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Abstract: This paper shows a mathematic solution for calculatibonomductor length using
integral calculus on a parabola. The presentedadathn be used for spans approximately up
to 400 metres. In that case the catenary may beosippated by a parabola (quadratic
function), while the difference between the catgnand the parabola is negligible. The
necessary data are the span length, the heighte ;fuspension points and the value of the
maximal sag. The algorithm is prepared for inclirsgéns, but it is applicable for levelled
spans too, because it is just one special case Wigenonductor suspension points on two
supports are on the same height level. Naturally ¢onductor length changes with
temperature, so it is possible to calculate itdarhosen temperature, using a conductor sag
for that temperature, chosen tension and condiyger
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1. Introduction

To calculate the conductor length (in our caseparbola length) we have to define the
equation for the conductor height. In the presentexthod the origin of the co-ordinate
system is put at the bottom of the left-hand siggpsrt of the span, so the conductor height at
any point of the span is relatedxaxis. It makes the usage of the presented metasy and
natural in real work. Knowing the equation for g@nductor height, it is possible to calculate
the conductor length. Generally, in scientificrigtire only the method for levelled spans [1]
can be found, on the basis of the known span lesgththe maximal sag.
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For inclined spans a new algorithm is needed basetthe integral calculus, which is shown
in this paper. The final algorithm is useful botin the levelled and the inclined spans as well.
Moreover, it makes possible to calculate the cotatuength of any part of the span making
the algorithm universal.

Generally, the arc length of the curye= f(x) over [x,x,], is defined by the following

formula [2]:
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L, = [A[2+[ (0] dx @)
Xy
So the conductor length within the whole span &léngth of the parabola over the interval
[0,a], according to the following formula:

in 1+[f* (0 dx (3)

It is obvious that the calculation would be longlarery complicated by using the standard
form of the parabola equation. To reduce the catm, it is recommended to replace the
parabola curve at-y co-ordinate system, so that the vertiehty point) of the parabola should
be in the origin [3]. At first, it is necessaryttansform the standard equation of the parabola



to its vertex form. By that way the co-ordinatestioé vertex of the parabola shall also be
defined. After that it is easy to replace the patabn the co-ordinate system and change
appropriately the integral limits for length calatibn.

2. Equation for the conductor height

At first, the equation for the conductor height kabe defined [4]. It is solved on the basis of
the three known points of the conductor curve, bseahe parabola is completely defined
when any three points of its curve are known. Timgpension points of the span are always
known points, while the third necessary point iraa by the known maximal sag.

In mathematic literature the parabola of the cotmlucs known as a regular (vertical)
parabola. The general form of the equation of gralpola is the following:

y=AX*+Bx+C (4)

a —span length

h; — height of the left-
hand side suspension
point

h, — height of the right-
hand side suspension
point

Pmax— maximal sag
MIN —thelowest point
/—angle

y — conductor curve
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Figure 1. Inclined span

Two suspension points af€0; h;) andB(a; hy). In the case of the parabola the maximal sag
is always located in the mid-spagra/2, which defines the third poii(X.; yc).

Vosh+ o, =Pl D BT ®)

So the third point of the parabola is determined:

c(a;hl+h2—thwj (6)
2" 2

Let us write the system of three equations witlee¢hunknown variables using the general
form of the equation of the parabola (4):

h=C (7)
h, =Ad +Ba+C (8)
h+h _ _,(a)_ .(a

5 B, ax A(Zj +B(2j+c 9)



This system can be written and solved in the falhgwvay:

0O 0 1A h,
a’® . a 1iB|= h,
a)y a 4lic| [hth_, (10)
1.2 2 2
M| (11)
A a’®
B - h2 _h1_4bmax
c n
So we have thé, B, C coefficients of the parabola:
A = Hmax (12)
a2
B= h2 ~ hl ~ 4bmax (13)
a
C=h (14)
Substituting these into (4), the equation for theductor height is completely obtained:
y= 42,.;51)( X2 + h2 - hla— 4bmax X + hl X [ [0’ a] (15)

This is a standard equation form of the parabatd.us emphasize that the defined equation is
universal, since it is valid both for levellet,£h,) and inclined l;<h, or h;>h,) spans,
despite the fact that the inclined span has twegy®f course, in each case the appropriate
value of the maximal sag has to be used, whichtdwvd® obtained by some programme for
sag calculation, or taken from sag-tension talldlesause the determination of the maximal
sag is not the task of this paper.

