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Abstract 

Traffic assignment models play a significant role in the transportation planning process. 

However, uncertainty in traffic flow is the most critical matters facing the traffic 

assignment models. Uncertainty is a well-acknowledged phenomenon that occupies 

interest the transport planners and decision-makers alike increasingly in recent years. 

Uncertainty in traffic assignment models mainly arises from many input variables that 

essentially come from the Origin-Destination (OD) matrix. Therefore, to increase the 

traffic assignment model's reliability, it is necessary to identify, calibrate, and estimate 

the statistical parameters that describe the OD pairs' variances, which helps analyze and 

quantify the traffic assignment model's uncertainty. 

Consequently, the dissertation introduces a newly developed practical framework 

consisting of two approaches; the first approach is the uncertainty analysis, and the 

second approach is the uncertainty quantification. The developed framework provides a 

practical, structured procedure for transportation organizations to enhance traffic 

assignment models' prediction accuracy.  

In the uncertainty analysis approach: a new methodology has been developed to calculate 

the observed traffic flows' uncertainty. This methodology is based on the Monte Carlo 

(MC) simulation method associated with the probability distributions of the OD matrix 

elements. The traffic assignment model's uncertainty was displayed in multiple 

prediction scenarios and quantified in terms of bias and variance. The importance of this 

methodology is permitting transport planners and decision-makers to monitor and 

identify which of the links that suffer from bias and unexpected change in traffic volumes 

in the event of a change in the conditions of inputs OD matrix.  

For the uncertainty quantification approach, a novel methodology has been innovated to 

quantify traffic flow uncertainty in the traffic assignment model. This methodology 

consists of four subsequent steps: In the first step, a new method was built to identify OD 

pairs' choice sets that create the traffic flow on all links in the transport network. This 

method depends on the global sensitivity analysis of the variance-based technique and 

quasi-Monte Carlo simulation. The second step aims to find the choice set proportions. 

Thus, a new method has been developed based on the Maximum Likelihood Estimation 

(MLE) and Gaussian Process (GP) to estimate the link choice proportion for each OD pair 
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in every link separately. In the third step, an innovative method was created to determine 

all OD pairs' distribution parameters in the OD matrix. This method is built depending on 

the Inverse Uncertainty Quantification (Inverse-UQ) technique through Least Square 

Adjustment (LSE) method. This method produces two matrices instead of the one input 

OD matrix: (1) The average-OD matrix, (2) The variance-OD matrix. The final step 

includes a new methodology using Forward Uncertainty Quantification (Forward-UQ) 

technique by inputting both the average-OD and variance-OD matrices in the traffic 

assignment model. This methodology's importance is permitting transport planners and 

decision-makers to expect the uncertainty of the predictive traffic flow in different levels 

of confidence. 

 

 

 

 

 

 

 

 



3 

 

1.  Introduction 

1.1. Background and Motivation 

Transportation planning aims to forecast people's travel behaviours to supply adequate 

facilities and services to satisfy future demand. Travel Demand Models (TDM) have been 

developed in the 1950s for future travel demand forecasting and used as decision support 

tools by the transport planners over the last several decades. TDM, like any other model 

in applied science and engineering, cannot describe real systems precisely because the 

information of the underlying model is incomplete and insufficient or due to the stochastic 

variability of the inputs data and the model itself, which leads to uncertainty in executing 

the model. Such causes uncertainty on both the model parameters' values and on the 

hypotheses forming the model structure. Consequently, uncertainty propagates through 

the TDM and produces variability in its outputs.  

Thus, uncertainty is unavoidable in the modelling TDM, which is very important when 

attempting to understand travel behaviour. The importance of uncertainty is in revealing 

confidence in a TDM and its predictions. Quantitative uncertainty analysis promotes the 

separation of assessment and decision-making. Enabling decision-makers to evaluate the 

full range of possible outcomes turns interpretation of predictions into a matter of policy. 

Hence, uncertainty estimates concisely convey information to a decision-maker about the 

degree of confidence that can be placed in any point estimates. The importance of 

uncertainty is in revealing confidence in a model and its predictions. Quantitative 

uncertainty analysis promotes the separation of assessment and decision-making. 

Enabling decision-makers to evaluate the full range of possible outcomes turns 

interpretation of predictions into a matter of policy. Consequently, Confident predictions 

of future travel behaviour can only be made by taking uncertainty into account. The 

inherent uncertainty in TDM, if not adequately quantified, makes analysis highly 

unreliable. 

The source of uncertainty can be categorized into two types according to the possibility 

of handling. The first type is the aleatoric uncertainty (also called: stochastic uncertainty, 

irreducible uncertainty, or variability), it occurs due to inherent randomness or variety, 

and it can happen among divisions of a population or due to spatial or temporal variations. 

Therefore, this type of uncertainty cannot be eliminated or reduced or controlled. The 
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second type is the epistemic uncertainty, which is come from a lack of knowledge, 

incomplete information, or ignorance in any phase of operation of a design process. This 

type of uncertainty's primary cause is incomplete or insufficient information on some 

aspects of the model. Therefore, an increase in knowledge or information can lead to a 

decrease in the epistemic uncertainty. In TDM, both aleatory uncertainty and epistemic 

uncertainty are existing simultaneously. The significant problem of uncertainty in TDM 

arises from many input variables that mainly come from the OD matrix. As a result, it is 

necessary to account for all epistemic uncertainties caused by the OD matrix to obtain 

more realistic traffic flow forecasts in the future. 

Uncertainty can be found at all stages of the TDM stages, where the errors passed from 

stage to others and propagated over the whole model. Therefore, studying the uncertainty 

in the last stage, which is represented by the traffic assignment model, is more important 

because it draws the result of uncertainty in the whole TDM. The traffic assignment model 

aims to distribute the OD flows throughout links of a given transport network, and 

according to methods, depends on either specific deterministic or stochastic assumptions. 

Moreover, to simulate the travel demand interactions with transport system supply for 

producing an output that describes the transport system's mean state. Therefore, the 

uncertainty of the traffic assignment model is reflecting the uncertainty of the OD flows. 

The outputs of the traffic assignment model are generally significant to decisions related 

to transport management and strategy. So, the simple point estimates, even if they refer 

to the most probable values, are not sufficient and satisfactory for a precise and safe 

assessment of the risks associated with such decisions. Therefore, the need for 

quantifying the uncertainty which is related to traffic assignment model estimates is 

strongly present. Although there are different studies had addressed the topic of 

uncertainty in the traffic assignment model and note that a limited number of studies 

consider the quantification of uncertainty in the form of confidence intervals or other 

similar measures. On the other side, most of these studies took into consideration the 

model-uncertainty rather than the input-uncertainty. Besides, the studies that dealt with 

input-uncertainty were investigated mainly in two input variables; time and cost [1–5]. 

With well-known previous studies in mind, which is show a lack of knowledge in 

analyzing input-uncertainty for the OD matrix.    
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Given the above facts, there is a significant necessity for more robust estimate outputs of 

the traffic assignment model by adding confidence intervals to these point estimates. The 

estimates with confidence intervals will enhance the traffic assignment model's ability to 

describe the stochastic variability of travel behaviour more precisely. Such estimates with 

confidence intervals required full information about the statistical distributions for all 

input variables represented by the OD matrix, to produce confidence intervals for traffic 

assignment outputs.  

Based on the previous, it becomes clear the importance of developing a practical 

framework for analyzing and quantifying uncertainty in the traffic assignment model 

caused by the input OD matrix. This framework will assist transportation modellers, 

planners, and decision-makers, to have a fresh look at the uncertainty in traffic 

assignments of transportation models. The proposed framework consists of two 

approaches. The uncertainty analysis approach explores and evaluates the confidence in 

the traffic assignment model and its predictions. On the other side, the uncertainty 

quantification approach aims to determine the confidence intervals for the traffic 

assignment outputs. 

1.2. Hypothesis, Research Questions and Study Objective 

After the background and motivation in the previous section, which describes the general 

study problem. I can introduce my hypothesis, research questions and objective of the 

work. 

Hypothesis: 

The OD matrix is not sufficient for entire representing the travel demand model 

because of the outputs of the traffic assignment model involving different types of 

uncertainty due to the stochastic variability of the travel behaviour between origin 

and destination zones. 

Therefore, the travel demand model required additional input data for 

representing the variability of travel behaviour to quantify the uncertainty of the 

traffic assignment model. 
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This hypothesis focuses on the possibilities of adding the variances of OD pairs in the 

traffic assignment model for analyzing and quantifying the traffic flows' uncertainty. The 

challenges here are: define the necessary information that useful in analyzing and 

quantifying the uncertainty of traffic assignment model, and how to find out the 

distribution parameters (mean and variance) of each OD pair. 

Research Questions: 

Based on the hypothesis, four research questions appear. The answering of these four 

questions will provide the required information for the study objective. The four research 

questions of this work are: 

1. How the stochastic variation of the OD matrix affects the traffic assignment model 

outputs? 

2. What is the set of OD pairs that generate traffic flow in each link on the transport 

network? 

3. What are the choice proportions over each link on the transport network by the 

OD pairs? 

4. What are the distribution parameters of each OD pair within the OD matrix? 

Study Objective: 

The general objective of this thesis is to develop a methodological and practical 

framework for analyzing and quantifying traffic flows uncertainty in traffic assignment 

model. 

1.3. Data 

The data used in this study was collected from a small city called Ajka, located in Hungary. 

Figure (1) shows the Transport network (TN) and traffic analysis zones (TAZ) of the study 

area. The TAZ consists of 25 zones (22 internal zones and 3 external zones), and 25 two-

directions links (i.e., 50 links). This study's required data consists of the base OD matrix 

and traffic flow in all links for a duration of time; the more extended time duration, the 

results will be more accurate.   

The details of the transport network can be found in Appendix (A). 
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Figure 1: Study area (Ajka, Hungary), showing the Traffic Analysis Zones (TAZ) and transport 
network (TN). 

1.4. Dissertation Layout 

In order to meet the study's objectives, it was found necessary to carry the research in 

several stages. The stages are described in six chapters. The following paragraphs explain 

the core contents of each chapter in this dissertation. 

Chapter 1: Provides the background to the issues in uncertainty in the traffic assignment 

model, the purpose and motivation behind this research, the key questions and the 

objectives of this research, and the data used for executing the proposed methodologies 

in this dissertation. 

Chapter 2: Titled "Predicting, classifying and visualizing the uncertainty propagation in 

traffic assignments model using Monte Carlo simulation method," presents a 

methodology to predict the traffic flow uncertainty caused by the stochastic variation of 

the OD matrix. 

Chapter 3: Titled " Sensitivity analysis of input data of traffic assignment model," presents 

a methodology to identify the set of OD pairs that creating traffic flow in each link on the 
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transport network and determine the influence scope of each OD pair on traffic flow in 

every link on the transport network. 

Chapter 4: Titled "Estimation of link choice probabilities using maximum likelihood 

estimation method and Gaussian processes," presents a methodology to estimate choice 

proportions for each link on the transport network.   

Chapter 5: Titled " Uncertainty quantification of the traffic assignment model." First 

presents a methodology to determine the distribution parameters for all pairs in the OD 

matrix from the traffic flow data using the inverse uncertainty quantification approach. 

Next, it presents a methodology to quantify traffic flows uncertainty in the traffic 

assignment model using the forward uncertainty quantification approach. 

Chapter 6: Summarizes this dissertation's achievements and new scientific results, and 

presents some major directions for future research that enhance the traffic assignment 

model's uncertainty quantification.    
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2. Predicting, Classifying and Visualizing the Uncertainty Propagation 

in Traffic Assignments Model Using Monte Carlo Simulation 

Method 

2.1. Introduction 

Forecasting of travel demand represents the fundamental step of planning and 

management of transportation facilities [6]. These forecasts are subjected to various 

sources of errors: error in the measurement of input data, error in the estimated value of 

model parameters, error in the specification of the underlying models themselves; also, 

the model itself may be stochastic, and the scenarios adopted for model forecasting may 

not necessarily be compatible with the real evolution of the transport system [2, 3]. 

Studying the uncertainty of travel demand is not only aimed at stripping the values of 

traffic flow from errors but mainly aims to know the effect of these errors regarding the 

nature of the variability and bias on traffic flow and the likelihood of occurrences; this will 

be discussed in this study. 

The main goal of the travel demand model is traffic forecasting in different stages; 

generation, distribution, and assignment are to determine future values of the model 

output variables that are associated with a specific combination of input variables[1, 4]. 

However, it is impossible to give an exact prediction; no model can be constructed to 

provide 100% accurate predictions of a system's future behaviour. A prediction should 

handle uncertainties by treating output variables stochastically. Without the additional 

information provided by probability analysis, there is no concrete evidence for comparing 

the predicted value to real value or another prediction [5, 6]. As a result, any method used 

for prediction should include assessing the uncertainty in the predicted values. 

Uncertainty in traffic forecasts is inherent significantly in travel demand models. 

Accordingly, a solid understanding of the degree of uncertainty helpful not only for the 

model designation process but also for the sampling process and the value of precise 

model results for policy scenario development and strategy evaluation [3, 7, 8]. 

Although many researchers have studied uncertainty in the travel demand models, only a 

few studies analyzed the error propagation impact in whole four-stages sequential 

transport model frameworks.  Such as, Zhao and Kockelman [2] found that the uncertainty 

increases throughout the first three model steps, and declined in the traffic assignment 
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step. They argued that this reduction might be due to the network congestion effects on 

the trip assignment equilibrium system, meaning that capacity limitations might reduce 

the variability of the link traffic flows' outcomes. However, they also looked out that 

reducing uncertainty in the traffic assignment might also result from the accumulation of 

the same links of independent trips related to various OD pairs. De Jong et al. [6, 10] had 

examined the Dutch national model's uncertainty using the standard deviations and 

correlations of 20-year of some input data; they found that congestion reduced the final 

model output uncertainty but only to a minor degree. Ziems et al. [15] analyzed the effects 

of randomness on different traffic characteristics; They observed that traffic flow 

variability is larger during the day's congested period and greater variability in the 

individual corridor rather than aggregated subareas. Manzo et al. [12, 13] stated that 

transport network congestion does not show a high uncertainty effect on the transport 

model's final output. Hence, the final uncertainty of traffic flow for links with a higher 

volume/capacity ratio showed a lower dispersion around the base uncertainty value. 

Rasouli and Timmermans [14,15] investigated the OD matrix's uncertainty using the 

Dutch national transport model. They found that higher levels of traffic flow result in 

lower levels of uncertainty for different model outputs. Thus, the researcher emphasized 

that the degree of uncertainty grows higher if the focus of attention shifts from aggregate 

system performance indicators through the OD matrix to disaggregated space-time 

sequences and performance indicators. 

Future year travel demand forecasting is not an exact science, and there are complicated 

underlying mechanisms that inherently generate uncertainty in the forecasts. Modelling 

these complicated mechanisms requires numerous variables and behavioural 

components whose variability may be poorly determined or ignored. In this case, it is 

illogical to take a single view of the future without considering the uncertainty in travel 

demand modelling. Thus, to provide more efficient and reliable transport solutions for the 

future, transport analysts and planners must observe and predict uncertainty in transport 

systems [3, 8, 16]. 

Uncertainty becomes relevant in transportation modelling in the case of diverging views 

such as; if risks are very high if the policy is controversial and concerns about model 

limitations. However, in a certain view, several points estimate based on different 

scenarios are given to account for uncertainty [20]. Ideally, analysts would wish to 
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understand the separate and collective impact of these errors on the uncertainty of model 

forecasts, to be able to attach credible confidence intervals to model forecasts and 

optimize the allocation of study resources [13]. However, in large model systems, the 

interaction between these error sources can be very complicated, analyzing uncertainty 

propagation extremely challenging through the modelling process [18, 19]. Nevertheless, 

the private sector's increased participation in the delivery of transport infrastructure 

projects has raised the requirement for accurate traffic demand forecasts and led to 

renewed interest in the analysis of model uncertainty [23].   

The traffic assignment stage is the most crucial stage of travel demand modelling. The 

traffic assignment model considers the dependencies among origin-destination demand, 

link flows, and path costs. Additionally, simulate the interactions between transport 

system supply and travel demand to achieve an output that explains a transport system's 

general state and overall variability [24]. The traffic assignment model outcomes are 

generally essential to decisions related to infrastructure development and transport 

policy measures. Therefore, simple point estimates of the link flow, even if it refers to the 

most probable values, is not enough for an accurate and safe assessment of the risks 

associated with those decisions. Consequently, the need for quantifying more accurately 

the uncertainty in traffic assignment estimates is strongly present [25, 26]. 

This chapter presents a new methodology for exploring the nature of uncertainty 

propagation deriving from the input OD matrix in a traffic assignment model. This 

methodology consists of three parts; the first part predicts the traffic flows establishing 

from a specific probability distribution, standard deviation, and base OD matrix; after that, 

compares predicted values to real values to explore the traffic flow uncertainty. The 

second part classifies the traffic flows uncertainties into four cases according to variability 

and biases in traffic assignment results. Finally, is visualizing the uncertainty results in 

charts and figures. This methodology's product assists the transport-modellers and 

decision-makers to have a fresh look at the effect of the input data (i.e., OD matrix) on the 

traffic assignments models' uncertainty.  

2.2. Methodology 

A new methodology was developed for analyzing and characterizing the uncertainty of 

the observed traffic flows. This work's structure directly supports a visual segmentation 
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of uncertainty for the transport network to present error and bias in traffic volumes 

calculated by traffic assignment models. This methodology consists of six stages: 

(i) Input stage,       

(ii) MC simulation process stage,   

(iii) Analysis of predicted traffic flow stage,   

(iv) Predictive uncertainty stage,  

(v) Uncertainty classification stage,    

(vi) Uncertainty visualization stage.  

The mathematical and logical computations of this methodology were illustrated in 

Algorithm 1, and the relationships connecting the stages are presented in Figure 2.  

 

 

Algorithm 1: Prediction of Uncertainty in Traffic Assignment using Monte Carlo Simulation 

Require: 𝑍𝑗=1,𝑛  ;  ∀𝑍𝑗 ∈ ℕ    ⊳ Zone definition. 

 𝑂𝑗 =1,𝑛  ;   𝑂𝑗 ⊂ 𝑍    ⊳ Origin definition. 

  𝐷𝑗 =1,𝑛 ;  𝐷𝑗 ⊂ 𝑍   ⊳ Destination definition. 

  n;  ∀𝑛 ∈ ℕ   ⊳ number of zones. 
  𝑂𝐷(𝑛 ,𝑛);  ∀𝑂𝐷(𝑛 ,𝑛)   ⊳ Matrix of Origin Destination (OD). 

 𝑂𝐷(𝑗 ,𝑗 )
𝑏𝑎𝑠𝑒 ;  ∀𝑂𝐷(𝑗 ,𝑗 )

𝑏𝑎𝑠𝑒 ∈ ℝ   ⊳ base value of OD pair. 

 𝑓𝑇𝑂→𝐷
     ⊳ Traffic Assignment function.  

 𝑞𝑙=1,𝐿
𝑜𝑏𝑠 . ;  ∀ 𝑞𝑙

𝑜𝑏𝑠 . ∈ ℝ  ⊳ Observed values of traffic assignment function. 

 𝐿; ∀ 𝐿 ∈ ℕ     ⊳ Number of Links of the transport network. 
 𝑃𝐷    ⊳ Define the Probability Distribution type. 
 𝜇, 𝑅𝑆𝐷;  ∀ 𝜇, 𝜎 ∈ ℝ  ⊳ Parameters range for the probability distribution. 
 𝑁 ;  ∀𝑁 ∈ ℕ    ⊳ Number of samples. 

  
01: {𝜑𝑘}  ← 𝑀𝐶  𝑃𝐷 (𝜇, 𝑅𝑆𝐷)                                        ⊳ Get samples by the defined probability distribution     

and parameters using Monte Carlo procedure.   
02:  For  𝑘 = 1 𝑡𝑜 𝑁 do   
03:       For  𝑗 = 1 𝑡𝑜 𝑛 do   
04:         For  𝑗 = 1 𝑡𝑜 𝑛 do   
05:              𝑂𝐷(𝑗 ,𝑗 )

𝑘 ←  𝑂𝐷(𝑗 ,𝑗 )
𝑏𝑎𝑠𝑒 ∗ {𝜑𝑘}   ⊳ Get the generated-OD matrices.  

06:                 end for  
07:          end for 
08:  end for 
09:  For  𝑘 = 1 𝑡𝑜 𝑁 do     ⊳ Run Visum. 

10:       𝑞𝑙=1,𝐿
𝑘 ←  𝑓𝑇𝑂→𝐷

 𝑂𝐷(𝑗 ,𝑗 )
𝑘  ;  ∀ 𝑞𝑙

𝑘 ∈ ℝ  ⊳ Get the predicted traffic flow attribute. 

11:  end for 
12:  For  𝑙 = 1 𝑡𝑜 𝐿 do  

13:   𝑞̅𝑙 ←  
 𝑞𝑙

𝑘𝑁
𝑘=1

𝑁
    ⊳ Get the average predicted traffic flow in each link. 

14:    𝜎𝑙 ←   
1

𝑁
 (𝑞𝑙

𝑘 − 𝑞̅𝑙)
2𝑁

𝑘=1 ;  ∀ 𝜎𝑙 ∈ ℝ  ⊳ Get the standard deviation in each link. 

15:  𝜂𝑙 ←  (𝑞̅𝑙 − 𝑞𝑙
𝑜𝑏𝑠 .) ;  ∀𝜂𝑙 ∈ ℝ   ⊳ Get the total bias for each link. 

16:   𝑞𝑙
𝑙𝑜𝑤 ← 𝑞̅𝑙 + 6.25 + 1.25 16 𝑞̅𝑙 + 25  ⊳ Get the lower accurate limit for each link. 

17:   𝑞𝑙
𝑢𝑝

← 𝑞̅𝑙 + 6.25 − 1.25 16 𝑞̅𝑙 + 25 ⊳ Get the upper accurate limit for each link. 

18:  end for 
19:  For  𝑙 = 1 𝑡𝑜 𝐿 do 
20:   For  𝑘 = 1 𝑡𝑜 𝑁 do    ⊳ Check the variety and the bias for each sample.  
21:           If   𝑞̅𝑙 − 𝜎𝑙 ≤ 𝑞𝑙

𝑘 ≤ 𝑞̅𝑙 + 𝜎𝑙  Then  ⊳ Low-Variety  
                           Else    ⊳ High-Variety 
22:          If   𝑞𝑙

𝑙𝑜𝑤 ≤ 𝑞𝑙
𝑝𝑟𝑒 .

≤  𝑞𝑙
𝑢𝑝

    Then  ⊳ Low-Bias  

                                  Else  ⊳ High-Bias 
23:          end for 
24:  end for 
25:  End 
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Figure 2: Flowchart of the methodology of uncertainty prediction, characterization, and 
visualization. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(2) Simulation Process     

MC VISUM 

(3) Analysis Process     

(4) Predictive Uncertainty  

 

(1) Input Data/Parameter 

D 
O 

1Z iZ nZ 

1Z 𝑂𝐷(1,1)
𝑜𝑏𝑠 .  𝑂𝐷(1,𝑖)

𝑜𝑏𝑠 . 𝑂𝐷(1,𝑛)
𝑜𝑏𝑠 .  

Zi 𝑂𝐷(𝑖,1)
𝑜𝑏𝑠 . 𝑂𝐷(𝑖,𝑖)

𝑜𝑏𝑠 . 𝑂𝐷(𝑖 ,𝑛)
𝑜𝑏𝑠 .  

nZ 𝑂𝐷(𝑛 ,1)
𝑜𝑏𝑠 .  𝑂𝐷(𝑛 ,𝑖)

𝑜𝑏𝑠 .  𝑂𝐷(𝑛 ,𝑛)
𝑜𝑏𝑠 .  

 

Link 
Traffic flow 

(VPH) 

1 𝑞1 

𝑙 𝑞𝑙  

𝐿 𝑞𝐿  

 

Transport Network Base-OD Matrix Observed Traffic Flow 

D 
O 

1Z iZ nZ 

1Z 
𝑂𝐷(1,1) 

 

𝑂𝐷(1,𝑖) 

 

𝑂𝐷(1,𝑛) 

 

Zi 
𝑂𝐷(𝑖,1) 

 

𝑂𝐷(𝑖,𝑖) 

 

𝑂𝐷(𝑖,𝑛) 

 

nZ 
𝑂𝐷(𝑛 ,1) 

 

𝑂𝐷(𝑛 ,𝑖) 

 

𝑂𝐷(𝑛,𝑛) 

 

 

Generated OD Matrix 

Traffic flow (vph) 

𝑞1∓𝜎1 
 

𝑞𝑙∓𝜎𝑙   

𝑞𝐿∓𝜎𝐿  
 

 

Predicted Traffic flow 

Link 𝜂 𝐺𝐸𝐻 𝐶 𝑙𝑜𝑤  𝐶𝑢𝑝  

1 𝜂1 𝐺𝐸𝐻1 𝐶1
𝑙𝑜𝑤  𝐶1

𝑢𝑝
 

𝑙 𝜂𝑙  𝐺𝐸𝐻𝑙  𝐶𝑙
𝑙𝑜𝑤  𝐶𝑙

𝑢𝑝  

𝐿 𝜂𝐿 𝐺𝐸𝐻𝐿 𝐶𝐿
𝑙𝑜𝑤  𝐶𝐿

𝑢𝑝  

 

Bias, GEH and bias limits 

(5) Uncertainty Classification  

Case I Case II Case III Case IV 

Low variability - Low bias 
(Low predictive uncertainty) 

Low variability - High bias 
(High predictive uncertainty 

with ensemble estimates) 

Low variability - High bias 
(Moderate predictive 

uncertainty) 

High variability - High bias 
(High predictive uncertainty 

with divergent estimates) 
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2.2.1. Input Stage  

The principal task in predictive modelling is to estimate the behaviour of a modelling 

function, in this case, the traffic assignment function 𝑓𝑇𝑂→𝐷
defined to calculate the traffic 

flow between Origin zone (O) to Destination zone (D). This work addresses the case 

where 𝑓𝑇𝑂→𝐷
 can be calculated at a finite set of iterations (𝑁). Monte Carlo simulation 

method was used to generate the input data with the parameters; relative standard 

deviation (𝑅𝑆𝐷) and mean (𝜇) to produce finite OD matrices. The required data consist of 

three parts: the first part is setting physical features of the Transport Network (TN) and 

Traffic Analysis Zones (TAZ) by VISUM. The second part is defining the observed OD 

matrix. Finally, the third part finds the observed traffic flow (𝑞𝑙
𝑜𝑏𝑠) by counting the real 

value of traffic flows. Monte Carlo simulation method is used to generate the OD matrices. 

