôoØØõ v

F (0, z, z∗) =

∫ π

0

(q∗(x)−q(x)−λ∗ +λ)v(x, λ)v∗(x, λ∗) dx.
+å (Ê (nD

Ñ L λ Æ¿
λ∗ ½L º.¿Ä LII¶Î

F (0, z, z∗) = 0 ⇔ λ ∈ σ(α,0, q), λ∗ ∈ σ(α,0, q∗)
+å (Ê (Ê D

½L ºLM Jº¼H· α ∈ R
ÁÎHºÉ

ø JÇ ¶·¼âK¹¿ É +2(2(2D 9R@BCAS
F ′(x, z, z∗) = v′′(x, λ)v∗(x, λ∗)−v(x, λ)v∗′′(x, λ∗) =

= (q(x)−q∗(x)−λ+λ∗)v(x, λ)v∗(x, λ∗),

W9
F (0) = −

∫ π

0
F ′X; VN +å (Ê (nD T QB Y^Z@SY@RCY ( F ]@ÿAekCOP < 9R@BCAS F (0) = 0[\AS\9<A <YY\B _ :< <

(v(0, λ), v′(0, λ))
W9 <

(v∗(0, λ), v∗′(0, λ∗))
Z@YS\B\Y [QBX:=R<T\9<Y _ <T C;VN < N@TT< TQ9\]CY QNNeSQ9< C9 Y^Z@SY@RCY (

û vç vç v ôoØØõ v ÙH»¼ÐI Ï HºÄ Å ¶»¼ L q Æ¿ L q∗ µ ¶KH·¸J¹º·LI ½Æ» KHºH· ¿¶I λn
I¾Ç ¾¿¿Lã ¹KÆÎKÆI H ½L·Ä LÅ ¶º λn 9 −∞

É ÍII¶Î ∫ π

0
(q∗−q) = 0

É



å (Ê ( -Þ ªlu*�Þ )°*4'�²� °��?�±,- u±5*) ªl'*�u-��ß,�l jn
ø JÇ ¶·¼âK¹¿ É - å (Ê (n ( N@TT< 9R@BCAS z2 [\AS\9<A <YY\B Y^R^9 9<P QSWBSWY _ :<∫ π

0
(q∗(x)−q(x))v(x, λ)v∗(x, λ) dx= 0 _ <R<R +å (1 (åD 9R@BCAS

∫ π

0

Aq∗ (q∗(π−x)−q(π−x)) cos 2xz dx=

∫ π

0

(q∗−q). +å (Ê (sD
« <

λn → +∞ _ <YY\B @R @>U ZW>S@N@A; @ S<BSO zn

9\B\R<S T @ASWA C><R ( «< A@T _<YY\B <
λn

9\B\R<SA<Y Z<A ZW>@9 S\BNO]Q9C [\ASP < _ W9 < Y\T[N@ª f`>>ZWAUS<A=ACkCSQ9 SWS@N@ 9R@BCAS T CA]@A zXB@ F (0, z, z) =
∫ π

0
(q∗− q) _ <R<R 9[ @kCQNC9<A @R@>U +∞X; @ S<BSO 9\B\R<S T @ASWA C9 C><R ( m@ <YY\B < � C@T <AAXN@TT< 9R@BCAS∫ π

0
(q∗−q) = 0

(
û vç vó v ôoØØõ v ÙH»¼ÐI Ï HºÄ Å ¶»¼ L q Æ¿ L q∗ µ ¶KH·¸J¹º·LI ½Æ» KHºH· ¿¶I λn

I¾Ç ¾¿¿Lã ¹KÆÎKÆI H ½L·Ä LÅ ¶º λn 9 −∞
É
λ 6= 0 µ ¶· K¶¿L· LII¶Î I¾Ç ¾¿ ¿Lã ¹KÆÎKÆIÄ ÅL

∫ π

0

Aq∗ (q∗(π−x)−q(π−x)) cos 2xz dx= 0.
+å (Ê (åD

ø JÇ ¶·¼âK¹¿ É -R @NVRV N@TT< 9R@BCAS ∫ π

0
(q∗− q) = 0

( - å (Ê (n ( N@TT< 9R@BCAS z2[\AS\9<A <YY\B Y^R^9 9<P QSWBSWY _ :< ∫ π

0
(q∗(x)−q(x))v(x, λ)v∗(x, λ) dx=0 _ <R<R+å (1 (åD 9R@BCAS

∫ π

0

Aq∗ (q∗(π−x)−q(π−x)) cos 2xz dx=

∫ π

0

(q∗−q) = 0.
+å (Ê (jD

« < [@]C> +å (Ê (åD S@NP @9`N _ <YY\B +å (1 (åD W9 ∫ π

0
(q∗ − q) = 0 TC<SS ∫ π

0
(q∗(x) −

−q(x))v(x, λ)v∗(x, λ) dx= 0 _ <R<R z2 Y^R^9 9<P QSWBSWY (
� û vç v� v yxyoz � ²��¯� °y��õ v * N@T C pS\A ;CR\AU eS:<SO +qn1r _ �@TT< s (Ê D _ :\>U<R {1, x, e±2ixzn : n ≥ 1} B@A]9R@B [\AS\9<A <YY\B S@NP @9 Lp(−π, π)X; @A _ :< <R
C(Λ) = {1, cos 2xzn : n≥ 1} B@A]9R@B S@NP @9 Lp(0, π)X; @A (« < <

C(Λ)
B@A]9R@B S@NP @9 _ <YY\B <R @NVRV N@TT< 9R@BCAS Aq∗(q

∗(x)−q(x))=0 _<R<R
q∗(x)−q(x) = 0

( «< ZC9R\AS < C(Λ)
B@A]9R@B A@T S@NP @9 _ <YY\B NWS@RCY @>U

0 6= h ∈ Lp[0, π] _ ∫ π

0
h= 0 p>U_ :\>U

∫ π

0

h(x) cos 2xzn dx= 0,
+å (Ê (tD

W9 < å (1 (å ( Y^Z@SY@RT WAU 9R@BCAS @NW> YC9 γXB< NWS@RCY \NU<A q∗ _ :\>U
∫ π

0

Aq∗ (q∗(π−x)−q(π−x)) = γh(x),
+å (Ê (ùD

<R<R <
λn

9RQT\Y qXA<Y W9
q∗XA<Y Y^R^9 9<P QSWBSWY@C (



jÊ å ( Ü*Ý*Þ*' ( ªlu*�Þ °��?�±,²4
© ³� ³ �& ÅÀÆ»·& Ã� »¼¶·¸¹ �·º� ¹Â7Á Á �Â¹»Çc»À»Ã»À
- fWN@>U@A@9@A <]\SS )k:B^]CA>@BX\[ @BQS\B mXf`>>ZWAU@

m(λ) =
y′(0, λ)

y(0, λ)
, =z > 0,

+å (s (2D
<:\N y � < :<SQB[\AS @9@S; @A @>UWBS@NT� � L2X; @NC T @>\N]Q9 ( - RS T \A]P =Y _ :\>U
λ ∈ σ(α, q) _ :< y(x, λ) YC@NW>eSC

y(0, λ) cosα−y′(0, λ) sinα= 0
+å (s (1D

0X;<A <]\SS [ @B@T f@NSWS@NS _ <R<R _ :< m(λ) = cotα
(�@>U@A m = m(q)

W9
m∗ = m(q∗) YWS mXf`>>ZWAU_ q, q∗ ∈ L1(0,∞)

( *YY\B:<SQB[ \AS @9@S Z<A _ < 9<P QSWBSWY@Y A@><SeZ<Y _ W9 m < A@TA@><SeZ fWNS@A>@NU YCXZWS@NWZ@N T @B\T\Bf ( «< λ Y^R^9 9<P QSWBSWY@ <
q
W9 <

q∗ [\S@AkCQNA<Y _ <YY\B
m(λ) = m∗(λ)

¬ :< [@]C> λ W9
λ∗

=>U<A<::\R < 9[ @YSB=T:\R S<BS\RA<Y _ <YY\B
m(λ) = m∗(λ∗)

( - R\A _ :\>U <
λn

9<P QSWBSWY@Y T @>:<SQB\RRQY < [\S@AkCQNS _ S\XZQ;;B< C9 <RS f\>P =Y WBS@AC _ :\>U ACAk9 YWS \NU<A Y`N^A;^RV q, q∗ [\S@AkCQN <R<]\SS f`>>ZWAU\9RSQNU;<A _ <T @NU@YA@Y <
λn

9RQT\Y Y^R^9 9<P QSWBSWY@C (û vó vwv Ëxyoz v ÌH»¼H· (1 + x)q(x) ∈ L1(0,∞)
Ä
λn < 0

Ä
n ≥ 1 IÐº¾·æ¾Ç È ½L º.¿¿Ç ¹M ¶I É ÌH»¼H·

e(Λ) =
{
e2ixzn |n≥ 1

}
.

+å (s (nD
Ñ L LÇ e(Λ) ÎH·ä¿Ç HÎ KHºã H¿ L1(0,∞)

ÁæH·Ä LII¶Î L λn

¿Lã ¹KÆÎKÆI HI M H»ÅLK¹Î¶ÇÇ ¹IL µ ¶KH·¸J¹ºKÉ-R
mXf`>>ZWAU 9@>eS9W>WZ@N @RS < [B\;NWT QS p>U f\><NT <R:<SP =Y T@> _ :\>UT CY\B :<SQB\RRQY T @> <R mXf`>>ZWAUS <]\SS λn<0

:@NU@Y@A +< 9<P QSWBSWY@Y; @ADf^NZ@SS WBSWY@C ( *R =SO;;C f@NSWS@NS @N:<>UZ< <BB< <R QNS<NQA\9 YWB]W9B@ Y@B@99`Y <ZQN<9RS _ :\>U S@S9RVN@>@9@A <]\SS :@NU@Y@A f^NZ@SS WBSWY@C <R mXf`>>ZWAUS T CY\B:<SQB\RRQY T@> (û vó v� v Ëxyoz v ÌH»¼H· (1+x)q(x) ∈L1(0,∞)
Ä
=zn > 0

Ä
n≥ 1 IÐº¾·æ¾Ç È I¶Mµ ºH�¿Ç ¹M ¶I É ÌH»¼H·

e(Λ) =
{
e2ixzn |n≥ 1

}
.

+å (s (Ê D
Ñ L LÇ e(Λ) ÎH·ä¿Ç HÎ KHºã H¿ L1(0,∞)

ÁæH·Ä LII¶Î LÇ mÁÏ Ð»»½Æ·¼ K M H»ÅLK¹Î¶ÇÇ ¹I L
λn

Å Hº¼ HI H· Ï ¾º½HKK ÆÎKÆI HJÉø JÇ ¶·¼âK¹¿ É u@R@99`Y ;@ < ZW>@9 @9@S; @A C9 :<9RAQNS
F (x, z) = y′(x, λ)y∗(x, λ)−y(x, λ)y∗′(x, λ)

+å (s (sD
f`>>ZWAUS (û vó vÓ v Ä zz°y�� v EFFG

F (0, z) =

∫ ∞

0

(q∗(x)−q(x))y(x, λ)y∗(x, λ) dx.
+å (s (åD



å (s ( -Þ ªlu*�Þ )°*4'�²� °��?�±,- - Ü±�*5¥*l*)*l js
ø JÇ ¶·¼âK¹¿ É - ;CR\AUeSQ9 < ZW>@9 @9@S:@R :<9\ANO _ f@N:<9RAQNZ< _ :\>U y(x, λ)+
(1+x)q(x) 6∈ L1(0,∞) @9@SWA =z > 0XSON f`>>V @AD Y\BNQS\9 (- å (n (s ( Y^Z@SY@RT WAU 9R@BCAS S@:QS

F (0, z) =

∫ ∞

0

Aq∗(q
∗(x)−q(x))e2ixz dx.

+å (s (jD
'@>U`Y f@N _ :\>U <

q
W9
q∗ [\S@AkCQN\Y:\R S<BS\RO mXf`>>ZWAU@Y T@>@>U@RA@Y <

λn

:@NU@Y@A ( *YY\B F (0, λn) = 0 _ Z<>UC9 Aq∗(q
∗−q) T@BVN@>@9 <R e(Λ)

B@A]9R@B^99R@9 @N@T WB@ ( , CZ@N e(Λ) S@NP @9 _ Aq∗(q
∗−q) = 0 _ <R<R q∗ = q

(
ý o�� o���x� v « <

lim supn λn < 0 _ <YY\B T CA]YWS SWS@N; @A @N@>@A]V f@NS@AAC _:\>U q ∈ L1
+qnnrD (Ü@NT @B`N:@S < YWB]W9 _ :\>U <R

e(Λ)
B@A]9R@B S@NP @99W>@ 9R`Y9W>@9 f@NSWS@N@X@ < [\S@AkCQN @>UWBS@NT�9W>WA@Y ( « < < [\S@AkCQNBON @>U YCk9CZ@N S^;; @S S=]=AY _A@Z@R@S@9@A q ∈ Cδ

Z<N<T CNU@A δ > 0XB< _ <YY\B C><R < Y^Z@SY@RV iû vó vç v Ëxyoz v ÌH»¼H· q(x) ∈ Cδ

Ä
=zn > 0

Ä
n ≥ 1 IÐº¾·æ¾Ç È I¶Mµ ºH� ¿Ç ¹M ¶I ÉÌH»¼ H·

e(Λ) =
{
e2ixzn|n≥ 1

}
.

