2522 o IIPIDIDIDI = 3 525
Alm| JEAEE m]

e ]
o
»
e
»

(-
|

Budapest University of Technology and Economics

Department of Computer Science and Information Theory

ENTROPY-CONSTRAINED QUANTIZATION
AND RELATED PROBLEMS

Andras Gyorgy

Ph.D. Thesis

Supervisors: Dr. Laszlé Gyorfi
Dr. Tamas Linder

Department of Computer Science and Information Theory
Faculty of Electrical Engineering and Informatics
Budapest University of Technology and Economics
Budapest, Hungary
June, 2002

Copyright (© Andras Gyorgy, 2002



Alulirott Gyorgy Andras kijelentem, hogy ezt a doktori értekezést magam készitettem,
és abban csak a megadott forrdsokat hasznéltam fel. Minden olyan részt, amelyet szé szerint
vagy azonos tartalomban, de 4tfogalmazva mas forrasbdl atvettem, egyértelmiien, a forras
megadasaval megjeloltem.

Budapest, 2002. jdinius 13.

Gyorgy Andras

A disszertacié biralatai és a védésrdl késziilt jegyzokonyv megtekinthet6 a Budapesti
Miszaki és Gazdasdgtudomanyi Egyetem Villamosmérnoki és Informatikai Kardnak Dékani
Hivataldban.



Abstract

In this thesis optimal vector quantization subject to an entropy constraint is studied. Entropy
coded quantization is an efficient method for lossy compression of information sources, and
the theory of entropy-constrained quantization addresses this problem.

In general, optimal entropy-constrained quantizers are not known analytically even for the
simplest generally used source models. As the first result of the thesis, we find analytically
an optimal entropy-constrained scalar quantizer (ECSQ) for a source which is uniformly
distributed over an interval and for a wide class of difference distortion measures. We
also provide a parametric representation of the minimum achievable distortion Dj(R) =
info{D(Q) : H(Q) < R} as a function of the entropy constraint R, where D(Q) and H(Q)
denote the distortion and the entropy of the quantizer, respectively. Contrary to earlier
expectations, the Dy(R) curve turns out to be nonconvex in general. In particular, for the
squared error distortion it is shown that Dj(R) is a piecewise concave function.

The structural properties and existence of optimal entropy-constrained vector quantizers
(ECVQs) for more general source distributions are also investigated. In contrast to the case
of optimal fixed-rate quantization, a simple example shows that when searching for a mean-
square optimal ECV(Q for a source with a discrete distribution, it is generally incorrect to
restrict the attention to regular quantizers, that is, to quantizers with convex cells.

Concerning the existence of optimal ECVQs, first the special but very important class of
Lagrangian-optimal ECVQs is considered. The known structure of these quantizers allows
us to show that for every A > 0 there exists a Lagrangian-optimal quantizer, that is, a
quantizer minimizing the Lagrangian performance J(Q,\) = D(Q) + AH(Q). It is also
shown that if the tail of the source distribution is sufficiently heavy with respect to the
distortion measure, then such an optimal quantizer has an infinite number of code points.
This result complements an earlier result in the literature showing that for distributions with
a slightly lighter tail a Lagrangian-optimal ECVQ has only a finite number of code points.

Next we study the structure of ECVQs in general. Our results concern scalar sources
with nonatomic distributions for a wide class of convex difference distortion measures, and
vector sources with absolutely continuous distributions for the squared error distortion. We
show that any finite-point entropy-constrained quantizer can be “regularized” so that the
resulting regular quantizer has the same entropy and equal or less distortion. This result
implies that regular finite-point ECSQs (resp. ECVQs) can perform arbitrarily close to the
operational distortion-rate function Dj(R) under mild conditions on the source distribution
(for the squared error distortion it is sufficient to assume that the source has finite variance).



Introducing the concept of almost regular quantizers (such quantizers have convex cells and
they are defined almost everywhere with respect to the source distribution) we extend this
result to infinite-point quantizers, and show that for any quantizer there is an almost regular
quantizer with the same cell probabilities and equal or less distortion. Based on this result the
problem of the existence of optimal ECV(Qs can be solved: we prove that an almost regular
optimal entropy-constrained quantizer exists for any rate constraint R > 0. Specialized
to the case of the squared error distortion and scalar sources, we also show that a regular
optimal ECSQ exists for all R > 0 if the source has a piecewise monotone and piecewise
continuous density. In particular, such an optimal ECSQ has a finite number of cells if the
source density has a bounded support.

Finally, the asymptotic (small distortion) behavior of the rate-distortion function of a
vector source with mixed distribution is derived. The source distribution is a finite mixture
of components such that under each component distribution a certain subset of the coordi-
nates have a discrete distribution while the remaining coordinates have a joint density. The
expected number of coordinates with a joint density is shown to equal the rate-distortion
dimension of the source vector. Also, the exact small distortion asymptotic behavior of the
rate-distortion function of a special but interesting class of stationary information sources is
determined, which class can be used for modeling sparse images.
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Chapter 1

Introduction

In this chapter the problem of entropy-constrained quantizer design is introduced. Section 1.1
describes the main concepts and motivation for the problem. Literature overview follows in
Section 1.2. Our contribution is described in Section 1.3, and this section also contains a
detailed overview of the thesis.

1.1 Motivation

Nowadays there is an increasing demand to transmit and store larger and larger amounts
of information. A possible solution to this is the continuous increase of the capacity of
communication and storage channels. Another, much cheaper solution is to utilize better the
existing capacities, and transform the data to some compact form which allows more efficient
transmission. The process of converting a stream of analog or very high-rate discrete data
into a data stream with lower rate (more) suitable for transmission or storage in digital form
is called data compression or source coding. A mathematical analysis of data compression
was first provided by Shannon [73] in 1948, and since then — motivated partly by the demands
of the rapidly growing telecommunication industry — extensive work has been done on this
subject.

The theory of data compression analyzes an idealized model of communication systems,
where an information source must be encoded for transmission to a user over a digital com-
munication or storage channel. The user must be able to decode the transmitted information
into a form which is a good approximation of the original data, while using as little of the
resources (that is, the channel), as possible. Source coding theory has to main goals: one is
to characterize the optimal performance achievable by such a system, that is, to determine
the performance of an optimal code which achieves the best possible fidelity of reproduction
while satisfying certain given constraints on the channel use; the other is to determine coding
techniques which perform close to the optimum. However, in general such optimal coding
algorithms have large complexity, which may preclude their application in real situations,
and they also impose other limitations, such as large delay, which might not be acceptable
for the purpose of the system. To overcome this problem, the theory also addresses the
problem of design with reasonable complexity yet performance close to the optimum.
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Data compression methods fall into two main types. The first category is lossless data
compression where the reconstructed data has to match the original. This natural require-
ment is the most common, for example, in compressing originally digital data, such as text
or computer files. However, in many situations we only require the reconstructed data to
match the original data only within a certain fidelity. In this case we talk about lossy data
compression. The advantage of this method is that utilizing the allowed distortion in the
reconstructed data, one can obtain better compression than in the lossless case. Further-
more, in some cases, for example, if the source has a continuous output, it is not possible
to have perfectly matching reconstructed data. Therefore, lossy compression is natural, for
example, for voice and image coding, and in situations where only certain characteristics of
the original data have to be preserved.

Contrary to the lossless case, where optimal methods achieving the best possible com-
pression are known, no such optimal constructions exist in general in the lossy case. In this
thesis we are concerned with the latter, and study the lossy coding of real valued sources.

Scalar (or zero-memory) quantization is the simplest method for the lossy coding of an
information source with real valued outputs. A scalar quantizer maps each output of the
source to one of finitely or countably many possible quantizer output values. The quantizer
outputs can be further encoded using lossless compression, and it turns out that a scalar
quantizer followed by variable-rate lossless coding (entropy coding) can perform remarkably
well, which makes this method popular in applications where implementation complexity is
a decisive factor. For this reason, entropy coded scalar quantization is in the core of many
voice and image coding algorithms. When complexity is less important, one can group the
source symbols to blocks: a vector quantizer maps each block to one of its discrete output
values, which can be encoded just as in the scalar case. (The length of the block is also
called the dimension of the quantizer.)

The two main quantities characterizing a vector quantizer () are its distortion and rate.
The distortion D(Q) is the average distortion between the source and the quantizer output
(induced by some distortion measure). If the quantizer is followed by a fixed-rate lossless
code (the outputs are represented by codewords of the same length), we talk about fixed-rate
quantization, and the rate is defined as the logarithm of the number of the possible quantizer
outputs. This method is asymptotically optimal for asymptotically mean stationary and
ergodic sources for a general class of distortion measures. That is, the theoretically optimal
rate-distortion pairs, given by the rate-distortion function, can be approached arbitrarily
closely using fixed-rate quantizers with large block lengths.

If @ is followed by entropy coding, the rate is usually defined as either the expected
codeword length of the entropy code in which case we talk about variable-rate vector quan-
tization, or as the entropy H(Q) of the output of @; then we talk about entropy-constrained
quantization. There is no essential difference between the two definitions; for example their
asymptotic performance is the same as the dimension of the quantizer increases. This further
compression makes this method asymptotically optimal also for the wider class of stationary
sources.

In the design of a communication system applying a vector quantizer followed by entropy



coding, one would like to make both H(Q) and D(Q) as small as possible, but these quantities
are inversely related. A natural design problem is then to minimize D(Q) subject to an
entropy constraint H(Q) < R.

Some natural questions arise at this point. What is the lowest possible distortion, denoted
by Dy(R), of any vector quantizer of a given dimension with output entropy less than or
equal to R? Is there a quantizer which achieves this minimum distortion and also satisfies
the entropy constraint? (If yes, such a quantizer is called an optimal entropy-constrained
vector quantizer (ECVQ).) Moreover, if we know that an optimal ECVQ exists, how can
we find it? What are the main structural properties of optimal ECVQs which can lead to
efficient algorithms for designing good quantizers?

These questions have been extensively studied and mostly answered for fixed-rate quanti-
zation. On the other hand, not much is known about the existence and structure of optimal
ECVQs. Analytic forms of the D, (R) curve are also unknown except for the scalar case of
an exponentially distributed source and the squared error distortion. Most of the material in
this thesis is devoted to provide some answers to these problems, while in the last chapter we
characterize the optimal asymptotic rate-distortion performance of a special but interesting
class of stationary sources.

1.2 Literature overview

In this section we give an overview of those results in the literature which are directly
connected to our investigation. For a general survey on source coding and quantization the
reader is referred to, e.g., [51, 35, §|.

Fixed-rate quantization has been well studied; both practically and theoretically, a high
level of understanding has been achieved. Necessary conditions (namely, the nearest neighbor
and the centroid conditions) for the optimality of fixed-rate quantizers were given for the
scalar case by Lloyd [60], popularized by Max [63], and generalized to higher dimensions
by Linde et al. [54], yielding efficient algorithms for optimal quantizer design [60, 54].
Optimality of Lloyd’s method was proved for scalar sources with log-concave densities by
Trushkin [75] and Kieffer [49, 50]. Regarding existence, among others Pollard [68], Abaya
and Wise [1], and Sabin [72] proved that an optimal N-level quantizer always exists under
rather general conditions on the source distribution and the distortion measure.

On the other hand, it appears that much less is known theoretically about entropy-
constrained quantization. Although it has been long known that for scalar sources entropy
coded infinite-level uniform quantizers are asymptotically optimal for high rate [24, 23, 79],
very few and limited results are known about the structure of optimal entropy-constrained
scalar or vector quantizers at moderate and low rates, and the existence of optimal entropy-
constrained vector quantizers (ECVQs) is an open question in general. An optimal ECVQ
is not necessarily a nearest neighbor quantizer, and thus in general it is incorrect to restrict
the attention to regular quantizers when searching for an optimal ECV(Q. A nearest neighbor
type condition does hold for an optimal ECVQ which achieves the lower convex hull of Dy (R)
[13, 12], implying that such a quantizer can be assumed to be regular for the squared error
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distortion, that is, for any such quantizer there is a regular quantizer with the same entropy
and distortion. Chou and Betts [12] also showed that if the source has sufficiently light tail
with respect to the distortion measure, then an optimal ECVQ achieving the lower convex
hull of Dy (R) has only finitely many code points.

In general, efforts have focused on finding necessary conditions for the optimality of a
regular entropy-constrained scalar quantizer (ECSQ), that is, a one-dimensional quantizer,
with a fixed number of output points N for the squared-error distortion [7, 20, 52]. These
conditions give rise to practical algorithms for designing an ECSQ with a fixed number of
output points [7, 65, 20, 52, 13]. The algorithm of Chou et al. [13] is also effective in higher
dimensions, where it finds a locally optimal ECVQ.

Sufficient conditions for the existence of an optimal quantizer among all N-point quan-
tizers were given by Kieffer et al. [52]. However, to our knowledge, no general results
corresponding to the existence of optimal ECSQs are known. Similarly, the operational dis-
tortion rate curve Dy (R) is not known for most situations. The only exception is the case of
an exponentially distributed source and mean squared distortion considered by Berger [7].
He derived an analytic expression for D, (R) based on the observation that the infinite-level
uniform quantizer is optimal for the exponential distribution. For the case of a uniformly
distributed source, Farvardin and Modestino [20] experimentally determined the optimal
quantizer using a numerical approach for the case of squared error distortion.

Regarding the asymptotic performance of quantization, it is known that the rate-distortion
function is an achievable lower bound on the performance under different assumptions
on the source distribution, the distortion measure and the quantization scheme, see, e.g.,
[31, 62, 53, 19]. In general, rate-distortion functions are hard to compute in closed form,
especially for sources with memory. Efficient numerical methods are known for calculating
the rate-distortion function of random vectors [2, 10, 17|, but their applicability for large
vector dimensions and hence for sources with memory is limited. Analytically, in most cases,
only upper and lower bounds are known. The best known general bounds can be found
in, e.g., [5, 6, 27, 77, 28]. They are asymptotically tight in the limit of small distortions
under various conditions [6, 27, 9, 55]. The results generally concern discrete or continuous
source distributions; a notable exception is the asymptotic formula (in the limit of small
distortions) for the rate-distortion function of random vectors with certain special mixed
discrete-continuous distributions for the squared error distortion by Rosenthal and Binia

[70].

1.3 Contribution and thesis overview

In this thesis we address some fundamental open problems in entropy-constrained quantiza-
tion and some related problems in rate-distortion theory.

Chapters 2 and 3 contain the general model of source coding used in this thesis. These
chapters present the necessary background information and definitions needed in the later
parts of the thesis, and also contain a more detailed literature overview.

As mentioned before, finding optimal ECSQs analytically for a given source distribution
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is a rather hard problem. However, a tractable but still interesting case is when the source
is uniformly distributed over a finite interval. In Chapter 4 we determine analytically the
optimal ECSQ for this situation. We allow a wide class of difference distortion measures
including rth power distortions d(z,y) = |x — y|" with » > 0, and distortion measures of the
form d(z,y) = p(|z — y|), where p is a nonnegative, strictly increasing, and convex function.
A parametric expression for the Dy(R) curve is also given, and some of its properties are
explored. Our result rigorously proves that the ECSQs found for the uniform distribution by
Farvardin and Modestino [20] (using a numerical approach) are indeed optimal. The result
also agrees with the one independently obtained by Topsge [74] in a prediction context. The
material of this chapter is published in [37] and [38].

In Chapters 5-7, which are the most important parts of the thesis, the existence and
structural properties of optimal ECVQs are studied. First, in Chapter 5, we study quantizers
achieving the lower convex hull of the operational distortion-rate function (such quantizers
are called Lagrangian-optimal). These quantizers satisfy the generalized nearest neighbor
condition [13, 12], which turns out to be a very effective tool in their analysis. In Section 5.2
we prove the existence of Lagrangian-optimal entropy-constrained quantizers under non-
restrictive conditions on the distortion measure.

The source distributions for which these optimal quantizers have a finite or, respectively,
infinite number of code points are characterized in Section 5.3. It is shown for a wide class of
difference distortion measures that if the tail of the source distribution is sufficiently heavy
with respect to the distortion measure, then the Lagrangian-optimal entropy-constrained
quantizer has an infinite number of code points, complementing a result of Chou and Betts
[12], who proved that for distributions with a slightly lighter tail a Lagrangian-optimal
quantizer has only a finite number of code points (a trivial extension of their proof is included
mainly for the sake of completeness). Our results justify a conjecture in [12], namely that
for the squared distortion measure the Gaussian distribution is the turning point: if the
tail of the source distribution is lighter than the tail of a Gaussian distribution, then the
Lagrangian-optimal quantizer has a finite number of code points, and if the tail is heavier
than that of a Gaussian, then the Lagrangian-optimal quantizer has an infinite number of
code points. For the Gaussian distribution it turns out that if the rate is below a given
threshold, then the Lagrangian-optimal quantizer has only a finite number of code points,
while if the rate is above this threshold, then it has an infinite number of code points (the
results corresponding to finite-point quantizers are proved in [12]). The result concerning
the existence of Lagrangian-optimal quantizers is published in [36].

The analysis of optimal entropy-constrained quantizers not achieving the lower convex
hull is much harder. The scalar case is treated in Chapter 6. A simple example given at
the beginning of the chapter shows that when searching for a mean-square optimal ECSQ
for a source with a discrete distribution, it is generally incorrect to restrict the attention to
quantizers with interval cells. One of our main goals in this chapter is to show that such
anomalous behavior is not possible if the source has a continuous distribution.

In Section 6.2 we study the structure of ECSQs. The first result shows that for continuous
sources and distortion measures of the form d(z,y) = p(|z — y|), where p is a nondecreasing



convex function, for any finite-level ECSQ there is a regular quantizer (that is, a quan-
tizer with interval cells and code points lying inside the corresponding cells) which has the
same cell probabilities and equal or less distortion. This result implies that the operational
distortion-rate function can be arbitrarily closely approached by finite-level regular ECSQs
provided a reference letter with finite expected distortion exists. Then we introduce the
concept of almost regular quantizers. Such a quantizer has interval cells and it is defined
almost everywhere with respect to the source distribution. We prove that any ECSQ can be
replaced with an almost regular one which has the same entropy and equal or less distortion.

Based on the above results, it is is shown in Section 6.3 that for convex difference distor-
tion measures and for nonatomic source distributions, there exists an optimal ECS(Q which
is almost regular for any rate constraint R > 0. We also prove the existence of a regular
optimal ECSQ among all ECSQs having no more than a given finite number of code points.
For the practically most interesting case of the squared error distortion and sources with
piecewise monotone densities we managed to strengthen almost regularity to regularity: it
is proved in Section 6.4 that in this case a regular optimal ECSQ always exists, and it has
only finitely many code points in every bounded interval. The material of this chapter is
published in [39, 40].

The results of Chapter 6 are generalized to the vector case in Chapter 7 for continu-
ous source distributions and the squared error distortion. In Section 7.2 the regularity of
finite-point optimal ECVQs is shown. This result is extended to infinite-point ECVQs in
Section 7.3, where it is proved that for any ECVQ there is an equivalent almost regular
quantizer with the same entropy and not greater distortion. The existence of almost regular
optimal ECVQs is proved in Section 7.4. In Section 7.5 we show how to extend the results
concerning the structure and existence of optimal entropy-constrained quantizers to optimal
variable-rate quantizers. A part of the existence results in this chapter is published in [36].

The results in Chapters 6 and 7 basically settle the problem of existence of optimal
entropy-constrained quantizers in the most important cases, and the results concerning the
structure of ECVQs practically justify the implicit assumption in the literature that optimal
ECVQs are regular. However, we were not able to show the regularity instead of almost
regularity of optimal quantizers in general. This could be done easily, if one could prove
directly that an optimal quantizer cannot have infinitely many cells intersecting a closed
ball. Unfortunately, we have not been able to find such a proof.

The optimal theoretically attainable compression of a source by vector quantizers of
arbitrary large dimension is given by the rate-distortion function R(D) of the source, that
is, R(D) describes the minimum rate necessary for coding the source with distortion not
exceeding D. In Chapter 8 we derive the exact asymptotic rate-distortion behavior of a
special class of random vectors having more general mixed distributions than considered
by Rosenthal and Binia [70]. The source distribution is a finite mixture of components
such that under each component distribution a certain subset of the coordinates have a
discrete distribution while the remaining coordinates have a joint density. The expected
number of coordinates with a joint density is shown to equal the rate-distortion dimension
of the source vector. Our general mixture model allows to extend the results to stationary



sources with mixed distributions; the exact small distortion asymptotic behavior of the rate-
distortion function of a special but interesting class of stationary information sources is also
determined. Such sources can be used in, e.g., modeling sparse images [11]. The results of
this chapter are published in [41, 42, 43].



Chapter 2

Source coding fundamentals

In this chapter the basic definitions and some essential results in source coding theory and
quantization are presented. The aim is to provide the reader with the necessary background
material needed for this thesis. We also define the notation used in the following chapters .

2.1 A model of source coding

In this thesis we will consider a simple, but still sufficiently general model for data compres-
sion shown in Figure 2.1. The system consists of an information source, a digital channel,
an encoder, and a decoder.

The information source is modeled as a discrete time random process, denoted by X =
{X,}, taking values in the set A, called the source alphabet. In general the process can
be a one- or two-sided sequence. The first one corresponds to the practical case that the
system is turned on at a given time, while the latter allows a more proper treatment of
stationarity, since, for example, a system with feedback has to run infinitely long time to
reach a stationary state. Throughout this thesis, unless otherwise stated, we will assume
that X is a one-sided stationary sequence, and in most of the cases we take A = R the k-
dimensional Euclidean space for some positive integer k. (We will also assume an underlying
probability space, and all functions of random variables will be assumed to be measurable
with respect to this space.) For any pair of positive integers i < j and an arbitrary sequence
{z,} € A>® (A denotes the infinite Cartesian product of A with itself), we denote the finite
sequence &;,...,T; by :cf To further simplify the notation, we will denote the sequence
z} by z". The notation can formally be extended to j = oo, where z° = z;,x;41,..., in
particular, x> = z1, 2o, . . ..

For simplicity, and because of its practical importance, the channel is assumed to be bi-

f(X) | source X.

2

X source | f(X) .
channel decoder receiver

encoder

source

Figure 2.1: A simple model for the source coding procedure.



nary. This channel model can also be applied to channels using an alphabet size of a positive
integer power of 2. Furthermore, as it is common in the source coding literature, we assume
that the channel is noiseless, that is, the output symbol of the channel is always the same as
the corresponding input symbol, and no deletions and insertions occur. This assumption is
partly justified by the combined source-channel coding theorem (or data transmission the-
orem, see, e.g., [21]), which states that one can design separately a code for compressing
the source data, and an error correcting code, called the channel code, to protect the data
from possible errors occuring during the transmission over the channel, and still be able to
design an overall system operating asymptotically arbitrarily close to the optimum perfor-
mance. This result, together with the channel coding theorem (see, e.g., [21]), implies, that
any channel can be replaced with a practically error-free channel of lower capacity from the
source coding point of view. Furthermore, in many practical situations the channel code
is given, yielding a (more or less) error-free channel, and the user does not have access to
modify it. For example, when implementing a data compression algorithm, the programmer
cannot modify the error protection method of the hard disc or change the coding method and
communication protocol of his modem. Thus a noiseless channel is a reasonable assumption
for our purposes.

The encoder f : A® — {0,1}* maps the sequence {X,} into an infinite sequence of
bits, where {0, 1}°° denotes the set of all infinite length binary strings, and the decoder
g:{0,1}>* — — A> transforms this sequence of bits into the reproductlon sequence {X 1
taking values from the reproduction alphabet A. That is, g(f(X>)) = X*. Since our goal
is to transmit the original information from the source, )?n should be a good approximation
of X,, in some sense. The alphabets A and A are not necessarily the same in general, but
throughout this thesis we will assume that A = A.

It is reasonable to assume for any practical coding scheme (f, g) that only a finite number
of bits is needed to be transmitted over the channel to obtain the finite reproduction sequence
X" for every positive integer n. Therefore, the coding scheme can be described by the
sequence of finite coding schemes ( f,, g,), where f, : A~ — {0,1}* and g, : {0,1}* — A,
where {0, 1}* is the set of all finite length binary strings, f,(-) and g,(f.(-)) are measurable
functions, and gn(f,(X*)) = X". It is also desirable to assume that the binary string
fn(X®) can be transmitted over finite time, that is, the actual domain of f, is a subset of
lUJ,, A", the union of all possible finite length source sequences.

A practically very important class of codes is the class of block codes. In this case
the source sequence is parsed into nonoverlapping blocks of successive source symbols, and
then these blocks are encoded using the same coding scheme. The simplest method among
these is where each block has the same length k, and the block X ,’: (n ++1 ) is mapped into the
reproduction block X,c("Jr ) using some functions f* : A¥ — {0,1}* and g* : {0,1}* — A*
via the rule g*(f*(Xr"Y)) = XP"4Y. This coding scheme, called block coding or vector
quantization, is discussed in detail in Chapter 3.

There are two important quantities measuring the performance of a code: its rate and
distortion. The latter measures the fidelity of reproduction of the system by the expectations
Ed, (X", )?"), n=1,2,... whered, : A"x A" — [0, 00) is a nonnegative real valued function



called a distortion measure. The overall measure of fidelity, called the average distortion of
the code, is given by
d= lim Ed, (X", X™) (2.1)

provided the limit exists. The fidelity criterion {d,} is said to be subadditive, if for every
positive integer n and m and a™ € A", 4" € A" b™ € A™ and b™ € A™ we have

~ n ~
n pm At pm)) < n o An e m pmy
dn—l—m((a 7b )7(a ab )) ~n4 dn(a y @ )+ n+mdm(b 7b )

Throughout this thesis, unless otherwise stated, we assume a stronger condition that d,, is a

single letter or normalized distortion measure, that is,

d,(a",a™) Zdaz,az

for some d: A x A — [0,00) for all ay,...,a, € A and ay,...,a, € A. In this case we have
Ed, (X", X") = Ed(Xy,X,) if X and X = X*° are jointly stationary, and so d = Ed(X, X;).
The most common distortion measure for discrete sources (that is, when A is finite) is the
Hamming distortion dg(a,a) = 1 if a = @ and 0 if a # a. This distortion measure is also
called the frequency of error or probability of error distortion, because its average distortion
equals the probability of error (an error occurs if X,, # X, for some n). If A, ACRE (in this
case we can obviously assume A = A= R*), then the most popular distortion measure is the
mean squared error (MSE) distortion d(a,a) = ||a — @l||?, where || - || denotes the Euclidean
norm of the real vector space of the appropriate dimension. If d is such that d(a,ad) = p(a—a)
for some function p : R¥ — [0, 00), we say that d is a difference distortion measure.

The rate of a code is essentially measured by the average number of bits transmitted over
the channel for each source symbol. Let r, = E|f,(X*)|, the expected number of bits sent
over the channel necessary to recover X ", where the length of a binary string s is denoted
by |s|. Then the nth order code rate is usually defined as R, = r,/n, and the rate of the
code is defined as R = lim,, R,, if the limit exists. If it does not, then the limit is generally
replaced with liminf or limsup. We will define the rate precisely for each coding scheme
directly investigated in this thesis.

2.2 Basic information measures

Let X be a random variable taking values from the set A. If X is a discrete random variable,
then A = {ay,...,ay} is finite or countably infinite (if A is an infinite set, then we formally
define N = o0), and the distribution of X is given by the probability vector p = (p1, ..., pn)
where p; = P{X = q;} for all 1 <i < N. Then the entropy of X and p is defined as

H(X)=H(p) = - Zpi log p;.

Here and throughout the thesis log denotes base 2 logarithm. When calculating the entropy,
we adopt the convention that 0log 0 = 0, which comes from the continuous extension of the
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function zlogz,z > 0 from (0, 00) to [0,00). Note that the entropy does not depend on the
actual range of the values of X, only on its distribution p.

If A=RF and X has a distribution which is absolutely continuous with respect to the
Lebesgue measure on R¥, then X has a density f, and the differential entropy of X is defined
as

h(X) = h() = = [ f(a)log f()da

whenever the integral exists. If X = {X,,} is a discrete valued source, then its entropy rate
H(X) is given by
1
H(X)= lim —H(X").

n—o00 1
Similarly, if for each n the random vector X™ is a continuous random variable with a density,
then X has a differential entropy rate defined as

(&) = lim Sh(Xi,..., X,).
n—oo N

Entropy rates and differential entropy rates always exist for stationary sources (in the latter
case we must assume that the defining differential entropies exist) [14]. If X is stationary and
memoryless, that is, {X,} is a sequence of independent and identically distributed (i.i.d.)
random variables, then H(X) = H(X;) in the discrete case, and h(X) = h(X;) in the
continuous case.