3. Vertex form of the parabola
In order to reduce the calculation the parabolaetias to be replacedxny co-ordinate
system, so that the verteMI(N point) of the parabola should be in the originfifdt, it is
necessary to transform the standard equation gddhabola (4) to its vertex form (16):

y= A(X ~ Xuin )2 T Yun (16)

The way of the parabola equation transformatish@mwn in the following lines:



y — 42rr21ax X2 + h2 hla_ 4bmax X + hl
2
— 4brgax X2 + a EhZ hl 4bmax + hl
a 4b,.. a
yv=42‘r2ax |:X2+a(h42 hl_lJX:|+hl
2 2
y = 4bma>< X2_a 1- hz_hl X + E 1- hz_hl +h1_4bma>< E 1- hz_hl
a’ ab.... 2 ab. .. a’? |2 ab....
40 h,-h | h,—h Y (17)
a —_— —
=T x-_|1-—2—*|| +h-b J1-2 x0|0,a
=l 3a-B e, 1R ] fag

Equation (17) is the vertex form equation of theapala.lt is completely equal with equation
(15), but more applicable for the parabola replasm@®mand integral calculus.

A:&;ax (18)
a
a h, - 19
i :2(1_ j'bm:lJ ( )
2
h, - 20
Yun = hl_bmax(l_ jb hl] (<0)

Xy andy,, are the co-ordinates of the vertex. SiAe®, y,,, = f (Xyy ) IS the minimum

[5] of the parabola. In Figure 1 the vertd&IN point) is the lowest point of the conductor [6].
Parabola curve with vertex being replaced intoinras the following equation:

4b 2

y:%x XD[_XMIN'a_XMIN] (21)
a

The parabola equation (21) is much more applictide the equation (15) for the length
integral according to (3). The parabola replacemnagihinot result a change in its length in the
case of the appropriate change of the intervamf,a] to [~ x,,, ,a = Xy |-

4. Conductor length

The length of the parabola (21) over the intefvak,,, ,a - x,,, ] is given by the following
formula:

L= [T (v)ox (22)

~XMIN



Using the basic derivation ru(caX” ) =nax'" the first derivative of (21) is:

4b 8b

y'=20 an;ax X = an;ax X (23)
Squaring (23) results in:
(yl)2 (Sbmaxj X - A.|.2X2 (24)
a’

To compute easily the integral we use the substriuhethod:
AX = sht (25)
Adx = cht[dt (26)
dx = = chtrait 27)

Substituting (25) and (27) into (22hd evaluating the integral:

1+ ACX2dx = j«/l+sh2 Kchtmt

a=Xvin

~XmIN

t
L= jchtg&chtmt-jchzt mt_lﬁtt +Sh2tj
A A A 2 2
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L= 1(t +1 Ezshtu:htj
oAl T2

= ;Ai(t +sht3/1+ shzt)

t t

L= i[arsh(ﬁix) + AXy1+ Afxz}

a=XmiN

~XMIN

2 MIN
L= 1 E—Ia— arsh8b";ax X+ 8b"‘ax 1+ (Bb j NG
2 8b.,, a a’® a’

“XMIN

2
L= 16?3 {arshSt;”;ax (@ Xy )+ arshszmaX Xy +
2 2 (28)
+£n;ax(a = Xuin )\/l"' (Sbn;axj (a = Xuin )2 + 8bn;ax Xmin \/1"' (Sbmax Xmin ) ]
a a a a

Equation (28) is the final formula for the condudength within the whole span.



5. Conductor length of any part of the span

Integral calculus gives us an opportunity to deteernot only the conductor length within
the whole span, but also the conductor length wtpanmt of the spanl.,, over the interval

[x,,x,]. In this case the appropriate calculation is tileWwing:

L, = j J1+(y')%dx
X TXMIN
a’ 8b 8b
X Xo = 16bmax |:arSh argax (X2 - XMlN ) arSh amax (Xl - XMIN )+
8b 8.\ 8b 8.\
+ argax (Xz = Xuin )\/1"'( amaxj (Xz = Xuin )2 _f(xl Xmin )\/1"'( amaxj (Xl = Xuin )2 ]
(29)

The last formula is quite universal for the parabdlhe calculation of the conductor length of
the span part is not a usual task, but the forrf#8is a basic, important one. For instance in
the case of the following integral limitgs=0 andx,=a, the result is the conductor length

within the whole span, a very common task. Furtleeenthe (29) formula solves the levelled

span, too. For that case (29) will be transfornméd & significantly simpler formula.

6. Conductor length of thelevelled span
The levelled span is a special case when the ssigpepoints on two supports are on the

same elevation. It is the simplest case for ang kihcalculation, so for the conductor length
too. The final formula is shorter than the othee®shown in this paper.

