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Abstract: Results on stabilizing receding horizon control of sampled-data nonlinear
systems via their approximate discrete-time models are presented. The proposed
receding horizon control is based on the solution of Bolza-type optimal control
problems for the parametrized family of approximate discrete-time models. This
paper investigates the situation when the sampling period and the integration
parameter used in obtaining approximate model coincide and can be chosen
arbitrarily small. Su�cient conditions are established which guarantee that the
controller that renders the origin to be asymptotically stable for the approximate
model also stabilizes the exact discrete-time model for su�ciently small sampling
parameters.
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1. INTRODUCTION

The stabilization problem of nonlinear systems
has received considerable attention in the last
decades. The use of computers in the implemen-
tation of the controllers necessitated the inves-
tigation of sampled-data systems. One way to
design a sampled-data control is to implement a
continuous-time algorithm with su�ciently small
sampling intervals. This approach is proposed
in connection with the receding horizon method
among the others in (Chen, et al., 2000; Fontes,
2001; Jadababaie and Hauser, 2001). However,
some di�culty may arise during the application
of this method: 1) the exact solution of the
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nonlinear continuous-time model is typically un-
known, therefore an approximation procedure is
unavoidable; 2) it may be di�cult to implement
an arbitrarily time-varying control function. An
overview and analysis of existing approaches for
the stabilization of sampled data systems can be
found in the recent papers (Ne�si�c, et al., 1999) and
(Ne�si�c and Teel) (see also the references therein).
In these papers a systematic investigation of the
connection between the exact and approximate
models are carried out, numerous examples and
counter-examples illustrating the e�ect of the
sampling procedure are reported, and conditions
are presented which guarantee that the same fam-
ily of controllers that stabilizes the approximate
discrete-time model also practically stabilizes the
exact discrete-time model of the plant both for
the cases of �xed sampling period and varying
integration parameter (Ne�si�c and Teel) and for the



case when these two parameters coincide (Ne�si�c,
et al., 1999) and (Ne�si�c and Teel).

There are several ways to design controllers satis-
fying the conditions given in (Ne�si�c, et al., 1999)
and (Ne�si�c and Teel). In (Gr�une and Ne�si�c 2002),
optimization based methods are studied; the de-
sign is carried out either via an in�nite horizon
optimization problem or via an optimization prob-
lem over a �nite horizon with varying length.
Another possibility is the application of the wide-
spread receding horizon or model predictive con-
trol method. This method obtains the feedback
control by solving a �nite horizon optimal control
problem at each time instant using the current
state of the plant as the initial state for the op-
timization and applying "the �rst part" of the
optimal control. The study of stabilizing property
of such schemes has been the subject of intensive
research in recent years. From the vast literature
we mention here but a few (Mayne and Michal-
ska, 1990; Gyurkovics, 1996; Chen and Allg�ower,
1998; De Nicolao, et al., 1998a; Gyurkovics, 1998;
Jadababaie and Hauser, 2001; Fontes, 2001; Hu
and Linnemann, 2002) and we refer the reader to
the excellent overview papers (De Nicolao, et al.,
1998b; Allg�ower, et al., 1999; Mayne, et al., 2000)
and to the references therein. A great majority of
works deals either with continuous-time systems
with or without taking into account any sam-
pling or with discrete-time systems considering
the model given directly in discrete-time. To the
best of our knowledge, the only exception is the
very recent work of (Ito and Kunisch, 2002), where

the e�ect of the sampling and zero-order hold
is considered assuming the existence of a global
control Lyapunov function. Relying on the results
of (Ne�si�c, et al., 1999) and (Ne�si�c and Teel), the
present work studies the conditions under which
the stabilizing receding horizon control computed
for the approximate discrete-time model also sta-

bilizes the exact discrete-time system in the case
when sampling period and the integration pa-
rameter coincide and can be chosen arbitrarily
small. It should emphasized that these conditions
concern directly the data of the problem and the
design parameters of the method, but not the
result of the design procedure. From practical
point of view, it is important to know whether the
basin of attraction is su�ciently large when some
stabilizing controller is applied. This set is fre-
quently compared with that of the in�nite horizon
regulator. Here we shall show that the basin of at-
traction contains any compact subset of the set of
initial point which are practically asymptotically
controllable to the origin with piecewise constant
sampled controllers. In what follows, the notation
B� = fz 2 Rp : kzk � �g will be used both in
R
n and Rm and K; K1 and KL denote the usual

class-K; class-K1 and class-KL functions (see e.g.
Ne�si�c, et al., 1999).