Therefore, the required parameters for this process are; relative standard deviation 

(𝑅𝑆𝐷), mean (𝜇), and the number of iterations (𝑁). Moreover, the type of probability 

distribution (PD) must be chosen at the beginning. The required input data and 

parameters are explained in Algorithm 1.  

2.2.2. Monte Carlo Simulation Stage   

Monte Carlo (MC) method or random sampling method is a division of computational 

mathematics. It created from the mathematics concepts for (the frequency approximates 

the probability). When the solution for a problem is the occurrence probability of a certain 

event or an expected value of any variants, they use as a testing method to obtain the 

occurrence frequency of an event or the average value for these variants. MC method is 

based on the probability model and according to the described process by this model. The 

results of the simulation test are approximate solutions [27]. MC method plays a 

fundamental role in the characterization and quantification of uncertainty. When the 

accurate calculation of output uncertainties needed, then Monte Carlo based analysis is a 

reliable technique, and it is widely applicable. As a result, its application can be found in 

virtually all engineering fields. Monte Carlo simulation was usually utilized to observe 

how a system's errors or variability can propagate to the final result [28]. 

In this stage, the simulation code has been written using both MATLAB and Component 

Object Model (COM) of VISUM software to predict traffic flows on the transport network. 

The simulation code involves two processes: the first is the generation of the OD matrix 
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(𝑂𝐷𝑘)  by Monte Carlo method for a given type of probability distribution via base-OD 

matrix (𝑂𝐷𝑏𝑎𝑠𝑒).  

 {𝜑𝑘}𝑘=1
𝑁  = 𝑀𝐶  𝑃𝐷 (𝜇, 𝑅𝑆𝐷)  (1) 

 𝑂𝐷𝑘 = 𝑂𝐷𝑏𝑎𝑠𝑒 ∗ {𝜑𝑘} (2) 

Where: 

{𝜑𝑘}   sample value using Monte Carlo procedure, 

𝑀𝐶    Monte Carlo procedure, 

𝑘    iteration number, (𝑁) is number of iterations,  

𝑃𝐷   probability distribution,  

𝜇   mean parameter of  𝑃𝐷,  

𝑅𝑆𝐷  relative standard deviation parameter of 𝑃𝐷,  

𝑂𝐷𝑘   generated OD matrix,  

𝑂𝐷𝑏𝑎𝑠𝑒  base-OD matrix. 

While the second process is the process of entering the generated OD matrix; and the 

Transport Network (TN) in the VISUM to produce the traffic flow attribute for the 

transport links from the traffic assignment function.  

 𝑞𝑙=1,𝐿
𝑘 = 𝑓𝑇𝑂→𝐷

 (𝑂𝐷𝑘)  (3) 

Where: 

𝑓𝑇𝑂→𝐷
   traffic assignment model, 

𝑞𝑙=1,𝐿
𝑘    predicted traffic flow attribute, 

𝑙   link number,  

𝐿   number of links. 

This simulation is repeated for a finite number of iterations (𝑁) specified by the 

researcher. With a note, an increasing number of iterations leads to improve the accuracy 

of results but extending simulation time.  

The details of Visum software via COM Interface Programming can be found in Appendix 

(B). 
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2.2.3. Analysis of Predicted Traffic Flow Stage 

One of the most important aspects of a simulation study is an analysis of simulation 

experiments. In this stage, the simulation process results are analyzed for statistical 

characterization. The outcomes of the simulation process are traffic flow attributes for all 

links on the transport network. The number of obtained attributes is equal to the number 

of iterations (N) used in the simulation.  

The statistical characteristics of predictive traffic flow are defined by two parameters; the 

average value results (𝑞̅𝑙), and the variability (𝜎𝑙). In this case, the average traffic flow for 

all links in the transport network as Equation 4. Finally, the standard deviation represents 

the variability of results as Equation 5. 

 𝑞̅𝑙 =  𝑞𝑙
𝑘N

𝑘=1 /𝑁 (4) 

 𝜎𝑙 =  
1

𝑁
  (𝑞𝑙

𝑘 − 𝑞̅𝑙)
2 (5) 

Where: 

𝑞𝑙
𝑘   predicted traffic flow in a link (𝑙), 

𝑞̅𝑙   average predicted traffic flow in a link (𝑙),  

𝜎𝑙   the standard deviation of predicted traffic flow in a link (𝑙). 

2.2.4. Predictive Uncertainty Stage 

Modelling transport systems commonly subject to uncertainty comes mainly from the 

input data used to build the OD matrix. This data is characterized as heterogeneous, 

insufficient, unstable, and unsteady because of the difficulty measurements. The nature of 

individual behaviour leads to variate the elements of the OD matrix. Besides limitations 

and lack of information in mathematical concepts and the structural in four-stages 

sequential transport model frameworks leads to a variate of traffic flow in transport 

networks. 

The predictive uncertainty is defined by joint consideration of the mean predictive error 

(i.e., statistical bias) and the predictive variability (i.e., statistical standard deviation). In 

this methodology, the uncertainty has been calculated by joining the observed traffic flow 

attribute from the input stage (first stage), and the traffic flow attributes obtained by 

simulation processes (fourth stage).  
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The mathematical operations in this stage include calculating bias of the observed traffic 

flows from the average predictive traffic flow (𝑞̅𝑙); as Equation 6 and determining the 

limitations of allowed biases in the transport network.    

 𝜂𝑙 = (𝑞̅𝑙 − 𝑞𝑙
𝑜𝑏𝑠.) (6) 

Where: 

𝜂𝑙   bias in traffic volume for the link (𝑙), 

𝑞𝑙
𝑜𝑏𝑠.   The observed traffic flow for the link (𝑙). 

In any uncertainty quantification process, setting limits for the predictive uncertainty is 

necessary to increase the researchers' understanding of the model's behaviour in both 

bias and predictive variability.  The GEH statistic has been used as a limitation of the bias 

in this study. The GEH statistic is a form of Chi-squared statistic that can be used to 

compare observed and modelled counts as Equation 7 [6]. It is helpful for these 

comparisons because it is sophisticated of relative and absolute errors. Moreover, as the 

standard error estimation, the standard deviation statistic was adopted as a limitation for 

traffic volumes variability. 

 𝐺𝐸𝐻 =  
2 (𝑞𝑙−𝑞̅𝑙)

2

(𝑞𝑙+𝑞̅𝑙)
 (7) 

GEH statistic band less than 5 [6] is used to explain the bias limit for each link. 

By solving Equation 7, the lower and the upper bias limit in predicted traffic flow as 

follows: 

 𝑞𝑙
𝑙𝑜𝑤 = 𝑞̅𝑙 + 6.25 − 1.25 ×  16 𝑞̅𝑙 + 25 (8) 

 𝑞𝑙
𝑢𝑝

= 𝑞̅𝑙 + 6.25 + 1.25 ×  16 𝑞̅𝑙 + 25 (9) 

Where: 

𝑞𝑙
𝑙𝑜𝑤    the lower accuracy limit for the link (𝑙),  

𝑞𝑙
𝑢𝑝

    the upper accuracy limit for the link (𝑙); 

The allowed accuracy and variability are presenting in Equation 10 and Equation 11, 

respectively. 

 𝐴𝑐𝑐𝑢𝑟𝑎𝑐𝑦 𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑙𝑖𝑛𝑘 (𝑙)  = 𝑞𝑙
𝑢𝑝

− 𝑞𝑙
𝑙𝑜𝑤   (10) 

 𝑉𝑎𝑟𝑖𝑏𝑙𝑖𝑡𝑦 𝑎𝑙𝑙𝑜𝑤𝑎𝑏𝑙𝑒 𝑓𝑜𝑟 𝑡ℎ𝑒 𝑙𝑖𝑛𝑘 (𝑙) = 𝑞̅𝑙 ∓ 𝜎𝑙  (11) 

If the observed traffic flow values lying within the standard deviation, then these are 

precise. Otherwise, these predicted values are imprecise (Equation 12 and Equation 13).  
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 If   𝑞̅𝑙 − 𝜎𝑙 ≤ 𝑞𝑙
𝑜𝑏𝑠 ≤ 𝑞̅𝑙 + 𝜎𝑙 , then low variety (precise) (12) 

 If  𝑞̅𝑙 − 𝜎𝑙 > 𝑞𝑙
𝑜𝑏𝑠  < 𝑞̅𝑙 + 𝜎𝑙 , then high variety (imprecise)  (13) 

In the same way, if the observed traffic flow values lying within upper and lower bias 

limits, then these are accurate. Otherwise, these predicted values are biased (Equation 14 

and Equation 15).  

 If   𝑞𝑙
𝑙𝑜𝑤 ≤ 𝑞𝑙

𝑜𝑏𝑠 ≤ 𝑞𝑙
𝑢𝑝

, then low bias (accurate) (14) 

 If   𝑞𝑙
𝑙𝑜𝑤 > 𝑞𝑙

𝑜𝑏𝑠 < 𝑞𝑙
𝑢𝑝

, then high bias (inaccurate) (15) 

To interpret the concept of precision (i.e., the variability of values) and the accuracy (i.e., 

the bias of values) (see Figure 3). 

 

 

Figure 3: The relationship between precision and accuracy. 

2.2.5. Classifying Predictive Uncertainty Stage 

In this stage, a systematic classification is proposed for the predictive uncertainty of the 

observed traffic flows. The proposed classification has subdivided into four cases 

according to bias and variability:  

Case I: Accurate and precise (Low predictive uncertainty). This case occurred when the 

observed traffic flows (𝑞𝑙
𝑜𝑏𝑠) are close to the average predictive traffic flow (𝑞̅𝑙), i.e., 
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within the standard deviation (±𝜎𝑙). And the observed traffic flows are within the 

accuracy limits (𝑞𝑙
𝑙𝑜𝑤 and 𝑞𝑙

𝑢𝑝
). That is means the results are low variability and low bias. 

Case II: Accurate and imprecise (Moderate uncertainty). This case occurred when the 

observed traffic flows (𝑞𝑙
𝑜𝑏𝑠) are close to the average predictive traffic flow (𝑞̅𝑙), i.e., within 

the standard deviation (±𝜎𝑙). And the observed traffic flows are out of the accuracy limits 

(𝑞𝑙
𝑙𝑜𝑤 and 𝑞𝑙

𝑢𝑝
). That is means the results are low variability and high bias. 

Case III: Inaccurate and precise (High predictive uncertainty with ensemble agreement). 

This case occurred when the observed traffic flows (𝑞𝑙
𝑜𝑏𝑠) are far from the average 

predictive traffic flow (𝑞̅𝑙), i.e., out the standard deviation (±𝜎𝑙). And the observed traffic 

flows are within the accuracy limits (𝑞𝑙
𝑙𝑜𝑤 and 𝑞𝑙

𝑢𝑝
). That is means the results are high 

variability and low bias. 

Case IV: Inaccurate and imprecise (High predictive uncertainty with divergent 

estimates). This case occurred when the observed traffic flows (𝑞𝑙
𝑜𝑏𝑠) are far from the 

average predictive traffic flow (𝑞̅𝑙), i.e., out the standard deviation (±𝜎𝑙). And the observed 

traffic flows (𝑞𝑙
𝑜𝑏𝑠) are out of the accuracy limits (𝑞𝑙

𝑙𝑜𝑤 and 𝑞𝑙
𝑢𝑝

). That is means the results 

are high variability and high bias. 

Figure 4 demonstrates the probability density curves of predictive uncertainty cases. 

 

Figure 4: Presents the probability density curves of the predicted traffic flow for the four cases. 
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2.2.6. Visualizing Predictive Uncertainty Stage 

The last stage of this methodology is uncertainty visualization. Uncertainty visualization 

is endeavouring to display data together with additional uncertainty information. These 

visualizations present a more complete and accurate interpretation of data for 

researchers to analyze [29]. Thus, visualization is a useful method for addressing many 

forms of information uncertainty, and it is a helpful approach to the investigation and 

communicating of large data sets [30].  

Applications that use visual graphs and comparative figures to indicate information 

variability or draw confidence levels in data values help analysts better understand and 

cope with uncertain information better than using digital tables and metadata [31]. 

Consequently, visualizing uncertainty is essential for risk analysis and decision-making 

tasks. However, it is still a challenge because describing the uncertainty is a complex 

concept with many interactions, definitions, and interpretations in transportation 

models. Uncertainty can be introduced into information visualizations as the data is 

collected, transformed, and integrated into information [25, 26]. In the absence of the 

combined presentation of data and its associated uncertainty, the information 

visualization analysis is incomplete at best, and it may lead to inaccurate or incorrect 

conclusions. Therefore, there is a need to display information and their uncertainty for 

accurate interpretation and precise decision making [26, 28, 29]. 

Different methods are used to visualize uncertainty; statistical and probability-based 

visualization, point and global visualization used colours, financial visualization, icons, 

ontology, and lexicon [23]. In this methodology, the statistical and probability-based 

visualization method is used to visualize uncertainty. This method is one of the most 

powerful methods to address conceptual model uncertainty is with a bar chart, 

probability distributions, and traditional charts represented by random variables. This 

method demonstrates the central tendency, dispersion, skewness, and modal 

characteristics of a random variable. In this methodology, two steps are using to visualize 

the uncertainty of the predicted traffic flow. 

The primary role of uncertainty visualization is giving information about the level of 

uncertainty to the decision-makers. Based on these cases, they can see how reliable the 

model's predictions are and if they can accept the risks relating to the given predictive 

uncertainty. If predictions that are more precise needed, sensitivity analysis helps identify 

the input data most dominantly influencing the predictive uncertainty. Then these input 
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data should be measured more precisely. Therefore, a specific colour has been given for 

each case of uncertainty. Table 1 illustrates the colours, characterizations, and limitations 

of the four uncertainty cases. In practice, all these four cases can appear with different 

likelihood proportions; thus, Figure 5 shows an example of a probability density curve for 

observed traffic flow for a link (𝑙). The coloured areas under the curve represent the 

predictive uncertainty cases. 

Table 1: This table shows the classification of the four cases of uncertainties 
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Figure 5: Shows the probability density of the observed traffic flows addressed with the 
uncertainty cases. 
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2.3. Implementation 

The proposed methodology has been applied to the case study (Ajka, Hungary). The 

following subsections represent the implementation stages: 

2.3.1 Input Data and Parameters 

The required data consist of the base-OD matrix (𝑂𝐷𝑏𝑎𝑠𝑒), observed traffic flow (𝑞𝑙=1,𝐿
𝑜𝑏𝑠. ) 

and type of probability distributions (PD) with the relative standard deviation value 

(𝑅𝑆𝐷). 

In this study, Normal probability distribution with (RSD = 0.2) and base OD matrix 

(𝑂𝐷𝑏𝑎𝑠𝑒) have been used to generate predictive traffic flow (𝑞𝑙). And because of the 

fewness of the observed traffic flows data, three types of probability distributions (PD): 

(Normal Distribution, Lognormal Distribution, Extreme value distribution) with ten 

values of relative standard deviations (RSD) ranged from 0.05 to 0.50 have been used to 

generate observed traffic flows (𝑞𝑙
𝑜𝑏𝑠). 

2.3.2 Monte Carlo Simulation 

In this simulation, 30 scenarios have experimented. These scenarios have been grouped 

into three groups according to the probability distribution (PD) type. Furthermore, for 

each group, the parameter of relative standard deviations (𝑅𝑆𝐷) has been changed for 

each scenario. Besides, 1000 samples have been used per each scenario. Thus, the total 

number of samples used in the whole simulation process: (30 scenarios) x (1000 samples 

for each scenario) equal to (30000 samples).  Therefore, this simulation is expensive; the 

time spent to complete this simulation is around (300 hours).  

The simulation time of this methodology depends on; the number of links on the (TN), the 

number of (TAZ), and the number of samples (𝑁). 

2.3.3. Analysis of Predicted Traffic Flow  

The simulation process results are represented by one attribute of average predictive 

traffic flow (𝑞𝑙). And, thirty attributes of observed traffic flow (𝑞𝑙
𝑜𝑏𝑠). Consequently, the 

outcomes for each link have been studied separately by finding the statistical parameters 

for predictive traffic flows; both of the average value (𝑞̅𝑙), and the variability (𝜎𝑙). Because 

there are 50 links on the transport network in this study case, only link #6 (𝑙06) is 

presented, demonstrating the methodology.   
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2.3.4. Predictive Uncertainty  

The obtained data from the previous stage has been processed by Excel-sheet to find the 

uncertainty in traffic flows. The mathematical calculations determine the observed traffic 

flows' bias and variability and estimate accurate limits in each link separately. For (𝑙06): 

the lower accurate limit (q06
𝑙𝑜𝑤) = 295 vph, and the upper accurate limit (q06

𝑢𝑝
) = 492 vph.  

Figure 6 shows the percentage of bias in the observed traffic flows associated with input 

relative standard deviations (RSD). It can be observed that by increasing the relative 

standard deviation of inputs leads to increase bias for the observed traffic flows, for 

normal distribution scenarios and lognormal distribution scenarios; there are no or few 

biases for 𝑅𝑆𝐷 ≤ 0.10, and the biases increased to reach about 42% in 𝑅𝑆𝐷 = 0.50. While 

for extreme value distribution scenarios, the biases increasing in all standard deviations 

to reach about 54% in 𝑅𝑆𝐷 = 0.50.   

Figure 7 shows the percentage of converging degree for observed traffic flows joined with 

input 𝑅𝑆𝐷 It can be noted that the variability the of observed traffic flows for normal 

distribution scenarios ranged between 67.1% to 70.3% for 𝑅𝑆𝐷 ≤ 0.50 and decreasing 

after that to reach to 57.6% in 𝑅𝑆𝐷 = 0.50. Moreover, the variability of observed traffic 

flows for lognormal distribution scenarios ranged between 67.9% to 70.3% for 𝑅𝑆𝐷 =

0.40 and increasing after that to reach to 76.4% in the 𝑅𝑆𝐷 = 0.50. While the variability 

of observed traffic flows for extreme value distribution scenarios ranged between 67.2% 

to 72.0% for 𝑅𝑆𝐷 ≤ 0.35 and decreasing after that to reach 61.4% in the 𝑅𝑆𝐷 = 0.50. 

 

Figure 6: Shows the relationship between the relative standard deviation (RSD) for input OD 
matrices and the bias percentages of the observed traffic flows in (𝑙06).  
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Figure 7: Shows the relationship between the relative standard deviation (RSD) for input OD 
matrices and the variability of the observed traffic flows in (𝑙06). 

2.3.5. Classifying Predictive Uncertainty 

The analysis stage's statistical results have been categorized and classified according to 

bias limits and variability into four cases. Hence, the classification is varied in each link 

according to the adopted scenario.  

For example, in the scenario: 

• 𝑃𝐷 =  𝑁𝑜𝑟𝑚𝑎𝑙, 𝑅𝑆𝐷 = 0.20, 

• The average observed traffic flow 𝑞̅06 = 391 𝑣𝑝ℎ, 

• The lower accuracy limit  𝑞06
𝑢𝑝

=  492 𝑣𝑝ℎ  Equation (8), 

• The upper accuracy limit  q06
𝑙𝑜𝑤 = 295  𝑣𝑝ℎ  Equation (9),  

• The standard deviation (𝜎06 = ±50.6 𝑣𝑝ℎ), 

• The variability limit (391 ± 50.6 = 340.4 𝑣𝑝ℎ , 441.6 𝑣𝑝ℎ) Equation (11), 

The classification result for this scenario is presented in Table 2. 

Table 2. This table shows the classification of (𝑙06) in scenario: PD= Normal and RSD=0.20. 

 295 ≤  𝑞06 ≤  492 295 > 𝑞06 <  492 

340.4 ≤ 𝑞06 ≤ 441.6 
Case I 

Low variability - Low bias 
Case II 

Low variability - High bias 

340.4 > 𝑞06 <  441.6 
Case III 

High variability - Low bias 
Case IV 

High variability - High bias 
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2.3.6. Visualizing Predictive Uncertainty 

Finally, the probability of the uncertainty cases for the observed traffic flows in the 

transport network has been visualized into bar-charts by merging Figure 8, Figure 9, and 

Figure 10. This visualization provides transport planners and engineers with the 

possibility to monitor and identify which of the links that suffer from bias and unexpected 

changes in traffic volumes in the event of a change in traffic parameters and experiment 

with different scenarios.  

The coloured bar-charts give a whole idea about the probability ratios of the uncertainty 

cases. In general, the percentage of green colour (Case I) means the probability of 

observed traffic flow will lay within the allowed limits of accuracy and variability. 

Moreover, the percentage of yellow colour (Case III) means the probability of observed 

traffic flow will lay still within the allowed accuracy but outer than the allowed variability. 

Both percentages of green colour (Case I) and yellow colour (Case III) located within the 

accuracy range. While the percentage of blue colour (Case II) means the probability of 

observed traffic flow will lay outer than the allowed accuracy but still within the allowed 

variability. The percentage of red colour (Case IV) means the probability of observed 

traffic flow will lay outside than the allowed limits of accuracy and variability. Both 

percentages of blue colour (Case II) and red colour (Case IV) are located outside the 

accuracy range. 

Although the purpose of the research is visualization the uncertainty, it is good to give 

more details by text. In the same example, for (𝑙06): concerning normal distribution 

scenarios, as shown in Figure 8, which shows: (Case I) is decreased from 69.5% in 

RSD=0.05 to 54.7% in RSD=0.50. (Case II) start appearing from RSD=0.30 and increased 

to 5.3% in RSD=0.35 and decreased after reaching 2.9% in RSD=0.50. (Case III) is 

decreased from 32 % in RSD=0.05 to 3.2% in RSD=0.50. (Case IV) started appearing from 

RSD=0.15 and increased to reach 39.1% in RSD=0.50. 

Similarly, Figure 9 can be interpreting for lognormal scenarios, which it shows: (Case I) is 

decreased from 68.2% in RSD=0.05 to 57.7% in RSD=0.50. (Case II) start appearing from 

RSD=0.35 and increased to 18.7% in RSD=0.50. (Case III) is decreased from 31.8% in 

RSD=0.05 to 0.6% in RSD=0.35 and disappear after that. (Case IV) started appearing 

from RSD=0.15 and increased to reach 23.6% in RSD=0.50. 
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Figure 8: Represent the observed uncertainty for link #6 (𝑙06), applying normal distribution 
scenarios. 

 

Figure 9: Represent the observed uncertainty for (𝑙06), applying lognormal distribution scenarios. 

Likewise, Figure 10 can be interpreting for extreme value scenarios; which it shows: (Case 

I) is decreased from 71.3% in RSD=0.05 to 33.3% in RSD=0.50. (Case II) start appearing 

from RSD=0.15 and increased to 28.1% in RSD=0.50. (Case III) is decreased from 28.6% 

in RSD=0.05 to 12.6% in RSD=0.50. (Case IV) started increasing from 0.6% in RSD=0.05 

to 25.7% in RSD=0.50.  

Figure 8, Figure 9, and Figure 10 show that the uncertainty analysis results strongly 

depend on the uncertainties of the input data. That is proving that the application of 

stochastic approaches in the practice of transport modelling highly advisable. Thus, 

uncertainty analysis of the observed traffic flows indicates data acceptability and helps to 

identify the relating risks. 
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Figure 10: Represent the observed uncertainty for (𝑙06), applying extreme value distribution 
scenarios.  

2.4. Conclusions 

This chapter presents a new methodology to predict traffic flow and visualize the 

uncertainty in those observed values. This methodology enables transport planners to 

apply various scenarios to monitor the traffic flow variation on the transport network by 

supposing that the OD matrix's input values vary according to a specific probability 

distribution. The importance of this methodology is permitting transport planners and 

decision-makers to monitor and identify which of the links that suffer from bias and 

unexpected change in traffic flows in the event of a change in the conditions of inputs OD 

matrix. 

This methodology's algorithm consists of two parts; the first part has been built on the 

MC simulation method to generate numerous OD matrices and VISUM software for getting 

the traffic assignment on a transport network. The results of this part represent predicted 

traffic flows on each link of the transport network. These predicted traffic flows are 

suffering from uncertainty in both a bias from the observed value and variability from the 

average predicted value. Furthermore, the second part of the algorithm was designed to 

categorize the uncertainty of the observed traffic flows into four cases according to 

variability and bias: Case I (low variability - low bias), Case II (low variability - high bias), 

Case III (high variability - low bias), and Case IV (high variability - high bias). Finally, the 

percentages of these cases have been visualized in coloured bar-charts. The percentage of 
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each case represents the likelihood of occurring (i.e., the likelihood of the observed traffic 

flow to biasing or variating depends on these cases).    
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3.  Sensitivity Analysis of Input Data of Traffic Assignment Model  

3.1. Introduction 

Sensitivity analysis (SA) permits identifying the parameter or set of parameters that 

significantly influence the model output. It gives useful insight into which of input 

variables contribute most to the variability of the model output [34, 35], consequently to 

obtain the most crucial input factors and the contribution of the variability input 

interactions. SA also can identify variables where the reduction in uncertainty will have a 

maximum contribution to increase model precision [36]. SA is used in various scientific 

applications; it can help understand the input-output relationship and identify the 

significant and influential parameters that raise model outputs and magnitudes. 