+å (s (tD
ÍII¶Î LÇ mÁÏ Ð»»½Æ·¼ K µ ¶· K¶¿L· LII¶Î ÅLK¹Î¶ÇÇ ¹I M H» L λn

Å Hº¼ HI H· Ï ¾º½HKK ÆÎÁKÆI HJÄ ÅL LÇ e(Λ) ÎH·ä¿Ç HÎ KHºã H¿ Cδ

ÁæL· É
ø JÇ ¶·¼âK¹¿ É '@>U`Y f@N _ :\>U <R

e(Λ)
B@A]9R@B S@NP @9 _ W9 <

q
W9
q∗ [\S@AkCQN\YX:\R S<BS\RO mXf`>>ZWAU@YB@ m(λn) = m∗(λn) S@NP @9`N ∀nXB@ ( *YY\B F (0, zn) =

=
∫∞
0
Aq∗(q

∗ − q)e2ixzn = 0 ∀nXB@ W9 T CA]@A q∗ ∈ CδXB< ( , CZ@N Aq∗ : Cδ → CδCR\T\BÿRT=9 W9 <R
e(Λ)

B@A]9R@B S@NP @9 CδX;<A _ @R k9<Y <YY\B N@:@S9W>@9 _ :<
q∗ = q

(, Q9\]9R\B S@>U`Y f@N _ :\>U <R
e(Λ)

B@A]9R@B A@T S@NP @9 ( *YY\B ∃h∈Cδ p>U_:\>U ∫∞
0
h(x)e2ixzn =0 ∀nXB@ ( - å (n (2Ê ( N@TT < 9R@BCAS @NW> YC9 γXB< NWS@RCY \NU<A

q∗ _ :\>U ∫ π

0

Aq∗ (q∗(π−x)−q(π−x)) = γh(x),
+å (s (ùD

<R<R <
λn

9RQT\Y qXA<Y W9
q∗XA<Y Y^R^9 9<P QSWBSWY@C (- Y^Z@SY@RV _ ,`ASRXSe[=9p SWS@N @>U Y^AAU@A @NN@AVBCR:@SV YBCSWBC=T \S <]<R @]]C> ;CR\AUeS\SS SWS@N@Y:@R iû vó vó v Ëxyoz v ÌH»¼H· HI zn

Ä
n ≥ 1 =zn ≥ 0 IÐº¾·æ¾Ç È I¶Mµ ºH� ¿Ç ¹M ¶I É Ñ L∑ =zn

1+|zn|2 = ∞
Ä LII¶Î LÇ e(Λ) = {e2ixzn : zn ≥ 1} ÎH·ä¿Ç HÎ KHºã H¿ L1(0,∞)

ÁæH· É
ø JÇ ¶·¼âK¹¿ É « < e(Λ) A@T S@NP @9 _ S@YCAS9`Y <

0 6=H(z) =
∫∞
0
h(x)e2ixz

f`>>ZWAUS (, CZ@N @R Y\BNQS\9 <R =z ≥ 0
fWN9eY\A _ A=NN:@NU@C YC@NW>eSCY <
∑

H(zn)=0

=zn

1+ |zn|2
<∞ +å (s (2úD

? N<9k:Y@Xf@NSWS@NS +q2jrD _ @NN@AST \A]Q9;<A < SWS@N f@NSWS@N@CZ@N (



jå å ( Ü*Ý*Þ*' ( ªlu*�Þ °��?�±,²4
û vó vû v Ëxyoz v ÌH»¼ H· =zn > 0

Ä
n≥ 1 IÐº¾·æ¾Ç È I¶Mµ ºH� ¿Ç ¹M ¶I É Ñ L
∑ =zn

1+ |zn|2
= ∞,

+å (s (22D
LII¶Î LÇ mÁÏ Ð»»½Æ·¼ K M H»ÅLK¹Î¶ÇÇ ¹I L λn

Å Hº¼HI H· Ï ¾º½HKK ÆÎKÆI HJÉ Ñ L M Æ» q(x)∈
∈ Cδ

J¿ KHºã H¿Ð ºÄ LII¶Î LÇ mÁÏ Ð»»½Æ·¼ M H»ÅLK¹Î¶Ç¹¿¹Å ¶Ç
∑ =(2zn + iδ)

1+ |2zn + iδ|2 = ∞ +å (s (21D
J¿ HºH» H·äÈÉ
ø JÇ ¶·¼âK¹¿ É -R @N9V QNNeSQ9 < å (s (s ( SWS@N W9 < å (s (1 ( SWS@N @>UT Q9 =SQAC <NY<NT <XRQ9Q;ON Y^Z@SY@RCY ¬ < TQ9\]CY QNNeSQ9 [ @]C> <;;ON _ :\>U e(Λ) [\AS\9<A <YY\BS@NP @9 CδX;<A _ :< <R {

eix(2zn+iδ)|n≥ 1
} S@NP @9 L1X; @A (



É � ��� ����
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Ê ³$³ Ëº¶»À�Å¸¹ Ã&»·ÅÀ¶Å Ì»·ÅÆ¸¹¶
- )S=BT X�C\=ZCNN@ \[ @BQS\B\YBON 9RONO ; @Z@R@SV BW9R; @A <RS QNNeS\SS=Y _ :\>U <R
y1

W9
y2

<]\SS Y@R]@SC WBSWY;VN CA]=NO T @>\N]Q9\Y <A<NCSCY=9 f`>>ZWAU@C qXA<Y (*>U
f :E→F ?<A<k:XS@B@Y Y^R^SSC N@YW[ @RW9 x∈EX; @A ÜBWk:@SX]Cü@B@AkCQN:<SO _:< NWS@RCY @>U dxf

f\NUS\A\9 NCA@QBC9 N@YW[ @RW9 EX; VN F X; @ p>U_ :\>U
||f(x+a)−f(x)|| = dxf(a)+ε(a),

+j (2(2D
<:\N

lim
a→0

ε(a)

||a|| = 0.
+j (2(1D

f
5ÍS@<=ª X] Cü@B@AkCQN:<SO _ :< T CA]@A e ∈ E @>U9W>Z@YS\BB< W9

µ
Z<NO9 Z<>U

Y\T[N@ª 9RQT B<
lim
µ→0

ε(µe)

|µ| = 0.
+j (2(nD

« < <R
F ?<A<k:XSWB < Y\T[N@ª 9RQTS@9S _ <YY\B dxf S@YCAS:@SV E∗ @>U @N@T WA@Y _<R<R [N ( E = L1 @9@SWA < ]@BCZQNS T CA]@A x ∈E [\AS;<A @>U L∞X; @NC f`>>ZWAU(*;;@A <R <Nf@P @R@S; @A YC9RQT eSP =Y < 9<P QSWBSWY@Y q 9R@BCASC ÜBWk:@S ]@BCZQNSP QS (

þ vwvwv Ëxyoz v Ed ÚÄ  ¯Ä ¯ Ḡ Ñ L q ∈ L1(0, π)
Ä LII¶Î

∂yj

∂q
(x) = yj(t)[y1(t)y2(x)−y2(t)y1(x)]χ(0,x)(t) j = 1,2,

+j (2(Ê D
∂y′j
∂q

(x) = yj(t)[y1(t)y
′
2(x)−y2(t)y

′
1(x)]χ(0,x)(t) j = 1,2.

+j (2(sD
þ vwv� v ÔÕÖoy×o�Ø x¯�v

|y2(x, λ, q)−y2(x, λ, q
∗)| ≤ c(D)

λ
‖q−q∗‖. +j (2(åD

jj



jt j ( Ü*Ý*Þ*' ( ªlu*�Þ °��?�±,²4 )'-?ª�ª'²)-
þ vwvÓ v ôoØØõ v ÌH»¼ H· q ∈ L1(0, π)

Ä
λ ∈ σ(α,0, q)

É ´ II¶Î
∫ π

0

y2
α(x, λ) dx= ẏα(π, λ)y′α(π, λ)− ẏ′α(π, λ)yα(π, λ)

+j (2(jD
Àµ ¶· KKL º HÇö KKL º L λ ¿Ç HÎJ· KJ äHÎJ½¹ºKLK ã Hº¾ºKÐIÃ É
ø JÇ ¶·¼âK¹¿ É -R +2(2(2D @>U@AN@S@S λ 9R@BCAS ]Cü @B@AkCQNZ<

−ẏ′′α +q(x)ẏα = yα +λẏα.
+j (2(tD

)R\B\RR=Y T@> @RS <R @>U@AN@S@S yαXZ<N _ W9 Z\AP =Y YC ; @NVN@ <R @B@]@SC @>U@AN@S
ẏαX9R\B\9QS i

y′′αẏα− ẏ′′αyα = y2
α.

+j (2(ùD
3>U
∫ π

0

y2
α(x, λ) dx= W [ẏα, yα]|π0 = ẏα(π, λ)y′α(π, λ)− ẏ′α(π, λ)yα(π, λ).

+j (2(2úD

þ vwvç v Ä zz°y�� v Ed ÚÄ  ¯Ä ¯ Ḡ ÌH»¼ H· q ∈ L1(0, π)
Ä
λn = λn(q) ∈ σ(α, β, q)

É ÍII¶Î
λn

L·L ºJKJIÒ¿ Ï Ð»»½Æ·¼H q Á·LIÄ Æ¿
∂λn

∂q
= g2

n(t),
+j (2(22D

LÅ ¶º gn
L λn

ÁÅ HÇ KLÎK¶Ç . À
L2

ÁæH·Ã ·¶ÎM ¹ºK ¿Lã ¹KÏ Ð»»½Æ·¼É
ø JÇ ¶·¼âK¹¿ É '@>U`Y f@N _ :\>U sin β 6=0 _ W9 N@>U@A m(λn, q)=

y′

α(π,λn,q)
yα(π,λn,q)

( +« <
sin β 6=

6= π
2
_ <YY\B :<9\ANO<A ;CR\AUeS:<SP =Y <R QNNeSQ9S m(λn, q)=

yα(π,λn,q)
y′

α(π,λn,q)

9@>eS9W>WZ@N (D*YY\B m(λn, q)
Z<NO9 <A<NCSCY=9 f`>>ZWAU@ qXA<Y _ W9 λn ∈ σ(α, β, q) ⇔m(λn)+

+cotβ = 0
(

∂m(λn, q)

∂λ
=
ẏ′αyα− ẏαy

′
α

y2
α

=
−
∫ π

0
y2

α

y2
α(π, λn, q)

6= 0,
+j (2(21D

<R @NVRV N@TT< 9R@BCAS _ @RWBS <R CT [NCkCSXf`>>ZWAU SWS@N f@NSWS@N@C S@NP @9`NA@Y _
λn = λn(q)

C9 Z<NO9 <A<NCSCY=9 _ W9
0 =

∂m(λn)+cotβ

∂q
=
∂m(λn, q)

∂λ

∂λn

∂q
+
∂m(λn, q)

∂q
,

+j (2(2nD
<R<R

∂λn

∂q
=

∂
∂q
y′αyα− ∂

∂q
yαy

′
α∫ π

0
y2

α

+j (2(2Ê D



j (1 ( *��4±)Þ3'� ?*Î)�±)*4 u±5*) ªl'*�u-��ß,�l jù
+@R < YW[N@S T QB T CA]@A βXB< WBZWAU@9D ( Ü@N:<9RAQNZ< < j (2(2( SWS@N @B@]TWAUWS _

∂λn

∂q
=
yα(t)yα(π)[y1(t)y

′
2(π)−y2(t)y

′
1(π)]∫ π

0
y2

α

−

−yα(t)y′α(π)[y1(t)y2(π)−y2(t)y1(π)]∫ π

0
y2

α

,

@R [ @]C> W (y1, y2) = 1
W9
yα = y1 sinα+y2 cosα

C9T @B@SW; @A <
∂λn

∂q
=
y2

α(t)∫ π

0
y2

α

+j (2(2sD
<N<YB< :\R:<SO (
Ê ³´ ³ Ï ¹�¼ÂÃ&8¶� � »�Ã¹ÂÃ»¼ ÆÂÇ»Ã ÅÀ¶»·ÆÁ¹¹�7ºÀ
þ v� vwv ôoØØõ v ÌH»¼ H· ‖q(x)‖1 ≤D

É ÍII¶Î
sup
λ∈R

∫ π

0

y2
2(x, λ, q) dx < c(D)

∫ π

0

y2
2(x, λ,0) dx,

+j (1 (2D
inf
λ∈R

∫ π

0

y2
2(x, λ, q) dx > ε(D)

∫ π

0

y2
2(x, λ,0) dx,

+j (1 (1D
½L ºLM Jº¼H· q ÁK.º Ï Ð»» HKºH· c(D)

Æ¿
ε(D)> 0

¿Ç ¹MML ºÉ
ø JÇ ¶·¼âK¹¿ É - +å (1 (tD @>U@ANV9W>; @ h(x) = 1X@S :@NU@SS@9eSZ@ _ W9 f@N:<9RAQNZ< _:\>U <R

Aq : L∞ → L∞ \[@BQS\B T CA]YWS CBQAU;< f\NUS\A\9 _
∫ π

0

y2
2(x, λ) dx= ‖Aq‖2

∫ π

0

(
sin xz

z

)2

dx,
+j (1 (nD

W9
∫ π

0

(
sin xz

z

)2

dx≤ ‖A−1
q ‖2

∫ π

0

y2
2(x, λ) dx,

+j (1 (Ê D
<T C ;CR\AUeSP < < N@TT< QNNeSQ9QS (þ v� v� v ÔÕÖoy×o�Ø x¯�v ÌH»¼ H· λ ∈ R

É Í II¶Î
|g2(x, λ, q)|<

{
c(D),

ÅL λ≥ 0,
c(D)(1+ |z|),

ÅL λ < 0.

+j (1 (sD
ø JÇ ¶·¼âK¹¿ É

|g2(x, λ, q)| =
|y2(x, λ, q)|
‖y2(x, λ, q)‖2

≤ c(D)

ε(D)

‖ sin xz‖∞
‖ sin xz‖2

, x ∈ [0, π],
+j (1 (åD

@R [ @]C> λ → 0
W9

λ → +∞ @9@SWA @>U<BQAS Y\BNQS\9 _ T e>
λ → −∞ @9@SWA

O(|z|) (



tú j ( Ü*Ý*Þ*' ( ªlu*�Þ °��?�±,²4 )'-?ª�ª'²)-
�@>U@A v(x, λ) = v0(x, λ)

<R +2(2(2D @>U@AN@S
v(π, λ) = 0, v′(π, λ) = −1

+j (1 (jD
f@NSWS@N@Y@S YC@NW>eSV T @>\N]Q9< ( m@ÿACQNP =Y v∗X\S :<9\ANO<A ( *YY\B v(x, λ, q) =
= y2(π−x, λ, q(π−x))

W9
λ≥ 0XB< sin xz ≤ 1 TC<SSþ v� vÓ v ÔÕÖoy×o�Ø x¯�v ÌH»¼H· λ≥ 1

4

É ÍII¶Î
ε(D)

λ
<

∫ π

0

v2(x, λ, q) dx <
c(D)

λ
.