L—_aj/212/1+(y )?dx = Zajz 1+(y')?dx

al2
L=2 & M arsf‘gbmax X+ 8bmax X, |1+ (Sb j x°
2 8o, a’ a’ a’
0
2 2 30
L - a arsh4bmax + 4bmax l+ (4bmaxj ( )
8b, . a a a

Equation (30) is the final formula for conductondgh of the levelled span. The last equation
has also an another form. By using identity (31)

arsh(x) = In(x+«/1+ x2) (31)



in the equation (30), it yields

2 2 2
L = a In 4bmax + 1 + ( 4bmax j + 4bmax 1 + ( 4bmax j (32)
8b. . a a a a

Since the formula for the radius of the curvatureestex point for the parabola [7] is given
by (33)

(33)

2 2
a a a a
L=pIn| —+ [1+] — +— 1+ —
"1 2p (ZDJ 2p | (ZP] .

7. Practical examples

it results:

The prepared algorithm can easily be built in Exoel solving real tasks. Two concrete
examples are given in the following, one for theelled span and the other for the inclined
span.

For the given input data the conductor length witiie whole span, and the conductor length
within the span part have to be calculated.



INPUT DATA VERTEX OF PARABOLA COEEEICIENT
SPAN LENGTH a [m] | 400,00 xun [m] | 200,000 | ©OF PARABOLA
T e hy[m] | 20,50 Yun [m] | 7,800 A |0,0003175
oo | he[ml | 20,50
AL SAE brax [M] | 12,70 PARABOLA EQUATION:  Y=A(X-Xyin) Y

o VERTEX OF PARABOLA
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CONDUCTOR LENGTH L[] CONDUCTOR LENGTH Ly L - Lae
OF WHOLE SPAN OF SPAN PART [m] [m]

x [m] | 100,00
L = [[1+(dy/dx)?]?dx=  401,07268 200,13400| 200,93868
X, [m] | 300,00

Example 1. Determination of the conductor length within thediked span

The user has to write & hy, hy, bnax X @andxz input values into the programme. Thgy IS
also necessary for the length calculation, butpittggramme calculates it itself. On the basis
of the application of the prepared algorithm therudoes not have to take care about the type
of span (levelled or inclinedy<h, or hp<h;, the lowest point is identical with vertex or not,
etc.) at all. Moreover, it is not necessary to calbeut replacing parabola vertex into the
origin. In any case the programme solves this tesskf. For calculation of the conductor
length within the whole span tlxg=0 andx,=a input values shall be given.

In the case of inclined spans the vertex of thalpala and the lowest point of the conductor
are not always located at the same point, i.e.vértex is not always the point of the
conductor [5]. In that casg,,, <0 or x,,,, >a, i.e. x,,, 0[0,a]. This fact does not cause any
problems for the algorithm, because in each cas@dlsessary data for the length calculation

is xwin (X co-ordinate of vertex), but not the lowest poifth@ conductor. The latter is not an
input data, but it is often equal with the top lod fparabola (vertex point).



INPUT DATA VERTEX OF PARABOLA COEFFICIENT
SPAN LENGTH a [m] | 400.00 xu [M] | 280.709 | ©OF PARABOLA
ey s 1N hy [m] 41.00 Yun [Mm] | 15.982 A 0.0003175
e | hym [ 2050
MAXIMAL SAG brax[M] | 12.70

PARABOLA EQUATION : y=A(X-XM|N)2+yM|N

o VERTEX OF PARABOLA

CONDUCTOR LENGTH L [ COL'TE%%(;LOR Lae | L-Lae
OF WHOLE SPAN OF SPAN PART [m] [m]
x. [m] | 100.00
L = [[1+(dy/dx)]"?dx =  401.59348 200.39600|201.19748
o [m] | 300.00

Example 2. Determination of the conductor length within thelined span

Since we have used the same span length and shgthnexamples, the results can be
compared to each other. In the example Nr. 2 @edispan withh;=2h,) the conductor
length is longer by 0,52 metres than it is in tkameple Nr. 1 (levelled spam;=h,). The

length difference is not negligible at all. But le$ check the result obtained by using the
formula (1).

2 2
L=a+ 8P =400+ 8F27 = 401075m
3 a 3 40C

Since the formula (1) is prepared for levelled spahe result is almost identical with the
result from the example Nr. 1. The difference isydhmillimetres, and it can be neglected.
But formula (1) should not be used for inclinedrspaSince the new formula is applicable in
the case of levelled and inclined spans as wellse is always recommended.



