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Chapter 1

Introduction and background

1.1 Quantum computing

The transistor was invented in 1947 by John Bardeen, Walter Brattain, and William Shockley,
and revolutionized the field of electronics. The metal–oxide–semiconductor field-effect transistor,
the most widely used type of transistor, was developed at Bell Labs between 1955 and 1960. Since
then, personal computers and smartphones have become widespread and have shaped our daily
lives. As technology improves, more and more powerful computers are being manufactured every
year by large tech companies (e.g. Intel, AMD, Apple). Today’s commercial processors have
billions of transistors (made from silicon) and are capable of performing trillions of operations
per second with extremely high precision. Supercomputers are built using thousands of state-of-
the-art processors – corresponding to hundreds of thousands of processor cores in total – allowing
for significant advancements in computational science. According to Moore’s law [1], the number
of transistors on a microchip – and thus computing power – doubles approximately every two
years. However, as transistors approach the atomic scale, physical limitations, such as heat
dissipation and quantum tunneling, are making it increasingly difficult to maintain this pace.
Today, hardware manufacturing companies are using 4 nm production process to squeeze as many
transistors into one chip as possible. Innovations such as three-dimensional chip architectures
and specialized hardware (e.g. application-specific integrated circuits) have extended Moore’s
law, but it is unknown how much longer.

Quantum computing is a revolutionary approach that uses the principles of quantum mechan-
ics to process information. Unlike classical computers that use bits (which can take the value
0 or 1), quantum computers use quantum bits (or qubits), which can exist in superposition of
states (e.g. 0 and 1 with 50% probability for both). This allows quantum computers to solve
problems – such as factoring large integers [2], simulating quantum systems [3, 4], or optimiz-
ing sophisticated functions efficiently [4, 5] – that could be considered unsolvable by classical
algorithms due to the vast amount of computational time required (even for supercomputers).
Quantum computer prototypes do exist today, but have not yet realized their potential due to
their small number of qubits and the significant level of noise in physical implementation [6].
Currently, the USA – via private companies such as Microsoft, IBM, Google, Amazon – and
China are the global leaders in the field, however Europe is also investing significant amounts of
money in quantum technologies [7]. Indicative of the growing industry, Ref. [8] showed that in
2022 there were more than 400 start-up companies worldwide focusing on quantum technologies.

A qubit can be created from any system with two distinct quantum states, |0⟩ and |1⟩. These
two states are called the computational basis states, and an arbitrary (pure) qubit state can be
obtained as the linear combination of those,

|ψ⟩ = α |0⟩+ β |1⟩ , (1.1)
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Figure 1.1: Arbitrary pure quantum state |ψ⟩ of a qubit (see Eq. (1.1)) represented on the Bloch
sphere.

where α and β are complex coefficients, fulfilling the normalization condition,

|α|2 + |β|2 = 1. (1.2)

Qubit states can be represented as vectors, using the basis states

|0⟩ =
(
1
0

)
, |1⟩ =

(
0
1

)
, (1.3)

or visualized on the surface of a unit sphere, called the Bloch sphere [9], which is shown in
Fig. 1.1. Multi-qubit states are described by 2n complex coefficients (in a tensor product basis),
where n is the number of qubits. This means that increasing the number of qubits linearly, the
amount of data fully characterizing their quantum state grows exponentially.

Qubit manipulation is described by unitary operations applied to the quantum state Eq. (1.1).
Any single-qubit rotation on the Bloch sphere has its corresponding 2×2 unitary matrix. Opera-
tions involving more qubits usually generate entanglement or swap the qubit states. These single
and multi-qubit operations are often called gates, and a quantum algorithm can be represented
as a quantum circuit [9], see Fig. 1.2. To obtain a universal gate set that is capable of realizing
any desired operation, a few single-qubit gates and an appropriately chosen two-qubit gate are
sufficient. For instance, a commonly used universal gate set includes the T gate, the S gate, the
Hadamard gate, and the controlled-not (cnot) [9]:

{T, S, H, cnot}. (1.4)

The definition of these gates is listed in Table 1.1. These gates can be used to generate any
single-qubit rotation and to entangle qubits. The Solovay–Kitaev theorem guarantees that such
a set can be used to approximate any desired quantum gate with a short sequence of gates,
which can also be found efficiently [9, 10]. A circuit lacking T gates (containing S, H, and
cnot gates only) is called a Clifford circuit. Interestingly, an n qubit Clifford circuit including
measurements, composed of m operations can be simulated in O(n2m) polynomial time on a
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Figure 1.2: Example quantum circuit that prepares an entangled two-qubit state (Bell state)
from the initial |0⟩ states. At the end of the circuit, the qubits are measured. The definition of
the gates building up the quantum circuit can be found in Table 1.1.

classical computer [11–13]. This means that not only coherence and entanglement [14], but
magic (or non-stabilizerness) injected by the T gates is also an important ingredient of a truly
quantum algorithm [15, 16].

The physical description of a quantum gate is based on the Hamiltonian Ĥ(t) which generates
the unitary time evolution of the involved qubits governed by the time-dependent Schrödinger
equation. Hence, an arbitrary gate U can be expressed as

U = T exp

(
− i

ℏ

∫ Tg

0
dt Ĥ(t)

)
, (1.5)

where T is time ordering, ℏ = h/(2π) is the reduced Planck constant, and Tg is the gate duration.
Physical realization of quantum gates and qubits thus corresponds to engineering the Hamiltonian
of the system, Ĥ. In contrast with the deterministic time evolution, projective measurement of
the qubit in the computational basis collapses the wavefunction and gives the outcome 0 or 1
with probabilities p0 = |α|2 and p1 = |β|2, and post-measurement states |0⟩ and |1⟩, respectively.

It is worthwhile to mention that measurement-based quantum computation (MBQC) offers
a fundamentally different approach from the traditional circuit model that is based on unitary
time evolution. Instead of manipulating qubits through a sequence of gates, MBQC uses a highly
entangled initial state (called graph state or cluster state) and performs the computation through
destructive single-qubit measurements alone [17–19]. This measurement-based approach can sim-
plify experimental realization for some architectures, e.g. for photonic quantum computing [20].

1.2 Qubits in solid-state systems

1.2.1 Spin qubits

In practice, useful quantum algorithms would require millions of qubits [21], thus scalability
is a crucial criterion for qubit architectures. In the past 25 years, semiconductor spin qubits have
emerged as a promising platform for future quantum computers. A single electron or a single hole
confined in a semiconductor quantum dot has a small characteristic size (10 − 100 nm) [22, 23]
compared to superconducting qubits (100 microns) [24]. Furthermore, spin qubits also have
high-fidelity universal quantum control (single-qubit and two-qubit gate fidelities above 99.5%)
[25, 26], the capability of operation above one kelvin [27–31], and their fabrication exploits today’s
highly advanced technologies of the semiconductor industry [32–34].

Loss–DiVincenzo qubits

Loss–DiVincenzo qubits are single-electron spin qubits hosted in quantum dots ("artificial
atoms"). A two-dimensional electron gas can be formed in a semiconductor heterostructure
at the interface layer. Fig. 1.3 shows such a heterostructure, a GaAs quantum dot device.
Metallic gate electrodes are used to form the quantum dots by applying a negative gate voltage
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Name of the gate Circuit notation Matrix

Pauli-X (X, not) X

(
0 1
1 0

)

Pauli-Z (Z) Z

(
1 0
0 −1

)

T T

(
1 0

0 eiπ/4

)

S S

(
1 0
0 i

)

Hadamard (H) H
1√
2

(
1 1
1 −1

)

Controlled-not (cnot)


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0



swap


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1


√

swap
♦

♦


1 0 0 0
0 1−i

2
1+i
2 0

0 1+i
2

1−i
2 0

0 0 0 1


Measurement

(
1 0
0 0

)
or
(
0 0
0 1

)

Table 1.1: List of elementary single and two-qubit gates and the matrices of the corresponding
unitary operators in the computational basis. Note that the measurement is not a unitary
operation, and it is not deterministic. It is described by a matrix which projects the state of the
qubit to |0⟩ or |1⟩, depending on the measurement outcome.
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region

GaAs

AlGaAs

Figure 1.3: GaAs quantum dot device defined by metal surface electrodes (gates). A two-
dimensional electron gas (2DEG) is formed at the interface layer between GaAs and AlGaAs.
The quantum dots are defined by applying a negative gate voltage to the surface electrodes that
creates depleted regions (denoted by white) at the interface layer. Figure taken from Ref. [35].

that creates depleted regions due to Coulomb repulsion. The imposed electrostatic confinement
potential has atom-like orbitals (energy levels), suitable for trapping a single electron (see top
panel of Fig. 1.4(a)). The electron is a spin-1/2 particle, thus occupying e.g. the ground state
orbital it has two energy sublevels, |↑⟩ and |↓⟩, which makes it a natural qubit system when the
orbitals are well-separated in energy. An external magnetic field is used to control the energy
splitting of these spin states.

The simplest description of a spin qubit confined in a quantum dot is given by the effective
Hamiltonian,

Ĥspin =
1

2
g∗µBB

z
effσ̂z, (1.6)

where µB = 57.9 µeV/T is the Bohr magneton, Bz
eff describes the effect of a static external

magnetic field (also called the Zeeman field) pointing in the z direction, σ̂z is the Pauli-Z matrix,
and g∗ is the effective g-factor which is dependent on the host material and the electrostatic
potential landscape that is used to define the quantum dot. In vacuum, the electron g-factor
is g = 2, while in semiconductor devices it is renormalized by the spin–orbit interaction and
ranges between 0.2 ≲ g∗ ≲ 15 [36–38], depending on the direction of the magnetic field as
well (commonly referred to as g-tensor anisotropy). The static Hamiltonian, Eq. (1.6), induces
spin precession around the z axis on a generic qubit state, Eq. (1.1). Therefore, usually it is
convenient to describe the qubit dynamics in the so-called qubit frame which rotates with the
qubit frequency, fQ = g∗µBB

z
eff/h, around the z axis.

Single-qubit rotations around the x or the y axis are performed by appropriate microwave
pulses, and described by

Ĥdrive(t) =
1

2
g∗µBBac sin (ωact+ ϕ) σ̂x, (1.7)

where Bac is the amplitude, ωac is the frequency, and ϕ is the phase of the driving field (denoted
by Bx

eff(t) in Fig. 1.4). To reach complete oscillations on the Bloch sphere, the drive has to be
resonant with the qubit frequency, ωac = 2πfQ. The actual rotation angle is determined by the
drive strength Bac and the pulse duration, while the axis of the rotation is controlled by the
phase ϕ. Alternatively, in the presence of (strong) spin–orbit interaction, it is also possible to
drive the qubit with an ac electric field [30, 39, 40].

Neighboring spins (e.g. in a double quantum dot) interact via Heisenberg exchange. This
exchange interaction arises from the spatial overlap of the electronic wavefunctions, thus its
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Figure 1.4: Spin qubits in quantum dots. (a) Spin configurations, (b) Bloch spheres associated
with Loss–DiVincenzo single spin qubits, two-spin singlet-triplet qubits, and three-spin exchange-
only spin qubits. Figure taken from Ref. [23].

strength is controlled by the tunnel barrier separating the qubits [41]. Heisenberg exchange
naturally gives rise to a swap or a

√
swap gate (listed in Table 1.1), however, when the exchange

is anisotropic it could be exploited to engineer a cnot gate as well [42].
In these devices, the readout of the spin quantum state relies on spin-dependent single elec-

tron tunneling processes (e.g. Pauli spin blockade), which then enable charge readout via direct
electronic transport [35], charge sensing techniques [43], or dipole coupling to a microwave res-
onator [44, 45]. Pauli spin blockade (PSB) is a mechanism in double quantum dot systems where
electron tunneling is inhibited due to the Pauli exclusion principle. When two electrons occupy a
double quantum dot, the transition from the (1, 1) charge configuration to the (0, 2) configuration
is allowed only if the electrons form a spin singlet state; triplet states are blocked (provided the
orbital level spacing is large) because the (0, 2) configuration can only accommodate a singlet
pair on the same orbital. Thus, PSB enables spin-to-charge conversion [35].

Today, state-of-the-art devices are based on silicon metal-oxide-semiconductor (MOS) and
Si/SiGe heterostructures, and they have 4-12 qubits with single-qubit and two-qubit gate dura-
tions Tg ≈ 10− 100 ns [22, 46–48].

Singlet-triplet qubits

Controlling the on-site energies and the tunnel coupling, a double quantum dot can be tuned
to a charge configuration where both dots are occupied by one electron. Eigenstates of such a
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two-spin system have also been utilized to encode a single qubit [49], shown in the middle panel
of Fig. 1.4. Distinguished by the total spin quantum number, the singlet and triplet quantum
states,

|S⟩ = 1√
2
(|↑↓⟩ − |↓↑⟩) , (1.8)

|T0⟩ =
1√
2
(|↑↓⟩+ |↓↑⟩) , (1.9)

can be identified as e.g. |0⟩ = |T0⟩, and |1⟩ = |S⟩. In this case, the qubit Hamiltonian has the
form

ĤST0 =
J

2
σ̂z =

J

2
(|0⟩⟨0| − |1⟩⟨1|) =

(
J
2 0

0 −J
2

)
, (1.10)

where J is the exchange energy, i.e. the energy splitting between the singlet and the triplet states
at zero magnetic field. For two electrons in a double quantum dot, the exchange energy J can be
controlled electrically by changing the detuning or the tunnel barrier between the two quantum
dots. The exchange splitting of the singlet-triplet qubit leads to oscillations about the z axis of
the Bloch sphere, similar to the Zeeman field for Loss–DiVincenzo qubits. Rotations about the
x axis of the Bloch sphere can, e.g., be achieved with magnetic field gradients ∆Bz (depicted in
green in Fig. 1.4) or differences in g-factors that lead to an energy difference between the |↑↓⟩
and |↓↑⟩ states [50, 51].

Other types of spin qubits

Similarly to singlet-triplet qubits, exchange-only qubits are encoded using the collective quan-
tum state of a few (e.g. three) spins [52, 53], see the bottom panel of Fig. 1.4(a). By adjusting
the nearest-neighbor exchange coupling, it is possible to manipulate the encoded qubit state
(as shown in the bottom panel of Fig. 1.4(b)) and entangle neighboring qubits as well [52, 54].
The main advantage of exchange-only qubits is that they can operate without direct single-spin
rotations, which typically require precise control of magnetic fields. Instead, they rely solely
on electrically tunable, fast exchange pulses [55], making them easier to fabricate, without the
need for an external magnetic field. Additionally, when they are operated in the combined to-
tal spin angular momentum Stot = 0 subspace, they decouple from certain local magnetic field
fluctuations (e.g. hyperfine noise) [56, 57].

A fundamentally different approach to spin qubits is to use nuclear spin states for quantum
computing. Doped semiconductors [58], or point defects [59] are the host platforms for these
qubits. Nuclear spins are ideal candidates for storing quantum information since they exhibit
high coherence [60]. Unlike traditional spin qubits driven by microwave pulses, nuclear spin
qubits are addressed using radio-frequency electromagnetic fields. In these registers, besides
nuclear spins, nearby electrons are also utilized as spin qubits and play a crucial role: provided
by the hyperfine interaction they allows for the readout of nuclear spin states and efficient multi-
qubit operations [61].

1.2.2 Superconducting qubits

Today, superconducting qubits are the most advanced among solid-state qubit platforms in
terms of qubit count and average gate fidelities [62, 63]. An effective description of the transmon
qubit is often done using the Hamiltonian of a Cooper pair box [64]: a superconducting island
tunnel coupled to a grounded superconductor (called the “lead”),

Ĥtransmon = 4EC (n̂− ng)
2 − EJ cos φ̂. (1.11)
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Figure 1.5: The Cooper pair box. (a) Micrograph image of the device. (b) Circuit diagram
showing that the superconducting island ("box") is in contact with a superconducting reservoir
through a tunnel junction with capacitance CJ . The Josephson energy EJ is tunable by magnetic
flux ϕ. Excess Cooper pairs tunnel onto the island in response to an electric field applied by
means of the gate capacitance Cg and gate voltage Vg. Figure taken from Ref. [66].

The Cooper pair box is depicted in Fig. 1.5. In the Hamiltonian, n̂ is the number of Cooper
pairs on the island, φ̂ is the gauge-invariant phase difference between the superconductors, EC is
the charging energy (determined by the total capacitance of the box electrode), ng = CgVg/(2e)
is the offset charge (tunable by gate voltage Vg) with 2e being the electric charge of a Cooper
pair, and EJ is the Josephson energy (tunable by magnetic flux). The number operator n̂ and
the phase operator φ̂ are conjugate variables, as position and momentum. Fig. 1.6 shows the
energy spectrum as a function of the offset charge ng for different EJ/EC ratios. The transmon is
operated in the regime EJ ≫ EC , where the dispersion is completely flat (as shown in Fig. 1.6(d))
providing reduced sensitivity to charge noise. In terms of the energy spectrum, this system is
equivalent to an anharmonic oscillator whose lowest two eigenstates are used to realize a qubit.
Since the second excited state (m = 2, blue line in Fig. 1.6(d)) is not far in energy, leakage from
the computational subspace can occur during operation, and in certain applications it has to be
mitigated [65].

Single-qubit rotations are usually implemented as microwave pulses (with pulse duration
Tg ≈ 10 ns) applied through control lines that are capacitively coupled to the qubit island [67, 68].
In a modern architecture, the transmon qubits are also coupled to each other, and to a readout
resonator, allowing for two-qubit gates and qubit measurement [68, 69], respectively.

Most recently, Andreev spin qubits have emerged, combining superconducting qubits and
spin qubits. These type of hybrid qubits utilize Andreev bound states, which form at the inter-
face between the superconducting and a normal (non-superconducting) material when they are
strongly coupled [70]. Andreev spin qubits have been realized in semiconductor-superconductor
hybrid nanowires [71]. Experiments demonstrated coherent single-qubit manipulation and cou-
pling between two Andreev spin qubits [72, 73].

1.2.3 Majorana qubits

Topological protection is an intriguing phenomenon of condensed matter physics arising in
systems whose band structure has a non-zero topological invariant [74]. A qubit encoded in
the degenerate ground state of a one-dimensional topological superconductor is shown to be
protected against local disorder and noise [75, 76]. A simple model possessing such a robust
ground-state degeneracy is the Kitaev chain [77]. Quantum information could be stored in the
fermion parity of Majorana zero modes localized at the end of the chain in a robust way. A
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Figure 1.6: Eigenenergies (lowest three levels, m = 0, 1, 2) of the transmon Hamiltonian,
Eq. (1.11), as a function of the offset charge ng for increasing ratios EJ/EC from (a) to (d).
Energies are given in units of the transition energy E01, evaluated at the degeneracy point
ng = 1/2. Panel (d) shows the transmon regime where the dispersion is completely flat, provid-
ing reduced sensitivity to charge noise. Figure taken from Ref. [64].
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Majorana qubit is formed using two uncoupled Kitaev chains, e.g., in the globally even subspace.
Qubit manipulation is possible via spatial exchange ("braiding") due to the non-Abelian statistics
of these zero-energy excitations [78, 79]. Projective measurements of the fermion parity could
be used to perform the qubit readout [80]. The simulation of braiding, dephasing, and readout
of Majorana qubits is extensively studied in the group of my supervisor [81–85].

The fabrication of such topological systems is a challenging task. However, recent proposals
based on quantum dot-superconductor hybrid structures appear to be attainable by experiments
[86–89].

1.3 Quantum error correction

In the absence of topological protection, decoherence drives the quantum systems to the
classical regime where the speedup of quantum computers vanishes. For example, factoring a
2048 bit RSA integer using Shor’s algorithm requires around 1012 operations [21], thus at least
10−12 precision per operation. Today’s state-of-the-art quantum chips have roughly 100 qubits
with 10−3 best case precision. Therefore, a formidable nine orders of magnitude improvement is
demanded to be able to successfully execute the factoring task.

An alternative solution is to use quantum error correction to prevent decoherence, and achieve
higher operational precision. This requires many more qubits, roughly one million of them to
implement the factoring algorithm [90]. The corresponding five orders of magnitude improvement
seems to be more attainable than the nine orders of magnitude required through precision alone.
In line with this observation, most experts agree that quantum error correction is the viable
approach for achieving practical quantum computing.

A quantum error correction code is able to detect bit-flip and phase-flip errors, and a subse-
quent recovery operation can be applied to correct these errors. Using such a scheme, quantum
information of a single logical qubit is distributed over many entangled physical qubits [91],
enabling the identification of errors through a decoding process. The fault-tolerance theorem
guarantees that if the noise per elementary operation is below a non-zero error threshold then
quantum computation can be performed efficiently with arbitrary accuracy [75, 92–94]. However,
increasing accuracy requires an increasing number of physical (data) qubits, and not all quan-
tum processors can run all codes (quantum error correction codes are not hardware agnostic). A
chronological overview of quantum error correction experiments (from 1998 up to 2024) on all
hardware platforms is given in Table II. of Ref. [95].

1.3.1 Repetition code

A fundamental example of error correction codes is the repetition code. The classical repe-
tition code encodes bits by repeating them: the smallest code that can correct errors uses three
physical bits to encode one logical bit with the mapping

0L = 000, 1L = 111, (1.12)

where 000 and 111 are known as the codewords [9]. If the measured state is outside of the
codespace (i.e. it is neither 000 nor 111) then at least one bit-flip error occurred. Error correction
can be implemented by taking a majority vote. If each physical bit is subject to an independent
error probability p, then the logical error probability of this scheme (the probability of the
majority vote being incorrect, which happens if more than half of the bits were flipped) becomes

pL = p3 + 3p2(1− p), (1.13)

since there are
(
3
2

)
= 3 possible ways to flip two out of three bits. When the physical error

probability is sufficiently small, that is, below the code threshold, the logical error probability
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can be suppressed by increasing the number of physical bits in the code. In Eq. (1.13), the logical
error probability is lower than the physical error probability, pL < p, as long as p < pth = 0.5,
which coincides with the code threshold in this case.

In quantum information, bit-flip errors (Pauli-X noise) can be corrected using an equivalent
encoding for a logical qubit, e.g.

|0L⟩ = |0⟩ ⊗ |0⟩ ⊗ |0⟩ ≡ |000⟩ , |1L⟩ = |1⟩ ⊗ |1⟩ ⊗ |1⟩ ≡ |111⟩ . (1.14)

These states are called the codeword basis states, and they span the codespace. A general pure
qubit state, Eq. (1.1) is thus encoded in the codespace as

|ψL⟩ = α |0L⟩+ β |1L⟩ = α |000⟩+ β |111⟩ . (1.15)

Projective measurement of the individual qubits would collapse the wavefunction, destroying the
encoded qubit. Avoiding this, the single-qubit errors are detected via checking that the parity of
any pair of qubits is even (the state is in the subspace spanned by |000⟩ and |111⟩). Measuring
the joint Z-parity of qubits i and j is equivalent to measuring the observable Ẑi ⊗ Ẑj ≡ ẐiẐj ,
therefore the observables Ẑ1Ẑ2Î3 and Î1Ẑ2Ẑ3, with Î being the identity matrix, reveal where
neighbouring qubits differ in parity. The Z-parity of two qubits can be measured using an
ancillary qubit, as shown in Fig. 1.7(a). The outcome of these parity measurements is known as
the error syndrome [96]. For example, a bit-flip error on the first qubit, described by X̂1Î2Î3,
changes the encoded state as

|ψL⟩ → X̂1Î2Î3 |ψL⟩ = α |100⟩+ β |011⟩ , (1.16)

and it is detected by the first parity check, since the Ẑ1Ẑ2Î3 check operator, which anticommutes
with the error operator, will return with (−1) eigenvalue in this case, resulting in error syndrome
(−1,+1).

In case of Pauli errors, the error can be corrected by applying the same Pauli operator on
the encoded state (flipping the same qubit twice is the same as identity). However, in a physical
experiment, one only sees the resulting error syndrome and has to propose a correction based on
that. Assuming that errors happen independently, with a small probability, it is easy to find the
optimal strategy for correction, since there are only 4 different error syndromes altogether. The
correction operations inferred from the syndromes are

(+1,+1) → Î1Î2Î3, (1.17)

(−1,+1) → X̂1Î2Î3, (1.18)

(+1,−1) → Î1Î2X̂3, (1.19)

(−1,−1) → Î1X̂2Î3. (1.20)

Table 1.2 lists all possible bit-flip errors, and the resulting faulty logical states, error syndromes,
correction operations, and the final states after error correction. Error correction is successful
when the final state is identical to the initial encoded state, Eq. (1.15), which is the case when
a single error occurs only.

Single-qubit phase-flip errors (Pauli-Z noise) can be corrected similarly with the encoding

|0L⟩ = |+⟩ ⊗ |+⟩ ⊗ |+⟩ ≡ |+++⟩ , (1.21)
|1L⟩ = |−⟩ ⊗ |−⟩ ⊗ |−⟩ ≡ |− − −⟩ , (1.22)

where |+⟩ and |−⟩ are the eigenstates of X̂,

|+⟩ = 1√
2
(|0⟩+ |1⟩) , (1.23)

|−⟩ = 1√
2
(|0⟩ − |1⟩) . (1.24)
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Qubit 1

Qubit 2

|0⟩

(a) Z-type parity check

Qubit 1

Qubit 2

|0⟩ H H

(b) X-type parity check

Figure 1.7: Quantum circuits that measure the parity of two qubits in (a) Z basis and (b) in X
basis, using an ancillary qubit (prepared in |0⟩) and cnot gates. Even parity is associated with
the outcome 0 (corresponding to the +1 eigenvalue of Ẑ1Ẑ2 or X̂1X̂2), and odd parity with the
outcome 1 (corresponding to the −1 eigenvalue of Ẑ1Ẑ2 or X̂1X̂2). Such a measurement does
not disturb the encoded logical state, Eq. (1.15).

