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This thesis focuses on two important aspects of the structure of networks,

namely fractality and robustness. Moreover, in the Appendix we also explore the

structural characteristics of co-authorship networks and curriculum prerequisite

networks.

1 Transfinite Fractal Dimension of Trees and

Hierarchical Scale-Free Graphs

In the first chapter of my thesis, we study the fractal nature of networks and

this chapter largely relies on a paper joint with my supervisor, Károly Simon and

with my former supervisor, Júlia Komjáthy [8]. We give a short introduction to

the dimension theory of graphs and networks and provide an overview on the

most important concepts of dimensions of graphs and networks. To identify and

quantify the fractality of networks, an essential tool is the box-covering method.

Since the box-covering problem is proven to be NP-hard, various approximation

algorithms have been proposed. We compare the most important algorithms with

respect to running time and approximation ability. We show that the definition

of fractality cannot be applied to networks with ‘tree-like’ structure and exponen-

tial growth rate of neighborhoods. However, by introducing novel concepts, the

transfinite fractal dimension and transfinite Cesaro fractal dimension, we show

that fractal dimension becomes a proper parameter of graph sequences with expo-

nential growth. Using rigorous techniques, we determine bounds on the optimal

box-covering and calculate the transfinite fractal dimension of various models:

the hierarchical graph sequence model introduced by Komjáthy and Simon, the

Song-Havlin-Makse model, spherically symmetric trees, and supercritical Galton-

Watson trees.

The technique that Song et al. proposed for identifying the presence of frac-

tality in networks in [23] is analogous to that of regular fractals. The method

works as follows [21]: For a given network G with N vertices, we partition the

vertices into subgraphs (boxes) of size `, i.e., subgraphs with diameter at most

`− 1. The minimum number of `-boxes needed to cover the entire network G is

denoted by NB(`). Determining NB(`) for any given ` ≥ 2 belongs to a family

of NP-hard problems but in practice various algorithms are adopted to obtain

an approximate solution [21]. In accordance with regular fractals, Song et al.

proposed to define the fractal dimension or box dimension dB of a finite graph
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by the approximate relationship:

NB(`)/N ≈: `−dB , (1)

i.e., the required number of boxes scales as a power of the box size, and the di-

mension is the absolute value of the exponent. In their reasoning, the relationship

in (1) should hold for a wide range of values ` with the same exponent dB.

The fractality of a finite network (also called fractal scaling or topological

fractality) means that there exists a power relation between the minimum number

of boxes needed to cover the entire network and the size of the boxes.

In other words, as mentioned above, equation (1) must hold for a dB for a wide

range of ` for a network to show fractality. Although it is possible to ascertain

the fractal dimension with this description and (1) using approximation methods,

here we develop a rigorous mathematical definition shortly below. The need for

a rigorous definition arises naturally: first, the relation (1) is approximate, and

second, it is hard to quantify what may one call a wide range of `.

To motivate our choice of definition, when considering regular fractal objects

(that is, sets embedded in Rd for some integer d) the box dimension1 is defined

as the limit of the reciprocal of the ratio of the logarithm of the number of boxes

and the logarithm of the box size, as the box size tends to 0. This definition

would make no sense with respect to networks, since the graph distance can not

be less than 1. On the other hand, tending to infinity with the box size might be

a solution if the network itself grows, or is infinite to start with. For this reason,

we should consider graph sequences. Several real-world networks (collaboration

networks, WWW) grow in size as time proceeds, therefore it is reasonable to

consider graphs of growing size, denoted by {Gn}n∈N (where N stands for the

set of natural numbers). For infinite networks such as Zd, one can choose a root

vertex (e.g. the origin) as a point of reference and consider subgraphs of the

underlying infinite network centered around the reference vertex that exhaust

the infinite graph (e.g. Gn := [−n, n]d for Zd).
To be able to define the box dimension of a graph sequence, we define the

above mentioned boxes of size ` first.

Definition 1 (`-box). Consider two vertices u, v in a graph G. Let Γ(u, v) de-

note the set of all paths connecting u, v within G. The length of a path π is defined

as the number of edges on π and is denoted by |π|. The graph distance between

1Also called Minkowski-dimension.
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two vertices u, v in a graph G is defined as dG(u, v) = min{|π| : π ∈ Γ(u, v)}. We

say that a subgraph H of a graph G is an `-box if dH(u, v) ≤ ` − 1 holds for all

u, v ∈ H.

