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This Dissertation addresses the problem of the dynamics of machine tool chat-
ter in material removal processes. In particular, this research examines cutting
of revolving cylindrical workpieces that introduces time delay into the dynamics
equation of motion. The models used in this Dissertation are thus delay-differential
equations. The nonlinear dependence of the cutting force on chip thickness (in-
cluding the dynamic nature of the cutting force) introduces a variety of nonlinear
phenomena. The classical single-degree-of-freedom model is analyzed by methods
of nonlinear dynamics (Harmonic Balance, Center Manifold Theory, numerical sim-
ulations) and the existence of a subcritical Hopf-bifurcation is proved. To obtain
the stable upper branch of this bifurcation however, a global motion-limiting non-
linearity (contact loss) is added. In addition, joint experiments were conducted at
NIST which provided evidence to validate the above theoretical and numerical res-
ults. Another model studied in this Dissertation involves hysteretic cutting force
and forcing. The forcing may arise due to rotating imbalance or due to the periodic
chip segmentation process. We conjecture that the classical model with nonlinear

cutting force and forcing can give rise to complex vibrations. A third-order model



based on a viscoplastic constitutive equation is capable of predicting a stability
increase with decreasing rotational speed, while a piecewise linear model predicts
quasiperiodic motions below the linear stability boundary. One of the main con-
tributions of this Dissertation is the development of a new three degree-of-freedom
lumped-parameter model for oblique cutting. This model shows interesting stabil-
ity properties, which are partly due to the nonconservative nature of the reduced
problem. In particular, this model is shown to exhibit interaction between flutter,

divergence and classical delay cutting model instabilities.
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"Basically, a tool is an object that enables you to take advantage of the laws of
physics and mechanics in such a way that you can seriously injure yourself.
Today, people tend to take tools for granted. If you're ever walking down the
street and you notice some people who look particularly smug, the odds are that
they are taking tools for granted. If I were you, I’d walk right up and smack
them in the face."

Dave Barry, "The Taming of the Screw"
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Chapter 1

Introduction

Modern life is unimaginable without manufactured products. The importance of
material removal operations is clearly shown by the fact that its associated costs
amount to approximately ten percent of the gross national product of industrial na-
tions. Therefore, even minor improvements in productivity would lead to immense
savings.

The study of cutting of materials is an old problem, going back 150 years to
research in Europe, Japan and North America. The work of ’the father of modern
machining’ F. W. Taylor (1907) is a prominent example.

Recently, there has been an increased interest in the subject. Higher cutting
speeds, new materials and precision machining demand better understanding of
the underlying physics. Also, the mathematical and computational tools that are
now available opened up new ways to treat this and related problems that were

considered intractable even a decade ago. These problems include

e Estimation of the tool vibration amplitude

e Understanding the subcritical instability



Explanation of small amplitude chaotic vibrations

Prediction of dynamic chip morphology

Providing new diagnostics for tool wear

e Suppression of chatter

In this Dissertation we review the development of cutting dynamics modelling
in the context of new, low-dimensional nonlinear models and new experimental
work in material cutting. Although delay models have been fairly successful in
capturing the onset of the large amplitude periodic vibrations, there are also other
nonlinear phenomena that require more complex models. A partial list includes

(Moon and Kalmér-Nagy, 2001):

e Unsteady chatter vibrations of the cutting tool

Pre-chatter chaotic or random-like small amplitude cutting vibrations

e Non-regenerative cutting dynamics

Elasto-thermoplastic instabilities

Hysteretic effects in cutting dynamics

Induced electromagnetic voltages at the material-tool interface

Phase transitions

Fracture effects

The length of this list serves to suggest that a single degree of freedom regen-

erative model cannot predict all the important phenomena in cutting dynamics.



However, it is doubtful that a universal model encompassing all the above
dynamic problems exist. It is more likely that different models should be used
to describe different regimes in cutting. Figure 1.1 shows a hypothetical stability
chart of a cutting process. The stability boundary shown separates stable and
unstable steady-state cutting. For different regimes of the cutting speed-material
removal rate parameter space, different physical phenomena might be dominant.

The different (possibly overlapping) boxed domains might be best described by

models that include

e Time delay

The present cut and the one made one revolution earlier might overlap, causing

chip thickness (and thus cutting force) variations.

e Friction effects (stick and slip)

The chip moves along the rake face of the tool, giving rise to friction.

e Thermoplastic instability

Because of the interplay of thermal softening and strain hardening, periodic chip

formation might occur.

e Parametric excitation

Periodic chip formation may influence the dynamics of the tool.

e Stochasticity

The tool might be subject to random vibrations due to inhomogeneities in grain

structure of the material.
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e Forced oscillations

Rotating imbalance or misalignment of the workpiece can be a source of excita-
tion.
or combination thereof.
In this Thesis, we focus on models that account for regenerative (time delay)

effects and are described by delay-differential equations.

1.1 Contributions

The contributions of the Dissertation can be summarized as:
e New experimental data (in collaboration with NIST)
e Heuristic derivation of the operator equation formulation for delay equations
e General formalism for deriving base functions of the center subspace

e Analysis of the classical 1 DOF tool vibration model
Harmonic Balance
Center Manifold Analysis

Numerical simulations including multiple regenerative effect

e New 1 DOF models
Harmonically forced nonlinear DDE
Viscoelastic model

Piecewise-linear hysteretic cutting force

e Derivation of a new 3 DOF model and its linear analysis



1.2 Organization of the Dissertation

The remaining chapters are organized as follows:

Chapter 2 reviews nonlinear phenomena that have been observed in cutting.
Namely, we discuss periodic, quasiperiodic, chaotic and random vibrations that
arise in material removal processes. Chapter 3 consists of a survey of existing
mathematical models for explaining machine-tool vibrations. These models can be
classified as one or two-dimensional, with structural and/or cutting force nonlin-
earities.

Chapter 4 gives a short tutorial to delay differential equations. Linear stability
analysis of these equations is motivated and discussed, including approximations
and numerical techniques. Then we present a heuristic argument on how to convert
a class of linear delay-differential equations into an operator differential equation
on a Banach space, showing how the operator and its adjoint together with the
associated bilinear form arises. A simple way of calculating the eigenfunctions of
the operator and its adjoint is also described. We then discuss the extension of
this argument to nonlinear DDEs in the context of Center Manifold analysis.

A new set of experimental data is presented in Chapter 5. The experiments
were done in collaboration with Dr. Jon Pratt at NIST in Gaithersburg, MD, as
part of a summer visit in 1998.

The experimental setup is an essentially single-DOF cutting platform. The
parameters of the system are identified and the experimental stability boundary
is drawn. The cutting force is determined as a function of chip thickness. Exper-
imental data clearly show the existence of subcritical instability (the existence of
tool vibrations below the stability boundary). This data also provide the means to

verify the correctness of the analysis of the 1 DOF model. Near the intersections



of the stability lobes quasiperiodic tool motions exist. We conclude that delay
differential equations (DDEs) are necessary to model machine tool vibrations.

In Chapter 6 we analyze the classical 1 DOF model. Here the structural dynam-
ics of the machine is represented by an equivalent non-linear single-DOF system.
The cutting force is assumed to be a function of the chip thickness, which is a
function of both the present and delayed displacement of the tool tip. In the first
model we consider the cutting force-chip thickness relationship is described as a
power law. For the analytic calculations, this function is replaced by its third-order
series expansion. First, linear stability is investigated and stability boundaries are
drawn. The infinite-dimensional nonlinear delay-differential equation is then rep-
resented as an operator differential equation and reduced to a two-dimensional
system of ordinary differential equations by the use of Center Manifold Theory at
the linear stability boundary. In particular, it is proved that for softening cutting
force behavior subcritical Hopf bifurcation exists at the critical value of cutting
force coefficient, thus confirming the hysteretic behavior found experimentally.
Harmonic Balance approximation is also used to estimate the vibration amplitude.
Numerical simulations were also performed, taking contact loss between tool and
workpiece into account, giving excellent agreement with experimental results.

Several new one-dimensional delay models are introduced in Chapter 7. First,
we analyze the primary resonance of the classical one DOF model with a nonlinear
cutting force. Then hysteretic models are developed. One of these is a piecewise-
linear cutting force model that has a hysteretic loop depending on the loading-
unloading history. Numerical results show that this model exhibits periodic and
quasiperiodic oscillations. The other model assumes a viscoelastic constitutive law

for the material, thus effectively increasing the order of the classic second-order



model by one. Linear stability of this model is examined.

In Chapter 8 we develop a new 3 degree-of-freedom lumped-parameter model
for oblique cutting. One of the equations is stable and uncoupled from the other
two, so the stability of the system can be determined by analyzing the other two
degrees of freedom.

The Appendices describe mathematical techniques to analyze linear and non-
linear differential equations. We start with a brief discussion of forced linear vibra-
tions, then the Hopf-bifurcation for ordinary differential equations is introduced,

then some methods of nonlinear dynamics are summarized.



Chapter 2

Nonlinear Phenomena In

Machining

The most common feature of machining operations (such as turning, milling, and
drilling) is the removal of a thin layer of material (the chip) from the workpiece

using a wedge-shaped tool (Figure 2.1). They also involve relative motion between

Figure 2.1: Material removal.

the workpiece and the tool. In turning the material is removed from a rotating

workpiece, as shown in Figure 2.2.
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Workpiece

Machined surface

Figure 2.2: Turning.

The cylindrical workpiece rotates with constant angular velocity €2 [rad/s] and
the tool is moving along the axis of the workpiece at a constant rate. The feed f
is the longitudinal displacement of the tool per revolution of the workpiece, and
thus it is also the nominal chip thickness. The translational speed of the tool is

then given by

Q
ool — 5 2.1
Vtool 27rf (2.1)
and the chip flow velocity is
Q
Uchip = %T (22)

where r is the radius of the workpiece.

The interaction between the workpiece and the tool gives rise to vibrations.
The phenomenon of the large amplitude vibration of the tool is known as chatter.
There have been many attempts to describe tool chatter. One of the pioneers of
modern machine tool vibrations research, S. A. Tobias (1965) writes

"The machining of metal is often accompanied by a violent relative vibration
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between work and tool which is called the chatter. Chatter is undesirable because
of its adverse affects on surface finish, machining accuracy, and tool life. Further-
more, chatter is also responsible for reducing output because, if no remedy can be
found, metal removal rates have to be lowered until vibration-free performance is
obtained.’

Johnson (1996) summarizes several qualitative features of tool vibration

e The tool always appears to vibrate while cutting. The amplitude of the

vibration distinguishes chatter from small-amplitude vibrations.

e The tool vibration typically has a strong periodic component which approx-

imately coincides with a natural frequency of the tool.

e The amplitude of the oscillation is typically modulated and often in a random
way. The amplitude modulation is present in both the chattering and non-

chattering cases.

The nature of the tool vibration can be

e Periodic
e Quasiperiodic (the frequencies of the vibration are incommensurate)
e Chaotic (the frequency spectrum is broadband)

e Stochastic (the signal exhibits noise-like behavior)

These vibrations can further be categorized as self-excited vibrations or vi-
brations due to external sources of excitation, such as resonances of the machine

structure.
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A great deal of experimental work has been carried out in machining to char-
acterize and quantify the dynamics of metal cutting (for an overview, see Tlusty
(1978)). The source of nonlinearities and chatter mechanisms are also discussed

by Wiercigroch and Budak (2001).

2.1 Cutting Force Nonlinearities

The most important characteristics of the cutting process is that the cutting force
depends nonlinearly on several cutting parameters and it has a dynamic nature
(it can exhibit active hysteresis). In the following we describe some well-known

cutting force nonlinearities.

2.1.1 Nonlinear Dependence on Chip Thickness

Taylor (1907) was the first to document nonlinear cutting force dependence on chip
thickness. He found the steady-state thrust force to be the function of the cutting
parameters such as the chip width w, the chip thickness f, and the cutting speed

v. He proposed the simple relationship
F =Kuwf" (2.3)

where K is a material-dependent constant. In the NIST experiments (see Chapter
5 and also Kalméar-Nagy et al., 1999) the value of n was found to be 0.41 (for
aluminium). Oxley and Hastings (1977) present steady state forces as function of
chip thickness for carbon steel. However these force measurements are quasi-steady
and were taken to be single valued functions of chip thickness and material flow

velocity.
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2.1.2 Nonlinear Cutting Speed Dependence

Arnold’s pioneering experiments (1946) showed that cutting force decreases with

increasing cutting speed (Figure 2.3). This phenomenon is analogous to dry fric-
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Figure 2.3: Cutting force versus speed. After Arnold (1946).

tion. Oxley and Hastings (1977) also measured a decrease of cutting force versus
material flow velocity in steel. One plausible explanation for this decrease is that
with increasing cutting velocity the temperature on the rake face will become high

enough to melt the material, thus decreasing friction. Grabec (1986) used this non-
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linearity to show the possibility of chaos in cutting dynamics. His papers sparked

a new interest in nonlinear cutting dynamics (see also Wiercigroch and Krivtsov,

2001).

2.1.3 Hysteresis

As shown by Albrecht (1965) and Szakovits and D’Souza (1976) the cutting force-
chip thickness relation exhibits hysteresis. This hysteresis depends on the cutting
speed, the frequency of chip segmentation, the functional angles of the tool’s edges,
etc. (Kudinov et al., 1978). Tobias (1965, p. 236) illustrates that F}, as meas-
ured using a vibrating tool, can exhibit a hysteretic dependence on a dynamically
varying chip thickness. In Albrecht’s experiments (1965) a tubular steel workpiece
was orthogonally machined. The tool was mounted on a special two-component
dynamometer that could be activated in the feed direction by a hydraulic cylinder.
The chip thickness was artificially varied by sinusoidally moving the tool (with
frequency of 400 Hz). This gave rise to dynamic response of the cutting forces.
The cutting and thrust forces were recorded together with the variation of the
chip thickness. Figures 2.4 and 2.5 show the cutting force Fiz and the thrust force
Fr as functions of chip thickness and tool velocity. The steady-state forces were

observed to be much higher than the dynamic ones.

2.2 Time-Delay Effects in Turning

One of the most important effects causing vibrations in a cutting process is due to
delay. Because of some external disturbances the tool starts a damped oscillation

relative to the workpiece thus making its surface uneven. After one revolution of
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Figure 2.4: Hysteretic behavior of the cutting force. After Albrecht (1965).

the workpiece the chip thickness will vary at the tool (Figure 2.6). This is the
so-called regenerative effect. The length of this delay is the time-period 7 of one
revolution of the workpiece

2

T=5 (2.4)

In a seminal paper, Hooke and Tobias (1963) described machining experiments
in which the tool was hit while turning. A measured time series of the amplitude of
the tool oscillation, including the initial disturbance (the hammer blow) is show in
Figure 2.7. The tick marks along the horizontal axis correspond to one revolution of
the workpiece. The chatter builds up on the same time scale as the time required for

one workpiece revolution. This gives strong support to the concept of regenerative
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Figure 2.5: Hysteretic behavior of the thrust force. After Albrecht (1965).

chatter.

2.3 Multiple Regenerative Effect

Another important phenomenon is the multiple regenerative effect. When the chat-
ter amplitude exceeds a certain value, the contact ceases between the tool and the
workpiece and the tool starts a damped vibration until it comes in contact with the
workpiece again. When this happens, the uncut chip thickness is affected by the
trace of the tool motion even from two or more previous turns before. This process
is the culprit for generating chatter marks on the machined surface. Figure 2.8
shows the trace of catastrophic tool vibrations on the machined workpiece surface
in thread cutting.

Doi and Kato (1956) performed some beautiful experiments on chatter. They
examined the relationship between the undeformed chip thickness and cutting force
and found that the lagging of the horizontal cutting force behind the horizontal
vibration of the workpiece is the cause of chatter. This so-called short delay is

much smaller than the time needed for one revolution of the workpiece. These
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Feed

Figure 2.6: Regenerative effect in turning.

researchers presented the earliest nonlinear delay-differential equation model for

tool vibrations (see next Chapter).

2.4 Periodic Vibrations

Hooke and Tobias (1963) also demonstrated that perturbations (the hammer blows)
might lead to chatter even under normally chatter free cutting conditions. They
gradually increased the width of cut and recorded the amplitude of the ensuing
vibrations with and without the hammer blow. Their diagram is shown in Figure
2.9. The points along the curves labeled A in this Figure represent experiments
without the hammer blow, while those along the curves labelled B correspond ex-
periments with the hammer blow. From the diagram it appears that for a width of
cut less than 1.27 mm, the cutting remains stable. However, somewhere between
0.25 and 0.5 mm, the hammer blow induced large amplitude vibrations (hence

the term ’finite amplitude instability’). The graph has a striking resemblance to a
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Figure 2.7: Chatter build-up. From Hooke and Tobias (1963).

Hopf bifurcation curve (see Appendix B). In fact these curves might be interpreted
as subcritical Hopf bifurcations. While the trivial (steady-state) solution remains
stable for the range of widths studied, the hammer blow is sufficient to move the

system ’outside’ an unstable limit cycle, onto the stable branch B of Figure 2.9.
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Figure 2.8: Machined surface after thread cutting. From Stépén (2001).

2.5 Quasiperiodic Tool Vibrations

Several researchers observed quasiperiodic vibrations during machining. Hahn
(1953) reported that the vibration of a boring bar ”alternately dies out and be-
comes re-excited”, while Saljé (1956) described "low frequency beats” in orthogonal
cutting. Thompson (1969) presents strong experimental evidence of amplitude-
modulated chatter. Sample time-series are shown in Figure 2.10. Spectral analysis
showed two (and in one case three) distinct frequencies with sidebands. While
forced vibrations can also result in modulation of chatter amplitude, Thompson
argues that the regenerative effect is the cause. The sidebanding can be attributed
to the ubiquitous mode-coupling.

Moon (1994) observed quasiperiodic looking vibrations in cutting aluminium
alloys. Stépan (2001) measured oscillations during thread cutting (Figure 2.11).

The experimentally determined vibration frequencies were compared to the pre-
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Figure 2.9: Experimental bifurcation diagram of Hooke and Tobias (1963).

diction of the linear theory. The stability chart is shown in Figure 2.12.

As this chart shows, two different frequencies may occur at certain cutting
speeds (the lower the cutting speed is, the closer these frequencies are). Qua-
siperiodic oscillations with slightly different frequencies produce slowly modulating

vibrations. These vibrations have been detected experimentally.
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Figure 2.10: Quasiperiodic vibration. From Thompson (1969).

2.6 Complex Vibrations in Nonregenerative Cut-
ting

Complex dynamics can also occur in nonregenerative cutting. An example is shown
in Figures 2.13, 2.14, 2.15 for a diamond stylus cutting polycarbonate plates on
a turntable (Moon and Callaway, 1997; see also Moon and Kalmar-Nagy, 2001).
The width of the cut was smaller than the turning pitch so that there was no
overlap and no regenerative or delay effects. The time history of the vibrations of
the 16 cm cantilevered stylus holder is shown in Figure 2.14, along with a photo
of the cut tracks. The cut tracks appear to be fairly uniform even though the tool
vibrations appear to be random or chaotic. When the cutting speed is increased
however, the cutting width become highly irregular. And the vibrations become
more periodic looking. A FNN of the unsteady vibrations seems to indicate that
the dynamics of Figure 2.14 could be captured in a four or five dimension phase
space lending evidence that the motion may be deterministic chaos. A summary
of these experiments is shown in Figure 2.15 in the parameter plane of stylus dead

load versus cutting speed of the turntable.
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Figure 2.11: Thread cutting. After Stépan (2001).

2.7 Chip Formation

Another possible explanation for complex dynamics is the shear banding instabil-
ities in metals (see for example Komanduri and Brown, 1981). Landberg (1956)
investigated periodic chip formation. He determined that the frequency of the
process was close to the natural frequency of the tool. Albrecht (1961) also ob-
served cyclic chip formation under normal cutting conditions. His explanation for
the chip segmentation is based on cracks developing due to fatigue. This is also
supported by the research of Vyas and Shaw (1997). The experiments of Doi and
Ohhashi (1992) seem to indicate that chip formation frequency is proportional to
the cutting speed. On the other hand, researchers at NIST (Davies, Chou and
Evans, 1996) found much higher frequencies (order of 50 kHz, while typical tool

frequencies are 1-2 kHz). If this is the case, downloading of energy from high to
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Figure 2.12: Stability chart for thread cutting. From Stépan (2001).

low frequency might be responsible for the observed complex vibrations (Nayfeh

and Nayfeh, 1993; see also Tcherniak, 1999).

2.8 Chaos or Randomness?

This Section is based on Moon and Kalmér-Nagy (2001). Recently a number
of researchers have provided experimental evidence that tool vibrations in turn-
ing may be chaotic (Moon, 1994; Bukkapatnam et al., 1995 and Johnson, 1996).
Moon’s experiments in the turning of aluminium (using reconstructed phase por-
traits, probability distribution functions, and Fourier power spectra) showed that
tool vibrations are possibly chaotic. Bukkapatnam et al. (1995) applied statistical
measures and calculated Lyapunov exponents to verify that dynamic force meas-

urements in the turning of steel exhibit low-dimensional chaotic behavior. Berger
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Figure 2.13: Nonregenerative cutting.

Stress gage output

Time

Figure 2.14: Time history for cutting of polycarbonate with a diamond stylus and

magnification of cut surface (Moon and Callaway, 1999; Moon and Kalmér-Nagy,

2001).

et al. (1995) used the method of false nearest neighbors to show that tool accel-
erations in the turning of mild steel exhibit low-dimensional chaos and they assert
that the chaotic attractor associated with the cutting process can be embedded in
a four-dimensional space. Moon and Abarbanel (1995) also used the false nearest
neighbors algorithm to show that tool vibrations in the turning of aluminium can
be characterized by a low-dimensional attractor, and this attractor can be em-
bedded in a space ranging in dimension from four to six. The above experiments

strongly suggest the use of nonlinear dynamics in describing tool vibrations and
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Figure 2.15: Stylus dead load versus cutting speed for diamond stylus on polycar-

bonate plates (Moon and Callaway).

chatter. These experiments were inspired in part by earlier simulations of a theor-
etical model by Grabec (1986, 1988) based on a velocity dependent cutting force
for which the model exhibited chaotic vibrations.

The time series analysis method has become popular in recent years to analyze
many dynamic physical phenomena from ocean waves, heartbeats, lasers and ma-
chine tool cutting (see e.g. Abarbanel, 1996). This method is based on the use of
a series of digitally sampled data {z;} from which the user constructs an orbit in
a pseudo-M-dimensional phase space.

One of the fundamental objectives of this method is to place a bound on the di-
mension of the underlying phase space from which the dynamic data was sampled.
This can be done with several statistical methods involving fractal dimension, false
nearest neighbors (FNN), Lyapunov exponents, wavelets and several others.

However, if model based analysis can be criticized for its simplistic models,
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then nonlinear time series analysis can be criticized for its assumed generality.
Although it can be used for a wide variety of applications, it contains no physics.
It is dependent on the data alone. Thus, the results may be sensitive to the
signal to noise ratio of the source measurement, signal filtering, the time delay of
the sampling, the number of data points in the sampling and whether the sensor
captures the essential dynamics of the process.

One of the fundamental questions regarding the physics of cutting solid ma-
terials is the nature and origin of low level vibrations in so called normal or good
machining. This is cutting below the chatter threshold. Below this threshold,
linear models predict no self excited motion. Yet when cutting tools are instru-
mented, one can see random-like bursts of oscillations with a center frequency
near the tool natural frequency. Work by Johnson (1996) has carefully shown that
these vibrations are significantly above any machine noise in a lathe turning oper-
ation. These observations have been done by several laboratories and time series
methodology has been used to diagnose the data to determine whether the signals
are random or deterministic chaos (Berger et al., 1992, 1995; Minis and Berger,
1998; Bukkapatnam et al., 1995a,b, 1999; Moon, 1994; Moon and Abarbanel, 1995;
Johnson, 1996; Gradisek et al., 1998).

One of the new techniques for examining dynamical systems from time series
measurements is the method of FNN (see Abarbanel, 1996). Given a temporal
series of data {z;} one can construct an M dimensional vector space of vectors,
(x1,...,2p), (x2,...,Zp41), ete., whose topological properties will be similar to
the real phase space if one had access to M state variables. The method is used
to determine the smallest dimension phase space in which the orbital trajectory

does not intersect itself. Thus if the reconstructed phase space is of too low a
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dimension, some orbits will appear to cross and some of the points on the orbits
will be false neighbors. In an ideal calculation, as the embedding dimension M
increases, the number of such false neighbors goes to zero. One then assumes that
the attractor has been unraveled. This gives an estimate of the dimension of the
low order nonlinear model that one hopes will be found to predict the time series.