Error Logical state with error Syndrome Correction Final state

Î1Î2Î3 α |000⟩+ β |111⟩ (+1,+1) Î1Î2Î3 α |000⟩+ β |111⟩
X̂1Î2Î3 α |100⟩+ β |011⟩ (−1,+1) X̂1Î2Î3 α |000⟩+ β |111⟩
Î1X̂2Î3 α |010⟩+ β |101⟩ (−1,−1) Î1X̂2Î3 α |000⟩+ β |111⟩
Î1Î2X̂3 α |001⟩+ β |110⟩ (+1,−1) Î1Î2X̂3 α |000⟩+ β |111⟩
X̂1X̂2Î3 α |110⟩+ β |001⟩ (+1,−1) Î1Î2X̂3 α |111⟩+ β |000⟩
X̂1Î2X̂3 α |101⟩+ β |010⟩ (−1,−1) Î1X̂2Î3 α |111⟩+ β |000⟩
Î1X̂2X̂3 α |011⟩+ β |100⟩ (−1,+1) X̂1Î2Î3 α |111⟩+ β |000⟩
X̂1X̂2X̂3 α |111⟩+ β |000⟩ (+1,+1) Î1Î2Î3 α |111⟩+ β |000⟩

Table 1.2: List of all possible bit-flip errors, and the resulting logical states, error syndromes,
correction operations, and the final states after error correction for the 3-qubit bit-flip repetition
code. The first row corresponds to having no error. The error syndrome shows the measured
value of the observables Ẑ1Ẑ2Î3 and Î1Ẑ2Ẑ3. Error correction is successful when the final state
is identical to the initial encoded state, Eq. (1.15). This holds for the upper four rows of this
table.
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In this case, the parity check operators are X̂1X̂2Î3 and Î1X̂2X̂3. An X-type parity check can
be measured using extra Hadamard gates, as shown in Fig. 1.7(b).

In conclusion, it is possible to correct bit-flip and phase-flip errors with repetition codes.
However, as described in the next section in more detail, the repetition code is insufficient to
correct both types of errors simultaneously. Thus the repetition code is often called a classical
code [9]. In the following, I discuss quantum codes as well, which can detect and correct both
types of errors.

1.3.2 Stabilizer formalism

One of the most common classes of quantum error correction codes is stabilizer codes. The
stabilizer formalism provides a framework to define and study quantum error correction codes
in terms of (multi-qubit) Pauli operators, rather than directly using the encoded logical states.
Stabilizer codes are defined on a set of physical qubits by specifying two sets of operators [96]:
a set of independent stabilizer generators, and a set of encoded logical operators. The stabi-
lizer generators are n-qubit Pauli operators that leave the codespace invariant (logical identity
operations), meaning that each generator Ŝf satisfies

Ŝf |ψL⟩ = |ψL⟩ , (1.25)

for any logical state |ψL⟩. They generate a group (the stabilizer group of the quantum code),
and they commute with each other (Abelian group).

The encoded logical Pauli operators must commute with all elements of the stabilizer group
and they have to satisfy the commutation (or anticommutation) relations of the Pauli operators
which they represent. For example, the encoded logical X and Z operators act on the logical
states as the Pauli-X and Pauli-Z operators on a single qubit:

X̂L |0L⟩ = |1L⟩ , X̂L |1L⟩ = |0L⟩ ; ẐL |0L⟩ = |0L⟩ , ẐL |1L⟩ = − |1L⟩ , (1.26)

and the logical Y operator is just the combination of these two, Ŷ L = iX̂LẐL. There are multiple
equivalent operators that realize the same encoded logic, since e.g. (X̂LŜf ) |ψL⟩ = X̂L |ψL⟩.

The code distance is the minimal weight of any (non-identity) logical operator on the code,
where the weight of an operator is the number of physical qubits it acts on (non-trivially). When
different logical operators have different minimal weights, usually the smallest one is taken as
the distance of the quantum code. The number of encoded logical qubits k is determined by the
number of stabilizer generators m, and the number of physical qubits n as k = n−m [97]. Such a
Pauli stabilizer code is denoted as Jn, k, dK. Errors in stabilizer codes are detected by measuring
the stabilizer generators. In practice, this is done with the help of ancillary qubits, similarly as
described for the repetition code (Fig. 1.7).

The simplest example of a (classical) stabilizer code is the repetition code. The stabilizer
generators of the 3-qubit bit-flip repetition code are the operators that are measured to detect
bit-flip errors. Thus, the stabilizer group can be viewed as a set of measurements for which error-
free logical states return (+1) eigenvalues, but when there is a detectable error, one or more (−1)
eigenvalues will be returned. Since n-qubit Pauli operators either commute or anticommute with
each other, a measured (+1) eigenvalue reflects that the error operator commutes with the given
stabilizer group element, while a (−1) eigenvalue shows that the error operator Ê anticommutes
with a stabilizer group element Ŝf ,

Ŝf Ê |ψL⟩ = −ÊŜf |ψL⟩ = −Ê |ψL⟩ , (1.27)

leading out of the codespace. In the stabilizer formalism, the 3-qubit bit-flip repetition code is
defined by their stabilizer generators, Ŝ1 = X̂1X̂2Î3 and Ŝ2 = Î1X̂2X̂3, together with the logical
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operators X̂L = X̂1X̂2X̂3, and e.g. ẐL = Ẑ1Î2Î3. Note that in the bit-flip encoding, Eq. (1.15),
a single phase-flip error can cause a logical error, since

|ψL⟩ → Ẑ1Î2Î3 |ψL⟩ = α |0L⟩ − β |1L⟩ = ẐL |ψL⟩ (1.28)

This means that in this case, the code distance for bit-flip errors is dX = 3, but for phase-flips
it is dZ = 1.

As described in the previous section, errors are corrected by applying a correction operator
that returns the logical state to the codespace. Although, for the simple case of the 3-qubit
repetition code, it is easy to list all possible error syndromes and use a look-up table decoder
(see Eqs. (1.17)-(1.20)), however in general, the suitable correction operator is calculated by a
classical algorithm called a decoder [97], based on the stabilizer measurement outcomes. Many
quantum error correcting codes can be represented in the stabilizer formalism. The next section
provides another example, the surface code, which will play a central role in Chapters 3 and 4
of this thesis.

1.3.3 Surface code

One of the most prominent quantum error correction codes is the surface code [98–100],
depicted in Fig. 1.8, which is based on a two-dimensional qubit grid and requires only nearest-
neighbor connectivity. The surface code is a code family, whose members are labelled by the odd
integer d, the code distance. The distance-d surface code is a stabilizer code, it encodes a single
logical qubit, and has code size d2, meaning that it consists of n = d2 physical data qubits. The
smallest surface code patch suitable for error correction (d = 3) is depicted in Fig. 1.8(a). The
encoded quantum information is preserved by checking the joint parity of all qubit plaquettes
(each formed by four data qubits) in X or Z basis, denoted by light blue or light gray color on
Fig. 1.8, respectively. Using the layout of Fig. 1.8, the stabilizer generators of the distance-3
code are

Ŝ1 = X̂1X̂2, Ŝ2 = X̂2X̂3X̂5X̂6, Ŝ3 = X̂4X̂5X̂7X̂8, Ŝ4 = X̂8X̂9, (1.29)

Ŝ5 = Ẑ1Ẑ2Ẑ4Ẑ5, Ŝ6 = Ẑ3Ẑ6, Ŝ7 = Ẑ4Ẑ7, Ŝ8 = Ẑ5Ẑ6Ẑ8Ẑ9. (1.30)

At the edges of the code, instead of weight-4 (e.g. Ŝ2), there are only weight-2 (e.g. Ŝ1)
stabilizers of one type (X or Z). Since the logical qubit states are the common eigenstates of all
these stabilizer operators with eigenvalue +1, starting from the computational basis states they
can be obtained by projection to the logical subspace as

|0L⟩ = Nd

n−1∏
f=1

Î + Ŝf
2

|0⟩⊗n ; (1.31)

|1L⟩ = Nd

n−1∏
f=1

Î + Ŝf
2

|1⟩⊗n , (1.32)

where Nd = 2(d
2−1)/4 is a normalization factor.

Logical X (Z) operators connect the X-type (Z-type) edges of the code, meaning that a
string of Pauli-X (Pauli-Z) operators on the physical qubits performs a corresponding X (Z)
flip on the logical qubit [100]. Following from the definition of code distance, the shortest such
string has length d, see red and blue strings in Fig. 1.8(a), corresponding to logical operators
X̂L = X̂1X̂4X̂7 and ẐL = Ẑ1Ẑ2Ẑ3, respectively. Provided by the fact that they touch at a
single data qubit only, the X̂L and ẐL operators anti-commute, just as the physical X and Z
operators. Furthermore, the logical operators touch each stabilizer operator on two data qubits,
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Figure 1.8: Layout of a distance-3 surface code patch [101]. (a) The black dots represent the data
qubits. In this case, 9 data qubits encode a single logical qubit. Light blue (light gray) plaquettes
represent X-type (Z-type) stabilizer operators. Red (blue) string shows an example logical X (Z)
operator. Any string of Pauli-X (Pauli-Z) operators connecting the light blue (light grey) edges,
and touching each Z-type (X-type) stabilizer operators on two data qubits is a valid logical X (Z)
operator. (b) Error string Ê = X̂2X̂5. Red color represents the Pauli-X errors on the physical
qubits. Yellow color indicates the change in the corresponding parity check outcome. (c) The
single-qubit X̂9 error results in the same parity check outcome as the error string Ê = X̂2X̂5,
showing that the distance-3 surface code is able to reliably correct a single error only during a
single error correction cycle.
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implying that they commute with all of those. Note that, e.g. X̂L = X̂1X̂5X̂9 would be a valid
logical X operator as well.

As mentioned previously, error detection is done by measuring all parity checks, and the
result of this process is an error syndrome s. After the syndrome is measured, a (classical)
decoding algorithm has to be employed to find its cause, i.e., the corresponding errors on the
physical qubits. Independent Pauli-X (or Pauli-Z) errors occurring on multiple data qubits
simultaneously lead to a Pauli string of errors (multi-qubit Pauli operators), e.g. Ê = X̂2X̂5.
Error correction fails if the correction operation Ĉs suggested by the decoder, in combination
with the error string Ê, connects the edges of the code. For example, the error string Ê touches
the stabilizer operator Ŝ5 = Ẑ1Ẑ2Ẑ4Ẑ5 on two data qubits and Ŝ8 = Ẑ5Ẑ6Ẑ8Ẑ9 on a single data
qubit, thus only the measurement of Ŝ8 will return with a (−1) value, as shown on Fig. 1.8(b).
The decoder can confuse this outcome with a single X̂9 error which provides the same error
syndrome, depicted on Fig. 1.8(c). Applying the corresponding correction Ĉs = X̂9 would result
in a logical error in the distance-3 surface code, since ĈsÊ = X̂2X̂5X̂9 is a logical X operator.
To test these and further examples, an interactive visualization tool is available at [102].

The surface code has the advantage of having fast and accurate decoders available [103–107].
The simplest quantum error correction experiment is a memory experiment, where a surface code
logical state |0L⟩ (|+L⟩) is prepared by initializing all data qubits to |0⟩ (|+⟩), that is followed
by one or more rounds of stabilizer measurement, and finally the measurement of all data qubits
in the Z basis (X basis). In this case, the decoding and the evaluation of logical errors can
be performed in post-processing, after the data is collected by the measurements [63]. Active
error correction is enabled by feedforward operations, referring to the case when the measurement
outcomes are used to determine future quantum operations. Utilizing fast feedforward operations,
error correction can be performed in real-time, which is a requirement for universal fault-tolerant
quantum computation [108].

The surface code shows threshold behavior, which means that if the strength of physical
errors is below a threshold pth, then the code performs increasingly better as the code size is
increased, with vanishing logical error for asymptotically large code size [99, 100]:

pL ∝
(
p

pth

) d+1
2

, (1.33)

where p is the physical error rate and d+1
2 is the minimal number of simultaneous single-qubit

errors that can cause a logical error for odd distance d. The error threshold of the surface
code is pth ≈ 1% for realistic (circuit-level) noise which is within reach for state-of-the-art solid-
state quantum hardware, e.g. superconducting qubits [63, 109–111]. The first error correction
experiments with semiconductor spin qubits realized the phase-flip repetition code [112, 113]
with a single round of measurement and without feed-forward; however, full-fledged quantum
error correction (e.g. the surface code) has yet to be realized with this platform.

Besides experimental progress, another important line of research is the simulation of quan-
tum error correction codes to forecast their future performance. The effect of Pauli errors during
quantum error correction is well-understood due to the efficient simulability [12] and the existence
of mappings to classical disordered spin models [114]. However, the exploration of more realistic
error models (including e.g. gate errors and measurement errors) is an ever-present challenge.
Recently, efficient large-scale numerical simulations of coherent errors became feasible, due to
a newly developed technique [115]. This technique was originally used to investigate the effect
of uniform coherent errors in the surface code, then follow-up works extended this to arbitrary
planar-graph surface codes [116] and the presence of phenomenological readout errors [117].
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Chapter 2

Triplet blockade: mechanism for
spin-to-supercurrent conversion

This chapter is based on publications I. and II.

Superconducting materials conduct electricity without resistance below a critical tempera-
ture, due to the condensation of electrons into a macroscopic quantum state. In this state,
electrons are paired up forming Cooper pairs [118].

A Josephson junction (depicted on Fig. 2.1) is a superconducting device formed by two su-
perconductors separated by a thin insulating barrier, allowing Cooper pairs to tunnel coherently
across the junction and giving rise to unique quantum phenomena. The coherent tunneling of
these pairs is described by the Josephson effect [119], which leads to a characteristic current-phase
relation,

I(ϕ) = Ic sin(ϕ). (2.1)

This famous equation shows that the dissipationless Cooper-pair current (I) flowing through
the junction at zero voltage bias (i.e. without any applied voltage) is driven by the quantum
mechanical phase difference (ϕ) between the two superconductors, up to a maximum amplitude,
that is the critical current (Ic). This phenomenon is called the direct current (dc) Josephson
effect. In case of non-zero voltage bias, the phase difference ϕ changes over time, producing
oscillating supercurrent at a frequency proportional to the applied voltage, that is known as the
alternating current (ac) Josephson effect.

These properties have enabled the use of Josephson junctions in a variety of applications,
from classical superconducting electronics to quantum information processing. For instance,
Josephson junctions are the elementary building blocks of superconducting qubits (outlined in
Sec. 1.2.2). Beyond qubit realization, Josephson junctions are crucial components in devices
such as ultra-sensitive magnetometers (SQUIDs), amplifiers, mixers, and switches, also used for
readout and control in qubit experiments [120].

When the insulating layer (weak link) of the Josephson junction is a non-magnetic tunnel
barrier, a zero phase difference is energetically favorable in the absence of supercurrent, which is
described by a positive critical current, Ic > 0. In case of a so-called π junction, a π phase shift
appears in the current-phase relation,

I(ϕ) = Ic sin(ϕ+ π) = −Ic sin(ϕ), (2.2)

resulting in a reversed supercurrent. This supercurrent reversal has been observed in ferromag-
netic weak links [122, 123], out-of-equilibrium electron systems [124] and semiconductor quantum
dot junctions [125, 126]. Hybrid superconductor-semiconductor nanostructures, such as Cooper
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Figure 2.1: Schematics of a "Josephson junction", a tunnel junction with superconducting leads.
The superconductors have superconducting phase ϕL and ϕR respectively, which gives rise to a
phase difference ϕ = ϕR − ϕL, driving a dc Josephson current across the junction. Figure taken
from Ref [121].

pair splitters and Andreev qubit prototypes, are also fabricated and subject to intense research
at Budapest University of Technology and Economics, Department of Physics, in the group of
Szabolcs Csonka [127–138].

In this chapter, I present the theoretical study of a Josephson junction with a double quan-
tum dot (DQD) as a weak link. Using numerical simulations and analytical calculations in the
perturbative regime, I compute the equilibrium critical current and describe two intriguing phe-
nomena: even-odd effect related to the charge configuration of the DQD implying the 0 − π
junction behavior, furthermore the magnetically induced triplet blockade of the (1, 1) charge
state. I also discuss the opportunity for the latter to provide a coupling mechanism between spin
qubits and (topological or non-topological) superconducting qubits. My results are built upon
previous theoretical studies [88, 139–143], and a recent experiment that was conducted by my
collaborators [144].

The rest of this chapter is organized as follows. In Sec. 2.1, I introduce a simple model based
on zero-bandwidth approximation that describes the double quantum dot Josephson junction.
In Sec. 2.2, I present my numerical results regarding the critical current. In Sec. 2.3, I discuss
the switching of the sign of the supercurrent, the even-odd effect. In Sec. 2.4, I discuss magnetic
field dependence, and triplet blockade in the (1,1) charge sector of the serially coupled double
quantum dot. In Sec. 2.5, I discuss the effect of spin–orbit interaction and the relation of my
results to experiment. In Sec. 2.6, I outline two mechanisms utilizing the triplet blockade: spin-
to-supercurrent conversion and coupling to superconducting qubit.

2.1 Simple model of a double quantum dot Josephson junction

One can describe the double quantum dot Josephson junction based on a minimal model
(Fig. 2.2(a)), replacing the superconducting leads by single lattice sites that can host at most one
pair of quasi-particles. This method is also known as zero-bandwidth (ZBW) approximation [145,
146]. Assuming the leads are coupled to a Cooper pair reservoir, Josephson current can flow
through the junction. For the sake of simplicity, I only take into account a single orbital in the
quantum dots, therefore I use a four-site spinful fermionic hopping model with superconducting
pairing on the leads. The Hamiltonian includes left and right superconducting leads ĤL and ĤR,
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Figure 2.2: Current-phase relation in ZBW approximation. (a) Schematics of the Josephson
junction with a serially coupled DQD. (b) Sinusoidal current-phase relation for the empty DQD.
(c) Current-phase relation when the left dot is occupied by a single electron. In this case,
the sinusoidal Josephson current-phase relation is shifted by a phase π with respect to (b).
Parameters: see Table 2.1.
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the double quantum dot Hamiltonian ĤDQD and dot-lead tunneling terms ĤtL,tR:

Ĥ = ĤL + ĤtL + ĤDQD + ĤtR + ĤR, (2.3a)

ĤL = ∆
(
e−iϕ/2ĉ†L↓ĉ

†
L↑ + h.c.

)
, (2.3b)

ĤtL = tL
∑
s=↓,↑

(
ĉ†L,sd̂L,s + h.c.

)
, (2.3c)

ĤDQD = εLn̂L + εRn̂R +
UL

2
n̂L(n̂L − 1) +

UR

2
n̂R(n̂R − 1) + U ′n̂Ln̂R

+ τ
∑
s=↓,↑

(
d̂†L,sd̂R,s + h.c.

)
+
g∗µBB

2

∑
ℓ=L,R

(n̂ℓ↓ − n̂ℓ↑) , (2.3d)

ĤtR = tR
∑
s=↓,↑

(
ĉ†R,sd̂R,s + h.c.

)
, (2.3e)

ĤR = ∆
(
eiϕ/2ĉ†R↓ĉ

†
R↑ + h.c.

)
, (2.3f)

where ĉℓ,s’s, d̂ℓ,s’s are the fermionic modes for the leads and the dots respectively, and the
n̂ℓ =

∑
s d̂

†
ℓ,sd̂ℓ,s are particle number operators for the dots. This model has several parameters:

∆ is the superconducting gap, ϕ is the phase difference between the superconducting leads, εL/R
are on-site energies, UL/R are charging energies of the dots, U ′ is the interdot charging energy and
B is the Zeeman field applied to control the spin state of the DQD. The latter is assumed to be
small enough to retain superconductivity. I model the DQD with an effective identical g-factor
on both dots. Comparison with the experiment reveals that the electron g-factor is strongly
renormalized, g∗ = 15.9 [144], which was also observed in other experiments with semiconductor
nanowires [37, 147]. Quasiparticles can tunnel through the junction with dot-lead tunneling
amplitudes tL/R and interdot tunneling τ . The Fock space of this model is 44 = 256-dimensional
which makes it numerically accessible.

My main quantity of interest is the current operator which is the quantum mechanical time
derivative of the particle number operator and defined for a cross-section of the system [74], e.g.
for the interface between the left dot and the left lead it is given by

ĵL = − i

ℏ

[
n̂L, ĤtL

]
= tL

i

ℏ
∑
s=↓,↑

(
ĉ†L,sd̂L,s − h.c.

)
. (2.4)

The zero-temperature Josephson current is the ground state expectation value of the current
operator,

I(ϕ) =
〈
Ψ0(ϕ)

∣∣∣ĵL∣∣∣Ψ0(ϕ)
〉
, (2.5)

where |Ψ0(ϕ)⟩ is the phase-dependent ground state of the full system. Provided by the Hellmann–
Feynman theorem, this is equivalent to calculating the phase derivative of the total ground state
energy [118],

I(ϕ) =
2e

ℏ
∂E0

∂ϕ
, (2.6)

where 2e is the electric charge of a Cooper pair. This expression shows that the phase derivative of
the total ground state energy gives the Josephson current. Consequently, in order to determine
the leading order Josephson current, it is enough to compute phase dependent ground state
energy corrections. However, in the following I will use only Eq. (2.5) to this end.
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Eq. (2.5) can be easily evaluated numerically, once the ground state wavefunction Ψ0(ϕ)
is found. Therefore I perform the exact diagonalization of the 256 × 256 Hamiltonian matrix,
finding its eigenvalues and eigenstates. Beyond the Josephson current-phase relation (Fig. 2.2(b)
and (c)), one can compute the current as a function of on-site energies εL and εR while other
parameters are fixed. A diagram that visualizes the equilibrium charge states of the two serially
coupled dots as a function of the on-site energies (or gate voltages) is called the charge stability
diagram, illustrated in Fig. 2.3. I will use the term supercurrent charge stability diagram for
the charge stability diagram obtained by the Josephson current calculation. It provides a useful
characterization of the system as the ground state dot occupations are precisely tuned by the on-
site energies. I also study the stability diagram in the presence of Zeeman field B (i.e. magnetic
stability).

Another straightforward approach to the problem is perturbation theory in the tunnel cou-
plings. Assuming tL/R, τ ≪ ∆ , I consider all the tunneling terms (dot-lead tunnelings and
interdot tunneling) as perturbation. In this case, the elementary process contributing to the
supercurrent is when a Cooper pair is transferred through the junction, thus the leading-order
Josephson current is carried by 6th-order tunneling processes [148]. Computing corrections to
the ground state wavefunction up to 5th-order and using Eq. (2.5), allows me to obtain analytical
results for the current, in the weak tunneling limit.

The investigated system is realized by my experimental collaborators with quantum dots
defined in InAs nanowire [144]. In the experiment, supercurrent through the junction is directly
measured and on-site energies εL and εR are controlled by the plunger gate voltages P1 and P2,
respectively. The relations between plunger gate voltages and on-site energies are given by

εL = −UL

2
− U ′ − α11eP1 − α12eP2, (2.7a)

εR = −UR

2
− U ′ − α21eP1 − α22eP2, (2.7b)

with the lever arms α11 = 0.2, α12 = 0.011, α21 = 0.013, α22 = 0.124.

2.2 Numerical simulations

A suitable parameter set that produces good agreement with the experimental data is summa-
rized in Table 2.1. These parameters were extracted by performing a global fit to the experimental
data [144].

In the experiment, the DQD weak link was formed by an electrostatically gated InAs nanowire,
see Fig. 2.4(a) and (b). A phase-sensitive measurement scheme was employed, where the DQD
was embedded in a superconducting quantum interference device (SQUID), shown in Fig 2.4(c),
enabling a signful measurement of Ic. The current-phase relation was measured with the refer-
ence arm of the SQUID opened with its electrostatic gate so that it exhibits a higher critical
current than the DQD arm. Due to this asymmetry, the phase drop over the DQD junction is
determined by the magnetic flux Φ through the SQUID loop area (Fig. 2.4(e)) [125, 150], which
is proportional to the applied out-of-plane magnetic field B⊥. The switching current Isw of the
SQUID was measured by ramping a current bias and recording the bias current value when the
junction switches to the resistive state marked by a threshold voltage drop of the order of 10 µV.
This relation is described by the formula

Isw = Iref + IDQD sinϕ, (2.8)

where ϕ = 2πΦ/Φ0 = 2π(B⊥ − Bo)/Bp, with Bp ≈ 1.7mT being the magnetic field periodicity
corresponding to a flux change equal to the superconducting flux quantum Φ0 = h/2e and Bo
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Figure 2.3: Schematic charge stability diagram of a double quantum dot system (without su-
perconducting leads) for (a) small, (b) intermediate, and (c) large interdot capacitive coupling.
The gate voltages Vg1 and Vg2 are controlling the on-site energies of the two dots, respectively.
Higher gate voltage corresponds to lower on-site energies, which makes higher charge occupation
of the electronic ground state energetically more favorable. The equilibrium charge on each dot
in each domain is denoted by (N1, N2). When the interdot capacitive coupling is small (a), the
different charge occupation regions form a square-grid-like structure. Increasing the interdot
capacitive coupling (b) distorts this structure and gives rise to a so-called honeycomb pattern of
the charge boundaries. They are called Coulomb diamonds, because of the shape of the domains,
and since the electrons need to overcome the energy penalty of Coulomb repulsion when they
are occupying the same quantum dot. Large interdot capacitive coupling (c) makes the charge
domains diagonal. The two kinds of triple-points corresponding to the electron transfer process
(•) and the hole transfer process (◦) crossing the charge boundaries are illustrated in (d). Figure
taken from Ref. [149].
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Figure 2.4: Device layout realized in the experiment [144]. (a) Color-enhanced electron micro-
graph of the nanowire DQD junction with five wrap-around gates (yellow) which provide the
confining potential. The VBL, VC and VBR gate voltages define the barriers, while VL and VR
control the number of electrons on the dots. The scale bar denotes 100 nm. (b) Perspective
drawing of the DQD junction highlighting the conformal gates. (c) Color-enhanced electron mi-
crograph of the DC SQUID made of superconducting NbTiN film (in blue) with the reference
junction in the left arm and the DQD junction in the right arm. The scale bar denotes 2µm. (d)
The circuit diagram for the normal-state characterization of the DQD, providing charge stability
similar to Fig. 2.5(b). (e) The measurement scheme of the switching current measurements in
the SQUID geometry.

being the offset perpendicular magnetic field. The switching current values Iref and IDQD repre-
sent the reference arm and the DQD junction contributions, respectively. In the measurements
Iref > 5|IDQD| was always fulfilled, enabling a reliable observation of the supercurrent reversal
in the DQD.

