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ABSTRACT

Precision and stability in position control of robots are critical parameters in many industrial ap-

plications where high accuracy is needed. It is well known that digitization is affecting the stability

and most of the industrial robotic systems are equipped with digital controllers. Still, their dynamic

analysis is often treated using continuous-time (analog) approaches and models; indeed, the sampling

frequency can be so high that from an engineering point of view it can be considered continuous.

However, these approaches do not provide always conservative estimates for stability.

In this work, the stability of the position control of simple robotic arms is investigated. The anal-

yses aim at showing the limits of a continuous-time approach and the main effects of the digitization.

The investigation goes through different configurations, namely a one- and a two- degree-of-freedom

mechanical system, which highlights occurrences when it is more or less critical taking into account

the digitization into the model.

Large part of the work is devoted to the analysis of the bifurcations occurring at the loss of

stability of the control systems. In particular, a single and a double Neimark-Sacker bifurcation

are analytically investigated. These analyses show the transition of the system to multi-frequency

quasiperiodic and chaotic motions.

The application of the so-called act-and-wait controller is then implemented into the control

system. Advantages and drawbacks of this periodic controller are analyzed with respect to stability,

speed of convergence and bifurcation behavior of the system.

The last part of the work is dedicated to the presentation of experimental results, regarding

the stability analysis of the so-called aeropendulum. The obtained results validate the adopted

methodology for the stability analysis and evidence the need of modeling the digitization of the

control system in the case of low sampling frequencies.
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Chapter 1

Introduction

1.1 Generalities about position control

Position control consists in the ability to move a mechanical system to a defined configuration with certain
accuracy and within certain time. This task is generally achieved with a feedback loop, i.e. the control system
receives an input information about the kinematic state of the system to control and elaborates a signal that
affects the motion, in order to reach the desired configuration. If no feedback information is available, the control
system needs to calculate and plan the whole motion starting from the available initial conditions. Generally,
this second case decreases accuracy and requires more precise information.

Examples of the two cases are experienced by everyone in everyday life. Walking in a room, in order to avoid
obstacles as chairs or tables, our brain controls our motion elaborating real time information about our position
and velocity in the room. If we think about doing the same operation in a dark room, although we suppose
that we know the exact configuration of the environment, the operation is much harder to be performed and
the probability that we will hit an object is much higher, because of the removed feedback information provided
by the sight.

Between the two extreme cases (full and clear information and no information at all) there are several
possibilities. It can occur that the information is corrupted, if for example the person walking in the room is
myopic or the room is in semi-darkness. Other than that, the feedback information might be elaborated with
certain delay. Then, the information may not be continuous, as in the case of a stroboscopic light, as experienced
by many people for example in discos or rock concerts. All the phenomena that compromise clearness, correct
timing and continuity of the feedback information have effect on the stability and accuracy of the control system.

Acknowledging the difference between the two, analogous phenomena occur in robotic systems, as well. In
this work, we will present the problem of loss of stability due to the digitization in time of the control system,
applied to simple models of robotic arms subject to proportional-differential (PD) position control.

1.2 Literature review

Position and trajectory control of robots are very important tasks in many industrial applications. The posi-
tioning must be fast, precise, reliable and stable in order to guarantee high standards of production. This topic
has been a subject of intensive studies for decades, but it is still an interesting one, in virtue of the increasing
demands from any field using robots and of the increasing number of their applications. Robotic systems are
usually equipped with digital controllers, while their dynamic analysis is often treated using continuous-time
(analog) approaches and models [21, 48, 57]; indeed, the sampling frequency can be so high, that from an
engineering point of view it can be considered continuous. However, these approaches do not provide always
conservative estimates for stability.

In the last decades several authors studied the stability of digital control systems [37,58,59,61], finding
surprising results about stability domains, which are strongly influenced by the sampling frequency. Industrial
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robots often present instabilities that cause the arm to oscillate around the desired position. The stability is then
reached through several tests aimed at “calibrating” the control system, which generally imply a reduction of
the control gains. This approach, although works in many cases, neither allows to predict the stability properties
of the system, nor to have optimal values of the control gains with respect to fast speed of convergence and
precision of positioning.

Today’s digital processors have very high sampling frequencies, several orders of magnitude higher than
the natural frequencies of the mechanical structures they are controlling or interacting with. However, the
sampling frequency of industrial robots is not as high as that of available processor. This is due to the increased
complexity of the applied control algorithms which are computationally heavy and decrease the overall sampling
frequency. This occurs especially in multi-DoF (Degrees of Freedom) applications.

The finite stiffness of connecting joints is another element, often underestimated, that can compromise the
stability of robotic systems. Although their stiffness may be very high, in some cases it should be taken into
account in the mechanical model. In the case of harmonic drives, the teflon teeth introduce a small angular
displacement (called hysteresis backlash) between the motor and the driven link. Similarly, belts or long shafts
introduce a non negligible elasticity [13, 62]. In service robots for close human cooperation, in order to reduce
stiffness and apparent inertia for safety reasons, elastic actuation should be used, relocating actuators close
to the robots base and transmitting the motion through steel cables and pulleys [28]. Usually, the elasticity
introduced by these elements, can be considered concentrated at the joint with an elastic or a visco-elastic term.

The introduction of an elastic term in the joint doubles the number of independent variables needed to
describe the state of the system. A set of sensors able to measure the full state of such systems is hardly
available [14]. Typically, sensors measure only the state of the rotor of the motor, while only recently, sensors
for directly (or indirectly) measuring the position of the arm at the end effector have been proposed, as for
example in [6].

Several authors [33, 34, 51, 64] proposed different state observers, which simulate the state of the link, based
on the known magnitudes, and allow to control the full motion of the robot. In order to control the system, one
approach is based on the idea of feedback linearization; this approach is robust to parameter uncertainty only
if the acceleration and jerk of the link are known [19]. Another approach is based on the concept of integral
manifolds. In this case, the robot dynamics is restricted to an integral manifold in the state space, which allows
reducing the order of the model. This method overcomes the need of knowledge of acceleration and jerk, but it
is not robust with respect to parametric uncertainty [19].

Although the problem of the control of robotic arms with elastic joints is well known and widely investigated,
as we already mentioned, very few authors take into account the effect of digitization of the control force due
to the presence of digital processors. Besides the delay introduced by the digital controller, which can be
often neglected in modern processors due to the high value of the sampling frequency, this can still generate
”resonances” with the natural frequency of the system, as shown for example in [68], where the digital control of
a rotating elastic arm and the resonances occurring between the sampling frequency and the modes of vibration
are analyzed. Other works [9, 12, 20, 37, 52, 56, 58], regarding the control of robots, consider the digital effect.
Nicosia et al. [52] derive the equation of motion of a two-link flexible manipulator, including the discrete time
effect. In [58], the stability domain of a simple single DoF system, subject to digital force control, is obtained,
highlighting the need of taking into account the finite sampling frequency of the processor. Out of the context
of robotics, the effects of the finite sampling frequency of controllers is analyzed also by Krutova [38], regarding
the control of a flexible spacecraft, and by Konishi et al. [36], regarding coupled oscillators.

In the case of force control, if the contact surface is very stiff, the coupled system robot-environment can
have very high natural frequency, reducing the ratio between the sampling and the natural frequency of the
system. In such cases, the digital effect becomes significant and cannot be neglected. Examples for this situation
are in [1,12,60]. Turbine blade polishing is a typical example for the case where digital effects and the variable
effective stiffness along the blade cause unexpected vibrations in the system under digital force control [60].

Besides stability, another aspect that will be investigated in this research is the bifurcation behavior of the
system at the loss of stability. Although most of the industrial systems of any kind are designed to work in
stable conditions, it is important to study the effects of instabilities in order to know the damages caused by
instabilities and estimate their danger, especially in cases of close human cooperation. In particular, subcritical
bifurcations can compromise the robustness of the stability of the system, generating unexpected motions, in
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conditions where stability has been previously experienced. In some cases such events can have catastrophic
consequences.

The rich dynamics experienced in cases of instabilities is another aspect that motivated us to investigate
the bifurcation behavior of digitally controlled system. Multi-frequency quasiperiodic and chaotic attractors
can occur, which cannot be explained by a linear analysis and can be hardly understood from simple numerical
investigations of nonlinear models.

Considerable work has been devoted to analyzing bifurcations of discrete-time systems [26, 66, 69], however
these works refer to codim-1 bifurcations of these systems. Analytical methods to solve this kind of bifurcations
are well known and presented in many textbooks [25, 40, 65]. On the other side, few works [41, 42, 43] are
dedicated to the analysis of codim-2 bifurcations that are often occurring in multi-DoF systems. Up to our
knowledge, one of the most common codim-2 bifurcations occurring in robotic system is the double Neimark-
Sacker (NS) bifurcation. Analysis of case studies of this kind of bifurcation are almost nonexistent, this makes
the analytical and detailed study of a double NS bifurcation, performed in this work, more interesting, even out
of the context of position control.

1.3 Aims of the work

In this work we perform the stability and bifurcation analyses of a robotic arm subject to digital position control.
The model of the robotic arm is intentionally very simple, this allows performing analytical investigations and
understanding the basic mechanisms leading to instabilities in digitally controlled systems. The stability analysis
aims at identifying in which circumstances the digitalization is relevant and should be taken into account. This
will be done analyzing two different models: a one- and a two- DoF system. Being the former a purely inertial
system (no restoring forces), it is qualitatively different from the latter, where two inertial components are
connected by a spring. The aim of the stability investigation is to characterize the two cases with respect to
digitization.

Large part of the work is dedicated to several bifurcation analyses, which aims at characterizing the bi-
furcations occurring at the loss of stability of digitally controlled systems. In particular, it will be defined
under which circumstances the bifurcations are supercritical and when they are subcritical. This analysis is
of great practical importance, since subcriticalities generally compromise the robustness of the stability of the
desired solution. In other words, if a system loses stability through a subcritical bifurcation, most likely it can
experience unexpected vibrations also in the region of linear stability of the system.

Another section of this work is dedicated to the act-and-wait controller. This controller, recently developed
by Insperger and Stepan [30,31] for delayed systems, periodically switches on (act) and off (wait) the actuator.
The main practical effect of this intermittent actuation is the reduction of the number of poles in the system.
Previous studies [30,31,32] show that this controller sensibly enlarges the stable region in the space of the
control gains and even allows deadbeat control (achievement of the desired position in a finite number of time
steps). The aim of this section is to apply the act-and-wait controller to the single DoF system under study
and compare its features with a regular digital controller. In particular, we will analyze the nonlinear behavior
of the act-and-wait in order to define a clearer picture of advantages and drawbacks of this periodic controller.

In order to strengthen the results obtained from the numerical and analytical investigation, results of ex-
perimental analysis are shown. The experiment consists in studying the stability properties of the so-called
aeropendulum, developed by Enikov [15]. The aeropendulum consists of a single DoF rigid pendulum, digitally
controlled by a propeller attached at its free end. The propeller moves according to a signal received in a
feedback loop sent by the processor. The aim of the experiment is to show proofs that the digitization is indeed
modifying the stability properties of controlled systems as predicted by the theory.

1.4 Thesis outline

This thesis work is divided in 9 different chapters, describing different features of the same mechanical models.
After this introduction, the second chapter is dedicated to the stability analysis. Two mechanical models are
analyzed: a purely inertial single DoF system and a two-DoF system, the former modeling a single link rigid
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robotic arm and the latter modeling the same robotic arm with an elastic joint. The differences between a
continuous time approach (neglecting the digitization in time of the controller) and a discrete time approach
are analyzed. Then, the differences between the two models (with rigid and with elastic joint) are investigated.
Finally, two different configurations of the two-DoF system are considered, namely a collocated and a non-
collocated case. The different features of the two systems will be shown, highlighting the particular effects that
the digitization has in the two cases.

In the third chapter, a detailed procedure to analytically investigate single and double NS bifurcations and
period-doubling bifurcations is presented. The procedure uses the methods of the center manifold reduction
and near identity normal form transformation. Most of the steps of the procedure are already presented in
textbooks [40,49,65], however, the aim of this chapter is to outline a method easy to follow that will be adopted
in the following analysis.

In the fourth chapter, the single NS bifurcation and the double NS bifurcation occurring in the one- and in
the two-DoF systems, respectively, are analyzed. In order to have bounded solutions at the loss of stability, the
saturation of the control force is included in the model. The investigation goes through the passages outlined in
the previous chapter, showing which parameters influence the features of the bifurcations and defining critical
values for transitions between qualitatively different behaviors of the system.

In the fifth chapter effects of asymmetry of the saturation of the control force are investigated. Starting from
the results obtained in the previous chapter, the analysis is extended for an asymmetric system. The obtained
results are combinations of analytical and numerical investigations.

The sixth chapter analyzes the transition to chaos of the system, mainly due to an increased asymmetry
of the saturation. Regarding the two-DoF system, it will be shown that the chaos is generated through torus
breakdown. The main features of this route to chaos are experienced and shown for the system under study.
The analysis of the chaotic motion is performed using the Lyapunov exponents, the fractal dimension and a
visual analysis of several ”sections” of the fractal attractors.

In the seventh chapter, the act-and-wait controller is introduced and applied to the single DoF system under
study. The advantages in terms of enlarged stability chart and possibility of deadbeat control are presented.
Then, it is shown how the system can lose stability through a period-doubling bifurcation and a NS bifurcation,
the latter presenting a degenerate form that can be solved by adding a damping term. Also, drawbacks of the
act-and-wait method, related to multiple solutions existing in the stable region, are shown.

The eighth chapter shows the results obtained through an experimental investigation of the aeropendulum.
The first part of the chapter is dedicated to parameter identification, which is not a trivial task in the case of
nonlinear systems. Then, a comparison between analytical/numerical and experimental results validates the
method used to estimate stability. The obtained results strengthen the importance of considering the digital
effect in the analysis of stability of robotic systems.

The concluding chapter summarizes all the results obtained throughout the dissertation, in order to give a
short overview of the main achievement of this work.



Chapter 2

Stability analysis of positioning
mechanical systems

In this chapter we present a simple and straightforward technique to analyze the stability of the digital PD
position control applied to linear systems. We will show the different features of both a single and a two-DoF
system, highlighting the existing criticality of a system with a proper natural frequency, combined with a digital
controller. The analysis will focus on the differences between a continuous and a discrete time approach.

The system under study wants to model a single link robotic arm. In the single DoF system the link is
considered rigidly connected to the rotor of the DC motor. In this case, besides the inertia, the only force
acting on the link is the force imposed by the magnetic field of the motor. In the two-DoF system, the link is
considered to be connected to the rotor of the DC motor through a visco-elastic joint, as for example a belt.
In this case the control force is acting on the first inertial component, while the motion of the other inertial
component is controlled by the spring and damper connecting the two masses with each other. The two-DoF
mechanical system can be considered to model also a single elastic robotic arm. In this case the spring and the
damper should be related to the first mode of vibration of the arm.

2.1 Single DoF mechanical system

Figure 2.1 presents an ideal one-DoF mechanical model of the position control, where m stands for the mass
modeling the inertia of the robot and Q is the control force. The desired position xd is set to zero in order
to simplify the equations without losing generality of the problem. The digital processor reads the input, the
position x and the velocity ẋ of the mass, and elaborates a current signal that is sent to the DC motor.

The characteristic curve of the force of the DC motor is considered linearly proportional to the input current,

Figure 2.1: Mechanical model of a single DoF system

5
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so we can express the control force as

Q = −Px−Dẋ (2.1)

where P and D are the proportional and the differential gains, respectively. The mass is considered to be rigidly
connected to the motor. The equation of motion of the system is then

mẍ = −Px−Dẋ− C (ẋ) , (2.2)

where C(ẋ) is the dry friction. It can be easily verified that, although x = 0 is the desired position, all the
positions such that |x| < C/P satisfy Eq. (2.2). Thus, the maximal positioning error is equal to εmax = C/P .
In this respect, it is clear that a large proportional gain is required in order to achieve accurate positioning. As
we will show in the next sections, too large proportional gains can, at the same time, destabilize the system.

Since dry friction decreases the total mechanical energy during motion, the stability properties of a stable
frictionless system should not be better than in the presence of friction. In other words, an analysis of the
system, with neglected the dry friction, is conservative with respect to stability. Thus, the forthcoming stability
analysis will be carried out with C = 0.

2.1.1 Continuous time approach

We first consider a continuous time approach, i.e. we neglect the effects of the digitization of the processor,
that will be introduced and explained in the next section.

Neglecting the dry friction C, the equation of motion is the same of an ideal mass-spring-damper system.
The only solution is the trivial one, that is stable if the proportional and the differential gains P and D are
larger than zero. The fastest convergence can be obtained choosing properly the control gains, such that the
damping factor is equal to 1, i.e.

D

2
√
Pm

= 1. (2.3)

Detailed analysis of a mass-spring-damper system can be found in any basic textbook of mechanics, so we
will not investigate further this simple case.

2.1.2 Discrete time approach

As we already mentioned, in most of real applications in robotics, the control force is calculated by a digital
processor, which, due to its digital nature, does not work continuously neither in time nor in space. The
discretization in space is due to the finite number of digits dedicated to each physical quantity processed by
the controller, thus all sampled physical quantities have a finite resolution which cause a rounding error (for
an introduction on the topic see [54]). However, this error is usually so small that can be neglected, as we will
also do in this work. The discretization in time is instead due to the finite sampling frequency of the processor,
which for physical limitation cannot continuously sample the input quantities, but it needs a finite time between
following samples, called sampling time.

There exist several methods to model the time discretization of the processor. The most typical approach
is the zero-order hold, which consists in considering piecewise constant the output of the controller, that in
our case is the force Q. Furthermore, in order to consider the time the processor and the motor need to
calculated and impose the force to the system, the control force is calculated from the position and the velocity
sampled at the beginning of the previous sampling interval (see Fig. 2.2). Calling the discrete sampling instants
tj = jτ, j = 0, 1, 2, ..., where τ stands for the sampling time, fs = 1/τ is the sampling frequency, the control
force can be defined as

Q (t) = −Px (tj−1)−Dẋ (tj−1) , t ∈ [tj , tj+1). (2.4)

Neglecting the dry friction again, the equation of motion is

mẍ (t) = −Px (tj − τ)−Dẋ (tj − τ) , t ∈ [tj , tj+1). (2.5)
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Figure 2.2: Time characteristics of the digital control

The system in Eq. (2.5) is piecewise linear with constant time intervals. A typical approach to analyze such
systems, consists in solving the linear equation of motion within a single general time step, considering the final
state of a time step as the initial conditions of the following one. The continuous time system can be then
transformed into a discrete map, which describes the state of the system at the beginning of each time interval
[39]. The stability properties of this map are the same of the original continuous time system.

In order to simplify the system, we introduce the dimensionless time T as

T =
t

τ
,

d

dt
=

1

τ

d

dT
,

d�
dt

= �̇,
d�
dT

= �′

so the equation of motion becomes

x′′ (T ) = −Pτ
2

m
x (j − 1)− Dτ

m
x′ (j − 1) , T ∈ [j, j + 1) (2.6)

where prime stands for the dimensionless time derivative. Calling p = Pτ2/m and d = Dτ/m we can rewrite
Eq. (2.6) in the simpler form

x′′ (T ) = −px (j − 1)− dx′ (j − 1) , T ∈ [j, j + 1) (2.7)

where the only parameters controlling the dynamics of the system are p and d. Thus, x′′(T ) is piecewise constant
and we call x′′j = x′′(T = j).

After integration of Eq. (2.7) we can define the acceleration, the velocity and the position in the following
way:

x′′j+1 = −px (j)− dx′ (j) (2.8)

x′ (T ) = x′ (j) + x′′j (T − j) (2.9)

x (T ) = x (j) + x′ (j) (T − j) +
1

2
x′′j (T − j)2

(2.10)

T ∈ [j, j + 1)

where T − j, calculated in j+1, is equal to 1. So in matrix form we have xj+1

x′j+1

x′′j+1

 =

 1 1 1
2

0 1 1
−p −d 0

 xj
x′j
x′′j

 (2.11)
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Figure 2.3: Transformation for stability analysis

or in compact form

xj+1 = Axj (2.12)

with obvious meaning of the terms.
Note that the dependence of the control force (and acceleration x′′) on the position and velocity sampled at

the beginning of the previous sampling interval has allowed to reduce the system dimension from four (xj+1,
x′j+1, xj and x′j) to three (xj+1, x′j+1 and x′′j+1). Should there be no delay in the system (Qj depending on xj),
it would be possible to reduce the dimension to two; but this is not the case for most of actual applications.

Equation (2.11) is a discrete map that describes the dynamics of the system; as we already mentioned, the
convergence of the 3-D geometrical series in Eq. (2.11) is equivalent to the asymptotic stability of the zero
solution of Eq. (2.5).

As explained in basic textbooks, the trivial solution of the linear mapping (2.11) is asymptotically stable if
and only if all the eigenvalues of A, i.e. the eigenvalues |µ1,2,3| < 1 are located within the unit circle of the
complex plane. However, the study of the possible bifurcations and vibration frequencies along the stability
limits also requires the use of the characteristic exponents s. Their relations are represented in Fig. 2.3 in
accordance with the following standard calculation [37].

The substitution of the exponential trial solution x (T ) = KesT (s ∈ C,K ∈ R3) into (2.11) yields the char-
acteristic equation det (esτ I−A) = 0. This has an infinite number of roots sk, k = 1, 2, ... called characteristic
exponents, which are situated along a finite number of vertical lines in the complex plane as shown in Fig. 2.3.
Clearly, there is only a finite number of characteristic multipliers defined by µ = esτ . These are actually the
three eigenvalues of the transition matrix A. The criterion for the exponential stability of the position control
can be written as

det (µI−A) = 0, |µ1,2,3| < 1⇔ R(sk) < 0. (2.13)

The same stability condition can be derived using the Laplace transformation L, which is illustrated in Fig. 2.3.
For the stability analysis, we follow the calculation of the eigenvalues µ from the characteristic equation

(2.13)

det (µI−A) =

3∑
k=0

bkµ
k = 0, (2.14)
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where
b3
b2
b1
b0

 =


1
−2

1 + d+ p/2
−d+ p/2

 .

In order to avoid the tedious algebraic work during the solution of the above third degree equation, the so-called
Moebius transformation can be used for the new variable σ [53].

µ =
σ + 1

σ − 1
⇒ {|µ| < 1⇔ R(σ < 0} . (2.15)

The transformation is also shown in Fig. 2.3; the open unit circle is mapped back to the left half of the complex
plane. After the application of the transformation in Eq. (2.15), the equation again becomes a third degree
polynomial

p3 (σ) =

3∑
k=0

akσ
k = 0, (2.16)

a3

a2

a1

a0

 =


1 1 1 1
3 1 −1 −3
3 −1 −1 3
1 −1 1 −1




b3
b2
b1
b0

 =


p

2 (d− p)
4− 4d+ p
2 (2 + d)

 , (2.17)

the kth column of the transformation matrix contains the binomial coefficients of (σ + 1)
4−k × (σ − 1)

k−1
,

k = 1, 2, 3, 4.
In order to verify when the roots of p3 are located on the left half of the complex plane, the Routh-Hurwitz

criterion can be applied to the coefficients in Eq. (2.17). It gives the following conditions to be satisfied in order
to have stability:

a3 > 0⇔ p > 0

a2 > 0⇔ d− p > 0

a1 > 0⇔ d <
4 + p

4
a0 > 0⇔ d > −2

H2 = a2a1 − a3a0 > 0⇔ p2 − 4pd+ 4d2 + 6p− 4d < 0

In Fig. 2.4(a) the stability chart is shown. The maximal allowed value of p, in order to have stability, is p = 1/4
when d = 5/8, i.e. Pτ2/m = 1/4 and Dτ/m = 5/8. From the stability chart we immediately notice that the
stability domain is bounded due to the digital effect.

Within the stable region, the speed of convergence of the system to the zero position depends on the
absolute value of the maximal eigenvalue µmax of A. At each time step, it will converge to zero with the factor
M = |µmax| < 1. It can be verified that the maximal speed of convergence is at p = 1/27 and d = 17/54, where
Mmin = 2/3, as shown in Fig. 2.4(a).

Dynamic behavior

The most interesting stability limit in Fig. 2.4 is the one where H2 = 0, since the other (p = 0) is a simple
static loss of stability. It is easy to find that when the coefficient p is increased up to the stability limit, two
complex conjugate eigenvalues of A go out from the unit circle of the complex plane with the value µ1,2 = e±iα.
According to Floquet theory in this circumstance there is a Neimark-Sacker (NS) bifurcation [25].

A detailed analysis of the occurring NS bifurcation will be presented in Ch. 4, but still, considering this
linear system, the lowest angular frequencies of the oscillation at the loss of stability can be calculated in closed
form. To do so we substitute the generic value iω to σ in Eq. (2.16), then we separate the real and the imaginary
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Figure 2.4: (a): stability chart in the p, d space. (b): vibration frequencies at the stability border.

parts. Imposing the real part to be equal to zero, we can find the value of ω on the curve H2 = 0 (at the loss
of stability σ is purely imaginary). When σ1 has a pure imaginary value, considering that µ = (σ + 1)/(σ − 1)
(see Eq. (2.15)), we can easily find that

µ1 =
ω2 − 1

ω2 + 1
+ i

2ω

ω2 + 1
. (2.18)

Since |µ1| = 1 and µ1 = |µ1|eiα = eiα = cosα+ i sinα, so

α = tan−1

(
2ω

ω2 − 1

)
. (2.19)

The vibration frequency is then

f =
α

2πτ
, fs =

1

τ
⇒ f

fs
=

α

2π
. (2.20)

Applying this procedure we obtain for the vibration frequency

f

fs
= atan

 2
√

2+d
3−
√

9−8d−d

−1 + 2+d
3−
√

9−8d−d

 1

2π
(2.21)

that is plotted in Fig. 2.4(b).

2.2 Two-DoF mechanical system

The idea in the background of the work presented in this section is to model a robot that was designed as an n
DoF rigid body system with a higher number of degrees-of-freedom, in order to account for the elasticity of some
of its parts (like joints or links). For the sake of simplicity and as a natural extension of the previous section,
we consider a single DoF rigid body system that is modeled as a two-DoF system because of the elasticity of
one of its elements.

In the case of a robotic arm with an elastic joint (Fig. 2.5 (a)) the system has two inertial components,
one is related to the inertia I1 of the rotor and the other one I2 pertains to the arm itself. The two elements
are connected through an elastic joint (represented by a belt in the figure) which can be modeled as a purely
viscoelastic component (with parameters k and c). A single elastic link robotic arm (in Fig. 2.5 with (b)
prismatic or (c) revolute joints) can also be modeled as a two-lumped mass system with a viscoelastic element
modeling the first mode of vibration of the arm.
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Figure 2.5: Examples of possible elastic parts of robotic arms. (a): transmission provided by an elastic belt.
(b), (c): elastic robotic arms prismatic (b) or revolute (c) joints.

The system under study in Fig. 2.6 consists of two lumped masses, m1 and m2, connected to each other
through a spring of stiffness k and a damper of damping factor c. In the system, the control force is directly
applied to the mass m1. The aim of the controller is to stabilize the position of m2. In applications, the
sensors detecting the position and the velocity of the system usually measure the position and the velocity
of one component only, typically those of the motor, i.e. they measure the state of m1. However, in some
high precision applications [50], the sensors are placed at the end-effector, i.e. they measure the state of m2.
In this section, we compare these two cases: when the sensors are placed on the motor (m1) (configuration
A, Figure 2.6(a)) and when the sensors are placed on the arm (m2) (configuration B, Figure 2.6(b)). In the
case of configuration A we have a so-called collocated system, while in the case of configuration B we have a
non-collocated system. Since the system has two degrees of freedom and only one actuator, it is underactuated,
in some sense. In order to keep the analysis as general as possible, the kind of sensors used is not specified.
Of course some kinds of sensors may require specific modifications to the model, especially regarding the time
modeling in the discrete time approach.

2.2.1 Continuous time approach

Collocated case (Configuration A)

Considering configuration A, the processor reads the position and the velocity, q1 and q̇1, in input and elaborates
an electric signal, that is converted into the force QA by the motor. In the model the dry friction is neglected
and the desired position qd is again set to zero.

The characteristic curve of the force of the DC motor is considered linearly proportional with the electric
signal in input, so we can express the control force as

QA = −PAq1 −DAq̇1 (2.22)

where PA and DA are the proportional and the differential gain, respectively. The system has two degrees of
freedom and the system of equations governing the motion is(

m1 0
0 m2

)(
q̈1

q̈2

)
+

(
c+DA −c
−c c

)(
q̇1

q̇2

)
+

(
k + PA −k
−k k

)(
q1

q2

)
=

(
0
0

)
(2.23)

that can be rewritten as

Iq̈ + CAq̇ + KAq = 0 (2.24)
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Figure 2.6: Mechanical model of the two-DoF system. (a): configuration A (sensor 1 on, 2 off), collocated
system. (b): configuration B (sensor 1 off, 2 on), non-collocated system.

where

q =

(
q1

q2

)
, CA =

(
2rδ0ω0 + d̃A(1 + r) −2rδ0ω0

−2δ0ω0 2δ0ω0

)
, KA =

(
ω2

0r + p̃A(1 + r) −ω2
0r

−ω2
0 ω2

0

)
,

I is the identity matrix, ω0 =
√
k/m2, δ0 = c/

(
2
√
km2

)
, r = m2/m1, p̃A = PA/ (m1 +m2) and d̃A =

DA/ (m1 +m2). Clearly the trivial solution (q1, q2) = (0, 0) satisfies Eq. (2.24).
In order to study the stability of the trivial solution, we calculate the characteristic polynomial of the system,

i.e.

a4λ
4 + a3λ

3 + a2λ
2 + a1λ+ a0 = 0 (2.25)

where

a4 = 1

a3 =
(
d̃A + 2δ0ω0

)
(1 + r)

a2 =
(
p̃A + 2δ0ω0d̃A + ω2

0

)
(1 + r)

a1 =
(

2δ0ω0p̃A + ω2
0 d̃A

)
(1 + r)

a0 = ω2
0 p̃A(1 + r).

(2.26)

The trivial position is a stable solution of the system, if all roots of (2.25) have real part smaller than zero.
As we already did previously, applying the Routh-Hurwitz criterion we obtain the following conditions to be
satisfied in order to have stability:

a4 > 0

a3 > 0 ⇐⇒ d̃A > −2δ0ω0

a2 > 0 ⇐⇒ p̃A > −2δ0ω0d̃A − ω2
0

a1 > 0 ⇐⇒ d̃A > − 2δ0p̃A
ω0

a0 > 0 ⇐⇒ p̃A > 0
c2 = a3a2−a4a1

a3
> 0

c3 = c2a1 − a3a0 > 0.

(2.27)

Figure 2.7 shows the stability chart in the space of the control gains, for a specific set of parameter values. As



CHAPTER 2. STABILITY ANALYSIS OF POSITIONING MECHANICAL SYSTEMS 13

Figure 2.7: Stability chart for the parameter values ω0 = 10 s−1, r = 1 and δ0 = 0.05 of configuration A. (b):
the numbers mark loci with the same speed of convergence and correspond to the maximal real part of the roots
of Eq. (2.25).

shown, the stability domain is unbounded. It includes all the region where p̃A > 0 and d̃A > 0, plus a small region
for negative values of d̃A. The position of point A can be determined in closed form, it is the intersection of the
straight lines a1 = 0 and a3 = 0 and it corresponds to the values p̃A = ω2

0 and d̃A = −2δ0ω0. Also the position
of point B can be determined, it corresponds to the coordinate values p̃A →∞ and d̃A = −2δ0ω0r/(r + 1).

Figure 2.7(b) also shows loci of points in the space of the control gains with the same speed of convergence.
The numbers marking the lines indicate the real part of the root of Eq. (2.25) with the biggest real part,
that is directly related to the speed of convergence. The red dot in the figure marks the point with the fastest
convergence. The maximal speed of convergence is growing linearly with increasing values of ω0, while it depends
also on r in a nonlinear way that we did not define precisely. On the contrary, its dependence on δ is very small
and almost negligible, unless δ is very big.

Figure 2.8 shows the influence of parameter values on the stability. An increase in the damping δ0 would
pull down points A and B, while if δ0 = 0 the stability region would be the same as for the rigid case. An
increase in ω0 would pull down A and B as well and would move A to the right, while an increase in r would
enlarge the stable region towards negative values of d̃A, without moving point A. It should be noted that, if the
mass ratio r is very small (r < 4δ2

0(1− δ2
0)/(2δ2

0 − 1)2), the curve c3 = 0 (see Fig. 2.7(a)) will change its shape,
reducing the stable region for negative values of d̃A and letting point A out of it (Fig. 2.8(c), r = 0.001).

In the case of a single DoF, subject to a continuous time control (see Eq. 2.2), the system was stable only
for positive values of the proportional and differential gains. In this respect, we notice that the finite stiffness of
the joint increases the stability region, thanks to the damping, which is dissipating energy and can compensate
a negative value of the differential gain.

Non-collocated case (configuration B)

We now consider the model in Fig. 2.6(b). Also in this configuration, the aim of the control system is to
stabilize the trivial solution, but in this case, the control system reads in input the position and the velocity of
the mass m2. The control force is then

QB = −PBq2 −DB q̇2 (2.28)

and the equation of motion can be written as(
m1 0
0 m2

)(
q̈1

q̈2

)
+

(
c DB − c
−c c

)(
q̇1

q̇2

)
+

(
k PB − k
−k k

)(
q1

q2

)
=

(
0
0

)
(2.29)

or in compact form

Iq̈ + CBq̇ + KBq = 0 (2.30)
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Figure 2.8: Stability chart in the parameter space of the control gains for different coefficient values. Relative
to the continuous time approach of configuration A. (a): ω0 = 10 s−1, r = 1. (b): r = 1, δ0 = 0.05. (c):
ω0 = 10 s−1, δ0 = 0.05.

where

q =

(
q1

q2

)
, CB =

(
2rδ0ω0 d̃B(1 + r)− 2rδ0ω0

−2δ0ω0 2δ0ω0

)
, KB =

(
ω2

0r p̃B(1 + r)− ω2
0r

−ω2
0 ω2

0

)
.

As in the case of configuration A, we calculate the characteristic polynomial, that is

a4λ
4 + a3λ

3 + a2λ
2 + a1λ+ a0 = 0. (2.31)

where

a4 = 1
a3 = 2δ0ω0 (1 + r)

a2 = ω0

(
2d̃Bδ0 + ω0

)
(1 + r)

a1 = ω0

(
2p̃Bδ0 + d̃Bω0

)
(1 + r)

a0 = ω2
0 p̃B(1 + r).

(2.32)

Applying the Routh-Hurwitz criterion, we obtain the following conditions, to be satisfied in order to have
stability

a4 > 0
a3 > 0

a2 > 0 ⇐⇒ d̃B > − ω0

2δ0

a1 > 0 ⇐⇒ p̃B > − d̃Bω0

2δ0
a0 > 0 ⇐⇒ p̃B > 0
c2 = a3a2−a4a1

a3
> 0

c3 = c2a1 − a3a0 > 0.

(2.33)

Figure 2.9 shows the stability chart in the parameter space of the control gains. A comparison between the
two stability domains in Figs. 2.7 and 2.9, immediately shows that in the case of configuration B the stable
region is bounded, in contrast to the unbounded stable region of configuration A. In this configuration, if δ0 = 0
there is no stable region. It is possible to determine in closed form the intersections of the border of the stable
region with the axes that are the origin and point N, which has coordinates

N =

(
0,

2δ0(1 + r)ω0

1− 4δ2
0(1 + r)

)
, (2.34)
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while the stable point with the maximal proportional gain is point M, that has coordinates

M =


[
1− 2δ2

0(1 + r)−
√

1− 4δ2
0(1 + r)

]
ω2

0

8δ4
0(1 + r)

,

[
1− 2δ2

0(1 + r)√
1− 4δ2

0(1 + r)
− 1

]
ω0

4δ3
0(1 + r)

 . (2.35)

Figure 2.10 shows the influence of parameter values on the stability. Also for configuration B, an increase in δ0,
ω0 or r enlarges the stable region, although the parameters have different effects with respect to stability.

Increasing the values of r and δ0, as 1 − 4δ2
0(1 + r) tends to zero, the stable area increases its extent. For

1− 4δ2
0(1 + r) ≤ 0, the stable region becomes unbounded. As shown in Fig. 2.11, the stability border follows a

line which starts from zero and develops along the straight asymptote with inclination 2δ0/
[
(4δ2

0(1 + r)− 1)ω0

]
.

Figure 2.9: Stability chart for the parameter values ω0 = 10 s−1, r = 1 and δ0 = 0.05 of configuration B. (b):
the numbers mark loci with the same speed of convergence and correspond to the maximal real part of the roots
of Eq. (2.31).

Figure 2.10: Stability charts in the parameter space of the control gains for different coefficient values. Relative
to the continuous time approach of configuration B. (a): ω0 = 10 s−1, r = 1. (b): r = 1, δ0 = 0.05. (c):
ω0 = 10 s−1, δ0 = 0.05.

Figures 2.9(b) and 2.11 show loci of points in the space of the control gains with the same speed of con-
vergence. The red dot marks the point with the fastest convergence. In that point, the maximal real part
of the roots of Eq. (2.31) is equal to ω0δ0(r + 1)/2. This result has been found from interpolation of results
obtained numerically, but it appears to be valid also in the case of 1− 4δ2

0(1 + r) < 0 (figure 2.11) without any
approximation.
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The smaller stable region in the case of configuration B, can be explained considering that, in configuration
A, the control system is collocated, i.e. the control force is acting on the sensed mass. The control force is
trying to stabilize m1 and it acts depending on its position and velocity, while m2 is a kind of appendage of m1

that is dissipating energy, so if m2 is very small (r → 0) or there is no internal damping (δ0 → 0) the stable
region is the same as in the case of a rigid arm. On the other hand, in the case of configuration B, the system
is non-collocated, i.e. the force is acting on the non-sensed mass. In this case the system is trying to stabilize
the position of m2, but the force is acting on m1. Since the control system does not consider the dynamical
coupling between the two masses, and it acts according to the position and the velocity of m2 only, it may give
a positive force while a negative one would be required to stabilize the system or vice versa, so it may have a
negative effect on the stability. These kinds of stability problems, related to non-collocated systems, are widely
discussed in literature [10, 67]. With respect to the speed of convergence, in the shown cases configuration A has
a faster convergence, but high values of r and δ0 can both enlarge the stable region (up to make it unbounded)
and increase the speed of convergence in configuration B. In this respect, if m2 � m1, the non-collocated
configuration may be more efficient.

Figure 2.11: Stability chart for the parameter values ω0 = 5 s−1, r = 100 and δ0 = 0.05 of configuration B.

2.2.2 Discrete time approach

Similarly to how we did for the single DoF case, we now consider finite the sampling time τ of the processor
and we call fs the sampling frequency. The control force is again piecewise constant and the system is piecewise
linear.

Collocated case (configuration A)

In the case of configuration A, the control force can be written as

QA (t) = −PAq1 (tj−1)−DAq̇1 (tj−1) , t ∈ [tj , tj+1). (2.36)

Introducing again the dimensionless time T = t/τ , the equations of motion can be written as

m1

τ2
q′′1 (T ) + k [q1 (T )− q2 (T )] +

c

τ
[q′1 (T )− q′2 (T )] + PAq1 (j − 1) +DAq

′
1 (j − 1) = 0

m2

τ2
q′′2 (T ) + k [q2 (T )− q1 (T )] +

c

τ
[q′2 (T )− q′1 (T )] = 0 (2.37)

T ∈ [j, j + 1)
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Proceeding as for the single DoF system, we transform the system into a map, solving the equation of motion
for each time step in closed form. In a single time step the equation of motion can be written as

Mq′′ + Cq′ + Kq = fA (2.38)

where

M =

(
m1

τ2 0
0 m2

τ2

)
, C =

(
c
τ − c

τ
− c
τ

c
τ

)
, K =

(
k −k
−k k

)
, q =

(
q1 (T )
q2 (T )

)
, fA =

(
QA
0

)
.

The system in (2.38) is coupled, in order to decouple it, we use the modal analysis. We look for the
eigenvectors of the matrix M−1K that are

u1 =

(
1
1

)
and u2 =

(
−m2

m1

1

)
, (2.39)

then we define the transformation matrix

U =

 u1 u2

 =

(
1 −m2

m1

1 1

)
(2.40)

and we change the coordinate system according to the transformation q = Ux, so we can rewrite Eq. (2.38) as

UTMUx′′ + UTCUx′ + UTKUx = UT fA (2.41)

i.e. ( m1+m2

τ2 0

0 m2(m1+m2)
m1τ2

)(
x′′1 (T )
x′′2 (T )

)
+

(
0 0

0 c(m1+m2)2

m2
1

)(
x′1 (T )
x′2 (T )

)

+

(
0 0

0 k(m1+m2)2

m2
1

)(
x1 (T )
x2 (T )

)
=

(
QA

−m2

m1
QA

)
(2.42)

The system in (2.42) is decoupled, so we can solve the two equations separately. Considering that

q1 = x1 − m2

m1
x2

q2 = x1 + x2
−→

x1 = m1q1+m2q2
m1+m2

x2 = m1(q2−q1)
m1+m2

,
(2.43)

and the equations in (2.42), it is clear that the variable x1 is related to the rigid movement of the system, while
x2 is related to the relative movement between the two masses.

The first of the two equations of (2.42) is

x′′1 (T ) =
τ2

m1 +m2
QA,j T ∈ [j, j + 1) (2.44)

where QA,j is constant, since we are considering a single time step. Integrating (2.44), we have

x′1 (T ) = x′′1,j (T − j) + x′1,j =
τ2

m1 +m2
QA,j (T − j) + x′1,j (2.45)

x1 (T ) =
1

2
x′′1,j (T − j)2

+ x′1,j (T − j) + x1,j =
1

2

τ2

m1 +m2
QA,j (T − j)2

+ x′1,j (T − j) + x1,j (2.46)

T ∈ [j, j + 1).
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where x1,j = x1(T = j), x′1,j = x′1(T = j) and similary for the other variables. Since T = j + 1 at the end of
the time step, we can write

x′1,j+1 =
τ2

m1 +m2
QA,j + x′1,j (2.47)

x1,j+1 =
1

2

τ2

m1 +m2
QA,j + x′1,j + x1,j . (2.48)

The second equation of (2.42) is

r (m1 +m2)

τ2
x′′2 (T ) +

c (m1 +m2)
2

τm2
1

x′2 (T ) +
k (m1 +m2)

2

m2
1

x2 (T ) = −rQA,j T ∈ [j, j + 1), (2.49)

calling

ωn =

√
k (m1 +m2)

m1m2
= ω0

√
1 + r, Ω = ωnτ (2.50)

δ =
c

2
√
k

√
m1 +m2

m1m2
= δ0
√

1 + r (2.51)

Q̂A,j =
τ2

(m1 +m2)
QA,j (2.52)

we can rewrite (2.49) as

x′′2 (T ) + 2δΩx′2 (T ) + Ω2x2 (T ) = −Q̂A,j T ∈ [j, j + 1). (2.53)

Equation (2.53) can be solved in closed form, and its general solution is

x2 (T ) = − Q̂A,j
Ω2

+ (A cos (ΩT ) +B sin (ΩT )) e−δΩT T ∈ [j, j + 1). (2.54)

Considering the initial conditions x2 (j) = x2,j and x′2 (j) = x′2,j , we have

x2 (T ) = − Q̂A,j
Ω2

+ e−δΩ(T−j)

[(
x2,j +

Q̂A,j
Ω2

)
cos (Ω(T − j))

+

(
x′2,j
Ω

+ δx2,j +
δQ̂A,j

Ω2

)
sin (Ω(T − j))

]
(2.55)

x′2 (T ) = e−δΩ(T−j)

[
x′2,j cos (Ω(T − j))

+

(
x2,j

(
−δ2Ω− Ω

)
− x′2,jδ − Q̂A,j

(
δ2

Ω
+

1

Ω

))
sin (Ω(T − j))

]
(2.56)

T ∈ [j, j + 1).

At the end of the time step, for T = j + 1, we have

x2,j+1 = x2,j (cos Ω + δ sin Ω) e−δΩ + x′2,j
e−δΩ

Ω
sin Ω +

Q̂A,j
Ω2

[
1 + e−δΩ (− cos Ω− δ sin Ω)

]
(2.57)

x′2,j+1 = x2,je
−δΩ (−δ2 − 1

)
Ω sin Ω + x′2,je

−δΩ (cos Ω− δ sin Ω) + Q̂A,je
−δΩ (δ2 + 1

) sin Ω

Ω
. (2.58)

We then consider the control force QA,j , that is

QA,j+1 = −PAq1,j −
DA

τ
q′1,j ,
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but considering equations (2.43), we have

QA,j+1 = −PAx1,j +
m2

m1
PAx2,j −

DA

τ
x′1,j +

m2

m1

DA

τ
x′2,j . (2.59)

Considering equations (2.47), (2.48), (2.57), (2.58) and (2.59) and calling pA = PAτ
2/ (m1 +m2) and

dA = DAτ/ (m1 +m2), we can write the following map
x1,j+1

x′1,j+1

x2,j+1

x′2,j+1

Q̂A,j+1

 =


1 1 0 0 1

2
0 1 0 0 1

0 0 e−δΩ (cΩ + δsΩ) e−δΩ

Ω sΩ − 1
Ω2 + e−δΩ

Ω2 (cΩ + δsΩ)
0 0 e−δΩ

(
−δ2 − 1

)
ΩsΩ e−δΩ (cΩ − δsΩ) −e−δΩ

(
1 + δ2

)
sΩ
Ω

−pA −dA rpA rdA 0




x1,j

x′1,j
x2,j

x′2,j
Q̂A,j


(2.60)

or in compact form

xj+1 = BAxj (2.61)

where cΩ = cos(Ω) and sΩ = sin(Ω).
Note that the dependence of the control force on the position and velocity sampled at the beginning of

the previous sampling interval has allowed to reduce the system dimension from eight (xj+1 and xj) to five

(xj+1 and Q̂Aj+1). Should there be no delay in the system (Q̂A,j depending on xj), it would be possible to
reduce the dimension to four; as we mentioned in for the single DoF case, this is not the case for most of actual
applications.

