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Abstract

Given graphs H and F, the generalized Turan number, ex(n, H, F'), is the maximum
possible number of copies of H in an n-vertex graph without containing F' as a
subgraph.

We will study this function for various graphs and different settings. First, we
determine the exact value of ex(n, H, F'), where H is a triangle and F' is the k-fan,
F}., which consists of k triangles sharing one common vertex, and we determine the
extremal graphs achieving the value. Then we study the stability of this function for
different graphs, which is the study of near extremal graphs. For instance, when F
is a clique and H is a multipartite graph, and when F'is a long odd cycle and H is
a bipartite graph. Next, considering the class of regular graphs, we introduce the
regular variant of this problem. Namely, the function rex(n, H, F') is the maximum
possible number of copies of H in an n-vertex regular graph that does not contain F'.
We compare the behavior of this function with ex(n, H, F), providing examples to
show similarities and differences, as well as obtaining some exact values. Analogously,
a planar variant of this function is studied in the literature. This is denoted by
exp(n, H, F'), and is the maximum number of copies of H in an n-vertex planar
graph that does not contain F'. We determine the exact values and extremal graphs
for exp(n, C;,C3) for 4 <[ < 6. Moreover, we determine sharp upper bounds for
exp(n, Cs, Cy), with 4 <[ < 6, and give constructions that achieve these bounds for
infinitely many n.
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Chapter 1

Introduction

Turén-type problems are central and among the most widely studied topics in extremal
combinatorics. Roughly speaking, extremal combinatorics deals with the quest for
the optimal value (minimum or maximum) of some parameters of a combinatorial
structure that satisfies certain properties. This is a well developed area of research in
mathematics with many deep and subtle interactions with other areas of mathematics
and computer science (see, for example, [2,7,69]). The typical Turan-type question
is the following: What is the maximum number of edges in a graph on n vertices
that does not contain a certain graph as a (not necessarily induced) subgraph?
This is mostly known as, and this is how we refer to it in this work, ordinary (or
classical) Turan problems. Unless otherwise stated, by a graph we mean a simple
graph, that is, they contain no loops or parallel edges. According to particular
properties imposed on the host graphs (for example, restricting to graphs that are
regular, planar, edge ordered, etc.) respective variations of the Turan problem have
also been introduced and studied. A natural generalization, which is known as
generalized Turan problems, is to seek the maximum number of copies of another
subgraph instead of the number of edges. This thesis mainly concerns the latter
type of problems. In this Introduction, we aim at presenting a brief overview of
this background, setting the notation, and describing the structure of the rest of the
thesis.

1.1 Ordinary Turan problems

In 1907, Mantel [82] determined that the maximum number of edges in a graph on
n vertices that does not contain a triangle is L"{J, and this maximum is uniquely
achieved by a balanced complete bipartite graph, i.e. with each partite set of order
| 5] or [5]. Much later, in 1941, Paul Turan extended this result to complete graphs
of any given order in his seminal paper [92], which triggered the start of this area
of research. Namely, he proved that for a complete graph K, of order r + 1, the
unique graph with the maximum number of edges among all n-vertex graphs that do
not contain K, is the complete r-partite graph with each partite set of order | |

or [2]. This balanced complete r-partite n-vertex graph is denoted by 7'(n,r) and
is called the Turdn graph.



More generally, given a family F of graphs, a graph G is said to be F-free if
it does not contain any member of F as a subgraph, that is, no subgraph of G is
isomorphic to any member of F. The Turan number of F (also called the extremal
number), ex(n, F) (simply, ex(n, F'), if F = {F'}), is the maximum number of edges
that an F-free graph on n vertices can have. The n-vertex, F-free graphs that
contain ex(n, F) edges are called the extremal graphs.

