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Introduction *

Reinforcement learning (RL) is often used to sapémal control problems. In those problems the
goal is to calculate a control policy that is olwith respect to a criterion function. Such pesbé

are the well-known mountain car problem, or theen@d pendulum problems, which are benchmark
problems for optimal control algorithms. The effeehess of reinforcement learning is most
apparent in complex nonlinear or even discontinuoastrol problems, non-stationary control
problems, where classical control methods cannaoiskd.

In this paper we present a reinforcement learniaged method that is able to solve optimal
control problems in continuous state spaces, whrehdifficult to be managed by classical tabular
reinforcement learning methods. Usually, functippraximators, like neural nets or linear function
approximators are used to overcome this probleray Hne practical, not just because they can store
a continuous value function, but because they tsmiaterpolate the value function between visited
states, so the agent has some knowledge abowg gtagver visited.

However there is a possible problem with the fuorctapproximation approach. Some of these
function approximators are based on iterative #dgms themselves, and they also need all the
training points during the training, which are uguaot available during RL. Additionally the two
iterative learning algorithms (the RL algorithm amlde function approximator) might cause
convergence problems as they are working togethitaneously [2].

We are using an incremental probabilistic functégproximator to store the value function, that
doesn’t need all the training points during tragnihis function approximator method is a novel
approach in the field of machine learning, andas bbeen used successfully with reinforcement
learning [3]. In the followings we will present algtion to solve MDP’s in continuous state spaces
that utilizes Q-learning with a function approximiatalled Incremental Gaussian Mixture Network
(IGMN).

The rest of this paper is organized as followstiSed| describes each method in detail. In section
[l the unified method is presented. In sectiongkéliminary test results are shown on the inverted
pendulum problem.

. Methods in detalil

A Reinforcement Learning

In classical reinforcement learning the problerdefined as a Markov Decision Process (MDP): the
agent has to choose between the possible actiangigen state, and based on the chosen action, it
perceives the next state and a reward signal frenethvironment. The aim of the agent is to find the
optimal policyn*, which is when followed, maximizes the expectedard.

Most reinforcement learning algorithms use a vdiumection or Q-function, which gives the
expected discounted total reward at a given stata fjiven action, following policy. The policy is
determined based on this Q-function: in every sthée action with the greatest Q-value is to be
selected. It is proven that the optimal policygua@ to the greedy policy — always selecting thet be

! This summary is based @ptimal Control with Reinforcement Learning using
Reservoir Computing and Gaussian Mixtusabmitted to I2MTC’12, Graz, Austria

68



action — over the Q-values of the optimal policy. Because of this, most reinforcement learning
algorithms focus on determining the Q-values ofdpgmal policy, by means of learning.

The Q-function is estimated during the learning,nigking a series of actions and perceiving the
reward meanwhile, using a reinforcement learnindatg rule, like Q-learning (1) or SARSA. Both
of these rules are based on the temporal differlmaraing, the Bellman equation.

AQ(s, ar) = af[Reyq + ¥ maxg Q(Sevq,a) — Q(st, ap)] 1)

In this equatiorQ(s, a)is the Q-value of actioa in states. R; is the perceived reward at the next
state. The parameteris the learning rate, is the discount factor, a real numberOn 1]. That is
needed to avoid divergence of the total rewardasecof non-episodic problems. This learning rule
backs up the perceived reward to the Q-valueseopthvious states.

(s) = {argmaxa Q(s,a),P(¢e) @)

random action, P(1 —¢)

In order to actually improve the value functionpredimes new random moves must be made, to
explore new actions and new states. This is caledexploration versus exploitation problem.
Usually it is solved with stochastic policies, wiid¢ends to choose the best action, but not
deterministically. A very simple, yet effective $upolicy is thes-greedy policy (2), which takes the
best action witlz probability, and a random action with—¢) probability.

B Incremental Gaussian Mixture Network

Incremental Gaussian Mixture Network (IGMN) [4] aitd predecessors, Incremental Gaussian
Mixture Model (IGMM) and Incremental Probabilistdeural Network (IPNN) [5] are machine
learning methods, using a mixture of multivariabgmal probabilistic distribution functions. All of
these methods are incremental, in the sense #atHn learn by presenting data points only once to
these algorithms, without the need to store thea gaints. Both IPNN and IGMN are function
approximators, while IGMM is a trainable model, ngsiunsupervised learning. While IPNN
considers the probability distribution functionsaseural network, IGMN rather use probabilistic
inference to calculate the output, thus it is ke a Bayes-network. In the followings, we willaus
the IGMN method only. Both IGMN and IPNN were sussfelly used in reinforcement learning
problems as function approximators for the Q-vaddtje[5].

