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Chapter 1

Introduction

Over the last few decades, the evolution of computers has altered the way we understand
and interact with the world. Starting from the ability to store an enormous amount of data
and simulate the behaviour of massive systems to help model them, up to the automation
of measurements, computers are present at every step of research and development, as
well as in our everyday lives. Their advancements were explosive and showed no sign of
slowdown until a few years ago. Traditionally, the newer generation of computers achieved
enhanced performance through the miniaturisation of their basic building blocks, the
transistors, but as of late, this method is becoming unsustainable. As the size of the
transistors decreases, we reach the size scale of atoms, and thus, for further progress,
we need to completely rethink our approach. This need for advancements resulted in
the proposal of quantum computing, where instead of the traditional two-state bits, we
build our systems using quantum mechanical quantum bits (qubits). By using the unique
properties of quantum states, we can achieve computational speeds far surpassing what a
classical computer is capable of regarding certain problems like factorization [1].

Superconducting (SC) electronic circuits and qubit architectures present one of the
most rapidly expanding �elds of physics, and have shown great progress over the last few
years [2]. We have access to multiple quantum computers in multiple countries, where the
qubit number of the architectures reaches into the 1000. While it is necessary to increase
the number of qubits to reach a point of everyday usefulness, it is just as important, if
not more, to increase their quality. Currently, the most serious bottleneck one can face in
this �eld is the limited lifetime of qubit states, as they are prone to information loss via
decoherence and relaxation due to interaction with their environment. To overcome these
di�culties, the development of novel superconductor-semiconductor hybrid devices has
become one of the most promising routes. Here we can combine the unique properties
of superconductors (SCs) with the gate tunability of semiconductors, creating new, and
interesting implementations like gatemons [3, 4, 5, 6, 7, 8], gatemonium [9] or Andreev
qubits [10, 11, 12, 13]. It is proposed that by combining a semiconductor exhibiting strong
spin-orbit coupling (SOC) with a superconductor, one can achieve topological protection,
thus increasing the lifetime of qubits manyfold [14, 15, 16, 17, 18, 19, 20]. Although
numerous works on semiconductor nanowires and two-dimensional electron gases (2DEG)
have tried to achieve this via Majorana-based qubits, no current result can be called
de�nitive. Similarly, while recent works achieved new milestones in Kitaev chains based
on quantum dot-SC arrays, there is room for improvements [21, 22, 23, 24, 25].
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What is common in these architectures is their basic building block, a simple SC-N-SC
(superconductor-normal-superconductor) junction, or Josephson junction (JJ), wherein the
normal region, created from a semiconductor, Andreev bound states (ABS) form. These
states carry the supercurrent through the junction, and due to their special dispersion
relations, which can be used as a basis for a qubit realisation, they are the focal point
of multiple research routes. The properties of these states are highly investigated using
multiple di�erent systems and methods starting from the deployment of tunnel probes [26,
27, 28, 29, 30, 31, 32, 33], through microwave spectroscopy [34, 35, 36, 37, 38, 39] and even
using superconducting current-phase measurements [40, 41, 42, 43, 44, 45, 46].

Majorana states are non-Abelian excitations, most commonly pursued in the Kitaev-
chain model. In this 1D spinless model, we need to split the Kramer's degeneracy, for
which materials with strong SOC and a largeg-factor present the most promising prospects,
and thus have gathered the highest amount of interest in recent years. However, before
dedicating one's resources to using these materials in complex circuits, they must be
thoroughly characterised. Near-surface two-dimensional electron gases (2DEGs) combined
with an epitaxially grown SC layer have all of the properties required when searching
for an ideal platform to realise quantum bits. They possess a relatively high mobility,
strong SOC, while also maintaining a high-quality superconductor-semiconductor interface
due to the closeness of the 2DEG layer to the surface of the semiconductor. This all
led to a proximity e�ect with a hard superconducting gap [47, 48, 49]. Due to the
facts summarised before, these systems are promising candidates for realising devices for
quantum computing [6, 50, 51, 52], and thus gathered strong interest over the last few
years.

The most commonly used semiconductor for creating quantum wells (QW) is InAs,
which in nanowire form has already been established as a potential candidate to realise
Majorana-based devices [53]. Nevertheless, due to the form factor of nanowires, it is quite
hard to scale up devices after the initial characterization. Therefore, my choice of platform
fell upon InAs-based 2DEGs, which allows more 
exibility in both device geometry and
future scalability, while keeping the excellent properties of the InAs nanowires [18, 19].
Earliest studies using InAs 2DEGs used either a GaSb or InP wafer as the basis for the
heterostructure [54, 55, 56]. Compared to GaSb, InP is more preferable from a technological
point of view. However, GaAs is similarly suitable, as it is both less expensive and more
resistive, the latter of which is important in high-frequency measurements, making it
superior in quantum computing applications, where both the manipulation and readout of
qubits occur in the GHz regime.

My work as part of this thesis involved fabricating devices utilizing a new GaAs-based
near-surface InAs 2DEG and determining its viability in quantum computing applica-
tions, from basic transport characterization of the platform to studying superconductor-
semiconductor hybrid devices. As this is a relatively new platform, having been studied
for less than a decade, no one in our research group had any prior experience with it. This
meant that I had to adapt a fabrication process for other systems and optimize it, then
provide feedback regarding the quality of the platform based on di�erent measurements
(scanning/tunneling electron microscopy, transport measurements), which helped to �nalize
the growth process. I discuss the challenges in fabrication and the measurement techniques
in Chapter 3.
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The quality of a 2DEG is limited by its thickness via scattering mechanisms (both
interface and alloy scattering are more prevalent). As the maximum thickness of similar
quantum wells is generally de�ned by the lattice strain [57, 58, 59], one of the most
important parts of the growth process is to alleviate said strain as much as possible. While
GaAs possesses numerous advantages over InP, its lattice constant is farther from that of
InAs compared to InP, requiring careful engineering to realize high-quality 2DEGs. To
verify the quality of the heterostructure, my �rst goal was to determine its mobility and
the mean-free path using low-temperature magnetoresistance measurements, which will be
detailed in Chapter 4.

Besides having a good quality 2DEG as a basis for further devices, quantum computing
applications require the presence of a superconductor with a high-quality interface. In my
case, this was achieved by an epitaxially grown Al layer. To verify the quality of the Al
layer as well as the transparency of the interface, I performed measurements in the mK
regime, which are presented in Section 5.1.