Our first definition is the rigorous form of (1):

Definition 2 (Box dimension). The box dimension dB of a graph sequence

{Gn}n∈N is defined as

dB
(
{Gn}n∈N

)
:= lim

`→∞
lim
n→∞

log
(
Nn
B(`)/|Gn|

)
− log `

, (2)

if the limit exists; where Nn
B(`) denotes the minimum number of `-boxes needed

to cover Gn, and |Gn| denotes the number of vertices in Gn.

Note that this definition indeed gives back (1), since it means that, for each

ε > 0, there exists `(ε), n(ε, `) such that whenever ` ≥ `(ε), every Gn with

n ≥ n(ε, `) can be convered with |Gn|`−dB±ε many `-boxes. We comment on

the order of the limits in the previous definition. It is natural question to ask

whether the limiting operations can be interchanged. Considering the fact that

the number of boxes needed to cover Gn is Nn
B(`) = 1 if ` > diam(Gn), it is

meaningless to change the order of the limits.

It is not hard to see that this definition of fractality cannot be applied to

networks with exponential growth rate of neighborhoods. Indeed, in this case the

optimal number of boxes does not scale as a power of the box size. On the other

hand, the box-covering method yields another natural parameter if we modify

the required functional relationship between the minimal number of boxes and

the box size as in the transfinite fractal cluster dimension by Rozenfeld et al. [5,

19]). Namely, we might consider finding τ that satisfies

NB(`)/N ≈: e−τ ·` (3)

for a wide range of `. Again, we make this concept rigorous and quantifyable by

defining the transfinite fractal dimension of graph sequences similarly:

Definition 3 (Transfinite fractal dimension). The transfinite fractal dimen-

sion τ of a graph sequence {Gn}n∈N is defined by

τ
(
{Gn}n∈N

)
:= lim

`→∞
lim
n→∞

log
(
Nn
B(`)/|Gn|

)
−`

, (4)
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if the limit exists; where Nn
B(`) denotes the minimum number of `-boxes needed

to cover Gn, and |Gn| denotes the number of vertices in Gn.

For models with exponentially growing neighborhood sizes the limit in (4)

does not exist but the limit of the Cesaro means does. This yields the transfinite

Cesaro fractal box dimension. We modify Def. 3 by considering the Cesaro-sum

instead of the pure limit in n:

Definition 4 (Transfinite Cesaro fractal dimension). The transfinite Cesaro

fractal dimension τ ∗ of a graph sequence {Gn}n∈N is defined by

τ ∗
(
{Gn}n∈N

)
:= lim

`→∞
lim
n→∞

1

n

n∑
i=1

log
(
N i+`
B (`)/|Gi+`|

)
−`

, (5)

if the limit exists; where Nn
B(`) denotes the minimum number of `-boxes needed

to cover Gn, and |Gn| denotes the number of vertices in Gn.

The definition of box dimension for graph sequences with exponentially growing

neighborhood sizes was first introduced in my Bachelor thesis [14], that is an

unpublished work. Dai et al. [1] studied the transfinite fractal dimension of the

weighted version of the model in [9] and a similar weighted fractal network [2].

The latter one was retracted by Scientific Reports, ”because significant portions of

the text and equations were taken from [my] BSc thesis without attribution” [3].

We determine bounds on the optimal box-covering and calculating the trans-

finite fractal dimension of various models: hierarchical graph sequence model

introduced by Komjáthy and Simon, Song-Havlin-Makse model, spherically sym-

metric trees, supercritical Galton-Watson trees.

The hierarchical graph sequence model was introduced by Komjáthy and Si-

mon [9]. We start with an arbitrary initial bipartite graph G, the base graph,

on N vertices and we define a hierarchical sequence of deterministic graphs

{HMn}n∈N in a recursive manner. Let V (HMn), the set of vertices of HMn be

{0, 1, . . . , N − 1}n. The construction of HMn from HMn−1 works by taking N

identical copies of HMn−1, corresponding to the N vertices of the base graph G.

Next, we construct the edges between the copies described in a comlicated way

that we do not detail here. Along these lines, HMn contains Nn−1 copies of HM1,

connected in a hierarchical way.