Using data from low level cutting of aluminum for example, the FNN method
predicts a finite dimension for the phase space of between four and five (Moon and
Johnson, 1998). This low dimension suggests that these low level vibrations may
have a deterministic origin, such as in chip shear band instabilities or chip fracture
processes. Minis and Berger (1998) have also used the FNN method in pre-chatter
experiments on mild steel and also obtained a dimension between four and five.
These experiments and others (Bukkapatnam et al., 1995a,b) suggest that normal
cutting operations may be naturally chaotic. This idea would suggest that a small
amount of chaos may actually be good in machining, since it introduces many scales
in the surface topology.

In spite of the evidence from time series analysis that normal cutting of metals
and plastics may be deterministic chaos, there is no apparent experimental evidence
for the usual bifurcations attendant to classic low dimensional nonlinear mappings
or flows. However traditional explanations for this low level noise do not seem to
fit the observations. It was originally thought that the source of irregularity in
chatter is the random resistance of the workpiece when non-homogeneous material
with rough surface was cut. However, later experiments showed that chatter exists
when machining homogeneous materials with polished surfaces. This indicates
that the irregularity of chatter must be attributed to the dynamics of the process

itself. Claims that the noise is the result of random grain structure in the material
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are not convincing since the grain size in metals is of 10 - 100 microns which would
lead to frequencies in the 100 kHz range, whereas the cutting noise is usually in
the 1kHz range or lower. Besides the grain structure theory would not apply to
plastics as in the above discussion of cutting polycarbonate. Another possible
explanation is the shear banding instabilities in metals (see previous Section). But
the wavelengths here are also in the 10 micron range and lead to a spectrum with
higher frequency content than that observed in cutting noise.

One possible candidate explanation might be tool-chip friction. A friction
model was used by Grabec (1986) in his pioneering paper on chaos in machin-
ing. However in a recent paper (Gradisek et al., 1998) they now disavow the
chaos theory for cutting and claim that the vibrations are random noise (see also
Wiercigroch and Cheng, 1997).

So the controversy about the random or deterministic chaos nature of the dy-

namics of normal cutting of materials remains.



Chapter 3

Physics and Modeling of Metal

Cutting

In order to understand and control machine tool vibrations, it is essential to develop
accurate models of the machining process. In order to achieve this, the following

three major areas should be carefully studied
e Dynamics of the workpiece and machine structure
e Machine tool dynamics
e The coupling between workpiece and tool (cutting forces)

The coupling between the workpiece and the tool occurs because the material

of the workpiece is being cut, flowing along the rake face of the tool.

3.1 Physics of Metal Cutting

The Figure below shows a two-dimensional view of orthogonal metal cutting (the

chip has a width of w in the third dimension, this is also called the width of cut).

29
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Figure 3.1: Orthogonal cutting.

the tip of the tool is called the rake-angle. The so-called primary deformation (or
shear) zone extends from the cutting edge to the work surface ahead of the tool.
An idealization of this zone is a plane (shear plane) which is inclined at an angle
. The secondary deformation zone lies along the rake face.

A good explanation of the chip forming process is provided by Rogers (1979):

"because of the tool-workpiece geometry in orthogonal cutting, there are two
zones of intense shear. The primary shear zone results from the initial deformation
of the layer to be removed. The geometry of the metal chip flow is such that, after
shearing, the metal in the forming chip is forced to flow normally to the surface
of the solid being machined. This flow is also parallel to the rake face of the tool
against which the chip is forced with considerable pressure. Frictional heating
causes the chip to seize on the rake face. The differential flow between the dead
metal at the rake face and the rapidly moving chip takes place over the narrow
zone of secondary shear.”

The type of chip produced depends on the machined material and the cutting
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conditions. Continuous chip is common during machining of most ductile mater-
ials (e.g. mild steel, aluminium). If the temperature on the rake face becomes
sufficiently high (because of friction), the chip material is welded onto the tool
face. Friction is then further increased, and a layered structure of chip material
builds up. This structure is usually referred to as a built-up edge.

If the work material is brittle (or the cutting speed is sufficiently large), fracture
could occur in the primary deformation zone when the chip is only partly formed.
The resulting chip is discontinuous. This results in increased tool wear, decreased
tool life and degraded surface finish.

A hierarchy of length scales exist in the mechanics of machining. The range
of scales vary from the size of dislocation planes (~ 107 m) through shear bands
(~107% m) up to the chip size (~ 1072 m) spanning six orders of magnitude. The
implications for modeling are far-reaching. One can naturally ask: how to bridge
these scales?

On one hand the analysis should connect the cutting force with cutting speed
and tool geometry. This is also the level where the regenerative effect enters the
physical picture. A deeper level of analysis addresses stress and strain distributions
including strain rate and temperature. This would establish a connection between
metallurgy and machining theory with the use of constitutive equations. These
equations are relationships between stress, strain, strain rate, temperature and
other (hidden) variables concerning the structure and state of the material. Thus

the chip formation problem requires the following set of equations

e The continuity equation

e The equation of motion
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e The energy balance equation (the first law of thermodynamics)
e Clausius-Duhem inequality (the second law of thermodynamics)

e The constitutive equation of the material

Further, it is necessary to provide initial and boundary conditions.
As it is imperative to have some approximations of the cutting forces, a lot of
attention has been focused on chip formation models. In the next Section we take

a look at some of these.

3.2 Theories of Chip Formation

The first attempts to explain chip formation were in the 1870’s. Piispanen proposed
his famous deck-of-cards model in 1937.

The assumptions in these models are usually

The cutting speed v¢ is constant

The chip thickness f is constant and small compared to the cut width w

The tool is a perfectly sharp rigid body

The chip is continuous

The workpiece material is homogeneous, isotropic and incompressible

3.2.1 Ernst and Merchant Model

The first more complete characterization is due to Ernst and Merchant (1941).

Their model is based on the existence of a single shear plane (Figure 3.2).
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Figure 3.2: The Merchant model.

Each layer of the workpiece material is rigid until it enters the shear plane,
where shear occurs instantaneously and the new layer is caused to slide as a rigid
body up on the rake face. The chip behaves as a rigid body held in equilibrium
by the forces on the chip-tool interface and those of transmitted across the shear
plane. Thus linear momentum balance can be written for the sliding block. The
stress distribution on the rake face can be resolved into a normal force N, and a
friction force F'. The resultant force on the tool in the x-direction, known as the

thrust force F}, is given by
F, = —|F|cosa + |N|sina (3.1)

where « is the rake angle of the tool. The normal and tangential force components

on the shear plane are denoted by Fly and Fg. The friction angle is denoted by .

Then
Fs —VF?+4+ N2cos(¢p+A—a)=0 (3.2)
where Fs = S{TTZ with 7, being the plane strain yield shear stress of the material.
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Thus

_ f1y
VI + N2 = singcos (¢ + X — ) (3:3)

The cutting force F can then be expressed as

ﬂpmﬁﬁ+N%%@_ay:m£E§21&?a) (3.4)

Then the following assumptions are made: the shear angle is the one that min-
imizes F (i.e. shear angle takes a value to minimize the work done) and f7,, A
is independent of ¢. To achieve this minimum, sin ¢ cos (¢ + A — a) needs to be

maximal. Equating the derivative with zero yields

d%ssingbcos(q%f-)\—a):cos(2gb+)\—oz):0 (3.5)
hence
%+A—a:g (3.6)
and
d2
——5 singcos (¢ + A — ) = —2sin(2¢p + A — a)|2¢+/\—a:£ —_—2<0
dgb 2(;5—!-)\—0[:% 2
(3.7)

therefore (3.6) really corresponds to the angle minimizing Fg.

This theory was found to give good agreement when cutting synthetic plastics
but resulted in inaccurate shear angles for machining steel (Merchant, 1945).
Rubenstein (1983) showed that the minimum work hypothesis is erroneous, leading
to an unsatisfiable condition.

A modified Merchant model with the assumption that the shear strength of the

material increases linearly with increasing shear plane normal stress yields

20+ \—a=C (3.8)
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3.2.2 Lee and Shaffer model

Lee and Shaffer (1951) applied plasticity theory to orthogonal cutting (slip-line field
theory to analyze the deformation of a rigid-perfectly plastic solid under conditions

of plane strain) with the following assumptions:

Material is rigid-plastic

Rate independent material behavior

No temperature effects

No inertia effects

3.2.3 Burns and Davies Model

Our recent understanding of segmented chip formation can concisely summarized
as (Shaw, 1954): ”chip segmentation is due to the onset of instability in the cutting
process, resulting from competing thermal softening and strain hardening mech-
anisms in the primary shear zone”.

In the last several years several dynamic models have examined basic material
nonlinearities including thermal softening (see Davies et al., 1996; Davies and
Burns, 2001).

Burns and Davies (1997) treated cutting as a nonlinear dynamical system that
includes a mechanism for thermomechanical feedback in the region where the tool-
tip and workpiece material are in contact. The model is based on the shear-plane
assumption together with the one that there is a local deformation zone (it is based
on the observation that the tool distributes a load in the workpiece a certain dis-

tance back from the primary shear zone). This deformation process is treated as
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local compression. The elastic stress Y is proportional to the strain ¢ as
Y. =Fe (3.9)

where F is the modulus of elasticity. The strain arises because the tool is capable

of pushing or pulling on the chip (b is the chip thickness)

- Au _ Utool — Uchip

; ; (3.10)

£

A differential equation for the elastic stress can be obtained by differentiating (3.9)
and using (3.10)
ax de F

E = E% = ? (Utool - Uchip) (311)

As the stress evolves it causes the shear stress 7 to build up in the primary shear
zone. To see this balance of forces (we ignore the inertial terms) can be written

for the Free Body Diagram shown in Fig 3.3.

=

7z

Figure 3.3: Chip formation model of Burns and Davies.

YLw —T1wb =10 (3.12)
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where L is the contact length and w is the chip width (accordingly, Lw is the
contact area). Differentiating (3.12) w.r.t time (and assuming that L is constant)

leads to

dr LdX El
E = EE = ﬁ (Utool - Uchz'p) (3-13)

The initial shear stress elastically deforms the material in the primary shear zone
(venip = 0) but after a while it exceeds the yield stress 7, resulting in plastic
deformation (ven; > 0). The change in chip velocity gives rise to a plastic strain

rate AP = This strain rate will be responsible for dissipating the shear

e
energy. Also heat balance equation can be written for the shear zone. After
nondimensionalizing this heat balance equation and (3.13) the following system of
equations is obtained
dr

—=1-3 14
p (3.14)

dT
== —LT 4T (3.15)

And finally a constitutive equation is needed that specifies the irreversible plastic

flow response of the material. One choice is to use Arrhenius kinetics

T—(1—vT)

O (7,T) = exp D)

(3.16)

Here, € is the strain-rate sensitivity of the material, v is the thermal softening
parameter.

The resulting mathematical model shares many similarities with models of open
chemical reactors. In fact, as the cutting speed is increased, a supercritical Hopf
bifurcation (see Appendix B) from steady-state to oscillatory behavior occurs in
computer simulations of the model, which is consistent with the experimentally

observed change from continuous to segmented chip formation.
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To obtain an analytical criterion for the material and cutting conditions at
which this bifurcation occurs, the researchers developed a related but simpler
lumped-parameters model. In another paper, Burns and Davies (1997) demon-
strated that a Hopf bifurcation provides a dimensionless group of parameters dir-
ectly proportional to the cutting speed that predicts the onset of discontinuous
chip formation, and is consistent with experimental observations on hardened steel

and copper.

3.3 Modeling Machine Tool Vibrations

The sources of nonlinearity in machine tool dynamics are

e Structural nonlinearities

e Cutting force nonlinearities

The principal nonlinear effects on cutting forces include

Material constitutive relations (stress vs. strain, strain rate and temperature)

Friction at the tool-chip interface

Loss of tool-workpiece contact

Influence of machine drive unit on the cutting flow velocity

The vibrations of the machine tool can be categorized as self-excited vibra-
tions or vibrations due to external sources of excitation, such as resonances of the

machine structure. Self-excited vibrations may be due to

e Regenerative effects
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e Coupling between modes of the system (coupled mode chatter)
e Parametric excitation caused by chip formation

e Friction effects

These instabilities can be likened to other phenomena such as fluid-structure
flutter, rail-wheel instabilities, stick-slip friction vibrations, etc. However, the re-
generative model seems to be unique to material processing systems. It appears in

turning, drilling, milling, grinding and rolling operations.

3.3.1 Modeling Surface Regeneration

The principle of regenerative chatter in face turning is illustrated in Figure 3.4.

In regenerative chatter, the surface generated by the tool on one pass becomes

Figure 3.4: Surface regeneration in face cutting.

the upper surface of the subsequent pass. Thus, the thickness of the chip depends



40

upon the location of the tool now, and the location one revolution ago. The delay
is the time required for the workpiece to complete one revolution.
The chip thickness can thus be written as a departure from the steady chip

thickness fy, i.e.

f=l+Af (3.17)

where the chip thickness variation A f is expressed as
Af=x(t—71)—x(t) (3.18)

The time delay 7 is the time of revolution of the workpiece. It is directly related

to the angular rate €2, i.e.

T =2m/Q (3.19)

If the tool does not vibrate, the chip thickness is equal to the nominal feed rate

fo-

3.3.2 Modeling the Machine Tool

Figure 3.5 shows a 1 DOF lumped mechanical model of the regenerative machine
tool vibration in the case of the so-called orthogonal cutting. The tool is charac-
terized by the mass m, damping ¢ and stiffness k. The model is the simplest one
which still explains the basic stability problems and nonlinear vibrations arising
in cutting (Tlusty and Spacek, 1954; Stépan, 1989; Stépédn, 1997). Sometimes
nonlinear stiffness terms are added to the tool stiffness (Hanna and Tobias, 1974).
In practice however, these nonlinear terms are very small, even in a cantilevered
boring bar. The corresponding Free Body Diagram (ignoring horizontal forces) is
also shown in Figure 3.5. Here Al =1 — Iy + z (t) where [, [y are the initial spring

length and spring length in steady state cutting, respectively. The zero value of
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k? ﬁ c
sAl

CcX

f

x(t)

Figure 3.5: 1 DOF mechanical model.

the general coordinate x (t) of the tool edge position is set in a way that the x
component F}, of the cutting force F' is in balance with the spring force when the
chip thickness f is just the prescribed value fy (steady state cutting).

The equation of motion of the tool is clearly
mi = —sAl — F, — ci (3.20)
In steady state cutting (r =4 =& = 0)

0=—s(l—1l)— F:(fo) = Fu(fo) = —s(l =) (3.21)

i.e., there is pre-stress in the spring. If we write F,, = F; (fo) + AF, then Equation
(3.20) becomes

mi + ct + kx = —AF, (3.22)

which can also be written as
.. . 9 1
4+ 2Cwnt +wir = ——AF, (3.23)
m

Here w,, = y/s/m is the natural angular frequency of the undamped free oscillating

system, and ¢ = ¢/(2mw,,) is the so-called relative damping factor.
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The calculation of the cutting force variation AF, requires an expression of the
cutting force as a function of the technological parameters, primarily as a function

of the chip thickness f which depends on the position x of the tool edge.

3.3.3 Cutting Force Models

The fundamental nonlinearities in material processing usually involve nonlinear
relations between stress and strain, or stress and temperature or chemical kinetics
and solid state reactions in the material. There is a long history of force meas-
urements in the literature over the past century. Many of these data are based on
an assumption of a steady process. Thus, in most cutting force measurements the
speed and depth of cut are fixed and the average force is measured as a function
of steady material speed and cutting depth. However, this begs the question as
to the real dynamic nature of the process. In a dynamic process what happens
when the cutting depth instantaneously decreases? Does one follow the average
force-depth curve or is there an unloading path similar to elastoplastic unloading?
Average force measurements filter out the dynamic nature of the process.

Of course, there have been attempts to characterize dynamic cutting forces (see
Chapter 2). These experiments suggest that the cutting force can indeed depend

on the loading history.

Stationary Cutting Force Models

The steady-state cutting force (thrust force) F' is often expressed as an empirical
function of the technological parameters like the chip width w, the chip thickness
f, and the cutting speed v. A simple but empirical way to calculate the cutting

force is using a curve fitted to data obtained from cutting tests. One popular
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steady cutting force versus chip thickness relationship is that proposed by Taylor
(1907)

F=Kuwf" (3.24)

where w is the chip width and K is a material-dependent constant. For aluminium
the value of n was found to be 0.41 (see Chapter 5 and also Kalmér-Nagy et al.,
1999). Equation (3.24) is a softening force law.

Shi and Tobias (1984) gave a third-order polynomial fit for the cutting force

(similar to Figure 3.6). The coefficient of the second order term is negative which

Figure 3.6: Cutting force and chip thickness relation.

is consistent with Taylor’s finding of a simple power law with exponent less than
1.

In recent years more complete studies have been published, such as Oxley and
Hastings (1977). In this work they present steady state forces as function of chip
thickness and cutting velocity for carbon steel. For example, they measured a

decrease of cutting force versus material flow velocity in steel. They also measured
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the cutting forces for different tool rake angles. However the force measurements
themselves are quasi-steady and were taken to be single valued functions of chip
thickness and material flow velocity. Kalpakjian (1984, p. 488) observed in the
turning of cold-rolled steel that, for rake angles between 10° and 40°, and chip
thickness less than 0.15 mm, the thrust force F; is nearly proportional to the chip
thickness f. Tobias (1965, p. 236) found similar relation in the turning of steel.
Johnson’s (1996) experiments also showed that F; is approximately proportional

to the chip width.

Hysteretic Cutting Force Models

There have only been a few attempts to derive tool vibration models with hysteretic
cutting forces. As mentioned in Chapter 2, there have been several investigations
into the dynamic nature of the cutting force. Saravanja-Fabris (1972; see also
Saravanja-Fabris and D’Souza, 1974) incorporates hysteretic effects into the clas-
sical tool vibration model (using the experimental results of Albrecht, 1965) and
performs nonlinear stability analysis by means of the describing function method.
Similar analysis is given in Chiriacescu (1990). Hysteretic cutting force models

will be discussed in Chapter 7.

3.3.4 Putting it All Together: Mathematical Models for

Tool Vibrations

Sokolovskii (1946) and Arnold (1946) were one of the first researchers who recog-
nized the importance of nonlinearities describing tool chatter. They considered a

non-linear, velocity dependent cutting force to explain negative damping. Arnold
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proposed the nonlinear differential equation

Mi () —[A+ Bz (t) — ¢ (z (1))@ () + F'z(t) = K (3.25)

where M, A, B, F’ and K are constants, and ¢ (x) is an unspecified function which
represents the dependence of the system damping on the tool motion x ().

Doi and Kato (1956) proposed the following model for tool vibrations
mi+cit+kx+px(t—7)=0 (3.26)

where p is the overlap factor.

Even when the thrust force depends nonlinearly on the chip thickness, the chip
thickness variation is usually small compared to the nominal thickness f. These
observations provide some motivation for expanding the function F; in a Taylor
series about fy and retaining only the linear term.

After linearizing the cutting force variation (AF') at some nominal chip thick-
ness the linearized equation of motion of classical regenerative chatter becomes

(see e.g. Stépdn, 1989)
. . 2 kl
T+ 2QwpT +wir = E(x —x,) (3.27)

where x, denotes the delayed value of x (t). The cutting force coefficient k; is the

slope of the cutting force at the nominal chip thickness. In nondimensional form

T+2(c+x=plr—x,) (3.28)
where
kq
— 3.29
P mw? ( )

This equation will be referred to as the classical linear model.
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Another early delay model was developed by Tobias and Fishwick (1958)
mi + ¢t + kx + zcky (x —x (t —7) + 014) =0 (3.30)

where o, is the penetration factor (the sign discrepancy with (3.28) is due to
the opposite orientation of the coordinate system). The book of Tobias (1965)
provides several other examples of linear delay equations used as models for chatter
in milling, drilling and turning. The disadvantage of these kind of equations in
modelling self-sustained tool vibrations was pointed out by Lin and Weng (1991):
"many efforts have been made to predict the stability boundaries using the
linear theory of chatter. As far as the linear theory is concerned, the amplitude
of chatter ought to increase indefinitely once the width of cut exceeds a certain
critical value, the process becomes unstable. However, the linear theory cannot
provide exhaustive information about the properties of well developed chatter.”
Hanna and Tobias (1969) considered non-linear structural responses as well.
As they pointed out the static stiffness of joints in machine tools and the dynamic
response of guideways show non-linear characteristics. Their experimental findings
show that small nonlinearity might be present in the structure. Hanna and Tobias
(1974) introduced the following nonlinear delay differential equation to describe

regenerative chatter in face milling

2

h
i+ % i+ A (24 ra® + Boa®) = k1 [Af + CLAS? + CoA S (3.31)

The constants p, b, \, w, (1, B2, k1, C1 and Cy all relate to a lumped parameter one
degree of freedom model.
Other groups have used nonlinear dynamics methodology to study cutting chat-

ter (Moon, 1994; Bukkapatnam et al., 1995; Wiercigroch and Cheng, 1997; Stépén
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and Kalmar-Nagy, 1997; Litak et al., 1997; Nayfeh et al., 1998; Minis and Berger,

1998; Moon and Johnson, 1998, 2001).

3.4 2 DOF Models

Generally, a 2 DOF model for tool vibration can be written as

P4 20d + 1 = —dF, (3.32)

Nigm, Sadek, and Tobias (1977) derived expressions for the chip-thickness ratio
and the force ratio in terms of the rake angle, cutting speed, and feed by using
dimensional analysis. In a companion paper (1977b) they considered oscillation of
the shear plane caused by variation in the cutting parameter. They derived the

following expressions for the incremental force components

dF, = wk, lC’l (x —z;) + gm + % (¢ — xT)]
Vo Vo

T, T
dF, = wk, [Tl (z —z,)+ 20+ =2 (& — iT)}

Vo Vo
where the constants C;, T; are determined from the geometry of the cut.

Wu and Liu (1985) derived a dynamic shear-angle relation based on Merchant’s
equations. This relationship is basically a first order approximation for shear-angle
oscillations about the mean cutting condition. By assuming a constant length shear

plane they arrive at

F, = 2wt (x0 — 2) [Az — Covo + By (& — d0)] — fp

F, = 2wt (xg — x) [Ay — Cyvo + By (& — )] (3.33)
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where the ploughing force f, is approximated as

K
fo=—i (3.34)
Vo

Lin and Weng (1991) considered a 2 DOF model with a multiple regenerative
effect. They applied the orthogonal cutting model to a description of the nonlinear
dependence of cutting forces on the variation of the shear angle when the feed rate
changes. Then they analyzed numerical results using phase plane and spectral
distributions. The dynamic cutting force generated in the material removal process
oscillates the structure and it varies the actual depth of cut. They obtained a

third-order expansion for the shear-angle variation and thus obtained the force

increments
B, , . .
dFm:Axb(xT—x)—l—b(f—FxT—:c){—(x—:cT)—F (3.35)
Vo
Vo UG 3V
_Cw2(f+:c7 — xz) (Z:9r — 27) D, (j;T — x>3}

and dF, is the same as dF, with the subscripts « changed to y.

A, B, Cy, Dy, Ay, By, C,, D, are constant parameters, vy is the cutting
speed, f is the nominal feed rate, and b is the chip width. Lin and Weng’s original
model allows for the tool to leave the workpiece, while (3.32) is a simplified version
which assumes the tool does not loose contact with the workpiece.

Setting A, = % and B, = C, = D, = A, = B, = C, = D, = 0 restricts the
model to one degree of freedom and eliminates all nonlinearities, thus reducing this
model to the classic one for regenerative chatter for the particular case of wy = 1.

Berger, Rokni and Minis (1992) considered a system with two degrees of free-
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dom, denoted by x; (t) and x5 (), as a model for vibrations in turning

T =11
Ty = Vg (3.36)
01 = (21 — x17) a3 (Vg — vor) — ag (V1 — v1,)] — agry — a7vy + a1y, —

— ayv} (3.37)
Uy = (21 — x17) [a6 (V2 — v2r) — @b (V1 — V17)| — @aT1 — A10%2 — AgU2—

3
— A4T1r — Q1209

where the twelve constants depend on the cutting conditions. This model can also
be reduced to the classic one by setting a; = a2 = a3 = a;; = 0, ay = 2Cwy,
ag = Wi, ksb/m = —1.

Empirical relations derived from the work of Hastings, Mathew, and Oxley
(1980) were used by Grabec (1986, 1988) to propose a nonregenerative, two degree
of freedom model for cutting that predicted chaotic dynamics. He assumes that

the thrust force is related to the main cutting force through a friction coefficient p
F, = uF,
He also assumes cutting force dependence on the cutting speed and chip thickness

2
Cl(i—l) +1
Vo

where F is the steady-state main cutting force at the nominal cutting condition.

as

S
Fy = Fyo—
S0

The friction coefficient is

=K, (C’Q(%—I)QJrl) ((12 (830—1)2“)
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where Ko = Fy0/Fy0, vy is the friction velocity. The chip thickness ratio is also

assumed to be a function of the cutting speed

2
P = Po [C4<£—1> +1
Vo

Finally, he makes the following substitutions

S=8y—T
v =1y~

v
Vf=— —
=Y

Grabec’s model contains no regenerative terms.