2. PRELIMINARIES AND PROBLEM
STATEMENT

2.1 The model

Consider the nonlinear control system described
by

_x(t) = f (x(t); u(t)) ; (1)

where x(t) 2 R
n, u(t) 2 U � Rm, f :

R
n� U ! R

n, with f(0; 0) = 0; U is closed and
0 2 U . The system is to be controlled digitally
using piecewise constant control functions u(t) =
u(kT ) =: uk, if t 2 [kT; (k + 1)T ), k 2 N, where
T > 0 is the sampling period.

Assumption A1 (i) Function f is continuous,
two times continuously di�erentiable at least in a
neighborhood of the origin in both variables, and
for any pair of positive numbers (�1;�2) there
exist a T

�
> 0 such that for any x0 2 B�1

;

u 2 U \ B�2
and T 2 (0; T �] equation (1) with

u � u(t);and x(0) = x0 has a unique solution on
[0; T ] denoted by �(:; x0; u):

(ii) For any � > 0 there exists an Lf = Lf (�)
such that

kf(x; u)� f(y; u)k � Lfkx� yk;

for all x; y 2 B� and u 2 B�.

(iii) f is su�ciently smooth. 2

Then, the exact discrete-time model of the system
can be de�ned as

xk+1 = F
e

T
(xk; uk); (2)

where F e

T
(x; u) := �(T; x; u). (A discussion about

the case of �nite escapes can be found e.g. in
(Ne�si�c, et al., 1999). It has to be emphasized that
F
e

T
in (2) is generally not known.

Remark 1 If Assumption A1 is valid, then F
e

T

is continuous in x and u and it satis�es a local
Lipschitz condition of the following type: for each
� > 0 there exist T � > 0; and L > 0 such that

kF e

T
(x; u)� F e

T
(y; u)k � e

LTkx� yk; (3)

holds for all u 2 B�, all T 2 (0; T �], and all
x; y 2 B�:

Suppose that a parametrized family of approxi-
mate discrete-time plant models is given

xk+1 = F
a

T
(xk; uk) ; (4)



where T is the sampling parameter. We shall
assume that the numerical approximation scheme
preserves the properties of f in the following
sense.

Assumption A2 (i) F a

T
(0; 0) = 0, F a

T
is continu-

ous in both variables and it satis�es the same kind
of local Lipschitz condition as F e

T
(see Remark 1);

(ii) there exist a r0 > 0; a T � > 0 and a La
r0
> 0

such that for any T 2 (0; T �] we have

kF a

T
(x; u)� xk � TL

a

r0
(kxk+ kuk) (5)

if kxk+ kuk � r0.2

Remark 2 Observe that, if (i) Assumption A1
hold true then for many one-step numerical meth-
ods, the assertions of Assumption A2 can be
proven.

2.2 Practical asymptotic controllability

and stabilizability

Let � � Rn be a given compact set with a bound
�0, containing a neighborhood of the origin.

De�nition 1. System (2) is practically asymp-

totically controllable (PAC) from � to the origin,
if there exist a �(:; :) 2 KL and a continuous
positive and increasing function �(:) such that for
all x 2 � and for all r > 0 there exists a control
sequence ur(x) = fur0(x); u

r

1(x); :::g, u
r

t
(x) 2 U;

kur
t
(x)k � �(kxk) such that the corresponding

solution � of (2) satis�es

k�t(x;u
r(x))k � maxf�(kxk ; tT ); rg ; (6)

for all t � 0. Moreover, system (2) is semiglob-

ally practically asymptotically controllable to the

origin if it is PAC from any compact set � � Rn.

De�nition 2. System (2) is practically asymp-

totically stabilizable (PAS) in � about the origin,
if there exist a �(:; :) 2 KL and a continuous
positive and increasing function �(:) such that for
any r > 0 there exists a feedback k

r : � ! U;

kkr(x)k � �(kxk) such that for any x 2 � the
solution �

c of xt+1 = F
e

T
(xt; k

r(xt)) ; x0 = x

inequality

k�c
t
(x)k � maxf�(kxk ; tT ); rg (7)

holds true for all t � 0. Moreover, system (2) is
semiglobally practically asymptotically stabilizable

about the origin if it is PAS in � for any compact
set � � Rn

:

Theorem 1 System (2) is practically asymptoti-
cally stabilizable in � about the origin if and only
if it is practically asymptotically controllable from
� to the origin.

Proof : Because of lack of space, the proof is
omitted.