The most general result in this area is the theorem of Erdgs-Stone-Simonovits

[30, 31](sometimes called the fundamental theorem of extremal graph theory [8])
exEn,)F)
2
called the Turdn density of F' and its existence is proven by Katona, Nemetz and

Simonovits [70].

that determines the limit 7(F) := lim,,_, , for every graph F'. This limit is

Theorem 1.1 (Erdés-Stone-Simonovits [30,31|). For any graph F with chromatic

number x(F) =,
r—2\ n?
F)= — %).
ex(n, I) (r—l) 5 + o(n”)

This determines the asymptotics of the Turan number of any graph F' with
chromatic number x(F') > 3. That is, it solves the Turan problem for such graphs
asymptotically, and leaves the challenge only in figuring out the exact value. However,
for bipartite graphs less is known. If F'is bipartite, the theorem only gives ex(n, F') =
o(n?). Erdss and Gallai [28] determined the Turdn number for paths on k vertices,
Py, for any k.

Theorem 1.2 (Erdds and Gallai [28)]). For every k,n > 1, ex(n, P) < 2n, where
equality holds for ™ disjoint copies of Kj_y when (k —1)|n.

The famous Erdés-Sos conjecture [23] states that this bound is also true for any
tree on k vertices. For even cycles Cy, on 2k vertices, Bondy and Simonovits [10]
showed that ex(n, Cy) < ckn't%, where ¢ is a constant and n is sufficiently large.
For complete bipartite graphs K, the well-known theorem of Kévari-Sos-Turan [72]
shows that ex(n, K,;) < c¢-n>~'/%, for some constant c. For an excellent survey on
this topic, we refer the reader to [33].

Theorem 1.1 shows that the extremal number of the forbidden graph F' depends
on x(F). Clearly, the Turan graph T'(n, x(F) — 1) attains this asymptotic value.
Moreover, Erdgs and Simonovits [30,89] showed that the structure of “almost”
extremal graphs are also “close” to the Turan graph.

This is one of the central concepts in the area, known as stability. Informally, it is
described as follows. if an n-vertex F-free graph G contains “almost” ex(n, F') edges,
then its structure is “close” to an extremal graph. Erdds and Simonovits proved the
following first stability result.

Theorem 1.3 (Erdés and Simonovits [30,89]). Let F' be a graph with x(F) = r. For
every € > 0, there exists 6 > 0 and ng = n(e) such that for every n > ng the following
holds. If G is an n-vertex F-free graph such that it contains at least ex(n, F) — én?
edges, then G can be obtained from T(n,r — 1) by adding and/or deleting at most
en? edges.



Furthermore, Simonovits [89,90] proved that for sufficiently large n, the Turén
graph T'(n,r — 1) is the unique extremal graph for graphs with chromatic number
r > 3 that have a color critical edge (an edge is called color critical if deleting it
reduces the chromatic number).

1.2 Variants of the Turdn number

The ordinary Turan number was about the maximum number of edges among F-free
graphs, where the class of all ordinary graphs is considered. One can seek the same
maximum among different classes of graphs and, accordingly, different versions of
the Turan problem have been introduced and studied.

Probably among the earliest considerations is the case of taking the class of
bipartite graphs, especially due to the extra challenges in determining the Turan
number of bipartite graphs and to its relation to the Zarankiewicz problem. We refer
the reader to [33] on these problems.

Another variant is to consider the class of graphs on which some extra structure is
defined. Pach and Tardos [84] studied the Turan problem for vertex ordered graphs.
Gerbner, Methuku, Nagy, Palvolgyi, Tardos and Vizer [45] introduced the Turén
problem for edge ordered graphs. Interestingly, in each case a notion of chromatic
number is defined to play the role of the usual chromatic number and obtain an
analogue of Theorem 1.1. It is worth mentioning that Caragliano and Razbarov [17]
took a general model theoretic approach to study the Turan problem for graphs with
extra structures in a unified way. Gerbner, Hama Karim and Kucheriya [43] also
studied them in a unified, and yet pure combinatorial, way.

Gerbner, Patkos, Tuza, and Vizer |51] introduced the regular Turdn numbers,
considering the class of regular graphs. Given a graph F', the regular Turan number,
rex(n, I'), is the maximum number of edges an n-vertex reqular F-free graph can have.
One immediately sees that rex(n, F') < ex(n, F'), since the class of regular graphs is
part of all ordinary graphs. Of course, equality holds only when an extremal graph
of ex(n, F) is regular. Obviously, when n is odd, there cannot be a regular bipartite
graph on n vertices. Consequently, for odd n, rex(n, K3) behaves very differently
from ex(n, K3). On the other hand, sometimes, through changing a small number
of edges, an extremal graph of ex(n, F') can be made regular without containing F,
giving rex(n, F) = (1 + o(1))ex(n, F'). For more results on regular Turan numbers,
we refer the reader to [11,12,50].