Let X and X be random variables taking values in A and A\ respectively, and denote
the probability measures corresponding to their marginal and joint distributions by pux, pg,
and py g, respectively. Then the mutual information I (X, X ) between X and X is given by

py % (Ei x Fj)
px (Ei) pg (F5)

I(X,X) = supZ,uXX(E'i x F;)log (2.2)

1]

where the supremum is taken over all finite measurable partitions {E;} of A and {F}} of
A [67]. Here we use the convention that 0log2 = 0log% = 0 for any a > 0. In special
cases much simpler definitions can be given, see, e.g., [21, 16, 14|, but those definitions are
not applicable for the sources we are dealing with in Chapter 8. In that chapter we also
need conditional versions of the above information measures. Assume that we are given
with random variables X and Y, and let X, have the conditional distribution of X given
Y = y. Assume that X, is a discrete random variable for all possible values y of Y. Then
the conditional entropy of X given Y is defined as

H(X|Y) = Ey{H(Xy)}

where the expectation is taken according to Y. If X, has a density and h(X,) exists for
every y, then the conditional differential entropy of X given Y is defined as

h(X|Y) = Ey{h(Xy)}.

11



The conditional mutual information can be defined similarly. If beside X and Y we are also
given X, and (X,, X,) has the same joint distribution as X and X given Y = y for all y,
then the conditional mutual information of X and X given Y is defined as

I(X; X|Y) = Ey{I(Xy; Xy)}.

2.3 Lossless source coding

In this section we summarize the main results of lossless block source coding which are
needed in the thesis. The proofs can be found in most information theory textbooks, e.g.,
in [14].

Let X be a random variable taking values in the finite or countably infinite set A =
{ai,...,an} with distribution P{X = a;} = p;, and let f : A — {0,1}* be the encoder
function (for simplicity we deal only with binary codes again). If A is an infinite set, we
formally define N = co. In the lossless case, the performance of the code is measured by the
expected codeword length E|f(X)| = 3.~ pilf(as)|, also called the rate of the code.

Definition 2.1 The code f : A — {0,1}* is called uniquely decodable, if for any positive in-
tegers m and n, and any sequences ai, - . ., Am, a1, - - ., 4, € A we have f(a1)f(az) ... f(an) =
flay)f(az) ... f(a,) if and only if m = n and a; = a; for every 1 < i < n, where f(a)f(a)
denotes the concatenation of the binary codewords corresponding to a and é (a,a € A).

An important subset of the uniquely decodable codes is the following.

Definition 2.2 We say that f : A — {0,1}* is a prefix code, if for every a # a, a,d € A,
f(a) is not a prefix of f(a).

Uniquely decodable codes and prefix codes can be characterized by the following two
results in terms of the codeword lengths | f(a)|.

Lemma 2.1 (a) (McMillan inequality) For any uniquely decodable binary code f

N

Z 9~ If(al < 1,

=1

(b) (Kraft inequality) Assume that the positive integers ly,...,ln satisfy

N
Y oh<l (2.3)
=1

Then there is a prefiz code f such that |f(a;)| = 1; for everyi=1,...,N.

Note that the possibility N = oo is also allowed in the lemma. Parts (a) and (b) together
imply that for every uniquely decodable code there is a prefix code with the same expected
codeword length. Thus in terms of performance nothing is lost if we restrict our investigation
to prefix codes. The next theorem shows that the entropy is an ultimate lower bound on the
rate of any uniquely decodable lossless code.
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Theorem 2.1 Let f be a uniquely decodable binary lossless code. Then
H(X) < E|f(X)].

Furthermore, there is an optimal binary prefiz code f* satisfying E|f*(X)| < E|f(X)] for
any uniquely decodable binary lossless code f, and this code satisfies

H(X) < E|f*(Y)| < H(X) + 1.

A code which satisfies the above bound, though not necessarily optimal, is the Shannon-Fano
code. If A is finite, then an optimal code is the Huffman code [45]. It is known, that the
expected codeword length of the Huffman code does not exceed the entropy H(X) by more
than ppax+0.0861 when ppa, = maxy<;<y p; < 1/2[22]. Since pmax is generally much smaller
than 1/2, this shows that H(Q) is a fairly accurate estimate of the expected codeword length.

Now assume that X is a discrete stationary source. Then the expected per letter codeword
length L} = 1E|fz(X")| of an optimal uniquely decodable lossless binary code f, for the
random vector X™ satisfies

Laoxemy << Laxemy 4 L

n n n

where H(X") is the entropy of the vector random variable X™. If the block size n — oo,
then 1H(X™) decreases to the source entropy H(X) = lim,_,o ~H(X™). This shows that
encoding large blocks of X together, the minimum expected per letter codeword length H(X)
can be arbitrarily approached.

2.4 Lossy source coding: rate-distortion and distortion-
rate functions

In this section we define the rate-distortion and distortion-rate functions for random variables
and random processes. A thorough treatment of the material presented here can be found,
e.g., in the monograph of Berger [6].

The rate-distortion function of the random variable X taking values in A with distribution
px relative to the distortion measure d : A x A [0,00) is defined as

Rx(D)= inf I(X,X) (2.4)

Ed(X,X)<D

where the infimum is taken over all joint distributions i, ¢ with a fixed marginal distribution
ux such that
Ed(X,X) < D.

Rx (D) is known to be a nonincreasing and convex function (see Figure 2.2). Let

Dpax = inf Ed(X, d)

acA
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0 Dmaz D
Figure 2.2: A typical rate-distortion function of a discrete random variable

where the infimum is co if Ed(X,a) = oo for all @ € A. Then obviously Rx (D) > 0 for each
D < Dpax, and Rx(D) = 0 for each D > D4, In most cases there exists an a € A that
realizes the minimum, and D,,,,; < 0o. (In this case, if no signal is sent, then the receiver
can suppose the original signal to be @ and achieve a distortion D,,4,.)

If X is discrete and H(X) is finite, then assuming d(a,a) = 0 if and only if a = a
yields Rx(0) = H(X). Moreover, the slope of Rx(D) is continuous in the open interval
0 < D < D,pq: and tends to —oo as D approaches 0.

For the n-dimensional random vector X™ = (X3,...,X,,) € A" the rate-distortion func-
tion relative to the fidelity criterion d,, is given by

Ren(D) =~ inf (X", X" (2.5)

N Ed,(X",X")<D

where the infimum is taken over all joint distributions piyn . with a fixed marginal distri-
bution px» such that Edn(X",)/(:”) <D.

If Rxn(D) is the rate-distortion function of X™ relative to the mean squared error dis-
tortion measure, then H.(X") = nRxn(D) is often referred as the e-entropy of X, where
D = ¢,

The rate-distortion function of the source X relative to the subadditive fidelity criterion
{d,} is defined, in general, as Ry(D) = inf,, Rx~(D). An alternative definition of Ry (D)
for a stationary source X is

Rx(D) = lim Rx~(D) (2.6)

n—oo
where the limit always exists by stationarity. It is easy to see that if X' is an i.i.d. source with
its components having the same distribution as X, and d,(a",a") = 1 > | d(a;, @) for all
ai,...,an € Aand ay,...,a, € A is asingle letter distortion measure, then Rx(D) = Rx(D).
The inverse of the rate-distortion function is called the distortion-rate function. In ac-
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cordance with (2.4), the distortion-rate function of the random variable X is given by

Dx(R)= inf Ed(X,X) (2.7)
I(X,X)<R
where the infimum is taken over all joint distributions i, ¢ with a fixed marginal distribution
pwx such that

I(X,X)<R.

Similarly, the distortion-rate function of the random vector X" is defined as

Dx~(R)= inf  Ed(X"X")

I(X™,X")<nR

where the infimum is taken over all joint distributions Pxn $n with a fixed marginal dis-
tribution px» such that I (X",X'") < nR. The distortion-rate function of the random
process X relative to the subadditive fidelity criterion {d,} is given, in general, by Dx(R) =
inf,, Dx~(R). If X is stationary, then an alternative definition of Dy (R) is

n—o0

where the limit always exists by the stationarity of X.

Since Dx(R) is the inverse of Rx(D), it is also nonincreasing and convex, and these
properties also hold for the rate-distortion and distortion-rate functions of random processes.

The significance of the rate-distortion function is given by the fact that Ry (D) is the
minimum rate necessary to compress the information source X with fidelity D. Similarly,
Dx(R) defines the smallest distortion achievable in compressing X by a coding scheme whose
rate does not exceed R (see, e.g., [29]). The precise statement of these results for a large
class of source codes is given in Section 3.5.

Although efficient numerical methods for calculating the rate-distortion function of ran-
dom variables are known [2, 10, 17], in general it is very hard to give exact analytic formulas
for Rx(D). Moreover, the numerical calculation of the rate-distortion function of sources
with memory is not solved in general. Parametric representations are known for both dis-
crete and continuous random variables (see [6], and also [15] for a rigorous proof), but both
expressions contain complicated maximizations. Therefore, they are more useful in deriving
lower bounds on R(D) than in deriving exact formulas.

The few exceptions where Ry (D) is determined analytically include the stationary mem-
oryless Gaussian, multivariate Gaussian (see, e.g., [14]), as well as the zero mean stationary
Gaussian source [6] for the single letter (or normalized) squared error distortion, and the
memoryless Bernoulli(p) source for Hamming distortion [14]. Because of its importance we
state here the rate-distortion function for a Gaussian random variable G with variance o

%log% if 0 < D < o?

2.8
0 if D > o2 (28)

Rg(D) = {

The best known lower bounds are the Shannon and generalized Shannon lower bounds for
discrete and continuous sources [5, 6, 27], the autoregressive lower bound for autoregressive
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sources [6], the Wyner-Ziv lower bound [77, 6], and the composite lower bound of Gray via
conditional rate-distortion functions [28] for general sources (although in the original paper
the latter bound was introduced for discrete sources, it is also applicable for general source
distributions). The generalized Shannon lower bound is known to be the weakest among
these bounds for discrete sources [28]. However, even it is tight in the sense of actually
yielding the rate-distortion function over a nonzero range of small distortion for finite-state
Markov sources under certain conditions on the state transitions and the distortion measure
[27].

For continuous sources and the squared error distortion, the Shannon lower bound and
the generalized Shannon lower bound are discussed in Chapter 8. This type of bounds was
also extended to random vectors with certain special mixed discrete-continuous distributions
for the squared error distortion [70]. This result is also discussed in Chapter 8.
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Chapter 3

Quantization

In this chapter we discuss in detail a very important class of source codes, called fixed-
and variable-rate block codes, also known as vector quantizers. (Block codes were already
mentioned in Section 2.1.) Basic definitions are provided in Section 3.1. Fixed-rate quanti-
zation is treated in Section 3.2, followed by a discussion on regular quantizers in Section 3.3.
Variable-rate and entropy-constrained quantization is introduced in Section 3.4. Finally,
coding theorems for vector quantizers are provided in Section 3.5.

3.1 Basic definitions

When quantizing an information source X, we parse the input sequence X = X into

nonoverlapping blocks of & successive source symbols {X,EZE)’“}, and encode the blocks

X ,ﬁ'g_ﬁ)’“ using the same time invariant map. We assume that the source is k-stationary; then

there is a generic R* valued random vector X having the same distribution y as each block

(n+1)k
Xnk+l )

stationary sequence as for one block.

and the distortion and the rate of this coding scheme is the same for the whole

Definition 3.1 A k-dimensional vector quantizer () is a measurable mapping of a subset
S of the k-dimensional Euclidean space R¥ into a finite or countably infinite set of distinct
k-dimensional real vectors {c;,i € T} C R* called the codebook of Q, where T is a countable
index set. The elements of the codebook, c;, are called the code points of Q), and the associated
sets S; = {z : Q(z) = ¢;}, i € T are called the quantization cells of Q.

Let Qj denote the set of all k-dimensional vector quantizers. Throughout this thesis
we assume that u(S) = 1, that is, the quantizer @) assigns a value to X with probability
1. Unless otherwise stated, we also assume that S = R¥. If 7 is finite with N elements,
then unless explicitly stated otherwise, we take Z = {1,..., N} and call @ an N-point (or
N-level) quantizer. Otherwise we call ) an infinite-point quantizer, and generally take Z to
be the set of positive integers. However, when explicitly stated otherwise, Z can be taken to
be the set of all integers or one of its subset. (As we will see later, infinite-point quantizers
only make sense as source coders if the output is followed by entropy coding).
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source o y
by, by, ...
channel
~ bi,bo, ...
, X a(X)|
receiver 15} v

Figure 3.1: Detailed structure of a quantizer.

The code points ¢; and the associated quantization cells S; = {z € R* : Q(z) = ¢;},i € T
completely characterize () since the S; form a partition of S and

Q(z) =¢; ifand onlyif z € S;.

We can also define the index encoder o : § — Z and index decoder 5 : T — {¢;,i € T}
as a(z) =i if z € S; and B(i) = ¢; for all i € Z. Then Q(z) = B(a(z)) for all z € S.
Using these maps we can give a more detailed way of quantizer implementation shown in
Figure 3.1, which is a special version of the model of Figure 2.1. The source encoder f and
decoder g are divided into two parts. First a maps the quantizer input X to one of the
index values. Then the generated index a(X) is encoded by the uniquely decodable code
v :Z — {0,1}* to a sequence of bits {b;}. Let B = {vy(¢) C {0,1}* : 4 € Z} be the set of
possible binary codewords. After transmission over the channel, v ! : B — T decodes the
original index value a(X), and finally 5 determines the quantizer output:

Q(X) = B(v™ (v(a(X)))) = B(a(X)) = ca(x)-

From another point of view, first the input is quantized, then the corresponding code point
is losslessly encoded via 7.

Throughout we will use the notations Q = {(S;,¢;),7 € Z} for a quantizer () with cells
{S;,i € I} and corresponding code points {c¢;,i € Z}, and Q = («, ) for a @ with index
encoder « and index decoder S3.

In case k = 1, we talk about scalar quantization, and we assume that S = (0, 7) is a
subinterval of the real line R. Here we allow the possibility that 0 = —oo and 7 = oo.
For convenience, we will use the following convention for indexing the cells and code points
of an infinite-point scalar quantizer @) if a certain ordering among the code points can be
established:

e The index set will be the set of positive integers if the code points of () can be reindexed
such that ¢; < cy < -+ orecg >cy > ---.
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e All integers will be used if the set of code points can be linearly ordered, that is, if the
original code points can be reindexed such that --- <c_; <c¢g<c; <---.

Now assume that X = (X3,...,X) is a random vector taking values in S, and let u
denote its distribution. On the one hand, we want the quantizer output X = Q(X) (which is
an approximation of X, recall the model of Section 2.1) to be close to X. On the other hand
we want the approximation X to be sufficiently simple so that the average number of bits
generated by 7 is small. The rate of the quantizer @) is essentially defined as the expected
codeword length of . If v encodes large blocks of indexes corresponding to successive source
letters together, then the rate can be further decreased. If 7y is a fixed-rate lossless code,
we talk about fized-rate quantization (discussed in Sections 3.2). If v is a variable-rate
lossless code, the corresponding procedure is called variable-rate quantization (discussed in
Section 3.4).

To quantify the fidelity of reproduction, just as in (2.1), the distortion of ) in quantizing
the random variable X is defined by the expectation

D(Q, 1) = B{d(X,Q(X))} = /S d(z, Q(x)) d(z)

where the distortion measure d : R* x R* — [0, 00) is a nonnegative measurable function of
two k-dimensional real vector variables. The partial distortion of the ith cell of ) is defined
by
DiQui) = [ d(z, Q@) du(e) (31)
so that D(Q,u) = > ;.7 Di(Q, ). Sometimes it will be convenient to use restrictions of
probability measures when calculating the distortion of certain quantizers. In such cases,
and more generally when p is an arbitrary finite measure, D(Q, 1) and D;(Q, p) are still well
defined by the corresponding integrals. When the distribution p is clear from the context,
the short notations D(Q) and D;(Q) will be used.
Throughout we will assume that

liminfd(z,y) > d(z,9) (3.2)

llyl| o0
for all z,J € R¥ (note that this condition readily implies that limy,|_co d(z,y) exists for
all z, but the limit may not be finite). When dealing with convergence of real numbers
we will work with the set of extended real numbers R = R U {+oco} U {—c0}, and when
considering convergence of R* valued vectors, we will use RF = R¥U{co}, the usual one-point
compactification of R* (see, e.g., [18]). When it is clear from the context, we will occasionally
write oo instead of +o00, but this should cause no confusion. It will be convenient to extend
the domain of d to R¥ x R¥ by defining

d(z,00) = liminf d(z, y) (3.3)

llyll—o0

where the limit is possibly a positive extended real number. If £ = 1, we define d(z, +o0) =
liminf, , . d(z,y) and d(z, —o0) = liminf, , . d(z,y). Furthermore, in accordance with
(3.3) we also define d(z, 00) = min{d(z, +00),d(z,—00)} in this case.
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To minimize the distortion of a quantizer (), it is necessary to choose the code point for
every cell such that it minimizes the corresponding partial distortion. If ¢ € R* satisfies

/d(x,é) du(z) = inf /d(x,c) du(zx). (3.4)
S ceRF [ g

for a Borel set S C RF, then it is called the generalized centroid of S. For example, if
d(z,y) = ||z —y||?, then é = E{X|X € S} (see, e.g. [18]). The next lemma combines known
facts from the literature and provides sufficient conditions for the existence and uniqueness
of such a point.

Lemma 3.1 Assume that (8.2) holds for the distortion measure d : R* x R* — [0, 00), and
d(z,y) is a lower semicontinuous function of y. Then for any Borel set S C R* such that
wu(S) > 0 and the infimum in (8.4) is finite, there is a ¢ € R* satisfying (3.4). If in addition
d(z,y) is strictly convex in y, then é is unique. If d(z,y) = ||z — yl||* is the squared error
distortion, or k = 1 and d(z,y) = p(|z — y|), where p : [0,00) — [0,00) is conver and
nondecreasing, then ¢ € S. Finally, if u(S) = 0 or the infimum in (3.4) is oo, then any
¢ € R* satisfies (3.4).

Similar results are obtained, e.g., in [32, 68, 1, 72]. The proof of the lemma is given in
Appendix 3A.

3.2 Fixed-rate quantization

If the output of the quantizer is encoded using fixed length (binary) codewords, that is, v is
a fixed-rate block code in the model of Figure 3.1, we call the resulting mapping a fized-rate
quantizer. Then to encode the N different output values, [log N bits are needed, where for
any x € R, [z] denotes the smallest integer not less than x. Since these symbols represent
k random variables, the rate of the quantizer is defined as

Tf(Q)ZélogN-

If large blocks of indexes are encoded together by ~, the average number of bits used for
one random variable can be arbitrarily close to r;. Since the rate means the number of bits
necessary to represent each element of the codebook, a fixed-rate quantizer has finite rate if
and only if N, the number of code points, is finite.

An N-point fixed-rate quantizer is called optimal if it has the lowest possible distortion
among all N-point quantizers. Formally:

Definition 3.2 A fized-rate vector quantizer Q* € Oy is an optimal N-point quantizer for
the random variable X with distribution u if Q* has N code points and

D(Q*, ) = Dg(N,p) = inf{D(Q, ) : Q € Qy, is an N-point quantizer}.
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Optimal fixed-rate quantizers have been studied extensively. Necessary conditions for the
optimality of fixed-rate quantizers were given for the scalar case by Lloyd [60], popularized
by Max [63], and generalized to higher dimensions by Linde et al. [54]. These conditions are
known as the Lloyd-Max conditions:

e Nearest neighbor condition: given the codebook {cj,...,cy}, the optimal partition
cells satisfy
Si C{z:d(z,q) <d(z,c¢),j=1,...,N}.

e (entroid condition: given the partition cells Si,...,Sy, the optimal code points c;
satisfy
ceR

Note that there are optimal quantizers which do not satisfy the Lloyd-Max conditions; these
quantizers can violate the nearest neighbor condition on an input set of probability zero.
The Lloyd-Max conditions have important implications. First, they immediately suggest
a simple iterative algorithm for quantizer design. The algorithm starts with some initial
codebook. One iteration step is the following: given the codebook, the optimal cells are
determined using the nearest neighbor condition, then a new codebook is optimally generated
for these new cells using the centroid condition. The iteration is then repeated with the new
codebook until some appropriate stopping condition is satisfied. This algorithm is known
in one-dimension as Lloyd’s Method I. [60], and in higher dimensions as the generalized
Lloyd algorithm or the LBG algorithm [54]. In general, the generalized Lloyd algorithm
converges to a locally optimal solution only, but some results exist proving optimality for
special source distributions. The uniqueness of locally optimal quantizers and hence the
optimality of Lloyd’s method was proved for scalar sources with log-concave densities by
Trushkin [75] and Kieffer [49, 50] for convex difference distortion measures.

On the theoretical side, among others, Pollard [68], Abaya and Wise [1], and Sabin
[72] proved that an optimal N-point quantizer always exists if d(x,y) and p satisfy certain
regularity conditions. Specialized to the squared error distortion, an optimal N-point vector
quantizer with finite distortion exists if and only if E{||X||*} < co. The proof is based on the
fact that a nearest neighbor quantizer is essentially determined by its codebook {ci,...,cn},

and thus a continuity-compactness argument can be used to show the existence of an optimal
codebook.

3.3 Regular quantizers

If @ is a finite-point quantizer whose cells S; are convex subsets of S, and ¢; € S; for all 4,
then the quantizer @) is called regular. It is not hard to see that the cells of such quantizers
are always convex polytopes (see Lemma 3.2 in Appendix 3B). An example of regular vector
quantizers with convex polytope cells is shown in Figure 3.2.

Regular quantizers are of particular interest. A regular quantizer with a finite number
of code points can be described using a finite number of parameters, while a more general
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Figure 3.2: Regular vector quantizer example: £k = 2, N = 16.

quantizer structure may not be described this way. This simple description provides effi-
cient methods both analytically and practically. For example, for nondecreasing difference
distortion measures, the necessary conditions for optimality imply that for any N-point vec-
tor quantizer () there is a regular N-point vector quantizer Q such that D(@) < D(Q).
Therefore, optimal (and also “good”) fixed-rate quantizers can be assumed to be regular for
such distortion measures, and this fact allows to prove the existence of optimal fixed-rate
quantizers.

Furthermore, the implementation of finite-point regular quantizers is quite simple in
practice. An N-point regular scalar quantizer can be implemented using N — 1 parallel
comparators. For a given input point the quantizer output can also be found by a binary
code tree; in this case approximately log N sequential comparisons are necessary. In the
vector case, a regular N-point quantizer can be implemented by a parallel structure of
hyperplane decision functions.

Unexpected problems arise when one wants to generalize the concept of regularity to
infinite-level quantizers even in the scalar case, and the definition of such quantizers is not
unified in the literature. For example, a scalar quantizer with cells

(—00,0),[1,00),[0,1/2),[1/2,3/4),[3/4,7/8),...,[1 — 27 1 —2-(=F1))

has convex cells and so can be thought to be regular with appropriate code points; however
there are infinitely many code points in any neighborhood of the point 1. To avoid such
cases an additional condition is introduced to obtain a general definition of regularity, which
is automatically satisfied for all finite-point quantizers satisfying the original definition.

Definition 3.3 We call a quantizer () regular if it has convex cells, the code points lie
inside the corresponding cells, and the set of the quantization cells is locally finite, that is,
any bounded subset of R* intersects only finitely many cells of Q.

An interesting example of Graf and Luschgy [26] shows that a regular infinite-point nearest
neighbor vector quantizer does not necessarily have convex polytope cells. Let the code
points of @ € Qs be ¢; = (0,7) for every positive integer i > 2, and let ¢; = (1,0). Then
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Q is clearly regular, but Sy, the cell corresponding to c¢; is not a convex polytope, since its
boundary consists of infinitely many nonparallel line segments. Note, however, that since the
intersection of countably many intervals is an interval, a regular scalar quantizer has interval
cells. That is, by the local finiteness condition, the cells {S;} of a regular scalar quantizer
can be indexed using an appropriate subset of the integers such that S; < S; whenever ¢ < j,
where for A, B C R, A < B means that a < b foralla € A and b € B.

3.4 Entropy-constrained quantization

Fixed-rate quantizers represent all output points with codewords of the same length. On the
other hand, using variable-rate encoding (entropy coding) of the outputs (that is, when v is a
variable-rate lossless code in the model of Figure 3.1), further compression can be obtained,
yielding a possibly much smaller expected codeword length. Even more compression can be
achieved by applying variable-rate encoding to large blocks of the quantizer output (in this
situation -y is a variable-rate block code). Therefore, if variable-rate encoding of the output
of the quantizer is to be used, the rate of the quantizer has to be defined in accordance with
the rate of 7. Let L(Q) denote the expected codeword length of .

Definition 3.4 A vector quantizer Q € Qy whose rate is measured by 7,(Q) = tL(Q) is
called a variable-rate vector quantizer. If for some R > 0 we have ,(Q) < R and

D(Q, p) = Do(R, p) = inf{D(Q, n) : 7o(Q) < R, Q € Qp}
then Q) is called an optimal variable-rate quantizer.

Let H(Q) = H(Q(X)) denote the entropy of the quantizer output Q(X), that is, H(Q) =
H(Q(X)) = — > ez 1(S;) log u(S;). We know from Theorem 2.1 that H(Q) < L(Q), even if
v is a block code. Moreover, the discussion after the theorem implies that this bound can
be approached by the appropriate choice of . Therefore, assuming that the input sequence
of the quantizer is stationary, an appropriate measure of the rate of the quantizer is %H (Q).

Definition 3.5 A wector quantizer ) € Q. whose rate is measured by %H (Q) is called an
entropy-constrained vector quantizer (ECVQ).

Since the entropy is an explicit function of the cell probabilities, ECV(Qs are much more
tractable than variable-rate quantizers. Note that the rate of a variable-rate vector quantizer
(Q is defined as the expected codeword length over the set of codes satisfying Kraft inequality
(see Lemma 2.1 and Theorem 2.1), while the entropy constrained rate is the minimum
expected codeword length over the extended set of “codes”, where we do not require the
codeword lengths to be integers, we only want them to satisfy Kraft inequality (then setting
l; = —log p; yields the entropy).! The entropy-constrained formulation is also useful because

1f 3,275 = 1, then {g; = 27!} is a probability distribution, and so > ,pil; = — Y, pilogg; >
—>_;pilogp; follows from the divergence inequality }_;p;log 2: > 0 [14]. If 3, 27l < 1, then increas-
ing l; we can achieve equality in the Kraft inequality while reducing the average codeword length.
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it does not tie the quantizer design to a particular coding scheme (e.g., scalar entropy coding),
providing a more universal measure of quantizer performance.

For any R > 0 let Dy (R, 1) denote the lowest possible distortion of any vector quantizer
with output entropy not greater than R in quantizing the R* valued random variable X with
distribution y (the dimension of the quantizers is necessarily k). This function is formally
defined by

Dp(R, p) = inf{D(Q, ) : H(Q) < R,Q € Qi}

where the infimum is taken over all finite or infinite-point k-dimensional vector quantizers
whose entropy is less than or equal to R. When the distribution p is clear from the context,
we will use the short notation Dp(R).

Definition 3.6 Any @ € QO that achieves Dy(R,u) in the sense that H(Q) < R and
D(Q, 1) = Dp(R, p) is called an optimal ECV(Q.

The close connection between variable-rate and entropy-constrained quantization can
also be seen by the fact that the rate-distortion performance of the two class of cod-
ing schemes is the same. Entropy-constrained quantizers always have better performance,
since by Theorem 2.1 for any quantizer @ € Qi we have 7,(Q) > 1H(Q(X™)). On
the otiler hand, also by Theorem 2.1, for any positive integer n the variable-rate quan-
tizer Q(XT, X241, -+ Xt 1y41) = (QXT), -+, Q(Xr 1) 11)s @ € Qknm, encoded by the
Shannon-Fano code satisfies

1 A~ A~ 1

H@X™) < 7(@) <~ H@QX™) + -

nm nm

and D(@, tnm) < D(Q, inm) by the subadditivity of {d;}. Therefore, the classes of variable-
rate and entropy-constrained quantizers are equivalent in terms of asymptotic performance.

In situations when implementation complexity is a decisive factor, scalar (or zero memory)
quantization can be used.

Definition 3.7 A scalar quantizer whose rate is measured by H(Q) is called an entropy-
constrained scalar quantizer (ECSQ).

In contrast to fixed-rate quantization, there is little known about optimal entropy-
constrained vector quantization. On the one hand, it is easy to see that the centroid condition
still holds for optimal entropy-constrained quantizers, since redefining the code points as the
generalized centroids of the cells can only decrease the distortion, while the entropy remains
the same. On the other hand, the nearest neighbor condition clearly fails here, since redefin-
ing the cells as the nearest neighbor regions of the code points changes the cell probabilities,
and thus can result in increased entropy.

Although it has been long known that entropy coded infinite-level uniform quantizers are
asymptotically optimal for high rate [24] (a rigorous proof of this fact was given recently
in [57]), very few and limited results are known about the structure of optimal entropy-
constrained scalar or vector quantizers for moderate to low rates. As well, the existence of
optimal ECVQs is an open question in general.
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It seems that in the literature efforts have focused on finding necessary conditions for the
optimality of a reqular ECSQ with a fized number of output points N for the squared-error
distortion [7, 20, 52]. These conditions give rise to practical algorithms for designing an
ECSQ with a fixed number of output points [7, 65, 20, 52, 13]. The algorithm of Chou et al.
[13] can also be applied for locally optimal vector quantizer design. In [52] a constructive
proof of Berger’s [7] necessary conditions for optimality is given. Kieffer et al. [52] provided
sufficient conditions for the existence of optimal regular scalar quantizers among all N-point
regular quantizers for log-concave source densities (for finite N). They showed that if the
source has a strictly log-concave density, then this optimal quantizer is unique. Conditions
were also provided under which such an optimal quantizer does not exist. In [7] Berger
proposed that entropy-constrained scalar quantization and permutation codes have the same
performance. However, while the equivalence in terms of asymptotic performance holds
indeed, a recent work of Goyal et. al. [25] pointed out that permutation codes can have
better performance, then ECSQs. This result is not surprising, however, in the sense that
permutation codes are structured vector quantizers, and it is known that higher dimension
codes have better performance in general.