Remark 3 In view of Theorem 1, it is reasonable
to consider the problem of PAS for system (2) over
a compact set � from which it is PAC. If this latter
property is semiglobal, then the same will also
be true with respect to stabilization, otherwise
semiglobal stabilization is impossible.

Remark 4 Theorem 1 remains valid if, similarly
to (Kreisselmeier and Birkh�olzer, 1994), the prop-
erties PAC and PAS are required with vanishing
controllers, i.e. the left hand sides of (6) and (7)
are substituted by k�t(x;u

r(x))k + kur
t
(x)k and

k�c
t
(x)k+ kkr(�c

t
(x))k, respectively.

2.3 Basic de�nitions and assumptions

In what follows, a stabilizing feedback will be con-
structed for the approximate model and conclusion
about the stability of the closed-loop exact model
is drawn on the basis of the closeness of solutions
of the two models. This closeness is characterized
by the following de�nition:

De�nition 3 Let a pair of strictly positive num-
bers (�1;�2) be given and suppose that there
exist 
 2 K and T � > 0 such that

(x; u)2B�1
� B�2

; T 2 (0; T �] =)

k F a

T
(x; u)� F

e

T
(x; u) k� T
(T ); (8)

then the family F
a

T
is said to be (�1;�2)-

consistent with F
e

T
. Moreover, if for any pair

of strictly positive numbers (�1;�2) there exist

 2 K and T � > 0 such that (8) holds true, then
F
a

T
is said to be semiglobally consistent with F e

T
.

Su�cient checkable conditions for consistency
properties can be found in (Ne�si�c, et al., 1999)
and (Ne�si�c and Teel).

In order to de�ne a receding horizon feedback
controller, let (4) be subject to the cost function

JT (N; x;u) =

N�1X
k=0

T lT (x
a

k
; uk) + g(xa

N
);

where xa
k
= �

a

k
(x;u); k = 0; 1; :::;N , lT and g are

given functions.

Assumption A3 (i) g is continuous, there exists
a class-K1 function 
1 such that 
1(kxk) � g(x)
and for any � > 0 there exists a Lg = Lg(�) > 0
constant such that jg(x)� g(y)j � Lgkx� yk for
all x 2 B�:

(ii) lT is continuous with respect to x and u,
uniformly in small T , and for any �1 > 0; �2 > 0



there exist T � > 0 and Ll = Ll(�1;�2) > 0 such
that

jlT (x; u)� lT (y; u)j � Llkx� yk

for all T 2 (0; T �], x; y 2 B�1
and u 2 B�2

(iii) There exist a T
�
> 0 and two class-K1

functions '1 and '2 such that the inequality

'1(kxk) + '1(kuk)� lT (x; u)

� '2(kxk) + '2(kuk);

holds for all x 2 Rn
; u 2 U and T 2 (0; T �].

Assumption A4 There exists a T � > 0 such
that the exact discrete-time model (2) is PAC
from � to the origin for all T 2 (0; T �].

Let �(:; :) and �(:) be functions generated by
Assumption A4 and let �1 be such that �1 � 1+
maxx2� �(kxk; 0). Moreover, for 0 < r � �1, we
introduce the notation

Ur = U \ B�(r) (9)

Assumption A5 The family F a

T
is semiglobally

consistent with F e

T
.

Assumption A6 There exist T � > 0 and � > 0
such that for all x 2 G� = fx : g(x) � �g there
exists a kT (x) 2 U�0 such that inequality

T lT (x; kT (x)) + g (F a

T
(x; kT (x))) � g(x) (10)

holds true for all T 2 (0; T �], where �0 is such that
G� � B�0 .

In what follows, T �0 denotes the minimum of T �

generated by Assumptions A1-A6 and Remark 1.

Proposition 1. If Assumptions A4-A6 hold true,
then there exists T � > 0 such that, for any T 2
(0; T �] system (4) is asymptotically controllable
from � to the origin.

Proof. The proof is an immediate consequence of
Theorem 1 and A6.

Suppose that Assumption A4 holds true. Consider
the optimization problem

P
a

T
(N; x) : minfJT (N; x;u) : uk 2 U�1

g

where u = fu0; u1; :::; uN�1g : (We note that in
problemP

a

T
(N; x) no terminal constraint is given.)