The supercurrent charge stability diagram measured by my experimental collaborators is
shown in Fig. 2.5(a), in comparison with my numerical result, Fig. 2.5(b). These two figures
suggest good qualitative agreement between theory and experiment. Furthermore, the DQD
charge occupation labels in Fig. 2.5(b) show that there is an even-odd pattern depending on
the total parity of the charge configuration. The magnetic field dependence of the supercurrent
charge stability diagram is also computed for εL = εR and it is depicted in Fig 2.6. The even-odd
pattern remains intact with one extra feature: in the (1,1) charge sector, the critical current is
suppressed when the ground state is tuned from a singlet configuration to a triplet configuration.

The detailed discussion of the even-odd effect and the triplet blockade is the subject of the
following sections.
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Figure 2.5: Supercurrent charge stability diagrams. (a) Supercurrent charge stability diagram
from experimental data (plunger gate voltage offset removed) with an even-odd pattern, positive
supercurrent in the even sectors and negative in the odd sectors. (b) Numerical simulation based
on the ZBW model with electron occupation numbers. Parameters: see Table 2.1 and Eq. (2.7).
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Figure 2.6: Magnetic stability diagram. (a) Supercurrent charge stability diagram along the line
εL = εR, in the presence of Zeeman field obtained numerically. The even-odd pattern is still
present with increasing magnetic field, however the amplitude of the current abruptly decreases
in the middle of the diagram (in the (1,1) charge sector) when the magnetic field exceeds the
value B ≈ 60mT. (b) Ground state expectation value of the z-component of the total DQD spin
revails that the supercurrent is blockaded in the triplet configuration. Parameters: see Table 2.1.
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Quantity Value
UL 596.6µeV
UR 465.9µeV
U ′ 41.5 µeV
∆ 200 µeV
τ 85 µeV
g∗ 15.9
tL 65 µeV
tR 65 µeV

Table 2.1: Parameters for the numerical simulation of the double quantum dot Josephson junc-
tion. The parameters listed here are the result of a global fit to experimental data [144].

2.3 Even-odd effect

The occupation of the DQD based on the total fermion number parity can be classified as
even, or odd. For example, an empty DQD has even parity, but when either of the dots are
occupied by a single-electron, it corresponds to odd parity. In the weak tunneling regime, when
the dot-lead and dot-dot tunnel amplitudes are small compared to the superconducting gap ∆
and the on-site Coulomb repulsion UL/R, the zero-temperature Josephson current–phase relation
is sinusoidal (as shown in Fig 2.2(b)), with a positive coefficient in the even parity sector:

I(ϕ) = |Ic (εL, εR)| sin(ϕ), (2.9)

where the critical current Ic is dependent on the charge occupations (controlled by the on-site
energies εL,R), and the other parameters as well (listed in Table 2.1). In the odd parity sector,
which is also called the π-junction regime, it is shifted by a phase π, thus reversed as

I(ϕ) = |Ic (εL, εR)| sin(ϕ+ π) = − |Ic (εL, εR)| sin(ϕ). (2.10)

This feature is usually called the even-odd effect [148, 151].
To understand this phenomenon, I turn to the limit when the dot-dot tunnel amplitude is also

small τ ≪ ∆ , UL/R and use the perturbative approach. In (time-independent, non-degenerate)
perturbation theory, the general assumption is that the system is slightly altered from a known,
exactly solvable Hamiltonian, Ĥ = Ĥ0 + λV̂ , where Ĥ0 is the unperturbed Hamiltonian, V̂ is a
small perturbation, and 0 ≤ λ ≤ 1 is a formal expansion parameter, with λ = 0 corresponding to
no perturbation and λ = 1 to the full perturbation. The energy levels, E(0)

n , and the eigenstates,
|ψ(0)

n ⟩, of the unperturbed Hamiltonian Ĥ0 are known. The energy levels and eigenstates of the
perturbed ("full") Hamiltonian Ĥ determined by the time-independent Schrödinger equation,(

Ĥ0 + λV̂
)
|ψn(λ)⟩ = En(λ) |ψn(λ)⟩ . (2.11)

Assuming that the eigenenergies En(λ) and eigenstates |ψn(λ)⟩ are analytical functions of the
parameter λ, they can be expanded in power series,

En(λ) = E(0)
n + λE(1)

n + λ2E(2)
n + . . . , (2.12)

|ψn(λ)⟩ = |ψ(0)
n ⟩+ λ |ψ(1)

n ⟩+ λ2 |ψ(2)
n ⟩+ . . . , (2.13)

providing the solution to the perturbed problem, when λ = 1. Substituting these expressions
to the time-independent Schrödinger equation, Eq. (2.11), one can derive the solutions up to
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arbitrary order. For example, the perturbative corrections to the state |ψ(0)
n ⟩, up to second order

read as

|ψn(λ)⟩ = |ψ(0)
n ⟩+ λ

∑
m̸=n

⟨ψ(0)
m |V̂ |ψ(0)

n ⟩
E

(0)
n − E

(0)
m

|ψ(0)
m ⟩ (2.14a)

+ λ2
∑
m ̸=n

∑
ℓ ̸=n

⟨ψ(0)
m |V̂ |ψ(0)

ℓ ⟩ ⟨ψ(0)
ℓ |V̂ |ψ(0)

n ⟩(
E

(0)
n − E

(0)
m

)(
E

(0)
n − E

(0)
ℓ

) |ψ(0)
m ⟩ (2.14b)

− λ2
∑
m ̸=n

⟨ψ(0)
m |V̂ |ψ(0)

n ⟩ ⟨ψ(0)
n |V̂ |ψ(0)

n ⟩(
E

(0)
n − E

(0)
m

)2 |ψ(0)
m ⟩ (2.14c)

− λ2

2
|ψ(0)

n ⟩
∑
m ̸=n

∣∣ ⟨ψ(0)
m |V̂ |ψ(0)

n ⟩
∣∣2(

E
(0)
n − E

(0)
m

)2 +O
(
λ3
)
. (2.14d)

Each term in this lengthy formula contains (product of) matrix elements of the perturbation V̂ ,
and (unperturbed) energy differences in the denominators. The product of the matrix elements
describes transitions to intermediate states |ψ(0)

ℓ ⟩. One can think of an arbitrary kth order term
as k-step process that includes (k − 1) intermediate states.

In the case of the DQD Josephson junction the unperturbed Hamiltonian includes the super-
conducting leads, and the DQD without the interdot tunneling term (τ = 0),

Ĥ0 = ĤL + ĤR + ĤDQD(τ = 0), (2.15)

and the perturbation includes all the tunneling terms (cf. Eq. (2.3)),

V̂ = ĤtL + ĤtR + τ
∑
s=↓,↑

(
d̂†L,sd̂R,s + h.c.

)
. (2.16)

Since the leading order contributions to the Josephson current, Eq. (2.5), are 6th-order, I com-
puted the ground state |Ψ0(ϕ)⟩ up to 6th-order in perturbation theory, using Wolfram Math-
ematica [152]. Substituting the result to Eq. (2.5), the thus obtained leading-order Josephson
current can be described as a sum of contributions (with coefficient t2Lt

2
Rτ

2), where each contri-
bution can be visualized as a six-step process in which a Cooper pair from one lead is transported
over to the other lead [148]. Four example processes are shown in Fig. 2.7. The intermediate
states of such processes are virtual states, in the sense that they have a high energy, either due
to quasiparticle excitations, or due to Coulomb repulsion.

My calculations show that for any given ground state at phase difference ϕ = π/2, each of
these contributions (i.e. each path) has the same sign, which is identical to the sign of the
supercurrent. Furthermore, as depicted in Fig. 2.2(b), for the single-electron DQD ground state
I find a reversed current, also confirmed by numerics. For the empty DQD and the two-electron
singlet, triplet ground states I did not observe any sign reversal. Similarly, the four-electron
ground state has no sign reversal, but the three-electron ground state also exhibits a reversed
supercurrent. These results suggest that in this model the fermion parity of the ground state
determines whether the sign in the Josephson current is plus or minus (corresponding to even or
odd parity, respectively) because it is conserved on the superconducting leads, but changes when
an extra electron is added to the double dot. Since for any studied ground state, each six-step
process gives the same sign contributing to the critical current, I conclude that leading-order
perturbation theory provides a suitable framework to understand the even-odd effect.

I also have unpublished numerical results for Josephson junctions with a single and a triple
quantum dot (considering only a single orbital in each dot) suggesting that the same argument
holds for any number of quantum dots in the Josephson junction, for linear geometries (chains
of quantum dots).
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(c)        up-down (d)          triplet(a)        up-down (b)          triplet

Figure 2.7: Example processes contributing to the Josephson current through the double dot.
(a) Up-down process with intermediate states lacking quasiparticles, hence less penalized by
a large gap ∆ ≫ U . (b) Triplet process with intermediate states that all have at least one
quasiparticle, hence more penalized by ∆. (c) Up-down process with all states having at most
singly occupied quantum dots, hence exempt from Coulomb energy penalty. (d) Triplet process
with an intermediate state that has a doubly occupied quantum dot and hence energetically
penalized in the U ≫ ∆ regime.

2.4 Triplet blockade

In this section, I provide a detailed discussion of the suppressed triplet critical current by
presenting simple arguments for a strong triplet blockade in two different limiting cases: the
large-gap limit ∆ ≫ U , and the strong-Coulomb-repulsion limit U ≫ ∆. Here, UL = UR = U is
assumed and I will use this simplifying assumption throughout this subsection. I also outline
a process-counting argument that supports partial triplet blockade in the intermediate regime
∆ ≈ U .

For the simple arguments, (1) the interdot Coulomb repulsion U ′ is disregarded, (2) instead
of the singlet ground state, I address the case when the initial state holds an ↑-spin electron
in the left dot and a ↓-spin electron in the right dot (the up-down state), (3) I describe the
Josephson current as a perturbative effect.

First, I revisit the case of the large-gap limit ∆/U ≫ 1, which was described in Refs. [142,
153]. In this case, the reason for the triplet blockade is that a triplet ground state allows only
such processes whose intermediate states have one or two quasiparticles in the leads. This is
simply because a down-spin quasiparticle has to be transferred from the left lead through the
junction to be able to recover a Cooper pair at the right lead. At the first step, there are two
options: either the electron from the right dot hops to the right lead, or a down-spin quasiparticle
enters the left dot from the left lead. In both cases one quasiparticle remains unpaired in one
of the superconducting leads, until the down-spin quasiparticle is transferred from left to right.
One example is shown in Fig. 2.7(b). In the 6th-order perturbative description of the ZBW
model, the contribution of these processes scales as ∼ ∆−5. In contrast, the up-down state
allows for intermediate states where there are no quasiparticles in the leads; an example is shown
in Fig. 2.7(a), where the 2nd, 4th and 6th states of the diagram do not have any quasiparticles.
As a consequence, the contribution of such processes scale as ∼ ∆−2. In conclusion, in the
large-gap regime the ratio of the triplet and up-down critical currents is suppressed as ∼ ∆−3,
leading to a complete triplet blockade.
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Now, I will turn to the strong-Coulomb-repulsion limit U/∆ ≫ 1. Consider a point in the
supercurrent charge stability diagram in the vicinity of the boundary of the single-electron region
and the (1,1) region, e.g. the point P1 = P2 = −1.5mV on Fig. 2.5(b). In this case, any
intermediate state that has a DQD occupation different from 1 and 2 has a large energy penalty
in the corresponding energy denominator, and hence strongly suppressed. In addition, among
the processes where all states have DQD occupation 1 or 2, the ones involving a doubly occupied
quantum dot also comes with a large Coulomb energy penalty and hence are also suppressed.

Importantly, since the two spin-up particles cannot occupy the same site, in the processes
allowed by the triplet ground state, there is at least one intermediate state that has a doubly
occupied quantum dot; an example is depicted in Fig. 2.7(d), where the right dot is doubly
occupied in the 5th state. The critical current of the triplet therefore scales as ∼ U−1. In
contrast, for an up-down ground state, there is a process where the intermediate states have
only singly occupied quantum dots, visualized in Fig. 2.7(c). The contribution of this process to
the critical current scales as ∼ U0. In conclusion, in the strong-Coulomb-repulsion regime the
ratio of the triplet and up-down critical currents is suppressed as U−1, again leading to a strong
triplet blockade.

Even though I have argued for a strong triplet blockade in both limiting cases ∆ ≫ U and
U ≫ ∆, it is in principle possible that the triplet critical current exceeds the up-down critical
current in the intermediate regime U ≈ ∆. Here, I argue that this is not the case. In this regime,
I estimate the ratio of the triplet and up-down critical currents from the ratio of the total number
of 6th-order process. In the triplet case, the total number of allowed processes is 80, whereas the
up-down state allows 320 processes in total, leading to a rough estimate of the critical current
ratio of 0.25. Note that the actual critical current ratio also depends on the amplitudes of every
process. Due to this estimate, I expect a partial triplet blockade in this intermediate regime.

Finally, I comment on the validity of the simplifying assumptions (1) and (2) above. (1)
The above considerations generalize as long as the interdot Coulomb repulsion energy U ′ is
moderate. The analysis of the strong-Coulomb-repulsion regime could change, e.g., if U ′ would
be a parameter tied to U , e.g. U ′ = U/2, but that is beyond the scope of my thesis. (2) The
above arguments generalize to the case when a singlet ground state is considered, instead of
the up-down state. One result that is changed is the order-of-magnitude estimate of the critical
current ratio in the intermediate regime U ≈ ∆: counting the processes of the singlet ground
state yields a ratio of 80/1120 ≈ 0.07, which is even smaller than the estimate 80/320 = 0.25
quoted above. I also note that the above considerations generalize to the model with BCS leads.
One technical difference is, that in BCS theory, quasiparticles have not only a spin quantum
number, but also a momentum quantum number and the contributions visualized in Fig. 2.7 has
to be summed with respect to the quasiparticle momentum. The scalings of the critical currents
quoted above do change, but the scalings of the critical current ratios remain unchanged.

2.5 Effect of spin–orbit interaction, relation to experiment

In semiconductor quantum dot systems, depending on the material [23], usually spin–orbit
interaction is also present. The effect of spin–orbit interaction (apart from the strongly renor-
malized g-factors) can be captured by adding an extra spin dependent interdot hopping term to
the Hamiltonian Eq. (2.3d), e.g.,

Ĥspin-flip = τx

(
−id̂†L,↑d̂R,↓ − id̂†L,↓d̂R,↑ + h.c.

)
, (2.17)

where τx is the spin-flip hopping amplitude. Therefore, to account for spin–orbit coupling, I
refine the interdot tunneling Hamiltonian to include both spin-conserving and spin-flip tunneling
amplitudes, τ0 = 80 µeV and τx = 30 µeV, resulting in an effective τ =

√
τ20 + τ2x = 85 µeV,

which is the same as in Table 2.1.
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Figure 2.8: The superconducting DQD at T ≈ 50mK, in finite magnetic fields. (a) The experi-
mentally measured signful supercurrent oscillation amplitude IDQD as a function of plunger gate
voltage and magnetic field [144]. (b) The corresponding ZBW calculation of the signful critical
current. (c) The calculated spin expectation value in the ground state showing the singlet to
triplet transition in the even occupied state as a function of the magnetic field. In panels (b)
and (c), the parameters of Table 2.1 are used, with interdot hopping amplitude τ =

√
τ20 + τ2x

including spin-conserving and spin-flip hopping, τ0 = 80 µeV and τx = 30 µeV, respectively.

During the measurements carried out by my experimental collaborators, the temperature was
approximately T ≈ 50mK. At finite temperatures, the excited states of the full Hamiltonian
are also occupied with probabilities following the Boltzmann distribution. In this case, the finite
temperature Josephson current is calculated as

I(ϕ) = ⟨ĵL⟩ =
1

Z

255∑
i=0

e−βEi

〈
Ψi(ϕ)

∣∣∣ĵL∣∣∣Ψi(ϕ)
〉
, (2.18)

where Z =
∑

i e
−βEi is the partition function, Ei is the energy of the eigenstate |Ψi(ϕ)⟩, and

β = 1/(kBT ), where kB is the Boltzmann constant.
The thus obtained numerical results in comparison with the measurement data are shown in

Fig. 2.8. The magnetic field-dependent critical current in Fig. 2.8(b) is in good overall agree-
ment with the measurement data depicted in Fig. 2.8(a). Compared to the sharp transition of
Fig. 2.6(a), the critical current now exhibits a gradual decrease as the magnetic field is increased.
Spin-flip hopping introduces a mixing (avoided crossing) between the singlet and triplet states,
consequently the calculated spin expectation value in Fig. 2.8(c) shows a broadened singlet to
triplet transition in the even occupied state, revealing the reason behind the gradual decrease in
the critical current with increasing magnetic field – that is triplet blockade.

Finally, I comment on the validity of the previous arguments (described in Sec. 2.3 and 2.4)
based on perturbation theory, in the presence of spin-flip hopping, Eq. (2.17). The spin-flip
hopping term in the Hamiltonian yields new contributions to the perturbative current that have
the imaginary unit (i or −i) appearing in the corresponding matrix elements. However, my
calculations show that in this case, considering the elementary six-step processes that describe
the contributions to the leading-order supercurrent, the +1, −1, +i, −i prefactors of the matrix
elements of the intermediate states are always multiplied so that each of these contributions
is real, and they have the same sign for a given ground state (at phase difference ϕ = π/2).
Therefore, I conclude that the even-odd effect remains intact in the presence of spin-flip hopping.

As long as the spin-flip hopping amplitude τx is small, τx ≪ τ0, the arguments for triplet
blockade also remain valid. Although, when the spin-flip hopping amplitude is the dominant,
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τx ≫ τ0, the situation is changed drastically. In this limit, hopping spins are always rotated in
the DQD, meaning that as far as the supercurrent is concerned, the role of the triplet and the
singlet ground states are essentially swapped. Instead of triplet blockade, the singlet state blocks
the current. In the intermediate regime, τx ≈ τ0, similarly to Fig. 2.8, a broadened transition
is expected, when the supercurrent in gradually decreased with increasing magnetic field, in the
(1,1) charge sector.

2.6 Spin-to-supercurrent conversion, coupling to superconduct-
ing qubits

The triplet blockade is the superconducting equivalent of the Pauli spin blockade (described
in Sec. 1.2.1), the cornerstone of the readout of spin qubits [23]. In this section, I outline a
potential approach to utilize triplet blockade for the readout of the spin qubits and coupling to
any superconducting qubit.

Based on the previous section, the (1,1) charge state of the DQD in the Josephson junction can
be thought of as a tunnel barrier, whose “height” depends on the spin state of the two electrons
forming the (1,1) configuration. Taking the singlet-triplet (S-T0) qubit that was introduced
in Sec. 1.2.1 as an example, in the |T0⟩ triplet state the tunnel barrier is high (small critical
current, small Josephson coupling), compared to the |S⟩ singlet state, where it is lower (large
critical current, large Josephson coupling). Therefore, one can envision an experiment where first
the DQD is isolated in the (1,1) charge configuration from the leads, then an arbitrary spin state
is prepared, after that the DQD is connected to the leads and the critical current is measured.
The critical current then should reveal the state of the singlet-triplet spin qubit.

In Ref. [154], coupling between a single quantum dot Josephson junction and a transmon
qubit has been observed. A coupling mechanism can also be formulated based on the triplet
blockade with a DQD Josephson junction. Here, I describe it for the transmon qubits, however,
similar arguments can be formulated for any superconducting qubit that contains at least one
Josephson junction. Note that in contrast with the Andreev spin qubit, whose spin qubit is
strongly hybridized with the superconductor, the triplet blockade is utilized in the weak coupling
limit. In the effective description of the transmon qubit, Eq. (1.11), the number operator n̂ and
the phase operator φ̂ act on the Hilbert space of the number of Cooper pairs on the island, i.e.,
the transmon degree of freedom. However, the Josephson energy EJ can be interpreted as an
energy EJT , if the DQD in the junction between the island and the lead contains a triplet, or
EJS , if the DQD contains a singlet electron pair. Consequently, the term EJ cos(φ̂) is substituted
with EJ cos(φ̂) + DJ σ̂z cos(φ̂), where EJ = (EJT + EJS)/2 and DJ = (EJT − EJS)/2. Thus,
I obtained a term in the Hamiltonian that couples the spin, σ̂z = |T0⟩⟨T0| − |S⟩⟨S|, and the
transmon qubit via the phase operator φ̂.

2.7 Conclusions and outlook

In this chapter, I presented a theoretical study of a Josephson junction with a double quantum
dot, a minimal model system toward engineered topological superconductivity based on quantum
dot chains. Based on numerical simulations and also analytical results in the perturbative regime
I observed an even-odd pattern in the critical current which is confirmed by my experimental
collaborators. Switching between the even and the odd states is identified as change of the ground
state fermion parity and the sign of the supercurrent is uniquely determined by the ground state,
up to leading order in perturbation theory.

In the (1,1) charge sector of the serially coupled double quantum dot, I observed the magnet-
ically induced singlet-triplet ground-state transition via triplet blockade: the Josephson current
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carried by the triplet ground state at high magnetic field is much suppressed compared to the
current carried by the singlet ground state at low magnetic field. My theoretical results, based
on the ZBW model, including spin–orbit interaction, capture the essential features of the exper-
iment. Utilizing the triplet blockade, I outlined potential mechanisms for spin-to-supercurrent
conversion and spin-to-superconducting qubit coupling.

My research summarized in this chapter was partly motivated by the application of hy-
brid superconductor - quantum dot systems to engineer topological superconductivity, Kitaev
chains, Majorana zero modes, and ultimately, topologically protected quantum control of Ma-
jorana qubits. Since the publication of my results, pioneering experiments in the groups of
Leo Kouwenhoven and Srijit Goswami at QuTech demonstrated the realization of two-site and
three-site Kitaev chains using quantum dot arrays [155–159].
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Chapter 3

Coherent errors in stabilizer codes
caused by quasistatic phase damping

This chapter is based on publication III.

As of present days, the realization of topologically protected qubits (e.g. Majorana qubits)
remains elusive. Quantum error correction, with a thirty-year history from the fundamentals
[9, 91] to the most recent experimental milestones [160–166], offers an alternative solution by
the redundant encoding of a small number of logical qubits in a greater number of (unprotected)
physical qubits. Simulation of quantum error correction codes under experimentally relevant
noise models is an important task, as it helps to understand the challenges and opportunities in
scaling up quantum computing platforms.

Recently, efficient large-scale numerical simulations of coherent errors became feasible, due
to a newly developed technique [115]. This technique was originally used to investigate the effect
of uniform coherent errors in the surface code (introduced in Sec. 1.3.3), then follow-up works
extended this to arbitrary planar-graph surface codes [116] and the presence of phenomenological
readout errors [117]. These studies have numerically established the threshold behavior of the
surface code in the presence of coherent errors, assuming uniform unwanted rotations on the
data qubits.

In this chapter, I study the performance of Pauli stabilizer codes against quasistatic phase
damping. In this error model, physical qubits suffer coherent Z-rotations, with rotation angle
randomly varying from qubit to qubit, but timewise constant throughout the entire quantum
circuit; however, for each repetition of the circuit (shot) a new random value for each angle is
chosen. (i) I identify quantum computing architectures where this error model is relevant and
approximates 1/f noise. (ii) For Pauli stabilizer codes [97] I analyze how this error model is
related to independent Pauli phase-flip errors. For a single cycle of error detection or error cor-
rection, I find that the two error models are equivalent. For multiple syndrome measurement
cycles this is no longer true, however, quasistatic phase damping is an effective – correlated –
Pauli model on the logical level. It is known that for single qubit error models stabilizer measure-
ments asymptotically decohere the noise, that is, they cause coherent errors to converge toward
probabilistic Pauli errors on the logical level [167]. My results show that for quasistatic phase
damping this decoherence process is exact for all code sizes. (iii) I utilize the Fermionic Lin-
ear Optics simulation framework based on the Majorana-fermionic representation of the surface
code [115], combined with phenomenological readout errors [117], to perform numerical experi-
ments predicting the performance of the surface code in the presence of the quasistatic coherent
error model. (iv) I establish a surface code error-correction threshold at a physical error rate
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pth ≈ 2.85%, including the quasistatic coherent errors and the readout errors. (v) I generate the
threshold phase diagram in the plane spanned by the strengths of the coherent error and the
readout error. (vi) I discuss the implications of my results for spin qubits and superconducting
qubits.

