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Introduction 

 

Historic masonry vaults and domes are among the most remarkable parts of the architectural 

heritage in Europe and around the world. Many of these structures have survived for centuries or 

even millennia, despite the presence of minor or significant cracks. Therefore, appropriate 

strengthening solutions should be implemented to protect these structures. However, it is essential 

first to understand their mechanical behaviour, including cracking patterns, load-bearing capacity, 

and stability under loads (forces or support displacements), in order to select suitable strengthening 

or maintenance methods. 

Masonry shells are composed of individual stone blocks or bricks, and their discrete construction 

strongly influences their mechanical response to static or kinematic loads. The failure of such 

structures is usually related to localized effects, such as a few cracked joints forming a hinge, or 

the crushing or sliding of a single voussoir. Traditional continuum-based methods, such as the 

Finite Element Method (FEM), are inefficient or even unable to describe these phenomena. The 

Discrete Element Method (DEM) can overcome this difficulty: after their material parameters are 

suitably calibrated, DEM codes can reliably simulate the mechanical behaviour. 

This dissertation employs the Discrete Element Method (DEM) to analyze various masonry vaults 

and domes under quasi-static loads and support displacements. The numerical simulations were 

conducted using 3DEC, a software developed by Itasca Consulting Group, which has been widely 

used and thoroughly tested over decades for analyzing masonry structures. Utilizing 3DEC, I 

validated the theoretical predictions of crosswise tension resistance for general running bond 

patterns as well as 1:2 and 1:3 herringbone patterns. Furthermore, I examined the load-bearing 

capacity, cracking patterns or failure mechanisms, and the orientation of reactions at supports for 

different historic masonry vaults and domes. Additionally, I demonstrated the impact of the sign 

of Gaussian curvature on open vaults with square bays. 
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Thesis 1: Crosswise tension resistance in masonry shells with 

different bond patterns 

1.1 Introduction 

Classical approaches, e.g., Heyman’s limit state analysis, for analysing masonry shells often 

assume that masonry has no tensile resistance. This assumption is generally a safe approximation 

of historic structures where the mortar layers (if any) have fully lost cohesion. However, an 

increasing number of studies have demonstrated that masonry structures can exhibit significant 

tensile resistance if proper bond patterns are selected, even when the individual contacts do not 

resist tension. This tensile resistance (Figure 1.1) may arise, for example, from friction at the 

contacts or interfaces between blocks. Simon & Bagi (2016) quantitatively noted in DEM-

simulated experiments that the friction between blocks considerably improves the strength of 

domes and decreases the necessary minimal thickness of the dome to carry its self-weight. Beatini 

et al. (2018) independently showed (also with DEM simulations) that the vertical pressure applied 

to each of the horizontal layers can provide hoop tension resistance in domes. 

 

Figure 1.1. Explanation of the crosswise tensile resistance (Simon & Bagi, 2016). 

1.2 Quantification of crosswise tension resistance for different bond patterns  

In masonry vaults and domes, running bond and herringbone patterns (Figure 1.2) are the most-

widely used bond patterns. By choosing suitable elementary cells and taking into account the force 

equilibrium and moment balance equilibrium equations, theoretical predictions were derived for 

general running bond, and 1:2 and 1:3 herringbone patterns. The crosswise tension resistance of 

straight-shifted and skew-shifted running bond patterns for  = 1/2, /3 and 1/4, is 
t c

b

h


   .  

denotes the ratio of shifting. The crosswise tension resistances of 1:2 herringbone and 1:3 

herringbone patterns are 
0.5

4
t c


 


 , and 

1/ 3

3
t c


 


 respectively. t , c , and  indicate 

the crosswise tension resistance, the vertical compressive stress, and the friction coefficient 

respectively. My aim was to check these predictions with computer-simulated experiments. 

 

Figure 1.2. The basic bond types for masonry shells: running bond (left) and herringbone (right). 

1.3 Validation of the theoretical predictions 
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I studied cylindrical walls (Figure 1.3) subjected to uniformly distributed vertical compressive 

stresses and gradually increasing distributed outwards pressure on intrados to validate the 

theoretical predictions. The outwards pressure was applied in a quasi-static manner (the structure 

was carefully equilibrated after each load increase) until a further increase in pressure could no 

longer be reached. My results (Figure 1.4) showed that the theoretical predictions were always 

slightly conservative. The deviations between the prediction and numerical experiments did not 

exceed 10% and were usually much smaller. 