Finally, after ensuring the high quality of the heterostructure, I �nalised my research
by creating and studying devices useful in qubit realization and manipulation. This
included the normal and superconducting measurements of quantum-point contact (QPC)
devices, which allows the investigation of ABS in the single-channel regime. At the same
time, to realize a proof of concept for high-frequency devices on this 2DEG, I fabricated
superconducting resonators, coupled to a Radio Frequency Superconducting Quantum
Interference Device (RF SQUID), and assisted in their measurement. My results concerning
QPC devices are presented in Sections 5.2 and 5.3, while my work on the high-frequency
measurements on an RF SQUID is detailed in Chapter 6.
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Chapter 2

Theoretical background

In this chapter, I will focus on the theoretical background connected to my thesis.
This consists of three main parts: �rst, the properties of 2DEGs and their behaviour in
di�erent circumstances (quantum Hall e�ect in magnetic �eld, quantum point contacts)
are discussed, followed by the description of superconductivity and its interaction with
semiconductors. I �nish this chapter with a brief overview of high-frequency measurements
to probe superconducting phenomena.

2.1 Two-dimensional electron gases

In a two-dimensional electron gas (2DEG), the electrons of a semiconductor are con�ned
to a quasi-2D plane. This can be achieved in multiple ways, the most widely known being
the traditional MOSFETs (Metal-Oxide-Semiconductor Field-E�ect Transistor), where
a thin, conducting layer can appear on a semiconductor/insulator interface due to the
band bending e�ect. In another case, which is what I was working with, the electrons
are con�ned in a semiconductor heterostructure, where, due to the di�erent composition
of the neighbouring layers, we can create a potential well, trapping the electrons. This
requires an appropriate electron density and Fermi level that are not too high; otherwise,
the carriers can overcome this barrier and escape.

In the remainder of this section, I will brie
y introduce the e�ect of a magnetic �eld
on these 2DEGs and then explain the physics in the case of an additional con�nement
restricting the freedom of electrons even further (quantum point contacts).

2.1.1 Density of states and conductivity

2DEGs created from a quantum well can be described using 2D quadratic conduction
bands. Since the electron density of these devices is �nely tunable through doping, for
simplicity, I will discuss a single spin-degenerate band from now on. The electrons of
this system can be described well by a free electron gas model, where their two basic
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parameters are their e�ective massmef f and their in-plane wave numberk. In this case,
we can introduce the dispersion relationE(k) and the group velocity of the electronsv(k):

E(k) =
~2k2

2mef f
;

v(k) =
1
~

�
@E(k)

@k
=

~k
mef f

:
(2.1)

with ~ = h=2� as the reduced Planck constant. Using the free electron gas model,
the density of states (DOS)D(E) in such a 2D system will be a constant. It can
be calculated from the DOS in momentum space,N (k), in the following way, using
D(E)dE = dN(k)(2�k )dk:

D(E) = 2
V

4� 2
� 2�k

�
dE
dk

� � 1

= V �
mef f

� ~2
: (2.2)

We can furthermore introduce the Fermi wavenumberkF , representing the momentum of
the electrons on the Fermi surface. We can derive its value using the fact that the states
are �lled up to this k value:

N = 2
V

4� 2
� k2

F �; (2.3)

from which a simple rearrangement giveskF =
p

2�n , where n = N=V is the electron
density in two dimensions. The conductance is derived from the Boltzmann equation in
the relaxation time approximation by integrating over the Fermi surfaceSF , as follows:

� =
e2

4� 2~

Z
dSF

� (k)
v(k)

� v(k) � v(k); (2.4)

where� is the relaxation time, representing the time necessary for the system to return to
its initial state, after a small perturbation1. By utilizing the cylindrical symmetry of the
system, the expression simpli�es and takes on a familiar form:

� xx =
e2

4� 2~
� � �

~kF

mef f
� 2�k F =

e2n�
mef f

= ne�; (2.5)

where e is the elementary charge. This result is identical to the one Drude arrived at,
introducing � as carrier mobility. The relaxation time � can be interpreted as� tr , the
transport lifetime of the electrons, that is, the average time between backscattering events.
Using the velocity of the electrons and the transport lifetime, we can introduce the mean
free path as:

lm = vF � tr =
~kF � tr

mef f
=

~
p

2�n�
e

(2.6)

1Hence the relaxation time approximation as a name.
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2.1.2 Classical and quantum Hall e�ects

In the presence of a magnetic �eld perpendicular both to the 2DEG (z direction)
and to the current (alongx in the xy plane of the 2DEG), apart from the usual voltage
drop appearing along the 
ow of the electrons (Vxx ), one can measure a voltage drop
perpendicular to both the B �eld and the current (Vxy ) as shown in Fig. 2.1a. The
characteristic resistance of this e�ect, called the Hall resistance, can be derived from both
the Boltzmann equation (quasi-classical approach) and using the Lorentz force (classical
approach), and modi�es the resistance tensor as:

�
Ex

Ey

�
=

�
� xx � xy

� yx � yy

�
�
�

j x

j y

�
=

�
mef f =e2n� tr � Bz=en

Bz=en mef f =e2n� tr

�
�
�

j x

j y

�
: (2.7)

With this, we can introduce the Hall coe�cient

RH = �
1
ne

: (2.8)

Therefore, this classical Hall e�ect provides a method to measure the carrier density (n),
assuming the presence of a single band withEF close to its extremum, where it is quadratic.
2D materials and 2DEGs (2DHGs) with high mobility may experience a deviation from
this behaviour in large magnetic �elds. Instead of the usual linear behaviour, plateaus
appear atRxy = h=�e2, where� is an integer. This is shown in Fig. 2.1b, leading to the
naming of this phenomenon as the quantum Hall e�ect.

To explain this behaviour, one can consider the Hamiltonian of an in�nite 2D system
in the xy plane with quadratic dispersion and a magnetic �eld alongside thez axis:

�
(px + eBy)2

2mef f
+

p2
y

2mef f

�
 (x; y) = E (x; y): (2.9)

The solution for this will be a harmonic oscillator with eigenenergies of

E(N ) =
�

N +
1
2

�
~! c (2.10)

where ! c = ejB j=mef f as cyclotron frequency andN = 0; 1; 2; 3� � � . The energy levels
appearing are called Landau levels. In ideal materials, without impurities and atT = 0 K
temperature, the Zeeman energy splits the levels and they becomeeB=h times degenerate
per unit area.

In the case of a �nite sample, the solution is modi�ed to the following form:

E(N; k) = Es(y) +
�

N +
1
2

�
~! c; (2.11)

wherek is the wavenumber of the electron andEs(y) describes the bending of the Landau
levels at the edge of the sample due to the con�nement potential. Herejyj � L y=2 with
L y being the width of the Hall bar. The e�ect takes a similar form ink space as well,
meaning that y and kx are interchangeable asy(kx ) = ~kx=(eB). The �nal result is shown
in Fig. 2.1c.