+j (1 (tD
þ v� vç v Ëxyoz v Ð Hº¾ºã H σ(α,0) n. HºHM ÆK

λn

É Í II¶Î λn(q+t(p−q))≥−N2
Ä
p, q∈L1Æ¿ ||p||1, ||q||1 ≤D H¿ HKÆ·

|λn(p)−λn(q)|< c(D)(N+1)||p−q||1,
+j (1 (ùD

LÅ ¶º c(D)
· HM Ï Ð»» α ÁK.ºÉ

ø JÇ ¶·¼âK¹¿ É
|λn(p)−λn(q)| ≤

∫ 1

0

| d

dt
λn(q+ t(p−q))| dt,

+j (1 (2úD
W9
g Y\BNQSP QS ÿ>U@N@T;@ ZWZ@

| d

dt
λn(q+ t(p−q))| =|

∫ π

0

g2(x, λn, q+ t(p−q))(p−q) dx|

≤c(D)(N+1)||p−q||1,<T C;VN < SWS@N QNNeSQ9< T QB Y^Z@SY@RCY (þ v� vó v Ëxyoz v Ð Hº¾ºã H σ(α,0) n. HºHM ÆK
λn

É ÍII¶Î λn(q) ≥ 1
4

Ä
p, q ∈ L1 Æ¿ ||p||1 Ä

||q||1 ≤D H¿ HKÆ·
|λn(p)−λn(q)|< c(D)||p−q||1,

+j (1 (22D
LÅ ¶º c(D)

· HM Ï Ð»» α ÁK.ºÉ
ý o�� o���x� v - SWS@N; @A @N@>@A]V Z\NA< YCY^SAC _ :\>U λn(q)

<N=NBON Y\BNQS\9 ('@BT W9R@S@9@A < 9<P QSWBSWY@Y @NSWBW9WS ; @k9NV Y\A9S<A9 f`>> @SSVN < Y\BNQSSON (ø JÇ ¶·¼âK¹¿ É uQN<99R=Y N X@S \NU<A A<>UB< _ :\>U < j (1 (Ê ( SWS@N ; @k9NW9W; @A 9R@XB@[NV c(D) Y\A9S<A99<N |λn(p)−λn(q)|<N2 + 1
4

<]O]P \A ( *R T @>S@:@SV i N@>U@A[WN]Q=N N2+ 1

4

N+1
>2Dc(D)

( - RS QNNeSP =Y _ :\>U <YY\B < (p, q)
9R<Y<9R T CA]@A [\ASP QA

λn ≥ −N2
( '@>U`Y f@N _ :\>U A@T @R < :@NUR@S _ <R<R <

(p, q)
9R<Y<9RA<Y T W>C9Z<A \NU<A [\ASP < _ <:\N λn(q+t(p−q)) = −N2

( �@>U@A t0 <R CNU@A tXY CAÿT=T< (- j (1 (Ê ( SWS@NS <NY<NT <RZ< <
q
W9
q+t0(p−q) [\S@AkCQN\YB< _λn(q+t0(p−q))>−N2 _@NN@AST\A]Q9 ( '@:QS <

(p, q)
9R<Y<9R T CA]@A [\ASP QA λn ≥ −N2 ¬ < j (1 (Ê ( SWS@NP \>\9<A <NY<NT <R:<SO _ W9 T CZ@N N C9 k9<Y DXSVN f`>> _ <R QNNeSQ9 Y^Z@SY@RCY (



j (n ( *4u ªu-�*l) Ü*�'±'*� - )'-?ª�ª'²)�- t2
þ v� vû v ÔÕÖoy×o�Ø x¯�v ÌH»¼H· λn ∈ σ(α,0, q)

Æ¿ ºH»¼H· λ∗n σ(α,0, q∗)
M H»Ï HºHºÈHºHM HÉ Ñ L λn ≥ 1

4

Ä
λ∗ ≥ 1

4

Ä LII¶Î ||q||1, ||q∗||1 ≤D H¿ HKÆ· ε(D) ≤ λn

λ∗
n
≤ c(D)

É
ø JÇ ¶·¼âK¹¿ É

λn

λ∗n
≤ 1+

|λn−λ∗n|
λ∗n

≤ c(D),
+j (1 (21D

W9 =>U<Ae>U λ∗

n

λn

C9 Y\BNQS\9 (þ v� vþ v ôoØØõ v ÌH»¼ H· z, z∗ ≥ 1
2

Ä
λ= z2

Ä
λ∗ = z∗2

É ÍII¶Î
|v(x, λ∗)−v(x, λ)| ≤ |λ∗−λ| c(D)

(z+z∗) min(z, z∗)
.

+j (1 (2nD
ø JÇ ¶·¼âK¹¿ É -R 2(n (22( Y^Z@SY@RT WAU @N9V QNNeSQ9< 9R@BCAS

v(π−x, λ) =
sin xz

z
+

∫ x

0

K(x, t)
sin tz

z
dt,

+j (1 (2Ê D
<:\N K f\NUS\A\9 W9 |K(x, t)| ≤ c(D)

(
∣∣∣
d

dz

sin zx

z

∣∣∣ =
∣∣∣
zx cos zx−sin zx

z2

∣∣∣≤ zx+1

z2
≤ 2π

z

+j (1 (2sD
T C<SS
∣∣∣
sin z∗x

z∗
− sin zx

z

∣∣∣≤ 2π

min(z, z∗)
|z∗−z| = |λ∗−λ| 2π

min(z, z∗)(z∗+z)
,

+j (1 (2åD
<T C;VN +j (1 (2Ê DX@S f@N:<9RAQNZ< +j (1 (2nDX<S Y<[P =Y (
Ê ³# ³ � Ã¶Á�Å¹Å¶¸Ã »¼ÆÅÆÁ¹»ÀÃ �»¹¶Â¶»¹» ÆÂÇ»Ã ÅÀ¶»·È

ÆÁ¹¹�7ºÀ
- å (Ê (1 ( SWS@N T @>ZQN<9R\NP < <RS < YWB]W9S _ :\>U @>U 9<P QSWBSWY@Y; VN QNNO B@A]9R@BT CY\B @N@>@A]V < [\S@AkCQN T @>:<SQB\RQ9Q:\R ( *;;@A < 9R<Y<9R;<A @>U \NU<ASWS@NS T\A]=AY YC _ <T C T @>@A>@]C _ :\>U <R QNS<N=AY C9T @BS 9<P QSWBSWY@Y Y`N^AX;^RVY N@>U@A@Y _ W9 <BB< AWRZ@ <] 9R`Y9W>@9 W9 @NW>9W>@9 f@NSWS@NS _ :\>U < [\XS@AkCQN\Y @NSWBW9@ ; @k9`N:@SVX@ <R C9T @BS 9<P QSWBSWY@Y @NSWBW9@CA@Y 9@>eS9W>WZ@N ()[ @kCQNC9<A <BB< C9 _ :\>U T CY\B f`>> < [\S@AkCQN f\NUS\A\9<A <R VS T @>:<SQB\RO9<P QSWBSWY@YSVN ('@YCAS9`Y <

ϕ0 =

√
2

2
, ϕn = cos 2

√
λnx : n≥ 1,

+j (n (2D
f`>>ZWAUB@A]9R@BS W9 <

b 7→ (〈b, ϕn〉) (n≥ 1)
+j (n (1D

Lr
0→ ls0

N@YW[ @RW9S +1≤r, s≤∞D ( , CAS @]]C> C9 _ Lr
0 ={h∈Lr :

∫
h=0} ( - ls

9\B\XR<SSWB @N@T @CS 0XSON CA]@ª@NP `Y _ T e>
ls0 ⊂ ls

P @N@AS9@ <RS _ :\>U <R @N@T @Y@S @>USVNCA]@ª@NP `Y _ Z<>U_ <T C @RR@N @YZCZ<N@A9 _ < A=NN<]CY @N@T RWB=9 ( ² NS<NQA\99Q>;<A <9S<;CNCSQ9 <SSON f`>> _ :\>U < +j (n (1DX; @A ]@ÿACQNS N@YW[ @RW9 CAZ@BR@ Y\BNQS\9X@ (



t1 j ( Ü*Ý*Þ*' ( ªlu*�Þ °��?�±,²4 )'-?ª�ª'²)-
þ vÓ vwv Ëxyoz v ÌH»¼H· q, q∗∈L1

Ä
‖q‖1, ‖q∗‖1≤D

Ä ½L ºLM Jº¼ H· αn

¿Ç ¹M ¶IIL º µ HäJ»
1
4
≤λn∈σ(αn,0, q)

Ä
1
4
≤λ∗n∈σ(αn,0, q

∗)
À
n≥1

Ã Ä
limn→∞ λn=+∞ Æ¿

limn→∞ |λ∗n−
−λn|=0

É ÙHIJ· K¿ÐI L ÀÑÉF ÉÚÃ ÁæH· äH¾ · J¹ºK Lr
0 → ls0

ºHI Æµ HÇ Æ¿ K À1≤ r, s≤∞Ã É Ñ LHÇ L ºHI Æµ HÇ Æ¿ J·½HÎK¹ºÅLK.Ä Æ¿ LÇ J·½HÎÇ · ¶ÎM ¹ã L C Ä LII¶Î
‖q∗−q‖r ≤ c(D)C

(
∑

n

|λn−λ∗n|s
) 1

s

.
+j (n (nD

Ñ L LÇ J·½HÎÇ · HM I¶Îº¹K¶¿Ä LII¶Î MJ·äH· q µ ¶KH·¸J¹ºÅ ¶Ç Æ¿ U>0
Ä
M>0

¿Ç ¹MÅ ¶Ç½L· ¶º¼L· q∗ µ ¶KH·¸J¹ºÄ LM Hº¼ÎH ‖q−q∗‖r ≤ U
Æ¿

‖q−q∗‖r >M

(
∑

n

|λn−λ∗n|s
) 1

s

.
+j (n (Ê D

ý o�� o���x� v - +j (n (nD ; @k9NW9 T=S<SP < _ :\>U ACAk9 YWS Y`N^A;^RV q [\S@AkCQN=>U<A<R\YY<N < λn ∈ σ(αn,0, q)
9<P QSWBSWY@YY@N ( - å (Ê (1 ( SWS@N ;CR\AUeSQ9< 9\BQANQSS=Y _ :\>U < +j (n (2D B@A]9R@B S@NP @99W>@ < 9R`Y9W>@9 W9 @NW>9W>@9 f@NSWS@N <::\R _:\>U < 9<P QSWBSWY@Y T @>:<SQB\RRQY qXS ( - S@NP @99W> <RR<N @YZCZ<N@A9 _ :\>U <

h 7→ (〈h, ϕn〉)
N@YW[ @RW9 CAP @YSeZ ( - 9S<;CNCSQ9:\R <R C9 9R`Y9W>@9 _ :\>U <R CAZ@BRf\NUS\A\9 N@>U@A (- ;CR\AUeSQ9:\R 9R`Y9W>`AY N@9R <R <NQ;;C ; @k9NW9B@ i

þ vÓ v� v ôoØØõ v ‖q‖p, ‖q∗‖p ≤D H¿ HKÆ·
|
∫ π

0

(q∗(x)−q(x))v(x, λn)v∗(x, λn) dx| ≤ c(D)

λn

|λn−λ∗n|,
+j (n (sD

M â» HºH» H·äÈH· IJ¿ U = ‖q−q∗‖p
H¿ HKÆ·

|
∫ π

0

(q∗(x)−q(x))v(x, λn)v∗(x, λn) dx| ≥ c(D,U)

λn
|λn−λ∗n|.

+j (n (åD
ø JÇ ¶·¼âK¹¿ É

∫ π

0

(q∗(x)−q(x))v(x, λn)v∗(x, λn) dx=

=

∫ π

0

(q∗(x)−q(x))v(x, λn)[v∗(x, λn)−v∗(x, λ∗n)] dx+

+(λn−λ∗n)

∫ π

0

v(x, λn)[v
∗(x, λ∗n)−v∗(x, λn)] dx+

+(λn−λ∗n)

∫ π

0

v(x, λn)[v
∗(x, λn)−v(x, λn)] dx+

+(λn−λ∗n)

∫ π

0

v2(x, λn) dx= I1 +I2 +I3 +I4.



j (n ( *4u ªu-�*l) Ü*�'±'*� - )'-?ª�ª'²)�- tn
4`N^AXY`N^A ;@k9`N`AY T@> T CA]@A S<>\S ( zn ≥ 1

2

W9
z∗n ≥ 1

2 T C<SS < A@Z@XRV; VN @N N@:@S :<>UAC ;QBT @NUCY@S ¬ < j (1 (å ( N@TT< 9R@BCAS [ @]C> zn

W9
z∗n Y^R`N;QBT @NUCYY@N \9RS:<S=AY _ <R =>U<A<BB< < ;@k9NW9B@ Z@R@S (- j (1 (j ( N@TT< W9

zv(x, λ) Y\BNQS\99Q>< T C<SS
|I1| ≤

c(D)

λn
|λn−λ∗n|‖q∗(x)−q(x)‖1 ≤

c(D)

λn
|λn−λ∗n|‖q∗(x)−q(x)‖p.

+j (n (jD
ß>U<A@RWBS W9 < j (1 (s ( SWS@N T C<SS

|I2| ≤
c(D)

λn
|λn−λ∗n|2 ≤

c(D)

λn
|λn−λ∗n|‖q∗(x)−q(x)‖p.

+j (n (tD
- j (2(1 ( Y^Z@SY@RT WAU W9 =>U<Ak9<Y zv(x, λ) Y\BNQS\99Q>< T C<SS

|I3| ≤
c(D)

λn
|λn−λ∗n|2 ≤

c(D)

λn
|λn−λ∗n|‖q∗(x)−q(x)‖p.

+j (n (ùD
, CZ@N [ @]C> < j (1 (n ( Y^Z@SY@RT WAU 9R@BCAS ‖zv(x, λ)‖2

<N=NBON W9 f@N` NBVN C9 Y\BXNQS\9 _
c(D)

λn
|λn−λ∗n| ≤ |I4| ≤

c(D)

λn
|λn−λ∗n|,

+j (n (2úD
<T C;VN < N@TTQ;<A T@>f\><NT <R\SS ; @k9NW9 Y^Z@SY@RCY (� þ vÓ vwv yxyoz � ²��¯� °y��õ v- �C@T <AAXN@TT< 9R@BCAS ∫ π

0
Aq∗ (q∗(π−x)−q(π−x)) cos 2znx dx→0 _ @RWBS∫ π

0
(q∗−q) = 0

W9
∫ π

0

Aq∗ (q∗(π−x)−q(π−x)) cos 2znx dx=
+j (n (22D

=−2z2
n

∫ π

0

(q∗(x)−q(x))v(x, λn)v∗(x, λn) dx.

+å (1 (jD 9R@BCAS Aq∗ (q∗(π−x)−q(π−x)) ∈ L1
0 _ @RWBS :< +j (n (1D CAZ@BR@ f\NUS\A\9 _<YY\B

‖q−q∗‖r ≤c(D)‖Aq∗ (q∗(π−x)−q(π−x)) ‖r ≤

≤c(D)C

(
∑

n

|
∫ π

0

Aq∗ (q∗(π−x)−q(π−x)) cos 2
√
λnx dx|s

)1

s

≤+j (n (21D
≤c(D)C

(
∑

n

|λn−λ∗n|s
) 1

s

.

« < <R\A;<A < +j (n (1D N@YW[ @RW9 CAZ@BR@ A@T f\NUS\A\9 _ <YY\B S@S9RVN@>@9@A A<>U<]\SS M X:@R NWS@RCY h ∈ Lr
0XS p>U_ :\>U

‖h‖r ≥M

(
∑

n

|
∫ π

0

h(x) cos 2
√
λnx dx|s

) 1

s +j (n (2nD



tÊ j ( Ü*Ý*Þ*' ( ªlu*�Þ °��?�±,²4 )'-?ª�ª'²)-

S@NP @9`N ( - å (1 (å ( Y^Z@SY@RT WAU 9R@BCAS @NW> YC9 γXB< NWS@RCY \NU<A q∗ _ :\>U
∫ π

0

Aq∗ (q∗(π−x)−q(π−x)) dx= γh(x).
+j (n (2Ê D

u QN<99R=Y γXS \NU<A YCk9CB@ _ :\>U T@>f@N@NV U XZ<N ‖q− q∗‖r ≤ U
C9 ;CRS\9<AS@NP @9`NP ^A +[ WN]Q=N N@>U@A γ ≤ U

‖A−1

q∗
‖‖h‖r

D ( *YY\B
‖q−q∗‖r ≥c(D)‖Aq∗ (q∗(π−x)−q(π−x)) ‖r ≥

≥c(D)M

(
∑

n

|
∫ π

0

Aq∗ (q∗(π−x)−q(π−x)) cos 2
√
λnx dx|s

) 1

s

≥+j (n (2sD
≥c(D,U)M

(
∑

n

|λn−λ∗n|s
)1

s

.