The rest of this chapter is structured as follows. In Sec. 3.1, I introduce the error model
of quasistatic phase damping and pinpoint the relevant qubit platforms affected by this type of
noise. In Sec. 3.2, I compare and contrast my error model with independent Pauli errors through
a minimal example of the 2-qubit phase-flip repetition code. I generalize this comparison for
Pauli stabilizer codes in Sec. 3.3. In Sec. 3.4 and Sec. 3.5, I present my results on the combined
effect of quasistatic phase damping and readout errors on the surface code, and relate these
results to semiconductor spin qubits and superconducting qubits.

3.1 Quasistatic phase damping as a model of random coherent
errors

In this section, I introduce quasistatic phase damping, the model of random coherent errors
I study in the rest of this chapter. I motivate this error model by its experimental relevance for
state-of-the-art solid-state quantum computing platforms: quantum-dot-based semiconductor
spin qubits and superconducting qubits.

The quasistatic phase damping error model consists of coherent rotations around the z axis
with a random angle for each data qubit. It is described by the unitary operator

Û =
n∏

j=1

eiθjẐj . (3.1)

where n is the number of data qubits, and θj is the rotation angle of qubit j. I assume that in a
single shot of a multi-cycle error detection or correction experiment, the random angles θj do not
change for subsequent cycles. However, in a multi-shot experiment, which is required to obtain a
statistical evaluation of the error correction protocol, the angles θj change randomly from shot to
shot. These two properties are referenced by the adjective quasistatic. For concreteness, I assume
that the angles θj are drawn randomly from a Gaussian distribution with zero mean and standard
deviation σ, such that the random values for different qubits and different shots are statistically
independent. Note that this model can be regarded as an extension of Refs. [115–117, 168], where
the effect of homogeneous coherent Z rotations was studied in stabilizer codes. I also note that
the simulation method I use to treat this error model generalizes in a straightforward way to
more complicated angle distributions, including spatially and temporally correlated ones; that
extension is beyond the scope of my thesis.

Now, let me motivate this error model by pointing out its relation to solid-state qubits.
Superconducting quantum computer prototypes hosting around 100 qubits are available, and
small-scale quantum error detection and correction circuits based on Pauli stabilizer codes have
been implemented [69, 109–111, 169–171]. Qubit-level errors in these devices can be classified as
state preparation and measurement errors, gate errors, and idle errors. Insight into the physical
mechanism of idle errors is gained routinely via single-qubit Ramsey, Hahn echo, or more complex
dynamical decoupling experiments.

In certain cases, the inhomogeneous dephasing time T ∗
2 of a superconducting qubit, measured

by the Ramsey experiment, is exceeded by the qubit relaxation time T1; furthermore, it is com-
mon to find that the Hahn echo improves qubit coherence, i.e., the corresponding decoherence
time T2,echo exceeds T ∗

2 [172–174]. The coexistence of these two features, i.e., (i) a dephasing-
limited coherence time, and (ii) a functioning Hahn echo, is consistent with, and often interpreted
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as evidence for, classical electromagnetic noise that induces Larmor-frequency fluctuations. Fur-
thermore, it is often found that the corresponding noise spectrum depending on the frequency f
is proportional to 1/f .

The quasistatic phase damping model [175, 176] I study here (see Eq. (3.1)) describes such
Larmor frequency fluctuations of idling data qubits in a simplified manner. Since 1/f noise is
dominated by the low-frequency range of the spectral density, it is reasonable to assume that
the noisy component ξj(t) of the Larmor frequency of qubit j is constant throughout a single
shot of a multi-cycle quantum error correction circuit, which typically takes a few microseconds.
However, to obtain a statistical evaluation of the error correction performance, many shots should
be taken, and the corresponding total data acquisition time window is sufficiently long that the
noisy component ξj explores many random values, represented by a Gaussian distribution in my
model.

A further assumption of my model is the statistical independence of the local random compo-
nents of the Larmor frequencies, which is realistic if the Larmor frequency fluctuations are caused
by local noise sources (e.g., gate electrodes, local flux bias lines, short-range charge fluctuators,
etc.). I note that the numerical methods applied here are directly generalizable to variants of my
noise model with more complex temporal and spatial correlations, which is in fact an interesting
direction for future research.

The quasistatic phase damping model is relevant for semiconductor spin qubits as well, since
spin qubit decoherence is often dominated by 1/f noise. [23, 176–178] Note that in such devices,
1/f noise is attributed either to externally imposed electromagnetic fluctuations, e.g., gate noise,
magnet noise, fluctuating charge traps, or to hyperfine interaction, i.e., magnetic noise exerted
on the electron spin by the nuclear spins covered by the electron.

In this chapter, I consider stabilizer codes as a way of countering quasistatic phase damping
on idling qubits. As mentioned above, Hahn echo and other dynamical decoupling schemes
provide established alternative solutions for the same problem. An important and timely research
direction is to compare these solutions, and to explore their combinations [109–111] to maximize
the coherence of logical qubits.

3.2 Example: 2-qubit repetition code

In this section, I study quasistatic phase damping using the example of a 2-qubit phase-flip
code, as depicted in Fig. 3.1. I start with the analysis of a single cycle of syndrome measurement
in Sec. 3.2.1, and show that in this case, quasistatic phase damping is equivalent to a simple
uncorrelated phase-flip channel. In Sec. 3.2.2, explicit calculation of the density matrix reveals
that this is not the case for two cycles of error detection. I quantify the difference between my
model and the simple Pauli phase-flip model in Sec. 3.2.2. This simple example proves that
quasistatic phase damping is a type of error that is distinct from phase-flip Pauli errors. This
observation motivates the study of the stabilizer codes subject to quasistatic phase damping,
which I do, focusing on the surface code, in Secs. 3.4 and 3.5.

In the two-qubit phase-flip repetition code, errors are detected by repeatedly measuring a
single parity-check (or stabilizer) operator Ŝ = X̂AX̂B. After each measurement, the state of the
two qubits is altered by projectors Π̂s that depend on the measurement outcome s ∈ {+1,−1}
(also called even or odd parity, respectively),

Π̂s =
1

2
(1̂+ sŜ). (3.2)

Here, A and B label the two data qubits. The protocol aims to preserve the value of the logical
Ẑ operators of the code, which reads,

ẐL = ẐAẐB. (3.3)
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Figure 3.1: Schematic circuit representation of the 2-qubit phase-flip repetition code, data qubits
A and B suffering quasistatic phase damping. The figure shows elements of two subsequent cycles
in a multi-cycle error detection procedure. The gates labelled as Rz(θA,B) represent coherent
errors.

3.2.1 Single cycle of error detection

A single cycle of the two-qubit phase-flip repetition code, as an error detection protocol, is
capable of detecting a single Pauli Z error. The list of all possible 2-qubit Pauli Z error strings
is brief:

Ê ∈ {1̂, ẐA, ẐB, ẐAẐB}. (3.4)

Independent phase-flip errors

I first consider independent phase-flip errors on the two physical qubits constituting the
code. Throughout this chapter, I will use P (.) to denote the probability of a certain event.
Assuming that the error probability on both qubits is p, and calculating the probability P (Ê) of
the occurrence of an error string Ê for all possible 2-qubit errors, the Pauli error channel of the
qubits reads,

Ep(ρ̂0) =
∑
Ê

P (Ê)Êρ̂0Ê = (1− p)2ρ̂0 + p(1− p)ẐAρ̂0ẐA

+ (1− p)pẐB ρ̂0ẐB + p2ẐAẐB ρ̂0ẐAẐB, (3.5)

for an arbitrary logical state of the two qubits ρ̂0 = |ΨL⟩⟨ΨL|, where |ΨL⟩ is an eigenstate of Ŝ,

Ŝ |ΨL⟩ = |ΨL⟩ . (3.6)

After the stabilizer measurement, for the trivial s = +1 outcome, the state of the two data qubits
is projected to

ρ̂1,p(+1) = Π̂+Ep(ρ̂0)Π̂+ = (1− p)2ρ̂0 + p2ẐLρ̂0Ẑ
L. (3.7)

Quasistatic phase damping

I next consider independent coherent errors on the two qubits. The corresponding quantum
channel reads,

Ecoh(ρ̂0) = Û ρ̂0Û
†, with Û = eiθAẐAeiθBẐB . (3.8)

As mentioned in the previous section, the rotation angles are drawn from independent Gaussian
distributions with zero mean, and identical standard deviations σ, i.e., with probability density
function f(θA, θB), which reads,

f(θA, θB) = f(θA)f(θB); f(θ) =
1√
2πσ2

e−
θ2

2σ2 , (3.9)
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for −π < θ ≤ π. Since f(θ) is restricted to this interval, it is not normalized; however, I consider
only small variances σ ≤ 0.5, for which the normalization error is less than 10−9. Note that in
this single-cycle setting, the quasistatic phase damping model is the same as phase damping, as
described in Sec. 8.3.6 of [9], independently on each qubit.

In this case, for the s = +1 measurement outcome, the density matrix of the two data qubits,
averaged over the random angle distribution, reads

ρ̂1,coh(+1) =

∫
dθA dθB f(θA, θB)Π̂+Ecoh(ρ̂0)Π̂+ = ⟨cos2 θ⟩2ρ̂0 + ⟨sin2 θ⟩2ẐLρ̂0Ẑ

L, (3.10)

where ⟨.⟩ denotes averaging over the random angle distribution:

⟨g(θ)⟩ =
∫ π

−π
dθ g(θ)f(θ). (3.11)

Average effect of coherent errors can be represented as a random Pauli channel

Comparing Eqs. (3.7) and (3.10) I find that for a single cycle of error detection, choosing

p = ⟨sin2 θ⟩ = 1

2

(
1− e−2σ2

)
, (3.12)

the two density matrices are identical,

ρ̂1,p(+1) = ρ̂1,coh(+1). (3.13)

This is also true for the syndrome s = −1. Hence, I conclude that in the case of a single cycle
of error detection, the effect of uncorrelated random Pauli phase-flip errors is equivalent to the
effect of phase damping. This simple equivalence is broken in the multi-cycle case, as I show
below.

3.2.2 Two cycles of error detection

I now consider two cycles of error detection. There are altogether 4 different measurement
outcomes, syndromes, in the two cycles,

s ∈ M, where M = {(+1,+1), (−1,+1), (+1,−1), (−1,−1)}. (3.14)

There are 16 different cycle-resolved error scenarios E; these error scenarios are the configurations
of Z error strings occurred in the different cycles:

E = (Ê1, Ê2), (3.15)

with the two error strings Ê1 and Ê2 occurring in the 1st and 2nd cycles, respectively, are
elements of the error set defined in Eq. (3.4). I denote the merged error operators as

Ê(E) = Ê1Ê2. (3.16)

The set of merged error operators is the same as the set of errors defined in Eq. (3.4). The list
of the 16 cycle-resolved error scenarios and the corresponding merged error operators are given
in the second and third columns of Table 3.1, respectively. Table 3.2 also lists the syndrome
probabilities calculated from the coherent error amplitudes.
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Independent phase-flip errors

For independent phase-flip errors, after two cycles of syndrome measurements, the density
matrix can be written in a Pauli-diagonal form (i.e. in each term the operators on the left and
the right of the density matrix are the same) as

ρ̂2(s) =
∑

E∈Ds

P (E)Ê(E)ρ̂0Ê(E), (3.17)

where Ds denotes the set of cycle-resolved error scenarios consistent with the syndrome s, and
P (E) is the probability of occurrence of the cycle-resolved error scenario E. For example, for
the trivial syndrome (+1,+1), there are 4 compatible scenarios:

E ∈ {(1̂, 1̂), (ẐL, 1̂), (1̂, ẐL), (ẐL, ẐL)}, (3.18)

corresponding to 2 different merged error strings only, Ê(1̂, 1̂) = Ê(ẐL, ẐL) = 1̂ and Ê(ẐL, 1̂) =
Ê(1̂, ẐL) = ẐL. (All merged error operators along with the syndrome each of them implies are
listed in the third and fourth columns of Table 3.1, respectively.) For this syndrome, Eq. (3.17)
implies:

ρ̂2(+1,+1) =
(
P (1̂, 1̂) + P (ẐL, ẐL)

)
ρ̂0 +

(
P (ẐL, 1̂) + P (1̂, ẐL)

)
ẐLρ̂0Ẑ

L. (3.19)

I introduce the notation cs and ds for the coefficients of various operators in the post-
measurement state,

ρ̂2(s)=

{
csρ̂0 + dsẐ

Lρ̂0Ẑ
L, for s2 = +1;

csẐAρ̂0ẐA + dsẐB ρ̂0ẐB, for s2 = −1.
(3.20)

The coefficients cs, ds are positive and fulfill∑
s∈M

(cs + ds) = 1, (3.21)

and thus can be interpreted as probabilities. From Eq. (3.17), I obtain

c++ = (1− p)4 + p4, (3.22a)

d++ = c−+ = d−+ = 2p2(1− p)2, (3.22b)

c+− = d+− = c−− = d−− = p(1− p)3 + p3(1− p), (3.22c)

where I have compactified the notation, e.g., c++ ≡ c(+1,+1). In what follows, I will compare the
result Eq. (3.22) with the analogous result for quasistatic phase damping, to show that the two
error models are inequivalent.

Quasistatic phase damping

Next, I consider quasistatic phase damping with random rotation angles θA and θB for the
two qubits. As discussed above in Sec. 3.1, the two angles are drawn from the same Gaussian
distribution, and qubit A (B) is subject to rotation with angle θA (θB) before both measurement
cycles, as illustrated in Fig. 3.1. Before performing the averaging for the error angles, the effect of
the coherent errors cannot be written as a Pauli diagonal channel as in Eq. (3.17). However, the
angle distribution is symmetric with respect to zero. Therefore, after averaging over the angle
distribution according to the quasistatic phase damping model, I do obtain a Pauli diagonal
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channel, which can be written in the form of Eq. (3.20), although with different c̃s and d̃s
coefficients - I use˜to specify the case of quasistatic phase damping:

c̃++ =
1

16

(
e−16σ2

+ 2e−8σ2
+ 8e−4σ2

+ 5
)
, (3.23a)

d̃++ = d̃−+ =
1

16

(
1− e−8σ2

)2
, (3.23b)

c̃−+ =
1

16

(
e−16σ2

+ 2e−8σ2 − 8e−4σ2
+ 5
)
, (3.23c)

c̃+− = d̃+− = c̃−− = d̃−− =
1

16

(
1− e−16σ2

)
. (3.23d)

From this result, I conclude that in this two-cyle case, the effect of quasistatic phase damping
cannot be described as random independent phase-flip errors with the same error rate p on both
qubits. This is apparent by a comparison of Eqs. (3.22) and (3.23): for independent homogeneous
phase-flip errors, there are only 3 different cs, ds coefficients, while for quasistatic phase damping,
there are 4 different coefficients.

Best approximation of quasistatic phase damping with independent homogeneous
phase-flip errors

As discussed just above, with two subsequent cycles of error detection in the two-qubit phase-
flip code, the effect of quasistatic phase damping cannot be described as random independent
phase-flip errors with the same error parameter p on both qubits. In this section, I try to find
the best independent homogeneous phase-flip approximation - the best Pauli approximation - of
the quasistatic phase damping channel.

I will quantify the quality of the approximation by the total variation distance. This distance
is defined as

δ(p, σ) = max
s

(
max

{
|cs − c̃s| ,

∣∣∣ds − d̃s

∣∣∣}) , (3.24)

where the right-hand side depends on the single parameter of the random Pauli channel, p,
through the coefficients cs and ds, and on the single parameter of the quasistatic phase damping
channel, the standard deviation of the coherent error distribution σ, through the coefficients c̃s
and d̃s. The best Pauli approximation of a quasistatic phase damping channel with σ has the
parameter pbest, such that

δ(pbest(σ), σ) ≤ δ(p, σ) for all 0 < p < 1. (3.25)

I computed the best Pauli approximation numerically, and the corresponding total variation
distance is shown in Fig. 3.2. For small p and σ, I find good agreement with the power series
expansions,

c++ ≈ 1− 4p+ 6p2, (3.26a)

d++ = c−+ = d−+ ≈ 2p2, (3.26b)

c+− = d+− = c−− = d−− ≈ p− 3p2, (3.26c)

c̃++ ≈ 1− 4σ2 + 16σ4, (3.26d)

d̃++ = d̃−+ ≈ 4σ4, (3.26e)

c̃−+ ≈ 8σ4, (3.26f)

c̃+− = d̃+− = c̃−− = d̃−− ≈ σ2 − 8σ4, (3.26g)
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Figure 3.2: Distance between the two-cycle error channels of (1) quasistatic phase damping of
strength σ, and (2) the independent and identical Pauli phase-flip channel that is closest to (1),
for the two-qubit phase-flip repetition code.

which result in the best Pauli approximation,

σ ≪ 1 : pbest(σ) ≈ σ2; δ(pbest, σ) = |c++(pbest)− c̃++| ≈ 10σ4. (3.27)

For σ ≲ 0.3, there is less than a few percent distance between quasistatic phase damping and
the best Pauli approximation (see Fig. 3.2). Increasing σ, the distance to the best Pauli approx-
imation is also increased; for σ = 0.5 it is around 10%.

3.3 Quasistatic phase damping in stabilizer codes

In this section, I generalize the results above, i.e., compare the quasistatic phase damping
(quasistatic random coherent error) model with the uncorrelated phase-flip model, for Pauli
stabilizer codes in general. In Sec. 3.3.1, I prove that the two models are equivalent in the case
of a single cycle of error detection or error correction. In Sec. 3.3.2, I show that on the logical
level, quasistatic phase damping is equivalent to a Pauli channel, however, this is not the one
resulting from the simple uncorrelated phase-flip error model in general (see previous section as
an example). Motivated by this difference of the error models, I will study the effect of quasistatic
phase damping on the surface code in Secs. 3.4 and 3.5.

3.3.1 Single cycle of error detection and error correction

Now let me consider an arbitrary Jn, k, dK Pauli stabilizer code, encoding k logical qubits into
n physical qubits with code distance d, whose stabilizers are tensor products of Pauli matrices
and they commute with each other [97]. The stabilizer generators (independent parity checks) of
the code are denoted by Ŝf , with f = 1, . . . , N , with N = n− k. Upon measuring the stabilizer
generators, one obtains the syndrome

s = (s1, s2, . . . sN ) ∈ {+1,−1}N , (3.28)
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No. E Ê(E) s P (E) P̃ (E)

1 (1̂, 1̂) 1̂ (+1,+1) (1− p)4 1− 4p+ 11p2 − 26p3 + 46p4 − 60p5 + 56p6 − 32p7 + 8p8

2 (ẐAẐB , ẐAẐB) 1̂ (+1,+1) p4 p2 − 6p3 + 26p4 − 52p5 + 56p6 − 32p7 + 8p8

3 (1̂, ẐAẐB) ẐAẐB (+1,+1) (1− p)2p2 2p2 − 12p3 + 34p4 − 56p5 + 56p6 − 32p7 + 8p8

4 (ẐAẐB , 1̂) ẐAẐB (+1,+1) (1− p)2p2 2p2 − 12p3 + 34p4 − 56p5 + 56p6 − 32p7 + 8p8

5 (ẐA, ẐA) 1̂ (−1,+1) (1− p)2p2 4p2 − 16p3 + 36p4 − 56p5 + 56p6 − 32p7 + 8p8

6 (ẐB , ẐB) 1̂ (−1,+1) (1− p)2p2 4p2 − 16p3 + 36p4 − 56p5 + 56p6 − 32p7 + 8p8

7 (ẐA, ẐB) ẐAẐB (−1,+1) (1− p)2p2 2p2 − 12p3 + 34p4 − 56p5 + 56p6 − 32p7 + 8p8

8 (ẐB , ẐA) ẐAẐB (−1,+1) (1− p)2p2 2p2 − 12p3 + 34p4 − 56p5 + 56p6 − 32p7 + 8p8

9 (1̂, ẐA) ẐA (+1,−1) (1− p)3p p− 6p2 + 19p3 − 40p4 + 58p5 − 56p6 + 32p7 − 8p8

10 (ẐAẐB , ẐB) ẐA (+1,−1) (1− p)p3 −p2 + 9p3 − 30p4 + 54p5 − 56p6 + 32p7 − 8p8

11 (1̂, ẐB) ẐB (+1,−1) (1− p)3p p− 6p2 + 19p3 − 40p4 + 58p5 − 56p6 + 32p7 − 8p8

12 (ẐAẐB , ẐA) ẐB (+1,−1) (1− p)p3 −p2 + 9p3 − 30p4 + 54p5 − 56p6 + 32p7 − 8p8

13 (ẐA, 1̂) ẐA (−1,−1) (1− p)3p p− 6p2 + 19p3 − 40p4 + 58p5 − 56p6 + 32p7 − 8p8

14 (ẐB , ẐAẐB) ẐA (−1,−1) (1− p)p3 −p2 + 9p3 − 30p4 + 54p5 − 56p6 + 32p7 − 8p8

15 (ẐA, ẐAẐB) ẐB (−1,−1) (1− p)p3 −p2 + 9p3 − 30p4 + 54p5 − 56p6 + 32p7 − 8p8

16 (ẐB , 1̂) ẐB (−1,−1) (1− p)3p p− 6p2 + 19p3 − 40p4 + 58p5 − 56p6 + 32p7 − 8p8

Table 3.1: Summary of cycle-resolved error scenarios E, merged error operators Ê(E), syndromes
s, independent Pauli phase-flip probabilities P (E), and coherent error amplitudes P̃ (E) (written
as a function of p = ⟨sin2 θ⟩) calculated from Eq. (3.45), for the 2-qubit repetition code, for two
cycles of error detection. Note that the coherent error amplitudes P̃ (E) can be negative as well.

s Ds
∑

E∈Ds
P̃ (E)

(+1,+1)
(1̂, 1̂), (ẐAẐB, ẐAẐB), (

1− 2p+ 2p2
)2 (

1 + 8p2 − 16p3 + 8p4
)

(1̂, ẐAẐB), (ẐAẐB, 1̂)

(−1,+1)
(ẐA, ẐA), (ẐB, ẐB), 4(1− p)2p2

(
3− 8p+ 16p2 − 16p3 + 8p4

)
(ẐA, ẐB), (ẐB, ẐA)

(+1,−1)
(1̂, ẐA), (ẐAẐB, ẐB), 2p(1− 7p+ 28p2 − 70p3 + 112p4 − 112p5 + 64p6 − 16p7)
(1̂, ẐB), (ẐAẐB, ẐA)

(−1,−1)
(ẐA, 1̂), (ẐB, ẐAẐB), 2p(1− 7p+ 28p2 − 70p3 + 112p4 − 112p5 + 64p6 − 16p7)
(ẐA, ẐAẐB), (ẐB, 1̂)

Table 3.2: List of all possible syndromes s for the 2-qubit repetition code, together with the
corresponding set of consistent cycle-resolved error scenarios Ds, and the syndrome probabilities
calculated as the sum of coherent error amplitudes P̃ (E) (written as a function of p = ⟨sin2 θ⟩).
Unlike the individual P̃ (E) coherent error amplitudes, the syndrome detection probabilities listed
in the last column are always positive.
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and the quantum state of the qubits is projected to the code space with the projector

Π̂s =
N∏

f=1

1

2

(
1 + sf Ŝf

)
. (3.29)

I aim to investigate the form of the quasistatic coherent error channel combined with error
detection. To this end, I have to perform an averaging over the random angle distribution for
the post-measurement state. I will denote this average by

⟨. . . ⟩θ ≡
∫

dθ f(θ) . . . , (3.30)

where f(θ) = f(θ1)f(θ2) · · · f(θn) is the probability density function of the independent random
rotation angles. The following derivation holds not only for the Gaussian angle distribution of
Eq. (3.9), but also for any (discrete or continuous) probability distribution that is symmetric
and has zero mean value, i.e.,

f(θ) = f(−θ), with − π < θ ≤ π. (3.31)

Note that in this case, the average of any odd function of θj will vanish.
For a single cycle of error detection, the effect of quasistatic phase damping is expressed as:

ρ̂1(s) =
〈
Π̂sÛ ρ̂0 Û

†Π̂s

〉
θ
=
∑
Ê,Ê′

〈
Aθ(Ê)A∗

θ(Ê
′)
〉
θ
Π̂sÊρ̂0Ê

′Π̂s. (3.32)

Here, ρ̂0 = |ΨL⟩⟨ΨL| is the density matrix of an arbitrary initial logical state, i.e., with |ΨL⟩
being a common eigenstate of all stabilizer operators with +1 eigenvalue. Furthermore, the 2n

error strings corresponding to Ẑ phase-flip operations on either of the qubits are denoted as Ê,
and I have rewritten the product of coherent single qubit rotations as

Û =
∑
Ê

Aθ(Ê)Ê, (3.33)

by introducing the amplitudes

Aθ(Ê) =
n∏

j=1

(cos θj)
1−nÊ(j)(i sin θj)

nÊ(j). (3.34)

Here nÊ(j) = 0 or 1 denotes the number of Pauli Z operators acting on qubit j in error string
Ê. For example, in case of n = 5, the double sum in Eq. (3.32) runs over 5-qubit Pauli Z error
strings,

Ê = 1̂1̂1̂1̂1̂, . . . , 1̂1̂1̂1̂Ẑ, . . . , Ẑ1̂1̂Ẑ1̂, . . . , ẐẐẐẐẐ, (3.35)

corresponding to
nÊ = 00000, 00001, . . . , 10010, . . . , 11111, (3.36)

respectively.
Now, I show that Eq. (3.32) can be simplified. First, averaging over the random angles in

Eq. (3.32) yields: 〈
Aθ(Ê)A∗

θ(Ê
′)
〉
θ
= δÊ,Ê′

〈
|Aθ(Ê)|2

〉
θ
≡ P (Ê). (3.37)

Second, I note that since the stabilizers are products of Pauli operators, they either commute or
anti-commute with the error strings. Therefore, applying the error string Ê and then measuring
the syndrome s compatible with that has the same effect as first projecting the collective quantum
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state of the qubits to the trivial syndrome (all parity checks are +1) and then applying the error
string; i.e., it holds that

Π̂sÊ = ÊΠ̂0, if Ê ∈ Ds, (3.38)

where Ds is the set of error strings consistent with the syndrome s
Hence, by exploiting Eqs. (3.37) and (3.38) in Eq. (3.32), I obtain a simplified formula for

the error channel,
ρ̂1(s) =

∑
Ê∈Ds

P (Ê)Êρ̂0Ê, (3.39)

where the P (Ê) probabilities follow from Eq. (3.34) as

P (Ê) =
n∏

j=1

⟨cos2 θj⟩1−nÊ(j)

θ ⟨sin2 θj⟩nÊ(j)

θ . (3.40)

Since the Ê error strings are products of Pauli Z and identity matrices, the result, Eq. (3.39),
is a simple phase flip channel with equal and independent error probabilities on each qubit,
p = ⟨sin2 θj⟩θ, for each syndrome s. Consequently, for a single cycle of experiment performed
with any Pauli stabilizer code, quasistatic phase damping is equivalent to uncorrelated phase-flip
errors on average. Indeed that is an unsurprising result, since for a single physical qubit, phase
damping is the same as the phase flip channel [9].