Theorem 1. The hierarchical graph sequence {HMn}n∈N is not fractal, but trans-

fractal. That is, its fractal dimension (as in Def. 2) does not exists, while its

4



111

112110

121

122120

101

102100

211

212210

221

222220

201

202200

011

012010

021

022020

001

002000

Figure 1: The third iteration of an instance of the hierarchical graph sequence
model, called ”cherry” model: HM3. The boxing of the graph is also highlighted:
the green boxes illustrate an optimal 3-boxing and the dashed boxes show an
optimal 7-boxing of the graph, i.e. NB(3) = 9 and NB(7) = 3. The transfinite
dimension of the model is τ((HMn)n∈N) = (logK)/2, here the base graph is on
K = 3 vertices.

transfinite fractal dimension (as in Def. 3) exists and equals

τ
(
{HMn}n∈N

)
= (logN)/2, (6)

where N denotes the number of vertices in the base graph G of {HMn}n∈N.

The proof of Theorem 1 basically boils down to showing the following lemmas:

Lemma 2. The diameter of the hierarchical graph sequence model HMn is diam(HMn) =

2(n− 1) + diam(G).

Lemma 3 (Upper bound on the number of boxes). For all k ≥ n, Nn
B(`k) =

1, while for all n > k,

Nn
B(`k) ≤ Nn−k (7)

Lemma 4 (Lower bound on Nn
B(`1)). For all n ≥ n1 + 1,

Nn
B(`1) ≥ Nn−n1 , (8)

where nq := |Vq|, q ∈ {1, 2} and we assume that n1 ≤ n2 without loss of generality.

Lemma 5 (Lower bound on Nn
B(`k)). Using the notation of the previous lemma,

the following inequality holds if n− k ≥ n1 :

Nn
B(`k) ≥ Nn−k+1−n1 = Nn−k · C, (9)

where C = N1−n1 is a fixed constant determined by the base graph G.
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Next, we analyze the model proposed by Song, Havlin and Makse in [22]

to generate graphs with and without fractal scaling of Eq. (1). The model

{SHMp
n}n∈N defined below can capture the main features (e.g. scale-free property

[13]) of real-world networks and the presence of fractal scaling is governed by a

parameter of the model.

• Initial condition: We start at n = 0 with an arbitrary connected simple

graph of a few vertices (e.g. a star shape of five nodes as in Figure 2).

• Growth: At each time step n+ 1 we link m ·degn(v) new vertices to every

v vertex that is already present in the network, where m > 1 is an input

parameter and degn(v) is the degree of vertex v at time n.

• Rewiring edges: At each time step n + 1 we rewire the already existing

edges as a stochastic combination of Mode I (with probability p) and Mode

II (with probability 1− p)

– Mode I: we keep the old edge generated before time n+ 1.

– Mode II: we substitute the edge (u, v) generated in one of the previous

time steps by a link between newly added nodes, i.e., by an edge (u′, v′),

where u′ and v′ are newly added neighbors of u and v respectively, as

shown in Figure 2.

The model with parameter p = 0 (i.e. using only Mode II) has a finite box

dimension with dB = log(2m+ 1)/ log 3 [22]. On the other hand, with parameter

p = 1 the box dimension is not finite but the transfinite fractal dimension is still

a valid parameter, that is the content of the next result:

Theorem 6. The graph sequence
{

SHM1
n

}
n∈N is not fractal, but transfractal.

That is, its fractal dimension (as in Def. 2) does not exists, while its transfinite

fractal dimension (as in Def. 3) exists and equals

τ
({

SHM1
n

}
n∈N

)
= log(2m+ 1). (10)

Further, the diameter of the network generation model with parameter p = 1 is

diam(SHM1
n) = Θ(n). (11)

The first half of the assertion above was claimed in [22] with heuristic ex-

planation, in my thesis we give a more analytical argument and prove that the

model is transfractal.
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(a)

(b) Mode I (c) Mode I I

(d) Combinat ion of the modes

Figure 2: Different modes of growth with m = 2. In (a) the initial stage is
illustrated, (b), (c) and (d) demonstrates Mode I, Mode II and the combination
of the two modes respectively. The figure was adapted by the authors from [22].

Next, we calculate the transfinite fractal dimension τ for some rooted evolving

trees and compare it to the value of growth rate defined by Lyons and Peres [12].

We find that the transfinite fractal dimension of infinite trees is strongly related

to the growth rate. While growth rate is defined only on trees, our concept of

transfinite fractal dimension is defined on any graph sequences.

Let us denote an infinite tree by T∞, and its root by %. We assume that the

degree of each vertex is finite. Let Ln denote the set of vertices at distance n

from the root, and its size by Ln.

Definition 5 (Growth rate of trees, [12]). The growth rate of an infinite tree

T∞ is defined as

gr (T∞) = lim
n→∞

L1/n
n , (12)

whenever this limit exists.

Note that an infinite tree needs infinitely many boxes of any size. To be able
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to define a proper transfinite dimension, we need to ‘chop off’ the tree to make

it finite. We also provide some definition of basic expression related to trees.