 

Figure 1.3. Cylindrical walls: running bond (left) and herringbone patterns (right). 

 

Figure 1.4. Dependence of hoop tensile strength on vertical compression. 

 

Thesis 2: DEM analysis of masonry hemispherical domes externally 

reinforced by metal bars 

2.1 Introduction 

The typical cracking of a hemispherical dome is “orange-slice” cracking (Figure 2.1a). The 

magnitude of the crack opening or width at the base level is the largest if the bottom of the dome 

is free to translate outwards. However, the location of maximum crack opening also depends on 

the boundary conditions. For example, if a dome is fixed at the base level (e.g., a dome stands on 

the ground), then the largest crack opening (Figure 3.1b) occurs above the base level. In reality, 

reinforcement is often applied to prevent the orange-slice-like cracking. However, the behaviour 

of a reinforced hemispherical dome is not well understood (Varma et al., 2018), and in particular, 

the optimal location of reinforcement is still an open issue. Even though few researches such as 
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Chiozzi (2016) and Varma & Ghosh (2015) studied the optimal location of the reinforcement for 

a hemispherical dome by using FEM, the discontinuity of masonry domes and the boundary effects 

were neglected.  

                                          

               (a)                                            (b) 

Figure 2.1. Cracking of hemispherical domes: (a) “Orange-slice” cracking without supporting, and 

(b) “Orange-slice” cracking when dome is fixed at bottom (Atamturktur et al., 2012). 

2.2 Numerical simulations 

I investigated two hemispherical domes (with t/R = 0.049 and 0.098, where t and R denote the 

thickness and the radius of the middle surface of the dome). The dome consisted of 50 individual 

lunes around its perimeter, and 18 horizontal rings of stone blocks. I applied stacked bond pattern 

to exclude the effect of crosswise tensile resistance. Reinforcement was placed at the mid-position 

of the selected ring and installed on the extrados of the dome at various positions. The optimal 

location of the reinforcement is determined by the angle α, measured from the bottom (Figure 2.2). 

The optimal location is defined by the ratio of Fh/Fv, where Fh and Fv indicate the horizontal and 

vertical reactions at the base level (Figure 2.3), and the location of the maximum crack appeared 

on the dome. A smaller Fh/Fv ratio indicates a reduced risk of the underlying supporting structures 

being endangered by tilting. Boundary conditions of the studied domes were represented by the 

heights (Figure 2.4) and thicknesses of the drums. The significance of contact cohesion was 

simulated by applying the parameters of cohesion c and tensile strength σt in the contacts between 

blocks. The relation between them was defined as σt = c/tanϕ. 

 

Figure 2.2. The analyzed dome in 3DEC: dome installed with reinforcement (left) and illustration 

of the reinforcement location (right). 
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Figure 2.3. The horizontal Fh and vertical Fv reaction forces at the base. 

           

                (a)                               (b)                                 (c) 

Figure 2.4. The analyzed dome with different boundary conditions: (a) dome with fixed support, 

(b) dome on a 5.0m high drum, and (c) dome on a 10.0m high drum. 

The results showed that by increasing the normal stiffness of the reinforcement, increasing the 

height or decreasing the thickness of drums, and adding contact cohesion, the optimal location of 

the reinforcement moved closer to the base level.  

 

Thesis 3: DEM analysis of masonry open vaults with square bays 

3.1 Introduction 

Historic masonry vaults and domes are often considered as the revolutions of smooth curves. The 

curved geometry of these shells introduces complex mechanical behaviours. A key characteristic 

of curved shells is their Gaussian curvature, which has significant implications for their structural 

behavior, including load-carrying capacity and failure mechanisms. Vaziri & Mahadevan (2008) 

analyzed the deformation in a toroidal continuum (Figure 3.1) shell by using Abaqus. It was found 

that for surfaces with zero and positive Gaussian curvatures, the deformation of the shell submitted 

to a concentrated force is localized around a small region where the concentrated load is applied. 