Perhaps the variant most widely studied is the planar Turédn number, denoted
by exp(n, F), which is the maximum number of edges possible in an n-vertex F-
free planar graph. This was initiated by Dowden [19] in 2015, who determined
upper bounds for exp(n,Cy) and exp(n, Cs), together with constructions attaining
these bounds for infinitely many n. Ghosh, Gy6ri, Martin, Paulos and Xiao [53]
determined exp(n, Cs) introducing a contribution method. Applying this method,
Gydri, Wang and Zheng [65] obtained some other results and gave a new shorter
proof for exp(n,Cs) with a clearer extremal construction. Many other results for
various other graphs have been obtained, see for example, [59,73-75].

There are yet other types of the Turan number. Examples include rainbow Turan

3



numbers, introduced by Keevash, Mubayi, Sudakov and Verstraéte in 2007 [71],
singular Turan numbers, introduced by Gerbner, Patkos, Tuza and Vizer in 2022 [51],
etc.

1.3 Generalized Turan problems

Given graphs H and G, let N'(H, G) denote the number of copies of H in G, that is,
the number of subgraphs of G that are isomorphic to H. Given a graph H and a
family of graphs F, the generalized Turdn number is denoted by ex(n, H, F), and
defined as follows

ex(n, H, F) = max{N(H,G) : G is F-free and |V(G)| = n}.

If F = {F}, we simply write ex(n, H, F'). When H is K, (an edge), it is the classical
Turan number, ex(n, F'), of F.

The study of generalized Turan numbers appeared quite early, too. Not much after
Turan’s work, Zykov [95], in 1949, using a symmetrizarion technique (see Chapter
3 for a description), determined ex(n, Ky, K, 1), for k < r. Independently, in 1962,
Erdss [22] obtained the same result. Gydri, Pach and Simonovits [61] studied
ex(n, H, K,.), for various graphs H and r > 3. In 1984, Erdds [26] conjectured
that the maximum number of C5’s in a triangle-free graph on n vertices is at
most (n/5)°. The first estimate was due to Gyéri [60] who gave the upper bound
ex(n, Cs, K3) < 1.03(2)°. The conjecture was proved in 2013 independently by
Grzesik [56] and Hatami, Hladky, Kral, Norine, and Razborov [67] using the newly
developed technique of flag algebras by Razbarov in 2007. Bollobas and Gyéri [9]
also studied ex(n, K3,C5). In fact, even before Turan’s Theorem, in 1938, Erdds [21]
proved that ex(n, P3, Cy) < (g) to solve a problem in number theory. In their recent
survey on generalized Turdn numbers [48], Gerbner and Palmer mention that this
could have led Erdés to initiate the study of generalized Turdn numbers even before
the emergence of classical Turan numbers.

More recently, in 2014, Alon and Shikhleman took a general and systematic
approach to study the generalized Turdn number ex(n, H, F'), improving some pre-
viously known estimates and proving some other new results. Among several re-
sults they obtained, is the characterization of pairs of graphs H and F', so that
ex(n, H, F) = O(nV#)) (see Theorem 4.1 ).

Among the concepts and properties of the function ex(n, F') that have been
extended to the generalized version, ex(n, H, F'), is that of stability. The first such
result is due to Ma and Qiu [81] who showed stability of the problem ex(n, Ky, K1),
where k& < r. More on the related literature will be given in Chapter 3.

It is natural to study the generalized version of the other variants of the Turan
number. Gyéri, Paulos, Salia, Tompkins and Zamora [62] introduced the generalized
version of the planar Turan numbers, exp(n, H, F), the maximum number of copies
of a subgraph H in F-free n-vertex planar graphs. In particular, they showed
that for any k > 5, exp(n, Cy, Cy) = O(n*/3]), and in case k = 5, they proved
exp(n,Cs,Cy) = n — 4, for all n > 5 (except n = 6). Also, Gerbner, Methuku,
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Mészéaros and Palmer [44] initiated the study of generalized rainbow Turan numbers.
In Chapter 4, we will introduce and study the generalized version of the regular
Turan numbers.