A result analogous to Eq. (3.39) holds for a single cycle of error correction as well since the
correction operation Ĉs depends only on the syndrome s. Hence, the state of the code after error
correction has the following form:

Ĉsρ̂1(s)Ĉs =
∑
Ê∈Ds

P (Ê)ĈsÊρ̂0ÊĈs. (3.41)

3.3.2 Multiple cycles

I next consider multiple, t cycles of error detection: I apply the independent coherent rotations
of the qubits with angles θ1, θ2, . . . , θn, and the measurements repeatedly. I show that in this case,
the average effect of quasistatic phase damping can be represented only with a more complicated
Pauli channel. It is important to note that the angles θj do not change from cycle to cycle: if
they did, this error model would – after averaging over the random angles – be equivalent to
independent phase-flip errors.

Altogether, there are 2tn cycle-resolved error scenarios E, corresponding to different com-
binations of Ẑ phase-flip operations on either of the qubits during either of the cycles, and 2n

different merged Pauli-Z error strings Ê(E),

E =
(
Ê1, Ê2, . . . Êt

)
; Ê(E) =

t∏
r=1

Êr. (3.42)

With this notation, I express the syndrome-dependent state of the code after t error detection
cycles as follows:

ρ̂t(s) =
〈
Q̂(θ)ρ̂0Q̂(θ)†

〉
θ
=
∑

E∈Ds

∑
E′∈Ds

〈
Aθ(E)A∗

θ(E
′)
〉
θ
Ê(E)ρ̂0Ê(E′)

=
∑

E∈Ds

P̃ (E)Ê(E)ρ̂0Ê(E), (3.43)
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where s = (s1, s2, . . . , st) is a multi-cycle syndrome (note that now the syndrome indices are
labeling the quantum error correction cycles, and each sr ∈ {+1,−1}N ), and I introduced the
notations Q̂(θ) = Π̂stÛΠ̂st−1Û . . . Π̂s1Û , and

Aθ(E) =

t∏
r=1

Aθ(Êr). (3.44)

The density matrix in Eq. (3.43) is again Pauli-diagonal, but the newly defined quantities

P̃ (E ∈ Ds) =
∑

E′∈Ds

〈
Aθ(E)A∗

θ(E
′)
〉
θ
=

∑
E′∈Ds

Ê(E)=Ê(E′)

〈
Aθ(E)A∗

θ(E
′)
〉
θ
, (3.45)

obtained by regrouping the terms in the double sum, are not probabilities: they add up to 1,∑
E

P̃ (E) = 1, (3.46)

but they can be negative as well (see Table 3.1), depending on which power of the imaginary
unit appears in the corresponding terms. Real values are guaranteed by the fact that the terms
containing odd powers of (i sin θj) will vanish after averaging. In Eq. (3.45), I only get a non-zero
contribution when Ê(E) = Ê(E′).

Upon performing the last sum in Eq. (3.43), the following result is obtained:

ρ̂t(s) =
∑
α

P̃α(s)ẐαÊsρ̂0ÊsẐα, (3.47)

where
Ẑα = (ẐL

1 )
α1(ẐL

2 )
α2 . . . (ẐL

k )
αk ; (3.48)

P̃α(s) =
∑

E∈Ds

Ê(E)=ẐαÊs

P̃ (E). (3.49)

Furthermore, I defined α = (α1, . . . , αk) ∈ {0, 1}k, the operator ẐL
j is defined as the logical Z

operator acting on the j-th logical qubit, and Ês is an arbitrary merged error string consistent
with the syndrome s. The P̃α(s) quantities are syndrome-dependent probabilities, meaning that
they are positive, since substituting Eq. (3.45) into Eq. (3.49) yields

P̃α(s) =
∑

E,E′∈Ds

Ê(E)=Ê(E′)

Ê(E)=ẐαÊs

〈
Aθ(E)A∗

θ(E
′)
〉
θ
=

〈( ∑
E∈Ds

Ê(E)=ẐαÊs

Aθ(E)

)( ∑
E′∈Ds

Ê(E′)=ẐαÊs

A∗
θ(E

′)

)〉
θ

=

〈∣∣∣∣∣ ∑
E∈Ds

Ê(E)=ẐαÊs

Aθ(E)

∣∣∣∣∣
2〉

θ

> 0, (3.50)

and they satisfy ∑
α,s

P̃α(s) = 1. (3.51)

These probabilities are the generalization of the single-logical-qubit coefficients c̃s and d̃s of
Eq. (3.23), e.g. c̃++ = P̃0(++), d̃++ = P̃1(++). As discussed in Sec. 3.2.2, these probabilities
cannot be derived from independent single-qubit Z error probabilities.
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From Eq. (3.43) it is not clear whether it is a well-defined Pauli channel on the physical level,
because the P̃ (E) weights can be negative, thus these are not probabilities. However, one can
rephrase Eq. (3.43) by using a new set of amplitudes P̃ ′(E) that are positive, and hence define
a proper Pauli channel on the physical level as well. This new set of amplitudes can be defined
by redistributing the amplitudes within each class of cycle-resolved error scenarios (E), where
the classes are indexed by s and α, and are defined via E ∈ Ds, Ê(E) = ẐαÊs. In words, two
cycle-resolved error scenarios belong to the same class, if they imply the same syndrome and the
same merged error string. By performing such a redistribution P̃ → P̃ ′ of amplitudes, the error
channel in Eq. (3.47) does not change: the P̃α(s) probabilities remain the same. Note that this
redistribution is not unique; one way to do it is to choose one representative cycle-resolved error
scenario E′

s,α from each error class, and define new amplitudes, which are in fact non-negative,
as:

P̃ ′(E′
s,α) = P̃α(s), (3.52)

and P̃ ′(E) = 0 for all E that is not in the set of E′
s,α representatives. This shows that my error

model can be described as a Pauli model on the physical level. However, this Pauli model is
highly correlated. It is an open question whether it is possible to construct an error model with
local (in both space and time) correlations by redefining these weights differently. This question
is beyond the scope of my thesis.

I conclude that for multiple cycles, the quasistatic phase damping channel is equivalent to
an incoherent Pauli channel as written in Eq. (3.43), as well as an incoherent Pauli channel on
the logical level, as written in Eq. (3.47). However, the Pauli channel in Eq. (3.43) does not
describe, in general, independent homogeneous single-qubit phase flips, as I illustrated by the
counterexample in Sec. 3.2.2.

3.4 Surface code error threshold

So far, it has been shown that for stabilizer codes applied for multi-cycle error correction,
the effect of quasistatic phase damping is distinct from that of phase-flip Pauli errors. This
motivates studies of noise resilience in this new setting. In the following section, I do this by
focusing on the surface code. In particular, I numerically demonstrate that the surface code
in the presence of quasistatic phase damping and readout errors exhibits a threshold behavior.
To this end, I apply the Fermionic Linear Optics (FLO) simulation technique [115–117]. In
Sec. 3.4.1, I briefly summarize the basics of the surface code and the effect of coherent errors.
In Sec. 3.4.2, I discuss error correction in the presence of readout errors. In Sec. 3.4.3, I briefly
describe the FLO simulation technique. Finally, I present my numerical results in Sec. 3.4.4,
showing that the threshold for quasistatic phase damping is, up to numerical precision, the same
as the threshold for Pauli phase flips, whereas the logical error rate at threshold is smaller in the
former case (7%) than in the latter case (8.5%).

3.4.1 Coherent errors lead to coherent error on the logical qubit

The surface code encodes a logical qubit in the common +1 eigenspace of the X-type and
Z-type parity check operators (stabilizers), as shown in Fig. 1.8(a). Since I consider coherent Z
errors, only the X-type parity checks, Ŝf =

∏
j∈∂f X̂j , can return a −1 value. As a result of a

single cycle of measurements, which is assumed to be free of readout error for now, a syndrome
s is obtained. If this syndrome s is non-trivial, then a non-identity correction operation Ĉs is
applied as an attempt to bring the state back into the code space. In this case, Ĉs involves a
collection of Pauli Z phase flips. The specific correction operation for a given syndrome is the
solution of the decoding problem, which I discuss briefly in Sec. 3.4.2.



50 Chapter 3. Coherent errors in stabilizer codes caused by quasistatic phase damping

Irrespective of the decoding algorithm, coherent errors on the physical qubits, after error
correction, lead to a coherent error of the same type on the logical level [117]. Starting from an
arbitrary logical state |ΨL⟩, the quantum state of n = d2 data qubits after measuring syndrome
s, and applying the corresponding correction, can be written as [115]

|Φs⟩ =
1√
P (s)

ĈsΠ̂sÛ |ΨL⟩ = eiθLẐ
L |ΨL⟩ , (3.53)

where P (s) =
〈
ΨL|U †ΠsU |ΨL

〉
is the probability of syndrome s, and the logical rotation angle

θL depends on the syndrome, the decoder, and the physical rotation angles, θL = θL(s,θ), but
not on the initial state |ΨL⟩.

For a given syndrome s, I quantify the logical error by the maximum infidelity of the final
state |Φs⟩ with the initial state |ΨL⟩, maximized over all initial states. Logical rotations around
the z axis are the most harmful for the eigenstates of the X̂L operator, thus I obtain the logical
error rate as

pL(s,θ) ≡ max
|ΨL⟩

(
1− | ⟨ΨL|Φs⟩ |2

)
= sin2 θL(s,θ), (3.54)

with this maximum attained for |ΨL⟩ = |+L⟩, the common eigenstate of X̂L as well as of all the
stabilizer generators Ŝf with eigenvalue +1.

To characterize the strength of the quasistatic phase damping errors, I will use either the
standard deviation σ of the single-qubit random coherent rotations, or the physical error rate p
which is defined as for the repetition code, Eq. (3.12). This definition is motivated by the fact
that for single-cycle error detection and error correction, it provides an exact correspondence
with the uncorrelated phase-flip channel.

3.4.2 Error correction with readout errors

I use a phenomenological noise model for readout errors, where the syndrome measurements
are described by the corresponding (ideal) projections of the logical state, but the measurement
outcomes are unreliably recorded, with readout error probability q,

P (−1 → +1) = P (+1 → −1) = q (3.55)

and P (−1 → −1) = P (+1 → +1) = 1 − q. To be able to detect and correct the readout errors
as well, I consider d consecutive cycles of syndrome measurements. As a result, I get the noisy
multi-cycle syndrome

s = (s1, s2, . . . sd) → s′ = (s′1, s
′
2, . . . s

′
d). (3.56)

The state of the code after measuring the noisy multi-cycle syndrome s′, decoding it, and applying
the corresponding correction operator, yields [117]:∣∣Φs,s′

〉
=

1√
P (s)

Ĉs′Π̂sdÛ . . . Π̂s1Û |ΨL⟩ = Ĉs′Ĉsde
iθ∗ẐL |ΨL⟩ = eiθLẐ

L |ΨL⟩ , (3.57)

where P (s) is the probability of measuring the multi-cycle syndrome s, and the logical rotation
angle θ∗ = θ∗(s,θ) depends on the perfect multi-cycle syndrome only, however, θL now depends
on the noisy multi-cycle syndrome as well, θL = θL(s, s

′,θ), through the correction Ĉs′ .
To correct errors based on the noisy multi-cycle syndrome that is contaminated by readout

error, I use the 3-dimensional version of the minimum weight perfect matching (MWPM) de-
coder [179], as implemented in PyMatching [180]. This decoder is less accurate, but much more
efficient than maximum likelihood decoding which is an NP-complete problem [181], meaning
that asymptotically the runtime grows exponentially with the code size (however for indepen-
dent bit-flip and phase-flip errors there is an efficient algorithm [182]). PyMatching has expected
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runtime of O(N1.32) [180], where N is the number of nodes in the decoding graph, described
below.

The decoder sees the measurement outcomes as a 3-dimensional grid that has (d2 − 1)/2 ×
(d2 − 1)/2 ‘space’ coordinates, characterizing the positions of the measured X stabilizers, and
d ‘time’ coordinates, numbering the measurement cycles. Vertices, where the measured parity
check differs from the value measured in the previous cycle, are marked, and the decoder needs
to identify the set of edges with the smallest weight that connects the marked vertices to the
left/right boundaries or pairs them up. An example decoding graph is depicted on Fig. 3.3. The
correction operation is inferred from the resulting set of edges. ‘Spacelike’ and ‘timelike’ edges
on the grid correspond to readout errors and physical errors. These carry different weights (ws

and wt), since the rate p of coherent errors can differ from the rate q of readout errors. The
weights are defined as [99]

ws = log

(
1− p

p

)
and wt = log

(
1− q

q

)
, (3.58)

such that a higher error probability corresponds to a lower weight, favored by the MWPM
algorithm. To ensure that the correction operator brings the state back to the code space, the
last measurement cycle is assumed to be free of any readout errors, s′d = sd, and the decoder is
aware of this assumption. This is not a realistic assumption, but it has no significant impact on
the results. Using more realistic (circuit-level) simulations, in a quantum memory setting, after
the last cycle of syndrome extraction all data qubits are measured as well. Reconstructing the
parity check from the outcomes of this final set of measurements and comparing them with the
last cycle syndrome s′d makes it possible to correct measurement errors occurring in the cycle.

Assuming perfect measurements in the last cycle, s′d = sd, readout errors lead to identity, or
an extra logical ẐL error, which is equivalent to a π/2 rotation, and is determined by

θL(s, s
′,θ) =

{
θ∗(s,θ), if Ĉs′Ĉsd |ΨL⟩ = |ΨL⟩
θ∗(s,θ) + π

2 , if Ĉs′Ĉsd |ΨL⟩ = ẐL |ΨL⟩ .
(3.59)

In this case, Eq. (3.54) is modified to

pL(s, s
′,θ) = sin2 θL(s, s

′,θ), (3.60)

From this expression, I obtain the average logical error rate by averaging over all noisy syndromes
and the θ angle distribution as well,

pL(σ) =
∑
s,s′

P (s)P
(
s → s′

) 〈
sin2 θL(s, s

′,θ)
〉
θ
, (3.61)

where P (s → s′) is the probability that the noisy syndrome s′ was recorded instead of the ideal
multi-cycle syndrome s.

3.4.3 Fermionic Linear Optics simulation

Standard Pauli errors in quantum error correction can be efficiently simulated with Clifford
simulators [12, 97]. Unfortunately, to simulate quasistatic coherent errors, I could not use this
tool. To explore the effect of coherent errors in the surface code, several numerical methods have
been considered. Brute-force simulations of small systems [183–185], tensor-network simulations
for slightly larger systems [186], and Fermionic Linear Optics (FLO) methods [115–117] have
emerged as possible options.
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(a) (b)

(c) (d)

Figure 3.3: Specific example of MWPM decoding method on a distance-3 surface code patch.
(a) Stabilizer measurement outcomes are represented on a 3D grid, ±1 outcomes as white/grey
circles. (b) Vertices, where the measured value differs from the previous round, are marked
with red circles. (c) The minimum weight set of edges, which perfectly connects the marked
vertices denoted by green color. (d) This set of edges forces the correction including two Pauli-Z
operators. Figure taken from Ref. [117]
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To obtain a fermionic description of the surface code, the |0⟩ and |1⟩ states of the physical
qubits are represented as a fermion occupying the ’left’ or the ’right’ site of a double quantum
dot, respectively. These two fermionic modes â0 and â1 satisfy the anticommutation relations

{âi, âj} = 0, {âi, â†j} = δij . (3.62)

To make use of the FLO tools, one introduces two Majorana operators (Majoranas) for each
mode as

ĉ1 = i(â1 − â†1), ĉ2 = â0 + â†0, (3.63)

ĉ3 = i(â0 − â†0), ĉ4 = â1 + â†1. (3.64)

They are similar to fermionic operators, in that different Majoranas anticommute; however, all
Majoranas are self-adjoint and square to the identity. The advantage of introducing Majoranas
is that initialization of the code, coherent errors, and sampling of the measurement statistics of
the stabilizer operators can all be mapped to the time evolution of a noninteracting fermionic
system [115].

By introducing four Majoranas, a four-dimensional Hilbert space is assigned to each physical
qubit and the so-called C4 code is realized [15], with the stabilizer operator

ŜC4 = −ĉ1ĉ2ĉ3ĉ4, (3.65)

and Pauli operators:
X̂ = iĉ1ĉ2, Ẑ = iĉ2ĉ3. (3.66)

Representing the surface code data qubits with C4 codes, as shown in Fig 3.4, a system of
Majorana fermions is realized. The core numerical advantage of using FLO lies in the fact
that these free fermionic modes (Gaussian states) can be collectively represented by a 2n × 2n
covariance matrix [115], where n is the number of data qubits. Computing the time evolution of
the system is equivalent to updating the covariance matrix, which allows sampling of the logical
rotation angle distribution, θL(s, s′,θ) in O(n2) time [117]. The performed FLO simulations
have the following steps:

1. The rotation angles θ of the quasistatic coherent errors are drawn from independent Gaus-
sian distributions with zero mean, and identical standard deviations σ.

2. The perfect multi-cycle syndrome s is sampled from the distribution P (s).

3. The logical rotation angle θ∗(s,θ) (see Eq. (3.57)) is calculated (modulo π) based on the
syndrome s.

4. From the perfect syndrome s, the noisy multi-cycle syndrome s′ is generated using the
distribution P (s → s′).

5. The logical rotation angle θL(s, s′,θ) of the final state is calculated by considering the
effect of the correction operation Ĉs′ , as per Eq. (3.59).

Note that the MWPM algorithm is used in the last step only.

3.4.4 Numerical results

I used the FLO method, as implemented in [117], to simulate the surface code under qua-
sistatic phase damping and readout errors for code sizes up to d = 17. I sampled the distribution
of the logical rotation angle, and computed the logical error rate in the following way:

pL(σ) ≈
1

Nsample

Nsample∑
i=1

sin2
(
θL(s

(i), s′
(i)
,θ(i))

)
, (3.67)
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Figure 3.4: The Majorana representation of the surface code involves physical quantum bits
represented by C4 codes. Directed Majorana pairs (arrows) realize Pauli operators. The ŜC4 =
−ĉ1ĉ2ĉ3ĉ4 operator stabilizes the qubit subspace (thus the operators ŜC4X̂, ŜC4 Ŷ , and ŜC4Ẑ are
valid Pauli operators as well). Link operators - used to rewrite the surface code logical state - can
be defined as Majorana pair operators connecting neighboring C4 codes (black arrows). There
is freedom in the orientation of link operators, but the product of links around each plaquette
must be equal to the stabilizer defined on the plaquette.
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where Nsample denotes the sample size.
Fig. 3.5(a) shows that I observe threshold behavior: for small physical error rates, increasing

the code distance suppresses logical errors, while above the threshold, that is not true, logical
errors accumulate and error correction fails. When the rates of physical and readout errors are
the same, p = q = ⟨sin2 θ⟩, I find that the threshold is pth ≈ 2.85%, see Fig. 3.5(b). This is
close to the threshold with Pauli Z errors and readout errors. For the toric code - that is a
surface code with periodic boundary conditions - it is 2.93 ± 0.02% [114]. I also carried out
Monte Carlo simulations to investigate phase-flip errors. Interestingly, I have found that the
threshold value coincides with the above-mentioned 2.85%, however, the corresponding logical
error rate is different for the two error models: in my case pL(pth) ≈ 7%, but for the combination
of phase-flip and readout errors it is slightly higher, around 8.5%. This relative difference is
sustained throughout the physical error rate window of Fig. 3.5(b) (not shown).

I have also investigated how varying the rate p of random coherent errors and q of readout
errors independently affect the threshold of the surface code. Results are shown in 3.6. For
many pairs of p and q, I numerically assessed whether scaling up the surface code decreases the
logical error rate (scalable quantum error correction, green area) or increases it (quantum error
correction does not work, red area). The threshold should be in between these regions. For
example, if the physical error rate is at the 1% level, the surface code is quite robust against
readout errors, scalable even with relatively high q ≈ 8%. However, if the readout error rate is
at the 1% level, the surface code requires the coherent error rate to be below 4%.

3.5 Results for the distance-3 surface code and their relation to
experiments

In this section, I discuss the implications of my results for the smallest surface code (d = 3)
capable of error correction and their relation to experiments.

For physical error rates much below the threshold, p ≪ pth ≈ 2.85%, numerical simulations
could only provide accurate results by significantly increasing the number of samples which is
not feasible. However, it would also be interesting to see how the surface code performs in this
regime. For the distance-3 surface code, I could carry out analytic calculations using a MWPM-
based look-up table decoder, setting the weights of ’spacelike’ and ’timelike’ edges equal. For 3
rounds of error correction with readout error rate equal to physical error rate, q = p, I find that
the logical error rate up to leading order is given by

p
(d=3)
L ≈ 118p2. (3.68)

Interestingly, this expression is the same for independent phase-flip and readout errors. Thus,
for small error rates, I expect similar behavior for the two models.

I consider an error correction experiment useful when the logical error rate of the encoded
qubit is lower than the error rate of a single physical qubit, pL < p. To study when this break-
even condition is achieved, I compute the logical error rate pL for several fixed values of physical
error rate p and the readout error rate q for d = 3. Results are shown in Fig. 3.7. Again, I
see that coherent errors are more harmful to the surface code quantum memory than readout
errors: to achieve break-even, the physical error rate needs to be pushed below 1%, however, in
this regime, readout errors up to 6% are tolerated.

I now connect these results to experimentally relevant error parameters, focusing on semi-
conductor spin qubits, to estimate the expected performance of a small surface code experiment
based on currently available spin qubit hardware. My considerations expand upon earlier theo-
retical quantum error correction studies focusing on spin qubits [187–193].

The solid black curve in Fig. 3.7 shows my estimate for the physical and readout error rates,
based on recent experimental data [194] obtained for spin qubit readout in a double quantum
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Figure 3.5: Surface code threshold with quasistatic phase damping and readout errors for p = q.
Data points show the numerically obtained logical error rate (maximum infidelity), for different
code distances d, with p = q = ⟨sin2 θ⟩ being the physical error rate p and readout error rate q,
that are kept equal for this plot. Each point is a result of Nsample = 10, 000 × 100 simulations:
the multi-cycle syndrome s was sampled for 10, 000 random θ angles, simulating 100 random
readout error configurations in each case. (a) Logical error rate for a wide range of physical
error rates. (b) Zoom-in of (a) into a narrow window of physical error rates in the vicinity of the
threshold. The graph confirms the existence of a threshold at pth ≈ 2.85%.
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Figure 3.6: Surface code threshold with quasistatic phase damping and readout errors. On the
(p, q) plane, threshold lines were identified by simulating 16 different values of p (equidistant in
0 < p ≤ 9%) for a fixed q value, for code distances d = 7, 9, 11, 13, 15. For each q and d, a lower
bound (green points) and an upper bound (red points) for the p threshold were estimated. The
lower estimate is the greatest value of p at which the maximum infidelity decreases as the code
distance increases. The upper estimate is the smallest value of p at which the logical error rate
increases as the code distance increases. I also carried out Monte Carlo simulations to investigate
phase-flip errors and numerically determined the threshold values (blue points) for asymmetric
p and q values. For simplicity, the blue error bars are set to 0.25, which was the step size for the
physical error rate in each individual simulation.
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Figure 3.7: Comparison of logical and physical error rates on the (p, q) plane for the surface code
with code distance d = 3. The green color indicates pL < p, while the red color is for pL ≥ p.
The black line shows estimated physical and readout error rates based on state-of-the-art spin
qubit experiment, Ref. [194]. It corresponds to readout time 0.5 µs− 0.7 µs.

dot. Points of the curve correspond to different measurement integration times, as I explain
below. The black curve lies inside the break-even region (green), indicating that scaling up the
hardware with the same high-quality components could make useful surface-code-based quantum
error correction attainable with semiconductor spin qubits.