Moreover, the SA used to determine the uncertainty in setting the model structural 

parameters that contribute to the model output's overall variability, leading future 

experimental designs, and risk analysis [34, 37, 38]. 

In general, models are sensitive to input parameters in two distinct ways. First, the 

variability or uncertainty associated with a sensitive input parameter is propagated 

through the model resulting in a significant contribution to the overall output variability. 

Second, the model output can be positively correlated with input parameters so that small 

changes in the input values lead to significant changes in the output [39, 40]. Specification 

of the most influential factors on model outputs using SA techniques achieves valuable 

information for improving the model and identifying parameters that must be studied 

more carefully [41]. It will lead to an increase in the reliability and robustness of 

predictions obtained by large-scale models. SA is also useful for all processes where it is 

essential to know which input factors contribute the most to output variability. Sensitivity 

analysis is an effective way to quantitatively analyze output patterns' behaviour 

concerning perturbations of model inputs and parameters [12, 36]. 

Moreover, SA plays a significant role in engineering decisions under uncertainty by 

quantifying uncertainties on the output results of interest. For example, SA gives a ranking 

of the most influential uncertain input parameters. It provides insight into how reducing 

uncertainty in the inputs might correspondingly reduce uncertainty in the output results 

[23, 42, 43]. 
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SA is usually classified into two categories: Local Sensitivity Analysis and Global 

Sensitivity Analysis. Local Sensitivity Analysis evaluates changes in the model outputs 

concerning variations in a single parameter input. In a Global Sensitivity Analysis (GSA), 

all parameters are changed simultaneously over each parameter space, which allows 

evaluating the relative contributions of each parameter and the interactions between 

parameters to the model output variance [38, 44, 45]. 

The most common GSA methods used are regression-based methods with rank 

transformation such as the Partial Rank Correlation Coefficient (PRCC) and variance-

based methods such as the Sobol' method and Fourier Amplitude Sensitivity Test (FAST). 

These methods established methods are widely applied in a variety of engineering 

applications [42, 46]. 

Typically, SA is used to determine how "sensitive" a model changes in the value of the 

model's inputs/parameters and changes in the model's outputs. The distinction between 

the effect of the parameters and inputs is necessary to deep realizing and more 

understanding about model results' behaviour. However, various transportation 

researchers use SA in traffic assignment models such as Leurent [47], Waller et al. [25], 

Ceylan and Bell [48], Patriksson [49], Shao et al. [50], Kattan and Abdulhai [51], Sun et al. 

[52], Djukic [53], and Ma and Tang [54]. However, all these studies dealt with the 

parameter's sensitivity of model structure only. Therefore, there is a gap in knowledge 

about using the SA method to discover the influential and non-influential OD pairs in the 

traffic assignment model, examining the sensitivity of each link in the transport network 

to the OD's variability values matrix. 

3.2. Global Sensitivity Analysis 

Global sensitivity analysis (GSA) permits identifying the parameter or set of parameters 

that significantly influence the model's output variance [42]. GSA's objectives represent 

model verification, model simplifying, factors prioritization, system design safety 

justification, and the GSA to validate computer code and software [34]. GSA has been 

widely used in engineering design to get more information about complex model 

behaviour and support designers to make educated decisions about developing the 

engineering models [55]. One of the most widely GSA methods used in the engineering 

and applied sciences is variance-based sensitivity analysis, also known as analysis of 
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variance (Sobol' method), based on the functional model decomposition introduced by 

the mathematician Sobol [56]. 

3.2.1. Variance-Based Sensitivity Analysis (Sobol method) 

In GSA, variance-based sensitivity analysis or Sobol method refers to ways of quantifying 

the contribution of each input parameter to the total variance of the output [35, 56, 57]. 

The Sobol sensitivity indices are obtained from the analysis of variances ANOVA 

decomposition [56]. Sobol Method as a GSA tool [58, 57] can be summarized as a 

following:    

Let model outputs (𝑌) is a function of parameters/variables (𝑋1, 𝑋2, 𝑋3, … , 𝑋𝑝), and thus, 

this relation can be written as follows: 

 𝑌 = 𝑓 𝑋1, 𝑋2, 𝑋3, … , 𝑋𝑝  (16) 

Where: 

𝑝  the number of parameters/variables in the model. 

In a sensitivity analysis, the researchers wish to know the amount of variance that would 

disappear if one or more input parameters were known and fixed [59].  

Sobol' suggested to decompose the function f into summands of increasing 

dimensionality: 

 𝑓 𝑋1, … , 𝑋𝑝 = 𝑓0 +  𝑓𝑖(𝑋𝑖)
𝑝
𝑖=1 +   𝑓𝑖,𝑗 𝑋𝑖 , 𝑋𝑗 

𝑝
𝑗=𝑖+1

𝑝
𝑖=1 + ⋯+ 𝑓1,…,𝑝 𝑋1, … , 𝑋𝑝     (17) 

If the input factors are independent and each term in this Equation is chosen with zero 

average and is square-integrable, then 𝑓0 is a constant: equal to the output's expectation 

value, and the summands are mutually orthogonal. Additionally, this decomposition is 

unique.  

The total unconditional variance can be defined as: 

 𝑉(𝑌) = ∫ 𝑓2(𝑿) 𝑑𝑿
𝛺𝑝 − 𝑓0 (18) 

with Ω𝑃 representing the p-dimensional unit hyperspace (i.e., parameter ranges are 

scaled between 0 and 1). The partial variances, which are the total variance 

decomposition components, are computed from each of the terms in Equation (19).  

 𝑉𝑖1… 𝑖𝑠 = ∫ ∫ 𝑓𝑖1… 𝑖𝑠
2   𝑋𝑖1 , … , 𝑋𝑖𝑠  𝑑𝑋𝑖1 …𝑑𝑋𝑖𝑠

1

0

1

0
  (19) 

where 1 ≤  𝑖1  ≤ ⋯ ≤  𝑖𝑠 ≤  𝑝 and 𝑠 =  1, . . . , 𝑝. With the assumption that the parameters 

are mutually orthogonal, this results in Equation (20) for the variance decomposition. 

 𝑉(𝑌) =  𝑉𝑖
𝑝
𝑖=1 +   𝑉𝑖𝑗

𝑝
𝑗=𝑖+1

𝑝−1
𝑖=1 + ⋯+ 𝑉1,…,𝑝  (20) 
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Where  𝑉𝑖
𝑝
𝑖  is the sum of partial variances that involve the main effects of each input 

parameter,    𝑉𝑖𝑗
𝑝
𝑗>𝑖

𝑝
𝑖  Include each partial variances of the interaction of two input 

parameters, and so on. In this method, the variance contributions to the total output 

variance of individual parameters and parameter interactions can be determined.  

The proportion of the partial variance identifies these contributions to the total variance. 

The Sobol sensitivity indices can be founded by dividing Equation 20 by total 

unconditional variance V(Y); it becomes: 

 1 =  𝑆𝑖
𝑝
𝑖 +   𝑆𝑖𝑗

𝑝
𝑗>𝑖

𝑝
𝑖 + ⋯+ 𝑆1,…,𝑝  (21) 

Where: 

 𝑆𝑖
𝑝
𝑖    the sum of the first-order indices, 

  𝑆𝑖𝑗
𝑝
𝑗>𝑖

𝑝
𝑖   the sum of the second-order indices,  

Consequently, the first order index (𝑆𝑖) and the second order index (𝑆𝑖𝑗) for each input 

parameter are given as follow: 

 𝑆𝑖 =
𝑉𝑖

𝑉(𝑌)
 (22) 

 𝑆𝑖𝑗 =
𝑉𝑖𝑗

𝑉(𝑌)
  (23) 

The first order index (𝑆𝑖) is a measure for the variance contribution of the individual 

parameter (𝑋𝑖) to the total model variance, and the impact on the model output variance 

of the interaction between parameters (𝑋𝑖) and (𝑋𝑗) is given by  𝑆𝑖𝑗 . Finally, the total 

sensitivity index (𝑆𝑇𝑖) represent the result of the main effect of (𝑋𝑖) and all its interactions 

with the other parameters (up to the 𝑝𝑡ℎ order). The calculation of (𝑆𝑇𝑖) can be calculated 

from the variance (𝑉∼𝑖) that results from the variation of all parameters, except (𝑋𝑖). 

 𝑆𝑇𝑖 = 1 −
𝑉∼𝑖 

𝑉(𝑌) 
 (24) 

By analyzing the difference between 𝑆𝑇𝑖 and 𝑆𝑖 , one can determine the impact of the 

interactions between the input variable 𝑋𝑖 and the other input variables. In general, both 

indices values provide adequate information to determine the analyzed model's 

sensitivity to individual input variables. 
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3.2.2. Quasi-Monte Carlo Algorithm Based on Sobol Sequences 

3.2.2.1. Sobol sequences 

Using the Quasi-Monte Carlo (QMC) simulation required a systematic sampling method 

to get deterministic inputs instead of random ones.  In this chapter, the Sobol sequence 

has been used to generate a quasi-random of the number. In particular, it is common for 

QMC to produce much more accurate integration approximations answers than classical 

MC does [60]. Figure 11 illustrates the sampling difference between (a) classical MC and 

(b) QMC using Sobol' sequence. 

In this study, the Sobol sequence has been used to produce random data for the simulation 

algorithm. This method generates a sequence of points in the unit hypercube  0,1)𝑝, 

where (𝑝) is the dimension of the problem, i.e., the number of parameters that will be 

analyzed. In other words, each element inside the sequence is a p-dimensional vector 

whose components are fractions between 0 and 1.   

 
Figure 11:  MC samples and QMC samples using the Sobol' sequence (N = 1000). 

3.2.2.2. Quasi-Monte Carlo algorithm 

The Sobol method is typically used to create two sets of input matrix (𝑁 × 𝑝), (the 

"sample" matrix 𝑀1 and the "sample" matrix 𝑀2).  

Where: 

𝑁  sample size, 

𝑝    number of parameters/variables.  

       (a) MC samples                                                        (b) QMC samples using Sobol sequence                      
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Every row in both matrices 𝑀1 and 𝑀2 represents possibly the parameter combination on 

the model [57, 61].  The first-order sensitivity index  (𝑆𝑖) and total sensitivity index (𝑆𝑇𝑖)  

were estimated by QMC algorithm:   

 𝑆𝑖 =
[(

1

𝑁
) (𝑦𝑘

𝑀1)
2
−𝑓0

2𝑁
𝑘=1 ]−[(

1

2𝑁
) (𝑦𝑘

𝑀2−𝑦𝑘
𝑀3)

2
𝑁
𝑘=1 ]

(
1

𝑁
) (𝑦𝑘

𝑀1)
2

𝑁
𝑘=1 −𝑓0

2
  (25) 

 𝑆𝑇𝑖 =
(

1

2𝑁
) (𝑦𝑘

𝑀1−𝑦𝑘

𝑀3𝑖)
2

𝑁
𝑘=1

(
1

𝑁
) (𝑦𝑘

𝑀1)
2

𝑁
𝑘=1 −𝑓0

2
  (26) 

Where 𝑦𝑘
𝑀1 , 𝑦𝑘

𝑀2  and 𝑦𝑘
𝑀3  are model output for any parameter (𝑖) in the sample (𝑘) 

corresponding to matrices 𝑀1, 𝑀2 and 𝑀3 respectively, the 𝑀3 is also a matrix formed 

from all the elements of the matrix 𝑀2, except the 𝑖 column, where elements are taking 

from the matrix 𝑀1. The 𝑓0
2   is a constant calculated as follow: 

 𝑓0
2 = (

1

𝑁
 𝑦𝑘

𝑀1N
𝑘=1 )

2
 (27) 

3.3. Methodology 

This chapter developed an algorithm of Global sensitivity analysis for the traffic 

assignment model (GSA-TAM) based on the QMC simulation technique. The GSA-TAM 

algorithm's primary purpose: First, identifying the set of OD pairs that creates traffic flow 

in each link of the transport network. Second, determine each OD pair's influence ratio on 

traffic flow variance in every link on the transport network. 

The GSA-TAM algorithm has been divided into five-stages to be clear and straightforward 

in implementation for any network. The relationships connecting these stages are 

presented in Figure 12, and the mathematical and logical computations of this 

methodology were illustrated in Algorithm 2. The GSA-TAM algorithm stages are as 

follow: 

1) Definition stage: in this stage, three things should be defined; (i) Travel demand 

model, the model might be a simple or complex according to the Number of TAZ, 

links, and nodes. (ii) Parameters (𝑝),  there are two types of parameters; the first 

one is the parameters associated with the model structure, while the second type 

is related to the input data. (iii) Sample size (𝑁), the selection of sample size has a 

significant effect on the accuracy of sensitivity indices and time of the simulation 
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process. Increasing sample size leads to improved accuracy, but the simulation 

process will be expensive because of the time.  

2) Generation stage: This stage includes building two sets of matrices using the QMC 

algorithm; in this study, the Sobol sequence was used. in both matrices (𝑀1) and 

(𝑀2), the number of columns represents the number of parameters, while the 

number of rows depicts the sample size. 

3) Running stage: In this stage, the GSA-TAM algorithm has been coding by MATLAB 

software and linked with VISUM software via the Component Object Model (COM). 

The results of model running are two matrices of outputs (𝑄1) and (𝑄2), 

corresponding to the two sets of matrices (𝑀1) and (𝑀2) respectively. 

4) Calculation stage: During this stage, both Equation 25 and Equation 26 are used 

to calculate the first-order sensitivity index and total sensitivity index, 

respectively. 

5) Analysis stage: In the last stage, the set of OD pairs that affect each link will be 

identified. Moreover, determining the scope of effectiveness for each OD pair on 

the transport network. 
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Figure 12: GSA-TAM algorithm of the traffic assignment model. 
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Algorithm 2. Sensitivity Analysis for Input Data of Traffic Assignment Model 

Definition stage: 
 𝑍𝑗 =1,𝑛  ;  ∀ 𝑍 ∈ ℕ    ⊳ Zone definition. 

𝑂𝑗 =1,𝑛  ;  𝑂 ⊂ 𝑍    ⊳ Origin definition. 

 𝐷𝑗 =1,𝑛 ;  𝐷 ⊂ 𝑍   ⊳ Destination definition. 

 𝑂𝐷(𝑗 ,𝑗 );  ∀𝑂𝐷(𝑗 ,𝑗 ) ∈ ℝ  ⊳ Matrix of Origin Destination (OD). 

 𝑂𝐷(𝑗 ,𝑗 )
𝑜𝑏𝑠 .;  ∀𝑂𝐷(𝑗 ,𝑗 )

𝑜𝑏𝑠 . ∈ ℝ   ⊳ Observed values of OD matrix. 

𝑓𝑇𝑂→𝐷
     ⊳ Traffic Assignment function.  

𝑙 = 1, 𝐿; ∀ 𝑙, 𝐿 ∈ ℕ    ⊳ Links attribute. 
𝐿;    ⊳ Number of links. 
𝑁; 𝑁 ∈ ℕ   ⊳ Number of samples. 
𝑝 = 𝑍2;  𝑝 ∈ ℕ   ⊳ Number of parameters 

Generation stage: 

01:   𝜑𝑘
𝑀1 

𝑁×𝑝
 ← 𝑄𝑀𝐶  Sobol’s sequence    ⊳ Generating samples for the 1st. input matrix (𝑀1). 

02:   𝜑𝑘
𝑀2 

𝑁×𝑝
 ← 𝑄𝑀𝐶  Sobol’s sequence    ⊳ Generating samples for the 2nd. Input matrix (𝑀2). 

03:  For  𝑘 = 1 𝑡𝑜 𝑁 do   
04:       For  𝑖 = 1 𝑡𝑜 𝑛 do   
05:         For  𝑗 = 1 𝑡𝑜 𝑛 do   

06:               𝑂𝐷(𝑗 ,𝑗 )
𝑘  

𝑀1
← 𝑂𝐷(𝑗 ,𝑗 )

𝑜𝑏𝑠 . ∗  𝜑𝑘
𝑀1   ⊳ Get the 1st. set of input OD matrices {𝑀1}.  

07:               𝑂𝐷(𝑗 ,𝑗 )
𝑘  

𝑀2
← 𝑂𝐷(𝑗 ,𝑗 )

𝑜𝑏𝑠 . ∗  𝜑𝑘
𝑀2   ⊳ Get the 2nd. set of input OD matrix {𝑀2}.  

08:                 end for  
09:          end for 
10:  end for 

Running stage:  
11:  For  𝑘 = 1 𝑡𝑜 𝑁 do     ⊳ Run VISUM. 

12:        𝑞𝑙=1,𝐿
𝑘  

𝑀1
←  𝑓𝑇𝑂→𝐷

 𝑂𝐷(𝑗 ,𝑗 )
𝑘  

𝑀1
;  ∀ 𝑞𝑙

𝑘 ∈ ℝ   ⊳ Get the 1st. set of traffic flow attributes {𝑄1}. 

13:        𝑞𝑙=1,𝐿
𝑘  

𝑀2
←  𝑓𝑇𝑂→𝐷

 𝑂𝐷(𝑗 ,𝑗 )
𝑘  

𝑀2
;  ∀ 𝑞𝑙

𝑘 ∈ ℝ   ⊳ Get the 2nd. set of traffic flow attributes {𝑄2}. 

14:  end for 

Calculation stage: 
15:  For  𝑙 = 1 𝑡𝑜 𝐿 do      ⊳ The first loop for links. 
16:   For  𝑖 = 1 𝑡𝑜 𝑝 do     ⊳ The second loop for parameters. 
17:          For  𝑘 = 1 𝑡𝑜 𝑁 do     ⊳ The third loop for samples. 

18:             𝑂𝐷(𝑖=1:𝑝)
𝑘  

𝑉1
← 𝑟𝑒𝑠ℎ𝑎𝑝𝑒  𝑂𝐷(𝑖=1:𝑛 ,𝑗 =1:𝑛)

𝑘  
𝑀1

 ⊳ Reshape matrix (𝑀1) to vector (𝑉1). 

19:             𝑂𝐷(𝑖=1:𝑝)
𝑘  

𝑉2
← 𝑟𝑒𝑠ℎ𝑎𝑝𝑒  𝑂𝐷(𝑖=1:𝑛 ,𝑗 =1:𝑛)

𝑘  
𝑀2

 ⊳ Reshape matrix (𝑀2) to vector (𝑉2). 

20:             𝑂𝐷(𝑖=1:𝑝)
𝑘  

𝑉3
←  𝑂𝐷(𝑖=1:𝑝)

𝑘  
𝑉2

   ⊳ Generate vector (𝑉3). 

21:                           𝑂𝐷(𝑖)
𝑘  

𝑉3
←  𝑂𝐷(𝑖)

𝑘  
𝑉1

                                                          ⊳ Replace the (𝑖) column of (𝑉3) by the 

same column from (𝑉1). 

22:             𝑂𝐷(𝑗=1:𝑛 ,𝑗 =1:𝑛)
𝑘  

𝑀3
← 𝑟𝑒𝑠ℎ𝑎𝑝𝑒  𝑂𝐷(𝑖=1:𝑝)

𝑘  
𝑉3

 ⊳ Reshape vector (𝑉3) to matrix (𝑀3). 

23:                         𝑞𝑙=1,𝐿
𝑘  

𝑀3
←  𝑓𝑇𝑂→𝐷

 𝑂𝐷(𝑖 ,𝑗 )
𝑘  

𝑀3
;  ∀ 𝑞𝑙

𝑘 ∈ ℝ                      ⊳ Run VISUM to get the 3rd. set of traffic 

flow attributes {𝑄3}. 
24:                 end for  

25:         𝑓0
2 ← (

1

𝑁
  𝑞

𝑙
𝑘 

𝑀1𝑁
𝑘=1 )

2
    ⊳ Constant. 

26:          𝑆𝑖 ←
 (

1

𝑁
)   𝑞𝑙

𝑘 
𝑀1

 
2

−𝑓0
2𝑁

𝑘=1  − (
1

2𝑁
)   𝑞𝑙

𝑘 
𝑀2

− 𝑞𝑙
𝑘 

𝑀3
 

2
𝑁
𝑘=1  

(
1

𝑁
)   𝑞𝑙

𝑘  
𝑀1

 
2

𝑁
𝑘=1 −𝑓0

2
 ⊳ First order sensitivity index. 

27:        𝑆𝑇𝑖 ←
(

1

2𝑁
)   𝑞𝑙

𝑘 
𝑀1

− 𝑞𝑙
𝑘 

𝑀3
 

2
𝑁
𝑘=1

(
1

𝑁
)    𝑞𝑙

𝑘 
𝑀1

 
2

𝑁
𝑘=1 −𝑓0

2
    ⊳ Total sensitivity index. 

28:          end for 
29:  end for 
30:  End 
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3.4. Implementation  

The proposed methodology has been applied to the case study (Ajka, Hungary). The 

following subsections represent the implementation stages: 

3.4.1. Definition Stage 

The methodology was implemented in the study case. The definition details of the study 

area are as follows: 

Model: VISUM software / Traffic assignment model / Incremental assignment method. 

Parameters (𝑝): OD pairs, the number of parameters equal to the number of OD matrix 

cells; (𝑝 = 𝑍2 = 625 parameters). 

The number of links: (𝐿 = 50). 

The output result vector (𝑄), 𝑄 = {𝑞1, 𝑞2, 𝑞3, … , 𝑞50}, represent traffic flow in the links. 

Sample size (𝑁): In this study, ten sizes of samples have been checked in purpose to get 

more reliable results. The samples ranged from 100 to 1000. 

3.4.2. Generation Stage 

Two matrices have been generated (𝑀1) and (𝑀2), each one has a dimension (𝑁, 𝑝), by 

applying the QMC Sobol sequence. Because of 10 samples have been used in this case 

study, the dimensions of these matrices were {(100,625), (200,625), ..., (1000,625}. Thus, 

the total number of generated matrices to use in the present chapter are 20 matrices. Also, 

as noticeable as these matrices' dimensions are big, that directly leads to an increase in 

simulation time, representing the difficult challenge in this algorithm.    

3.4.3. Running Stage 

In this stage, The MATLAB code was executed twice multiplied by the number of samples 

for matrices (𝑀1) and (𝑀2) for all sampling cases. The results of this stage are two sets of 

output vectors: (𝑄1) and (𝑄2) corresponding to matrices (𝑀1) and (𝑀2). Each set has a 

dimension of (𝑝 = 50). This process was repeated ten times, according to the number of 

sample sizes (𝑁) adopted from the previous stage. 

The running stage consists of three steps: the first step is using the generated matrices 

(𝑀1) and (𝑀2) to forming in (2N=2000) of OD matrices. The second step is inputting 2000 

OD matrices in VISUM to produce 2000 traffic flow attributes. The last step is forming 



39 

 

these attributes into two matrices (𝑄1) and (𝑄2), corresponding to the two sets of 

matrices (𝑀1) and (𝑀2) respectively. Each of  (𝑄1) and (𝑄2) has a dimension (𝐿, 𝑁).  

3.4.4. Calculation Stage 

This stage is the core of the GSA-TAM algorithm, where the first and total sensitivity 

indices are determined for all parameters by using Equation 25 and Equation 26. The 

most significant challenges in this stage: first, forming and changing the parameters of the 

matrix (𝑀3) for every sample during the simulation process. Second, the simulation time, 

although the computations were performed in the workstation computer has an Intel 

Core 6 CPU at 3.70 GHz with 32 GB RAM. The whole simulation process of GSA-TAM 

required more than 2000 hours to finish all samples size. 

The results of this stage are two sets of output metrics: (𝑆𝑖) for the first-order sensitivity 

index and (𝑆𝑇𝑖) for the total sensitivity index. Every set has a dimension of (𝑝 = 625, 𝐿 =

50). Finally, the calculation process was replicated ten times to determine the adequate 

sample size for this case study. 

3.4.5. Analysis Stage 

For the analysis stage, four questions will be answered. The first question is, what is the 

proper sample size for the sensitivity analysis of the traffic assignment model? Secondly, 

what are the OD pairs that affect each link? Thirdly, for every OD pair, what is the scope 

of effectiveness on the transport network? Finally, does the sensitivity indices change in 

case of increasing traffic flow? All these questions have been discussed in the following 

subsections.  

3.4.5.1. Sample Size 

Knowing and determining the proper sample size has a significant role in decreasing the 

GSA_TAM algorithm's required time. For this research, ten sizes of samples have been 

used to reach the minimum sample size. The minimum sample size is satisfying when the 

Sobol sensitivity indices have low variability between the previous and subsequent 

results. In this study case, the transport network has 50 links; only two links (𝑙02) and 

(𝑙12) will be presented to show the relationship between the sample size and Sobol total 

sensitivity index (see Figure 13 and Figure 14). In general, after all the 50th links have 

been checked, the study found that the minimum size of samples required is (𝑁 > 1000) 

for this case study.     
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Figure 13:  Evaluation of the total sensitivity index for (𝑙02). 

 

Figure 14:  Evaluation of the total sensitivity index for (𝑙12). 

3.4.5.2. Total Sensitivity Index  

This research aims to use the GSA-TSA algorithm to identify OD pairs' set that creates 

traffic flow in each transport network link. Besides, determining the influence ratio of 

each OD pair on traffic flow variance in any link. 

Figure 15 showing the total sensitivity index (ST) of OD pairs in only four links out of 50 

links forming the transport network of the study area by using the sample size (𝑁 =

1000). In this figure, the OD pairs that have the (𝑆𝑇 < 0.005) are skipped showing.  

In general, each link has its own sets t of OD pairs affecting it. The number of OD pairs in 

each set is different from a link to another; according to the link's location in the transport 

network, the internal links have more OD pairs than the external links. For example, in 

Figure 15-a, the set of OD pairs affecting in the (𝑙01) consists of 11 OD pairs, While in 
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Figure 15-c, the set of OD pairs affecting in the (𝑙11) was 7 OD pairs only. Also, in Figure 

15-a, it can be seen the (𝑆𝑇) indices for the parameters were variated from 0.253 for 

(𝑂𝐷01−11) to 0.014 for (𝑂𝐷01−16). As well as all parameters in other links. 