A related concept to counting subgraphs (or edges) in a graph is that of homo-
morphisms. A homomorphism from a graph H to a graph G is an edge preserving
map from V(H) to V(G). Let Hom(H, G) denote the set of all homomorphisms
from H to G, and hom(H,G) := |Hom(H,G)|. Amap f: V(H) — V(G) is an
isomorphism if it is bijective and for every u,v € V(H), uv € E(H) if and only if
f(u)f(v) € E(G). An automorphism of a graph H is an isomorphism from H to
itself. We denote by Aut(H) the set of all automorphisms of H. Let Inj(H, G) denote
the set of all injective homomorphisms from H in G, and inj(H, G) := |Inj(H, G)|.
An injective homomorphism from H to GG corresponds to a copy of H to G, and
for each copy of H in G there are |Aut(H)| injective homomorphisms from H to G.
Thus, inj(H, G) = |Aut(H)| - N(H,G). Thus, maximizing inj(H, G) is the same as
maximizing N (H,G) in terms of the order of magnitude and they asymptotically
differ by a factor of |Aut(H)|. Sometimes this approach is taken in dealing with
extremal problems (see e.g., [6,78,83,88]). Note that over F-free graphs G, max-
imizing hom(H, G) could behave very differently from N (H,G). For example, let
F := My, a matching of size four. Then, ex(n, C7, M) = O(1), since once we have a
copy C of 7, we have three independent edges, then any other edge with at least
one end not in V(C') results in a copy of M,. However, let G be a graph consisting
of a triangle and an independent set X of size n — 3, and all the edges between X
and the triangle. Then, G is M,-free and has O(n) triangles. Since every triangle is
a homomorphic image of C7, the maximum of hom(C7, G) = Q(n), over all My-free
graphs G.

1.4 Notations and structure of this thesis

This thesis will focus on generalized Turan problems. In Chapter 2, we consider the
graph Fy, known as the friendship graph (or a k-fan), which consists of k-triangles
sharing a vertex, and determine the exact value of the generalized Turan number
ex(n, K3, Fy), for every k > 2 and sufficiently large n. That is, we determine the
maximum number of triangles in n-vertex Fj-free graphs. The content of this chapter
is published in [94], which is a joint work with Zhu, Chen, Gerbner and Gydri.

Chapter 3 is devoted to the concept of stability in generalized Turan problems.
Applying graph symmetrization techniques, we will obtain stability results for some
generalized Turan problems. Namely, we consider complete [-partite graphs in Ky -
free graphs, where | < k, and for sufficiently large k, any graph H instead of the
complete multipartite graph. Finally, we obtain a stability result for bipartite graphs
when a sufficiently long odd cycle is forbidden. This chapter is based on the joint
work with Gerbner [42].

In Chapter 4, we consider the regular variant of the Turan problem, and we
introduce the generalized regular Turdn problem. Namely, we define the generalized
regular Turdn number, rex(n, H, F'), the maximum number of copies of H possible
in n-vertex F-free regular graphs. First, we will extend some general results about

5



ex(n, H, F) to this new version, and then provide examples to show different behaviors
of rex(n, H, F'). Finally, we determine the exact value of rex(n, K3, Py), for sufficiently
large n and any k. This chapter is based on our joint work with Gerbner [41].

Finally, in Chapter 5, we study some generalized planar Turan problems. As
mentioned before, the pentagons vs triangles problem was among the very interesting
ones and was very difficult to settle. Here, we investigate the same problems in the
planar version. Specifically, we study exp(n, K3, () and exp(n, C}, K3), for 4 < [ < 6,
and determine their exact values together with extremal graphs that achieve them.
The content of this chapter is based on our joint work with Ervin Gyoéri [58].