7



As a consequence of this, ifEF is between Landau levels, current cannot 
ow in the
bulk of the sample, only at the edges, whereEF crosses the Landau levels. This results
in the appearance of current-carrying edge states at the side of the sample, with charge
carriers propagating in one or the other direction, depending on which edge they are
located on, as shown in Fig. 2.1d. The reason for this separation is that the sign ofdE=dk
is opposite on the left and right edges. These propagating states are protected from
scattering to the other side, due to the physical separation in real space2.

Figure 2.1: a) Classical Hall bar setup, showing the currentI x , the magnetic �eld Bz, the
voltage probes, and the width of the Hall barL y. b) Quantum Hall e�ect with resistance
plateaus inRxy and zeroRxx at integer � as a function ofBz [60]. c) Landau levels in a
clean 2D system of �nite sizeL y . d) Movement of electrons on a quantum Hall plateau. If
the chemical potential of the two leads is not equal (� 1 6= � 2), the di�erence between the
electrons propagating in the left and right edge states produces the current. e) The density
of states of Landau levels, illustrating their broadening in the presence of impurities. As
long as states in the overlaps are localized, quantization survives. Image is adopted from
Reference 61.

Because of these edge states, the longitudinal resistanceRxx drops to zero, whileeVxy

takes the value of the chemical potential di�erence between the source and the drain
� 1 � � 2[61]. Since the current is carried by the edge states, similarly to a QPC (see
Subsection 2.1.4),Rxy becomes quantised in the low-bias limit. The plateau value depends
on the �lling factor � = nh=(eB) of the Landau levels, which counts the number of fully

2Electrons/holes experiencing a full backscattering into� k would need to make their way to the other
side of the sample at the same time
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occupied levels and thus the number of edge states that intersect the Fermi energy. By
changing the density and �eld, we can tune� , leading to steps inRxy (n; B ).

In the case of an ideal sample, there is a negligible density of available states between
the two Landau levels, meaningEF cannot take a stable value there at zero temperature as
a function of either density or �eld. This would cause the quantization steps to disappear.
However, in a realistic sample, we must account for the presence of impurities, as well as
the �nite temperature. Instead of usingEF , we will use the chemical potential� . While
these impurities lead to scattering events in the system whenEF is near a Landau level, for
low temperatures, these can mostly be considered elastic. Using the elastic scattering time
� e, which characterizes the frequency of scattering events, we can introduce a characteristic
temperature called the Dingle temperature as:

2�k B TD =
~
� e

: (2.12)

As a result of the possibility of scattering events because of disorder and impurities in
the system (TD > 0), the previously discrete Landau levels broaden and overlap as shown
in Fig. 2.1e. The presence of a �nite density of states between Landau levels stabilizes
the quantum Hall plateaus and the regions ofRxx = 0 as seen in Fig. 2.1b. As long as
the disorder is not too large, when� is far from Landau levels, the states at the level of
the chemical potential are localized in real space and do not carry a current, nor cause
backscattering between the edge states. However, a strong disorder destroys quantization
as these states become delocalized and the bulk becomes conducting (aroundkB TD � ~! c).

2.1.3 Shubnikov-de Haas oscillations

Regarding the e�ect of Landau levels on the magnetoresistance of a 2DEG, three regimes
are usually distinguished depending on the relation of energy scales from temperature,
disorder, and magnetic �eld. The �rst is in the limit of the classical Hall, while the last is
the quantum Hall regime, both discussed in the previous subsection. While they appear if
kB T or kB TD are much greater or much smaller than~! c, we can have an intermediate
region if the kB T; kB TD � ~! c and ~! c � � , corresponding to a large �lling factor� .

In the intermediate region (kB T;~! c � � ), due to the overlap between the Landau
levels, the DOS has a weak oscillation which consequently propagates to the resistance
and conductivity[62, 63]:

� xx � const:+ F (� )e� xD
x

sinh(x)
cos

�
2�

�
�

~! c
+

1
2

��
(2.13)

giving rise to the so-called Shubnikov-de Haas oscillations (SdHO). HereF (� ) is a smooth
function of � , and x = 2� 2kB T=~! c with xD = 2� 2kB TD =~! c. From these parameters,xD

describes the decay of the oscillation through the Dingle temperatureTD . The magnitude
of this oscillation depends both on the separation of the Landau levels (through the
magnetic �eld) and their broadening (characterized byTD ) as well as the broadening of
the Fermi surface (with temperature).
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With this knowledge, the non-linear part of the resistance�R is expressed by the
following equation[62, 64]:

�R = A
xe� xD

sinh(x)
� cos

�
2�

�
BF

jB j
+ 0:5

��
; (2.14)

where in the spin degenerate caseBF = nh=2e is proportional to the cross-section of the
Fermi surface.

The temperature dependence of this oscillation is shown in Fig. 2.2 as performed on a
bilayer graphene sample from Ref.65. By �tting the above, so-called Lifshitz-Kosevich
formula to the �eld and the temperature dependence of the SdHO, from the speed of the
oscillation's decay we can measure the e�ective mass as well as the Dingle temperature of
our system, which in turn gives information about the elastic scattering time� e. We can
then compare it with the transport lifetime � tr which appears in Eq. 2.5, and characterizes
the backscattering events during transport. This way, we can learn more about the
scattering mechanisms in the 2DEG. The di�erence between� e and � tr can be explained
using the scattering term of the Boltzmann equation as such:

1
� tr

=
Z

Wkk 0(1 � cos(� ))
dk0

4� 2
;

1
� e

=
Z

Wkk 0
dk0

4� 2
;

(2.15)

with � being the angle of scattering.