 
(a) Total sensitivity index of OD pairs in (𝑙01).       (b) Total sensitivity index of OD pairs in (𝑙02). 

 
(c) Total sensitivity index of OD pairs in (𝑙11).          (d) Total sensitivity index of OD pairs in (𝑙12). 

Figure 15: Total sensitivity index of OD pairs in several links on the transport network of the 
study case by using (N=1000): (a) Link # 01, (b) Link # 02, (c) Link # 11, and (d) Link # 
12. 

3.4.5.3. Parameter Scope  

The other important goal of this research is to know the scope of effect of each OD pair on 

the whole links of the transport network. For this reason, the developed GSA algorithm 

for traffic assignment models included a technique to detect and define the affected 

domain by each OD pair.    

In this case study, the OD pairs' impact scope was ranged between (1 - 11) links. The 

impact scope of OD pairs is ruled mainly by the spatial distribution for traffic analysis 

zones (TAZ). If the OD zones are located close to each other, it decreases the required links 

to serve the traffic movement between them. Moreover, vice versa, if the OD zones are 

located far from each other. Figure 16 showing the impact scope for only four OD pairs 
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out of 625 OD pairs in the study area by using the sample size (𝑁 = 1000). In Figure 16-

a, the impact scope of OD (07-01) covering five links. And the (𝑆𝑇) Index of OD (07-01) 

differed from 0.027 in the (link # 02) to 0.710 in the (link # 21). And so on the other links. 

 

(a) The impact scope of (𝑂𝐷07−01).             (b) The impact scope of (𝑂𝐷10−01). 

 

(c) The impact scope of (𝑂𝐷03−10).                (d) The impact scope of (𝑂𝐷03−17). 

Figure 16: The impact scope of several OD pairs on the transport network of the study case by 
using (𝑁 = 1000): (a) 𝑂𝐷07−01 (b) 𝑂𝐷10−01 (c) 𝑂𝐷03−10 and (d) 𝑂𝐷03−17. 

3.4.5.4. Affectation of Increasing Traffic Flow 

In this section, new simulations have been appropriated for the cases of an increase in 

traffic flow by increasing the travel demand frequently by 10% to reach 100% of the 

original travel demand (i.e., the base case). For each case, the GSA-TAM algorithm has 

been implemented. The simulation results show the effect of increasing traffic flow on the 

sensitivity indices of OD pairs.  

In Figure 17, it can be seen that the sensitivity index of (𝑂𝐷11−03) decreases from 0.210 in 

the base case to 0.147 in case of increasing travel demand up 100%; this means that a part 

of the travel demand from zone #11 to zone #03 is moved from (𝑙02) to another link(s). 

Furthermore, in Figure 18, it can be seen the reversed status, the sensitivity index of 

(𝑂𝐷01−03) increases from zero (i.e., none effect) in the base case to 0.03 in case of 
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increasing travel demand to 100%, and this means that a part of the travel demand from 

zone #01 to zone #03 is moved from other links to (𝑙12), and so on for the OD pairs. 

 

Figure 17:  Evaluation of the total sensitivity indices for (𝑙02). 

 

Figure 18:  Evaluation of the total sensitivity indices for (𝑙12). 

3.5. Conclusions 

Global sensitivity analysis (GSA) quantifies the impact on the model output of a variation 

that occurred by model components; this allows recognizing the relationship between the 

changed component and the model output, for instance, importance, relevance, and 

effectiveness. In traffic assignment models, identifying the OD pairs that form traffic flow 

in each link is critical for quantifying traffic flow uncertainty causes and sources. 

Therefore, in the present chapter, a new methodology has been developed to obtain the 

OD pairs' sensitivity indices in all links of the transport network. 
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The main contribution of this chapter consists of presenting a new algorithm base on the 

variance-based method of global sensitivity analysis for the traffic assignment model 

(GSA-TAM algorithm). This algorithm is used to calculate Sobol sensitivity indices for the 

input OD matrix. The GSA-TAM algorithm has been written using MATLAB software and 

linked with VISUM software via the Component Object Model (COM). The GSA-TAM 

algorithm consisting of five following stages: (Definition Stage, Generation Stage, Running 

Stage, Calculation stage, and Analysis stage). A clear stepwise detail was afforded to 

implement each stage described in the algorithm. 

The developed GSA-TAM algorithm aims to provide an applicable methodology for the 

following purposes:  

• Detecting the set of OD pairs influencing on each link on the transport network. 

• Identifying the effect value for each OD pair on the traffic flow in any link by 

knowing the sensitivity index. 

• Classifying the OD pairs on each link according to sensitivity indices to show the 

more significant ones. 

• Determining the practical scope for each OD pair on the transport network. 

The significant challenge solved in this study was selecting a suitable sample size for this 

study. Therefore, ten samples have been used to examine OD pairs' sensitivity indices in 

the traffic assignment model. Depending on the sensitivity indices pattern for all samples, 

the minimum sample size meets with low variability between the previous and 

subsequent results is (𝑁 > 1000) for this case study. 
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4.  Estimation of Link Choice Probabilities Using Maximum Likelihood 

Estimation Method and Gaussian Processes  

4.1. Introduction 

The fundamental premise in traffic assignment is choosing a route for each OD pair. 

Numerous factors influence a route choice; these include journey time, trip distance, 

monetary cost, congestion, type of roadway, characteristics, and perceptions of the 

drivers themselves. Containment of all these factors and the assumption that all drivers 

have full knowledge of the transport system is questionable. Accordingly, the finding of 

the route choice set for each traffic assignment model is a difficult task and not practical. 

Therefore approximations are inevitable in estimating the route choice set [62]. That 

approximation in the calculation of the route choice set caused uncertainty in the traffic 

assignment model on each link of the transport network, especially in links with higher 

traffic density [63, 64]. 

The drivers' route choice behaviour one of the main reasons causes traffic flows' 

fluctuations on transport networks. Therefore, it is essential to estimate the choice set in 

the traffic assignment model to forecast driver's behaviour under hypothetical scenarios, 

to predict future traffic conditions on transport networks, and to understand the 

uncertainty in the traffic assignment model. The importance of knowing the route choice 

set is increasingly recognized as a solution to uncertainty problems in the traffic 

assignment model. [65, 66].  

Route choice sets are usually designated using choice set generation algorithms (e.g. 

shortest paths or labelling), which compute a set of routes based on properties of the 

transport network. These algorithms can carry two types of errors in the choice set 

generation. First, false-negative errors, which occur when the algorithm is not able to 

recreate the chosen alternatives. The created alternatives might not match the 

preferences and behaviour of the drivers, and as a result, the chosen route is not 

regenerate. The impact of this error decreases when the ability of choice set generation 

algorithm to capture the drivers' preferences and behaviour increases. Second, false-

positive errors happen when a choice set generation algorithm also creates routes that 

are unconsidered by the divers, resulting in a too wide choice set. As a result, using choice 

set generation algorithms potentially comes with several imperfections [67].  
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Accordingly, the evaluation of the significance and reality of generated route choice sets 

is difficult in practice because the actual choice sets are unknown to the transport 

modellers. After all, it includes unlimited possible routes for each OD pair on the transport 

network. Several researchers, such as Ramming [68], Hoogendoorn-Lanser [69], Bekhor 

et al. [70], Hoogendoorn-Lanser and Nes [71], Bovy and Fiorenzo-Catalano [72] and Prato 

and Bekhor [73], have stated different methods to measure of quality and efficiency of the 

generated route choice sets. The empirical analysis shows that no choice set generation 

algorithm can fully reproduce observed paths. 

Route choice sets are generally used to study for three application purposes: (i) Analysis 

of travel behaviour, where the planner is interested to know of travel alternatives, 

characteristics, number, variety, and composition. (ii) Estimating parameters of choice 

models (i.e., estimating parameters of utility functions of route choice models at an 

individual level). (iii) Predicting of choice probabilities for alternatives routes (i.e., 

determining route flow and link flow for travel demand analysis using route choice 

models) [72, 74]. 

To analysis uncertainty of the traffic flow required information to be gathered about what 

are the OD pairs using in each link (i.e., link choice set), and what are the probabilities 

proportion of the OD pairs that using this link (i.e., link choice probabilities). "Link choice" 

is closely related to "route choice" as the link is part of the route, and this study focuses 

on links instead of routes to analyze the characteristics of uncertainty.  

For this study, the parameter estimation technique has been used for determining the 

most probable value of link choice probabilities for all links on the transport network. The 

parameter estimation technique plays a principal role in complex mathematical models, 

as it helps us to determine optimal parameters to create a reliable model [75]. Barnard 

and Bayes [76] described that for most mathematical models that have a large number of 

parameters, and the observed data was erroneous, Parameter estimation can be 

performed in the MLE framework, where the state estimate is the parameter which 

maximizes the likelihood function. The MLE framework gives estimates of the unknown 

quantities that maximize the probability of obtaining the observed set of data. MLE used 

in various scientific fields, such as communication systems, psychometrics, 

pharmacology, genetics, and astrophysics [77]. This work uses MLE to estimate choice 

probabilities sets for links by using a linear Gaussian model.  
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This chapter focuses on the analysis of link flow and its uncertainty characteristics.  A new 

methodology has been innovated depending on MC simulation processes, to estimate of 

link choice probabilities for all links on the transport network, and using the 

methodology's results to find the error's parameters of traffic flow in the traffic 

assignment model. In this context, the new methodology based on both global sensitivity 

analysis of traffic assignment model algorithm GSA-TAM to find the generation set of OD 

pairs and maximum likelihood estimation MLE framework to estimate rote choice 

probabilities of these OD pairs in each link in the transport network. 

4.2. Background  

4.2.1. Route Choice Modelling 

Choice set generation consists of finding all feasible routes that a traveller might consider 

for travelling from his origin to his destination. Choice set generation for route choice 

modelling is known as a complicated problem compared to other choice modelling 

problems such as mode choice or destination choice a good overview of route choice 

modelling can be found in Bovy and Stern [78], which is the first book entirely covering 

this topic.  

It is well known that in a route choice context, finding route choice is complex for various 

reasons and involves several steps before the actual model estimation. The route choice 

model depends, on the one hand, on the attributes of the available routes, such as the type 

of road, speed limit, travel time, and the number of traffic lights. On the other hand, the 

characteristics and preferences of the divers also influence the choice. Some of the drivers 

like high speeds on freeways while others prefer small beautiful roads, some avoid left 

turns or traffic lights. Several aspects of the route choice problem make it particularly 

complicated [79, 80]. 

Over the years, various approaches have been suggested for modelling route choice 

behaviour, and these approaches can be subdivided into two categories deterministic and 

stochastic; Figure 19 illustrates the situation [79]. In this chart, 𝑈 represents the universal 

set that includes all possible routes for an OD pair. In the deterministic approach, 𝑀 

represents the master set of known routes generated by the researcher using 

deterministic or stochastic methods in order to approximate a driver's preferences and 

awareness set. And then, if the choice set generation method is deterministic, the 
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probability of a driver choosing route 𝑟 simply equals 𝑃(𝑟|𝐶) where 𝐶 is the individual 

final viable choice set, where (𝐶 ⊆ 𝑀). On the other hand, if the choice set generation 

method is a probabilistic approach where all non-empty subsets 𝐺 are considered, 𝐺 is all 

the non-empty subsets of the master set 𝑀. The probability probabilistic approach would 

be as follow: 

 𝑃(𝑟) =  𝑃(𝑟|𝐶)𝑃(𝐶)𝐶∈𝐺     (28) 

Where: 

 𝑃(𝑟)   the probability of a driver choosing route 𝑟 from master set 𝑀, 

𝑃(𝑟|𝐶)  the probability of a driver is choosing route 𝑟 from a given choice 

set 𝐶, 

𝑃(𝐶)  probability of a driver's choice set being C. 

 

Figure 19: Choice set generation [79] 

As noted above, the primary purpose of route choice models is predicting probabilities of 

alternatives routes/links. However, the generation of route choice sets suffers from 

several problems; First, it is unclear which criteria should be adopted to determine the 

appropriate alternatives, like the choice set, should have sufficient variety and include 

alternatives that are logically relevant for the study. Second, the route choice models 

usually consider trips between origin zones to destination zones, while estimation usually 

concentrates on individual trips. As a result, choice sets utilized for prediction should be 
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much more significant to account for the differences in spatial and individual 

characteristics [67, 68, 74]. 

4.2.2. Maximum Likelihood Estimation   

MLE is one of a widely common technique used in statistical, engineering, economics, and 

many different applications to estimate the parameters of a model [81]. MLE can be 

implemented for most mathematical models regardless of the number of parameters in 

these models. The MLE framework gives values to the parameters that maximize the 

likelihood function [77].  

Generally, the MLE method estimates set of parameters, that give simultaneous solution 

to the set of equations, when the derivatives of the log-likelihood equations are set at zero. 

After that, the MLE technique involves obtaining all second derivatives of the likelihood 

for each parameter by employing any practical method of solution [77, 81, 82]. For a more 

precise description, the model output (𝑌) is a random vector which have a number of 

independently observations (𝑁). Also, assume for now that (𝑌)  is continuous, denote by 

𝑓(𝑌|𝜃) the probability density function 𝑝𝑑𝑓(𝑌), conditioned on a set of parameters (𝜃). 

The random distribution would be wholly characterized if the particular value of (𝜃) is 

known, say (𝜃0), corresponding to the population under interest. Since the observations 

are assumed to be independent, the joint density is the product of the individual densities: 

 𝑓(𝑦1, 𝑦2, … , 𝑦𝑁|𝜃) = ∏ 𝑓(𝑦𝑛|𝜃)𝑁
𝑖=1  (29) 

Considering a function of θ that would follow the value of the joint density, given the 

observations 𝑦1, 𝑦2, … , 𝑦𝑁. The likelihood function becomes: 

 𝐿(𝜃|𝑦1, 𝑦2, … , 𝑦𝑁) = 𝑓(𝑦1, 𝑦2, … , 𝑦𝑁|𝜃) (30) 

Since the (𝜃0) is unknown; the solution can be done by approximating it through 

computing an estimator (𝜃𝑁) of its value that can be ruled as the most likely value for θ, 

given the observations. The estimation is done by maximizing the function 

𝐿(𝜃|𝑦1, 𝑦2, … , 𝑦𝑁) concerning (𝜃): 

 max
𝜃∈Θ

𝐿(𝜃|𝑦1, 𝑦2, … , 𝑦𝑁) (31) 

Where: Θ is parameter space, and the 𝜃 belongs to Θ.  

Furthermore, that Eq. (11) has a unique solution, called the maximum likelihood 

estimator: 

 𝜃𝑁 = argmax
𝜃∈Θ

𝐿(𝜃|𝑦1, 𝑦2, … , 𝑦𝑁) (32) 
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practically, it is often more beneficial to solve with the logarithm of the likelihood 

function, which is called the log-likelihood: 

 ln 𝐿(𝜃|𝑦1, 𝑦2, … , 𝑦𝑁) = ln 𝑓(𝑦1, 𝑦2, … , 𝑦𝑁|𝜃) =  ln 𝑓(𝑦𝑖|𝜃)𝑁
𝑛=1  (33) 

The maximum likelihood estimator under normal conditions, 𝜃𝑁 almost definitely 

converges to 𝜃0 as 𝑁 increases to infinity, and the distribution function of √𝑁 (𝜃𝑁 − 𝜃0) 

converges to the multi-normal distribution function with mean equal zero [81]. 

4.2.3. Gaussian Processes   

The Gaussian processes GP has been commonly used in statistics and machine-learning 

studies for modelling stochastic processes in regression and classification [83]. The 

advantage of using the GP originates principally from two fundamental properties. First, 

a GP is wholly determined by its mean and covariance functions. This property promotes 

model fitting. Second, solving the prediction problem is almost straight- forward. The best 

predictor of a GP is a linear regression function of the observed values, and, in many cases, 

these functions can be computed by applying recursive formulas [84, 85]. 

GP provides a technique for modelling probability distributions over functions based on 

the framework of Bayesian regression [83, 86].  Formally, GP generates data located 

throughout some domain such that any finite subset of the range follows a Normal 

multivariate distribution. Consider the Bayesian regression model the standard linear 

regression model with Gaussian noise: 

 𝑌 = 𝑓(𝑋) + 𝜀  (34) 

where 𝑋 is the input matrix, 𝑓(𝑋) is the function value, Y is the model outputs vector and 

𝜀 is noise distributed independently and identically according to Normal distribution 

with zero mean value and variance 𝜎2, i.e.: 

 𝜀 ~ 𝑁(0,  𝜎2) (35) 

For each observation, 𝑦 can be thought of as related to an underlying function 𝑓(𝑥) 

through a Gaussian noise model:  

 𝑌 = 𝑓(𝑋) + 𝑁(0,  𝜎2) (36) 

The basic linear regression formula with Gaussian noise: 

 𝑌 = 𝛽𝑋 + 𝑁(0,  𝜎2) (37) 

Where: 

𝛽  the unknown deterministic parameter. 
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Hence, the output 𝑌 will inherit the Gaussian distribution from the noise term 𝜀 resulting 

in: 

 𝑝(𝑌|𝛽) = 𝑝𝜀(𝑌 − 𝛽𝑋) = 𝑁 (𝑌|𝛽𝑋,  𝜎2) (38) 

4.3. Methodology 

In the literature of traffic assignment, all route choice models are looking for answers 

about the following two questions. The first question is what the possible routes for each 

OD pair are? Moreover, the second is what the probabilities of these routes are? However, 

in the new methodology, this chapter starts from a further two different questions. The 

first is what the OD pairs that pass by a link are? Furthermore, the second is what the 

probabilities of these OD pairs are? The peculiarity of this methodology it is starting from 

the link(s) to find the other variables (i.e., OD pairs with their probabilities). Therefore, 

this methodology enables us to discover the characteristics of traffic flow variation of 

links in the case of fluctuation in travel demand. 

The following methodology consists of three stages: Firstly, collecting data about the 

travel demand of the study area. Secondly, generating data using the MC simulation 

process. Finally, parameter estimation to find the probabilities of the OD set in every link 

on the transport network.  

The relationships connecting these stages of the methodology are presented in Figure 20. 

Also, all of the mathematical and logical computations of this methodology are illustrated 

in Algorithm 3. 
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Figure 20: Flowchart illustrates the methodology of estimation of the link choice probabilities. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

(2) Generation Stage 

MC VISUM 

(3) Parameter Estimation Stage  

 

(1) Input Stage 

D 
O 

𝒁𝒋=𝟏 ⋯ 𝒁𝒋=𝒏 

𝒁𝒋=𝟏 11.5 ⋯ 5.8 

⋮ ⋮ ⋱ ⋮ 

𝒁𝒋=𝒏 58 ⋯ 39 

 

𝑳 × 𝒑 𝑂𝐷𝑖=1 ⋯ 𝑂𝐷𝑖=𝑝  

𝑙 = 1  0.25 ⋯ 0.11 

⋮ ⋮ ⋱ ⋮ 

𝑙 = 𝐿 0.00 ⋯ 0.06 

 

Transport Network Base-OD Matrix Total Sensitivity Indices 

𝑵 × 𝒑 𝑂𝐷𝑖=1 ⋯ 𝑂𝐷𝑖=𝑝  

𝑘 = 1  12.5 ⋯  5.6 

⋮ ⋮ ⋱ ⋮ 

𝑘 = 𝑁  16.0 ⋯ 4.5  

 

Generated OD Matrix 

𝑵 × 𝑳 𝑞𝑙=1 ⋯ 𝑞𝑙=𝐿 

𝑘 = 1 58 ⋯ 65 

⋮ ⋮ ⋱ ⋮ 

𝑘 = 𝑁 109 ⋯ 102 

 

Sample Size 

𝑵 

Predicted Traffic Flow 

Link Choice 

Set 

Calculations 

 

 

𝑵 × 𝓕𝒍 𝓕𝒍
{𝒊=𝟏} ⋯ 𝓕𝒍

{𝒊=𝒑} 

𝑘 = 1 12.5 ⋯  5.6 

⋮ ⋮ ⋱ ⋮ 

𝑘 = 𝑁  16.0 ⋯ 4.5  

 

Link Choice Sets 

 Link Choice 

Probabilities 

Calculations 

 

𝓕𝒍
{𝒊} 𝜷𝒍

{𝒊} 

𝑖 = 1 0.91 

𝑖 = 2 1.00 

⋮ ⋮ 

 

Link Choice Probabilities 
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4.3.1. Data Stage 

The required data for this stage consists of three components: the first is setting the 

transport network (TN) and traffic analysis zones (TAZ) in VISUM software. The second 

is defining the OD matrix. The last is specifying the sample size for the simulation process.  

The notations used in this chapter: 

𝑂𝐷𝑏𝑎𝑠𝑒 base OD matrix, 

𝑝    the total number of OD pairs, 

𝐿   the total number of links, 

 
 

Algorithm 3. Parameter estimation of link choice probabilities 

Input Data stage: 

 𝑍𝑗 =1,𝑛  ;  ∀ 𝑍, 𝑖 ∈ ℕ      ⊳ Zone definition. 

𝑂𝑗 =1,𝑛  ;  𝑂 ⊂ 𝑍    ⊳ Origin definition. 

𝐷𝑗 =1,𝑛 ;  𝐷 ⊂ 𝑍   ⊳ Destination definition.  

𝑂𝐷(𝑛 ,𝑛);  ∀𝑂𝐷(𝑖 ,𝑗 ) ∈ ℝ  ⊳ Matrix of Origin Destination (OD). 

𝑂𝐷(𝑛 ,𝑛)
𝑏𝑎𝑠𝑒 ;  ∀𝑂𝐷(𝑗 ,𝑗 )

𝑏𝑎𝑠𝑒 ∈ ℝ   ⊳ base value of OD pair. 

𝑓𝑇𝑂→𝐷
     ⊳ Traffic Assignment function.  

𝐿; ∀ 𝐿 ∈ ℕ     ⊳ Number of links. 
𝑝 = 𝑍2;  𝑝 ∈ ℕ   ⊳ Number of OD pairs. 
𝑃𝐷    ⊳ Define the Probability Distribution type. 
𝜇, 𝜎;  ∀ 𝜇, 𝜎 ∈ ℝ  ⊳ Parameters range for the probability distribution. 
𝑁; 𝑁 ∈ ℕ   ⊳ Number of MC samples. 

Generation stage: 

01: {𝜑𝑘}  ← 𝑀𝐶  𝑃𝐷 (𝜇, 𝜎)                                               ⊳ Get samples by the defined probability distribution     
and parameters using Monte Carlo procedure.   

02:  For  𝑘 = 1 𝑡𝑜 𝑁 do   
03:       For  𝑗 = 1 𝑡𝑜 𝑛 do   
04:         For  𝑗 = 1 𝑡𝑜 𝑛 do   

05:              𝑂𝐷(𝑗 ,𝑗 )
𝑘 ←  𝑂𝐷(𝑗 ,𝑗 )

𝑏𝑎𝑠𝑒 ∗ {𝜑𝑘}   ⊳ Get the generated-OD matrices.  

06:                 end for  
07:          end for 
08:  end for 
09:  For 𝑘 = 1 𝑡𝑜 𝑁 do     ⊳ Run Visum. 

10:        𝑞𝑙=1,𝐿
𝑘 ←  𝑓𝑇𝑂→𝐷

 𝑂𝐷(𝑛 ,𝑛)
𝑘  ;  ∀ 𝑞𝑙

𝑘 ∈ ℝ  ⊳ Get the predicted traffic flow attribute. 

11:  end for 

Parameter estimation stage: 

12: For  𝑙 = 1 𝑡𝑜 𝐿 do    ⊳ The first loop for links. 
13:   For  𝑖 = 1 𝑡𝑜 𝑝 do   ⊳ The second loop for OD pairs. 
14:         If  𝑆𝑇(𝑙 ,𝑖) ≠ 0   

15:                 ℱ𝑙
{𝑖} = 𝑂𝐷{𝑖}    ⊳ Link Choice set. 

16:          end if 

17:                  𝛽𝑙
{𝑖} =  (ℱ𝑙

{𝑖 ,𝑘=1,𝑁}
)
𝑇

(ℱ𝑙
{𝑖 ,𝑘=1,𝑁}

) 

−1

(ℱ𝑙
{𝑖 ,𝑘=1,𝑁}

)
𝑇

 𝑞𝑙
(𝑘=1,𝑁)

  ⊳ Link choice probabilities.  

18:  end for 
19: end for 
20: End 
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𝑁   sample size. 

TSI  total sensitivity indices matrix, 

PD  probability distribution for the Monte Carlo procedure, 

𝑅𝑆𝐷, 𝜎  parameters range for the Monte Carlo procedure. 

4.3.2. Generation Stage 

For this methodology, a MATLAB code has been written and linked with the Component 

Object Model (COM) of VISUM software. Hence, the simulation code in this stage involves 

two processes: the first is the generation of the OD matrix (𝑂𝐷𝑘=1,𝑁)  by Monte Carlo 

method for a given type of probability distribution via base-OD matrix (𝑂𝐷𝑏𝑎𝑠𝑒). While 

the second process is the process of entering the generated OD matrix and the transport 

network in the VISUM to produce the predicted traffic flow attributes for the road 

network from traffic assignment function. 

4.3.3. Parameter estimation 

In the last stage of this methodology, the route choice probabilities of each set ℱ𝑙 will be 

estimated using Gaussian Process GP based on the Maximum Likelihood ML framework.   