Notation

Throughout, the notation we follow is fairly standard. V(G) and E(G) denote the
vertex and edge sets of a graph G, respectively, and e(G) := |E(G)| (sometimes just
e if G is clear from the context). For a subset X C V(G), we denote by G[X] the
subgraph of G induced on X, and G \ X (or simply G \ v, if X = {v}) denotes the
induced subgraph G[V(G) \ X]. We denote the complement of a graph G, by G.
For any vertex v € V(G) and subset S C V(G), let Ng(v) denote the neighbors of
vin S and dg(v) = |Ng(v)|. If S = V(G), then N(v) = Ng(v) and d(v) = dg(v).
For vertices xy,...,xx € V(G), N(z1,...,x;) denotes the common neighbors of all
the vertices x1, ..., 2. When zy is an edge, we may write N(zy) for N(z,y). We
denote by A(G) and §(G) the maximum and minimum degrees in G, respectively.
For two graphs G and G5, G U GG is the vertex disjoint union of G; and G,, kG,
is the vertex disjoint union of k copies of GG1, and G; + G5 is the graph obtained by
taking G; U G5 and joining all pairs vy, vy with v; € V(G;) and vy € V(Gy) (Care
needs to be taken here, G + G # 2G).

For subsets A, B C V(G), the set of the edges of G’ between the vertices of A
and B (i.e. those with one end in A and the other in B) is denoted by F(A, B), and
e(A, B) :=|E(A, B)|. Given graphs H and G, we denote the number of copies of H
in G (i.e. subgraphs of G isomorphic to H) by N'(H,G), when the graph G is clear,
we also use #H to denote the number of copies of H. For a positive integer ¢, we
use [t] to denote the set {1,2,...,t}.

Given a graph H, a blow-up of H is a graph obtained by replacing each vertex
of H by an independent set of vertices and each edge uv € E(H) by a complete
bipartite graph between the independent sets replacing u and v. A blow-up is
balanced, denoted by H(m), if every independent set replacing each vertex is of size
m, for some m € Z*. In the respective chapters, we will introduce other notation
that are used in them. For positive numbers x and y, the notation > y means “x

is sufficiently larger than y", more precisely, x > My for a sufficiently large constant
M.



Chapter 2

Maximum number of triangles in
Fj-free graphs

2.1 Introduction

The friendship graph (or k-fan) F} consists of k triangles all intersecting in one
common vertex v. Erdds, Fiiredi, Gould and Gunderson determined the Turan
number of Fj.

Theorem 2.1 (Erdés, Fiiredi, Gould and Gunderson [27]). For every k > 1 and
n > 50k2,

n2J {k?—k if k is odd,
Tl

ex(n, Fy) = | —
x (n, Fy) L k*— 3k if kis even.

A particular line of research is to determine for a given graph H, what graphs
F have the property that ex(n, H,F) = O(n). This was started by Alon and
Shikhelman [3], who dealt with the case H = K3, and was continued for other graphs
in [37,46].

An extended friendship graph consists of Fj, for some k& > 0 and any number
of additional vertices or edges that do not create any additional cycles. Alon and
Shikhelman [3] showed that ex(n, K3, F)) = O(n) if and only if F' is an extended
friendship graph. We remark that known results easily imply that if F' is not an
extended friendship graph, then ex(n, K3, F') = w(n) and it is also easy to see that
adding further edges to F' without creating any cycle does not change the linearity
of ex(n, K3, F'). Hence, the key part of their proof is the following theorem.

Theorem 2.2 (Alon and Shikhelman [3]). For any k we have ex(n, Ks, Fi) <
(9k — 15)(k + 1)n.

This upper bound for ex(n, K3, Fy) is not tight. For instance, for k = 2, it was
observed by Liu and Wang |76] that a hypergraph Turan theorem of Erdgs and Sos [91]
gives the exact result for ex(n, K3, F,). Let Fj denote the 3-uniform hypergraph
(k-star) consisting of k hyperedges sharing exactly one vertex. Let exz(n, ) denote
the largest number of hyperedges that an Fj-free n-vertex 3-uniform hypergraph can
contain.



Theorem 2.3 (Erdds and Sos [91]). For all n > 3,

n if n=4m,
exg(n,Fo) =49 n—1 if n=4m+1,
n—2 if n=4m+2 orn=4m+ 3.