The black curve in Fig. 3.7 is obtained from the data [194] as follows. I connect the coherent
error strength σ, and the corresponding physical error rate p, to the experimentally available
inhomogeneous dephasing time T ∗

2 and measurement integration time Tmeas by assuming that the
Larmor angular frequency ωL of each idling data qubit exhibits spatially uncorrelated, Gaussian,
quasistatic fluctuations, with standard deviation σωL =

√
2/T ∗

2 . This detuning of the Larmor
frequency of the jth data qubit of the code implies a small random rotation θj around the z-axis
on that qubit. Typically, the duration of a quantum error correction cycle is dominated by the
measurement integration time Tmeas of the measure qubits, therefore I estimate the standard
deviation σ of the angle θj of the coherent error as

σ(Tmeas) = σωL · Tmeas =
√
2
Tmeas

T ∗
2

. (3.69)

From this result, I express the physical error rate p(Tmeas) using Eq. (3.12).
I can also provide a realistic estimate for the dependence of the readout error rate q on

the measurement integration time. For this, I use experimental data, namely, the data set
corresponding to the initial state T− in Fig. 3(d) of Ref. [194]. In the measurement integration
time range 0.5 µs− 0.7 µs, the data is well approximated by this power law:

q(Tmeas) ≈
(

τ

Tmeas

)5

, (3.70)

where τ = 0.21 µs is a time constant.
The solid black curve in Fig. 3.7 shows the parametric dependence of q and p on Tmeas, based

on the considerations and numerical factors of the previous two paragraphs, and inhomogeneous
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dephasing time value of T ∗
2 = 10 µs [194]. The black curve lies in the green region, where the

logical error rate is lower than the physical error rate. Based on these considerations, I conclude
that although it is challenging to perform a 9-qubit surface code experiment, semiconductor spin
qubits have the potential to achieve break-even in the near future. In experiments, where the
readout is significantly slower than in the one I cited, it could be fruitful to convert high readout
fidelity to shorter readout time duration [191], since the surface code is more robust against
readout errors than coherent errors. Note that the above considerations can be significantly
improved with the goal of a more realistic description of quantum memory experiments, e.g., by
taking into account gate errors both on data and measure qubits, etc.

Finally, I also relate my simulation results to superconducting quantum computing plat-
forms. On the one hand, transmons are designed to be protected from dephasing [64], and hence
their decoherence is often dominated by relaxation, which is excluded from my model. On the
other hand, alternative superconducting qubits have been developed [195–198], in which qubit
relaxation is suppressed and pure dephasing due to charge noise or flux noise is the dominant
decoherence mechanism. (For an informative summary, see Ref. [199], and Table 1 therein.)
For such superconducting qubits, the quasistatic phase damping model is a good starting point.
Therefore, it is an interesting and relevant future task to assess the performance of quantum er-
ror correction based on such qubits, utilizing the efficient simulation methodology (FLO) applied
here.

3.6 Conclusions and outlook

I introduced the error model of quasistatic phase damping, which is a simplified model that
describes Larmor-frequency fluctuations due to 1/f noise. These Larmor-frequency fluctuations
amount to unwanted coherent rotations whose axis is uniform, but the rotation angle is random
across the qubit register. I showed that this quasistatic phase damping error is equivalent to
independent single-qubit Pauli phase-flip errors in the case of a single cycle of error detection
or error correction. However, for multiple cycles, quasistatic phase damping is distinct from a
phase-flip error.

Furthermore, I numerically investigated the performance of the surface code as quantum
memory in the presence of quasistatic random coherent errors on the physical qubits as well as
(phenomenological) readout errors. I utilized the Fermionic Linear Optics simulation framework
to perform large-scale numerical experiments and established the surface code error correction
threshold. The threshold is found to be close to that with independent phase-flip errors and
readout errors. However, at the threshold, the logical error rate for quasi-static phase damping
combined with readout errors is lower than that for independent phase flips and readout errors.
This suggests that in terms of surface code quantum memory, quasistatic phase damping is less
harmful. Threshold line estimates in the plane spanned by the strengths of the coherent error
and the readout error also show that quasistatic phase damping and the independent phase-flip
error model have similar threshold values.

I evaluated the effects of quasistatic phase damping on the distance-3 surface code, and
established the break-even boundary line for this code on the parameter plane of the physical
error rate and the readout error rate. Finally, I discussed the relevance of these results to solid-
state qubit platforms, including semiconductor spin qubits and superconducting qubits. The
results could provide useful design guidelines for future experiments based on these quantum
computing platforms.

The combination of random Pauli errors and coherent errors was considered in Refs. [200] and
[201]. A possible extension of my error model is the combination of quasistatic phase damping
and random Pauli errors. Including also random Pauli X and Y errors, as, e.g., in depolarizing
noise, however, is unfortunately beyond the scope of this approach, due to the constraints of the
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FLO simulation.
Most recently, generic single-qubit coherent errors (rotations around arbitrary axis) were con-

sidered in the surface code by mapping to statistical physical models [202], and the approximate
simulation of Clifford circuits with a small number of coherent errors also became feasible [203].
These works are paving the way to a complete understanding of the effect of coherent errors on
quantum error correction.
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Chapter 4

Surface code error correction with
crossbar spin qubit architectures

This chapter is based on publication IV.

Several architectural proposals have been made for scaling up spin qubit platforms [33, 187,
189, 204–208]. One difficulty of controlling, e.g., a few thousand qubits on a single chip is a
large number of control lines. The quantum dots hosting the spin qubits are defined via gate
electrodes (plunger gates and barrier gates, described in Sec. 4.1) whose dc voltage supply is
at room temperature, while the chip itself is usually in a dilution refrigerator at millikelvin
temperature. I will refer to the wires connecting the chip with the power supply, and also the
gate electrodes on the chip, as control lines. Driving the qubit (e.g. single-qubit rotations)
requires ac voltage (or ac current, in case of magnetic control using an on-chip micromagnet)
as well, further increasing the number of control lines needed. When the qubits are addressed
individually, the number of control lines scales linearly with the qubit count. This would make it
impractical to accommodate few thousand qubits on a single chip. A crossbar control architecture
was proposed to overcome this issue, where the number of control lines scales as the square root
of the qubit count [209], making it a good candidate for realizing large-scale quantum computers.

The crossbar architecture proposed and studied in [188, 209] consists of a two-dimensional
array of quantum dots (see Fig. 4.1) with barrier gates (yellow lines in Fig. 4.1) separating them
horizontally and vertically as well. These barrier gates control the interdot tunneling amplitudes,
whereas the dot potentials (on-site energies) are controlled via diagonal control lines (plunger
gates, white and gray in Fig. 4.1) which in turn enable the tuning of the charge configuration. A
recent experiment has already demonstrated shared control in a 4 × 4 crossbar array in planar
germanium [210].

To execute a quantum circuit on quantum computing hardware, the circuit has to be trans-
lated to a physical pulse sequence. In the case of this spin qubit crossbar architecture, the
physical pulse sequence consists of gate-voltage pulses that govern the spatial motion of the
electrons, and microwave magnetic pulses that trigger single-qubit logical gates.

I envision this translation procedure as a sequence of layers, which I depict in Fig. 4.2.
Here, I describe these layers briefly and leave details and examples for the bulk of the chapter.
The quantum circuit serves as the input for this procedure. The first step is to express the
quantum circuit in terms of the native gates of the architecture. The second step, characteristic
of sparse spin qubit arrays (as well as other architectures where the qubits are mobile, e.g.,
trapped-ion and neutral-atom quantum computers), is to design the motion of the qubits on
the lattice; this layer is termed routing and scheduling protocol in Fig. 4.2. A subsequent task
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Figure 4.1: Schematics of the crossbar architecture. Circles represent quantum dots, separated
by barrier gates (yellow), with on-site energies controlled by the diagonal plunger gates (gray
and white lines). Black circles are the electrons (or holes, in p-type devices); the spin of each
electron is a qubit. In the odd columns (light blue background) each qubit has Larmor frequency
ωo, whereas in the even columns (light red background) each qubit has Larmor frequency ωe.

is to translate the protocol to an abstract pulse sequence: most importantly, this encodes the
structure of subsequent gate-voltage settings that are required to move the electrons as specified
by the routing and scheduling protocol. Finally, the physical pulse sequence provides a physical
specification of the abstract pulse sequence, e.g., expressing the gate-voltage settings in microvolts
(or microelectronvolts) and timings in microseconds, shapes of magnetic-field pulses specified in
milliteslas (or microelectronvolts) and microseconds, etc.

After the proposal [209], follow-up work devised a routing and scheduling protocol for the
surface code quantum memory implemented in the crossbar architecture [188], and proposed
quantum circuit compilation strategies for the crossbar architecture [211, 212], down to the
‘routing and scheduling protocol’ layer of the stack (see Fig. 4.2). My results are complementary
to these earlier works, as I focus on the remaining layers of the stack, the ‘abstract pulse sequence’
and ‘physical pulse sequence’ layers (denoted green in Fig. 4.2).

In this chapter, I study the opportunity of storing a surface code logical qubit on the crossbar
architecture studied in [188, 209]. My contributions are enumerated as follows:

(i) I decompose the surface code stabilizer measurement circuits in terms of single-qubit and
two-qubit gates that are native to the spin-qubit architecture. This is a correction of the
decomposition in Ref. [188].

(ii) I describe a revised routing and scheduling protocol (compared to Ref. [188]) for the im-
plementation of such a stabilizer measurement cycle.

(iii) I make an estimate for the scaling of logical error with code distance, based on the frame-
work established in Sec. 5.4 of Ref. [188], but applying that to my updated protocol.
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general quantum circuit

quantum circuit with native gates

routing and scheduling protocol

abstract pulse sequence

physical pulse sequence

Figure 4.2: Layers for the quantum computing stack for a crossbar spin-qubit architecture.
Special layers, characteristic of this architecture, are the ‘routing and scheduling protocol’, which
describes the motion of the electrons in the array, and the ‘abstract pulse sequence’, which encodes
the structure of subsequent gate-voltage settings required to move the electrons according to the
routing and scheduling protocol. See text for a more detailed description of all layers. Layers
denoted by gray color were also studied in earlier works: for the surface code in Ref. [188] and
in a general compilation framework in Ref. [211]. Layers denoted by green color are addressed
here.
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(iv) The surface code in this crossbar architecture can be operated in a line-by-line or in a
parallel fashion [188]. The logical error rate, and its scaling with code distance d, depends
strongly on this choice. For line-by-line operation, I determine the optimal code distance
as a function of the physical qubit coherence time and the measurement time, and identify
a parameter range where the logical error rate of the surface code quantum memory is less
than the physical error rate (often referred to as the break-even performance of the code).

(v) I construct an abstract pulse sequence (i.e., for gate voltage and ESR pulses) for the parallel
operation of the surface code stabilizer measurement cycle.

(vi) I devise a verification algorithm for adiabatic qubit shuttling-based routing in the shared-
control crossbar architecture. As inputs, one needs to specify (i) the desired movements
of the electrons (qubits) in the array, and (ii) the abstract pulse sequence specifying the
gate-voltage changes. Then, the algorithm verifies if the abstract pulse sequence indeed
generates the desired movements.

(vii) I describe how to implement the abstract pulse sequence physically.

(viii) During the physical pulse sequence, crosstalk effects (namely, coherent phase errors) can
occur on idle qubits, due to the built-in constraints of the crossbar architecture. I charac-
terize these crosstalk errors during the surface code cycle. I also identify an experimentally
relevant parameter regime where the estimated crosstalk errors are below the surface code
threshold. These results suggest that these crosstalk errors can be mitigated by the surface
code quantum error correction procedure.

As seen in the above list, contributions (i), (ii), (iii) and (iv) are corrections or modifications
or slight extensions with respect to [188]. The errors I have identified in [188], along with my
proposed corrections, are summarized in Table 4.1. I note that the errors I have identified are
quantitative in nature, not affecting the qualitative conclusions of [188]. My contributions (v),
(vi), (vii), (viii) go beyond the scope of [188].

The rest of this chapter is organized as follows. In Sec. 4.1, I describe the key features of
the crossbar spin qubit architecture. In Sec. 4.2 I summarize the quantum circuits needed for
the surface code stabilizer measurement cycle, I decompose them using the native spin qubit
gates and I describe the updated scheduling protocol to transpile these circuits to the crossbar
architecture (i–ii). Moreover, I estimate the scaling of the logical error rate using the framework
of [188] (iii–iv). In Sec. 4.3 I propose a physical pulse sequence for the stabilizer measurement
cycle, and compute the crosstalk errors that occur during my protocol (v–viii).

4.1 The crossbar spin qubit architecture

In this section, I briefly introduce the crossbar spin qubit architecture [188, 209], which is
shown in Fig. 4.1.

It consists of a two-dimensional array of quantum dots with barrier gates (yellow bars in
Fig. 4.1) separating the dots horizontally and vertically. These barrier gates control the interdot
tunneling amplitudes. The dot potentials (on-site energies) are controlled via diagonal control
lines (a.k.a. plunger gates, shown as white and gray bars in Fig. 4.1) which enable the tuning of
the charge configuration (up to the constraints originating from the shared-control structure).

Following [188, 209], I consider Loss–DiVincenzo qubits [41], i.e. single-electron (or single-
hole) spin qubits. A static external magnetic field is applied throughout the array to set the qubit
splitting. However, in the proposal of the crossbar architecture, there is a built-in inhomogeneity:
the qubit Larmor frequencies are alternating column by column [209], as indicated by the blue and
red shadings in Fig. 4.1. This alternating structure enables selective (semi-global) addressing of
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No. Result Ref. [188] My version

1 Decomposition of the cnot gate in terms of
√

swap gates Fig. 4 Fig. 4.5
2 Surface code Z-stabilizer measurement circuit decomposed with

two-qubit
√

swap gates and single-qubit gates
Fig. 11 Fig. 4.6

3 Time step count per step in terms of gate types for the line-by-
line implementation of the surface code stabilizer measurement
cycle

Table 4 Table 4.2

4 Number of operations per qubit type (data/ancilla qubit) for
the X and Z stabilizer measurement cycles

Table 5 Table 4.4

5 Estimated time of a full stabilizer measurement cycle using
line-by-line operation

Eq. (18) Eq. (4.2)

6 Average physical error probability per quantum stabilizer mea-
surement cycle

Eq. (20) Eq. (4.5)

Table 4.1: List of corrections (1-2) and modifications (3-6) I propose compared to Helsen et al.
[188].

the qubits located at even or odd columns, and single-qubit gates can be performed via Electron
Spin Resonance (ESR), applying an ac magnetic field that has a transverse component with
respect to the static magnetic field.

Qubits can also move on the grid to unoccupied sites via coherent electron shuttling [213–224].
Moving the qubits between two sites with different Larmor frequencies, ωe and ωo (for brevity,
I refer to angular frequencies as frequency throughout the chapter), can effectively induce a
coherent rotation around the axis of the external magnetic field. Such a rotation can serve as a
single-qubit gate [40], or as an identity operation if proper timing ensures that a rotation angle
is an integer multiple of 2π.

A native two-qubit gate of spin qubit architectures is the
√

swap gate that is carried out
utilizing the exchange interaction between two neighboring qubits [41, 49, 225]. In the cross-
bar architecture, this is realized by moving the qubits to neighboring sites and lowering the
potential barrier that separates them [226]. The diagonal plunger gates could also be used for
radiofrequency (RF) charge sensing via gate reflectometry, enabling qubit readout via capaci-
tance measurement at the Pauli spin blockade transition [209]. Qubit readout is also possible
via charge sensors located in the vicinity of the quantum dots of the array [210].

Importantly, all these considerations rely on a high level of uniformity throughout the spin
qubit processor. Throughout Sec. 4.2 and 4.3, I assume perfect uniformity of the array. Also note
that due to the shared control, crosstalk effects (e.g. unwanted rotations, spurious shuttlings)
might also be induced, as I describe in Sec. 4.3.4.

4.2 Surface code stabilizer measurement cycles

The surface code encodes a logical qubit in the common +1 eigenspace of the X-type and
Z-type parity check operators (stabilizers), as shown in Fig. 1.8(a). In this section, I briefly
summarize the quantum circuits of stabilizer measurements. The section is structured as follows.
In Sec. 4.2.1, I list the quantum circuits for the surface code stabilizer measurement cycle [100].
In Sec. 4.2.2, I decompose these circuits in terms of native gates of the crossbar spin qubit
architecture. Such a decomposition was included in Ref. [188], but I identify a few errors there,
which I correct. These errors and the proposed corrections are collected in Table 4.1. In Sec. 4.2.3,
I provide an updated version of the scheduling protocol described in Sec. 4.4 of Ref. [188], using
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parallel operation. In Sec. 4.2.4, I discuss the case when parallel operation is not feasible. Finally,
in Sec. 4.2.5 I estimate the scaling of the logical error probability for a crossbar system, using
the phenomenological error model introduced in Ref. [188].

4.2.1 Z-cycle circuit, X-cycle circuit with cnot gates

Experimentally, the measurement of the stabilizers, i.e., checking the joint parity of data
qubits on a plaquette, is performed by measuring an ancillary qubit after entangling the latter
with the four corresponding data qubits. In principle, this is possible using one ancilla per
lattice face [see Fig. 4.3(a)] exploiting the standard quantum circuits depicted in Figs. 4.4(a)
and (b) for the Z- and X-type stabilizers, respectively. Both circuits use four cnot gates for
entangling data qubits with the ancilla. Ancilla qubits marked red in Fig. 4.3(a) are labeled by
A in Fig. 4.4(a), and they are used to measure the Z-type stabilizers. Similarly, ancilla qubits
marked blue in Fig. 4.3(a) are labeled by B in Fig. 4.4(b) and they are used to measure the
X-type stabilizers. For the X-type stabilizer measurement, two Hadamard gates are also needed,
as shown in Fig. 4.4(a). During a complete Z-cycle (X-cycle), all of the Z (X) stabilizers are
measured.

4.2.2 Z-cycle circuit, X-cycle circuit using
√

swap gates

Here, following [188], I compile the circuits of Figs. 4.4(a) and (b) such that they utilize the√
swap gate (described in Sec. 4.1) instead of the cnot as the standard two-qubit gate. The

stabilizer measurement circuits can be decomposed using the identity shown in Fig. 4.5 which
uses two

√
swap gates and five single-qubit gates for the cnot [41]. For the single-qubit gates, I

use Hadamard gates, the Pauli-Z gate, the S gate (see Table 1.1), and its Hermitian conjugate,
the S† gate.

Substituting this decomposition into the previous circuits of Figs. 4.4(a) and (b), after merg-
ing the subsequent Hadamard gates, I obtain the Z and X stabilizer measurement circuits with
native gates of the crossbar architecture as shown in Fig. 4.6 and Fig. 4.7, respectively. Note also
that I shifted the mid-circuit S and S† gates to the end of the circuits wherever it was possible.

4.2.3 Routing and scheduling protocol for parallel operation

In this section, I consider a protocol where the Z and X stabilizer measurement cycles are
performed sequentially. Readout via PSB (as described in Sec. 1.2.1) requires two quantum
dots, therefore the role of X and Z ancilla qubits are swapped in the subsequent cycles, using
one of them always as a reference qubit for the measurement of the other. I discuss how to
implement (compile) the corresponding circuits to the crossbar architecture, overcoming the
hardware constraints.

Fig. 4.3(b) shows a 5×5 crossbar array hosting 13 qubits in the bulk of a surface code patch.
Data qubits are black, Z-type ancilla qubits (ancilla qubits A) are red, and X-type ancilla qubits
(ancilla qubits B) are blue.

For the surface code Z-cycle, using the quantum circuit of Fig. 4.6, I propose an updated
version of the protocol outlined in Sec. 4.4 of Ref. [188]. It incorporates corrections 1 and 2 of
Table 4.1, moreover, it also contains new steps (Steps 4 and 9). The short description of this
Protocol is the following (for a visual representation see auxiliary file ZcycleMovie.pdf available
at the Zenodo repository [227]):
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Figure 4.3: (a) Layout of the bulk of a surface code patch. The black dots are data qubits.
Gray (white) plaquettes represent Z-type (X-type) stabilizer operators. Correspondingly, the
red (blue) dots are the ancilla qubits for the Z (X) parity checks. I also use the notation ancilla
qubit A and B for the red and blue qubits, respectively. (b) Same setup realized in a 5 × 5
crossbar array.

|0⟩A
±1

(a) Z-stabilizer measurement

±1

|0⟩B H H

(b) X-stabilizer measurement

Figure 4.4: Surface code stabilizer measurement circuits [100].
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♦ ♦

Z S

H S† H

Figure 4.5: Decomposition of the cnot gates (on the left) in terms of
√

swap gates (connected
diamonds on the right) and single-qubit gates that are native to the crossbar spin qubit archi-
tecture.

|0⟩A H ♦ ♦ S† ♦ ♦ S† ♦ ♦ S† ♦ ♦ S† H

D1 ♦ Z ♦ S

D2 ♦ Z ♦ S

D3 ♦ Z ♦ S

D4 ♦ Z ♦ S

Figure 4.6: Surface code Z-stabilizer measurement circuit decomposed with two-qubit
√

swap
gates and single-qubit gates. In my Protocol, the gates before the first and after the second
dashed line are realized by global ESR control. The gates between the first and second dashed
lines are realized by shuttling. Labeling of the data qubits (D1, D2, D3, and D4) is consistent
with Fig. 4.8.

|0⟩B H ♦ Z ♦ S ♦ Z ♦ S ♦ Z ♦ S ♦ Z ♦ S H

H ♦ ♦ S† H

H ♦ ♦ S† H

H ♦ ♦ S† H

H ♦ ♦ S† H

Figure 4.7: Surface code X-stabilizer measurement circuit decomposed with two-qubit
√

swap
gates and single-qubit gates. In my Protocol, the gates before the first and after the second
dashed line are realized by global ESR control. The gates between the first and second dashed
lines are realized by shuttling.
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Routing and scheduling protocol

1. Initialize the idle configuration.

2. Apply global H gate to all ancilla qubits (located in even columns).

3. Go to the ‘rightward triangle configuration’, by moving the ancilla qubits one site to
the right, see Fig. 7(b) of [188].

4. Apply global H gate to ancilla qubits B (located in even columns), to cancel the
rotation they suffered in Step 2.

5. Perform the
√

swap gates that entangle ancilla qubits A and the neighboring two
data qubits (e.g. the gates that entangle ancilla qubit A and data qubits D1 and D2
in Fig. 4.6), interleaved with shuttling-based single-qubit rotations Z and S† on the
data qubits and the ancilla qubit, respectively.

6. Go back to idle configuration.

7. Go to ‘leftward triangle configuration’, by moving the ancilla qubits one site to the
left [188].

8. As a mirror image of Step 5, perform the two
√

swap gates that entangle ancilla
qubits A with the other two neighboring data qubits (e.g. the gates that entangle
ancilla qubit A and data qubits D3 and D4 in Fig. 4.6), interleaved with shuttling-
based single-qubit rotations Z and S† on the data qubits and the ancilla qubit,
respectively.

9. Apply global H gate to ancilla qubits B (located in even columns).

10. Go back to idle configuration.

11. Apply global H gate to all ancilla qubits (located in even columns) and global S
gate to all data qubits (located in odd columns).

12. Go to ’rightward triangle configuration’ [188].

13. Perform PSB readout of ancilla qubits A using ancilla qubits B as reference qubits.

14. Go back to idle configuration.

I propose to perform the mid-circuit single-qubit gates (i.e., those between the vertical dashed
lines in Fig. 4.6 and 4.7) via coherent qubit shuttling since all of them are rotations around the
z-axis. When the external magnetic field is pointing in the z-direction, this is feasible with the
proper timing. Single-qubit gates before the first and after the second vertical dashed line in
Fig. 4.6 and 4.7 are conveniently performed by global rotations using ESR [188, 209], because the
same gate has to be applied to all qubits located in all columns with the same color. ESR enables
global rotations around any axis (e.g. with the combination of x and y axis rotations), thus S
and S† gates can also be realized in this manner, as well as the Hadamard gate H. Note that
compared to Fig. 4.6, the circuit corresponding to my routing and scheduling Protocol contains
two extra Hadamard gates (Steps 4 and 9) on ancilla qubits B.

For the surface code X-cycle, I propose a similar protocol exchanging the role of ancilla qubits
A with ancilla qubits B, based on the quantum circuit displayed in Fig. 4.7.

In principle, in an X or Z-cycle, each step described above could be executed simultaneously
in each 4×4 unit cell of the crossbar array which has 4×4 spatial periodicity (see Fig. 4.8). In an
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D1

D2

D3

D4

A1

A2

B1

B2

Figure 4.8: Data qubits and ancilla qubits in the idle configuration. The 4 × 4 unit cell of the
grid is highlighted and the corresponding 8 qubits in this cell are numbered.

experimental setting, measurement of spin qubits is possible via spin-to-charge conversion and
charge readout using charge sensors or gate-reflectometry [228, 229]. The latter measures the
charge response (i.e. the quantum capacitance) of tunnel-coupled qubits to changing plunger gate
voltage that tunes the on-site energy difference. This measurement is possible via the diagonal
plunger gates. Here, I investigate the case when charge sensors are used for the readout, which
has the advantage that vertical barrier activation is needed only for a short duration, reducing the
amount of crosstalk errors (discussed in Sec. 4.3.4). Utilizing multiple charge sensors and PSB-
based spin-to-charge conversion, qubit states across the chip could be inferred simultaneously
[210]. Therefore, I assume that ancilla qubits could be measured in parallel via the parallel PSB
readout scheme depicted in Fig. 4.9. Hence, I term the protocol described in this section parallel
operation. In the next section, I discuss a scenario [188] where operations are not executed in
parallel across the array.

4.2.4 Line-by-line implementation

One could also opt for line-by-line operation throughout the whole cycle to account for qubit-
to-qubit variations with individual control (see Sec. ’Parallel operation’ of Ref. [209], and Sec. 3
of Ref. [188]). Line-by-line operation means that except for global rotations, each operation
(quantum gate, qubit shuttling, measurement) is done sequentially, column-by-column, or row-
by-row. In particular, after performing Steps 1 and 2, Steps 3-6 (excl. Step 4 that is a global
rotation) are applied only in the first two columns. At the end of this sequence, the array is
returned to the idle configuration, and then the process continues with the next two columns,
and so on, until reaching the end of the grid. This is followed by Steps 7-12 (excl. Step 9)
performed in the same manner. Step 13 is performed row-by-row.