Definition 6 (Basic definitions). Consider a rooted and infinite tree T∞. We

obtain a sequence {Tn}n∈N from T∞ by truncating at height n:

Tn := ∪i≤nLi (13)

We define the (transfinite) fractal dimension of an infinite tree as the (transfinite)

fractal dimension of the graph sequence (Tn)n≥1.

The generation of a vertex is its graph distance from the root. The subtree

of a vertex v, denoted by T (v), is defined as the vertices w that have the property

that the shortest path to the root passes through v. The descendants of v are the

vertices in T (v). We write T
(v)
k = {w ∈ T (v) : d(v, w) ≤ k}. The vertices in

T
(v)
1 \ {v} are called the children of v.

An important tool for the boxing of trees is the greedy boxing method.

Definition 7 (Greedy boxing starting from the leaves). Let n+1 := a(k+

1) + b for some a, b ∈ N, b < k + 1. We define the greedy boxing of a rooted tree

Tn with 2k + 1-boxes as follows:

Greedy(n, k) :=

 a⋃
i=1

⋃
v∈Ln+1−i(k+1)

T
(v)
k

 ∪ T (%)
b−1. (14)

That is, every vertex v at generation n + 1 − i(k + 1), for i = 1, . . . , a and its

subtree T
(v)
k forms one box, and the box of the root might be somewhat smaller.

When b = 0 the box of % is included in the first union hence the last box (T
(%)
b−1) is

not there in the expression.

Theorem 7. Let T f
∞ be a spherically symmetric tree with degrees f = (f(h))h≥1

that satisfies some mild conditions and that

lim
h→∞

log f(h)

h
= 0. (15)

Then, τ ?(T f
∞) = log(gr(T f

∞))/2.

Next, we calculate the transfinite fractal dimension of the supercritical Galton-

Watson trees.
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Figure 3: The boxing of rooted trees. The dashed boxes illustrates the greedy
boxing and the orange boxes show an optimal boxing with box size ` = 3. Using
the notation of Def. 7, here n = 4, k = 1, a = 2, b = 1.

Definition 8 (Galton-Watson branching process). Let q = (q0, q1, q2, . . . )

be an infinite vector of nonnegative real numbers with
∑∞

i=0 qi = 1 and let Pq be

the probability measure on rooted trees such that the number of offspring (children)

of each vertex is i.i.d. and the probability that a given vertex has i children is qi.

Let Zn denote the number of vertices at distance n from the root. We write µ

for the mean of the offspring distribution µ = E(Z1) =
∑∞

i=0 iqi.

A Galton-Watson branching process (BP) with mean offspring µ is said to be

supercritical if µ > 1, critical if µ = 1 and subcritical if µ < 1.

Theorem 8. Let GW∞ be a supercritical Galton-Watson tree with the following

assumptions q0 = 0, q1 6= 1 and

E(Z1| log(Z1)|+) <∞, (16)

where |x|+ := max{x, 0} denotes the positive part of the expression. Then,

τ (GW∞)→ (log(µ))/2 almost surely.

The following elementary fact is needed to prove Theorem 8.

Lemma 9. Let ξk be an arbitrary convergent sequence of real numbers, that is,

limk→∞ ξk = A for some A ∈ R. For β ∈ (0, 1) let Sn :=
∑n

k=0 β
n−kξk. Then

lim
n→∞

Sn =
∞∑
k=0

βk · A =
A

1− β
∈ R.

Remark. It is clear that gr (GW∞)
a.s.−−→ µ which implies that the almost sure

limit of the transfinite fractal dimension and the logarithm of the growth rate

of Galton-Watson trees differ only in a factor of 2 under the assumptions of

Theorem 8.
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Remark. Under some regularity assumptions the transfinite fractal dimension of

Galton-Watson trees is well-defined in contrast with spherically symmetric trees

where we had to introduce the concept of transfinite Cesaro transfinite fractal

dimension. This phenomena arises from the fact that the random growth of the

Galton-Watson branching process is smoother than the deterministic growth of

spherically symmetric trees.

2 On the Complexity of Color-Avoiding Site and

Bond Percolation

The second chapter of my thesis is devoted to the mathematical analysis of robust-

ness and error-tolerance of networks. More specifically, we investigate the case

when the attack-tolerance of the vertices or edges are not independent but certain

classes of vertices or edges share a mutual vulnerability. The shared vulnerabili-

ties can be modeled by assigning a color to each class that may represent a shared

eavesdropper, a controlling entity or correlated failures. A ”color-avoiding” per-

colation framework was developed by Krause et al. [7, 11, 10].