Ê ³� ³ �Â¶»¹»¼ Á Ã¶Á�Å¹Å¶¸Ã·b¹ ÆÂÇ»Ã ÅÀ¶»·ÆÁ¹¹�7ºÀ
�@>U@A 1 ≤ p ≤ ∞ _ 1

p
+ 1

p′
= 1 _ Lp

0

P @N^NP @ LpXA@Y <RS <R <NS@BWS _ <:\N ∫ h = 0
(-

ls
9\B\R<SSWB @N@T @CS 0XSON CA]@ª@NP `Y _ T e>

ls0
P @N@AS9@ =>U<A<RS _ T CAS <R @NVRV9R<Y<9R;<A ( , CAS @]]C> C9 _ q, q∗∈L1 _ ‖q‖1, ‖q∗‖1≤D

W9
c(D) @>U k9<Y DXSVN f`>>VY\A9S<A9 ( , CA]@A SWS@N; @A f@NS@99R`Y +W9 @R=SQA Y`N^A A@T C9 @T NeSP `YD _ :\>U

‖q‖1, ‖q∗‖1≤D _ S@S9RVN@>@9 αn

9RQT \YY<N 1
4
≤λn∈σ(αn,0, q) _ 1

4
≤λ∗n∈σ(αn,0, q

∗)+
n≥ 1

D _ limn→∞ λn = +∞ W9
limn→∞ |λ∗n−λn| = 0

(l W:< A@T S@99R`Y f@N _ :\>U @>U f`>>ZWAU LpX; @NC _ ]@ ; @k9`NP `Y <
pXA\BT QP QS (*RS p>U WBSP `Y _ :\>U :< < A\BT < ZW>@9 _ <YY\B < f`>>ZWAU LpX; @NC _ T e> :< <

A\BT QS ]@ÿACQNO YCf@P @RW9 ZW>S@N@A C9 N@:@S _ <YY\B < f`>>ZWAU A@T f@NSWSN@A`NS<BS\RCY LpX:@R (*T NWY@RS@S`AY <BB< _ :\>U <
(ψn, ϕn)

B@A]9R@B @>U I HÎHK +fB<T @D < B ?<A<k:SWB; @A _ :< ψn ∈B _ ϕn ∈ B∗ _ T CA]@A b ∈ BXB@ <R
Fb=

∑

n

〈b, ϕn〉ψn

+j (Ê (2D
9\B A\BT Q;<A Y\AZ@B>QN W9 F � <R pA ( fB<T @ \[ @BQS\B � BXA@Y Y\BNQS\9 ;CP @YkCOP < (- +j (n (1D N@YW[ @RW9 CAZ@BR@ CNU@AY\B

(cn) 7→
∑

n

cnF
−1ψn (n≥ 1).

+j (Ê (1D
*>U

H
« CN; @BS SWB; @A (ϕn, ϕn) [\AS\9<A <YY\B Y@B@S _ :< NWS@RA@Y \NU<A 0<

<m,M <∞ Y\A9S<A9\Y _ :\>U
m‖h‖2 ≤

∑
|〈h, ϕn〉|2 ≤M‖h‖2 h ∈H, +j (Ê (nD



j (Ê ( '±'*�*4 - )'-?ª�ª'²)�h� u±5*) ªl'*�u-��ß,�l ts
W9 @YY\B

m=
1

‖F−1‖2‖F‖ , M = ‖F‖, +j (Ê (Ê D
<:\N F < fB<T @ \[ @BQS\B ( - B^ZC]9W> Y@]ZWWBS CNU@AY\B <RS T\A]P =Y _ :\>U ϕnY@B@S H X;<A ( - ϕn

B@A]9R@B ¢ JH¿Ç æ¹Ç J¿ < H « CN; @BS SWB; @A _ :< @>U \BS\A\BT QNS;QRC9 CR\T\Bf YW[ @ ( « < ϕn

�C@9R ;QRC9 _ <YY\B (ϕn, ϕn) Y@B@S H X;<A _ <R<R T CA]@A�C@9R ;QRC9 @>U;@A Y@B@S C9 ( - R <NQ;;C SWS@N@Y; @A <RS S@99R`Y f@N _ :\>U < +j (n (2DX; @A ]@ÿACQNS f`>>ZWAU@YY@N ϕn

+
n≥ 0

D Y@B@S <R L2(0, π) SWB; @A (þ vç vwv Ëxyoz v ÙH»¼ÐI Ï HºÄ Å ¶»¼ ϕn ÎH·ä¿Ç HÎ I HÎHK L2(0, π)
ÁæH·Ä Æ¿ Ï ÎLM H ¶µ HÎ¹K¶ÎL

F
É Ñ L 1 ≤ p≤ 2

Ä LII¶Î ½L· ¶º¼L· U > 0
Ä LM Hº¼ÎH ‖q∗−q‖1 ≤ U H¿ HKÆ·

(
∑

n

|λn−λ∗n|p
′

) 1

p′

≤ c(D,U)‖F‖
1

p′ ‖q∗−q‖p.
+j (Ê (sD

ø JÇ ¶·¼âK¹¿ É -
h 7→ (〈h, ϕn〉)

+j (Ê (åD
NCA@QBC9 \[ @BQS\B A\BT QP <

L1X; VN l∞X; @ N@>f@NP @;; 1 _ T e>
L2X; VN l2X; @ < ϕn

B@A]X9R@B Y@B@S S=N<P ]\A9Q>< T C<SS N@>f@NP @;; ‖F‖ 1

2

( *RWBS � C@9R ,<Bk@NN SWS@NW; VN qsùrY^Z@SY@RCY _ :\>U <R \[@BQS\B A\BT QP <
LpX; VN lp′ X; @ N@>f@NP @;; ‖F‖

1

p′ _ :< 1≤p≤2
(3>U

‖q−q∗‖p ≥
1

c(D)
‖Aq∗ (q∗(π−x)−q(π−x)) ‖p ≥

≥ ‖F‖−
1

p′

c(D)

(
∑

n

|
∫ π

0

Aq∗ (q∗(π−x)−q(π−x))ϕn(x) dx|p′
) 1

p′ +j (Ê (jD

≥‖F‖−
1

p′

c(D,U)

(
∑

n

|λn−λ∗n|p
′

) 1

p′

.

þ vç v� v Ëxyoz v ÙH»¼ÐI Ï HºÄ Å ¶»¼ ϕn ÎH·ä¿Ç HÎ I HÎHK L2(0, π)
ÁæH·Ä Ï ÎLM H ¶µ HÎ¹K¶ÎLµ HäJ» F É Ñ L 1<p< 2

Ä LII¶Î ¿ HMM Jº¼ H· U > 0
ÁÎL · HM ºÆKHÇ JI ¶º¼L· C I¶·¿ KL·¿ÄÅ ¶»¼ ‖q∗−q‖p ≤ U H¿ HKÆ·

‖q∗−q‖p ≤ C

(
∑

n

|λn−λ∗n|p
′

) 1

p′

.
+j (Ê (tD

ø JÇ ¶·¼âK¹¿ É �@>U@A 1 ≤ p ≤ 2
W9
U > 0

<]\SS _ W9 S@>U`Y f@N _ :\>U <R QNNeSQ99<N@NN@ASWS; @A NWS@RCY \NU<A C Y\A9S<A9 _ :\>U T CA]@A ‖q∗−q‖p ≤ U XB<

‖q∗−q‖p ≤ C

(
∑

n

|λn−λ∗n|p
′

) 1

p′

.
+j (Ê (ùD



tå j ( Ü*Ý*Þ*' ( ªlu*�Þ °��?�±,²4 )'-?ª�ª'²)-
Ü@NS@:@SV _ :\>U U \NU<A YCk9C _ :\>U <NY<NT <R:<SP =Y < j (n (1 ( N@TT QS ( *YY\B

‖Aq∗ (q∗(π−x)−q(π−x)) ‖p ≤

≤c(D,U)C

(
∑

n

|
∫ π

0

Aq∗ (q∗(π−x)−q(π−x))ϕn(x) dx|p′
) 1

p′

.
+j (Ê (2úD

*9R@BCAS <
h 7→ (〈h, ϕn〉) (n≥ 0)

+j (Ê (22D
Lp

0→lp
′ N@YW[ @RW9 CAZ@BR@ f\NUS\A\9 ( -YY\B ZC9R\AS +j (Ê (22D WBSWYYW9RN@S@ A@T k9<Y9�B� _ :<A@T RQBS C9

lp
′

0 X; @A _ <R<R <R @>W9R lp′0

( *RWBS +j (Ê (22D
LpXS lp′ XB@ YW[ @RC (-R\A;<A _ T CAS NQSS=Y _ @R <R \[ @BQS\B Y\BNQS\9 T CAS L1 → l∞
W9 T CAS L2 → l2N@YW[ @RW9 _ @RWBS YC@NW>eSC qsùr n (2s ( SWS@NWA@Y f@NSWS@N@CS ( *R < SWS@N [ @]C> � <,<BkCAYC@¨ CkR CAS@B[\NQkCO9 SWS@N @>U WN@9@;; ZQNS\R<S< � <RS QNNeSP < _ :\>U @>UCNU@A \[@BQS\B LpXS <R lp′ XAWN 9RC>\Bp<A YC9@;; l(p, p′) SWB; @ YW[ @RC +< ]@ÿAekCOSNQ9] 9RCASWA qsùrX; @AD (

« < <
(ψn, ϕn)

B@A]9R@B Y@B@S < B ?<A<k: SWB; @A _ <YY\B (F−1ψn, F
−1∗ϕn)

<R
pA ( J·½HÎÇ I HÎHK_ <T @NUA@Y fB<T @ \[@BQS\B< F−1

( « CN; @BS SWB; @A S@S9RVN@>@9 ϕnB@A]9R@B fB<T @ \[@BQS\B< ^A<]P =A>QNS ( Ý@N^NP `Y <R CAZ@BR Y@B@S @N@T @CS ϕ̃nXT <N («<
ϕn TW> � C@9R ;QRC9 C9

H X;<A _ <YY\B ϕ̃n

< ;C\BS\>\AQNC9 B@A]9R@B@ (
þ vç vÓ v Ëxyoz v ÙH»¼ÐI Ï HºÄ Å ¶»¼ ϕn ÎH·ä¿Ç HÎ I HÎHK L2(0, π)

ÁæH·Ä Ï ÎLM H ¶µ HÎ¹K¶ÎLµ HäJ» F É ÍII¶Î
‖q∗−q‖2

2 ≤ c(D)‖F−1‖2‖F‖
∑

n

|λn−λ∗n|2.
+j (Ê (21D

ø JÇ ¶·¼âK¹¿ É - +j (n (2D B@A]9R@B Y@B@S S=N<P ]\A9Q>< T C<SS +j (n (1D CAZ@BRWA@Y _ T CAS
l20 S\ L2

0

N@YW[ @RW9A@Y < A\BT QP < N@>f@NP @;; ‖F−1‖‖F‖ 1

2

( *RWBS <R QNNeSQ9 Y^Z@SXY@RCY < j (n (2( SWS@N; VN (
þ vç vç v Ëxyoz v ÙH»¼ÐI Ï HºÄ Å ¶»¼ ϕn ÎH·ä¿Ç HÎ I HÎHK L2(0, π)

ÁæH·Ä Ï ÎLM H ¶µ HÎ¹K¶ÎL
F
Ä Æ¿ KH»¼ÐI Ï HºÄ Å ¶»¼ ºÆKHÇ JI ¶º¼L· C I¶·¿ KL·¿Ä Å ¶»¼ LÇ J·½HÎÇ I HÎHK HºHM HJÎH

‖F−1ϕn‖∞ ≤ C (n≥ 1).
+j (Ê (2nD

´ II¶Î 1 ≤ p≤ 2 H¿ HKÆ·

‖q∗−q‖p′ ≤ c(D)
(
Cp′−2‖F−1‖2‖F‖

) 1

p′

(
∑

n

|λn−λ∗n|p
) 1

p

.
+j (Ê (2Ê D

ø JÇ ¶·¼âK¹¿ É - +j (Ê (2nD f@NSWS@N T C<SS +j (n (1D CAZ@BR@ +< +j (Ê (1DX; @A T@><]\SS N@YWX[ @RW9 _ ψn = ϕnXA@ND l10X; VN L∞
0 X; @ C9 Y\BNQS\9 _ @RWBS <R QNNeSQ9 Y^Z@SY@RCY < � C@9R,<Bk@NN SWS@N; VN (
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þ vç vó v Ëxyoz v ÙH»¼ÐI Ï HºÄ Å ¶»¼ ϕn ÎH·ä¿Ç HÎ I HÎHK L2(0, π)

ÁæH·Ä Ï ÎLM H ¶µ HÎ¹K¶ÎL
F
Ä Æ¿ ∑

n |λn −λ∗n| ½Æ» H¿ É ÍII¶Î p′ ≥ 2
‖q∗−q‖p′∑
n |λn−λ∗

n|
µ ¶· K¶¿L· LII¶Î I¶Îº¹K¶¿Ä ÅLºÆKHÇ JI ¶º¼L· r ≥ p′

¿Ç ¹M Æ¿ ¶º¼L· C I¶·¿ KL·¿Ä Å ¶»¼ LÇ J·½HÎÇ I HÎHK HºHM HJÎH
‖ϕ̃n‖r ≤ C (n≥ 1).