Following Ref. [188], I further divide each Step in my Protocol into composite time steps so
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Figure 4.9: Parallel Pauli spin blockade readout of the red qubits (ancilla qubits A), using the
blue qubits (ancilla qubits B) as reference qubits, in the surface-code Z-cycle. Charge sensors
(not shown) are needed to perform readout in this configuration; these could be a set of sensor
dots on the same chip [210], or sensors added in a 3D fashion [230–233]. The crossbar array
is in the rightward triangle configuration [188]. On-site energies beneath the dark green, light
green, gray, and white diagonal plunger gates have low to high values, respectively. The vertical
barriers between the red and blue qubits are to be opened, and the light green diagonal plunger
gates are to be far detuned to provide significantly lower on-site energy to overcome Coulomb
repulsion between the red and blue qubits for the PSB readout. The same scheme can be used
in the X-cycle, exchanging the role of the red and blue qubits.
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Steps 1 2 3 4 5 6 7 8 9 10 11 12 13 14 Z cycle total√
swap gates 4d 4d 8d
Z-rotations 4d 4d 8d
Shuttling d d d d d d 5d

Global rotations 1 1 1 1 4
Measurements d d

Table 4.2: Composite time step count per Step in terms of gate types for the line-by-line imple-
mentation of the surface code Z stabilizer measurement cycle (described as a 14-Step Protocol in
Sec. 4.2.3). Z-rotations refers to shuttling-based single-qubit rotations around the z-axis. Table
cells that are left empty signify zero entries. For the X stabilizer measurement cycle, one more
global rotation and one less shuttling-based Z-rotation is needed. A similar table could be ob-
tained for parallel operation, substituting d = 1 into the d-dependent entries of this Table.

Operation Time steps per full cycle Notation√
swap gate 16d τsw
Z-rotation 15d τz
Shuttling 10d τsh

Global rotation 9 τgl
Measurement 2d τm

Table 4.3: Total number of composite time steps per operation for the full surface code stabilizer
measurement cycle (subsequent X and Z stabilizer measurements) and the corresponding nota-
tions, assuming line-by-line operation. A similar table could be obtained for parallel operation,
substituting d = 1 into the d-dependent entries of this Table.

that one Step is equivalent to at least one composite time step. At this level, one composite time
step corresponds to a qubit shuttling step or a gate in the quantum circuits of Fig. 4.6 and 4.7.
I use the adjective ‘composite’ here, because below I will further divide these composite time
steps to elementary time steps.

Table 4.2 lists the composite time-step count of each Step of my Protocol in terms of the
types of operations for the line-by-line implementation of the Z parity checks. As a result of
the line-by-line implementation, the number of composite time steps needed for most of the
operations is proportional to the code distance d. This is not true for global rotations, which are
applied in parallel for qubits located in the same column [188], taking just a single composite
time step. I get similar counts for the X stabilizer measurement cycle as that in Table 4.2, the
only difference is I need one more global rotation, and one less shuttling-based z rotation for this
protocol. Table 4.3 summarizes the total number of composite time steps for all gate types for
a full surface code stabilizer measurement cycle. Additionally, I list the number of operations
per qubit type (data/ancilla qubit) for both cycles in Table 4.4. Similar considerations hold for
parallel operation as well, substituting d = 1 into the d-dependent entries of Table 4.2 and 4.3.

4.2.5 Dependence of the logical error on the code distance

In this section, I present the logical error probability estimation for a crossbar system based
on Ref. [188], using the parameters from the previous section. In Ref. [100], surface code er-
ror correction was numerically simulated under realistic (circuit level) noise and the empirical
formula, Eq. (11) of Ref. [100],

pL ≈ 0.03

(
pe
8pth

) d+1
2

, (4.1)
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Data qubits Z ancilla qubits X ancilla qubits AverageZ-cycle X-cycle Total Z-cycle X-cycle Total Z-cycle X-cycle Total√
swap gate 2 2 4 8 0 8 0 8 8 6
Z-rotation 1 0 1 4 0 4 0 7 7 3.25
Shuttling 0 0 0 6 0 6 0 6 6 3

Global rotation 1 3 4 2 2 4 2 3 5 4.25
Measurement 0 0 0 1 0 1 0 1 1 0.5

Table 4.4: Number of operations per qubit type (data/ancilla qubit) for both cycles. Average
values in the last column are obtained as the weighted average operation number for data qubits
and ancilla qubits, using weight 2 for the data qubits. Qubits located at the boundary of the
code might have lower gate counts.

providing reasonable agreement with the simulation data for any odd distance d (see Fig. 4 in
Ref. [100]), where pL is the logical error probability per surface code cycle, pe is the per-cycle
per-qubit physical error probability, and pth = 0.57% is the per-step threshold error probability.
I will make use of this formula to estimate the error scaling for my Protocol.

In my estimate, I consider two types of errors: decoherence-induced errors and operation-
induced errors. Decoherence is present in any realistic quantum system that is subject to an
environment [9]. Therefore, even the dynamics of idling qubits are governed by decoherence
processes. These are often separated into two categories: relaxation and dephasing. Both mech-
anisms are characterized by a corresponding time scale, T1 and T ∗

2 respectively. As argued in
Chapter 3, for spin qubits, the dominant error mechanism is usually dephasing, which means
that T ∗

2 ≪ T1 [23]. Thus, for my simple estimates, I neglect relaxation processes; I consider only
qubit dephasing as the source of decoherence.

Assuming line-by-line operation (as discussed in Sec. 4.2.4), the total time of a full stabilizer
measurement cycle using my Protocol is dependent on the code distance, and is calculated from
Table 4.3 as follows:

τ line-by-line
total (d) = 16dτsw + 15dτz + 10dτsh + 9τgl + 2dτm. (4.2)

Here, I used the data and notation in Table 4.3, and weighted the duration of each operation
with the corresponding composite time-step count. For parallel operation, the total time is
independent of code distance:

τparallel
total = 16τsw + 15τz + 10τsh + 9τgl + 2τm. (4.3)

Assuming an exponential decay of coherence, the decoherence-induced error probability is
approximately given by the ratio of the total cycle time and the coherence time [188]:

Pdecoh(d) = 1− e−τtotal(d)/(2T
∗
2 ) ≈ τtotal(d)

2T ∗
2

. (4.4)

This is the standard way to introduce decoherence, however, note that Gaussian decay - relevant
for e.g. 1/f noise - could result in significantly better estimates for the logical error probability
since for time scales shorter than T ∗

2 it produces less decoherence. For an optimistic estimate, I
use T ∗

2 = 1 s, which is the measured Hahn-echo coherence lifetime of donor spin qubits in 28Si
[209, 234]. I will also use a less optimistic value, T ∗

2 = 10ms for comparison. Note that these
coherence times - relying on future hardware advancements - are much longer compared to the
value used in Sec. 3.5.

During quantum computation, single-qubit gates, two-qubit gates, shuttling, and measure-
ments are also imperfect. To account for these imperfections I assign the same error probability,
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Operation Time duration Error probability√
swap gate τsw = 20ns psw = 10−3

Z-rotation τz = 100 ns pz = 10−3

Shuttling τsh = 10ns psh = 10−3

Global rotation τgl = 1000 ns pgl = 10−3

Measurement τm = 100 ns pm = 10−3

Table 4.5: Operation times and error probabilities used for the estimation of the logical error
probability pL. All of the values are taken from Ref. [188].

10−3, to each operation, as listed in Table 4.5. I also list the assumed time duration of the
operations in Table 4.5.

Taking into account both decoherence-induced and operation-induced errors, I obtain the
average error probability per quantum stabilizer measurement cycle (per physical qubit):

Pavg(d) = 6psw + 3.25pz + 3psh + 4.25pgl + 0.5pm + Pdecoh(d). (4.5)

Here, I also weighted the operation-induced error probabilities with the per-cycle average number
of the specific operations (as listed in the last column of Table 4.4). Qubits located at the code’s
boundary might have lower gate counts, which means that my estimate serves as an upper bound
for the average error probability per cycle.

To evaluate the logical error probability, now let me use Eq. (4.1), replacing the per-cycle
error probability pe by the estimate Pavg(d), yielding

pL = 0.03

(
Pavg(d)

8pth

) d+1
2

. (4.6)

The thus obtained logical error probability is plotted in Fig. 4.10 as a function of code distance,
both for parallel and line-by-line operation, for two different values of T ∗

2 , using pth = 0.57%
[100]. Panels (a) and (b) of Fig. 4.10 correspond to two different values of the measurement time
τm.

In the case of parallel operation (blue solid and blue dashed lines in Fig. 4.10), the hardware
constraints of the crossbar architecture do not imply any significant effect on the error suppres-
sion: the logical error probability goes below pL = 10−20 for code distance d ≈ 85 for coherence
times T ∗

2 = 1 s and T ∗
2 = 10ms as well. Together with fault-tolerant logical operations, this level

of precision is suitable for a fully functioning computer. Eq. (4.6) is often cast into the form

pL = 0.03/Λ
d+1
2 (4.7)

as well, where Λ = 8pth/Pavg is the exponential error suppression factor which is just a constant
in case of parallel operation. I extract the values Λ ≈ 2.7 and 2.6 for coherence times T ∗

2 = 1 s
and 10ms, respectively. These values remain approximately the same regardless of using 100 ns
or 1000 ns measurement time.

However, for line-by-line operation, due to the linear scaling of the operation time with the
code distance, the logical error probability has a global minimum at a certain code distance d∗

[188]. For coherence time T ∗
2 = 10ms and measurement time τm = 100 ns (red dashed line in

Fig. 4.10(a)), the minimum achievable logical error probability is around pL = 10−12 at code
distance d∗ = 117. This becomes even less favorable when the measurement time τm is increased
to 1000 ns (red dashed line in Fig. 4.10(b)), where the lowest feasible logical error probability is
around pL = 10−7 at code distance d∗ = 63.
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Figure 4.10: (a) Logarithm of the estimated logical error probabilities based on Eq. (4.6), as a
function of code size, for measurement time τm = 100 ns. Plotted for line-by-line and parallel
operations, for coherence times T ∗

2 = 1 s and 10ms as well. Parallel operation implies error
suppresion factors Λ ≈ 2.7 and 2.6 for coherence times T ∗

2 = 1 s and 10ms, respectively. (b) Same
plot, but using τm = 1000 ns for the measurement time duration. The error suppression is
approximately the same for the two different dephasing time values in case of parallel operation.
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For the line-by-line implementation, I also compute the optimal code distance which I define
as

dopt = argmin
d

Γ(d), (4.8)

where Γ(d) is the error rate,

Γ(d) =

{
1/T ∗

2 d = 1

pL/τ
line-by-line
total (d) d ≥ 3.

(4.9)

The optimal code distance as a function of the dephasing time is illustrated in Fig. 4.11(a). Up
until T ∗

2 ≈ 100 µs it is 1, meaning that scaling up the surface code leads to increased logical error.
I consider the surface code quantum memory useful when the encoded logical qubit has less error
than a single physical qubit. Therefore, in Eq. (4.8), I compare the achievable logical error
probability per cycle time to the error of a single idling physical qubit. Fig. 4.11(b) also shows
the optimal (minimized) error rates Γ(d) as a function of the dephasing time. Furthermore,
I also plot the optimal code distance and the optimized error rate as a function of both the
dephasing time and the measurement time (from τm = 100 ns to 2000 ns) in Fig. 4.11(c) and (d),
respectively. Fig. 4.11(d) shows that above-millisecond coherence time is required to push the
logical error rate per microsecond below 10−3, which is the error of a single operation.

4.3 Pulse sequence for the stabilizer measurement cycles

In Sec. 4.2.3 I described a scheduling Protocol for the surface code stabilizer measurement
cycle, although the question remains whether there is a practical pulse sequence that could realize
it. In this section, I argue that the answer to this question is positive, furthermore, I construct
a specific pulse sequence that is suitable for my Protocol. Following Fig. 4.2, in Sec. 4.3.1,
first I describe this pulse sequence in terms of abstract gate voltage values and abstract ESR
pulses. Based on this description, in Sec. 4.3.2, I also provide a verification algorithm for the
qubit shuttling steps included in my Protocol. I assign physical pulses to the abstract ones
in Sec. 4.3.3, establishing the final control stack layer of implementing the surface code with
the crossbar architecture (Fig. 4.2). Finally, in Sec. 4.3.4, I also estimate the idle qubit errors
occurring during my implementation of the surface code stabilizer measurement cycle due to the
crosstalk effects.

4.3.1 Abstract pulse sequence

The Protocol described in Sec. 4.2.3 consists of global single-qubit gates, qubit shuttling steps,
shuttling-based single-qubit phase gates, two-qubit

√
swap gates, and measurements. Coherent

shuttling of a single qubit is a simple procedure, however, for parallel operation, it is a non-trivial
problem to perform multiple shuttlings simultaneously, due to the limited control in the crossbar
architecture. This is also true for the

√
swap gates.

Assuming that throughout the quantum-dot array, the Coulomb energy and the orbital level
spacing are much larger than the on-site energy differences, I propose that it is sufficient to use 4
different plunger gate voltage values to carry out my Protocol with parallel operation. (In fact, a
fifth value is needed for the spin-to-charge conversion in Step 13 of my Protocol.) Furthermore, to
describe the pulse sequence it is enough to prescribe the gate voltages on 4 consecutive diagonal
plunger gates, and then I have a pattern that is periodically repeating itself.

At this level, I further divide composite time steps (used in Sec. 4.2.4) into elementary time
steps to resolve the pulsing of the plunger and barrier gates. In Table 4.6, I outline the first 18
elementary time steps of the abstract gate voltage and abstract ESR pulse sequence corresponding
to the surface code Z-cycle based on my Protocol. Each column of this table corresponds to one
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Figure 4.11: (a) Optimal code distance of Eq. (4.8), for line-by-line operation as a function
of the dephasing time T ∗

2 , for measurement time durations τm = 100 ns and 1000 ns. (b) The
corresponding optimized error rates Γopt = Γ(dopt) in units of (µs)−1. (c) Optimal code distance
shown as a function of both dephasing time and measurement time. (d) The optimized error
rate Γopt shown as a function of both dephasing time and measurement time.
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Components Specification 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18

plunger gates

0 1 1 1 c 3 3 3 3 3 3 3 c 4 c 3 3 3 3
1 4 4 4 c 2 2 c 3 3 3 c 2 2 2 c 3 3 3
2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
3 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4

barrier gates

even, horizontal 1 1 1 1 1 1 1 c 0 c 1 1 1 1 1 c 0 c
odd, horizontal 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
even, vertical 1 1 c 0 c 1 1 1 1 1 1 c 0 c 1 1 1 1
odd, vertical 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1

ESR ωo 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
ωe 0 1 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0

Table 4.6: First 18 elementary time steps of the (abstract) gate voltage and ESR pulse sequence
realizing the surface code Z-cycle. For the numbering of the plunger gates and the barriers,
I use the same convention as in Fig. 4.1 and Fig. 4.3(b). Plunger gate voltages are periodic
before and after the four I listed in this table. Here, I associate integers with the plunger voltage
values. A higher integer value corresponds to a higher gate voltage (on-site potential). For
the barrier gates, there are On/Off declarations (where On refers to high tunnel barrier, no
tunneling) corresponding to 1 or 0, respectively. The value "c" refers to that the gate voltage
is changing. For the ESR pulses, 0 means no pulse and 1 means a Hadamard gate. The full
sequence (111 elementary time steps) together with a visual representation is provided at the
Zenodo repository [227], see ZcyclePulseSequence.xlsx and ZcycleMovie.pdf correspondingly.

elementary time step and contains a value (1, 2, 3, or 4) for the 4 consecutive diagonal plunger
gates that is proportional to the value of the on-site energies, On/Off declarations for the barriers,
and the ESR field as well. For the numbering of the plunger gates and the barriers, I use the
same convention as in Fig. 4.3(b).

Starting from the idle configuration (elementary time step 1), elementary time step 2 is the
Hadamard gate applied to the ancilla qubits, and elementary time steps 3-5 correspond to qubit
shuttling to reach the rightward triangle configuration. Elementary time step 6 corresponds to
Step 4 in my scheduling Protocol, elementary time step 7 is a plunger reset, elementary time steps
8-10 correspond to the first

√
swap of Step 5, elementary time steps 11-15 realize a shuttling

based Z gate, and elementary time steps 16-18 correspond to the second
√

swap gate of Step 5.
Most of the Steps in my Protocol consist of more than one elementary time step, corresponding
to several columns in Table 4.6, consequently.

At the Zenodo repository [227], I provide the full abstract gate-voltage pulse sequence for
both the Z and X stabilizer measurement cycles implemented with parallel operation, in the
form of two Tables (see auxiliary files ZcyclePulseSequence.xlsx and XcyclePulseSequence.xlsx,
respectively).

4.3.2 Verification of the shuttling protocol

In this section, I summarize how I verify the shuttling protocol. Verification means two
things: ensuring that the (abstract) gate voltage pulse sequence meets the operational constraints
of the crossbar architecture, and checking whether the given pulse sequence realizes the desired
movements between the different spatial configurations of the electrons. Therefore, I use the
following definitions and set the requirements listed below:

1. Assume that each plunger gate voltage at each step of the pulse sequence takes one of the
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four different values: 1, 2, 3, 4. This abstract value represents the on-site energy controlled
by the plunger gate, with 1 (4) corresponding to the lowest (highest) on-site energy.

2. An electron configuration (E) is the collection of electron positions in the lattice. Double
occupancy of a single site is forbidden for shuttling.

3. A plunger configuration (P) is a vector of plunger values.

4. A configuration C = (E, P) is an ordered pair of an electron configuration and a plunger
configuration.

5. A plunger reset (also denoted by P) describes the change of the plunger values. Formally,
it is simply the plunger configuration after the change. If this is combined with barrier
activation (see below), then it results in a change in the electron configuration. If it is not
combined with barrier activation, then it does not change the electron configuration.

6. A shift (S) describes the movement of electrons in the array in response to the activation
of a barrier and a plunger reset. Formally, it is an ordered pair S = (β, P) where β is the
collection of barrier indices (of those barriers that are activated), and P is a plunger reset.
Activation of the barriers means that first the barriers are lowered, then the plunger reset
is applied, and then the barriers are raised back.

7. I aim to avoid unwanted, and non-adiabatic tunneling processes, hence I constrain which
shifts can be performed on which configurations. This is specified in the following:

(a) Each shift must contain the activation of either horizontal or vertical barriers only.

(b) It is not allowed to activate the barriers on both sides of a dot in the same shift.

8. A shift S = (β, P) is compatible with a configuration C0 = (E0, P0), if the following conditions
are satisfied for all b ∈ β:

(a) In the electron configuration E0, all neighboring dot pairs of barrier b contains at most
one electron.

(b) For all electrons in the neighboring dot pairs of barrier b, one side of the barrier has
lower on-site energy than the other (also implying that the pre-shift plunger values
specified in P0 are different), and the electron resides on the side of that barrier with
the lower on-site energy.

(c) For all dot pairs neighboring barrier b, the post-shift plunger values specified in P are
also different on the two dots.

9. A shift is an operation that can act on configurations that are compatible with it. In
such a case, the result (in other words, the action) of the shift S = (β, P) on configuration
C0 = (E0, P0) is C = (E, P), where E contains the new positions of the electrons. Only
the positions of those electrons can change that initially reside in one of the dot pairs
neighboring the barriers listed in β. Out of those electrons, the ones whose on-site energy
remains lower after the shift will not move. Those electrons whose on-site energy is higher
after the shift will move to the other dot of their dot pair.

10. A shuttling protocol is specified as an initial configuration, and a sequence of shifts and
plunger resets (that are shifts without barrier activation), such that each shift is compatible
with the configuration preceding it. Without the loss of generality, I can assume that bare
plunger resets can be contracted, i.e., between two subsequent shifts there is at most one
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bare plunger reset. The result of a protocol is the final configuration CN , which can be
expressed as the sequence of actions on the initial configuration:

CN = S(N−1)→N . . . S1→2S0→1C0, (4.10)

where N is the number of shifts in the shuttling protocol.

Using this language, verification of a shuttling protocol is equivalent to checking whether all
subsequent shifts are compatible with their prior configuration and whether their action indeed
provides the desired configuration (for all of the intermediate steps as well). If all of these
requirements are satisfied, then the corresponding shuttling protocol is valid.

I implemented the above requirements as a verification algorithm in Python and tested the
validity of the qubit shuttling steps of my Protocol (described in Sec. 4.2.3) by checking all the
requirements for the 4 × 4 unit cell of the grid (shown in Fig. 4.8), using periodic boundary
conditions. My code is available at the Zenodo repository [235]. It takes a list of configurations
(C0, C1, C2, . . . , CN ) and shifts (S0→1, S1→2, . . . , S(N−1)→N ) as input. As output, it returns
boolean values depending on whether the performed shifts were compatible with the correspond-
ing configurations and whether they resulted in the next configuration in the list. Since all shifts
corresponding to shuttling steps (Step 3, 6, 7, 10, 12, and 14) in my Protocol were found to be
compatible with their previous configuration and moved the grid to the subsequent configura-
tion, I conclude that the relevant parts of the (abstract) gate voltage pulse sequence are valid.
I note that one can also use my verification algorithm to find shifts connecting two arbitrary
configurations of the crossbar array by brute force checking all possible cases.

4.3.3 Physical pulse sequence

In this section, I describe a physical implementation of the abstract gate voltage and ESR
pulse sequence described in section 4.3.1.

As I mentioned in Sec. 4.3.1, it is sufficient to use 4 different plunger gate voltage values to
carry out my Protocol. These plunger gate voltages control the quantum-dot on-site energies,
to be used in the Hamiltonian introduced in Sec. 4.3.4. Let me denote the quantum dot on-site
energy values by u1, u2, u3, and u4, in increasing order. In what follows, I will change an on-site
energy from ui to uj in time T using the following smooth function:

ε(ui, uj , t) = ui + (uj − ui) sin
2

(
πt

2T

)
. (4.11)

Similarly, I will tune a tunnel barrier separating neighboring quantum dots according to

t0(t) = t0,max sin
2

(
πt

T

)
, (4.12)

between the On (t0(0) = t0(T ) = 0) and Off (t0(T/2) = t0,max) declarations. I use Eq. (4.11)
to model the physical pulses corresponding to plunger resets, and Eq. (4.12) to model barrier
activation during the shuttling protocol (see Sec. 4.3.2).

For shuttling-based z rotations (see Step 5 in the Protocol described in Sec. 4.2.3), I tune
the plunger gate voltage of the target qubit (ut) to the same level as the neighboring site (un)
and I also tune it back; these two steps together take time Tz; in the same time window, I also
activate the barrier:

εz(ut, un, t) = ut + (un − ut) sin
2

(
πt

Tz

)
, (4.13a)

t0(t) = t0,max sin
2

(
πt

Tz

)
. (4.13b)
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The Hadamard gate can be expressed as a π/2 rotation around the y axis, followed by a π
rotation around the x axis,

H = X
√
Y . (4.14)

Similarly, the S gate can be decomposed as

S =
√
X
√
Y
√
X

†
. (4.15)

These elementary single-qubit rotations are executed by an ESR drive pulse

Bx(t) = Bac sin (ωact+ φ) , (4.16)

where Bac is the amplitude, ωac is the frequency (to be matched with ωe or ωo, see Fig. 4.1) and
φ is the phase of the driving field. Specifically, a

√
Y gate is obtained using φ = π and pulse

duration π/(2Ω), where Ω is the qubit Rabi frequency which is proportional to the drive strength
Ω = γBac/2, where γ is the electron gyromagnetic ratio. Similarly, a

√
X gate is obtained using

φ = π/2 and the same pulse duration. Doubled pulse durations provide the Y and X gates,
respectively. These gates are interpreted in the frame which is rotating with the qubit’s Larmor
frequency (ωe or ωo) around the z axis.

During
√

swap gates, the two qubits involved are located at the same column, which means
the Zeeman splitting is the same for both. In the crossbar architecture, these gates can be
performed with a conventional exchange pulse [188, 209], i.e., by lowering the barrier separating
the two electrons such that the on-site energy of the two dots is kept equal.

Finally, I use the standard two-qubit double quantum dot Hamiltonian to describe the PSB
readout [236], assuming that the reference qubit is in |↑⟩ state occupying a quantum dot in an
even column (with Larmor frequency ωe). The qubit to be measured (e.g. the red qubits in
Fig. 4.9) is located on the neighboring site, in an odd column (with Larmor frequency ωo), and
for concreteness, I assume that ωo < ωe. During the readout, the on-site energy of the reference
qubit is lowered so that the detuning exceeds the Coulomb repulsion (I denote the corresponding
value of plunger gate voltage by "R" in the abstract gate pulse sequence, see auxiliary files
ZcyclePulseSequence.xlsx and XcyclePulseSequence.xlsx at the Zenodo repository [227]), and
the barrier between the qubits is opened simultaneously. Consequently, the anti-parallel spin
configuration is converted to a single-site singlet; in contrast, the parallel spin configuration is
blockaded and the two electrons remain separated on the two sites. Finally, this charge difference
is measured by a charge sensor and hence is used to infer the state state of the qubit.

4.3.4 Idle-qubit errors due to limited control

Due to the shared-control gate layout, crosstalk occurs: when an operation (e.g., shuttling,
gate, readout) targets a subset of the qubits, then the remaining qubits, which are nominally
idling, are also affected by the control fields, hence undergo undesired dynamics leading to errors.
I refer to this effect as crosstalk. Note that my Protocol avoids opening a barrier between two idle
qubits located at neighboring sites (see Sec. 4.3.2), thus two-qubit crosstalk errors are absent.