An important problem is to find robustly connected vertex sets: nodes that

remain connected to each other by paths providing any type of error (i.e. erasing

any vertices or edges of the given color). This is also known as color-avoiding

percolation. We study various possible modeling approaches of shared vulner-

abilities and we analyze the computational complexity of finding the robustly

(color-avoiding) connected components. Despite the similarity of the presented

concepts, the associated percolation problems – seemingly paradoxically – dif-

fer significantly regarding computational complexity. We show that the color-

avoiding edge-connected components can be found in polynomial time. However,

the complexity of finding the color-avoiding vertex-connected components highly

depends on the exact definition, using a strong version the problem is NP-hard,

while using a weaker notion makes it possible to find the components in polyno-

mial time. This chapter is built on a paper joint with a fellow PhD student, Kitti

Varga [18].

There are two main approaches of modeling shared vulnerabilities in networks

depending on the target of the attack: either the links between the nodes can

be destroyed (or eavesdropped) or the nodes themselves are the subject of a

possible failure. The former is modeled by coloring the edges according to the

shared vulnerabilities leading to color-avoiding bond percolation, while the latter
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is represented by assigning a color to the vertices having the same vulnerability

resulting in color-avoiding site percolation. The color-avoiding edge- and vertex-

connectivity is illustrated in Fig. 4 on an Erdős-Rényi random graph, the exact

concepts are introduced below.

Definition 9. Let G be a graph, C = {c1, . . . , ck} a color set and c : E(G)→ C

a function that assign colors to the edges.

For any i ∈ {1, . . . , k} the vertices u, v ∈ V (G) are called ci-avoiding edge-

connected if after the removal of the edges of color ci, u and v are in the same

component in the remaining graph, i.e there exists a path between u and v which

does not contain any edges of color ci – such a path is called a ci-avoiding path.

We say that the vertices u, v ∈ V (G) are color-avoiding edge-connected

if they are ci-avoiding edge-connected for all i ∈ {1, . . . , k}.

Definition 10 ([11]). Let G be a graph, C = {c1, . . . , ck} a color set and c :

V (G)→ C a function that assigns colors to the vertices.

For any i ∈ {1, . . . , k} the vertices u, v ∈ V (G) are called strongly ci-

avoiding vertex-connected (or strongly ci-avoiding connected) if after

the removal of the vertices of color ci excluding these two vertices, they are in the

same component in the remaining graph, i.e. there exists a path between u and v

whose internal vertices are not of color ci – such a path is called a ci-avoiding

path.

We say that the vertices u, v ∈ V (G) are strongly color-avoiding vertex-

connected (or strongly color-avoiding connected) if they are strongly ci-

avoiding connected for all i ∈ {1, . . . , k}.

Definition 11. Let G be a connected graph, C = {c1, . . . , ck} a color set and

c : V (G)→ C a function that assigns colors to the vertices.

For any i ∈ {1, . . . , k} the vertices u, v ∈ V (G) are called weakly ci-avoiding

vertex-connected (or weakly ci-avoiding connected) if after the removal of

the vertices of color ci, either at least one of u or v is deleted or they are in the

same component in the remaining graph, i.e. if neither u nor v are of color ci,

there exists a path between them whose vertices are not of color ci – such a path

is called a ci-avoiding path.

We say that the vertices u, v ∈ V (G) are weakly color-avoiding vertex-

connected (or weakly color-avoiding connected) if they are weakly ci-avoid-

ing connected for all i ∈ {1, . . . , k}.
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Figure 4: Illustrating the color-avoiding edge- and vertex-connectivity on an
Erdős-Rényi random graph G(20, 0.15). The first row depicts an edge-colored
and a vertex-colored graph with three equiprobable colors. The second and third
rows show the graphs after removing the green, blue and red edges/vertices, re-
spectively.
Note that vertex 5 and vertex 14 are color-avoiding edge-connected since the path
5-11-14 serves as both a green-avoiding and a blue-avoiding path, while the path
5-2-6-8-14 serves as a red-avoiding path. On the other hand, vertex 16 is not
color-avoiding edge-connected to any other vertices since without green edges it
gets isolated.
Considering color-avoiding vertex-connectivity, vertex 6 and vertex 10 are
strongly (and therefore weakly) color-avoiding connected since the path 6-11-
5-10 serves as a blue-avoiding path, the path 6-13-5-10 serves as a red-avoiding
path, while the path 6-2-7-10 serves as a green-avoiding path for internal vertices
– this last condition is only required for strong color-avoiding connectivity. Ver-
tex 3 and vertex 10 are weakly color-avoiding connected since the path 3-5-10
serves as both a red-avoiding and blue-avoiding path, while they are not strongly
color-avoiding connected since no path from vertex 3 can avoid green vertices as
internal nodes. Vertex 7 and vertex 11 are not strongly/weakly color-avoiding
connected since no green-avoiding path exists between them.
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Remark. The notion of weakly color-avoiding connectivity is indeed a weaker