Figure 2.2: SdHO measured in a bilayer graphene by M.Monteverde et al.[65] This
measurement shows the oscillations in the longitudinal resistanceRxx after the removal of
the background for multiple temperature values between 1 K and 22 K.
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2.1.4 Quantum point contacts

To understand the behaviour of a quantum point contact (QPC), one can consider the
conductance of an ideal quantum wire. Let us assume a ballistic 2D wire with perfectly
transparent and thermalised electrical contacts at its end in thex direction and a hard
wall boundary condition in the y direction as shown in Fig. 2.3a. The wave function
propagating in the wire in this case will take the following form:

	 n;k (x; y) / eikx � sin
� n�y

W

�
; (2.16)

consisting of a propagating part inx and a standing wave iny directions, wheren is a
positive integer andW is the width of the quantum wire. The �rst few standing wave
modes are illustrated in Fig. 2.3a. Therefore, the possible energy values of such a wave
can be expressed as

En (k) =
~2k2

2m
+

� 2~2

2mW 2
� n2 (2.17)

shown in Fig. 2.3b. From these waves, only the ones that are intersected by the Fermi
energy (EF ) can contribute to the conduction in the wire. If we assume a single subband
(channel) (E1(0) < E F < E 2(0)), with the probability of transmission as T, then the
current in the wire, upon application of a bias voltageV in the low-temperature and
low-bias limit, can be written as [66]

I =
2e
h

Z
T[f S(� ) � f D (� )]d� =

2e
h

� eV � T ; (2.18)

where
f S=D (� ) =

1
e(� � � S=D )=kB T + 1

(2.19)

is the Fermi function of the source/drain. The chemical potential di�erence between the
two contacts is � S � � D = eV, while T represents the average transmission. With this,
the conductance of a single channel will be

G =
2e2

h
T : (2.20)

The next step is the generalisation by using the multichannel Landauer formula,
changing the constant transmission probability to at matrix, describing the probability
amplitudes of scattering between the di�erent channels. Accordingly, the conductance can
be expressed as

G =
2e2

h
Tr

�
t yt

�
=

2e2

h

X

i =1 :::N

T i ; (2.21)

with T i being the eigen values oft yt . HereN is the number of open channels, as represented
in Fig. 2.3b by the parabolas intersecting the Fermi energy. For an ideal system, Ti = 1
for all i , leading to quantized conductance ofN � 2e2=h[67, 68].

QPCs are the physical realisations of the 2D wires described by the Landauer formalism.
One possible way to achieve that is shown in Fig. 2.3c. By using capacitively coupled
gate electrodes, one can deplete the 2DEG and create an adiabatic constriction, which
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leaves the eigenenergies from Eq. 2.17 intact, although withW varying along the position
x. Among the channels that are open in the wide region of the device, as we approach
the constriction, those with a higher quantum numbern may be shifted aboveEF by the
reduction in W. In e�ect, this leads to the electrons that occupy them experiencing a total
re
ection at the start of the constriction. As a result, the number of open channels in the
constriction may be reduced enough so that conductance quantisation can be observed in
the wire, and the number of conductance channels can be varied by adjusting the gate
voltages. Such a measurement result is shown in Fig. 2.3d, which is from the �rst ever
performed QPC measurements [67, 68].

Figure 2.3: a) Ideal 2D quantum wire with the three lowest-energy transverse modes
illustrated with di�erent shades of blue. b) Depiction of the dispersion relations of the
propagating electrons. In this example, the number of open channels isN = 2. c) A
possible realisation of a QPC by using gate electrodes, to adiabatically deplete the 2DEG
and create a constriction. d) The �rst QPC measurements, showing the conductance steps
as a function of the gate voltage in a ballistic, GaAs-based 2DEG setup [67]

2.2 Introduction to superconductivity

In the following section, I will provide a brief introduction to superconductivity, then
describe the e�ects connected to my research.

It is a well-known fact that certain materials, when cooled below a critical temperature
(noted as Tc from this point), experience a phase transition. In this new state, their
resistance sharply drops to zero, and they expel the magnetic �eldB from the bulk of the
material. These materials are called superconductors. Their underlying physics is based
on the fact that in these materials, pairs of electrons with opposite spin and momentum
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pair up, creating composite bosons called Cooper pairs. The expulsion of the magnetic
�eld, called the Meissner e�ect, is caused by a non-dissipating surface current in the
superconductor, whose induced magnetic �eld cancels the previously penetrating 
ux.

By using the phenomenological description, devised by Landau and Ginzburg [69],
the superconductor as a whole can be described by a macroscopic wave function	 (r ) =
j	 (r )jei' (r ) , where' (r ) is the superconducting phase. Due to the fact that the electrons
of the system condense into Cooper pairs, a gap appears in the density of states centred
around EF with a characteristic size of � as shown in Fig. 2.4 [70].

Figure 2.4: Electronic density of states for a normal metal (dashed line) and for a
superconductor (thick solid line) as a function ofE=� relative to EF = 0, showing the
appearance of the gap �. Figure is adopted from Reference 70.

2.2.1 Phenomena and length scales on the boundaries of super-
conductors

To describe the e�ects observable at the edges of a superconductor, I will �rst introduce
the Pippard coherence length of� = ~vF =� � with vF being the Fermi velocity. This
length scale characterizes the size of the Cooper pairs and is the ballistic coherence length
in a traditional superconductor.

As discussed in the previous subsection, the superconductors expel the magnetic �eld
due to the Meissner e�ect. That holds for the bulk of the material, but the magnetic �eld
can penetrate up to the so-called London penetration depth [70, 71]:

� L (T) =
r

m
� 0ns(T)2e2

(2.22)

wherens(T) is the Cooper pair density and� 0 is the magnetic permeability of vacuum.
While this length scale holds for bulk superconductors, my work focuses on thin-layer Al,
for which we need to consider two more e�ects.
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The �rst one is the e�ect of disorder, which will increase the penetration in the following
way [70]:

� (T) = � L (T)
p

1 + �=l s; (2.23)

where ls stands for the mean-free path inside the superconductor. Secondly, when the
thicknessd of the superconducting layer in thez direction (de�ned as the direction of the
applied �eld) is much smaller than the penetration depthd � � , then the magnetic �eld
penetration in the xy plane is characterized by the Pearl length [72, 73]:

� = � coth(�=d ) � � 2=d (2.24)

After de�ning these length scales, our next focus should be on the normal-superconductor
(NS) interface itself. Let us consider a normal metal/semiconductor on the left side and
the superconductor on the right side, as shown in Fig 2.5a. Here, an electron (black circle)
with an energy inside the superconducting gap (E < �), arriving at the interface, cannot
enter the superconductor alone due to the lack of available states (zero DOS). However, a
pair of electrons with opposite spins and momentum constituting a Cooper pair can be
transmitted. This kind of transport can be interpreted as the incident electron re
ecting
as a hole (white circle) with opposite spin and momentum on the interface. This process
is called the Andreev re
ection.

In a superconductor/normal/superconductor (SNS) junction or Josephson junction
(JJ), if the length of the normal region (L) is small enough, Cooper pairs can travel from
one superconducting lead to another, without breaking up. This means that the system
starts to exhibit superconducting properties, such as the appearance of a �� bandgap.
This e�ect, called the superconducting proximity e�ect, is the basis of the physics of the
Josephson junctions in semiconductor/superconductor hybrid systems, such as the ones I
studied. The proximity e�ect is present with only a single superconducting lead, and the
decay of the Cooper pairs can be detected by various spectroscopic techniques, but for my
case, I am only working with an SNS junction.