To determine the overall optimal ECSQ and the corresponding operational distortion-rate
curve Dp(R), one must find the optimum performance over all N. Unfortunately, this step is
rather hard, even for the most common continuous source distributions. A notable exception
is the case of an exponentially distributed source and the mean squared distortion considered
by Berger [7]. He derived an analytic expression for Dy (R) based on the observation that for
the exponential distribution, the necessary conditions for optimality at any positive rate are
satisfied by an infinite-level uniform quantizer. To our knowledge, this is the only case where
a correct? analytic formula for Dj(R) is known; the resulting quantizer is an infinite-point
uniform quantizer.

The properties of Dy (R) are in general not well understood. It is easy to see that Dy (R) is
a decreasing function. One can now ask whether (in analogy to the rate-distortion function)
Dy(R) is convex. The convexity of Dj(R) is of particular interest because the lower convex
hull of Dy (R) plays a special role in variable-rate lossy coding. For example, the lower convex
hull of Dp(R) is the minimum achievable distortion in causal lossy coding of a memoryless
source [66] (a source code is causal if the reproduction created by the code of the present
source letter depends only on present and past source letters but not on future ones).

Also, it was recently shown in [12] based on a Lagrangian formulation of optimal entropy-
constrained quantization that although the nearest neighbor condition is no longer valid for
entropy-constrained quantizers, a modified version of it still holds in the entropy-constrained
setting.? If a quantizer Q = {(S;,c;),7 € Z} achieves the lower convex hull of Dy(R) for a
source X with distribution p (such a quantizer is called a Lagrangian-optimal quantizer),
then there is a A > 0 (the negative slope of a line of support to the lower convex hull at R)

2 Although a complete proof that infinite-level uniform quantizers are indeed optimal is missing, the result
is widely believed to be correct.
3 A similar necessary condition for the optimality of variable-rate quantizers also appeared in [13].
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such that for all 7 € 7 and p-almost all xz € S;,
d(z, c;) — Mog pu(S;) = inf{d(z, c;) — Mog u(S;) }. (3.5)
J

The proof of this interesting result, often called the “generalized nearest neighbor” condition,
is reproduced in Section 5.1. As we will see later, the generalized nearest neighbor condition
is a very efficient tool both practically and theoretically. For example, it forms the basis
of the iterative ECVQ design algorithm of [13]. For the squared error distortion (and more
generally for rth power distortions), A > 0 if D,(R) > 0. In this case, the infimum in (3.5)
is achieved by some index j, and it follows that (3.5) defines a quantizer with convex cells
such that only finitely many cells intersect any bounded set. Thus for the squared error
distortion measure, any ) achieving the lower convex hull of Dj(R) can be assumed to be
regular. Moreover, it was shown in [12] that @) has a finite number of code points if the source
distribution has sufficiently light tail with respect to the distortion measure. Condition (3.5)
works for arbitrary source distribution, distortion measure and quantizer dimension, but it
does not cover optimal quantizers that lie above the lower convex hull of Dy (R), which can
happen if D, (R) is not convex.

Now for a discrete source, Dy(R) is never convex since it is decreasing and piecewise
constant. On the other hand, it can be shown (using the analytical expression of Berger
[7]) that for an exponentially distributed source and the squared error distortion, Dy (R) is
convex. It has also been conjectured [66] that Dy(R) is convex for a wide variety of source
distributions and distortion measures. Our results for the uniform source in Chapter 4
demonstrate that Dy (R) can be nonconvex even for “nice” continuous source distributions.

3.5 Coding theorems for quantization

In this section we make the precise statements that in what sense the distortion-rate function
(resp. the rate-distortion function) defines the minimum achievable distortion at a given rate
(resp. the minimum rate necessary to achieve a prescribed fidelity). For related results the
reader is referred to [29, 51, 8].

First results for stationary and ergodic sources and fixed-rate quantizers (fixed-rate block
codes) are provided, then these results are extended to arbitrary stationary sources and
variable-rate and entropy-constrained quantizers.

Assume that A = RF, that is, X = X is an R* valued source, and let j, denote the
distribution of the random vector X™.

Theorem 3.1 Assume that X is stationary and ergodic, and {d,} is a subadditive fidelity
criterion. Then for any sequence of fized-rate quantizers @), € Qr, whose rate does not
exceed R we have

liminf D(Qy, ptn) > D(R, p).

n—o0

If in addition Edi(X,a) < oo for some a € ;1\, then there is a sequence of fived-rate quantizers
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Q. € Q. with rate not exceeding R such that

limsup D(Qn, #n) < D(R, ).
n—00
The theorem in this general form is due to Mackenthun and Pursley [62], for the proof see
also [29]. The first part of the theorem is called the converse source coding theorem. It is not
hard to extend this result to variable-rate and entropy-constrained quantizers. Furthermore,
since fixed-rate quantizers form a subset of variable-rate quantizers, the theorem also holds
for variable-rate and hence for entropy-constrained quantizers.

Theorem 3.1 states that Dy (R) is a lower bound on the distortion of any fixed-length
quantization scheme in compressing the stationary and ergodic source X. Furthermore, this
optimum can be arbitrarily well approximated by the appropriate choice of the quantizer
(using large block-lengths). However, this statement do not generalize to nonergodic station-
ary sources: using the ergodic decomposition of stationary sources, Gray and Davisson [31]
showed that there are stationary nonergodic sources for which the distortion-rate function
cannot be achieved via fixed-rate quantization. Fortunately this is not the case for variable-
rate quantization, and the distortion-rate function of a stationary source can be achieved via
variable-rate and entropy-constrained quantization [53, 19]:

Theorem 3.2 Assume that X is stationary, and {d,} is a single letter fidelity criterion.
Then for any sequence of variable-rate or entropy-constrained quantizers @, € Q, whose
rate does not exceed R we have

liminf D(Qy, ptn) > D(R, p).
n—oQ
If in addition Edy(X,a) < oo for some a € 121\, then there is a sequence of variable-rate or
entropy-constrained quantizers @, € Qr, with rate not exceeding R such that

lim sup D(Qn, ptn) < D(R, p).

n—00

Appendix 3A

In this section we prove Lemma 3.1, the existence and certain properties of the generalized
centroid of a quantization cell.

Proof of Lemma 3.1 If the infimum in (3.4) is co or u(S) = 0, then the value of the integral
in (3.4) is always oo or 0, respectively, hence é can be chosen arbitrarily. Now assume that
u(S) > 0 and the infimum in (3.4) is finite. Consider a sequence ¢, € R¥,n = 1,2, ... such
that

lim [ d(z,c,)du(z) = inf /Sd(x,c) du(z) = K.

n—oo Jg cERF

Then {c,} has a subsequence converging to some ¢ € R¥. By Fatou’s lemma (see, e.g. [3])
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and the lower semicontinuity of d(z,-) we have

K = liminf/d(x,cn) du(z) > /liminfd(m,cn) dp(x)
s

n—00 S n—o0o
> /d(m,liminfcn) du(x) :/d(x,c) du(zx).
S n—00 S

If ¢ € R*, then letting & = ¢ completes the first part of the proof. Otherwise any ¢ € R¥ is
sufficient, since (3.2) implies

[ o6y duto) < [ dle00) dua) < K.

S

Next assume that d(z,y) is strictly convex in y, u(S) > 0, K < oo, and (3.4) is satisfied
by é # &, ¢1,éo € RE, Forany 0 < A < 1let ¢ = Aé; + (1 — A)ée. Then d(z,¢) <
AM(z,¢1) + (1 — N)d(z, &) for every z € RF by the strict convexity of d(z,-), and since
u(S) > 0 and the corresponding integrals are finite, we have

/5 d(z,¢) du(z) < A /S d(z, 1) dp(z) + (1= N) / d(z,¢) du(z) = K

s
contradicting the optimality of ¢; and é;. Finally assume that S is convex. The proof for
the case d(z,y) = ||z — y||*> can be found in, e.g., [18, 10.6.2]. Now assume that k¥ = 1 and
d(z,y) = p(|x — y|) for some nondecreasing nonnegative convex function p, and without loss
of generality suppose p(0) = 0. Since S is convex, S is an interval, and let a,b € R, a < b
denote its endpoints. If ¢ & [a, b], the closure of S, then moving ¢ to the closer boundary of
S clearly decreases the distortion. Now assume that ¢ = a; the case ¢ = b can be handled
similarly. If @ € S, then we are done. If a € S, then pick a u € R such that a < u < b. Since
p is nondecreasing and nonnegative, we have p(u — z) — p(z — a) < p(u — z) < p(u — a) for
a < z < u; and since p is also convex, and p(0) = 0, we have p(z —a) — p(z — u) > p(u — a)
for all x > u. Therefore

[ ple=ayduta) = [ ol = duta)

S
= [ pama-pe-)du)+ [ (e a) - pl— ) dute)
{z:z>u}NS {z:z<u}ns
> p(u—a)(p{z:z>u}nS) - p((a,v)))

and the last expression is positive if u is small enough, since (a, u) decreases to () as u — a+,
hence pu(a,u) — 0. Thus ¢ = a does not achieve the infimum in (3.4), and this contradiction
finishes the proof. O

Appendix 3B

We call a set S C R* a convex polytope, if it can be obtained as an intersection of finitely
many halfspaces in R¥. Then the following lemma holds.
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Lemma 3.2 If Q) is a finite-point quantizer, then its cells Sy, ..., SN are convex if and only
if they are conver polytopes.

Proof. Convex polytopes are convex sets, so one direction of the lemma is trivial. To
prove the other direction, assume that S; is a convex subset of R¥ for i = 1,..., N. Now
for any 7 # j, there is a hyperplane h; ; such that the interiors of S; and \S; are on different
sides of h; ; (see, e.g., [61]). Let H;; denote the closed halfspace corresponding to h; ; which
contains S7, the interior of S;. Then S} C (), Hi;. On the other hand, N, ; Hi; C S;,
where S; denotes the closure of S;, since R* \ U,z Sj = S and (ﬂ#i H;;)" C Rk \ U, Si-
(Since H; ; are closed, this implies that () iz Hij = S;.) Therefore, S; is a convex polytope.
O
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Chapter 4

Optimal entropy-constrained scalar
quantization of a uniform source

In this chapter we determine analytically the optimal ECSQ for a source which is uniformly
distributed over a bounded interval. To our knowledge this is the first result demonstrating a
provably optimal ECSQ for a source with a density. The main results are stated and proved
in Section 4.1, the technical proofs of some auxiliary lemmas can be found in Appendix 4A.

We allow a rather wide class of difference distortion measures including rth power distor-
tions d(z,y) = |z — y|" with > 0, and distortion measures of the form d(z,y) = p(|z — y|),
where p is a nonnegative, strictly increasing, and convex function. The main result of the
chapter is stated in Theorem 4.1; it proves that an optimal ECSQ for any rate R > 0 (mea-
sured in bits) is an N = [2%|-point quantizer, where [z] denotes the smallest integer not
less than x. This quantizer has N — 1 cells of equal length d and one cell of length ¢ < d,
where d and c are uniquely determined by the requirement that the entropy constraint is
satisfied with equality (the optimal quantizer is uniform if 2% = N, as expected). Special-
ized to the squared error distortion, our result rigorously proves that the ECSQs found for
the uniform distribution by Farvardin and Modestino [20] (using a numerical approach) are
indeed optimal. In case of the absolute-error distortion our result also agrees with a result
independently obtained by Topsge [74] in a prediction context.

Based on the analytic description of an optimal ECSQ, in Corollary 4.1 we obtain a
parametric expression for D,(R). The properties of the D,(R) curve are investigated in
Corollary 4.2. In general Dy(R) is piecewise smooth (differentiable everywhere except at
the points R = log N). For the squared error distortion (and more generally for rth power
distortions with 0 < r < 3) we prove that Dj(R) is concave in each interval [log(N—1),log N],
where N > 2 is an integer. Thus for such distortion measures, Dy(R) is not convex over
any interval. It also follows that in this case an optimal ECSQ achieving the lower convex
hull of Dy(R) exists only at rates R = log N, where N is a positive integer. Moreover,
since the lower convex hull of Dj(R) is the minimum achievable distortion in causal source
coding [66], for such distortion measures and for rates log(N — 1) < R < log N, optimal
causal compression of a uniform source can be achieved only via timesharing between an
(N — 1)-point and an N-point uniform quantizer.
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4.1 Optimal ECSQs for a uniform source

Let X have a uniform distribution on the unit interval (0, 1), and assume that the distortion
measure is in the form of d(z,y) = p(|z —y|), where p : [0,00) — [0, 00) is strictly increasing,
continuous, and p(e*), t € R, is strictly convex. Without loss of generality we also assume
that p(0) = 0. Examples for such distortion measures include rth power distortions d(z,y) =
|z — y|” with » > 0 (in this case p(e’) = €™), and distortion measures d(z,y) = p(|z — yl),
where p is strictly increasing and convex on [0,00). Another distortion measure which does
not fall into either of these categories but satisfies the requirements is d(z, y) = log(1+|z—yl).

Let @ = {(S;,ci),i € Z} be any finite or infinite-point quantizer and define p; = u(S; N
(0,1)) for all 7 € Z, where u denotes the uniform distribution on (0,1). Then we can define
a new quantizer ) over (0,1) with the same number of code points as @), which has interval
cells of length p;, i € Z, and code points which are located at the midpoints of these cells
(the definition of Q outside (0,1) is immaterial). Since the code points are placed at the
midpoints of the corresponding cells, the distortion of @ is given by

D@) =) o) (4.1)

i€

where ®(p) is defined for all p > 0 by

/2
O(p) = 2/0 p(x)dz. (4.2)

Since p is increasing, it is easy to see that for all 7 € Z we have

pi/2
/ pllz — ) da > / p(l2]) do
Siﬂ(07]-) _pi/2

and so D(Q) < D(Q). On the other hand,

N
HQ)=- Zpi log p; (4.3)

A~

so that H(Q) = H(Q). Consequently, when searching for an optimal ECSQ for the uniform
distribution over (0, 1), it suffices to consider interval partitions of (0,1) and the associated
regular quantizers with code points at the midpoints of the intervals. All quantizers in the
rest of this chapter will be assumed to be of this type. The distortion and rate of any such
quantizer are uniquely determined by the cell lengths {p;; ¢ € Z} through equations (4.1)
and (4.3). Note that if Z is finite with N elements and p; = 1/N, i =1,..., N, the resulting
quantizer is the N-level uniform quantizer over (0, 1).

If R = 0, the optimal ECSQ for any source distribution has only one code point. The
next result shows that if the source has a uniform distribution, then for any rate R > 0 there
exists an optimal finite-point ECSQ with a very simple structure.
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Theorem 4.1 (Gyorgy and Linder [37, 38]) Let the source X have uniform distribution
over (0,1) and assume that d(z,y) = p(|x — y|), where p : [0,00) — [0,00) is a strictly
increasing continuous function such that p(e') is strictly conver. Then Q is an optimal
ECSQ for a rate constraint R > 0 if and only if Q has N = [QR-‘ cells; one cell of length c
and N — 1 cells of length + 1= T ' '

1 —
—clogc— (1 —c¢)log (N—cl> =R

in the interval (0, +].

Remarks. Theorem 4.1 implies the intuitive result that if R = log N, then the unique
optimal ECSQ for the uniform source is the N-level uniform quantizer. If R < log N, then

c < N —<, and the optimal ECSQ is no longer unique; there are exactly N such quantizers
(with interval cells). Farvardin and Modestino [20] reached the same conclusion for squared
error distortion using numerical methods.

Theorem 4.1 remains valid (after rescaling) if X is uniformly distributed over an arbitrary
interval (a,b). To see this, let X = (X —a)/(b— a) and p(z) = p(z/(b—a)). Then X and p
satisfy the conditions of the theorem, and a quantizer () is optimal for X and p if and only
if Q(z) = [Q(z(b—a) +a) —a]/(b— a) is optimal for X and p.

The proof of the theorem, given below, has two main parts. First, similar to [7, 20],
the usual Kuhn-Tucker conditions of constrained optimization are used to identify necessary
conditions for the optimality of an n-point ECSQ for a fixed positive integer n. After
eliminating all quantizers not satisfying these conditions, we are left with the family of n-
point quantizers over (0, 1) which satisfy the entropy constraint with equality and whose cell
lengths can take only two distinct values (these quantizers were also identified in [20]). The
second, harder part of the proof consists of identifying, for a fixed n, the quantizers which
have minimal distortion in this family, and then finding the optimal choice of n.

Proof of Theorem 4.1 Without loss of generality we will assume that p(0) = 0 (otherwise
we can replace p(z) by p(xz) = p(z) — p(0)). Let ¥ be the Gish-Pierce function [24, 30]
defined by

P
ﬁ ifp>0
U(p)=q P
0 ifp=0
where ®(p) = 2fp/2 )dz. Notice that U(p) = E{p(pY)} for all p > 0, where Y is a

random Varlable that is unlformly distributed over the interval (0,1/2). Then the strict
convexity of p(e’) implies that for all ¢1,t, € R such that ¢; # ¢, and 0 < a < 1,

@(eatl-i-(l—a)tg) — [p

= E]p
< [ap( t1+lnY) (1 o a)p(et2+1nY)]
= a¥(e")+ (1 —a)¥(e?)

(ecxt1+(1 a)tzy)]
( a(t1+InY)+(1— a)(tg—l—lnY))]
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where In denotes the natural logarithm. Thus U(e?) is strictly convex. Since ¥(0) = 0 and
U(p) > 0 for p > 0, the convexity of ¥(e) implies that ¥(p) is strictly increasing.

By the discussion preceding Theorem 4.1, we need to find nonnegative cell lengths {p;; i =
1,2,...} satisfying > . p; = 1, which minimize ), ®(p;) subject to —) . p;logp; < R. For
all {p;} satisfying this entropy constraint we have

Z ®(p:) Z pi ¥ (en?1oen)

:p; >0
] (eln 2>, pi logm)

¥ (27F)

(AVARIY]

where (4.4) follows from Jensen’s inequality (see, e.g., [3]) and the convexity of ¥(e'), and
(4.5) follows since ¥ is increasing. Thus ¥(27%) is a lower bound on the distortion of any
quantizer with entropy not greater than R, that is, Dy(R) > ¥(2 ). Since ¥(e') is strictly
convex and strictly increasing, >, ®(p;) = ¥(27F) if and only if all positive p;’s are equal
and — ) . p;logp; = R. Equivalently, R = log N for some positive integer N and p; = 1/N
for (say) 1 <i < N, and p; = 0 for ¢ > N. The resulting quantizer is the N-level uniform
quantizer over (0,1) with entropy R = log N and distortion ¥(1/N) = Djy(log N). This
proves the theorem for rates R = log NV, where N is a positive integer.

Now consider the case log(N — 1) < R < log N, where N = [ZRW. First observe that in
the infimum defining Dy (R) it is enough to consider finite-point quantizers; i.e.,

Dy(R) = inf{D(Q) : Q is finite-point, H(Q) < R}. (4.6)

(Let @ be any infinite-point quantizer over (0,1) with cell lengths {p;; i = 1,2,...} and for
a positive integer n, let @ have cell lengths {pl, ey Pn1s Do pi}. Then H(@) < H(Q)
and D(Q) — D(Q) < ® (Y";>,.pi), and now (4.6) follows since Y., p; — 0 as n — c0.)

For a positive integer n,_let P, denote the n-dimensional probébility simplex

Pn:{(p17---,pn)IpiZO,izl,...,n; sz:]_}

and for all p = (p1,...,p,) € P, define

n

ha(p) = — Zpi log ps, dn(p) = Z‘I’(Pi)-

i=1
Let R > 0 be fixed. Since h,, and d,, are continuous and P,, is compact,
Bn,R - {p € Pn : hn(p) S R}
is compact and 6, achieves its minimum in B,, g. Then (4.6) implies that D, (R) is given by

Dp(R) = inf min{d,(p) : p € Bur}- (4.7)

n>1

Note that min{d,(p) : p € B, g} is nonincreasing in n and an optimal entropy-constrained
quantizer with a finite codebook exists if and only if the infimum is achieved in (4.7) for finite

33



n. If p* € P, minimizes d,, over B, g and it has k nonzero components, then by dropping
the zero components we obtain p*™* € P," = {p € P : p; > 0,i =1,...,k} which minimizes
0, over By g. Since the quantizers associated with p* and p** are identical, we can conclude
that it suffices to find the positive solutions p € P, of the constrained minimization problem

minimize  J,(p)

4.8
subject to hn,(p) <R, > pi=1 (4.8)

for all n > 1 such that a solution exists. Since h,, and §,, are continuously differentiable on
B, rNP,f, we can use the Kuhn-Tucker conditions (see, e.g., [61]) to find all local minimum
points in (4.8) for all n. The collection of these solutions will correspond to a simple family
of finite-point quantizers where it will be possible to identify the global optimum.

By the Kuhn-Tucker conditions, if a local minimum p is a regular point of the constraints
in (4.8) in the sense that the gradients of h,(p) and ) . , p; are linearly independent, then

there exist Lagrange multipliers v > 0 and A € R such that
J(p, v, A) = 6n(p) + vhn(p) + XD _ps
i=1

satisfies g—; =0for i =1,...,n. The gradients of h,(p) and ) . , p; are linearly dependent
if and only if p, = 1/n for i = 1,...,n. Otherwise, the Kuhn-Tucker conditions give

0J(p,v, )

3 = p(p;/2) — v(loge + logp;) + A = 0, i=1,...,n
Pi

that is, a minimizing p must solve
A= —p(pi/2) + v(loge + logp;), i=1,...,n. (4.9)
Let A and v be fixed and for p > 0 define v(p) = —p(p/2) + v(loge + logp). Then
v(2e') = —p(e') + vtloge +v(1 + loge)

is a strictly concave function of ¢ (since p(e’) is strictly convex). Thus the equation v(2e?) = A
has at most two distinct solutions in ¢, and consequently (4.9) has at most two distinct
solutions in p;.

Hence the components of any optimal p € P;I take at most two distinct positive values.
To uniquely describe such a p (up to permutations of the components), let ¢ denote the

smaller of the two values, let | denote the number of components equal to ¢, and let us
1—cl
n—l
(note that [ = 0 if and only if all components are equal). An associated quantizer has [ cells

of length ¢ and n — [ cells of length d, and its distortion and entropy are given respectively
by

specify that ¢ € (0,1/n) and 0 <1 < n. Then there are n — | components equal to d =

d(c,l,n) =1®(c) + (n — 1)®(d)

and
h(c,1,n) = —lclogc — (1 — lc) logd.
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Therefore, if there exist ¢, [, and n minimizing §(c, [, n) subject to h(c,l,n) < R, the corre-
sponding quantizer is optimal (i.e, it achieves Dy (R)).

Fix R > 0 and assume that logn < R. Since the uniform n-point quantizer has mini-
mum distortion (namely n®(1/n)) and maximum entropy (namely logn) among all n-point
quantizers, it is the optimal n-point quantizer with entropy constraint R. Since logn < R,
one can easily construct an (n + 1)-point quantizer Q with n equal-length cells and one suf-
ficiently small cell which has entropy H(Q) < R and distortion D(Q) < n®(1/n). Hence no
n-point quantizer can achieve Dy (R) if logn < R. Therefore we will assume that logn > R
(the case logn = R was dealt with previously). We will also assume that [ > 0, since [ = 0
results in the n-level uniform quantizer with rate logn > R.

Note that h(el
% =lI(logd — logc) > 0 (4.10)

c
since ¢ < d = 1n__cll , and thus h(c, [, d) is a strictly increasing function of ¢ € (0,1/n) for fixed

[. Therefore the constraint h(c,l,n) < R can be satisfied with ¢ > 0 if and only if I > [,
where the integer [, is defined by

Imin = min{l > 0 : log(n — 1) < R}.

Note that l,,;, > 1 since logn > R by assumption. Next we observe that d(c, [, n) is strictly

decreasing in c since
6(c,l,n) c d
P =1(e(5)e(3)) <0

(recall that p is strictly increasing). Thus for fixed n (such that logn > R) and [ > Iy, the
unique ¢ minimizing é(c, [, n) subject to h(c,l,n) < R is the unique solution of the equation

—lcloge— (1 —lc)logd=R

in the interval (0,1/n). Let c¢(l,n, R) denote this solution, and denote the corresponding
distortion by
5*(l,n, R) = 6(c(l,n, R),l,n). (4.11)

Lemma 4.1 in Appendix 4A shows that §*([,n, R) is strictly increasing in [ for fixed n and
R, and therefore §*(I,n, R) is uniquely minimized in [ by the choice | = I, the smallest
possible value of [.

Now if log(N — 1) < R < log N, then logn > R if and only if n > N. For any such
n, we have Iy, = n — N + 1, and now 6*(l,n, R) is minimized in [ by [ = n — N + 1. The
corresponding distortion is

"(n—N+1,n,R)=(n—N+1)®(c)+ (N —1)®(d) (4.12)
where c is the unique solution of the equation

—(n—N+1)clogec—(1—(n—N+1)c)logd =R (4.13)
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in (0,1/n) where d = w Lemma 4.2 in Appendix 4A shows that §*(n— N +1,n, R)

is strictly increasing in n for fixed N and R, and thus it is minimized by n = N, the smallest
possible choice for n. We can conclude that any quantizer over (0,1) with one cell of length
c and N — 1 cells of length d = 1=, where c satisfies —clogc — (1 — ¢)log(3=%) = R, is
optimal; i.e., it achieves Dy (R). It also follows that any other quantizer with a different set

of cell lengths is strictly suboptimal. O

Using equations (4.1) and (4.3), the distortion and entropy of an N-point quantizer @

with cell lengths p; = ¢ and p; = Ii,_fl,

1 =2,...,N are given respectively by

D(Q) = ®(c) + (N — 1)® <1ir__c1) .

and

N -1

It is easy to see that H(Q) is a strictly increasing function of ¢ € [0,+]. Also, H(Q) =
log(N — 1) if ¢ = 0, H(Q) = logN if ¢ = 4, and the corresponding quantizers are the
(N — 1)-level and N-level uniform quantizers, respectively. Thus Theorem 4.1 yields the
following parametric description of Dy (R) for the uniform distribution.

H(Q) = —clogc— (1 —c)log ( 1 —c)

Corollary 4.1 (Gyorgy and Linder [37, 38]) For X and d(z,y) as in Theorem 4.1, and
for any positive integer N > 2, the parametric representation of Dy(R) in the interval
[log(N — 1),log N| is given by

1 —
R.= —clogc— (1—c)log (N—cl>

o020 (1)

where c € [0, &)

From the parametric representation we can deduce some important properties of Dy (R).
For example, it immediately follows that Dy (R) is everywhere continuous. Moreover, plotting
Dy, (R) for the squared error distortion d(z,y) = (z — y)? (see Figure 4.1) suggests that the
graph of Dy (R) consists of smooth, concave pieces joined in a nonsmooth manner at rates
R =log N. The next result proves these properties of Dy (R) under more general conditions.

Corollary 4.2 (Gyorgy and Linder [37, 38]) With the conditions of Theorem 4.1, Dy(R)
has the following properties:

(i) Dp(R) is continuously differentiable on each open interval (log(N — 1),log N), where
N > 2 is a positive integer. At R =log N, the right derivative of Dy(R) is zero for all
N > 1, and the left derivative of Dy(R) is negative for all N > 2. Thus Dn(R) is not
differentiable at the points R =log N for N > 2.
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Figure 4.1: Dy (R) for the uniform source and squared error distortion.

(i1) Let d(z,y) = |z —y|" be the rth power distortion with 0 < r < 3. Then Dy(R) is strictly
concave on each interval [log(N — 1),log N| for N > 2.

Remarks. The proof below also shows that (ii) cannot be improved in the sense that
if d(z,y) = |z — y|” with » > 3, then D,(R) is no longer concave on [0, 1], that is, on
[log(N — 1),log N] for N = 2.

Part (i) of the preceding corollary implies that Dy (R) is not convex. Moreover, part
(ii) shows that for the squared error distortion an ECSQ achieving the lower convex hull of
Dy (R) exists only at the discrete rate values R = log N. This fact suggests that an ECSQ
which achieves the lower convex hull of Dy(R) is the exception rather than the rule.