+j (Ê (2sD
ÍÇ H¿ HKæH·

‖q∗−q‖p′ ≤ c(D)C
∑

n

|λn−λ∗n|.
+j (Ê (2åD

ø JÇ ¶·¼âK¹¿ É - +j (Ê (2sD f@NSWS@N <RR<N @YZ CZ<N@A9 _ :\>U ϕ̃n Y\BNQS\9 Lp′ X; @A _ <T CW[[ @A < +j (n (1D
l10→Lp′

0

N@YW[ @RW9 CAZ@BRWA@Y < f\NUS\A\99Q>QS P @N@ASC _ e>U < j (n (2(
SWS@N; VN Y^Z@SY@RCY <R QNNeSQ9 ('@YCAS9`Y <R

e(Λ) = {1, e±2i
√

λnx : n≥ 1} +j (Ê (2jD
B@A]9R@BS ( *>U9R@B�@A ; @NQS<SO +NQ9] YW9V;; < j (Ê (2ú ( N@TT QSD _ :\>U :<

e(Λ)Y@B@S +� C@9R ;QRC9D L2(−π, π)X; @A _ <YY\B < +j (n (2D B@A]9R@B C9 Y@B@S +� C@9R ;QRC9D
L2(0, π)X; @A _ @YZ CZ<N@A9 Y\A9S<A9\YY<N ( 3>U p = 2XB@ < j (Ê (2 ( W9 < j (Ê (n ( SWS@N9[ kCQNC9 @9@S@YWAS < Y^Z@SY@RVS Y<[P =Y i
þ vç vû v Ëxyoz v ÌH»¼H· ÀÑÉd ÉÛÑÃ I HÎHK L2(−π, π)

ÁæH· LÇ F Ï ÎLM H ¶µ HÎ¹K¶ÎÎL ºÉ ÍI ÁI¶Î H»¼ÎÆ¿Ç K
‖q∗−q‖2

2 ≤ C(D)‖F−1‖2‖F‖
∑

|λ∗n−λn|2,
+j (Ê (2tD

M ¹¿ÎÆ¿Ç K ºÆKHÇ JI ¶º¼L· U = U(D)> 0
Ä Å ¶»¼ ‖q∗−q‖2 ≤ U H¿ HKÆ·

∑
|λ∗n−λn|2 ≤ c(D,U)‖F‖‖q∗−q‖2

2.
+j (Ê (2ùD

ý o�� o���x� v «< < +j (n (2D B@A]9R@B � C@9R ;QRC9 _ <YY\B < λn, λ
∗
n≥ 1

4 T@>9R\BeSQ9A@T NWAU@>@9 i :< qX:\R W9 q∗X:\R @>U Y\A9S<A9S :\RRQ<]=AY _ λn

W9
λ∗n

=>U<A@RR@N< Y\A9S<A99<N S\NO]A<Y @N ( -R @NS\NQ9 A@T ;@f\NUQ9\NP < <R
e(Λ)

B@A]9R@B � C@9R;QRC9 S=N<P ]\A9Q>QS +NQ9] ¥\=A> qåÊrD (
ý o�� o���x� v « B=9k@Z _ l CY\N9YCC W9 °<ZN\Z qntr S^;;@Y Y^R^SS <R <NQ;;C � C@9R;QRC9 S@9RS@S ;CR\AU eS\SSQY i :< δn∈C _ |n|→∞ @9@SWA δn→0 _ W9 (n+δn)

9R@[<BQNS _<R<R
infn 6=m |(n+ δn)− (m+ δm)| > 0 _ <YY\B <R {ei(n+δn)x} B@A]9R@B � C@9R ;QRC9

L2(−π, π)X; @A ( �@>U@A S@:QS {λ1,n : n ≥ 1} = σ(π/2,0) _ {λ2,n : n ≥ 1} = σ(0,0)W9 S<BS<NT <RR< < {λn : n ≥ 1} 9\B\R<S < YWS 9[ @YSB=T =ACOP QS ( '=]P =Y _ :\>U
2
√
λ1,n = 2n− 1+o(1)

W9
2
√
λ2,n = 2n+o(1)

qÊtr ( , C=SQA < 9[ @YSB=T\YA<YACAk9 Y^R^9 BW9R@ _ < 0 _ ±√
λn YCS@ZVY 9R@[<BQNS<Y _ W9 @>U o(1)X[ @BS=B;QkCOP QS<]P QY ZXA@Y ( *RWBS j (Ê (2jD � C@9R ;QRC9

L2(−π, π)X; @A _ W9 < Y^Z@SY@RV QNNeSQ9< j (Ê (å SWS@N 9[ @kCQNC9 @9@S@ i



tt j ( Ü*Ý*Þ*' ( ªlu*�Þ °��?�±,²4 )'-?ª�ª'²)-
þ vç vþ v ÔÕÖoy×o�Ø x¯�v ÌH»¼H· {λn :n≥1}=σ(π/2,0, q)∪σ(0,0, q)

Æ¿ {λ∗n :n≥
≥ 1} = σ(π/2,0, q∗)∪σ(0,0, q∗)

É Í II¶Î KHºã H¿Ð º ÀÑÉd ÉÛ®Ã Éý o�� o���x� v +j (Ê (2tDX:\R :<9\ANO ; @k9NW9S C><R\NS «<N] q1år _ ]@ k9<Y <
0 [\XS@AkCQN @>U YC9 Y^BAU@R@SW; @A (- j (Ê (Ê W9 < j (Ê (1 SWS@N 9@>eS9W>WZ@N T @>ÿ>U@N:@SP `Y <R <NQ;;CS iþ vç v� v ÔÕÖoy×o�Ø x¯�v ÌH»¼H· 1<p≤∞

Ä
{λn :n≥ 1}=σ(π/2,0, q)∪σ(0,0, q)

Ä
{λ∗n : n≥ 1} = σ(π/2,0, q∗)∪σ(0,0, q∗)

É Í II¶Î L
‖q−q∗‖p

(
∑

n |λn−λ∗n|p′)
1

p′

+j (Ê (1úD
K¾ÎK p≥2 H¿ HKÆ· I¶Îº¹K¶¿Ä M â» p<2 H¿ HKÆ· q æ¹ÎM Hº¼ I¾Î·¼ HÇ HKÆæH· KHK¿Ç ÈºH» H¿ H··L»¼ ºHÅ HKÉuW>`N T @>T=S<SP =Y _ :\>U @B@]TWAU@CAY;VN N@Z@R@S:@SV @>U :<9\ANO A<>UX9Q>B@A]� ; @k9NW9 _ T CAS <T CS ,<BN@SS< <A] Ò@CY<B] qsÊr ; CR\AUeS\SS<Y iþ vç v¤ v Ëxyoz v ÌH»¼H· q, q∗∈L2

À ÓÃ Ä
‖q‖2, ‖q∗‖2≤D

Ä Æ¿ ºH»¼H· Lä¶KK αn

¿Ç ¹M ¶IIL º
1
4
≤ λn ∈ σ(αn,0, q)

Ä
1
4
≤ λ∗n ∈ σ(αn,0, q

∗)
Ä
|λn−λ∗n| → 0

É ÙH»¼ÐI Ï HºÄ Å ¶»¼ Lä¶KK
ε > 0

ÁÎL Æ¿
1 ≤ n≤N

ÁÎH |λn−λ∗n|< ε
É Ñ L L ÀÑÉd ÉÛÑÃ ÎH·ä¿Ç HÎ I HÎHK L2(−π, π)

ÁæH· Æ¿ LÇ J·½HÎÇ I HÎHK HºHM HJ· HI L∞ Á· ¶ÎM ¹ã L ºH»Ï Hºã Hææ C Ä LII¶Î KL º¹ºÅLK. ¶º¼L·
U = U(D) > 0

Ä Å ¶»¼ ÅL ‖q∗−q‖2 ≤ U
Ä LII¶Î

sup
0≤x≤π

|
∫ x

0

(q∗−q)|≤Cc(D)ε
N∑

n=1

1√
λn

+Cc(D,U)‖F‖ 1

2

(
∑

n=N+1

1

λn

) 1

2

.
+j (Ê (1 2D

ý o�� o���x� v « < [ WN]Q=N <]\SS <R @N9V N
mCBCk:N@S 9<P QSWBSWY W9 <R @N9V NmCBCk:N@SXl@=T<AA 9<P QSWBSWY +<R<R

2N
9<P QSWBSWY[QB <]\SS _ W9 √

λn = 1
2
n+

+o(1)
D _ ; @ N@:@SA@ ;CR\AUeS<AC _ :\>U ‖F‖ W9

C k9<Y DXSVN f`>> ( *RWBS ‖F‖ W9
C

;@\NZ<9RS:<SO c(D)X; @ _ W9 < c(D)ε logN+c(D,U)N− 1

2

; @k9NW9S Y<[P =Y (- ;CR\AUeSQ9:\R @NVB@;\ k9QSP =Y < Y^Z@SY@RV YWS N@TTQS iþ vç vw� v ôoØØõ v EF ÑG ÙH»¼ÐI Ï HºÄ Å ¶»¼ L ÀÑÉd ÉÛÑÃ ÎH·ä¿Ç HÎ I HÎHK À¢JH¿Ç æ¹Ç J¿Ã
L2[−π, π]

ÁæH· É Í II¶Î MJ·ä ÀÑÉF ÉÛÃ Ä MJ·ä µ HäJ» LÇ
S(Λ) = {sin 2

√
λnx : n≥ 1} +j (Ê (11D

ÎH·ä¿Ç HÎ I HÎHK À¢JH¿Ç æ¹Ç J¿Ã L2[0, π]
ÁæH· É Ñ L ÀÑÉd ÉÛÑÃ J·½HÎÇ I HÎHKÆ· HI HºHM HJIJ¿ HææHIÄ MJ· K C ½L ºLM Jº¼ H· pÁ· ¶ÎM ¹æL·Ä LII¶Î ÀÑÉF ÉÛÃ Æ¿ ÀÑÉd ÉÚÚÃ J·½HÎÇ I HÁ

ÎHKÆ· HI HºHM HJ IJ¿ HææHIÄ MJ· K 2C
Ò»¼L·LææL· L ·¶ÎM ¹æL· É

ø JÇ ¶·¼âK¹¿ É Ý@N^NP @ e(Λ) _ C(Λ)
W9
S(Λ) @N@T @CS B@A]B@ en (n ∈ Z) _ ϕn (n ≥ 0)W9

sn (n ≥ 1)
( �@>U@A@Y < +f@NSWS@N@R@SSD fB<T @ \[@BQS\B\Y Fe _ Fc

W9
Fs

( -
h ∈

∈ L2[0, π]
f`>>ZWAU [QB\9 W9 [QB<SN<A YCS@BP @9RSW9WS P @N^NP @ he

W9
ho _ <R<R N@>U@A

he(x) = h(|x|) _ ho(x) = sgn(x)h(|x|) ( *YY\B
Fe(he) =

∑

n∈Z

〈he, en〉en = 4

(
∑

n≥0

〈h, ϕn〉ϕn

)

e

= 4(Fch)e,



j (Ê ( '±'*�*4 - )'-?ª�ª'²)�h� u±5*) ªl'*�u-��ß,�l tù

Fe(ho) =
∑

n∈Z

〈ho, en〉en = 4

(
∑

n≥1

〈h, sn〉sn

)

o

= 4(Fsh)o,

@RWBS
F−1

e (he) =
1

4
(F−1

c h)e, F−1
e (ho) =

1

4
(F−1

s h)o.

*T C<SS Fc

W9
Fs

fB<T @ \[ @BQS\B _
‖Fc‖ ≤

1

4
‖Fe‖, ‖F−1

c ‖ ≤ 4‖F−1
e ‖,

‖Fs‖ ≤
1

4
‖Fe‖, ‖F−1

s ‖ ≤ 4‖F−1
e ‖.

)VS _
‖F−1

c ϕn‖p =
1

2
‖
(
F−1

c ϕn

)
e
‖p = 2‖F−1

e (ϕn)e‖p

≤ ‖F−1
e en +F−1

e e−n‖p ≤ 2C,

W9 :<9\ANOYW[[@A _
‖F−1

s sn‖p ≤ 2C.

þ vç vwwv ôoØØõ v ÌH»¼H· h ∈ L1
0[0, π]

É Í II¶Î
1

c(D)
sup

x∈[0,π]

|
∫ x

0

h| ≤ sup
x∈[0,π]

|
∫ x

0

Aq∗h| ≤ c(D) sup
x∈[0,π]

|
∫ x

0

h|. +j (Ê (1nD
ø JÇ ¶·¼âK¹¿ É Ý@N^NP @ ∫ x

0
hX@S H(x)

( +å (1 (jD T C<SS Aq∗h ∈ L1
0 _ e>U

∫ t0

0

Aq∗h =H(t0)−
∫ π

t0

∫ π

x

M(x, t)h(t) dt dx=

=H(t0)+

∫ π

t0

M(x, x)H(x) dx+
+j (Ê (1Ê D

+

∫ π

t0

∫ π

x

Mt(x, t)H(t) dt dx= (I+B1 +B2)H(t0).

4^AAU@A @NN@AVBCR:@SV _ :\>U
‖Bj‖C[0,π]→C[0,π] ≤

c(D)n

(jn)!
,

+j (Ê (1sD
e>U <

(I+B1 +B2)
−1 =

∑
n(−B1−B2)

n l@=T<AA 9\B Y\AZ@B>@A9 _ ^99R@>@ N@>Xf@NP @;; c(D)
(



ùú j ( Ü*Ý*Þ*' ( ªlu*�Þ °��?�±,²4 )'-?ª�ª'²)-
� þ vç v¤ v yxyoz � ²��¯� °y��õ (

∫ π

0

∫ x

0

Aq∗(q
∗−q) ·sin 2

√
λnx dx=

=

∫ π

0

Aq∗(q
∗(x)−q(x))cos 2

√
λnx

2
√
λn

dx≤ c(D)√
λn

|λn−λ∗n|.

,CZ@N +j (Ê (11D Y@B@S W9 <R CAZ@BR Y@B@S @N@T @C @>U@AN@S@9@A Y\BNQS\9<Y _
|
∫ x

0

Aq∗(q
∗−q)| ≤ 2C

∑

n

|
∫ π

0

∫ x

0

Aq∗(q
∗−q) ·sin 2

√
λnx dx| ≤

≤ C
∑

n

c(D)√
λn

|λn−λ∗n|

≤ Cc(D)ε

N∑

n=1

1√
λn

+

+Cc(D)

(
∑

n=N+1

1

λn

) 1

2
(
∑

n

|λn−λ∗n|2
) 1

2

≤ Cc(D)ε
N∑

n=1

1√
λn

+Cc(D,U)‖F‖ 1

2

(
∑

n=N+1

1

λn

) 1

2

.

Ê ³� ³ � ÆÂÇ»Ã ÅÀ¶»·ÆÁ¹¹�7 ÂÃ Á �Â¹»Çc»À»Ã ¼Á��Ãº¹Á¶Á
þ vó vwv Ëxyoz v EÛ«G ÌH»¼H· q ∈ L1(0,∞) Ô L L [0,∞)

Ï ÆºH»¼ H· H¿ H· ÆÎKHºM HÇ HKK÷ ¸ÅÎ¾äJ·» HÎ ¶µ HÎ¹K¶Î L 0
ÁæL· Lä¶KK µ HÎHMÏ HºKÆKHºHII HºÉ ÌH»¼H· Lb

L [0, b] J· KHÎÁ½L º ºÒM ¶· ÆÎKHºM HÇ HKK ÷ ¸ÅÎ¾äJ·» HÎ ¶µ HÎ¹K¶Î L 0
ÁæL· Ò»¼L·LÇÇL º L µ HÎHMÏ HºKÆKHº ºHºÄ

b
ÁæH· à JÎJ¸Å ºHK µ HÎHMÏ HºKÆKHºHII HºÉ Ñ L b→∞Ä LII¶Î¬²­ Ñ L LÁ· HI · J·¸¿ · H»LKâ½ ¿Lã ¹KÆÎKÆI HÄ LII¶Î MJ·äH· Î¾»Ç âKHKK nÁÎH

λn(Lb) → 0.
+j (s (2D

¬²²­ Ñ L LÁ· HI µ ¶· K¶¿L· H»¼ · H»LKâ½ ¿Lã ¹KÆÎKÆI H ½L·Ä LII¶Î
λ0(Lb) → λ0(L), λn(Lb) → 0, n≥ 1.