If this optimization problem has a solution de-
noted by u� then its �rst element, i.e. u�0 is ap-
plied at the state x. Since the optimal solution
of P a

T
(N; x) naturally depends on x, in this way

a feedback has been de�ned on the basis of the
approximate discrete-time model, i.e. va

T
(x) := u

�
0:

Conditions, under which v
a

T
asymptotically sta-

bilizes the origin for the approximate model (4)

with a �xed T > 0, are well-established (see e.g.
(Gyurkovics, 1998, Chen and Allg�ower, 1998; De
Nicolao, et al., 1998a,b; Jadababaie and Hauser,
2001; Hu and Linnemann, 2002), the review pa-
pers (Allg�ower, et al., 1999; Mayne, et al., 2000)
and the references therein).

In order to ensure the stabilizing property of va
T

for the exact model (2) in the given set �; one
needs somewhat stronger conditions than it is
usual in receding horizon investigations: in fact,
one has to derive certain estimations for the value
of P a

T
(N; x) which are uniform in small T .

3. MAIN RESULT

For any x 2 Rn, let

V
a

N;T
(x) = inf fJT (N; x;u) : uk 2 U�1

g

where u = fu0; u1; :::; uN�1g, if the right hand
side is �nite and let V a

N;T
(x) =1 otherwise.

From assumptions A1-A4, it follows immediately
that for any T 2 (0; T �0 ], any N > 0 and any
x 2 B�1

; (� � B�1
), P a

T
(N; x) has a solution

u�(x), V a

N;T
(:) is positive de�nite and continuous.

With argumentations standard in receding hori-
zon literature one can prove the following lemma.

Lemma 1 Suppose that Assumptions A1-A3 and
A6 hold true. Then for any T 2 (0; T �0 ] andN � 1,
the following statements are valid:

1.) For any x 2 G�, �
a

N
(x;u�(x)) 2 G� and

V
a

N;T
(x) � g(x).

2.) If �a
N
(x;u�(x)) 2 G� for some x 2 �, then

V
a

N;T
(x) � V

a

N;T
(x) for all N � N , and

V
a

N;T
(F a

T
(x; va

T
(x))) � V a

N;T
(x) � �T lT (x; v

a

T
(x))

3.) If for x 2 � and for some t , 0 � t < N ,
�
a

t
(x;u�(x)) 2 G�, then �

a

N
(x;u�(x)) 2 G�:2

Lemma 2 If Assumptions A1-A6 hold true, then
there exist a T

�
1 , 0 < T

�
1 � T

�
0 and a constant

V
a

max such that V a

N;T
(x) � V

a

max for all x 2 � and
T 2 (0; T �1 ]

Proof. Because of lack of space, the proof is
omitted.

Lemma 3 Suppose that Assumptions A1-A6 hold
true. If T 2 (0; T �1 ] and N 2 N are chosen so that

TN >
V
a

max � �

c
=: ��2

where c > 0 is such a positive constant that
'1(kxk) � c for all x =2 G�, then

�
a

N
(x;u�(x)) 2 G� for all x 2 �: (11)

Proof. Because of lack of space, the proof is
omitted.



In what follows, we shall assume that

�
�

2 � NT � �
�

2 + 1 (12)

Assumption A7 There exist two positive con-
stants c1, c2 such that

kf(x; u)k � c1 + c2lT (x; u); for all x 2 Rn and
u 2 U:

Let

�max =
�
x 2 Rn : V a

N;T
(x) � V

a

max

	
: (13)

Clearly, � � �max:

Lemma 4 Suppose that Assumptions A1-A7 hold
true. For any r > 0 let

Kr = 2 (c1='1(r) + c2) + 1

and let Rr : R�0! R�0 be de�ned as

Rr(s) = minf
1 (s=2) ; s=(4Kr)g : (14)

Then there exists a T �2 > 0 such that

kF a

T
(x; u)� xk � KrT lT (x; u)

for all x 2 B�r
, u 2 U�1

, where �r = R
�1
r

(V a

max).

Proof. Because of lack of space, the proof is
omitted.

Lemma 5. Suppose that Assumptions A1-A7
hold true. Then there exist a T �3 > 0 and a class-
K1 function  2 such that

V
a

N;T
(x) �  2(kxk) (15)

for all x 2 �max and all T 2 (0; T �3 ]. Moreover, for
any r0 > 0 there exist a class-K1 function  

r0

1

such that

V
a

N;T
(x) �  

r0

1 (kxk) (16)

for all x 2 �maxnBr0 and all T 2 (0; T �3 ].