In this section, I describe the crosstalk-induced, unwanted idle qubit rotations using the
adiabatic approximation and an effective model. I also provide an estimate for the rotation
angles using experimentally relevant parameters.

I aim to characterize idle qubit errors during my Protocol, realized by the physical pulse
sequence described in Sec. 4.3.3. Note that in my Protocol there is no such step or configuration
when horizontal and vertical barriers are open simultaneously, meaning that horizontal and
vertical movement of the qubits is completely separated during the stabilizer measurement cycle.
Whenever a vertical barrier is open, horizontal, tunnel-coupled double quantum dots are formed
from the two columns neighboring that vertical barrier.
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To model this scenario (e.g. a coherent shuttling) I use a minimal model: a single electron
in a double quantum dot with Hamiltonian

ĤDQD = Ĥos + Ĥt + ĤZ, (4.17)

Ĥos =
ϵ(t)

2
τ̂z, (4.18)

Ĥt = t0(t)τ̂x, (4.19)

ĤZ =
1

2
ℏγ
(
BLσ̂

L
z +BRσ̂

R
z

)
, (4.20)

where Ĥos, Ĥt, ĤZ are on-site, tunneling, and Zeeman terms, respectively. Here τ̂x and τ̂z
are Pauli matrices acting on the orbital degree of freedom in the left-right basis, e.g., τ̂z =
|L⟩⟨L|− |R⟩⟨R|, and σ̂z is the Pauli-Z matrix acting on the electron spin. Furthermore, ϵ denotes
the on-site energy detuning between the two dots, and the (spin-conserving) tunneling amplitude
is denoted by t0. In the Zeeman term, γ is the electron gyromagnetic ratio, and BL,R is the
external magnetic field in the left or right dot.

As discussed in Sec. 4.3.3, the Hamiltonian in Eq. (4.17), becomes time-dependent during
my Protocol, through the tunneling amplitude and the on-site energy detuning. However, the
tunneling term is spin-conserving, which means that there is no mixing between the spin-up and
the spin-down sectors during the dynamics, thus the Hamiltonian has a block-diagonal structure:
it consists of 2 × 2 blocks for each spin species. Therefore the exact (time-dependent) energy
eigenvalues can be obtained. I also assume that the time evolution of the idle qubits is adiabatic,
i.e. they remain in their instantaneous energy eigenstate.

Let me consider an idle qubit initially located in the left dot (t0(0) = 0, ϵ(0) < 0) which is
assumed to be in an even column, with Larmor frequency ωe = γBL, and the right dot is in an
odd column with Larmor frequency ωo = γBR, see Fig. 4.1. For my purposes, it is sufficient to
consider the case when the detuning is large compared to the Zeeman splitting and the tunneling
amplitude, ℏωe/o, t0 ≪ |ϵ|, and to focus on the lowest two eigenstates in energy, that is, the
bonding spin-up state and the bonding spin-down state. I expand the exact energy eigenvalues
up to first order in magnetic field and second order in tunnel coupling. Thus, I obtain a 2 × 2
effective Hamiltonian describing the idle qubit dynamics:

Ĥeff ≈ 1

2
ℏωeσ̂z

(
1− t20

ϵ2

)
+

1

2
ℏωoσ̂z

t20
ϵ2
, (4.21)

where I omitted the time dependence of t0 and ϵ for brevity. The error mechanism described by
the effective Hamiltonian Eq. (4.21) is that the idling qubit leaks into the neighboring dot upon
barrier activation, which causes unwanted qubit rotation around z (i.e., a phase gate), since the
Larmor frequencies of the two dots are different.

The idle qubit located in the even column is static in a rotating frame described by

W (t) = e
i
2
ωeσ̂zt, (4.22)

which transforms the Hamiltonian as

Ĥ′
eff =W (t)ĤeffW

†(t)− ℏ
i
Ẇ (t)W †(t) = − t

2
0

ϵ2
ℏω′σ̂z, (4.23)

where ω′ = (ωe − ωo)/2. The time-evolution operator in the rotating frame, assuming adiabatic
dynamics, can be written as

Û ′
idle = ei∆ϕidleσ̂z/2, (4.24)

where the idle qubit rotation angle is

∆ϕidle = −2ω′
∫ T

0

t20(t)

ϵ2(t)
dt, (4.25)
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where the on-site energy detuning between the left and the right dot is ϵ(t) = εL(t) − εR(t).
When the time dependence of the on-site energies and the tunneling amplitude are described by
Eqs. (4.11) and (4.12), the integral can be carried out exactly. Thus, crosstalk during shuttling
results in idle qubit rotation angle

∆ϕ
(shuttle)
idle =

12
(
A2 − 4A

(√
ϵ0(ϵ0 −A) + 2ϵ0

)
+ 8ϵ0

(√
ϵ0(ϵ0 −A) + ϵ0

))
A4

t20,maxω
′T, (4.26)

where ϵ0 = uL,i − uR,i is the initial detuning between the dots which is assumed to have a large
negative value (ϵ0 ≪ 0), and

A = uL,j + uR,j − uL,i − uR,i (4.27)

is the detuning amplitude, which has a smaller magnitude, |A| < |ϵ0|, so that the overall detuning
remains negative throughout the protocol.

Similarly, for shuttling-based z rotations, using the gate voltage and tunnel barrier pulses of
Eq. (4.13), I obtain

∆ϕ
(z-rot.)
idle =

(
3A′ϵ′0 − 2ϵ′0

(√
ϵ′0(ϵ

′
0 −A′) + ϵ′0

)
+ 2A′√ϵ′0(ϵ′0 −A′)

)
(A′)2

√
−ϵ′0(A′ − ϵ′0)

3/2
t20,maxω

′Tz, (4.28)

where I use the notation ϵ′0 = uL,t − uR,t < 0 and

A′ = uL,n + uR,n − uL,t − uR,t. (4.29)

Note that in the special case, when the two on-site energies εL and εR are tuned such that the
detuning ϵ(t) is constant in time (A = 0), Eq. (4.26) yields a simplified form,

∆ϕidle =
3t20,max

4ϵ20
ω′T. (4.30)

Eq. (4.28) also yields a similar form when A′ = 0.
Idling data qubits during the PSB readout (depicted in Fig. 4.9, where all black qubits are

idling) can also suffer such unwanted rotations. I calculate these rotation angles similarly, using
the effective Hamiltonian, Eq. (4.23). During the readout, the vertical barrier between the ancilla
qubits is lowered and the on-site energy of the reference qubit (blue qubits in Fig. 4.9) is lowered
such that the attained detuning ϵmax is large enough to overcome the on-site Coulomb repulsion.
However, for the readout it is sufficient to activate the barrier only when the on-site energy
detuning is approaching the value of the on-site Coulomb repulsion U , reducing the unwanted
rotation angles significantly. Therefore, preceded by an abrupt plunger reset, I simulate the
spin-to-charge conversion as per Eqs. (4.11) and (4.12), with reference qubit on-site energies
ui = −2100 µeV, uj = −2500 µeV, and time duration T = 25ns. Meanwhile, the on-site energy
of the measured qubit (red qubits in Fig. 4.9), is constant at u1 = −800 µeV.

From the rotation angles, I estimate idle qubit errors as the maximal infidelity with the initial
state. In the case of any shuttling-based operation (when there is barrier activation), idle qubits
can suffer z rotations as crosstalk errors. Rotations around the z axis are the most harmful for
states in an equal superposition of computational basis states, such as

|ψ̃0⟩ =
1√
2

(∣∣0̃〉+ ∣∣1̃〉) , (4.31)

where the tilde is used to indicate that these states are in the rotating frame. Thus I obtain the
idle error as

1−
∣∣∣ 〈ψ̃0

∣∣∣Û ′
idle

∣∣∣ψ̃0

〉 ∣∣∣2 = sin2 (∆ϕidle/2) . (4.32)
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Note that using the average infidelity formula, Eq. (4.34), I get a very similar result,

1− F =
2

3
sin2 (∆ϕidle/2) , (4.33)

that would provide a slightly more optimistic estimate.
Idle qubits also suffer errors due to off-resonant drive during the ESR pulses. Such crosstalk

errors occur e.g. when qubits located at the odd columns are driven with ESR pulse outlined
in Eq. (4.16), using ωac = ωo, meanwhile, qubits located in the even columns are idling (see
Steps 2, 4 and 9 in my Protocol). In this case, idle qubits are subjected to unwanted partial
Rabi oscillations. I estimate the average error they suffer using the infidelity formula

1− F =
2

3
− 1

6

∣∣∣Tr(Û†
0 Û
) ∣∣∣2, (4.34)

where F denotes the average fidelity (averaged over all possible idle qubit initial state on the
Bloch sphere) [237], Û0 is the 2× 2 identity matrix, and Û is the time-evolution operator in the
idle qubit frame [defined in Eq. (4.22)]. Starting from the lab frame Hamiltonian

Ĥe =
1

2
ℏωeσ̂z +Ωsin (ωot+ φ) σ̂x, (4.35)

I calculate the time-evolution operator employing the rotating wave approximation in the drive
frame [defined by substituting ωe with ωo in Eq. (4.22)], and then transforming that result to
the qubit frame. For large detuning ω′ ≫ Ω, Eq. (4.34) yields

1− F ≲ α
Ω2

(ω′)2
, (4.36)

where α is a constant, e.g. for an off-resonant X gate (φ = π/2, and t = π/Ω) it is α =
(64 + π2)/384. For an off-resonant Hadamard gate composed of two consecutive single-qubit
rotations [see Eq. (4.14)], the idle qubit error is roughly doubled, 2αΩ2/ (ω′)2.

Table 4.7 provides an exhaustive list of unwanted idle-qubit rotations together with the
estimated errors based on the arguments discussed here, using a realistic set of parameters
(Table 4.8). Since none of the estimated idle qubit errors exceeds the per-step threshold error
probability of the surface code, pth = 0.57% [100], I conclude that the logical qubit of a surface
code implementation with these parameters will have a longer lifetime than the physical qubits
used as its constituents.

I also note that due to the control constraints of the crossbar architecture, the spatial distri-
bution of idle qubit errors has a periodic structure. This implies inhomogeneous (but spatially
periodic) coherent noise on the surface code logical state which in principle could have an en-
hanced effect compared to random Pauli errors. However, as explained in Chapter 3, recent
works showed that for the surface code, coherent single-qubit rotations do not change the er-
ror correction threshold significantly [115, 117, 238], supporting the validity of my simple error
estimates.

A refined version of the estimated error scaling described in Sec. 4.2.5 can be obtained by
using the simulated shuttling-based Z gate time duration, τ ′z ≈ 10 ns (with simulation parameters
listed in Table 4.8) and including the idle qubit errors in the average error probability, Eq. (4.5).
Based on Table 4.7, I estimate the average idle qubit error for the Z cycle as pidle ≈ 6.4× 10−4

and the average number of imperfect idle qubit operations for a full cycle to be 8.5 per qubit.
The latter is obtained as the sum of the number of idle qubit errors in each step, divided by the
total number of qubits in the unit cell (see Fig. 4.8).

Assuming that in the X cycle, the average idle qubit error is approximately the same, this
gives rise to an additional term, 17pidle in Eq. (4.5), which is a dominant contribution to the
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Operation Corresponding steps Idle qubits Formula Estimated error

shuttling Steps 3, 6, 7, 10, 12, 14 D1, D2, D3, D4 Eq. (4.26) 1.8× 10−4

Steps 3, 10 B1, B2 Eq. (4.30) 2.7× 10−5

shuttling-based Z gates Steps 5, 8 D1, D2, D3, D4 Eq. (4.30) 2.3× 10−3

A1, A2 Eq. (4.28) 2.5× 10−3

shuttling-based S† gates Steps 5, 8 D1, D4 Eq. (4.30) 7.3× 10−5

D2, D3 Eq. (4.28) 7.1× 10−4

PSB readout Step 13 D1, D4 Eq. (4.30) 2.0× 10−3

D2, D3 Eq. (4.26) 5.7× 10−6

Hadamard gate
Step 2 D1, D2, D3, D4 Eq. (4.36) 2.2× 10−4

Step 4, 9 D1, D2, D3, D4 Eq. (4.36) 2.2× 10−4

A1, A2

Table 4.7: List of idle qubit errors during the surface code Z-cycle. Qubit notations are as per
Fig. 4.8. I used the parameters listed in Table 4.8 for the error estimation. From the rotation
angles expressed by the equations in column "Formula", I estimate the errors using the infidelity,
Eq. (4.32). My estimates provide approximate upper bounds for the actual idle qubit errors in
each step. Note that ancilla qubits B1 and B2 are not affected between Steps 4 and 9 (and after
Step 11), since after two (or four) subsequent Hadamard gates they are ideally in a computational
basis state. The average (weighted with the number of steps and the number of qubits) estimated
idle qubit error is pidle ≈ 6.4× 10−4 and the average number of imperfect idle qubit operations
for a full cycle is 17 per qubit.

Parameter Notation Value
Maximal tunneling amplitude t0,max 25 µeV
Larmor frequency difference ω′ = (ωe − ωo)/2 1 µeV/ℏ

On-site energy level 1 u1 −800 µeV
On-site energy level 2 u2 −533.33 µeV
On-site energy level 3 u3 −266.66 µeV
On-site energy level 4 u4 0 µeV

On-site repulsion U 1500 µeV
On-site energy detuning for PSB readout ϵmax 1700 µeV

Shuttling time τsh 9.35 ns
Time duration of shuttling-based Z gate - 9.62 ns
Time duration of shuttling-based S† gate - 4.82 ns

PSB spin-to-charge conversion time - 25 ns
ESR drive amplitude Bac 0.35mT
Qubit Rabi frequency Ω 0.02 µeV/ℏ

Table 4.8: List of parameters used for the simulation of physical pulses based on Sec. 4.3.3 and
4.3.4. Parameters are chosen to ensure that the target qubit transfer during shuttling is adiabatic.
Time durations of shuttling, the Z and the S† gates are obtained by numerical optimization of
the corresponding target qubit fidelity while other parameters were fixed.
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Figure 4.12: Refined estimate of the logical error probabilities versus the code distance, based
on Eq. (4.6), with a shorter Z-rotation time (τ ′z ≈ 10 ns), and accounting for idle qubit errors
as well. Plotted for line-by-line and parallel operations, using coherence time T ∗

2 = 10ms and
measurement time τm = 1000 ns. Parallel operation provides better logical performance (with
exponential error suppression factor Λ ≈ 1.6), meanwhile, logical error suppression also remains
feasible for line-by-line operation in this case, for moderate code sizes, up to dopt = 63, and with
the lowest attainable logical error probability being pL ≈ 2.3× 10−5.

average error probability. Taking into account this additional error term and substituting τz
with τ ′z in Eqs. (4.2)-(4.3), I obtain a refined estimate for the logical error probabilities, shown
in Fig 4.12. These results show that in the presence of idle qubit errors, parallel operation has
decreased exponential error suppression, Λ ≈ 1.6. Since the idle qubit errors are small, logical
error suppression remains feasible for the line-by-line implementation as well, up to moderate
code sizes, dopt = 63, with the lowest attainable logical error probability being pL ≈ 2.3× 10−5.

4.4 Overview of auxiliary files

Finally, I give an overview of the auxiliary files available at [227]:

1. ZcyclePulseSequence.xlsx: Excel sheet containing the abstract gate voltage and ESR pulse
sequence for the surface code Z-cycle, as described in Sec. 4.3.1, outlined in Table 4.6.

2. XcyclePulseSequence.xlsx: Excel sheet containing the abstract gate voltage and ESR pulse
sequence for the surface code X-cycle, as described in Sec. 4.3.1.

3. configurationsZ.txt: Text file containing the configurations (electron configurations and
plunger configurations, as defined in Sec. 4.3.2, see item 4) whose sequence implements
the Z-cycle shuttling protocol, (C0, C1, . . . , C6) = ((E0, P0), (E1, P1), . . . , (E6, P6)), as rows.
Qubit coordinates are as per Fig. 4.13. This file is an input for the shuttling verification
algorithm.

4. shiftsZ.txt: Text file containing the shifts (describing the movement of electrons, as defined
in Sec. 4.3.2, see item 6) of the Z-cycle shuttling protocol, (S0→1, S1→2, . . . , S5→6) =
((β0→1, P0→1), (β1→2, P1→2), . . . , (β5→6, P5→6)), as rows. Here, I use a slightly modified
notation for convenience, depicted in Fig. 4.13. This file is an input for the shuttling
verification algorithm.
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Figure 4.13: The 4× 4 unit cell of the grid in the idle configuration with qubit coordinates and
new notations for the barriers used in auxiliary files shiftsZ.txt and shiftsX.txt.

5. configurationsX.txt: Text file containing the electron configurations (defined in Sec. 4.3.2)
whose sequence implements the X-cycle shuttling protocol. Qubit coordinates are as per
Fig. 4.13. This file is an input for the shuttling verification algorithm.

6. shiftsX.txt: Text file containing the shifts (describing the movement of electrons) of the X-
cycle shuttling protocol, as rows. Here, I use a slightly modified notation for convenience,
depicted in Fig. 4.13. This file is an input for the shuttling verification algorithm.

7. ZcycleMovie.pdf: Document containing a visual representation of the abstract pulse se-
quence of the surface code Z-cycle (ZcyclePulseSequence.xlsx).

8. XcycleMovie.pdf: Document containing a visual representation of the abstract pulse se-
quence of the surface code X-cycle (XcyclePulseSequence.xlsx).

Additionally, my implementation of the shuttling verification algorithm (as described in
Sec. 4.3.2) is available at the Zenodo repository [235].

4.5 Discussion

Hook errors: In general, to preserve the code distance of the surface code at the circuit
level, the cnot gates in the error detection circuits (Figs. 4.4(a) and (b)) must be arranged in
a particular way such that a mid-circuit phase-flip (bit-flip) error occurring on the ancilla qubit
A (B) propagates perpendicular to the logical X (Z) operator [183]. The effect of this type of
errors and the optimal reordering of the entangling

√
swap gates in the compiled error detection

circuits (Figs. 4.6 and 4.7) remain to be explored.
Error scaling for an inhomogeneous (non-uniform) crossbar system: In this chapter, I consid-

ered a uniform (perfect) crossbar system only. However, in real experiments, quantum hardware
always has some imperfections. A natural extension would be to incorporate such inhomogeneities
in the logical error estimate.

Clifford-deformed surface codes: As argued in Sec. 4.2.5, spin qubits (especially in Si/SiGe
heterostructures) are usually limited by dephasing. This introduces a bias in the noise: phase-flip
errors are expected to be much more likely compared to bit-flip errors. In the presence of biased
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noise, surface code variants with deformed stabilizers, e.g. the XZZX or the XY surface code,
are shown to possess superior error correction performance [239–241]. Future work could discuss
the compilation of the XZZX surface code to the crossbar architecture, using a modified error
detection circuit.

4.6 Conclusions

In this chapter, I have made important steps towards the physical realization of quantum
circuits in crossbar spin qubit architectures. In particular, I have identified an abstract pulse
sequence, as well as a corresponding physical pulse sequence, which realizes surface-code quantum
error correction in this platform. As an important ingredient, I have developed a verification
algorithm that confirms that the gate-voltage changes in the abstract pulse sequence induce the
desired real-space routing of the electrons in the quantum dot array. The identification of the
physical pulse sequence enabled the refined estimation of the logical error probability. In fact, I
showed a concrete, realistic parameter set that enables below-threshold surface code operation.
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Chapter 5

Summary

In my thesis, I focused on spin qubit platforms that are promising candidates for the building
blocks of future quantum computers. First, I studied the interplay of superconductivity with
semiconductor nanostructures to gain insight into the key concepts and main challenges that have
to be addressed when engineering topological qubits. As a step towards this implementation, I
investigated a simple system, a conventional s-wave Josephson junction with a double quantum
dot as a weak link. I described two interesting phenomena in detail, the even-odd effect, and the
triplet blockade, both confirmed by experiment. The demonstrated triplet blockade mechanism
could provide a coupling mechanism between spin qubits and (topological or non-topological)
superconducting qubits.

In the context of simulating quantum error correction, motivated by the 1/f noise of con-
densed matter systems, I introduced a novel coherent noise model of phase damping where
random angle coherent qubit rotations arise from Larmor frequency fluctuations. I argued that
this model is relevant not only for semiconductor spin qubits but for any solid-state qubit plat-
form, where the leading information loss mechanism is dephasing. I compared my model with the
well-known model of independent single-qubit Pauli phase-flip errors and showed that for multi-
ple cycles, quasistatic phase damping has a distinct effect. I also assessed the performance of the
surface code in the presence of quasistatic phase damping and readout errors. The numerically
established surface code error threshold is found to be close to that of independent phase-flip
and readout errors. For the distance-3 surface code, I established the break-even boundary line
on the parameter plane of the physical error rate and the readout error rate, providing guidelines
for future experiments.

Finally, I made efforts to bring quantum error correction with spin qubits one step closer
to physical realization by identifying a pulse sequence that realizes surface-code quantum error
correction in a crossbar spin qubit array and showing a concrete, realistic parameter set that
enables below-threshold surface code operation. The concepts and methods introduced here
facilitate the realisation of quantum computing and quantum error correction with crossbar spin
qubit architectures.
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Thesis statements

1. I investigated a conventional s-wave Josephson junction with a double quantum dot as
a weak link. Based on numerical simulations and analytical results in the perturbative
regime I predicted an even-odd pattern in the (equilibrium) critical current. The cause
of the switching between the even and odd patterns is identified as the change of the
ground-state fermion parity. The sign of the supercurrent is uniquely determined by the
ground state, up to leading order in perturbation theory. In the (1,1) charge sector of the
serially coupled double quantum dot, the magnetically induced singlet-triplet ground-state
transition has a significant effect on the supercurrent: the Josephson current carried by
the triplet ground state at high magnetic field is much suppressed compared to the current
carried by the singlet ground state at low magnetic field. I proved, in the framework of
perturbation theory, the existence of strong triplet blockade in two different limiting cases:
the large-superconducting-gap limit (∆ ≫ U), and the strong-Coulomb-repulsion limit
(U ≫ ∆). Also in the perturbative framework, I have computed the number of processes
contributing to the Josephson current for triplet and singlet states. This process counting
indicates partial triplet blockade in the intermediate regime (∆ ≈ U). The even-odd effect
and triplet blockade were confirmed by experiment. I took part in the interpretation of
the experiment and the estimation of model parameters fitting the measurement data. I
also proposed ways to utilize triplet blockade, for the readout of spin qubits and coupling
to superconducting qubits.

Related publications: I. and II.
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2. In the context of multi-cycle quantum error correction, I introduced the error model of
quasistatic phase damping, which is a simplified model describing Larmor-frequency fluc-
tuations due to 1/f noise. These Larmor-frequency fluctuations amount to unwanted
coherent rotations whose axis is uniform, but the rotation angle is random across the
qubit register. I proved that quasistatic phase damping error is equivalent to independent
single-qubit Pauli phase-flip errors in the case of a single cycle of error detection or error
correction. However, I found that for multiple cycles, quasistatic phase damping is dis-
tinct from independent phase-flip errors. I numerically investigated the performance of the
surface code as quantum memory in the presence of quasistatic random coherent errors as
well as (phenomenological) readout errors. I performed large-scale numerical experiments
and established the surface code error correction threshold using a minimum-weight perfect
matching decoder, as pth = 2.85%. This is close to the threshold with independent phase-
flip errors and readout errors. At the threshold, the logical error rate for quasistatic phase
damping combined with readout errors is around 7%, but for the combination of phase-flip
and readout errors it is slightly higher, around 8.5%. I also determined the break-even
boundary line for the distance-3 surface code on the parameter plane of the physical error
rate and the readout error rate.

Related publication: III.
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3. I decomposed the surface code stabilizer measurement circuits in terms of single-qubit
and two-qubit gates that are native to the crossbar spin-qubit architecture. I described a
routing and scheduling protocol for the implementation of such a stabilizer measurement
cycle. I identified a pulse sequence that realizes this protocol in the crossbar spin qubit
array. As an important ingredient, I developed and implemented a verification algorithm
that confirms that the gate-voltage changes in the abstract pulse sequence induce the
desired real-space routing of the electrons in the quantum dot array. I transformed the
abstract pulse sequence to a physical pulse sequence and systematically and quantitatively
evaluated the logical error rates, taking into account idle qubit errors as well. I showed a
concrete, realistic parameter set that enables below-threshold surface code operation.

Related publication: IV.
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Publications related to the thesis statements

I. D. Pataki, and A. Pályi, Even-odd effect and triplet blockade in a double quantum dot
Josephson junction. Proceedings of the PhD workshop of Physics Doctoral School at the
Faculty of Natural Sciences, Budapest University of Technology and Economics (2020).

II. D. Bouman, R. J. J. van Gulik, G. Steffensen, D. Pataki, P. Boross, P. Krogstrup, J. Nygård,
J. Paaske, A. Pályi, and A. Geresdi, Triplet-blockaded Josephson supercurrent in double
quantum dots. Physical Review B 102(22), 220505(R) (2020).

III. D. Pataki, Á. Márton, J. K. Asbóth, and A. Pályi, Coherent errors in stabilizer codes
caused by quasistatic phase damping. Physical Review A 110(1), 012417 (2024).

IV. D. Pataki, and A. Pályi, Compiling the surface code to crossbar spin qubit architectures.
Physical Review B 111(11), 115307 (2025).

https://doi.org/10.1103/PhysRevB.102.220505
https://doi.org/10.1103/PhysRevA.110.012417
https://doi.org/10.1103/PhysRevB.111.115307
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