Non-collocated case (configuration B)

In the case of configuration B, the control force in (2.36) is redefined as

QB (t) = −PBq2 (tj−1)−DB q̇2 (tj−1) , t ∈ [tj , tj+1) , (2.62)

where PB and DB are analogous to PA and DA, but referred to m2. Then the whole procedure, as in the case
of configuration A, can be carried out. The only difference is in the control force, so Eq. (2.59) becomes

QB,j+1 = −PBx1,j − PBx2,j −
DB

τ
x′1,j −

DB

τ
x′2,j (2.63)

and matrix BB is

BB =


1 1 0 0 1

2
0 1 0 0 1

0 0 e−δΩ (cΩ + δsΩ) e−δΩ

Ω sΩ − 1
Ω2 + e−δΩ

Ω2 (cΩ + δsΩ)
0 0 e−δΩ

(
−δ2 − 1

)
ΩsΩ e−δΩ (cΩ − δsΩ) −e−δΩ

(
1 + δ2

)
sΩ
Ω

−pB −dB −pB −dB 0

 .

It should be noted that r is not explicitly appearing in BB.
In order to compare this two-DoF case with the single DoF one, we should limit our analysis to the variable

x1, that is related to the rigid movement of the arm, and neglect the variable x2, related to the relative
movements between the two masses. So, if we eliminate the third and the fourth rows and the third and the
fourth columns of matrix BA and BB, we obtain in both cases the matrix 1 1 1

2
0 1 1

−pA(B) −dA(B) 0

 (2.64)

that is exactly as matrix A of Eq. (2.11).
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Figure 2.12: Stability charts, referred to the configuration A, in the parameter space of the proportional and
differential gains. (a), (b): variation of δ, (c), (d): variation of r.

Stability analysis

The analysis of the stability of the geometric series in Eq. (2.60) is analogous to the one already performed
regarding the single DoF case. Thus, also in this case we apply the Moebius transformation and the Routh-
Hurwitz criterion. As a result we obtain the following conditions to be satisfied

a5 > 0
a4 > 0
a3 > 0
a2 > 0
a1 > 0
a0 > 0

c4 = a4a3−a5a2

a4
> 0

c3 = a4a1−a5a0

a4
> 0

d3 = c4a2−a4c3
c4

> 0

e2 = d3c3 − c4a0 > 0

where the coefficients are explicitly written in Appendix A. Of course, in the two cases A and B the coefficients
are different.

Referring to the configuration A, the coefficients a5...0, c4,3, d3 and e2 depend on the parameters r, δ, Ω,
pA and dA. Figs. 2.12-2.14 show the effect of the parameters δ, r and Ω on the stability. From the figures
it is clear that reducing the value of r (i.e. reducing m2) or increasing the rigidity of the connection (i.e.
increasing the value of Ω) the stability domain tends to the one relative to the single DoF case, i.e. with a
rigid connection between the two masses (Fig. 2.4(a) and Figs. 2.12(c) and (d) dashed line). The damping has
always a stabilizing effect, but the sensibility of the system to variations of the damping depends on Ω, i.e. the
ratio between the natural frequency of the system and the sampling frequency; in this respect, comparing Figs.
2.12(a) and (b), we can notice that for Ω = π/10 and δ = 0 (Fig. 2.12(a)) there exists a stable region and large
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variations of δ change the stability domain only slightly, while for Ω = π/3 and δ = 0 (Fig. 2.12(b)) there is no
stable region at all, but large variations of δ can sensibly enlarge the stable region.

Figures 2.12(c) and (d) show the effect of variations of r on the stability. In this case the effect is very
different from what we saw in the case of a continuous time approach: using a continuous time approach, an
increase in r enlarges the stable region for negative values of the differential gain d̃A (Fig. 2.8), thanks to the
dissipating effect of m2. In the case of a discrete time approach, increases in the value of r sensibly reduce the
stable region (Figs. 2.12(c) and (d)). In the case of Ω = π/3 (Fig. 2.12(d)), very small values of r enlarge
the stable region, but larger values of r make the stable region smaller and smaller. While analyzing Figs.
2.12(c) and (d), it should be noted that variations of the mass ratio r implicitly affect the values of δ and Ω
proportionally to

√
1 + r, if the physical quantities are not varied (see Eqs. (2.50) and (2.51)). Furthermore

pA = PAτ
2/(m1+m2) and dA = DAτ/(m1+m2), so a small stable region in the pAdA space does not necessarily

imply a small stable region in the space of the physical control gains PADA. In the figures only the dimensionless
parameters are considered, and not the physical quantities.

Figure 2.13 shows the effect of variations of Ω on the stability for a fixed value of the differential gain. From
the figure it is visible that the most dangerous interval is for Ω ∈ (0.3π, π): in this interval the stable region
is extremely small. In the Ω direction, the stable region creates a periodic pattern with period equal to 2π.
Increasing the damping the stable region enlarges breaking up the periodic pattern. However, for Ω ≈ π/2, very
high damping is required in order to have stability. We remind that Ω = ωnτ , τ = 1/fs, so Ω = 2πfn/fs and
Ω = π/2 corresponds to fn/fs = 1/4.

In Fig. 2.13, the numbers in the circles indicate how many eigenvalues are out of the unit circle in the
complex plane. 2 corresponds to two complex conjugate eigenvalues, so to the occurrence of a NS bifurcation
[25], while 1 corresponds to one eigenvalue leaving the unit circle through -1, so to a flip or period-doubling
bifurcation. In most of the cases, the system is losing stability through a NS bifurcation, while there is a flip
bifurcation for Ω ≈ (1 + 2n)π (i.e. fn/fs = 0.5 + n).

Figure 2.13: Stability charts, referred to the configuration A, in the parameter space of the proportional gain
and the dimensionless natural frequency. In all diagrams r = 1 and d = 0.1, while δ is varying in the following
way: (a): δ = 0, (b): δ = 0.001, (c): δ = 0.005. Shaded area: stable, clear area: unstable.

Although Fig. 2.13 shows the stability chart for a large range of values of Ω, in real applications, the
sampling time is usually extremely small, making Ω very small as well (Ω = ωnτ). Fig. 2.14 shows the stability
chart for Ω = π/1000. The stable region is simply connected and can be defined through the coordinates of
points Q and R, that are respectively the point with the maximal value of dA and with the maximal value of
pA. The coordinates of Q in the pA, dA space are

Q =

(
0,

Ω
(
3e2δΩ + 2eδΩ cos Ω− 1

)
2Ω + 2eδΩ (Ω cos Ω + 2r sin Ω(1 + δ2))

)
(2.65)

while the coordinates of R are given by an implicit formula (e2 = 0) which cannot be solved analytically with
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Figure 2.14: Stability charts, referred to the configuration A, in the parameter space of the proportional and
differential gains, for a very small value of Ω.

standard techniques. Considering the limit for Ω→ 0, in the pAdA space we have

Q =

(
0,

1

1 + r(1 + δ2)

)
, R =

(
1

4 (1 + r(1 + δ2))
,

5

8 (1 + r(1 + δ2))

)
. (2.66)

This means that variations of r and δ modify the extent of the stable region, but not its shape, for sufficiently
small values of Ω. In particular, increases in r or δ reduce the stable region, which exists also for δ = 0.
Furthermore, it should be noted that the shape of the stable region is the same as the one in Fig. 2.4(a),
referred to a rigid connection, i.e. for Ω→∞. As we already mentioned, in Fig. 2.4(a) the stable points with
the maximal values of dA and pA have coordinates respectively (0, 1) and (1/4, 5/8).

Besides stability, another aspect to be considered in real applications is the speed of convergence, which
depends on the maximal absolute value of the eigenvalues of BA. Calling M the maximal absolute value of the
eigenvalues for a specific point in the parameter space, the amplitude of oscillation is reducing proportionally
to the factor M (convergence radius) at each time step.

Considering Fig. 2.12, the minimal values of M are summed up in Tab. 2.1. The values in the table show
that the response of the system to variations of δ is very different with respect to the speed of convergence, for
different values of Ω. For Ω = π/10, increases in δ decrease the speed of convergence (enlarging only slightly the
stable region), while for Ω = π/3, increases in δ increase the speed of convergence (with substantial enlargement
of the stable region as well). The effect of variations of r on the speed of convergence is harder to be studied
since it does not have a monotonous trend (for Ω = π/10 or Ω = π/1000) or it has a very small effect (for
Ω = π/3). Differently from the case Ω = π/10, for Ω = π/1000 increases in δ increase the speed of convergence.
The bigger values of M for smaller values of Ω do not imply a slower convergence of the physical system, since
small values of Ω correspond to small values of the sampling time and the reduction given by M refers to each
single time step. For comparison, we remind that in the single DoF case, the minimal value of M is 2/3.

Referring to the configuration B, the coefficients a5,..,0, c4,3 and d3 are functions of the parameters δ, Ω, p
and d only, so they do not explicitly depend on r.

Figure 2.15 shows the stability chart in the parameter space of the proportional gain and the dimensionless
natural frequency. Again, in the figure it is clearly visible that the stability is strongly influenced by Ω. Fig.
2.16 shows that the effect of the damping is very different for different values of Ω. For Ω = π/10, the damping is
basically controlling the stability, while for Ω = π/3, large variations in the damping have much slighter effects
(the opposite than in the collocated case). It should be noted that, while in the continuous time approach, zero
damping would make the system unstable (Fig. 2.10), in the discrete time approach stability depends on Ω,
and for most of the cases there exists a stable region (Fig. 2.15(a)).

Figure 2.17(a) shows the stability chart in the case of Ω = π/1000, that is closer to a typical real case in
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Ω = π/10, r = 1
δ M
0 0.793

0.05 0.805
0.2 0.847
0.5 0.8846

Ω = π/3, r = 1
δ M

0.01 0.9897
0.05 0.952
0.2 0.856
0.5 0.7639

Ω = π/10, δ = 0.05
r M
0 0.984

0.1 0.928
0.5 0.849
1 0.804
3 0.907
10 0.948

Ω = π/3, δ = 0.05
r M
0 0.949

0.01 0.949
0.1 0.949
0.3 0.9492
1 0.952
5 0.974

Ω = π/1000, r = 1
δ 1−M
0 2.63× 10−6

0.01 1.83× 10−5

0.05 8.25× 10−5

0.5 6.99× 10−4

Ω = π/1000, δ = 0.05
r 1−M
0 1.57× 10−4

0.1 1.44× 10−5

1 8.25× 10−5

5 2.62× 10−5

Table 2.1: Radius of convergence referred to the stability charts in Figs. 2.12 and 2.14

virtue of the high sampling frequency of digital systems. The stable region appears to be sensibly reduced (see
the scale of the figure), but its shape is the same as the one in Fig. 2.9, referred to a continuous time system.
Transforming the equations of the coordinates of points N and M in the p̃B , d̃B space (equations (2.34) and
(2.35)) to the pB , dB space and considering that pB = p̃Bτ

2, dB = d̃Bτ , Ω = ω0τ
√

1 + r and δ = δ0
√

1 + r, we
obtain

N →
(

0,
2δΩ

1− 4δ2

)
(2.67)

M →

((
1− 2δ2 −

√
1− 4δ2

)
Ω2

8δ4
,

[
(1− 2δ2)√

1− 4δ2
− 1

]
Ω

4δ3

)
(2.68)

which gives an excellent approximation of the coordinates of points T and S in Fig. 2.17(a). This means
that, if we would consider the stability of the system in the space of the dimensional control gains PBDB , we
would obtain approximately the same results for the continuous time and for the discrete time case (for high
sampling time). Figs. 2.17(b) and (c) show that the approximation becomes worst for increasing values of Ω.
Furthermore, considering that for δ = 0 the discrete time system gives stable solutions in a large range of Ω
values, while the continuous time system does not give stable solutions at all, the digital system is intrinsically
more stable.

Regarding the speed of convergence, the loci of the points with the same speed of convergence have the same
shape of the one obtained in the continuous time case (compare Fig. 2.17(a) and Fig. 2.9(b)). Furthermore,
regarding the continuous time system, we found out that, in correspondence to the point with the maximal
speed of convergence, the matrix governing the system has maximal real part of the eigenvalues equal to
R(λ) = −ω0δ0(r+ 1)/2. In the continuous time system, the reduction of the amplitude of oscillation in time is
equal to eR(λ)t. In order to transfer this value to the discrete time system, we consider a single sampling time,
so we have

eR(λ)τ = e−
ω0δ0(r+1)

2 τ = e−
Ωδ
2 ≈M. (2.69)

This value gives an excellent approximation of the minimum radius of convergence (called M) in the case of
the discrete time system, for small values of Ω. In the case relative to Fig. 2.17(a) the error is less than 0.1%
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Figure 2.15: Stability charts, referred to the configuration B, in the parameter space of the proportional gain
and the dimensionless natural frequency. In all diagrams d = 0.1, while δ is varying in the following way: (a):
δ = 0, (b): δ = 0.001, (c): δ = 0.005. Shaded area: stable, clear area: unstable.

Figure 2.16: Stability charts, referred to the configuration B, in the parameter space of the proportional and
differential gains, for different values of δ.

(1− e−Ωδ/2 = 7.854× 10−5 and 1−M = 7.848× 10−5), for Ω = π/100 (Fig. 2.17(b)) the error is 0.17%, while
for different values of Ω and δ the error is larger as shown in Tab. 2.2, referring to the cases analyzed in Fig.
2.16.

Comparing the minimum values of the radius of convergence for the two configurations, it results that,
although for small values of Ω the configuration A is much more stable (of several orders of magnitude), the
speed of convergence has the same order of magnitude. Considering higher values of Ω (Ω = π/3), when the
stable region have a similar surface, the speed of convergence is still similar.

A comparison between Fig. 2.13 and Fig. 2.15, shows a complementary pattern of the two stability domains
in the Ω direction, which is especially visible in the case of no damping (Fig. 2.13(a) and Fig. 2.15(a)). This
effect is due to the modes of vibration, which are related to the transformation of coordinates in Eq. (2.43),
i.e. x1 = (m1q1 + m2q2)/(m1 + m1) and x2 = m1(q2 − q1)/(m1 + m2). If r = 1, as in Fig. 2.13, we have
x1 = (q1 + q2)/2 and x2 = (q2 − q1)/2. So, in the second mode of vibration (x2), the two masses are moving
in opposite direction. Different values of r will enlarge or reduce the stable region related to configuration A,
compromising the complementarity of the pattern. Thus, the position of the sensors, combined with the time
delay, can make the system stable or unstable, creating this complementary shape. Of course, the damping
changes the phase of the motion breaking the pattern.

Considering Fig. 2.15, we can say that the destabilization effect due to the non-collocation can be compen-
sated by a proper delay, which can put the mode of vibrations in phase with the sampling time. It should be
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Figure 2.17: Stability charts, referred to the configuration B, in the parameter space of the proportional and
differential gains. (a): the numbers mark loci with the same speed of convergence and correspond to 1 −M .
(b), (c): comparison between the continuous time (dashed line) and the discrete time (solid line) cases. For
the transformation from continuous to discrete time, we considered δ0 = δ/

√
1 + r and ω0 = Ω/(τ

√
1 + r) with

r = 1 and τ = 10−3 s.

Ω = π/10

δ M e−
Ωδ
2

0 0.9993 1
0.05 0.9916 0.9922
0.2 0.970 0.969
0.5 0.9357 0.9245

Ω = π/3

δ M e−
Ωδ
2

0 0.9255 1
0.05 0.9023 0.9742
0.2 0.8483 0.9006
0.5 0.7931 0.7697

Table 2.2: Radius of convergence referred to the stability charts in Fig. 2.16

noted that Ω is not a fixed value, but it depends on m2 for fixed values of r, so an increase in the payload would
decrease Ω and it may destabilize the system.



Chapter 3

Bifurcation analysis: general procedure

In this chapter we will present a technique to analyze bifurcations of maps, in particular we will focus on single
and double NS bifurcations, extending the results to the analysis of flip bifurcations. The analysis is based
on the passages outlined by Kuznetsov and Meijer in [40, 41, 42] and other authors [65]. The analysis will go
through the following passages: transformation to Jordan normal form, center manifold reduction, elimination
of non-internally resonant terms, reduction to an amplitude map and analysis of the normal form. The different
characteristics of a single and a double NS bifurcation will be presented in detail. Considering the differences
of the normal form of a flip bifurcation with a NS bifurcation, an independent section will be dedicated to it.

3.1 Notes on bifurcations of maps

Considering the map

xj+1 = f(xj ; p) (3.1)

x0 is a fixed point of Eq. (3.1) if it satisfies the condition

x0 = fm(x0; p0)∀m ∈ Z (3.2)

where p is a vector of control parameters and p0 is a specific set of it. It can be easily proven (e.g. [49]) that this
fixed point is asymptotically stable if the eigenvalues of Dxf |x=x0,p=p0

are inside the unit circle of the complex
plane. Where Dxf is the matrix of the first partial derivatives of f . This result has been already used in Ch. 2
for the stability analysis.

If all the eigenvalues µi of Dxf are either inside or outside the unit circle (but not on it, i.e. |µi| 6= 1), the
corresponding fixed point is called hyperbolic fixed point. If some of them are inside and others outside the
unit circle, the hyperbolic fixed point is called a saddle point, if they are all inside the unit circle it is called a
sink, if they are all outside it is called a source. If at least one eigenvalue lies on the unit circle, the fixed point
is called a nonhyperbolic fixed point.

As a single control parameter is varied, a fixed point of a map can lose stability and experience a bifurcation
if it is nonhyperbolic. There are three possible conditions at the loss of stability:

1. Dxf |x=x0,p=p0
has one eigenvalue equal to 1, with the remaining eigenvalues within the unit circle,

2. Dxf |x=x0,p=p0
has one eigenvalue equal to -1, with the remaining eigenvalues within the unit circle,

3. Dxf |x=x0,p=p0
has a pair of complex conjugate eigenvalues on the unit circle, with the remaining eigen-

values within it.

These three cases correspond to the three possible codimension-one bifurcations of maps. In this research we
will encounter only the second and the third type of nonhyperbolic fixed point, so for the first type we address
the interested reader to textbooks as [25, 40, 49 or 65].

26



CHAPTER 3. BIFURCATION ANALYSIS: GENERAL PROCEDURE 27

Figure 3.1: Typical stability diagram in correspondence to a double Neimark-Sacker bifurcation.

In the second case, i.e. one eigenvalue leaves the unit circle through -1, with the remaining eigenvalues within
the unit circle, the system experiences a period-doubling or flip bifurcation. As a consequence, two branches of
period-two solutions emerge from the bifurcation point. Of course the bifurcation point changes the stability
properties of the fixed point.

In the third case, i.e. a couple of complex conjugate eigenvalues leave the unit circle, with the remaining
eigenvalues within the unit circle, the system experience a NS bifurcation. As a consequence a stable or unstable
limit circle is generated around the fixed point.

Differently from attractors of continuous time systems, regarding attractors of maps, dimension zero at-
tractors (finite number of points) correspond to periodic solutions, dimension one attractors (closed lines) to
2-torus quasiperiodic solutions, dimension two attractors (surfaces) to 3-torus quasiperiodic solutions and so
on. Thus, the nontrivial solution generated by a period doubling bifurcation is generally represented by two
points in the phase plane, which correspond to a periodic solution. While the nontrivial solution generated by
a NS bifurcation is represented by a closed line in the phase plane and corresponds to a 2-torus quasiperiodic
solution. In the spacial case that the frequency introduced by the NS bifurcation is a rational number, the
attractor is reduced to a finite number of points and corresponds to a periodic motion.

As already mentioned, at the occurrence of period doubling or NS bifurcations the trivial solution loses its
stability. The bifurcation is generally said to be supercritical (subcritical) if the nontrivial solution is stable
(unstable) and exists in the region of instability (stability) of the trivial solution.

A double NS bifurcation occurs at the intersection of two loci of single NS bifurcations, as shown in Fig. 3.1.
In the neighborhood of the double NS bifurcation, the two single NS bifurcation interact with each other. Thus,
in order to study the dynamics of the system in that region, it is necessary to consider both the bifurcations.
Such a bifurcation can occur only in an n-dimensional space, where n ≥ 4.

In this chapter, a procedure to analyze these three kinds of bifurcations will be presented.

3.2 Mathematical model

Single NS bifurcation
We consider a generic map

xj+1,s = fs(xj,s; p) (3.3)

where fs = [f1,s(x; p) ... fn,s(x; p)]T , xs = [x1 ... xn]T , p is a scalar real number and n ≥ 2. The trivial solution
x0,s = [0 ... 0]T satisfies the equation

x0,s = fs(x0,s; p). (3.4)

We consider the case for which the trivial solution x0,s of (3.3) is stable for p < pcr, while it is unstable for
p > pcr. We call p the control parameter of the bifurcation occurring at p = pcr.
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Assuming that f1,s, ..., fn,s are sufficiently smooth, we expand them in their Taylor series around 0, with
respect to x1, ..., xn up to the third order, so we can rewrite Eq. (3.3) as

xj+1,s = As(p)xj,s + bs(xj,s) (3.5)

where the vector bs(xs) contains all the nonlinear terms. The stability of the trivial solution depends on the
eigenvalues of As(p): the solution is asymptotically stable if and only if all the eigenvalues of As are inside the
unite circle of the complex plane, i.e. |µi,s| < 1 for i = 1, ..., n. We consider that

for p < pcr |µi,s| < 1 ∀ i = 1, ..., n
for p = pcr |µ1,s| = |µ2,s| = 1 µ1,s = µ̄2,s 6= ±1

d|µ(1,2),s|
dp |p=pcr > 0

|µi,s| < 1 ∀ i = 3, ..., n.

(3.6)

If the conditions in Eq. (3.6) are satisfied, a NS bifurcation is occurring for p = pcr [25].

Double NS bifurcation
We now consider the generic map

xj+1,d = fd(xj,d; p1, p2) (3.7)

where fd = [f1,d(xd; p1, p2) ... fm,d(xd; p1, p2)]T , xd = [x1 ... xm]T , p1 and p2 are scalar real numbers and m ≥ 4.
The trivial solution x0,d = [0 ... 0]T satisfies the equation

x0,d = fd(x0,d; p1, p2). (3.8)

We consider that the stability properties of the trivial solution of the system are analogous to those shown in
Fig. 3.1. p1 and p2 are the control parameters of the bifurcation under study.

Assuming that f1,d, ..., fm,d are sufficiently smooth, we expand them in their Taylor series around 0, with
respect to x1, ..., xm up to the third order, so we can rewrite Eq. (3.7) as

xj+1,d = Ad(p1, p2)xj,d + bd(xj,d) (3.9)

where the vector bd(xd) contains all the nonlinear terms. In some cases, it may be needed to expand the Taylor
series up to the fifth order and keep, during all the procedure, terms up to the fifth order, as explained in [42].
We will come back later to this point, during the analysis of the normal form.

The stability of the trivial solution depends on the eigenvalues of Ad(p1, p2): the solution is stable and
hyperbolic if and only if all the eigenvalues of Ad are inside the unite circle of the complex plane, i.e. |µi,d| <
1 for i = 1, ...,m, otherwise it is unstable or nonhyperbolic. We consider that

for
p1 = p1cr

p2 = p2cr



|µ1,d| = |µ2,d| = 1 µ1,d = µ̄2,d 6= ±1
d|µ(1,2),d|

dp1
|(p1,p2)=(p1cr,p2cr) 6= 0

|µ3,d| = |µ4,d| = 1 µ3,d = µ̄4,d 6= ±1
d|µ(3,4),d|

dp1
|(p1,p2)=(p1cr,p2cr) 6= 0

|µi,d| < 1 ∀ i = 5, ...,m.

(3.10)

If the conditions in (3.10) are satisfied, a double NS bifurcation is occurring for (p1, p2) = (p1cr, p2cr) [40].

3.3 Jordan normal form

It is possible to reduce the system to its Jordan normal form, i.e. to reorganize the linear part of the system,
in order to linearly decouple the variable related to the bifurcation from the others.
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We call Hs = As|p=pcr (for the single NS bifurcation) and Hd = Ad|(p1,p2)=(p1cr,p2cr) (for the double NS
bifurcation). si,s, i = 1, ..., n are the eigenvectors related to the eigenvalues µi,s of Hs and si,d, i = 1, ...,m are
the eigenvectors related to the eigenvalues µi,d of Hd.

Regarding the single NS bifurcation, if the eigenvalues µ3...n,s are real and have algebraic multiplicity equal
to 1, we can define the transformation matrix

Ts =

 R(s1,s) I(s1,s) s3,s · · · sn,s

 . (3.11)

In the case of the double NS bifurcation the transformation matrix is

Td =

 R(s1,d) I(s1,d) R(s3,d) I(s3,d) s5,d · · · sm,d

 . (3.12)

It can be easily verified that

T−1
s HsTs =



R(µ1,s) I(µ1,s) 0 · · · 0
I(µ2,s) R(µ2,s) 0 · · · 0

0 0 µ3,s · · ·
...

...
...

. . . 0
0 0 · · · 0 µn,s

 . (3.13)

and

T−1
d HdTd =



J1 0 0 · · · 0
0 J2 0 · · · 0

0 0 µ5,d · · ·
...

...
...

. . . 0
0 0 · · · 0 µn,d

 (3.14)

where

J1 =

(
R(µ1,d) I(µ1,d)
I(µ2,d) R(µ2,d)

)
and J2 =

(
R(µ3,d) I(µ3,d)
I(µ4,d) R(µ4,d)

)
. (3.15)

Applying the transformation

xs = Tsys, ys = [y1 ... yn]Ts = T−1
s x (3.16)

and

xd = Tdyd, yd = [y1 ... ym]Td = T−1
d x (3.17)

we can rewrite the maps in Eq. (3.5) and Eq. (3.9) in Jordan normal form, that respectively are

yj+1,s = T−1
s HsTsyj,s + T−1

s bs(yj,s) (3.18)

and

yj+1,d = T−1
d HdTdyj,d + T−1

d bd(yj,d). (3.19)

If the eigenvalues µ3...n,s and µ3...n,d are not real or have algebraic multiplicity larger than 1, the procedure
to obtain the Jordan normal form is slightly different (see [46]), but the matrices T−1

s HsTs and T−1
d HdTd,

controlling the linear part of the two systems, will still be block diagonal matrices.
In Eqs. (3.18) and (3.19), the variables related to the bifurcations are (y1,s, y2,s) for the single NS bifurcation

and (y1,d, y2,d, y3,d, y4,d) for the double NS bifurcation. In both cases they are linearly decoupled from the other
variables.
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3.4 Center manifold reduction

At each fixed point, undergoing a local bifurcation, there is a center manifold associated. This manifold is a
curved k-dimensional surface that is tangent at the bifurcation point to the subspace spanned by the k critical
eigenvectors s1, s2, . . ., sk, corresponding to the k critical eigenvalues with absolute value equal to 1. For a flip
bifurcation, k = 1, for a single NS bifurcation k = 2 and for a double NS bifurcation k = 4. The dimension
k of the manifold is necessarily less or equal than the the dimension of the full system. The center manifold
reduction consist in reducing the dynamics of the full system to the k-dimensional manifold, which still contains
all the information related to the local dynamics of the system, in correspondence to the bifurcation [49].

Following the procedure outlined in [25] and [65], we want to reduce the dynamics of the system to its center
manifold, i.e. to the variables related to the bifurcation, y1,s and y2,s for the single NS bifurcation and y1,d,
y2,d, y3,d and y4,d for the double NS bifurcation. Of course, if the system is respectively already two and four
dimensional, this procedure can be skipped, since the system is already naturally limited to its center manifold.

The first step consists in defining the variables not related to the bifurcation, as nonlinear functions of the
variables related to the bifurcation, i.e. the local center manifold. Generally, it is enough to consider up to third
order terms, here we consider up to second order terms, but the procedure can be easily extended to higher
order terms.

For the single NS bifurcation we define the local center manifold in the form y3,j

...
yn,j


s

= ts(y1,j , y2,j)s =

 g320y
2
1,j + g311y1,jy2,j + g302y

2
2,j

...
gn20y

2
1,j + gn11y1,jy2,j + gn02y

2
2,j


s

, (3.20)

where ts satisfies Eq. (3.18) only for small values of y1,s and y2,s. The cubic terms are neglected, since, after
the transformation, they would produce terms higher than the third order.

For the double NS bifurcation, we define the local center manifold in the form y5,j

...
yn,j


d

= td(y1,j , y2,j , y3,j , y4,j)d =



g52000y
2
1,j + g50200y

2
2,j + g50020y

2
3,j + g50002y

2
4,j

+g51100y1,jy2,j + g51010y1,jy3,j + g51001y1,jy4,j

+g50110y2,jy3,j + g50101y2,jy4,j + g50011y3,jy4,j

...
gm2000y

2
1,j + gm0200y

2
2,j + gm0020y

2
3,j + gm0002y

2
4,j

+gm1100y1,jy2,j + gm1010y1,jy3,j + gm1001y1,jy4,j

+gm0110y2,jy3,j + gm0101y2,jy4,j + gm0011y3,jy4,j


d

. (3.21)

The coefficients gihk are 3(n − 2) unknowns, while gihklm are 10(m − 4) unknowns. In order to find them,
in the case of the single NS bifurcation, we substitute the n− 2 equations of (3.20) into the first two equations
of (3.18). Then, we substitute these two new equations and the equations in (3.20) into the remaining n − 2
equations of (3.18). Collecting terms with the same power order, we obtain 3(n− 2) equations in the 3(n− 2)
unknowns gihk. These equations are organized in a linear system that can be solved in closed form. If now we
substitute again the equations in (3.20) (where gihk are now known) into the first two equations of (3.18), we
obtain(

y1,j+1

y2,j+1

)
s

=

(
R(µ1,d) I(µ1,d)
I(µ2,d) R(µ2,d)

)(
y1,j

y2,j

)
s

+

( ∑
h+k=2,3 ahky

h
1,jy

k
2,j∑

h+k=2,3 bhky
h
1,jy

k
2,j

)
s

+ h.o.t. (3.22)

that is the system in Eq. (3.18), limited to its center manifold, i.e. a two dimensional surface in the n dimensional
space. Terms higher than the third order, are generated during the transformation and can be neglected. The
dynamics of the system in Eq. (3.22), for small values of y1,s and y2,s, is the same of the system in Eq. (3.18).
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Figure 3.2: Example of a center manifold reduction for a NS bifurcation.

In the case of the double NS bifurcation, the procedure is the same, but lengthier because of the increased
number of unknown. In detail, repeating the same procedure, we substitute the m− 4 equations of (3.21) into
the first four equations of (3.19). Then, we substitute these four new equations and the equations in (3.21)
into the remaining m− 4 equations of (3.19). Collecting terms with the same power order, we obtain 10(n− 4)
equations in the 10(n−4) unknowns gihklm. These equations are organized in a linear system that can be solved
in closed form. Substituting again the equations in (3.21) into the first four equations of (3.19), we obtain

y1,j+1

y2,j+1

y3,j+1

y4,j+1


d

=


R(µ1,d) I(µ1,d) 0 0
I(µ2,d) R(µ2,d) 0 0

0 0 R(µ3,d) I(µ3,d)
0 0 I(µ4,d) R(µ4,d)




y1,j

y2,j

y3,j

y4,j


d

+


∑
h+k+l+m=2,3 ahklmy

h
1,jy

k
2,jy

l
3,jy

m
4,j∑

h+k+l+m=2,3 bhklmy
h
1,jy

k
2,jy

l
3,jy

m
4,j∑

h+k+l+m=2,3 chklmy
h
1,jy

k
2,jy

l
3,jy

m
4,j∑

h+k+l+m=2,3 dhklmy
h
1,jy

k
2,jy

l
3,jy

m
4,j


d

+ h.o.t. (3.23)

that is the system under study, limited to its center manifold. The dynamics of the system in Eq. (3.23) is the
same of the system in Eq. (3.7), for small values of (y1, y2, y3, y4)d.

Fig. 3.2 shows an example of a center manifold reduction, in the case of a single NS bifurcation, reduced
from a three to a two dimensional system. In the figure, the red solid line is the limit cycle obtained from
a direct numerical simulation of the original system, while the dotted surface is the local center manifold at
the bifurcation of the fixed point [0; 0; 0]. The local center manifold has been obtained with the technique just
shown, and it is clearly visible how the limit circle lays on the local center manifold, with very good accuracy.

3.5 Elimination of non-internally resonant nonlinear terms

Bifurcations are generally related to simple normal forms, which include few nonlinear terms. Eqs. (3.22) and
(3.23) present all the possible nonlinear terms up to the third order, for a general two and four dimensional
system respectively. It is possible to transform out most of the nonlinear terms in the system, reducing it to
the normal form of the bifurcation under study, which allows to investigate the main features of the bifurcation
from few coefficients.
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In our analysis, we follow the steps outlined in [40] and [65]. First of all, we rewrite Eqs. (3.22) and (3.23)
in complex form, i.e.

zj+1 = µ2,szj + α20z
2
j + α11zj z̄j + α02z̄

2
j + α30z

3
j + α21z

2
j z̄j + α12zj z̄

2
j + α03z̄

3
j (3.24)

for the single NS bifurcation, and(
z1,j+1

z2,j+1

)
7→
(
µ2,dz1,j +

∑
h+k+l+m=2,3 αhklmz

h
1,j z̄

k
1,jz

l
2,j z̄

m
2,j

µ4,dz2,j +
∑
h+k+l+m=2,3 βhklmz

h
1,j z̄

k
1,jz

l
2,j z̄

m
2,j

)
(3.25)

for the double NS bifurcation, where

z = y1,s + iy2,s

z̄ = y1,s − iy2,s
→ y1,s = z+z̄

2
y2,s = z−z̄

2i

(3.26)

z1 = y1,d + iy2,d

z̄1 = y1,d − iy2,d
→ y1,d = z1+z̄1

2
y2,d = z1−z̄1

2i
z2 = y3,d + iy4,d

z̄2 = y3,d − iy4,d
→ y3,d = z2+z̄2

2
y4,d = z2−z̄2

2i

(3.27)

and αhk, αhklm, βhklm ∈ C.
Substituting the variables y1,s and y2,s, as expressed in Eq. (3.26), into Eq. (3.22), the coefficients αij can

be easily defined as linear combinations of the coefficients ahk and bhk. Similarly, substituting the variables
(y1, y2, y3, y4)d, as expressed in Eq. (3.27), into Eq. (3.23) we can define the values of the coefficients αhklm
and βhklm. Their explicit values are given in Appendix B.

The next step consists in eliminating all the nonlinear terms not related to internal resonances. This can be
done through the near identity transformation. For the sake of clarity, we first consider the single NS bifurcation,
and then we will extend the result to the double NS bifurcation. In order to eliminate the second order terms,
we apply the transformation

zj = vj + h1,s(vj , v̄j) (3.28)

to Eq. (3.24), where

h1,s(vj , v̄j) = c20v
2
j + c11vj v̄j + c02v̄

2
j , (3.29)

hence we obtain

vj+1 + c20v
2
j+1 + c11vj+1v̄j+1 + c02v̄

2
j+1 = µ2,s(vj + c20v

2
j + c11vj v̄j + c02v̄

2
j )

+α20(vj + c20v
2
j + c11vj v̄j + c02v̄

2
j )2 + α11(vj + c20v

2
j + c11vj v̄j + c02v̄

2
j )

(v̄j + c̄20v̄
2
j + c̄11vj v̄j + c̄02v

2
j ) + α02(v̄j + c̄20v̄

2
j + c̄11vj v̄j + c̄02v

2
j )2

+α30v
3
j + α21v

2
j v̄

2
j + α12vj v̄

2
j + α03v̄

3
j + h.o.t. (3.30)

where h.o.t. indicates terms higher than the third order. Since we want to eliminate the second order terms,
we impose that

vj+1 = µ2,svj + α̂30v
3
j + α̂21v

2
j v̄

2
j + α̂12vj v̄

2
j + α̂03v̄

3
j (3.31)

where the α̂ij are the coefficient of the third order terms, after the effect of the transformation in Eq. (3.28).
So we obtain

vj+1 + c20µ
2
2,sv

2
j + c11µ2,sµ̄2,svj v̄j + c02µ̄

2
2,sv̄

2
j = µ2,s(vj + c20v

2
j + c11vj v̄j + c02v̄

2
j )

+α20(vj + c20v
2
j + c11vj v̄j + c02v̄

2
j )2 + α11(vj + c20v

2
j + c11vj v̄j + c02v̄

2
j )

(v̄j + c̄20v̄
2
j + c̄11vj v̄j + c̄02v

2
j ) + α02(v̄j + c̄20v̄

2
j + c̄11vj v̄j + c̄02v

2
j )2

+α30v
3
j + α21v

2
j v̄

2
j + α12vj v̄

2
j + α03v̄

3
j + h.o.t. (3.32)
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Collecting terms with the same power order, we obtain

v2
j → c20µ

2
2,s = c20µ2,s + α20

vj v̄j → c11µ2,sµ̄2,s = c11µ2,svj v̄j + α11

v̄2
j → c02µ̄

2
2,s = c02µ2,sv̄

2
j + α02

so, in order to eliminate the second order terms, we must impose

c20 = − α20

µ2,s − µ2
2,s

, c11 = − α11

µ2,s − µ2,sµ̄2,s
, c02 = − α02

µ2,s − µ̄2
2,s

. (3.33)

Then, collecting the coefficients of the third order terms, we obtain

v3
j → α̂30 = α30 −

ᾱ20α11

µ̄2,s − µ2
2,s

− 2α2
20

µ2,s − µ2
2,s

(3.34)

v2
j v̄j → α̂21 = α21 +

α20α11(1− 2µ2,s)

µ2
2,s − µ2,s

+
|α11|2

1− µ̄2
+

2 |α02|2

µ2
2,s − µ̄2

(3.35)

vj v̄
2
j → α̂12 = α12 −

2α02ᾱ11

µ̄2,s − 1
− α11ᾱ20

µ̄2,s − µ̄2
2,s

− α2
11

µ2,s − 1
− 2α20α02

µ2,s − µ̄2
2,s

(3.36)

v̄3
j → α̂03 = α03 −

2ᾱ20α02

µ̄2,s − µ̄2
2,s

− α11α02

µ2,s − µ̄2
2,s

(3.37)

we remind that µ̄2,s = µ1,s and µ2,sµ1,s = 1, so the previous equations can be slightly simplified. The transfor-
mation in Eq. (3.28) modifies also the higher order terms, that can be neglected in this procedure. After the
transformation, Eq. (3.24) will become

vj+1 = µ2,svj + α̂30v
3
j + α̂21v

2
j v̄

2
j + α̂12vj v̄

2
j + α̂03v̄

3
j . (3.38)

With a similar procedure, we can eliminate most of the third order terms. We apply the transformation

vj = wj + h2,s(wj , w̄j) (3.39)

to Eq. (3.38), where

h2,s(wj , w̄j) = c30w
3
j + c21w

2
j w̄j + c12wjw̄

2
j + c03w̄

3
j . (3.40)

Neglecting terms higher than the third order, we obtain

wj+1 + c30µ
3
2,sw

3
j + c21µ

2
2,sµ̄2,sw

2
j w̄j + c12µ2,sµ̄

2
2,swjw̄

2
j + c03µ̄

3
2,sw̄

3
j = µ2,s(wj + c30w

3
j

+c21w
2
j w̄j + c12wjw̄

2
j + c03w̄

3
j ) + α̂30w

3
j + α̂21w

2
j w̄j + α̂12wjw̄

2
j + α̂03w̄

3
j + h.o.t. (3.41)

Collecting terms with the same power order, we have

w3
j → c30µ

3
2,s = µ2,sc30 + α̂30

w2
j w̄j → c21µ

2
2,sµ̄2,s = µ2,sc21 + α̂21

wjw̄
2
j → c12µ2,sµ̄

2
2,s = µ2,sc12 + α̂12

w̄3
j → c03µ̄

3
2,s = µ2,sc03 + α̂03.

In order to eliminate the third order terms, we must impose

c30 = − α̂30

µ2,s − µ3
2,s

, c12 = − α̂12

µ2,s − µ2,sµ̄2
2,s

, c03 = − α̂03

µ2,s − µ̄3
2,s

(3.42)

while, to eliminate the term related to w2
j w̄j , we should have c21 = −α̂21/(µ2,s − µ2

2,sµ̄2,s) that has no mathe-

matical sense, since µ2,s−µ2
2,sµ̄2,s = µ2,s−µ2,s = 0, so c21 →∞. This is due to the internal resonance between

the terms µ2,swj and α̂21w
2
j w̄j . So we let c21 = 0.
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It is possible to generalize the value of the coefficients used for the near identity transformation. While
eliminating the second order terms, we had

chk = − αhk
µ2,s − µh2,sµ̄k2,s

(3.43)

where in case of the third order terms, αhk is substituted by α̂hk.
After the transformation in Eq. (3.39), Eq. (3.38) becomes

wj+1 = µ2,swj + α̂21w
2
j w̄j . (3.44)

We now repeat the same procedure for the case of the double NS bifurcation. As we will show, the larger
dimension of the system, will not affect the general procedure.

We apply the near identity transformation

z1 = v1 + h1,d(v1, v̄1, v2, v̄2)

z2 = v2 + h2,d(v1, v̄1, v2, v̄2) (3.45)

to Eq. (3.25), where

h1,d =
∑

h+k+l+m=2

ehklmv
h
1 v̄

k
1v
l
2v̄
m
2

h2,d =
∑

h+k+l+m=2

fhklmv
h
1 v̄

k
1v
l
2v̄
m
2 . (3.46)

As in the case of a single NS bifurcation, choosing properly the values of the coefficients ehklm and fhklm, all the
second order terms can be eliminated. Of course, this procedure will modify the terms higher than the second
order. The procedure is analogous to the one just shown, but in this case it is much more lengthy due to the
higher dimension of the system. For this reason, we skip this passage and we write directly the values of the
coefficients, which follow the same rule of Eq. (3.43), i.e.

ehklm = − αhklm
µ2,d − µh2,dµ̄k2,dµl4,dµ̄m4,d

(3.47)

fhklm = − βhklm
µ4,d − µh2,dµ̄k2,dµl4,dµ̄m4,d

. (3.48)

As a result of this transformation we will obtain the system(
v1,j+1

v2,j+1

)
=

(
µ2,dv1,j +

∑
h+k+l+m=3 α̂hklmv

h
1,j v̄

k
1,jv

l
2,j v̄

m
2,j

µ4,dv2,j +
∑
h+k+l+m=3 β̂hklmv

h
1,j v̄

k
1,jv

l
2,j v̄

m
2,j

)
+ h.o.t. (3.49)

where α̂hklm and β̂hklm are the coefficients of the third order terms, modified by the transformation in Eq. (3.46).
The explicit formulas of these new coefficients as a function of αhklm and βhklm can be found in Appendix B.

With an analogous transformation, we eliminate the third order terms not related to internal resonances,
i.e. we apply the transformation

v1 = w1 + h3,d(w1, w̄1, w2, w̄2)

v2 = w2 + h4,d(w1, w̄1, w2, w̄2) (3.50)

to Eq. (3.49), where

h3,d =
∑

h+k+l+m=3

ehklmw
h
1 w̄

k
1w

l
2w̄

m
2

h4,d =
∑

h+k+l+m=3

fhklmw
h
1 w̄

k
1w

l
2w̄

m
2 . (3.51)
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The values of the coefficients in the transformation are

ehklm = − α̂hklm
µ2 − µh2 µ̄k2µl4µ̄m4

(3.52)

fhklm = − β̂hklm
µ4 − µh2 µ̄k2µl4µ̄m4

. (3.53)

This procedure allows us to eliminate all third order terms, except the ones related to w2
1w̄1 and w1w2w̄2 in

the first equation of (3.49), and related to w2
2w̄2 and w1w̄1w2 in the second equation of (3.49). These terms

are related to internal resonances and cannot be eliminated. From Eqs. (3.52)-(3.53) we can easily identify the
terms related with internal resonances, in fact, to eliminate those terms, the coefficient ehklm should tend to
infinit. For example, to eliminate the term related to w1w2w̄2, we should have

e1011 = − α̂1011

µ2 − µ2µ4µ̄4
= − α̂1011

µ2 − µ2
→∞. (3.54)

After this lengthy procedure, and considering that ww̄ = |w|2, we obtain the following system(
w1

w2

)
7→

(
w1

(
µ2 + α̂2100|w1|2 + α̂1011|w2|2

)
w2

(
µ4 + β̂1110|w1|2 + β̂0021|w2|2

) )
+ h.o.t. (3.55)

For the sake of simplicity, from now on we substitute the notation �j+1 = f(�j) with � 7→ f(�).