Proof. Let (r0; T = T
�and La

r0
be generated by

Assumption A2) and let NT satisfy (12). Let us
choose a positive r so that

0 < r � min
�
r0; r0=

�
4La

r0
(��2 + 1)

�	

and let T �3 = min
�
T ; T

�
1 ; T

�
2

	
where T �2 is gen-

erated by Lemma 4. Let x0 2 �max be arbitrary
with kx0k � r0 and let the corresponding optimal
trajectory be ��

k
= �

a

k
(x0;u

�(x0)). Then there are
two possibilities:

a.) If k��
N
� x0k �

1
2
kx0k, then k�

�

N
k � 1

2
kx0k,

therefore

V
a

N;T
(x0) � g(��

N
) � 
1(

1

2
kx0k)

b.) If k��
N
� x0k >

1
2
kx0k, then we shall introduce

the set of integers

�1 : = fk : 0 � k � N � 1;

k��
k
k+ ku�

k
(x0)k > rg

�2 = f0; 1; :::;N � 1gn�1:

With this de�nition we have that

1

2
kx0k � k�

�

N
� x0k

�

N�1X
k=0

kF a

T
(��
k
; u
�

k
(x0)) � �

�

k
k

�
X
k2�1

TKrlT (�
�

k
; u
�

k
(x0))

+
X
k2�2

TL
a

r0
(k��

k
k+ ku�

k
(x0)k)

�KrV
a

N;T
(x0) + rNTL

a

r0

�KrV
a

N;T
(x0) + r(��2 + 1)La

r0

By the choice of r , r(��2 + 1)La
r0
� 1

4
kx0k, thus

V
a

N;T
(x0) �

1
4Kr

kx0k.

Let  r01 : [0;1) ! R�0 be de�ned as  r01 (s) =
Rr(s), then  

r0

1 2 K1 and (16) is valid.

On the other hand, we de�ne

�(s) =
s
2

2
+ max
kxk�s

g(x)

�(s) = �(
�1

2
) +

2

�1
(s �

�1

2
)V a

max

and  2 : [0;1)! R�0 by

 2(s) =

�
�(s); if 0 � s � �1=2;
maxf�(s); �(s)g ; if s > �1=2;

then  2 2 K1 and (15) holds true.2

Corollary 1 Under the assumptions of Lemma 5
�max � B�; where � = R

�1
�1
(V a

max) and �1 > 0 is
such that B�1

� G� and Rr given by (14)

Lemma 6 Suppose that Assumptions A1-A6 hold
true. Then V a

N;T
(:) is locally Lipschitz continuous

in �max , uniformly in small T , i.e. there exist
Lv > 0 and �v > 0 such that for all T 2 (0; T �3 ]
and N 2 N with TN � (��2 + 1), inequality��V a

N;T
(x)� V

a

N;T
(y)
�� � Lvkx� yk (17)

holds true for all x; y 2 �max with kx� yk � �v:

Proof. Because of lack of space, the proof is
omitted.

We summarize the basic properties of V a

N;T
in the

following theorem.

Theorem 2 Suppose that Assumptions A1-A7
are valid. Then there exist such positive numbers



�
� and T

� that for any T 2 (0; T �] and N 2 N
with �� � NT � �

� + 1

1.) there exists a function  2 2 K1 such that
V
a

N;T
(x) �  2(kxk) for any x 2 �max;

2.) for any r0 > 0 there exists a function  r01 2 K1
such that

 
r0

1 (kxk) � V
a

N;T
(x), (18)

for any x 2 �maxnBr0 . Moreover V a

N;T
(0) = 0 and

V
a

N;T
(x) > 0 for any x 2 Br0nf0g;

3.) for any x 2 �max,

V
a

N;T
(F a

T
(x; va

T
(x)))�V a

N;T
(x) � �T'1(kxk);

4.) V a

N;T
(:) is locally Lipschitz continuous in �max

uniformly in small T .

Proof. The assertions of the theorem follow from
Lemmas 1-6 by taking T � = T

�
3 and �� = �

�
2 .2

Theorem 3 Suppose that Assumptions A1-A7
hold true. Then there exist such positive numbers
�
� and T

� that for any T 2 (0; T �] and N 2 N
with �� � NT � �

� + 1, the exact discrete-time
model with the receding horizon controller

xt+1 = F
e

T
(xt; v

a

T
(xt)); x0 2 � (19)

is practically asymptotically stable about the ori-
gin.

Proof. The proof can follow the same line as
that of Theorem 2 in (Ne�si�c, et al., 1999) with
slight modi�cations. In fact, one has only to take
care of the domain of validity of (18) and the
local character of the Lipschitz continuity of V a

N;T
.

Because of lack of space, the details are omitted.
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