3.4.1 Mode Coupling

Tlusty (1985) considered a system consisting of two orthogonal modes of vibration

(Figure 3.7). The cutting force variations can be expressed as

dF, = Fcos (0 — 1) (3.38)

dF, = F cos (g - 0) (3.39)
with the linear cutting force
F =kw(z, —x) (3.40)
the equations of motion can be written as (e is the ratio of natural frequencies)

4 20x +x =pcos (0 — ) [cos (x; —x) + sin (y, — y)] (3.41)
i+ 26,29 + e’y = psin (¢ — 0) [cos ¢ (- — ) +siny) (y, — y)]

If ¢ = 8 = 0 we recover the 1 DOF classical model (3.28). Pratt (1996) showed

that the coupling influence the location of the lobes. Recently Milisavljevich et
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Figure 3.7: Mode-coupled tool vibrations.

al. (2000) studied a 2-DOF mode-coupled model with cutting force nonlinearity.

Their model however does not contain delay.

3.5 Short Delay

Most dynamic models deal with concentrated forces acting on the tool. These
forces are the components of the resultant of the distributed force system along
the rake face of the tool (Figure 3.8).

Following Stépén (1998) the thrust force is expressed as the z component of

the resultant of the force system

l
F(f) = /0 Po(f, s)ds. (3.42)
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chip

Figure 3.8: Distributed force system on the tool.

where s is the local coordinate, measuring distance from the tooltip (s = 0) to the
point where the chip curls away from the tool (s = [). With the help of a shape

(weight) function W (s), the distributed force system is decomposed as

Pe(f,8) = F(f)W(s), s€][0,1] (3.43)

where F'(f) is an approximation of the cutting force (a power law, for example).

The shape function is normalized, so that

/ Wisds—1. (3.44)

In steady state cutting, we find the cutting force for a particular value of the

nominal chip thickness as

F(fo) = / Po(fo. s)ds = F(fo) / W (s)ds = F(fo) (3.45)

showing that this decomposition is the generalization of the conventional single-
point cutting force models.
The time needed for a differential volume of the chip to move up on the tool

face is then

(3.46)
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where the chip flow velocity is (r is the radius of the workpiece)

Q
Vehip = 5T (3.47)

This introduces another timescale to the problem. Recall that 7, the timescale of

the regenerative effect can be expressed as

T =271/ (3.48)
The ratio of h and 7 is constant
h 1
= —_- = - -4
¢=—=- (3.49)

As this ratio is very small, h will be referred to as the short delay.
The chip thickness is written as in (3.17). Since the chip thickness on the tool
face has to be expressed as a function of time, a ‘local time’ 6 is introduced to

account for the motion of the chip.

0=s/v (3.50)
and the stress distribution function w can be expressed as
h
w(f) =vW(vh) = / w(f)dd = 1. (3.51)
0

The equation of motion (for more details consult Stépan, 1998) is the linear

DDE

#() + 200 () + 2(t) = p /0 ot — O)w(B)dh — p /_ L+ O)u(r + 0)d0 (3.52)

T—h

If the contact length [ is negligible relative to the radius of the workpiece, then

the weight function can be chosen as the Dirac delta
w(B) = 6(0) (3.53)

and the resulting equation is the classical linear model (3.28).



Chapter 4

Delay-Differential Equations

Delay-differential equations (DDEs) describe systems where the present rate of
change of state depends on a past value (or history) of the state. Many excellent
texts can be found on this topic (Bellman and Cooke, 1963; El’sgolt’s and Norkin,
1973; Hale, 1977; Kolmanovskii and Nosov, 1986; Stépéan, 1989; Hale and Lunel,
1993). The theory of DDEs is a generalization of the theory of ordinary differential
equations (ODE) into infinite dimensional phase spaces. This generalization is not
a trivial task, though, and it uses the mathematical tools developed for functional
differential equations (Hale, 1977; Kuang, 1993).

This Chapter serves as a light introduction to DDEs, as the interested reader
can always consult the many technical books and papers on this topic. Also,
most results are not accessible to the engineering community, as they are usually
mentioned in the context of operator and semigroup theory. Our approach here is
more geometric.

A simple linear DDE is the scalar equation

= —px(t—r) (4.1)

o4
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This equation admits the trivial fixed point x = 0.

As with linear constant coefficient ordinary differential equations, a necessary
and sufficient condition for the asymptotic stability of the trivial solution of (4.1)
is that all roots of the characteristic equation have negative real part (Hake, 1977).
The characteristic equation associated with (4.1) is obtained just as in ODEs, by

substituting the trial solution z(t) = ce* | ¢, X € C into (4.1) and dividing by ce*
Ape =0 (4.2)

This so-called exponential polynomial has infinitely many solutions for the complex
characteristic roots A;, j =1,2,....

The transcendental nature of this equation makes characterization of the roots
more complicated than those of the polynomial characteristic equations associated
with linear constant coefficient ordinary differential equations (Pontryagin, 1955,

1958; Avellar and Hale, 1980; Bellman and Cooke, 1963; Hale and Lunel, 1993).

4.1 Stability
In this section we determine stability of the linear delay differential equation
T=—px(t—r1) p>0 (4.3)
Assuming the solution in the form
z(t) = ceM (4.4)
the characteristic equation of (4.3) is

DA =A+pe =0 (4.5)



56

This transcendental equation cannot be solved explicitly. However, we only want to
know where the system goes unstable, and that happens when roots of this equation
cross the imaginary axis from the left. It occurs when ) is a pure imaginary number,
ie.,

A =iw (4.6)

Plugging this into the characteristic equation (4.5) we get
iw + pe T =0 (4.7)
which can be expanded as
iw~+ p(coswr —isinwr) =0 (4.8)
Separating the real and imaginary parts we have
coswt =0 (4.9)

w—psinwr =0 (4.10)

The first positive solution to (4.9) is

T
= — 4.11
w= o (4.11)
Equation (4.10) then reduces to
w=p (4.12)
The last two equations give
TP = z (4.13)
2
or equivalently
p=— (4.14)
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It is easy to show (see 6.26) that at this value of 7p a pair of complex roots cross the
imaginary axis with positive velocity (i.e. from the left) and all other roots have
negative real part. That means that the system loses stability at 7p = 5 =~ 1.57.
Equation (4.14) is the so-called stability curve on the parameter plane (7, p).
On this curve the characteristic equation has a pair of purely imaginary root. Fig-
ure 4.1 shows this stability curve, and also shows numerically determined stability
(see Section 4.4.2) of the fixed point of (4.3). Dark points correspond to stable,

while light ones correspond to unstable behavior.

3

Figure 4.1: Stability chart for equation (4.3). Dark points show stable behavior.

4.2 Stability by Approximation

Several researchers have pointed out the pitfalls of trying to determine stability

of DDEs by various approximations, like using the series expansion of = (¢ — 7)
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(Driver, 1977; Fofana, 1993; Insperger, 1999). Most of these methods replace the
DDE with a system of ODEs. Even though convergence can be proved in some
cases, the stability of the resulting system of ODEs usually depend on the number
equations.

Here we will show, how such an approximation can lead to an erroneous result.

We aim to find a method with which we could reduce the delay-differential equation

i=f(x(t),z(t—T)) (4.15)

to a system of ordinary differential equations (Copeland and Rand, private com-

munication). To this end, we define
y=xz(t—r1) (4.16)
and take its Laplace transform
L(y)=L(x(t—7))=eL(x(t) (4.17)
Assuming small 7 we replace the exponential with its (1, 1) Padé-approximation
L 2—sT 4

T = —1 4.18
© 2457 2+ sT ( )

Then (4.17) can be written as
2(L(y) = L(z)+75(L(y) + L(x)) =0 (4.19)
Taking the inverse Laplace transform of this equation results in
2(y—x)+7(y+2)=0 (4.20)

We can express y as

j=2—y) b=y~ [ty (1.21)



so the reduced system is
&= f(z,y)
.2

Since f (x,y) = —ky equations (4.22, 4.23) become

In matrix notation

o
|
w

8

d x
dt

M

Y 2 k-2 y

The eigenvalues of this system are

1 2
)\172:§<I€7’—2:|:\/(k’7'—6) —32)
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(4.22)

(4.23)

(4.24)

(4.25)

(4.26)

(4.27)

Clearly, for k7 < 2 the pair of complex eigenvalues has negative real part, indicating

asymptotic stability. Thus the error of the approximation is 27%. Also, no matter

how small 7 is this error prevails.

4.3 Stability Charts

A stability chart shows disjunct domains in the space of chosen system parameters

(the parameter space) where the equilibrium point of the DDE is stable or unstable.

On the boundaries of these domains the characteristic equation has purely imagin-

ary parts. One of the methods for constructing stability charts is the method of

D-partitions (Stépén, 1989). The D-curves are determined in the parameter space

(often plane) by the parametric equations

R(w) =ReD(iw) =0, S(w)=ImD(iw) =0,

(4.28)
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where D is the characteristic function of the system. In general, these curves
separate infinitely many disjunct domains, and we need some criterion to select
the ones which correspond to asymptotic stability.

Given that the roots of the characteristic equation depend continuously on the
parameters in the characteristic equation, a necessary condition for the real part
of a root to change sign must involve crossing one of these hyper-surfaces in the
parameter space. Once the parameter space is partitioned by these hyper-surfaces,
one need only determine the number of roots with positive real part on either side
of these surfaces. The easiest case to visualize is a two-dimensional parameter
space, and the corresponding boundaries are curves in the plane along which the
characteristic equation has purely imaginary part. Various tests (see Stépén, 1989)
can then be used to determine the number of roots with positive real part in each
region partitioned by these curves.

Stépan (1989) uses the infinite dimensional version of the Routh-Hurwitz cri-
terion to analyze the zeros of the characteristic functions of DDEs. If we define

the real functions
R(w) =ReD(w), S(w)=ImD(iw), we]|0,00), (4.29)
and the real zeros of R are denoted by p; > ...p. >0, i.e.
R(pr) =0, k=1,...,r

then the equilibrium of the linear delayed mechanical system of n DOF is asymp-

totically stable if and only if

S(pe) #0, k=1,...,r (4.30)

T

> (—1)fsgnS(pr) = (—1)"n (4.31)

k=1
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hold. In case of n DOF systems, the dimension of the phase space is 2n, i.e. always
even. The above mentioned stability criterion has a somewhat more complicated
form for DDEs with odd dimensions (like (4.1) — see further details in Stépdn
1989).

The classical 1 DOF model for tool vibrations can be written as (see Chapter
3)

Z(t) +2¢z(t) + z(t) + p(r — z,) =0 (4.32)

The trivial solution of (4.32) refers to the stationary cutting. When its stability is

investigated, the D-curves coming from the characteristic function

D(X\) = N 42\ + 1 4 pDy(7) (4.33)

Do(TA) =1 — e (4.34)

should be calculated as defined in (4.29):

R(w) = —w? + 1+ pRy(¢)) =0 (4.35)
Ro(¢) = 1 = cos(¢)) (4.36)
S(w) = 2¢w + pSo(¢) =0 (4.37)
So() = sin(1)) (4.38)

where the new parameter ¢ = 7w is introduced and all the transcendental ex-

pressions are separated in the formulas of Ry and Sy. Eliminating p from (4.37,

4.35)
B I
__Y_
() = — o (4.40)
p(y) = =2¢ “¥) (4.41)

So(¥)
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Since

Ro(¢) _ 1 —cosp — tan
So(®) sin v

the parameter ¢ can be eliminated from (4.39), and the D-curves can be expressed

Y
= 4.42

2 ) ( )
as a function of w. The stability charts are traditionally constructed in the plane
of the dimensional quantities k; (the cutting force coefficient, see Chapter 3) and

angular velocity 2 of the workpiece (Figure 4.2). The values m = 50 kg, ¢ = 0.05,

and w, = 775 rad/s were used. Stability of the domains can be determined by

ky INRm]

6 UNSTABLE

STABLE
2 | |

0 1000 2000
Q [rpm]

Figure 4.2: Stability chart for the classical model.

using criteria (4.30, 4.31) (see Stépdn, 1989) or by using Rouché’s theorem (see
Appendix D). In Figure 4.2 the stable region corresponds to asymptotic stability
of the fixed point. Because of its widespread use, this figure is often referred to as

the classical stability chart.
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4.4 Numerical Stability Analysis

In most of the cases, analytical form of the D-curves can not be obtained. Then we
have to resort to numerical methods. Engelborghs and Roose (1999) proposed a
numerical algorithm to compute the rightmost (the stability determining) roots of
the characteristic equation associated with the DDE. In this Section two numerical
methods are employed to draw stability charts. The first one calculates points
on the D-curves, while the second determines stability at a given point in the

parameter space.

4.4.1 The Method of Chen, Ulsoy and Koren

Chen, Ulsoy and Koren (1997) proposed the following method for numerically

finding points that lie on D-curves. First define the following matrix and function

A(v) :=L+e ™R (4.43)
gap (v) := {Re (M| A(v)s=2s, [Re())| = min [Re ()\i)|} (4.44)

where
2r(m+v)=717w meEeN (4.45)

It is easy to see that gap (v) = 0 < A = iw. For a given matrix A we have to find

zeros of gap (v) in v € [0,3]. Then

Zr(mtv) A (v) > 0
7= [ = (4.46)

2w (m+1—v)
T 1mA(v) <0

and (7,p) (or (1/7,p)) can be plotted. To obtain the numerical D-curves a Math-

ematica code was written. The zeros of gap (v) are determined by stepping through
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the interval [0, 1] with a given stepsize (usually 0.001) and using bisection to zoom

2
in on the root if different signs of the function are found.

The matrices

0 1 00
L= . R= (4.47)
—(1+p) —-2¢ p 0

correspond to the classical model (4.32). In Figure 4.3 we show the analytical

D-curves and numerical solutions together for ¢ = 0.01.

0.5

0 0.25 0.5
1/t

Figure 4.3: Analytical and numerical stability chart for the classical model.

To determine the stability of a region it is sufficient to check the stability of
one point inside it (care must be taken since the computation might not find all

the D-curves).
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4.4.2 Stability by Numerical Integration

Another way to create stability charts is by direct numerical integration of the
linear DDE on a grid in the parameter space. The method is illustrated in Figure

4.4. For every point on the grid the DDE is integrated (using Mathematica’s fifth

X A
Xmax

A WL
Y

A >
Ty AN

Attransient At

»

At

sampling wle sampling >

i
Y

A

Figure 4.4: Determining stability by integration.

order Runge-Kutta-Fehlberg solver) with a constant initial function (the amplitude
does not matter, since we are investigating stability of a unique fixed point of a
linear equation). After discarding some initial transients (of length Aty ansient),
the maximum amplitudes (z; and z3) of the state variables on two equal length

sampling periods (of length Atgumpiing) are determined. If the amplitude is bigger
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on the second sampling period than on the first one, the fixed point is deemed
unstable, otherwise it is stable. To speed up calculations we consider the fixed
point unstable if the state variables become larger than some predetermined bound
ZTmax (Which is taken much larger than the amplitude of the initial function) at any
t > 0. Figure 4.5 shows the stability curves of the classical model together with
colored points indicating stability (dark points) or instability (light points). The

transient period and both sampling periods were taken 37 long.

T

Figure 4.5: Analytical and numerical (by numerical integration) stability chart of

the classical model.

4.5 Operator Equation Formulation for DDEs

The theory of delay differential equation has received much attention since the
60’s. Most of the theory, however, requires highly mathematical background (Hale,

1977). In preparation for the operator differential equation approach and center
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manifold analysis of Chapter 6, we will show an analogy between ordinary and
delay differential equations. This will motivate the definitions of the differential
operator, its adjoint and the bilinear form used to investigate Hopf bifurcation in
delay equations without heavy mathematical artillery. In particular it is shown
that the time-delay problem leads to an operator that is the generalization of the
defining matrix in a system of ODE’s with constant coefficients.

The formal adjoint and the bilinear form provide the basis for a geometry in
which it is possible to develop a projection using the basis eigenvectors of the
formal adjoint (just as in Hopf bifurcation analysis for ODEs). The significance of
this projection is that the critical delay system has a two-dimensional attractive
subsystem (the center manifold) and the solutions on this manifold determine the
long time behavior of the full system. The mathematically inclined can study Hale
(1977).

Let us first consider a scalar autonomous delay differential equation (and the

corresponding initial function) of the form
t(t)=Lex(t)+Re(t—71)+f(z(t),z(t—71)) (4.48)
z(t)=¢(t) te|-1,0)
where L, R are scalars. The first goal is to put equation (4.48) into a form similar

to the ODE
x(t) = Ax(t) +f (x(t)) (4.49)

Here an attempted numerical solution could give a clue. Discretizing equation

(4.48) leads to

dﬁrv@(il?lfl—ﬂ?@) Z—l,...,N
dl’i

dv |,_,

= Lzo + Rxy + f (zo, zn)
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where dv is the stepsize of discretization. Taking the limit di¥ — 0, and defining
the ’shift of time’ as

z (V) =2 (t+9)

we have the following

d d
w5 (V) = 52, (9) 0 € [-7,0)
%xt (1) =Lz (0) + Ray (—7) + £ (2 (0) , ¢ (—7))

¥=0

This motivates our definition of the linear differential operator A

d%}u (19) ve {_Tv 0)
Au (9) = (4.50)
Lu(0)+Ru(—7) 9=0

and the nonlinear operator F

F (u) (9) = (4.51)

Since & = < we can rewrite equation (4.48) as

d

e (0) = & (9) = A (9) + F (2) (9)

This operator formulation can be extended to multidimensional systems as well
x; () = Axy (9) + F (x¢) (9) (4.52)

This form is very similar to the system of ODEs (4.49). There is one very important
difference, though. Equation (4.52) represents an infinite dimensional system.
However, the infinite dimensional phase space of its linear part can also be split
into stable, unstable and center subspaces corresponding to eigenvalues having

positive, negative and zero real part. If we focus our attention to the case where
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the operator has imaginary eigenvalues, it means that A has a pair of complex

conjugate eigenfunctions s, s corresponding to +iw satisfying

As(¥) = iwTs(d) (4.53)

AS(9) = —iwT5(9) (4.54)

where the identity operator Z (this seemingly superfluous definition is intended to

make our life easier as a bookkeeping device) is defined as

Tu(0) - u(d) 0+#0
u(0) =0

Note that equations (4.53, 4.54) represent a boundary value problem (because of
the definition of A).

Introducing the real functions

s1 (9) = Res(v)

sz (V) = Ims(v)

Equations (4.53, 4.54) can be rewritten as

Asi (V) = —wZss (V)

Asy(9) = wTs, (9)

The two functions s;(1), so(¥) span the center subspace which is tangent to the
two-dimensional center manifold embedded in the infinite dimensional phase space.

We start by defining the new coordinates

v (1) = (0(9), x(0))

Y2 (1) = (m2(V),%:(¥0)) (4.55)
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where n satisfies

A'n = —iwn (4.56)

The evolution of the new coordinate y; would then be given by

91 (1) = (1 (9),%,(0)) = (m(9), Ax, () + F (x,) (V) =

= (A'm (9),%,(0)) + (m1(9), F (x1) (9))

Two questions arise immediately: how shall we define the pairing (.,.) and what
is the adjoint operator A*? To answer the first question we can first try to use the

usual inner product in the space of continuously differentiable functions on [—7, 0)

(mew»:/wwwwmﬂ (4.57)

However, we also want to include the boundary terms at ¥ = 0 from equations

(4.50, 4.51) so we try to modify (4.57) as

(Mmmwnz/mwwwmwummwm (4.58)

-7

Now we try to find the adjoint operator from the definition

(A*u,v) = (u, Av)
mmﬂ:/mww+wumw@ (4.59)

—T
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0
(u, Av) = / w* Avdd + u” (0) Av (0) ¥ 2

- / %u*vdﬁnt ua* (9) v ()", +u* (0) [Lv (0) + Rv (=7)] =

-7

Fd . .
@u vdy +u* (0) v (0) — u" (9) v (9)|_, +

T

+u* (0) Rv (—7) + u* (0) Lv (0) =

:/0<_%> w'vdd + [(I+ L) u(0)]" v (0) -

-7

—u* (=7)v(—=7)+u* (0)Rv(—7) (4.60)

The first two terms of equation (4.60) are similar to those in equation (4.59) so
we seek to eliminate u* (0) Rv (—7) — u* (—7) v (—7). Since this term is usually

nonzero, we can try to modify equation (4.58) to get
u (0O)Rv(—7)—u" (r—7)Rv(-7)=0 (4.61)
instead. This can be achieved with the modification
0

(@), v () = / o (4 7) R (9) dd + u* (0) v (0) (4.62)

Using Equation (4.62)
r d
(u, Av) = — / @u* (¥ +7)Rv (9) dY + [L*u (0) + R*u (7)]" v (0)

Defining y =49+ 7

(u, Av) = (A*u,v) =

d

- / (—@) u (1) Rv (7 — 7) dy + [Lu (0) + Rou (1) v (0)
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gives the definition of the adjoint operator

—#u(v) v € (0,7]

L*u(0) + R*u(r) ~=

Au(y) =

with the two complex conjugate eigenfunctions
A'n(y) = —iwIn(y) (4.63)
A*(y) = iwZn(y) (4.64)
Introducing the real functions
n; (7) = Ren(y)
n (7) = Imn(y)
Equations (4.63, 4.64) can be rewritten as
A'ny(7) = wIny(y)

A'ny(7) = —wIny(y)

Since equation (4.62) requires functions from two different spaces (0[171,0} and C&J,I])
it is a bilinear form instead of an inner product. The vectors n;, s; are aligned

(this corresponds to orthonormality in the finite dimensional case)
(n1,81) = (n2,89) =1

(n2,s1) = (ng,82) =0

The new coordinates y;, y2 can be found by the projections (instead of equation

(4.55))

y1(t) = y1:(0) = (m1,%¢) [y

Y2(t) = y2:(0) = (12, %) |19:0
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Now x;(1}) can be decomposed as
xi(0) = y1(t)s1(9) + ya(t)s2(0) + w(t)(V) (4.65)
And the operator differential equation (4.52) can be transformed into the ’canonical
form’
o= (1, %) |y = (01, Axy + F(x¢) )|y =
= (nlvAXt)|q9:0 + (g, F(x¢) )|19:0 =
= (A0, x¢)]y_g + (01, F(x) )] 9 =
= w (12,%¢)|g_g + (01, F(x) )| y—g = wy2 + 1y () F
g2 = (2, %)y_g = —wyi + 0, (O)F

where F = F(y;(t)s1(0) + y2(t)s2(0) + w(t)(0)) was used and

_4a
o dt

= A(y181 + Y282 + W) + F(x¢) — thZs1 — L8y =

\4 (x¢ — Y181 — Y2S2) = Axy + F(x1) — 91181 — YoLse =
=1y (—wZss) + y2 (WIsy) + AW + F(x;)—
— (wy2 +nf (0)F) Zs; — (—wys +ny (0)F) Is, =
= Aw + F(x;) — nj (0)FZs; —n; (0) FZs, =
Lw —nf (0)Fs; —n] (0)Fs, ¥ € [—1,0)

Lw (0) + Rw (—7) + F —n{ (0) Fs; (0) — nj (0) Fs; (0) =0
4.6 Center Subspace of the Critical DDE

In this Section we show a general method for finding the projection vectors needed
in Chapter 6 for the center manifold reduction of a nonlinear DDE whose linear

part is (L, R are real matrices)

x(t)=Lx(t)+ Rx(t — 1) (4.66)
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Let us define the characteristic matrix as
D(A\) =AM —-L—-Re™ (4.67)
and the characteristic function
D()\) = det (D())) (4.68)

At a Hopf bifurcation point there is a pair of purely imaginary roots of the charac-
teristic function (6.15) at the critical value of the bifurcation parameter. This is a
codimension-1 bifurcation. However, it is possible that there are two pairs of purely
imaginary roots (at the intersection of two stability lobes). This is a codimension-2
bifurcation point. In the following calculations we assume that there are either one

or two pairs of purely imaginary roots of (6.15)
D(iwy,) =0 m=1,2 (4.69)

We also suppose that these roots cross the imaginary axis transversally, that
is Re %g) # 0 and the other roots have negative real part (thus satisfying the
requirements of the Hopf-bifurcation Theorem).