The traffic flow in any link 𝑙 caused by the travel demand movement of a set of OD pairs 

and the probabilities set of these OD pairs that used this link 𝑙. Consider the Bayesian 

regression model the standard linear regression model with Gaussian noise; the traffic 

flow 𝑞𝑙 for a link 𝑙: 

 𝑞𝑙 = ℱ𝑙  𝛽𝑙 + 𝜀𝑙 (39) 

Where: 𝑞𝑙 is the traffic flow in the link 𝑙, ℱ𝑙 is the link choice set of OD pairs for the link 𝑙, 

𝛽𝑙  is the link choice probabilities set for the link 𝑙, 𝜀𝑙  is an error follows the normal 

distribution with a zero mean value and variance 𝜎2
𝑙 , hence 𝜀𝑙 ~ 𝑁(0,  𝜎2

𝑙). Thus, the 

normal density function for the 𝜀𝑙: 

 𝑁(𝜀𝑙|𝑜,  𝜎
2
𝑙) =

1

 2𝜋 𝜎2
𝑙
𝑒𝑥𝑝 (−

1

2𝜎2
(𝑞𝑙 − ℱ𝑙 𝛽𝑙)

2) (40) 

The likelihood function is a joint density of ∏ 𝑓(𝜀𝑙
𝑘)𝑁

𝑘=1 . Therefore, the likelihood function: 

 𝐿(𝛽𝑙 ,  𝜎
2
𝑙|𝑞𝑙 , ℱ𝑙) = ∏

1

 2𝜋 𝜎2
𝑙
𝑒𝑥𝑝 (−

1

2 𝜎2
𝑙
 𝑞𝑙

𝑘 − ℱ𝑙
𝑘 𝛽𝑙 

2
)𝑁

𝑘=1    (41) 

The ML framework will obtain the estimates of 𝛽𝑙  and 𝜎2
𝑙 by maximizing the likelihood 

function.  
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First, the logarithm of this function: 

 ln 𝐿(𝛽𝑙 ,  𝜎
2
𝑙) = −

𝑁

2
ln(2𝜋) − 𝑁 ln( 𝜎2

𝑙) −
1

2 𝜎2
𝑙
(𝑞𝑙 − ℱ𝑙𝛽𝑙)

𝑇(𝑞𝑙 − ℱ𝑙𝛽𝑙) (42) 

Second, derivatives the Equation 42 concerning  𝛽𝑙  and 𝜎2
𝑙 parameters 

𝜕𝐿

𝛽𝑙
= 0 𝑎𝑛𝑑 

𝜕𝐿

𝜕 𝜎2
𝑙
=

0 respectively. 

The estimated probabilities set 𝛽𝑙̂: 

 𝛽𝑙̂ = (ℱ𝑙
𝑇ℱ𝑙)

−1 ℱ𝑙
𝑇𝑞𝑙 (43) 

The estimated variance 𝜎2
𝑙̂: 

  𝜎2
𝑙

̂ =
1

𝑁
(𝑞𝑙 − ℱ𝑙𝛽𝑙̂)

𝑇(𝑞𝑙 − ℱ𝑙𝛽𝑙̂) (44) 

The predicted traffic flow 𝑞𝑙̂ . 

 𝑞𝑙̂ = ℱ𝑙  𝛽𝑙̂  (45) 

The estimated error 𝜀𝑙̂: 

 𝜀𝑙̂ = 𝑞𝑙 − 𝑞𝑙̂  (46) 

4.4. Implementation  

4.4.1. Synthetic example  

To full-understanding of the present methodology, a synthetic example for a small 

network consists of 4 zones and 22 links, as shown in Figure 21. The links' length is 

proportional to the measurement in the figure, the movement is allowed in all directions 

at all nodes, and all the links are two-lane two-way. According to the methodology, 

estimating link choice probabilities for link #15 required the following stages.  

2

1

3

4

15

 

Figure 21: Synthetic example network. 
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Data stage: for this stage, a definition is required to OD matrix as shown in Table 3, the 

total sensitivity indices (𝑆𝑇) for OD pairs on link #15, as shown in Table 4, the sample size 

(assume N=1000), and the transport network definition in VISUM software.  

Table 3: OD matrix (vph). 

 𝒁𝟏 𝒁𝟐 𝒁𝟑 𝒁𝟒 

𝒁𝟏 0.00 250 400 250 

𝒁𝟐 200 0.00 250 200 

𝒁𝟑 150 200 0.00 150 

𝒁𝟒 300 250 200 0.00 

Table 4: Total sensitivity indices of OD pairs for link # 15. 

 𝒁𝟏 𝒁𝟐 𝒁𝟑 𝒁𝟒 

𝒁𝟏 0.00 0.00 0.60 0.00 

𝒁𝟐 0.00 0.00 0.07 0.18 

𝒁𝟑 0.10 0.00 0.00 0.00 

𝒁𝟒 0.00 0.05 0.00 0.00 

 

Generation stage: the MATLAB code has been applied to generate input matrices sets 

(𝑀) and executing these matrices sets via VISUM software to produce traffic flow 

attributes sets (𝑄). 

𝑀 =

[
 
 
 
 
 
𝑂𝐷1−1

1 𝑂𝐷1−2
1 𝑂𝐷1−3

1 ⋯ 𝑂𝐷4−4
1

𝑂𝐷1−1
2 𝑂𝐷1−2

2 𝑂𝐷1−3
2 ⋯ 𝑂𝐷4−4

2

𝑂𝐷1−1
3 𝑂𝐷1−2

3 𝑂𝐷1−3
3 ⋯ 𝑂𝐷4−4

3

⋮ ⋮ ⋮ ⋱ ⋮
𝑂𝐷1−1

1000 𝑂𝐷1−2
1000 𝑂𝐷1−3

1000 ⋯ 𝑂𝐷4−4
1000]

 
 
 
 
 

 

𝑄 =

[
 
 
 
 
 

𝑞1
1 𝑞2

1 𝑞3
1 ⋯ 𝑞22

1

𝑞1
2 𝑞2

2 𝑞3
2 ⋯ 𝑞22

2

𝑞1
3 𝑞2

3 𝑞3
3 ⋯ 𝑞22

3

⋮ ⋮ ⋮ ⋱ ⋮
𝑞1

1000 𝑞2
1000 𝑞3

1000 ⋯ 𝑞22
1000]

 
 
 
 
 

 

 

Parameter estimation stage: in this stage, the total sensitivity indices (TSI) matrix were 

used to establish the link choice set (ℱ15) by ditching from the OD pairs that have zero 

sensitivity indices. The link choice set (ℱ15) consists of 5 OD pairs, as follow: 

ℱ15 = {𝑂𝐷1−3, 𝑂𝐷2−3, 𝑂𝐷2−4, 𝑂𝐷3−1, 𝑂𝐷4−2} 
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The link choice set (ℱ15) for 1000 samples, as follow: 

ℱ15 =

[
 
 
 
 
 
𝑂𝐷1−3

1 𝑂𝐷2−3
1 𝑂𝐷2−4

1 𝑂𝐷3−1
1 𝑂𝐷4−4

1

𝑂𝐷1−3
2 𝑂𝐷2−3

2 𝑂𝐷12−4
2 𝑂𝐷3−1

2 𝑂𝐷4−4
2

𝑂𝐷1−3
3 𝑂𝐷2−3

3 𝑂𝐷2−4
3 𝑂𝐷3−1

2 𝑂𝐷4−4
3

⋮ ⋮ ⋮ ⋮ ⋮
𝑂𝐷1−3

1000 𝑂𝐷2−3
1000 𝑂𝐷2−4

1000 𝑂𝐷3−1
1000 𝑂𝐷4−4

1000]
 
 
 
 
 

 

The calculated traffic flow (q15) for 1000 samples, as follow: 

q15 =

[
 
 
 
 
 

𝑞15
1

𝑞15
2

𝑞15
3

⋮
𝑞15

1000]
 
 
 
 
 

 

 

So, the link choice probabilities set (𝛽15) has been estimated by applying Equation 43.  

[
 
 
 
 
𝛽1−3

𝛽2−3

𝛽2−4

𝛽3−1

𝛽4−2]
 
 
 
 

=

[
 
 
 
 
 
 

[
 
 
 
 
𝑂𝐷1−3

1 𝑂𝐷2−3
1 𝑂𝐷2−4

1 𝑂𝐷3−1
1 𝑂𝐷4−4

1

𝑂𝐷1−3
2 𝑂𝐷2−3

2 𝑂𝐷12−4
2 𝑂𝐷3−1

2 𝑂𝐷4−4
2

𝑂𝐷1−3
3 𝑂𝐷2−3

3 𝑂𝐷2−4
3 𝑂𝐷3−1

2 𝑂𝐷4−4
3

⋮ ⋮ ⋮ ⋮ ⋮
𝑂𝐷1−3

1000 𝑂𝐷2−3
1000 𝑂𝐷2−4

1000 𝑂𝐷3−1
1000 𝑂𝐷4−4

1000]
 
 
 
 
𝑇

[
 
 
 
 
𝑂𝐷1−3

1 𝑂𝐷2−3
1 𝑂𝐷2−4

1 𝑂𝐷3−1
1 𝑂𝐷4−4

1

𝑂𝐷1−3
2 𝑂𝐷2−3

2 𝑂𝐷12−4
2 𝑂𝐷3−1

2 𝑂𝐷4−4
2

𝑂𝐷1−3
3 𝑂𝐷2−3

3 𝑂𝐷2−4
3 𝑂𝐷3−1

2 𝑂𝐷4−4
3

⋮ ⋮ ⋮ ⋮ ⋮
𝑂𝐷1−3

1000 𝑂𝐷2−3
1000 𝑂𝐷2−4

1000 𝑂𝐷3−1
1000 𝑂𝐷4−4

1000]
 
 
 
 

]
 
 
 
 
 
 
−1

 

[
 
 
 
 
𝑂𝐷1−3

1 𝑂𝐷2−3
1 𝑂𝐷2−4

1 𝑂𝐷3−1
1 𝑂𝐷4−4

1

𝑂𝐷1−3
2 𝑂𝐷2−3

2 𝑂𝐷12−4
2 𝑂𝐷3−1

2 𝑂𝐷4−4
2

𝑂𝐷1−3
3 𝑂𝐷2−3

3 𝑂𝐷2−4
3 𝑂𝐷3−1

2 𝑂𝐷4−4
3

⋮ ⋮ ⋮ ⋮ ⋮
𝑂𝐷1−3

1000 𝑂𝐷2−3
1000 𝑂𝐷2−4

1000 𝑂𝐷3−1
1000 𝑂𝐷4−4

1000]
 
 
 
 
𝑇

[
 
 
 
 

𝑞15
1

𝑞15
2

𝑞15
3

⋮
𝑞15

1000]
 
 
 
 

  

 

The result of this synthetic example is presented in Table 5. In this synthetic example, the 

traffic flow in link #15 produced by proportions (𝛽15) of travel demand of a set of OD pairs 

ℱ15. Practically, from the results in (Table 5), the estimated traffic flow (𝑞̂15) can be 

calculated by applying Equation 45. 

Table 5: The link choice set and link choice probabilities for link # 15. 

Link choice set ℱ15 𝑂𝐷1−3 𝑂𝐷2−3 𝑂𝐷2−4 𝑂𝐷3−1 𝑂𝐷4−2 

Traffic demand (vph) 100 250 200 150 150 

Link choice probabilities set {𝛽}  𝛽
1−3

 𝛽
2−3

 𝛽
2−4

 𝛽
3−1

 𝛽
4−2

 

Link choice probabilities 0.38 0.04 0.20 0.13 0.03 

Traffic flow per each OD pair (vph) 38 10 40 19.5 4.5 

Predicted traffic flow 𝑞̂
15

 (vph) 112 
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4.4.2. Case Study 

The proposed methodology has been applied to the case study (Ajka, Hungary). The 

following subsections represent the implementation stages: 

4.4.2.1. Data Stage 

The required data for this stage includes the following: 

▪ The base-OD matrix (𝑂𝐷𝑏𝑎𝑠𝑒), 

▪ The total sensitivity indices (𝑇𝑆𝐼),  

▪ In this study, ten scenarios have been examined, the MC parameters:  

➢ PD: Normal distribution, 

➢ 𝜇 = 1,  

➢ 𝑅𝑆𝐷 = (0.05, 0.10,… ,0.50), 

▪ Sample size: (N=1000), 

▪ Transport network definition in VISUM software. 

4.4.2.2. Generation Stage 

The MATLAB code has been applied ten times to generate input matrices sets 

(𝑀1, 𝑀1, … ,𝑀10) corresponding to 𝑅𝑆𝐷 = (0.05, 0.10,… ,0.50). Next, executing these 

matrices sets via VISUM software to produce traffic flow attributes sets (𝑄1, 𝑄1, … , 𝑄10) 

respectively.  

4.4.2.3. Parameter Estimation 

The study has sufficed to show the analysis results for two links only; the selected links 

are (𝑙02 and 𝑙12). These links summarize the traffic flow pattern of other links in the study 

area. Moreover, ten scenarios have been tested to evaluate the effect of variation on the 

link choice sets (ℱ02 and ℱ12) and link choice probabilities set (𝛽02 and 𝛽12) for the 

selected links.  

Table 6 and Table 7 illustrating the link choice set (ℱ02 and ℱ12) and the values of link 

choice probabilities (𝛽02 and 𝛽12) in all scenarios. While Figure 22 and Figure 23 show the 

sequential graphs: (1) The calculated traffic flow by the proposed methodology via VISUM 

software, (2) The predicted traffic flow by applying the model in Equation 45, (3) The 

cross-validation relationship between the calculated traffic flow via VISUM and the 

predicted traffic flow via the model, (4) The predicted error by applying Equation 46. 
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Table 6: Link choice set and link choice proportions set of the link 𝛽02 for various RSD. 

𝓕𝟎𝟐 𝜷𝟎𝟐 

RSD 

0.05  0.10  0.15 0.20 0.25 0.30  0.35  0.40  0.45  0.50 

Link choice proportions values 

𝑶𝑫𝟎𝟒−𝟎𝟏 𝜷𝟎𝟒−𝟎𝟏 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9987 0.9931 0.9849 

𝑶𝑫𝟎𝟓−𝟎𝟏 𝜷𝟎𝟓−𝟎𝟏 1.0000 1.0000 1.0000 1.0000 1.0000 0.9930 0.9763 0.9881 0.9587 1.0000 

𝑶𝑫𝟎𝟔−𝟎𝟏 𝜷𝟎𝟔−𝟎𝟏 1.0000 1.0000 1.0000 1.0000 1.0000 0.9987 1.0000 1.0000 1.0000 0.9807 

𝑶𝑫𝟎𝟕−𝟎𝟏 𝜷𝟎𝟕−𝟎𝟏 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9970 1.0000 

𝑶𝑫𝟏𝟏−𝟎𝟏 𝜷𝟏𝟏−𝟎𝟏 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9948 0.9974 0.9917 0.9783 

𝑶𝑫𝟏𝟐−𝟎𝟏 𝜷𝟏𝟐−𝟎𝟏 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9967 1.0000 1.0000 

𝑶𝑫𝟏𝟔−𝟎𝟏 𝜷𝟏𝟔−𝟎𝟏 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9973 0.9960 1.0000 1.0000 

𝑶𝑫𝟎𝟒−𝟎𝟐 𝜷𝟎𝟒−𝟎𝟐 1.0000 1.0000 1.0000 1.0000 1.0000 0.9971 1.0000 1.0000 1.0000 1.0000 

𝑶𝑫𝟎𝟓−𝟎𝟐 𝜷𝟎𝟓−𝟎𝟐 1.0000 1.0000 1.0000 1.0000 1.0000 0.9757 1.0000 1.0000 1.0000 1.0000 

𝑶𝑫𝟎𝟔−𝟎𝟐 𝜷𝟎𝟔−𝟎𝟐 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9986 1.0000 1.0000 1.0000 

𝑶𝑫𝟎𝟕−𝟎𝟐 𝜷𝟎𝟕−𝟎𝟐 1.0000 1.0000 1.0000 1.0000 0.9997 1.0000 0.9782 1.0000 1.0000 0.9644 

𝑶𝑫𝟏𝟏−𝟎𝟐 𝜷𝟏𝟏−𝟎𝟐 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9968 0.9954 1.0000 1.0000 

𝑶𝑫𝟏𝟐−𝟎𝟐 𝜷𝟏𝟐−𝟎𝟐 1.0000 1.0000 1.0000 1.0000 1.0000 0.9988 1.0000 1.0000 1.0000 1.0000 

𝑶𝑫𝟏𝟔−𝟎𝟐 𝜷𝟏𝟔−𝟎𝟐 1.0000 1.0000 1.0000 1.0000 0.9999 0.9989 1.0000 1.0000 1.0000 1.0000 

𝑶𝑫𝟏𝟕−𝟎𝟐 𝜷𝟏𝟕−𝟎𝟐 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

𝑶𝑫𝟎𝟒−𝟎𝟑 𝜷𝟎𝟒−𝟎𝟑 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9945 0.9998 0.9811 0.9968 

𝑶𝑫𝟎𝟓−𝟎𝟑 𝜷𝟎𝟓−𝟎𝟑 1.0000 1.0000 1.0000 1.0000 1.0000 0.9956 0.9881 1.0000 1.0000 1.0000 

𝑶𝑫𝟏𝟏−𝟎𝟑 𝜷𝟏𝟏−𝟎𝟑 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9975 0.9939 0.9895 0.9853 

𝑶𝑫𝟏𝟐−𝟎𝟑 𝜷𝟏𝟐−𝟎𝟑 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9969 1.0000 0.9873 
 

 
Figure 22: Show the sequential graphs for the (𝑙02) as follow: (upper-left) The calculated traffic 

flow by VISUM (upper-right) The predicted traffic flow by the model (lower-left) The 
relationship between the calculated traffic flow by VISUM and the predicted traffic 
flow by the model, (lower- right) The predicted error. 
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Table 7: Link choice set and link choice probabilities set of the link 𝛽12 for various RSD. 

𝓕𝟎𝟐 𝜷
𝟎𝟐

 

RSD 

0.05  0.10  0.15 0.20 0.25 0.30  0.35  0.40  0.45  0.50 

Link choice probabilities values 

𝑶𝑫𝟎𝟖−𝟎𝟏 𝜷𝟎𝟖−𝟎𝟏 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9986 0.9904 1.0000 1.0000 

𝑶𝑫𝟎𝟗−𝟎𝟏 𝜷𝟎𝟗−𝟎𝟏 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 0.9946 0.9956 0.9900 

𝑶𝑫𝟎𝟖−𝟎𝟐 𝜷𝟎𝟖−𝟎𝟐 1.0000 1.0000 1.0000 1.0000 1.0000 0.9988 1.0000 0.9849 1.0000 1.0000 

𝑶𝑫𝟎𝟗−𝟎𝟐 𝜷𝟎𝟗−𝟎𝟐 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 

𝑶𝑫𝟎𝟔−𝟎𝟑 𝜷𝟎𝟔−𝟎𝟑 1.0000 1.0000 1.0000 1.0000 1.0000 0.9994 0.9970 1.0000 1.0000 0.9988 

𝑶𝑫𝟎𝟕−𝟎𝟑 𝜷𝟎𝟕−𝟎𝟑 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9969 

𝑶𝑫𝟎𝟖−𝟎𝟑 𝜷𝟎𝟖−𝟎𝟑 1.0000 1.0000 1.0000 1.0000 1.0000 0.9998 1.0000 1.0000 1.0000 1.0000 

𝑶𝑫𝟎𝟗−𝟎𝟑 𝜷𝟎𝟗−𝟎𝟑 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9988 0.9939 

𝑶𝑫𝟏𝟎−𝟎𝟑 𝜷𝟏𝟎−𝟎𝟑 1.0000 1.0000 1.0000 1.0000 1.0000 0.9995 1.0000 0.9909 0.9856 1.0000 

𝑶𝑫𝟏𝟔−𝟎𝟑 𝜷𝟏𝟔−𝟎𝟑 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 0.9999 1.0000 

𝑶𝑫𝟏𝟕−𝟎𝟑 𝜷𝟏𝟕−𝟎𝟑 1.0000 1.0000 1.0000 1.0000 0.9997 0.9997 1.0000 1.0000 1.0000 1.0000 

 

 
Figure 23: Show the sequential graphs for the (𝑙12) as follow: (upper-left) The calculated traffic 

flow by VISUM (upper-right) The predicted traffic flow by the model (lower-left) The 
relationship between the calculated traffic flow by VISUM and the predicted traffic 
flow by the model, (4) The predicted error. 
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It can be noticed that the results of the predicted traffic flow by the model in Equation 45 

are matching the results of the calculated traffic flow by the VISUM, with extremely low 

errors. That proves the validity of this method to estimate choice proportion for each OD 

pairs in all links within the transport network.  

4.5. Conclusion 

This chapter presents a new methodology for route choice modelling by adopting the links 

as a focal and initiate point to find a choice set and estimate choice probabilities. The 

reason for using links instead of routes is to enable us to discover the uncertainty about 

the traffic flow for each link on the transport network by comparing the predicted traffic 

flow obtained from this methodology and the observed traffic flow.   

This methodology has three key contributions:  

• The Maximum likelihood ML approach was applied to determine the link choice 

probabilities.  

• The Gaussian process GP was applied to model the prediction errors of the 

methodology. 

The key findings provide a practical solution for link flow analysis problems. With the 

suggested methodology, the probability distribution function of the link flow, which 

makes it possible to handle model results stochastically. The method also provides a tool 

for estimating the error of the modelling results, which is very useful for decision-makers. 

The study has proved the applicability of the suggested method using a synthetic test case 

and a real case. The synthetic case study shows that the methodology approaches the real 

values very precisely with low error variances. Furthermore, the case study demonstrates 

the practical applicability of the proposed methodology.  

Moreover, future research will be using this methodology of link choice to construct the 

route choice set and comparing the results with the different choice set generation 

methodologies. 
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5. Uncertainty Quantification of the Traffic Assignment Model  

5.1. Introduction 

Traffic assignment is a very critical part of transportation analysis. Traffic assignment 

models consider reconciling travel demand and transportation supply to deliver an 

output, which describes the steady-state of a transportation system [87]. The traffic 

assignment model usually possesses inherent uncertainties caused by the parametric 

variability of the OD matrix [16, 50]. Propagating these uncertainties through the traffic 

assignment model on a transport network to the outputs is one aspect of the traffic flow 

uncertainty [88, 89]. Beyond such propagation of OD pairs uncertainties, quantification of 

the output uncertainty is an essential requisite for the purpose of combine knowledge of 

uncertainty caused by the model structure with the uncertainty caused by the parametric 

variability of the OD pairs [90]. 

In general, the traffic assignment model's outputs are very requisite for urban and 

transport planners to decisions related to transport policy and infrastructure expansion. 

Hence, simple estimates of traffic flow, even if they refer to the most probable values, are 

not adequate for an adequate and safe assessment due to the risks associated with these 

decisions. Therefore, these planners have to give insight into the uncertainty margining 

the traffic assignment forecasts [24]. However, quantification of uncertainties enables the 

planners to know the possible range of future values for the traffic flows and the 

probabilities associated with these possible outputs. Accordingly, quantifying the 

uncertainty in traffic flows forecasts can lead to more reliable decisions [1]. 

Uncertainty quantification (UQ) is a technique used to quantify the uncertainty in the 

model output that arises from the model's parameters stochastic behaviour. The UQ 

depends on assigning a distribution of possible values to each model parameter instead 

of assuming fixed model parameters as in a deterministic model, as illustrated in Figure 

24 [91]. UQ utilised both quantitative model's characterisation and the reduction of 

uncertainties in the models' results. UQ widely used in stretching engineering 

applications and applied mathematics [92].   
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Figure 24: Illustration of uncertainty quantification of the traffic assignment model. (A) A 
traditional deterministic approach where each input variables have a chosen fixed 
value and the output of the model will be an attribute of single values. (B) uncertainty 
quantification approach of the traffic assignment model takes the distributions of the 
input variables into account, and the output of the model becomes a range of possible 
values. 

UQ is a multidisciplinary technique with a broad base of applicable methods, including 

uncertainty propagation, statistical calibration, sensitivity analysis, and inverse analysis; 

thus, the UQ  entered as a crucial ingredient in modelling workflow that aims to provide 

more practical information for the forecasting [1, 93]. A UQ enables us to model the 

naturally occurring variation in the input data (i.e., OD matrix) of the traffic assignment 

model. It also enhances the knowledge about the model by quantifying how the uncertain 

OD matrix influences traffic flow. Additionally, performing a UQ enables the transport 

planners to compare the outputs' variations of different traffic assignment models' 

methods. UQ's challenge comes from the choice of uncertain input distributions: hence, it 

is necessary to advance the knowledge on prior distributions and justify the choice of 

them. This approach is usually referred to as inverse uncertainty quantification (Inverse-

UQ).  

Inverse-UQ aims to estimate the statistical parameters of uncertain inputs based on given 

observed data [94]. It is similar to parameter calibration in that both of them use the 

Bayesian inference theory to explore the posterior distributions using numerical 

techniques [95]. However, unlike parameter calibration, Inverse-UQ also captures the 

uncertainty in its estimates rather than determining point estimates of the best-fit input 

parameters [96]. In this chapter, inverse methods based on Bayes' theorem has been used 
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to characterise and estimate the statistical parameters of the input OD matrix of the traffic 

assignment model. Figure 25 shows the difference between the UQ or Forward-UQ and 

Inverse-UQ.  

 

Figure 25: Illustration of the difference between the Forward-UQ and the Inverse-UQ. The 
Forward-UQ approach of the traffic assignment model propagates the input 
uncertainties through the model to predicate the traffic flow data's statistical 
parameters. The Inverse-UQ approach of the traffic assignment model characterises 
the input uncertainties to predicate the input variables' statistical parameters. 

Inverse-UQ technique has gained growing attention in modelling and simulation of the 

scientific problems, especially in the context of source estimation and calibration of model 

input parameters or variables [97]. The main object of Inverse: firstly, is to address the 

lack of input uncertainty information issues and seek statistical descriptions of the input 

variables. Secondly, proper identification of the input variables' statistical parameters 

also yields an accurate estimation of model discrepancy outputs, which assists in 

discovering model deficiencies and provides guidance for future improvement of the 

modelling process. Thirdly, it provides a better knowledge of the calibrated parameters 

to produce more reliable model predictions over a comprehensive application [98, 99]. 