However, when a load is applied to a surface with a negative Gaussian curvature, the deformation 

extends through the entire system. Despite these insights, the mechanical effects of the sign of 

Gaussian curvature in masonry shells (discontinuum shells) remain poorly understood. Further 

research is needed to fully comprehend these effects. 
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Figure 3.1. Indentation of a toroidal shell: (A) schematic of a segment of a toroidal shell; (B) 

deformation caused by normal indentation of the point on the outer surface, which has positive 

Gaussian curvature; (C) deformation caused by normal indentation of the point on the nodal line, 

which has zero Gaussian curvature; (D) deformation caused by normal indentation of the point on 

the inner surface, which has negative Gaussian curvature; and (E) force-indentation response of 

the three shells under indentation (Vaziri and Mahadevan, 2008). 

3.2 Numerical simulations 

I analyzed three types of masonry shells (Figure 3.2)—sail vaults, fan vaults, and cross vaults—

representing positive, negative, and zero Gaussian curvatures respectively, to investigate the effect 

of Gaussian curvature on load-bearing capacity, failure mechanisms, and the orientation of 

reactions at supports. The analysis considered vertical concentrated loads at three characteristic 

points (Figure 3.3a) on the vaults and outward support displacements (Figure 3.3b) to understand 

these effects. I also adopted a combined approach to model those vaults where wall separation had 

already occurred. All the loads were applied in quasi-static manner. Vaults with 10cm and 16cm 

thicknesses were studies for comparison.   

      

                     (a)                                       (b)                                            (c) 

Figure 3.2. Geometries of the analyzed vaults in 3DEC: (a) sail vault, (b) fan vault, and (c) cross 

vault. 
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                   (a)                                       (b) 

Figure 3.3. The boundary conditions and loading cases: (a) vertical loads, and (b) outwards support 

displacement. 

The results showed that under concentrated loads, only local failure occurred in the masonry shell 

with positive Gaussian curvature (sail vault). In contrast, the failure mechanisms of the shells with 

negative and zero Gaussian curvatures depended on the loading positions. All vaults exhibited 

global cracks under outwards support displacement. The cracking patterns of the vaults under 

concentrated loads were not influenced when initial wall separation had already occurred, but the 

load-bearing capacity dramatically decreased due to the loss of lateral support from the 

longitudinal wall.  

 

Thesis 4: DEM analysis of the load-bearing capacity of barrel vaults 

under vertical loads 

4.1 Introduction 

Barrel vaults are the simplest form of historic vaults. Over the centuries, master builders have used 

four distinct patterns (Figure 4.1) to construct barrel vaults. Among these, longitudinal and 

transverse vaults (Figures 4.1a and 4.1b) are the most widely used patterns. 

 

          (a)                       (b)                       (c)                         (d) 

Figure 4.1. Existing bond patterns for a barrel vault: (a) longitudinal vault, (b) transversal vault, 

(c) bone vault, and (d) inverted bone vault (Levi, 1932). 

This study, carried out in cooperation with two Italian researchers (A. Ferrante and F. Clementi), 

was inspired by Romano & Grande (2008), who applied the finite element method (FEM) to 

analyze the mechanical response of barrel vaults with longitudinal and transverse patterns. Their 
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findings indicated that under concentrated loads, the load-bearing capacity of longitudinal barrel 

vaults is higher than that of transverse barrel vaults. However, their study did not consider the 

failure modes, specifically the sliding and separation of the blocks, which are critical to 

understanding the structural behaviour of these vaults under load. Additionally, they did not 

address the importance of the size effect (an arch that consists of a lower number of blocks along 

the arc has a greater load-bearing capacity than an arch with the same geometry but consists of a 

larger number of blocks shown in Figure 4.2) of the blocks, which is also a significant factor in 

the structural performance of barrel vaults.  

 

Figure 4.2. Size effect of the voussoir length along the arc: arch with larger size of blocks (left) 

and arch with smaller size of blocks (right). 