Hence, it is interesting to determine the exact value of ex(n, K3, Fy) for any Fy
(k > 3).

Throughout this chapter, let 7(G) denote the degree sequence of G. For XY C
V(G), [X,Y] denotes the set of edges with one end in X and another in Y and
[,Y] = [X,Y] if X = {z}. Recall that K,, and K,, denote the complete graph and
the empty graph on n vertices, respectively.

We first define two graphs. Let k > 4 be even, X = {zy,...,241} and ¥ =
{y1,...,yk—1}. The graph Hj is a graph obtained from a complete bipartite graph
with vertex classes X and Y. We subdivide the edge x;y; once for i < g — 1, and
then identify the g — 1 inserted vertices into one vertex z. The graph Hj is the
complement of Hj, deleting the edge 2y /2, which is shown in Figure 1.

Figure 1. The graph H,

It is clear that |V (Hy)| = |V(H})| =2k — 1 and n(Hy) =n(H,) = (k—1,....k —
1,k —2).

The main result of this chapter is the following.

Theorem 2.4. Let k > 3 be an integer and n > 4k3. If k is odd, then
k
ex(n, K3, Fy) = (n — 2k)k(k — 1) + 2<3),

and K,_o + 2K, is the unique extremal graph, and if k is even, then

ex(n, K3, F,) = (n — 2k + 1)k (k—g) +2(k;1) + (§—1>2,

and K, _op+1 + Hy, is the unique extremal graph.
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Given a graph G, we let T(G) denote the 3-uniform hypergraph on the vertex
set V(G) where {u,v,w} form a hyperedge if and only if wvw is a triangle in
G. The key observation is that if G is Fy-free, then 7(G) is Fi-free. Therefore,
ex(n, K3, Fy) < exg(n, Fy). In the case k = 2, the upper bound obtained this way
matches the lower bound provided by |n/4| vertex-disjoint copies of K4, and in the
case n = 4m + 3 we also have a triangle on the remaining vertices. This gives the
exact value of ex(n, K3, F3).

The result of Erdgs and Sos [91] was extended to arbitrary & by Chung and
Frankl [16], after partial results [14,15,20].

Theorem 2.5 (Chung and Frankl [16]). Let k > 3. If n is sufficiently large, then

(n —2k)k(k — 1) +2(%) if k is odd,
exs(n, Fr) = (n— 2k + 1)(21{71)(21%1)71 +(2k — 2)(k;1)
—i—(kf) — W —l—g if k is even.
and Fy, = T(I_(n_gk + 2Kk) is the unique extremal 3-uniform hypergraph, when k is
odd.

For odd k, this completes the proof of the upper bound. However, for even k, the
construction giving the lower bound in the above theorem is obtained by taking all
3-sets of K, opy1 + Hj, that either intersect V (H}) in one edge or contain two edges
of H}, together with the 3-sets x1, 2, y; of V(Hj,) with 1 <4 < k/2. This is not 7 (G)
for some Fy-free graph G (observe that the 3-sets that contain two edges of H;, and
x1,2,y;’s are not triangles). Despite this, the upper bound differs from the lower
bound only by an additive constant ¢(k). We will heavily use the tools provided by
Chung and Frankl [14] to obtain the improvement needed in Theorem 2.4.

The rest of this chapter is organized as follows. In Section 2.2, we present
some preliminary results. In Section 2.3, we study the local structure within the
neighborhood of a vertex in an Fj-free graph, and some properties of a weight
function, defined on the vertices of triangles, which is our main method for counting
the number of triangles. These results can be used to prove Theorem 2.4 with the
best coefficient of n but a weak constant f(k). The very technical Section 2.4 is
devoted to the precise proof of Theorem 2.4. In Section 2.5, we give some concluding
remarks.

2.2 Preliminaries

As a preparation for proving our result, we first present some known theorems, and
then we count the number of triangles in a graph with a given degree sequence, which
are interesting in their own right.

Let v(G) denote the number of edges of a maximum matching in a graph G.
The following is a famous result, which is essentially due to Tutte, known as the
Tutte-Berge formula.