Proof of Corollary 4.2

(i) Recall that by Corollary 4.1, in the interval [log(N — 1),log N| the parametric equa-
tions of Dy (R) are
R.= —clogc— (1 —c)logd

Dn(Rc) = ®(c) + (N — 1)@(d)

where d = 11,__01 and c € |0, %] Note that ¢ = 0 corresponds to R = log(N — 1) and ¢ = %
corresponds to R = log N. By implicit differentiation, Dj(R) is continuously differentiable

in (log(N —1),log N) for all N > 2, and its derivative is

! - aDh(Rc) aRc - o p(C/Q) - p(d/2)
Dh(Re) = Jc ( dc ) — log(d/e) (4.14)
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Assume that N > 2. By L’Hospital’s rule, the left derivative at R = log IV is given by
the limit

plc/2) — p(d/2)

D;_(logN)= lim D,(R) =

R—(log N)— —1/N  log(d/c)
pc/2) = p(d/2)
. d/2 —c/2
B CE{I}N log(d/2) —log(c/2) (4.15)
d/2—c/2
The denominator in (4.15) converges to 2N loge. On the other hand, we have
ple/2) = p(d/2) _ p(5) —p(5x) 5= an
/2 —c/2 5= 5%
p(é) _p(L) d_ 1
24 — L2]\1' 2é _2;\’ ) (416)
2 2N 27 2

The convexity of u(t) = p(e’) implies that its left and right derivatives v’ (¢) and v/, (¢)
exist for all ¢, which readily implies the existence of the left and right derivatives p’ (z) and
P (z) at every z > 0. In fact, u’ (t) = e'p’ (e’) and v/ (t) = e’p/, ('), and therefore p’_(z)
and o/ (z) are positive for all z > 0. Thus, as ¢ — 4, the first term on the right side of
(4.16) converges to —%pﬁ (ﬁ), and the second term converges to —%pﬁr(ﬁ) Therefore
by (4.15) the left derivative of Dy(R) at R = log N is

D! _(1 N)——;' 1y _ N=1 (1 <0
R 108 ) = 2N210geer 2N 2N210gep7 2N ’

Now let N > 1. To determine the right derivative of Dy(R) at R = log N, replace N by

N +1 in the range of the parameter ¢ (so now we have ¢ € (0 ) and d = 15¢). We obtain

1
) N1
' - . ' R T ' o
ht (log N) = pom Dy,(R) = lim D}, (R,) = 0
since d — + as ¢ — 0.

(ii) We have d(z,y) = |x — y|" with r > 0, so that Theorem 4.1 and Corollary 4.1 apply.
Then by (4.14), the derivative of Dy(R) in (log(N — 1),log N) is parametrically given by

(/2 = @2y
PR = ogaje)

where ¢ € (0, +). It follows that Dy(R) is twice differentiable in (log(N — 1),log N) and its
second derivative is

Di(r) — PPAEE (O
re[(1—¢)(c/2)"" + d(d/2) "] log(d/c) + 2loge[(c/2)" — (d/2)"]
2¢(1 — ¢)[log(d/c)]?

38




Next we show that D}(R) < 0 in (log(N — 1),logN) for all N > 2if 0 < r < 3. By
continuity, this implies that Dj(R) is strictly concave on [log(N — 1),log N]| for all N > 2.
Since ¢ < d, D}j(R.) < 0 if and only if the numerator of the above quotient is negative.
Letting z = d/c, after some algebra we obtain that D}/(R.) < 0 holds for all ¢ € (0, ) if
and only if
(" =1)(N-1z+1)—r(z"+(N—-1)z)lnz >0 (4.17)

for all z > 1. Now observe that the left side of the preceding inequality is a linear function of
N — 1 such that the coefficient of N —1is z(z" — 1 —Inz"). Since this coefficient is positive
for all z > 1 by the inequality t — 1 > Int, (¢ # 1), it is enough to prove (4.17) for N = 2.
Equivalently, we will show that

(z" = 1)(z+1)
T+ x"

—rlnz>0

fr(m) =
for all z > 1. Setting r = 3 we have

(x— D422 +z+1)
(x + z3)2

f3(z) =

and therefore fj(z) > 0 for all z > 1. Since f3(1) = 0, we obtain f3(z) > 0 for all z > 1.

On the other hand,
Of(x) (2" —1)(z*—2")Inz
or (z+2m)? '
Hence for all z > 1, 8f.(z)/0r > 0 if r < 2, and 9f,(x)/dr < 0 if r > 2. Since fo(z) =0
and f3(z) > 0 for all z > 1, this implies that f.(z) > 0 for all z > 1 and 0 < r < 3, proving
the claim (ii).
Lemma 4.3 in Appendix 4A shows that if » > 3, then there exists an z, > 1 such that
fr(z) <0 for all z € (1,z,). Thus Dy(R) is no longer concave on [0, 1] for r > 3. O

Appendix 4A

Lemma 4.1 If R > 0 and logn > R, the function §*(I,n, R) defined in (4.11) is a strictly
increasing function of | for lpm <1 <n—1.

Proof. Although §*(I,n, R) has been defined for integer [, the defining formulas clearly
allow any real | € (lpin — €,n — 1 + €) for € > 0 small enough. We will show that in this
interval, %* > 0.

Since h(c,,n) has continuous partial derivatives with respect to ¢ and [, and % > 0 (see

(4.10)), the implicit function theorem implies that the partial derivative of ¢(l,n, R) with

respect to [ is
oc __oh (oh\”
ol 0l \ Oc '
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Now since 6*(I,n, R) = §(c(l,n, R),l,n), the chain rule gives

o _ e 0
ol 9dcol ol

The partial derivatives are

oh oh
a—c(logd—logc)—(d—c)loge, %—l(logd—logc)
and o) d o) d
c
G -ce-e@ra-on(3). T-1(o(3)-0(3)):
Therefore
90" d ((d —c)loge — clog(d/c)) (p (d/2) — p(c/2))
o = O(c) —®(d)+(d—c)p <§> - Tog (4/¢) :
Since d = =% > ¢, we have %~ > 0 if and only if

B(c) — B(d) + dp <g) —cp (g)} In (‘EZ) > (d—c) [p (g) —p (g)} . (4.18)

In the rest of the proof we will show that (4.18) holds for all d > ¢ > 0 which will imply the
claim of the lemma.

By assumption, u(t) = p(e') is convex, and hence absolutely continuous, i.e., it is the
integral of its derivative which exists almost everywhere (see, e.g., [71]). It follows that
p(z) = u(Inz) is also absolutely continuous, and since its right derivative p/, () exists for all
z>0 (p/(z) = z7 '/, (Inz)), we have

d c d/2 ,
) —p(2) = . 4.1
p<2> p<2) /c/2 P (x) dz (4.19)
If p(z) is differentiable at some z > 0, then zp(z/2) — ®(x) is also differentiable at this point

and
i [0 (5) ~2@] = 50 (5).

The absolute continuity of p implies that zp(z/2) is also absolutely continuous, and since ®
is continuously differentiable, we obtain that

20 -2 +dp(3) ~en(5) = [ 30(5) @
= 2/cd/23:,0'+(x)dx. (4.20)

This and (4.19) show that (4.18) can be rewritten as

9 d/2 ’ 9 d/2 q 9 d/2/
d —d. dr | .
R ey B e P L
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Letting f(z) = zp' (z) and g(x) = 1/z, the above is equivalent to

E{f(2)}E{9(2)} > E{f(Z)9(Z)} (4.21)

where Z is a random variable uniformly distributed over the interval (¢/2,d/2). Since f(z) =
v/ (Inz), the strict convexity of u implies that f is strictly increasing. Since g is strictly
decreasing, (4.21) holds by a classical inequality of Chebyshev [44]. (In fact, (4.21) easily
follows by expanding the expectation

E[(f(2) - f(V))(9(2) — 9(Y))]

where Y is independent of Z but has the same distribution, and by noticing that the expec-
tation is negative since (f(z) — f(y)) (9(z) — g(y)) <0 for all z,y > 0, z # y.) O

Lemma 4.2 Let R > 0 and let N be a positive integer such that R <log N. If n > N, then
0*(n — N + 1,n, R) defined in (4.12) is a strictly increasing function of n.

Proof. Just as in Lemma 4.1, the definition of 6*(n — N + 1,n, R) can be extended to
any real valued n such that n > N — € (if € > 0 is small enough). We will show that

W>Oforalln2N-

To simplify the notation, let
5(c,n) = (n— N +1)®(c) + (N — 1)®(d)

and

~

h(c,n) = —(n— N + 1)cloge— (1 — (n — N + 1)c) log d.

Then the chain rule implies

85*(n— N +1,n,R) a_S@Jra_S
on "~ dcdn  On’

g_i _ (n—N+1)<p(g)_p(g>>

% - en (2)

and by implicit differentiation in (4.13),

(4.22)

‘We have

Ooc

Oc oh <6ﬁ)1 ___c(logd —logc+loge)
-

on on n— N+ 1)(logd —logc)
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Substitution into (4.22) gives

96"(n— N +1,n,R) cy , c(p(d/2) — p(c/2))
= — — .
on (c) = cp (2) + In(d/c)
Since d = % > cif c € (0,1/n), we have W > 0 if and only if

p(d/2) = p(c/2) p (C) ®(c)
2

In(d/2) — In(c/2) T (4.23)

By (4.20), the right side of the preceding inequality equals

1 c/2 ’ 1 c/2 .
c/—2/0 zp (z)dz = c/—2/0 v, (Inz)dz

where u(t) = p(e*). Since v/, is strictly increasing, the last expression is less than «/, (In(c/2)).
On the other hand, since u is strictly convex,

p(d/2) —p(c/2) _ u(In(d/2)) —u(ln(c/2)) _ ,
In(d/2) —In(c/2)  1In(d/2) —In(c/2) > !, (In(c/2))

which proves (4.23). O

Lemma 4.3 Let ( 1( 0
' —1)(z+
frlz) = T+

If r > 3, then there is an x, > 1 such that f,(x) <0 for all z € (1, z,).

—7rlnz.

Proof. Let r > 3. Since f.(1) = 0, it is enough to prove that f/(z) < 0 in a nonempty
interval (1, z,). We have

e —re? gt =2 " —rz+1 g (2)

i) = (x4 27)? (x + z7)?

Since g,(1) = 0, it is sufficient to prove that g.(z) < 0 in some (1, z,). We have
g.(z)=2rz> ' —r2r — )z 2 +r(r+1z" —2rz" " +r(r —1)z" 2 — 1.
Since g..(1) = 0, it is enough to prove that g/(z) < 0 in some (1, z,). We have

@l(z) = rz"?(2(2r — 1)2"" = (2r — 1)(2r — 2)2”
+r(r+1)2® —2(r— Dz + (r—1)(r —2))
= rz" 3h,(2).

Since h,(1) = 2r(3 —r) < 0 if r > 3, there exists an z, > 1 such that f.(z) < 0 for all
z € (1,z,), as claimed. O
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Chapter 5
Lagrangian-optimal ECVQs

In this chapter we consider entropy-constrained vector quantizers (Q* that minimize the
Lagrangian performance J(A, Q) = D(Q)+AH(Q) for some A > 0. Such quantizers are called
Lagrangian-optimal quantizers, and, as it can be verified easily, they are optimal ECVQs
achieving the lower convex hull of the operational distortion-rate function Dj(R). Apart from
their practical significance in quantizer design [13], Lagrangian-optimal quantizers studied
in this chapter are also of theoretical interest. The Lagrangian formulation of entropy-
constrained quantization serves as a useful tool in the rigorous treatment of the high-rate
theory of entropy-constrained quantization [34, 33], and it has important connections with
the theory of fixed-slope lossy source coding [78, 64].

In Section 5.1 we introduce the Lagrangian formulation of entropy-constrained quantiza-
tion, and provide a proof of the generalized nearest neighbor condition (3.5). We prove the
existence of Lagrangian-optimal quantizers in Section 5.2. To be precise, Theorem 5.1 shows
that under some mild conditions on the distortion measure, for any A > 0 there always exists
a quantizer minimizing the Lagrangian performance J(A, Q). In Section 5.3 under general
conditions on the distortion measure we examine if a Lagrangian-optimal quantizer has a fi-
nite or infinite number of code points. We show in Theorem 5.3 that if the source distribution
has sufficiently heavy tail with respect to the distortion measure, then a Lagrangian-optimal
entropy-constrained quantizer must have an infinite number of code points. The converse
result, due to Chou and Betts [12] and presented in Theorem 5.2 with a trivial generalization
of the original conditions, shows that for source distributions with a slightly lighter tail, a
Lagrangian-optimal entropy-constrained quantizer has only a finite number of code points.

5.1 Lagrangian formulation of entropy-constrained quan-
tization

The Lagrangian formulation of entropy-constrained quantization of an R* valued random
variable X defines for each value of a parameter A\ > 0 the Lagrangian performance of a
quantizer () by

J(A, Q) = D(Q) + AH(Q).

43



The optimum Lagrangian performance is given by

J ) = jof J(A, Q)= inf {D(Q)+H(Q)} (5.1)
where the infimum is taken over all finite or infinite-point k-dimensional vector quantizers
Q € Q.

Any quantizer ) that achieves the infimum in (5.1) is called a Lagrangian-optimal
entropy-constrained quantizer. It is easy to see that if () is Lagrangian-optimal for some
A > 0, then it is also an optimal ECVQ for its rate, i.e, if J(A\, Q) = J*(A\), then D(Q) =
Dy (H(Q)). Moreover, if Q) is Lagrangian-optimal, then (H(Q), D(Q)) is a point on the lower
convex hull! of D (R), and — ) is the slope of a line that supports the lower convex hull and
passes through this point.

Conversely, if @ is an optimal ECVQ such that (H(Q), D(Q)) is a point on the lower
convex hull of Dj(R), then there exists a A > 0 such that J(A\,Q) = J*(}), ie, Q is
Lagrangian-optimal. Therefore the class of Lagrangian-optimal quantizers can be charac-
terized as the class of optimal ECVQs that achieve the operational distortion-rate function
Dy (R) at rates where Dp(R) coincides with its lower convex hull. Note that since Dy (R) is
not necessarily convex (see, e.g., Corollary 4.2), not all points of Dy(R) are achievable by a
Lagrangian-optimal quantizer.

It is well known [13, 12] that a Lagrangian-optimal quantizer must have an encoder
that maps an input z to its “nearest” code point, where the distance to the code point is
penalized by A times the negative log probability of the partition cell associated with the
code point. This “generalized nearest-neighbor” condition forms the basis of the iterative
ECVQ design algorithm in [13], which is essentially the generalized Lloyd algorithm [54]
with the generalized nearest neighbor condition in place of the standard one. The condition
is formalized in the the following lemma which is crucial in our development.

Lemma 5.1 Let Q = (a, ) be an arbitrary quantizer with partition cell probabilities p; =
wu(S;) = P{a(X) = i}, code points ¢; = [(i), i € Z, and finite Lagrangian performance
J(\, Q) < +o00. Let the encoder o' be defined for all z € R* by

o/ (z) = argmin(d(z, ¢;) — Alog p;) (5.2)
i€

(ties are broken arbitrarily), and set Q' = (', 3). Then
J(A, Q) <J(\Q)

where equality holds if and only if a(x) = o/(x) for p-almost all .

Remark. The lemma implies that if J(\, Q) = J*()), then a(z) = o/(z) for y-almost all .
That is, a Lagrangian-optimal ECVQ must use the generalized nearest neighbor encoding

IThe lower convex hull of Dj(R) is the largest convex function Dy (R) such that Dj,(R) < Dj(R) for all
R >0, see, e.g., [69].
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rule (5.2) with probability 1 (this proves (3.5)). For the sake of completeness we give the
proof of the lemma below.

Proof. First note that o' is well defined even if ) is an infinite-level quantizer. This follows
since lim; ,,(—logp;) = oo in this case, implying d(z,c1) — Alogp, < d(z,c;) — Alogp; for
all 7 large enough, and hence for each x € R* the minimum
Tifél%l(d(ﬂ% ci) — Alogp;)
is achieved by some 7 € Z. Therefore
d(l’, B(al(x))) - Alnga/(w) = ml%l(d(l’, cz') - )‘logpz)
1€

Hence, defining p, = P{a/(X) =i}, we can write

J(A,Q) = E{d(X,Q(X)) — Aogpa(x)} (5.3)
= Z/ (z,¢;) — Mogp;) p(dz)

> Z mm d(z,c;) )\logp,-) p(dx)

i€l
JET

= E{dwﬁ( (X)) = AMogpa(x)}

i pa
= E{d(z,8(c/(X))) = Mogp(x)} + AE {logpfg;}

= J\Q) +)\Zpllog£’ (5.4)

i€

from which the lemma follows since

> log

€T

by the divergence inequality [14]. It is easy to check that both inequalities become equalities
if and only if a(z) = o/(z) for p-almost all z. O

5.2 The existence of Lagrangian-optimal quantizers

Before showing the existence of Lagrangian-optimal quantizers, we prove the following lemma,
which is a key to all the existence results in this thesis.

Lemma 5.2 (Gyoérgy and Linder [39, 40]) For R > 0 define the set of probability vec-
tors Cr as

Cr = {(p17p27---) :pi 20 foralli,pr2ps=---, Zpizla —ZpilogpiSR}-
— ;

Then Cg is compact under pointwise convergence.
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Proof. For any p = (p1,p2,...) € Cr let Y, be a positive integer valued random variable
with distribution P{Y, =i} = p;, ¢ > 1. Then by a result of Wyner [76, Theorem 1] we have

E{logY,} < — Zpi logp; < R.

i=1
Thus for any p € Cg, Markov’s inequality implies

E{logY, } R
logn logn

P{Y, > n} = P{logY, > logn} <

Hence the family of distributions corresponding to Cg is tight. Therefore, by Prokhorov’s
theorem [3], Ck is relatively compact in the set of all distributions under pointwise conver-
gence. That is, every sequence {p,} C Cg has a pointwise convergent subsequence to some
distribution p* = (p},p3,...). Obviously, p} > p5 > pj > ---, and by Fatou’s lemma [3],
H(p*) < R. Therefore, p* € Cg, and so Cg is compact indeed. O

Now we are ready to prove the main result of the section.

Theorem 5.1 (Gyorgy and Linder [36]) Assume that for any x € R* the nonnegative
distortion measure d(z,y) is a lower semicontinuous function of y such that for anyy' € RF,
d(z,y') <liminfyy o d(z,y). Then for any X\ > 0 there is a Lagrangian-optimal quantizer,
that is, there exists () such that

D(Q) + AH(Q) = J*(A).

Proof. Assume J*()\) is finite; otherwise the statement is trivial. Let {Q, = (an, 5,)}52,
be a sequence of quantizers such that lim, o, J(A\, @Q,) = J*(A). Assume without loss of
generality the common index set Z = {1,2,...} for all @, and denote the partition cell
probabilities of @), by {p1 ,p2 .. } and the corresponding code points by {c1 , Co ), .
(hence pz( " = P{a,(X) =i} and c = B,(7)). The assumption of the common index set
implies that some of the cells Si( " = {z : a,(z) = i} may be empty with the corresponding
p™ being zero.

Without loss of generality we assume that for each @),, the indexing of the partition cells
and code points is such that p(") > pgi)l for all 4 > 1. Since lim, ;o J(\, @,) = J*(\), for
all n large enough we have H(Q,) < J(A\, @,)/A < 2J*(A\)/A. Thus if we set R = 2J*(\)/A,
then for all n large enough, H(p™) = H(Q,) < R, where p™ = (™ p{ ...). Then
by Lemma 5.2 and Cantor’s diagonal method we can pick a subsequence of {Q,}, also
denoted by {Q,} for convenience, such that for some ¢y, &, ... € RF and a probability vector
(p1,Dp2, - ..) we have lim, cl(-n) = ¢; and lim,,_, p(-") =p; for all 7 € Z.

Now for all i € Z, let ¢; = ¢; if & € R¥, and choose ¢; € R* in an arbitrary manner if

7

¢; = oo. Define @) to be the quantizer with code points {cj, cs, ...} and encoder a given by

a(z) = argmin(d(z, ¢;) — Alog p;)
i€
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(ties are broken arbitrarily). Here we use the convention that —logp; =

that « (and hence @) is well defined.

+oo if p; = 0, so

In the rest of the proof we show that () is a Lagrangian-optimal quantizer. First observe

that the conditions on d(x,y) imply that for any 7 € Z and z € R*, liminf, , d(z,c

d(z,c;). Hence we obtain

lim inf (d(z, ¢™) —
n—oo
which implies
J(A,Q) <

E{min (d(X,¢) —

< E{minliminf(d(X, cgn)) - )\logp(."))}

i€l n—oo

(n))

Aogpi™) > d(z,¢;) — Mog p;

A logpi)}

(5.5)

7

where the first inequality follows from the generalized nearest neighbor condition (see (5.3)—

(5.4) in the proof of Lemma 5.1).
Let i*(z,

min (d(z, c My —

1€T

(recall from the proof of Lemma 5.1 that the minimum exists) and let n;, j =1,2,...

n) € Z denote an index such that
Aogp™) = d(z, ), ) -

Alog p(* ()E n))

) V¥ (zyn)

be an

increasing sequence of positive integers such that

lim inf min (d(z,
n—oo €T

and the limit i*(z) = lim;_, ¢*(z, n;) exists, where i*(z)
< 1/i for all i and n, so if i*(z)

i=1,2,... are decreasing, we have p{™ <

lim min(d(a: ") — Alog p! J))

j—oo €T

This implies
min lim inf (d(X My —

i€ n—oo

>

)\logp )zliminfmin(d(X c; " —

™) = Xlogp™) = lim min (d(z, ™) — Alogp™)

j—oo €T

= +00 is allowed. Since the p{™

= +00, then

Jlggo (d(x, Cix (@n; )) Alog pi*($snj))
lim Alogi*(z, n;)

]—)OO

“+00.

n—oo €L Alngz ) (56)

(with both sides being equal to +00) since the right side is always less than or equal to the

right side. On the other hand, if *(z) is finite, then i*(z, n;)

7, so for such 7,

(nj)

")) — Alog p{™)

np(de.c

and we obtain

) = Mogp™) }

min lim inf (d(z, ¢;
i€ n—oo

= ¢*(z) for all sufficiently large

.ir_li(n)(d(x, cgnj)) — )\logpgnj))

min hmlnf(d /\logp ’))

1<i*(z) J—roo ¢

lim inf log p\™)

1]n_1>(1>£1 érlu(rglg (d — Alog p; )

lim inf min (d(, cf”)) Alog p(n)) (5.7)

n—oo 1€



Thus (5.6) and (5.7) yield

E{minliminf (d(X, an)) - logpgn)) } = E{lim inf min(d(X, cz(.")) - logp(n))}.

1€ n—oo n—oo 1€L ¢

Combining this with (5.5) shows that @ is a Lagrangian optimal quantizer:

J(\ Q) E{lim inf min (d(X, ¢™) — Alogp{™) }

n—oo i€L

< liminf E{min(d(X, an)) - Alngin))}

IN

n—00 i€l
< liminf J(\ @Q,)
n—oo
= J*(N)

where the second inequality follows from Fatou’s lemma [3], and the third from the general-
ized nearest neighbor condition (see (5.3)—(5.4)). O

5.3 Finite- and infinite-point Lagrangian-optimal quan-
tizers

The conditions of Theorem 5.1 are clearly satisfied if d(x,y) is a difference distortion mea-
sure d(z,y) = p(||lx — y||), where p(t), ¢ > 0 is a nonnegative, monotone increasing, and
continuous function. Next we consider such distortion measures and show that if the tail of
the distribution of X is sufficiently light, then the Lagrangian-optimal quantizer has only a
finite number of code points. In the theorem, which is a trivial generalization of a result of
Chou and Betts [12], f(t) = o(g(t)) means lim; .., f(t)/g(t) = 0. The proof is included for
the sake of completeness.

Theorem 5.2 Assume a difference distortion measure d(z,y) = p(||lz — y||), where p :
[0,400) — [0,400) is monotone increasing and continuous. For some X\ > 0 assume
J*(A) < 400 and let Q be a Lagrangian-optimal quantizer. If for some € > 0

p{”X” > t} _ 0(2—p((1+e)t)/>\)

then Q) has a finite number of code points.

Proof. Let {¢;;i € Z} and {S;;i € Z} be the codebook and partition of . To exclude
pathological cases, we assume that the cell probabilities p; = u(S;) = P{X € S;} are positive
for all 7 € Z (any countable collection of cells with probability zero can be merged with a
cell of positive probability without affecting the quantizer’s performance).

First we “regularize” the partition cells. For each i, define S; by

S; ={z:d(x,¢;) — Nogp; < d(z,c;) — Alogp; forall j €L}
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By Lemma 5.1, S; contains p-almost all z’s in S;, and hence p; < u(S;) (in particular, S; is
not empty). Since d(x,y) is continuous, S; is closed. Now for any z € S;,

d(xv ci) - Alogpz S d(-’l?, cl) - Alogpl
In particular, for an z; € S; closest (in Euclidean distance) to the origin,

d(z;,c;) — Aogp; < d(z;,c1) — Mogp;.

But d(z;,¢;) > 0 and p; < p(S;) < P{||X|| > ||=:||}, so that
—Alog P{||X|| > [|z[|} < d(z:,¢1) — Alogp
or, equivalently,
P{IX|| > |la]|} > pr2- 4o/,

Now by the triangle inequality and the monotonicity of p,

(2, 1) = p(llz: = arl]) < pllzill + [leall)-

Suppose sup;c7 ||z;|| = +00. Then we can pick ||z;|| sufficiently large so that the above
bound gives d(z;,c1) < p((1 + €)]|z;]|), which in turn implies

P{IX|| > |z} > pr2-rraliadh/A,

a contradiction. Consequently, there must exist a finite 7' > 0 such that ||z;|| < T for all
1 € Z. Thus to show that @) is a finite-level quantizer we only need to show that there can
be only a finite number of partition cells with ||z;|| < T. Suppose, to the contrary, that
|z;|| < T for all ¢ € Z and Z is countably infinite. Then we must have for all i = 1,2, ...
that

d(xiacl) — Alogpy
p(T + [|ei]]) = Alog ps

d(z;,¢;) — Alogp; <
<

which is a contradiction since lim; ,,.(—logp;) = +0o. Hence Z must be finite, which
proves the theorem. O

Note that if p(t) converges to a finite limit as ¢ — 400, then lim,_, ., 27P((1+90/2 >
and so the tail condition of the theorem is satisfied for any source distribution. Thus for such
a bounded distortion measure, the Lagrangian-optimal ECV(Q always has a finite number of
code points.
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The preceding proof also shows that regardless of the tails of the source distribution, a
Lagrangian-optimal ECVQ is locally finite in the sense that the number of partition cells
that intersect any bounded subset of R* is finite. To be more precise, local finiteness follows
for all Lagrangian-optimal ECV(Qs that satisfy the generalized nearest neighbor condition of
Lemma 5.1 for all z. For such quantizers, S; C S; for all i € Z, and so the last part of the
proof shows that any ball {x : ||z|| < T} can intersect only a finite number of cells S;.

The next result is a converse to Theorem 5.2 for convex difference distortion measures.

Theorem 5.3 Assume a difference distortion measure d(z,y) = p(||z — y||), where p :
[0,4+00) — [0, 400) is strictly increasing and convezr. Suppose J*(A) < +oo for some A > 0
and let () be a Lagrangian-optimal quantizer. If for some 0 < e < 1

P{IX >t}

o—p(a-ao/n > 0 (58)

lim sup
t——+o0

then Q) has infinitely many code points.

Remark. Condition (5.8) is obviously satisfied, if P{[|X]| > t} = Q(2 P((1-99/2)  where
f(t) = Q(g(t)) means that there is a constant ¢ > 0 such that f(¢) > cg(t) for all sufficiently
large t.

Proof of Theorem 5.3 The basic idea of the proof is simple: Suppose () with N code
points minimizes J(\, Q) = D(Q) + AH(Q). We create a new quantizer Q' with N + 1 code
points by splitting a cell of @) into two new cells. Splitting a cell reduces distortion, but
increases entropy. The tail condition implies that if N is finite, then an appropriate split
gives D(Q) — D(Q') > AM(H(Q') — H(Q)). Thus J(A, Q") < J(A,Q), so @ cannot be optimal.

To give a formal proof, we assume without loss of generality that p(0) = 0 (adding a
constant to the distortion measure clearly does not affect quantizer optimality).