The length limit for the Josephson junction is the coherence length (� ) in the normal
region induced by proximity. To describe this coherence length, we have to take into account
the quality of transport in the proximitized region. For ballistic transport, when the mean
free path is greater thanL, the coherence length in the normal region is described by the
Pippard coherence length� ballistic

N = ~vF =� � � , with � � being the induced superconducting
gap in the normal region. In the case of a di�usive junction, the coherence length will be
� dif fusive

N =
p

~D=2� � whereD = �=e2g(EF ) is the di�usion constant with conductivity
� and density of statesg[74].
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Figure 2.5: a) Andreev re
ection of an electron (black circle) at the interface of a normal
and superconducting metal. The electron entering the superconductor pulls a second
electron with itself, causing the re
ection of a hole (white circle) with opposite spin and
momentum than the original particle. b) I-V characteristic of an SNS junction with low
transmission (SIS) a�ected by Multiple Andreev re
ections for eV� 2� =� with � = 1; 2; 3:::
c) Possible quasiparticle transport in an SNS junction, facilitated by MAR as the voltage
bias eV between the superconducting leads increases. The magnitude of eV is highlighted
by the blue arrow, while the labels 1-3) correspond to the regions in b).

We have two processes to consider to describe the I-V characteristic of an SNS junction.
The �rst is the direct transfer of Cooper pairs, which will be discussed in detail in the next
subsection. The second is the quasiparticle transport, for which a schematic I-V curve
is shown in Fig. 2.5b in the case of two superconductors with the same � gap and low
transmission (superconducting/insulating/superconducting or SIS junction). In the case
of eV� 2�, electrons can directly travel from one side to the other, as shown in region 3)
of the panel. When we decrease the voltage, we would expect the full suppression of the
quasiparticle current, but the I-V curve shows characteristic bumps at eV� 2� =� , where
� = 1; 2; 3::: and so on. This phenomenon is called Multiple Andreev re
ection (MAR),
where� number of electrons can travel across the junction via� � 1 Andreev re
ections.
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If we characterize the probability of a single charge crossing as the transmission of the
junction � , then the likelihood ofN crossings is� N . The route of the electrons for the �rst
three orders is shown in Fig. 2.5c, with the numbers 1-3) corresponding to the region in
the I-V curve from b). If � is even, then�= 2 Cooper pairs travel through the junction and
a single hole appears in the source side above the gap (region 2), while for odd� values,
the re
ections end with an electron arriving to above the gap in the drain, alongside with
the (� � 1)=2 necessary Cooper pair transfer (regions 1 and 3).

2.2.2 Josephson e�ect and Andreev bound states

After describing the quasi-particle transport in a Josephson junction, we discuss the
transport of Cooper pairs in the zero-bias voltage limit. Starting from the Ginzburg-
Landau theorem, we can introduce a phase factor to both superconducting leads, as shown
in Fig. 2.6a. To understand the transport processes in a Josephson junction, let us follow
the route of a ballistic electron (and an Andreev-re
ected hole) in the normal region. It
can bounce back and forth between the interfaces, experiencing Andreev re
ection at each
side as shown by the white and black circles in Fig. 2.6a. During a full loop, assuming for
simplicity that transport is one-dimensional and the NS interfaces are perfect, it will pick
up the following phase:

� � � 2 arccos
E
�

+
2E
~vF

L; (2.25)

where� = ' 1 � ' 2 is the phase di�erence between the two superconducting leads. Together
with the second term3, they make up the phase di�erence gained during the process of
two Andreev re
ections, while the third term is the phase obtained during the transport
in the normal region, with L being the length of this area. The energy of the particles
(E) is relative to the Fermi energy at the center of the superconducting gap. If this phase
factor is equal ton2� , then due to the constructive interference, the electron and hole
state hybridise, creating a bound state, called the Andreev bound state (ABS).

If we are in the short junction limit ( L � � ), which works well for the samples I
fabricated, then the 3rd term above is negligible and we get the following energy dispersion
relation:

E = � � cos( �=2) (2.26)

By using the scattering matrix approach and introducing the transmission probability of
the normal region,� , the expression modi�es to:

E � = �j � j
q

1 � � sin2(�=2); (2.27)

that is plotted for di�erent � values in Fig. 2.6b. For� < 1 a gap will appear in the
spectrum. This dispersion only holds for a single conduction channel, which can be realised
by using a QPC. The case of multiple channels with di�erent transmission values goes
beyond the scope of this thesis.

3One can arrive at this result by solving the Bogoliubov-de Gennes equation for a perfectly transparent
normal/superconductor interface.

16



Figure 2.6: a) Formation of an Andreev bound state through the hybridisation of the
re
ecting electron and hole states. b) Dispersion relation of a single ABS with decreasing
transmission probability � . c) CPR of a single ABS.

Using this ABS picture, we can describe the current in the junction, which turns out
to be the derivative of the energy as [75]:

I (� ) =
2e
~

�
dE(� )

d�
=

ej� j
2~

� sin(� )
p

1 � � sin2(�=2)
(2.28)

Examining this equation, we can see that the current is a periodic function of the phase
di�erence between the superconducting contacts. This current-phase relation (CPR) can
be used to gain information about the junction, such as the value of� . In the case of low
transmission (superconductor/insulator/superconductor or SIS junction), it gives back the
so-called �rst Josephson equations as

I = I 0 sin(� ) (2.29)

where I 0 is the maximum amount of supercurrent that the junction can host before
transitioning to a normal state. The pair of the previous equation, the second Josephson
equation, describes the development of the phase di�erence caused by a bias voltage as

_� =
2e
~

V: (2.30)
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From these equations, we can see that current can 
ow in the junction even without
the presence of a voltage bias, dependent only on the phase di�erence. On the other hand,
if we apply a voltage to the junction, an oscillating current will 
ow, but for most practical
cases, due to the high frequency of this oscillation, we can simplify the expression to just a
simple, time-independent (DC) component asI = I 0 sin(� 0). Moving from an SIS junction
to the other extreme, for high� , the sinusoidal behaviour becomes more and more skewed
as it is shown in Fig. 2.6c.