8. Comparison of the lengths based on parabola and catenary

Quite naturally comes the question: how big is difeerence in the previous calculations
when the parabola is used instead of the caterfaryanswer this question, let us first
determine the catenary equation from the examplelNind plot the difference between the
parabola and the catenary within the span. Thenomgpute the catenary length and compare
it to the length got by the parabola. This is treywo determine how big the length difference
is due to using parabola in the given example.

a=400m ypar(x) = ycat(x)
h=20,5m
Pmax= 12,7 m

A(0; h) = A(0; 20,5)
B(a; h) = B(400; 20,5)
C(a/2; h—lmay) = C(200; 7,8)

Ypar(X) = ?
Zlcat(X) _= : ’ 0 5‘0 1(;0 1;0 2(!]0 250 300 350 400
y(X) - X (m)
Figure 2. Levelled span of 400 kV
Parabola equation: Y par(X) = 31750107 (x — 200) + 738 (35)
. x=200
Catenary equation: X) =-156911528+157691528¢h——— 36
yeq Year(X) 9 6 157691528 (36)

Parabola and catenary curves from the example NwoR quite identical with each other
within the span, so it is necessary to calculagedifference between them numerically, i.e.
AY =Y. ~ Yeu- The result is shown in Figure 3.

Ay(X) = ypar(x) - ycat(X)

0.006

0.005 4= — = =

0.004

E 0003+ --f-------—--N---"-"-"-"-""""—“"—“"-"-~-~—~—~-~ -~~~ - Sf A\
>
0.002 -
0.001 -
0.000 T T T T T T T T T T T T T T T
0 25 50 75 100 125 150 175 200 225 250 275 300 325 350 375 400
x (m)
Figure 3. Difference between the heights of thalpala and the catenary in the example Nr.
1
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Of course, the differences are zero at poiAisB and C. The biggest difference is
approximately 4,3 millimetres, so it is a very shvallue. We have used a big sag on purpose;
for a smaller sag the difference would be smali#gnce Ay =y -y, 20 = L <L,

within the interval [0,a]. The final task is to calculat&l =L - L . That will be the
difference between the length calculation usingapala and catenary curve. Sintg, is
already calculatedl(,, =40107268m), we only have to calculate_, . In the case of the

example Nr. 1, the formula (37) can be used [8]-[9]
L., =2cC sh 2 (37)
2C
From the equation (36) the constant of the cateisacy=157691528. Sincea = 400m, the
length of the catenary is_, =40107325m andAL =L_, - L, = 057mm. So in the case of

par
the example Nr. 1 (levelled span with a big sag)lémgth difference is negligible.
In the case of the example Nr. 2 (inclined sparhwitbig sag) the difference between the
lengths got by the parabola and by the catenarlgdmia few centimetres akl. could be a
few millimetres. So the conductor curve can beljyreensidered as a parabola for spans up to
400 metres.
The calculations and conclusions presented insiision relate to the special case, when the
conductor sag is assumed to be identical, botlahwlic and catenary methods are used.

9. Conclusions

As it can be seen in the examples, the final allgorimakes it possible to determine not only
the conductor length within the whole span, but ldrggth between any two points of the
conductor within the span, i.e. the conductor lbngt any span part. The algorithm is
applicable in the case of levelled and inclinedhspas well. So it is a concrete solution useful
for conventional tasks and also for some specedstaThe presented examples prove the
simplicity of the algorithm in real applications.i$ partly due to the fact that the origin is put
to the bottom of the left-hand side support; tlisan unusual approach in comparison to
existing scientific literature for similar topic¥he sub-products of the algorithm are the
vertex point co-ordinates,n andyw. When x,,, 0[0,a], these are the co-ordinates of the

lowest point of the conductor at the same time. [Blagst point is one characteristic point of
the inclined span, but very often the most critipaint, too. Furthermore, the algorithm
defines the parabola coefficieAt so it is easy to determine the equation of thedaotor
height in vertex form of the parabola in any coterease of the tasks. With the help of the
shown algorithm the conductor curve and the loyesit are not difficult tasks at all.

Finally, it is shown that for the inclined span tt@nductor length differs significantly from
that of the levelled span having the same sparthesmgd sag. This shows the importance of
the new formula, meanwhile the existing formulai€lapplicable only for the levelled spans.
The application of the new formula is recommendedou400 metres.

With a simple numerical solution (successive appnation method) the limitation
mentioned in the paper for the equations (whidh f&ct correct that the sag must be known)
could easily be by-passed resulting in inversetionovhen the conductor length is given and
the sag is calculated - without the need for newaéqns.
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