3.6 Reduction to an amplitude map

A NS bifurcation consists in the generation of a limit circle around a fixed point. In the previous section,
respectively for the single and the double NS bifurcation, we obtained the forms in Eqs. (3.44) and (3.55), that
are expressed in complex variables and contain only the nonlinear terms strictly related to the bifurcation. In
this form the limit circle generated by the bifurcation is reduced to a circle of the complex plane, in the nearby
of the bifurcation itself. Thus, it can be defined by an amplitude and a phase. In order to do so, we transform
Eqs. (3.44) and (3.55) into amplitude and phase maps.

First, we introduce the parameter k, k1 and k2 where

k = |µ2,s| − 1 (3.56)

and

k1 = |µ2,d| − 1, k2 = |µ4,d| − 1 (3.57)

so, in the vicinity of the bifurcation, Eq. (3.44) can be approximated with the map

w 7→ w(1 + k)eiφ + α̂21w|w|2 (3.58)

and Eq. (3.55) can be approximated with(
w1

w2

)
7→
(
w1(1 + k1)eiφ2

w2(1 + k2)eiφ4

)
+

(
w1

(
α̂2100|w1|2 + α̂1011|w2|2

)
w2

(
β̂1110|w1|2 + β̂0021|w2|2

) )
+ h.o.t. (3.59)

where eiφ = µ2,s, e
iφ2 = µ2,d and eiφ4 = µ4,d. In order to simplify the calculation, k, k1 and k2 can be linearized

in the following way

k =
d|µ2|
dp

(p− pcr) (3.60)

k1 =
d|µ2|
dp1

(p1 − p1cr) +
d|µ2|
dp2

(p2 − p2cr) (3.61)

k2 =
d|µ4|
dp1

(p1 − p1cr) +
d|µ4|
dp2

(p2 − p2cr). (3.62)
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The next step consists in reducing Eq. (3.58) and (3.59) to amplitude maps. To do so, we introduce the polar
coordinates (r, ψ) ∈ R for the single NS bifurcation, and (r1, r2, ψ1, ψ2) ∈ R for the double NS bifurcation,
where

w = reiψ (3.63)

and

w1 = r1e
iψ1 , w2 = r2e

iψ2 . (3.64)

Applying the transformation in Eqs. (3.63) and (3.64) to Eqs. (3.58) and (3.59), we have

reiψ 7→ r(1 + k)ei(ψ+φ) + α̂21r
3eiψ (3.65)

or

rei(ψ−φ) 7→ reiψ
[
(1 + k) + α̂21e

−iφr2
]

(3.66)

for the single NS bifurcation, and(
r1e

i(ψ1−φ2)

r2e
i(ψ2−φ4)

)
7→

(
r1e

iψ1
[
(1 + k1) + α̂2100e

−iφ2r2
1 + α̂1011e

−iφ2r2
2

]
r2e

iψ2

[
(1 + k2) + β̂1110e

−iφ4r2
1 + β̂0021e

−iφ4r2
2

] )
(3.67)

for the double NS bifurcation. Separating the absolute value from the phase, considering that r, r1, r2 ≥ 0, we
have from Eq. (3.66)

r 7→ r

√
[(1 + k) + r2R(α̂21e−iφ)]

2
+ [r2I(α̂21e−iφ)]

2
(3.68)

then, expanding in Taylor series the square root, we have

r 7→ (1 + k)r + ρr3 + h.o.t. (3.69)

where

ρ = R(α̂21e
−iφ). (3.70)

Instead, selecting the phase of Eq. (3.66), we have

ψ − φ 7→ ψ + arctan

(
r2I(α̂21e

−iφ)

(1 + k) + r2R(α̂21e−iφ)

)
(3.71)

and expanding the arctangent in its Taylor series we have

ψ 7→ φ+ ψ +

(
I(α̂21e

−iφ)

1 + k
r2

)
+ h.o.t. (3.72)

Eq. (3.69) is the normal form of the NS bifurcation.
Taking the absolute value of Eq. (3.67) we have

(
r1

r2

)
7→



r1

[ (
(1 + k1) + R

(
α̂2100e

−iφ2
)
r2
1 + R

(
α̂1011e

−iφ2
)
r2
2

)2
+
(
I
(
α̂2100e

−iφ2
)
r2
1 + I

(
α̂1011e

−iφ2
)
r2
2

)2 ]1/2

r2

[(
(1 + k2) + R

(
β̂1110e

−iφ4

)
r2
1 + R

(
β̂0021e

−iφ4

)
r2
2

)2

+
(
I
(
β̂1110e

−iφ4

)
r2
1 + I

(
β̂0021e

−iφ4

)
r2
2

)2
]1/2


, (3.73)
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expanding the square roots in Taylor series we obtain(
r1

r2

)
7→
(
r1

(
1 + k1 + a11r

2
1 + a12r

2
2

)
r2

(
1 + k2 + a21r

2
1 + a22r

2
2

) )+ h.o.t. (3.74)

where

a11 = R(e−iφ2α2100), a12 = R(e−iφ2α1011) (3.75)

a21 = R(e−iφ4β1110), a22 = R(e−iφ4β0021). (3.76)

Instead, considering the phase of the map in Eq. (3.67), we have

(
ψ1 − φ2

ψ2 − φ4

)
7→

 ψ1 + arctan
(

I(α̂2100e
−iφ2 )r2

1+I(α̂1011e
−iφ2 )r2

2

1+k1+R(α̂2100e−iφ2 )r2
1+R(α̂1011e−iφ2 )r2

2

)
ψ2 + arctan

(
I(β̂1110e

−iφ4 )r2
1+I(β̂0021e

−iφ4 )r2
2

1+k2+R(β̂1110e−iφ4 )r2
1+R(β̂0021e−iφ4 )r2

2

)  , (3.77)

expanding the arctangent in its Taylor series we obtain(
ψ1

ψ2

)
7→
(
φ2 + ψ1 +

(
b11r

2
1 + b12r

2
2

)
φ4 + ψ2 +

(
b21r

2
1 + b22r

2
2

) )+ h.o.t. (3.78)

where

b11 =
I(e−iφ2 α̂2100)

1 + k1
b12 =

I(e−iφ2 α̂1011)

1 + k1
(3.79)

b21 =
I(e−iφ4 β̂1110)

1 + k2
b22 =

I(e−iφ4 β̂0021)

1 + k2
. (3.80)

3.7 Analysis of the normal form

3.7.1 Single NS bifurcation

The analysis of the single NS bifurcation, is reduced to the analysis of the amplitude map in Eq. (3.69). The
trivial solution of Eq. (3.69), corresponds to the trivial solution of Eq. (3.3), while nontrivial solutions of Eq.
(3.69), correspond to 2-torus quasiperiodic solutions of Eq. (3.3). We remind that k > 0 for p > pcr, while
k < 0 for p < pcr.

Analyzing Eq. (3.69), it is clear that the trivial solution exists for each value of k and ρ, while it is stable
only for k < 0, i.e. for p < pcr. At the same time, to have nontrivial solutions, we must have

r̂ = (1 + k)r̂ + ρr̂3 =⇒ r̂ =

√
−k
ρ
. (3.81)

Nontrivial solutions of Eq. (3.69) exist, if and only if k/ρ < 0. So there are two different possibilities:

ρ < 0 ⇒ r̂ ∃ for k > 0 → supercritical bifurcation

ρ > 0 ⇒ r̂ ∃ for k < 0 → subcritical bifurcation

The stability of the nontrivial solution can be analyzed considering the first derivate of Eq. (3.69) for r = r̂

J |r=r̂ < 1 ⇐⇒ (1 + k) + 3ρr̂2 = 1− 2k < 1 ⇐⇒ k > 0 (3.82)

so, the solution is stable for k > 0 and unstable for k < 0, as expected according to standard bifurcation theory
(see Fig. 3.3). As a practical consequence, we would like to point out that subcritical bifurcations limit the basin
of attraction of the trivial solution in the stable region, compromising its robustness and causing unexpected
motions, if not properly analyzed.



CHAPTER 3. BIFURCATION ANALYSIS: GENERAL PROCEDURE 38

Figure 3.3: Typical bifurcation diagrams of a supercritical (a) and a subcritical (b) NS bifurcation.

3.7.2 Double Neimark-Sacker bifurcation

It is possible to investigate the dynamics in the vicinity of a double NS bifurcation, analyzing the fixed points of
Eq. (3.74). If there are fixed points different from the trivial solution, the map in Eq. (3.7) admits quasiperiodic
solutions. If the fixed point is semitrivial, i.e. it lays on one axis, the map in Eq. (3.7) will show a 2-torus
quasiperiodic motion, while, if the fixed point is nontrivial, the map in Eq. (3.7) will show a 3-torus quasiperiodic
motion. According to the scheme:

fixed point (r̃1, 0) → 2-torus quasiperiodic motion with amplitude r̃1 and frequency
depending on Eq. (3.781)

fixed point (0, r̃2) → 2-torus quasiperiodic motion with amplitude r̃2 and frequency
depending on Eq. (3.782)

fixed point (r∗1 , r
∗
2) → 3-torus quasiperiodic motion given by two motions with

amplitudes r∗1 and r∗2 and frequencies depending on Eq. (3.78)

The stability properties of these motions are analogous to the stability properties of the fixed points of Eq.
(3.74).

There exists a fixed point on the r1 axis (r̃1, 0) for

r̃1 = r̃1 + k1r̃1 + a11r̃
3
1 ⇔ r̃1 =

√
− k1

a11
, (3.83)

so, in order to have a fixed point on the r1 axis, we must have k1/a11 < 0.
The semitrivial fixed point is stable if and only if the eigenvalues of the Jacobian matrix have absolute value

less than 1, i.e.

J |r̃1 =

(
1 + k1 + 3a11r̃

2
1 0

0 1 + k2 + a21r̃
2
1

)
=

(
1− 2k1 0

0 1 + k2 − a21

a11
k1

)
. (3.84)

(r̃1, 0) is stable ⇐⇒
{
k1 > 0
k2 − a21

a11
k1 < 0

. (3.85)

If only one of the two inequalities is verified, the fixed point is a saddle, if both are not verified it is totally
unstable. Considering that r̃1 =

√
−k1/a11 and the conditions for stability in Eq. (3.85), if a11 > 0, this

semitrivial fixed point is necessarily unstable, otherwise its stability depends also on a21 and k2.
We now verify the existence of semitrivial fixed points on the r2 axis (0, r̃2). There exists a semitrivial fixed

point on the r2 axis for

r̃2 = r̃2 + k2r̃2 + a22r̃
3
2 ⇔ r̃2 =

√
− k2

a22
, (3.86)

similarly to the previous case, in order to have the semitrivial fixed point, we must have k2/a22 < 0.
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The Jacobian matrix in correspondence of (0, r̃2) is

J |r̃2 =

(
1 + k2 + a12r̃

2
2 0

0 1 + k2 + 3a22r̃
2
2

)
=

(
1 + k1 − a12

a22
k2 0

0 1− 2k2

)
, (3.87)

so

(0, r̃2) is stable ⇐⇒
{
k2 > 0
k1 − a12

a22
k2 < 0

. (3.88)

If only one of the two inequalities is verified, the fixed point is a saddle, if both are not verified it is totally
unstable. As in the previous case, considering that r̃2 =

√
−k2/a22 and the condition for stability in Eq. (3.88),

if a22 > 0, this semitrivial fixed point is necessarily unstable, otherwise its stability depends also on a12 and k2.
There exists a general fixed point (r∗1 , r

∗
2) for{

r∗1 = r∗1 + k1r
∗
1 + a11r

∗3
1 + a12r

∗
1r
∗2
2

r∗2 = r∗2 + k2r
∗
2 + a21r

∗2
1 r∗2 + a22r

∗3
2
→
{
a11r

∗2
1 + a12r

∗2
2 = −k1

a21r
∗2
1 + a22r

∗2
2 = −k2

, (3.89)

whose solution is

r∗21 =
k1a22 − k2a12

a21a12 − a11a22

r∗22 =
k2a11 − k1a21

a21a12 − a11a22
. (3.90)

In order to have real solutions we must have r∗21 > 0 and r∗22 > 0. To investigate the stability of this fixed point,
we have to study the eigenvalues of the Jacobian matrix

J|r∗1r∗2 =

(
1 + k1 + 3a11r

∗2
1 + a12r

∗2
2 2a12r

∗
1r
∗
2

2a21r
∗
1r
∗
2 1 + k2 + a21r

∗2
1 + 3a22r

∗2
2

)
= 1 + k1 + k1(3a11a22−a21a12)−2a11a12k2

a21a12−a11a22
2a12

√
(k1a22−k2a12)(k2a11−k1a21)

a21a12−a11a22

2a21

√
(k1a22−k2a12)(k2a11−k1a21)

a21a12−a11a22
1 + k2 + k2(3a11a22−a21a12)−2a21a22k1

a21a12−a11a22

 . (3.91)

If both the eigenvalues are inside the unit circle of the complex plane, the nontrivial fixed point is stable, and
it corresponds to a stable 3-torus quasiperiodic motion of the map in Eq. (3.7). If only one eigenvalue is out
of the unit circle, the nontrivial fixed point is a saddle, so the corresponding 3-torus quasiperiodic motion of
the map in Eq. (3.7) is unstable. If both the eigenvalues are out of the unit circle, the fixed point is a repellor.
As better explained in [42], the nontrivial solution (r∗1 , r

∗
2) arises from a pitchfork bifurcation of one of the two

semitrivial solutions (r̃1, 0) or (0, r̃2).
In Fig. 3.4, we show an example of a possible bifurcation structure in the vicinity of a double NS bifurcation.

In the figure, the two single NS bifurcations are both supercritical. In regions B and F there is no interaction
between the two bifurcations. In regions C and E there are two coexisting 2-torus quasiperiodic solutions,
one stable and one unstable, while in region D, the interaction between the two bifurcations generates an
unstable 3-torus quasiperiodic solution ((r∗1 , r

∗
2) is a saddle in this case), which coexists with two stable 2-torus

quasiperiodic solutions. Similar bifurcation structures have been obtained in [44, 18] in correspondence to
double Hopf bifurcations (of a continuous time system). The possible bifurcation structures are several and in
another section a case study will show some typical features. For more details we address the readers to [42]
and [43].

In case of instability of the nontrivial fixed point (r∗1 , r
∗
2), it is important to analyze the values of the

eigenvalues. If they are complex conjugate, the fixed point undergoes a NS bifurcation, adding one more
frequency of vibration to the quasiperiodic motion of the map in Eq. (3.7), which will have four main frequencies
of vibration and will move on a 4-torus. In order to analyze this 4-torus quasiperiodic motion, it is necessary
to include in the analysis terms up to the fifth order, starting from the Taylor expansion in Eq. (3.9). The
procedure, in this case, is extremely lengthy. More details, about this very special case, are given in [42] and
[43], however, in the system analyzed in detail in the Ch. 4, this event is not occurring, thus the analysis will
be still limited to third order terms.
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Figure 3.4: One possible bifurcation diagram of a double NS bifurcation, in the case of supercritical bifurcations.
The letters from A to F indicate regions with different behaviors. The shaded area indicates stability of the
trivial solution.

3.8 Flip bifurcation

As we already mentioned, the flip (or period-doubling) bifurcation, is occurring when at the loss of stability
of a fixed point of a map, an eigenvalues of Dxf is leaving the unit circle of the complex plane through -1. It
causes the birth of two branches of period-two solutions.

We consider the generic map

xf 7→ ff (xf ; p) (3.92)

where ff = [f1,f (x; p) ... fn,f (x; p)]T , xf = [x1 ... xn]T and p is a scalar real number. The map is analogous to
the one in Eq. 3.3, with the exception that n can be also equal to 1. Again the trivial solution x0,f = [0 ... 0]T

satisfies Eq. (3.92), and it is stable for p < pcr and unstable for p > pcr
Assuming that f1,f ..., fn,f are sufficiently smooth, we expand them in their Taylor series around 0, with

respect to x1, ..., xn up to the third order, so we can rewrite Eq. (3.92) as

xf 7→ Af (p)xf + bf (xf ) (3.93)

where the vector bf (xf ) contains all the nonlinear terms. Considering that

for p < pcr |µi.f | < 1 ∀ i = 1, ..., n
for p = pcr µ1,f = −1

d|µ1,f |
dp |p=pcr > 0

|µi| < 1 ∀ i = 2, ..., n,

(3.94)

for p = pcr the system under study undergoes a flip bifurcation.

Jordan normal form
Similarly to the analysis of a NS bifurcation, we transform the system into its Jordan normal form. Calling
Hf = Af |p=pcr and si,f , i = 1, ..., n the eigenvectors related to the eigenvalues µi,f of Hf , we define the
transformation matrix

T =

 s1,f · · · sn,f

 . (3.95)
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Such that

T−1HT =

 µ1,f · · · 0
...

. . .
...

0 · · · µn,f

 , (3.96)

where µ1,f = −1.
Applying the transformation

xf = Tfyf , yf = [y1 ... yn]Tf = T−1
f x (3.97)

we rewrite the maps in Eq. (3.93) in Jordan normal form, i.e.

yf 7→ T−1
f HfTfyf + T−1

f bf (yf ). (3.98)

Center manifold reduction
Also the center manifold reduction can be performed analogously to the case of a NS bifurcation. In this case,
the system will be reduced to a mono-dimensional one.

The local center manifold is defined in the form y2

...
yn


f

= tf (y1)f =

 g22y
2
1 + g23y

3
1

...
gn2y

2
1,j + gn3y

3
1,j


f

, (3.99)

where g23...gn3 can be neglected in most of the cases, limiting it to second order terms.
In order to find the n− 1 coefficients gj2, we substitute the n− 1 equations of (3.99) into the first equation

of (3.98). Then, we substitute this new equation and the equations in (3.99) into the remaining n− 1 equations
of (3.98). Collecting terms with the same power order, we obtain n − 1 equations in the n − 1 unknowns gi2
(if third order terms are not neglected the procedure is the same, with more unknowns). If now we substitute
again the equations in (3.99) into the first equation of (3.98), we obtain

y1,f 7→ µ1,fy1,f + α2y
2
1,f + α3y

3
1,f + h.o.t. (3.100)

that is the system in Eq. (3.98), limited to its center manifold.

Elimination of the quadratic term
It is possible to transform out the quadratic term [40] applying the near identity transformation

y1,f = zf + c2z
2
f (3.101)

to Eq. (3.100) and imposing c2 = α2/2. In this way we obtain the map

zf 7→ µ1,fzf + α̂3z
3
f + h.o.t. (3.102)

where α̂3 = α3 + α2
2.

Normal form
Rescaling the map according to zf = vf/

√
α̂3 and calling

kf = −(1 + µ1,f ) ≈ −d|µ1,f |
dp

∣∣∣∣
p=pcr

(p− pcr) (3.103)

we obtain the map

vf 7→ −(1− kf )vf + sgn(α̂3)v3
f + h.o.t. (3.104)
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that is the normal form of a flip bifurcation.
It can be easily verified that the trivial solution is stable for k < 1 and unstable for k > 1, while there exist

a solution for the second iterate of the map in Eq. (3.104), i.e.

v1,2,f = ±

(√
k

sgn(α̂3)
+O(k)

)
. (3.105)

If α̂3 > 0, period-two stable solutions will exist for k > 0 and the bifurcation will be supercritical, otherwise,
if α̂3 < 0, period-two unstable solutions will exist for k < 0 and the bifurcation will be subcritical. For the
detailed analysis of the stability of these solutions see [40] or [65].



Chapter 4

Bifurcation analysis in digital position
control

In this chapter we will investigate in detail both a single and a double NS bifurcation, occurring in the digital
position control of respectively a one and a two-DoF system, similar to the ones analyzed in Ch. 2. The
systems analyzed in Ch. 2 are modeled by linear maps, thus at the loss of stability their motion would simply
grow unboundedly. In order to study the bifurcations occurring at these losses of stability, we considered in
the system the nonlinearity related to the saturation of the control force. This will limit the response of the
system in the unstable regions. The analytical investigation will follow the procedures explained in Ch. 3, while
numerical simulations will validate the results obtained analytically.

4.1 Single Neimark-Sacker bifurcation

4.1.1 Mechanical model

We consider the same system as in Fig. 2.1, reported in Fig. 4.1, still subject to PD digital control. The only
difference with the system studied in Ch. 2 consists in the control force (now called Qs). We now approximate
it to an artangent function of the current (Fig. 4.2), while the current is a linear function of the displacement
and the velocity of the mass m, i.e.

Qs (t) = −Qmax

π/2
[arctan (u− u0) + q0] , u = Px (tj − τ) +Dẋ (tj − τ) (4.1)

where Qmax > 0 is the maximal output force of the motor, the parameter q0, assumed positive without loss of
generality, indicates that the saturation of the control force is not symmetric, while the parameter u0 = tan q0

is introduced in order to have zero force for u = 0.
We apply the transformation T = t/τ and we call Q0 = 2Qmax/ (mπ), so we can rewrite Eq. (4.1) as

x′′j+1 = −τ2Q0

[
arctan

(
Pxj +

D

τ
x′j − u0

)
+ q0

]
. (4.2)

Proceeding similarly to Ch. 2, we obtain the map

x 7→ x+ x′ +
1

2
x′′

x′ 7→ x′ + x′′ (4.3)

x′′ 7→ −τ2Q0

[
arctan

(
Pxj +

D

τ
x′j − u0

)
+ q0

]
.

43
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Figure 4.1: Mechanical model of a single DoF system

Figure 4.2: Asymmetric control force

Transforming the arctangent in its Taylor series we have

x′′ 7→ −τ2Q0

[
− arctan (u0) +

Px+ D
τ x
′

1 + u2
0

+
u0

(
Px+ D

τ x
′)2

(1 + u2
0)

2 +

(
−1 + 3u2

0

) (
Px+ D

τ x
′)3

3 (1 + u2
0)

3 + q0 + h.o.t.

]
(4.4)

and collecting terms with the same power order

x′′ 7→ −τ2Q0

[
P

1 + u2
0

x+
D

τ (1 + u2
0)
x′ +

u0

(1 + u2
0)

2

(
P 2x2 +

2PD

τ
xx′j +

D2

τ2
x′2
)

+

(
−1 + 3u2

0

)
3 (1 + u2

0)
3

(
P 3x3 + 3

P 2D

τ
x2x′ + 3

PD2

τ2
xjx
′2 +

D3

τ3
x′3
)]
. (4.5)

Thus, we obtain the map x
x′

x′′

 7→
 1 1 1

2
0 1 1
−p −d 0

 x
x′

x′′

+

 0
0∑

h+k=2,3 bhkx
hx′k

 , (4.6)

where we redefined p = τ2PQ0/
(
1 + u2

0

)
and d = τDQ0/

(
1 + u2

0

)
, while the coefficients of the quadratic terms

are

bhk = −γ2
u0Q0τ

2

(1 + u2
0)

2P
h

(
D

τ

)k
= −γ2

u0p
hdk

τ2Q0
, γ2 =

{
1 if max(h, k) = 2
2 if max(h, k) = 1

(4.7)

and the coefficients of the third order terms are

bhk = γ3

(
1− 3u2

0

)
Q0τ

2

3 (1 + u2
0)

3 Ph
(
D

τ

)k
= −γ3

(
1− 3u2

0

)
phdk

τ4Q2
0

, γ3 =

{
1 if max(h, k) = 3
3 if max(h, k) = 2.

(4.8)
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The maps in Eqs. (4.3) and (4.6) have the same stability properties of Eq. (2.11) (see Fig. 2.4). As we
already mentioned, on the right stability border the system undergoes a NS bifurcation and it satisfies the same
conditions of Eq. (3.3) in Eq. (3.6). Thus, it is possible to analyze the occurring NS bifurcation according to
the procedure shown in Ch. 3. In the following section we will first analyze the bifurcation locally, fixing the
value of d such that pcr is the maximal possible (pcr = 0.25), then we will generalize the procedure along the
whole stability border.

4.1.2 Analytical investigation

The system in Eq. (4.6) is already expanded in Taylor series. The next step consists in transforming the system
in Jordan normal form, in order to decouple the linear part of the system. Before that, we fix d = 5/8, such
that p is the bifurcation parameter and pcr = 0.25. The values of the coefficients can be calculated according
to Eqs. (4.7) and (4.8).

Applying the transformation into Jordan normal form, as explained in Ch. 3, we obtain the following y1

y2

y3

 7→
 3

4

√
7

4 0

−
√

7
4

3
4 0

0 0 1
2


 y1

y2

y3

+


∑
h+k+l=2,3 s1hkly

h
1 y

k
2y
l
3∑

h+k+l=2,3 s2hkly
h
1 y

k
2y
l
3∑

h+k+l=2,3 s3hkly
h
1 y

k
2y
l
3

 . (4.9)

From the matrix it is possible to identify the eigenvalues at the bifurcation, i.e. µ1 = 3/4 + i
√

7/4, µ2 =
3/4− i

√
7/4 and µ3 = 1/2, clearly µ1 = µ̄2 and |µ1,2| = 1. The values of the coefficients sihkl can be found in

Appendix C.
Since the system in Eq. (4.9) has dimension three, it should be reduced to its local center manifold. Applying

the procedure explained in Ch. 3, we obtain the following equation for the center manifold

γ = − 17u0

24Q0τ2
y2

1 +

√
7u0

12Q0τ2
y1y2 −

7u0

24Q0τ2
y2

2 (4.10)

that is the surface, in the three dimensional space, on which the system is evolving, in the vicinity of the
bifurcation. Substituting the surface γ to the variable y3, we reduce the system to a two dimensional one, i.e.(

y1

y2

)
7→

(
3
4

√
7

4

−
√

7
4

3
4

)(
y1

y2

)
+

( ∑
h+k=2,3 ahky

h
1 y

k
2∑

h+k=2,3 bhky
h
1 y

k
2

)
. (4.11)

The second order coefficients are not modified by the transformation. So, for example, s1200 = a20 and s220 = b20.
Anyway, all the coefficients are explicitly given in Appendix C.

The next step consists in transforming the system in complex form, applying the transformation

z = y1 + iy2

z̄ = y1 − iy2
→ y1 = z+z̄

2
y2 = z−z̄

2i

(4.12)

that will give the system

z 7→ µ2z + α20z
2 + α11zz̄ + α02z̄

2 + α30z
3 + α21z

2z̄ + α12zz̄
2 + α03z̄

3 (4.13)

The complex coefficients αhk can be obtained using the ahk and bhk coefficients, given in Appendix C, and
applying Eqs. from (B.1) to (B.7). The explicit values of αhk are given in Appendix C.

Applying the near identity transformation z = v + h1(v, v̄), where h1(v, v̄) = c20v
2 + c11vv̄ + c02v̄

2 and

chk = − αhk
µ2 − µh2µk1

, (4.14)

the second order terms can be transformed out, modifying the coefficients of the third order terms according
to Eqs. from (3.34) to (3.37), as explained in Ch. 3. Similarly, applying the transformation v = w + h2(w, w̄),
where h2(w, w̄) = c30w

3 + c12ww̄
2 + c03w̄

3 and

chk = − α̂hk
µ2 − µh2µk1

, (4.15)
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Figure 4.3: Bifurcation diagram. Solid lines: analytical results; dashed lines: numerical results. The diagrams
have been obtained fixing τ = 0.01 s and Q0 = 10 m/s2. Numerical results are obtained from Eq. (4.3).

all the non-internally resonant third order terms can be transformed out. The resulting map is

w 7→ µ2w + α̂21w
2w̄ (4.16)

where

α̂21 =

[
1

32
+ i

11

32
√

7
+ u2

0

(
29

160
+ i

61

480
√

7

)]
1

Q2
0τ

4
. (4.17)

Proceeding as explained in Ch. 3, we introduce the parameter k = |µ2| − 1 ≈ d|µ2|
dp (p− pcr) and we rewrite

Eq. (4.16) as

w 7→ w(1 + k)eiφ + α̂21w|w|2, (4.18)

where eiφ = µ2. For d = 5/8, along the stability border d|µ2|/dp = 1. Introducing the polar coordinates (r, ψ),
such that w = reiψ, separating the absolute value from the phase and expanding it in Taylor series, we obtain
the map

r 7→ (1 + k)r + ρr3 (4.19)

ψ 7→ φ+ ψ + arctan

(
r2I(α̂21e

−iφ)

(1 + k) + r2R(α21e−iφ)

)
(4.20)

where

ρ = R
(
α21e

−iφ) =
−3 + 5u2

0

48Q2
0τ

4
. (4.21)

Eq. (4.19) is the normal form of a NS bifurcation.
As already explained, the bifurcation is supercritical if ρ < 0 and subcritical if ρ > 0. The limit circle

generated by the NS bifurcation has radius r∗ =
√
−k/ρ, from which value its original shape can be obtained,

transforming back the system from Eq. (4.19) to Eq. (4.6). From Eq. (4.21), we can see that ρ < 0 for
u0 <

√
3/5, i.e. q0 < 0.659. So, if the saturation of the control force is symmetric, the bifurcation is supercritical,

while if it is enough asymmetric, it becomes subcritical.
In Fig. 4.3 the comparison between the analytical and the numerical bifurcation diagram is represented.

The matching around the critical value pcr = 0.25 is excellent. Due to the asymmetry, the quasiperiodic
attractor is asymmetric itself; the bifurcation curves in Fig. 4.3 refer to the maximum absolute value of the
mass displacement during its motion.

Throughout this research work, numerical results of maps are plotted only for stable solutions and for
unstable solutions of saddle type (see later). Numerical stable solutions have been obtained with a simple
evolution of the map under study, while unstable solutions of saddle type have been plotted finding, with good
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Figure 4.4: Regions in the d, q0 space, along the stability border, where the NS bifurcation is either supercritical
or subcritical.

accuracy, a point of the attractive branch from the saddle-cycle. Starting a simulation from that point the
system is first approaching the unstable solution, giving an approximate idea of its shape, and then leaving it.
This techniques allowed us to plot most of the unstable solutions of saddle type.

Repeating this procedure of analysis of the bifurcation along the whole stability boundary, we found that
for a symmetric saturation the bifurcation is always supercritical, while the asymmetry can make it subcritical.
According to the diagram in Fig. 4.4, the bifurcation can become subcritical up to d = 0.812737, for greater
values of d, the bifurcation is supercritical even for extremely asymmetric saturations.

Numerical simulations for different values of the control gains p and d allow to identify regions with different
amplitudes of oscillation of the quasiperiodic attractor. Fig. 4.5 shows lines of isoamplitude of oscillations of the
system in the case of instability, for a symmetric saturation of the control force. It is remarkable the existence
of unbounded motions (marked with UB), in spite of the limit of the control force. The line delimiting the area
of unbounded motions appears to correspond to the line 2d = 3p.

Figure 4.5: Amplitude of the 2-torus quasiperiodic oscillations (in meter) in the case of instability (τ = 0.01 s,
Q0 = 10 m/s2).
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Figure 4.6: Mechanical model for analysis of a double NS bifurcation.

4.2 Double Neimark-Sacker bifurcation

4.2.1 Mechanical model

We now consider a two-Dof mechanical system, similar to those in Fig. 2.6, which stability has been analyzed
in Ch. 2. The only difference consists in the data read in input by the controller, which now reads the position
and the velocity of both the masses (Fig. 4.6).

The controller is considered to be digital, similarly to the system already analyzed, furthermore we consider
the saturation of the control force in the same way we did regarding the single DoF system just analyzed in
this chapter. The control force is then

QD(t) = −Qmax

π/2
[arctan(u− u0) + q0] (4.22)

where

u (t) = PAq1 (tj − τ) +DAq̇1 (tj − τ) + PBq2 (tj − τ) +DB q̇2 (tj − τ) (4.23)

t ∈ [tj , tj+1).

PA and DA (PB and DB) are the proportional and differential gains related to the position and the velocity of
m1 (m2), using the same notation of Ch. 2.

The linear part of the system (neglecting the saturation) is analogous to the one of the system in Fig. 2.6,
thus it can be treated applying the same modal analysis. The result consists in the linear map(

x1 x′1 x2 x′2 Q̂D
)T 7→ B

(
x1 x′1 x2 x′2 Q̂D

)T
(4.24)

where

B =


1 1 0 0 1

2
0 1 0 0 1

0 0 e−δΩ (cΩ + δsΩ) e−δΩ

Ω sΩ − 1
Ω2 + e−δΩ

Ω2 (cΩ + δsΩ)
0 0 e−δΩ

(
−δ2 − 1

)
ΩsΩ e−δΩ (cΩ − δsΩ) −e−δΩ

(
1 + δ2

)
sΩ
Ω

−p1 −d1 p2 d2 0


cΩ = cos Ω, sΩ = sin Ω and x1,j = x1(j). δ and Ω have the same meaning as in Ch. 2, Q̂D = τ2QD/(m1 +m2),
p1 = P1τ

2/(m1 + m2), p2 = P2τ
2/(m1 + m2), d1 = D1τ/(m1 + m2) and d2 = D2τ/(m1 + m2). P1, P2, D1

and D2 are obtained as a consequence of the coordinate transformation in Eq. (2.43) and are: P1 = PA + PB ,
D1 = DA +DB , P2 = PAm2/m1 − PB and D2 = DAm2/m1 −DB . As a consequence, P1 and D1 are directly
related to the variable x1 (rigid movement of the system), while P2 and D2 are related to the variable x2

(relative movement between the two masses).
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Figure 4.7: Stability chart for the parameter values Ω = 0.15π, δ = 0.001, p2 = 0.001 and d2 = 0.01, with two
loci of Neimark-Sacker bifurcation.

Considering the full nonlinear system, the equations of motion of the system become

x1 7→ x1 + x′1 +
Q̂D
2

x′1 7→ x′1 + Q̂D

x2 7→ e−δΩ (cΩ + δsΩ)x2 +
e−δΩ

Ω
sΩx

′
2 −

(
1

Ω2
− e−δΩ

Ω2
(cΩ + δsΩ)

)
Q̂D (4.25)

x′2 7→ e−δΩ
(
−δ2 − 1

)
ΩsΩx2 + e−δΩ (cΩ − δsΩ)x′2 − e−δΩ

(
1 + δ2

) sΩ

Ω
Q̂D

Q̂D 7→ −Q0τ
2

[
arctan

(
P1x1 +

D1

τ
x′1 − P2x2 −

D2

τ
x′2 − u0

)
+ q0

]
where Q0 = 2Qmax/ (π(m1 +m2)).

For large ranges of the parameter values, the system shows to lose stability through NS bifurcations. In
particular, we fixed the values of Ω = 0.15π, δ = 0.001, p2 = 0.001, d2 = 0.01 and, analyzing the eigenvalues of
B, we obtained the stability chart in Fig. 4.7. In the figure the two loci of NS bifurcations are clearly visible,
at the intersection of the two loci the system undergoes a double NS bifurcation.

4.2.2 Analytical investigation

Following the procedure explained in Ch. 3, we analyze the double NS bifurcation occurring for Ω = 0.15π,
δ = 0.001, p2 = 0.001, d2 = 0.01 in the p1, d1 space, at p1 = 0.232083 and d1 = 0.730225.

Expanding the arctangent in its Taylor series up to the third order with respect to x1 and x2 we have

Q̂D 7→ −p1x1 − d1x
′
1 + p2x2 + d2x

′
2 +

∑
h+k+l+m=2,3

bhklmx
h
1x
′k
1 x

l
2x
′m
2 +Q0τ

2 [arctan(u0)− q0] (4.26)

where we redefine p1 = Q0τ
2P1/(1 + u2

0), d1 = Q0τD1/(1 + u2
0), p2 = Q0τ

2P2/(1 + u2
0), d2 = Q0τD2/(1 + u2

0),
while the coefficients of the second order terms are

bhklm = −α2
ph1d

k
1(−p2)l(−d2)mu0

Q0τ2
, α2 =

{
1 if max(h, k, l,m) = 2
2 if max(h, k, l,m) = 1

, (4.27)

and the coefficients of the third order terms are

bhklm = α3
1

3

ph1d
k
1(−p2)l(−d2)m(1− 3u2

0)

Q2
0τ

4
, α3 =

 1 if max(h, k, l,m) = 3
3 if max(h, k, l,m) = 2
6 if max(h, k, l,m) = 1

. (4.28)
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The linear part of Eq. (4.26) has the same expression of Q̂ in Eq. (4.24), so the equation of motion of the
nonlinear system can be written in the following way:

x 7→ Bx + b(x) (4.29)

where

b(x) =


0
0
0
0∑

h+k+l+m=2,3 bhklmx
h
1x
′k
1 x

l
2x
′m
2

 . (4.30)

Jordan Normal Form

We call p1cr = 0.232083 and d1cr = 0.730225, i.e. the point in the p1, d1 space of the intersection of the
two bifurcation loci, and we let p1 and d1, the bifurcation parameters, vary around these values. We define
H = B|p1=p1cr,d1=d1cr

. The eigenvalues of H are

µ1 = 0.893314 + i0.449432→ |µ1| = 1 (4.31)

µ2 = 0.893314− i0.449432→ |µ2| = 1 (4.32)

µ3 = 0.685901 + i0.727695→ |µ3| = 1 (4.33)

µ4 = 0.685901− i0.727695→ |µ4| = 1 (4.34)

µ5 = 0.622744. (4.35)

Applying the transformation into Jordan normal form, as explained in Ch. 3, we obtain the following
y1

y2

y3

y4

y5

 7→


R(µ1) I(µ1) 0 0 0
I(µ2) R(µ2) 0 0 0

0 0 R(µ3) I(µ3) 0
0 0 I(µ4) R(µ4) 0
0 0 0 0 µ5




y1

y2

y3

y4

y5

+


∑
h+k+l+m+n=2,3 s1hklmny

h
1 y

k
2y
l
3y
m
4 y

n
5∑

h+k+l+m+n=2,3 s2hklmny
h
1 y

k
2y
l
3y
m
4 y

n
5∑

h+k+l+m+n=2,3 s3hklmny
h
1 y

k
2y
l
3y
m
4 y

n
5∑

h+k+l+m+n=2,3 s4hklmny
h
1 y

k
2y
l
3y
m
4 y

n
5∑

h+k+l+m+n=2,3 s5hklmny
h
1 y

k
2y
l
3y
m
4 y

n
5

 .

(4.36)

The values of the coefficients sihklmn can be found in Appendix D.
In Eq. (4.36) the five equations are linearly coupled in pairs, considering the absolute values of the eigenval-

ues, it is possible to identify the four equations related to the bifurcation (y1,...,4) and the equation not related
to the bifurcation (y5).

Center Manifold Reduction

It is possible to reduce the dimension of the system eliminating the variable y5. To do so, we have to reduce
the dynamics of y5 to its local center manifold [25]. Applying the procedure explained in Ch. 3, we obtain the
following center manifold:

y5 = γ(y1, y2, y3, y4) =
∑

h+k+l+m=2

b̃hklmy
h
1 y

k
2y
l
3y
m
4 (4.37)

where

b̃2000 = 7.20153×10−5u0

Q0τ2 , b̃0200 = 2.60017×10−5u0

Q0τ2 ,

b̃0020 = 0.253123u0

Q0τ2 , b̃0002 = 0.136102u0

Q0τ2 ,

b̃1100 = − 1.04591×10−6u0

Q0τ2 , b̃1010 = − 6.89914×10−3u0

Q0τ2 ,

b̃1001 = 1.67954×10−3u0

Q0τ2 , b̃0110 = − 2.14827×10−3u0

Q0τ2 ,

b̃0101 = − 233564×10−3u0

Q0τ2 , b̃0011 = 0.0325571u0

Q0τ2

(4.38)
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In the vicinity of the bifurcation, for small amplitude of oscillations, the system consists of the first four
equations of (3.18), where y5 is substituted by γ, i.e.

y1

y2

y3

y4

 7→


R(µ1) I(µ1) 0 0
I(µ2) R(µ2) 0 0

0 0 R(µ3) I(µ3)
0 0 I(µ4) R(µ4)




y1

y2

y3

y4

+


∑
h+k+l+m=2,3 ahklmy

h
1 y

k
2y
l
3y
m
4∑

h+k+l+m=2,3 bhklmy
h
1 y

k
2y
l
3y
m
4∑

h+k+l+m=2,3 chklmy
h
1 y

k
2y
l
3y
m
4∑

h+k+l+m=2,3 dhklmy
h
1 y

k
2y
l
3y
m
4

 . (4.39)

The coefficients ahklm, bhklm, chklm and dhklm can be found in Appendix E.

Transformation to Normal Form

In order to study the bifurcation after the center manifold reduction, we follow the steps outlined in Ch. 3.
Rewriting the system in complex form we have(

z1

z2

)
7→
(
µ2z1 +

∑
h+k+l+m=2,3 αhklmz

h
1 z̄

k
1z
l
2z̄
m
2

µ4z2 +
∑
h+k+l+m=2,3 βhklmz

h
1 z̄

k
1z
l
2z̄
m
2

)
(4.40)

where z1 = y1 + iy2, z2 = y3 + iy4, αhklm and βhklm ∈ C. αhklm and βhklm are linear combinations of ahklm,
bhklm, chklm and dhklm. Their values can be found according to the linear relations in Eqs. From (B.8) to
(B.67) of Appendix B.

Applying the near identity transformation, as explained in Ch. 3, we can eliminate all the non-internally
resonant terms. The only third order nonlinear terms left are related to the coefficients α2100, α1011, β0021 and
β1110; these terms cannot be eliminated because they are related to internal resonances so are dominant in the
bifurcation.

After this transformation and considering that ww̄ = |w|2, we obtain the system(
w1

w2

)
7→

(
w1

(
µ2 + α̂2100|w1|2 + α̂1011|w2|2

)
w2

(
µ4 + β̂1110|w1|2 + β̂0021|w2|2

) )
+ h.o.t. (4.41)

where α̂2100, α̂1011, β̂1110 and β̂0021 correspond to the respective α and β, modified by the near identity trans-
formation. Their final values can be found in Appendix E.

Operating as explained in Ch. 3, we now introduce the two parameters

k1 = |µ2| − 1, k2 = |µ4| − 1

that can be linearized as

k1 = d|µ2|
dp1

∣∣
p1cr,d1cr

(p1 − p1cr) + d|µ2|
dd1

∣∣
p1cr,d1cr

(d1 − d1cr)

k2 = d|µ4|
dp1

∣∣
p1cr,d1cr

(p1 − p1cr) + d|µ4|
dd1

∣∣
p1cr,d1cr

(d1 − d1cr)
(4.42)

and in numerical values are

k1 = 0.0212225(p1 − p1cr)− 0.0042641(d1 − d1cr)
k2 = 0.809618(p1 − p1cr) + 0.233615(d1 − d1cr).

(4.43)

Calling eiφ2 = µ2 and eiφ4 = µ4 and introducing the polar coordinates (r1, r2, ψ1, ψ2) ∈ R, where

w1 = r1e
iψ1 , w2 = r2e

iψ2 , (4.44)

following once again the procedure of Ch. 3, we can transform the system in Eq. 4.41 into the amplitude and
phase map(

r1

r2

)
7→

(
r1

(
1 + k1 + a11r

2
1 + a12r

2
2

)
r2

(
1 + k2 + a21r

2
1 + a22r

2
2

) )+ h.o.t. (4.45)(
ψ1

ψ2

)
7→

(
φ2 + ψ1 + b11r

2
1 + b12r

2
2

φ4 + ψ2 + b21r
2
1 + b22r

2
2

)
+ h.o.t. (4.46)
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Figure 4.8: Variation of the coefficients a11, a12, a21 and a22 as functions of u0.

where

a11 = R(e−iφ2 α̂2100), a12 = R(e−iφ2 α̂1011), (4.47)

a21 = R(e−iφ4 β̂1110), a22 = R(e−iφ4 β̂0021), (4.48)

b11 =
I(e−iφ2 α̂2100)

1 + k1
, b12 =

I(e−iφ2 α̂1011)

1 + k1
, (4.49)

b21 =
I(e−iφ4 β̂1110)

1 + k2
, b22 =

I(e−iφ4 β̂0021)

1 + k2
. (4.50)

whose values at the bifurcation point are reported in Appendix E.
As already explained, the dynamics of the system in the vicinity of the bifurcation strongly depends on the

values and on the sign of the coefficients ahk. For a symmetric saturation of the control force, i.e. u0 = 0, they
are all negative, but for increasing values of u0, they monotonically increase and become positive, as shown in
Fig. 4.8.