As shown previously the linear delay-differential equation (4.66) can be written as

the operator equation
xi(p) =x(t+¢), ¢el[-70] (4.71)

where the linear operator A is defined as

Au(gy— 1 ) vel=r0) (4.72)

Lu(0) + Ru(-7) o=



[6)

while the adjoint operator A* is given by

_d
Av(o)=q w1 7€ 0.7] (4.73)
L*v(0)+R*v(r) o¢=0
together with the bilinear form
0
(v,u) = v*(0)u(0) + / V(€ + T Ru(€)de (4.74)

The center subspace is spanned by the real and imaginary parts of the complex
eigenfunctions s,,(¢) of A corresponding to the critical characteristic roots iwp,.
The complex eigenfunctions s,,(¢) and the eigenfunctions n,,(o) of the adjoint

operator A* can be found from

Asp (9) = iwmZsy, (9)

(4.75)
A*n,,(0) = —iw,I*n,, (o)
where the identity operator Z is defined as
u (0 0 +#0
Tu(0) = ®) (4.76)
u@0) 6=0

By defining the ’characteristic operator’ as D (A\) = A\Z — A equations (4.75) can

also be written as

D (iwp) S = 0
(4.77)
D* (iwm) ny =0
The general solutions to (4.77) are found in the form
S () = ceim?
(4.78)

n, (o) = d,e“m°
The constants c,,, d,, are found by using the boundary conditions (# = 0) embed-

ded in the operator equations (4.77)

D (iwn,) ¢ = (z’wmI —L - e_i‘”mTR) c, =0 (4.79)



76
D* (iw) dp, = (df,D (iwy,))" = (—iw,,I — LT —e“""R")d,, =0 (4.80)
The vectors s, n should satisfy the ’orthonormality’ conditions

0 1#k
(ny,s) = 7 (4.81)

2 =k

Using (6.52)

0

(1, 50) = 15(0)s(0) + / n? (€ + )Ry (€)dé =

—T

0
— dic, + diRege ™" / giéln—en) g — (4.82)
i(e kT —eT T
dj (I+7e™“"R)c =k

This can also be rewritten in terms of the characteristic matrix (4.67) as

d; <7D“;’;):3““’“> ch 4k
(ny,8%) = o (4.83)

lim(ng,s) =df <90 e 1=k

‘)\—iwl
Note, that (ny,sg)izx = 0 is automatically satisfied because of (4.79, 4.80). To

summarize, the vectors c, d are found from the following equations

D (iwm) €y = (iwpl =L —e ™" R) ¢, =0 (4.84)

D* (iwy) d = (iwn,I + LT +e“"R") d,,, = 0 (4.85)
D (i .

a4 d(;”l) ¢ =df (T+7¢ ™ R)c =2 (4.86)

Since D(iw) is rank-1 (D(iw) = 0) there are 3n independent complex equations

for 4n complex unknowns.
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4.6.1 Example

For the classical model (3.28)

0 1 00
L= , R= . (4.87)

—(1+p) -2 p 0

Equations (4.84, 4.85) result in (here ¢,,1, dpme are complex!)

1
Cn = Cm1 (488)
W,
2C — W,

d,, = Ao (4.89)

1

Then from (4.86)

Cmdiy (2C + pre™™m + 2iwy,) = 2 (4.90)

We have the freedom to fix n unknowns, so we choose ¢,,,; = 1 which in turn yields

2
o = 491
2T+ (4 p—w2) — 2w, (1+C7) (4.91)
or separating real and imaginary parts
Az = 6 (20 +7 (1 +p — wi) + 12w (1 + (7)) (4.92)
2
Om = (4.93)

A2 (1) (26T (L p— )

Then we have

2 (w2, +2C + ¢t (L+p) +iwm (AT +2C -7 (1 +p —w?))

(2C+7(1+p—w?)) + 2w, (1 +CT)
(4.94)



And the real functions s,,1, S,,2 span the 2n dimensional center manifold

cos (wmt) sin (wpt)
sm1 = Res,,= , Sme = Ims,,=

— W, Sin (wpt) Wi €OS (Wpnt)

78

(4.95)



Chapter 5

Machining Experiments

This part presents a series of tool vibration measurements in the single point
turning of aluminium. The experiments were performed at NIST in collaboration
with Dr. Jon Pratt. Some of the results have already been published (Kalmar-
Nagy et al., 1999; Pratt et al., 1999) and this chapter is loosely based on these
papers.

The motivation behind this work was to gather a consistent set of data to
validate theoretical results on the classical single-DOF model for tool vibrations.
A dynamic test fixture (1 DOF flexible tool holder with actuators and sensors for
dynamic cutting measurements) was developed to explore cutting dynamics (see
also Peters and Van Brussel, 1996). In addition, analog feedback control has been
incorporated to modify the fixture dynamics. With this active tool-holder, one can
explore methodologies for determining machine-tool and cutting process response
functions, validate cutting process stability analysis and simulations. Experiments
were performed on a diamond turning lathe equipped with a 1.1 kW air-bearing
spindle capable of speeds between 0 and 1500 rpm. Its manual slides position

unidirectionally within 5 pm; the backlash is about 40 pm.

79
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5.1 Experimental Setup

The dynamic test fixture (Figure 5.1) consists of a right hand cutting tool with a
triangular tungsten carbide insert (rake angle=5° clearance angle=11°, manufac-

tured by), held in a standard tool post mounted to a rigid steel plate.

i
A |

TOOL |

OPTICAL DISPLACEMENT
SENSOR

& |
Lo

WORKPIECE

Figure 5.1: Experimental apparatus.

This plate is supported at both ends by thin steel plates thus creating a table
structure having high stiffness in the directions perpendicular to the feed direction.
This structure is rigidly mounted to the cross slide. Between the two thin plates,
two voice coil actuators are placed. The pole pieces are grounded to the cross-slide,
while the coils move with the table. Forces can be exerted on the flexible structure
by varying the current in the coils. These actuators were used in a chatter control

experiment (Pratt et al., 2000).
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The workpieces are flanged aluminium cylinders with nominal diameter of 100
mm. These were given a finishing before each set of measurements so that the
surface was smooth. The voice coil actuators were used to damp out unwanted
vibrations during the finishing procedure. The cylinders are rigidly mounted to
the spindle and assumed rigid compared to the tool. The relative displacement
between the tool and the workpiece is measured by the table deflection using an
optical displacement sensor. An accelerometer is also used to characterize tool

motions.

5.2 System Identification

In order to adequately model the fixture’s dynamic behavior, both the structural
response and the cutting process must be identified. Tounsi and Otho (2000)
proposed a method to identify the structural dynamics of a machine-tool-workpiece
system by means of interrupted cutting (machining a gear-like workpiece that
provides pulse-like cutting force). As derived in Chapter 3 the equation of motion

for a SDOF tool can be written as
. . 9 1
T+ 20wt +wrr = ——AF, (5.1)
m
The mass of the apparatus was found to be

m = 10 kg (5.2)

5.3 Structural Response

The frequency response function (FRF) of a system under test can be determined

by conducting a swept-sine test. The tool was sinusoidally excited by means of the
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voice coil actuators. With fixed amplitude, the frequency of the signal was varied
and the output was measured at different frequencies. The amplitude ratio (output
over input) of the peak-to-peak or rms value is determined at each frequency. The

machine-tool response function is plotted in Figure 5.2

12 -

max

10 -

0.707A,_8

£ D
A 1

Amplitude

o

' 1 L

85 ﬁ 95 105
(6))

NGRS Frequency (Hz)

~J
(5]

Figure 5.2: Frequency response function.

The modal frequency is simply taken as the frequency of the peak. To estimate
damping ratio from the FRF, the half-power point method is used. At 70.7%
of the magnitude of the modal peak there are the two half-power points with
corresponding frequencies w; and ws.

The damping ratio can then be calculated as

Wy — w1

(=

5 (5.3)
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The following parameters are identified

w, = 92 Hz = 578 rad/s (5.4)
w1 =906 Hz  wy=93.1Hz (5.5)
¢ = 0.0136 (5.6)

The damping here is only structural damping. It does not include damping that

arise from the cutting process (see Chapter 7).

5.4 Nonlinear Cutting Force

As observed by several researchers (Hanna and Tobias 1974; Shi and Tobias 1984),
the nonlinear variation of the cutting force as a function of chip thickness can
have a dramatic effect on the process stability. Early evidence of the nonlinear
dependence of cutting force on feed can be found in the seminal work of Taylor
(1907), who felt the characterization of this dependence was of no practical worth,
but nonetheless made some of the most carefully controlled measurements to be
found in the vast cutting literature. Here we measured the thrust force component
of the static cutting force as a function of feed at a fixed cutting speed by replacing
the dynamic cutting fixture with a three-component force dynamometer. We note,
as a matter of interest, that Taylor inferred the value of the ’cutting pressure’ from
measurements of the power consumption, while our contemporary practice makes
use of modern, high-stiffness dynamometry.

Because of the orientation of the dynamic fixture, we measure only the thrust
component of the static cutting force as a function of feed at a fixed cutting speed.
The dynamometer output voltage is low-pass filtered at 2 Hz, to eliminate high-

frequency content resulting from random excitations. After every cut, the tool was
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let to cool to room temperature.

Figure 5.3 shows the results of static cutting force measurements.

10,

oo

(9))

N

thrust force F [N]

10 20 0 40 5 6
chip thickness f [um]

Figure 5.3: Nonlinear cutting force-chip thickness dependence. Solid dots represent

experimental data, while the solid line represents equation (5.7).

The thrust force in Newtons is plotted as a function of the feed per revolution
(chip thickness) in micrometers for a rotational speed of 2 = 836 rpm (with radius
r = 50 mm, the cutting velocity is v = 4.375 m/s) and a nominal width of cut
wo = 0.25 mm (the cutting force was insensitive for small variations in €2, see also
Section 2.1). The force dependence is modeled by a power law (Taylor, 1907),
rather than the cubic polynomials of Hanna and Tobias (1974) and Shi and Tobias
(1984)

Fy (f) =553/ [N] (5.7)

where f = fo+Af is in meters and A f = x—x, is the chip thickness variation. For
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static measurements A f = 0 m, since the tool assumes an average static deflection
that balances the average cutting force. The cutting coefficient at the nominal feed

fo =36 pm (and wy = 0.25 mm) can be calculated as

dF, N

ke = =1 — .
= 05000— (5.8)

Observe that this is the local slope of the cutting force characteristic. Historically,

this term has been used to characterize the dynamic cutting force (Tobias, 1965).

5.5 Experimental Stability Chart

A lobe of the stability boundary is traced in a series of experiments. All cutting
measurements are made at the same feedrate s = 508 um/s. The feed per revolu-
tion fy varies by 11% between the smallest and largest rotational rates. Beginning
with a small stable cut at a fixed speed, the width of cut w is increased in 25 ym
increments using the manual slide in a ramp and hold fashion. The experiment
is stopped and recorded when self-sustaining oscillations are observed in the ac-
celerometer voltage monitored on a digital oscilloscope. The test is repeated at
different speeds until the lobe is mapped. The experimental stability chart 5.4
shows stability as a function of rotational rate and width of cut w. The analytical

curves are drawn (see Sections 4.3 and 6.2) by using the identified parameter values

m =10 kg, ¢ = 0.0136, w, = 578 rad/s (5.9)

Material removal can be increased between 840 rpm and 925 rpm, since w grows

from approximately 200 pm to 800 pum over this range.
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- @ Experiment
—— Analytical

0.00 ‘ ‘ |
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Figure 5.4: Experimental stability chart. The maximal chip width w for which the

system is stable shown (for increasing w).

5.6 Experimental Bifurcation Diagram

Next, an experimental bifurcation diagram is generated for the tool system at fixed
) and s. The bifurcation diagram records the root-mean-square (rms) tool vibra-
tion amplitude as a function of w. The response is recorded for both forward and
backward sweeps of the control parameter in order to reveal the nonlinear beha-
vior. Tool position measurements are compensated for backlash at the reversal. A
nominal speed of 836 rpm is selected corresponding to the minimum of the previ-

ously mapped lobe. The spindle speed is not well controlled, and is observed to
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decrease ~ 2 rpm as the chip load is increased. Fortunately, the stability along the
base of the lobe appears fairly insensitive to this variation.

To create the bifurcation diagram the width of cut w is swept as for the lobe
determination, except that the ramp and hold increments are 10 pm and the
outputs of the displacement and acceleration signals are continuously recorded.
At each increment, the tool cuts for about 5 seconds, these intervals being logged
on a separate channel of the scope via a manual switch. The forward sweep is
executed first, then the part is remachined to a smooth surface, and the backward
sweep is conducted. A variation in the mean surface speed, due to the reduction
in the part diameter between forward and backward sweeps, is about 3 percent.
The resulting experimental bifurcation diagram is shown in Figure 5.5.

This hysteretic behavior occurs in many practical machining operations, and
has been observed by other researchers (Hanna and Tobias, 1974; Shi and Tobias,
1984). In the case shown here, the region of the subcritical instability makes up
nearly 40% of the predicted chatter free operating regime. Within this region,
disturbances, as might be caused by deviations in the workpiece, jamming up of

chips, etc. can push the system into unstable vibrations.
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Chapter 6

The Classical Model: Periodic

Vibrations

Some of these results have already been published (Stépan and Kalmar-Nagy, 1997;
Kalmar-Nagy et al., 1999; Kalmar-Nagy et al., 2001; Kalmar-Nagy et al., 2002)
and the Chapter is based on these papers.

The equation of motion for the classical 1 DOF model of tool vibration is given
by equation (7.34)

1
i+ 20wt + wir = ——AF, (6.1)
m

where w,, = \/k/_m is the natural angular frequency of the undamped free oscillat-
ing system, and ¢ = ¢/(2mw,,) is the so-called relative damping factor.

The cutting force variation AF, is considered to be the function of the chip
thickness variation Af which depends on both the current position = of the tool
edge and its position one revolution ago.

A simple but empirical way to estimate the cutting force is the use of a curve

fitting to data obtained from quasi-steady cutting tests. Here we will use the

89
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formula given by Taylor (1907). According to this, the cutting force F, depends
on the chip thickness as

Fy(f) = Kwf (6.2)

where the parameter K depends on further technological parameters considered
to be constant in the present analysis. This is a quasi-static approximation of
the cutting force, that does not account for dynamic changes of the chip thickness
(dynamic effects will be studied in the next Chapter). The analysis can be extended
for power laws with exponent «, see Kalmar-Nagy et al. (1999) and Kalmar-Nagy
et al. (2002). Expanding F, into a power series form around the desired chip

thickness fy and keeping terms up to order 3 yields

R~ Ko (5 + (- Wit =5 = i fy

5 _9
+ES (f = f0)3 o 4) (6.3)

Or equivalently, we can express the cutting force variation AF, = F,.(f) — F.(fo)
as the function of the chip thickness variation Af = f — fy, like

o

JESVIE P
AN ~ Ku (T a7 - i AP+

iy %Af?’) (6.4)

The coefficient of Af on the right hand side of equation (6.4) is usually called
1

the cutting force coefficient and denoted by k; (k; = %K wf, *). Note, that k; is

linearly proportional to the width w of the chip, so in the upcoming calculations

it will serve as a bifurcation parameter. Then equation (6.4) can be rewritten as

k k
AFL(Af) =k Af — é?;AfQ + %f—éAﬂ (6.5)

Although first only the local bifurcation at f = fy < Af = 0 will be investigated,

the case when the tool can leave the material will be taken up in Section 6.8.
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The chip thickness variation A f can easily be expressed as the difference of the

present tool edge position x(t) and the delayed one z(t — 7) in the form
Af=z(t)—z(t—7)=2—2, (6.6)

where the delay 7 = 27/ is the time period of one revolution with € being the
constant angular velocity of the rotating workpiece. By bringing the linear terms

to the left hand side of the equation of motion (6.1) becomes

k k
T+ 2Cwnt + (wi—{——l)x——le:
m m

~ g (@ - g @) (6.7

6.1 Nondimensionalization

Let us introduce the nondimensional time ¢ and displacement Z
t=wyt T=—x (6.8)

and the nondimensional bifurcation parameter

ky

2
mw;

p= (6.9)

Dropping the tilde (note that the nondimensional time delay is 7 = w,,7) we arrive

at
E+2(c+z=—p(x—2x)+pd ((:16—:67)2 — (:z:—mT)3) (6.10)
where for this particular form of the cutting force

§=3/10 (6.11)

For any polynomial approximation of the cutting force that is a function of the

chip thickness only, the lengthscale can be chosen so that the right hand side will
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be exactly as in equation (6.10). If the structure is nonlinear (such as in Hanna
and Tobias, 1974), nonlinear terms of = will appear on the left hand side.
The second order equation (6.10) is transformed into a 2 dimensional system

by introducing

AT U N L (6.12)

xo (1) z (t)

and we obtain the delay-differential equation
x(t) = L(p)x(t) + R(p)x(t — 7) + £(x(t),x(t = 7),p) (6.13)

where the dependence on the bifurcation parameter p is also emphasized:

0 1
L(p) =
—(1+p) —2¢
0 0
R(p) = (6.14)
p O
_3p 0

F(x(t). ) —
T\ ) () 1 () — - 7))

6.2 Linear Stability Analysis

The characteristic function of equation (6.13) can be obtained by substituting the

trial solution x(t) = cexp(At) into its linear part:

D(X,p) = det(\L - L(p) — R(p)e™") =

= A2+ 200+ (14 p) —pe™™ (6.15)
The necessary condition for the existence of a non-zero solution is

D(\p) =0 (6.16)
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Figure 6.1: Stability chart for the classical model (2 = 27/7)

On the stability boundary shown in Figure 6.1 the characteristic equation has
one pair of pure imaginary roots (except the intersections of the lobes, where it
has two pairs of imaginary roots). To find this curve, we substitute A = iw, w > 0

into equation (6.15).
D(iw,p) =1+ p—w? —pcoswt + i (2w + psinwr) =0 (6.17)
This complex equation is equivalent to the two real equations
1—w+p(l—coswr) =0 (6.18)

2w + psinwr =0 (6.19)
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The trigonometric terms in equations (6.18, 6.19) can be eliminated to yield

(1-— w2)2 + 4(%w?
2(w?—1)

p= (6.20)

Since p > 0 (this is so because the cutting force coefficient is positive, the more
material is removed, the higher the cutting force is) this also implies w > 1.
With the help of the trigonometric identity

1 —
- TYT _tan % (6.21)

sinwTt

T can be expressed from equations (6.18, 6.19) as

2 w?—1
= — | jm — arct =1,2,... 6.22
T=- (jﬂ' arctan e ) J ,2, (6.22)

where j corresponds to the jth 'lobe’ (parameterized by w as both 7 and p are
functions of w) from the right in the stability diagram (j must be greater than 0,
because 7 > 0).

And finally

2
o=TL- T j—12,.. (6.23)
T jﬂ—arctan“’zT;

At the minima (‘notches’) of the stability boundary w, p, {2 assume particularly

simple forms. To find these values % = 0 has to be solved. Then we find

w=1+/1+2C

Pmin = 2C (C + 1) (6.24)
2 <j7r — arctan %)
= ) =12, (6.25)

1+2¢
1+2¢m 1
]ﬂ-_arcta}nﬁ ']_ ) g ..

To simplify calculations we present results obtained at these parameter values

O —

(the calculations can be carried out in general along the stability boundary, see

Kalmar-Nagy et al., 1999 and Kalmér-Nagy et al., 2002).
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The location of the characteristic roots has now to be established.

A heuristic argument is as follows (this can rigorously proved with Rouché’s
Theorem, see Appendix D): for p = 0 equation (6.15) has only two roots (A2 =
—(+ zm) and these are located in the left half plane. Since the delay term
makes the phase space infinite dimensional, we might say that apart from these two
roots, there are infinitely many more, these being at the north pole of the Riemann-
sphere (minus complexinfinity). Increasing the value of p results in characteristic
roots ’swarming out’ from minus complexinfinity, but for small enough p they do
not leave the left half plane.

The necessary condition for the existence of periodic orbits is that by varying
the bifurcation parameter (p) the critical characteristic roots cross the imaginary
axis with non-zero velocity, that is Re%@cr) # 0. The characteristic function
(6.15) has two zeros A = +iy/1 + 2¢ at the notches.

The change of the real parts of these critical characteristic roots can be determ-
ined via implicit differentiation of the characteristic function (6.15) with respect

to the bifurcation parameter p

dD(X(p),p) 0D\ (p),p) A ID(A(p),p)dA(p)

dp op * o\ dp (6.26)
OD(\(p).p)
dA (pcr) _ ﬁ (6 27)
dp ~—  9DQ®@w) '
oA A=i/1+2C
dA(per 1
v = Re APe) _ (6.28)

dp 2014+ 0O*(1+¢r)

Since 7 is always positive and all the characteristic roots but the critical ones
of (6.15) are located in the left half complex plane, the conditions of an infinite
dimensional version of the Hopf Bifurcation Theorem given in Hassard, Kazarinoff
and Wan (1981) are satisfied. v will later be used in the estimation of the vibration

amplitude.
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6.3 Solution By Harmonic Balance

The equation studied here is

i+2(i+z=—p(@—a)+ps((z— z,)? — (z — xT)?’) (6.29)

We seek the solution in the form (Mickens, 1996; Nayfeh and Mook, 1979)
z (t) = Acos (wt) + B (6.30)

Note, that the constant term is necessary because of the asymmetrical nonlinearity.

Substituting this into (6.29) results
Co + Cy cos (wt) + Cysin (wt) + HOH =0 (6.31)

where HOH stands for higher order harmonics. We require that the C;’s vanish,

yielding the following system of equations

B— A?pé+ A*pbcos (tw) =0 (6.32)
2¢w+psin(tw) + %Azp(? (1 —cos(Tw)) sin(tw) =0 (6.33)
2
1—w?+p(1—cos(tw)) + 3poA (1 —cos(tw))*=0 (6.34)

Note that setting A = B = 0 we recover the linear stability criteria (6.18, 6.19).

equation (6.32) immediately results

B = A%p6 (1 — cos(Tw)) (6.35)
Solving (6.33) for A? gives
) 9 2¢w

_z p sin(T w) (6 36)
3p6 (cos(tw) —1) '
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Substituting this for A% in (6.34) results
1 —w?— 2(wtan (%) ~0 (6.37)

Note that the frequency w is not a function of the amplitude, only that of the time
delay 7. So we can conveniently use the value of w on the stability boundary. As

was established earlier, on the stability boundary (see equations (6.18, 6.19))

2
sin(tw) = — Cw (6.38)
Per
1— 2
cos(tw) =1+ . ~ (6.39)
We perturb the bifurcation parameter off of the stability boundary as
p=pe(l+e) (6.40)
Using (6.38, 6.39, 6.40) in (6.36) yields
2€Per
A= 6.41
\/3(5(1+5)(1—w2) (6.41)
And from (6.35)
2
p=-2 5’"5 (6.42)

These simple expressions are due to the fact that the constant term cancels in
the expressions involving x — x,. Since 6 > 0, w > 1 the perturbation ¢ has to
be negative for a limit cycle to exist, that is the limit cycle only exist below the
stability boundary.

To test this result, we compare the approximate amplitude with numerically

obtained ones at the first notch, where

w=+/1+2 (6.43)

The delay-differential equation (6.29) was integrated with initial functions of the



98

0.4

« numerical
— HB

0.008

0
-0.05 0

1.2

Figure 6.2: Comparison of Harmonic Balance (HB) and numerical solutions.

form a cos (wt). The integration was carried out for 157 intervals of which the first
57 intervals were discarded. Stability was determined by whether the amplitude of
the solution grew or decayed. A simple bisection algorithm was then employed to
find the value of a that resulted in the least growth or decay of the amplitude. Let
t1 and t, denote the times where the first and third zeros of the numerical solution

Z(t), t € [57,157] occur. Then

to

[ / F (1) dt (6.44)

T — 1

t1

A= max |Z(t)]— B (6.45)

tE(t1,t2]
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B 2T
-t

w

(6.46)

The comparison between the harmonic balance approximation and numerical sim-
ulations is shown in Figure 6.2. The agreement is excellent. Unfortunately, the
method of Harmonic Balance is known to yield spurious solutions (or no solutions
at all) and it can not provide information about stability. Also, making the deriva-
tion rigorous for equation (6.29) and proving convergence is not an easy task. Since
we want to establish the presence of Hopf bifurcation rigorously, we turn to Center
Manifold Theory (for a modern treatment on ODEs see Rand and Armbruster

(1987), Guckenheimer and Holmes (1992) and Wiggins (1996)).

6.4 Operator Differential Equation Formulation

In order to study the critical infinite dimensional problem on a two-dimensional
center manifold we need the operator differential equation representation of equa-
tion (6.13).

This delay-differential equation can be expressed as the abstract evolution equa-
tion (Campbell et al., 1995; Hale, 1977; Kuang, 1993) on the Banach space H of

continuously differentiable functions u: [—7,0] — R?
Here x;(p) € H is defined by the shift of time

x(p) =x(t+¢), @e[-T,0] (6.48)
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The linear operator A at the critical value of the bifurcation parameter assumes

the form (see Chapter 4)

Lu (0) ¥ € [-T,0)
Au (9) = (6.49)
Lu (0) + Ru(—7) =0

while the nonlinear operator F can be written as

3 9=0
(u1 (0) — ug (—7))% = (uy (0) — ug (—7))°

where u € ‘H (compare with equation (6.14)).