4.2 Numerical simulations 

My task in the team was to do virtual experiments on the effect of bond pattern on the load bearing 

capacity of barrels. The geometrical characteristics of the blocks and their material properties were 

provided by the Italian partners, and my task was to prepare the vault models and then run the 

simulations. Transversal and longitudinal barrel vaults with three different angles of embrace (180°, 

120° and 60°) were investigated. The middle span of each barrel vault was 2.4m, and the thickness 

was 0.15m. The length of the short barrel vault was 1.24m (Table 4.1) in the longitudinal y 

direction. For the long barrel vault, the length was 4.65m. 

Table 4.1. Geometries of barrel vaults with a 1.24 m span. 

 

Three different loading approaches (Figure 4.3) were considered: 1) concentrated loading at 1/3 of 

the length; 2) distributed loading along the whole length; and 3) a square distributed loading around 

the region at 1/3 of the length of the barrel vaults. 
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              (a)                         (b)                            (c) 

Figure 4.3. Loading methods: (a) concentrated loading, (b) full-length distributed loading, and (c) 

square distributed loading applied for longitudinal barrel vaults with 180° embrace angle. 

The results showed that under concentrated and square distributed loads, only local failure 

occurred in the transversal barrel vaults. In contrast, the entire longitudinal barrel vaults failed due 

to hinge cracks along their entire length. Under loads distributed along the entire length of the 

vaults, the transversal barrel vaults exhibited a larger load-bearing capacity compared to the 

longitudinal barrel vaults. Additionally, the size effect (decreasing the number of blocks along the 

arc) in transversal barrel vaults increased their load-bearing capacity.  

 

Thesis 5: DEM analysis of fan vaults 

5.1 Introduction  

In many fan vaults, there is a small space outside the extrados and above the tas-de-charge, named 

“vaulting pocket”. This space is often filled with rubble stones (Figure 5.1). The backfill height is 

approximately 1/2‒2/3 of the total height of the vault (Leedy, 1980). The mechanical role of the 

backfill in fan vaults is an open issue for analysis (Bagi, 2021). 

 

Figure 5.1. A fan vault with rubble stone backfill 

5.2 Numerical simulations  

I studied fan vaults with spans of 3.0 meters and 5.2 meters, each with a thickness of 10 cm which 

is a typical thickness for historic fan vaults. Given that only self-weight and outward support 

displacement were considered, and taking into account the symmetry, only one-fourth of a 

complete fan vault was studied. For the vault with a 3.0-meter span, an extremely small thickness 

of 2.5cm was also investigated for comparison. The backfill was modeled using Voronoi elements 
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(Figure 5.2), and different heights of backfill were generated to study the influence of the presence 

and height of the backfill on the orientation of reactions (Fy/Fz, shown in Figure 5.3) at supports. 

A smaller Fy/Fz ratio indicates a reduced risk of the underlying supporting structures being 

endangered by tilting. 

 

Figure 5.2. Fan vault with backfill (Voronoi elements). 

     

                         (a)                                                     (b) 

Figure 5.3. Reaction forces at the tas-de-charge and longitudinal walls: (a) Fy and (b) Fz. 

The results showed that even fan vaults with extremely small thicknesses can achieve equilibrium 

under self-weight without any cracks. No minimum thickness was identified for the investigated 

fan vaults. Increasing the height of the backfill brought the orientation of reactions at the tas-de-

charge much closer to vertical.  

 

Principal results 

Principal result 1 

With computer-simulated experiments, I validated the theoretical predictions of crosswise tension 

resistance for different running bond and herringbone patterns with a realistic friction coefficient 

 =0.781. With deviations below 10% between theoretical predictions and numerical experiments 

and the theoretical predictions being always on the safe side, I showed that: 

 The crosswise tension resistance of straight-shifted and skew-shifted running bond patterns for 

 = 1/2, /3 and 1/4, is t c

b

h


   .  
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The parameter  expresses the ratio of shifting. 

 Shells with herringbone pattern also exhibit crosswise tension resistance, though their failure 

mode is different from that of running bond patterns. I identified two failure modes, depending on 

the magnitude of friction coefficient on the surfaces. For 1:2 herringbone pattern, the combined 

rotating and sliding failure mode appears when the realistic  =0.781 friction coefficient is applied; 

for 1:3 herringbone pattern, the combined failure happens in this case. When μ= 1.235 and 1.732, 

pure tipping over failure mode occurs in 1:3 herringbone pattern.  