concept than the one defined in Def. 10. It is easy to see that if two vertices

are strongly color-avoiding connected then it implies that they are weakly color-

avoiding connected as well.

Now we list the decision problems for which the computational complexity

will be presented. Although the problems are seemingly very similar, they differ

considerably concerning their complexity.

ColorAvoidingEdgeConnectedComponent

Instance: a graph G, a color set C = {c1, . . . , ck}, a function c : E(G)→ C and

a positive integer l.

Question: is it true that G has a color-avoiding edge-connected component of

size at least l?

StronglyColorAvoidingConnectedComponent

Instance: a graph G, a color set C = {c1, . . . , ck}, a function c : V (G)→ C and

a positive integer l.

Question: is it true that G has a strongly color-avoiding connected component

of size at least l?

WeaklyColorAvoidingConnectedComponent

Instance: a graph G, a color set C = {c1, . . . , ck}, a function c : V (G)→ C and

a positive integer l.

Question: is it true that G has a weakly color-avoiding connected component of

size at least l?

WeaklyColorAvoidingConnectedComponent-ListOfColors

Instance: a graph G, a color set C = {c1, . . . , ck}, a function c : V (G)→ 2C and

a positive integer l.

Question: is it true that G has a weakly color-avoiding connected component of

size at least l?

We prove the following theorems:

Theorem 10. The problem ColorAvoidingEdgeConnectedComponent is

in P. More precisely, the color-avoiding edge-connected components of G can be

found in polynomial time.

Theorem 11. The problem StronglyColorAvoidingConnectedCom-

ponent is NP-complete.
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Theorem 12. The problem WeaklyColorAvoidingConnectedCompo-

nent is in P. More precisely, the weakly color-avoiding connected components of

G can be found in polynomial time.

The proof consists of two main parts. First, we show that finding the weakly

color-avoiding connected components in any graph is equivalent to finding the

cliques of an associated locally chordal graph. This together with the fact that

cliques can be found in polynomial time in a locally chordal graph gives us the

desired result.

Theorem 13. The WeaklyColorAvoidingConnectedComponent-List-

OfColors problem is NP-complete.

A Twenty Years of Network Science: A Biblio-

graphic and Co-Authorship Network Analy-

sis

In the Appendix, we switch to two more applied topics to show that the structure

of networks has important applications in various domains. In Appendix A, we

analyze the past 20 years of network science as seen through the co-authorship

network of network scientists. Two decades ago three pioneering papers turned

the attention to networks and initiated a new era of research, establishing an

interdisciplinary field called network science. Namely, these highly-cited seminal

papers were written by Watts & Strogatz, Barabási & Albert and Girvan & New-

man on small-world networks, on scale-free networks and on the community struc-

ture of networks, respectively. In the past 20 years – due to the multidisciplinary

nature of the field – a diverse but not divided network science community has

emerged. In this chapter, we investigate how this community has evolved over

time with respect to speed, diversity and interdisciplinary nature as seen through

the growing co-authorship network of network scientists (here the notion refers to

a scholar with at least one paper citing at least one of the three aforementioned

milestone papers). After providing a bibliographic analysis of 31,763 network sci-

ence papers, we construct the co-authorship network of 56,646 network scientists

and we analyze its topology and dynamics. We shed light on the collabora-

tion patterns of the last 20 years of network science by investigating numerous

structural properties of the co-authorship network and by using enhanced data
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visualization techniques. We also identify the most central authors, the largest

communities, investigate the spatiotemporal changes, and compare the properties

of the network to scientometric indicators. This chapter is based on [16] that is

an extension of [17], both of the papers are joint with my student, Marcell Nagy.

The main contributions of this chapter can be summarized as follows:

• We collect 31,763 network science papers and provide a bibliographic anal-

ysis investigating various characteristics of the papers and showing how the

discipline has developed over time.

• We construct the co-authorship network of 56,646 network scientists and

undertake a scholarly network analysis study by analyzing its topology and

dynamics.