2.2.3 Characterization of the NS interface

Alongside the previously introduced transmission probability of the normal region (� ),
which has a signi�cant e�ect on both the energy and CPR of the Andreev bound states,
we also have to examine the interface between the semiconductor and superconductor. To
do that, let us start from a planar SNS junction such as the one shown in Fig. 2.7 from
Reference76. Here we have a setup almost identical to those studied in this thesis, with a
similar heterostructure and InAs-based 2DEG positioned below the surface, covered by an
epitaxial Al layer. The presence of the dielectric and gate electrode can be neglected. The
planar Josephson junction was realized by etching away the superconductor in a small
patch. By assuming that the bare semiconductor has a signi�cantly larger resistance than
the superconductor, we can consider the 2DEG region covered by the superconductor as
an e�ective superconducting contact. The reason for this is that due to the closeness of the
superconductor, Cooper pairs can enter into the normal region and remain coherent over
a small distance, e�ectively transforming the normal InAs into a superconductor. Like
any superconductor, this proximitized one can be described by its superconducting gap,
called the induced gap �� . The size of this gap is always smaller than that of the original
superconductor of �. It gives us insight into the quality of the NS interface, as the easier
the Cooper pairs can travel between the regions, the higher the energy expenditure needed
to break them up. From the point of view of the electron gas, the incoming electrons can
either normally re
ect (NR) or Andreev re
ect (AR) at the interface. The chances of these
processes are determined by the quality of the interface.

Figure 2.7: Planar Josephson junction in a heterostructure similar to the one I studied.
Image from Reference 76.
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To describe the e�ect the interface has on the transport, let us start from a 1D model.
Here we can represent the interface using a Dirac-delta potential in the following way:

V(x) = Z
2EF

kF
� (x); (2.31)

whereZ is the dimensionless barrier strength. This way, we can introduce the transparency
of the NS interface,D as [77]:

D =
1

1 + Z 2
: (2.32)

In my case, due to the size of the interface, multiple normal re
ections (NR) can take
place before an Andreev re
ection (AR), leading to the reduction of � to � � . If dN � � N

is satis�ed for the 2DEG, meaning the 2DEG is much closer to the surface than the
superconducting coherence length, the induced gap �� will depend on
 B = 2lm;n

3� N

D
1� D

D

E
.

Since this setup is not one-dimensional,D will be angle-dependent, sohi represents the
angle averaging. Thelm;n present in the equation is the mean-free path in the semiconductor.
With this, 
 B is a measure of the barrier strengthZ and represents the discontinuity in the
superconducting pair-potential, thus showing the decrease in the superconducting gap in
the semiconductor compared to the original superconductor and characterizing the drop in
Cooper pair density at the interface. For 0� 
 B � 1 the induced gap remains comparable
to the original, � � � � [ 76]. Using the features caused by multiple Andreev re
ection, it
is possible to calculate �� and infer the quality of the NS interface.

Another indirect way to measure the quality of the interface is by theI cRN product,
containing the normal state resistanceRN , measured at high bias voltage far from the
superconducting state, and the critical currentI c. Starting from a Josephson junction
with an ideal Z = 0 interface, the product will be

I cRN = �
�
e

: (2.33)

Here � has di�erent values, based on the properties of a short (L � � ) junction, as �= 2
for a tunnel junction, � for a ballistic, and 1:32�= 2 for a di�usive case [78]. Its value can
sometimes be used to draw conclusions on the character of transport in the junction.

In the case of an SIS or SNS junction, compared to a normal-insulator-normal case,
we experience an increased current in the large-bias part of the I-V curve, caused by the
increase in the possible scattering events due to Andreev re
ections [79]. With this we can
introduce the excess currentI exc as

I = GN V + I exc � sign(V): (2.34)

By �tting a line to the eV � � part of the I-V curve, then extrapolating the V = 0 case,
we can determine the value ofI exc. Just as theI cRN product, I excRN is also dependent
on the properties of the junction, giving the following values in �=eunit [79, 80]:

ˆ Tunnel junction: / T

ˆ Ballistic junction: 8/3

ˆ Di�usive junction: � 2=4 � 1
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2.2.4 Josephson junction in magnetic �eld

The second most famous property of the superconductors, behind their zero resistance,
is the fact that they expel the magnetic �eld from their bulk, called the Meissner e�ect.
This e�ect has a rather interesting result if we observe a hollow cylindrical superconductor
and place it in a magnetic �eld as shown in Fig. 2.8a. Here we can de�ne the magnetic

ux inside the ring as � = B � S with B as the magnetic �eld vector penetrating the ring
and S as the area vector of the ring. This magnetic 
ux is quantized, taking values at
integer multiples of the 
ux quantum � 0 = h=2e. To explain this, we need to start with
the current density operator, which can be written as

j
s

= �
2e
2m

j	 j2(~r ' + 2eA); (2.35)

meaning that the supercurrent is facilitated by the phase gradient, withA being the vector
potential. The reason for 2m and 2e in the expression is that the primary charge carriers
of the system are Cooper pairs. While the presence of a magnetic �eld creates surface
currents in the superconductor, if its thickness is larger than the London penetration
depth, then there can be no current in the bulk. As a result of this, if we take the integral
of the current along the closed loop �, shown by the dashed line in Fig. 2.8, we get that:

I

�

(~r ' + 2eA)ds = 0: (2.36)

Since' must be single-valued, we can arrive at the following expression:

2�n +
2e
~

� = 0 ; (2.37)

resulting in the quantization of the 
ux inside a superconducting loop, with �0 = h=2e
being the 
ux quantum.

Figure 2.8: a) Superconducting ring with thicknessd > � in a magnetic �eld. b) Schematic
picture of an RF SQUID.

To describe the e�ect of a magnetic �eld on a Josephson junction, we have two cases
to consider. Firstly, as shown in Subsection 2.2.2, the supercurrent in a JJ is a sinusoidal
function of the phase di�erence between the superconducting leads. Therefore, if we embed
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the junction in a superconducting loop, we can introduce a phase di�erence� between its
two sides by a magnetic 
ux as shown in Fig. 2.8b. These devices, called Radio Frequency
Superconducting Quantum Interference Devices (RF SQUID), can serve as a basis for
di�erent quantum bit realizations like gatemons[6]. The presence of this phase di�erence
will alter the results of Eq. 2.36, and we can �nd that the total 
ux will be � tot = ~�=2e,
from which we can write the Josephson current as

I = I 0 sin(� ) = I 0 sin
�

2� � tot

� 0

�
: (2.38)

It is important to note that the total 
ux, which will determine the phase di�erence, and
therefore the current in the junction, is di�erent compared to the external 
ux � ext due
to the presence of this current. The actual 
ux in the system is given by the following
implicit equation:

� tot = � ext � L loopI = � ext � L loopI 0 sin
�

2� � tot

� 0

�
; (2.39)

whereL loop is the self-inductance of the superconducting ring.
The energy of an RF SQUID comprises two parts, the loop and the Josephson junction.