The Gaussian mixture model inside IGMN is over jiiat space of the input and output of the
network. The output is calculated from the inpsihg Bayesian inference. This model also makes it
possible to infer any part of the input or the amitdata from the known data. As the model is
trained, new components can be added and irrelemargpurious components with low prior
probability could be removed from the model. Thaenting of the model is done by maximizing the
likelihood of each incoming data point by adjustthg parameters in the model.

Each component in the model has a couple of pasame€} is the covariance matrix apglis the
mean of thg" normal distribution functionP(j) is the prior probabilityy(j) is the age, angp is the
accumulator of th@" component. The updating of the model is done tmvis. First, the likelihood
of each component is calculated from the multitarrormal probability distribution function (3):

_ . (x-1y) €5 (-1
P(x|j) = ————-¢ 2 (3)
(2m)P/2 ||

After that, the posterior is calculated based asltkelihood, and the prior (4):

1oy L PGIDPO)
PUIR) = 5 S canrm @
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The rest of the training algorithm is done as f@paccording to [5]:

vi(t) =v(t—1) +1 (5)

sp;j(t) = sp;(t — 1) + P(j|x) (6)

e = x— U )

w =0 (8)

Ap; = wje ©)

wi(t) = uj(t — 1) + Ay (10)

C;i(t) = Gi(t — 1) + A Ap] + wilejef — Ci(t —1)] (11)
P() =5 (12)

The training is started with an empty model. A neamponent is added to the model when the
following criterion (13) is met:

P(x]j) < —2%— vj (13)
(2m)P/2 ||c;|

Herer,o iS a novelty parameter, which tells how much péthe space is actually represented by
that distribution, in the sense that a new datatpaithe outside area bears new information, thus
new component must be created for it. The onlyrpatar at new component creation is the initial
covariance matrix, which could reflect the sizeshaf space along each dimension.

Components should also be removed from the motksl afcertain age, if their prior probability is
decreasing over time. That means the specificilligion is never selected as a relevant distriloutio
for any data points.

The recall phase of the IGMN in the function appmeetion case is done using probabilistic
inference. Let the databe the joint of input vectas and output vectob, x=[a, b]. The output is
calculated as follows (14):

b=3M P(la) [up + Cj,baCj,_ala(a —tia)] (14)

WhereC;j s andC; s are submatrices of the covariance matrix.

ll. The proposed system

As we discussed it in the introduction, our aimtagmake an intelligent controller for higher level
control tasks, specifically the inverted pendulurobbfem using machine learning algorithms. The
core framework of our proposed system is reinfoanearning, with the Qj learning rule. We
assume that a simulator is available for the systeinich can be used to generate sample runs, and
actually the RL can be trained on it.

We use an IGMN to store the Q-values of the actfongach state. So the samples for the IGMN
are the joint vectors of the state and action vecémd the actual Q-value. This way we take the
assumption, that both the state and action spaesantinuous. The reason to take the joint
distribution of the input of the Q-function and thh@ue of it instead of taking it as a functiorthat
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the RL algorithm at the beginning of the trainirgds to provide very different Q-values for the
same state and action based on the trajectoryeit fallows. It would be impractical to take all of
these values as points of the Q-function. Thesatpashould be averaged, and that is what the
probabilistic inference does, when the points aprasented as a joint distribution. Later during th
training, sample points in the distribution withuspus Q-values are never selected again, thus thei
prior probability will decrease, and eventuallyytivell be removed from the model.

The training goes as follows: first the Q-valuesatifactions in the actual state are calculated
based on the IGMN model, using (14). Then based-greedy policy (2), the best action or a
random action is selected. After that the systeminwlated with the simulator, using the selected
action. In the new state, the reward signal is gieed, and the Q-values of the previous state and
action are updated, based on (1). To actually @pthet Q-values, the training method of the IGMN
is used. The posterior of each Gaussian are cétculasing (3) and (4). Then they are updated
according to their relevance to the previous stai@ action and the newly calculated Q-value with
equations (5)-(12). If (13) is met, a new Gausssaadded to the model.

[lIl. Test results

We have tested the proposed system on a limiteguéomverted pendulum task, where only the
angle variable was observable, the angular velogdyg hidden. There were only two actions, to
apply the same amount of torque to the pendululefter to right. The parameters of the task were
selected such way, that the pendulum must makeapteuleft-right transitions in order to get to the
instable equilibrium position.

The reward function was the cosine of the angl¢hefpendulum. The system was trained over
300 episodes, each episode 200 time steps. Inegasbde the pendulum was started from a random
state.

Total reward

Figure 1. Total reward per episode during the training

As the tests shown, the proposed method was abiepgoove the performance of the policy,
eventually after about 70 episodes of trainingitiverted pendulum spent most of the time near the
goal position. The IGMN part learned 195 Gaussiatridutions.
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