Analysis of the Normal Form

In Ch. 3, the conditions of existence and stability of fixed points of the map in Eq. (4.45) have already been
shown. Summing them up we have:

(0, 0)∃ ∀ (k1, k2), stable ⇐⇒
{
k1 < 0
k2 < 0

(4.51)

(r̃1, 0)∃ ⇐⇒ k1

a11
< 0, stable ⇐⇒

{
k1 > 0
k2 − a21

a11
k1 < 0

(
r̃1 =

√
− k1

a11

)
(4.52)

(0, r̃2)∃ ⇐⇒ k2

a22
< 0, stable ⇐⇒

{
k2 > 0
k1 − a12

a22
k2 < 0

(
r̃2 =

√
− k2

a22

)
(4.53)

(r∗1 , r
∗
2)∃ ⇐⇒

{
k1a22−k2a12

a21a12−a11a22
> 0

k2a11−k1a21

a21a12−a11a22
> 0

and (r∗1 , r
∗
2) =

(√
k1a22 − k2a12

a21a12 − a11a22
,

√
k2a11 − k1a21

a21a12 − a11a22

)
(4.54)

(r∗1 , r
∗
2) is stable if and only if the eigenvalues of J are inside the unit circle of the complex plane, where

J =

 1 + k1 + k1(3a11a22−a21a12)−2a11a12k2

a21a12−a11a22
2a12

√
(k1a22−k2a12)(k2a11−k1a21)

a21a12−a11a22

2a21

√
(k1a22−k2a12)(k2a11−k1a21)

a21a12−a11a22
1 + k2 + k2(3a11a22−a21a12)−2a21a22k1

a21a12−a11a22

 .

If the eigenvalues of J are complex conjugate and have absolute value equal to 1, the fixed point (r∗1 , r
∗
2)

undergoes a NS bifurcation in the r1, r2 space. In order to analyze this case it would be necessary to consider
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Figure 4.9: Response chart referred to the system in Eq. (4.45) with u0 = 0. (a): existing regions in the space of
the bifurcation parameters k1, k2. The letters from A to F indicate regions with different existing fixed points,
while the dot-dash line indicates the bifurcation path we have followed. (b): existing attractors corresponding to
the followed bifurcation path; solid lines: stable solutions, dashed lines: unstable solutions. The letters s1, ..., s7

indicates the correspondence between the two diagrams.

up to fifth order terms, as explained in [42]. Since this case is not occurring in this system, we consider up to
third order terms, which are enough to describe the local dynamics of the system, related to small amplitude
solutions.

4.2.3 Response charts and bifurcation diagrams

The performed analytical investigation transforms the system into its normal form, which allows to analyze the
dynamic behavior in the vicinity of the bifurcation. Considering the values of the coefficients ahk, it is possible
to define regions in the k1, k2 (or p1, d1) space where the different solutions appear, namely the fixed points
(0, 0), (r̃1, 0), (0, r̃2) and (r∗1 , r

∗
2).

The coefficients ahk are polynomial functions of u0, as shown in Eqs. (E.85)-(E.89) and in Fig. 4.8.
Considering the case of a symmetric saturation of the control force, i.e. assuming u0 = 0, the values of the
coefficients controlling the map in (4.45) are

a11 = − 1.10943×10−8

Q2
0τ

4 , a12 = − 8.81111×10−5

Q2
0τ

4 ,

a21 = − 3.51185×10−6

Q2
0τ

4 , a22 = − 6.97277×10−3

Q2
0τ

4 .
(4.55)

Since a11 and a22 are negative, the fixed point (r̃1, 0) exists for k1 > 0 and the fixed point (0, r̃2) exists for
k2 > 0. While the nontrivial fixed point (r∗1 , r

∗
2) exists for k2 > a22k1/a12 (k2 > 79.1361k1) and k2 < a21k1/a11

(k2 < 316.544k1) and it is a saddle.
The diagrams in Fig. 4.9 sum up all the existing bifurcations of the map in Eq. (4.45) for u0 = 0. The

letters from A to F in the figure indicate regions in the bifurcation parameter space with different fixed points.
In region A we have k1 < 0 and k2 < 0, so the only existing solution is the trivial one. Passing from region A
to region B, for k1 = 0 the trivial solution undergoes a pitchfork bifurcation, so in region B the trivial solution
becomes unstable and a new stable semitrivial fixed point is generated (r̃1). Passing from region B to region C,
for k2 = 0, the unstable trivial solution undergoes another pitchfork bifurcation, which generates an unstable
semitrivial fixed point (r̃2), in Fig. 4.9(b) it corresponds to the point s2 (see also Fig. 4.10(a)). The same
pitchfork bifurcation would have been obtained passing from region A to region F, but in this case - starting
from the stable trivial solution - it would have generated a stable semitrivial fixed point. In the passage from
region C to region D (s3) through the boundary k2 = 79.1361k1, the unstable semitrivial fixed point on the
r2 axis, undergoes a secondary pitchfork bifurcation: it becomes stable and generates an unstable fixed point
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Figure 4.10: Phase portrait of the map in (4.45) for u0 = 0 in the r1, r2 space. (a): k1 = −1 × 10−5,
k2 = −1× 10−3 (region A); (b): k1 = 4× 10−5, k2 = −1× 10−3 (region B); (c): k1 = 4× 10−5, k2 = 3.1× 10−3

(region C); (d): k1 = 3× 10−5, k2 = 4× 10−3 (region D); (e): k1 = 1.2× 10−5, k2 = 4× 10−3 (region E); (f):
k1 = −1× 10−5, k2 = 4× 10−3 (region E).

(r∗1 , r
∗
2), which in the figure is the branch s3−s4. In region D there are two stable semitrivial fixed points (r̃1 and

r̃2), the unstable trivial solution and another unstable fixed point (r∗1 , r
∗
2) (Fig. 4.10(b)). In the passage from

region D to region E (s5) through the boundary k2 = 316.544k1, the unstable non trivial fixed point merges
with the stable semitrivial fixed point (r̃1) through a reverse secondary pitchfork bifurcation. So in region E the
only stable solution is the semitrivial fixed point on the r2 axis (Fig. 4.10(c)). Finally, in the passage between
regions E and F, the unstable semitrivial fixed point (r̃1) disappears through a reverse pitchfork bifurcation
and it merges with the unstable trivial solution. Going back to region A again, also the stable semitrivial fixed
point on the r2 axis merges with the trivial solution, which becomes stable again.

The case of an asymmetric saturation of the control force, i.e. u0 6= 0, will be investigate in detail in Ch. 5.
The bifurcation chart will be seen to change meaningfully according to the variations of the values of ahk. The
two bifurcation loci of secondary pitchfork bifurcation in Fig. 4.9(a), at k2 = a21k1/a11 and k2 = a22k1/a12,
will rotate counterclockwise around the origin. Critical values of u0, that qualitatively modify the response,
correspond to changes of sign from negative to positive of the coefficients ahk. From Fig. 4.8, we can see that
these critical values are at u0 = 0.227901 (a11 becomes positive), u0 = 0.520693, u0 = 1.07822 and u0 = 1.37199
(a22 becomes positive).

Considering Eqs. (4.52) and (4.53), we can already state that the NS bifurcation related to the fixed point
(r̃1, 0) will become subcritical for a11 > 0, i.e. u0 > 0.227901. Similarly, the NS bifurcation related to the fixed
point (0, r̃2) becomes subcritical for a22 > 0, i.e. u0 > 1.37199.

Bifurcation diagram

In order to compare the analytical results with the numerical ones, we transform the response chart in Fig.
4.9(a) from the k1, k2 space to the p1, d1 space. The result is shown in Fig. 4.11(a). In the figure, the regions
marked with the letters from A to F, correspond to the regions marked with the same letters in Fig. 4.9.

In Fig. 4.11(b), a comparison between the numerical and the analytical bifurcation diagrams is represented.
The solid black lines are the (stable) numerical results, while the colored lines are the analytical results. The
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Figure 4.11: (a): stability chart in the parameter space of the control gains p1, d1 in the vicinity of the bifurcation
for u0 = 0. Uppercase letters in the circle indicate the correspondence between the regions in the p1, d1 space and
in the k1, k2 space (Fig. 4.9). Lowercase letters indicate bifurcation loci: ”ns1” and ”ns2” NS bifurcations, ”2ns1”
and ”2ns2” secondary NS bifurcations. (b): bifurcation diagram with respect to the bifurcation parameter p1,
for d1 = 0.735 and u0 = 0. Solid lines: stable solutions, dashed lines: unstable solutions. The black lines refer
to the numerical results while the colored lines to the analytical results. During the simulation Q0 = 10m/s

2
,

τ = 0.01 s.

numerical results have been obtained through a direct evolution of the map in Eq. (4.25), describing the
dynamics of the system, without taking into account the expansion in Taylor series.

In the figure, the bifurcation parameter is the proportional gain p1. The variation of p1 moves the state
of the system through regions A, F, E, D and C (horizontal dash-dot line in Fig. 4.11(a)). Going from left
to right, at the beginning the system is in region A, so the only solution is the trivial one and it is stable.
At p1 = 0.2307 the system enters region F, the trivial solution undergoes a supercritical NS bifurcation (ns1),
generating a branch of 2-torus quasiperiodic solutions (blue line) of the map in (4.25), which corresponds to
the semitrivial fixed point (0, r̃2) of Eq. (4.45). In Fig. 4.11, due to the scale of the axis, it is not possible
to recognize the non-vanishing amplitude of x2. At p1 ≈ 0.233, entering region E, from the unstable trivial
solution, another branch of unstable 2-torus quasiperiodic solutions (green line) is generated, which corresponds
to the semitrivial fixed point (r̃1, 0). At p1 ≈ 0.2334 the system goes into region D, the branch of unstable
2-torus quasiperiodic solutions undergoes a secondary NS bifurcation (2ns1): it becomes stable and generates
a branch of unstable 3-torus quasiperiodic solutions (red line). The quasiperiodic solutions correspond to the
fixed point (r∗1 , r

∗
2) of Eq. (4.45). According to our analysis, for the considered symmetric saturation, this is

the only region where there are two coexisting stable 2-torus quasiperiodic solutions. At p1 ≈ 0.2352, entering
region C, the unstable 3-torus quasiperiodic branch merges with the other 2-torus quasiperiodic branch, which
becomes unstable. If we compute the bifurcation diagram through a sweep up, the system will start in a rest
position, then it will start oscillating for p1 > 0.2307, increasing gradually the amplitude of oscillation, until it
reaches p1 ≈ 0.2352, where the system will jump onto the other 2-torus quasiperiodic attractor with a much
larger amplitude of oscillation. In case of a sweep down, the system will oscillate and decrease the amplitude of
vibration for decreasing p1, until p1 ≈ 0.2334, when it will suddenly reduce the amplitude of vibration, jumping
onto the lower branch of 2-torus quasiperiodic solutions. For p1 < 0.2307 the system will settle down to the
origin.

Figure 4.11 shows a very good matching between the numerical and the analytical results, both regarding
the amplitude of oscillation and the borders of the regions for the different behaviors. The main difference
regards the 2-torus quasiperiodic solution with higher amplitude, and it is due to the increasing effect of the
higher order terms.
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Figure 4.12: Existing periodic and quasiperiodic solutions for the parameter values u0 = 0, Q0 = 10 m/s2,
τ = 0.01 s, Ω = 0.15π, δ = 0.001, p2 = 0.001, d2 = 0.01, p1 = 0.2349, d1 = 0.7374 (k1 = 3 × 10−5,
k2 = 4 × 10−3), projected onto the x1, x2, x1, ẋ1 and x2, ẋ2 space. Larger closed line: attractor of the 2-torus
quasiperiodic motion related to (r̃1, 0); smaller closed line: attractor of the 2-torus quasiperiodic motion related
to (0, r̃2); blue fuzzy line: 3-torus quasiperiodic solution related to (r∗1 , r

∗
2). Top: analytical results, bottom:

numerical results.

Figure 4.12 shows the projections on different planes of the 2-torus and 3-torus quasiperiodic solutions of
the map in Eq. (4.25). It shows a comparison of the numerical and the analytical results. In the figure, the
displacement and the velocity are plotted for each time interval τ , so they can be considered as stroboscopic
Poincaré maps of the underlying continuous time system. The blue fuzzy lines refer to the 3-torus quasiperiodic
solution of the stroboscopic map. In the numerical simulation (Fig. 4.12bottom) the curve has been obtained
plotting the first 1000 iterates of the system, before it diverges from the quasiperiodic repellor. The other
curves (closed lines) refer to the coexisting 2-torus quasiperiodic attractors of the map. The matching between
the numerical and the analytical results is very good, the main difference regards the amplitude of the largest
attractor and it is due to the major role played by the higher order terms (the simulation refers to the system
before the Taylor expansion). Considering Figs. 4.11 and 4.12, it can be recognized that the larger attractor
corresponds to the fixed point (r̃1, 0), while the smaller attractor corresponds to (0, r̃2).

Although it is not visible because of the scale of the figures, the smaller attractor has the two coordinates
x1 and x2 with the same order of magnitude (x1,max ≈ 3× 10−4, x2,max ≈ 5× 10−4), while the larger attractor
has the coordinate x2 fifty times larger than the coordinate x1 (x1,max ≈ 0.001, x2,max ≈ 0.05), being mostly
associated with a relative motion between the two masses (x2) rather than an absolute motion of the system
(x1). This can be easily verified also analytically. If we neglect the near identity transformation and the center
manifold reduction, which are acting only on the nonlinear terms and not affecting much the amplitudes, and
we consider that x = Ty, z1 = y1 + iy2, z2 = y3 + iy4, z1 ≈ w1 = r1e

iψ1 and z2 ≈ w2 = r2e
iψ2 we have

x1 = t11y1 + t12y2 + t13y3 + t14y4

≈ t11r1 cosψ1 + t12r1 sinψ1 + t13r2 cosψ2 + t14r2 sinψ2 (4.56)

and similarly for the other coordinates, where tij are the elements of T. Considering alternatively r1 and r2

equal to zero, we have that the maximal value of x1 for (r̃1, 0) and (0, r̃2) are

x1,max ≈
(
t11 cos

[
arctan

(
t12

t11

)]
+
(
t12 sin

[
arctan

(
t12

t11

)]))
r̃1 = 0.02005r̃1

x1,max ≈
(
t13 cos

[
arctan

(
t14

t13

)]
+
(
t14 sin

[
arctan

(
t14

t13

)]))
r̃2 = −0.40504r̃2

(4.57)
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and similarly

x2,max ≈
(
t31 cos

[
arctan

(
t32

t31

)]
+
(
t32 sin

[
arctan

(
t32

t31

)]))
r̃1 = 0.90620r̃1

x2,max ≈
(
t33 cos

[
arctan

(
t34

t33

)]
+
(
t34 sin

[
arctan

(
t34

t33

)]))
r̃2 = 0.60889r̃2

(4.58)

Considering the values in Eqs. (4.57) and (4.58) it is clear why the fixed point (r̃1, 0) is mostly associated with
the variable x2 (x2,max/x1,max ≈ 0.91/0.02) and the fixed point (0, r̃2) is associated similarly with both the
variables (x2,max/x1,max ≈ 0.61/0.41).

Considering the different amplitudes of the two attractors, from an engineering point of view, region B is
more dangerous than region F.



Chapter 5

Effects of asymmetry

In Ch. 4 a single and a double Neimark-Sacker bifurcation, occurring in the digital positioning of mechanical
systems have been investigated. In both cases the nonlinearity of the system was related to the saturation of the
control force. Although in the analytical investigation the saturation was considered asymmetric, only results
related to symmetric saturations have been analyzed in detail and verified numerically.

Although generally DC motors work symmetrically and also saturate symmetrically, in several cases asym-
metries can arise. For example, if gravity is involved, the control force can be shifted becoming asymmetric.
Another typical case of asymmetry occurs if the control force is given by propellers, which generally have
asymmetric airfoils.

In this chapter we will analyze in detail the cases of asymmetric saturation, related to the systems already
studied in Ch. 4.

5.1 Single Neimark-Sacker bifurcation

Considering the mechanical system in Fig. 2.1 and the analytical results obtained in Ch. 4, we carry out
numerical simulations of the map in Eq. (4.3). The aim of these simulations is to verify the effects of the asym-
metry, comparing numerical results to those obtained from the analytical treatment. In addition, a systematic
numerical investigation could show results overlooked by the analytical procedure.

From the analytical investigation we obtained that ρ =
(
−3 + 5u2

0

)
/
(
48Q2

0τ
4
)

(for d = 5/8 and p = 1/4).
Considering that the NS bifurcation is supercritical for ρ < 0 and subcritical for ρ > 0, it will be supercritical
for a symmetric system and subcritical for an asymmetric system such that u0 >

√
3/5, i.e. q0 > 0.659

(u0 = tan q0). This result has been already pointed out in the previous chapter, and extended to the whole
stability boundary (see Fig. 4.4). The point of transition of the bifurcation from supercritical to subcritical is
also called Chenciner bifurcation [11,40].

Most of the numerical analysis in this section is made fixing the dimensionless differential gain d = 5/8
and varying the parameters p and q0. Through continuation analysis and systematic numerical simulations, we
obtain the response chart in Fig. 5.1, that shows the existing attractors of the map in Eq. (4.3) in the parameter
space q0 and p. Attention is focused on a neighborhood of the maximal stability value of p and to a range of
q0 where the NS bifurcation is subcritical. 2-torus quasiperiodic and chaotic attractors are seen to occur both
below p = 0.25 and, mostly, above it. The region 5 can be extended down to q0 = 0. The dashed line limiting
the chaotic region indicates that within it also non chaotic attractors may exist and the chaotic attractor may
disappear in some parts. Regions 2 and 5 present more than one periodic attractor in some subregions, we
experienced up to three of them coexisting with each other.

In order to analyze the bifurcations outlined in Fig. 5.1, we plotted the bifurcation curves by varying one
parameter per time, crossing all the boundaries in the diagram of Fig. 5.1.

The bifurcation occurring when crossing the line between regions 3 and 5 is represented by the diagrams in
Fig. 5.2. According to the diagram in Fig. 5.1, the bifurcation under study is supercritical up to q0 ≈ 0.65,
which is in good accordance with the analytical results.

58
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Figure 5.1: Existing attractors in the q0 and p parameter space. F: stable focus, Q: stable quasiperiodic motion,
C: chaotic motion. In brackets the unstable solutions. Q0 = 10 m/s2 and τ = 0.01 s.

Figure 5.2: Bifurcation diagram for different values of q0. Q0 = 10 m/s2 and τ = 0.01 s. Solid lines: stable
solutions, dashed lines: unstable solutions.

The typical bifurcation diagram ensuing from a subcritical NS (Fig. 5.3) marks the passage from region 2
to region 5. It can be divided into three regions: for p < 0.2492 we are in region 3 of Fig. 5.1, with the only
attractor being the stable focus at the origin. For 0.2492 < p < 0.25 we are in region 2, with three coexisting
solutions, the stable focus in the origin, a stable quasiperiodic attractor and a quasiperiodic repellor in between.
The quasiperiodic solutions arise from a saddle-cycle bifurcation. For p > 0.25 we are in region 5, where the
unstable quasiperiodic solution disappears and the stable focus in the origin becomes unstable. This diagram
has been obtained plotting for each value of p the maximal displacement (in absolute value) after the transient
has faded away, by sweeping the control parameter up and down in order to find possibly coexisting attractors.

It is clear that, if we are in region 3 with p < 0.249207 and we increase p, the mass will stay at the origin
until we reach p = 0.25, where it will start to oscillate and jump from point C to D; increasing the parameter
p even more, the amplitude of vibration will progressively increase. If instead we start with a proportional
gain p > 0.25, the mass will start oscillating, with a progressive reduction of the amplitude of vibration as we
decrease p until reaching point B at p = 0.2492, then the mass will suddenly settle down onto the origin at
point A.

Fig. 5.3 shows a good matching between the numerical and the analytical results, around p = 0.25. While the
amplitude increases, the matching becomes poorer because of the influence of the terms higher than the third.
In this respect, the saddle-cycle bifurcation, experienced in the numerical simulations, is totally overlooked by
the analytical investigation limited to third order terms. The extension of the analytical procedure to higher
order terms could allow to identify also this saddle-cycle bifurcation and the larger branch of stable periodic
solutions. However, an attempt of the author of including fifth order terms did not give positive results.

The bifurcation occurring while crossing the border between regions 3 and 2, through a change in the
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Figure 5.3: Bifurcation diagram for q0 = 0.67, Q0 = 10 m/s2 and τ = 0.01 s. Solid line: stable solutions, dashed
line: unstable solutions, dash-dot line; analytical results.

Figure 5.4: Diagram of the control force for different values of q0 with increasing asymmetry.

parameter q0 – which affects the asymmetry of the control force (see Fig. 5.4 ) –, is represented in Fig. 5.5. For
q0 < 0.668 we are in region 3 of the diagram in Fig. 5.1, as said before, where the only attractor is the stable
focus in the origin. For q0 > 0.668 we are in region 2, with three coexisting solutions, as already explained.
For higher values of q0 the motion becomes chaotic. The letters A and B of Fig. 5.5 correspond to those in
Fig. 5.3. Also the bifurcation diagram in Fig. 5.5, shows an excellent agreement between the numerical and
the analytical results, regarding the branch of unstable periodic solutions.

For high values of q0, the unstable branch tends to go close to the origin, thus reducing the robustness
of the stable focus; at the same time the amplitude of the quasiperiodic attractor strongly increases. The
combination of these two factors makes this region very dangerous from an engineering point of view, since,
even if the parameters p and d guarantee stability, small perturbations to the equilibrium position can cause
large oscillations.

Some parts of the stable branch are broken by nearly horizontal plateaus corresponding to a phase locking of
the torus, thus this plateaus are related to periodic solutions. Some of them are coexisting with the quasiperiodic
solution and with each other, generating regions of multiple stable solutions. Increasing the value of q0 the
stable branch tends to be more and more rugged, highlighting a sequence of closer and closer bifurcations when
approaching the chaotic region. This aspect will be investigated in more detail in Ch. 6.

5.2 Double Neimark-Sacker bifurcation

Considering the two-DoF mechanical system in Fig. 4.6, in Ch. 4 we already investigated analytically the
occurring double NS bifurcation. Also, we verified the obtained results through comparison of bifurcation
diagrams and attractors obtained both numerically and analytically. In this section we will analyze in detail the
effects of an asymmetric saturation of the control force. As we already shown regarding a single DoF system,
asymmetry can steer the system to much more complicated dynamics. Considering the higher dimension of the
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Figure 5.5: Bifurcation diagram for p = 0.2492, Q0 = 10 m/s2 and τ = 0.01 s. Solid line: stable solutions,
dashed line: unstable solutions, thin dash-dot line: analytical results.

two-DoF system and the several solutions already found by the analytical procedure, it will be necessary to
combine an analytical and a numerical procedure to have a clear picture of the bifurcation scenario.

The amplitude map in Eq. (4.45) and the values of its coefficients aij in Eqs. (E.85)-(E.89) can already give
an idea of the dynamics of the system for different values of u0 (asymmetry), Q0 (maximal control force) and τ
(sampling time). The values of τ and Q0 are not qualitatively affecting the solutions, but only their amplitude,
since

aij =
fij(u0)

Q2
0τ

4
. (5.1)

Thus, only the value of the asymmetry u0 of the control force is important in order to qualitatively define the
dynamics of the system (this omitting that the dimensionless control gains p1, p2, d1 and d2 are functions of both
τ and Q0). Thus, Q0 and τ can be fixed (we choose Q0 = 10 m/s2 and τ = 0.01 s), without loss of generality.
In this respect, it has been already shown in Fig. 4.8 that the values of the four coefficients are negative for
u0 = 0, and monotonically increasing for increasing values of u0. The main variations to the dynamics of the
system may be expected to appear when the coefficients change their signs, i.e.

a11 < 0 ⇐⇒ u0 < 0.227901 (5.2)

a12 < 0 ⇐⇒ u0 < 0.520693 (5.3)

a21 < 0 ⇐⇒ u0 < 1.07822 (5.4)

a22 < 0 ⇐⇒ u0 < 1.37199 (5.5)

while it can be verified that a21a12 − a11a22 > 0 ∀u0 ∈ R.
As already mentioned, the map in Eq. (4.45) has two semitrivial solutions that are (r̃1, 0) and (0, r̃2). It

has been shown that r̃1 =
√
−k1/a11 and r̃2 =

√
−k2/a22, thus changes of the sign of a11 and a22 make the

bifurcations related to the two fixed points transit from supercritical to subcritical. On the other side, changes
of the signs of a12 and a21 mainly affect the 3-torus quasiperiodic solution, related to the fixed point (r∗1 , r

∗
2).

Considering Eqs. from (5.2) to (5.5), we can identify five different ranges of values of u0. For u0 < 0.227901
the behavior of the system is similar to the one presented in detail in Ch. 4, so we consider this case as symmetric
or almost symmetric. The other four cases are organized and analyzed as follows

Case 1 0.227901 < u0 < 0.520693

Case 2 0.520693 < u0 < 1.07822

Case 3 1.07822 < u0 < 1.37199

Case 4 u0 > 1.37199
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Symmetric case
(analyzed in Ch. 4 )

Case 1

Case 2

Case 3

Case 4

(0, 0) (r̃1, 0) (0, r̃2) (r∗1 , r
∗
2)

ASN ,BSD,FSD BSN ,CSN CSD,DSN DSD

CUN ,DUN ,EUN DSN ,ESD ESN ,FSN
ASN ,BSD,ESD ASD,FSD CSD,DSN DSD,ESD
FSD,CUN ,DUN EUN ESN ,FSN
ASN ,BSD,DSD ASD,FSD CSD,DSD ESD
ESD,FSD,CUN , DUN ,EUN ESN ,FSN
ASN ,BSN ,CSD AUN ,EUN DSD,ESD ASD,FSD
ESD,FSD,DUN FUN ,BSD FSN
ASN ,BSN ,CSN AUN ,BUN ASD,BUN BSD
DSD,FSD,EUN FUN ,CSD CUN ,DUN

Table 5.1: Existing solutions of Eq. (4.45) in the k1.k2 space for the different case. Uppercase letters refer to
the different regions. Subscripts indicate: SN stable node, UN unstable node and SD saddle.

5.2.1 Response charts and bifurcation diagrams

Fig. 5.6 shows the response charts for the four asymmetric cases in the spaces of the bifurcation parameters
k1, k2 and p1, d1. Comparing the different response charts in the space k1, k2, it is visible how the increasing
asymmetry of the system makes the two lines k2 = a22k1/a12 and k2 = a21k1/a11 rotate counterclockwise. For
u0 equal to the values dividing the four cases, one of the two lines is vertical or horizontal, so it changes quadrant
in the k1, k2 space, affecting the response scenario of the system. Accordingly, the position and the extent of
all regions in the p1, d1 parameters space change remarkably, with some of them nearly vanishing. However,
although they rotate, the relative position of the two loci of secondary NS bifurcation does not qualitatively
change (which is due to the fact that a21a12 − a11a22 > 0 ∀u0 ∈ R).

Figure 5.7 shows the phase portraits of the map in Eq. (4.45) in the r1, r2 space for the four different
cases, from which the behavior of the system can be understood. Once again, we point out that the semitrivial
fixed points (r̃1, 0) and (0, r̃2) correspond to 2-torus quasiperiodic solutions of the discrete map in Eq. (4.25),
the nontrivial fixed point (r∗1 , r

∗
2) corresponds to a 3-torus quasiperiodic solution, while the trivial solution

corresponds to the equilibrium solution of the mechanical system. The stability of the fixed points in the r1, r2

space corresponds to the stability of the underlying motions.
We can sum up the possible solutions of Eq. (4.45) in the k1, k2 space for the different cases, as shown in

Tab. 5.1. Note that, owing to the truncated analytical solution, the 3-torus quasiperiodic solution is unstable
in all cases, a circumstance which is still confirmed by the numerical analysis.

All the phase portraits in Fig. 5.7 show the existence of an attractor for r1 → ∞. This attractor does
not exist in the complete system (described by Eq. (4.25)) and it appears because of a degeneracy of the
normal form, which is the result of a local analysis and cannot describe large attractors. If in the analysis
higher order terms would had been considered, probably another attractor, with finite amplitude, would have
appeared instead of this one with infinite amplitude. In fact, direct numerical simulations of Eq. (4.25) show
the existence of a larger (but finite) attractor existing for each pair of values of k1, k2 (in the vicinity of the
bifurcation).

Figure 5.8 shows the existing solutions in the region E of case 1 (u0 = 0.3), projected onto the x1, x2, x1, ẋ1

and x2, ẋ2 space. In the figure it is possible to recognize the larger attractor that can be found numerically.
Furthermore, the figure shows the excellent matching between the numerical and the analytical results. The
figure shows the solutions of the map in Eq. (4.25), i.e. a stroboscopic Poincaré map of the underlying continuous
time system. Thus, closed lines correspond to 2-torus quasiperiodic solutions of the underlying continuous time
system, while the blue lines correspond to a 3-torus quasiperiodic solution of the continuous time system. The
larger attractor in Fig. 5.8(g)-(i) is shown in separated diagrams from the other numerical solutions, because
of its larger scale, for better visualization.

Figure 5.9 shows the bifurcation diagram with respect to the bifurcation parameter p1, for u0 = 0.3. In the
figure the black lines are the numerical results, while the colored lines are the analytical results. The variation
of the bifurcation parameter p1 moves the state of the system through regions A, F, E, D and C of Fig. 5.6(b)
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Figure 5.6: Response charts referred to the system in Eq. (4.45), in the space of the bifurcation parameters
k1, k2 (left) and p1, d1 (right). (a), (b): u0 = 0.3; (c), (d): u0 = 0.8; (e), (f): u0 = 1.2; (g), (h): u0 = 1.5; the
letters from A to F indicate regions with different existing fixed points.
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Figure 5.7: Phase portraits of the map in (4.45) in the r1, r2 space. The letters labeling the figures from A to
F, correspond to the letters marking the regions in Fig. 5.6 for the corresponding value of u0.
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Figure 5.8: Existing 2-torus and 3-torus quasiperiodic solutions for the parameter values u0 = 0.3, p1 = 0.232309,
d1 = 0.731583 (k1 = −1 × 10−6, k2 = 5 × 10−4), projected onto the x1, x2, x1, ẋ1 and x2, ẋ2 space. (a)-(c):
analytical results, (d)-(i): numerical results. The blue fuzzy line is the 3-torus quasiperiodic solution, the
large closed lines is the 2-torus quasiperiodic solution related to (r̃1, 0), the smaller closed line is the 2-torus
quasiperiodic solution related to (0, r̃2). (g)-(i) show the larger 2-torus quasiperiodic attractor, overlooked by
the analytical investigation.

(see dash-dotted line). Compared with the case of symmetric saturation (Fig. 4.11), the various regions are
trespassed through the same sequence, owing to the still minor degree of asymmetry, and indeed the passage
from A to C shows similar general features. However, the finer transition scenario between the first and the
last region is qualitatively different in the two cases, mainly because in the asymmetric case one of the two NS
bifurcation is subcritical, furthermore because the second NS bifurcation marks the transition from F to E in
the symmetric case against that from E to D in the slightly asymmetric case.

In fact, increasing the value of p1 in Fig. 5.9, the system starts in region A, where, according to the
analytical calculation, besides the stable trivial solution, there is an unstable 2-torus quasiperiodic solution
(r̃1, 0) originated at p1 = 0.233 (green line). For p1 = 0.23074 the system enters region F and the trivial
solution undergoes a supercritical NS bifurcation as in the symmetric case. The small nonvanishing amplitude
of x2 (not discernible in the figure) is due to the fact that this branch is mainly related to the rigid movement of
the system. For p1 = 0.23294 the system enters region E, the unstable 2-torus quasiperiodic branch (green line)
undergoes a secondary NS bifurcation which generates a branch of unstable 3-torus quasiperiodic solutions (red
line), related to the nontrivial fixed point (r∗1 , r

∗
2). For p1 = 0.233, entering region D, the branch of unstable

2-torus quasiperiodic solutions (green line) merges with the unstable trivial solution through a subcritical NS
bifurcation. For p1 = 0.2342 the system enters region C and the branch of unstable 3-torus quasiperiodic
solutions (red line) merges with the branch of stable periodic solution (blue line), which becomes unstable. For
higher values of p1 the analytical investigation, limited to third order terms, shows no stable solutions, which
instead exist according to the numerical simulations. From this point the only existing stable solution is the
larger 2-torus quasiperiodic attractor, found numerically (solid black line).

The numerical (black lines) and the analytical (colored lines) results are in good agreement. The main differ-
ence is related to the backward unstable branch generated by the subcritical NS bifurcation, which, according to
the numerical results, undergoes a saddle-cycle bifurcation, generating a branch of stable 2-torus quasiperiodic
solutions. These quasiperiodic solutions are related to terms higher than the third, so cannot be found with
the performed analytical procedure, which degenerates and shows instead a non-existing unbounded attractor
(Fig. 5.7, u0 = 0.3).
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Figure 5.9: Bifurcation diagram with respect to the bifurcation parameter p1, for d1 = 0.735 and u0 = 0.3.
Solid line: stable solutions, dashed lines: unstable solutions. The black lines refer to the numerical results while
the colored lines to the analytical results.

Considering this slightly asymmetric case, still analogies with the dynamics shown regarding the single DoF
case can be found. Both Fig. 5.3 and Fig. 5.9 show a branch of unstable 2-torus quasiperiodic solutions
generated by a subcritical NS bifurcation, which turns forward into a branch of stable periodic solutions in
correspondence to a saddle-cycle bifurcation. However, in the single DoF case the transition from supercritical
to subcritical of the NS bifurcation occurs for u0 =

√
3/5 = 0.774597, while in the two-DoF case it occurs for

u0 = 0.227901, so for a much less asymmetric system.
Figure 5.10 shows the bifurcation diagram with respect to the bifurcation parameter p1, for u0 = 1.5, so

for a strongly asymmetric system. The variation of the parameter from p1 = 0.229 to p1 = 0.234, moves
the state of the system through regions C, B, A, F and E of Fig. 5.6(h) (see dash-dotted line). The overall
bifurcation diagram is very different from the one just outlined in Fig. 5.9. In this case both the NS bifurcations
are subcritical, with the consequence that the analytical procedure does not show any stable solution besides
the trivial one. Furthermore, the 3-torus quasiperiodic solutions now exist in the region of stability of the
equilibrium solution.

Increasing the value of p1 in Fig. 5.10, the system starts in region C. Here there exists, besides the stable
trivial solution, two branches of unstable 2-torus quasiperiodic solutions, related to the subcritical NS bifur-
cations and originated respectively at p1 = 0.2307 (blue line) and p1 = 0.233 (green line) (as in the slightly
asymmetric case). At p1 = 0.2302 the system enters region B. One of the branches of unstable solutions (green
line) undergoes a secondary NS bifurcation, generating a branch of unstable 3-torus quasiperiodic solutions (red
line). At p1 = 0.2306 the system enters region A and the branch of unstable 3-torus quasiperiodic solutions
merges with the other branch of unstable 2-torus quasiperiodic solutions (blue line). At p1 = 0.2307, entering
region F, this latter branch of unstable 2-torus quasiperiodic solutions, merges with the trivial solution, which
becomes unstable, through a subcritical NS bifurcation. At p1 = 0.233, entering region E, also the other branch
of unstable 2-torus quasiperiodic solutions merges with the unstable trivial solution through another subcritical
NS bifurcation. In the figure, it is possible to recognize not even the non-vanishing amplitude x1 of the unstable
solutions, due to the larger scale of the attractor obtained numerically.

The numerical simulations showed the existence of a stable chaotic attractor along the whole investigated
range of values of p1. This attractor cannot be found with the performed analytical procedure. The chaotic
nature of this attractor will be studied in more detail in the next chapter.
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Figure 5.10: Bifurcation diagram with respect to the bifurcation parameter p1, for d1 = 0.735 and u0 = 1.5.
Solid line: stable solutions, dashed lines: unstable solutions. The black lines refer to the numerical results while
the colored lines to the analytical results. During the simulation Q0 = 10 m/s2, τ = 0.01 s.

5.2.2 A summary bifurcation chart for varying degree of asymmetry

Figure 5.11 shows a summary bifurcation chart in the space p1, u0 for a fixed value of d1. The chart has been
obtained both from analytical and numerical results. Uppercase letters refer to the corresponding regions in
the diagram in Fig. 5.6, while the numbers from 0 to 4 indicate the symmetric (0) or the four asymmetric
cases (1 to 4). The black thick lines are bifurcation loci, while the blue thin dashed lines divide the four
asymmetric regions, according to the values found in Eqs. from (5.2) to (5.5). Lowercase letters indicate the
type of bifurcation related to each bifurcation locus (”ns” NS bifurcation, ”2ns” secondary NS bifurcation, ”sc”
saddle-cycle bifurcation). Finally, the red thin dash-dotted lines refer to bifurcation diagrams discussed later.

Let consider the bifurcation loci. The dash-dotted vertical line at p1 ≈ 0.2307 (indicated with ns1 in the
figure) marks the passage from the stable to unstable regions of the trivial solution (so from k2 < 0 to k2 > 0,
while k1 remains negative) and it can be found already by the linear analysis. It is the locus of the NS bifurcations
related to the semitrivial fixed point (0, r̃2). For u0 < 1.37199 (see the black dot) it is supercritical, while for
u0 > 1.37199 it is subcritical, according to the sign of a22 (see Eq. (5.5)). Fig. 5.12(a) shows regions where
these NS bifurcations give stable or unstable results, according to the analytical investigation. From the figure
it can be clearly understood that for u0 < 1.37199 the bifurcations with varying p1 are supercritical, generating
stable solutions on the right side (that later become unstable because of the secondary NS bifurcations), while
for u0 > 1.37199 they are subcritical, generating unstable solutions on their left side. The black dot, dividing
supercritical (below) and subcritical (above) NS bifurcations, corresponds to a Chenciner bifurcation [11,40].

The dash-dotted vertical line at p1 = 0.233 (marked with ns2 in the figure) is the locus of the NS bifurcations
related to the other semitrivial fixed point (r̃1, 0). This bifurcation is supercritical for u0 < 0.227901, while
it is subcritical above this value, according to the sign of a11 (see Eq. (5.2)). Fig. 5.12(b) shows regions
where these bifurcations generate stable and unstable 2-torus quasiperiodic solutions, according to the analytical
investigation. The figure confirms that for u0 > 0.227901 the bifurcations are subcritical, while for u0 < 0.227901
they are supercritical, although they generate unstable solutions, that become stable only after the locus of
secondary NS bifurcations (see also Fig. 4.11(b)). Again, the black dot, dividing supercritical and subcritical
NS bifurcations, corresponds to a Chenciner bifurcation.

The two solid lines marked with 2ns1 and 2ns2 in the figure correspond to two loci of secondary NS bifur-
cations. They delimit a diagonal strip, going from the top left to the bottom right corners of Fig. 5.11, where
the unstable 3-torus quasiperiodic solution exists (i.e. the red lines in Fig. 5.9 and 5.10). In the figure the two
loci are obtained from the analytical calculation, however, they are confirmed by numerical simulations.
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Figure 5.11: Bifurcation chart in the space of the parameters p1, u0. In the diagram d1 = 0.735. Uppercase
letters refer to the corresponding regions in the diagram in Fig. 5.6. 0 indicates the symmetric case, while the
numbers from 1 to 4 indicates the different asymmetric cases. Lowercase letters mark the bifurcation loci: 2ns1

and 2ns2 (secondary NS bifurcations), ns1 and ns2 (NS bifurcations) and sc (saddle-cycle bifurcation).

Let us now consider also the numerical results. The dashed line passing through regions A1 and F1 (marked
with sc in the figure), is the locus of the saddle-cycle bifurcations, as the one shown in Fig. 5.9, which bend the
branch of unstable 2-torus quasiperiodic solutions forward to stable quasiperiodic solutions. These bifurcations
are related to terms higher than the third order, thus the locus has been obtained numerically. Below this
line, the system behaves as in the symmetric case, so there are no solutions related to the fixed point (r̃1, 0),
while above this line there is a branch of stable and a branch of unstable solutions. This locus of saddle-cycle
bifurcations arises from the point (lower black dot in the figure) marking the transition between supercritical and
subcritical NS bifurcations, where a Chenciner bifurcation take place. The dynamics just described is typical
in the event of a Chenciner bifurcation, however, the intersection of this point with the locus of secondary
NS bifurcations complicates even further the local dynamics. A comparison of plotted bifurcation diagrams
can clarify the behavior of the system in the vicinity of the Chenciner bifurcation. At this point the system
undergoes a transition from the bifurcation diagram in Fig. 4.11(b) to the bifurcation diagram in Fig. 5.9 (or,
see later, from the one in Fig. 5.13 to the one in Fig. 5.14). Increasing u0 from the zero value in Fig. 4.11,
the secondary NS bifurcation, already occurring at p1 = 0.2334, will move to the left up to colliding with the
supercritical NS bifurcation at p1 = 0.233. In turn, decreasing u0 from the 0.3 value in Fig. 5.9, the saddle-cycle
bifurcation already at p1 = 0.2322 and the secondary NS bifurcation at p1 = 0.23294 will both move to the
right, towards p1 = 0.233, up to colliding with the subcritical NS bifurcation for u0 = 0.22790. At this value, the
degenerate NS bifurcation will generate a vertical branch of 2-torus quasiperiodic solutions, due to the vanishing
of the coefficient of the third order term (a11 = 0), which will then bend to the right, thanks to the degenerated
saddle-cycle bifurcation, and will immediately split in two branches due to the secondary NS bifurcation.

The upper black point, at p1 = 0.2307 and u0 = 1.37199, is the intersection of the other vertical locus of NS
bifurcations (again at its transition from supercritical to subcritical) and of the upper locus of secondary NS
bifurcation. As already mentioned, it also corresponds to the occurrence of a Chenciner bifurcation. Reasonably,
we can conjecture the existence, in the vicinity of this bifurcation, of a dynamics similar to the one described
for the other Chenciner bifurcation. In this respect, the dashed line dividing regions B3 and C4 probably
corresponds to a locus of saddle-cycle bifurcations and most likely it is not horizontal as shown in the figure.
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Figure 5.12: Bifurcation charts in the space of the parameters p1, u0. In the diagram d1 = 0.735. Chart (a) refers
to the NS bifurcation at p1 = 0.2307 and the solution (0, r̃2). Charts (b) and (c) refer to the NS bifurcation at
p1 = 0.233 and the solution (r̃1, 0). The area dashed in red indicates the existence of unstable periodic solutions
and the area shaded in blue indicates the existence of stable periodic solutions. Double dashed area indicates
the coexistence of both stable and unstable solutions. White areas refer to regions where the relative solution
does not exist. Charts (a) and (b) account for the sole effects of the two NS bifurcations, as also obtained
analytically, chart (c) includes numerical results, too.

However, finding proofs of it is not trivial, since unstable solutions, hard to detect numerically or analytically,
are involved.

The nearly horizontal dotted line at u0 ≈ 0.75 is another locus of secondary NS bifurcation, generating
stable 3-torus quasiperiodic solutions. This locus has been obtained numerically and is discussed in more detail
in Ch. 6, since it is the first step that will bring the system to chaotic motions.

The horizontal blue thin dashed lines at u0 = 0.227901, u0 = 0.520693, u0 = 1.07822 and u0 = 1.37199 mark
the passages between the five symmetric/asymmetric cases previously defined. They do not correspond to a
qualitative difference in the behavior. For example, analyzing Fig. 5.7 it can be seen that C1, C2, D3 and E4

have the same qualitative behavior. The absence of the unstable fixed point (0, r̃2) in E4 is probably due to its
dependence on terms higher than the third order, so it is overlooked by the analytical procedure, furthermore
it is very hard to be found numerically.

Figure 5.12, although does not add any information not given by Fig. 5.11, allows to better understand the
most important mechanisms of the bifurcations involved in the system. Charts (a) and (b) of Fig. 5.12 account
for the sole effects of the two NS bifurcations, as also obtained analytically. Considering the loci of saddle-cycle
bifurcations and secondary NS bifurcations obtained numerically, the diagram in Fig. 5.12(b), regarding the 2-
torus quasiperiodic solutions generated by the NS bifurcations at p1 = 0.233, should be adapted including these
numerical results. This new diagram is shown in Fig. 5.12(c). From the figure, it is visible how stable 2-torus
quasiperiodic solutions exist also on the left side of the bifurcations (for p1 < 0.233), thanks to the saddle-cycle
bifurcations, which bend forward the branches of unstable quasiperiodic solutions (see also Fig. 5.9). Then, it is
visible how the nearly horizontal locus of secondary NS bifurcations (dotted line) limits the region of existence
of stable 2-torus quasiperiodic solutions; passing this locus, the 2-torus quasiperiodic solutions become 3-torus
quasiperiodic.

For the sake of completeness, it would be necessary to plot a similar chart, adapted from Fig. 5.12(a),
including the numerical results referred to the fixed point (0, r̃2). Such a chart would be identical to Fig.
5.12(a) for u0 < 1.37199, while for u0 > 1.37199 and p1 > 0.2307 it would probably be fully dashed in red, as
we conjecture a scenario similar to one obtained regarding the other NS bifurcation (at p1 = 0.233), this time
involving unstable solution and not stable. In order to verify this conjectured scenario, it would be necessary to
investigate about unstable solutions very hard to be found numerically. Thus, we did not perform this analysis.

Fig. 5.13(a) and (b) show the bifurcation diagram of the two coordinates with respect to the bifurcation
parameter u0. In the figure, the control gains are p1 = 0.2325 and d1 = 0.735, so the bifurcation diagram moves
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along one of the vertical red dashed lines of Fig. 5.11. The variation of the parameter from u0 = 0 to u0 = 1.6
moves the system through regions F0, F1, E1, E2, D2, E3 and F4 of Fig. 5.11. In the whole considered range
of values of u0 the trivial solution is unstable.