The adjoint space H* of continuously differentiable functions v: [0, 7] — R? with

the adjoint operator

—dv(0) o€ (0,7]

A*v (o) = o (6.51)
L*v(0)+R*v(r) =0

is also needed as well as the bilinear form ( , ): H* x H — R defined by
0
(v.u) = v*(0)u(0) + / V¥ (€ + ) Ru(€)de (6.52)
For a heuristic argument of how these operators and bilinear form arise, see Section
4.5.
Since the critical eigenvalues of the linear operator A just coincide with the
critical characteristic roots of the characteristic function D(\, p), the Hopf bifurc-

ation arising at the degenerate trivial solution can be studied on a 2 dimensional

center manifold embedded in the infinite dimensional phase space.
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A first order approximation to this center manifold can be given by the center
subspace of the associated linear problem, which is spanned by the real and ima-
ginary parts sj, sp of the complex eigenfunction s() € H corresponding to the

critical characteristic root iw. This eigenfunction satisfies
As(9) = iws(¥9) (6.53)

that is

A(s1(9) + isa(9)) = iw (s1(9) + isa(9)) (6.54)

Separating the real and imaginary parts yields
As; () = —wsy(9) (6.55)

Ass () = wsq () (6.56)
Using the definition of A results in the following boundary value problem

%Sl (19) = —CUS2<19)

(6.57)
a752(9) = ws1 (V)

Ls; (0) + Rs; (—7) = —ws,(0

1(0) 1(=7) 2(0) (6.58)
Lsy (0) + Rsy (—7) = ws;(0)

The general solution to the differential equation (A.3) is

s1(¥) = cos (wd¥) c; — sin (W)
1(9) (wd) e (wil) e2 (6.59)

s2(1) = sin (wd) ¢; + cos (w?) c2
The boundary conditions (6.58) result in a system of linear equations for some of

the unknown coefficients:

C1
< L + cos(wr)R  wI 4+ sin(wr)R ) =0 (6.60)
Co
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The center manifold reduction also requires the calculation of the ‘left-hand-

side’ critical real eigenfunctions n; 5 of A that satisfy the adjoint problem
A'n; (o) = wny(o) (6.61)
A'ny(0) = —wny (o) (6.62)
This boundary value problem has the general solution
n (o) = cos (wo) d; — sin (wo) dy (6.63)
ny(o) = sin (wo) dy + cos (wo) do (6.64)

while the boundary conditions simplify to

T T dy
LT + cos(wr)R™ —wl —sin(w)R =0 (6.65)
dy

With the help of the bilinear form (6.52), the ’orthonormality’ conditions
(ni,81) =1, (n1,82)=0 (6.66)

provide two more equations.
Since equations (6.60, 6.65, 6.66) do not determine the unknown coefficients uniquely
(8 unknowns and 6 equations) we can choose two of them freely (so that the others

will be of simple form)

C11 = 1, Co1 = 0 (667)
Then
1 0
C; = s Cy = (668)
0 w
202 +2¢C+1 ¢
d, =2y : dy = 2yw (6.69)

¢ 1
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Let us decompose the solution x;(1}) of equation (6.47) into two components y; o
lying in the center subspace and into the infinite dimensional component w trans-

verse to the center subspace:
x () = y1(t)s1(9) + ya(t)s2 (V) + w(t)(V) (6.70)

where
yl(t) = (nbxt) |q9:0 ) yQ(t) = <n2>xt) |19:0 (6'71)

With these new coordinates the operator differential equation (6.47) can be trans-

formed into a ’canonical form’ (see the Appendix)

U1 = (n1,%;) =wys +n] (0)F (6.72)
Jo = (09,%;) = —wy + 0, (0)F (6.73)
w = Aw + F(x;) —nj (0)Fs; — n; (0) Fs, (6.74)
where
F = F(y:(t)s1(0) + ya(t)s2 (0) + w(t)(0)) (6.75)

and in equation (6.74) the decomposition (6.70) should be substituted for x;. Equa-

tions (6.13, 6.14) give rise to the nonlinear operator

F(W + Y181 + y252>(’l9) =
0 Y€ [—T1,0)
_ 0 (6.76)

=z +2 (w1 (0) —wi (7)) - (1i >2

where z = y; — wys and the terms of fourth or higher order were neglected (since

w(y1,¥2) is second order in equation (6.77) and the normal form (6.100) will only

contain terms up to third order).
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6.5 Two-Dimensional Center Manifold

The center manifold is tangent to the plane (y1,y2) at the origin, and it is locally
invariant and attractive to the flow of system (6.47). Since the nonlinearities
considered here are non-symmetric, we have to compute the second order Taylor-
series expansion of the center manifold. Thus, its equation can be assumed in the

form of the truncated power series

Wl 2)(9) = 5 (2 (9)3F + 2ha(0)yys + bs(9)id) (677

The time derivative of w can be expressed both by differentiating the right-hand-

side of equation (6.77) via substituting the equations (6.72, 6.73)

w = hyy1 1 + hoyetn + hoy192 + hayatp =
=11 (hiyr + hoya) + 92 (hoys + hsys) =
= (wy2 + diof) (hiyr + hays) + (—wys + doof) (hoyy + hays) =

= —whyyi + w (hy — hy) y1y2 + whays + o (v°) (6.78)

where f = < 0 1 > .F and also by calculating equation (6.74)

C;—‘;V = Aw + F(W + y181 + y282) — (d1281 + dogso) f (6.79)
where
M — L(hyy? + 2hoyiys + hay?) 0 € [-7,0) (6.50)
Lw (0) + Rw (—7) 9 =0
Lw (0) + Rw (—7) = 542 (Lhy (0) + Rhy (7)) +
4 (L (0) + Rhy (<)) + 52 (Lhy (0) + Rhy (<7)  (6.81)

Equating like coefficients of the second degree expressions 42, 4192, y2 we obtain a 6

dimensional linear boundary value problem for the unknown coefficients hy, hs, hs
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1.
§h1 = —whg + fll (d1251 (19) + dggSg(’L?))

1:12 = wh1 — (,(Jh3 + flg (dlgsl(ﬁ) + d2252 (?9)) (682)

1.
§h3 = u}hz + f22

1
2

(d1251 (19) + d22s2 (19))

— (th (O) + Rh1 (—7')) = —u)hg (0) + f11 (duSl (O) + dQQSQ(O))

Lh2 (0) + Rh2 (—T) = Whl (0) — whg (0) + flg <d12$1 (0) + dQQSQ(O))

% (Lh3 (O) + Rh3 (—7')) = Whg (0) + f22 (dlgsl(O) + dggSQ(O)) (683)

Where the f;;’s denote the partial derivatives of f (with the appropriate multi-

plier) evaluated at Y1 =1ys =0 (thus giving the coefficient of the corresponding

quadratic term)

1 0% 0?f 1 0%
-7 = = 6.84
11 294, 12 Byra g 22 2982, (6.84)
Introducing the following notation
h,; 0 -2I O
h: = h, C6><6 = w 1 0 —1 (685)
h; 0 2 O
f11Po f11d0
P =1 fiapo 9= fi2qo (6.86)
fa2Po fa2q0
d12 da2
Po = Qo = (6.87)
022d22 _022d12



106

equation (6.82) can be written as the inhomogeneous differential equation

diﬁh: Ch + p cos(w?) + qsin(w?) (6.88)

The general solution of equation (6.88) assumes the usual form
h(¥9) = e®’K + M cos(wd) + N sin(wd) (6.89)

The coefficients M, N of the non-homogeneous part are obtained after substituting
this solution back to equation (6.88) resulting in a 12 dimensional inhomogeneous

linear algebraic system

Coxe —wlsxs M p
=— (6.90)

wlsxs  Cexe N q

Since we will only need the first component w; of w(yy, y2)(¥) (see equation (6.76))
we have to calculate only the 1st, 3rd and 5th component of M, N, K. From

equation (6.90)

M, w (3 +2()
M; | = w 2024+ 2¢+1 (6.91)
M w (3 +4¢)
Ny 24 7¢ +4¢?
N | = 5 (141—700) tw (6.92)
Ns 22— ¢ -2

The boundary condition for h associated with equation (6.88) comes from those

parts of equation (6.74) where A, F are defined at ¥ = 0. It is

Ph(0) + Qh(—7) =p+T (6.93)
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with
L 0O R 0 O
Pexe =1 0 L 0 | —GCsx6, Qexs=| 0 R 0 5 (6.94)
0 0 L 0 0 R
T
r== (0t 0t o0 ) (6.95)

K is found by substituting the general solution (6.89) into equation (6.93)
(P+Qe ™)K =r+p — PM — Q(cos(wr)M — sin(wr)N) (6.96)

Despite its hideous look equation (6.96) simplifies, because

p — PM — Q (cos(wr)M — sin(wr)N) = 0 (6.97)
For our system
K 9+ 32¢ + 32¢2
Ky | =5 O+ 3§§+ 3207) w (3 +4¢) (6.98)
Ks 9+ 34¢ + 32¢2

Finally, equations (6.91, 6.92, 6.98) are substituted into equation (6.89) res-
ulting in the second order approximation of the center manifold (6.77). It is not
necessary to express the center manifold approximation in its full form, since we

only need the values of its components at 19 = 0 and —7 in the transformed operator

equation (6.72, 6.73, 6.74). For example,
1
wi(0) = 5 (M + Ky) yf + 2 (Ms + K3) yays + (Ms + K5) y3) (6.99)

while the expression for w;(—7) is somewhat more lengthy.
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6.6 'The Hopf Bifurcation

In order to restrict a third order approximation of system (6.72, 6.73, 6.74) to
the two-dimensional center manifold calculated in the previous section, the second
order approximation w(yi,ys) of the center manifold has to be substituted into

the 2 scalar equations (6.72, 6.73). Then these equations will assume the form

U1 = wys+ a2oy% + any1y2 + a02y§ + @3oy§ + amyfyz + a12y1y§ + @03y§

Yo = —wy + b20y% + by + bozyg + b3oy§ + b21y%y2 + blzy1y§ + b03y§ (6.100)

Using 10 out of these 14 coefficients aji, bj, the so-called Poincaré-Lyapunov
constant A can be calculated as shown in Guckenheimer and Holmes (1986) or

Hassard, Kazarinoff and Wan (1981)

1
A= Sw [(a20 + ao2)(—a11 + bag — boz) + (bao + bo2) (a2 — ao2 + b11)] +

1
‘|‘§ (3(130 + ai12 + b21 + 3b03) (6101)

The negative/positive sign of A determines if the Hopf bifurcation is supercritical

or subcritical. Despite the above described tedious calculations A is quite simple:

. 9Cy 45 + 177¢ + 196¢2 + 24¢3
50 9+ 33¢ + 32¢2

>0 (6.102)

This means that the Hopf bifurcation is subcritical, that is a family of unstable
periodic motions exists around the stable steady state cutting for cutting coeffi-
cients p which are somewhat smaller than the critical value p,,. (this is also true
for all softening power law cutting force relations and everywhere along the sta-
bility boundary, see Kalmar-Nagy et al. (2002)). The estimation of the vibration

amplitude has the simple form

. _l _ _ YPer _ﬂ
A—\/ 2~ p.) J b fi- 2 (6.103)
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The approximation of the corresponding periodic solution of the original operator

differential equation (6.47) can be obtained from the definition (6.48) of x; as

x,(0) = x(t +9) = y1(t)81(0) + y2(t)s2 (V) + w(t) (V) =

~ A(cos(wt)sy () — wsin(wt)sy (1)) (6.104)

Note that this approximation does not include p-dependent translational term (like
B in the Harmonic Balance approximation). The periodic solution of the delay-

differential equation (6.13) can then be obtained in the form

X(t) = x4(0) = y1(t)s1(0) 4 12(t)s2(0) =
cos (wt)
= A (6.105)
—wsin (wt)
The vibration amplitude for general a (general power cutting force law) and w
(anywhere along the stability boundary) is obtained in Kalmér-Nagy et al. (1999)
and Kalmar-Nagy et al. (2002). The approximation of the vibration amplitude is

still as in (6.103), but

pr(W? —1) +2¢(w® +1)

_ 6.106
T (@ T+ ACT (WP + 1) + 4?) (0100
S(w?—1
A — %})2) (3p7— (w2 — 14 2po (1 + 2p — w2)) + (6.107)
20 (3 (w?—1)+
+20 (24 Tp+ 6p% + (4 + 11p) ? — 202 — 4u9)))
with
3p(1—a) 29 (W* - 1)
_orl—q _ 1
22—a)" 77 pA+9p— 1201+ 8uF) (6.108)
and
4 (6.109)

5:2 5 2 o\ 2
W (1+¢r)" +2C+7(14+p—w?))
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In our case (o = 3/4, w = /1 + 2() the vibration amplitude is

10 [ (14¢)(9+33¢ + 32¢%) D
A= ?\/45 +177C + 196¢2 + 24¢3\/ L= Der (6.110)

Since the relative damping factor ( is usually far less than 1 in realistic machine

tool structures, the first order Taylor expansion of the amplitude A with respect

to ( is also a good approximation

A 0HLC S P (6.111)

95 Der

Let us transform the nondimensional time and displacement back to the original
ones. Selecting the first coordinate of equation (6.105), we obtain the approximate
form of the unstable periodic motion embedded in the regenerative machine tool

vibrations for p < pe,

4 30+ 11¢ P
z(t) ~ 1 — —cos(wp,/1+ 2(t 6.112
Q 15V5  fo Per ( <) (6.112)

6.7 Numerical Results

The results of the above sections were confirmed numerically. Simulations with
(=01, j=1 (6.113)

were carried out (see equations (6.25)). The full delay equation (6.13, 6.14) was
integrated in Mathematica.To find the amplitude of the unstable limit cycles the
procedure described in Section 6.3 is employed (A is calculated by equation (6.45)).
The bifurcation diagram (presenting the amplitude of the unstable limit cycle vs.
the normalized bifurcation parameter) is shown in Figure 6.3, together with the
analytical approximation (6.110) (solid line). The agreement is excellent. Com-

paring the results obtained from Center Manifold Theory with those obtained by
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Figure 6.3: Bifurcation diagram.

a simple Harmonic Balance approximation (Figure 6.2) we note that both provide
very good approximations. While the Harmonic Balance calculations were ex-
tremely simple, the application of the Center Manifold Theory provides rigorous
proof of these results.

Numerical solutions displayed only two kinds of behavior. They either con-
verged to the stable trivial solution or they were unbounded. This suggests that
some other nonlinearity is needed to stabilize the system. Structural nonlinearity
(as in Johnson, 1996; Nayfeh, Chin, Pratt, 1999) has been suggested to provide
a mechanism that bounds the motions. However, these nonlinearities are usually
negligible (Shi and Tobias, 1984), so instead of using these we focus our attention

on the multiple regenerative effect.
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6.8 Multiple Regenerative Effect

When the chatter amplitude exceeds a certain value, the contact ceases between
the tool and the workpiece and the tool starts a damped vibration until it comes
in contact with the workpiece again. When this happens, the uncut chip thickness
is affected by the trace of the tool motion even from two or more previous turns
before. This phenomenon is called the multiple regenerative effect. This effect
has been studied by many researchers (Shi and Tobias, 1984; Kondo et al., 1981;
Batzer et al., 1999; Balachandran, 2001). Tlusty and Ismail (1981) refer to this

effect as to the ’basic non-linearity’ in machining.

6.8.1 Linear Cutting Force

In the following we use a linear cutting force to gain insight into the dynamics

related to repeated impacts between tool and workpiece. The cutting force is

Fo(f) = ful =0 (6.114)

0 F<0

where w is the width of cut and the parameter K depends on further technological
parameters. The case f < 0 corresponds to zero cutting force as the tool leaves

the material. Then

IV B U=fo) f>0 (6.115)
—Kwfy <0

The chip thickness f is expressed as the difference of the present tool edge position

x(t) and the delayed one x(t — )

f=fot+tz@t)—z(t—7)=fo+z—z,
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The equation of motion becomes

—Lwi(p—z)) fotaz>a,
&+ 20wt + wie = " (6.116)

K
o Jotz<uwm,

Introducing the dimensionless displacement Z and time ¢ and a dimensionless para-

meter p

v=foF t=L1f j—Lu (6.117)

2
wim

(note that 7 = w,7) and dropping the tilde immediately transforms (6.116) into

B 2idr = platt—m)~z) z>alt-7)-1 (6.118)
D r<z(t—71)—1

The solution to the damped vibration
T4+2(t+x=0p (6.119)

can be obtained analytically (see Appendix A) as

z=p+e (A cos ( 1 g%) + Bsin ( 1 g%)) (6.120)
A=ao—p, B=2F Cl(f”g; r) (6.121)

Numerical simulations show that stable limit cycles appear for values of p over
the critical value, i.e. where the trivial solution is unstable (the amplitude is
nonzero when p = p..). However, the stable region appears to be globally stable!
Thus the contact-loss nonlinearity is not enough in itself to sustain periodic motions
below the stability boundary.

Next, the cutting force and contact-loss nonlinearities are combined.
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6.8.2 Cutting Force and Motion Limiting Nonlinearities

In the following calculations we will use the general power law (to get results

comparable to those from the NIST experiments)

0 £<0

Kwf* f>0

Fy(f) (6.122)

where o < 1 is the cutting force exponent. When f < 0 there is no contact between

the tool and the workpiece.

Then cutting force variation can then be expressed as

—Fe(fo) Af<—fo
AF,(f) = Fy — Fo (fo) = (6.123)
Kw(f*=f5)  Af>—fo
where fy is the nominal chip thickness (feed) in steady state cutting. The chip
thickness variation Af can be expressed as
Af=f—fo=zt)—z{t—7)=2—2, (6.124)
Let us also define
Ar=—-Af=z,—=x (6.125)

The slope of the power-law curve at the nominal chip thickness fy is called the

cutting force coefficient and usually denoted by k; (k1 = %Ff”” - =aKuwf§™).
=Jo

Expressing AF,(f) in terms of k; yields the following equation of motion

b4 2w + W i Bf=—l (6.126)
Z WpT + Wit = N .
]jimo (1 - (}%) ) Af>—fo

Let us introduce the nondimensional time ¢ and displacement Z

t=wyt == % (6.127)
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where X is a lengthscale chosen later. The nondimensional equation of motion is

then
_lkifo Az > L
B 2F + T = “TZ“;%X e o f (6.128)

where ' denotes time derivative w.r.t the nondimensional time. Expanding the

RHS about Az = 0 yields

kl - le (Oé — 1) ~9 k‘lXZ (Ck — 1) (Ck — 2)
A ——A
mw? SR formw? v 6 femw?

AZ*+ O (AZY)  (6.129)

Let us choose X > 0 in such a way that the absolute value of the coefficients of

the second and the third order terms are equal, i.e.

k1 X2 (a—1)(a—2)
6 femw?

(6.130)

le (Ck — 1) .
2fomw? |

This gives X = % Introducing the nondimensional bifurcation parameter p =

nﬁiQ and dropping the tilde results in the full nondimensional equation of motion

4+ 20 +x =

p(é;a) Az > 2 (6.131)

[\

(1= (1= 00)") A<t

However, here the definition of Az must be modified according to

Az = min (xT .2 ; O‘) , (6.132)

because when the tool is not in contact with the workpiece, the chip thickness will
not be affected. To find an approximation to the vibration amplitude at which
the tool leaves the workpiece, the following approximation is employed. The tool
leaves the material when

2—«
T, — T =
3

(6.133)
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Assuming the solution in the following form

x = Acos (wt) + B (6.134)
we have
2 -«
Alcos (w (t — 7)) — cos (wt)] = 3 (6.135)
which can be written as
9 _
A= ° (6.136)

~ 6sin (Z2)sin (w (t— 1))
A is minimal where the time-dependent term sin (w (¢ — Z)) is maximal (= 1).

Thus the minimum vibration amplitude for contact loss is

ACl— 2-@

~ 6sin (%)

(6.137)

6.9 Comparison with Experimental Data

To numerically solve system (6.131) the following parameters (as identified in
Chapter 5) were used
a =041, ¢ =0.0136 (6.138)

To find the analytical approximation for the vibration amplitude (6.110) equa-
tions (6.106-6.109) were used with the approximation (since the experiments were

performed near the notch of a lobe)

w=+/1+2 (6.139)

The result is

A~11,/1- L (6.140)
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where the critical value of the nondimensional cutting force coefficient is
Per = 0.23 (6.141)

The dimensional rms vibration amplitude is found from the following considera-

tions. The experimental bifurcation diagram was obtained at

t
Q = 836 rpm = 13.93 % (6.142)
with a feedrate s = 508 pm/s. Thus
T=1/Q=0.072s, fo =s7 =36.6 pm (6.143)
The lengthscale is
x =3 g fm (6.144)
2—«

and the rms lengthscale is (the vibration is sinusoidal)

5
Xyms = gx — 48.6 um (6.145)

/ p
Ay = Xy A 2 53,44 /1 — —— 6.146
0.23 (6.146)

To compute the vibration amplitude for contact loss, the approximation

Hence

sin (%) - m (6.147)
is used (by using (6.139) with (6.22)). The rms contact loss vibration amplitude
is then

4l —x,, 2=0) 62 149 184 ym (6.148)

Figure 6.4 compares the experimental results with the analytical and numer-

ical solutions. The black and white circles represent rms vibration amplitudes for
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forward and backwards sweeps, respectively. As the Figure shows, hysteresis is
present, which corresponds to the subcritical Hopf bifurcation. The solid line cor-
responds to the analytical solution (6.146). The dashed line shows the amplitude
Ad at which the tool leaves the material. Since the analytical solution is based
on a series expansion of the power law cutting force expression, a good match
between simulation and the analytical solution is expected around the bifurcation
point. This is indeed the case. Also, the graph strongly suggest that the contact-
loss nonlinearity is the mechanism responsible for the stable upper branch. The

analytical solution overestimates the occurrence for contact loss.

60 —

Forward sweep
Backwards sweep i

|
mHOe®

Simulation .o .o

Analytical solution °

rms vibration amplitude [um]

0.0 0.1

0.2 0.4
chip width [mm]

Figure 6.4: Comparison of experiments, analytical and numerical solutions.
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6.10 Conclusions

The existence and nature of a Hopf bifurcation in the delay-differential equation for
self-excited tool vibration is presented and proved analytically with the help of the
Center Manifold and Hopf Bifurcation Theory. The simple results are due to the
special structure of the nonlinearities considered in the cutting force dependence
on the chip thickness. On the other hand this analysis is local in the sense that it
does not account for nonlinear phenomena as the tool leaves the material. In this
case the regenerative effect disappears, and the result of the local analysis is not
valid anymore (see Doi and Kato, 1956; Kalmar-Nagy et al., 1999).

The semi-analytical and numerical results of Nayfeh, Chin and Pratt (1997)
show some cases where a slight supercritical bifurcation appears before the birth
of the unstable limit cycle, and they also present some robust supercritical Hopf
bifurcations. These results were calculated at critical parameter values somewhat
away from the ‘notches’ of the stability chart chosen in this study. The model
considered there also contained structural nonlinearities (both quadratic and cubic
terms).

We have also shown in this Chapter that the multiple regenerative effect com-
bined with a linear cutting force is not enough to produce a subcritical instability,
for this the cutting force has to be nonlinear. On the other hand, with only cutting
force nonlinearity, a stable family of periodic orbits does not exist. This can only
be produced by a motion limiting nonlinearity. This nonlinearity can be structural
(Hanna and Tobias, 1974; Johnson, 1996; Nayfeh, Chin and Pratt, 1997) or it can
be due to the multiple regenerative effect. Assuming the latter in conjunction with
a power law cutting force, excellent agreement was achieved between experimental

results described in Chapter 5 and simulations.



Chapter 7

Single DOF Models with Delay:

Forcing and Hysteresis

The machining tool can be subject to different kinds of excitations. The forcing
may have external sources (such as rotating imbalance or misalignment of the
workpiece) or it can arise from the cutting process itself (e.g. chip formation,
see Section 2.7). We start this Chapter with investigating the classical tool vi-
bration model with cutting force nonlinearity and periodic forcing. The second
phenomenon that will be studied here is the presence of active hysteresis in the
cutting force (see Section 2.1). We present models that have some characteristics

of rate-independent plasticity.

120
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7.1 A Harmonically Forced Nonlinear Delay-
Differential Equation

To date there have only been a few studies on forced nonlinear delay-differential
equations. These kind of equations arise for example in active vehicle suspen-
sion systems when the nonlinearity in tires is taken into account (Palkovics and
Venhovens, 1992). Hu, Dowell and Virgin (1998) investigated resonances of a har-
monically forced Duffing oscillator with time-delay state feedback (both primary
and 1/3 subharmonic resonance).

The goal of this Section is to analyze the dynamics of the system that describes
vibrations of a machine tool (see Chapter 6) under periodic forcing. The equation

of motion is the forced nonlinear delay equation (also see equation 6.10)
i+20i+z=p(@, —2)+q((z— z,)? = (z — xT)3) + Acos (wt) (7.1)

where z is the tool displacement (z, = z (t —7) is its delayed value), ¢ is the
relative damping factor, p is the nondimensional cutting force, ¢ is the coefficient
of nonlinearity, A is the amplitude of the forcing and w is its frequency. As men-
tioned earlier, this forcing could be produced by the rotation of the workpiece (the
resulting excitation frequency is an order of 1 kHz) or by periodic chip formation
(frequencies up to 100 kHz).