Giveny € R* and 0 < 6 < /2, let C(y,6) denote the circular cone with half-angle § and
vertex at the origin defined by

=<z: (v, z) cos
.9 ‘{ el = (’}

where (y,z) denotes the usual inner product in R¥. Clearly, given any 0 < < 7/2, there
exists a collection of M = M(0) vectors {y1,...,ynm} such that {C(y1,6),...,C(ym,0)}
cover RF ie.,

M
R* = U C(yj’e)'
7j=1

Let @ = {(S1,¢1),-.-,(Sn,cn)} be an N-point quantizer such that J(\, @) = J*(A\). Since
the sets S; N C(y;,0) cover R*, we have by the union bound,

N M
P{IX|| >t} <> D P{IX||>t,X € 8;, X € Cy;,0)}-
i=1 j=1
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Since
P{||X]| >t}

7—p(-anm >0

lim sup
t—+o00

by the tail condition, there exist ¢ and j (which depend on ) such that

P{IX]| > £, X € 5, X € C(y;,0)}
2—p((1—€)t)/A

lim sup > 0. (5.9)

t—+o00

Now define
S=A{z:|z| >tz e€SizeCly;,6)}

(the dependence of S on 6 and t is suppressed in the notation). In Appendix 5A we prove
that if 0 < § < 1 is fixed, and # > 0 is sufficiently small, then we can choose ¢ € R* (which
depends on 6 and t just as S does) such that for all sufficiently large ¢ and all z € S,

d(z,c;) —d(z,c) > p(t(1 —9)). (5.10)

Fix K > 0 and choose tx such that p(tx) > K (this is always possible since lim;_, o, p(t) =
+00). We have p(a) — p(b) > p(a — b) for all a > b > 0 since p is convex and p(0) = 0, and
hence for all sufficiently large t,

d(z,c;) —d(z,c) — K p(t(1=9)) — p(tk) (5.11)
1

p(t(1 = 0) —tk)

p(t (1-5-%)). (5.12)

Therefore, if K > 0 and 0 < § < 1 are fixed, then there exists § > 0 such that for all
sufficiently large ¢ and for all x € S,

v v

d(z,c;) —d(z,c) — K > p(t(1 = 6)). (5.13)

The asymptotics relation (5.9) and an argument similar to (5.11)—(5.12) imply that if we
choose 4 such that 0 < 6 < ¢, then there exists ¢ arbitrarily large such that

p(t(1 —8)) = —Alog u(S).
For such ¢ and z € S, (5.13) gives
d(z,c;) —d(z,c) + AMog u(S) > K. (5.14)

Now let Q' = {(Si,c1),---,(Sy,en), (Sy41,¢)} be an (IV + 1)-point quantizer, where
S =8jforj=1,...,N,j#1i, 5= 8\, and Sy, = S. Since Q and Q' have N — 1
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common partition cells and code points, from (5.14) there exists arbitrarily large ¢ such that

IAQ) = IAQ)
— [ (de.c) ~ Mogu(S)n(de) ~ | (d(w,c) ~ Alog (S \ $))u(da)

S; S:\S

_ /5 (d(x, ¢) — Aog u(S)) p(dz)

= [ (e, = d(w. )+ Aog () (da) ~ Nu(S:) g (5
+ Au(Si \ S)log u(Si \ S)
> p(S)K — Au(Si)log u(Si) + Au(Si \ S)log u(Si \ S)
_ p(Si \ u(S)) + p(S)
— ()K= Mu(S) log (1)) — Mu(S; \ S) log ( RN )
H5\S) u(S)
= uS) {K AT E) o8 (1 ’ u(Si\s>>]

where the last equality holds since S C S;. Note that lim; ;. u(S)/u(S;\ S) = 0 since
limg o u(S) = 0. Since lim,_,¢(1/v)log(1+v) = loge, if we choose K > Aloge, then there
exists a large ¢t such that the last expression is positive. Then J(A, Q) > J(A,Q'), which
contradicts the optimality of Q. O

Note that the conditions on d(z,y) in Theorems 5.2 and 5.3 are satisfied for the rth
power distortion measures d(z,y) = ||z — y||” if > 1. In particular, both theorems hold for
the squared error distortion measure. In this case, we obtain that the Gaussian distribution
is a breakpoint: For distributions with tail lighter than the tail of a Gaussian distribution
(including distributions with finite support), the optimal entropy-constrained quantizer must
have only a finite number of code points, and for distributions with tail heavier than that
of the Gaussian, the optimal entropy-constrained quantizer has an infinite number of code
points. The first part of the statement was first noticed by Chou and Betts [12], who also
conjectured the second part.

The Gaussian case itself is of particular interest. For a Gaussian source, the results
show that there is a critical value \* > 0 (and a corresponding critical rate R* > 0) such
that the Lagrangian-optimal quantizer @) has a finite number of code points if A > \* (i.e.,
H(Q) < R*), and it has an infinite number of code points if A < A* (i.e., H(Q) > R*).

Corollary 5.1 Let d(z,y) = ||z — y||* and assume that X is Gaussian with independent
components of mean zero and variance o%. Then for any X > 20%1n 2, the Lagrangian-optimal
ECVQ has a finite number of code points, and for A\ < 202 In2 the Lagrangian-optimal ECVQ
has an infinite number of code points.

Proof. Let X be Gaussian with k independent components of mean zero and variance

0?. Then || X||/o has the chi distribution with k degrees of freedom with asymptotic tail
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probability given by
P{||X t
o PUXI> 1
oo th—2e—12/20

where c is a positive constant (see, e.g., [46]). Thus if A > 202In2, then there exists € > 0
such that P{||X|| > t} = o(2~(+9°¥/%). Thus from Theorem 5.2, @ has only a finite number
of code points. If A < 2021n2, then P{||X|| > t} = Q(2-(1-9"¥/}) for some € > 0, and Q
must have infinitely many code points by Theorem 5.3. O

Appendix 5A

Proof of inequality (5.10) Without loss of generality we can assume that y; = (1,0,...,0).
Let (ci1,---,cix) denote the components of ¢; and define ¢ € R* by

C = (tCOSH,CiQ, .. -;Cik)-

Forz = (z1,...,7x), we have ||z—¢;|| = \/(z1 — ¢i1)? + Aand ||z—c|| = y/(z1 — tcos6)? + A,

where
k

A= Z(.’L‘l — Cil)2-

1=2
Observe that if z = (21,...,z%) € S, then z € C(y;,0) and ||z|| > ¢, which imply 21 > tcos6.
Also, if t is large enough, then tcosf > |c¢;| for all z € S. Hence for all sufficiently large ¢
and z € S,

d(z,c;) —d(z,¢) = p(llz —cill) = p(llz = cl))
= p(V(z1—ca)?+A) —p(v/(z1 —tcosh) + A)
> p(vV(z1—ca)?+A— /(21 —tcosh)2+ A) (5.15)

where the inequality holds since p(a) — p(b) > p(a—b) for all a > b > 0 by the convexity of p
and the assumption p(0) = 0. Also, z € S C C(y;,6) implies S>r , 27 < z3tan®@. Therefore

k k
A< 22@2—!—220?1 < 2r7tan’6 + B
1=2 1=2

where B = 23, ¢ is a nonnegative constant. Since va2 +u — v/6? + u is a monotone
decreasing function of u > 0 for any fixed @ > b > 0 and p is monotone increasing, we can
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continue (5.15) as

p(\/xl—cﬂ + A—\/(z1 —tcosh)? +A)

> p \/ml—cﬂ +2z%tan?60 + B — \/:L'l—tcosﬁ) + 222 tan20+B)

> p \/xl lci|)2 + 222 tan?6 + B — \/xl—tcose) + 222 tan? H-I—B) (5.16)

> p<\/tcost9—|cﬂ|) +2t2cos20tan20—|—B—\/2t2cos20tan20+B>

2
i . B [ . B
= p \/<cos9— t1|> +2s1n20+t—2—t 251n29+t—2). (5.17)

Here the third inequality holds since the argument of p in (5.16) is an increasing function of
xq for 1 > tcosf, as can be checked by differentiating with respect to z;.
Given 0 < § < 1, we can choose a small § > 0 such that for all sufficiently large ¢ > 0,

2
i . B [ . B
\/(COSO-%) -|—2s1n20+t—2— 2s1n20+t—221—5.

Then (5.15) and (5.17) yield

d(z,c;) —d(z,c) > p(t(1 —9))

as desired. 0
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Chapter 6

The structure and existence of
optimal ECSQs for nonatomic
distributions

As we have discussed in Section 3.2, the nearest neighbor condition implies that optimal
fixed-rate quantizers can be assumed to be regular. This fact reveals an important struc-
tural property of optimal fixed-rate quantizers and it leads to efficient design and simple
implementation procedures (see Section 3.3). Moreover, regularity allows the use of efficient
tools in proving the existence and exploring the properties of optimal quantizers. Although
the assumption of quantizer regularity seems to be ubiquitous in the literature on entropy-
constrained quantization, it is still a fundamental question whether it is sufficient to consider
only regular quantizers when searching for a (mean-square) optimal entropy-constrained
quantizer.

In this chapter we provide answer to this question in the scalar case: we investigate
the structural properties and the existence of optimal entropy-constrained scalar quantizers.
Throughout our basic assumption is that the source has a nonatomic distribution and the
distortion measure is a nondecreasing convex difference distortion measure. Preliminaries are
provided in Section 6.1. In Section 6.2 regularity type properties of ECSQs are investigated.
Theorem 6.1 shows that for any finite-point quantizer there is a regular quantizer with the
same entropy and equal or less distortion. As a consequence, Corollary 6.2 shows that regular
finite-point quantizers can perform arbitrarily close to the operational distortion-rate curve
Dy(R). Theorem 6.2 extends Theorem 6.1 to infinite-point quantizers; it shows that any
quantizer can be replaced with an “almost regular” quantizer, that is, with a quantizer
which has interval cells but may be undefined on a set of probability zero.

In Section 6.3 existence results concerning optimal ECSQs are given. Theorem 6.3 proves
that an optimal ECSQ achieving Dy (R) always exists, and that such an optimal quantizer
can be assumed to be almost regular. Theorem 6.4 shows that a regular optimal ECSQ
exists among all quantizers having a fixed number of code points. In Section 6.4, for the
squared error distortion measure and sources with densities, the almost regularity of an
optimal ECSQ is strengthened to regularity. Theorem 6.5 shows the existence of regular
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optimal ECSQs for a wide class of source densities which contains all univariate densities
commonly used as parametric source models. As a side-effect, for sources with positive
and continuous densities, the generalized nearest neighbor condition (3.5) is extended in
Lemma 6.4 to regular optimal quantizers not on the lower convex hull of Dy(R).

6.1 Notation and conventions

Let @ = {(S1,¢1),...,(Sn,cn)} be a regular finite-point scalar quantizer with ¢; < ¢y <
-++ < cy. Then the corresponding interval cells satisfy

Sl <SQ<"'<SN.
Therefore the interval boundaries ¢; = sup S;,2 =1,..., N — 1 satisfy
0=q¢<c<S@< - SgN-1SC S =T

and

Q(z)=c¢ if g1 <z<g.
The points ¢;, 1 <7 < N — 1, are assigned to either ¢; or ¢;11, and are called the subdivision
points or thresholds of Q).

Similarly, if an infinite-point scalar quantizer () is regular, then its code points can be
linearly ordered as -+ < c_y < ¢y < ¢; < --- and there exist real numbers --- < g_; < g <
g1 < --- such that the cells of () are intervals with endpoints ¢;_; and ¢;, and ¢;_1 < ¢; < ¢;

The description of regular scalar quantizers can be further simplified for nonatomic source
distributions. A scalar random variable X has a nonatomic distribution u, if u({z}) =0
for all z € R. (Equivalently, X has a nonatomic distribution if its distribution function
F(z) = P{X < z} is continuous.) If p satisfies the conditions of Lemma 3.1, it is enough
to describe a quantizer by its cells, since the code points can be chosen optimally (but
not necessarily uniquely) according to the centroid rule (see Lemma 3.4) once the cells are
specified. Moreover, if X has a nonatomic distribution, then the subdivision point g; can be
mapped arbitrarily to either ¢; or c;11, the distortion of () remains the same. Hence we can
assume that the cells of @) are of the form S; = [¢;_1,¢;), and in this case @ is determined by
the subdivision point vector (g1, -..,qy_1) in the finite case (recall that ¢o = o and gy = 7),
and by the infinite-dimensional vector (...,q 1,qo,q1,-..) in the infinite case. We can also
assume that ) does not have two interval cells of probability zero with a common endpoint
(in this case we can merge these two cells without changing the entropy or the distortion).
Throughout this chapter we suppose this assumption to hold. We also assume, except in
Section 6.4, that the domain of the quantizers is R, that is, (o,7) = R.

We will also often assume that d is a difference distortion measure of the form

d(z,y) = p(|z — yl) (6.1)

where p : [0,00) — [0, 00) is a nondecreasing function. Furthermore, without loss of gener-
ality we assume that p(0) = 0.
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6.2 Regularizing ECSQs

Consider a scalar quantizer () with a finite codebook C = {¢;; i = 1,..., N}. For any source
random variable X,

D(Q) = E{d(X,Q(X))} = E{gleigd(X, ci)}-

Thus if é)\ is a quantizer that maps any input z € R to a code point in C minimizing d(z, ¢;),
1 =1,..., N, then it has minimum distortion among all quantizers with codebook C. This
is the well-known nearest neighbor condition for fixed-rate quantizers. Although the cells
{,é’\,,z =1,...,N} of @ are not uniquely defined, each S, satisfies S; C {z : d(z,q) <
d(z,c;), j=1,...,N}. For the squared error distortion measure d(z,y) = (z —y)?, or more
generally for d(z,y) = p(|]z —y|), where p is nondecreasing, each S, is an interval and ¢; € S;;
hence Q\ is regular. This means that any finite-point quantizer can be “regularized” to obtain
a regular quantizer with the same number of code points and equal or less distortion, and so it
is enough to consider the much smaller, parametric class of N-point regular quantizers when
searching for an optimal quantizer in the nonparametric family of all N-point quantizers.

Similar results are known in the entropy-constrained case only for quantizers achieving
the lower convex hull of Dy (R), recall Lemma 5.1. However, the application of this result
in general can be rather limited, since, for example, Corollary 4.2 implies that for a uniform
scalar source and the squared error distortion Dp(R) coincides with its lower convex hull
only at the discrete rates R = log N for N = 1,2,.... In general, little is known about
the properties of Dy(R), and so the achievability of the lower convex hull is very difficult
to check. Thus other methods are needed to find for each rate R a tractable, sufficiently
small family of quantizers that still contains an optimal entropy-constrained quantizer. In
the scalar case, such a family will turn out to be the class of regular quantizers if the source
distribution is nonatomic. For discrete sources, however, it may happen that no regular
ECSQ achieves the minimum mean squared distortion among all ECSQs satisfying a given
entropy constraint.

Example 6.1 Let d(z,y) = (z —y)?, and let X be a discrete random variable taking values
in {—1,0,2} with the following distribution:

P{X=-1}=P{X=2}=2/5 and P{X =0}=1/5.

A quantizer @) for X is in effect defined by a partition of the set {—1,0,2} (the definition
of @ for other values is immaterial) and by the corresponding code points (the optimal code
points for each partition can easily be found). Checking the five possible partitions, it turns
out that for all R such that

hs(1/5) < R < hy(2/5)
where hy(z) = —zlogz — (1 — z) log(1 — z), an optimal ECSQ has two code points ¢; = 1/2
and ce = 0, and the corresponding cells must satisfy

{—1,2} CS; and {0} C S,.
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Thus if Sy is an interval, then S; is a union of two disjoint intervals, each with positive
probability. It follows that no regular quantizer can be optimal in this case.

The first result of this section shows that no such pathological example can exist if X has
a nonatomic distribution. More specifically, we show that if X has a nonatomic distribution,
then, for nondecreasing convex difference distortion measures, every finite-point ECSQ can
be “regularized” so that the resulting regular quantizer has the same cell probabilities (and
hence the same entropy) and equal or less distortion. The key to this result is the following
lemma.

Lemma 6.1 (Gyorgy and Linder [39, 40]) Assume that the random variable X has a
nonatomic distribution p, and let d(z,y) = p(|x — y|), where p : [0,00) — [0,00) is convez
and nondecreasing. Let Q@ = {(S1,¢1), (S2,¢2)} be an arbitrary two-point quantizer such
that ¢; < cg. Then there exists a two-point quantizer @ with interval cells {§1,§2} and
corresponding code points {c1,c2} such that S < S, wu(S;) = ,u(gi), 1=1,2, and D(@) <
D(Q).

Remark. @ has interval cells but it is not necessarily regular (¢; € 5’; is not guaranteed
by the construction). However, since p is nondecreasing, the centroid rule (see Lemma 3.1)
guarantees that each ¢; can be replaced by a ¢; € S; such that the distortion is not increased.

Proof of Lemma 6.1 Since the distribution function of X is continuous, there is an r € R
such that p((—oo,7]) = u(S1). Let @ = {(S1,¢1), (S2,¢2)}, where the interval cells of @ are

~

defined as S; = (—oo,r] and Ss = (r,00). We show that D(Q) < D(Q). If D(Q) is not
finite, we are done; so assume D(Q) < oo. The key observation is that the function

¢(z) = p(lz — e1l) = p(lz = caf)

is nondecreasing. To show this, rewrite ¢ in the following form

plecy —x) —plea—1z) ifz<c
P(x) = plx—c1)—plca—1z) ife; <z <o
plx—cy) —plz—c) ifz>cy
Since p is nondecreasing, ¢ is clearly nondecreasing in the interval [c, c2], and the convexity

of p readily implies that ¢ is also nondecreasing in (—o0, ¢1| and [cz, 00).
Since N(Sl N Sg) = [L(Sl N Sz) and S; < Sz,

[ e s [ owdu)

(It is easy to see that D(Q) < oo and the monotonicity of p imply that both integrals are
finite.) Adding

/squ‘l p(|z — e1]) du(z) +/ p(jz — e2]) du(z)

SaNSs
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to both sides and rearranging terms yields D(Cj) < D(Q). O

We showed that convex and nondecreasing distortion measures allow regularizing any
two-point quantizer if the source distribution is nonatomic. We call a distortion measure
possessing this property two-point regular. More generally, we have the following definition.

Definition 6.1 (Gyorgy and Linder [40]) Given a positive integer N we say that a dis-
tortion measure d is N-point regular if for any nonatomic distribution p on R and any
N-point scalar quantizer () there is a regular N-point scalar quantizer Cj such that D(@) <
D(Q), and Q and Cj have the same cell probabilities (i.e., there is a one-to-one mapping 7
between the cells of Q and @ satisfying p(S) = p(w(S)) for any cell S of Q). Finally, d is
called finitely regular if it is N-point regular for every positive integer N.

Lemma 6.1 showed that nondecreasing and convex difference distortion measures are two-
point regular. The next theorem shows that if d is two-point regular, then it is also finitely
regular.

Theorem 6.1 (Gyo6rgy and Linder [39, 40]) Every two-point reqular distortion measure
s finitely reqular. That is, if X has a nonatomic distribution u on R, and d is two-point
reqular, then for any finite-point quantzzer Q with cells {Sy,...,Sn} there exists a regular
quantizer Q with interval cells {Sl,.. SN} such that p(S;) = ,u(§i), i=1,...,N, and

D(Q) < D(Q).

Remarks. (i) Note that not only do @ and @ have equal entropies, but if the outputs of
Q and Q are encoded using the same variable-length code (e.g., a Huffman code [14]), then
the resulting average codeword lengths will be equal. (ii) By Lemma 6.1 the theorem holds
for any difference distortion measure d(z,y) = p(|z —y|) with a nondecreasing and convex p.
Although we have not yet found other examples for two-point regular distortion measures,
we conjecture that this class is actually larger than the class of nondecreasing and convex
difference distortion measures.

Proof of Theorem 6.1 Assume D(Q) is finite; otherwise the statement is trivial. The
proof uses induction on IN. A one-point quantizer is always regular; hence d is always one-
point regular. Also, d is two-point regular by assumption. Now assume that d is n-point
regular for all n < N — 1, where N > 3. We show that then d is also N-point regular.
Assume without loss of generality that the indexing of the cells of @) is such that

u(51) = min u(S;) (6.2)
and for i = 1,..., N, let ¢; denote the code point corresponding to .5;.

The main idea in constructing Cj is the following: First we fix S; and, using the induction
hypothesis, redefine the cells S, ..., Sy such that the new cells are “intervals” in R\ Sj.
That is, the new cells satisfy Sfl) = 51 and Sél) < < S](\P. Then we redefine Sil) and

99



Sél) such that the quantizer thus obtained have a leftmost cell which is a proper interval.
Finally, the other N — 1 cells are replaced by intervals using the induction hypothesis.

Step 1. Let pq be the restriction of x4 to R\ Sy, that is, u1(B) = u(BN (R Sy)) for any
Borel set B C R. Furthermore, let ¢ = {(S1 U Sa,¢2),...,(Sn,cn)} be an (N — 1)-point
quantizer. Then

(recall definition (3.1)). Since y; is nonatomic, the induction hypothesis implies that there is
a regular quantizer q; with interval cells T} Mo < Tji,lll and code points {egl), . eg\l,) 1
such that

D(q1, 1) < D(q1, 1) (6.4)

and the cells of g1 and q; have the same measures according to y;. Now let the quantizer
= {(5",e”),... (S¥, &)}, wh
1 ,c1 ye - N CN )}, where

s — 51 ifi=1 and M= =1
' T N(R\S,) if2<i<N ' e if2<i<N.

From the construction of (); it follows that ) and (); have the same cell probabilities

according to u,
SV <o <5y (6.5)

and

ALK Di_1(q1, ) if2<3<N.

Thus (6.3) and (6.4) imply that

D(Q1, 1) < D(Q, ).

Step 2. Let ug be the restriction of u to Sl US(l) and let g = {(SF), ) (]R\S1 ,cgl))}.
Then, since d is assumed to be two—pomt regular, there is a regular quantizer gz with interval
cells T(Q) < T( ) and code points {e1 , €5 )} such that D(@a, u2) < D(g2, p2) and @3 and g, have
the same cell measures according to ps. We assume (as we may without loss of generality)
that T1(2) = (—o0,t) and T2(2) = [t,00), where t = inf{z : ps((—o00,z)) = ,uz(Tl(Q))}.

Since either po(T?) = u(S‘”) or pa(T?) = u(SM), by (6.2) we have uo(T1?) < u(SM).
Thus ¢t < sup 5’51), because 52 2 C (—o0,sup 52 )], and so

pa((—o0,sup SV]) > pa(S) = u(S5Y) > pa(T{?) = pa((—00, 1))

Therefore we can define the quantizer ()5 with cells and code points

(—o0,t) ifi=1 P ifi=1
S& = {[t00)n(SPUSY) ifi =2 and ¥ = e ifi=2
s if3<i<N Y if3<i<N.
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Then, as in Step 1, it is easy to see that

D(Q2, 1) < D(Q1, 1)

and )1 and @3 have the same cell probabilities according to u.

Step 3. Since R\ SF) = [t,00) is an interval, using the restriction of u to [t,00), by the
induction hypothesis we can replace the cells S§2), e ,SJ(\?) with interval cells §2 <--<8 N
and corresponding code points to obtain a regular quantizer Q (where S = Sf) and ¢; = 052))

such that @ has the same cell probabilities as (); according to u, and

D(Q, 1) < D(Qs, ).

Consequently, D(@, @) < D(Q, i), and @ and @ have the same cell probabilities. O

For d(z,y) = p(|]x—y|) with a nondecreasing and convex p, the construction of Lemma 6.1
does not change the code points of the quantizer, and it orders the cells according to the
corresponding code points. It is easy to see that this order preserving construction is main-
tained in Theorem 6.1 if Lemma 6.1 is used in each step of the induction argument given in
the proof. Thus we obtain the following corollary.

Corollary 6.1 (Gyorgy and Linder [40]) Assume that the real random variable X has
a nonatomic distribution u, and let d(z,y) = p(|x — y|) where p : [0,00) — [0,00) is nonde-
creasing and convex. Then for any finite-point quantizer Q@ = {(S1,¢1),.-.,(Sn,cn)}) there
ezists a reqular quantizer Q with interval cells {5’:1\, . 'L§N} such that u(S;) = pu(S;) for all

~

i=1,...,N, D(Q) < D(Q), and if ¢; < c;, then S; < Sj.

Remark. It follows from Lemma 6.1 and the construction in the proof of Theorem 6.1 that
() can also preserve the code points of (), not only their order. In this case, ) has interval
cells, but it is not necessarily regular (¢; € S; is not guaranteed).

Another immediate consequence of Theorem 6.1 is that Dy(R) can be arbitrarily well

approximated by regular finite-point ECSQs.

Corollary 6.2 (Gyorgy and Linder [40]) Assume that the real random variable X has
a nonatomic distribution pu, and let d be a two-point reqular distortion measure. If there is
a ¢ € R such that E{d(X,c*)} < oo, then for any R > 0 and € > 0 there is a regular
finite-point quantizer Q. such that H(Q.) < R and

D(Qe) < Dh(R) + €.

Remark. The conditions of the corollary are satisfied for the squared error distortion
measure if E{X?} < co.
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Proof of Corollary 6.2 First we show that for any quantizer ) with finite distortion,
there is a sequence of regular finite-point quantizers {Q%*} such that H(Q*) < H(Q) for all
n and

limsup D(Q;) < D(Q). (6.6)

n—o0

If @ is a finite-point quantizer, then (6.6) follows by regularizing it using Theorem 6.1.
Otherwise, assume @ = {(S1,¢1), (Ss,¢2),- ..}, and for n > 2 define

QnE{(Slacl)a---a n—1;Cn— l USMC

>n

It is clear that H(Q,) < H(Q). Moreover, @,, and @ are identical on C,, = U?;ll S;, and so

/ ) dute) = Y D@ =

>n

lim [D(Q.) — D(Q)| = lim

n—o0 n—0o0

since E{d(X,c*)} < oo, {C,,} increases to R, and D(Q) < oco. Since each @, is an n-point
quantizer, Theorem 6.1 can be used to obtain a regular n-point quantizer @) such that
H(Q:) = HQ,), and D(Q:) < D(Q,). Hence (6.6) is proved. Now for any ¢ > 0 choose
a quantizer @' such that H(Q!) < R and D(Q') — Dip(R) < €/2. Then by (6.6) there is
a regular finite-point quantizer @, such that H(Q.) < H(Q.) and D(Q.) — D(Q.) < €/2,

which in turn satisfies D(Q.) < Dn(R) + €. 0O

Unexpected problems may arise if one wants to extend Theorem 6.1 to infinite-point
quantizers. To illustrate the problem assume that the order preserving construction of Corol-
lary 6.1 carries over to the regularization of infinite-point quantizers. In this case, if ¢; and
c; are two code pomts of the initial infinite-point quantlzer @ such that ¢ < ¢ then the
correspondmg cells S and S of the regularized quantizer Q satisfy S < S As a result,
Q can have quite an unusual structure if the initial quantizer () is arbitrary. For example,
assume that @ is an infinite-point quantizer with code points {c;}32; such that if ¢ < ¢y
then there exists a c; such that ¢; < ¢ < ¢;. Then the collection of interval cells {S’ }2, of
the regularlzed Q will have the property that for any S; and S with S; < S], there is an Sy,
such that S; < S, < S]. It can be seen that such collection of intervals {S,};’;l cannot form
a partition of the real line.!

To deal with such cases, we introduce the notion of almost regular quantizers. Given a
finite measure y, a quantizer @ is called p-almost regular (or almost regular if y is clear from
the context) if there exists an S C R with u(S) = 0 such that @ is defined on R\ S, and
every cell of () is an interval containing the associated code point. Thus an almost regular
quantizer has interval cells but it may not be defined on a set of y-measure zero. (We can
define Q(z) in an arbitrary manner for all z € S without changing the entropy and distortion

Let §f denote the interior of S;. Then R\ (U; §f) is nonempty and perfect (since §f and §;’ cannot have

a common endpoint if 7 # j), and thus uncountable. Therefore R \ (UZ S’;) is nonempty and uncountable.
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Figure 6.1: Example of the cell structure of an almost regular quantizer.

of @.) As an example, let S C [0,1] be the Cantor ternary set (see Appendix 6A), and let
i be absolutely continuous with respect to the Lebesgue measure with p([0,1]) = 1. Then
[0,1] \ S is a union of countably many open intervals which form the cells of a p-almost
regular quantizer. As this example shows, an almost regular quantizer can have infinitely
many cells in a bounded interval. Also note that the quantizer of this example cannot be
(re)defined on a set of probability zero to obtain a quantizer with interval cells.

This definition can be extended similarly to higher dimensions.

Definition 6.2 (Gyo6rgy and Linder [39, 40]) A k-dimensional vector quantizer QQ €
Qy. is called p-almost regular if there is a set S C S such that u(S) = 0, Q is defined
on S\ S, and Q has convez cells containing the corresponding code points.?

To exhibit an example for a p-almost regular vector quantizer, we can use a corollary of
the Vitali covering theorem [47]. The corollary states that there exists a countable collection
{By, By, ...} of disjoint closed balls in the unit cube [0,1]¥ of R* such that the set S =
[0,1]%\ (U; B:) has Lebesgue measure zero. Now let y be absolutely continuous with respect
to the k-dimensional Lebesgue measure with 4([0,1]¥) = 1. Then {B, By, ...} form the cells
of an almost regular k-dimensional quantizer (see Figure 6.1).

Remark. If @ is a p-almost regular scalar quantizer with cells {S;} such that only finitely
many of the S; intersect any bounded interval, then () can be redefined on a set of y-measure
zero to obtain a regular quantizer with the same distortion and entropy. This follows since

2Recall the notation of Chapter 3.
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in this case there is an indexing of the cells such that S; < S;;; for all 7, and now the set of
points (of measure zero) lying between S; and S;; where @ is possibly not defined can be
assigned to (say) S; to obtain interval cells whose union covers the real line.

The last result of this section shows that for two-point regular distortion measures, any
infinite-point quantizer can be replaced by an almost regular quantizer with the same entropy
and equal or less distortion.

Theorem 6.2 (Gyo6rgy and Linder [39, 40]) Assume that the real random variable X
has a monatomic distribution u, and let d(z,y) be a two-point reqular distortion measure
such that d(z,y) is a lower semicontinuous function of y for all x € R, and for all y' € R,
d(z,y") <lim 1nf|y|_>Oo d(z,y). Then for any infinite-point quantizer Q there exists an almost
reqular quantizer Q with the same cell probabilities such that D(Q) < D(Q).