Given the fact that the exact solution of  Inverse is very complex does not exist; therefore, 

numerical solutions usually employed to estimate the statistical space of the input 

parameters or variables [94, 100]. Thus, for this study, the Least Square adjustment 

method has been used to calibrate the OD matrix variables of the traffic assignment 

model. 
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Although many scientific articles handled the subject of uncertainty in transport models, 

the literature on quantifying uncertainty in the form of variances, standard deviations, 

confidence intervals, or other related measures is relatively limited [1]. Furthermore, the 

researchers who considered the quantification traffic forecasts focused on parameters of 

the model structure or inputs travel time and trip cost such as; Ashley [101], Lowe et al. 

[102], Kroes [103], Leurent [104] De Jong et al. [105], Zhao and Kockelman [2], Cools et 

al. [24], Deng et al. [90] and others. While the problem of the posterior distribution of the 

input data of the traffic assignment model did not subject to extensive studies to know the 

parametric variability of OD pairs except Perrakis et al. [24, 106]; they used the Markov 

Chain Monte Carlo method and Bayesian framework to estimate the distribution of the set 

of 24 regression parameters that used to generate the OD matrix of Dutch transport 

model. The importance of this study lies in there is an obvious need to know the leading 

causes that effect on fluctuation in traffic flow, which the inputs data represented by the 

OD matrix is one of the most significant sources of the variation  Wherefore, knowing the 

parametric variability of input OD pairs enable us to quantify the variability of traffic flow 

forecasting. 

In this study, a new methodology has been developed to explore posterior distributions 

of the input data (i.e., OD matrix) of a traffic assignment model by applying the Inverse-

UQ technique. The key contributions of this methodology present:  

1) Calibrating the mean values of the OD pairs to reproduce the average-OD matrix.  

2) Estimating the variance values of the OD pairs to create the variance-OD matrix.  

3) Quantifying the uncertainty of the traffic assignment model using both the 

average-OD matrix and variance-OD matrix. 

5.2. Background 

5.2.1. Foreword Uncertainty Quantification 

Explicit Quantification of data and structural uncertainties in conceptual modelling is a 

major scientific and engineering challenge. In any modelling endeavour, reducing the total 

predictive uncertainty requires a robust quantitative understanding of each of its sources 

[107]. Assessment of uncertainties covers all possible outcomes and their likelihoods, not 

just the "most likely" outcome. Probabilistic descriptions of model inputs make it possible 
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to derive probability distributions of model outputs and system performance indices. A 

quantitative approach to uncertainty analysis, where probability distribution functions 

are assigned to the uncertain variables, is the most appropriate way to deal with 

uncertainty [108].  

Foreword uncertainty quantification (Foreword-UQ) is the process of representing 

uncertainties in system inputs and parameters, then propagating the uncertainty through 

the model to predict the overall uncertainty in the model results. Foreword-UQ tries to 

determine how likely specific outputs are if some aspects of the system are not precisely 

known. Moreover, Foreword-UQ describes the stochastic behaviour of outputs of interest 

due to uncertain inputs [109–111]. 

Procedures of Foreword-UQ can generally be categorised as intrusive or non-intrusive. 

Intrusive Foreword-UQ method requires reformulating the mathematical equations of the 

models describing the real system processes. Non-intrusive Foreword-UQ method, on the 

other hand, use sets of simulation techniques where simulation elements ensemble is 

generated by sampling the uncertain inputs according to different sampling schemes. The 

input uncertainties' impact can then be analysed for the chosen model output quantities 

of interest [112, 113]. 

This study will focus on the intrusive Foreword-UQ method; this method requires 

knowing the parametric variability of the input variables that describe uncertainty 

statistics. The errors propagation technique widely used for the Foreword-UQ problems, 

the basic formula for errors propagation technique as follows [114, 115]: 

Let consider a model with a mathematical function: 

 𝑦 =  𝑓(𝑥1, 𝑥2, … , 𝑥𝑝) (47) 

Where:(𝑦) is the model output,  𝑥𝑝  being a vector of (𝑝) input stochastic variables.  

Each variable has an uncertainty represents by variance (𝜎𝑥
2). So, the mathematical 

function with uncertainties will be as follows: 

 𝑦 + 𝜎𝑦
2 =  𝑓   𝑥1 + 𝜎𝑥1

2  ,  𝑥2 + 𝜎𝑥2
2  ,… , (𝑥𝑛 + 𝜎𝑥𝑝

2 )   (48) 

Where  𝜎𝑦
2  is the model uncertainty which, represent the variance in the model output.  
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The output variance  𝜎𝑦
2 , concerning the variances in variables (𝑥1, 𝑥2, … , 𝑥𝑛) can be 

approximated using partial derivatives. 

 𝜎𝑦
2 ≃ 𝜎𝑥1

2 (
𝜕𝑦

𝜕𝑥1
)
2
+ 𝜎𝑥2

2 (
𝜕𝑦

𝜕𝑥2
)
2
+ ⋯+ 𝜎𝑥𝑝

2  
𝜕𝑦

𝜕𝑥𝑝
 
2

 (49) 

This function can be applied under all conditions and can be used straight once each 

partial derivative is found and mathematically evaluated  [115, 116]. 

5.2.2. Inverse Uncertainty Quantification  

Inverse analysis can be used to solve uncertainty quantification problems in the 

mathematical and engineering sciences because of the ability to solve challenges of the 

interactions between analysis, computation, probability, and statistics and the 

applicability in various complex mathematical models. In general, analysis of the inverse 

problems confronts mathematical models with observed data to derive the inputs needed 

to run the models; information of these inputs can then be used to develop control 

strategies based on forecasts. Both model and input data are usually suffering to 

uncertainty, as are the resulting conclusions and forecasts; thus, any decisions or control 

strategies based on predictions will be significantly improved if quantitative uncertainty 

is confirmed. In this context, the I-UQ is the process of quantifying the uncertainties of 

input parameters based on observed outputs data [116, 117, 118]. 

Inverse-UQ is widely used during the last decades for complex mathematical 

computerised models to calibrate the uncertainty input parameters or variables by using 

statistical inference between the computations' results and the observed data. The 

calibration process is categorised into two types of deterministic calibration, and 

statistical calibration also called the Bayesian approach. The deterministic calibration 

determines the point estimates of best-fit input parameters such that the discrepancies 

between model output and observed data can be minimised [100, 119]. While the 

statistical calibration or used in Inverse-UQ concern to calibrate the parameters or 

variables under uncertainty produces statistical descriptions like distributions. Inverse-

UQ adopts the Bayesian inference theory to explore the posterior PDF for the parameters 

or variables. The advantage of calibration using IUQ is apparent: firstly, information from 

observations is never adequately accurate to enable inference of the precise values of the 

input parameters or variables. Secondly, quantifying the correlations between the 
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estimates. Finally, the observed data usually holds some degree of uncertainty, which 

should be considered during the inference process of calibration parameters or variables 

[97, 117]. 

The Bayesian inference theory used to determine the posterior PDF of the posterior PDF 

for the parameters or variables of any system model concern in the following compact 

form: 

 𝑌𝑜𝑏𝑠.(𝑋) = 𝑌𝑚𝑜𝑑.(𝑋) + Υ (50) 

Where 𝑌𝑜𝑏𝑠. is a vector for the observations, 𝑌𝑚𝑜𝑑. Is a vector for the system model, 𝑋 is a 

vector for the unknown model parameters or variables, and Υ is a vector for the model 

uncertainty. The precise calibration parameters or variables 𝑋 which is defined as 

𝑝(𝑋|𝑌𝑜𝑏𝑠., 𝑌𝑚𝑜𝑑.). According to Bayesian inference theory [120]: 

 Ρ(𝑋|𝑌𝑜𝑏𝑠., 𝑌𝑚𝑜𝑑.) ∝ Ρ(𝑌𝑜𝑏𝑠., 𝑌𝑚𝑜𝑑.|𝑋). Ρ(𝑋)  (51) 

Where Ρ(𝑋) is the prior PDF of the parameter or variables, and Ρ(𝑌𝑜𝑏𝑠., 𝑌𝑚𝑜𝑑.|𝑋) is the 

likelihood function.   

The likelihood equation that quantifies the mismatch between the model outputs 𝑌𝑚𝑜𝑑. 

and the observations 𝑌𝑜𝑏𝑠. is applied to find the posterior distribution over 𝑋: 

 𝐿(𝑋|𝑌𝑜𝑏𝑠., 𝑌𝑚𝑜𝑑.) ≡ Ρ(𝑌𝑜𝑏𝑠., 𝑌𝑚𝑜𝑑.|𝑋)  (52) 

When the model uncertainty is assumed to fit Gaussian distribution, the likelihood 

𝐿(𝑋|𝑌𝑜𝑏𝑠., 𝑌𝑚𝑜𝑑.) can be expressed as [83]: 

 𝐿(𝑋|𝑌𝑜𝑏𝑠., 𝑌𝑚𝑜𝑑.) =
1

√2𝜋 σ2
 𝑒𝑥𝑝  −

1

2σ2
 𝑌𝑜𝑏𝑠. − 𝑌𝑚𝑜𝑑. 2   (53) 

Where σ2 is the errors' variance. Error 𝜀 as independent and identically distributed (i.i.d.) 

zero-mean Gaussian noise, whose variance is expected to be reported along with 

observed data. In most situations, analytical forms of Ρ(𝑋|𝑌𝑜𝑏𝑠., 𝑌𝑚𝑜𝑑.) do not exist; 

therefore numerical solutions usually used to explore the input parameters or variables 

space and estimate Ρ(𝑋|𝑌𝑜𝑏𝑠., 𝑌𝑚𝑜𝑑.).  

5.2.3. Least Squares Adjustment 

Least Squares adjustment (LSA) is a numerical technique employed to solve an 

overdetermined system of equations based on the principle of the Least Squares (LS) 

technique to minimises the sum of the squares of differences between the observation 

https://en.wikipedia.org/wiki/Posterior_distribution
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and estimate [120, 121]. The LS method is the efficient and soundest analytical technique 

for estimating parameters from a set of data [123]. The parameters determined by this 

method are normally distributed about the true parameter's value with the least possible 

standard deviations. The accuracy of an estimated parameter expresses the degree of 

closeness to its real value. Plus, the precision of the estimated parameter expresses the 

degree of closeness between the estimated parameter. The precision of adjusted 

parameters is usually given by the variance or standard deviation [124]. 

The principle of the LS is the estimation of unknown parameters, given a set of 

observations, satisfying minimises the sum of the squares of the residuals [123, 124], this 

can be expressed mathematically as: 

  Υ𝑖
2𝑁

𝑖=1  is minimum (54) 

Where Υ𝑖  is the set of residuals Υ𝑖 =  𝜐𝑗
2𝑝

𝑗=1 , 𝑝 is the number of parameters. 

𝜐𝑖 is expressed as: 

 𝜐𝑖 = y𝑖
𝑜𝑏𝑠. − y𝑖

𝑚𝑜𝑑. (55) 

The observed values of the model system: 

 y𝑖
𝑜𝑏𝑠. = 𝑓(𝑋)  (56) 

Where 𝑋 = 𝑥1, 𝑥2, … , 𝑥𝑝  the set of estimated parameters, m is the number of parameters 

in the model. 

And the approximate values of the model system: 

 y𝑖
𝑚𝑜𝑑. = 𝑓(𝑋°) (57) 

Where 𝑋° = 𝑥1
° , 𝑥2

° , … , 𝑥𝑝
°   is the set of approximate values of the unknown parameters. 

The set of estimated parameters: 

 𝑋 = 𝑋° + 𝑊.𝑋𝑐    (58) 

Where 𝑋𝑐 = 𝑥1
𝑐 , 𝑥2

𝑐 , … , 𝑥𝑝
𝑐    is the set of the correction to be determined by LSA, and        

𝑊 = 𝑤1, 𝑤2, … , 𝑤𝑝 is the weight of the parameters. 

The relation between the system model and its residual to the estimated parameters and 

its residuals is given by: 

 y𝑖
𝑚𝑜𝑑. + 𝜐𝑖 = 𝑓(𝑋° + 𝑊𝑋𝑐) (59) 
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The function 𝑓(𝑋° + 𝑊𝑋𝑐) can be fragmented using Taylor's series and truncating at the 

first order to: 

 y𝑖
𝑚𝑜𝑑. + 𝜐𝑖 = 𝑓(𝑋°) + 𝑊

𝜕𝑓

𝜕𝑋
𝑋𝑐 (60) 

Thus, the relation between the residual system model and the set of the correction is given 

by: 

 𝜐𝑖 = 𝑊
𝜕𝑓

𝜕𝑋
𝑋𝑐 (61) 

5.2.4. Distribution Fitting 

The other point in the analysis stage is fitting the distribution for the outcomes 

(Goodness-of-Fit Test). The distribution fitting is a procedure of choosing a statistical 

probability distribution that best fits the data set generated by the simulation process. 

Probability distributions can be used as a tool for finding the uncertainty of the model's 

outcomes. These distributions are offered particular indications and calculations that can 

apply to make well-grounded understanding about the outcomes behaviour [125]. 

The Goodness-Of-Fit (GOF) test describes how well the outcome set fits a set of 

probability distributions. The concept of GOF is comparing between two data sets: the 

first set is the observed values, and the second set is expected frequency, which is 

calculated based upon a standard distribution [126]. There are different ways to test GOF 

for data. In this methodology, the Kolmogorov–Smirnov test (KS test) is used to determine 

the type of distribution for the simulation outcomes (i.e., traffic flows). 

Kolmogorov-Smirnov test (KS test): 

KS test uses for the comparison of the cumulative frequencies. KS test may act as the 

measure of the agreement between observation and the model and a measure between 

two sets of observations [127].  

If 𝐹𝑡(𝑋𝑖) and 𝐹𝑜(𝑋𝑖) are the theoretical and the observed cumulative frequencies for 

distinct and ascending ordered observations 𝑋𝑖 , then a series of statistics are based on 

𝐹𝑡(𝑋𝑖) − 𝐹𝑜(𝑋𝑖) difference: 

 𝐷− = 𝑚𝑎𝑥
1<𝑖<𝑛

(𝐹𝑡(𝑋𝑖) − 𝐹𝑜(𝑋𝑖)) (62) 

 𝐷+ = 𝑚𝑎𝑥
1<𝑖<𝑛

(𝐹𝑜(𝑋𝑖) − 𝐹𝑡(𝑋𝑖)) (63) 
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 𝐷 = 𝑚𝑎𝑥(𝐷− , 𝐷+)  (64) 

If 𝐷 ≤ 𝐾𝑆 critical value obtained from a table, then accept the hypothesis that data set 

follows the assigned distribution. 

If 𝐷 > 𝐾𝑆 critical value obtained from a table, then reject the hypothesis that the data set 

follows the assigned distribution. 

Where: 

𝐷− measures the largest leak in observation compared with theoretical value, 

𝐷+ measures the largest excess in observation compared with theoretical 

value, 

𝐷 measures the largest difference in between (it is the most frequently used), 

𝑛 number of samples, 

5.3. Methodology 

This chapter has developed a new methodology to quantify the uncertainty in the traffic 

assignment model. The proposed methodology consists of two sequential processes: 

Inverse uncertainty quantification process and forward uncertainty quantification 

process. The Inverse-UQ process aims to discover the statistical parameters of the 

posterior distribution of the OD pairs using the Least Squares Adjustment method (LSA). 

While the Forward-UQ process uses the posterior distribution of the OD pairs to quantify 

the traffic flow forecasts. Figure 26 illustrates the methodology processes. 

5.3.1. Inverse-UQ Process 

For this process, the Inverse-UQ technique has been used to the statistical parameters of 

the posterior distribution of input OD pairs of traffic assignment model. Inverse-UQ was 

formulated depending on the LSA method. The Inverse-UQ Process consists of three 

stages:  

(i) Input stage;  

(ii) Calibration stage;  

(iii) Calculation stage.  
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The relationships connecting the methodology's stages are presented in Figure 27, and 

the mathematical and logical computations of this methodology are illustrated in 

Algorithm 4. 

 

Figure 26: A flowchart illustrates the methodology process. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Data 

D 
O 

𝒁𝒋=𝟏 ⋯ 𝒁𝒋=𝒏 

𝒁𝒋=𝟏 11.5 ⋯ 5.8 

⋮ ⋮ ⋱ ⋮ 

𝒁𝒋=𝒏 58 ⋯ 39 

 

Base-OD Matrix 

Inverse 
UQ 

process 

Time 
(day/hour) 

Traffic flow 
(VPH) 

01/00-01 AM 29 

⋮ ⋮ 

100/23-00 PM 31 

 

Observed Traffic Flow 

Inverse-UQ Outputs 

D 
O 

𝒁𝒋=𝟏 ⋯ 𝒁𝒋=𝒏 

𝒁𝒋=𝟏 13.7 ⋯ 6.1 

⋮ ⋮ ⋱ ⋮ 

𝒁𝒋=𝒏 56.2 ⋯ 43.5 

 

D 
O 

𝒁𝒋=𝟏 ⋯ 𝒁𝒋=𝒏 

𝒁𝒋=𝟏 1.25 ⋯ 0.68 

⋮ ⋮ ⋱ ⋮ 

𝒁𝒋=𝒏 2.89 ⋯ 2.11 

 

Average-OD Matrix Variances-OD Matrix 

Forward-UQ Outputs 

D 
O 

𝒁𝒋=𝟏 ⋯ 𝒁𝒋=𝒏 

𝒁𝒋=𝟏 
𝑂𝐷(1,1) ± 𝜎(1,1) 

 

⋯ 

𝑂𝐷(1,𝑛) ± 𝜎(1,𝑛) 

 

⋮ ⋮ ⋱ ⋮ 

𝒁𝒋=𝒏 
𝑂𝐷(𝑛 ,1) ± 𝜎(𝑛 ,1) 

 
⋯ 

𝑂𝐷(𝑛 ,𝑛) ± 𝜎(𝑛 ,𝑛) 

 

 

Time 
(Hour) 

Traffic flow (VPH) 

68% CI 95% CI 

12:00-01:00 AM 24.78 ± 2.64 24.78 ± 5.19 

⋮ ⋮ ⋮ 

11:00-12:00 PM 26.49 ± 2.91 26.49 ± 5.63 

 

Chart showing results of the Forward-UQ Table showing results of the Forward-UQ 

Forward 
UQ 

process 
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Figure 27: A flowchart illustrates the methodology stages and the relationship between the 
stage's components. 
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Algorithm 4. Inverse-UQ process. 

Data stage: 

𝑍𝑗=1,𝑛  ;  ∀ 𝑍, 𝑗 ∈ ℕ      ⊳ Zone definition. 

𝑂𝑗=1,𝑛  ;  𝑂 ⊂ 𝑍    ⊳ Origin definition. 

𝐷𝑗=1,𝑛 ;  𝐷 ⊂ 𝑍   ⊳ Destination definition.  

𝑝 = 𝑍2;  𝑝 ∈ ℕ   ⊳ Number of OD pairs. 

𝑂𝐷𝑖=1,𝑃
𝑜𝑏𝑠 . ; ∀𝑂𝐷𝑖=1,𝑃

𝑜𝑏𝑠 . ∈ ℝ   ⊳ Observed values of OD matrix. 

𝑞𝑙=1,𝐿
𝑜𝑏𝑠 . ;  ∀𝑞𝑙=1,𝐿

𝑜𝑏𝑠 . ∈ ℝ   ⊳ Observed traffic flow. 

𝐿; 𝐿 ∈ ℕ    ⊳ Number of links. 

ℱ𝑙=1,𝐿;    ⊳ Link choice set. 

𝛽𝑙=1,𝐿;    ⊳ Link choice probabilites set. 

𝑓𝑇𝑂→𝐷
    ⊳ Trafficassignment model. 

𝑁; 𝑁 ∈ ℕ   ⊳ Samples size. 

𝑀𝑖𝑛. 𝑅𝑆𝑆   ⊳ Minimum residual sum of squares.  

Calibration process stage: 

01: For  𝑘 = 1 𝑡𝑜 𝑁 do   

02: 𝑂𝐷𝑖=1,𝑝
𝑘 = 𝑂𝐷𝑖=1,𝑝

𝑜𝑏𝑠 .  

03: 𝑞𝑙=1,𝐿
𝑐𝑎𝑙 . ←  𝑓𝑇𝑂→𝐷

  𝑂𝐷𝑖=1,𝑝
𝑘  ; ∀ 𝑞𝑙

𝑐𝑎𝑙 . ∈ ℝ  ⊳ Run VISUM. 

04:         𝑅𝑆𝑆 ←  (𝑞𝑙
𝑜𝑏𝑠 . − 𝑞𝑙

𝑐𝑎𝑙 .)2𝐿
𝑙=1     ⊳ Find the residual sum of squares.  

05:   While 𝑅𝑆𝑆 > 𝑀𝑖𝑛. 𝑅𝑆𝑆  

06:            For 𝑙 = 1 𝑡𝑜 𝐿 do   

07:                  𝑣𝑙 = 𝑞
𝑙
𝑜𝑏𝑠. − 𝑞

𝑙
𝑐𝑎𝑙.     ⊳ Find the residual. 

08:            For 𝑖 = 1 𝑡𝑜 𝑝 do   

09:                 𝑤𝑖
𝑙 =  ℱ𝑙 ∗ 𝛽𝑙 ∗ 𝑟𝑒𝑠 ∗ 𝑂𝐷𝑖

𝑘 𝑞𝑙
𝑜𝑏𝑠 .  ⊳ Find the weight of each OD pair. 

10:          𝜆𝑖
𝑙 = 𝑣𝑙/𝑤𝑖

𝑙     ⊳ Find the correction factor of each OD pair 

11:                   end for  

12:                    end for 

13:                   For 𝑖 = 1 𝑡𝑜 𝑝 do 

14:                   𝜆𝑖 ←   𝜆𝑖
𝑙𝐿

𝑙=1  /𝐿   ⊳ Find the correction factor of the OD pair 

15:               𝑂𝐷𝑖
𝑘 ← 𝑂𝐷𝑖

𝑘 + 𝜆𝑖    ⊳ Find the calibrated OD pair 

16:                  end for 

17:         𝑞𝑙=1,𝐿
𝑐𝑎𝑙 . ←  𝑓𝑇𝑂→𝐷

  𝑂𝐷𝑖=1,𝑝
𝑘  ;  ∀ 𝑞𝑙

𝑐𝑎𝑙 . ∈ ℝ  ⊳ Run VISUM. 

18:                 𝑅𝑆𝑆 ←  (𝑞𝑙
𝑜𝑏𝑠 . − 𝑞𝑙

𝑐𝑎𝑙 .)2𝐿
𝑙=1     ⊳ Find the residual sum of squares.   

19: next 

20: end for 

Results stage: 

21: 𝑂𝐷𝑖=1,𝑝
𝑎𝑣𝑒 . ←   𝑂𝐷𝑖=1,𝑝

𝑘𝑁
𝑘=1  /𝑁    ⊳ Find the average OD matrix. 

22: 𝑂𝐷𝑖=1,𝑝
𝑣𝑎𝑟 . ← (  𝑂𝐷𝑖=1,𝑝

𝑘 − 𝑂𝐷𝑖=1,𝑝
𝑎𝑣𝑒 .  

2𝑁
𝑖=1 ) /𝑁  ⊳ Find the variance OD matrix. 

23:  End 
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5.3.1.1.  Data stage  

The required data for this stage consists of four main components:  

• Firstly, collecting traffic flow data (𝑞𝑜𝑏𝑠.).  

• Secondly, defining the base travel demand matrix (𝑂𝐷𝑏𝑎𝑠𝑒).  

• Thirdly, specifying the sample size of observations hours (𝑁).  

• Lastly, establishing a benchmark to define the accuracy limit of the results, the 

methodology has adopted the Minimum residual sum of squares (𝑀𝑖𝑛. 𝑅𝑆𝑆). 

Where the 𝑅𝑆𝑆 is a measure of the difference between the data and an estimation 

model. A small 𝑅𝑆𝑆 indicates a close fit of the calibrated OD pairs to the real data.  

5.3.1.2.  Calibration stage  

In this stage, a MATLAB code has been written and linked with the Component Object 

Model (COM) of VISUM software. This code was executed according to the number of 

samples (𝑁). Given observed traffic flow (𝑞𝑜𝑏𝑠.), the Inverse-UQ technique based on LSA 

has been used to calibrate the input base OD matrix (𝑂𝐷𝑏𝑎𝑠𝑒). The critical components of 

the calibration processes are as the following steps: 

1) Assuming the calibrated OD matrix (𝑂𝐷𝑐𝑙𝑏.) equal to base OD matrix (𝑂𝐷𝑏𝑎𝑠𝑒) for 

each observed sample. 

𝑂𝐷𝑖=1,𝑝
𝑐𝑙𝑏. = 𝑂𝐷𝑖=1,𝑝

𝑏𝑎𝑠𝑒  

2) Finding the calculated traffic flow (𝑞𝑐𝑎𝑙.), by using the input base OD matrix 

(𝑂𝐷𝑏𝑎𝑠𝑒) through the traffic assignment model in VISUM software. 

3) Finding the residual sum of squares (𝑅𝑆𝑆). 

 𝑅𝑆𝑆 =  (𝑞𝑙
𝑜𝑏𝑠. − 𝑞𝑙

𝑐𝑎𝑙.)2𝐿
𝑙=1   (65) 

4) Comparing the 𝑅𝑆𝑆 with 𝑀𝑖𝑛. 𝑅𝑆𝑆. If 𝑅𝑆𝑆 less than or equal 𝑀𝑖𝑛. 𝑅𝑆𝑆 that means 

the input OD matrix is accurate; therefore, the calibration process is not required. 

Otherwise, the input OD matrix needs to calibrate. 

5) Finding the residual for each link on the transport network. 

 𝑣𝑙 = 𝑞𝑙
𝑜𝑏𝑠. − 𝑞𝑙

𝑐𝑎𝑙.  (66) 

Where  𝑣𝑙  is the residual of the traffic flow for a link (𝑙). 
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6) Finding the weight of each OD pair in every link (𝑤𝑖
𝑙).  