Perturbation methods were successfully applied to delay-differential equations
(such as the Linstedt-Poincaré method (Casal and Freedman, 1980) or the method
of multiple scales (Nayfeh, Chin and Pratt, 1997)). In the following we present the
analysis of the primary resonance of (7.1) by the method of multiple scales (see

Appendix C).
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7.1.1 Primary Resonance

In order to be able to use multiple scales, we need an ordering of the terms. We will

assume that damping is small, the nonlinearity and forcing are weak. In particular
¢, pyq, A~ O (e) w=1+¢eo (7.2)

where ¢ < 1 and o is the detuning frequency. We also assume that the solution

can be well approximated by the two-scale expansion
x (t) = o (to, 1) + €21 (to, 1) + O (%) (7.3)

where both tg, t; are timescales, defined as

ty = t, ty =€t (74)
With the differential operators
0 0
Dy=—. D = — 7.5
T oty TN oy (7.5)

time differentiation can be written as

% = Do +¢eDy + O (€7) (7.6)

and similarly
d2
yrhe Dj +2eDoD; + O (¢?) (7.7)

Substituting (7.6) and (7.7) into (7.1) and equating like powers of £ one obtains
DSLEO (to, tl) + x9 (to, tl) =0 (78)

Dgil?l (to, tl) + 2 (to, tl) = —2D0D1$0 (to, tl) — 2§D0x0 (to, tl) +

+p[zo (to — T, t1) — xo (o, t1)] + q [z (to — T, t1) — x0 (to, tl)]2 +



—|—q [.’EO (to - T, tl) — 2 (to, tl)]3 + A cos (to + O'tl) (79)
Solving (7.8) for xg (to, t1) yields
Zo (to, t1> =a (t1> Eito +a (tl) e_ito (710)

Then we substitute this solution into (7.9) and eliminate the secular terms which

would give rise to nonperiodic terms

(7.11)

Writing a (¢1) in a polar form (where « (¢;) is the amplitude and [ (¢;) is the phase)
1 Bt g 1 i)
a(ty) = 5 (1) e a(ty) = e (t1) e """ (7.12)

then substituting into (7.11) and separating the real and imaginary parts results in

two ordinary differential equations describing the evolution of the amplitude and

phase
D . T .47 5 A .
Do = — (C + = smT> a — 3gcos — sin” —a” + —sin ¢ (7.13)
2 2 2 2
1 4T 3 A
aDi¢ = 5(pcos7‘+20—p)a—3qsm 504 —l—Ecosgb (7.14)
where
¢ (t1) =0ty — B (t1) (7.15)

To get the amplitude of the steady-state primary resonance we set the left-hand
sides of (7.13) and (7.14) to zero and solve the resulting algebraic equations (by

eliminating the trigonometric terms from them)

1 2 2
{5 (p (1 —cosT) — 20 + 6ga’sin* %) + (C + gsinT + 3ga? cos % sin® %) 1 a’—
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Response curves were calculated in the asymptotically stable region of the un-
forced equation (7.1). A stability chart (Figure 7.1) shows the location of the first
stability lobe in the (7, p) plane. The nondimensional cutting force coefficient was

p

A

0.05"
D, \ .

pcr
P

0

0 4.67 6"

Figure 7.1: The first lobe of the stability chart of the classical model.

taken to be p = p; = 0.01, which is well below the minimal value p.. = 0.0202
(corresponding to ¢ = 0.01). The time delay 7 was set to 4.67 which is where the
minimal p occurs. The coefficient of nonlinearity ¢ = 0.003 is the same as used in
the simulations of Chapter (6).

Figure 7.2 shows the amplitude as a function of forcing frequency for A = 0.01
(the solid line). Results of numerical simulations are also shown on this Figure
(dots).

The resonance curves are similar to those found for the Duffing-equation (Nay-
feh and Mook, 1979), having a hardening characteristic. These results may not
always be valid because equation (7.1) without forcing admits a subcritical Hopf bi-

furcation and the interaction of forcing and Hopf bifurcation may lead to incredibly
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Figure 7.2: Primary resonance curve.

complex phenomena (Gambaudo, 1985). Plaut and Hsieh (1986) studied a one-
DOF mechanical system with delay and excitation and found periodic, chaotic and
unbounded responses. Forcing of a Duffing-type equation without delay can also
result in complicated bifurcation structure (Sanchez and Nayfeh, 1990; Zavodney,
Nayfeh and Sanchez, 1990). We also note that even for weak forcing, the response
amplitude can be large enough for contact loss to occur. In the following Section

we incorporate this global nonlinearity into the model and investigate its effect.

7.1.2 Forcing with Global Nonlinearity

It is well known that oscillators with piecewise linear stiffness under periodic forcing
can exhibit chaotic behavior (Shaw and Holmes, 1983, Mahfouz and Badrakhan,
1990a, 1990b). Numerical simulations of (7.1) were performed with the addition of

the multiple regenerative effect (see Sections 2.3 and 6.8). These numerical exper-
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iments showed (Figure 7.3) that forcing together with a contact loss nonlinearities

may result in chaotic attractors. Here the value of the nondimensional parameter

Figure 7.3: Forcing of the nonlinear DDE (7.1) with contact loss nonlinearity

(w=3).a, A=03b, A=05c, A=1.

p was chosen such that the unforced system is in the unstable region (py = 4p,.,
shown in Figure 7.1). The other parameters were the same used in the previous
Section. The amplitude of forcing A is 0.3, 0.5, 1 in Figure 7.3a, b, c, respectively.

The forcing frequency is w = 3.
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7.2 Hysteresis

Most of the theoretical analyses of machine tool vibrations employ force laws that
are based on the assumption that cutting is steady state. However, cutting is a dy-
namic process and experimental results show differences between steady state and
dynamic cutting (see Section 2.1). Many other physical systems exhibit hysteresis.
This nonlinear phenomenon may be due to Coulomb friction or elastoplastic beha-
vior of the material. Hysteresis has been studied in fields as diverse as soil mechan-
ics (Fu, 1969) and superconducting levitation (Hikihara and Moon, 1994). Theor-
etical studies have also been conducted (Block, 1960; Krasnoselskii and Pokrovskii,
1989). The civil engineering community generated a vast literature of hysteretic
systems, mainly in the context of the stability of structures under earthquake-type
loadings (Rahman, 1991). A good survey of hysteretic models can be found in

Otani (1981).

7.2.1 Oscillators with Hysteretic Restoring Force

In a hysteretic system, the evolution has a functional dependence on the past
history. First we consider a simple harmonic oscillator with hysteretic restoring

force. The (nondimensional) equation of motion is given by
T+g(x,x)=F(t) (7.17)

where F (t) is the forcing and the restoring force g admits an additive decomposi-

tion of a hysteretic and nonhysteretic component

g (z, %) = g (x, %) + g (x4, T4) (7.18)
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Here z,(p) represents the 'memory’ of the system (not to be confused with the
delay in (7.1))

zi(p) =x(t+¢), €0, (7.19)

The nonhysteretic component is given by

Gnn (2, 1) = 22 + ax (7.20)
and the hysteretic force is specified by

gn (x4, 3) = (1 — ) 2 (7.21)

where « is the measure of the relative importance of the hysteresis effect and z
is the hysteretic state variable, whose evolution can be modeled by a first-order
equation

2= f(z,1,2,1) (7.22)

7.2.2 Bilinear Elastoplastic Model

The bilinear hysteretic model has been extensively used to model elastoplastic
structural behavior. Tanabashi (1956) studied the response of a two-DOF' system
under earthquake-type loading. Transient and steady-state response of a SDOF
system under sinusoidal excitation was studied by Caughey (1960). Ballio (1968,
1970) conducted experimental as well as theoretical studies on a beam column
subjected to a static axial load, and a periodic transverse load in resonance with
the structure in the elastic range. Reddy and Pratap (2000) showed that for
certain loads and viscous damping the frequency response of a SDOF damped
bilinear hysteretic oscillator under harmonic excitation can be represented exactly

by a simple harmonic oscillator with a variable equivalent viscous damping.
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The bilinear elastic-perfectly-plastic model is described by the evolution equa-

tion (Kobori, Minai and Suzuki, 1976)
2=¢[1-H(@)H(z—-1)—H(—2)H (-2 —1)] (7.23)
where H is the unit step (Heaviside) function. A simpler form of this equation is
z=a[1—-H(iz — |2|)] (7.24)

Figure 7.4 shows z as a function of time as well as the hysteresis loop (z versus x)
for x = 2cost and z (0) = 1. An evolution equation can similarly be given for the

V4 V4

1
05 J \ / \ ’ \ 0.5
5 1 15 40 t -2 1 1 2 X
05 \ } \ ; \ } / 0.5
-1 4

Figure 7.4: Elastic-perfectly-plastic hysteresis. a, z(t) b, hysteresis loop.

case of elastic-plastic hysteresis
z=i[l+(k—-1)H@E(z—kx+ (k—1)sgni))] (7.25)

where k is the kinematic hardening parameter (k = 0 corresponds to the perfectly
plastic case, while kK = 1 corresponds to perfectly elastic behavior). For k = 0.5
Figure 7.5 shows z (t) and the hysteretic force z as a function of z (and %). Again

x = 2cost was used and z (0) = 1.5.
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Figure 7.5: Elastic-plastic hysteresis for k = 0.5. a, z(t) b, hysteresis loop.

7.2.3 Smooth Hysteresis

Badrakhan (1988) proposed an approximation to hysteretic systems which results
in a Duffing equation with amplitude-dependent coefficients.

A smooth hysteretic model proposed by Bouc (1967) is
2= (0 —yzsgni —06|z|) (7.26)

where the parameters 3, v, 6 control the amplitude and shape of the hysteretic
loops.

The drawbacks of this model are the anomalous behavior during cycles without
load reversal and the openness of the hysteresis loops (this latter can be avoided
by a judicious choice of parameters). Figures 7.6, 7.7 and 7.8 depict the shapes of
various hysteresis loops for different parameter values and for sinusoidally varying
x (xr = 2sint). First § and v were kept constant (0.1), while § varied (0.5, 1,
2) (Figure 7.6). For Figure 7.7 § and ¢ were kept constant (0.1), while ~ varied
(0.5, 1, 2). And finally, Figure 7.8 shows hysteretic loops where v and § are kept

constant (0.1), and [ is varied (0.2, 0.5, 1).
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Figure 7.6: Smooth hysteresis loop, Bouc’s model (8 =~ = 0.1, 6 = 0.5, 1, 2).
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Figure 7.7: Smooth hysteresis loop, Bouc’s model (8 =6 = 0.1, v = 0.5, 1, 2).

7.3 Models Described by Third Order DDEs

In the following we describe two models that lead to a third order DDE. Both
models are generalizations of the second order classical model (3.28). The first
one also shows how a finite hysteresis effect (described by an integro-differential
equation) can result a differential model. The second arrives at a similar (but more

general) equation by assuming a viscoelastic constitutive law for the cutting force.
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Figure 7.8: Smooth hysteresis loop, Bouc’s model (y =6 = 0.1, § = 0.2, 0.5, 1)

7.3.1 Distributed Cutting Force

Stépan (1998) derived a model which takes the distributed characteristic of the
cutting force into account (see Section 3.5) by means of a shape function w(6).
We examine his results here because we will show in section (7.3.2) that this
problem is equivalent to a linear viscoelastic relation between cutting force AF
and chip thickness Af. The equation of motion is the linear DDE
h —r
F() + 208(t) + 2(t) = p /O (t — O)w(6)do — p / ~ alt+Opu(r+0)d0 (727
If the shape of the distributed cutting force system is approximated by the

exponential function

w(f) = v;—?GXp (MG) = LeXpi , 0 € (—00,0] (7.28)

where [ is the effective contact length and qq is the ratio of the short and regen-

erative delay, then equation (7.27) can be transformed into a third order system
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having only a discrete delay 7 (Stépan, 1998)

d3x d%x
QOT@(t) +(1+ QCQOT)@U)"'
dx

(2¢ + qOT)g(t) + (1 +pz(t)—px(t—7)=0. (7.29)

For gg = 0 the classical linear model
Z(t) + 2¢x(t) + x(t) = p(x(t — 1) — x (t)) (7.30)

is recovered. The D-curves are (see Chapter 4)

1 —costY+qypsiny
- 1+ g5y ’

_ siny — got(1 — cos )

(7.31)

So(¥)

With these the stability chart of (7.29) can be drawn (Figure 7.9). The so-
called process damping effect can be observed at low rpms of the stability chart.
Experiments also show that the chatter threshold is higher for lower cutting speeds
than for higher speeds. Thus the model clearly shows a good qualitative agreement

with the experimental observations.

7.3.2 Viscoelastic Model

Here we derive a delay-differential equation model that includes hysteretic effects
via a constitutive relation (Moon and Kalmar-Nagy, 2001).

To describe elastoplastic materials the Kelvin-Voigt model (Figure 7.10) is often
used. This model describes solid-like behavior with delayed elasticity (instantan-
eous elastic deformation and delayed elastic deformation) via a constitutive relation
that is linear in stress, rate of stress, strain and strainrate.

The constitutive equation of this kind of material is given by

T &= R Ry c Rom g
Ry + Ry R+ Ry Ri + Ry

o+ (7.32)
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Figure 7.9: Stability chart for exponential stress distribution (Stépén, 1998).

where Ry, Rs are the spring constants and 7, is the coefficient of viscosity.
We assume that a similar relation between cutting force and chip thickness
holds, where the coefficients of the rates depend on the cutting speed (through the

time delay, using Af =z — x,)
AF + gorAF = kyAf + it Af (7.33)
The usual 1 DOF model is

1
i+ 20wt + wir = ——AF (7.34)
m



Figure 7.10: Kelvin-Voigt Model.

135

Multiplying the time derivative of (7.34) by go7 and adding it to (7.34) gives

&+ 2Cwnd + Wiz + qot (:E + 2Cw, T + wix) = (AF + qm‘AF)

(7.35)

which can be rewritten using (7.33) and the relation for chip thickness variation

Af=xz—x, as
g7 + (1 4+ 2¢qoTwy)  + (QCWn + qoTwy + %) T+

2 k1 _ k. @t _
—i—(u}n—i—m)x ! mxT—O

The characteristic equation of (7.36a) is

D (A) = qo7A’ + (1 +2Cq07wn) A* + (20wn + qo7w;; + 47) A+

2 k1 ki -2 @ty AT
+(wn+m))\ e m)\e

The stability boundaries can be found by solving D (iw) = 0.

Re D (iw) = —w? + ayw + ag + ask; =0

(7.36a)

(7.37)

(7.38)



Il’IlD(ZW) = —w2 +ﬂ1w +ﬂ2 +53k1 =0

Defining ¢ = wr, the coefficients «; (v), 5; () can be expressed as

oy = —2qoCYw, oy =w, —
m m
2Cwy, 1 — cos sin
/61: C 62:(“)721—'_M 53:—w
qot) mQo mqoy

One can eliminate k; from (7.38, 7.39) to get
W+ 29w —6%=0

where
_ o183 — a3y _ Cwy, (1 — costp + qotp sine)
2(as —fB5)  qot (sine) — qot) (1 — cosv)))
52 aofl3 —azfa 2 2¢1% (1 — cos 1))

B3 — as " om(sing —qoyp (1 — cos))
Equation (7.42) can then be solved

o) = VFTE

And finally 7 (thus Q) and k; can be expressed as functions of w and v

W) = oo = ) = o
k1 (v) = ai3 (w2 —qw — (1/2)

5 qQYsiny 1 —cos®
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(7.39)

(7.40)

(7.41)

(7.42)

(7.43)

(7.44)

(7.45)

(7.46)

(7.47)

The stability chart can be drawn as a function of the real parameter ¢. If ¢; = 0

equation (7.36a) is equivalent to that obtained by Stépan (see equation (7.29))

who calculated the cutting force by integrating an exponentially distributed force

system on the rake face. The stability chart for this case is shown in Figure 7.9.

Small values of ¢; do not seem to influence this chart, however, for higher values of

this variable the minima of the lobes in the low speed region decrease (in contrast

to the experimental observations).
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7.4 Piecewise Linear Hysteretic Cutting Force

Models

The model presented here was inspired by research at Cornell on chaos in elastoplastic
structures (Poddar et al., 1988; Pratap et al., 1994; Moon and Kalmar-Nagy, 2001).
The idea of cutting force hysteresis is based on the fact that the cutting force
is an elastoplastic process in many materials. In such behavior, the stress follows
a work hardening rule for positive strain rate but reverts to a linear elastic rule for
decreasing strain rate. A possible macroscopic model of such behavior is shown in

Figure 7.11 (here RHS corresponds to the right hand side of (7.34)).

contact loss

\/

Ax, Ax_, Ax

Figure 7.11: Piecewise linear hysteretic cutting force model.

Here the power-law curve has been replaced with a piecewise-linear function,
where the lower line is tangent to the nonlinear cutting force relation at Az = 0

(Figure 7.12). The loading line and the unloading line can have different slopes
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Figure 7.12: Bilinear cutting force law.

(Figure 7.13 shows possible loading-unloading paths). This model also includes
separation of the tool and workpiece. An interesting feature of this model is
the coexistence of periodic and quasiperiodic attractors below the linear stabil-
ity boundary. As shown in Figure 7.14 there exists a torus ’inside’ of the stable
limit cycle. This could explain the experimental observation of the sudden trans-
ition of periodic tool vibration into complex motion. Figure 7.15 shows hysteresis

loops for the observed behavior.

7.5 Bilinear Hysteresis

This Section is based on Caughey (1960) and Iwan (1965). Here we consider the

forced vibration of an undamped pendulum with hysteretic restoring force. The
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contact loss contact loss

"Ax
"Ax
Figure 7.13: Loading-unloading paths.
nondimensional equation of motion of the system is
¥+ G (x,e) = Acos (wt) (7.48)
where G (z, ¢) is the hysteretic restoring force shown in Figure 7.16.
The line segments are described by
I Gr=x—¢c(r—1)
II Gn=(1-¢)z—c¢
Y (7.49)
111 G[[1:£C—|—€<7“—1)
1AY Gv=0-¢)z+e¢

In the limit ¢ — 0 the simple harmonic oscillator is recovered. Equation (7.48)

can easily be put in the standard form

F+x=F(x¢e)+ Acos(wt) (7.50)
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0.15

-0.3 3
Figure 7.14: Torus ’'inside’ the stable limit cycle.
RHS
RHS
0. 3 0.3
X X
0.3 0.6 0.0 00 & 0.0°6
0.1

Figure 7.15: Hysteresis loops for periodic and quasiperiodic motions.

with

F(xz,e) =2 — G (z,¢) (7.51)

The solution is based on the averaging method (see Appendix C). The solution

is assumed to have the form

() =1 () cos (wt + ¢ (1)) (7.52)
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Figure 7.16: Bilinear hysteresis.

where r and ¢ are slowly varying functions of . The averaged equations are

—wrr— 8 (r) = ésinqﬁ (7.53)
r . A
5 (1=w?) —wré = C(r) = S cos ¢ (7.54)

where

F (rcos@,e)sin6db (7.55)

C(r)=— [ F(rcosf,e)cosfdf (7.56)

&
=
I
¥ =
—y Ty

Here 0 = z/r. The quantities S (r) and C (r) are evaluated next. Line segment I
is characterized by

r—2<z<r (7.57)

Dividing by r we have

v<<1 (7.58)
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where
r—2
1) = arccos ( " ) (7.59)
Hence
P T T+ 27
(/FfsmﬁdG + /FHsinﬁdH + / FHIsinﬁdQ + / FIVsinﬁdQ)
0 ™ m+p
(7.60)
] P T T+ 27
C(r)= 7 (/F1c050d9+/FIICOSQd9+ / Frrrcos0do + / FIVCOSQdH)
0 P T T+
(7.61)
Because of symmetry
P mp
fFICOSHdH— f Frrrcos6do, [ Frsin0df = [ Fyrsinfdd
0 T
27r T 2 (762)
f F][ cos 6df = f F]V COS 0d0, f FH sin 0d0 = f F]V sin 6d0
P w1 P T+

So

P T
(/ Fy(rcosf,e) Sin0d0+/FU (rcosb,e) Sin9d0) (7.63)
0 P

P ™

(/ Fy (rcosf,€) cos 0df + / Fyr (rcosb,e) cos (9d«9) (7.64)
0 P

And finally, substituting the equations of the line segments (7.49)

(
ersin?

r>1
Sry=1{ " (7.65)
0 r<l1

lr—¢+isin2y| r>1
C(r)= i | 2 ) (7.66)
T r<l1
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7.6 Steady-State Response

The system is in steady-state when 7 = ¢ = 0. The equations (7.53, 7.54) become
(7.67)

(7.68)

= — COS

(1-w?)=C ()

N 3

We can eliminate the

where the barred quantities denote steady-state values.

trigonometric terms from (7.67, 7.68) by squaring and adding them
r 2 A2
(g (1-w?)—C (f)) + 82 = (7.69)

Solving (7.69) for w?
_ 2 NN
Y R0 ﬂ:\/(é_) — (S(_T)) (7.70)
r 2r r
or with (7.66, 7.65)
1 ¢ 1 \/ A2 sin'y
2 f— R i — _ p—
w'=1-2¢ (2 5 T 7 5in 29 £ 12 = (7.71)
Introducing the new variables
w? —1 A
0=1 - 7.72
e f=5 (7.72)
this can also be written as
2 - 4
sin” v (7.73)

0= (o bana) /(1) 28

The maximum amplitude will occur at the point where €2 has a double root, that

(7.74)

is where
[ sin®Y 4 (Fax — 1)
Foex T T2 T
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Here
_ 4
rmax - 4 _ ’ﬂ'f (7-75)
Since 7. > 0 the following has to hold
4
f< — 1.27 (7.76)
to have a bounded response.
The steady-state phase can be found from equations (7.67, 7.68) as
2 S(r)
— arct _ 7.7
[0) arcanC(F)_%(l_uﬁ) ( )
Substituting for C () and S (r) results
. sin? ¢
— arct 7.78
¢ = arc anﬂ'Q—@Z)_"%SiHQ@Z} (7.78)
Note that at peak response, the denominator vanishes, resulting
- T

Thus for this system, phase and amplitude resonance occur at the same frequency.

To check the results of the analysis, direct numerical integration was performed
in Mathematica. For the simulations e = 0.5 was specified (so the forcing amplitude
was A = f). For initial conditions the approximate-solution amplitude and phase
was used and the equation of motion was integrated for 100 time units. Steady-
state was reached in every test case. The last extremal value of z was taken as
the steady state amplitude. Figure 7.17 shows the frequency response function
for different values of the forcing f (0.2, 0.5, 0.7, 1) as a function of Q. The
dots represent simulation results. Note the softening characteristic of the response

function. The solutions are always stable (Caughey, 1960).
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steady-state amplitude r

[y

10 1
Excitation frequency Q

Figure 7.17: Response function for (7.48).

7.7 A Simple DDE with Bilinear Hysteresis

Here the forced vibration of an undamped pendulum with hysteretic restoring
force is considered (note the similarity with the classical cutting model). The

nondimensional equation of motion of the system is
Z+ax=pF(x; —x,¢)+ Acos (wt) (7.80)

where F' (z,e) = v — G (x,¢) and G (z, ¢) is the hysteretic force specified by (7.49).
The e-dependence of F' will not be shown for brevity.