+j (s (1D
¬²²²­ Ñ L LÁ· HI ½Æ» H¿ ¿ ¶I · H»LKâ½ ¿Lã ¹KÆÎKÆI H ½L·Ä λ0, . . . λk

Ä LII¶Î
λn(Lb) → λn(L), n≤ k, λn(Lb) → 0, n > k.

+j (s (nD



j (å ( ?*Î)�±)*4 - Ü±�*5¥*l*)*l ù 2
¬²Ö ­ Ñ L LÁ· HI M H»¿Ç ¹M º¹ºÅLK. ¿ ¶I · H»LKâ½ ¿Lã ¹KÆÎKÆI H ½L·Ä LII¶Î

λn(Lb) → λn(L).
+j (s (Ê D

« < <
[0, π]

CAS@BZ<NN=T\A YCT\A]\SS j (n (2( SWS@NS @BV9@;; f\BT Q;<A C9 Y C S=]XAQAY T\A]<AC _ A@Z@R@S@9@A _ :< @N S=]AQAY :<>UAC < λ≥ 1
4

f@NSWS@NS W9 < ;CR\AUeSQ99\BQA :<9RAQNS c(D) Y\A9S<A9\Y<S f`>>@SN@AAW S=]AQAY S@AAC <R CAS@BZ<NN=T π:\99RQSON _ <YY\B @R <R @BV9@;; SWS@N T @>f@N@NV TO]\9eSQ9\YY<N <=S\T <SCY=9<AC><R N@AA@ < fWN@>U@A@9@A C9 ( ªNU@A SWS@NS <R\A;<A <R @]]C>C @9RY^R@CAYY@N A@:WRN@AA@ ;CR\AUeS<AC _ @RWBS < fWN@>U@A@9 @9@SW; @A TQ9 =S<S _ < Y^RZ@SN@A _ ZW>@9 @9@SSVNf`>>@SN@A ;CR\AUeSQ9S ZQN<9RSP =Y (
Ê ³© ³ Ëº¶»À�Å¸¹ Ã&»·ÅÀ¶Å Ì»·ÅÆ¸¹¶ ÂÃ � »�Ã¹ÂÃ»¼ Á �Â¹È

»Çc»À»Ã»À
- fWN@>U@A@9@A S@YCAS@SS )k:B^]CA>@BX\[ @BQS\B @9@SW; @A S^;;AUCB@ f^NS@99R`Y _ :\X>U

xq(x)
C9
L1(0,∞)X; @NC (þ vû vwv Ëxyoz v ÌH»¼ H· ‖q‖, ‖q∗‖ ≤D

Ä
=z > 0

É ÍII¶Î
|y(x, λ, q)−y(x, λ, q∗)| ≤ c(D)||q−q∗||. +j (å (2D

ø JÇ ¶·¼âK¹¿ É *T NWY@RS@S`AY BQ _ :\>U
y(x, λ, q) = eixz +

∫ ∞

x

K(x, t, q)eitz dt,
+j (å (1D

<:\N +NQ9] +2(Ê (1Ê DX@SD
∫ ∞

x

|K(x, t, q)−K(x, t, q∗)| dt≤ c(D)||q−q∗||. +j (å (nD
*;;VN < SWS@N QNNeSQ9< Y^Z@SY@RCY (þ vû v� v Ëxyoz v Ñ L q ∈ L1(0,∞)

Ä LII¶Î
∂y

∂q
(x) = y(t)[y1(t)y2(x)−y2(t)y1(x)]χ(0,x)(t),

+j (å (Ê D
∂y′

∂q
(x) = y(t)[y1(t)y

′
2(x)−y2(t)y

′
1(x)]χ(0,x)(t).

+j (å (sD
- ;CR\AU eSQ9 9RCAS@ 9ROBON 9ROB< =>U<A<R _ T CAS ZW>@9 @9@S; @A < j (2(2( SWS@NW (þ vû vÓ v ôoØØõ v ÌH»¼ H· ‖(1+x)q(x)‖1 ≤D

É ÍII¶Î
sup
λ<0

∫ ∞

0

y2(x, λ, q) dx <
c(D)

|z| ,
+j (å (åD

inf
λ<0

∫ ∞

0

y2(x, λ, q) dx >
ε(D)

|z| ,
+j (å (jD

½L ºLM Jº¼H· q ÁK.º Ï Ð»» HKºH· c(D)
Æ¿
ε(D)> 0

¿Ç ¹MML ºÉ



ù1 j ( Ü*Ý*Þ*' ( ªlu*�Þ °��?�±,²4 )'-?ª�ª'²)-
ø JÇ ¶·¼âK¹¿ É ªA]=NP =AY YC < +å (n (1úD @>U@ANV9W>; VN ( , CZ@N <R Aq:L

∞→L∞ \[ @BQS\BT CA]YWS CBQAU;< f\NUS\A\9 _
∫ ∞

0

1 ·y2(x, λ) dx≤ ‖Aq‖
∫ ∞

0

|e2ixz| dx,
+j (å (tD

W9
∫ ∞

0

1 ·e2ixz dx≤ ‖A−1
q ‖

∫ ∞

0

|y2(x, λ)| dx,
+j (å (ùD

<T C ;CR\AUeSP < < N@TT< QNNeSQ9QS (þ vû vç v ôoØØõ v ÌH»¼ H· ‖q‖ ≤D
Ä
=
√
λ > 0

Ä
λ ∈ σ(m, q)

É ´ II¶Î
| ∂
∂z
y(x, λ)| ≤ c(D)

=z
+j (å (2úD

Æ¿

| ∂
∂z
y′(x, λ)| ≤ c(D)

1+ |z|
=z .

+j (å (22D
Ñ L M Æ» ‖(1+x2)q(x)‖1 ≤D J¿ KHºã H¿Ð ºÄ LII¶Î

| ∂
∂z
y(x, λ)| ≤ c(D)(1+x).

+j (å (21D
ø JÇ ¶·¼âK¹¿ É

| ∂
∂z
y(x, λ)| = |ixeixz +

∫ ∞

x

K(x, t)eitzit dt| ≤ c(D)

|z| sup
x>0

|ixzeixz| ≤ c(D)

=z .+j (å (2nD

| ∂
∂z
y′(x, λ)| ≤|−xzeixz|+ |ixK(x, x)eixz +

∫ ∞

x

Kx(x, t)e
itzit dt| +j (å (2Ê D

≤(1+
c(D)

|z| ) sup
x>0

|ixzeixz| ≤ c(D)
1+ |z|
=z .

«< [ @]C> ‖(1+x2)q(x)‖1 ≤ D _ <YY\B | ∫∞
x
K(x, t)eitzit dt| ≤ c(D) _ S@:QS < :<BXT <]CY QNNeSQ9 C9 Y^Z@SY@RCY (þ vû vó v ÔÕÖoy×o�Ø x¯�v ÌH»¼H· (1 + x2)q(x) ∈ L1(0,∞)

Ä
=
√
λ > 0

Ä Æ¿ KH»¼ÐIÏ HºÄ Å ¶»¼ <z<z∗ ≥ 0
É ÀÍÇ MJ·äJ» KHºã H¿ÐºÄ ÅL λ Æ¿

λ∗
Ò»¼L·LÅÅ ¶Ç L ¿µ HIKÎÒMÅ ¶ÇKLÎK¶Ç·LI ÉÃ ´ II¶Î

|y(x, λ)−y(x, λ∗)| ≤ c(D)

|z| (1+x)|λ−λ∗|. +j (å (2sD



j (å ( ?*Î)�±)*4 - Ü±�*5¥*l*)*l ùn
ø JÇ ¶·¼âK¹¿ É -R @NVRV N@TTQ;ON W[[@A @R Y^Z@SY@RCY |z| :@NU@SS |z+z∗|XY@N ( m@
|<(z+z∗)| ≥ |<z| W9 =(z+z∗)≥=z T C<SS <R QNNeSQ9 |z|XY@N T W> CAYQ;; C><R (
þ vû vû v ôoØØõ v ÌH»¼ H· (1+x)q(x) ∈ L1(0,∞)

Ä
=
√
λ > 0

Ä
λ ∈ σ(m, q)

É ´ II¶Î
−
∫ ∞

0

y2(x, λ) dx= ẏ(0, λ)y′(0, λ)− ẏ′(0, λ)y(0, λ).
+j (å (2åD

ø JÇ ¶·¼âK¹¿ É ß>U<Ap>U_ T CAS < j (2(n N@TTQ;<A _
y′′αẏα− ẏ′′αyα = y2

α.
+j (å (2jD

3>U
−
∫ ∞

0

y2(x, λ) dx= −W [ẏ, y]|∞0 = ẏ(0, λ)y′(0, λ)− ẏ′(0, λ)y(0, λ),
+j (å (2tD

:< ;@NQSP =Y _ :\>U limx→∞W [ẏ, y] = 0
( - j (å (Ê ( N@TT< <N<[P QA <R\A;<A

lim
x→∞

ẏ(0, λ)y′(0, λ) = lim
x→∞

ẏ′(0, λ)y(x, λ) = 0.
+j (å (2ùD

þ vû vþ v Ä zz°y�� v ÌH»¼ H· q ∈ L1(0,∞)
Ä
λ < 0

Ä
λn = λn(q) ∈ σ(m, q)

É ÍII¶Î λnL·L ºJKJIÒ¿ Ï Ð»»½Æ·¼H q Á·LIÄ Æ¿
∂λn

∂q
= g2

n(t),
+j (å (1úD

LÅ ¶º gn
L λn

ÁÅ HÇ KLÎK¶Ç . À
L2

ÁæH·Ã ·¶ÎM ¹ºK ¿Lã ¹KÏ Ð»»½Æ·¼ Éø JÇ ¶·¼âK¹¿ É ß>U<Ap>U_ T CAS < ZW>@9 @9@S; @A < 9<P QSWBSWY@Y ]@BCZQNQ9QBON 9RONOj (2(Ê QNNeSQ9;<A _ S@NP @9`NA@Y <R CT[NCkCS f`>>ZWAU SWS@N f@NSWS@N@C _ T @BS |z ∫∞
0
y2|<N=NBON W9 f@N` NBVN C9 Y\BNQS\9 _ S\ZQ;;Q

∂λn

∂q
=

∂
∂q
y′y− ∂

∂q
yy′

−
∫∞
0
y2

.
+j (å (1 2D

*RpSS<N < j (å (1 ( SWS@N @B@]TWAUWS f@N:<9RAQNZ<
∂λn

∂q
=
y(t)[y(0)y1(t)+y2(t)y

′(0)]∫∞
0
y2

= g2(t, λn, q).
+j (å (11D

þ vû v� v Ëxyoz v ÌH»¼ H· z2 ∈ σ(m)
Ä Æ¿ KH»¼ÐI Ï HºÄ Å ¶»¼ L p Æ¿

q µ ¶KH·¸J¹º ¶º¼L·I¾Ç Hº ½L· H»¼M ¹¿Å ¶ÇÄ Å ¶»¼ L äJ£ HÎH·¸J¹ºÅLK. z = z(q) JMµ ºJ¸JK Ï Ð»»½Æ·¼ L p, q¿ÇLIL¿Ç ¶· ÆÎKHºM H¿ É ÍII¶Î ||p||, ||q|| ≤D H¿ HKÆ·
|z(p)−z(q)| < c(D)||p−q||1.

+j (å (1nD



ùÊ j ( Ü*Ý*Þ*' ( ªlu*�Þ °��?�±,²4 )'-?ª�ª'²)-
ø JÇ ¶·¼âK¹¿ É

|
∫ ∞

0

g2(x, λ, q+ t(p−q))(p−q) dx| ≤ +j (å (1Ê D
≤ |λ| 12
ε(D)

‖y2(x, λ, q+ t(p−q))‖∞||p−q||1
+j (å (1sD

≤ c(D)

ε(D)
|λ| 12 ||p−q||1,

+j (å (1åD
<R<R

∂z

∂q
(p−q) ≤ c(D)

ε(D)
||p−q||1,

+j (å (1jD
<T C;VN < SWS@N QNNeSQ9< T QB Y^Z@SY@RCY (
Ê ³Ê ³ � Ã¶Á�Å¹Å¶¸Ã ¼Â·ÌÂÃ» Á �Â¹»Çc»À»Ã»À
*;;@A < 9R<Y<9R;<A ^99R@>@RR`Y < fWN@>U@A@99@N Y<[ k9\N<S\9 @B@]T WAU@CAY@S ( « <X9\ANO ; @k9NW9@Y@S ;CR\AUeS=AY _ T CAS < ZW>@9 CAS@BZ<NN=T @9@SWA _ QT @R@Y T CAV9WX>CN@> @NSWBV Y^Z@SY@RS@SW9@YB@ Z@R@SA@Y ( *>U@NVB@ k9<Y 9@P S`Y _ :\>U <R CAZ@BR9<P QSWBSWY[B\;NWT QS < ÿª @A@B>CQP p CAZ@BR 9ROBQ9 f@N<]<S;< Y@NN SB<A9Rf\BT QNAC<::\R _ :\>U B@NZQA9 @B@]TWAU@Y:@R P =99=AY qnår (�@>U@A B @>U \NU<A A\BT QNS SWB _ :\>U <R

Aq∗
\[@BQS\B\Y B→ B

CR\T\BÿRXT=9\Y ¬ P @N^NP @ l < C
WBSWY� ZW>S@N@A 9\B\R<S\Y S@BWS @>U ‖ ·‖l A\BT QZ<N @NNQSZ< ('@YCAS9`Y <

h 7→ (〈h, e2ixzn〉) (n≥ 1)
+j (j (2D

B→ l
N@YW[ @RW9S (

þ vþ vwv Ëxyoz +«\BZQS:X4 C99D v ÌH»¼H· ‖(1+x2)q(x)‖1, ‖(1+x2)q∗(x)‖1 ≤D
Ä
q ∈

∈ B
Ä
q∗ ∈ B

Ä Æ¿ ½L ºLM Jº¼ H· Lä¶KK mn ½L º.¿ ¿Ç ¹M ¶IIL º 0 > λn ∈ σ(mn, q)
Ä

0 >
> λ∗n ∈ σ(mn, q

∗)
É Ñ L L ÀÑÉÑÉÛÃ ºHI Æµ HÇ Æ¿ J·½HÎK¹ºÅLK.Ä Æ¿ LÇ J·½HÎÇ · ¶ÎM ¹ã L C ÄLII¶Î

‖q∗−q‖B ≤ c(D)C

∥∥∥∥
λn−λ∗n
zn

∥∥∥∥
l

.
+j (j (1D

Ñ L LÇ J·½HÎÇ · HM I¶Îº¹K¶¿Ä Æ¿ M Æ» LÇ J¿ KHºã H¿ÐºÄ Å ¶»¼ L Î¾»Ç âKHKK q µ ¶KH·¸J¹ºM Hº ºHKK LÇ {Aq∗(q
∗−q) : q∗ ∈B}

ÅL ºMLÇ KLÎKL ºMLÇ » ¾M æ¾K B ÁæH·Ä LII¶Î MJ·äH·
U > 0

Ä
M > 0

¿Ç ¹MÅ ¶Ç ½L· ¶º¼L· q∗ µ ¶KH·¸J¹ºÄ LM Hº¼ÎH ‖q−q∗‖B ≤ U
Æ¿

‖q−q∗‖B >M

∥∥∥∥
λn−λ∗n
zn

∥∥∥∥
l

.
+j (j (nD

- ZW>@9 @9@S:@R :<9\ANO<A 9R`Y9W>`AY N@9R <R <NQ;;C ; @k9NW9B@ i



j (j ( - )'-?ª�ª'²) 4±�m±)* - Ü±�*5¥*l*)*l ùs
þ vþ v� v ôoØØõ v ‖(1+x2)q(x)‖1, ‖(1+x2)q∗‖1 ≤D H¿ HKÆ·

|
∫ π

0

(q∗(x)−q(x))y(x, λn)y∗(x, λn) dx| ≤ c(D)

|zn|
|λn−λ∗n|,

+j (j (Ê D
M â» HºH» H·äÈH· IJ¿ U = ‖(1+x2)(q(x)−q∗(x)‖1

H¿ HKÆ·
|
∫ π

0

(q∗(x)−q(x))y(x, λn)y∗(x, λn) dx| ≥ c(D,U)

|zn|
|λn−λ∗n|.