Figure 5.13: (a), (b): bifurcation diagram with respect to the bifurcation parameter u0 (maximal absolute value
x1 and x2 of the attractor), for p1 = 0.2325 and d1 = 0.735 (k1 = −1.15 × 10−5, k2 = 1.45 × 10−3). Solid
lines: stable solutions, dashed lines: unstable solutions. Black lines: numerical results, colored lines: analytical
results. (c): Lyapunov exponents of the stable solutions. (d): fractal dimension of the attractors..

Increasing the asymmetry of the system from u0 = 0, the system starts in region F0. In this region, besides
the unstable trivial solution, there is a branch of stable 2-torus quasiperiodic solutions, not recognizable in the
figure due to the larger scale of the other solutions. At u0 = 0.227901 the system enters the first asymmetric
case (passing the first dashed line of Fig. 5.11 and entering region F1). The analytical investigation shows the
appearance of a branch of unstable 2-torus quasiperiodic solutions (green line), associated with the subcritical
NS bifurcation occurring at p1 = 0.233 (which is not in the diagram, since p1 is fixed at 0.2325). The infinite
amplitude is due to a degeneracy of the analytical procedure, which is only local and cannot describe large
solutions. Considering that r̃1 =

√
−k1/a11 and for u0 = 0.227901 a11 = 0, the normal form shows an

unbounded solution, which does not exist. The numerical simulation, in accordance to what is shown in Figs.
5.11 and 5.12(c), shows that the branch of unstable 2-torus quasiperiodic solutions and a branch of stable 2-
torus quasiperiodic solutions appear only at u0 = 0.285, in correspondence to a saddle-cycle bifurcation, which is
overlooked by the local analytical procedure. At u0 = 0.4, the system enters region E1. The branch of unstable
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Figure 5.14: Bifurcation diagram with respect to the bifurcation parameter u0, for p1 = 0.2332 and d1 = 0.735
(k1 = 3.34×10−6, k2 = 2.02×10−3). Solid lines: stable solutions, dashed lines: unstable solutions. Black lines:
numerical results, colored lines: analytical results.

2-torus quasiperiodic solutions undergoes a secondary NS bifurcation, generating a branch of unstable 3-torus
quasiperiodic solutions (red line). At u0 = 0.520693 the system enters region E2, without any qualitative change
in the dynamics. At u0 = 0.636 the system enters region D2. The branch of unstable 3-torus quasiperiodic
solutions merges with the branch of (low-amplitude) stable 2-torus quasiperiodic solution, which becomes also
unstable (blue line). Above this value of u0 the analytical investigation does not show any stable solution. At
u0 = 1.07822 the system enters region E3. Also in this case there are no qualitative changes in the dynamics of the
system. Increasing further the value of u0, the amplitude of one of the branches of unstable 2-torus quasiperiodic
solutions seems to increase up to becoming infinite for u0 = 1.37199, because a22 = 0 so r̃2 =

√
−k2/a22 →∞.

Of course, also in this case this is a degeneracy of the analytical solution, which describes only the local behavior
of the system and fails if large solutions are involved.

The numerical results (black lines) are in good agreement with the non-degenerate analytical ones. They
show the existence of a larger attractor, originated from a saddle-cycle bifurcation of the backward branch of
unstable 2-torus quasiperiodic solutions, already introduced when discussing the previous bifurcation diagrams.
This larger attractor increases in amplitude for increasing asymmetry, with a different trend with respect to
the two coordinates x1 and x2. Remembering that x1 is related to the rigid motion of the two masses and x2

to their relative motion, the latter coordinate has a maximum for u0 ≈ 0.65, while the former has a sort of
jump up starting at u0 = 0.73263. As explained later in detail, this attractor is first 2-torus quasiperiodic, then
3-torus quasiperiodic and finally fractal and chaotic. For u0 > 1.2 the branch of chaotic solutions fades away
and generates smaller periodic attractors, related to a phase locking of the underlying continuous time system.
This transition to chaos will be analyzed in Ch. 6, considering also the diagrams in Figs. 5.13 (c) and (d),
indicating the Lyapunov exponents and the fractal dimension of the attractors.

Figure 5.14 shows a bifurcation diagram similar to the one just shown. The bifurcation parameter is still
u0, but the p1 control gain is different, namely p1 = 0.2332. Going from u0 = 0 to u0 = 0.6, the system moves
through regions E0, D0, D1, C1 and C2, along the red vertical line of Fig. 5.11, on the right of the locus of NS
bifurcations.

For the symmetric system there are two branches of 2-torus quasiperiodic solutions, one stable (whose non-
vanishing x2 value is very small and cannot be distinguished in the figure) and the other one unstable (green
line), besides the unstable trivial solution which exists along the whole range of values of u0. At u0 = 0.159,
entering region D0 of Fig. 5.11, the unstable branch undergoes a secondary NS bifurcation generating a (red)
branch of unstable 3-torus quasiperiodic solutions and becoming stable. Increasing further the value of u0,
this branch of stable 2-torus quasiperiodic solutions grows up as a11 tends to zero, similarly to what can be
seen in the previous bifurcation diagram, but this time the branch is stable. In the figure it is visible how the
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numerical result (black line) leaves the analytical one (green line) as u0 approaches the value 0.227901 because
of the increasing relevance of the terms higher than the third order, which prevent this branch from going
to infinity, but bend it to finite values. At u0 = 0.227901 the system enters region D1. The green branch of
2-torus quasiperiodic solutions is associated with the NS bifurcation occurring at p1 = 0.233 (which is not in the
diagram, since p is fixed at 0.2332). For u0 = 0.227901, this NS bifurcation has a transition from supercritical to
subcritical, thus, for u0 < 0.227901 its associated branch of 2-torus quasiperiodic solutions exists for p1 > 0.233
and it is stable (green line in Fig. 5.14), while for u0 > 0.227901 it exists for p1 < 0.233 (green line in Fig.
5.13) (see also Fig. 5.12(b)). For u0 = 0.227901, according to the analytical results, it tends to infinity since
r̃1 =

√
−k1/a11 and for u0 = 0.227901, a11 = 0. Of course this is again a degeneracy of the local analytical

investigation and the numerical results show that it does not go to infinity for u0 = 0.227901, but it bends
to the right, letting a branch of 2-torus quasiperiodic solutions exists also for u0 > 0.227901 and p1 > 0.233
(continuous black line in Fig. 5.14) (see also Fig. 5.12(c)). At u0 = 0.49, entering region C1, the (red) branch of
unstable 3-torus quasiperiodic solutions merges with the other branch of stable 2-torus quasiperiodic solutions,
which become unstable. At u0 = 0.520693 the system enters region C2, without any qualitative change to its
dynamics. For higher values of u0, not shown in this figure, the system would behave similarly to what is shown
in Fig. 5.13.



Chapter 6

Transition to chaos

6.1 Single Neimark-Sacker bifurcation

Considering the mechanical system in Fig. 2.1, it has already been shown in Fig. 5.1 that for very asymmetric
saturation (high values of u0 or q0), the system experiences chaotic motions.

Figure 6.1 shows the variation of the attractors of the map in Eq. (4.3) for different values of q0, i.e. for
increasing asymmetry of the control force. In the figure, the displacement and the velocity are plotted for
each time interval τ , so they can be considered as stroboscopic Poincaré maps of the underlying continuous
time system. The figures on the top of Fig. 6.1 show a closed line, i.e. a 2-torus quasiperiodic motion of the
system. For some specific parameter values, the continuous closed line is reduced to a finite number of points
(q0 = 0.9), this corresponds to a phase locking of the different frequencies of the quasiperiodic motion that
becomes periodic. In the bifurcation diagrams of the map (Figs. 5.2, 5.3 and 5.5), the phase locking shows up
as an almost horizontal line breaking the continuous one. Fig. 6.2 shows the regions, in the q0 and p parameter
space, where there is a phase locking. These regions assume the structure of tongues, indeed similar structures
are usually called Arnold tongues [40].

In Fig. 6.1 it is also visible how the attractor moves to the left and becomes more and more asymmetric
for larger values of q0. Increasing the value of q0 even more, the motion is not quasiperiodic anymore and the
attractor looks like being a strange attractor with a fractal structure, so there is a likely chaotic motion.

In order to verify if the attractor of the map (Eq. (4.3)), for the fixed values q0 = 0.97, p = 0.2501
Q0 = 10 m/s2 and τ = 0.01 s (Fig. 6.3(a) and (b)) is actually chaotic, we calculated a positive Lyapunov

Figure 6.1: Attractors of the map (Eq. (4.3)) for increasing asymmetry of the control force. The diagram has
been obtained fixing p = 0.2501, τ = 0.01 s and Q0 = 10 m/s2. All figures have the displacement [m] in the
x-axis and the velocity [m/s] in the y-axis.
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Figure 6.2: Zone with phase locking in the q0 and p parameter space. The shaded area indicates the existence
of an attractor with phase locking. The numbers in the circles indicate the ratio between the period of motion
and τ .

exponent [16, 47], with the result being shown in Fig. 6.3(c). We also calculated its fractal dimension, using
the Correlation Dimension [24, 27], the result for this particular case being 1.4, and we plotted the frequency
spectrum (Fig. 6.3(d)), which shows a broad-band response.

Figure 6.3: (a): chaotic attractor of the stroboscopic map (Eq. (4.3)), (b): detail of the attractor to show its
fractal nature, (c): Lyapunov exponent and (d): FFT of the response. q0 = 0.97, p = 0.2501 Q0 = 10 m/s2,
τ = 0.01 s.

6.2 Double Neimark-Sacker bifurcation

Considering now the two-DoF mechanical system in Fig. 4.6, we already mentioned the occurrence of chaotic
motion for high values of u0, in particular, an analysis of Fig. 5.13 shows the appearance of a strange behavior,
that did not emerge in the analytical investigation, starting from u0 = 0.73263 and for increasing values
of u0. Analyzing simultaneously the bifurcation diagram, the Lyapunov exponents Λ [16, 47], the fractal
dimension (calculated with the Correlation Dimension [24, 27]) of the attractors and the attractors themselves,
the complicated behavior of the system can be partially understood.
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Figure 6.4: Attractors for different values of u0, for p1 = 0.2325 and d1 = 0.735. (a): u0 = 0.73262, (b):
u0 = 0.73605, (c): u0 = 0.73606, projected onto the x1, ẋ1 space.

6.2.1 Generation and breakdown of a torus

For u0 < 0.73263 the attractor is a closed line (its projection in the x1, ẋ1 space shown in Fig. 6.4(a)), so it
corresponds to a 2-torus quasiperiodic solution of the map in Eq. (4.25). The maximal Lyapunov exponent
is zero while the others are negative and the fractal dimension is equal to 1, since a closed line has only one
dimension in the five dimensional space.

At u0 = 0.73263, the 2-torus quasiperiodic solution undergoes a secondary NS bifurcation, this introduces
another frequency of oscillation into the motion that becomes 3-torus quasiperiodic. The attractor, from being
a closed line, degenerates into a stable torus, as shown in Fig. 6.4(b). Two more Lyapunov exponents goes to
zero, but one of them immediately decreases again to negative values. The dimension of the attractor is now
two.

The trends of the Lyapunov exponents and of the fractal dimension in Figs. 5.13 (c) and (d), show that
for u0 > 0.77 the maximal Lyapunov exponent is positive, while the attractor is fractal (with fractal dimension
being between two and three). These are both evidences of chaoticity of the motion for u0 > 0.77. Variations
of the Lyapunov exponents and of the fractal dimension in correspondence of the appearance of chaos can be
better recognized in Fig. 6.5.

Figure 6.5: Enlargement of Fig. 5.13 in correspondence to the appearance of the stable torus and of the chaotic
motion. (c): only the three largest Lyapunov exponents are represented.

It has been already shown, analytically, numerically and experimentally, that tori lose their smoothness
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Figure 6.6: Semi-section of the torus for different values of u0, for p1 = 0.2325 and d1 = 0.735. (a): u0 = 0.74,
(b): u0 = 0.75, (c): u0 = 0.755, (d): u0 = 0.7575, (e): u0 = 0.76, (f): u0 = 0.7622, (g): u0 = 0.765,
(h): u0 = 0.769 projected onto the x2, ẋ2 space. The section has been obtained selecting dots such that
|Q̂D| < 10−5. During the simulation Q0 = 10 m/s2, τ = 0.01 s.

before breaking down into a fractal attractor (see for example [3, 7, 17, 45]). The quasiperiodic route to chaos
via torus breakdown is one of the standard route to chaos, widely investigated in the literature; for a continuous
experimental system in mechanics, see [4]. Still, it is interesting to visually analyze how this happens in this
specific case, plotting sections of the attractors, as shown below. Most of the typical features described in the
literature are clearly visible in this practical example.

Increasing the value of u0 after the birth of the stable torus, the system undergoes several regions of phase
locking, corresponding to the already mentioned Arnold tongues. This is clearly visible comparing Figs. 6.4 (b)
and (c). For u0 ∈ (0.73606, 0.73636) there is one of these regions of phase locking that makes the motion lay on a
continuous line that periodically evolves on the torus. The figure shows how the motion, from a torus, suddenly
reduces to a solid line. Increasing further the value of u0, the system meets more and more often regions of
phase locking, that sometimes involve all the frequencies of motion of the system, reducing the attractor to a
finite number of dots and not to a closed line.

In order to analyze the evolution of the torus, while approaching the chaotic region, we plotted artificial
sections of the torus (Fig. 6.6), selecting the points of the attractor such that the control force |Q̂D| < 10−5.
We could not take real sections since the system is a discrete map and it jumps from one point to the other,
without really crossing any section as a continuous time system would have done. The figures from (a) to (h)
of Fig. 6.6 show how the section (only the semi-section in the figure), from being a smooth closed line, changes
its shape until losing its smoothness for increasing values of u0 (Fig. 6.6(e), u0 = 0.76). Increasing further the
value of u0, more and more wrinkles appear, until the attractor becomes fractal breaking down the torus.

Fig. 6.7 shows the evolution of the section (this time the full section and not only one “slice” of the torus)
from the first moments when it starts appearing fractal, with the two rings of the torus still recognizable, until
the torus completely breaks down. A direct investigation of the attractor instead of its section, projected onto
a two or a three dimensional space, would not give much information, because of the excessive density of the
points. However, Fig. 6.8 shows the attractor of the system for different values of u0, projected onto the x1, ẋ1

and the x2, ẋ2 spaces. Further evolutions of the strange attractor, shown in Fig. 6.8, are explained in the next
section.
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Figure 6.7: Section of the attractors for different values of u0, for p1 = 0.2325 and d1 = 0.735. (a): u0 = 0.769,
(b): u0 = 0.7725, (c): u0 = 0.775, (d): u0 = 0.78 projected onto the x2, ẋ2 space. The section has been obtained
selecting dots such that |Q̂D| < 10−5.

6.2.2 Evolution of the strange attractor

Increasing further the value of u0, for u0 ∈ (1.02, 1.03), both the fractal dimension and the maximal Lyapunov
exponent have a steep slope. The increase of the maximal Lyapunov exponent from Λ ≈ 0.004 to Λ ≈ 0.04
corresponds to an increase of unpredictability of the solution (faster divergence from nearby initial conditions),
while the increase of the fractal dimension up to values larger than 3 corresponds to a dimensional enlargement
of the attractor in the phase space.

Fig. 6.9 shows how the attractor (in the figure its section is shown) evolves from u0 = 1.00 to u0 = 1.05.
It is visible how, for u0 ≤ 1.02, the fractal shape is still recognizable and has a well defined structure, while
this structure is broken up and not recognizable anymore for u0 ≥ 1.035. In Fig. 6.9(g) the section of the
attractor already consists of a cloud of dots which hide the previously existing structure. Considering that for
u0 ≥ 1.035 the fractal dimension is closer to 3 than to 2, it is plausible that a single section of the attractor is
not enough to recognize any structure. In this respect, Fig. 6.10 shows further sections of Figs. 6.9 (b) and
(h), for |x1| < 10−5. From Fig. 6.10, it is clear how, for u0 = 1.01, this further section reduces the attractor to
few spots, this takes sense considering that we artificially removed two dimensions from an object of dimension
≈ 2.4. On the other side, for u0 = 1.05, this further section shows a closed line, i.e. a nearly mono-dimensional
object. This is the likely result of removing two dimensions from a nearly three-dimensional object (in the five
dimensional space).

For u0 = 1.165 the bifurcation diagram shows the appearance of much smaller attractors (shrinking especially
visible regarding the x2 coordinate) related to a phase locking. The phase locking involves all the frequencies of
the motion, limiting the attractor to a finite number of points (Fig. 6.8(d)). In this case the system has a purely
periodic motion. Of course, the fractal dimension of such an attractor is zero, while the maximal Lyapunov
exponent is negative. The region of phase locking appears to exist from u0 = 1.165 to u0 = 1.49, but it is
interrupted by a region with chaotic motion for u0 ≈ 1.3 and it is overlapped by the region with chaotic motion
at both its borders. Furthermore, several attractors related to phase locking are coexisting. Figure 6.8(d) shows
projections of two attractors coexisting for u0 = 1.25: a smaller one with period equal to 11 × τ (red circles)
and a larger one with much longer period (black dots). Figure 6.8(e) shows projections of the chaotic attractor
existing for u0 = 1.3, which appears to cover both the periodic attractors of Fig. 6.8(d).

Increasing the value of u0 over 1.5, the phase locking disappears and the chaotic motion is again dominant
over the dynamics of the system. In correspondence to this new chaotic motion, the maximal Lyapunov exponent
has a big jump up to 0.1 and further, while also the fractal dimension appears to be permanently over 3. Figure
6.8(f) shows projections of the attractor for u0 = 1.5, which, in spite of the larger value of Λ and of the fractal
dimension, appears to be very similar to the one shown in Fig. 6.8(e), in the x1, ẋ1 plane; both of them show
a fractal structure in that plane. It is interesting to notice the similarity of the chaotic attractor in Fig. 6.8(e)
and the one in Fig. 6.3(a), related to the single DoF system. Bigger differences between the two attractors (for
u0 = 1.3 and u0 = 1.5) can be recognized in the x2, ẋ2 space. Figure 6.11 shows the sections for Q̂ ≈ 0 of the
two attractors, projected onto the x2, ẋ2 space. From the figure it is visible how the attractor for u0 = 1.3 (Fig.
6.11(a)) shows a fractal shape also in this plane, while the attractor for u0 = 1.5 (Fig. 6.11(c)) does not show
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Figure 6.8: Attractors for different values of u0, for p1 = 0.2325 and d1 = 0.735. (a): u0 = 0.725, (b): u0 = 0.8,
(c): u0 = 1.1, (d): u0 = 1.25, (e): u0 = 1.3, (f): u0 = 1.5, projected onto the x1, ẋ1 and x2, ẋ2 space.

any recognizable structure. Furthermore, it appears to fill wider areas of the space than the other attractor,
which is due to the increased fractal dimension. A further section of the attractor for a fixed value of x1 (Figs.
6.11 (b) and (d)) does not clarify the differences between the two strange attractors.

Although the transition to chaos has been investigated in a region of instability of the trivial solution, chaotic
motions exist also in the stable region. In general, the locus of secondary Neimark-Sacker bifurcations generating
the quasiperiodic motion, first step on the route to chaos, is represented by the dotted line in Fig. 5.11. Figure
6.12, besides reproducing this locus of secondary NS bifurcations, shows the maximal Lyapunov exponent in
the p1, u0 space. Shaded areas indicate a positive maximal Lyapunov exponent. The figure shows that the
described dynamics occur in a large area around the double NS bifurcation and not only for specific values of
p1. Furthermore, since the chaotic attractor is related to global dynamics of the system, it is not affected by all
the bifurcations described analytically, which are related to local dynamics. Similarly, the stability of the trivial
solution, which is also a local characteristic of the system, does not affect the chaotic motion. In the figure it is
clearly recognizable the increase of the maximal Lyapunov exponent for u0 ≈ 1.05 (darkening of the diagram,
which corresponds to stronger chaos), the large region of phase locking for u0 > 1.3 and the subsequent increase
of the Lyapunov exponent for higher values of u0. For u0 ≈ 1.2 the figure is white marked by gray vertical line.
This is due to the coexistence of chaotic attractors and phase locked attractors: if during the simulations the
system stays on the chaotic attractor the line is gray, if it jumps onto the phase locked attractor it will have
negative Lyapunov exponents and it will show a white area.

In order to have a clearer picture of how the system is evolving in the different stages of chaotic motion,
further investigation is needed, but this is out of the scope of this research.
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Figure 6.9: Sections of the fractal attractors for different values of u0, for p1 = 0.2325 and d1 = 0.735. (a):
u0 = 1.000, (b): u0 = 1.010, (c): u0 = 1.015, (d): u0 = 1.020, (e): u0 = 1.025, (f): u0 = 1.030, (g): u0 = 1.035,
(h): u0 = 1.050 projected onto the x2, ẋ2 space. The section has been obtained selecting dots such that
|Q̂d| < 10−5.

Figure 6.10: Double sections of the fractal attractors for different values of u0, for p1 = 0.2325 and d1 = 0.735.
(a): u0 = 1.01, (b): u0 = 1.05 projected onto the x2, ẋ2 space. The section has been obtained selecting dots
such that |Q̂D| < 10−5 and |x1| < 10−5.
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Figure 6.11: Sections of the fractal attractors for p1 = 0.2325 and d1 = 0.735. (a): u0 = 1.3, (c): u0 = 1.5
projected onto the x2, ẋ2 space. The sections has been obtained selecting dots such that |Q̂D| < 10−5. (b) and
(d): further sections of (a) and (c) for −0.001003 < x1 < −0.000397 and −0.001503 < x1 < −0.001497.

Figure 6.12: Contour plot of the maximal Lyapunov exponent in the space of the parameters p1, u0. The
diagram has been obtained through sweeps down of u0, starting from u0 = 1.6 and for fixed values of p1. The
diagram has a resolution of 500x500. White area corresponds to zero or negative maximal Lyapunov exponent.
The dashed line indicate the locus of secondary NS bifurcation, generating the stable 3-torus quasiperiodic
motion.



Chapter 7

Application of the act-and-wait control
concept

The act-and-wait controller is a periodic controller, introduced for control systems with feedback delay. Its
concept consists in switching on and off the controller for specific time periods, where the off period is equal or
larger than the delay of the system. This concept was first introduced by Insperger and Stepan in [29,31] for
continuous time systems with feedback delay.

The main idea of this controller is to wait the effects of the control force before applying it again. In
particular, for continuous time control system, feedback delays make systems have an infinite number of poles,
making it very hard to stabilize the system through an appropriate pole placing. The act-and-wait controller
reduces the pole of the system to a finite number, which allows to position them more easily and, furthermore,
to obtain deadbeat control [29].

When applied to digital systems [30, 32], the controller should be on for one sampling interval and off for
at least r sampling intervals, where r is the number of sampling intervals of delay the system has. In this
chapter, we will apply the act-and-wait control concept to the single DoF system already analyzed regarding its
stability in Ch. 2 and its bifurcation behavior in Ch. 4. Considering the act-and-wait controller, the stability
and bifurcation behavior will be again investigated, highlighting the advantages of this approach.

7.1 Model

The model under study is exactly the same single DoF system previously studied in Ch. 2 and Ch. 4. For the
convenience of the reader, it is reported in Fig. 7.1.

The time delay (at the beginning of each sampling interval) is exactly equal to one sampling interval, so the
waiting time tw of the controller should be tw ≥ τ . Thus, the control force can be defined as

Q (t) = −P (t)x (tj−1)−D(t)ẋ (tj−1) , t ∈ [tj , tj+1), (7.1)

Figure 7.1: Mechanical model
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where

P (t) = g(t)P and D(t) = g(t)D (7.2)

and

g(t) =

{
1 for t ∈ [2kτ, (2k + 1)τ)
0 for t ∈ [(2k + 1)τ, 2kτ)

k = 0, 1, ... (7.3)

Since the control force is periodic, with a full period equal to two time steps, the map describing the dynamics
of the system must be modified accordingly, from the one defined in Ch. 2. At alternating intervals, the maps
controlling the system are

xj+1 = A1xj
xj+2 = A2xj+1

where A1 =

 1 1 1
2

0 1 1
−p −d 0

 and A2 =

 1 1 1
2

0 1 1
0 0 0

 , (7.4)

where p = Pτ2/m and d = Dτ/m are the dimensionless control gains, τ is the sampling interval and m is the
mass. Thus, it is possible to define the map

xj+2 = A3xj where A3 = A2A1 =

 1− p
2 2− d

2
3
2

−p 1− d 1
0 0 0

 . (7.5)

As we see, the third line of matrix A3 is made of zeros. This makes one eigenvalue of A3 be zero and the
coordinate x′′ be zero every second sampling interval. Thus, the system can be considered two dimensional, i.e.

xj+2 = Axj where A =

(
1− p

2 2− d
2

−p 1− d

)
. (7.6)

Considering that the system is simply inertial and the only active force is the control one, it is obvious that the
acceleration x′′ is zero during the ”off-period” of the controller. The zeroing of one eigenvalue already shows
the effect of reducing the number of poles of the act-and-wait controller.

7.2 Stability analysis

The stability depends on the eigenvalues of A. These can be found in closed form and are

µ1,2 =
1

4

(
4− 2d− p± 2

√
d2 +

p2

4
+ pd− 8p

)
, (7.7)

while the characteristic polynomial of A is

µ2 +
(
d+

p

2
− 2
)
µ+ 1− d+

3

2
p = 0. (7.8)

Calling a1 = d + p/2 − 2 and a0 = 1 − d + 3p/2, the system is stable if |a1| < 1 + a0 and |a0| < 1, which
correspond to the inequalities

d >
3

2
p, d <

3

2
p+ 2, d <

p

2
+ 2, p > 0. (7.9)

Furthermore, considering the values of µ1 and µ2, it can be verified that one eigenvalue is zero for d = 3p/2 + 1,
and both the eigenvalues are zero for (p, d) = (1/2, 7/4), which corresponds to deadbeat control. The stability
chart is represented in Fig. 7.2. It can be immediately noted the increased stable region, comparing to the
stability chart in Fig. 2.4(a).
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Figure 7.2: Stability chart using the act-and-wait control concept. Shaded area: stable, clear area: unstable.
The numbers in the circle indicate the number of eigenvalues out of the unit circle of the complex plane.

Besides the stable region, analyzing the eigenvalues of A we can identify which kind of bifurcation occurs at
the stability border. From the values of µ1 and µ2, it is obvious that the eigenvalues are complex conjugate if
the radicand is negative, i.e. d2 + p2/4 + pd− 8p < 0. The curve corresponding to the radicand equal to zero is
plotted in Fig. 7.2, the radicand is negative on the right side of the curve. Considering the result just obtained,
we deduct that, if the system loses stability through the line d = 3p/2, there is a NS bifurcation, in virtue of
the pair of complex conjugate eigenvalues out of the unit circle of the complex plane. On the other side, if the
system loses stability through d = p/2 + 2, it undergoes a flip bifurcation since one eigenvalue leaves the unit
circle through -1.

7.3 Bifurcation analysis

For an analysis of the effects of the use of the act-and-wait controller, it is interesting to investigate the
bifurcation occurring at the stability border. As we did in Ch. 4, we consider the nonlinearity related to the
saturation of the control force, which is modeled with the arctangent function

Q (t) = −2Qmax

π

[
arctan

(
Px (tj − τ) +Dẋ (tj − τ)− u0

)
+ q0

]
g (t) (7.10)

where Qmax is the maximal output force of the motor and the parameters q0 and u0 control the asymmetry of
the saturation (u0 = tan q0).

Considering Eq. (7.6), it can be easily verified that(
xj+2

x′j+2

)
=

(
1 2
0 1

)(
xj
x′j

)
+

(
−
[
arctan

(
Pxj +Dx′j − u0

)
+ q0

]
−2
[
arctan

(
Pxj +Dx′j − u0

)
+ q0

] ) Qmax

mπ
. (7.11)

Redefining Q0 = 2Qmax/(mπ), p = τ2PQ0/(1 + u2
0) and d = τDQ0/(1 + u2

0) and transforming the system in
its Taylor series we obtain(

xj+2

x′j+2

)
=

(
1− 1

2p 2− 1
2d

−p 1− d

)(
xj
x′j

)
+

( 1
2

∑
h+k=2,3 phkx

h
j x
′k
j∑

h+k=2,3 phkx
h
j x
′k
j

)
, (7.12)

or in compact form

xj+2 = Bxj + b, (7.13)
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where phk are the coefficients of the nonlinear terms. Regrading the second order terms

phk = −α2
phdku0

Q0τ2
, α2 =

{
1 if max(h, k) = 2
2 if max(h, k) = 1

, (7.14)

while regarding the third order terms

phk = α3

phdk
(
1− 3u2

0

)
3Q0τ2

, α3 =

{
1 if max(h, k) = 3
3 if max(h, k) = 2

. (7.15)

The eigenvalues of B are µ1,2 = 1/4
(

4− 2d− p± 2
√
d2 + p2/4 + pd− 8p

)
. As we already pointed out, on the

line d = p/2 + 2 one of the eigenvalues is equal to -1, so there is a flip bifurcation, while for d = 3p/2 the
eigenvalues are complex conjugate with absolute value equal to 1, so there is a NS bifurcation.

7.3.1 Flip bifurcation

Moving along the line p = 2d− 4, we have

B =

(
3− d 2− d

2
4− 2d 1− d

)
(7.16)

while the eigenvalues become µ1 = −1 and µ2 = 5 − 2d for 2 < d < 3. Applying the transformation x = Ty,
where T is the matrix of the eigenvectors of B, we can transform the system in its Jordan normal form, i.e.
decouple the linear part of the system of equations, which becomes(

y1

y2

)
7→
(
µ1 0
0 5− 2d

)(
y1

y2

)
+

( ∑
h+k=2,3 ahky

h
1 y

k
2∑

h+k=2,3 bhky
h
1 y

k
2

)
(7.17)

where the coefficients ahk and bhk are explicitly given in Appendix F.
The system is two dimensional, but the flip bifurcation is related to a single eigenvalue and so to a single

dimension. The system can be reduced to a single dimension, applying the center manifold reduction. The
center manifold of y2, limited to second order terms, is y2 = by2

1 . Applying the procedure explained in Ch. 3,
we can find that b = b20/(1− µ2) = 2u0/

(
(3− d)Q0τ

2
)
, which will give the one dimensional map

y1 7→ µ1y1 + α2y
2
1 + α3y

3
1 + h.o.t. (7.18)

where

α2 =
4u0

(d− 3)Q0τ2
(7.19)

α3 =
8
(
d+ 3du2

0 − 3(1 + u0)2
)

3(d− 3)2Q2
0τ

4
(7.20)

We then applying the near identity transformation

y1 = z + c2z
2 (7.21)

to Eq. (7.18). If c2 = α2/2, the second order term can be transformed out and we will obtain the map

z 7→ µ1z + β3z
3 + h.o.t. (7.22)

where

β3 = α3 + α2
2 = −

8
(
1 + 3u2

0

)
3(d− 3)Q2

0τ
4
. (7.23)



CHAPTER 7. APPLICATION OF THE ACT-AND-WAIT CONTROL CONCEPT 85

Figure 7.3: Flip bifurcation for p = 0.8, u0 = 0.4, Q0 = 10 m/s2 and τ = 0.01 s; solid lines: numerical results,
dash-dot lines: analytical results.

In order to transform the obtained map to the normal form of a flip bifurcation, we rescale it according to
z = v/

√
|β3| and we call

k = −(1 + µ1) ≈ −d|µ1|
dd

∣∣∣∣
p=2dcr−4,d=dcr

(d− dcr) , (7.24)

where dcr ∈ (2, 3). This will give us the map

v 7→ − (1 + k) v + sgn(β3)v3 + h.o.t. (7.25)

Considering the map in Eq. (7.25), its second iterate, beside the trivial solution (unstable for k > 0 ⇐⇒
d > dcr), has the solutions

v1,2 = ±

(√
k

sgn(β3)
+O(k)

)
(7.26)

that exists if k/sgn(β3) > 0. If sgn(β3) > 0, it exists and is stable for k > 0, so it will be a supercritical flip
bifurcation, while if sgn(β3) < 0, it exists and is unstable for k < 0, so it will be a subcritical flip bifurcation.

Considering the system under study, we found the values

β3 =
8(3u2

0 + 1)

3(3− dcr)Q2
0τ

4
, k ≈

(
1

2
+

dcr − 1

2(3− dcr)

)
(d− dcr). (7.27)

So we have that β3 > 0 ∀ dcr ∈ (2, 3), and for any real value of u0, Q0 and τ . While we see that k increases
as dcr → 3, making the distance between the two branches of the bifurcation larger. Of course, for dcr → 3 the
approximation in Eq. (7.24) is not valid anymore. Figure 7.3 shows a comparison between the numerical and
the analytical results for dcr = 2.4, p = 0.8 and u0 = 0.4 (asymmetric saturation). The matching between the
two results is excellent in the vicinity of the bifurcation.

7.3.2 Neimark-Sacker bifurcation

Moving along the line d = 3p/2, we have

B =

(
1− p

2 2− 3
4p

−p 1− 3
2p

)
(7.28)
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while the eigenvalues become µ1,2 = 1 − p ±
√
p(p− 2). So, for 0 < p < 2, µ1 = µ̄2 and |µ1,2| = 1. As we

already explained, in these circumstances the system undergoes a NS bifurcation. Operating similarly to the
previous case, we transform the system into its Jordan normal form, i.e.(

y1

y2

)
7→
(

1− p
√
p(2− p)

−
√
p(2− p) 1− p

)(
y1

y2

)
+

( ∑
h+k=2,3 ahky

h
1 y

k
2∑

h+k=2,3 bhky
h
1 y

k
2

)
(7.29)

where the coefficients ahk and bhk are different from the one related to the flip bifurcation. They can be found
in Appendix F. Since the NS bifurcation is related to two variables, there is no need for the center manifold
reduction. Calling z = y1 + iy2, where z ∈ C, we transform the system to complex variables and we obtain the
map

z 7→ µ2z +
∑

h+k=2,3

αhkz
hz̄k. (7.30)

The coefficients αhk are reported in Appendix F.
Applying the near identity transformation z = v+

∑
h+k=2,3 chkv

hv̄k, choosing properly the coefficients chk,
as explained in detail in Ch. 3, it is possible to transform out all the second order terms and most of the third
order terms, obtaining the map

v 7→ µ2v + β21v
2v̄ + h.o.t., (7.31)

where

β21 = α21 +
α20α11(1− 2µ2)

µ2
2 − µ2

+
α11ᾱ11

1− µ̄2
+

2α02ᾱ02

µ2
2 − µ̄2

=
1

2

(
−

2u2
0p

2
√

(2− p)p
(
8− 32p+ (30 + 2i)p2 − (8 + 29i)p3 + 58ip4 − 38ip5 + 8ip6

)
(p− 2)2

(
−2ip2 −

√
(2− p)p+ p

(
3i+ 2

√
(2− p)p

))
Q2

0τ
4

−
p
(
p2 − i

√
(2− p)p+ ip

(
2i+

√
(2− p)p

)) (
−1 + 3u2

0

)
(−2 + p)Q2

0τ
4

+
p
(

7i
√

(2− p)p+ p
(

5− 4i
√

(2− p)p
)
− 4p2

)
u2

0

(6− 7p+ 2p2)Q2
0τ

4

)
. (7.32)

Substituting z = reiψ and calling

k = |µ2| − 1 ≈ d|µ2|
dp

∣∣∣∣
d=3pcr/2,p=pcr

(p− pcr) =
3

4
(p− pcr), (7.33)

where pcr ∈ (0, 2), we can rewrite the map as

reiψ 7→ r(1 + k)ei(ψ+φ) + β21|p=pcrr3eiψ (7.34)

where eiφ = µ2. Selecting the absolute value of Eq. (7.34) and expanding it in its Taylor series (see again Ch.
3), we obtain the amplitude map

r 7→ (1 + k)r + ρr3 + h.o.t. (7.35)

where ρ = R(β21|p=pcre−iφ). Fixed points of the map in Eq. (7.35) correspond to 2-torus quasiperiodic solutions

of the map in Eq. (7.11). Besides the trivial solution, the map has the solution r∗ =
√
−k/ρ, which exists for

k > 0 if ρ < 0 (supercritical bifurcation with stable solutions) and for k < 0 if ρ > 0 (subcritical bifurcation
with unstable solutions). Considering the specific case under study, we found the singular result of ρ = 0,
independently of the values of pcr (within the considered interval) and the asymmetry of the saturation u0.
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This means that, limiting the analysis to third order terms, the branch of quasiperiodic solution, arising at the
bifurcation point, goes vertically, without generating any finite orbit.

In order to verify if the branch is actually vertical, we repeated the procedure just shown considering up to
fifth order terms (but with a symmetric saturation, in order to simplify the calculation). Without going into
detail of the long procedure, following all the steps we find the amplitude map

r 7→ (1 + k)r + ρr3 +
I2
21 + 2R32(1 + k)

2(1 + k)
r5, (7.36)

where I21 = I(β21e
−iφ) and R32 = R(β32e

−iφ) (β32 is the coefficient of the term v3v̄2 in a fifth order expression
analogous to Eq. (7.31) not shown here). Since ρ = 0, the map has the fixed point

r∗ = 4

√
−2k(1 + k)

I2
21 + 2R32(1 + k)

(7.37)

which exists only if the radicand is not negative. The numerator is positive if and only if k < 0, while the
denominator is positive if and only if k > (−I2

21 − 2R32)/(2R32). Considering the system under study, we have
that I2

21 = −2R32, so, beside the trivial solution, the system has real solutions only for k = 0. This result
confirms the singular result of the third order analysis.

Confirming the degeneracy of the bifurcation under study, numerical simulations of the map in Eq. (7.11)
show that the system grows unboundedly for d < 3p/2, which is still in agreement with the result obtained
analytically. It is remarkable that the line d = 3/2p corresponds to the line delimiting the region of bounded
motion in Fig. 4.5, regarding the system without act-and-wait controller. In order to improve the analysis and
clarify the nature of the bifurcation, it would be necessary to introduce a source of damping in the system,
besides the artificial damping of the differential gain of the control force. Such analysis is shown in the following
section.

7.4 Damped system

We now consider the same system shown in Fig. 7.1, adding a term related to a linear damping into the equation
of motion, that becomes

mẍ = Q− cẋ. (7.38)

We introduce the dimensionless time T = t/τ and call Q̂ = Qτ2/m and δ = τc/m. Since the system is still
piecewise linear, it can be solved in closed form within each time step and transformed to a map. Defining the
control force as in Eq. (7.1), the result in matrix form is

xj+2 = Dxj (7.39)

where

D =

(
1− 1

δ2

(
δ − 1 + e−δ

)
p 1

δ

(
1− e−δ

)
+ e−δ

δ

(
1− e−δ

)
− 1

δ2

(
δ − 1 + e−δ

)
d

− 1
δ

(
1− e−δ

)
p e−2δ − 1

δ

(
1− e−δ

)
d

)
, (7.40)

xj =
(
xj x′j

)T
, p = Pτ2/m and d = Dτ/m. It can be verified that limδ→0 D = A, as it is in Eq. (7.6).

Considering the eigenvalues of D, we can find that the stable region in the p, d space is delimited by the lines

p = 0

d = 1+δe−δ−eδ
δ(1−e−δ) p+

δ(eδ−e−δ)
1−eδ ⇐⇒ d =

(
3
2 −

13
12δ +O(δ2)

)
p− 2δ +O(δ2)

d =
e−δ(2e2δ−δe2δ−δ−2eδ)

2δ(eδ−1)
p+

δe−δ(1+e2δ)
eδ−1

⇐⇒ d =
(

1
2 −

7
12δ +O(δ2)

)
p+ 2− δ +O(δ2).

(7.41)

Considering Eqs. (7.41) and (7.9), the effect of δ on the stability can be appreciated. Furthermore, it is clear
that for δ → 0 the stable region is the same we found in the previous section. Fig. 7.4 show the stability chart
in the p, d space for different values of δ.
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Figure 7.4: Stability chart in the p, d space, for different values of δ.

7.4.1 Bifurcation analysis

Beside the stability, it is interesting to analyze the effect of the damping on the NS bifurcation, which is singular
in the case of no damping. We consider the saturation of the control force as it is in Eq. (7.10). Performing
the same procedure as we did regarding the undamped system, we obtain the map

r 7→ (1 + k)r + ρr3 (7.42)

where

k = f(δ)(p− pcr) =

(
3

4
− 11

12
δ +

31

48
δ2 +O(δ3)

)
(p− pcr) (7.43)

and ρ = ρ(δ, pcr, u0)/(Q2
0τ

4). The dependence of ρ on δ, pcr and u0 is very complicated to be studied analytically;
however, its long expression is explicitly shown in Appendix F. Plots of its variation are shown in Fig. 7.5. In
the figure it is visible that for a symmetric saturation (u0 = 0) ρ < 0, so the bifurcation is supercritical, while
for an asymmetric saturation (see Figs. 7.5(e) and (f)) ρ becomes positive and the bifurcation is subcritical.
Variations of pcr from 0 to 2 increase ρ almost linearly, without changing its sign, anyway for pcr → 0 also ρ = 0.
For a slightly damped system, the bifurcation is supercritical for u0 < 1, while it becomes subcritical for higher
values of u0. Increasing the damping, the limit for having a supercritical saturation in terms of asymmetry,
slightly increases.

Figure 7.6 shows the bifurcation diagram with respect to the bifurcation parameter p, in the case of a
symmetric saturation. In the figure it is visible how the branch of stable quasiperiodic solutions tends to
be vertical for decreasing values of δ, both regarding the numerical and the analytical solutions, so in good
agreement with the previous results regarding the undamped system. The horizontal plateaus correspond to
phase locking of the quasiperiodic solutions. It is remarkable that, although the amplitude of the quasiperiodic
solutions strongly depends on the damping, the amplitude of the solutions related to the phase locking does not
appear to be affected by the damping. The bifurcation diagrams in Fig. 7.6 are obtained with a simple sweep
up of the parameter p, in order to have a more readable figure.

Figures 7.7 (a)-(c) show the bifurcation diagrams obtained through a sweep down of the bifurcation parameter
p, for different values of δ. In the figures it is visible how the horizontal plateaus exists also in large parts of the
stable region. Especially for δ = 0 (Fig. 7.7(a)), we could find periodic solutions even for p < 0.45, so very deep
in the linear stable region. Increasing the damping, the region of existence of the plateaus sensibly reduces and
we could not find any of them in the stable region for δ = 0.05.

From Figs. 7.7(a) and (b), it is also visible that a lot of different periodic solutions coexist. The bifurcation
diagrams have been obtained using random initial conditions in a selected range of values. However, especially



CHAPTER 7. APPLICATION OF THE ACT-AND-WAIT CONTROL CONCEPT 89

Figure 7.5: Plots of ρ as a function of pcr, δ and u0. In all the figures Q0 = 10 m/s2 and τ = 0.01 s. (a):
δ = 0.01, (b): u0 = 0, (c): u0 = 0, (d): pcr = 1, (e): δ = 0.01, (f): pcr = 1.

for δ = 0, trials with very large initial conditions showed periodic attractors with amplitude of the same order of
magnitude. Although we have no evidences, this suggests us that an infinite number of periodic solutions exists
in the proximity of the stability border (inside the stable region). Fig, 7.7 (d) shows three different periodic
attractors as an example of them.

Figure 7.8 shows basins of attraction of the trivial solution inside the stable region, for different values of p
and δ. In Figs. 7.8(a), (b) and (c) p = 0.68 (pcr = 0.7), while δ is respectively equal to 0, 0.01 and 0.025. The
figures clearly show that for increasing values of δ the region of attraction of the trivial solution enlarges, until
covering the entire area of initial conditions for δ large enough (not shown in the figure). In Figs. 7.8(d) and
(e) δ = 0, while p is respectively 0.6 and 0.5. Comparing Figs. 7.8(a), (d) and (e) we can see how the region
of attraction of the trivial solution enlarges for decreasing values of p, i.e. moving in the direction of the inner
part of the stable region (it should be noted that the scale of the axes in Fig. 7.8(e) is different). Finally, Fig.
7.8(f) shows an enlargement of Fig. 7.8(a). This figure clarify the fractal nature of the basin of attraction, that
could be already guessed from the other figures.
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Figure 7.6: Bifurcation diagram with respect to the bifurcation parameter p, for different values of δ. Solid
lines: numerical results, dash-dot lines: analytical results. In the figure pcr = 0.7, d = (3/2− 13δ/12)pcr − 2δ,
u0 = 0, Q0 = 10 m/s2 and τ = 0.01 s

Figure 7.7: (a)-(c) numerical bifurcation diagrams with respect to the bifurcation parameter p, for different
values of δ, through a sweep down and random initial conditions. Each diagram shows the results of several
different initial conditions. (a) δ = 0, (b) δ = 0.01, (c) δ = 0.05. (d) three different periodic attractors for
p = 0.6 and δ = 0. In all the figures pcr = 0.7, d = (3/2− 13δ/12)pcr − 2δ, u0 = 0, Q0 = 10m/s2 and τ = 0.01s
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Figure 7.8: Basins of attraction of the trivial solution in its stable region for different values of δ and p. In all
the figures pcr = 0.7, d = (3/2− 13δ/12)pcr − 2δ, u0 = 0, Q0 = 10m/s2 and τ = 0.01s. (a) p = 0.68 and δ = 0,
(b) p = 0.68 and δ = 0.01, (c) p = 0.68 and δ = 0.025, (d) p = 0.6 and δ = 0, (e) p = 0.5 and δ = 0, (f) p = 0.68
and δ = 0. Shaded area: region of attraction of the trivial solution, clear area: other solutions.