 The crosswise tension resistances of 1:2 herringbone and 1:3 herringbone patterns are 

0.5

4
t c


 


 , and 

1/ 3

3
t c


 


 respectively, for the mixed failure mode.  

In the above formulas t  denotes the crosswise tension resistance, c is the vertical compressive 

stress,  is the friction coefficient. 

Related publications: [HT1], [HT6], [HT7]. 

 

Principal result 2 

With computer-simulated experiments of the reinforcements of stone hemispherical domes, I 

showed that:  

 The normal stiffness of the cross-sections of the reinforcement affects the optimal location. When 

the normal stiffness of the cross-sections increases, the optimal location of the reinforcement tends 

towards the base.   

 The drum height and drum thickness affect the optimal location of the reinforcement. Reducing 

the thickness of the dome is equivalent to increasing the height of the drum. When the drum height 

increases, or the drum thickness decreases, the optimal location of the reinforcement tends towards 

the base. 

 The existence of the resistance of the contacts to tension affects the optimal location of the 

reinforcement. When the contacts are cohesive, the optimal location of the reinforcements is closer 

the base. Moreover, the existence of tensile resistance in the contacts decreases the relative 

efficiency of the reinforcement.  

Related publications: [HT2]. 

 

Principal result 3  

With computer-simulated experiments of three basic types of open vaults, I showed that: 

 Under a concentrated downwards force load, the masonry sail vault, characterized by a positive 

Gaussian curvature (K > 0), shows localized failure where only the loaded block drops out from 
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the initial position. Changing the loading position has no influence in the failure mode of the 

analyzed sail vault: it remains local. 

 The masonry fan vault, characterized by a negative Gaussian curvature (K < 0), shows global 

damage. The position of the vertical loads of the fan vault affects whether the whole structure will 

collapse, or only the whole structure cracks but does not collapse. 

 The masonry cross vault, characterized by zero Gaussian curvature (K = 0), shows a local failure 

where the loaded block drops off and some neighbouring blocks slightly move out from their 

original positions when the load is applied on the diagonal and near the longitudinal wall. The 

remaining structure is slightly cracked but can find the equilibrium with no further collapse. When 

the load is applied on the shell surface between the diagonal and longitudinal wall, a more extended 

collapse (due to the formation of a hinge line) occurs, which affects only the loaded barrel. 

Related publications: [HT3]. 

 

Principal result 4 

With computer-simulated experiments of transverse and longitudinal barrel vaults, I showed that: 

 For short transverse barrel vaults, the failure always occurs only at the arches where the vertical 

loads are applied. For short longitudinal barrel vaults, the failure is because of the hinge cracking 

along the whole length for all analyzed loading distributions.  

 For long transverse barrel vaults, the failure mechanism is the same as the short vaults. However, 

for long longitudinal barrel vaults, the failure mode is different. The embrace angle affects the 

failure mode: when the embrace angle is 180°, there is a global hinge along the whole length; when 

the embrace angles are 120° and 60°, the loaded blocks fall out from its own positions. The hinge 

will also occur, however, it is not along the whole length.  

 The size effects for the transverse barrel vaults with 60° embrace angle is significant: the load-

bearing capacity for the vaults with 8-bricks discretization along the arc is more than twice as the 

vaults with 34-bricks discretization. 

Related publications: [HT4]. 

 

Principal result 5 

With computer-simulated experiments of fan vaults, I showed that: 

 For both small and large span fan vaults, no optimal height of the backfill exists. The higher the 

backfill is, the more stable the fan vault is (the orientation of reactions is closer to the vertical).  

 For the small span fan vaults, the vault with larger thickness is more stable than the vault with 

smaller thickness. However, even the vault with the unrealistically small thickness can still find 

the equilibrium state under self-weight, and does not collapse even at relatively large outwards 
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support displacement (1.67% of the total span). There is no practical lower limit for the shell 

thickness for self-weight for this type of fan vault. 

 The longitudinal wall expresses lateral reaction to the conoid of fan vault under self-weight only 

in case of fixed supports, but this contribution drops to a negligible value as soon as outwards 

support displacements reach the slight value of 0.02% of the span. 

Related publication: [HT5]. 
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