+j (j (sD
ø JÇ ¶·¼âK¹¿ É

∫ ∞

0

(q∗(x)−q(x))y(x, λn)y
∗(x, λn) dx=

=

∫ ∞

0

(q∗(x)−q(x))y(x, λn)[y∗(x, λn)−y∗(x, λ∗n)] dx+

+(λn−λ∗n)

∫ ∞

0

y(x, λn)[y
∗(x, λ∗n)−y∗(x, λn)] dx+

+(λn−λ∗n)

∫ ∞

0

y(x, λn)[y
∗(x, λn)−y(x, λn)] dx+

+(λn−λ∗n)

∫ ∞

0

y2(x, λn) dx= I1 +I2 +I3 +I4.

ªSS < j (å (s ( Y^Z@SY@RT WAU W9 |y(x, λ)| Y\BNQS\99Q>< T C<SS
|I1| ≤

c(D)

|zn|
|λn−λ∗n|‖q∗(x)−q(x)‖.

+j (j (åD
|y(x, λ)| ≤ c(D)eixz TC<SS

|I2| ≤
c(D)

|zn|
|λn−λ∗n|,

+j (j (jD
W9 :<

q∗ @NW> Y^R@N Z<A qX:\R _ <YY\B < j (å (Ê ( N@TT < W9 < j (å (t ( SWS@N 9R@BCAS
|I2| ≤

c(D)

|zn|
|zn−z∗n||λn−λ∗n| ≤

c(D)

|zn|
|λn−λ∗n|‖q∗(x)−q(x)‖1.

+j (j (tD
- j (å (2 ( SWS@N 9R@BCAS

|I3| ≤
c(D)

|zn|
|λn−λ∗n|‖q∗(x)−q(x)‖.

+j (j (ùD
u W>`N < j (å (n ( N@TT< 9R@BCAS

c(D)

|zn|
|λn−λ∗n| ≤ |I4| ≤

c(D)

|zn|
|λn−λ∗n|,

+j (j (2úD
<T C;VN < N@TTQ;<A T@>f\><NT <R\SS ; @k9NW9 Y^Z@SY@RCY (



ùå j ( Ü*Ý*Þ*' ( ªlu*�Þ °��?�±,²4 )'-?ª�ª'²)-
� þ vþ vwv yxyoz � ²��¯� °y��õ v

∫ ∞

0

Aq∗ (q∗(x)−q(x)) e2ixzn dx=
+j (j (22D

=

∫ ∞

0

(q∗(x)−q(x))y(x, λn)y∗(x, λn) dx.

«< < +j (j (2D N@YW[ @RW9 CAZ@BR@ f\NUS\A\9 _ <YY\B
‖q−q∗‖B ≤c(D)‖Aq∗(q

∗(x)−q(x))‖B ≤

≤c(D)C

∥∥∥∥
∫ ∞

0

Aq∗ (q∗(x)−q(x)) e2ixzn dx

∥∥∥∥
l

≤ +j (j (21D
≤c(D)C

∥∥∥∥
λn−λ∗n
zn

∥∥∥∥
l

.

«< <R\A;<A < +j (j (2D N@YW[ @RW9 CAZ@BR@ f\NUS\A\9 _ S@S9RVN@>@9@A A<>U <]\SS M X:@R ZQN<99R=AY 0 6= h ∈BXS p>U_ :\>U
‖h‖B ≥M

∥∥∥∥
∫ ∞

0

h(x)e2ixzn dx

∥∥∥∥
l

+j (j (2nD
S@NP @9`NP ^A ( *R T@>S@:@SV _ :< Aq∗(q

∗−q) S<BS<NT <R >^T;^S BX; @A ( )VS _ ;QBT CXNU@A YC9 γXB< NWS@RCY \NU<A q∗ _ :\>U
∫ ∞

0

Aq∗ (q∗(x)−q(x)) dx= γh(x).
+j (j (2Ê D

u QN<99R=Y γXS \NU<A YCk9CB@ _ :\>U T @>f@N@NV U XZ<N ‖(1+x2)(q(x)−q∗(x))‖1 ≤ UC9 ; CRS\9<A S@NP @9`NP ^A +[ WN]Q=N N@>U@A γ ≤ U
‖A−1

q∗
‖‖(1+x2)h(x)‖1

D ( *YY\B
‖q−q∗‖B ≥c(D)‖Aq∗ (q∗(π−x)−q(π−x)) ‖B ≥

≥c(D)M

∥∥∥∥

∫ ∞

0

Aq∗ (q∗(x)−q(x)) e2ixzn dx

∥∥∥∥
l

≥ +j (j (2sD
≥c(D,U)M

∥∥∥∥
λn−λ∗n
zn

∥∥∥∥
l

.
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Ö  ��× �¨ ��������

� ³$³ ¡ Å·ÁØ »Çc»À¹»¶»¼
'@YCAS9`Y <R <NQ;;C @N9VB@A]� B@A]9R@BS i

−y′2 +q1(x)y1 = λy1,
+- (2(2D

y′1 +q2(x)y2 = λy2,
+- (2(1D

<
y1(0) cosα−y2(0) sinα = 0

+- (2(nD
Y@R]@SC f@NSWS@N@YY@N _ α ∈ [0, π)

<]\SS _ λ ∈ C _ q ∈ L1[0, π]
( 4W9V;; QNS<NQ;<A <RSC9 f@NS@99R`Y _ :\>U q Z<NO9 WBSWY� _ ]@ @BB@ @>U@NVB@ ACAk9 9R`Y9W>`AY ( - NCA@QBC9] Cü @B@AkCQN@>U@AN@S@YBVN 9RONO QNS<NQA\9 SWS@N@Y 9R@BCAS +NQ9] [N ( q2Êr _ Î:<[S@Bn (D _ +- (2(2DX +- (2(nD T @>\N]Q9< NWS@RCY W9 @>UWBS@NT� (

-
J =

[
0 −1
1 0

]
TQSBCÙ ; @Z@R@SW9WZ@N <R +- (2(2DX +- (2(1D B@A]9R@B T QSBCÙ<XN<Y;<A C9 f@NeB:<SO i

Jy′+Q(x)y = λy,
+- (2(Ê D

<:\N Q(x) =

[
q1(x) 0

0 q2(x)

] (
ý o�� o���x� v lW:< < m CB<k @>U@AN@S; @A J =

[
0 1
−1 0

] ( - m CB<k @>U@AN@SA@Y
@R@A YeZ`N 9RQT\9 S\ZQ;;C f@NeBQ9< Z<A +NQ9] qåúrD (ý o�� o���x� v - mCB<k @>U@AN@S @>U B@N<SCZ C9RSCY=9 @N@YSB\AS eB N@ ( 5U<YB<A
q1(x) = q(x)+m _ q2(x) = q(x)−m _ <:\N m> 0

< BW9R@k9Y@ S^T @>@ (ý o�� o���x� v -R 2(2( BW9R; @A S@YCAS@SS +2(2(2D )k:B^]CA>@B @>U@AN@S@S C9 QSeBX:<SP =Y @N9VB@A]� B@A]9R@BBW <R
y1 = y _ y2 = y′

:@NU@SS@9eSW9@YY@N i
−y′2 +q(x)y1 = λy1,

+- (2(sD
y′1−y2 = 0.

+- (2(åD
*R < f@NeBQ9 T=S<SP < _ :\>U < )k:B^]CA>@B @>U@AN@SB@ ;CR\AUeS\SS QNNeSQ9\Y @>UBW9R@ � :< A@T C9 T CA]C> ZQNS\R<SN<A=N � QSf\><NT <R:<SO < mCB<k @>U@AN@SB@ (

ùj



ùt - ÜÚ55*�±4 ( mª�-Î �°*�²'���4
� ³´ ³ Ëº¹¸·¼ºº·ÌÅÀ¸¶¸¼
�@>U@A y(x, λ)

+- (2(ÊD S@S9RVN@>@9 T @>\N]Q9< ( u@R@99`Y ; @ <R <NQ;;C ZQNS\ROY<S i
y1(x, λ) = r(x, λ) sinϕ(x, λ),

+- (1 (2D
y2(x, λ) = r(x, λ) cosϕ(x, λ),

+- (1 (1D
<:\N r(x, λ)> 0

( �P ZQNS\ROCAYB< < Y^Z@SY@RV @>U@ANV9W>@Y S@NP @9`NA@Y i
ϕ′ = −λ+q2 cos2 ϕ+q1 sin2 ϕ= −λ+

q2 +q1
2

+
q2−q1

2
cos 2ϕ,

+- (1 (nD
r′

r
=
q2−q1

2
sin 2ϕ.

+- (1 (Ê D
ý o�� o���x� v *R < SB<A9Rf\BT QkCO A@T]C<>\AQNC9 Q TQSBCÙ @9@SWA C9 @NZW>@R:@XSV (ý o�� o���x� v

q
f\NUS\A\99Q>C [\ASP <C;<A @R@Y < f\BT=NQY < YN<99RCY=9 WBS@N@T X;@A S@NP @9`NA@Y _ T e> < S^;;C [ \AS;<A QNS<NQA\9eS\SS +]C9RSBC;pkCO9D WBS@N@T;@A (ý o�� o���x� v - )k:B^]CA>@B @9@SSVN @NSWBV @A T\9S ACAk9 WBS@NT @ TO]\9eS\SS°B`f@BXZQNS\ROY<S :<9RAQNAC _ :C9R@A y1(x, z)

W9
y2(x, z) A<>U9Q>B@A]P @ T @>@>U@XRCY (ý o�� o���x� v 4W9V;;

2n×2nX@9 T QSBCÙ [\S@AkCQN\Y @9@SWB@ C9 N@Z@R@S`AY :<X9\ANO f\BT=NQS (
� ³# ³ � ÆÂÇ»Ã ÅÀ¶»·ÆÁ¹¹�7ºÀ Â·¶»¹7 »&»¶¶ ¡ Å·ÁØ ºÛ»È

·¸¶º· ÃÛ »¼¶·�7Á
'@YCAS9`Y <R +- (2(2DX +- (2(1D @>U]CT @ARCO9 m CB<k @>U@AN@S@S <R

y1(0) cosα+y2(0) sinα = 0,
+- (n (2D

y1(π) cosβ+y2(π) sin β = 0
+- (n (1D

[ @B@T f@NSWS@N@YY@N _ <:\N α _ β <]\SS Z<NO9 9RQT\Y ( Ü< Z<N<T CNU@A λ Y\T[N@Ù+Z<>U_ T CAS NQSAC f\>P =Y _ Z<NO9D 9RQT B< <R +- (2(2DX +- (2(1DX +- (n (2DX +- (n (1D [B\;XNWT QA<Y Z<A A@TSBCZ CQNC9 T @>\N]Q9< _ <YY\B λ 9<P QSWBSWY _ < T @>\N]Q99<N _ T CAS:\RRQ S<BS\RO 9<P QSf`>>ZWAAU@N (� vÓ vwv Ëxyoz v ´Ç À´ ÉÛÉÛÃ Á À´ ÉÛÉÚÃ Á À´ ÉF ÉÛÃ Á À´ ÉF ÉÚÃ ¿Lã ¹KÆÎKÆIµ Î¶æºÆM ¹·LI M H» Á¿Ç ¹M º¹ºÅLK.L· ½Æ» KHºH· ¿¶I ¿Lã ¹KÆÎKÆI H ºÆKHÇ JIÄ · · ·<λ−n < · · ·<λ−1<λ0 <λ1<
< · · · < λn < . . .