Chapter 8

Experimental investigation:
aeropendulum

The so-called Aeropendulum [15] is a simple one-DoF pendulum equipped with a propeller at its end, capable
of giving a control force to the pendulum itself, which allows to stabilize the pendulum virtually at any desired
position. In this chapter, we will present experimental results, obtained with the Aeropendulum, which validate
some of the numerical and analytical results obtained in the previous chapters. As we will show, the mechanical
model of the experimental apparatus is qualitatively somewhat different from all the models studied in this
work. Still, our results will show the importance of taking into account the digitization of the controller with
respect to stability. Furthermore, this work is a typical example of nonlinear estimation of parameters through
experimental investigation, which is an open topic in many fields of nonlinear studies.

8.1 Experimental setup

The system under study consists of a light carbon rod, connected perpendicularly to the shaft of a low-friction
potentiometer (Fig. 8.1). At one of its edge, the rod is rigidly connected to a small DC electric motor, driven
by a 5-V pulse-width modulated (PWM) signal. The potentiometer is fixed to a plastic frame, such that the
rod and the motor form a rigid planar pendulum, freely rotating around the axis of the potentiometer. The
motor drives a propeller, able to give a control force to the pendulum, linearly proportional to the PWM signal
within a certain range.

The system is equipped with a custom-designed circuit board, which controls the voltage supplied to the
motor with a resolution of 0.05 V and reads the voltage of the potentiometer, which is proportional to the
angular position of the pendulum, allowing a precise identification and setting of the sampling frequency. More
detailed information about the system and in particular the circuit board can be found in [15]. The control of
the system is provided by a computer interface programmed in MATLAB environment.

8.2 Model

The system can be modeled as a 1.5 DoF system, one related to the rigid pendulum and half related to the
propeller. Regarding the propeller, it counts as half DoF since we consider only its speed of rotation (proportional
to the control force) and not its angular position.

The main forces acting on the pendulum are the gravity, the dry friction in the potentiometer, the air drag,
the reaction force of the rod and the force given by the propeller, which depends on its speed of rotation. Instead,
the dynamics of the propeller can be considered to be controlled by a first order equation. The equations of

92



CHAPTER 8. EXPERIMENTAL INVESTIGATION: AEROPENDULUM 93

Figure 8.1: (a): Aeropendulum (photo); (b): schematic physical model

motion can be written as{
ϕ̈+ 2δωnϕ̇+ δ2ϕ̇|ϕ̇|+ C(ϕ̇) ϕ̇

|ϕ̇| + ω2
n sin(ϕ) = F (Ω)

Ω̇ = −Ω
λ + Q(PWM)

λ

(8.1)

where ϕ is the angle of rotation of the pendulum, ωn is its natural frequency, δ is the linear damping ratio, δ2
is the coefficient of the quadratic damping (related to air drag), C(ϕ̇) is the dimensionless dry friction, which
depends on the angular velocity of the pendulum, and F (Ω) is the dimensionless force given by the propeller,
which depends on the speed of rotation of the propeller. Regarding the second equation of (8.1), Ω represents
the speed of rotation of the propeller, λ is the characteristic time of the system and the control force Q is
linearly proportional to the PWM signal received in input by the motor.

As it will be shown later, we have no direct information about the speed of rotation of the propeller, thus the
variable Ω is not the actual velocity of rotation of the propeller, but only a mathematical auxiliary variable. This
allows us to take into account that the system has an extra half DoF, affecting the dynamics of the pendulum,
without need of calculating the exact value of the speed of rotation.

In the proposed model, we did not take into account the dependence of the speed of rotation of the propeller
on the angular velocity of the pendulum. Which exists, but it cannot be easily defined and can be neglected
for the purpose of this work. Thus, considering the system in Eq. (8.1), the motion of the propeller is an
independent differential equation, that can be analytically solved if Q is constant. However, whatever are the
definitions of C(ϕ̇) and F (Ω), the first equation has several nonlinearities.

8.3 Estimation of coefficients

The system under study has a rather simple geometry, however, we have no specifications about the geometry
and material properties of the single components. Thus, it is necessary to perform experiments in order to
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Figure 8.2: Experimental (black dots) and numerical (blue squares) damping backbone (a) and frequency
backbone (b) curves. The experimental results are obtained from a superposition of ten different free vibration
decays. For the numerical simulation: ωn = 6.9 rad/s, δ = 0, δ2 = 0.028 rad−1, β = 2, µ0 = 2.6 rad/s2 and
α = 0.77 (µ0(1 + α) = 4.6 rad/s2).

define the coefficients of Eq. (8.1) and the function C(ϕ̇) and F (Ω).

8.3.1 Pendulum coefficients

First, we let the pendulum oscillate with free vibrations. This allows us to eliminate the variable Ω and the
force F , letting the simpler system

ϕ̈+ 2δωnϕ̇+ δ2ϕ̇|ϕ̇|+ C(ϕ̇)
ϕ̇

|ϕ̇|
+ ω2

n sin(ϕ) = 0 (8.2)

Few simulations immediately show that the kinetic dry friction is smaller than the static friction, so we
decided to use an exponential function for C(ϕ̇), i.e.

Cmax(ϕ̇) = µ0

(
1 + αe−β|ϕ̇|

)
(8.3)

The value of µ0(1 + α) can be directly estimated. Slowly moving the pendulum from the zero position and
verifying which is the maximal angle different from zero that still gives an equilibrium position, we have the
equation

µ0(1 + α) + ω2
n sin(ϕmax) = 0. (8.4)

Experiments show that this value can substantially change depending on weather conditions as temperature
and humidity. At different time of the day we found for ϕmax values varying from 0.085 to 0.105, so variations
of about 20 %. Thus, we can estimate µ0(1 + α) ≈ (0.0949± 0.01)ω2

n.
Since the system is subject to softening, it is not trivial to estimate the value of ωn. Similarly, all other

coefficients cannot be directly estimated from the free vibration decay. In order to find them, we plotted several
experimental free vibration decays and for all of them we plotted the damping and the frequency backbone
curves (in Fig. 8.2 the superposition of several free vibration decays).

The frequency backbone curve has been obtained calculating the instantaneous periods, i.e. the distance
between two subsequent peaks, and then calculating the frequency as its inverse. The curve clearly shows the
expected softening behavior. Furthermore, it seems to converge to the value f = 1.1 Hz, which should be the
value of the linear natural frequency.

The damping backbone curve has been obtained calculating, for each couple of subsequent peaks, the loga-
rithmic decrement. Then, from the logarithmic decrement, the equivalent linear damping is calculated according
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Figure 8.3: Experimental (black dots) and numerical (red solid line) free vibration decay. For the numerical
simulation: ωn = 6.9 rad/s, δ = 0, δ2 = 0.028 rad−1, β = 2, µ0 = 2.6 rad/s2 and α = 0.77 (µ0(1 + α) = 4.6
rad/s2).

to the formula

δ̂ =
1√

1 +
(

2π
d

) , (8.5)

where d is the logarithmic decrement. Although different from other definitions of damping backbone given
in the literature [22,23,55], this procedure gives an estimate of the linear damping that would be necessary
to obtain an equivalent decrement, given by all the damping components (so not only the linear one), as a
function of the amplitude. Considering that the damping is mainly given by dry friction and (quadratic) air
drag, the result shown in Fig. 8.2(a) is not surprising. The quadratic damping is dominant over the linear
one for large amplitudes, while the dry friction is dominant over the linear damping for small amplitudes of
oscillation. Accordingly, the diagram in the figure shows that for small amplitude a very large linear damping
would be required to have the same effect of the dry friction. The value of δ̂ reduces increasing the amplitude
of oscillation, until the curve bends forward again due to the increasing relevance of the air drag.

A comparison of the damping and frequency backbone curves and of the free vibration decay obtained by
several experiments with those obtained by numerical simulations, allows us to find an optimal set of parameter
values. The chosen set of parameters is ωn = 6.9 rad/s, δ = 0, δ2 = 0.028 rad−1, β = 2, µ0 = 2.6 rad/s2 and
α = 0.77. A comparison of the free vibration decays obtained experimentally and numerically with these values
is given in Fig. 8.3 (red line numerical result), while the blue squares in Fig. 8.2 show the numerical backbone
curves.

The value of ωn has been obtained directly from the estimated linear natural frequency of the frequency
backbone curve. The value of δ2 has been obtained with a simple trial and error procedure. It affects only large
amplitudes, so basically only the first complete oscillation of the pendulum. Also in the damping backbone its
influence is limited to the upper, right bending, branch of the curve. The value of µ0 has been estimated with
a trial and error approach as well. However, as already mentioned, its value can significantly change depending
on the temperature, thus it is only indicative and accurate for the single experimental campaign. Larger values
of β would not sensibly affect the result, so the value of 2 is purely indicative. α has been calculated from the
value of the kinematic and static dry friction.

The performed procedure shows that the linear damping can be neglected: non-null values of δ do not improve
the matching between experimental and numerical results. For higher amplitudes the quadratic damping is the
most relevant source of damping while for smaller amplitudes the dry friction is, of course, more relevant than
the quadratic damping. Although Fig. 8.2 shows results of several free vibration decays, they were all sampled
subsequently, thus they do not represent all the possible behaviors of the system, rather than the behavior of
the system with certain conditions of temperature and air humidity.
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Figure 8.4: PWM vs. sin(ϕ) signal for increasing and decreasing values of PWM. Straight red line: linear
interpolation of mean values in the linear range. (a): positive values of PWM; (b): negative values of PWM.

8.3.2 Propeller force

The control system of the pendulum allows to give a constant PWM signal to drive the motor. The PWM can
be considered linearly proportional to Q and it can be easily verified that for constant values of Q, Ω will tend
asymptotically to Q.

Giving constant (or slowly varying) input signals to the motor, it is possible to define the function F (PWM).
Neglecting for the moment the dry friction, the equilibrium position is given by

ω2
n sin(ϕ) = F (Ω) = F (Q(PWM)), (8.6)

of course, due to the dry friction, the system has infinitely many equilibrium position around this one.
PWM signal values, acceptable by the circuit board, must be included between -127 and +127. In order to

define F (PWM), we first give a slowly increasing PWM signal, from 0 to +127, to the system, starting from
the zero position of the pendulum. Than we repeated the procedure for slowly decreasing values of PWM, from
+127 to 0, imposing an initial large displacement. After that we repeated the procedure for negative values of
PWM. The result is shown in Fig. 8.4. An ideal system without friction and with a linear relation between F
and PWM, should give a straight line in the PWM, sin(ϕ) space.

Figure 8.4 clearly show that increasing and decreasing values of PWM gives different results, this can be
attributed to the dry friction. Furthermore, it appears that for large values of PWM the force saturates. Than,
a dead-band can be recognized: for too small values of PWM the pendulum does not move (and neither the
propeller). Finally, a comparison between Figs. 8.4(a) and (b) shows that the force provided by the propeller is
strongly asymmetric. The force provided for negative values of PWM is almost the half than the one estimated
for positive values of PWM.

The saturation of the force of the propeller is probably due the nonlinear relation between the speed of
rotation of the fan and the provided force. However, since we are not able to measure the speed of rotation, it
could be even due to the saturation of the electric motor. The dead-band is probably due to internal friction
inside the motor. According to our observation, the propeller starts to rotate for |PWM| > 20.5, regardless of
its sign. The asymmetry of the force is an obvious consequence of the asymmetric geometry of the system.

In spite of all these nonlinearities, the curves still show a linear range. For positive values of PWM it is
approximately for 30 < PWM < 90, while for negative values of PWM it is approximately for −30 < PWM <
−90. The straight red lines in the figure are obtained through a linear approximation of the mean value,
between the sweep up and the sweep down curves, considering only the linear range. As shown in the figure,
the equations of these trend lines are sin(ϕ) = 0.0975PWM− 0.2059 and sin(ϕ) = 0.0043PWM + 0.0896.
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8.3.3 Propeller time constant

The time constant λ of the propeller is the most problematic coefficient to be estimated, since the system does
not provide any information regarding the speed of rotation of the fan. Furthermore, since we want to estimate
a time constant, it would be required to know the speed of rotation in real time, with respect to a non-constant
input signal. The only information available regards the input signal sent to the propeller and the position of
the pendulum.

In order to find λ, we consider the second equation of (8.1) in the case of a time varying input signal. If Q
is harmonic, i.e. Q(t) = Q0 sin(ωt), we have the differential equation

dΩ

dt
= −Ω

λ
+
Q0 sin(ωt)

λ
, (8.7)

given the generic initial condition Ω(0) = Ω0, Eq. (8.7) has solution

Ω(t) =

(
Ω0 +Q0λω + Ω0λ

2ω2
)
e−

t
λ +Q0 sin(ωt)−Q0λω cos(ωt)

1 + λ2ω2
(8.8)

that, after the transient fades away, will be

Ω(t) =
Q0 sin(ωt)−Q0λω cos(ωt)

1 + λ2ω2
. (8.9)

Eq. (8.9) is a harmonic function that can be written also as

Ω(t) =
Q0√

1 + λ2ω2
sin(ωt+ φ), (8.10)

where the phase shift φ can be neglected for our purposes.
Now, considering the full system, in the case of a harmonic excitation through the control force Q with

amplitude Q0, due to λ the pendulum will be excited with an amplitude reduced by the factor 1/
√

1 + λ2ω2.
Since all the other parameters of the system have been already estimated, including the function F (Q(PWM)),
a comparison of numerical and experimental results of the forced system allows us to estimate the value of λ.
To simplify the simulation and improve the accuracy of the result, we add a constant value to the motor input
signal, in order to avoid the dead-band and stay in the linear range of F .

Figure 8.5 shows the result of the calibration for PWM = 60 + 30 sin(8t) with λ = 0.28 s. The red line is the
numerical result while the black dots are the experimental one. The matching, once the system is at regime,
is excellent. Furthermore, the numerical result is very sensitive to variation of λ, which gives more reliability
to the estimation. On the other side, increments in the dry friction have a similar effect than increments in λ:
they both reduce the amplitude of oscillation. It is possible to obtain a matching as good as the one shown in
Fig. 8.5 reducing lambda and increasing µ0. Thus, the uncertainty on the dry friction gives an uncertainty on
λ. However, the sensibility of the amplitude of vibration on variations of λ is much larger than the sensibility
on variations of the dry friction.

The procedures shown in this sections allowed us to identify all the coefficients in Eq. (8.1). The only
missing relation is the function Q(PWM). In order to estimate this function, it would be necessary to measure
the speed of rotation of the propeller, which can be hardly done without any external hardware device. However,
since we are not specifically interested in the rotation of the fun, we can simply substitute Q with PWM, which,
excluding the dead-band, allows us describing correctly the dynamics of the pendulum. Of course, in this way,
Ω loses its physical meaning.

8.4 Design of the controller

We consider the stabilization of a general position ϕ0 of the pendulum. In order to make that position being
of equilibrium, it is necessary that the propeller gives a corresponding constant force, according to the diagram
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Figure 8.5: Experimental (black dots) and numerical (red solid line) force vibration response for PWM =
60 + 30 sin(8t). For the numerical simulation: λ = 0.28 s, ωn = 6.9 rad/s, δ = 0, δ2 = 0.028 rad−1, β = 2,
µ0 = 2.6 rad/s2 and µ0(1 + α) = 4.6 rad/s2.

in Fig. 8.4. For example, giving a constant PWM signal of 80, the pendulum will stabilize around ϕ = 0.61
(sin(ϕ) = 0.00975PWM − 0.2059). Because of the dry friction and uncertainties of the estimated coefficients,
the pendulum will stabilize in a position close to the desired one, but not exactly there. An active control can
improve both the correct positioning and the speed of convergence to the desired position.

Similarly to the system analyzed in the previous chapters, we use a PD controller, defined as

F = −kP (ϕ− ϕ0)− kDϕ̇, (8.11)

where F is the control force and kP and kD are respectively the proportional and the differential gain. In
the system under study, the control scheme needs some corrections, since it does not give a direct force to the
pendulum, but it can only send modulated PWM signals to the motor driving the propeller.

First of all, it is necessary to compensate the dead-band, thus, we should add 20.5 (-20.5) to the PWM
signal if it is positive (negative). Besides the dead-band, F (PWM) is linear with a good approximation, until
saturation occurs for PWM > 90 or PWM < −100. Then, we should consider the slope of the curve in Fig.
8.4, in order to associate a value of PWM to a force. For positive values of PWM, besides the dead-band, we
have that the force provided by the propeller is F = 0.00975ω2

nPWM rad/s2, while for negative values of PWM
F = 0.0043ω2

nPWM rad/s2, within the linear range.
Furthermore, we should consider that the controller works at discrete time intervals. Thus, it samples the

PWM signal at the time instants tj = jτ , j = 0, 1, 2, ..., where τ stands for the sampling time and fs = 1/τ is
the sampling frequency. PWM is then piecewise constant in the sampling interval and it is calculated from the
position sampled at the beginning of the previous sampling interval. Moreover, the velocity should be calculated
numerically. Calling ϕj = ϕ(tj) and PWMj = PWM(tj), we can define the control scheme as

PWMj+1 = −kP (ϕj − ϕ0)−kD
ϕj − ϕj−1

τ
+PWM0+20.5×sign

(
−kP (ϕj − ϕ0)− kD

ϕj − ϕj−1

τ
+ PWM0

)
,

(8.12)

where PWM0 = sin(ϕ0)/a is related to the constant part of the control force. This gives the following system
of equations

ϕ̈+ δ2ϕ̇|ϕ̇|+ C(ϕ̇) ϕ̇
|ϕ̇| + ω2

n sin(ϕ) = aω2
nΩ

Ω̇ = −Ω
λ +

PWMj

λ

a =

{
0.00975 s/rad if PWMj > 0
0.0043 s/rad if PWMj < 0

t ∈ [tj , tj+1) (8.13)
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with PWM given by Eq. (8.12). As already mentioned, in this formulation Ω has no physical meaning, but it
is still expressed in rad/s. It should also be noted that the circuit board of the pendulum allows only integer
PWM signals in input. This mathematical model could be improved considering the saturation of the propeller
force, easily obtainable from Fig. 8.4.

8.5 Estimation of stability

As already mentioned, because of the non-negligible dry friction, given a constant PWM input signal, the
pendulum has a full range of equilibrium positions. Considering the system in Eq. (8.13) in steady state
conditions, where ϕ0 is the desired position and PWM0 is the signal calculated to make ϕ0 being of equilibrium,
we have

C(ϕ̇) + ω2
n sin(ϕ) = aω2

n (PWM0 − kP (ϕ− ϕ0)) , (8.14)

where aPWM0 = sin(ϕ0). In the case of no active control (kP = 0) the maximal positioning error is

ε ≈
∣∣∣∣ µ0(1 + α)

ω2
n cos(ϕ0)

∣∣∣∣ . (8.15)

While, the proportional control gain reduces the maximal positioning error according to the formula

εP ≈
∣∣∣∣ µ0(1 + α)

ω2
n [cos(ϕ0) + akP ]

∣∣∣∣ , (8.16)

thus, it is clear that high proportional gains sensibly improve the positioning of the system. On the other side,
as shown throughout this work, too large values of kP could destabilize the system.

The estimation of stability of an equilibrium position of a system with the dry friction is controversial.
Considering the equilibrium position ϕ0, there will always exist an ϕe, with |ϕe − ϕ0| arbitrarily small, such
that ϕe is also an equilibrium position. Thus, it can be proven that the system, as expressed in Eq. (8.13), is
always stable (but never asymptotically stable) in the sense of Lyapunov. Of course, this is not true for the
real system, because the potentiometer has a finite resolution (≈ 3× 10−4 rad), which does not allow to exactly
reach (according to the potentiometer measurement) the desired position. The consequent minimal error could
be large enough to make the system diverge from ϕ0, if kP is large enough.

A linear system has a unique solution, whose asymptotic stability can be investigated in a rather simple way.
A general nonlinear system has usually several solutions, but still the (linear) stability of one of its equilibrium
points can be easily investigated through a linearization around that point. The linearization would locally
eliminate all the nonlinear contributes, which generally have orders higher than the first, so they do not affect
the local dynamics. In the case of a system with dry friction, the related nonlinear terms have order zero, so in
a local analysis they are dominant over the linear terms and cannot be neglected. Thus, in this case, it has not
so much practical sense in talking about Lyapunov stability of a specific position.

In a local analysis lower order terms are dominating over larger order terms. Considering larger amplitudes,
higher order terms come into play and finally they prevail over lower order terms. Standard techniques to
estimate stability take into account only linear terms, while in this system we have only order zero and quadratic
damping. However, there is an amplitude of oscillation in which there is a balance between the effect of dry
friction and quadratic damping.

A possible alternative to the estimation of stability, consists in considering the stability of the full range of
possible solutions of the system (ϕ ∈ [ϕ0− εP , ϕ0 + εP ]), i.e. analyze if the system, given an initial position near
this range of values, will stabilize to a value included in the considered interval. Of course, this analysis cannot
be performed with standard techniques for estimating stability, furthermore it probably depends significantly
on initial conditions. Thus, we should speak about basin of attraction and robustness of the stability, rather
than of simple stability.

Another approach, in order to estimate the qualitative stability of the system with a significant engineering
parameter, consists in analyzing a linear system equivalent to the one under study for certain range of amplitudes
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Figure 8.6: (a): Stability chart of the system in Eq. (8.17) around the point ϕ0 = 0.64 rad. (a): continuous
time approach (or τ → 0); (b): discrete time, τ = 0.05 s. Blue ×-s refer to the experimental border of stability.

of oscillations. In other words, we define a linear damping which is equivalent to the total damping forces
experienced by the pendulum for a specific amplitude of oscillation. A suitable value can be found considering
Fig. 8.2(a); for the following investigation we chose δ̂ = 0.065. Linearizing sin(ϕ) as well around a general
position ϕ0, we obtain the equation

ϕ̈+ δ̂ϕ̇+ ω2
n (sin(ϕ0) + cos(ϕ0)(ϕ− ϕ0)) = aω2

nΩ

Ω̇ = −Ω
λ +

PWMj

λ

PWMj+1 = −kP (ϕj − ϕ0)− kD ϕj−ϕj−1

τ + PWM0 + 20.5

t ∈ [tj , tj+1) (8.17)

where a = 0.00975 and PWM0 = sin(ϕ0)/a. The linear asymmetry of the system is eliminated if ϕ0 is chosen
such that the control force is always positive or always negative around ϕ0, which simplifies the stability analysis
of the system. Of course, this does not eliminate the nonlinear asymmetry, in fact if ϕ0 6= 0 second order terms
are introduced by the restoring force of the pendulum.

The system in Eq. (8.17) is piecewise linear and can be analyzed with a technique analogous to the one used
in Ch. 2, i.e. solving it in closed form for each time step and reducing it to a map. This lengthy operation can
be easily performed with computer algebra. The resulting formulas are however not interesting in this context,
thus are omitted here and only some significant stability charts are represented.

Fig. 8.6(b) shows the stability chart in the kP , kD space obtained for τ = 0.05 s around the position
ϕ0 = 0.64. The system admits stable solutions in a large area of negative values of kP . This is due to the
restoring force that compensate negative values of the proportional control gain. However, the whole region
with kP < 0 is not of practical interest, since in that case the control force is worsening the accuracy of the
positioning.

The blue ×-s in the figure indicate the border of the experimental stability chart, for positive values of kP .
As we already mentioned, the real system is strongly nonlinear and solutions depend on their initial conditions.
Thus, in order to have a significant result, the trial to verify the stability of the system for each pair of control
gains was performed using approximately the same initial conditions ϕ = 0 and ϕ̇ = 0.

In spite of the numerous simplifications performed to linearize the system, the matching between the ana-
lytical/numerical and experimental results is satisfactory, both from a qualitative and from a quantitative point
of view. The good matching confirms the practical significance of the investigated stability.

Fig. 8.6(a) shows the stability chart obtained in the theoretical case of a continuous time approach, which
corresponds to the digital system where τ → 0. The stability chart is unbounded and it can be obtained
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analytically. Points A and B have coordinates in the kP , kD space

A =

(
−cos(ϕ0)

a
,−λ cos(ϕ0)

a
− 2δ̂

aωn

)
, B =

0,−
2δ̂
(

1 + 2δ̂λωn + λ2ω2
n cos(ϕ0)

)
aωn

(
1 + 2δ̂λωn

)
 . (8.18)

It should be noted that the minimal allowed value of kP in order to have stability is the same in the continuous
and in the discrete time approach. This occurs because values of kP below the stability boundary make a statical
loss of stability occur, and not a dynamical one, as when crossing any other stability boundary. Furthermore,
this border is independent of the value of λ. On the other hand, the stability chart for positive values of kP
is totally different in the two cases. The good agreement between the numerical and the experimental results
highlights the importance of considering the digitization of the controller.



Chapter 9

Conclusions

In this work, the stability and the bifurcation behavior of one and two-DoF systems, subject to digital position
control, have been analyzed. The stability analysis compared the continuous and the discrete time approach,
highlighting the differences in terms of stability and speed of convergence of the two cases.

Regarding the stability of the single DoF system analyzed in Ch. 2, our investigation showed how the
digitization of the control force limits the stable region, otherwise unbounded.

The stability analysis of the two-DoF system was performed for a collocated and a non-collocated configu-
ration, with both a continuous time and a discrete time approach. The collocated configuration (Fig. 2.6(a))
showed strong analogies with the single DoF system and a very similar stability chart, both in the continuous
and in the discrete time approach. Varying the parameter related to the mass ratio of the system, it was possible
to go with continuity from the two-DoF system to the single DoF system, again both with the continuous and
the discrete time approach. The results showed that with a continuous time approach the collocated two-DoF
system has a wider stable region than the single DoF system, however, the introduction of the discretization in
time reduces the stable region more in the case of the two-DoF system. This effect is more visible if the sensed
mass is smaller than the other one (high values of r, see Fig. 2.12(d)).

Regarding the non-collocated two-DoF system, our analysis showed that the stable region is bounded also
using a continuous time approach. Furthermore, it showed how the stable region is gradually modifying while
introducing the digitization and lowering the sampling frequency. According to our results, the digitization
can also stabilize the system, e.g. in the case of no damping (δ = 0) using a continuous time approach the
non-collocated configuration has no stable region at all, while considering the discretization the system has
almost always a stable region (see Fig. 2.16). Evidences of the accuracy of the analysis are given by the good
agreement between the results obtained with the continuous time approach and those obtained with the discrete
time approach with a very high sampling frequency (Fig. 2.17).

Other important results were obtained with a comparison of the two configurations, collocated and non-
collocated, of the two-DoF system. With a continuous time approach the collocated configuration is definitely
more stable than the non-collocated one, by virtue of its unbounded stable region. Considering the discretization
in time of the control force, in the collocated case a decrease of the sampling frequency sensibly reduces the
stable region, while it only modifies the stable region, without reducing its area, in the non-collocated case
(see Fig. 2.17). Furthermore, both the configurations showed a strong dependence, in terms of stability, with
respect to the ratio between the sampling and the natural frequency of the system, creating an interesting
complementary pattern (see Figs. 2.13 and 2.15). Thus, the choice between a collocated and a non-collocated
configuration should be done taking accurately into account the sampling frequency of the control system and
the natural frequency of the system itself.

Large part of this work was devoted to bifurcation analysis. Besides illustrating a general procedure for
analytically solving single and double NS bifurcations and flip bifurcations, we first investigated the single NS
bifurcation occurring in the digital position control of a single DoF system and then the double NS bifurca-
tion occurring in the digital position control of a two-DoF system. The analogies between the two cases are
remarkable, although the double NS bifurcation has a much more involved dynamics, by virtue of the increased
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dimension of the system.
The analysis evidenced that the single NS bifurcation is supercritical for a symmetric saturation of the

control force, while it becomes subcritical for a sufficiently asymmetric saturation. The existence of subcritical
bifurcations has important practical consequences, since it limits the robustness of the stable solution. In
other words, in the stable region of the trivial solution of the system, the trivial solution will not be the only
admissible solution, but there will exist an unstable quasiperiodic solution, so if the initial conditions are too far
from the trivial solution, i.e. out of its basin of attraction, the system will be repelled by this unstable solution
and converge to another attractor, probably large, and not to the trivial solution, resulting in an unexpected
instability (see Fig. 5.5).

The double NS bifurcation consists in the interaction of two branches of single NS bifurcations, thus it is
associated to two different 2-torus quasiperiodic motions. The analysis showed regions in the space of the control
gains where one of the two bifurcations is dominant over the other one, in terms of stability of its associated
quasiperiodic solution. It also showed a region of closer interaction of the two bifurcations, with the existence
of an unstable 3-torus quasiperiodic solution dividing the two stable 2-torus quasiperiodic attractors.

The analogies between the single and the double NS bifurcations are mainly related to the effects caused
by the asymmetry of the control force. With a symmetric system both the bifurcations are supercritical, while
introducing an asymmetry, also in the case of the double NS bifurcation, subcriticality appears, similarly to the
case of a single NS bifurcation. Also in this case, the robustness of the stable trivial solution is compromised.
As already explained, this can be dangerous from an engineering point of view.

Another analogy between the two bifurcations under study is related to the transition of the systems to
chaos, which is again related to the increased asymmetry of the saturation of the control force. Both the
systems, undergoing a single and a double NS bifurcations, show a transition to chaos for increasing values
of asymmetry. In spite of the different dimension of the systems, in some cases they show a similar chaotic
attractor (compare Figs. 6.3(a) with 6.9(e) and (f)). Furthermore, in both the cases, stable chaotic motions
exist also in the stable region of the trivial solution.

Regarding the double NS bifurcation, the transition to chaos is related to the breakdown of a stable three
dimensional torus (of the underlying continuous time system, as explained in Ch. 6). The prove of existence of
multi-frequency motions gives light on self-excited vibrations in digitally controlled mechanical system, where
three or more frequencies are involved, often experienced in practice.

In Ch. 7, the act-and-wait control concept was introduced and applied to the previously investigated single
DoF system. The results show how this approach allows to achieve deadbeat control and sensibly enlarges
the stable region. On the other side, the bifurcation analysis showed that a loss of stability can make the
system oscillate unboundedly (in spite of the saturation of the control force) and this can be very dangerous
in a real application, where is preferable not to have sudden changes in the dynamics especially in cases of
instability. Furthermore, it was shown that nontrivial solutions exist also in the region of stability of the trivial
solution, compromising its robustness. These nontrivial attractors exist also in the case of supercriticality of
the bifurcation at the loss of stability, thus they cannot be identified with standard analytical techniques of
bifurcation analysis. It is remarkable and deserves further investigation the fact that the line limiting the
stable region using the act-and-wait controller overlaps the line limiting the bounded motion using a regular
PD controller (see Figs. 4.5 and 7.2).

The experimental investigation of the digitally controlled Aeropendulum, highlighted the importance of
taking into account the digitization in the case of low sampling frequencies. Furthermore, the good matching
between the analytical/numerical and experimental results gives reliability to the applied mechanical model.

Although all the analyses shown in this work regard very simple models of mechanical systems, that can be
hardly led back to real engineering system, most of the obtained results summarized in this chapter can explain
many behaviors experienced in more complicated real systems.



Appendix A

Conditions for stability for the
two-DoF systems

Conditions for stability: discrete time approach configuration A

a0 =
1

Ω2
2e−2δΩ

[
2pAr(e

2δΩ − 1) + Ω2(2 + dA)(1 + e2δΩ + 2eδΩcΩ) + 4eδΩr
(
−δpA + dΩ + dAδ

2Ω
)
sΩ

]
a1 = e−2δΩ 4pAr(3− e2δΩ) + eδΩ

[
2cΩ(Ω2(pA − 4dA + 4)− 4pAr)− 16rsΩ(dAΩ(1 + δ2)− δpA)

]
Ω2

+e−2δΩ(pA − 4− 8dA) + 12 + pA

a2 = −4e−2δΩ pAr(3 + e2δΩ) + Ω2(1− 3dA + pA) + eδΩ
[
cΩ(Ω2(2 + pA)− 4pAr)− 2rsΩ(dAΩ(1 + δ2)− δpA)

]
Ω2

+12− 4dA

a3 = e−2δΩ (4− 8dA + 6pA) Ω2 + 4pAr
(
1 + e2δΩ

)
+ 8eδΩ

(
(dA − 1)Ω2 − pAr

)
cΩ

Ω2
+ 4− 2pA

a4 = 2e−2δΩ
(
dA − 2pA − 2eδΩ(dA − pA)cΩ

)
+ 2dA

a5 = pA
(
1 + e−2δΩ − 2e−δΩcΩ

)
Conditions for stability: discrete time approach configuration B

a0 =
1

Ω2
2e−2δΩ

(
2pB(1− e2δΩ) + Ω2(2 + dB)(1 + e2δΩ + 2eδΩcΩ)− 4eδΩ

(
−δpB + dBΩ + dBδ

2Ω
)
sΩ

)
a1 = e−2δΩ (4pB(e2δΩ − 3) + eδΩ

[
2cΩ(Ω2(pB − 4dB + 4) + 4pB) + 16sΩ(dBΩ(1 + δ2)− δpB)

]
Ω2

+e−2δΩ(pB − 4− 8dB) + 12 + pB

a2 = −4e−2δΩ−pB(3 + e2δΩ) + Ω2(1− 3dB + pB) + eδΩ
[
cΩ(Ω2(2 + pB) + 4pB) + 2sΩ(dBΩ(1 + δ2)− δpB)

]
Ω2

+12− 4dB

a3 = e−2δΩ (4− 8dB + 6pB) Ω2 − 4pB
(
1 + e2δΩ

)
+ 8eδΩ

(
(dB − 1)Ω2 + pB

)
cΩ

Ω2
+ 4− 2pB

a3 =
e−2δΩ

(
4
(
1− 2dB + e2δΩ

)
Ω2 − 2pB

(
2− 3Ω2 + e2δΩ

(
2 + Ω2

))
+ 8eδΩ

(
pB + (dB − 1)Ω2

)
cΩ
)

Ω2

a4 = 2e−2δΩ
(
dB − 2pB − 2eδΩ(dB − pB)cΩ

)
+ 2dB

a5 = pB
(
1 + e−2δΩ − 2e−δΩcΩ

)
The coefficient relative to the configuration B, can be obtained substituting r with -1. The other coefficients
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that must be positive in order to have stability are

c4 =
a4a3 − a5a2

a4

c3 =
a4a1 − a5a0

a4

d3 =
c4a2 − a4c3

c4
e2 = d3c3 − c4a0.



Appendix B

NS bifurcations: coefficients for general
cases

Coefficients αhk for the transformation in complex form in the analysis of a single NS bifurcation

α20 =
1

4
(a20 − a02 + b11) + i

1

4
(−a11 + b20 − b02) (B.1)

α11 =
1

2
(a20 + a02) + i

1

2
(b20 + b02) (B.2)

α02 =
1

4
(a20 − a02 − b11) + i

1

4
(a11 + b20 − b02) (B.3)

α30 =
1

8
(a30 − a12 + b21 − b03) + i

1

8
(−a21 + a03 + b30 − b12) (B.4)

α21 =
1

8
(3a30 + a12 + b21 + 3b03) + i

1

8
(−a21 − 3a03 + 3b30 + b12) (B.5)

α12 =
1

8
(3a30 + a12 − b21 − 3b03) + i

1

8
(a21 + 3a03 + 3b30 + b12) (B.6)

α03 =
1

8
(a30 − a12 − b21 + b03) + i

1

8
(a21 − a03 + b30 − b12) (B.7)

Coefficients αhklm and βhklm for the transformation in complex form in the analysis of a double NS bifurcation

Second order terms:

α2000 =
1

4
(−a0200 + ia1100 + a2000 − ib0200 − b1100 + ib2000) (B.8)

α0200 =
1

4
(−a0200 − ia1100 + a2000 − ib0200 + b1100 + ib2000) (B.9)

α0020 =
1

4
(−a0002 + ia0011 + a0020 − ib0002 − b0011 + ib0020) (B.10)

α0002 =
1

4
(−a0002 − ia0011 + a0020 − ib0002 + b0011 + ib0020) (B.11)

α1100 =
1

2
(a0200 + a2000 + i(b0200 + b2000)) (B.12)

α1010 =
1

4
(−a0101 + ia0110 + ia1001 − a1010 − ib0101 + b0110 + b1001 + ib1010) (B.13)

α1001 =
1

4
(a0101 + ia0110 − ia1001 + a1010 + ib0101 − b0110 + b1001 + ib1010) (B.14)
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α0110 =
1

4
(a0101 − ia0110 + ia1001 + a1010 + ib0101 + b0110 − b1001 + ib1010) (B.15)

α0101 =
1

4
(−a0101 − ia0110 − ia1001 + a1010 − ib0101 + b0110 + b1001 + ib1010) (B.16)

α0011 =
1

2
(a0002 + a0020 + i(b0002 + b0020)) (B.17)

β2000 =
1

4
(−c0200 + ic1100 + c2000 − id0200 − d1100 + id2000) (B.18)

β0200 =
1

4
(−c0200 − ic1100 + c2000 − id0200 + d1100 + id2000) (B.19)

β0020 =
1

4
(−c0002 + ic0011 + c0020 − id0002 − d0011 + id0020) (B.20)

β0002 =
1

4
(−c0002 − ic0011 + c0020 − id0002 + d0011 + id0020) (B.21)

β1100 =
1

2
(c0200 + c2000 + i(d0200 + d2000)) (B.22)

β1010 =
1

4
(−c0101 + ic0110 + ic1001 − c1010 − id0101 + d0110 + d1001 + id1010) (B.23)

β1001 =
1

4
(c0101 + ic0110 − ic1001 + c1010 + id0101 − d0110 + d1001 + id1010) (B.24)

β0110 =
1

4
(c0101 − ic0110 + ic1001 + c1010 + id0101 + d0110 − d1001 + id1010) (B.25)

β0101 =
1

4
(−c0101 − ic0110 − ic1001 + c1010 − id0101 + d0110 + d1001 + id1010) (B.26)

β0011 =
1

2
(c0002 + c0020 + i(d0002 + d0020)) (B.27)

Third order terms:

α3000 = −1

8
i(a0300 − ia1200 − a2100 + ia3000 + ib0300 + b1200 − ib2100 − b3000) (B.28)

α0300 =
1

8
(ia0300 − a1200 − ia2100 + a3000 − b0300 − ib1200 + b2100 + ib3000) (B.29)

α0030 = −1

8
i(a0003 − ia0012 − a0021 + ia0030 + ib0003 + b0012 − ib0021 − b0030) (B.30)

α0003 =
1

8
(ia0003 − a0012 − ia0021 + a0030 − b0003 − ib0012 + b0021 + ib0030) (B.31)

α2100 =
1

8
i(3a0300 − ia1200 + a2100 − 3ia3000 + 3ib0300 + b1200 + ib2100 + 3b3000) (B.32)

α2010 = −1

8
i(a0201 − i(a0210 + a1101 − ia1110 − ia2001 − a2010

−b0201 + ib0210 + ib1101 + b1110 + b2001 − ib2010)) (B.33)

α2001 =
1

8
i(a0201 + ia0210 − ia1101 + a1110 − a2001 − ia2010

+ib0201 − b0210 + b1101 + ib1110 − ib2001 + b2010) (B.34)

α1200 =
1

8
(−3ia0300 + a1200 − ia2100 + 3a3000 + 3b0300 + ib1200 + b2100 + 3ib3000) (B.35)
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α0210 =
1

8
(−ia0201 − a0210 + a1101 − ia1110 + ia2001 + a2010

+b0201 − ib0210 + ib1101 + b1110 − b2001 + ib2010) (B.36)

α0201 =
1

8
i(a0201 + i(a0210 + a1101 + i(a1110 + a2001 + ia2010

−ib0201 + b0210 + b1101 + ib1110 + ib2001 − b2010))) (B.37)

α1020 = −1

8
i(a0102 − ia0111 − ia1002 − a1011 + ia1020 + ib0102 + b0111 + b1002 − ib1011 − b1020) (B.38)

α0120 =
1

8
i(a0102 − ia0111 + ia1002 + a1011 − ia1020 + ib0102 + b0111 − b1002 + ib1011 + b1020) (B.39)

α0021 =
1

8
i(3a0003 − ia0012 + a0021 − 3ia0030 + 3ib0003 + b0012 + ib0021 + 3b0030) (B.40)

α1002 =
1

8
(−ia0102 + a0111 − a1002 − ia1011 + a1020 + b0102 + ib0111 − ib1002 + b1011 + ib1020) (B.41)

α0102 =
1

8
i(a0102 + i(a0111 + a1002 + i(a1011 + ia1020 − ib0102 + b0111 + b1002 + ib1011 − b1020))) (B.42)

α0012 =
1

8
(−3ia0003 + a0012 − ia0021 + 3a0030 + 3b0003 + ib0012 + b0021 + 3ib0030) (B.43)

α1110 =
1

4
i(a0201 − ia0210 + a2001 − ia2010 + ib0201 + b0210 + ib2001 + b2010) (B.44)

α1011 =
1

4
i(a0102 − ia1002 − ia1020 + ib0102 + b1002 + b1020) (B.45)

α1101 =
1

4
(−ia0201 + a0210 − ia2001 + a2010 + b0201 + ib0210 + b2001 + ib2010) (B.46)

α0111 =
1

4
(−ia0102 + a1002 + a1020 + b0102 + ib1002 + ib1020) (B.47)

β3000 = −1

8
i(c0300 − ic1200 − c2100 + ic3000 + id0300 + d1200 − id2100 − d3000) (B.48)

β0300 =
1

8
(ic0300 − c1200 − ic2100 + c3000 − d0300 − id1200 + d2100 + id3000) (B.49)

β0030 = −1

8
i(c0003 − ic0012 − c0021 + ic0030 + id0003 + d0012 − id0021 − d0030) (B.50)

β0003 =
1

8
(ic0003 − c0012 − ic0021 + c0030 − d0003 − id0012 + d0021 + id0030) (B.51)

β2100 =
1

8
i(3c0300 − ic1200 + c2100 − 3ic3000 + 3id0300 + d1200 + id2100 + 3d3000) (B.52)

β2010 = −1

8
i(c0201 − i(c0210 + c1101 − ic1110 − ic2001 − c2010

−d0201 + id0210 + id1101 + d1110 + d2001 − id2010)) (B.53)

β2001 =
1

8
i(c0201 + ic0210 − ic1101 + c1110 − c2001 − ic2010

+id0201 − d0210 + d1101 + id1110 − id2001 + d2010) (B.54)

β1200 =
1

8
(−3ic0300 + c1200 − ic2100 + 3c3000 + 3d0300 + id1200 + d2100 + 3id3000) (B.55)
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β0210 =
1

8
(−ic0201 − c0210 + c1101 − ic1110 + ic2001 + c2010

+d0201 − id0210 + id1101 + d1110 − d2001 + id2010) (B.56)

β0201 =
1

8
i(c0201 + i(c0210 + c1101 + i(c1110 + c2001 + ic2010

−id0201 + d0210 + d1101 + id1110 + id2001 − d2010))) (B.57)

β1020 = −1

8
i(c0102 − ic0111 − ic1002 − c1011 + ic1020 + id0102 + d0111 + d1002 − id1011 − d1020) (B.58)

β0120 =
1

8
i(c0102 − ic0111 + ic1002 + c1011 − ic1020 + id0102 + d0111 − d1002 + id1011 + d1020) (B.59)

β0021 =
1

8
i(3c0003 − ic0012 + c0021 − 3ic0030 + 3id0003 + d0012 + id0021 + 3d0030) (B.60)

β1002 =
1

8
(−ic0102 + c0111 − c1002 − ic1011 + c1020 + d0102 + id0111 − id1002 + d1011 + id1020) (B.61)

β0102 =
1

8
i(c0102 + i(c0111 + c1002 + i(c1011 + ic1020 − id0102 + d0111 + d1002 + id1011 − d1020))) (B.62)

β0012 =
1

8
(−3ic0003 + c0012 − ic0021 + 3c0030 + 3d0003 + id0012 + d0021 + 3id0030) (B.63)

β1110 =
1

4
i(c0201 − ic0210 + c2001 − ic2010 + id0201 + d0210 + id2001 + d2010) (B.64)

β1011 =
1

4
i(c0102 − ic1002 − ic1020 + id0102 + d1002 + d1020) (B.65)

β1101 =
1

4
(−ic0201 + c0210 − ic2001 + c2010 + d0201 + id0210 + d2001 + id2010) (B.66)

β0111 =
1

4
(−ic0102 + c1002 + c1020 + d0102 + id1002 + id1020) (B.67)

The coefficients βhklm can be simply obtained from the αhklm substituting a with c and b with d.