Proof. Assume D(Q) < oo; otherwise the statement is trivial. Suppose that @ =
{(S1,¢1),(Sa,¢2),-..} is an infinite-point quantizer. The proof consists of two parts. First,
for every nonatomic finite measure p and for every positive integer n we construct an infinite-
point quantizer Q, with D(Qn) < D(Q) havmg cells {5 8™} such that w(S;) =

(S( )) for all 4, andeltherS <§ orS’ >S 1f27é] 1<zj<n Then we show
that Qn converges, in a sense, to an almost regular quantizer Q which has the same cell
probabilities as @ and satisfies D(Q) < D(Q).

The construction is a simple application of Theorem 6.1. For n > 1 let u, denote
the restriction of p to |J,.,, Si, and apply Theorem 6.1 to p, and the n-point quantizer
{(S1,¢1), -+, (Sn_1,¢n1); (Ussp, Sis €n)}- The resulting regular quantizer @, has code points,
say, {¢\", ...,651")} and interval cells {5™ S(n)} such that (5™ N (U<, Si)) = u(S:)
fori=1,...,n. Now let Q, = {(5\", (")) (S("), "), ...} where

) {Si(")ﬂ(UKnSi) f1<i<n {55") if1<i<n
= = an ¢ =

’ S; ifi>n G if 1 > n.

Then either S’\fn) < §J(~n) or :S”\i(n) > §](~n) foralli # j,1<14,5 <mn, and

D(Qnpt) = D(Qnyptn) + Y Dil(Q, 1)

>n

< D(Q, ) + Y, Di(Q, 1)

= D(Q,p).

In the second part of the proof we show that there is a y-almost regular quantizer @ with
(interval) cells {S1, Sa, ...} such that

1(S;) = u(S;) for all i (6.7)
and
D(Q) < liminf D(Qy)- (6.8)

64



Since D(@n) < D(Q) for all n, this completes the proof.

To show the existence of Q) satisfying (6.7) and (6.8), let a\™ = inf 5™ and b{™ = sup 5"
and form the vector
(@B, e, o b )

v, = (a7 /,0; 7, ¢, 0 ,Co yee

(recall that ¢{™ is the code point associated with S\, and that a!™ < ™ < b for1 <i <n
by construction since Q,, was a regular quantizer). By Cantor’s diagonal method there is a
subsequence of {v,}, for convenience denoted also by {v,}, converging componentwise to a
vector v = (a1, b1, ¢1,a9,ba,Ca, . ..) (convergence to oo or —oo is also allowed). Denote the
corresponding subsequence of quantizers also by {@n} Then a; < ¢ < b; for all 7, and the
intervals (a;,b;),7 = 1,2, ..., are pairwise disjoint since (a En) b(")) i=1,...,n, are pairwise

disjoint by the construction of @n Also by construction, we have that for all 1 < 14,5 <mn,
@™, ) n S(") = () if j # 1. Hence for all n > 1,

p(@”,67) < w(EP U §7) = (S + 3wl
ji>n i>n
Since p((a{™,b™)) > u(S;) for all i, this implies lim, u((a™, b)) = u(S;) for all 4, and
since y is nonatomic and limn (n) _ = a;, lim, b(") = b;, we obtain M((ai, b;)) = p(S;). Thus
the quantizer Q with cells S; = [a,, ;) and code points ¢&;, ¢ = 1,2, ... satisfies (6.7). (Note
that it may happen that ¢; = 0o or ¢; = —00).
To show (6.8), observe that if z € (a;,b;), then z € (a™,b™) for all n large enough.

Since the sequence {|J. ,:S'\](.")}f:l increases to R by construction, and either S';(") < §](n) or

Jj<n
SM > 8™ for i # j, 1 <4,j < n, this implies that if z € (a;,b;), then z € S\ for all n
large enough. In other words, letting 15 denote the indicator function of a set S C R,

. 1 a;,b; (.73) ifi = .7
Jim 1, g (2) = o :
0 otherwise.

Also, for all x € R we have,
liminf d(z, &™) > d(z, &)

n—oo

since lim,, ¢; (™) — & and d(z,-) is lower semicontinuous (by the conditions on d this also holds
if ¢; is not ﬁmte, recall (3.3)). Thus, since u(|J;(as,b;)) = 1, we obtain

liminfD(Q\n) = liminf/Zl(a_b_)m§<n)(1’)d($,6§")) du(zx)

n—oo n—oo

v

n—oo

> [ 3t @(e, &) dia)

= D(Q)

where the first inequality follows by applying Fatou’s lemma [3] twice. If ¢ ¢ S; for some
¢; € R, then ¢; = b; since a; < ¢; < b;. In this case, if there is a j # ¢ such that ¢; = ¢;, then

/ th inf 1, o (@), &) du(a)
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a; = b; = ¢;, and the interval cells §, and §]— can be joined to obtain the new interval cell
S;U §j = [ai, b;) which contains the corresponding code point ¢&; if é; # ¢; for all j # 4, then
S; and §j can be redefined as S; = [a;, b;] and §j = (a;,b;) to ensure ¢ € S;. Finally, since
d(z,00) > d(z,y) for all z,y € R, for any i such that S; is nonempty and é; is nonfinite,
we can replace the nonfinite ¢; by a finite one that lies inside its associated cell. Then the

resulting modified quantizer Q is p-almost regular and satisfies (6.7) and (6.8). O

6.3 The existence of optimal ECSQs

The regularization result of Theorem 6.2 makes it possible to show the existence of an optimal
ECSQ for any source with a nonatomic distribution. Theorem 6.2 also implies that such an
optimal ECSQ can be assumed to be almost regular.

Theorem 6.3 (Gyo6rgy and Linder [39, 40]) Let the real random variable X have a non-
atomic distribution p and let d(z,y) be a two-point regular distortion measure such that
d(z,y) is a lower semicontinuous function of y for all x € R, and for all y' € R, d(z,y’) <
liminfyy o d(z,y). Then for any R > 0 there exists a p-almost reqular quantizer ) such
that H(Q) < R and D(Q) = Dx(R).

Remarks. (i) The conditions on d are satisfied when p is convex and nondecreasing; hence
the result holds for the squared error distortion measure. (ii) This theorem would imply
the existence of a regular optimal ECSQ if one could directly prove that an optimal ECSQ
cannot have infinitely many cells in a bounded interval. While this is a reasonable conjecture
under general conditions, we have only been able to prove it for the squared error distortion
measure and sources with well-behaved densities (see Section 6.4).

Proof of Theorem 6.3 Fix R > 0 and assume Dy(R) is finite; otherwise the statement is
trivial. Consider a sequence of quantizers {Q,} such that H(Q,) < R for all n and
Jim D(Q.) = Du(R).

By Theorem 6.2 we can assume that each @), is almost regular. For positive integers n and
ilet S™ = [a™ ™) denote the cell of Q, with the ith largest probability, let ¢! denote
the corresponding code point, and let pgn)
equiprobable cells suffices. If (),, has k cells, then Si(") is formally defined to be empty for all
i > k. For every n, let p(® = (pgn),pgn), ...). Then H(p™) = H(Q,) < R, and so Lemma 5.2
implies that {p(™} has a pointwise convergent subsequence, denoted also by {p(™}, which
converges to some probability distribution p = (py, pe,...) with H(p) < Randp; > py > ---.

Now for the subsequence of quantizers {(),} corresponding to {p™}, form the vectors

= ,u(Si(n) ). In case of ties, any ordering of the

/Un = (agn)’ bgn)’ an)’ agn)’ bén)’ an)’ i ')
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If S; is empty, define a; = b; = ¢; = co. By Cantor’s diagonal method a subsequence {v,,}
converging pointwise to a vector v = (aq,b1,¢1,a2,b2,¢a,...) can be chosen (convergence to
oo or —oo is also allowed). For this vector we can construct a quantizer () with code points
¢; and corresponding cells S; = [a;,b;). If a; = b; (in this case also ¢; = a; by construction),
then S; is empty by definition. Since for every fixed n the intervals Si(") = [al("),bz(")),
i=1,2,..., are pairwise disjoint, it is easy to see that the intervals S; = [a;,b;),71 =1,2. ..,
are also pairwise disjoint. Since p is nonatomic, p(S;) = lim, ,u([agn), bz(."))) = p; for all ¢, and

hence > 7, 1(S;) = 1. Thus if @ = {(S1,¢1), (S2,¢2), ...} (note that just as in the proof of
Theorem 6.2, some of the ¢; may not be finite), then since H(p) < R, we have

H@Q) < R.

On the other hand, Lemma 6.5 in Appendix 6B shows that lim,, aE") = q;, lim, bg") = b;, and
lim, ™ = ¢; for all ¢ imply D(Q) < liminf, D(Q,) = Dy(R). Finally, just as at the end of
the proof of Theorem 6.2, we can replace any nonfinite c¢; by a finite one that lies inside the
associated (nonempty) cell (if the associated cell is empty, we can simply discard it), and for
any finite ¢; such that ¢; € S; we can join cells or redefine cell boundaries to ensure ¢; € S;

for all 7. The modified quantizer @) is pu-almost regular and achieves Dp(R). O

The following result shows that for any finite N there is an optimal quantizer among all
ECSQs with no more than N code points.

Theorem 6.4 (Gyorgy and Linder [40]) Assume that the real random variable X has
a nonatomic distribution p, and let d(z,y) be a two-point regqular distortion measure such
that d(z,y) is a lower semicontinuous function of y for all z € R, and for all y € R,
d(z,y") < liminfjy o d(z,y). Then for any R > 0 and positive integer N, there exists a
reqular quantizer with at most N code points achieving

Dy n(R) = inf{D(Q) : Q has at most N code points, H(Q) < R}.

Remark. Note that the quantizer achieving Dj y(R) may have less than N code points.
For the squared error distortion case and for sources with log-concave densities, Kieffer et
al. [52] provided conditions under which Dy y(R) is achieved by a quantizer having exactly
N code points.

Proof of Theorem 6.4 The proof of Theorem 6.3 is used with a slight modification. By
Theorem 6.1 there exists a sequence of regular quantizers {Q,}, each having no more than
N code points, such that H(Q,) < R for all n and lim, D(Q,) = Dpn(R). Then the
construction in the proof of Theorem 6.3 yields an almost regular quantizer () with at most
N code points. Since H(Q) < R and D(Q) < lim, D(Q,), @ can be redefined to obtain a
regular quantizer which achieves Dy, n(R). O
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6.4 Optimality and regularity for sources with densi-
ties

In the previous section we showed the existence of almost regular optimal ECSQs for
nonatomic source distributions and a wide class of difference distortion measures. We can
obtain the stronger result that a regular optimal ECSQ exists if we restrict the attention
to the squared error distortion measure and sources with well-behaved densities. For conve-
nience, we assume in this section that the source density is supported in a subinterval (o, 7)
of the real line R, where we allow the possibility that ¢ = —oc and 7 = co. Accordingly,
quantizers need only be defined on (o, 7).

A function f : (o,7) — R is called piecewise monotone if (o, 7) can be partitioned into
countably many intervals such that any bounded set intersects only a finite number of these
intervals and f is monotone in each of these intervals. Piecewise continuity is similarly
defined with continuity in place of monotonicity. All continuous unimodal densities are of
course piecewise monotone and piecewise continuous, and all densities commonly used in
source modeling belong to this class, including the generalized Gaussian, Cauchy, and beta
densities [20]:

o Generalized Gaussian distribution with parameters o, 8 > 0:

fa(z) = %e—(n(a,ﬁ)lﬂ)a

where n(a, 8) = 8714/I'(3/a)/T(1/a) and T is the gamma function, that is, ['(r) =
J;, tte'dt. This family contains, for example, the zero mean Gaussian distribution
with variance 32 (o = 2), and the Laplacian distribution with parameter A (o = 1,8 =

V2/A).

e Gamma distribution with parameters A, > 0:

)\e—)\z ()\I)r—l >
flay=4 e w20
0 otherwise.

This family contains, for example, the exponential distribution with parameter A (r =
1), and the Chi-squared distribution with n degrees of freedom (A = 1/2,7 = n/2).

o Generalized Cauchy distribution with parameters o, 5, > 0:

av e (a, B)T(n + 1/a) (n(a, B>\ "+
20(1/a)T (1) (“ v ) |

fe(z) =
e Beta distribution with parameters o, 8 > 0:

zo 1 (1—g)P 1
falz) = T Blap) O<ax<l1
0 otherwise

where B(a,3) = Fr(ﬁfiﬁg)
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The following theorem resolves the problem of the regularity of optimal ECSQs in the
special, but important case of the squared error distortion measure and piecewise monotone
and piecewise continuous source densities.

Theorem 6.5 (Gyorgy and Linder [39, 40]) Let X be a real random wvariable with a
density f which is piecewise monotone and piecewise continuous in (o,7). Assume that
d(z,y) = (x — y)?. Then for any entropy constraint R > 0 there is an optimal ECSQ which
s reqular.

To prove this result, we need two useful technical lemmas. The proofs of these are
deferred to Appendix 6C. The first lemma is an extension of a result of Kieffer et al. [52,
Lemma A.5].

Lemma 6.2 Let X be a real random variable with a density function f which is continuous,
positive, and nonincreasing (resp. nondecreasing) on (o,7), and E{X?} < co. Assume
d(z,y) = (x — y)?>. Then for any scalar quantizer Q there exists a quantizer Q satisfying

(a) Q and @ have the same cell probabilities and D(@) < D(Q);
(b) Q has interval cells {S;} such that S; < Sy < +-- (resp. Sy > S3 > -+ );

(c) The cell probabilities (1(S;) are nonincreasing as i increases.

The next lemma is a simple consequence of a necessary condition for the optimality of
a finite-point regular ECSQ due to Farvardin and Modestino [20], who generalized a similar
result of Berger [7] from the squared error distortion to more general distortion measures.

Lemma 6.3 Let X have a density f which is positive and continuous in (o,7) and let
d(z,y) = p(|lx — y|), where p : [0,00) — [0,00) is nondecreasing and continuous. Assume Q
is an ECSQ with finite distortion that is optimal for some entropy constraint R > 0. If Q)
has code points {c;} and interval cells {S; = [q;_1,q)}, where ¢i_1 < g; for all i, then there
is a A > 0 such that for all 7,

p(ciy1 — @) — Alogpiy1 = p(g;i — ;) — Alog p; (6.9)
where p; = u(S;).

Proof of Theorem 6.5 Denote the distribution of X by p and assume Dp(R) < o0;
otherwise the result trivially holds. By Theorem 6.3 for any rate constraint R > 0 there is a
p-almost regular optimal quantizer (). If only finitely many cells of () intersect any bounded
interval in (o,7), then @ can be redefined on a set of y-measure zero to obtain a regular
quantizer (see the remark preceding Theorem 6.2), and the theorem holds.

Assume now that () has an infinite number of cells in some bounded interval. Since f
is piecewise monotone and piecewise continuous, it is easy to see that there is an interval
partition {I;} of (o, 7) such that only finitely many of the I; intersect any bounded subset of
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(0,7), and f is continuous and monotone in the interior of each I;. Then there is a bounded
interval J such that J C I for some I € {I;}, J contains infinitely many cells, say {S;}, of
(2, and the intersection of J with any cell of () not contained in J has y-measure zero. Thus
we can define a new quantizer Q on J to have cells {S;} with the corresponding code points.
If f denotes the conditional density of X on J, and fi is the corresponding distribution,
then Q is fi-almost regular, and f is positive, continuous, and monotone on J. Assume f is
nonincreasing; the argument is similar for nondecreasing f . Then by Lemma 6.2 there is a Q\
with D(@, i) < D(Q, ji), such that Q and Q have the same cell probabilities, Q has interval
cells with subdivision points gy < ¢1 < g2 < --- such that the cell probabilities fi([gi—1,4i))
are nonincreasing as 1 increases, and qg = a, the left endpoint of J. Note that the condition
[,z ;T 2 f ) dz < oo required in Lemma 6.2 is automatically satisfied since J is bounded. Since
Q) was optlmal Q must be optimal for £ and the entropy constraint H (Q ). Denoting by
¢; the code point for the cell [¢; 1, ¢;), by Lemma 6.3 there is a A > 0 such that for all i > 1
we have

pciv1 — @) — Alogpiv1 = p(gi — ¢;) — Alog p; (6.10)
where p; = i([gi_1,¢)). If A > 0, we follow an idea of [12] (used in the proof of Theorem 5.2)

to show that only finitely many p; can be nonzero, which contradicts the assumption that @
has an infinite number of cells in J. Notice that (6.10) implies that for any ¢ > 2,

i—1

—Mogp; = > (p(qj —¢;) — plejr1 — qj)> — Alogp

j—l

< ZP — Alogp:
< (E)_)‘logpl

where ¢ denotes the length of J and the last inequality holds because p(t) = > (t > 0) is
convex and nondecreasing. Therefore, if A > 0, then — logp; is bounded from above; hence
there is an € > 0 such that p; > ¢ for all ;. But then > ;° p; = oo, which is impossible.
Thus A = 0. Then (6.10) implies that the cells [¢; 1, ¢;) satisfy the standard nearest neighbor
condition. Since d(z,y) = (z — y)?, the optimal code point ¢; corresponding to [g;_1, ¢;) is
the centroid E{X|X € [gi_1,¢;)}, and since f is nonincreasing on J, ¢; — ¢i—1 < ¢; — ¢;. By
the nearest neighbor condition, ¢;11 — ¢; = ¢; — ¢;, and so ¢; — ¢;i—1 < @i+1 — ¢; for all .
That is, the cell lengths increase with ¢. Therefore, lim; ¢; = 0o, contradicting the fact the
J is bounded and ¢; € J for all 4 > 1. Thus only finitely many cells of ) can intersect any
bounded interval. ]

As an easy corollary of the auxiliary Lemma 6.3, we can extend the generalized nearest
neighbor condition to regular optimal ECSQs for positive and continuous densities and con-
vex nondecreasing distortion measures. The proof of this result is also given in Appendix 6C.

Lemma 6.4 Let X have a density f which is positive and continuous in (o,7) and let
d(z,y) = p(|z — y|), where p : [0,00) — [0,00) is nondecreasing and convex. Assume that
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the reqular quantizer Q) is an optimal ECSQ) for some entropy constraint R > 0. If () has
code points {c;} and interval cells {S; = [¢;_1,q;)}, where ¢;_1 < ¢; for all i, then there is a
A > 0 such that for alli,j and z € S; we have

plz = cil) = Mog (i) < p(|z = ¢;[) — Alog p(S;) (6.11)

By Theorem 6.5 for every entropy constraint R > 0 there is a regular mean squared
optimal @ satisfying (6.11). If A = 0, then (6.11) reduces to the nearest neighbor condition,
and thus @) is a nearest neighbor quantizer. Moreover, if () is a nearest neighbor quantizer,
then (6.9) holds for any A if all cells of @ have the same probability, otherwise A = 0. If
A > 0, then the proof of Theorem 5.2 is applicable without changes, and the tail condition
can be used to ensure that () has a finite number of code points.

Appendix 6A

In this section the construction and some properties of the Cantor ternary set are presented

(see, e.g., [3]).
Let E; be the middle third of the interval [0,1], that is, F; = (%, %) Let E5 be the

union of the middle thirds of the two intervals that remain after F; is removed, that is,
Ey = (3,2)U(%,%). Continue the construction; let E, be the union of the middle thirds of

979 9’9
the intervals that remain after Fy,..., E,_; are removed. The Cantor ternary set C is then
defined as -
¢ =0,1]\ | En.
n=1

It is easy to see that z € C if and only if z € [0,1] and x can be expressed in ternary
form using only digits 0 and 2. Then it follows that C' is uncountable. Moreover, notice that
the sum of the lengths of the intervals removed is 1. Therefore, C has Lebesgue measure 0.

Other interesting properties also follow from the definition: C' is closed, perfect (every
point of C' is a limit point of C'), and nowhere dense.

Appendix 6B

Lemma 6.5 Assume the real random variable X has a nonatomic distribution p and d(z,y)
is a lower semicontinuous function of y for all x € R. Let {Q,} be a sequence of infinite-
point almost reqular quantizers, each with cells {S™ = [a{™,b")} and code points {c{™}
such that lim,, ai") ) = b;, and lim,, c§“) = ¢; for all i, where a;, b;, and c; are not
necessarily finite. If the intervals S; = [a;, b;) satisfy ,u(UZ Si) = 1, then for the quantizer
Q = {(S;,¢;)} we have

= a;, lim,, bz(.n

D(Q) < liminf D(Q,,).

n—o0

71



Proof. Since d(z,-) is lower semicontinuous, we have

lim inf 1 g0 (z)d(z, M) > 1g,(z)d(z, ¢;)

n—00 -

for p-almost all z (recall equation (3.3) and the definitions thereafter if ¢; is not finite). Then
by applying Fatou’s lemma twice, we obtain

D@ = [ 3 1se,)duto)

VA
%\
=
18
g5
=
—_
=
—~
N—r
2
sﬁﬁ
Q.
=
8
SN—r

< liminf/g 1S(n) ))d,u(m)
n—oo
i€

= liminf D(Q,).

n—o0

Appendix 6C

Proof of Lemma 6.2 Assume that f is nonincreasing, and denote the cells of @) by
{51, Ss,...}. By Theorem 6.2 we can redefine () to be almost regular. If @ has a finite
number of code points, then it can be redefined to be a regular quantizer. For a finite-point
regular quantizer the statement of the lemma reduces to [52, Lemma A.5].

Now assume that ) has infinitely many code points. Denote the distribution of X by
p and let us index the cells of @ in such a way that u(S1) > u(S2) > ---. The proof of
Corollary 6.2 shows that there is a sequence {Q%} of regular n-point quantizers such that
each @}, has cell probabilities ((51), ..., (Sn-1), #(U;5, S;) (and so H(Q;) < H(Q)), and
limsup, D(Q) < D(Q).

Apply the lemma to @ to obtain a unique n-point regular quantizer @n with D(@n) <
(n) (n) (n) (n)

D(Q?), having subdivision points 0 = ¢y’ < ¢; - < q,21 < gn’ = 7 and code points
" = B{X|X < [qfn)l,qz )}, i=1,...,n, such that M([qf")l,qf"))) =p” fori=1,..n,
where p§”), ..., p{™ is obtained by orderlng the probabilities 11(S1), ..., (Sn-1), 1(U;5n Sj)

in a nonincreasing manner. Let us formally make @),, an infinite-point quantizer by defining
( ) = 7 for all i > n. Denote the distribution function of X by F, and let F~! be the inverse

of F'in the interval (o, 7). Clearly, for each fixed ¢ and all n large enough, u(S;) > p(U;>, S5),

and so p{™

= u(S;). Consequently, for such i and n,
= Z 1(S;)
j<i

and so letting ¢; = F1(> i<i 14(Sj)), we have q( ") — ¢ for all n large enough. Therefore

Lemma 6.5 can be applied to show that the infinite-point quantizer @ with subdivision points
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Go < G1 < Go < --- and code points ¢ = E{X|X € [§i_1,¢;)}, 1 =1,2,..., satisfies

D(Q) < liminf D(Q,) < limsup D(Q}) < D(Q).

n—o0 n—00

Since @ clearly satisfies the other requirements of the lemma, the proof is complete for
nonincreasing f. A similar argument can be used when f is nondecreasing. ]

Proof of Lemma 6.3 Consider first the case where () is a finite-point regular quantizer
with (ordered) subdivision point vector ¢ = (g, - - ., ¢,—1) and code points {ci, ..., c,}. First
we show that (6.9) holds for alli = 1,...,n—1 in this case. (This result was earlier obtained
in [20, eq. 13|, as an immediate consequence of the Kuhn-Tucker conditions of constrained
optimization [61] applied to the distortion and the entropy of @ as functions of the vector
(g1,---,qn_1). However, explicit conditions on the source density and the distortion measure
were not stated in [20]. In the following we show that the positivity and continuity of the
source density and the continuity of p are sufficient.)

Denote the distortion and entropy of a quantizer with (ordered) subdivision point vector
t = (t1,...,tn_1) (t; € (0,7)) and code points {ci,...,c,} by

n t; n
DO=3 [ pllo-cfe)ds and HE) =~ pilogp
i=1 vV ti-1 i=1
respectively, where p;; = P{t;_1 < X <t;} = fttil f(z)dz, to = 0, and t, = 7. Then ¢ is a

solution of the constrained minimization problem

minimize  D(t)
subject to H(t) < R.

Since both D and H are continuously differentiable functions of ¢, by the Kuhn-Tucker
conditions (see, e.g., [61]) there is a A > 0 such that the equations

oD() OH(t)
o, T o,
MH(#) —R) = 0. (6.13)

= 0, fori=1,...,n—-1 (6.12)

are satisfied for £ = q. The partial derivatives are

28— ol — ) — plle — cina)
agjtit) = f(t:)(logprit1 — log pes).

Then, since f(¢;) > 0 for ¢ = 1,...,n — 1, by assumption, from (6.12) we obtain (6.9) for
1=1,...,n—1.
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If p; is constant for all 4, then (6.9) does not depend on A. Otherwise there is an i such
that p; # p;11, and then A is uniquely given by

5\ p(civ1 — @) — p(gi — ci)
log p;+1 — log p;

(6.14)

Notice that the numerator in the above expression is independent of the distribution of
X, and the denominator depends only on the ratio of the probabilities of adjacent cells.
Therefore, if () is an infinite-point quantizer, then p; # p;,1 for some 7, and the application
of (6.14) to the conditional density of X on [g;,qx) for all j < k — 1 proves (6.9) for all i
(clearly, the finite-point quantizer obtained by restricting @ to [g;, gx) must also be optimal
for the conditional density and the corresponding rate). ]

Proof of Lemma 6.4 Since p is nondecreasing, for all ¢ and for all z € [¢;, ¢;] we have

plz —ci]) = Mogp; = p(z —¢;) — Alogp;
< plg; —ci) — Alogp;
= p(cit1 — ¢) — Alogpita
(ci

IN
>
Ay
+
-
|
&
|
>
<)
i)
=
+
-

where the second equality follows from Lemma 6.3. On the other hand, if z < ¢;, then

p(lz —ci|) = Alogp; = p(ci —x) — Alog p;
< plei—z) + p(gi — ;) — Mog p;
= plei — ) + plciv1 — @) — Alogpita
< p(ciy1 — ) — Alogpiy.

The second equality holds again by Lemma 6.3, and in the last step we used the fact that p
is convex, nondecreasing, and p(0) = 0. Therefore, if € (¢;_1, ¢;|, then

p(lz — cl) — Alogpi < p(|z — ci+a|) — Alog pisa
and so for all j > 1,
p(lz — cil) = Mogp; < p(|lz — ¢;|) — Alog p;.

A similar proof shows the corresponding inequality for all j < 1. O
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Chapter 7

The structure and existence of
optimal ECV(Qs for continuous
distributions

In this chapter we extend the results of the previous chapter for vector quantizers. The
essential ideas of the proofs are similar, but the problems in the vector case are much harder
and more technical. The main difficulty is that while the intersection of infinitely many
intervals is always an interval, and hence can be described by two parameters, the intersection
of infinitely many halfspaces cannot be described using finitely many parameters in general.
Furthermore, regularizing cells in the scalar case results in an ordering (that is, if S; and
Ss, and Sy and S3 have been regularized, respectively, and so we have S; < S3 and Sy < Ss,
then we also have S; < S3, thus S; and S3 are regularized automatically), but this property
cannot be maintained in higher dimensions in general.

Since even for “nice” continuous difference distortion measures Lagrangian-optimal ECVQs
are not regular in general, we cannot expect an optimal ECV(Q to be regular if the distortion
measure is not the squared error distortion. Therefore, throughout this chapter we assume
the latter, that is, d(z,y) = ||z — y|%

In Section 7.1 we introduce a description of regular vector quantizers based on halfs-
paces, which is a generalization of the subdivision-point-description used in the scalar case.
Regularity properties of finite-point ECVQs are discussed in Section 7.2. Theorem 7.1 and
Corollaries 7.1 and 7.2 show that a finite-point ECVQ can be replaced with a finite-point
regular ECV(Q with the same cell probabilities and not greater distortion. Corollary 7.3
shows that if the variance of the source is finite, then D, (R) can be arbitrarily well approx-
imated with finite-point regular quantizers. Section 7.3 deals with infinite-point quantizers.
Theorem 7.2 shows that any ECV(Q can be replaced with an almost regular ECVQ having
better performance and the same entropy. The main ingredient in the proof of this result is
Lemma 7.2, which greatly simplifies the proof of the existence of optimal ECVQs, presented
in Theorem 7.4 in Section 7.3.

In the last section of the chapter we show how to apply the results of the previous
chapter and this one to variable-rate quantizers. The main existence proofs presented in
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these chapters are also extended in Theorem 6.3 and Theorem 7.4.