Again, the averaging method is used. The averaged equations are

—wir —p(S; (r,w) —S(r)) = %sinqﬁ (7.81)
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(1-w?) - wrd —p (Cy (r,w) —C (r)) = é Ccos ¢ (7.82)

NGl ]

where S (1), C (r) are given by (7.65, 7.66) and

2

S, (r,w) = % / F (r cos (6 — wr)) sin 6d6 (7.83)
Cr(r,w) = % /F (rcos (6 — wt)) cos 0df (7.84)

0

Note that these quantities are functions of w! They are evaluated as follows

YtwT THwT
Sy (r,w) = 2i ( / Fy (rcos (0 — wT)) sin 0d6 + / Fyy (rcos (0 —wr)) sin 0dO+
s
wT Y+wT
(7.85)
T++wT 2m+wT
/ Frrr(rcos (0 —wr))sin6db + / Fry (rcos (6 — wt)) sin 9d¢9)
TH+wT T+p+wT
(7.86)
] PYtwTt THwT
Cr(ryw) = Py ( / Fy(rcos (0 — wt)) cos 0db + / Fyp (rcos (6 —wr)) cos 0do+
T
wT P+wTt
(7.87)
T+p+wT 27 +wT
/ Firr (rcos (0 — wr)) cos 6df + / Fry (rcos (6 —wT)) cos HdH)
T+wT T+p+wT
(7.88)

Substituting the equations of the line segments (7.49)

5= [rsinwr 4+ ((¢ — ) sinwr — sin¢sin (Y +w))] 7> 1
Sy (r,w) = <
0 r<1

(7.89)

r

5 [mcoswT +e((¢ — m) coswr —sintpcos (Y +wr))] r>1
Cr(r,w) =

r r<l1
(7.90)
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7.8 Steady-State Response

The steady-state averaged equations are

—p (S (T,w) =S (7)) = ésingz_ﬁ (7.91)
g (1 — w2) —p(C; (F,w) —C (7)) = écos b (7.92)

where the barred quantities denote steady-state values. We can eliminate the

trigonometric terms by squaring and adding these equations

(g (1=o%) =p(Cr(rw) = C <f>))2 +p° (S, (F,w) = S(7))* = AI (7.93)

This equation can numerically be solved to find 7 as a function of w. It seems
however, that replacing C; (7,w) and S, (7,w) by C; (7, 1) and S (7, 1) and solving

(7.69) for w

- of<f,1>_—07<f>i\/(A)Q_(S(ﬂ—sT(f,l))Q 794)

27p 7

provides a very good approximation in a fairly large parameter regime. Figure 7.18
shows the influence of various parameters on the frequency response of the system.
Figure a, shows that increasing p results larger vibration amplitudes. Figure b,
shows the effect of £ on the response. As expected, € acts like damping. Figure c,
shows that for certain parameter values (A = 0.3) an unstable branch can appear,
unlike in the problem without delay. Finally, Figure c, depicts how the response

curves move with varying 7. These phenomena deserve a more detailed analysis.
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Figure 7.18: Response functions for various parameters. a, e = 0.2,7 = 1,4 =
05 by,p=057=1A=05 ¢c,p=048,e =087=5 d,p =06, =

02,A=05,7=03—3



Chapter 8

A New Three Degree-of-Freedom

Tool Vibration Model

Real tools have multiple degrees of freedom. In addition to horizontal and vertical
displacements, tools can twist and bend. Even though the classical model (3.28)
with nonlinear cutting force is quite successful in predicting the experimentally
observed subcritical instability, it can not possibly account for all phenomena dis-
played in real cutting experiments, such as small vibrations below the classical
stability boundaries (e.g. Figure 4.2).

In this Chapter we derive a new 3 DOF lumped-parameter delay model for
tool vibrations. The three degrees-of-freedom are the horizontal (feed direction)
and vertical displacements as well as the rotation of the tooltip. The cutting force
acts as a partial follower force resulting in a nonsymmetric stiffness matrix. Linear
stability analysis is performed on the model. The possible effects of mode coupling
include birth of unstable regions below the minimum value predicted by the single

DOF classical model (3.28).

149
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8.1 Oblique Cutting

Although many practical machining processes can adequately be modeled as ortho-
gonal, more accurate models demand a chip formation model in which the cutting
velocity is not normal to the cutting edge. Figure 8.1 shows the usual oblique chip
formation model, where the inclination angle ¢ (measured between the cutting edge
and the normal to the cutting velocity in the plane of the machined surface) is not

zero, as in orthogonal cutting. The cutting velocity is denoted by v¢, the chip flow

cutting
tool insert

machined
surface

workpiece

Figure 8.1: Oblique chip formation model.

angle is 7., the thickness of the undeformed chip is f, the deformed chip thickness
is fo and the chip width is w. The three dimensional cutting force acting on the

tool insert is decomposed into three mutually orthogonal forces: Fg, Fr, Fr. The
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cutting force Fi is the force in the cutting direction, the thrust force Fr is the
force normal to the cutting direction and machined surface, while the radial force
Fg is normal to both Fz and Fp. The difference between orthogonal and oblique
cutting is, while the previous can be modeled as a 2-dimensional process, the latter

can not. Oblique cutting is a true three-dimensional plastic flow problem.

8.2 3 DOF Model of Metal Cutting

Figure 8.2 shows a tool with a cutting chip (insert) both in undeformed and de-
formed state of the tool. The three degrees of freedom are horizontal position (z),
vertical position (z), and twist (¢). In the lumped parameter model (Figure 8.3)

tool insert cutting edge

Figure 8.2: 3 DOF metal cutting model.

all the mass m of the beam is placed at its end (this effective mass is equivalent

to modal mass for a distributed beam). The equations of motion are the following
mz+c,z+k,z=F, (8.1)

mi + c,& + ky,x = F, (8.2)
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NN

Figure 8.3: 3 DOF lumped-parameter model.

1§+ cs + kg = M, (8.3)

Figure 8.4 shows the forces acting on the tooltip.

Figure 8.4: Forces on the tooltip.

As the tool bends about the z axis, the direction of the cutting velocity (and



153

main cutting force) changes, as shown in Figure 8.5.

Figure 8.5: Direction of cutting velocity.

The force acting on the insert can be written as
F=—-Frl+ FrJ - FcK (8.4)

or

F=F,i+Fj+Fk (8.5)

where i, j, k are unit vectors in the x, y, z directions, respectively.

F,=—Fr (8.6)
F, = Fesin 8+ Frcos 3 (8.7)
F, = Frsin 3 — Fcos 8 (8.8)

The bending also results in a pitch ¢ (shown in Figure 8.5). This is not a separate
degree of freedom, but nonetheless it will influence the inclination angle.

The following assumptions are used in deriving the equations of motion

e The forces that act on the insert are steady state forces
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e The width of cut w (y-position) is constant
e All displacements are small
e Yaw is negligible

Next we find the position of the tooltip in the fixed system of the platform.
To do so we have to find the rotation matrix R that describes the relationship

between the moving frame (i, j, k) (fixed to the cutting velocity) and the fixed

(o)

Using the set of Euler angles (see for example, Moon, 2000) {¢, ¢} we express

frame (I,J, K).

define angles

R as a product of two consecutive planar rotations (Pitch-Roll system)
R = R:R; (8.10)

The cross section is first rotated about I by the pitch angle 1. The corresponding

rotation matrix is

1 0 0
Ri=1] 0 cosy siny (8.11)
0 —sinvy cosy
The second rotation is about the Jo (the rotated J) axis through the roll angle ¢

(w.r.t the toolholder)
cos¢ 0 sing
Ry = 0 1 0 (8.12)

—sing 0 cos¢



155

R can then be calculated by (8.10)
co  —sgsy cyse
R = 0 cy S (8.13)

—s¢  —cosy e
where the abbreviations ¢ = cos, s = sin were used. The position of the tooltip

can be expressed in the fixed frame as

T rzCh + 1r,Cchsp
I'* =R 0 = TZS'lp (814)
Tz TZC77/JC¢ - rxs¢

The moment that produces roll can then be calculated as
M, = (r* xF) - j = Fr (rys¢ — rycocy)) + Focf (rocd + rcypsp) —
—Fgsf (rycd + r.cihsp) (8.15)

In the following we assume small displacements and small angles and neglect non-
linear terms. The angle (3 is taken to be proportional to the vertical displacement,

i.e. = —nz and so is the pitch, i.e. ¢ = kz.
mz + ¢,z + k.2 = — (Fo + nzFp) (8.16)
Mz + cz& + kyx = —Fr (8.17)
16+ csd+ kot = My = ¢ (r.Fr +1.Fc) — r.Fr +r,Fc —r, FpB  (8.18)

where F, Fg, Fr denotes the constant term in Fi, Fr and Fp, respectively.

8.3 Cutting Forces

Generally we assume that the cutting forces Fo, Frr, Fr depend only on the rake

angle «, the inclination angle ¢ and chip thickness f (see Figure 8.1). We again
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emphasize that the chip width w is considered constant in the present analysis.
Our hypothesis here is that Fz and Fr depend linearly on both the rake angle and

chip thickness (see Section 8.5.2) in the following manner

e = —lca+mety + Feo (819)

FT = —lTOé + mTt1 + FTO (820)

where m¢ and myp are cutting force coefficients (similar to k), while lo and I are
angular cutting force coefficients (they show how strong the force dependence is on
rake angle). Fo and Frq are constant forces, that arise from cutting at a nominal
chip thickness.

The radial cutting force can be expressed as (Oxley, 1989)

. Focosi(i—sina) — Fr
Fr =sint —
sin

8.21
isin o + cos? g ( )

where Stabler’s Flow Rule (Stabler, 1964) nc = i was used. The effective rake

angle depends on the initial rake angle and the roll

a=ayp—¢ (8.22)

while the inclination angle will depend on the pitch

i =g — (8.23)

The chip thickness depends on the nominal feed and the position of the tooltip
(both the present and the delayed ones). The displacement of the tooltip is due to
translational and rotational motion as shown in Figure 8.6.

The chip thickness is then given by

ti=ti+x—z,+r,8in(p—¢,;) tin+z—x,+7(p— ;) (8.24)
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Figure 8.6: Motion of the tooltip.

Then the cutting forces can be written as
Fe

Fe=me(z—x.)+ (lc +r.me) ¢ — romed, + mectio + Foo — aglo (8.25)

FT =mr (.’L‘ — 1'7-) + (ZT + szT) ¢ — szT¢7- + mTtl[) + FTO — OéolT (826)

If the initial inclination angle is assumed to be zero, the expression for Fr will

simplify

Fr=k%k (FT + (sinag — 1) Fo + i (me (1 — sinag) — mT)) z (8.27)

8.4 The Equations of Motion

Equations (8.16-8.18) contain constant terms (the z equation has Fq, the x equa-

tion has Frry and the ¢ equation has rFrq). These constant terms can be eliminated
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by translating the variables, so that (x, z, ¢) represent departures from the steady

values of these displacements. The new equations of motion are the following
mz + c.3 + k.2 = —nFrz — me (v — ;) — (lg +r.m0) ¢ + r.mco, (8.28)
mi + ¢, + kpx = —mp (x — 2,) — (Ip + romg) ¢ + r.mrd, (8.29)
I(ﬁ + c¢<ﬁ +kyp = —romp (z —x,) —
—r. (Ir + romp — mctip — Foo + aole) ¢ 4 rimpg, (8.30)

As we can see, the z and ¢ equations are uncoupled from the z equation, so the
stability of the system is determined by (8.29, 8.30) (the coefficient of z in (8.28)
is negative).

Equations (8.29, 8.30) can also be written as
1
T+ 20w, + (wi + @> x4+ — (Ip +r.mrp)p = @xT + Tz@ng (8.31)
m m m m

r.mr

b+ 2 ywed + T+

+ (wé + (Ir + r:mp — metio — Foo + Oéolc)> ¢ = szTxr + 7’3@@ (8.32)

I 1

[ Ky kg
Wo =\ ws =17 (8.33)

By introducing the nondimensional time and displacement

where

t=t/T i=x/X (8.34)

N ~t 2 mr 24 1 T
T+ 2Cw, Tx +<wm+—)Tx+—(lT+szT) — 0=
m m X
mr 2 mTT2
= —T%z, ———0¢, (8.35
T (8:35)



&' + 2 pwsTd + 7 T2 x4

Tz
+ |wi + 7 (Ip +r.mp — Foo — metio + aolc)] T?¢ =
TZ?TT2X +r —T2¢T

With the choice of the following scales
1 1
T=— X=4/=
Wy m
the equations assume the form (note that 7 = w,7)
2"+ 20" + knud + kia¢ = rds + riads

"+ 2@‘75/ + ko1 + koo = ro1Z; + roags

where
mr lr +r,mr
11 + 2m 12 2 JIm
.My A We
k f— f— —_—
2 w2vIm Go = Go W

2
w T
koo = (—¢) + (Ir + romy — metio — Foo + aple)

Wy w2l
r . mr - — . r.mmrm
11 = 12 = T21 =
2
Wz m w2y Im
r’my

Tog =
22 — w2\/—
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(8.36)

(8.37)

(8.38)

(8.39)

(8.40)

(8.41)

(8.42)

(8.43)

(8.44)

(8.45)

In the following Section we estimate different terms in (8.41-8.45) to establish their

relative strengths in order to simplify the model.
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8.5 Estimation of Parameters

8.5.1 Structural Parameters

The toolholder is assumed to be a rectangular steel beam, as shown in Figure 8.7.

We consider two cases, a relatively short toolholder (normal cutting) and a longer

z

e Ty

o

Figure 8.7: The toolholder.

one (corresponding to a boring bar). The geometry is characterized by

width b = 0.01 m (8.46)
height A = 0.02 m (8.47)
length [ = 0.05 — 0.3 m (8.48)

The material properties are given by the density, the Young’s modulus and the

shear modulus. For steel, these are

p = 7860 kg/m® (8.49)
E=2%10" Pa (8.50)

G =83%10" Pa (8.51)
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The stiffnesses for a cantilevered beam of rectangular cross-section can be calcu-

lated as follows

ky = 3%3E = bﬁf =4 %10* — 8 % 10° g (8.52)
k, = 3fo = bi;f =1.5%10° — 3% 107 g (8.53)
ky = % = 1300 — 7600 % (8.54)
The torsion constant J is calculated as
J=7 (%) ) (8.55)

where (3 is a width-to-height ratio dependent constant and can be found in tables
(Timoshenko, Young and Weaver, 1974). 5 = 0.23 was used here.

Since a lumped parameter approximation is used, the mass at the end of the
massless beam is assumed to be some equivalent mass (it is basically a modal mass
based on vibration of a cantilever beam (Thompson, 1993)). In calculating the

longitudinal and transverse vibration frequencies this equivalent mass is

33
m = mmtool (856)

while in torsional vibrations (Sharma, private communication)

1
m = gmmol (8.57)

The moment of inertia of the beam is assumed to be equal to that of a uniform

disk located at the end, with radius r, (this was taken as 2 cm)

I= §mr§ (8.58)



162

The vibration frequencies are then

1 [k, d
Wy = — 1/ 2 ~ 90 — 3300 22 (8.59)
2tV m s
1 /k, d
w, = =1/ 2 ~ 200 — 6600 25 (8.60)
2tV m S
1 kg rad
— — /%% ~ 1000 — 6000 222 61
wo = 5=/ = = 1000 — 6000 — (8.61)

The ratio :—: varies between 2 and 10 (the shorter the tool is the higher the ratio).

8.5.2 Cutting Force Parameters

Experimental and theoretical data are shown in Figures 8.8 and 8.9. They show
the forces F¢ and Frp during machining of 0.2% carbon steel (Oxley, 1989) for
different rake angles (-5° and 5°). The width of cut was 4 mm, while the chip
thickness was set to be 0.125 mm, 0.25 mm, and 0.5 mm.

Since our model assumes constant cutting speed, forces were taken from these
graphs at the value 200 m/s of the cutting speed and plotted against rake angle
(Figure 8.10). The constants I and I are found as the slope of the lines corres-

ponding to t; = 0.25 mm

N N
lc = 1580—, Iy = 3150— (8.62)

rad rad

A linear relationship is assumed between forces at zero rake angle and chip
thickness, i.e.

FC = FC() + mctl (863)
Fr = Fro +mrty (8.64)
where these coefficients were determined to be
¢V
me = 6% 10°—  Fyg = 458N (8.65)
m

N
mr = 1.65 x 106% Fro = 784N (8.66)
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Figure 8.8: Forces in oblique cutting of 0.2% carbon steel. a = —5°. After Oxley

(1989). a, f = 0.125 mm b, f = 0.25 mm ¢, f = 0.5 mm

8.5.3 Model Parameters

Since
T

2
w2l

2
(lT + r,mr — metio — Foo + Oé()lc) ¢ (ﬁ) (867)

Wy
this term will be neglected in ks, i.e.

fipy = (ﬁy (8.68)

Wy
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Figure 8.9: Forces in oblique cutting of 0.2% carbon steel. a = 5°. After Oxley

(1989). a, f = 0.125 mm b, f = 0.25 mm ¢, f = 0.5 mm

Also, the term 795 is very small, so it is neglected

8.6 Analysis of the Model

7“2220

(8.69)

With the approximations (8.68, 8.69) the model (8.39, 8.40) can be written as the

matrix equation

X+ Cx+ Kx = Rx,

(8.70)
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Figure 8.10: Forces vs. rake angle (derived from Oxley (1989)) a, cutting force b,
thrust force.
with

2¢; 0 1+p a+pg P q
C= , K= , R = (8.71)

m
|2 8.72

2
o= 1 kg = (ﬁ) (8.73)
w
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Note that the stiffness matrix is nonsymmetric. Nonconservative systems are dis-
cussed in Bolotin (1963, 1964) and in Panovko and Gubanova (1965). It is charac-
teristic of these systems that they can lose stability either by divergence (buckling)
or by flutter. Chu and Moon (1983) examined divergence and flutter instabilities
in magnetically levitated models. Kiusalaas and Davis (1970) studied stability of

elastic systems under retarded follower forces.

8.6.1 Classical Limit
If ¢ = 0 (that is the tool is centered) the equations reduce to
2"+ 22"+ (1+p)z+ agp = pz, (8.74)
¢" +2Cp¢ +cp =0 (8.75)
The ¢-equation is uncoupled from the z-equation and reduces to that of a damped
oscillator. Its equilibrium ¢ = 0 is asymptotically stable and thus it does not affect

the stability of the x-equation.

In this case we recover the 1 DOF classical model (3.28).

8.7 Stability Analysis of the Undamped System
without Delay

First we perform linear stability analysis of the system
x+Kx=0 (8.76)

where the matrix K is non-symmetric and of the form (kg > 0)

kll le
K = (8.77)

k21 k22



Assuming the solutions in the form
x = de™!
we obtain the characteristic polynomials
(K-wT)d=0
which have nontrivial solution if the determinant is zero

kin—w? k
11 w 12 _ (]{11 . w2) (k22 _ (.U2) _ k21k12 =0

ko koo — w?

The characteristic equation for the coupled system becomes
w' = (k11 + kaz) w* + kr1kag — karkiz = 0
Divergence (static deflection, buckling) occurs when w = 0, that is when
k11kaa — ka1ki2 =0
Note that this is equivalent with
det K =0

If w # 0, then the characteristic equation (8.81) can be solved for w? as

1
w? = 5 (kn + kop £ \/(kll + ko) — 4 (karkas — k21k12)>
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(8.78)

(8.79)

(8.80)

(8.81)

(8.82)

(8.83)

(8.84)

For stable solutions, both solutions should be positive. Since kgs > 0, this is the

case if

Ky + koo \ 2
0 < ki1kaa — karkia < (M>

2

(8.85)

The two bounds correspond to divergence and flutter boundaries, respectively.
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With the stiffness matrix in (8.71)
ki =1+p, k12 = a+pgq (8.86)
ka1 = pq (8.87)

In the plane of the bifurcation parameters ¢, p the divergence boundaries are

given by

1

= 2_(]2 (kgg —aq =+ \/4k22q2 + (koo — aq)2) (8.88)

p

and the flutter boundary is characterized by

1
1442

p (k22 —2ag — 1%2y/q (a (1~ ko) + a%q — q (ka2 - 1)?)) (8.89)

Figure 8.11 shows these boundaries on the (g, p) parameter plane for a = 1, koy = 2.

P

A

Figure 8.11: Stability boundaries of the 2 DOF model.

The different stability regions are indicated by the root location plots.
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8.8 Stability Analysis of the 2 DOF Model with

Delay

In this section we include the delay terms in the analysis. However, to be able to
study how these terms influence the stability of the system, we introduce a new
parameter, similar to the overlap factor mentioned in Chapter 3.

First we analyze the system with no damping:
X + Kx = uRx, (8.90)

When p = 0 we recover the previously studied (8.76), while ;1 = 1 corresponds to
equation (8.70) without damping.

The characteristic equation is

det (AT + K — pe "R) =0 (8.91)

A+ (ki + Koz — ppe ™) N + kiikay — kigkor+
pe > (q (kig + kot ) — phag) — pi2ge ™7 =0 (8.92)
Substituting A = iw, w > 0 yields a complex equation that can be separated into
the two real ones (the second equation was divided by psin (7w) # 0)
w4 — (kn + klg) w2 + knk’gg — k12k21—|— (893)
pcos (Tw) (pw? + q (k12 + ka1) — pkas) — p*q” cos (27w) =0
pw? + q (k12 + ko1) — pkay + 2uq* cos (Tw) =0 (8.94)

We solve the second equation for cos (Tw)

pw? + q (k12 + ka1) — pkoo
“oug?

cos (Tw) = (8.95)
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Using this relation and the identity cos (27w) = 2cos (tw)® — 1 in the real part

(8.93) results
w' — (k11 + ka2) w® + kikas — kiokar + pi’¢* =0 (8.96)
Divergence occurs where w = 0, that is where
kiikas — kioka 4+ p¢® =0
Substituting the elements of the stiffness matrix as given in (8.71) yields

—(qla+q(p—p) (p—p)+kee (1+p—pp)=0 (8.97)

which can be solved for p as

2%72(%22 (1—p)+q2qpu—a)+ (8.98)

Vb (1= 1)+ 0 (0= 200 440 (bt a0 (0= q0) ) (3.99)

The change of the divergence boundary is shown in Figure 8.12 (top, middle,
bottom) for g = 0.1, 0.5 and 1 while the delay was set to 1.

Flutter occurs for w > 0, and the boundary can be found by numerically
solving equations (8.94, 8.96) for p and ¢ for a given pu. Figure 8.13 shows the
flutter boundary for a small p (0.01) together with the flutter boundary (8.89).
Figure 8.14 shows how this boundary changes with increasing p (u = 0.1, 0.5,
1). And finally, Figure 8.15 shows the full stability chart, complete with both
the divergence and flutter boundaries, for © = 1. Dark dots correspond to stable
numerical solutions, while light ones to unstable ones.

This Figure can also explain a practical trick used in machine shops (Harding,

private communication): sometimes, to avoid chatter, the tool is placed slightly
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Figure 8.12: The change of the divergence boundary for system (8.89), 7 = 1.

1 =0.1, 0.5, 1 for top, middle and bottom Figures, respectively.

ABOVE the centerline. We note that increasing ¢ moves the system into the stable
region of the chart.

Now we examine the effect of damping on the size of stability regions. It is
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Figure 8.13: Flutter boundary of (8.89) with p = 0.01.

an important step, as it is known (Herrmann and Jong, 1965) that damping can
have a destabilizing effect in nonconservative systems. The damping coefficients
(. and (4 are taken to be 0.01, while the ratio of frequencies wy/w, was changed
in Figure 8.16 (this is the same as keeping this ratio fixed and increasing (4). As
the Figure shows, the size of the stability regions increases with added damping.
And finally, we show how the lobes of the conventional stability chart deform with
the added parameter ¢ (0 < g < 1). Figure 8.17 shows that increasing ¢ results in
the system becoming less stable. It is interesting how unstable regions are born.
These upside-down lobes are actually lobes of the classical model for p < 0 (recall
that p > 0 for physical reasons). In our model these lobes become a new source of

instability, where the classical model would predict stable behavior.
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p=0.1 u=0.1
a2 \ u=0.5 n=0.5

Figure 8.14: Flutter boundary as a function of p (x = 0.1, 0.5, 1).

8.9 Conclusions

The new 3 DOF model derived in this Chapter is successful in explaining at least
two phenomena. The first is why an off-centered tool might help to avoid chatter.

It can also provide an explanation how vibrations can arise below the classical
stability boundary. As shown, the added degrees of freedom result in unstable
regions below the one predicted by the one DOF classical model. To summarize

the important observations:
e The 3-DOF model results in coupling between twist and lateral bending
e The model can exhibit both divergence and flutter instabilities
e Damping seems to increase the size of stability regions

e The tool offset produces new regions of instability (the upside-down lobes)
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Figure 8.15: Stability chart for the undamped system (8.89), p = 0.1, 7 = 1.
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stability chart.

Figure 8.17: 3D



Chapter 9

Conclusions and Future

Directions

Chatter is most generally defined as unwanted vibrations of the machine tool.
Traditional machining research has examined linear theories of chatter (Tobias,
1965; Tlusty, 1978). In the more classical theories the essential dynamic character
of material removal processes has not been considered. The result of the analysis
of these classical models show that SDOF models without structural nonlinearities
but with nonlinear cutting force dependence are fairly successful in predicting the
experimentally observed subcritical instability.

In particular, the use of Harmonic Balance and Center Manifold Theory in
conjunction with numerical simulations showed the existence of the experiment-
ally observed subcritical phenomenon (namely, a subcritical Hopf bifurcation). The
inclusion of tool-workpiece contact loss provided a mechanism to stabilize tool mo-
tion and the agreement between theoretical calculations and experimental results
are good. On the other hand, it seems that the classical model falls short in exhib-

iting small amplitude complex vibrations in the pre-chatter regime. One possible

177
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extension could be the analysis of the codimension-two bifurcation present in this
model. At the intersection of the stability lobes, two pairs of imaginary roots cross
the imaginary axis, giving rise two quasiperiodic oscillations and associated com-
plex phenomena. It is likely, however that single degree-of-freedom (DOF') models
are not sufficient to explain all the cutting dynamics phenomena thus more degrees
of freedom and/or added state variables such as temperature will be needed.