Ä
λ±n → ±∞

É ´ ¿Lã ¹KÏ Ð»»½Æ·¼ HI KHºã H¿ ¶ÎK¶» ¶·¹ºJ¿ ÎH·ä¿Ç HÎKL ºI¶K·LI L2([0, π],R2)
ÁæH· É

ý o�� o���x� v - 9<P QSf`>>ZWAU@Y S^;;fWN@YW[[@A 9RQT\R:<SOY _ ]@ λ0 T@><]Q9<=SQA < 9RQT\RQ9 T QB @>UWBS@NT� (



- (Ê ( 5�**l ÜÚ55u±l¥ _ M XÜÚ55u±l¥ ±) )°*4'�²�ÜÚ55u±l¥ ùù
�Ý��Þ� ßy�� v , CZ@N < 9<P QSf`>>ZWAU@Y \BS\>\AQNC9<Y @>UTQ9B< _ T CA]@A 9<P QSWBXSWY Z<NO9 _ e>U < S\ZQ;;C<Y;<A S@>U`Y f@N _ :\>U λ Z<NO9 ( Ü@NS@:@SV _ :\>U 0≤α, β≤
≤ π

( +- (2(2D _ +- (2(1D W9 +- (n (2D T @>\N]Q9< T CA]@A λXB< @>UWBS@NT� _ N@>U@A @R< T @>\N]Q9 y(x, λ) _ W9 <NY<NT <RR=Y < [\NQBY\\B]CAQSQY;<A Z<NO f@NeBQ9S ( +- (1 (nD9R@BCAS
ϕ′ = −λ+

q2 +q1
2

+
q2−q1

2
cos 2ϕ,

+- (n (nD
T e> < +- (n (2D Y@R]@SC f@NSWS@N; VN

ϕ(0, λ) = α.
+- (n (Ê D

, CZ@N −λ+min(q1, q2) ≤ ϕ′ ≤ −λ+max(q1, q2) _ @RWBS _ :< |λ| → ∞ W9
x > 0 _ <� C@T <AAXN@TT< T C<SS ϕ(x, λ)=−λx−

∫ x

0
q2+q1

2
+o(1)

(
λ [\AS\9<A <YY\B 9<P QSWBXSWY _ :< ϕ(π, λ) ≡ β T\]=NO π ( m@ <R 2(å (2 ( ^99R@:<9\ANeSO SWS@N T C<SS ϕ(π, λ)T\A\S\A k9^YY@A λX;<A ( '@:QS NWS@RCY < 9<P QSWBSWY@Y T CA]YWS CBQAU;<A ZW>S@N@A9\B\R<S< _ 9VS _ :< ϕ(x, λn) = β−nπ _ <YY\B

λn = n+

∫ x

0

q2 +q1
2π

+o(1).
+- (n (sD

- 9<P QSf`>>ZWAUB@A]9R@B S@NP @99W>WS CNN@SV @A < 5B@@A f`>>ZWAUBVN 9RONO BW9RB@:CZ<SY\R=AY +- (Ê (å ( Y^Z@SY@RT WAU D (
� ³� ³ à·»»À �áÇÇÆÂÀcâ

m
È�áÇÇÆÂÀc ÂÃ ÃÛ »¼¶·¸¹�áÇÇÈ

ÆÂÀc
� vç vwv ãoäÞßåÝæ v ÙHIJ· K¿ÐI LÇ Àç ÉÛÉÛÃ Á Àç ÉÛÉÚÃ à JÎL¸ H»¼H·ºHKHK I ÆK KHK¿Ç ÈºH» H¿
u
Ä
v
M H» ¶ºä¹¿¹K Ó ç

W (λ) =W (u, v, λ) = det

∣∣∣∣
u1 v1

u2 v2

∣∣∣∣
+- (Ê (2D

M H··¼ J¿ Æ» HK LÇ Àç ÉÛÉÛÃ Á Àç ÉÛÉÚÃ ÎH·ä¿Ç HÎ èÎéê¿I¼ äHKHÎMJêëê¿ëêLI ê H½HÇÇÐI É
-R

xXSVN Z<NO f`>>W9S A@T P @N^NS`Y _ T @BS _ <YQBk9<Y < )k:B^]CA>@B @9@S; @A _� vç v� v Ä zzßy�� v ç èÎéê¿I¼ äHKHÎMJêëê¿ xÁæHê ëì ìLêä.É
� vç vÓ v Ä zzßy�� v Ed ÑG Ð Hì¾ìã H LÇ Àç ÉÛÉdÃ Á Àç ÉF ÉÛÃ Á Àç ÉF ÉÚÃ ¿Lã ëKÆÎKÆIí ÎéæìÆML n.¿Lã ëKÆÎKÆI ÆK λn

Ä L Å éÇÇë KLÎKéÇ . êéÎMëìK ¿Lã ëKÏ Ðîî½ÆêïK gn

É çIIéÎ L ðÎHHê Ï Ðîî Á½Æêï ÀðÎHHê M ëKÎJ�Ã L I ñ½HKI HÇ ÈI Æíí Hê ëì ìâKÅLK. HìÈ /

G(x, t, λ) = lim
N→∞

N∑

n=−N

gn(x)gT
n (t)

λn−λ
, λ 6= λn.

+- (Ê (1D



2úú - ÜÚ55*�±4 ( mª�-Î �°*�²'���4
ç òéÎ MJêäHê 0≤x, t≤π

ÁÎH I éê½HÎî HêòÄ x 6= t
ÁÎH ìéIëìJòLê HîïHêìHKHò Hê É ÌHîïHê

u
Æò
v
Àç ÉÛÉÛÃ Á Àç ÉÛÉÚÃ HîïÁHîï M Hî éìäëòLÄ u LÇ Àç ÉF ÉÛÃ Ä

v LÇ Àç ÉF ÉÚÃ Ï HìKÆKHìHIM Hì ìHKK É x 6= t
ÁÎH Àç ÉÛÉÛÃ Á Àç ÉÛÉÚÃ ðÎHHê Ï Ðîî½ÆêïH L

G(x, t, λ) =

{
1

W (λ)
u(x, λ)vT (t, λ), x < t

1
W (λ)

u(t, λ)vT (x, λ), x > t

+- (Ê (nD
LìLIæLê Jò HìÈëì ìÉ ç ðÎHHê Ï Ðîî½ÆêïK LÇ Àç ÉÛÉÛÃ Á Àç ÉÛÉÚÃ Á Àç ÉF ÉÛÃ Á Àç ÉF ÉÚÃ í ÎéæìÆÁML òLã ëKÆÎKÆI HJæHê À

u= c ·v Hò HKÆêÃ êHM ÆÎKHìM HÇÇÐI É
� vç vç v Ä zzßy�� v ÌHîïHê f∈L2([0, π],R2)

É Ñ L y(x, λ)=
∫ π

0
G(x, t, λ)f(t) dt

Ä LII éÎ
Jy′(x, λ)+Q(x)y(x, λ) = λy(x, λ)+f(x).

+- (Ê (Ê D
�@>U@A L <R +- (2(ÊDX +- (n (2DX +- (n (1D 9<P QSWBSWY[B\;NWT < NCA@QBC9 \[ @BQS\B< _<R<R N@>U@A

Ly = Jy′+Q(x)y,
+- (Ê (sD

DomL=
{
y ∈ L2([0, π],R2)|y1, y2 ∈AC(0, π),

y1(0) cosα−y2(0) sinα = 0, y1(π) cosβ−y2(π) sin β = 0} .
�@>U@A S\ZQ;;Q G : f(t) 7→

∫ π

0
G(x, t, λ)f(t) dt _ L2 → L2

f\NUS\A\9 NCA@QBC9 ( - R@NVRV QNNeSQ9\Y<S <R L W9 <
G \[@BQS\B\Y 9@>eS9W>WZ@N < Y^Z@SY@RVYW[[@A f\><NXT <R:<SP =Y T @> i� vç vó v Ä zzßy�� v Ñ L λ êHM òLã ëKÆÎKÆIÄ LII éÎ

(L−λI)Gf = f, f ∈ L2([0, π],R2),
+- (Ê (åD

G(L−λI)y = y, y ∈ à éM L.
+- (Ê (jD

- 2(ù (å ( ]@ÿAekCO WBS@NT W;@A S@:QS −G <R
L \[ @BQS\B B@R\NZ@A9@ (� vç vû v ÔÕÖoy×o�Ø xÞ�v ç Ç Àç ÉÛÉdÃ Á Àç ÉF ÉÛÃ Á Àç ÉF ÉÚÃ òLã ëKÆÎKÆIí ÎéæìÆML yn

òLÁã ëKÏ Ðîî½ÆêïHJ KHìã Hò éÎKéê éÎMëìK ÎHêäòÇ HÎK LìI éKêLI LÇ L2([0, π],R2)
KÆÎæHê É

ø JÇ éêï âKëò É Ü< f ∈ L2([0, π],R2)
<R ^99R@9 9<P QSf`>>ZWAUB@ T @BVN@>@9 _ <YY\B <R@NVRV @NV QNNeSQ9 W9 <R +- (Ê (åD @>U@ANV9W> T C<SS f = 0

(
� vç vþ v ãoäÞßåÝæ v Ð Hìñìã H u(x, λ)

Àç ÉÛÉÛÃ Á Àç ÉÛÉÚÃ
u1(0, λ) = sinα

Ä
u2(0, λ) =

=cosα I HÇ äHKJ ÆÎKÆI HIæÈì JêäÒ ì. M Hî éìäëòëKÉ ç %(λ)
òí HIKÎëìÏ Ðîî½Æêï Hîï ã éææÎ.ìÏ éìïKéê éò ìÆí óòÈò Ï Ðîî½ÆêïÄ LM J LÇ Àç ÉÛÉdÃ Á Àç ÉF ÉÛÃ Á Àç ÉF ÉÚÃ òLã ëKÆÎKÆIí ÎéæìÆMLòLã ëKÆÎKÆI HJæHê Òî ÎJI 1

||u(x,λ)||2
2

ÁKÄ Ké½ëææë %(0) = 0
É

�QS:<SO _ :\>U < 9[ @YSBQNf`>>ZWAU f`>> < ]@ÿAekCO;<A ^AYWAU@9@A T@>ZQN<9RXS\SS Y@R]@SC f@NSWS@N@Y;VN CA]=NO T @>\N]Q9SON ( )@>eS9W>WZ@N QSf\><NT <R:<SP =Y <5B@@A f`>>ZWAU @N9V @NVQNNeSQ9QS i



- (Ê ( 5�**l ÜÚ55u±l¥ _M XÜÚ55u±l¥ ±) )°*4'�²�ÜÚ55u±l¥ 2ú 2
� vç v� v Ëxyoz v

G(x, t, λ) = p.v.

∫ ∞

−∞

u(x, λ)uT (t, λ)

λ−λn
d%(λ).

+- (Ê (tD
� vç v¤ v Ä zzßy�� +)[ @YSBQNf`>>ZWAU S=N<P ]\A9Q><CD v f ∈ L2([0, π],R2)

ÁÎH ìÆKHÇ JI
F (λ) =

∫ π

0

f(x)yT (x, λ) dx,
+- (Ê (ùD

Æò
f(x) =

∫

R

F (λ)y(x, λ) d%(λ).
+- (Ê (2úD

� vç vw� v ãoäÞßåÝæ v Ð Hìñìã H v(x, λ) LÇ Àç ÉÛÉÛÃ Á Àç ÉÛÉÚÃ ÎHêäòÇ HÎ v1(π, λ) = sin β
Ä

v2(π, λ) = cosβ ½Æîí éêKæHìJ Ï HìKÆKHìHI HK I JHìÆî âKÈ M Hî éìäëòëKÉ çIIéÎ LÇ
mβ(λ) =

v2(0, λ)

v1(0, λ)

+- (Ê (22D
Ï Ðîî½ÆêïK LÇ Àç ÉÛÉdÃ Á Àç ÉF ÉÛÃ Á Àç ÉF ÉÚÃ òLã ëKÆÎKÆIí ÎéæìÆML mÁÏ Ðîî½ÆêïÆêHI ê H½HÇ ÁÇÐI É
� vç vwwv Ä zzßy�� +

mXf`>>ZWAU S=N<P ]\A9Q><CD v ç Ç mÁÏ Ðîî½Æêï M HÎéM éÎÏ Ä îïñI HJÆò í .ìÒòLJ ½Lì.òLIÄ HîïòÇ HÎHò HI Ä Ké½ëææë¬õ ­ =λ > 0
ÁÎL =m(λ)> 0

Ä
¬� ­

λ ∈ σ(α, β) ⇐⇒m(λ) = cotα
É

� vç vw� v Ëxyoz v EF�G ÌHîïHê mα,β = m cos α−sinα
m sin α+cos α

É ç Ç Àç ÉÛÉdÃ Á Àç ÉF ÉÛÃ Á Àç ÉF ÉÚÃ òLÁã ëKÆÎKÆIí ÎéæìÆML mÁÏ Ðîî½ÆêïH Æò òí HIKÎëìÏ Ðîî½ÆêïH I ñÇ ñKK L I ñ½HKI HÇ È ñòòÇ HÏ Ðî Áî Æò ëì ì Ï Hêê /
mα,β(z) = p.v.

∫

R

1

λ−z d%(λ),
+- (Ê (21D

½LìLM JêK % Ï éìïKéê éòòëî J í éêKã LJæLê
%(µ)−%(λ) =

1

π
lim
ε↓0

∫ µ

λ

=mα,β(z+ iε) dz.
+- (Ê (2nD
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q2r u ( -T;<BR=T C<A _ öæH÷ HJê H ø÷Lî H ùH÷ ú Jî Hêû H÷KKü Hé÷JH_ ý@CS9k:BCfS f`B°:U9CY þÿ +2�1�D _ ������s (q1r , ( -9:;<=>: <A] � ( ?@A>=BC< _ �í KJM Lì ìéû H÷ �é�êù � é÷ Kü H î Lí �HKû HHê Kü H¾ ÷òK Kû é HJî Hê½Lì� Hò é� éê H�ùJM HêòJéêLì � óü÷ñùJêî H÷ éí H÷LKé÷ò û JKü òïM �M HK÷Jó òJêî ìH�û Hì ì í éKHêKJLìò _ °B\ k ( -T@B ( ,<S: ( )\k ( w	þ +2�tjD _ 
 2��
1
 (qnr _ �í KJM Lì �é�êùò � é÷ ÷LKJéò é� HJî Hê½Lì� Hò é� éê H�ùJM HêòJéêLì � óü÷ñ�ùJêî H÷ éí H÷LKé÷ò û JKü � J÷Jóü ìHK �é�êùL÷ï óéêùJKJéêò Lêù í éòJKJ½ H í éKHêKJLìò _Î\TT=A ( ,<S: ( °:U9 ( w�� +2�t�D _ 
�n�
 2s (q
 r _ ú Jî Hê½Lì� H ÷LKJéò � é÷ � K�÷M �
 Jé�½Jì ìH éí H÷LKé÷ò_ � ( m C� ( *�A9 ( w	ÿ+2��nD _ 1�s� 12� (qsr ) ( - ( -Z]\ACA _ �ê Kü H �� HòKJéê é� ¢JHò� �Lò Hò é� H�í éê HêKJLì � �êóKJéêò Jê
L2 �Jê ¢�òòJLê� _ u@9SACY �@ACA>B<] ( �ACZ ( )@B ( ,<S ( wÿ +2�j
D _ s� 21 (q�r m ( -R<>B< <A] � ( �@BB@B< _ ú ½H÷ï óìéò Hù óéê½H� ò HK Jò Kü H ò HK é� MJêJM J� H÷ò
é� ò éM H C∞ �òM ééKü óéê½H� � �êóKJéê_ °B\k ( -T@B ( , <S: ( )\ k ( wÿ	 +1��1D _n�tj�n��1 (qjr � ( - ( ?@B@RCA <A] , ( - ( ):=;CA _ �ü H � óü÷ñùJêî H÷ H��LKJéê_ 4 N=�@B _m\B]B@k:S _ 2��2(qtr 5 ( ?\B> _ ú Jê H �MIHü÷�êî ùH÷ � K�÷M �
 Jé�½Jì ìHò óü Hê ú Jî Hêû H÷KL�� î L�H_ -kXS< ,<S: ( �� +2�
�D _ 2��� (q�r _ �êJ�� Hê Hòò Kü Hé÷HMò Jê Kü H òí HóK÷Lì Kü Hé÷ï é� y′′ +(λ− q(x))y =
= 0 _ ° B\ k ( 22S: )k<A]CA<ZC<A Î\A>B@99 \f ,<S:@T <SCkC<A9 +�9N\D _ �\:<A5B=A]S '<A=T 9 �\BN<> _ 2�s1 _ [[ ( 1j�� 1tj (q2�r Î:=A>XÎ:=<A Î:@A _ �í KJM Lì ìéû H÷ HòKJM LKHò � é÷ HJî Hê½Lì� H ÷LKJéò é� � óü÷ñ�ùJêî H÷ éí H÷LKé÷ò Lêù ½J�÷LKJêî òK÷Jêîò_ @N@kSB\ACk<NNU [=;NC9:@] o���o���+1��1D (
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