Coefficients α̂hklm and β̂hklm as a function of αhklm and βhklm, after the transformation in Eq. (3.46)

α̂3000 = α3000 −
ᾱ0200α1100

µ̄2,d − µ2
2,d

− 2α2
2000

µ2,d − µ2
2,d

− α1001β̄0200

−µ2
2,d + µ̄4,d

− α1010β2000

−µ2
2,d + µ4,d

(B.68)

α̂0300 = α0300 −
2α0200ᾱ2000

µ̄2,d − µ̄2
2,d

− α0200α1100

−µ̄2
2,d + µ2,d

− α0101β̄2000

−µ̄2
2,d + µ̄4,d

− α0110β0200

−µ̄2
2,d + µ4,d

(B.69)

α̂0030 = α0030 −
ᾱ0002α0110

µ̄2,d − µ2
4,d

− α0020α1010

µ2,d − µ2
4,d

− α0011β̄0002

µ̄4,d − µ2
4,d

− 2α0020β0020

µ4,d − µ2
4,d

(B.70)

α̂0003 = α0003 −
ᾱ0020α0101

µ̄2,d − µ̄2
4,d

− α0002α1001

µ2,d − µ̄2
4,d

− 2α0002β̄0020

µ̄4,d − µ̄2
4,d

− α0011β0002

−µ̄2
4,d + µ4,d

(B.71)
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α̂2100 = α2100 −
α1100ᾱ1100

−1 + µ̄2,d
− 2α1100α2000

−1 + µ2,d
− 2α0200ᾱ0200

µ̄2,d − µ2
2,d

− α1100α2000

µ2,d − µ2
2,d

−α1001β̄1100

−1 + µ̄4,d
− α0101β̄0200

−µ2
2,d + µ̄4,d

− α1010β1100

−1 + µ4,d
− α0110β2000

−µ2
2,d + µ4,d

(B.72)

α̂2010 = α2010 −
α0110ᾱ0200

µ̄2,d − µ2
2,d

− α1010α2000

µ2,d − µ2
2,d

− α0011β̄0200

−µ2
2,d + µ̄4,d

− 2α0020β2000

−µ2
2,d + µ4,d

− ᾱ0101α1100

µ̄2,d − µ2,dµ4,d
− 2α1010α2000

µ2,d − µ2,dµ4,d
− α1001β̄0101

µ̄4,d − µ2,dµ4,d
− α1010β1010

µ4,d − µ2,dµ4,d
(B.73)

α̂2001 = α2001 −
α0101ᾱ0200

µ̄2,d − µ2
2,d

− α1001α2000

µ2,d − µ2
2,d

− 2α0002β̄0200

−µ2
2,d + µ̄4,d

− 2α1001α2000

µ2,d − µ2,dµ̄4,d

− α1001β̄0110

µ̄4,d − µ2,dµ̄4,d
− α0011β2000

−µ2
2,d + µ4,d

− α1010β1001

−µ2,dµ̄4,d + µ4,d
− α0110α1100

µ2,d − µ̄2,dµ4,d
(B.74)

α̂1200 = α1200 −
2α0200ᾱ1100

−1 + µ̄2,d
− α1100ᾱ2000

µ̄2,d − µ̄2
2,d

− α2
1100

−1 + µ2,d
− 2α0200α2000

−µ̄2
2,d + µ2,d

−α0101β̄1100

−1 + µ̄4,d
− α1001β̄2000

−µ̄2
2,d + µ̄4,d

− α0110β1100

−1 + µ4,d
− α1010β0200

−µ̄2
2,d + µ4,d

(B.75)

α̂0210 = α0210 −
α0110ᾱ2000

µ̄2,d − µ̄2
2,d

− α0200α1010

−µ̄2
2,d + µ2,d

− α0011β̄2000

−µ̄2
2,d + µ̄4,d

− 2α0020β0200

−µ̄2
2,d + µ4,d

− 2α0200ᾱ1001

µ̄2,d − µ̄2,dµ4,d
− α0110α1100

µ2,d − µ̄2,dµ4,d
− α0101β̄1001

µ̄4,d − µ̄2,dµ4,d
− α0110β0110

µ4,d − µ̄2,dµ4,d
(B.76)

α̂0201 = α0201 −
α0101ᾱ2000

µ̄2,d − µ̄2
2,d

− α0200α1001

−µ̄2
2,d + µ2,d

− 2α0002β̄2000

−µ̄2
2,d + µ̄4,d

− 2α0200ᾱ1010

µ̄2,d − µ̄2,dµ̄4,d

− α0101α1100

µ2,d − µ̄2,dµ̄4,d
− α0101β̄1010

µ̄4,d − µ̄2,dµ̄4,d
− α0011β0200

−µ̄2
2,d + µ4,d

− α0110β0101

−µ̄2,dµ̄4,d + µ4,d
(B.77)

α̂1020 = α1020 −
ᾱ0101α0110

µ̄2,d − µ2,dµ4,d
− α2

1010

µ2,d − µ2,dµ4,d
− α0011β̄0101

µ̄4,d − µ2,dµ4,d
− 2α0020β1010

µ4,d − µ2,dµ4,d

− ᾱ0002α1100

µ̄2,d − µ2
4,d

− 2α0020α2000

µ2,d − µ2
4,d

− α1001β̄0002

µ̄4,d − µ2
4,d

− α1010β0020

µ4,d − µ2
4,d

(B.78)

α̂0120 = α0120 −
α0110ᾱ1001

µ̄2,d − µ̄2,dµ4,d
− α0110α1010

µ2,d − µ̄2,dµ4,d
− α0011β̄1001

µ̄4,d − µ̄2,dµ4,d
− 2α0020β0110

µ4,d − µ̄2,dµ4,d

−2ᾱ0002α0200

µ̄2,d − µ2
4,d

− α0020α1100

µ2,d − µ2
4,d

− α0101β̄0002

µ̄4,d − µ2
4,d

− α0110β0020

µ4,d − µ2
4,d

(B.79)
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α̂0021 = α0021 −
ᾱ0011α0110

−1 + µ̄2,d
− α0011α1010

−1 + µ2,d
− α0011β̄0011

−1 + µ̄4,d
− 2α0020β0011

−1 + µ4,d
− ᾱ0002α0101

µ̄2,d − µ2
4,d

−α0020α1001

µ2,d − µ2
4,d

− 2α0002β̄0002

µ̄4,d − µ2
4,d

− α0011β0020

µ4,d − µ2
4,d

(B.80)

α̂1002 = α1002 −
α2

1001

µ2,d − µ2,dµ̄4,d
− 2α0002β̄0110

µ̄4,d − µ2,dµ̄4,d
− ᾱ0020α1100

µ̄2,d − µ̄2
4,d

− 2α0002α2000

µ2,d − µ̄2
4,d

−α1001β̄0020

µ̄4,d − µ̄2
4,d

− α0011β1001

−µ2,dµ̄4,d + µ4,d
− α1010β0002

−µ̄2
4,d + µ4,d

− α0101α0110

µ2,d − µ̄2,dµ4,d
(B.81)

α̂0102 = α0102 −
α0101ᾱ1010

µ̄2,d − µ̄2,dµ̄4,d
− α0101α1001

µ2,d − µ̄2,dµ̄4,d
− 2α0002β̄1010

µ̄4,d − µ̄2,dµ̄4,d
− 2ᾱ0020α0200

µ̄2,d − µ̄2
4,d

−α0002α1100

µ2,d − µ̄2
4,d

− α0101β̄0020

µ̄4,d − µ̄2
4,d

− α0011β0101

−µ̄2,dµ̄4,d + µ4,d
− α0110β0002

−µ̄2
4,d + µ4,d

(B.82)

α̂0012 = α0012 −
ᾱ0011α0101

−1 + µ̄2,d
− α0011α1001

−1 + µ2,d
− 2α0002β̄0011

−1 + µ̄4,d
− ᾱ0020α0110

µ̄2,d − µ̄2
4,d

− α0002α1010

µ2,d − µ̄2
4,d

−α0011β̄0020

µ̄4,d − µ̄2
4,d

− α0011β0011

−1 + µ4,d
− 2α0020β0002

−µ̄2
4,d + µ4,d

(B.83)

α̂1110 = α1110 −
α0110ᾱ1100

−1 + µ̄2,d
− α1010α1100

−1 + µ2,d
− α0011β̄1100

−1 + µ̄4,d
− 2α0020β1100

−1 + µ4,d
− ᾱ1001α1100

µ̄2,d − µ̄2,dµ4,d

− 2α0110α2000

µ2,d − µ̄2,dµ4,d
− α1001β̄1001

µ̄4,d − µ̄2,dµ4,d
− α1010β0110

µ4,d − µ̄2,dµ4,d
− 2ᾱ0101α0200

µ̄2,d − µ2,dµ4,d
− α1010α1100

µ2,d − µ2,dµ4,d

− α0101β̄0101

µ̄4,d − µ2,dµ4,d
− α0110β1010

µ4,d − µ2,dµ4,d
(B.84)

α̂1101 = α1101 −
α0101ᾱ1100

−1 + µ̄2,d
− α1001α1100

−1 + µ2,d
− 2α0002β̄1100

−1 + µ̄4,d
− ᾱ1010α1100

µ̄2,d − µ̄2,dµ̄4,d
− 2α0101α2000

µ2,d − µ̄2,dµ̄4,d

− α1001β̄1010

µ̄4,d − µ̄2,dµ̄4,d
− α1001α1100

µ2,d − µ2,dµ̄4,d
− α0101β̄0110

µ̄4,d − µ2,dµ̄4,d
− α0011β1100

−1 + µ4,d
− α1010β0101

−µ̄2,dµ̄4,d + µ4,d

− α0110β1001

−µ2,dµ̄4,d + µ4,d
− 2α0110α0200

µ2,d − µ̄2,dµ4,d
(B.85)

α̂1011 = α1011 −
ᾱ0011α1100

−1 + µ̄2,d
− 2α0011α2000

−1 + µ2,d
− α1001β̄0011

−1 + µ̄4,d
− α1001α1010

µ2,d − µ2,dµ̄4,d
− α0011β̄0110

µ̄4,d − µ2,dµ̄4,d

−α1010β0011

−1 + µ4,d
− 2α0020β1001

−µ2,dµ̄4,d + µ4,d
− α2

0110

µ2,d − µ̄2,dµ4,d
− α0101ᾱ0101

µ̄2,d − µ2,dµ4,d
− α1001α1010

µ2,d − µ2,dµ4,d

− 2α0002β̄0101

µ̄4,d − µ2,dµ4,d
− α0011β1010

µ4,d − µ2,dµ4,d
(B.86)

α̂0111 = α0111 −
2ᾱ0011α0200

−1 + µ̄2,d
− α0011α1100

−1 + µ2,d
− α0101β̄0011

−1 + µ̄4,d
− α0110ᾱ1010

µ̄2,d − µ̄2,dµ̄4,d
− α0101α1010

µ2,d − µ̄2,dµ̄4,d

− α0011β̄1010

µ̄4,d − µ̄2,dµ̄4,d
− α0110β0011

−1 + µ4,d
− 2α0020β0101

−µ̄2,dµ̄4,d + µ4,d
− α0101ᾱ1001

µ̄2,d − µ̄2,dµ4,d
− α0110α1001

µ2,d − µ̄2,dµ4,d

− 2α0002β̄1001

µ̄4,d − µ̄2,dµ4,d
− α0011β0110

µ4,d − µ̄2,dµ4,d
(B.87)
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β̂3000 = β3000 −
ᾱ0200β1100

µ̄2,d − µ2
2,d

− 2α2000β2000

µ2,d − µ2
2,d

− β̄0200β1001

−µ2
2,d + µ̄4,d

− β1010β2000

−µ2
2,d + µ4,d

(B.88)

β̂0300 = β0300 −
2ᾱ2000β0200

µ̄2,d − µ̄2
2,d

− α0200β1100

−µ̄2
2,d + µ2,d

− β0101β̄2000

−µ̄2
2,d + µ̄4,d

− β0110β0200

−µ̄2
2,d + µ4,d

(B.89)

β̂0030 = β0030 −
ᾱ0002β0110

µ̄2,d − µ2
4,d

− α0020β1010

µ2,d − µ2
4,d

− β̄0002β0011

µ̄4,d − µ2
4,d

− 2β2
0020

µ4,d − µ2
4,d

(B.90)

β̂0003 = β0003 −
ᾱ0020β0101

µ̄2,d − µ̄2
4,d

− α0002β1001

µ2,d − µ̄2
4,d

− 2β0002β̄0020

µ̄4,d − µ̄2
4,d

− β0002β0011

−µ̄2
4,d + µ4,d

(B.91)

β̂2100 = β2100 −
ᾱ1100β1100

−1 + µ̄2,d
− 2α1100β2000

−1 + µ2,d
− 2ᾱ0200β0200

µ̄2,d − µ2
2,d

− α2000β1100

µ2,d − µ2
2,d

− β1001β̄1100

−1 + µ̄4,d

− β0101β̄0200

−µ2
2,d + µ̄4,d

− β1010β1100

−1 + µ4,d
− β0110β2000

−µ2
2,d + µ4,d

(B.92)

β̂2010 = β2010 −
ᾱ0200β0110

µ̄2,d − µ2
2,d

− α2000β1010

µ2,d − µ2
2,d

− β0011β̄0200

−µ2
2,d + µ̄4,d

− 2β0020β2000

−µ2
2,d + µ4,d

− ᾱ0101β1100

µ̄2,d − µ2,dµ4,d

− 2α1010β2000

µ2,d − µ2,dµ4,d
− β̄0101β1001

µ̄4,d − µ2,dµ4,d
− β2

1010

µ4,d − µ2,dµ4,d
(B.93)

β̂2001 = β2001 −
ᾱ0200β0101

µ̄2,d − µ2
2,d

− α2000β1001

µ2,d − µ2
2,d

− 2β0002β̄0200

−µ2
2,d + µ̄4,d

− 2α1001β2000

µ2,d − µ2,dµ̄4,d
− β̄0110β1001

µ̄4,d − µ2,dµ̄4,d

− β0011β2000

−µ2
2,d + µ4,d

− β1001β1010

−µ2,dµ̄4,d + µ4,d
− α0110β1100

µ2,d − µ̄2,dµ4,d
(B.94)

β̂1200 = β1200 −
2ᾱ1100β0200

−1 + µ̄2,d
− ᾱ2000β1100

µ̄2,d − µ̄2
2,d

− α1100β1100

−1 + µ2,d
− 2α0200β2000

−µ̄2
2,d + µ2,d

− β0101β̄1100

−1 + µ̄4,d

− β1001β̄2000

−µ̄2
2,d + µ̄4,d

− β0110β1100

−1 + µ4,d
− β0200β1010

−µ̄2
2,d + µ4,d

(B.95)

β̂0210 = β0210 −
ᾱ2000β0110

µ̄2,d − µ̄2
2,d

− α0200β1010

−µ̄2
2,d + µ2,d

− β0011β̄2000

−µ̄2
2,d + µ̄4,d

− 2β0020β0200

−µ̄2
2,d + µ4,d

− 2ᾱ1001β0200

µ̄2,d − µ̄2,dµ4,d

− α0110β1100

µ2,d − µ̄2,dµ4,d
− β0101β̄1001

µ̄4,d − µ̄2,dµ4,d
− β2

0110

µ4,d − µ̄2,dµ4,d
(B.96)

β̂0201 = β0201 −
ᾱ2000β0101

µ̄2,d − µ̄2
2,d

− α0200β1001

−µ̄2
2,d + µ2,d

− 2β0002β̄2000

−µ̄2
2,d + µ̄4,d

− 2ᾱ1010β0200

µ̄2,d − µ̄2,dµ̄4,d
− α0101β1100

µ2,d − µ̄2,dµ̄4,d

− β0101β̄1010

µ̄4,d − µ̄2,dµ̄4,d
− β0011β0200

−µ̄2
2,d + µ4,d

− β0101β0110

−µ̄2,dµ̄4,d + µ4,d
(B.97)

β̂1020 = β1020 −
ᾱ0101β0110

µ̄2,d − µ2,dµ4,d
− α1010β1010

µ2,d − µ2,dµ4,d
− β0011β̄0101

µ̄4,d − µ2,dµ4,d
− 2β0020β1010

µ4,d − µ2,dµ4,d
− ᾱ0002β1100

µ̄2,d − µ2
4,d

−2α0020β2000

µ2,d − µ2
4,d

− β̄0002β1001

µ̄4,d − µ2
4,d

− β0020β1010

µ4,d − µ2
4,d

(B.98)

β̂0120 = β0120 −
ᾱ1001β0110

µ̄2,d − µ̄2,dµ4,d
− α0110β1010

µ2,d − µ̄2,dµ4,d
− β0011β̄1001

µ̄4,d − µ̄2,dµ4,d
− 2β0020β0110

µ4,d − µ̄2,dµ4,d
− 2ᾱ0002β0200

µ̄2,d − µ2
4,d

−α0020β1100

µ2,d − µ2
4,d

− β̄0002β0101

µ̄4,d − µ2
4,d

− β0020β0110

µ4,d − µ2
4,d

(B.99)
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β̂0021 = β0021 −
ᾱ0011β0110

−1 + µ̄2,d
− α0011β1010

−1 + µ2,d
− β0011β̄0011

−1 + µ̄4,d
− 2β0011β0020

−1 + µ4,d
− ᾱ0002β0101

µ̄2,d − µ2
4,d

−α0020β1001

µ2,d − µ2
4,d

− 2β0002β̄0002

µ̄4,d − µ2
4,d

− β0011β0020

µ4,d − µ2
4,d

(B.100)

β̂1002 = β1002 −
α1001β1001

µ2,d − µ2,dµ̄4,d
− 2β0002β̄0110

µ̄4,d − µ2,dµ̄4,d
− ᾱ0020β1100

µ̄2,d − µ̄2
4,d

− 2α0002β2000

µ2,d − µ̄2
4,d

− β̄0020β1001

µ̄4,d − µ̄2
4,d

− β0011β1001

−µ2,dµ̄4,d + µ4,d
− β0002β1010

−µ̄2
4,d + µ4,d

− α0110β0101

µ2,d − µ̄2,dµ4,d
(B.101)

β̂0102 = β0102 −
ᾱ1010β0101

µ̄2,d − µ̄2,dµ̄4,d
− α0101β1001

µ2,d − µ̄2,dµ̄4,d
− 2β0002β̄1010

µ̄4,d − µ̄2,dµ̄4,d
− 2ᾱ0020β0200

µ̄2,d − µ̄2
4,d

−α0002β1100

µ2,d − µ̄2
4,d

− β̄0020β0101

µ̄4,d − µ̄2
4,d

− β0011β0101

−µ̄2,dµ̄4,d + µ4,d
− β0002β0110

−µ̄2
4,d + µ4,d

(B.102)

β̂0012 = β0012 −
ᾱ0011β0101

−1 + µ̄2,d
− α0011β1001

−1 + µ2,d
− 2β0002β̄0011

−1 + µ̄4,d
− ᾱ0020β0110

µ̄2,d − µ̄2
4,d

− α0002β1010

µ2,d − µ̄2
4,d

− β0011β̄0020

µ̄4,d − µ̄2
4,d

− β2
0011

−1 + µ4,d
− 2β0002β0020

−µ̄2
4,d + µ4,d

(B.103)

β̂1110 = β1110 −
ᾱ1100β0110

−1 + µ̄2,d
− α1100β1010

−1 + µ2,d
− β0011β̄1100

−1 + µ̄4,d
− 2β0020β1100

−1 + µ4,d
− ᾱ1001β1100

µ̄2,d − µ̄2,dµ4,d

− 2α0110β2000

µ2,d − µ̄2,dµ4,d
− β1001β̄1001

µ̄4,d − µ̄2,dµ4,d
− β0110β1010

µ4,d − µ̄2,dµ4,d
− 2ᾱ0101β0200

µ̄2,d − µ2,dµ4,d

− α1010β1100

µ2,d − µ2,dµ4,d
− β0101β̄0101

µ̄4,d − µ2,dµ4,d
− β0110β1010

µ4,d − µ2,dµ4,d
(B.104)

β̂1011 = β1101 −
ᾱ1100β0101

−1 + µ̄2,d
− α1100β1001

−1 + µ2,d
− 2β0002β̄1100

−1 + µ̄4,d
− ᾱ1010β1100

µ̄2,d − µ̄2,dµ̄4,d
− 2α0101β2000

µ2,d − µ̄2,dµ̄4,d

− β1001β̄1010

µ̄4,d − µ̄2,dµ̄4,d
− α1001β1100

µ2,d − µ2,dµ̄4,d
− β0101β̄0110

µ̄4,d − µ2,dµ̄4,d
− β0011β1100

−1 + µ4,d
− β0101β1010

−µ̄2,dµ̄4,d + µ4,d

− β0110β1001

−µ2,dµ̄4,d + µ4,d
− 2α0110β0200

µ2,d − µ̄2,dµ4,d
(B.105)

β̂1101 = β1011 −
ᾱ0011β1100

−1 + µ̄2,d
− 2α0011β2000

−1 + µ2,d
− β̄0011β1001

−1 + µ̄4,d
− α1001β1010

µ2,d − µ2,dµ̄4,d
− β0011β̄0110

µ̄4,d − µ2,dµ̄4,d

−β0011β1010

−1 + µ4,d
− 2β0020β1001

−µ2,dµ̄4,d + µ4,d
− α0110β0110

µ2,d − µ̄2,dµ4,d
− ᾱ0101β0101

µ̄2,d − µ2,dµ4,d
− α1010β1001

µ2,d − µ2,dµ4,d

− 2β0002β̄0101

µ̄4,d − µ2,dµ4,d
− β0011β1010

µ4,d − µ2,dµ4,d
(B.106)

β̂0111 = β0111 −
2ᾱ0011β0200

−1 + µ̄2,d
− α0011β1100

−1 + µ2,d
− β̄0011β0101

−1 + µ̄4,d
− ᾱ1010β0110

µ̄2,d − µ̄2,dµ̄4,d
− α0101β1010

µ2,d − µ̄2,dµ̄4,d

− β0011β̄1010

µ̄4,d − µ̄2,dµ̄4,d
− β0011β0110

−1 + µ4,d
− 2β0020β0101

−µ̄2,dµ̄4,d + µ4,d
− ᾱ1001β0101

µ̄2,d − µ̄2,dµ4,d
− α0110β1001

µ2,d − µ̄2,dµ4,d

− 2β0002β̄1001

µ̄4,d − µ̄2,dµ4,d
− β0011β0110

µ4,d − µ̄2,dµ4,d
(B.107)



Appendix C

Coefficients single NS bifurcation

Coefficients sihkl relative to the nonlinear terms of the Jordan normal form, relative to the single NS bifurcation
under study in Ch. 4.

s1200 = − 9u0

32Q0τ2
(C.1)

s1020 = − 7u0

32Q0τ2
(C.2)

s1002 = − u0

8Q0τ2
(C.3)

s1110 = − 3
√

7u0

16Q0τ2
(C.4)

s1101 = − 3u0

8Q0τ2
(C.5)

s1011 = −
√

7u0

8Q0τ2
(C.6)

s1300 =
9
(
3u2

0 − 1
)

128Q2
0τ

4
(C.7)

s1030 =
7
√

7
(
3u2

0 − 1
)

384Q2
0τ

4
(C.8)

s1003 =
3u2

0 − 1

48Q2
0τ

4
(C.9)

s1210 =
9
√

7
(
3u2

0 − 1
)

128Q2
0τ

4
(C.10)

s1201 =
9
(
3u2

0 − 1
)

64Q2
0τ

4
(C.11)
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s1120 =
21
(
3u2

0 − 1
)

128Q2
0τ

4
(C.12)

s1021 =
7
(
3u2

0 − 1
)

64Q2
0τ

4
(C.13)

s1102 =
3
(
3u2

0 − 1
)

32Q2
0τ

4
(C.14)

s1012 =

√
7
(
3u2

0 − 1
)

32Q2
0τ

4
(C.15)

s1111 =
3
√

7
(
3u2

0 − 1
)

32Q2
0τ

4
(C.16)

s2200 =
45u0

32
√

7Q0τ2
(C.17)

s2020 =
5
√

7u0

32Q0τ2
(C.18)

s2002 =
5u0

8
√

7Q0τ2
(C.19)

s2110 =
15u0

16Q0τ2
(C.20)

s2101 =
15u0

8
√

7Q0τ2
(C.21)

s2011 =
5u0

8Q0τ2
(C.22)

s2300 =
45
(
1− 3u2

0

)
128
√

7Q2
0τ

4
(C.23)

s2030 =
35
(
1− 3u2

0

)
384Q2

0τ
4

(C.24)

s2003 =
5
(
1− 3u2

0

)
48
√

7Q2
0τ

4
(C.25)

s2210 =
45
(
1− 3u2

0

)
128Q2

0τ
4

(C.26)

s2201 =
45
(
1− 3u2

0

)
64
√

7Q2
0τ

4
(C.27)

s2120 =
15
√

7
(
1− 3u2

0

)
128Q2

0τ
4

(C.28)

s2021 =
5
√

7
(
1− 3u2

0

)
64Q2

0τ
4

(C.29)

s2102 =
15
(
1− 3u2

0

)
32
√

7Q2
0τ

4
(C.30)

s2012 =
5
(
1− 3u2

0

)
32Q2

0τ
4

(C.31)

s2111 =
15
(
1− 3u2

0

)
32Q2

0τ
4

(C.32)
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s3200 = − 9u0

32Q0τ2
(C.33)

s3020 = − 7u0

32Q0τ2
(C.34)

s3002 = − u0

8Q0τ2
(C.35)

s3110 = − 3
√

7u0

16Q0τ2
(C.36)

s3101 = − 3u0

8Q0τ2
(C.37)

s3011 = −
√

7u0

8Q0τ2
(C.38)

s3300 =
9
(
3u2

0 − 1
)

128Q2
0τ

4
(C.39)

s3030 =
7
√

7
(
3u2

0 − 1
)

384Q2
0τ

4
(C.40)

s3003 =
3u2

0 − 1

48Q2
0τ

4
(C.41)

s3210 =
9
√

7
(
3u2

0 − 1
)

128Q2
0τ

4
(C.42)

s3201 =
9
(
3u2

0 − 1
)

64Q2
0τ

4
(C.43)

s3120 =
21
(
3u2

0 − 1
)

128Q2
0τ

4
(C.44)

s3021 =
7
(
3u2

0 − 1
)

64Q2
0τ

4
(C.45)

s3102 =
3
(
3u2

0 − 1
)

32Q2
0τ

4
(C.46)

s3012 =

√
7
(
3u2

0 − 1
)

32Q2
0τ

4
(C.47)

s3111 =
3
√

7
(
3u2

0 − 1
)

32Q2
0τ

4
(C.48)

It can be verified that s1hkl = s3hkl = −s2hkl
5√
7
.

Coefficients ahk and bhk relative to the nonlinear terms after the center manifold reduction, relative to the single
NS bifurcation under study in Ch. 4.
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a20 = − 9u0

32Q0τ2
(C.49)

a11 = − 3
√

7u0

16Q0τ2
(C.50)

a02 = − 7u0

32Q0τ2
(C.51)

a30 =
−9 + 61u2

0

128Q2
0τ

4
(C.52)

a21 =

√
7
(
−27 + 103u2

0

)
384Q2

0τ
4

(C.53)

a12 =
7
(
−9 + 29u2

0

)
384Q2

0τ
4

(C.54)

a03 =
7
√

7
(
−1 + 5u2

0

)
384Q2

0τ
4

(C.55)

b20 =
45u0

32
√

7Q0τ2
(C.56)

b11 =
15u0

16Q0τ2
(C.57)

b02 =
5
√

7u0

32Q0τ2
(C.58)

b30 =
5
(
9− 61u2

0

)
128
√

7Q2
0τ

4
(C.59)

b21 =
5
(
27− 103u2

0

)
384Q2

0τ
4

(C.60)

b12 =
5
√

7
(
9− 29u2

0

)
384Q2

0τ
4

(C.61)

b03 =
35
(
1− 5u2

0

)
384Q2

0τ
4

(C.62)

Coefficients αhk relative to the nonlinear terms in complex form, relative to the single NS bifurcation under
study in Ch. 4.
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α20 =
14u0

64Q0τ2
+ i

13
√

7u0

224Q0τ2
(C.63)

α11 = − u0

4Q0τ2
+ i

5u0

4
√

7Q0τ2
(C.64)

α02 = − 16u0

64Q0τ2
− i
√

7u0

28Q0τ2
(C.65)

α30 =
3(133− 15

√
7)

7168Q2
0τ

4
+

5(183
√

7− 749)u2
0

3072Q2
0τ

4
− i

Q2
0τ

4

(
5

384
√

7
+

47u2
0

384
√

7

)
(C.66)

α21 =
1− 3u2

0

32Q2
0τ

4
+

i

Q2
0τ

4

(
33− 226u2

0

96
√

7

)
(C.67)

α12 =
−3 + 14u2

0

24Q2
0τ

4
+ i

1− 6u2
0

8
√

7Q2
0τ

4
(C.68)

α03 =
−1 + 5u2

0

48Q2
0τ

4
+ i
−5 + 9u2

0

48
√

7Q2
0τ

4
(C.69)



Appendix D

Coefficients double NS bifurcation:
part I

Coefficients sihklmn relative to the nonlinear terms of the Jordan normal form, relative to the double NS
bifurcation under study in Ch. 4.

s120000 =
0.0000157112u0

Q0τ2
(D.1)

s102000 =
0.0000160459u0

Q0τ2
(D.2)

s100200 =
0.0148359u0

Q0τ2
(D.3)

s100020 =
0.111271u0

Q0τ2
(D.4)

s100002 =
0.0126189u0

Q0τ2
(D.5)

s111000 =
0.0000317553u0

Q0τ2
(D.6)

s110100 = −0.000965586u0

Q0τ2
(D.7)

s110010 = −0.00264439u0

Q0τ2
(D.8)

s110001 =
0.000890524u0

Q0τ2
(D.9)

s101100 = −0.000975819u0

Q0τ2
(D.10)
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s101010 = −0.00267241u0

Q0τ2
(D.11)

s101001 =
0.000899961u0

Q0τ2
(D.12)

s100110 =
0.0812603u0

Q0τ2
(D.13)

s100101 = −0.0273652u0

Q0τ2
(D.14)

s100011 = −0.0749433u0

Q0τ2
(D.15)

s130000 =
−1.62001× 10−8 + 9.72007× 10−8u4

0 + 1.29601× 10−7u6
0 + 4.86004× 10−8u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.16)

s103000 =
−1.67206× 10−8 + 1.00324× 10−7u4

0 + 1.33765× 10−7u6
0 + 5.01619× 10−8u8

0

Q2
0τ

4 (1.+ u2
0)

3 (D.17)

s100300 =
0.000470085− 0.00282051u4

0 − 0.00376068u6
0 − 0.00141026u8

0

Q2
0τ

4 (1.+ u2
0)

3 (D.18)

s100030 =
0.00965563− 0.0579338u4

0 − 0.077245u6
0 − 0.0289669u8

0

Q2
0τ

4 (1.+ u2
0)

3 (D.19)

s100003 =
−0.000368757 + 0.00221254u4

0 + 0.00295006u6
0 + 0.00110627u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.20)

s121000 =
−4.91154× 10−8 + 2.94692× 10−7u4

0 + 3.92923× 10−7u6
0 + 1.47346× 10−7u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.21)

s120100 =
1.49346× 10−6 − 8.96074× 10−6u4

0 − 0.0000119476u6
0 − 4.48037× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.22)

s120010 =
4.09003× 10−6 − 0.0000245402u4

0 − 0.0000327203u6
0 − 0.0000122701u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.23)

s120001 =
−1.37736× 10−6 + 8.26415× 10−6u4

0 + 0.0000110189u6
0 + 4.13207× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.24)

s112000 =
−4.96359× 10−8 + 2.97815× 10−7u4

0 + 3.97087× 10−7u6
0 + 1.48908× 10−7u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.25)

s102100 =
1.52528× 10−6 − 9.15166× 10−6u4

0 − 0.0000122022u6
0 − 4.57583× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.26)

s102010 =
4.17718× 10−6 − 0.0000250631u4

0 − 0.0000334174u6
0 − 0.0000125315u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.27)

s102001 =
−1.4067× 10−6 + 8.44023× 10−6u4

0 + 0.0000112536u6
0 + 4.22011× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.28)

s110200 =
−0.0000458929 + 0.000275357u4

0 + 0.000367143u6
0 + 0.000137679u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.29)

s101200 =
−0.0000463792 + 0.000278275u4

0 + 0.000371034u6
0 + 0.000139138u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.30)
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s100210 =
0.00386218− 0.0231731u4

0 − 0.0308974u6
0 − 0.0115865u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.31)

s100201 =
−0.00130063 + 0.00780376u4

0 + 0.010405u6
0 + 0.00390188u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.32)

s110020 =
−0.000344203 + 0.00206522u4

0 + 0.00275362u6
0 + 0.00103261u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.33)

s101020 =
−0.00034785 + 0.0020871u4

0 + 0.0027828u6
0 + 0.00104355u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.34)

s100120 =
0.0105771− 0.0634627u4

0 − 0.0846169u6
0 − 0.0317313u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.35)

s100021 =
−0.00975487 + 0.0585292u4

0 + 0.078039u6
0 + 0.0292646u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.36)

s110002 =
−0.000039035 + 0.00023421u4

0 + 0.00031228u6
0 + 0.000117105u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.37)

s101002 =
−0.0000394486 + 0.000236692u4

0 + 0.000315589u6
0 + 0.000118346u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.38)

s100102 =
0.00119952− 0.00719711u4

0 − 0.00959615u6
0 − 0.00359856u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.39)

s100012 =
0.00328505− 0.0197103u4

0 − 0.0262804u6
0 − 0.00985514u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.40)

s100111 =
−0.00712389 + 0.0427433u4

0 + 0.0569911u6
0 + 0.0213717u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.41)

s101011 =
0.000234284− 0.0014057u4

0 − 0.00187427u6
0 − 0.000702851u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.42)

s101101 =
0.0000855476− 0.000513285u4

0 − 0.000684381u6
0 − 0.000256643u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.43)

s101110 =
−0.000254032 + 0.00152419u4

0 + 0.00203225u6
0 + 0.000762095u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.44)

s110011 =
0.000231827− 0.00139096u4

0 − 0.00185462u6
0 − 0.000695481u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.45)

s110101 =
0.0000846505− 0.000507903u4

0 − 0.000677204u6
0 − 0.000253952u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.46)

s110110 =
−0.000251368 + 0.00150821u4

0 + 0.00201094u6
0 + 0.000754104u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.47)

s111001 =
−2.78391× 10−6 + 0.0000167034u4

0 + 0.0000222713u6
0 + 8.35172× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.48)

s111010 =
8.26675× 10−6 − 0.0000496005u4

0 − 0.000066134u6
0 − 0.0000248003u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.49)

s111100 =
3.01856× 10−6 − 0.0000181114u4

0 − 0.0000241485u6
0 − 9.05569× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.50)
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s220000 = −0.000015388u0

Q0τ2
(D.51)

s202000 = −0.000015716u0

Q0τ2
(D.52)

s200200 = −0.0145309u0

Q0τ2
(D.53)

s200020 = −0.108983u0

Q0τ2
(D.54)

s200002 = −0.0123595u0

Q0τ2
(D.55)

s211000 = −0.0000311024u0

Q0τ2
(D.56)

s210100 =
0.000945733u0

Q0τ2
(D.57)

s210010 =
0.00259002u0

Q0τ2
(D.58)

s210001 = −0.000872214u0

Q0τ2
(D.59)

s201100 =
0.000955755u0

Q0τ2
(D.60)

s201010 =
0.00261747u0

Q0τ2
(D.61)

s201001 = −0.000881457u0

Q0τ2
(D.62)

s200110 = −0.0795895u0

Q0τ2
(D.63)

s200101 =
0.0268025u0

Q0τ2
(D.64)

s200011 =
0.0734024u0

Q0τ2
(D.65)

s230000 =
1.5867× 10−8 − 9.52022× 10−8u4

0 − 1.26936× 10−7u6
0 − 4.76011× 10−8u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.66)

s203000 =
1.63768× 10−8 − 9.8261× 10−8u4

0 − 1.31015× 10−7u6
0 − 4.91305× 10−8u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.67)

s200300 =
−0.00046042 + 0.00276252u4

0 + 0.00368336u6
0 + 0.00138126u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.68)

s200030 =
−0.0094571 + 0.0567426u4

0 + 0.0756568u6
0 + 0.0283713u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.69)

s200003 =
0.000361175− 0.00216705u4

0 − 0.0028894u6
0 − 0.00108352u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.70)
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s221000 =
4.81055× 10−8 − 2.88633× 10−7u4

0 − 3.84844× 10−7u6
0 − 1.44317× 10−7u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.71)

s220100 =
−1.46275× 10−6 + 8.7765× 10−6u4

0 + 0.000011702u6
0 + 4.38825× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.72)

s220010 =
−4.00594× 10−6 + 0.0000240356u4

0 + 0.0000320475u6
0 + 0.0000120178u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.73)

s220001 =
1.34904× 10−6 − 8.09423× 10−6u4

0 − 0.0000107923u6
0 − 4.04712× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.74)

s212000 =
4.86153× 10−8 − 2.91692× 10−7u4

0 − 3.88922× 10−7u6
0 − 1.45846× 10−7u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.75)

s202100 =
−1.49392× 10−6 + 8.96349× 10−6u4

0 + 0.0000119513u6
0 + 4.48175× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.76)

s202010 =
−4.09129× 10−6 + 0.0000245478u4

0 + 0.0000327303u6
0 + 0.0000122739u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.77)

s202001 =
1.37778× 10−6 − 8.26669× 10−6 − 0.0000110223u6

0 − 4.13334× 10−6

Q2
0τ

4 (1 + u2
0)

3 (D.78)

s210200 =
0.0000449493− 0.000269696u4

0 − 0.000359594u6
0 − 0.000134848u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.79)

s201200 =
0.0000454256− 0.000272554u4

0 − 0.000363405u6
0 − 0.000136277u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.80)

s200210 =
0.00378277 + 0.0226966u4

0 + 0.0302622u6
0 + 0.0113483u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.81)

s200201 =
0.00127388− 0.00764331u4

0 − 0.0101911u6
0 − 0.00382165u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.82)

s210020 =
0.000337126− 0.00202275u4

0 − 0.00269701u6
0 − 0.00101138u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.83)

s201020 =
0.000340698− 0.00204419u4

0 − 0.00272559u6
0 − 0.00102209u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.84)

s200120 =
−0.0103596 + 0.0621578u4

0 + 0.0828771u6
0 + 0.0310789u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.85)

s200021 =
0.00955431− 0.0573258u4

0 − 0.0764344u6
0 − 0.0286629u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.86)

s210002 =
0.0000382324− 0.000229394u4

0 − 0.000305859u6
0 − 0.000114697u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.87)

s201002 =
0.0000386376− 0.000231825u4

0 − 0.0003091u6
0 − 0.000115913u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.88)

s200102 =
−0.00117486 + 0.00704913u4

0 + 0.00939884u6
0 + 0.00352457u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.89)

s200012 =
−0.0032175 + 0.019305u4

0 + 0.02574u6
0 + 0.00965251u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.90)
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s200111 =
0.00697741− 0.0418645u4

0 − 0.0558193u6
0 − 0.0209322u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.91)

s201011 =
−0.000229467 + 0.0013768u4

0 + 0.00183573u6
0 + 0.0006884u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.92)

s201101 =
−0.0000837886 + 0.000502732u4

0 + 0.000670309u6
0 + 0.000251366u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.93)

s201110 =
0.000248809− 0.00149285u4

0 − 0.00199047u6
0 − 0.000746426u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.94)

s210011 =
−0.000227061 + 0.00136236u4

0 + 0.00181648u6
0 + 0.000681182u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.95)

s210101 =
−0.00008291 + 0.00049746u4

0 + 0.00066328u6
0 + 0.00024873u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.96)

s210110 =
0.0002462− 0.0014772u4

0 − 0.0019696u6
0 − 0.000738599u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.97)

s211001 =
2.72667× 10−6 − 0.00001636u4

0 − 0.0000218133u6
0 − 8.18001× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.98)

s211010 =
−8.09678× 10−6 + 0.0000485807u4

0 + 0.0000647743u6
0 + 0.0000242903u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.99)

s211100 =
−2.9565× 10−6 + 0.000017739u4

0 + 0.000023652u6
0 + 8.8695× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.100)

s320000 = −0.0000355095u0

Q0τ2
(D.101)

s302000 = −0.000036266u0

Q0τ2
(D.102)

s300200 = −0.0335312u0

Q0τ2
(D.103)

s300020 = −0.251489u0

Q0τ2
(D.104)

s300002 = −0.0285206u0

Q0τ2
(D.105)

s311000 = −0.0000717715u0

Q0τ2
(D.106)

s310100 =
0.00218236u0

Q0τ2
(D.107)

s310010 =
0.0059767u0

Q0τ2
(D.108)

s310001 = −0.00201271u0

Q0τ2
(D.109)

s301100 =
0.00220549u0

Q0τ2
(D.110)
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s301010 =
0.00604003u0

Q0τ2
(D.111)

s301001 = −0.00203404u0

Q0τ2
(D.112)

s300110 = −0.18366u0

Q0τ2
(D.113)

s300101 =
0.0618492u0

Q0τ2
(D.114)

s300011 =
0.169383u0

Q0τ2
(D.115)

s330000 =
3.66146× 10−8 − 2.19688× 10−7u4

0 − 2.92917× 10−7u6
0 − 1.09844× 10−7u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.116)

s303000 =
3.7791× 10−8 − 2.26746× 10−7u4

0 − 3.02328× 10−7u6
0 − 1.13373× 10−7u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.117)

s300300 =
−0.00106246 + 0.00637476u4

0 + 0.00849968u6
0 + 0.00318738u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.118)

s300030 =
−0.0218231 + 0.130939u4

0 + 0.174585u6
0 + 0.0654693u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.119)

s300003 =
0.000833443− 0.00500066u4

0 − 0.00666754u6
0 − 0.00250033u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.120)

s321000 =
1.11008× 10−7 − 6.66047× 10−7u4

0 − 8.88062× 10−7u6
0 − 3.33023× 10−7u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.121)

s320100 =
−3.37542× 10−6 + 0.0000202525u4

0 + 0.0000270034u6
0 + 0.0000101263u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.122)

s320010 =
−9.24406× 10−6 + 0.0000554644u4

0 + 0.0000739525u6
0 + 0.0000277322u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.123)

s320001 =
3.11303× 10−6 − 0.0000186782u4

0 − 0.0000249042u6
0 − 9.33908× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.124)

s312000 =
1.12184× 10−7 − 6.73105× 10−7u4

0 − 8.97473× 10−7u6
0 − 3.36552× 10−7u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.125)

s302100 =
−3.44734× 10−6 + 0.000020684u4

0 + 0.0000275787u6
0 + 0.000010342u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.126)

s302010 =
−9.44102× 10−6 + 0.0000566461u4

0 + 0.0000755281u6
0 + 0.0000283231u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.127)

s302001 =
3.17935× 10−6 − 0.0000190761u4

0 − 0.0000254348u6
0 − 9.53806× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.128)

s310200 =
0.000103724− 0.000622347u4

0 − 0.000829795u6
0 − 0.000311173u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.129)

s301200 =
0.000104824− 0.000628942u4

0 − 0.000838589u6
0 − 0.000314471u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.130)
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s300210 =
−0.00872908 + 0.0523745u4

0 + 0.0698326u6
0 + 0.0261872u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.131)

s300201 =
0.0029396− 0.0176376u4

0 − 0.0235168u6
0 − 0.0088188u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.132)

s310020 =
0.000777947− 0.00466768u4

0 − 0.00622358u6
0 − 0.00233384u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.133)

s301020 =
0.000786191− 0.00471715u4

0 − 0.00628953u6
0 − 0.00235857u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.134)

s300120 =
−0.0239058 + 0.143435u4

0 + 0.191246u6
0 + 0.0717174u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.135)

s300021 =
0.0220474− 0.132284u4

0 − 0.176379u6
0 − 0.0661422u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.136)

s310002 =
0.0000882246− 0.000529348u4

0 − 0.000705797u6
0 − 0.000264674u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.137)

s301002 =
0.0000891596− 0.000534957u4

0 − 0.000713276u6
0 − 0.000267479u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.138)

s300102 =
−0.00271108 + 0.0162665u4

0 + 0.0216887u6
0 + 0.00813325u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.139)

s300012 =
−0.00742467 + 0.044548u4

0 + 0.0593974u6
0 + 0.022274u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.140)

s300111 =
0.016101− 0.096606u4

0 − 0.128808u6
0 − 0.048303u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.141)

s301011 =
−0.000529515 + 0.00317709u4

0 + 0.00423612u6
0 + 0.00158854u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.142)

s301101 =
−0.00019335 + 0.0011601u4

0 + 0.0015468u6
0 + 0.000580049u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.143)

s301110 =
0.000574148− 0.00344489u4

0 − 0.00459318u6
0 − 0.00172244u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.144)

s310011 =
−0.000523962 + 0.00314377u4

0 + 0.0041917u6
0 + 0.00157189u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.145)

s310101 =
−0.000191322 + 0.00114793u4

0 + 0.00153058u6
0 + 0.000573967u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.146)

s310110 =
0.000568127− 0.00340876u4

0 − 0.00454502u6
0 − 0.00170438u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.147)

s311001 =
6.29203× 10−6 − 0.0000377522u4

0 − 0.0000503362u6
0 − 0.0000188761u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.148)

s311010 =
−0.000018684 + 0.000112104u4

0 + 0.000149472u6
0 + 0.0000560521u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.149)

s311100 =
−6.82238× 10−6 + 0.0000409343u4

0 + 0.0000545791u6
0 + 0.0000204672u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.150)
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s420000 =
0.0000191286u0