Following the previous results, the energy stored in the loop will be:

E1 =
1
2

L loopI 2 =
1

2L loop
(� ext � n� 0)2: (2.40)

The second part of the loop's energy is the energy stored in the junction itself. We can
calculate this in the following way [70]:

� E2 =
Z

IV dt =
Z

I
~
2e

d�
dt

dt =
Z

~I 0

2e
sin(� )d� )

) E2 =
~I 0

2e
(1 � cos(� )) = EJ (1 � cos(� )) ;

(2.41)

where EJ = ~I 0=2e is the Josephson energy. Just as in the case of the energy of the
superconducting loop itself, we can de�ne a Josephson inductance,L J , from this energy,
which will be 2E2=I 2

0 . From this, the total energy of the RF SQUID can be expressed as:

E tot =
1
2

I 2L loop +
1
2

I 2
0L J =

1
2L loop

�
� ext �

~
2e

�
� 2

+ EJ (1 � cos(� )) : (2.42)

Summarizing all of these, we can use an RF SQUID as a phase-tunable inductance, which
can serve as the basic building block of quantum computing, and it also gives us access to
directly measure the CPR, as shown in Subsection 2.3.3.
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The second e�ect of the magnetic �eld is the changes in the current density pro�le
of the junction itself. Let us consider a junction with a length ofL in the x direction, a
width of W in the y direction and a thickness ofd in the z direction. Now with the current

owing in the x direction, and a magnetic �eld in the z direction, as shown in Fig. 2.9b,
the phase di�erence governing the Josephson equations becomes position-dependent due
to the position-dependent vector potential, leading to the oscillation of the supercurrent
along the width of the junction. With this the supercurrent modi�es to [61]:

I s =

W=2Z

� W=2

d=2Z

� d=2

Jc sin(ky + � 0)dzdy = Im

0

B
@ei� 0

W=2Z

� W=2

I c(y)eiky dy

1

C
A ; (2.43)

where k = Bz(d + 2� )2�= � 0 is the frequency of the position-dependent supercurrent
oscillation. This oscillating current is illustrated in Fig. 2.9b for di�erent magnetic 
uxes.
Therefore, the total supercurrent is

I max
s (Bz) =

�
�
�
�
�
�
�

W=2Z

� W=2

I c(y)eiky dy

�
�
�
�
�
�
�
; (2.44)

where the size of the junction is built into they-dependence of the current per unit width
I c(y) de�ned in the absence of aB �eld. In the case of a homogeneous junction, the above
integral will be the following:

I max
s (�) /

�
�
�
�
�

sin � �
� 0

� �
� 0

�
�
�
�
�
; (2.45)

with � = BzW(L + 2� ) being the 
ux penetrating the junction itself. This translates to
the Fraunhofer pattern as shown in Fig. 2.9a, analogous to the single-slit experiment from
classical optics. For example, the second of Fig. 2.9b panels shows that for � = �0 the
current density on the left and right half of the junction is of opposite direction, cancelling
each other out, and leading to the �rst node in the critical current as a function of � in
Fig. 2.9a.

For a general form of the �eld-less current distributionI c(y), it is clear from Eq. 2.44 that
the �eld dependence of the critical current is simply its Fourier transform. A homogenous
distribution, or rectangle between� W=2 produces the form shown in Eq. 2.45 and Fig. 2.9a.
Other I c(y) pro�les lead to other �eld-dependence.

To illustrate this, Fig. 2.9c{e) shows an experiment performed on a bilayer graphene
(BLG) sample by R. Kraft et. al. [81]. Here, they created a QPC on top of the graphene

ake (panel c), and by applying increasing negative voltages, they changed the �eld-
dependence of the supercurrent from a Fraunhofer pattern (panel d) to a Gaussian-like
curve (panel e). In the simple picture discussed here, this indicates that the current density
pro�le I c(y) is also like a Gaussian, which is caused by the con�nement.

22



Figure 2.9: a) Critical current as a function of the 
ux in a JJ with a homogeneous
current distribution, as shown in the inset. b) The supercurrent for di�erentB �elds
creating the Fraunhofer pattern in panel a. c) The device geometry used by R. Kraft
et. al. [81] to study the development of the �eld-dependence of the supercurrent in a
QPC. The BLG (black) was tuned by a bottom gate (yellow), and QPC was formed by
two top gates (gray). The BLG was sandwiched between two hexagonal boron nitride
(hBN) layers (blue) and separated from the bottom gate by an Al2O3 layer (purple). To
introduce superconductivity, titanium/aluminium electrodes were used. d-e) E�ect of
increasing negative gate voltage on the �eld-dependence of the supercurrent in the BLG
QPC, transforming it from the Fraunhofer pattern (homogeneousI c(y) as illustrated in
the inset) in panel d to a Gaussian-like one in panel e.
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2.3 Superconducting Resonators

Since the goal of my work on the near-surface InAs 2DEG was to establish it as a
potential platform for quantum computing, I introduce high-frequency resonators as they
provide the most prevalent method for qubit manipulation and readout in a wide range of
devices from gatemons [3, 4, 5, 6, 7, 8] to Andreev qubits [10, 11, 12, 13]. In this section, I
will introduce the coplanar waveguide (CPW) based resonators and how one can use them
to measure the current-phase relations of a Josephson junction.

2.3.1 Kinetic inductance of coplanar waveguides

Coplanar waveguides are de�ned by a central conductor, as well as two semi-in�nite
ground planes, all electrically insulated. The conductors are positioned in a plane, making
sample fabrication easier. The central conductor, characterized by its widthS and thickness
d, is separated from the ground planes by aW-sized gap. Let's denote the thickness of
the wafer ash, with the dielectric constant of � ef f . All of this is shown in Fig. 2.10.

Figure 2.10: Schematic cross-section of a coplanar waveguide. The conducting regions are
coloured red.

In the case of the coplanar waveguides studied in this thesis, the width of the central
conductor S (around 15 � m) is a few orders of magnitude smaller than the wavelength of
the used RF signals (� 4-6 mm for a 5-7 GHz signal), hence the propagating waves can be
approximated with the classical transversal electromagnetic waves [82]. The characteristic
impedance (Z0) only depends on the system's geometry and the material properties of the
device (� ef f ).