 𝑤𝑖
𝑙 =

𝑞𝑙
𝑜𝑏𝑠.

𝛽𝑙∗𝑂𝐷𝑖
𝑐𝑙𝑏. (67) 

Where 𝛽𝑙  is the ink choice probabilities set (i.e., the proportion of the travel 

demand of the link choice set ℱ𝑙). 

7) Find the correction factor of each OD pair in every link (𝜆𝑖
𝑙), using the LSA method 

by the partial derivative for each input OD pairs in a set of link choice of the traffic 

assignment model. 

 𝜆𝑖
𝑙 =

𝑣𝑙

𝑤𝑖
𝑙 (68) 

8) Finding the correction factor of each OD pair (𝜆𝑖). 

 𝜆𝑖 =
( 𝜆𝑖

𝑙𝐿
𝑙=1 )

𝐿
 (69) 

9) Finding the calibrated OD pair  𝑂𝐷𝑖
𝑐𝑙𝑏. . 

 𝑂𝐷𝑖
𝑐𝑙𝑏. = 𝑂𝐷𝑖

𝑐𝑙𝑏. + 𝜆𝑖  (70) 

10) Repeating steps 2 to 8. 

The calibration process will continue until all the observed samples are performing. 

5.3.1.3. Calculation stage  

The results of the calibration stages are used to establish the average-OD matrix (𝑂𝐷𝑎𝑣𝑒.) 

and the variance-OD matrix (𝑂𝐷𝑣𝑎𝑟.). 

The average-OD matrix: 

 𝑂𝐷𝑎𝑣𝑒.matrix =  
( 𝑂𝐷𝑘

𝑐𝑙𝑏.𝑁
𝑘=1 )

𝑁

𝑝
𝑖=1    (71) 

The variance-OD matrix: 

 𝑂𝐷𝑣𝑎𝑟.matrix =  
  (𝑂𝐷𝑘

𝑐𝑙𝑏.−𝑂𝐷𝑘
𝑎𝑣𝑒.)

2
𝑁
𝑘=1  

𝑁

𝑝
𝑖=1    (72) 

5.3.2. Forward-UQ Process 

The obtained average-OD matrix (𝑂𝐷𝑎𝑣𝑒.) and variance-OD matrix (𝑂𝐷𝑣𝑎𝑟.) from the 

Inverse-UQ process will be used in the Forward-UQ process to quantify the future traffic 

flow forecasts. The Forward-UQ process consists of two steps; reconfiguration of the OD 
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matrix and Quantification of the traffic flow forecasts. The mathematical computations of 

this methodology are illustrated in Algorithm 5. 

 

 

Algorithm 5. Forward-UQ process. 

Data: 

𝑍𝑗=1,𝑛  ;  ∀ 𝑍, 𝑗 ∈ ℕ      ⊳ Zone definition. 

𝑂𝑗=1,𝑛  ;  𝑂 ⊂ 𝑍    ⊳ Origin definition. 

𝐷𝑗=1,𝑛 ;  𝐷 ⊂ 𝑍   ⊳ Destination definition.  

𝑝 = 𝑍2;  𝑃 ∈ ℕ   ⊳ Number of OD pairs. 
𝑓𝑇𝑂→𝐷

    ⊳ Trafficassignment model. 

𝑂𝐷(𝑛 ,𝑛)
𝑎𝑣𝑒 . ;  ∀𝑂𝐷(𝑛 ,𝑛)

𝑎𝑣𝑒 . ∈ ℝ   ⊳ Average-OD matrix. 

𝑂𝐷(𝑛 ,𝑛)
𝑣𝑎𝑟 . ;  ∀𝑂𝐷(𝑛 ,𝑛)

𝑣𝑎𝑟 . ∈ ℝ   ⊳ Variances-OD matrix. 

Reconfiguration: 

01: For  𝑗 = 1 𝑡𝑜 𝑛 do   

02: For 𝑗 = 1 𝑡𝑜 𝑛 do   

03:                𝑂𝐷(𝑗 ,𝑗 )
𝑚𝑎𝑥 .𝑝𝑟𝑜𝑏 .

@𝐶𝐼 = 68% = 𝑂𝐷(𝑗 ,𝑗 )
𝑎𝑣𝑒 . + 1.00 𝑂𝐷(𝑗 ,𝑗 )

𝑣𝑎𝑟 .      ⊳ Find the max. probable OD matrix       

@ CI=68%. 

04:                𝑂𝐷(𝑗 ,𝑗 )
𝑚𝑖𝑛 .𝑝𝑟𝑜𝑏 .

@𝐶𝐼 = 68% = 𝑂𝐷(𝑗 ,𝑗 )
𝑎𝑣𝑒 . − 1.00 𝑂𝐷(𝑗 ,𝑗 )

𝑣𝑎𝑟 .      ⊳ Find the min. probable OD matrix        

@ CI=68%. 

05:                𝑂𝐷(𝑗 ,𝑗 )
𝑚𝑎𝑥 .𝑝𝑟𝑜𝑏 .

@𝐶𝐼 = 95% = 𝑂𝐷(𝑗 ,𝑗 )
𝑎𝑣𝑒 . + 1.96 𝑂𝐷(𝑗 ,𝑗 )

𝑣𝑎𝑟 .      ⊳ Find the max. probable OD matrix       

@ CI=95%. 

06:                𝑂𝐷(𝑗 ,𝑗 )
𝑚𝑖𝑛 .𝑝𝑟𝑜𝑏 .

@𝐶𝐼 = 95% = 𝑂𝐷(𝑗 ,𝑗 )
𝑎𝑣𝑒 . − 1.96 𝑂𝐷(𝑗 ,𝑗 )

𝑣𝑎𝑟 .      ⊳ Find the min. probable OD matrix        

@ CI=95%. 

07: end for  

08: end for 

Quantification: 

09: 𝑞𝑙
𝑎𝑣𝑒 . = 𝑓𝑇𝑂→𝐷

 (𝑂𝐷𝑎𝑣𝑒 . )                                                                       ⊳ Run VISUM to find the average traffic 

flow. 

10: 𝑞𝑙
𝑚𝑎𝑥 .𝑝𝑟𝑜𝑏 .

@𝐶𝐼 = 68% = 𝑓𝑇𝑂→𝐷
 (𝑂𝐷(𝑛 ,𝑛)

𝑚𝑎𝑥 .𝑝𝑟𝑜𝑏 .
@𝐶𝐼 = 68%)     ⊳ Run VISUM to find the max. probable 

traffic flow @ CI=68%. 

11: 𝑞𝑙
𝑚𝑖𝑛 .𝑝𝑟𝑜𝑏 .

@𝐶𝐼 = 68% = 𝑓𝑇𝑂→𝐷
 (𝑂𝐷(𝑛 ,𝑛)

𝑚𝑖𝑛 .𝑝𝑟𝑜𝑏 .
@𝐶𝐼 = 68%)      ⊳ Run VISUM to find the min. probable 

traffic flow @ CI=68%. 

12: 𝑞𝑙
𝑚𝑎𝑥 .𝑝𝑟𝑜𝑏 .

@𝐶𝐼 = 95% = 𝑓𝑇𝑂→𝐷
 (𝑂𝐷(𝑛 ,𝑛)

𝑚𝑎𝑥 .𝑝𝑟𝑜𝑏 .
@𝐶𝐼 = 95%)     ⊳ Run VISUM to find the max. probable 

traffic flow @ CI=95%. 

13: 𝑞𝑙
𝑚𝑖𝑛 .𝑝𝑟𝑜𝑏 .

@𝐶𝐼 = 95% = 𝑓𝑇𝑂→𝐷
 (𝑂𝐷(𝑛 ,𝑛)

𝑚𝑖𝑛 .𝑝𝑟𝑜𝑏 .
@𝐶𝐼 = 95%)      ⊳ Run VISUM to find the min. probable 

traffic flow @ CI=95%. 

14:  End 
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5.3.2.1. Reconfiguration the OD matrix 

both of the average-OD matrix (𝑂𝐷𝑎𝑣𝑒.) and the variance-OD matrix (𝑂𝐷𝑣𝑎𝑟.) are utilised 

to configure the maximum probable-OD matrix (𝑂𝐷𝑚𝑎𝑥.𝑝𝑜𝑏.) and minimum probable-OD 

matrix (𝑂𝐷𝑚𝑖𝑛.𝑝𝑜𝑏.) according to different confidence intervals (𝐶𝐼). For this study, two 

confidence intervals have been adopted (𝐶𝐼): 68% and 95%, The 𝐶𝐼 = 68% comparable 

to 1.00 × √𝜎2 , on the other hand, the 𝐶𝐼 = 95% comparable to 1.96 × √𝜎2.  

The max. probable OD matrix within (68% 𝐶𝐼): 

 𝑂𝐷𝑚𝑎𝑥.𝑝𝑟𝑜𝑏.@𝐶𝐼=68% = 𝑂𝐷𝑎𝑣𝑒. + 1.00 × √𝑂𝐷𝑣𝑎𝑟. (73) 

The min. probable OD matrix within (68% 𝐶𝐼): 

 𝑂𝐷𝑚𝑖𝑛.𝑝𝑟𝑜𝑏.@𝐶𝐼=68% = 𝑂𝐷𝑎𝑣𝑒. − 1.00 × √𝑂𝐷𝑣𝑎𝑟. (74) 

The max. probable OD matrix within (95% 𝐶𝐼): 

 𝑂𝐷𝑚𝑎𝑥.𝑝𝑟𝑜𝑏.@𝐶𝐼=95% = 𝑂𝐷𝑎𝑣𝑒. + 1.96 × √𝑂𝐷𝑣𝑎𝑟. (75) 

The min. probable OD matrix within (95% 𝐶𝐼): 

 𝑂𝐷𝑚𝑖𝑛.𝑝𝑟𝑜𝑏.@𝐶𝐼=95% = 𝑂𝐷𝑎𝑣𝑒. − 1.96 × √𝑂𝐷𝑣𝑎𝑟. (76) 

Furthermore, the bias calculation for every base-OD pair:   

 𝜂 = 𝑂𝐷𝑏𝑎𝑠𝑒 − 𝑂𝐷𝑎𝑣𝑒. (77) 

5.3.2.2. Quantification the traffic flow forecasts 

Finally, quantifying the traffic flow in each link on the transport network, using the errors 

propagation theory, by finding the average traffic flow (𝑞𝑙
𝑎𝑣𝑒.) and the probable flow 

 𝑞𝑙
𝑝𝑟𝑜𝑏.

 . 

The average traffic flow (𝑞𝑙
𝑎𝑣𝑒.): 

 𝑞𝑙
𝑎𝑣𝑒. = 𝑓𝑇𝑂→𝐷

 (𝑂𝐷𝑎𝑣𝑒. ) (78) 

The max. probable traffic flow value of at 𝐶𝐼 = 68% : 

 𝑞𝑙
𝑚𝑎𝑥.𝑝𝑟𝑜𝑏.@𝐶𝐼=68%

= 𝑓𝑇𝑂→𝐷
 (𝑂𝐷𝑚𝑎𝑥.𝑝𝑟𝑜𝑏.@𝐶𝐼=68%) (79) 

The min. probable traffic flow value of at 𝐶𝐼 = 68% : 

 𝑞𝑙
𝑚𝑖𝑛.𝑝𝑟𝑜𝑏.@𝐶𝐼=68%

= 𝑓𝑇𝑂→𝐷
  𝑂𝐷𝑚𝑖𝑛.𝑝𝑟𝑜𝑏.@𝐶𝐼=68%  (80) 

The max. probable traffic flow value of at 𝐶𝐼 = 95% : 

 𝑞𝑙
𝑚𝑎𝑥.𝑝𝑟𝑜𝑏.@𝐶𝐼=95%

= 𝑓𝑇𝑂→𝐷
 (𝑂𝐷𝑚𝑎𝑥.𝑝𝑟𝑜𝑏.@𝐶𝐼=95%) (81) 
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The min. probable traffic flow value of at 𝐶𝐼 = 95% : 

 𝑞𝑙
𝑚𝑖𝑛.𝑝𝑟𝑜𝑏.@𝐶𝐼=95%

= 𝑓𝑇𝑂→𝐷
  𝑂𝐷𝑚𝑖𝑛.𝑝𝑟𝑜𝑏.@𝐶𝐼=95%  (82) 

Where 𝑓𝑇𝑂→𝐷
 is a traffic assignment model. 

Moreover, for the validation purpose to the accuracy of methodology results, the 

methodology can compare the estimated traffic flow by this methodology (𝑞𝑙
𝑒𝑠𝑡.) with the 

real observed traffic flow  𝑞𝑙
𝑜𝑏𝑠. .  

The estimated traffic flow (𝑞𝑙
𝑒𝑠𝑡.): 

 𝑞𝑙
𝑒𝑠𝑡. = 𝑓𝑇𝑂→𝐷

 (𝑂𝐷𝑐𝑙𝑏. ) (83) 

5.4. Implementation 

The proposed methodology has been applied to the case study (Ajka, Hungary). The 

following subsections represent the implementation stages: 

The inputs data for this study case include base-OD matrix as shown in Table 8, the traffic 

flow observation period continued for 100 days for all transportation links (i.e., sample 

size N=100), and the 𝑚𝑖𝑛. 𝑅𝑆𝑆 ≤ 1. The final result of the calibration process is 

represented into two matrices; the first is the average-OD matrix (𝑂𝐷𝑎𝑣𝑒.) as shown in 

Table 9, and the second is the variance-OD matrix (𝑂𝐷𝑣𝑎𝑟.), as shown in Table 10. These 

two matrices providing full information about the probability distributions for all OD 

pairs by giving the mean (𝜇) and the variance (𝜎2) for each one. 

Table 8: The base-OD matrix. 
D     

  O 
Z-01 Z-02 Z-03 Z-04 Z-05 Z-06 Z-07 Z-08 Z-09 Z-10 Z-11 Z-12 Z-13 Z-14 Z-15 Z-16 Z-17 Z-18 Z-19 Z-20 Z-21 Z-22 Z-23 Z-24 Z-25 

Z-01 0.0 30.1 263.2 7.2 0.6 6.7 4.1 5.6 8.2 6.1 9.2 6.1 5.6 5.6 3.6 3.1 3.6 3.6 6.1 6.1 3.6 3.1 13.8 9.7 7.2 

Z-02 9.1 0.0 8.6 0.2 0.0 0.2 0.1 0.2 0.3 0.2 0.3 0.2 0.2 0.2 0.1 0.1 0.1 0.1 0.2 0.2 0.1 0.1 0.5 0.3 0.2 

Z-03 268.6 29.1 0.0 6.9 0.6 6.4 4.0 5.4 7.9 5.9 8.9 5.9 5.4 5.4 3.5 3.0 3.5 3.5 5.9 5.9 3.5 3.0 13.4 9.4 6.9 

Z-04 6.8 0.7 6.4 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-05 0.5 0.1 0.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-06 6.3 0.7 6.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-07 3.9 0.4 3.7 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-08 5.4 0.6 5.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-09 7.8 0.8 7.4 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-10 5.8 0.6 5.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-11 8.8 0.9 8.3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-12 5.8 0.6 5.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-13 5.4 0.6 5.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-14 5.4 0.6 5.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-15 3.4 0.4 3.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-16 2.9 0.3 2.8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-17 3.4 0.4 3.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-18 3.4 0.4 3.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-19 5.8 0.6 5.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-20 5.8 0.6 5.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-21 3.4 0.4 3.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-22 2.9 0.3 2.8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-23 13.1 1.4 12.4 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-24 9.2 1.0 8.8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-25 6.8 0.7 6.4 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 
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Table 9: The average-OD matrix. 
D     

  O 
Z-01 Z-02 Z-03 Z-04 Z-05 Z-06 Z-07 Z-08 Z-09 Z-10 Z-11 Z-12 Z-13 Z-14 Z-15 Z-16 Z-17 Z-18 Z-19 Z-20 Z-21 Z-22 Z-23 Z-24 Z-25 

Z-01 0.0 31.6 292.6 9.3 0.8 7.6 4.4 5.6 9.3 7.2 9.8 7.4 6.2 6.9 3.9 3.5 3.3 3.3 11.9 5.8 7.2 3.4 14.5 11.5 7.2 

Z-02 11.8 0.0 9.6 0.3 0.0 0.2 0.1 0.2 0.3 0.2 0.3 0.2 0.2 0.2 0.1 0.1 0.1 0.1 0.4 0.2 0.2 0.1 0.5 0.5 0.3 

Z-03 301.1 32.7 0.0 8.6 0.7 7.0 4.1 6.3 7.8 6.2 9.7 6.7 6.1 5.9 3.9 3.9 3.5 3.9 7.0 6.7 0.8 3.0 15.0 10.5 7.8 

Z-04 7.5 0.8 7.3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-05 0.5 0.1 0.5 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-06 6.8 0.7 7.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-07 4.6 0.5 4.7 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-08 5.8 0.6 5.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-09 8.5 0.9 8.1 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-10 6.7 0.7 6.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-11 8.7 1.0 8.3 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-12 7.0 0.8 6.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-13 5.9 0.6 5.9 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-14 6.0 0.6 5.6 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-15 3.8 0.4 3.7 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-16 3.1 0.3 2.8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-17 3.5 1.5 3.6 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-18 3.3 0.4 3.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-19 3.1 0.2 4.9 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-20 5.8 0.6 6.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-21 5.3 0.6 0.6 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-22 3.3 0.4 2.8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-23 17.0 1.4 13.8 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-24 9.5 1.0 9.7 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Z-25 6.8 0.8 7.2 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0 

Table 10: The variance-OD matrix. 
D     

  O 
Z-01 Z-02 Z-03 Z-04 Z-05 Z-06 Z-07 Z-08 Z-09 Z-10 Z-11 Z-12 Z-13 Z-14 Z-15 Z-16 Z-17 Z-18 Z-19 Z-20 Z-21 Z-22 Z-23 Z-24 Z-25 

Z-01 0.00 10.86 981.5 0.95 0.01 0.76 0.22 0.37 1.05 0.76 1.18 0.64 0.48 0.57 0.19 0.19 0.14 0.33 1.91 0.44 1.02 0.13 2.29 1.48 0.00 

Z-02 1.65 0.00 1.06 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-03 1035 12.31 0.00 0.86 0.01 0.60 0.22 0.57 0.73 0.49 1.17 0.51 0.46 0.41 0.19 0.23 0.14 0.18 0.65 0.51 0.14 0.00 2.60 1.26 0.69 

Z-04 0.66 0.01 0.62 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-05 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-06 0.51 0.01 0.71 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-07 0.31 0.00 0.27 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-08 0.39 0.00 0.28 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-09 0.89 0.01 0.82 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-10 0.64 0.01 0.54 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-11 0.75 0.01 0.69 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-12 0.55 0.01 0.40 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-13 0.42 0.00 0.46 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-14 0.37 0.00 0.39 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-15 0.17 0.00 0.19 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-16 0.14 0.00 0.10 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-17 0.13 0.24 0.20 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-18 0.13 0.00 0.19 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-19 0.25 0.00 0.27 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-20 0.46 0.01 0.44 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-21 0.58 0.01 0.08 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-22 0.12 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-23 3.42 0.00 2.19 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-24 1.02 0.01 1.09 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

Z-25 0.00 0.01 0.59 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 

 

For this case study, the application of the proposed methodology has been presented for 

one link only; the chosen link is (𝑙02), this link summarises the traffic assignment pattern 

of other links in this case study. Figure 28 shows the traffic flow (𝑞02) at the time (8:00-

9:00 AM) during observed periods. The link choice set of link #2 (ℱ02) has involved 17 

OD pairs, and the link choice probabilities set is 1.00 for all pairs.  

ℱ02 = {𝑂𝐷04−01, 𝑂𝐷05−01, 𝑂𝐷06−01, 𝑂𝐷07−01, 𝑂𝐷11−01, 𝑂𝐷12−01, 𝑂𝐷16−01, 𝑂𝐷04−02, 

           𝑂𝐷06−02, 𝑂𝐷07−02, 𝑂𝐷11−02, 𝑂𝐷12−02, 𝑂𝐷16−02, 𝑂𝐷04−03, 𝑂𝐷05−03, 𝑂𝐷11−03, 𝑂𝐷12−03} 
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Figure 28: Traffic flow (𝒒𝟎𝟐) at the time (8:00-9:00 AM) during the observed period. 

The results of the (Goodness-of-Fit Test) for the case study (Ajka) show that: 

• 98 % of OD pairs follow Normal distribution under significance level = 0.05, 

• 95 % of OD pairs follow Normal distribution under significance level = 0.10,  

• 91 % of OD pairs follow Normal distribution under significance level = 0.20,  

For example, Table 11 and Table 12 illustrate the Kolmogorov-Smirnov test for the (OD13-

01) and (OD06-01), respectively. Furthermore, both Figure 29 and Figure 30 are showing 

the (Goodness-of-Fit Test) for the (OD13-01) and (OD06-01), respectively. 

And, The result of the calibration process for the set (ℱ02) illustrated in Figure 31, which 

shows the scatter-plots of the calibrated-OD pairs (𝑂𝐷𝑐𝑙𝑏.) vs the observed traffic flow 

(q2
𝑜𝑏𝑠.) surrounded by 68% and 95% confidence intervals boundaries, and Figure 32, 

which shows probability distributions of the OD pairs of the set ℱ02.  

Table 11: Kolmogorov-Smirnov Test for the (OD13-01) 

Kolmogorov-Smirnov Test 

Sample Size (n) 

Statistic (D) 

Distribution 

100 

0.073 

Normal 
Significance level (α) 0.2 0.1 0.05 0.02 0.01 

KS critical value 0.106 0.121 0.134 0.15 0.161 

Reject? No No No No No 
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Table 12: Kolmogorov-Smirnov Test for the (OD06-01) 

Kolmogorov-Smirnov Test 

Sample Size (n) 

Statistic (D) 

Distribution 

100 

0.131 

Normal 
Significance level (α) 0.2 0.1 0.05 0.02 0.01 

KS critical value 0.106 0.121 0.134 0.15 0.161 

Reject? Yes Yes No No No 

 

 

Figure 29: The Goodness-of-Fit Test for the (OD13-01) 

 

Figure 30: The Goodness-of-Fit Test for the (OD06-01) 
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Figure 31: Scatter-plots of the calibrated-OD pairs (𝑂𝐷𝑐𝑙𝑏.) vs the observed traffic flow (q2
𝑜𝑏𝑠.), 

and surrounded by 68% and 95% confidence intervals boundaries. 
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Figure 32: Probability distributions of the OD pairs of the set (𝓕𝟎𝟐).  
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To provide reliable insight into the accuracy of the calibration process. A comparison has 

been created between the observed traffic flow  𝑞2
𝑜𝑏𝑠.  with the estimated traffic flow 

(𝑞2
𝑒𝑠𝑡.) produced by the traffic assignment model via VISUM software using the calibrated-

OD matrix (𝑂𝐷𝑐𝑙𝑏.). The comparison was repeated 100 times, according to the number of 

observations (𝑁). Figure 33 presents the comparison result, the right-side showing the 

probability distributions of both observed traffic flow  𝑞2
𝑜𝑏𝑠.  and estimated traffic flow 

(𝑞2
𝑒𝑠𝑡.), It can be seen a significant matching between them. Moreover, the right-side 

indicating the cross-validation of observed traffic flow  𝑞2
𝑜𝑏𝑠.   and estimated traffic flow 

(𝑞2
𝑒𝑠𝑡.), which gives 𝑅2 = 0.9994. 

 

Figure 33: Illustrating the comparison between the observed traffic flow  𝒒𝟐
𝒐𝒃𝒔.  and estimated 

traffic flow (𝒒𝟐
𝒆𝒔𝒕.), the right-side shows probability distributions of them and the left-

side shows the cross-validation between them. 

For the sake of simplicity, the statistical parameters of the ℱ02 set with their analytical 

conclusions are illustrated in Table 13, which includes the base-OD pairs (𝑂𝐷𝑏𝑎𝑠𝑒), the 

distribution parameters of OD pairs: average-OD pairs (𝑂𝐷𝑎𝑣𝑒.) and variances-OD pairs 

(𝑂𝐷𝑣𝑎𝑟.). As well as, bias (𝜂) calculations of the base-OD pairs (𝑂𝐷𝑏𝑎𝑠𝑒) compared to the 

average-OD pairs (𝑂𝐷𝑎𝑣𝑒.), and the probable-OD pairs (𝑂𝐷𝑝𝑟𝑜𝑏.), under two confidence 

intervals, 68% and 95%, respectively. It can be noticed in this case study that the most 

base-OD pairs (𝑂𝐷𝑏𝑎𝑠𝑒) were having a negative bias from the average-OD values (𝑂𝐷𝑎𝑣𝑒.), 

except 𝑂𝐷11−01 and 𝑂𝐷11−03 which they had a positive bias. 
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Table 13: Illustrated the statistical parameters of the ℱ02 set. 

Link 

choice set 

(𝓕𝟎𝟐) 

Base travel 

demand 

(𝑶𝑫𝒃𝒂𝒔𝒆) 

Average 

travel 

demand 

(𝑶𝑫𝒂𝒗𝒆.) 

Travel 

demand 

variances 

(𝑶𝑫𝒗𝒂𝒓.) 

Bias  

(𝜼) 

Probable travel 

demand 

(𝑶𝑫𝑪𝑰=𝟔𝟖%
𝒑𝒐𝒃.

) 

Probable travel 

demand 

(𝑶𝑫𝑪𝑰=𝟗𝟓%
𝒑𝒐𝒃.