• We answer the following major research questions:

– What are the most important venues of network science and how have

they changed over time?

– How the publication patterns vary over research areas and time?

– What are the most important topics of network science and how have

they evolved through time? What relationships can we explore among

the most frequent keywords of network science?

– How the network science community has evolved over time with respect

to speed, diversity and interdisciplinary nature?

– What are the most typical patterns in terms of international and in-

terdisciplinary collaborations?

– Who are the most central authors and how do the largest commu-

nities look like? How do these network properties compare to other

scientometric indicators?

In this chapter, we consider a paper as a network science paper if it cites at

least one of the three aforementioned pivotal articles (in addition, the three orig-

inating papers are also regarded as network science papers, obviously). Similarly,

we call someone a network scientist if (s)he has at least one network science pa-

per. The previous definitions of network science paper and network scientist are

of course quite arbitrary but we believe that this concept is a good proxy for our

purposes and it is worth studying. We construct the co-authorship network of the

network scientists where two of them are connected if they have at least one joint
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network science paper. In other words, this network is a one-mode projection

onto scientists, from the bipartite network of scientists and the network science

papers they authored.

Here we collect some interesting visual results without discussing them in

detail:
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Figure 5: Top 10 research areas and journals of network science papers
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Figure 9: Co-occurrence network of keywords. The size of the node indicates the
frequency of keywords in network science papers, the edge width indicates their
relative co-occurrence. Only keywords with frequency at least 100 and edges with
weight at least 10 are shown in the figure.
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Figure 10: Network of international col-
laborations. The size of the node corre-
sponds to the number of network science pa-
pers authored by at least one scientist from
the corresponding country, the edge width
indicates the number of papers written in
the collaboration of authors from the corre-
sponding countries. Only countries with at
least 100 network science papers are shown
in the figure.

Figure 11: Network of multidisci-
plinary collaborations. Only the
research areas formed by at least
500 network scientists are shown
in the figure.
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B Networks in Education – Characterizing Curricu-

lum Prerequisite Networks by a Student Flow Ap-

proach

Appendix B gives insight into the educational data science project of the Budapest

University of Technology and Economics, that we initiated with the objective to

extract knowledge from the massive educational data of the university. More

specifically, in this chapter we show how the tools of network science can be ap-

plied in the educational domain. We introduce a data-driven probabilistic student

flow approach to characterize prerequisite networks and study the distribution of

graduation time based on the network topology and on the completion rate of

the courses. We also present a method to identify courses that have a significant

impact on graduation time. This chapter largely relies on a paper joint with my

students, Noémi Horváth, Júlia Bergmann and Dóra Szekrényes, moreover with

the director of the Central Academic Office, Mihály Szabó [15].

An important line of research is to measure curricular complexity and the

structure of curriculum prerequisite networks with the tools of network analysis

and graph theory [6, 20, 24]. A university curriculum is represented by directed

a graph G = (V,E). The graph can be given by the adjacency matrix M for

which Mij = 1 if the ith course is a prerequisite of the jth course and Mij = 0

otherwise. It is easy to see that G is a directed acyclic graph (DAG) as if it had

a cycle it would mean that some i subject must have been completed to enroll

some j course and vice versa.

A university program can be characterized by the graduation time (i.e. the

number of terms needed to complete all the required courses) as a discrete random

variable X and by its expected value E(X). The (expected) graduation time

depends on the structure of the prerequisite network and the course completion

probabilities. Suppose that the expected graduation time can be expressed in

the following form: E(X) = f(p1, ...pn), where pi denotes the completion rate

(probability) of the ith course and the function f is determined by the structure

of the prerequisite network.

The question naturally arises what impact it would have on the (expected)

graduation time if the completion rate of a certain course was increased while the

others remain unchanged. Mathematically, it can be represented by the following
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Semester 1 Semester 2 Semester 3

Analysis 1 Analysis 2

ProbabilityAlgebra 1

Algebra 2

Combinatorics

Statistics

Figure 12: Sample Curriculum.

partial derivative that we call the pass-through effect:

Di =
∂f(p1, p2, ..., pn)

∂pi
. (17)

Let us consider the sample curriculum from Fig. 12. We determine the random

variable Yi corresponding to the number of terms that is needed to complete the

ith course counted from the time of enrollment. It is clear that in the case of Anal-

ysis 1 Y1 is equal to X1. Regarding the course Probability, it is more complicated

since its prerequisites, both Analysis 1 and Combinatorics must be completed be-

fore, that is: Y5 = max{Y1, Y3}+X5 = max{X1, X3}+X5. For Statistics it is even

more complex: Y7 = max{Y4, Y5}+X7 = max{X1+X4,max{X2, X3}+X5}+X7.