In the following, we will discuss the di�erent types of inductances that can appear in
such devices, starting with the well-known geometric inductance. In the case of a coplanar
waveguide with a thin, superconducting conductor (d � � ), the geometric inductance per
unit length will take the following form [82]:

Lm =
� 0

4
�

K (k0
0)

K (k0):
; (2.46)

whereK is the complete elliptic integral of the First Kind in the following points:

k0 =
S

S + 2W

k0
0 =

q
1 � k2

0:
(2.47)
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In the case of superconductors, we have to consider a second type of inductance.
This so-called kinetic inductance arises from the fact that the charge carrier particles all
have a �nite mass, and to obtain a �nite current, these particles must be accelerated,
requiring energy expenditure. Normally, the scattering of the charge carriers happens
frequently enough that this e�ect is practically negligible. For normal metals, we would
need frequencies in the visible light range, but for superconductors, where the Cooper
pairs are protected from scattering, this e�ect becomes measurable at lower frequencies.
We can easily calculate this inductance from the kinetic energy of the Cooper pairs using
ns(lSd)mv2 = 1=2 � L k I 2 with l being the length of the waveguide,I the supercurrent,
and 2m and v the mass and velocity of the Cooper pairs, respectively, which will take the
following form normalized per unit length [83]

L k(T) =
m
2e2

�
l

S � d

� �
1

ns(T)

�
: (2.48)

In this equation, we can recognize the square of the London penetration depth (� L =p
m=� 0ns(T)2e2). Therefore, it can be rewritten in the following form [83]:

L k(T) = � 0� 2
L (T)

�
l

S � d

�
: (2.49)

The next step is implementing it in the case of a coplanar waveguide. Here, the kinetic
inductance per unit length can be expressed by [84]:

L k = � 0 �
� 2(T)
d � S

� g(S; W; h) = � 0
�( t)

S
� g(S; W; h); (2.50)

formula, whereg is a purely geometrical parameter calculated from the

g(k0; p) =
(k0 + p2) tanh � 1 p � (1 + k0p2) tanh � 1(k0p)

p(1 � k2
0)(tanh � 1 p)2

(2.51)

expression. Herep is a function of 2� =S and does not have a closed form, but is presented
graphically in Fig. 2.11[84]. Furthermore, � is the previously introduced Pearl length
(� = � 2=d from Subsec. 2.2.1), indicating that indeed, in these conditions, the magnetic
�eld penetration is characterized by this scale, instead of the usual London penetration.

Since the only temperature-dependent part ofL k is � 2, this means that the behaviour
of the kinetic inductance can be explained using the BCS theory, which predicts that for
temperatures closer toTc we have an increased kinetic inductance. This corresponds well
to our expectations, since closer toTc the Cooper pair density decreases, necessitating a
larger charge carrier velocity to keep the current constant. This, of course, will result in
larger kinetic energy stored in the Cooper pairs, increasingL k .
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Figure 2.11: The �=a dependence of parameterp (2a = S). Image from Ref. 84.

2.3.2 Coplanar waveguide resonators

Coplanar waveguides can serve as transmission lines (TL) to propagate high-frequency
signals. They are capable of hosting standing electromagnetic (EM) waves, thus making
them suitable for resonators. At the end of a completely open or shorted transmission
line, the electromagnetic waves will experience a full re
ection. This makes a transmission
line with the same termination a�= 2 type F�abry-P�erot oscillator, while in the case of a
TL with one open and one shorted end, we get a�= 4 type oscillator. All of the resonators
studied in this thesis followed the�= 4 case. One such resonator is presented in Fig. 2.12a,
highlighted in red.

Superconducting resonators are widely used in the �eld of nanotechnology as parametric
ampli�ers, cosmic microwave detectors [85], or quantum electronic devices (circuit QED).
The goal of my research was to manipulate and probe the JJ of an RF SQUID by
inductively coupling it to a resonator and measure the resonance frequency shifts of said
resonator. My measurements using this method are presented in detail in Chapter 6. In
this kind of system, the resonator is not powered directly. The manipulation and readout
of the resonator are performed by an additional coplanar waveguide, called a feedline,
coupled capacitively to the resonator. The open end of the resonator is situated close
to the feedline (highlighted in green in Fig. 2.12a), creating a voltage maximum (current
minimum), facilitating the capacitive coupling. Conversely, the other, shorted end has a
voltage minimum (current maximum) as it is connected to the superconducting ground
plane.

In the shown transmission setup, we continuously monitor the power transmitted
through the feedline, which will drop sharply if the frequency of the signal is the same
as one of the resonance frequencies of the coupled resonators. The bene�ts of this setup
are that we can couple multiple resonators with di�erent resonance frequencies to the
same feedline and probe them simultaneously. This multi-resonator setup is depicted in
Fig. 2.12b.
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Figure 2.12: a) SEM image and equivalent circuit model of one of the measured�= 4
resonators (red) with the feedline (green) to which it is coupled. It also shows an RF
SQUID (blue) coupled to the resonator as well as the gate electrode used to tune it
(yellow). The etched mesas, highlighted in light gray, are responsible for separating the
central conductors from the ground plane (dark gray areas). b) Feedline in a transmission
geometry, coupled to three resonators, with di�erent coupling (Ci) and lengths (L i). The
end closer to the feedline is the open one, while the one at the top is shorted as in a.

2.3.3 Basics of high-frequency measurements

To describe a complex microwave system, the most common way is via theSij scattering
matrix. This matrix connects the incoming wave amplitudeV +

i at a set terminal i with the
outgoing V �

j at another terminal j while all other incident waves are zero, necessitating a
load-matched termination. The coe�cients of this matrix, therefore, take the following
form [86]:

Sij =
V �

i

V +
j

�
�
�
�
V +

k =0 for k6= j

; wherei; k; j = 1; 2; � � � ; n: (2.52)

These parameters can be directly measured with a vector network analyzer (VNA). In a
transmission geometry, like the one presented in Fig. 2.12b, this means that the scattering
matrix is a simple 2� 2 matrix. From the four parameters, we are only interested inS12

and S21, which, due to the symmetry of the system and the use of a feedline, are equal. In
the case of a�= 4 resonator, assuming the initial low dissipation, with the feedline signal
frequency off close to the resonance frequency (f 0), we will arrive at the

S21(� f ) =
Smin

21 + i � 2Q � f
f 0

1 + i � 2Q � f
f 0

(2.53)

equation [86], where � f = f � f 0. Here we have two �tting parameters asSmin
21 (the

magnitude of the resonance) andQ quality factor. The latter can determine the full width
at half maximum (FWHM) of the resonance via the following expression:

Q =
f 0

� FWHM
=

1
1

Q i
+ 1

Qc

: (2.54)
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