One way to increase potential complexity of the model is the addition of forcing.
Forcing can be due to external sources, such as misalignment of the workpiece, or it
can arise from an inherent chip formation process. This latter however has possibly
much higher frequency then the natural frequency of the tool. A candidate model
for studying the influence of the chip segmentation process on cutting tool dynam-
ics is the one where energy transfer occurs between two widely separated modes
(Nayfeh and Nayfeh, 1993). Forcing that has frequency close to the natural tool
frequency can result in high amplitude vibrations, making the inclusion of the tool-
workpiece contact loss nonlinearity. Preliminary results showed the appearance of
chaotic looking vibrations, but this direction has also be investigated.

Another (hidden) state variable could be the hysteretic dependence of cutting
force on the tool vibration. As early (Albrecht, 1965) experiments show, the cutting
force exhibits well-defined hysteresis. To date, there have only been a few invest-
igations (most notably that of Saravanja-Fabris, 1972) to include such a dynamic
effect in a tool vibration model. This Dissertation presents three such models. One
is based on a viscoelastic constitutive law (similar to the Kelvin-Voigt model) for
the cutting force. The resulting equation is a third-order linear delay-differential
equation, whose linear stability was investigated with the help of the D-partition

method. This model successfully predicts process damping at low rotational speeds
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of the workpiece.

The other model is a piecewise-linear hysteretic cutting force, which can show
quasiperiodic motions. The third model is a delay-differential equation with bi-
linear hysteresis. Preliminary investigations of this model showed interesting be-
havior, but a more thorough analysis should be performed. In future research,
smooth (Bouc-type) models have to be studied, as they seem to encompass the
right characteristics of the observed cutting force hysteresis and their treatment is
possible with the methods applied in this Dissertation. Other possibility to predict
quasiperiodic or even chaotic vibrations is the extension of the one-DOF models
to higher degree-of-freedom ones.

An attempt made here, by deriving a model with three degrees-of-freedom (a
horizontal (feed direction), a vertical and a rotational one (twist)). The equations
decouple, and the stability is determined by the horizontal and twist modes of
motion. Linear stability analysis was performed on this model, showing how the
stability boundaries deform by the addition of delay and damping. This model
predicts, in accordance with machine shop rules of thumb, that by moving the tool
above the centerline can sometimes make the cutting process more stable.

Another interesting phenomenon that occurs in this model is the motion of
upside-down lobes in the parameter space, from a region where they are physically
impossible to observe (corresponding to negative cutting force coefficients), to the
normal parameter regime. These newly born regions of instability might be re-
sponsible for pre-chatter vibrations, when the modes of the real tool are coupled.
The full analysis (to be undertaken) should include nonlinearities in both the cut-

ting force and structure (at least geometrical nonlinearities).



Appendix A

Linear Vibrations of the Simple

Harmonic Oscillator

In this Appendix we summarize the properties of the second order linear differential
equation

mz” (t) + cx’ (t) + kx (t) = Acos (Wt + ) (A1)

where z is the position, ¢ is the time and the prime denotes differentiation w.r.t the
time. The forcing (the right hand side) is periodic with one dominant frequency
w > 0 with amplitude A and phase ¢.

Initial conditions should also be specified. Without losing generality we assume
z(0)=R 2'(0)=0 (A.2)

Introducing the the natural angular frequency w, = y/k/m and the (nondimen-

sional) relative damping factor ¢ = ¢/ (2mw,) equation (A.1) can be written as
" / 2 A
2" (t) + 2w’ (t) + wiz (t) = — cos (wt + ) (A.3)
m
We then introduce the nondimensional length and time scales (another choice of

180
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scaling can be more advantageous when dealing with nonlinear equations)

t = wyt (A4)

=
Il

= =

=

Then dropping the tildes equation (A.3) together with the initial conditions (A.2)

is written as
Z(t)+2Cx(t)+x(t) = Acos(wt+ ¢
(t) () + 2 (1) ( ) (A5)
z(0)=1 z(0)=0
where the dots denote differentiation w.r.t the dimensionless time (note that A

and w have been rescaled).

First we study the free vibrations of this system, that is when A = 0.

A.1 Free vibrations

When there is no external excitation, equation (A.5) is reduced to the homogeneous

differential equation
T(t)+2Cx(t)+z(t)=0
(£) () + 2 (¢) (A.6)
Assuming solutions of the form z (t) = ce* and substituting it into (A.6) we obtain

the characteristic equation

M4+20A+1=0 (A7)

with roots
Mo=—-CE+/(2-1 (A.8)

There are three cases corresponding to the negative, zero and positive values of
the discriminant D = 4 (¢ — 1) of the characteristic equation (A.7).

Case 1. D >0 (|¢| > 1)
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The general solution is z (t) = Cie** + Cye??!. The constants C;, Cy can be

calculated using the initial conditions in (A.6) as

¢ _1 ¢
ot i) aifig) w

Case2. D=0 (|| =1)

The solution satisfying the initial conditions is
z(t)=e "' —te? (A.10)

Case 3. D <0 (|¢] < 1)

The solution to the initial value problem is
z(t)=e [cos ( 1-— C2t) + _& sin ( 1- C%)] (A.11)

This is the case most frequently encountered in applications, so is in the prob-
lems considered in this Thesis. Usually 0 < { < 1 also holds, that is the system

in question is lightly damped. Equation (A.11) can also be written as

z (t) = Ce ' cos (Wt + ¢) (A.12)
where
O=+/1-¢
C=1/w (A.13)
¢ = — arccos (w)

This is clearly an oscillation with a slowly decaying amplitude. The timescale
corresponding to this decay is (t (slow timescale), while the oscillation occurs on
a much faster timescale characterized by wt. This is a simple example of a system
having different timescales. Nonlinear oscillators usually have at least two different
timescales and that property will provide the basis of the method of multiple time

scales (see Appendix C).
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A.2 Forced Vibrations

When the forcing amplitude is not zero, equation (A.5) will become the inhomo-

geneous differential equation

T(t)+2Cx(t)+x(t) = Acos(wt+ ¢
(t) (t) + = (t) ( ) (A.14)
The solutions of (A.14) consist of the sum of the solutions of the homogeneous
equation (A.6) and a particular solution of (A.14). In other words, the motion of
the system is the superposition of the free oscillation and a forced oscillation due
to the external force. Assuming small damping and w # 1, these solutions have

the form

z (t) = De " cos (0t +9) + AM cos (wt + ¢ — 6) (A.15)

where @ is defined in (A.13), while D and 1 has to be calculated from the initial

conditions. M is called the magnification factor

1
M= >0 (A.16)

V1= w2)? 4 ac

If ¢ > 0 the amplitude of the oscillation is always finite, however it can be large.

The amplitude of the forced oscillation (A.15) is M |A.

The maximum value of the magnification factor M can be obtained from

M
dw dw?

<0 (A.17)

If ¢ < v/2/2 there is a maximum at w = /1 —2(2 (we require w > 0). Note
that for nonzero values of the damping the frequency that produces the maximum
amplitude does not equal to the natural frequency. Figure A.1 shows curves of M

as a function of w for various values of (. These curves are called response curves,
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Figure A.1: Response curves for the linear forced oscillator

since they give the response (the amplitude) of the system for an external force of
any given frequency.

0 is the phase shift relative to that of the external force and satisfies the relations

cos 6 = (1 —w?) M

(A.18)
sin 6 = 2CwM
The phase shift is then
arctan 12_452 w<1
0= (A.19)
T — arctan ff‘_"l w>1

The phase vs. forcing frequency diagram is shown in Figure A.2. As the Figure
shows (and also equation (A.19)), in case of an undamped system ({ = 0) the
phase shift 6 is zero for w < 1 (the forced oscillation is in phase with the external
forcing) and 6 = 7 for w > 1 (the forced oscillation and the forcing are out of
phase).

Note that the frequency of the forced oscillation is equal to the frequency of the
forcing and that after sufficiently long period of time the free oscillation is damped

out and we would only observe the forced vibration.
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Figure A.2: Phase shift vs. forcing frequency for the simple harmonic oscillator

What happens when the free and the forced oscillations have the same frequency
(w = 1)7 This case is called resonance. The solution of (A.14) for ( =0, w =1

will become

z(t) = Cycos (t+ ) + Cotsin (t + ¢) (A.20)

where

Co=14 (A.21)
Y = arccos (1/C)
The second term of (A.20) will give rise to unbounded motion as ¢ — oo. This

term is called a secular one (or in general terms of the form " cost or t"sint).



Appendix B

The Hopf Bifurcation

By varying a control parameter, periodic solutions might bifurcate from the fixed
point of an ODE. This is the so-called Poincaré-Andronov-Hopf bifurcation (or

simply Hopf-bifurcation).

B.1 The normal form of the Hopf bifurcation

We start with the analysis of the system (see Kuznetsov, 1998)

r=r (p — arz) (B.1)
p=1 (B.2)
where p is the bifurcation parameter and a € {—1,1}. The bifurcations of system
(??) can easily be analysed, since its equations are uncoupled. The second equation

represents constant rate counterclockwise rotation. The first equation always has

the equilibrium p; = 0. It is stable if p < 0, unstable otherwise. If p/a > 0 there
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ry = \/g (B.3)

this corresponds to a limit cycle of radius r,. For a = 1 the phase portraits look

is another equilibrium

likeThe limit cycle that exists for p > 0 is stable. This is called the supercritical

X, X, X,
“/"—
N
@Xl @Xl Xl
p<0 p=0 p>0
Figure B.1: Supercritical Hopf bifurcation
Hopf bifurcation.
For a = —1 the system exhibits an unstable limit cycle, as shown in Figure B.2.This
X, X, X,
'Nx
e
p<0 p=0 p>0

Figure B.2: Subcritical Hopf bifurcation

is a subcritical Hopf bifurcation. Introducing the new variables



Amplitude a Amplitude 4
of oscillation of oscillation

Figure B.3: Supercritical and subcritical Hopf bifurcation

T4 =TCOoSQ
ZTo = rsin ¢
equations (C.31, B.2) become
T1 = pxr1 — To — QX (xf + x%)
Ty = @1 + pr2 — azs (2] + 23)

At the equilibrium z; = x5 = 0 the Jacobian matrix

J:
I p

has eigenvalues A\ o = p £ 4. Introducing the complex variable
z=1x1 + 1Ty
system (B.6) can be written in a complex form
i=d +idy = p (21 + i22) + i (21 +i22) — a(z1 +iz2) (2] + 33) =
= (p+1i)z+az|z)

where
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Bifurcation parameter Bifurcation parameter

(B.6)

(B.7)

(B.10)
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B.2 Getting to the Normal Form

Consider the following system

y ()= A(p)y () +f(y (t) p) (B.11)

Without loss of generality we assume that y = 0 is an equilibrium point and at
the zero value of the bifurcation parameter p the Jacobian matrix A (0) has a pair
of purely imaginary eigenvalues (A2 = Fiw) while all its other eigenvalues are
'stable’ (have real part less than zero). The following analysis is concerned with
the p = 0 critical case.

Equation (B.11) can be transformed into its canonical form by using the trans-

formation

y (t) = Bx (t) (B.12)

Then equation (B.11) can be rewritten in terms of the new coordinates as

=B 'ABx+B YBx)=| » 0 X+ g (x) (B.13)

4

with A containing the Jordan blocks corresponding to the stable eigenvalues.

The geometric meaning of Equation (B.12) is to define the new coordinates as
projections of x onto the real and imaginary part of the critical eigenvector of A*.
This eigenvector satisfies

A'n = —iwn (B.14)

n=n; + ing (B15)
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The projection is achieved with the help of the usual scalar product (u,v) = u*v

(where u* is the complex conjugate transpose (adjoint) of u) as

i (t) = (ny,y (t)) = njy (t) (B.16)
Then the time evolution of a new coordinate can be expressed as
&= (05, ¥ (1) = (ns, Ay +£(y)) = (0, Ay) + (0, f (y)) =
= (A'n;,y) + (n;,f (y)) = njAy + njf (y)
where we used the linearity of the scalar product and the identity
(u,Av) = (A*u,v)

This result is equivalent with equation (B.13).

The coordinates x; (t), z2 (t) of the linear system
x (t) = Ix (t)

describe stable (but not asymptotically stable) solutions, while the other coordin-
ates represent exponentially decaying ones. In other words this system has a
2-dimensional attractive invariant subspace (a plane). To obtain the two real vec-

tors that span this plane we first find the two complex conjugate eigenvectors that

satisfy
Js = iws (B.17)
Js = —iws (B.18)
These are
1 1
s=1 — |, s=1] 1
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The two real vectors

1 0
si=Res=| 0 Sy = Ims = 1
0 0

span the plane in question. si, s satisfy the orthonormality conditions

(n1,81) = (ng,82) = 1 (B.19)

(n1,82) = (n2,81) =0 (B.20)

Note that since (n,s) = (ny,s;) + (n2,82) +7 ((ng,s1) — (n1,s2)) Equations (B.19,
B.20) are equivalent to

(n,s) =n*s =2

Equations (B.17, B.18) can also be written as

J51 = —WS9

Jsy, = wsy

which can then be solved for the real vectors.

With the decompositions

Z1 1
w Bw
system (B.13) can be written as
&1 = —wxs + g1 (T1, T2, W)

Ty = wxy + g2 (T1, T2, W)
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w = AW+h<I‘1,I‘2,X)

where

gi (71,72, W) = (n;,f (y))

B.3 Why the Adjoint Eigenvectors?

In this Section we give a simple example to show why the adjoint eigenvectors
should be used in the projection described above.
Consider the planar system
X = Ax
where the matrix A has two imaginary eigenvalues A = £¢. We can transform this

system into its normal form by introducing the new variables y

x = Ty, y =T x

To construct the transformation matrix T we have to find the eigenvector s cor-

responding to the eigenvalue ¢

As =1s
S1 S11 + ’iSlg
S = ey
So So1 + ’i822

Then T can be built as

S11 —S12
T=| Res —Ims | =

S21 —S22
The determinant of T is

det T = $921512 — S11522 (B21)
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and its inverse is

41 —S22  S12
~detT

—S21  S11

So the new variables can be calculated from

hn B 1 —S22  S12 I
~ detT
Y2 —S21  S11 T2
as
1
Yy = m (—822.%'1 + 812.%'2) (B22)
1
Yo = m (—8211'1 + 8111'2) (B23)

and the new system is
y=T'ATy = y (B.24)

If we now introduce the complex variable

Z:yl+iy2=(1 i)y

then (B.24) can concisely be written as

D] (i

In terms of the old variables

, 1
Z=1+ s = m ( —(SQQ—I—iSQl) S19 + 1511 >

T det T \ T2 18
T2

T

T2




Notice that the right-hand side can be written as the scalar product

z=(n,x) =n'x

where n is
1 182
n—
det T )
—151
Furthermore
n‘s=0

We see that n can be taken as the eigenvector of the adjoint problem

A'n = )\n

Also

*

(n,s) =n's

== det T (—i51§2 + i§152) =2
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(B.25)



Appendix C

Analytical Tools for ODE’s

The purpose of this Appendix is to give a quick glance at the methods used in this

Dissertation.

C.0.1 Method of Multiple Timescales

Here we show another approach to deal with
T+z=cF(z,1) (C.1)

This method is based on the presence of two (slow and fast) timescales in the

damped linear oscillator. The exact solution of (here € takes the role of the damp-
ing)
T+2x+2=0 (C.2)
is
z(t) = Ce ' cos <\/1 —e2t + ng) (C.3)
The timescale corresponding to the decay of the amplitude is et (slow times-

cale), while the fast timescale corresponding to the oscillations is characterized

195
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by V1 — €2t. Let us introduce the two timescales
t=ct, tT=V1-¢e (C.4)

Further it is assumed that a uniformly valid asymptotic expansion for the solution

of (C.1) can be written as

m—1

z(t,e) = Z ez (6,t7) + O (™) (C.5)

k=0
where t* will be substituted by a series expansion (and neglecting the O (e™)

terms) as
m—1
t+ = (1 +> g’%uk> t (C.6)
k=1
where wy, are constants. The time derivative now becomes
d 0 — 0
dt 88t+< +;€wk)8t+ (©1)
Equations (C.4, C.5, C.7) transform (C.1) into a partial differential equation. Since

the exact solution of the damped harmonic oscillator (C.2) depend explicitly on

the variables €, t, et, €t,... another possibility is to consider the new time variables
th=c"t  k=0,1,2,... (C.8)
and a uniformly valid asymptotic expansion
m—1
z(t,e) = Z e rp (th, ... tw) + O (€™) (C.9)
k=0

and the time derivative
d " e O
Rl —_ .1
dt ;5 it (C.10)

Now we give details on this last approach considering only two timescales.
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C.0.2 Two-scale Expansion

We assume that the solution of (C.1) can be well (uniformly) approximated by the

two-scale expansion
z () = o (to, t1) + ez (to, t1) + O (€?) (C.11)
where both ty, t; are timescales, defined as
to=t, t =et (C.12)

Now we turn our attention to the time derivatives

dx . al'(] dto a.%'o dtl 8x1 dto 8.1171 dtl 2\
@ Dty dt | ondt | C {8150 @ ot dt +O() =
aIEo 83:1 8330 2
pum .1
(8t0+€8t0)+88t1+0(€) (C.13)
Using the differential operators
0 0
Dy=—, Dy=— 14
time differentiation can be written as
d 2
= =Do+eDi+0(e) (C.15)
and similarly
d2
77 = D5 +2eDeDi + O () (C.16)

Substituting (C.15) and (C.16) into (C.1) and equating like powers of € one obtains
Dg.ﬁlj[) (to, tl) + x9 (to, tl) =0 (017)

Dgl‘l (tg,tl) + 1 (to,tl) =F ((E,ZL‘) (C].S)

Solving (C.17) for zg (o, t1) yields

Zo (to, tl) =A (t1> Eito + /_1 (tl) e_ito (019)
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Then we substitute this solution into (C.18) and eliminate the secular terms which
would give rise to nonperiodic terms. A (t;) can be expressed in a polar form

(where « (t1) is the amplitude and (3 (¢;) is the phase)
1 if(t)
A (tl) = 50& (tl) (& ! (CZO)

then substituting into the equation that would eliminate the secular terms and sep-
arating the real and imaginary parts results in two ordinary differential equations

describing the evolution of the amplitude and phase.
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C.1 Method of Krylov-Bogoliubov-Mitropolsky

Here we introduce a method to get an approximate solution to the second order

nonlinear differential equation containing a small parameter €
T+x=F(z¢) (C.21)
F(z,2,0)=0 (C.22)

The method was developed by Krylov and Bogoliubov (1937) and mathematically
justified by Bogoliubov and Mitropolsky (1963). Several examples can be found in
Rand (1994), Mickens (1996) and Nayfeh (1981).

When e = 0 the solution to (C.21) is given by
z(t) =rcos(t+ @) (C.23)

and its derivative

z(t) = —rsin(t + ¢) (C.24)
For small € the solution is assumed to have the form
x(t)=r(t)cos(t+ ¢(t)) (C.25)

where r and ¢ are slowly varying functions of ¢. Differentiating (C.25) wrt. the

nondimensional time and introducing 8 = t + ¢ yields
i =7rcosf —rsinf —r¢sinf (C.26)
Then we impose the condition
icos — r¢sinf =0 (C.27)
so that the derivative has the same form as (C.24)

& = —rsinf (C.28)
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and differentiate (C.28) once again
i = —rsinf —rcost — rocosf (C.29)
Substituting into equation (C.21)
7sinf + récos = —F (rcosf, —rsinb,e) (C.30)
Multiplying (C.27) by cos#, equation (C.30) by sin # and adding gives
7= —F(rcosf,—rsinf,c)sinf (C.31)

Similarly, multiplying (C.27) by sin#f, equation (C.30) by cos@ and subtracting
gives

b = —%F (rcos®, —rsinb,e) cos (C.32)

Since we assumed r and ¢ to be slowly varying, we can average (C.31, C.32) over
one cycle as 6 goes from 0 to 27 (this also corresponds to replacing F cosf and
F'sin 6 with the first term in their Fourier expansion).

With the new quantities

27
S(r)= 2i /F(r cos @, —rsinf, €) sin 6df (C.33)
T
0
1 27
C(r)= Py /F(r cosf, —rsin b, €) cos Odl (C.34)
T
0

equations (C.31, C.32) thus become

=S (r) (C.35)

(C.36)



201
C.1.1 KBM for Forced Nonlinear Oscillators
Here we consider the forced oscillator
¥+x=F(x,i,¢)+ Acoswt (C.37)
F(z,2,0)=0 (C.38)
For small ¢ the solution is assumed to have the form
z(t) =7 (t) cos (wt + ¢ (1)) (C.39)

where r and ¢ are again assumed to be slowly varying functions of ¢. Differentiating

(C.39) and introducing 6 = wt + ¢ yields
& = —wrsinf + cosf — rdsin b (C.40)
Again we impose the condition
7cosf — résinf =0 (CA41)
and differentiate the resulting
&= —wrsinf (C.42)

once again
i = —wrisin@ — w?r cos 6 — wre cos (C.43)
Substituting into equation (C.37)
(1 —w?)rcosf —wrisinf — wrdcosh = F (rcosh, —rsinb, e) + Acos (6 — @)

(C.44)

Multiplying (C.41) by —w cos 8, equation (C.44) by sin € and adding results

(1 —w?)rcosfsind —wr = F (rcosf, —rsinb,e)sinf+Acos (0 — ¢)sinf (C.45)



202
while multiplying (C.41) by wsin @, equation (C.44) by cos § and subtracting yields
(1 —w?)rcos®d — wrg = F (rcos, —rsinf, ) cosd + Acos (0 — ¢) cosf (C.46)
Averaging equations (C.45, C.46) leads to
: A
—wr — 8 (r) = 3 sin o) (C.47)

(1-w?) - wrp — C (r) = écosgzﬁ (C.48)

N3

where S (r) and C (r) are given in (C.33, C.34).
Also note, that (C.47, C.48) reduce to (C.35, C.36) when there is no forcing,
that is

A=0, w=1 (C.49)



Appendix D

Proof of Root Location

First, we recall (see for example Churchill, 1989)

Theorem D.1. (Rouché): Let f () and g () be analytic functions in the simply
connected domain D. If f (X) has no zeros on a closed simple contour C and the
1mequality

[ (X)) =g N <lg (V) (D.1)
also holds on this contour, then f(\) and g ()\) have the same number of zeros
inside C' (counting multiplicity).

Now we prove

Theorem D.2. Below the lower envelope of the family of curves (the solid curve
in Figure 6.1) given by (6.18, 6.19) the equation N2 + 2¢\ + (1 +p) — pe ™ = 0

has no roots in the complex right half plane.

Proof. We define f () = A2 + 2\ + (1 + p) — pe™ and g () = A2 + 2\ + 1.

g (A) = 0 has only two roots (located in the left half plane)

A = —CEiy/1— 2 (D.2)
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In the following we show that for small p the inequality (D.1), that is

Ip(1 —e™)| < |A2+ 20\ +1] (D.3)

holds on the contour shown in Figure D.1. To this end we show that |1 — e’AT‘

ImA:®
C
R
Re 7:
-R

Figure D.1: The closed contour C

has a maximum and |\? + 2¢\ + 1] is strictly positive on C. Then p can be chosen
such a way that (D.3) holds.

The vertical lines can be parametrized as
V={AMNA=R(a+ibt),a € {0,1},be {-1,1},t € [0,1]} (D.4)
and the horizontal ones as

H={MA=R(t+ib),be{-1,1},t€[0,1]} (D.5)
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Then

I1— e’\T‘iI = (1 — e ** cos (bRTt))2 + e 2 gin? (bRTt) =

=1+ e 287 — 2798 co5 (bRTE) (D.6)

and so

max |1 — e’\T‘V — max \/1 4 e~20R7 4 2¢—aRT — max (1+e*f)=2 (D.7)

Also
11— e’\Tﬁ{ = (1—e """ cos (bRT))2 + e 2B gin? (bRT) =
=1+ e 28 27 cos (bRT) (D.8)

and

max |1 — e’\T}H — max \/1 + e~ 2R 4 2Rt — max (I4+e ) =2 (D.9)

Now we show that |[A\? + 2¢\ + 1] is positive on C as R — oo. On the vertical

lines
N2+ 200+ 12 = (1+ R? (a® — ) + 2aR¢) + 4R*? (R +¢)*  (D.10)

The second term is zero if ¢t = 0. But the first term is then

(1+a*R* +2aR¢)* > 0 (D.11)
On the horizontal lines
N2 4200+ 12 = (1+ R? (£ — 1) + 2RCt)” + 4R? (Rt + ¢)° (D.12)
The second term is zero if t = —(/R. In this case, the first term is

(1-R*=¢®)>0 (D.13)
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Since A2 + 2¢\ + 1 does not have zeros in the right half plane neither does
A2+ 20N + (1 +p) — pe™7.
Then by continuity, below the stability boundary all roots are located in the left

half complex plane. d
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