7.1 Halfspaces and regular vector quantizers

Regular vector quantizers can be described similarly to regular scalar quantizer, using hyper-
planes instead of subdivision points (which are in fact hyperplanes in the one-dimensional
space). It will be convenient to use the following notation. Any (k — 1)-dimensional hy-
perplane h in R* can be described by a (k + 1)-dimensional real vector (ay, ..., ax,b) with
|la|]| = 1 such that = € h if and only if the inner product (a,z) = b, where a = (a4, ..., a).
(Note that ||a|| = 1 implies |a;] < 1 for all : = 1,...,k). A hyperplane divides the space
into to halfspaces. For the hyperplane h we call the ordered pair (H;, Hy) the corresponding
halfspaces, where H, = {z € R* : (a,z) < b} and H, = R* \ H; = {z € R* : (a,z) > b}.
We can extend these definitions for any extended real b € R by setting H; = RF if b = oo,
and H; = 0 if b = —oco. We say that the hyperplane h separates the sets Si,S» C RF, if
S1 C Hy and S3 C Hy. Note that the order of the sets is important: by definition h sepa-
rates H; and Hs, but does not separate Hy and Hy (Hy ¢ Hy and Hy ¢ H;). In the sequel
we alternatively use the notation h for the hyperplane itself and for the hyperplane vector
(a1,...,ax,b). In particular, when we talk about convergence of hyperplanes, we mean the
pointwise convergence of hyperplane vectors. We consider the convergence of the first &
elements of h in R (more specifically in the interval [—1,1]), while the convergence of the
last element is considered in R.

Assume that @ = {(S;¢;),i € I} is regular. Then the S; are convex, and for any i < j
there is hyperplane h; ; separating the two cells. When dealing with absolutely continuous
distributions with respect to the Lebesgue measure in R* and cells with a common boundary
of y-measure zero, we adopt the convention to assign the common boundary to the cell with
smaller index. In this case we can assume that S; C H;; and S; C H,;, where (H;;, H;;)
are the halfspaces corresponding to h;;. Then S; C [, ; H;,;, and since these intersections

are disjoint and | J; S; = R¥, we also have S; = ﬂi# H;;.

7.2 Regularizing ECVQs

The following lemma is a straightforward generalization of Lemma 6.1 in Chapter 6 for the
squared-error distortion measure from one- to more dimensions.

Lemma 7.1 Assume that the R* valued random vector X has a distribution p which is
absolutely continuous with respect to the Lebesque measure on R* | and let d(x,y) = ||z —y||*-
Let Q = {(S1,¢1),(S2,¢2)} be an arbitrary two-point quantizer. Then there ezists a two-

~

point quantizer @ with halfspace cells {§1,§2} and corresponding code points {c1,ca} such

~ ~

that j(S;) = p(8:), i = 1,2, and D(Q) < D(Q).

Remarks. (i) Q has halfspace (thus necessarily convex) cells but it is not necessarily regular
(¢; € S; is not guaranteed by the construction). However the centroid rule (see Lemma 3.1)
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guarantees that each ¢; can be replaced by a ¢; € ,/S’\, such that the distortion is not increased.
(ii) The hyperplane separating the new cells is perpendicular to the vector ¢; — co. (iii) A
lower bound on D(Q) — D(Q), the decrease in the distortion is presented in Lemma 7.4 in
Appendix TA.

Proof of Lemma 7.1 Since the Euclidean distance is invariant to orthonormal transforma-
tions, we can assume, without loss of generality, that ¢; = (u1,0,...,0) and ¢; = (us,0,...,0)
and u; < ug. Since u is absolutely continuous with respect to the Lebesgue measure, there
is a u € R such that the halfspaces

Si={(z1,...,zx) ERF 12y <u} and S = {(z1,...,2%) € RF : 21 > u}

satisfy 1(S1) = p(S:) and p(Ss) = (Sz) Note that the hyperplane separating S; and Ss is
perpendicular to the vector ¢;—cs. Let Q = {(S1, ¢1), (S2, ¢2)}. We show that D(Q) < D(Q).
If D(Q) is not finite, we are done; so assume D(Q) < oo. Using the notation z = (z1, ..., zx),
D(Q) can be written as

D@ = [ le=elfdu)+ [ el duto
= /5 (1 —w)? + 25 +... +17) du(x)+/52 (21 —ug)® + 23+ ... + 22) du(z)
= /Rk (z3+ ...+ z3) du(x)+/51(x1—u1)2dp(x)+/S2(x1_U2)2dﬂ(x)_
Similarly,
D) = /R (e ad) due) + /g (o1 =) d(o) + /g (@1 = )" d(a)

Therefore,

D(Q) - D(@) = (7.1)
~ Jars (21 =) = (21— w2)°) dpu() + /S 5 (21 —u2)?® = (21 — w1)?) dp(z1)
= (u? —ud)(u(S1 N 82) — u(S2 N Sh))

+2(us — wa) ( /S md(o) - /S o du(w)) . (7.2)

Since u(S;) = p(S1) and pu(Ss) = u(S,), we have u(S; N SQ) = ,u(52 N 5,), hence the first
term in the above expression is 0. Also, by the definition of S, and 52,

/ _xpdp(z) > / _udp(z) = up(S1 N )
S1NS2 S1NS2

/ _zpdp(z) < / udp(z) = up(S2 N Sh).
SaNS1 SaNS1

and
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Therefore, the second term in (7.2) is nonnegative, implying

D(Q) - D(Q) = 0.

Lemma 7.1 showed that if the distortion measure is the squared error distortion, then any
two-point quantizer can be regularized, that is, replaced with a regular two-point quantizer
with equal or better performance. The next theorem and the corollaries thereafter extend
this result to finite-point quantizers.

Theorem 7.1 Assume that X has a distribution p which is absolutely continuous with re-
spect to the Lebesgue measure on R*, and let d(z,y) = ||z — y||>. Then 1 for any N-point
quantizer Q = {(S1,¢1), ..., (SN, cn)} there is an (N + 1)-point quantizer Q = {(5, cl)
(SN+1,CN+1)} for some cy1 € R* such that S s a convex polytope for 1 <1 < N, SN+1 18
a union of finitely many convex polytopes,

p(S;) = u(S;) for 1 <i < N, and p(Sy41) =0

and
D(Q) < D(Q).

More precisely, for every 1 < i < j < N there are hyperplanes h; ; perpendicular to ¢; — c;
with corresponding halfspaces (H;j, Hj;) such that S; = U, Hij for all1 < i < N, and
Sni1=RF\UL, S;.

Before presenting a proof of the theorem, we discuss some of its corollaries. The centroid
rule (see Lemma 3.1) guarantees that each ¢; can be replaced by a ¢; € §z such that the
distortion is not increased. By DeMorgan’s law the cell S N+1 can be written as a union of
finitely many convex polytopes. Defining a cell for each of these polytopes, and defining the
associated code points arbitrarily inside these cells, we obtain the following corollary.

Corollary 7.1 Assume that X has a distribution p which is absolutely continuous with
respect to the Lebesgue measure on R* | and let d(z,y) = ||z — y||?. Then for any finite-point
quantizer () there is a reqular finite-point quantizer @ such that @ has the same positive cell
probabilities as @, but it may have some cells of probability 0, and D(@) < D(Q).

Specializing to positive densities, §N+1 has to be of Lebesgue measure 0, implying the
following result.

Corollary 7.2 Assume that the random vector X has a positive density, and let d(z,y) =
|z —yl||?>. Then for any N-point quantizer Q there is a reqular N-point quantizer Q with the
same cell probabilities such that D(Q) < D(Q).
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Remark. If X has a positive density concentrated on a convex subset C € RF, then it
is enough to consider quantizers defined only on C. In this case ) is a regular N-point
quantizer defined only on C.

Proof of Corollary 7.2 Each convex polytope cell S of measure 0 in Corollary 7.1 can be

S — ﬂ ﬁi,j

1<i<j<N

written in the form

where either f-\I” = H,; or ﬁ” = H;;. Then the interior of S can be written as the
intersection of finitely many open halfspaces; hence if it is not empty, then we have u(S) > 0.
Therefore, the interior of S is empty. If SN H; ; # 0 for some 1 < i < j < N (the halfspaces
H;; for j > i are open by definition), then these points can be reassigned to S; to obtain the
desired quantizer structure. O

Another immediate consequence of Theorem 7.1 is that Dy(R) can be arbitrarily well
approximated by regular finite-point ECVQs if the variance of the source is finite. This fact
can be very useful in analyzing the high rate asymptotic behavior of Dy (R) [57]. The proof
of the following corollary is exactly the same as the proof of Corollary 6.2 for the scalar case.

Corollary 7.3 Assume X has a distribution p which is absolutely continuous with respect
to the Lebesgue measure on R* E|X||? < oo, and let d(x,y) = ||z — y||>. Then for any
R >0 and € > 0 there is a regular finite-point quantizer Q. such that H(Q.) < R and

D(Qe) < Dh(R) +e€

Proof of Theorem 7.1 Assume D(Q) is finite; otherwise the statement is trivial. For every
positive integer n we construct a quantizer Q, = {(S\™,¢1),..., (5%, cx)} with p(S™) =

wu(S;) for all 1 <4 < N, such that the sequence {Q,} converges to the desired quantizer.
For every positive integer n and 1 < ¢ < j < N we also define a hyperplane h( ") with
corresponding halfspaces (HZ(’;), H (”)) where hz(’j) is intended to separate the cells Si(n nd
S,

Let Q1 = Q, and assume that we already have constructed the quantizer @), such that
D(Q,) < D(Q,_1). For every 1 < i < j < N, restricting p to Si(n) u S](.n), we can apply
Lemma 7.1 to the quantizer {(S{,c;), (R* \ S™,¢;)} to separate the cells 5™ and S](-n)
while keeping the other cells of @, the same (the details of this regularization step will

follow shortly). Let hg;-) denote the hyperplane separating the resulting modified cells, and
denote the corresponding halfspaces by (H, f’;), H (")) Note that h( is perpendicular to ¢; —
(see remark (ii) after Lemma 7.1). Such a regularization does not increase the distortion of

the quantizer; let pg;-) denote the decrease in the distortion. Let :* < j* be positive integers

such that regularizing Si(f ) and S](f) results in a maximum decrease, that is,

Pn pgf,)] = max p" (7.3)

1§i<j§Np J
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Then we regularize the cells Sz-(f ) and Sj(f) of @, to obtain the next quantizer @), 1. That
is, let u, be the restriction of u to Si(f U S](-?). Applying Lemma 7.1 to the quantizer
g™ = {(S™, ¢r), (R¥ \ ST ¢;«)} we obtain the quantizer ¢{® with the same code points
(n) (n) (n)y _ (n) (n)y _
and halfspace cells { H;" ., H\";, } (defined above) such that i, (Si”) = pin (Hp'je ), pin(S5e7) =
un(H;?’)i*), and D(¢{"™, pn) < D(¢\™, ). Then define the new quantizer Q,4, = {(S"™", ¢,),
ce (SI(\T,ZH), cn)} such that

HY.N(SPUSW) ifi=i

(n+1) _ (n) (n) ()Y se s s,

S; = Hjow N (S U SY) ifi = 5%

s if i # i* .
Then clearly p(S™) = u(S™) = wu(S;) for all i, and

D(@Qni1,1) = Di(Qni1, 1) + Dy (Quir, 1) + Y Di(Qnra, 1)
i#i*’j*
= D(¢" 1)+ Y Di(Qui1, 1)
i?éi*’j*
< D(qgn)nun)-F Z Di(Qn—l—l,,Ul)
1A% g
= Di*(Qnaﬂ)+Dj*(Qnaﬂ)+ Z Di(anu)
it *

= D(Qn,p)

Obviously {@,} has a subsequence, also denoted by {Q,,} for convenience, such that the cor-

responding sequence of the hyperplanes {(hg";, hgfg, ce hg{,’ll, ~)} converges, that is, lim,,_, hz(:';-) =
hi ; for some hyperplane h; ; for all ¢ < j. Note that since the hyperplanes hg;.), n=12...
are parallel, it is enough to consider the convergence of the last component of the hyperplane
vectors. For every 1 < i < j < N let (H,;, H;;) denote the halfspaces corresponding to h

and for every 1 < i < N let
Sz' - n Hi,j-

1<GSN,j#i

2,59

Furthermore, let
N
Svi =R\ (S
7=1

and cy41 € S N1 arbitrary. If S N+1 = 0, then let ¢y, be an arbitrary vector in R*. Finally,
define the (N + 1)-point quantizer @ = {(S1,¢1), .-, (Sva1,envs1)} (if Syy1 = 0, then Q is
a regular N-point quantizer). Next we show that {Q),} has a subsequence {Q,,} satisfying

llim Qn,(z) = Q(z) p-almost everywhere (p-a.e.). (7.4)
—0o0

Since the sequence {D(Q,)} is nonnegative and nonincreasing, it converges, thus p, =

D(Qn) — D(Qn+1) — 0. Therefore, for any 1 < i < j < N, p{” — 0. Fix e > 0, and let
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0* = min;; ||¢; — ¢;||. Lemma 7.4 in Appendix 7A shows that for all ¢, j, and n there is a
d = d(e) > 0 such that

p) > 468* () (ST N HIY) — €) = 466" (u(S™ N HT) — €

2J

(n)

where uz(.”;-) denotes the restriction of y to S;’ U SJ(-”). Therefore, since § and 6* are positive,

lim sup u(Si(") N H](T;)) —e<0

n—o0
for every € > 0, implying
lim u(S™ NHP) =0 (7.5)

n—oo

for every 1 < i < j < N. Furthermore, since u(S™ N H(n)) (S(n N H(n)) (7.5) holds for
every i # j. For every x € RF let

N
i=1 1<j<N,j#i

Then Y, (X) — 0 in probability as n — oo, since for every € > 0

P{Y,(X)|>€¢} < P{Y,(X)>0}=P {Lnj U {Lgmppen (X) = 1}}

i=11<G<N,ji

< Z S s HD) S0

i=1 1<j<N,j#1
Therefore, there is a subsequence {Y,,} such that lim; ,., ¥, (z) = 0 p-a.e. [3], which in turn
implies that for all 7 # j,
0 = lllgz 1S§"l)ﬂH](-zl) (z) = llgg 1S£nl) (iC)lHJ(Zl) (z)
= lll)rg 155"1) (x)lHj,i (.’B) = lli)rg) 155”1)0}11,71. (fL‘) p-a.e.
So for all ¢+ we have
hm 15("1)As (z) =0 p-ae.

where AAB = (A\ B)U (B\ A) is the symmetric difference of the Borel sets A, B C R*.
Hence lim, 151_(n,)(x) 15 (z) p-a.e. Since Qn(z) = Zfil cils(n) (x), we have

(3

N
lllglo Qn,(z) = lllglo; cil S(nl) Z Ci llm 1 S(nl) Zcz =Q(z) p-ae.
hence (7.4) holds. Then Fatou’s lemma [3] implies
D@ = [ le=Q@IPdu(o) = [ timinf o = Qu (@) du(o)
Rk — 00
< lim inf/ |z — Qn,(2)||* du(z) = liminf D(Q,,) < D(Q) (7.6)
[—o0 R* l—o00

since for every positive integer n we have D(Qns1) < D(Qn), and D(Q;) = D(Q). Thus Q
satisfies the requirements of the theorem. ]
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7.3 Regularizing infinite-point quantizers

In this section we prove that infinite-point ECVQs can be replaced with almost regular
ECVQs with same cell probabilities and less than or equal distortion. The key to the results
concerning infinite-point quantizers is the following lemma.

Lemma 7.2 Assume that X has a distribution u which is absolutely continuous with respect
to the Lebesgue measure on Rk and let d(z,y) = ||z — y||>. For every positive integer n
let Qn = {(S™, ™), (85, M), ...} be an infinite-point quantizer in R* defined p-a.e., and

n)

assume that for every i, 7 satisfying 1 <1 < j < n there is a hyperplane h( separating the

cells Si( ") and S](- . Assume, furthermore, that for every positive integer i, hmn M(SZ.(n)) =p;
for some p; > 0 such that > ;> p; = 1. Then there is a quantizer Q with convez cells defined
p-a.e. such that the cell probabilities are {p1,p2,...,}, and

D(Q) < liminf D(Q,,).
(n)

Furthermore, if lim, ¢;” = ¢; for some ¢; € R* for every positive integer i, then the code
points of @ can be defined to be {c1,cz, ...}

Proof. Assume liminf, D(Q,) is finite; otherwise the statement is trivial. To simplify
the notation, without loss of generality we assume that lim,, D(Q,) exists (and consequently
it equals liminf, D(Q,)), since {Q,} has a subsequence {Q,,} such that lim; D(Q,,) =
liminf,, D(Q,). For positive integers n and ¢ let p( " = (Si(n)). For every 1 <i < j <mnlet
(HZ(';), H (n)) denote the halfspaces corresponding to h( ) Since hg’j) separates Si(”) and SJ(”)
S, e H; (") and S; (n) H’ (n ). For every n form the Vector

vn = (7, &7, ALY, o8 Y RS e R e )
where h( ") is defined arbitrary for ¢ < j if j > n. By Cantor’s diagonal method a subsequence
of {v, } converglng componentwise to a vector v = (cy, ¢, h1 2, €3, h1 3, ha3, - . .) can be chosen
(recall that the convergence of c§“) is considered in R¥, while the convergence of the last
element of each hg;-) is considered in R). For simplicity, this subsequence is also denoted by

{vn}. For the vector v we can construct a quantizer @ = {(S1, ¢1), (S2,¢2), ...} with

Si=()Hi;
J#i
where (H,j, H;;) are the halfspaces corresponding to the hyperplane h;; for i < j. To
simplify the notation we define Hi(;) = H,; = R* for all positive integers n and i. We show
that () satisfies the requirements of the lemma. The cells are clearly disjoint and convex. To
see that they cover the space R¥ with probability 1, notice that for positive integers i, < n
we have
s ¢ ﬂ H?  and U s cRrey ﬂ H™.

1<5<l,j#1
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Therefore, since the SJ(.n) are disjoint for all j,

o™ = 4 (S( )) <u <h Hf,’?) <1- ¥ 4 (S](n)) - Y . (7.7)

j=1 1< <l ji 1<j<L,j#i

Letting n — oo, by the dominated convergence theorem [3] we obtain p; < p <ﬂ;:1 Hi,j) <

1-> <j<1,j2iPj for every ¢ and [. Since for every positive integer ¢ the sequence of sets

{ﬂézl H; ;}7i-1y 1s decreasing to Sj, letting [ — oo we obtain p; < pu(S;) <1-3_,.;p; = pi-

Thus p(S;) = pi, and Y ooy p(S;) = 1, implying that @ has the desired cell probabilities.
Next we show that for every positive integer ¢+ and every Borel set B C S;

lim (BN S™) = u(B) (7.8)

n—oo

If 7,1 < n, then

wBNS™) = u(Bn ﬂ H N\ (ﬂ H\ 5<">>>

> ulBn m H(”)) <h H(") \ S("))
= (m N H<">)) (h A \s,@)

where in the last step we used (7.7) and the fact that 5™ c ! i1 H ™). Since lim,, h ]) = hij,

letting n — oo yields for any positive integer [

liminf u(B N S™) > u(B) — (1= p;).

n—oo

Therefore, since u(B) > u(B N SZ-(")) and » 3%, p; = 1, letting [ — oo proves (7.8). Now
assume p(S;) > 0 and let B C S; be a closed ball with p(B) > 0, and assume that ¢; = 0o
for some 7. Then the partial distortion of the ith cell is

D@ = [ o= P du> [ o el duz (B0 S i o - o
an) Bmsgn) z€B

If n is large enough we have u(B N Si(n)) > § for some § > 0, and ¢; = oo implies that
lim,, mingep ||z — cz(»")||2 = 00. Therefore we have lim, D(Q,) > lim, D;(Q,) = oo, contra-
dicting the assumption that liminf, D(Q,) is finite. Thus ¢; € R* for all positive integer i

for which p(S;) > 0. Therefore, the quantizer @ is well defined.
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It remains to show that D(Q) < liminf, D(Q,). To prove this inequality, we apply
the same method as in the proof of Theorem 7.1: we show that there is a subsequence of
quantizers {Qy, } such that for every ¢

hm 1S(nl)( z) = 1g,(z) p-ae. (7.9)
For every positive integer ¢ let Y;(") (z) = 14 (z)1mr\s; (7). Then for every € > 0 we have
PUY(X)] > ¢} = P (X) =1}
= (S N (R 8)) = p(S) — (S N 8:) = 0 (7.10)

as n — oo by (7.8). This implies that Y;(n) (X) — 0 in probability for every i. Therefore,
every subsequence of {Y;(n)} has a subsequence {Y;(nt)} converging to 0 p-a.e. [3], that is,
for this subsequence we have

tlggo 1S§nt)(x)1Rk\Si (z) =0 p-a.e. (7.11)

Note, however, that the subsequences for different values of ¢ may be different. On the
other hand, similarly to (7.10) and (7.11) we obtain for every i that every subsequence of
{1Rk\sgn)15i} has a subsequence {1Rk\sgnu)1si} satisfying

hm 1Rk\s<nu)( z)lg,(z) = 0 p-a.e. (7.12)
since from (7.8) we have

lim p((R*\ S™)NS;) = lim u(S) — u(S™ N S;) =

n—oo n—oo
Since (7.11) and (7.12) hold for all 4, by Cantor’s diagonal method we can pick a subsequence

{m;} such that for all i we have

llgg) 1S§nl)($)1Rk\Si () =0 p-a.e. and  lim 1Rk\sf"l)(m)15i (x) =0 p-a.e.

l—o0

Therefore, (7.9) holds for every positive integer i. (If z € S; then we have lim; 1, \s) (z)=0
p-a.e., and consequently lim; 1 (nl)( ) =1 p-a.e. For z ¢ S; we have lim; 1 (nl)( ) =0 p-a.e.)

Now since Qy,(z) = c( ™) if g € S ,and Q(z) = ¢ if z € S, (7.9) 1mphes
lim Quy(2) = Qz) prae.

which readily implies D(Q) < liminf; D(Q,,) = lim,, D(Q,) (recall the inequality (7.6)). O

By Lemma 7.2 it is immediate to extend Theorem 7.1 to infinite point quantizers.

Theorem 7.2 Assume X has a distribution p which is absolutely continuous with respect to
the Lebesgue measure on R*, and let d(z,y) = ||x —y||®. Then for any quantizer Q there is
a quantizer Q deﬁned p-a.e. such that Q) and Q has the same code points and corresponding
cell probabilities, Q has convez cells, and D(Q) < D(Q).
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Let {§1,§2, ...} denote the cells of Q, and let {c1,¢2,...} denote the corresponding code
points. As in Corollary 7.1, the centroid rule (see Lemma 3.1) guarantees that each ¢; can be
replaced by a ¢; € S; such that the distortion is not increased, implying the following result.

Theorem 7.3 Assume that X has a distribution p which is absolutely continuous with re-
spect to the Lebesque measure on R*  and let d(z,y) = ||z — y||>. Then for any quan-
tizer Q) there is an almost reqular quantizer (Q having the same cell probabilities such that

~

D(Q) < D(Q).

Proof of Theorem 7.2 Assume that D(Q) is finite; otherwise the statement is trivial, and
assume that Q@ = {(S1, ¢1), (S2,¢2), ...} is an infinite-point quantizer; otherwise the statement
immediately follows from Theorem 7.1. For every positive integer n let p,, be the restriction of
pto Ry, = Ui, Si, and define the n-point quantizer g, = {(S1,¢1), ., (Sn-1,¢n-1), (U;j>n Sis n)}
Regularizing g, by Theorem 7.1 we obtain a quantizer ¢, = {(§§n), €1) ey (:S’\,(Ln), Cn), (A,(::L)l, Cnt1)}
such that 1,(5™) = 1 (S;) and 8™ is a convex polytope for 1 < i < n, u(S™,) = 0, and
D(Gn, ptn) < D(gn, ptn)- Let Q, = {(Sin), 1), (Sé"), ¢2),--.} be an infinite-point quantizer,
where

§i(n)ﬂRn if1<i<m
SM={8,1UB™,NR,) ifi=n+1;

Then obviously /,L(Si(n)) = u(S;), and D(Qn, ) < D(Q,u). Therefore, liminf, D(Q,, 1) <
D(Q, ). Moreover, the sequence {Q,} satisfies the requirements of Lemma 7.2, hence the
statement of the theorem follows by the lemma. O

7.4 The existence of optimal almost regular ECVQs

Combining Theorem 7.3 with Lemmas 7.2 and 5.2 we can easily prove the existence of an
optimal ECVQ. Theorem 7.3 also implies that such an optimal quantizer can be assumed to
be almost regular.

Theorem 7.4 Assume that X has a distribution p which is absolutely continuous with re-
spect to the Lebesgue measure on R¥ | and let d(z,y) = ||z — y||*>. Then for any R > 0 there
exists an almost reqular quantizer Q) such that H(Q) < R and D(Q) = Dn(R).

Proof. Fix R > 0 and assume Dy (R) is finite; otherwise the statement is trivial. Consider
a sequence of quantizers {Q,} such that H(Q,) < R for all n and

lim D(Q,) = Du(R).

n—oo

By Theorem 7.3, (),, can be assumed to be almost regular for every n. Furthermore, for
every positive integer n and ¢ let Si(") denote the cell of (), with the ¢th largest probability,
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let c§“) denote the corresponding code point, and let p§")

= u(S™). In case of ties, any
ordering of the equiprobable cells suffices. If Q),, has [ cells, then we formally define pi") =0
for i > I. For every n, let p(™® = (pg"),pg"), ...). Then H(p™) < R, and so by Lemma 5.2
the sequence {p(™} has a pointwise convergent subsequence {p™)}, which converges to
some probability distribution p = (py,po,...) with H(p) < R. Applying Lemma 7.2 to the
corresponding sequence of quantizers {@,,}, we obtain a quantizer @ defined p-a.e., with
convex cells {57, 52, ...} and code points {¢;,éa, ...} such that u(S;) = p; for every positive
integer i, and so H(Q) = H(p) < R. Moreover, D(Q) < liminf, D(Q,) = Dy(R). Finally,
by the centroid rule (see Lemma 3.1), for every i we can replace the code points & by ¢;,
the centroid of S;, without increasing the distortion of @ Then ¢; € S;, and so the resulting
quantizer @ = {(S1,¢1), (S2,¢2), ...} is an almost regular quantizer satisfying H(Q) < R and

D(Q) = Dy(R). Thus @ is an optimal quantizer at rate R. O

7.5 Variable-rate quantization

According to the results concerning the structure of optimal entropy-constrained quantizers
in this chapter and in the previous one, under various conditions on the distortion measure
and the source distribution, any quantizer () can be replaced with a regular or almost regular
quantizer Cj such that D(@) < D(Q), and @ and @ have the same cell probabilities . As we
mentioned in the first remark after Theorem 6.1, the latter implies that if the outputs of )
and @ are encoded using the same variable-length lossless code, then the resulting average
codeword lengths will be equal. Therefore, it is enough to restrict the attention to almost
regular quantizers when searching for an optimal variable-rate vector quantizer. To complete
the picture, we need to show the existence of optimal variable-rate quantizers, too. A slight
generalization of Lemma 5.2 makes it possible to extend the results concerning the existence
of optimal entropy-constrained quantizers to variable-rate quantizers.

Lemma 7.3 Let

[,:{(11,12,...):l,-20forallz', 112122.--,2211'31}

i=1

be a set which is compact under pointwise convergence. For R > 0 define the set of probability
vectors Cr(ry as

Crr) = {(P17P2>---) :pi 20 foralli, py 2 pa >, Zpi =1, 0 fni%€LZPili < R}-
i=1 I

Then Cr(r) is compact under pointwise convergence.

Remarks. (i) From the discussion after Definition 3.5 it follows that £ is a set of valid

not necessarily integer) codeword length vectors. (ii) ming, 1, .yer D ooq Pils is the minimum
(17 2y ) =1
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average codeword length in coding losslessly a random variable with distribution (p1, ps, .. .)
with a “code” from L, where the compactness of £ ensures that there is an (I7,03,...) € L
realizing this minimum.

Proof of Lemma 7.3 Let Cg be as in Lemma 5.2. From the divergence inequality [14] it
follows that for every (p1,ps,...) € Cr(r) we have

- sz logp; < (lmln szl <R

i=1 1727

and so (p1,pe,...) € Cg (see the discussion after Definition 3.5). For every positive integer

nlet p™ = (o™, pS”,...) € Crm), an(d) let (™ = (11, 1{. ...} € £ be an optimal codeword

length vector for p™, that is, 32, p; ll(”) = ming, i,,..)eL 2 ooq pz(.")l,-. Then by Lemma 5.2
{p™?} has a subsequence, also denoted by {p(™} for convenience, converging pointwise to
some distribution p* = (p}, p3,...) € Cr. On the other hand, the compactness of £ implies
that the corresponding sequence {I(™} also has a pointwise convergent subsequence {I(")}

to some [* = (I1,13,...) € L. Therefore,

. = * * 7% nj) ("J)< () 7(nj)
o D Pl < Zpl - 3t hﬁéﬁf;pz SR

i=1
where the second inequahty follows by Fatou’s lemma. Therefore, p* € Cr(r), thus C(g) is
compact under pointwise convergence. 0

Now let
LY = {(ll,lg,...) :1; > 0 is an integer for all 4, [; > [y > -+, 22’” < 1}

be the set of all possible ordered codeword length vectors of uniquely decodable binary codes.
Then L£* is compact by Fatou’s lemma [3]. Therefore, replacing Lemma 5.2 with Lemma 7.3
in the proofs of Theorem 6.3 and Theorem 7.4 implies that optimal variable-rate quantizers
exist under the corresponding conditions.