The Xi random variables are obviously geometrically distrivutes. Therefore,

to calculate the expected value of the Yi random variables, we have to calcu-

late the expected value of the maximum of geometric random variables. If

X1, X2, . . . , Xn are independent identically distributed geometric random vari-

ables with parameter p and Mn is the maximum of these random variables i.e.

Mn = max{X1, X2, ..., Xn} then

E(Mn) =
∞∑
k=0

(
1−

(
1− qk

)n)
, (18)

where q = 1− p. The proof can be found in [4].

This sum is not easily countable, we can only approximate its value. Moreover,

in our task the parameters of each Xi can be different that makes the calculation
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more difficult:

E(Mn) =
∞∑
k=0

1−
n∏
i=1

(
1− qki

) , (19)

where qi = 1− pi.
Going further, it becomes even more difficult to calculate the expected number

of terms of Statistics since now we do not have the maximum of geometric random

variables (since the maximum of geometric random variables is not geometric).

Even though it is a well defined random variable, determining its distribution

analytically requires more effort than it seems to. It implies that analytically cal-

culating the distribution of the number of semesters needed for graduation is quite

challenging. Hence we use a Monte Carlo method to simulate the distribution of

the random variables and calculate their expected values.

The pass-through effect of a course can be also approximated with a discere-

event simulation framework. The question is what effect it has on the (expected)

graduation time if the success probability pi of the ith course is increased while the

other probabilities remain unchanged. The increase we consider can be additive

or multiplicative and if multiplicative it can be proportional to the completion

probability pi or to the probability of failing the course 1− pi. Formally, let h be

a small positive number, the three approaches can be summarized as follows:

p
(1)
i (h) = min{pi + h, 1} (20)

p
(2)
i (h) = min{pi(1 + h), 1} (21)

p
(3)
i (h) = min{1− (1− pi)(1− h), 1}. (22)

To quantify the impact of increasing the course completion probability of the

ith course, we approximate the pass-through effect of the ith course by:

d
(j)
i (h) =

f̂(p1, . . . , pi−1, p
(j)
i (h), pi+1, . . . , pn)

f̂(p1, . . . , pi−1, pi, pi1 , . . . , pn)
, (23)

where f̂(.) stands for the function that approximates the expected graduation

time given the completion probabilities, j ∈ {1, 2, 3} shows the type of probability

increase and h is a small positive number.

To compare the pass-through effects of different courses, we believe that (22)

is the most reasonable success rate modification approach since it measures the

effect of letting a fixed h ratio of failing students pass the course. We measure
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Figure 13: Prerequisite network of Electrical Engineering Program (Embedded
and Control Systems Specialization). The longest path is highlighted together
with the courses having the highest betweenness, pass-through effect and blocking
factor.

the percentage change in the mean graduation time for each course with a fixed

reasonably chosen h value.

For the sample curriculum from Fig. 12 the effects of increasing the success

rate for each course separately using (22) with h = 1 yield that the mean grad-

uation time decreased in all cases, while Statistics has the largest effect: if 100%

of failing students manage to pass that course, the mean graduation time drops

by 5.57%.

We also study the curriculum of the Electrical Engineering (EE) BSc program

(Embedded and Control Systems Specialization) at the Budapest University of

Technology and Economics (BME). The program is appropriate for the analysis

since it has a high number of students (∼450 incoming students each year) which

makes the estimation of the completion rates more reliable.

Using the presented framework, curriculum designers can find the answers to

questions like how the structure of the prerequisite network together with the

course completion rates affect the expected graduation time of students or what

courses are the most critical concerning on-time graduation and long-term aca-

demic success. These are extremely important issues since delayed graduation

and dropping out are serious problems all over the world, especially in STEM

programs. Based on our framework, departments can not only identify the most
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critical ”bottleneck” courses but they can also simulate what-if scenarios mim-

icking either a change in the prerequisite structure or course completion ratios.

Another advantage of our simulation model that the effect of various intended

policy changes can also be evaluated before they are adopted.
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[9] Júlia Komjáthy and Károly Simon. “Generating hierarchial scale-free graphs

from fractals”. In: Chaos, Solitons & Fractals 44.8 (2011), pp. 651–666.

23



[10] Sebastian M Krause, Michael M Danziger, and Vinko Zlatić. “Color-avoiding
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