Q0τ2
(D.151)

s402000 =
0.0000195362u0

Q0τ2
(D.152)

s400200 =
0.018063u0

Q0τ2
(D.153)

s400020 =
0.135475u0

Q0τ2
(D.154)

s400002 =
0.0153638u0

Q0τ2
(D.155)

s411000 =
0.0000386627u0

Q0τ2
(D.156)

s410100 = −0.00117562u0

Q0τ2
(D.157)

s410010 = −0.0032196u0

Q0τ2
(D.158)

s410001 =
0.00108423u0

Q0τ2
(D.159)

s401100 = −0.00118808u0

Q0τ2
(D.160)

s401010 = −0.00325371u0

Q0τ2
(D.161)

s401001 =
0.00109572u0

Q0τ2
(D.162)

s400110 =
0.098936u0

Q0τ2
(D.163)

s400101 = −0.0333176u0

Q0τ2
(D.164)

s400011 = −0.0912449u0

Q0τ2
(D.165)

s430000 =
−1.9724× 10−8 + 1.18344× 10−7u4

0 + 1.57792× 10−7u6
0 + 5.91719× 10−8u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.166)

s403000 =
−2.03577× 10−8 + 1.22146× 10−7u4

0 + 1.62861× 10−7u6
0 + 6.1073× 10−8u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.167)

s400300 =
0.000572338− 0.00343403u4

0 − 0.0045787u6
0 − 0.00171701u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.168)

s400030 =
0.0117559− 0.0705355u4

0 − 0.0940473u6
0 − 0.0352677u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.169)

s400003 =
−0.000448969 + 0.00269381u4

0 + 0.00359175u6
0 + 0.00134691u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.170)
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s421000 =
−5.97989× 10−8 + 3.58794× 10−7u4

0 + 4.78391× 10−7u6
0 + 1.79397× 10−7u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.171)

s420100 =
1.81831× 10−6 − 0.0000109099u4

0 − 0.0000145465u6
0 − 5.45493× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.172)

s420010 =
4.9797× 10−6 − 0.0000298782u4

0 − 0.0000398376u6
0 − 0.0000149391u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.173)

s420001 =
−1.67696× 10−6 + 0.0000100618u4

0 + 0.0000134157u6
0 + 5.03088× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.174)

s412000 =
−6.04326× 10−8 + 3.62596× 10−7u4

0 + 4.83461× 10−7u6
0 + 1.81298× 10−7u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.175)

s402100 =
1.85705× 10−6 − 0.0000111423u4

0 − 0.0000148564u6
0 − 5.57116× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.176)

s402010 =
5.08579× 10−6 − 0.0000305148u4

0 − 0.0000406864u6
0 − 0.0000152574u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.177)

s402001 =
−1.71269× 10−6 + 0.0000102761u4

0 + 0.0000137015u6
0 + 5.13807× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.178)

s410200 =
−0.0000558754 + 0.000335253u4

0 + 0.000447004u6
0 + 0.000167626u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.179)

s401200 =
−0.0000564676 + 0.000338805u4

0 + 0.00045174u6
0 + 0.000169403u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.180)

s400210 =
0.00470228− 0.0282137u4

0 − 0.0376182u6
0 − 0.0141068u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.181)

s400201 =
−0.00158354 + 0.00950122u4

0 + 0.0126683u6
0 + 0.00475061u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.182)

s410020 =
−0.000419073 + 0.00251444u4

0 + 0.00335259u6
0 + 0.00125722u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.183)

s401020 =
−0.000423514 + 0.00254109u4

0 + 0.00338812u6
0 + 0.00127054u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.184)

s400120 =
0.0128778− 0.077267u4

0 − 0.103023u6
0 − 0.0386335u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.185)

s400021 =
−0.0118767 + 0.0712605u4

0 + 0.095014u6
0 + 0.0356302u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.186)

s410002 =
−0.0000475258 + 0.000285155u4

0 + 0.000380207u6
0 + 0.000142578u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.187)

s401002 =
−0.0000480295 + 0.000288177u4

0 + 0.000384236u6
0 + 0.000144088u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.188)

s400102 =
0.00146044− 0.00876262u4

0 − 0.0116835u6
0 − 0.00438131u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.189)

s400012 =
0.00399961− 0.0239976u4

0 − 0.0319969u6
0 − 0.0119988u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.190)
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s400111 =
−0.00867347 + 0.0520408u4

0 + 0.0693878u6
0 + 0.0260204u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.191)

s401011 =
0.000285245− 0.00171147u4

0 − 0.00228196u6
0 − 0.000855735u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.192)

s401101 =
0.000104156− 0.000624935u4

0 − 0.000833246u6
0 − 0.000312467u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.193)

s401110 =
−0.000309288 + 0.00185573u4

0 + 0.00247431u6
0 + 0.000927865u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.194)

s410011 =
0.000282254− 0.00169352u4

0 − 0.00225803u6
0 − 0.000846762u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.195)

s410101 =
0.000103064− 0.000618382u4

0 − 0.000824509u6
0 − 0.000309191u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.196)

s410110 =
−0.000306045 + 0.00183627u4

0 + 0.00244836u6
0 + 0.000918136u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.197)

s411001 =
−3.38946× 10−6 + 0.0000203368u4

0 + 0.0000271157u6
0 + 0.0000101684u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.198)

s411010 =
0.0000100649− 0.0000603896u4

0 − 0.0000805194u6
0 − 0.0000301948u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.199)

s411100 =
3.67516× 10−6 − 0.000022051u4

0 − 0.0000294013u6
0 − 0.0000110255u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.200)

s520000 =
0.0000182939u0

Q0τ2
(D.201)

s502000 =
0.0000186836u0

Q0τ2
(D.202)

s500200 =
0.0172747u0

Q0τ2
(D.203)

s500020 =
0.129563u0

Q0τ2
(D.204)

s500002 =
0.0146933u0

Q0τ2
(D.205)

s511000 =
0.0000369755u0

Q0τ2
(D.206)

s510100 = −0.00112432u0

Q0τ2
(D.207)

s510010 = −0.00307909u0

Q0τ2
(D.208)

s510001 =
0.00103691u0

Q0τ2
(D.209)

s501100 = −0.00113623u0

Q0τ2
(D.210)
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s501010 = −0.00311172u0

Q0τ2
(D.211)

s501001 =
0.0010479u0

Q0τ2
(D.212)

s500110 =
0.0946184u0

Q0τ2
(D.213)

s500101 = −0.0318637u0

Q0τ2
(D.214)

s500011 = −0.087263u0

Q0τ2
(D.215)

s530000 =
−1.88632× 10−8 + 1.13179× 10−7u4

0 + 1.50906× 10−7u6
0 + 5.65896× 10−8u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.216)

s503000 =
−1.94693× 10−8 + 1.16816× 10−7u4

0 + 1.55754× 10−7u6
0 + 5.84078× 10−8u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.217)

s500300 =
0.000547361− 0.00328417u4

0 − 0.00437889u6
0 − 0.00164208u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.218)

s500030 =
0.0112429− 0.0674573u4

0 − 0.0899431u6
0 − 0.0337287u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.219)

s500003 =
−0.000429376 + 0.00257625u4

0 + 0.003435u6
0 + 0.00128813u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.220)

s521000 =
−5.71893× 10−8 + 3.43136× 10−7u4

0 + 4.57514× 10−7u6
0 + 1.71568× 10−7u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.221)

s520100 =
1.73896× 10−6 − 0.0000104338u4

0 − 0.0000139117u6
0 − 5.21688× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.222)

s520010 =
4.76238× 10−6 − 0.0000285743u4

0 − 0.0000380991u6
0 − 0.0000142871u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.223)

s520001 =
−1.60378× 10−6 + 9.62266× 10−6u4

0 + 0.0000128302u6
0 + 4.81133× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.224)

s512000 =
−5.77953× 10−8 + 3.46772× 10−7u4

0 + 4.62363× 10−7u6
0 + 1.73386× 10−7u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.225)

s502100 =
1.77601× 10−6 − 0.0000106561u4

0 − 0.0000142081u6
0 − 5.32803× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.226)

s502010 =
4.86385× 10−6 − 0.0000291831u4

0 − 0.0000389108u6
0 − 0.0000145916u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.227)

s502001 =
−1.63795× 10−6 + 9.82769× 10−6u4

0 + 0.0000131036u6
0 + 4.91384× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.228)

s510200 =
−0.000053437 + 0.000320622u4

0 + 0.000427496u6
0 + 0.000160311u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.229)

s501200 =
−0.0000540033 + 0.00032402u4

0 + 0.000432027u6
0 + 0.00016201u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.230)
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s500210 =
0.00449707− 0.0269824u4

0 − 0.0359766u6
0 − 0.0134912u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.231)

s500201 =
−0.00151443 + 0.00908659u4

0 + 0.0121155u6
0 + 0.0045433u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.232)

s510020 =
−0.000400785 + 0.00240471u4

0 + 0.00320628u6
0 + 0.00120236u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.233)

s501020 =
−0.000405032 + 0.00243019u4

0 + 0.00324026u6
0 + 0.0012151u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.234)

s500120 =
0.0123159− 0.0738951u4

0 − 0.0985268u6
0 − 0.0369476u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.235)

s500021 =
−0.0113584 + 0.0681507u4

0 + 0.0908676u6
0 + 0.0340753u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.236)

s510002 =
−0.0000454518 + 0.000272711u4

0 + 0.000363615u6
0 + 0.000136355u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.237)

s501002 =
−0.0000459335 + 0.000275601u4

0 + 0.000367468u6
0 + 0.0001378u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.238)

s500102 =
0.0013967− 0.00838022u4

0 − 0.0111736u6
0 − 0.00419011u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.239)

s500012 =
0.00382506− 0.0229504u4

0 − 0.0306005u6
0 − 0.0114752u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.240)

s500111 =
−0.00829496 + 0.0497698u4

0 + 0.0663597u6
0 + 0.0248849u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.241)

s501011 =
0.000272797− 0.00163678u4

0 − 0.00218238u6
0 − 0.000818391u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.242)

s501101 =
0.0000996105− 0.000597663u4

0 − 0.000796884u6
0 − 0.000298831u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.243)

s501110 =
−0.000295791 + 0.00177475u4

0 + 0.00236633u6
0 + 0.000887373u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.244)

s510011 =
0.000269936− 0.00161962u4

0 − 0.00215949u6
0 − 0.000809809u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.245)

s510101 =
0.0000985659− 0.000591396u4

0 − 0.000788528u6
0 − 0.000295698u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.246)

s510110 =
−0.000292689 + 0.00175614u4

0 + 0.00234152u6
0 + 0.000878068u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.247)

s511001 =
−3.24155× 10−6 + 0.0000194493u4

0 + 0.0000259324u6
0 + 9.72464× 10−6u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.248)

s511010 =
9.6257× 10−6 − 0.0000577542u4

0 − 0.0000770056u6
0 − 0.0000288771u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.249)

s511100 =
3.51478× 10−6 − 0.0000210887u4

0 − 0.0000281182u6
0 − 0.0000105443u8

0

Q2
0τ

4 (1 + u2
0)

3 (D.250)



Appendix E

Coefficients double NS bifurcation:
part II

Coefficients ahklm, bhklm, chklm and dhklm relative to the nonlinear terms after the center manifold reduction,
relative to the double NS bifurcation under study in Ch. 4.

All the second order terms are not written explicitly, since ahklm = s1hklm0 and similarly bhklm = s2hklm0,
chklm = s3hklm0 and dhklm = s4hklm0. This because they are not effected by the center manifold reduction.

a3000 =
−1.62001× 10−8

Q2
0τ

4 (1 + u2
0)

3 +
6.41313× 10−8u2

0 + 3.53726× 10−7u4
0

Q2
0τ

4 (1 + u2
0)

4 +

6.1159× 10−7u6
0 + 4.34727× 10−7u8

0 + 1.12732× 10−7u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.1)

a0300 =
−1.67206× 10−8 + 6.67985× 10−9u2

0 + 1.93926× 10−7u4
0

Q2
0τ

4 (1 + u2
0)

4

+
3.74492× 10−7u6

0 + 2.77529× 10−7u8
0 + 7.35623× 10−8u10

0

Q2
0τ

4 (1 + u2
0)

4 (E.2)

a0030 =
0.000470085− 0.00645667u2

0 − 0.0305275u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.0481417u6
0 − 0.032878u8

0 − 0.00833701u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.3)

a0003 =
0.00965563− 0.000544298u2

0 − 0.0987335u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.196378u6
0 − 0.147012u8

0 − 0.0391668u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.4)
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a2100 =
−4.91154× 10−8

Q2
0τ

4 (1 + u2
0)

3 +
6.38795× 10−8u2

0 + 5.5021× 10−7u4
0

Q2
0τ

4 (1 + u2
0)

4 +

1.07089× 10−6u6
0 + 7.95787× 10−7u8

0 + 2.11226× 10−7u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.5)

a2010 =
1.49346× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
−8.11456× 10−6u2

0 − 0.000041419u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.0000695957u6
0 − 0.0000488862u8

0 − 0.0000125949u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.6)

a2001 =
4.09003× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
−3.90139× 10−6u2

0 − 0.0000401458u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.0000806688u6
0 − 0.0000605959u8

0 − 0.0000161715u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.7)

a1200 =
−4.96359× 10−8

Q2
0τ

4 (1 + u2
0)

3 +
2.22138× 10−8u2

0 + 3.8667× 10−7u4
0

Q2
0τ

4 (1 + u2
0)

4 +

8.28185× 10−7u6
0 + 6.3485× 10−7u8

0 + 1.71121× 10−7u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.8)

a0210 =
1.52528× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
−2.6449× 10−6u2

0 − 0.0000197313u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.0000372233u6
0 − 0.0000273576u8

0 − 7.22073× 10−6u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.9)

a0201 =
4.17718× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
−4.05064× 10−6u2

0 − 0.0000412656u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.0000827843u6
0 − 0.0000621515u8

0 − 0.0000165822u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.10)

a1020 =
−0.0000458929

Q2
0τ

4 (1 + u2
0)

3 +
0.000414208u2

0 + 0.00193219u4
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Q2
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4 (1 + u2
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4 +

0.00312775u6
0 + 0.00216165u8

0 + 0.000551887u10
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4 (1 + u2
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4 (E.11)

a0120 =
−0.0000463792
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4 (1 + u2
0)

3 +
0.000286589u2

0 + 0.00142463u4
0

Q2
0τ

4 (1 + u2
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4 +

0.00236884u6
0 + 0.00165653u8

0 + 0.000425726u10
0
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4 (1 + u2
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a0021 =
0.00386218

Q2
0τ

4 (1 + u2
0)

3 +
−0.0198608u2

0 − 0.102616u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.173235u6
0 − 0.121927u8

0 − 0.0314473u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.13)

a1002 =
−0.000344203

Q2
0τ

4 (1 + u2
0)

3 +
−4.66856× 10−6u2

0 + 0.00204654u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.00479083u6
0 + 0.00376756u8

0 + 0.00102794u10
0
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4 (1 + u2
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4 (E.14)

a0102 =
−0.00034785
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0τ

4 (1 + u2
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3 +
0.000297527u2

0 + 0.00327721u4
0

Q2
0τ
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0)

4 +

0.00665507u6
0 + 0.00501646u8

0 + 0.00134108u10
0
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4 (1 + u2
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4 (E.15)

a0012 =
0.0105771

Q2
0τ

4 (1 + u2
0)

3 +
−0.00616439u2

0 − 0.0881202u4
0

Q2
0τ

4 (1 + u2
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4 +

−0.185066u6
0 − 0.141006u8

0 − 0.0378957u10
0
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4 (1 + u2
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4 (E.16)

a0111 =
−0.000254032

Q2
0τ

4 (1 + u2
0)

3 +
0.000254214u2

0 + 0.00254105u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.00508173u6
0 + 0.0038112u8

0 + 0.00101631u10
0
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0τ

4 (1 + u2
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4 (E.17)

a1011 =
−0.000251368

Q2
0τ

4 (1 + u2
0)

3 +
0.000500076u2

0 + 0.00350851u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.00651961u6
0 + 0.00476535u8

0 + 0.00125418u10
0
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4 (1 + u2
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4 (E.18)

a1101 =
8.26675× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
−4.9004× 10−7u2

0 − 0.0000515607u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.000118675u6
0 − 0.0000928944u8

0 − 0.0000252903u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.19)

a1110 =
3.01856× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
−8.09342× 10−6u2

0 − 0.0000504851u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.0000908204u6
0 − 0.0000655779u8

0 − 0.0000171491u10
0

Q2
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4 (1 + u2
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4 (E.20)
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b3000 =
1.5867× 10−8

Q2
0τ

4 (1 + u2
0)

3 +
−6.28127× 10−8u2

0 − 3.46453× 10−7u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−5.99015× 10−7u6
0 − 4.25788× 10−7u8

0 − 1.10414× 10−7u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.21)

b0300 =
1.63768× 10−8 − 6.54251× 10−9u2

0 − 1.89938× 10−7u4
0

Q2
0τ

4 (1 + u2
0)

4

+
−3.66792× 10−7u6

0 − 2.71822× 10−7u8
0 − 7.20498× 10−8u10

0

Q2
0τ

4 (1 + u2
0)

4 (E.22)

b0030 =
−0.00046042 + 0.00632392u2

0 + 0.0298999u4
0

Q2
0τ

4 (1 + u2
0)

4

+
0.0471519u6

0 + 0.032202u8
0 + 0.0081656u10

0

Q2
0τ

4 (1 + u2
0)

4 (E.23)

b0003 =
−0.0094571 + 0.000533107u2

0 + 0.0967034u4
0

Q2
0τ

4 (1 + u2
0)

4

+
0.192341u6

0 + 0.143989u8
0 + 0.0383615u10

0

Q2
0τ

4 (1 + u2
0)

4 (E.24)

b2100 =
4.81055× 10−8

Q2
0τ

4 (1 + u2
0)

3 +
−6.25661× 10−8u2

0 − 5.38898× 10−7u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−1.04887× 10−6u6
0 − 7.79425× 10−7u8

0 − 2.06883× 10−7u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.25)

b2010 =
−1.46275× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
7.94772× 10−6u2

0 + 0.0000405674u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.0000681648u6
0 + 0.0000478811u8

0 + 0.000012336u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.26)

b2001 =
−4.00594× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
3.82117× 10−6u2

0 + 0.0000393203u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.0000790102u6
0 + 0.00005935u8

0 + 0.000015839u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.27)

b1200 =
4.86153× 10−8

Q2
0τ

4 (1 + u2
0)

3 +
−2.17571× 10−8u2

0 − 3.7872× 10−7u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−8.11157× 10−7u6
0 − 6.21797× 10−7u8

0 − 1.67603× 10−7u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.28)
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b0210 =
−1.49392× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
2.59052× 10−6u2

0 + 0.0000193256u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.0000364579u6
0 + 0.0000267951u8

0 + 7.07226× 10−6u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.29)

b0201 =
−4.09129× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
3.96735× 10−6u2

0 + 0.0000404172u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.0000810822u6
0 + 0.0000608736u8

0 + 0.0000162412u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.30)

b1020 =
0.0000449493

Q2
0τ

4 (1 + u2
0)

3 +
−0.000405692u2

0 − 0.00189246u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.00306344u6
0 − 0.00211721u8

0 − 0.00054054u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.31)

b0120 =
0.0000454256

Q2
0τ

4 (1 + u2
0)

3 +
−0.000280696u2

0 − 0.00139534u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.00232013u6
0 − 0.00162247u8

0 − (0.000416973u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.32)

b0021 =
−0.00378277

Q2
0τ

4 (1 + u2
0)

3 +
0.0194524u2

0 + 0.100506u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.169673u6
0 + 0.11942u8

0 + 0.0308008u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.33)

b1002 =
0.000337126

Q2
0τ

4 (1 + u2
0)

3 +
4.57257× 10−6u2

0 − 0.00200446u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.00469232u6
0 − 0.00369009u8

0 − 0.0010068u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.34)

b0102 =
0.000340698

Q2
0τ

4 (1 + u2
0)

3 +
−0.00029141u2

0 − 0.00320983u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.00651823u6
0 − 0.00491332u8

0 − 0.0013135u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.35)

b0012 =
−0.0103596

Q2
0τ

4 (1 + u2
0)

3 +
0.00603764u2

0 + 0.0863084u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.181261u6
0 + 0.138107u8

0 + 0.0371166u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.36)
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b0111 =
0.000248809

Q2
0τ

4 (1 + u2
0)

3 +
−0.000248987u2

0 − 0.0024888u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.00497724u6
0 − 0.00373284u8

0 − 0.000995413u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.37)

b1011 =
0.0002462

Q2
0τ

4 (1 + u2
0)

3 +
−0.000489794u2

0 − 0.00343637u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.00638556u6
0 − 0.00466737u8

0 − 0.00122839u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.38)

b1101 =
−8.09678× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
4.79964× 10−7u2

0 + 0.0000505005u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.000116235u6
0 + 0.0000909845u8

0 + 0.0000247703u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.39)

b1110 =
−2.9565× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
7.92701× 10−6u2

0 + 0.000049447u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.0000889531u6
0 + 0.0000642295u8

0 + 0.0000167965u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.40)

c3000 =
3.66146× 10−8

Q2
0τ

4 (1 + u2
0)

3 +
−1.44946× 10−7u2

0 − 7.99471× 10−7u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−1.38228× 10−6u6
0 − 9.82544× 10−7u8

0 − 2.5479× 10−7u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.41)

c0300 =
3.7791× 10−8 − 1.50974× 10−8u2

0 − 4.38299× 10−7u4
0

Q2
0τ

4 (1 + u2
0)

4

+
−8.46404× 10−7u6

0 − 6.27254× 10−7u8
0 − 1.66261× 10−7u10

0

Q2
0τ

4 (1 + u2
0)

4 (E.42)

c0030 =
−0.00106246 + 0.014593u2

0 + 0.0689966u4
0

Q2
0τ

4 (1 + u2
0)

4

+
0.108807u6

0 + 0.0743089u8
0 + 0.0188428u10

0

Q2
0τ

4 (1 + u2
0)

4 (E.43)

c0003 =
−0.0218231 + 0.00123019u2

0 + 0.223152u4
0

Q2
0τ

4 (1 + u2
0)

4

+
0.443843u6

0 + 0.332267u8
0 + 0.0885226u10

0

Q2
0τ

4 (1 + u2
0)

4 (E.44)
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c2100 =
1.11008× 10−7

Q2
0τ

4 (1 + u2
0)

3 +
−1.44377× 10−7u2

0 − 1.24355× 10−6u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−2.42037× 10−6u6
0 − 1.79859× 10−6u8

0 − 4.774× 10−7u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.45)

c2010 =
−3.37542× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
0.0000183401u2

0 + 0.0000936128u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.000157296u6
0 + 0.00011049u8

0 + 0.0000284663u10
0
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4 (1 + u2
0)

4 (E.46)

c2001 =
−9.24406× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
8.8177× 10−6u2

0 + 0.0000907352u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.000182323u6
0 + 0.000136955u8

0 + 0.0000365499u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.47)

c1200 =
1.12184× 10−7

Q2
0τ

4 (1 + u2
0)

3 +
−5.02064× 10−8u2

0 − 8.7393× 10−7u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−1.87182× 10−6u6
0 − 1.43485× 10−6u8

0 − 3.86759× 10−7u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.48)

c0210 =
−3.44734× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
5.97785× 10−6u2

0 + 0.0000445955u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.0000841299u6
0 + 0.0000618322u8

0 + 0.0000163199u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.49)

c0201 =
−9.44102× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
9.15502× 10−6u2

0 + 0.0000932662u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.000187104u6
0 + 0.000140471u8

0 + 0.0000374781u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.50)

c1020 =
0.000103724

Q2
0τ

4 (1 + u2
0)

3 +
−0.000936169u2

0 − 0.00436702u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.00706916u6
0 − 0.00488565u8

0 − 0.00124734u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.51)

c0120 =
0.000104824

Q2
0τ

4 (1 + u2
0)

3 +
−0.000647731u2

0 − 0.00321987u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.00535392u6
0 − 0.00374398u8

0 − 0.000962202u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.52)
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c0021 =
−0.00872908

Q2
0τ

4 (1 + u2
0)

3 +
0.0448882u2

0 + 0.231927u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.391537u6
0 + 0.275573u8

0 + 0.0710755u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.53)

c1002 =
0.000777947

Q2
0τ

4 (1 + u2
0)

3 +
0.0000105516u2

0 − 0.00462548u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.010828u6
0 − 0.00851521u8

0 − 0.00232329u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.54)

c0102 =
0.000786191

Q2
0τ

4 (1 + u2
0)

3 +
−0.000672454u2

0 − 0.00740696u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.0150414u6
0 − 0.0113379u8

0 − 0.00303103u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.55)

c0012 =
−0.0239058
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0τ
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3 +
0.0139324u2
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0
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4 +

0.418275u6
0 + 0.318693u8

0 + 0.0856498u10
0
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c0111 =
0.000574148
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0τ
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3 +
−0.00057456u2

0 − 0.00574313u4
0
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4 +

−0.0114854u6
0 − 0.00861386u8
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0
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c1011 =
0.000568127

Q2
0τ

4 (1 + u2
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−0.00113024u2

0 − 0.00792974u4
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4 (1 + u2
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4 +

−0.0147352u6
0 − 0.0107704u8
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c1101 =
−0.000018684

Q2
0τ
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0)

3 +
1.10756× 10−6u2

0 + 0.000116534u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.000268222u6
0 + 0.000209955u8

0 + 0.0000571597u10
0

Q2
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4 (1 + u2
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4 (E.59)

c1110 =
−6.82238× 10−6

Q2
0τ

4 (1 + u2
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3 +
0.0000182923u2

0 + 0.000114103u4
0

Q2
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0.000205267u6
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0 + 0.0000387594u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.60)
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d3000 =
−1.9724× 10−8

Q2
0τ

4 (1 + u2
0)

3 +
7.80811× 10−8u2

0 + 4.30668× 10−7u4
0

Q2
0τ

4 (1 + u2
0)

4 +

7.44622× 10−7u6
0 + 5.29288× 10−7u8

0 + 1.37253× 10−7u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.61)

d0300 =
−2.03577× 10−8 + 8.13285× 10−9u2

0 + 2.36108× 10−7u4
0

Q2
0τ

4 (1 + u2
0)

4

+
4.55951× 10−7u6

0 + 3.37896× 10−7u8
0 + 8.95635× 10−8u10

0

Q2
0τ

4 (1 + u2
0)

4 (E.62)

d0030 =
0.000572338− 0.00786112u2

0 − 0.0371679u4
0

Q2
0τ

4 (1 + u2
0)

4

+
−0.0586135u6

0 − 0.0400295u8
0 − 0.0101505u10

0

Q2
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4 (1 + u2
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4 (E.63)

d0003 =
0.0117559− 0.000662694u2

0 − 0.12021u4
0

Q2
0τ

4 (1 + u2
0)

4

+
−0.239094u6

0 − 0.178989u8
0 − 0.0476863u10

0

Q2
0τ

4 (1 + u2
0)

4 (E.64)

d2100 =
−5.97989× 10−8

Q2
0τ

4 (1 + u2
0)

3 +
7.77745× 10−8u2

0 + 6.69892× 10−7u4
0

Q2
0τ
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0)

4 +

1.30383× 10−6u6
0 + 9.68886× 10−7u8

0 + 2.57171× 10−7u10
0

Q2
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4 (1 + u2
0)

4 (E.65)

d2010 =
1.81831× 10−6

Q2
0τ
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0)

3 +
−9.87963× 10−6u2

0 − 0.0000504284u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.0000847341u6
0 − 0.0000595199u8

0 − 0.0000153346u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.66)

d2001 =
4.9797× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
−4.75002× 10−6u2

0 − 0.0000488782u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.0000982158u6
0 − 0.0000737767u8

0 − 0.0000196891u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.67)

d1200 =
−6.04326× 10−8

Q2
0τ

4 (1 + u2
0)

3 +
2.70457× 10−8u2

0 + 4.70779× 10−7u4
0

Q2
0τ

4 (1 + u2
0)

4 +

1.00833× 10−6u6
0 + 7.72942× 10−7u8

0 + 2.08344× 10−7u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.68)
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d0210 =
1.85705× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
−3.22022× 10−6u2

0 − 0.0000240232u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.00004532u6
0 − 0.0000333084u8

0 − 8.79137× 10−6u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.69)

d0201 =
5.08579× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
−4.93173× 10−6u2

0 − 0.0000502417u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.000100791u6
0 − 0.0000756707u8

0 − 0.0000201891u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.70)

d1020 =
−0.0000558754

Q2
0τ

4 (1 + u2
0)

3 +
0.000504306u2

0 + 0.00235248u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.00380809u6
0 + 0.00263186u8

0 + (0.000671933u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.71)

d0120 =
−0.0000564676

Q2
0τ

4 (1 + u2
0)

3 +
0.000348927u2

0 + 0.00173451u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.00288411u6
0 + 0.00201685u8

0 + 0.00051833u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.72)

d0021 =
0.00470228

Q2
0τ

4 (1 + u2
0)

3 +
−0.0241809u2

0 − 0.124937u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.210917u6
0 − 0.148449u8

0 − 0.0382877u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.73)

d1002 =
−0.000419073

Q2
0τ

4 (1 + u2
0)

3 +
−5.68407× 10−6u2

0 + 0.0024917u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.00583292u6
0 + 0.00458707u8

0 + 0.00125154u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.74)

d0102 =
−0.000423514

Q2
0τ

4 (1 + u2
0)

3 +
0.000362245u2

0 + 0.00399007u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.00810267u6
0 + 0.00610764u8

0 + 0.00163279u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.75)

d0012 =
0.0128778

Q2
0τ

4 (1 + u2
0)

3 +
−0.00750526u2

0 − 0.107288u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.225321u6
0 − 0.171677u8

0 − 0.0461388u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.76)
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d0111 =
−0.000309288

Q2
0τ

4 (1 + u2
0)

3 +
0.00030951u2

0 + 0.00309377u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.0061871u6
0 + 0.00464021u8

0 + 0.00123738u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.77)

d1011 =
−0.000306045

Q2
0τ

4 (1 + u2
0)

3 +
0.000608852u2

0 + 0.00427168u4
0

Q2
0τ

4 (1 + u2
0)

4 +

0.00793775u6
0 + 0.00580191u8

0 + 0.00152699u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.78)

d1101 =
0.0000100649

Q2
0τ

4 (1 + u2
0)

3 +
−5.96633× 10−7u2

0 − 0.0000627761u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.000144489u6
0 − 0.000113101u8

0 − 0.0000307914u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.79)

d1110 =
3.67516× 10−6

Q2
0τ

4 (1 + u2
0)

3 +
−9.85389× 10−6u2

0 − 0.0000614665u4
0

Q2
0τ

4 (1 + u2
0)

4 +

−0.000110576u6
0 − 0.0000798423u8

0 − 0.0000208794u10
0

Q2
0τ

4 (1 + u2
0)

4 (E.80)

Coefficients α̂2100, α̂1011, β̂0021 and β̂1110 of the system in complex form after near identity transformation,
relative to the double NS bifurcation under study in Ch. 4.

α̂2100 =
1

Q2
0τ

4(1.+ u2
0)4

((
−1.25026× 10−10 + i2.44367× 10−8

)
+
(
1.69258× 10−7 − i4.01066× 10−8

)
u2

0

+
(
6.78282× 10−7 − i4.04793× 10−7

)
u4

0 +
(
1.01805× 10−6 − i7.29374× 10−7

)
u6

0

+
(
6.78907× 10−7 − i5.26977× 10−7

)
u8

0 +
(
1.69758× 10−7 − i1.37853× 10−7

)
u10

0

)
(E.81)

α̂1011 =
1

Q2
0τ

4

(
− 9.92959× 10−7 − i0.000194076

(1 + u2
0)

3 +
0.000467408 + i0.000794087

(1 + u2
0)

4 u2
0

+
0.00187559 + i0.00201189

(1 + u2
0)

4 u4
0 +

0.00281835 + i0.00204746

(1 + u2
0)

4 u6
0

+
0.00188056 + i0.00104151

(1 + u2
0)

4 u8
0 +

0.000470387 + i0.000211859

(1 + u2
0)

4 u10
0

)
(E.82)

β̂1110 =
1

Q2
0τ

4

(
8.10681× 10−7 + i5.59011× 10−6

(1 + u2
0)

3 +
0.0000121356 + i0.0000217654

(1 + u2
0)

4 u2
0

+
0.0000436782 + i0.000053521

(1 + u2
0)

4 u4
0 +

0.000061464 + i0.0000523309

(1 + u2
0)

4 u6
0

+
0.0000396248 + i0.0000255704

(1 + u2
0)

4 u8
0 +

9.70354× 10−6 + i4.99508× 10−6

(1 + u2
0)

4 u10
0

)
(E.83)

β̂0021 =
1

Q2
0τ

4(1 + u2
0)4

(
(0.00160961 + i0.0110992) + (0.0214271 + i0.0534341)u2

0

+ (0.0696124 + i0.102745)u4
0 + (0.0963706 + i0.0986214)u6

0

+ (0.0615644 + i0.047249)u8
0 + (0.0149887 + i0.00903746)u10

0

)
(E.84)
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Coefficients a11, a12, a21 and a22 of the amplitude map (Eq. (4.45)) related to the double NS bifurcation under
study in Ch. 4.

a11 =
1

Q2
0τ

4 (1 + u2
0)

6

(
− 1.10943× 10−8 + 1.47037× 10−7u2

0 + 1.11520× 10−6u4
0 + 2.98216× 10−6u6

0

+4.10565× 10−6u8
0 + 3.13748× 10−6u10

0 + 1.27052× 10−6u12
0 + 2.13603× 10−7u14

0

)
(E.85)

a12 =
1

Q2
0τ

4 (1 + u2
0)

10

(
− 8.81111× 10−5 − 5.56124× 10−4u2

0 − 7.15128× 10−4u4
0 + 0.00405109u6

0

+0.0204951u8
0 + 0.0460433u10

0 + 0.0633935u12
0 + 0.057674u14

0 + 0.0350335u16
0 + 0.0137433u18

0

+0.00316176u20
0 + 3.24987× 10−4u22

0

)
(E.86)

a21 =
1

Q2
0τ

4 (1 + u2
0)

10

(
− 3.51185× 10−6 − 3.20977× 10−5u2

0 − 1.27826× 10−4u4
0 − 2.85487× 10−4u6

0

−3.74996× 10−4u8
0 − 2.50625× 10−4u10

0 + 2.37453× 10−5u12
0 + 2.12939× 10−4u14

0

+2.04459× 10−4u16
0 + 1.00816× 10−4u18

0 + 2.66958× 10−5u20
0 + 3.02077× 10−6u22

0

)
(E.87)

a22 =
1

Q2
0τ

4 (1 + u2
0)

6

(
− 0.00697277− 0.0381324u2

0 − 0.0823661u4
0 − 0.0838918u6

0 − 0.0305067u8
0(E.88)

+0.013727u10
0 + 0.0152527u12

0 + 0.00370424u14
0

)
(E.89)
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Coefficients bifurcations in
act-and-wait system

Coefficeints ahk and bhk relative to the flip bifurcation analyzed in Ch. 7.

a20 =
4u0

(d− 3)Q0τ2
(F.1)

a02 =
4(d− 2)2u0

(d− 3)Q0τ2
(F.2)

a11 =
8(d− 2)u0

(d− 3)Q0τ2
(F.3)

a30 =
8(3u2

0 − 1)

3 (d− 3)Q2
0τ

4
(F.4)

a21 =
8(d− 2)(3u2

0 − 1)

(d− 3)Q2
0τ

4
(F.5)

a12 =
8(d− 2)2(3u2

0 − 1)

(d− 3)Q2
0τ

4
(F.6)

a03 =
8(d− 2)3(3u2

0 − 1)

3 (d− 3)Q2
0τ

4
(F.7)

b20 = − 4(d− 2)u0

(d− 3)Q0τ2
(F.8)

b02 = − 4(d− 2)3u0

(d− 3)Q0τ2
(F.9)

b11 = − 8(d− 2)2u0

(d− 3)Q0τ2
(F.10)
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b30 = −8(d− 2)(3u2
0 − 1)

3 (d− 3)Q2
0τ

4
(F.11)

b21 = −8(d− 2)2(3u2
0 − 1)

(d− 3)Q2
0τ

4
(F.12)

b12 = −8(d− 2)3(3u2
0 − 1)

(d− 3)Q2
0τ

4
(F.13)

b03 = −8(d− 2)4(3u2
0 − 1)

3 (d− 3)Q2
0τ

4
(F.14)

where 2 < d < 3.

Coefficeints ahk and bhk relative to the NS bifurcation analyzed in Ch. 7.

a20 = − p
2u0

Q0τ2
(F.15)

a02 =
(p− 2)pu0

Q0τ2
(F.16)

a11 =
2p
√

(2− p) pu0

Q0τ2
(F.17)

a30 =
p3
(
1− 3u2

0

)
3Q2

0τ
4

(F.18)

a21 =
p2
√

(2− p) p
(
3u2

0 − 1
)

Q2
0τ

4
(F.19)

a12 =
(p− 2)p2

(
3u2

0 − 1
)

Q2
0τ

4
(F.20)

a03 =
((2− p)p)3/2

(
3u2

0 − 1
)

3Q2
0τ

4
(F.21)

b20 =
p3u0√

(2− p) pQ0τ2
(F.22)

b02 =
p
√

(2− p) pu0

Q0τ2
(F.23)

b11 = −2p2u0

Q0τ2
(F.24)

b30 =
p4
(
3u2

0 − 1
)

3
√

(2− p) pQ2
0τ

4
(F.25)

b21 =
p3
(
1− 3u2

0

)
Q2

0τ
4

(F.26)

b12 =
p2
√

(2− p) p
(
3u2

0 − 1
)

Q2
0τ

4
(F.27)

b03 =
(p− 2)p2

(
3u2

0 − 1
)

3Q2
0τ

4
(F.28)
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where 0 < p < 2.

Coefficeints αhk relative to the NS bifurcation analyzed in Ch. 7.

α20 = −
p
(

2 + 2p2 − 3i
√

(2− p) p+ p
(
−5 + 2i

√
(2− p) p

))
u0

2(p− 2)Q0τ2
(F.29)

α02 =
p
(
−2 + p− i

√
(2− p) p

)
u0

2(p− 2)Q0τ2
(F.30)

α11 = −
p
(
−2 + p+ i

√
(2− p) p

)
u0

(p− 2)Q0τ2
(F.31)

α30 = −
p
(

4p+ 2p3 + i
√

(2− p) p− 4ip
√

(2− p) p+ 2ip2
(

3i+
√

(2− p) p
)) (

3u2
0 − 1

)
6(p− 2)Q2

0τ
4

(F.32)

α21 = −
p
(
p2 − i

√
(2− p) p+ ip

(
2i+

√
(2− p) p

)) (
3u2

0 − 1
)

2(p− 2)Q2
0τ

4
(F.33)

α12 =
ip2
(
3u2

0 − 1
)

2
√

(2− p) pQ2
0τ

4
(F.34)

α03 =
p
(
p2 + i

√
(2− p) p+ p

(
−2− i

√
(2− p) p

)) (
3u2

0 − 1
)

6(p− 2)Q2
0τ

4
(F.35)
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Coefficient ρ relative to the NS bifurcation of the damped system analyzed in Ch. 7

ρ = 1
32δ e

−3δ
(

2δ + e−2δ
(
p− e2δp+ i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

))((
2eδ
(
δ
(
e2δ − 1

)
+ p
)

(
δe2δ + p− e2δp− i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

)(
4δ2e2δ

(
e2δ − 1

)
− 2ieδ

(
eδ − 1

)
√

(e2δ − 1) p (4δe2δ + p− e2δp) + δ
(
1 + eδ

) (
−
(
eδ − 1

)2 (
1 + eδ

)
p+ i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

))
(

8δ4e2δ
(
e2δ − 1

)2 − 2eδ
(
eδ − 1

)2 (
1 + eδ

)
p2
((
e2δ − 1

)
p+ i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

)
−2δ3

(
e2δ − 1

) ((
1− 10e2δ − 4e3δ + 9e4δ

)
p+ i

(
−1− eδ + 4e2δ

)√
(e2δ − 1) p (4δe2δ + p− e2δp)

)
+δ
(
eδ − 1

)
p

(
− e5δ(p− 12)p− 2p2 + 2e2δp2 + 2ip

√
(e2δ − 1) p (4δe2δ + p− e2δp) + ieδ(3p− 4)(

ip+
√

(e2δ − 1) p (4δe2δ + p− e2δp)
)

+ e3δ

(
4p2 + 8i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

+p
(
−16− i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

)))
+ 2δ2

(
1 + eδ

)(
4e5δ(p− 2)p− 2p2 − e4δp(7p− 16)

+2ip
√

(e2δ − 1) p (4δe2δ + p− e2δp) + eδ
(
p2 − 2i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

−ip
√

(e2δ − 1) p (4δe2δ + p− e2δp)

)
+ e2δ

(
9p2 + 4i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

−5ip
√

(e2δ − 1) p (4δe2δ + p− e2δp)

)
+ e3δ

(
− 5p2 − 2i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

+p
(

3i
√

(e2δ − 1) p (4δe2δ + p− e2δp)− 8
))))

u2
0

)/((
eδ − 1

)4 (
4δe2δ + p− e2δp

)2(− (e2δ − 1
)
p((

e2δ − 1
)
p+ i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

)
+ δe2δ

(
3
(
e2δ − 1

)
p+ i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

))
Q2

0τ
4

)
+

((
1 + eδ

) (
δ
(
e2δ − 1

)
+ p
)(

8δ3e2δ
(
e2δ − 1

)
+ 2eδ

(
eδ − 1

)
p

((
e2δ − 1

)
p

+i
√

(e2δ − 1) p (4δe2δ + p− e2δp)

)
+ 2δ2

((
−1 + 6e2δ + 2e3δ − 3e4δ

)
p− i

(
−1− eδ + 2e2δ

)
√

(e2δ − 1) p (4δe2δ + p− e2δp)

)
+ δ

(
− e3δ(p− 8)p+ e4δ(p− 8)p+ 2p2

−2ip
√

(e2δ − 1) p (4δe2δ + p− e2δp) + eδ
(
p2 + 4i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

−ip
√

(e2δ − 1) p (4δe2δ + p− e2δp)

)
+ ie2δ

(
3ip2 − 4

√
(e2δ − 1) p (4δe2δ + p− e2δp)

+p
√

(e2δ − 1) p (4δe2δ + p− e2δp)

)))(
−1 + 3u2

0

))/((
eδ − 1

)2 (
4δe2δ + p− e2δp

)
Q2

0τ
4
)

+

(
8δe5δ−4δabs

[( (
δ
(
e2δ − 1

)
+ p
)(
− 4δ2e2δ

(
e2δ − 1

)
+ 2ieδ

(
eδ − 1

)√
(e2δ − 1) p (4δe2δ + p− e2δp)

+δ
(
1 + eδ

) ((
eδ − 1

)2 (
1 + eδ

)
p− i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

))
u0

)/((
eδ − 1

)2
(
4δe2δ + p− e2δp

)
Q0τ

2

)]2
)/((

e2δ − 1
)
p− i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

)
−
(
δ2e7δ−4δ

abs

[((
− 8δ4e2δ

(
e2δ − 1

)2
+ 2eδ

(
eδ − 1

)2 (
1 + eδ

)
p2
(
p− e2δp+ i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

)
(continues on the next page)
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(continues from the previous page)

+2δ3
(
e2δ − 1

) ((
1− 2e2δ + 4e3δ + 9e4δ

)
p− i

(
1 + eδ + 4e2δ

)√
(e2δ − 1) p (4δe2δ + p− e2δp)

)
+δeδ

(
eδ − 1

)
p

((
eδ − 1

) (
1 + eδ

)3
p2 − 4i

(
−1 + 2e2δ

)√
(e2δ − 1) p (4δe2δ + p− e2δp) +

(
1 + eδ

)
p(

4− 12e2δ + 12e3δ − i
√

(e2δ − 1) p (4δe2δ + p− e2δp) + eδ
(
−4− i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

)))
−2δ2eδ

(
1 + eδ

)(
p2 + 4e4δp(2 + p)− e3δp(16 + p)− 2i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

+ip
√

(e2δ − 1) p (4δe2δ + p− e2δp) + eδ
(
p2 + 4i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

+ip
√

(e2δ − 1) p (4δe2δ + p− e2δp)

)
+ e2δ

(
− 5p2 − 2i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

+p
(

8− 3i
√

(e2δ − 1) p (4δe2δ + p− e2δp)
))))

u0

)/(
δ
(
eδ − 1

)2 (
4δe2δ + p− e2δp

)
Q0τ

2
)]2)/

((
3δe2δ + p− e2δp

) ((
e2δ − 1

)
p+ i

√
(e2δ − 1) p (4δe2δ + p− e2δp)

)))
(F.36)
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