Theorem 7.5 Let the real valued random variable X have a nonatomic distribution u and let
d(z,y) be a two-point regular distortion measure such that d(x,y) is a lower semicontinuous
function of y for all z € R, and for all y' € R, d(z,y’) < liminf}y,o d(z,y). Then for any
R > 0 there exists a p-almost reqular quantizer Q such that r,(Q) < R and D(Q) = D,(R).

Theorem 7.6 Assume that the k-dimensional real random vector X has a distribution
which is absolutely continuous with respect to the Lebesque measure on R¥ | and let d(z,y) =
lz—yl||?. Then for any R > 0 there exists an almost reqular quantizer Q such that,(Q) < R
and D(Q) = D,(R).

The existence of optimal finite-point variable-rate quantizers and the existence of regu-
lar optimal variable-rate scalar quantizers for sources with well-behaved densities can also
be proved similarly to the entropy-constrained case. Furthermore, after introducing a La-
grangian formulation of variable-rate quantization, the existence of a Lagrangian-optimal
variable-rate quantizer could also be shown.
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Appendix TA

Lemma 7.4 Assume that u is a finite measure on RF which is absolutely continuous with
respect to the corresponding Lebesgue measure, and let Q = {(S1,¢1), (S2,c2)} be an arbitrary
two-point quantizer. Let u* be a restriction of u to some Borel subset of R¥, and let @ =
{(§1, 1), (§2,02)} denote the quantizer with halfspace cells obtained by applying Lemma 7.1
to Q and p*. Then for every e > 0 there is a 6 > 0, depending only on p but not on u*, such
that the decrease in the distortion is bounded from below as

D(Q,n") = D(Q,u") = 48]lc; — 1| (1*(51 N 82) — ). (7.13)

Proof. Let the notation be the same as in the proof of Lemma 7.1. From the argument
used in that proof we have we have

DIQuu") - D(@i) =22 —w) ([ o= [ W) ()

Since p is absolutely continuous with respect to the Lebesgue measure, for every € > 0 there
is a § > 0 such that for any two halfspaces K; C Ky C R* such that the distance of the
corresponding hyperplanes is less than ¢ (note that they must be parallel because K; C Kj)
we have (K> \ K1) < ¢, and consequently, since u*(B) < u(B) for every Borel set B C RF,
we have p*(Ks \ K;) < e. Therefore,

/ _mdpt(z) = / R T d,u*(ac)+/ ~ z dp* ()
S1NSa S1NSan{z:z1>u+6} S1NSan{z:z1<u+é}

(u—+0)du*(z) + / udp*(z)

S1 ﬂ§zﬂ{w:z1 <u+d}

Z /
S1 ﬂ§2 N{z:z1 >u+6}

= w81 NS, + 5/ du*(z)

Slﬂgzﬂ{:c:z1>u+5}
U,U,*(Sl N Sg) + 6(M*(Sl N 52) — ﬂ*(SQ \ {:L' T > u+ (5}))
’LL,U,*(Sl N SQ) + (S(M*(Sl N Sz) — 6).

v v

Similarly, we have
/ mdpt(z) Supt(SaN Sh) — 6(u(S2n §i) —e).
S2NS1

Since p*(S2 N S1) = p*(S1 N Sy), from (7.14) we obtain

D(Q, ") — D(Q, %) > 46(us — w) (1" (1 N S2) — €) = 4dlcz — e[| (*(S1.1 Ss) — e).
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Chapter 8

Asymptotic rate-distortion behavior
of random vectors and stationary
sources with mixed distributions

In this chapter we consider the rate distortion-function of a random vector with mixed distri-
bution. The distribution is a finite mixture of components such that under each component
distribution a certain subset of the coordinates have a discrete distribution while the re-
maining coordinates have a joint density. In Section 8.1 we overview the development of
Shannon-type lower bounds for sources with continuous or mixed discrete-continuous dis-
tributions. The discussion also contains the results of this chapter presented in Section 8.2
in detail. In Theorem 8.1 we derive an analytic expression for the asymptotic (small dis-
tortion) behavior of the rate-distortion function of such sources. The expected number
of coordinates with a joint density is shown to equal the rate-distortion dimension of the
source vector. Also, in Corollary 8.1 the exact small distortion asymptotic behavior of the
rate-distortion function of a special but interesting class of stationary information sources is
determined. Such sources can be used in determining the asymptotic performance of certain
image coding systems [11].

8.1 Shannon-type lower bounds

Consider a random vector X™ = (X, ..., X,,) taking values in the n-dimensional Euclidean
space R™. According to (2.4), the rate-distortion function of X™ relative to the normalized
squared error (expected squared Euclidean distance) criterion is defined for all D > 0 by

Rxn(D)= inf Ly

n=1E|X"—Y"|2<D N

where the infimum of the normalized mutual information 7(X™;Y™) (computed in bits) is

taken over all joint distributions of X™ and Y™ = (Y3,...,Y;,) such that
1 0 om 1«
EEHX —Y|PP = EZE{(Xi ~Y,)’} < D.
i=1
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Except for a few special cases, closed form analytic expressions for Rx~(D) are not known,
and only upper and lower bounds are available. Arguably, the most important of these
bounds is the well known Shannon lower bound [6]. For X™ having an absolutely continuous
distribution with density f and a finite differential entropy h(X™) = — [ f(z)log f(z) dz the
Shannon lower bound states that

1 1
Rx~(D) > ;h(X") - 510g(27reD).

The right hand side equals Rxn»(D) if and only if X™ can be written as a sum of two
independent random vectors, one of which has independent and identically distributed (i.i.d.)
Gaussian components with zero mean and variance D. In more general cases, the Shannon
lower bound is strictly less than Rx~(D) for all D > 0, but it becomes tight in the limit of
small distortions in the sense that

Ryn(D) = %h(X”) - %log(%reD) +o(1) (8.1)

where o(1) — 0 as D — 0 ([59, 9, 55]).

One important feature of the Shannon lower bound is that it easily generalizes to sta-
tionary sources. Let X = {X;} be a real stationary source and for each n, let X™ denote the
vector of the first n samples of X'. Recall that the rate-distortion function of X is defined by

Rx(D) = lim Rx~(D) (8.2)
n—oo
(the limit is known to always exist [6]), and it represents the minimum achievable rate in lossy
coding X with distortion D. Let X" = (Xj,...,X,,) have a density and finite differential
entropy h(X™) for all n, and assume that the differential entropy rate h(X) = limy o ~h(X™)
is finite. Then the generalized Shannon lower bound [6] is

Re(D) > h(X) — %10g(27reD) (8.3)

and just as in the finite dimensional case, this lower bound becomes asymptotically tight in
the limit of small distortions ([9, 55]).

For source distributions without a density the Shannon lower bound has no immediate
extension. However, Rosenthal and Binia [70] have demonstrated that the asymptotic be-
havior of the rate-distortion function (which for sources with a density is given by (8.1))
can still be determined for more general distributions. They considered the case when the
distribution of X™ is a mixture of a discrete and a continuous component with nonnegative
weights 1 — a and «, respectively, where the continuous component is concentrated on an
L-dimensional linear subspace of R* and has a density with respect to the Lebesgue mea-
sure on that subspace. Equivalently, we are given an n-dimensional random vector X ()
with a discrete distribution, and another n-dimensional random vector X which is ob-
tained by applying an orthogonal transformation to X’ = (X7,...,X},0,...,0), where the
L-dimensional random vector (X7],...,X}) has a density. Let v be a binary random vari-
able with distribution P{v = 0} = 1 — a and P{v = 1} = «, and let v be independent of
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(XM X)), It is assumed that X™ can be written in the form
X"=1-v)XY 4+ X3, (8.4)

The main result of [70] shows that as D — 0, the rate-distortion function of X™ with such
a mixed distribution is given asymptotically by the expression

Rxn(D) = %H(V) ;lzoa

ay , @ n ol 2menD
H(XY) + nh(X) o 10g< 1 +0o(1) (8.5)

where H(v) and H(X®) denote discrete entropies and h(X') is the differential entropy of
X'. We note here that Rosenthal and Binia made an error in the derivation (see equation
(27) in [70]) and in fact arrived at an incorrect formula instead of the correct expression

n

(8.5). Their asymptotic expression exceeds (8.5) by the nonnegative constant 2= log(1).

Although the mixture model Rosenthal and Binia considered can be very useful for mod-
eling memoryless signals encountered in certain practical situations, its use in modeling infor-
mation sources with memory and mixed marginals is rather limited. In particular, it is easy
to see that a source {X;}2, cannot be ergodic if for all n, the samples X" = (X3,..., X},)
have a mixture distribution in the form of (8.4) with 0 < @ < 1. Thus in general (8.5) can-
not be used to obtain the asymptotic behavior of Ry (D) for stationary and ergodic sources
with memory and mixed marginals, although such source models are of practical interest,
for example, in lossy coding of sparse images [11].

In this chapter we propose a more general mixture model and provide an extension
of (8.5) to this class of source distributions. Our model has the advantage of allowing
stationary and ergodic information sources. We assume that the distribution of X" is a
mixture of finitely many component distributions such that each component has a certain
number of coordinates with a discrete distribution while the remaining coordinates have a
joint density. More formally, let {X), j = 1,..., N} be a finite collection of random n-
vectors such that for each j exactly d; coordinates of X () have a discrete distribution (the
d;-dimensional vector formed by these “discrete coordinates” is denoted by X () and the
remaining ¢; = n — d; coordinates have a joint density (the c;-dimensional vector formed
by these “continuous coordinates” is denoted by X (1)), As explained in the next section,
we can assume without loss of generality that X©) and XU") do not have all their discrete
coordinates in the same positions if 7 # j'. Let V be a random variable taking values in
{1,..., N} which is independent of the X). Our model for X™ assumes that X" = X)),
that is, if V = j, then X™ = X . Note that V is a function of X" with probability 1.

Let A(X@|X®) denote the conditional differential entropy of the continuous coordinates
of X\ given its discrete coordinates, and let H ()? (9)) denote the entropy of the discrete
coordinates of X9, The main result of this chapter, Theorem 8.1, shows that as D — 0,

N N
1 1 a0 1 PP A
Ry+(D) = ~H(V)+ - ; o H(XP)+— ; a;h(XP|X W) — = log(2reD/A) +0(1) (8.6)
where a; = P{V = j} and A = %Z;\Ll ajc;. Note that the quantity nA is the average
number of “continuous coordinates” of X™. Formula (8.6) proves that nA is also the so-
called rate-distortion dimension of X™ [48] (see the remark after Theorem 8.1).
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To illustrate the application of this result to sources with memory, let Z = {Z;}2°, be an
arbitrary binary stationary source. We construct another stationary source X = {X;}2; in
the following manner. If Z; = 0, let X; have a fixed discrete distribution P, while if Z; = 1,
let X; have a density f. We assume that the generating procedure is memoryless so that
the X; are conditionally independent given Z. Then the process X" is stationary. Note that
the distribution of X™ does not have the binary mixture form of (8.4) if n > 2. Thus (8.5)
cannot be used to obtain the asymptotic behavior of Rxn(D) for n > 2 except when {Z;} is
memoryless, in which case Rx»(D) = Rx, (D). On the other hand, for all n, the distribution
of X™ has a mixture form for which (8.6) applies. As a consequence of this fact, Corollary 8.1
shows that as D — 0,

Rx(D) = H(Z) + (1 — Q)H(P) + a h(f) — % log(2meD/a) + o(1) (8.7)

where H(Z) = lim,, 1 H(Z") is the entropy rate of Z, H(P) and h(f) are the discrete and
differential entropies of P and f, respectively, and a = P{Z; = 1}.

The above construction can be used to model the formation of sparse images which have
a large number of zero-valued pixels [11]. In this case, P is concentrated on the single value
zero (i.e., X; = 0if Z = 0) and the fraction of nonzero pixels is controlled by the parameter
a = P{Z; = 1}. The wide range of possible choices for the stationary binary process {Z;}
and the density f makes it possible to accurately model the image characteristics. Then
formula (8.7) can be used to compare the performance of a practical coding scheme with the
ideal performance given by rate-distortion function.

8.2 Sources with mixed distribution

Let {X0U) = (Xl(j), ey X,(,j)), j=1,...,N} be afinite collection of R”-valued random vectors
such that each X) has d; coordinates which have discrete distribution, and ¢; = n — d;
coordinates which have a joint density. More formally, let A7 = {a?, ... ,af;lj} be a subset of
{1,...,n} of size d; such that aJ < a} < --- < af;l]_, and let B = {b{,,bg]} ={1,...,n}\
AV b < by < -+ < bl be the complement of A7 in {1,...,n}. We assume that the
d;-dimensional random vector

X0 = (x9 .. x)) (8.8)
aj adj

which is chosen from among the coordinates of X @) by the index set A7, has a discrete
distribution with a finite or countably infinite number of atoms, while the ¢; dimensional
random vector

J

X0 = (Xg.), X (8.9)

has an absolutely continuous distribution with a density. We also allow d; = n (X ) has a
discrete distribution) and d; = 0 (X) has an n-dimensional density).
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Let the source vector X™ have a distribution which is a mixture of the distributions
of the X\ with nonnegative weights o, ..., ay (Zjvzl a; = 1). This means that for any
measurable B C R"?,

N
P{X" € B} =) o;P{XY € B}. (8.10)

7j=1
Equivalently, we can define an index random variable V' taking values in {1,..., N}, which

is independent of the X and has the distribution P{V = j} =a;, j=1...,N. If X" is
defined by
xXm=xW (8.11)
(ie.,if V = j, then X® = X)) then X™ has a distribution given by (8.10).
Without loss of generality we will assume that if j # j/, then X¢) and XU") do not have
their discrete (and consequently their continuous) coordinates at the same positions, i.e.,

Al £ AT G A (8.12)

For otherwise, by mixing the distributions of X) and X" with weights ;/(c; + o) and
aj /(o + ), one would obtain a new distribution which, when assigned the weight a; +a;,
could replace X and XU") in the definition of X™. Therefore, we can assume that N < 2"
since there are 2" different possibilities for choosing discrete coordinates.

In what follows we require that X" satisfy the following mild conditions.

(a) All XU) have finite second moments E||X)|? < 00, j =1,...,N.

(b) For each X, j = 1,..., N, the conditional differential entropy h(X@|X")) is finite,
and the entropy of the discrete coordinates H (X)) is finite.

The next theorem is proved in Section 8.3.

Theorem 8.1 (Gyo6rgy, Linder, and Zeger [41, 42, 43]) Assume X" is of the mizture
form (8.11) such that each component XY) has d; coordinates with a discrete distribution
and ¢; = n — d; coordinates with a joint density. Suppose the XV satisfy (a) and (b).
Then the asymptotic behavior of the rate-distortion function of X™ relative to the normalized
squared error is given as D — 0 by

N N
1 1 PN | Cnimsene A
Ry+(D) = ~H(V)+— ; ajH(X(”))+ﬁ ; a;h(XD| X D) - 5 log(2meD/A)+o(1) (8.13)
where A = %Zjvzl ajc; and o(1) = 0 as D — 0.
Remark Kawabata and Dembo [48] defined the rate-distortion dimension of X™ by
(D
lim 771?)( (D)
D0 —3 log(D)
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provided the limit exists. The rate-distortion dimension of X™ with an n-dimensional density
is n by (8.1). It is easy to see that if X™ has a discrete distribution, its rate-distortion
dimension is zero. The result of Rosenthal and Binia in (8.5) demonstrates that if the
continuous component of X™ has an L-dimensional density and weight «, then its rate-
distortion dimension is L. Theorem 8.1 shows that for the mixed distributions we consider,
the rate-distortion dimension is

lim 7nRXn(D)

=nA
D=0 —% log(D) "

where nA = Zjvzl ajcj. Thus the expected number of the continuous coordinates of X™ is
also the effective dimension of X™ in the rate-distortion sense.

Example One immediate application of Theorem 8.1 concerns processes which are obtained
by passing a binary stationary source through a memoryless channel. Let Z = {Z;} be an
arbitrary stationary source taking values in {0, 1}, and consider a time-invariant memoryless
channel with binary input and real valued output. The output of the channel has a discrete
distribution P if the input is 0, and an absolutely continuous distribution with density f if
the input is 1. We will assume that f and P have finite variance and that H(P) and h(f)
are finite.

Suppose the stationary process X = {X;} is generated as the output of this channel if
the input is {Z;}. Fix n > 1. Since the channel is memoryless, X7,..., X,, are conditionally
independent given Z". For 2" € {0,1}", let X*") be a random n-vector having distribution
equal to the conditional distribution of X" given Z" = 2", and let d(z") and c¢(2") denote the
number of 0’s and 1’s, respectively, in the binary string 2. Then the coordinates Xi(zn) for
which z; = 0, form a d(2")-dimensional i.i.d. random vector X *") with a discrete marginal
distribution P, and the Xi(zn) for which z; = 1, form a ¢(2")-dimensional i.i.d. random vector
X (") with marginal density f. It follows that X™ has the type of mixture distribution
considered in Theorem 8.1 with 2" components X *") indexed by 2", where X *") has weight
P{Z"™ = z"}. Therefore, we can apply Theorem 8.1 with V' = Z" and «a(z") = P{Z" = 2"}
to obtain that as D — 0,

1 ]_ (oM
Rx(D) = —H(Z")+ Y P{zr=Z}H(XE)
zne{0,1}»
]_ ~(n S(om
+o Y P{Zr =X EDIREY) %10g(27reD/a) +o(1) (8.14)
zn€{0,1}n

where 1 1
a=- Y P{Z" =2"Ye(2") = ~B{c(2")} = P{Z: =1}
zne{0,1}n
since {Z;} is stationary. Moreover, by independence, we have H(X®") = d(z")H(P) and
R(XEMXEM) = ¢(2*)h(f). Since we also have %Zz"e{o,l}" P{Z™ = 2"}d(z") = 1 — a,
(8.14) can be simplified to
1
Rxn(D) = EH(Z") +(1—a)H(P)+ ah(f) — %log(QweD/a) +o(1). (8.15)
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From this the following corollary of Theorem 8.1 is almost immediate.

Corollary 8.1 (Gyorgy, Linder, and Zeger [41, 42, 43]) Let X = {X,} be the station-
ary process of the previous example and let H(Z) = lim,, 1 H(Z™) be the entropy rate of the
generating binary stationary source Z = {Z;}. Then as D — 0,

Rx(D) = H(2) + (1 — a)H(P) + a h(f) — %log(%reD/a) +o(1).

Proof. Using more precise notation, (8.15) can be rewritten as

1
Rxn(D) = EH(ZTL) +(1—a)H(P)+ah(f)— %log(27reD/a) + ¢(n, D) (8.16)
where €(n, D) — 0 as D — 0 for all n. Since we do not claim that e(n, D) converges to zero
uniformly for all n, we cannot simply take the limit as n — oo of both sides of (8.16) to

obtain the asymptotic behavior of Ry (D) = lim,, Rx~(D). Fortunately, it is known [77] that
1
|RXn(D) - Rx(D)l S 5I(Xn, X[),X_l, .. )

where Xg, X 1,... are samples from the two-sided stationary extension of {X;}. Therefore if
lim, 11(X™; Xo, X_1,...) =0, then Rxn~(D) converges to Rx(D) uniformly for all D. Since
each Z; is a function of X; with probability 1, and since the X; are conditionally independent
given {Z;}, we have

I( X" X0, X 1,...)=1(Z" Zy, Z_4,...).

Thus lim, %I(X”;XO,X,l,...) = 0 if lim, %I(Z”;ZO,Z,l,...) = 0, which always holds
because the Z; have a finite alphabet (see, e.g., [29, Corollary 6.4.1]).
On the other hand, denoting

Ra(D) = %H(Z“) + (1= @)H(P) +ah(f) - & log(2neD/a)
and N
R(D)=H(Z2)+ (1—a)H(P)+ ah(f) — 5 log(2meD /)

we obviously have that R,(D) converges to R(D) uniformly for all D as n — oco. These two
facts readily imply that

lim <RX(D) + %log(QﬂeD/oz) — H(2)— (1 - a)H(P) — ah( f)) =0

D—0

which is equivalent to the claim of Corollary 8.1. O

Corollary 8.1 suggests a method that is near optimal for encoding {X;} with small dis-
tortion. Since Z™ is a function of X™ it can be losslessly encoded using approximately H(Z™)
bits. The binary vector Z™ specifies the positions of the “discrete” and “continuous” samples
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of X™. Therefore the d(Z™) discrete samples can be losslessly encoded using approximately
d(Z™)H (P) bits and the ¢(Z™) continuous samples can be encoded with overall squared dis-
tortion ¢(Z™)D/a using a vector quantizer which is optimal for the ¢(Z")-dimensional i.i.d.
random vector with marginal density f. By (1), the vector quantizer will need approxi-
mately c(Z™)h(f) — @ log(2meD /) bits. The normalized expected squared error of this
scheme is D, while for large n and small D, the per sample expected rate will be close to
H(Z)+ (1—a)H(P)+ah(f)— 5 log(2reD/c). Intuition tells us, and Corollary 8.1 proves

it formally, that this strategy is asymptotically optimal.

8.3 Proofs

The proof of Theorem 8.1 is given in two parts. First we show in Lemma 8.1 that the right
hand side of (8.13) is an asymptotic lower bound on Rxn» (D). Then a matching upper bound
is proved in Lemma 8.2. Our method of proof is based partially on [70], but with the help
of techniques developed in [55] and [56], we have managed to give simpler proofs of more
general results.

Lemma 8.1 Assume X™ is of the mizture form (8.11) and conditions (a) and (b) hold.
Let A=1 Z;VZI ajcj. Then we have

lim inf (RXn (D) + A log(27reD/A)>
D—0 2

N N
1 1 1 o
L 1 X0y 4 L B(XD|XE)
> nH(V)+nj§_1:a]H(XJ)+n§ " h(X | XW),

=1

Proof. For each D > 0, let Y™ be a random n-vector achieving Rx~(D) in the sense that
I(X™",Y") =nRx~(D) and E||X"-Y"|><D.

Since E||X™||*> < oo, such Y™ always exists (see e.g. [15]). Note that we have suppressed
the dependence of Y™ on D in the notation. It is readily seen that V is a function of X™
with probability 1 since by (8.12) the distributions of the X, j = 1,..., N are mutually
singular. This and the chain rule for mutual information imply

I(X™Y™) = I(X™, VY™ = I(V;Y™) + (X% Y"|V)
N
= I(V;Y™) + ) oI (XD Y 0)) (8.17)

J=1

where Y9) denotes a random n-vector whose distribution is equal to the conditional distri-
bution of Y™ given V = j. Lemma 8.3 given in Appendix 8A implies that

lim I(V;Y") = H(V). (8.18)

D—0
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Next we will consider the terms in the sum in (8.17) individually. Recall equations
(8.8) and (8.9) defining X ) and X, the discrete and the continuous coordinates of X )
respectively. By the chain rule we have

(XD vy = (X0, x0),y®)
I(XD: Y0 4 (XD, y X)), (8.19)

Introducing Y0) = (YW, ..., YY) and YO = (Y, ..., YY), the first term of (8.19) is
& ol o ] b,
J J
sandwiched as

H(XD) > 1(XD;70) > I(X0;79)) > d; Rz (p)
where p = dleH)/(\'(j) — ?(j)||2, and where Ry (p) is the rate-distortion function of X0,

Since d;Rg;(0) = H (X®) and the rate-distortion function (relative to the squared error)
of a discrete random variable is continuous at zero (see, e.g., [15, Theorem 2.4]), the fact
that p — 0 as D — 0 implies

lim I(XY);vyW) = H(XU). (8.20)

D—0

For the second term in (8.19) we have
I(XD:y0|X0) = p(XW|XW)) - p(XW|yW) X0)
> R(XWD|XW) - p(XD |y W) (8.21)
> R(XW|X06) - %log(ZﬂeDj /c;) (8.22)

where D; = E||X1) —Y|]2. Tn (8.21) we used the fact that conditioning reduces differential
entropy, and (8.22) holds because

h()?(j)|f/(j)) — h(j((j) — f/(j)|f/(j)) < h(f((f) _ f/(j))

and by a well know result [14], the differential entropy of the c¢;-dimensional random vector
Z = XU) —YU) is upper bounded as h(Z) < % log(2meE||Z||?/c;). Note that h(XV) — Y ())
is well defined and finite since A(X ) and I(X¥); Y ")) are finite.

In summary, (8.17)-(8.22) show that as D — 0,

N N
nRx~(D) =I(X"Y") > H(V)+ Y a;HEXD)+> a;h(X9)X0)
j=1 j=1

1 N
— 5 Z ajcjlog(2meD;/c;) + o(1) (8.23)

j=1
where (8.18) and (8.20) have been incorporated into a single term o(1) which converges to
zero as D — 0. Recall that we have defined A = % Z;N:l ajc;. Then Jensen’s inequality and

the concavity of the logarithm imply

1 & nA Y. aic; D; nA
ST aicilog(2meD; o) < M log(2me ST 4G D) < M aren/A 24
o Dy logened o) < "y og(2ne 32 ) < oane/), (520
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since

1 o 1 —
1 p_1 IR 702 <
nZaJD] nZa]EHX YW|]2 < D.
7=1 7=1
Substitution of (8.24) into (8.23) completes the proof of the lemma. O

Lemma 8.2 Assume X" is of the mizture form (8.11) and conditions (a) and (b) hold.
Let A =1 Z;vzl ajcj. Then we have

A
lim sup <RXn(D) + - log(27reD/A))
D—0 2
1 1 1

< ZH(V)+-=- H(XU)) + = A(XD| X0, 8.25

< GHV)+ D aHED) £ 05 ahXOT). (6)
Proof. For each j € {1,..., N} define the n-dimensional random vector Y') by setting
YW = XU) and YU) = X0 + ZU) where Z\) is a cj-dimensional ii.d. Gaussian random
vector with zero mean and variance D/A. It is assumed that Z\) is independent of X0)
and the index random variable V. In other words, Y'U) is obtained by adding independent

Gaussian noise of variance D /A to the continuous coordinates of X9). Let Y™ be the mixture
of these distributions, i.e., define Y™ = Y (V). The expected squared error of Y™ is

N
CEIXT YR = Y g EIXO) - YO

1 N
— _2 :ajEHX(J’) — y(j)||2
n
=1

N

1 D

- ci— =D 2
n ;:1: Q;C4 A (8.26)

and therefore by definition, Rx~(D) < 1I(X"™;Y™). In a similar manner as in (8.17), we
obtain

N
IX™Y™) = I(V;Y™) + ) o [(X9; Y1) (8.27)
j=1
where by (8.26) and Lemma 8.3 we have
lim I(V;Y") = H(V). (8.28)
D—0

Using the chain rule we can write

[(X(j);y(j)) — ](X(J) X G). Y(J) Y(J))
(

[(XD: Y0 yUu)) 4 [(X©, Y0 y0)| X0
H(X) + (X (1), Yy )| X @) (8.29)
H()? )+ h(Y ])|X(J ) — (?(j)p’f(j),j((j))

= H(XW)+h(XD 4+ z0|X0) - o(XU) + ZzW| X0 X0)) (8.30)
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where (8.29) holds because Y1) = X Recall that the differential entropy of a Gaussian
random variable with variance o2 is ; log(2mec?) [14]. Therefore the independence of X
and ZU) implies

XD 4+ 70| X0 X0)) = p(70)) = %log(QﬂeD/A) (8.31)

where the last equality follows because Z\) has ¢; coordinates with common variance D/A.
On the other hand, Lemma 1 of [58] implies'

zlyin%) XY + ZW|X0)) = p(XD|X0). (8.32)
4)

From (8.27)-(8.32) we can conclude that

N N
ANy ~ 7. AN A
I(X™Y™) =HV)+ Y oy HXD) + 3 a;h(XD|X0) — 5 log(2meD/A) + o(1)

j=1 j=1

where A = %Zj\; ajc; and o(1) — 0 as D — 0. Since Rx»(D) < 2I(X™;Y™) the proof is
complete. 0

Appendix 8A

Lemma 8.3 Suppose X" is of the mizture form (8.11) and let {Yx}32, be a sequence of
n-dimensional random vectors such that

lim E||X™ - Y;||? = 0. (8.33)
k—oo
Then
lim I(V;Y;) = H(V).
k—o0
Proof. From (8.12) we have that V is function of X™ with probability 1. Therefore
I(V,X")=H(V).

On the other hand, since (V,Y}) converges in distribution to (V, X™) by (8.33), the lower
semicontinuity of the mutual information (see [15, Lemma 2.2]) implies that

lim inf I(V,Y3) > I(V, X") = H(V).
_).

Since I(V,Yz) < H(V), the lemma is proved. O

IThe inequality h(XW + ZW| X)) > h(X@|X) is obvious. The reverse direction is proved by ex-
tending the result limsup,_,o (X + o - Z) < h(X), where X and Z are independent random variables [4],
to conditional differential entropies.
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