) 

𝑶𝑫𝟎𝟒−𝟎𝟏 6.81 7.50 0.664 -0.69 7.50 ± 0.815 7.50 ± 1.597 

𝑶𝑫𝟎𝟓−𝟎𝟏 0.49 0.54 0.003 -0.05 0.54 ± 0.055 0.54 ± 0.107 

𝑶𝑫𝟎𝟔−𝟎𝟏 6.33 6.75 0.509 -0.42 6.75 ± 0.713 6.75 ± 1.398 

𝑶𝑫𝟎𝟕−𝟎𝟏 3.89 4.63 0.305 -0.74 4.63 ± 0.552 4.63 ± 1.082 

𝑶𝑫𝟏𝟏−𝟎𝟏 8.76 8.69 0.755 +0.07 8.69 ± 0.869 8.69 ± 1.703 

𝑶𝑫𝟏𝟐−𝟎𝟏 5.84 7.01 0.552 -1.17 7.01 ± 0.743 7.01 ± 1.456 

𝑶𝑫𝟏𝟔−𝟎𝟏 2.92 3.12 0.139 -0.20 3.12 ± 0.373 3.12 ± 0.731 

𝑶𝑫𝟎𝟒−𝟎𝟐 0.74 0.80 0.008 -0.06 0.80 ± 0.089 0.80 ± 0.175 

𝑶𝑫𝟎𝟔−𝟎𝟐 0.69 0.74 0.006 -0.05 0.74 ± 0.077 0.74 ± 0.152 

𝑶𝑫𝟎𝟕−𝟎𝟐 0.42 0.50 0.004 -0.08 0.50 ± 0.063 0.50 ± 0.124 

𝑶𝑫𝟏𝟏−𝟎𝟐 0.95 0.96 0.010 -0.01 0.96 ± 0.100 0.96 ± 0.196 

𝑶𝑫𝟏𝟐−𝟎𝟐 0.63 0.77 0.007 -0.14 0.77 ± 0.084 0.77 ± 0.164 

𝑶𝑫𝟏𝟔−𝟎𝟐 0.32 0.34 0.002 -0.02 0.34 ± 0.045 0.34 ± 0.088 

𝑶𝑫𝟎𝟒−𝟎𝟑 6.45 7.33 0.617 -0.88 7.33 ± 0.785 7.33 ± 1.540 

𝑶𝑫𝟎𝟓−𝟎𝟑 0.46 0.52 0.003 -0.06 0.52 ± 0.055 0.52 ± 0.107 

𝑶𝑫𝟏𝟏−𝟎𝟑 8.29 8.27 0.694 +0.02 8.27 ± 0.833 8.27 ± 1.633 

𝑶𝑫𝟏𝟐−𝟎𝟑 5.53 5.97 0.403 -0.44 5.97 ± 0.635 5.97 ± 1.244 

 

Finally, the traffic flow uncertainty has been quantified by including the variations of the 

OD pairs of the set (ℱ02) by finding the probable traffic flow (𝑞2
𝑝𝑟𝑜𝑏.

) in confidence 

intervals: 68% and 95%, respectively. The results of the Foreword-UQ are illustrated with 

details in Figure 35 and Table 14.    

 

Figure 32: Showing the average traffic flow and the probable traffic flow at 68% and 95% 
confidence interval in link #2. 
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Table 14: Illustrated the average traffic flow and the probable traffic flow at 68% and 95% 

confidence interval in link #2. 

Time 
Average traffic flow 

 𝒒
𝟐
𝒂𝒗𝒆.  

68% CI 95% CI 

Probable traffic flow 

(𝑞
2
𝑝𝑟𝑜𝑏.) 

Probable traffic flow 

(𝑞
2
𝑝𝑟𝑜𝑏.) 

12:00-01:00 AM 24.78 24.78 ± 2.64 24.78 ± 5.19 

01:00-02:00 AM 11.78 11.78 ± 1.36 11.78 ± 2.57 

02:00-03:00 AM 5.51 5.51 ± 0.99 5.51 ± 1.05 

03:00-04:00 AM 6.14 6.14 ± 0.86 6.14 ± 1.29 

04:00-05:00 AM 15.40 15.40 ± 1.65 15.40 ± 2.63 

05:00-06:00 AM 28.77 28.77 ± 3.37 28.77 ± 6.09 

06:00-07:00 AM 45.88 45.88 ± 4.79 45.88 ± 9.71 

07:00-08:00 AM 51.96 51.96 ± 5.51 51.96 ± 10.98 

08:00-09:00 AM 64.44 64.44 ± 6.89 64.44 ± 13.80 

09:00-10:00 AM 61.78 61.78 ± 6.60 61.78 ± 12.94 

10:00-11:00 AM 53.08 53.08 ± 5.67 53.08 ± 11.02 

11:00-12:00 AM 42.39 42.39 ± 4.53 42.39 ± 8.80 

12:00-01:00 PM 38.85 38.85 ± 4.05 38.85 ± 8.19 

01:00-02:00 PM 41.52 41.52 ± 4.54 41.52 ± 8.55 

02:00-03:00 PM 45.23 45.23 ± 4.63 45.23 ± 9.67 

03:00-04:00 PM 47.24 47.24 ± 5.15 47.24 ± 9.79 

04:00-05:00 PM 50.74 50.74 ± 5.26 50.74 ± 10.83 

05:00-06:00 PM 51.69 51.69 ± 5.32 51.69 ± 11.01 

06:00-07:00 PM 41.48 41.48 ± 4.43 41.48 ± 8.69 

07:00-08:00 PM 39.56 39.56 ± 4.35 39.56 ± 8.05 

08:00-09:00 AM 32.28 32.28 ± 3.65 32.28 ± 6.96 

09:00-10:00 PM 30.71 30.71 ± 3.21 30.71 ± 6.33 

10:00-11:00 PM 28.98 28.98 ± 3.16 28.98 ± 6.17 

11:00-12:00 PM 26.49 26.49 ± 2.91 26.49 ± 5.63 

 

5.5. Conclusions 

This chapter introduces a practical methodology based on the UQ framework for 

quantifying the traffic flow uncertainty of a traffic assignment model. The methodology 

aims to explore the uncertainties of the OD matrix and estimate their parameters, which 

cause a variation and uncertainty in the traffic flow of the traffic assignment model. The 

framework implemented in this methodology principally depends on the Inverse-UQ 

technique based on the least-squares adjustment (LSA) method used to calibrate and 

estimate the distribution parameters (mean and variance) of all elements of the OD 

matrix. Accordingly, the key contributions of the proposed methodology present:  

(1) Calibration of the mean values of the OD pairs to reproduce an average-OD matrix.  
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(2) Estimation of the variances of the OD pairs to create a variance-OD matrix.  

(3) Quantifying the uncertainty of the traffic assignment model using both average-OD 

and variance-OD matrices. 

The methodology was then applied successfully in a case study (Ajka, Hungary).  The 

inputs of the base-OD matrix and the observed traffic flow were used in the Inverse-UQ 

framework to estimate OD pairs' posterior distributions. The posterior distributions were 

then employed in Forward-UQ to quantify the traffic flow uncertainty for all links on the 

transport network. Hence, I strongly advised using this methodology because it enables 

the decision-makers to expect traffic flow forecasting variations. 
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6. New Scientific Results 

In this chapter, the main new scientific results are summarised in the form of the following 

theses. Next, a short outlook is given about corresponding research objectives for the 

future. Following, the suggested visions of research applications. Finally, the list of 

publications related to theses. 

6.1. Theses 

The new scientific results are written in bold, while the short explanations are written in 

normal characters. The numbers of the referring publications can be seen in square 

brackets. 

Thesis I: 

I have developed a methodology capable of analysing and classifying the 

uncertainty in the traffic assignment caused by the stochastic variation of the OD 

matrix by using the Monte Carlo Simulation method. 

This methodology was built using the Monte Carlo simulation method to generate various 

OD matrices for the traffic assignment model via VISUM software to produce traffic flow 

on a transport network. The values of the OD matrix were considered as stochastic 

variables following different probability distributions. The results of the simulation 

process present the predictive traffic flow in each link on the transport network.  

Furthermore, the uncertainty analysis of the observed traffic flow was based on the bias-

variance decomposition method. The bias error represents the difference between the 

average traffic flow prediction and the observed traffic flow. Simultaneously, the variance 

represents the variability in the traffic assignment model prediction due to the stochastic 

nature of the input data. The bias and variability of the predictive traffic flow show the 

uncertainty propagation through the traffic assignment model.  

Subsequently, the uncertainty analysis results are classified into four cases according to 

bias and variance characterisations for each link on the transport network. The proposed 

classification was consisting of four cases of uncertainty: Case I (low variability - low 

bias), Case II (low variability - high bias), Case III (high variability - low bias), and Case IV 
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(high variability - high bias). Consequently, the uncertainty cases are visualised in 

coloured figures to clarify the likelihood of occurring for all transport links. 

Related publication: [J-1], [C-1] 

Thesis II: 

I have innovated a new algorithm (GSA-TAM) designed to analyse the sensitivity of the 

input data of the traffic assignment model. The (GSA-TAM) algorithm aims to identify 

the set of OD pairs that creating traffic flow in each link on the transport network and 

determine the influence scope of each OD pair on traffic flow in every link on the 

transport network. 

The Global Sensitivity Analysis for the Traffic Assignment Model (GSA-TAM) algorithm is 

built on both the variance-based sensitivity analysis method, one of the global sensitivity 

analysis GSA methods, and traffic assignment model TAM via VISUM software. The 

simulation process of the (GSA-TAM) algorithm has relied on Quasi-Monte Carlo (QMC) 

method to generate high-dimensional OD matrices with low-discrepancy sequences.  

Related publication: [J-2], [J-4] 

Thesis III: 

I have developed a new method for estimating the link choice proportions using 

the Monte Carlo simulation method and based on the Maximum Likelihood 

Estimation framework.   

The reason for innovating this method is to provide information to fill the gap of 

knowledge about the proportions of the OD pairs of the link choice set using this link (i.e., 

link choice proportions). This method is created by optimisation of the traffic assignment 

model in the Maximum Likelihood Estimation MLE framework. This method's importance 

lies in the use of link choice probabilities in uncertainty analysis for the traffic flow in each 

link separately, unlike other methods that do not provide this technique because they 

depend on route choice proportions. 

Related publication: [J-2] 
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Thesis IV: 

I have innovated a new method to estimate the distribution parameters of the OD 

matrix from the observed traffic flow data. 

This method's key contributions represent in; First, calibrating the mean values of the OD 

pairs to reproduce the average-OD matrix. Second, estimating the variance values of the 

OD pairs to create the variance-OD matrix. This method has built by applying the Inverse 

Uncertainty Quantification (Inverse-UQ) technique to extract the statistical parameters 

for the input data (i.e., OD matrix) from the real output data (i.e., traffic flow) through the 

traffic assignment model.  

This method was built on four components:  

(1) Least Square Adjustment (LSE) method,  

(2) Traffic assignment model via VISUM and MC simulation method,  

(3) MC simulation method,  

(4) counting traffic flow data. 

Related publication: [J-3] 

Thesis V: 

I have developed a new method capable of quantifying traffic flow uncertainty in 

the traffic assignment model by adding the variance parameters to the OD matrix.   

This methodology was built using Forward Uncertainty Quantification (Forward-UQ) 

technique by using both the average-OD matrix and variance-OD matrix as input data in 

the traffic assignment model. The result of this methodology enables us to quantify the 

uncertainty of predictive traffic flow. 

Related publication: [J-3] 

6.2. Outlook and Future Research 

In the present dissertation, which took an in-depth search of the uncertainty analysis of 

the traffic assignment model caused by the data variation of the OD matrix, and proposed 

a novel methodology for quantifying the uncertainty of the traffic flow on the traffic 
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assignment model.  The developed methodology of uncertainty quantification on the 

traffic assignment model provides a practical, structured procedure for transportation 

administration organisations to calibrate the average-OD matrix and estimate the 

variance-OD matrix to predict the uncertainty of the traffic flow in the future.   

However, as with any other research, recommendations, and suggestions for further 

research, improvement, and refinement of the proposed methodology will improve its 

implementation and application in the transportation administration organisations. 

Although the research's scientific results are important but more important, these results 

provide a basis for future research to extend the understanding of the subject. Thus, the 

following are some primary directions in which future work needs to be considered based 

on the presented study: 

• In the direction of uncertainty analysis, the methodology of predicting traffic flow 

should consider applying different probability distributions varying according to 

travel purposes and land use characteristics. 

• A continuous process of identifying and processing the QMC simulation sample 

size of the algorithm (GSA-TAM) needs to be carried out for every new case study 

separately. 

• The methodology of link choice proportions can be used to build a new route 

choice model, besides comparing the new model results with other route choice 

models. 

• The estimated proportions of the link choice methodology need to more research 

in aspects of detecting the probability distribution and statistical parameters in 

each link choice set. 

• In the direction of uncertainty analysis, the proposed methodology handled mean 

and variance parameters to characterise the OD pairs' distribution; this is justified 

for normal distribution only. Therefore, to enhance the quality of uncertainty 

quantification, other distributions should be tested through gaining higher-order 

statistics parameters. 
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6.3. Research Applications 

The proposed framework provides a practical, structured procedure for analysing and 

quantifying the traffic flow uncertainty on the traffic assignment model. The framework 

will help transportation modellers, and decision-makers have a fresh look at the 

uncertainty of the traffic assignments model's outputs. Figure 33 shows the uncertainty 

analysis and quantification framework. 

The framework could be used for the following purposes: 

• The major challenge of the OD matrix estimation problem is that it is severely 

under-determined. The proposed Uncertainty quantification approach can be used 

to estimate a more precise OD matrix. 

• Enhance the traffic flows' prediction accuracy, which is particularly helpful to the 

Transport Management Systems (TMS).  

• Monitor and identify which of the links that suffer from bias and unexpected 

change in traffic volumes in the event of a change in inputs OD matrix conditions. 

• Risk analysis and management for the transport projects, especially the PPP 

(Public-Private Partnership) projects. 
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Appendix (A): Network Characterizations 

 

A-1: Link List 

NO. 
FROM 

NODE NO. 
TO  

NODE NO. 
TRANSPORT  

SYSTEM 
NUMBER 
OF ANES 

PRIVATE TRANSPORT 
CAPACITY 

SPEED 
(KM/H) 

VOLUME 
(VPH) 

1 1 4 BIKE, BUS, CAR, WALK 1 6000 40.0 73 
2 4 1 BIKE, BUS, CAR, WALK 1 6000 40.0 60 
3 2 9 BIKE, BUS, CAR, WALK 1 6000 30.0 366 
4 9 2 BIKE, BUS, CAR, WALK 1 6000 30.0 409 
5 9 16 BIKE, BUS, CAR, WALK 1 6000 30.0 365 
6 16 9 BIKE, BUS, CAR, WALK 1 6000 30.0 408 
7 1 2 BIKE, BUS, CAR, WALK 1 9000 50.0 395 
8 2 1 BIKE, BUS, CAR, WALK 1 9000 50.0 388 
9 3 10 BIKE, BUS, CAR, WALK 1 9000 50.0 407 

10 10 3 BIKE, BUS, CAR, WALK 1 9000 50.0 363 
11 3 8 BIKE, BUS, CAR, WALK 1 6000 40.0 38 
12 8 3 BIKE, BUS, CAR, WALK 1 6000 40.0 48 
13 7 8 BIKE, BUS, CAR, WALK 1 1500 20.0 48 
14 8 7 BIKE, BUS, CAR, WALK 1 1500 20.0 38 
15 7 15 BIKE, BUS, CAR, WALK 1 5000 30.0 22 
16 15 7 BIKE, BUS, CAR, WALK 1 5000 30.0 32 
17 14 15 BIKE, BUS, CAR, WALK 1 5000 30.0 27 
18 15 14 BIKE, BUS, CAR, WALK 1 5000 30.0 16 
19 6 14 BIKE, BUS, CAR, WALK 1 5000 30.0 27 
20 14 6 BIKE, BUS, CAR, WALK 1 5000 30.0 17 
21 6 13 BIKE, BUS, CAR, WALK 1 5000 30.0 8 
22 13 6 BIKE, BUS, CAR, WALK 1 5000 30.0 19 
23 5 13 BIKE, BUS, CAR, WALK 1 5000 30.0 26 
24 13 5 BIKE, BUS, CAR, WALK 1 5000 30.0 15 
25 4 5 BIKE, BUS, CAR, WALK 1 1500 20.0 57 
26 5 4 BIKE, BUS, CAR, WALK 1 1500 20.0 45 
27 21 22 BIKE, BUS, CAR, WALK 1 1500 20.0 39 
28 22 21 BIKE, BUS, CAR, WALK 1 1500 20.0 40 
29 17 22 BIKE, BUS, CAR, WALK 1 7000 40.0 40 
30 22 17 BIKE, BUS, CAR, WALK 1 7000 40.0 39 
31 21 23 BIKE, BUS, CAR, WALK 1 6000 40.0 28 
32 23 21 BIKE, BUS, CAR, WALK 1 6000 40.0 28 
33 20 23 BIKE, BUS, CAR, WALK 1 6000 40.0 10 
34 23 20 BIKE, BUS, CAR, WALK 1 6000 40.0 10 
35 5 18 BIKE, BUS, CAR, WALK 1 6000 40.0 31 
36 18 5 BIKE, BUS, CAR, WALK 1 6000 40.0 30 
37 18 24 BIKE, BUS, CAR, WALK 1 6000 40.0 18 
38 24 18 BIKE, BUS, CAR, WALK 1 6000 40.0 18 
39 19 24 BIKE, BUS, CAR, WALK 1 6000 40.0 0 
40 24 19 BIKE, BUS, CAR, WALK 1 6000 40.0 0 
41 19 20 BIKE, BUS, CAR, WALK 1 6000 40.0 9 
42 20 19 BIKE, BUS, CAR, WALK 1 6000 40.0 9 
43 6 19 BIKE, BUS, CAR, WALK 1 6000 40.0 9 
44 19 6 BIKE, BUS, CAR, WALK 1 6000 40.0 9 
45 1 17 BIKE, BUS, CAR, WALK 1 9000 50.0 392 
46 17 1 BIKE, BUS, CAR, WALK 1 9000 50.0 413 
47 16 25 BIKE, BUS, CAR, WALK 1 9000 50.0 364 
48 25 16 BIKE, BUS, CAR, WALK 1 9000 50.0 408 
49 10 25 BIKE, BUS, CAR, WALK 1 9000 50.0 407 
50 25 10 BIKE, BUS, CAR, WALK 1 9000 50.0 363 
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A-2: Connector List 

NO. 
FROM  

ZONE NO. 
TO 

ZONE NO. 
DIRECTION TRANSPORT SYSTEM VOLUME (VPH) 

1 1 17 O BIKE, CAR, WALK 422 
2 1 17 D BIKE, CAR, WALK 400 
3 2 2 O BIKE, CAR, WALK 22 
4 2 2 D BIKE, CAR, WALK 72 
5 3 3 O BIKE, CAR, WALK 422 
6 3 3 D BIKE, CAR, WALK 388 
7 4 4 O BIKE, CAR, WALK 14 
8 4 4 D BIKE, CAR, WALK 14 
9 5 4 O BIKE, CAR, WALK 1 

10 5 4 D BIKE, CAR, WALK 1 
11 6 13 O BIKE, CAR, WALK 13 
12 6 13 D BIKE, CAR, WALK 13 
13 7 14 O BIKE, CAR, WALK 8 
14 7 14 D BIKE, CAR, WALK 8 
15 8 15 O BIKE, CAR, WALK 11 
16 8 15 D BIKE, CAR, WALK 11 
17 9 7 O BIKE, CAR, WALK 16 
18 9 7 D BIKE, CAR, WALK 16 
19 10 20 O BIKE, CAR, WALK 12 
20 10 20 D BIKE, CAR, WALK 12 
21 11 24 O BIKE, CAR, WALK 18 
22 11 24 D BIKE, CAR, WALK 18 
23 12 18 O BIKE, CAR, WALK 12 
24 12 18 D BIKE, CAR, WALK 12 
25 13 23 O BIKE, CAR, WALK 11 
26 13 23 D BIKE, CAR, WALK 11 
27 14 21 O BIKE, CAR, WALK 11 
28 14 21 D BIKE, CAR, WALK 11 
29 15 23 O BIKE, CAR, WALK 7 
30 15 23 D BIKE, CAR, WALK 7 
31 16 6 O BIKE, CAR, WALK 6 
32 16 6 D BIKE, CAR, WALK 6 
33 17 19 O BIKE, CAR, WALK 7 
34 17 19 D BIKE, CAR, WALK 7 
35 18 25 O BIKE, CAR, WALK 7 
36 18 25 D BIKE, CAR, WALK 7 
37 19 16 O BIKE, CAR, WALK 12 
38 19 16 D BIKE, CAR, WALK 12 
39 20 9 O BIKE, CAR, WALK 12 
40 20 9 D BIKE, CAR, WALK 12 
41 21 10 O BIKE, CAR, WALK 7 
42 21 10 D BIKE, CAR, WALK 7 
43 22 3 O BIKE, CAR, WALK 6 
44 22 3 D BIKE, CAR, WALK 6 
45 23 2 O BIKE, CAR, WALK 27 
46 23 2 D BIKE, CAR, WALK 28 
47 24 1 O BIKE, CAR, WALK 19 
48 24 1 D BIKE, CAR, WALK 19 
49 25 17 O BIKE, CAR, WALK 14 
50 25 17 D BIKE, CAR, WALK 14 
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A-3: Node List 

NO. TRANSPORT SYSTEM VOLUME (VPH) 
1 BIKE, BUS, CAR, WALK 841 
2 BIKE, BUS, CAR, WALK 706 
3 BIKE, BUS, CAR, WALK 23 
4 BIKE, BUS, CAR, WALK 102 
5 BIKE, BUS, CAR, WALK 102 
6 BIKE, BUS, CAR, WALK 38 
7 BIKE, BUS, CAR, WALK 54 
8 BIKE, BUS, CAR, WALK 87 
9 BIKE, BUS, CAR, WALK 762 

10 BIKE, BUS, CAR, WALK 763 
11 BIKE, BUS, CAR, WALK 21 
12 BIKE, BUS, CAR, WALK 36 
13 BIKE, BUS, CAR, WALK 38 
14 BIKE, BUS, CAR, WALK 760 
15 BIKE, BUS, CAR, WALK 31 
16 BIKE, BUS, CAR, WALK 37 
17 BIKE, BUS, CAR, WALK 11 
18 BIKE, BUS, CAR, WALK 7 
19 BIKE, BUS, CAR, WALK 56 
20 BIKE, BUS, CAR, WALK 79 
21 BIKE, BUS, CAR, WALK 20 
22 BIKE, BUS, CAR, WALK 0 
23 BIKE, BUS, CAR, WALK 764 
24 BIKE, BUS, CAR, WALK 841 
25 BIKE, BUS, CAR, WALK 706 
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Appendix (B): Visum via COM Interface Programming 

1. Visum  

Visum is a software system that enables transport engineers to model all private and 
public transport systems in one single integrated model. It is complemented by the 
microscopic traffic simulation system Vissim. Using Visum, most basic data provided by 
transport information and planning systems can be managed consistently and maintained 
with the network editor. Unlike simple GIS systems, Visum supports complex relations 
within single or several transport systems to be preserved, permitting transport 
engineers to create a suitable transport model. 

2. Visum COM interface 

The Component Object Model COM explains how binary components of different software 
collaborate. COM gives access to data and functions contained in other programs. Data 
and algorithms contained in Visum can be accessed via the COM interface using Visum as 
an automation server. COM does not depend on a specific programming language; COM 
Objects can be included in a wide range of programming and scripting languages such as 
Visual Basic, Python, C++, Delphi, ..., and Matlab. 

3. The basic steps of Visum-COM programming 

The following procedure forms a general structure to use Visum-COM interface: 
1. generating the Traffic Network (TN) and Traffic Analysis Zone (TAZ) through the 

Vissim GUI. 
2. Choosing a programming language which allows COM interface programming. 

(Matlab was used in this study) 
3. Programming the simulation via Visum-COM with specific commands. The Visum 

COM Model is subject to a strict object hierarchy (see Figure below). IVisum is the 
highest-ranking object. To access a sub-object, e.g. a link in the network, one must 
follow the hierarchy. The COM-interface reference included with the Online Help of 
Visum for details about the various objects and their methods and properties.  
(The letter “I‟ always represents the interface for the object). 
 

 
 
4. Executing the simulation code form COM program. 
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4. Example 
Complete example code for Visum-COM programming (written in Matlab) is presented 
below: 
 

clc; 
clear; 
ME = 1;                                     % Mean value 
SD = 0.05;                                % SD = Std. Dev. Value 
N = 10000;      % N = Nr. of Iterations 
Z = 25;       % Z = Nr. of Zones 
Visum = actxserver('Visum.Visum.17'); 
Visum.LoadVersion('Ajka.ver'); 
for k=1:N                              % k = Iteration Nr. 
    for i=1:Z 
          for j=1:Z 
            ODBase(i,j)= Visum.Net.ODPairs.ItemByKey(i,j).AttValue('MatValue(1M0101)'); 
          end 
    end 
  % Random Normal Distribution O-D Matrix                
    for i=1:Z 
        for j=1:Z 
            ODIter(i,j)= (random('Normal',ME,SD)*ODBase(i,j)); 
        end 
    end 
    VectODIter = ODIter(:);               % Save the O-D Matrix as a Vector 
    TotalODIter(:,k) = VectODIter;        % Save all Vectors in One Matrix 
   % Save New Random O-D Matrix in Visum                 
    for i=1:Z 
        for j=1:Z 
          Visum.Net.ODPairs.ItemByKey(i,j).set('AttValue','MatValue(1M0101)',ODIter(i,j)); 
        end 
    end 
    Visum.Procedures.Execute() 
    LinkIter = Visum.Net.Links.Iterator; 
    m = 1;      % m= link Nr.   
    while LinkIter.Valid            
     curLink = LinkIter.Item; 
        Vol(m) = round(curLink.AttValue('VolVehPrT(AP)'));  
        m = m+1; 
        LinkIter.Next; 
    end 
    TotalVol(:,k)=Vol;              % Save all Results in One Matrix 
end 
VolSD_05=TotalVol;         
save VolSD_05.mat;      
 

 
  