Theorem 2.6 (Berge [5]). Let o(G \ X)) denote the number of odd components of
G\ X. Then

UG) = %min{|V(G)| —o(G\X) +1X]: X V(@)

Theorem 2.7 (Chung and Frankl [16]). Let k be an even integer and H be a graph
on 2k — 1 vertices and with m(H) = (k —1,...,k — 1,k — 2). Then either

k 2

N(K; H) = (g—?) (§_1> and H = H},.

Theorem 2.8. Let k be an even integer and H be a graph on 2k — 1 vertices with
n(H)=(k—-1,...,k—1,k—2). Then

N(Ks3, H) < 2(k;1> + (§—1)2,

equality holds if and only if H = Hj,.

Proof. One can easily check that the statement holds for £ = 2, so in the rest of the
proof we assume that k > 4. The proof will be similar to the proof of Goodman’s
theorem [55]. It is easy to see that

k—1 k/2 k2 —1 k—1 k 2
K3, Hy,) =2 =2 ——1] .
Let H be the complement of H. For any triple (x,, z), if xyz is neither a triangle

in H nor a triangle in H, then it is easy to check exactly two of the three, say = and
y, are such that |[z,{y, z}]| =1 and |[y, {z, z}]| = 1 in H. Thus, we have

N(Kg,H):(%g—l> N (K3, H ——Zd (2k — 2 — d(v))

_ (2’“3_ 1) (k-1 — %k:(k: —2) - N (K;, H)

(" )+ S v,

Obviously, it is sufficient to show N (K3, H) > (£ — 1)2.

Note that H is a graph on 2k — 1 vertices with W(F) =(k—1,...,k—1k). Let
z be the vertex of degree kin H.

If there is an edge 22’ € E (ﬁ) such that zz’ is contained in at least two triangles,

then N(Kg, ) > N(Kg, — zz') + 2. Because of ﬂ(ﬁ— zz’) =(k—-1,...,k—
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1,k —2), by Theorem 2.7, either N'(K3, H — 22') > (% — 1)2 —1lor H—z' = Hj.
In the former case, we have

N (K3, H) g2<k;1) -+ (2—1)2—1.

In the latter case, it is easy to check that H = Hj,, and hence H = Hj,.

If each edge 22’ in E(H) is contained in at most one triangle, then A(H[N(z)]) <
1. Let Vi = N(z), Va = V(H) = V1, s = e(H[V1]) and t = e(H|[V5]). Count the edges
between V| and V5 in two ways, we have

k(k—1)—2s = (k—1)24+1—2t,

k_
2

or s =% —1and ¢t =0. Each edge in H[V;] can form a triangle with at least k — 3
vertices in Vs, since each of its end points has at least k — 3 neighbors in V5 \ {z},
and hence, they have k& — 4 common neighbors. Together with z, this gives & — 3
triangles. Similarly, if t = 1, the edge in V5 is in at least k — 4 triangles with vertices
in Vi. Thus, we get

which implies s —t = 1. However, because s < %, we must have s = g and t =1,

N (K3 H) >

o | o

(h—3)+(k—4) > (§—1>2

in the former case, and

N (K3 H) > k (k—3)> kg 2

’ —\2 —\2
in the latter case with equality only if £ = 4. In which case, it is not difficult to
check that H = Hj,, and so H = H,. O
Theorem 2.9. Let k be an even integer and H be a graph on 2k — 1 — 2s vertices
withmw(H)=(k—1,...,k—1,k—2). Then

1 1
N (K, H) < = (2h =1 25) (k= 1)(k = 2) = (k= 1 25)(25 + 1)) + = —s.

Proof. Let A(H) denote the number of triples (x,y, z) having exactly two edges in H,
say zy,xz € E(H) and yz ¢ E(H). Because |[N(y) N N(z)| > d(y) +d(z) — (|H| —2)
for every nonadjacent pair (y, z), and there are |H| — (d(y) + 1) nonadjacent pairs
containing y for any y € V(H), we have

ACH) > %((2/@ 1 2s)(k —1—25) +1) (25 +1) — (k — 25).

On the other hand, since

(2k — 2 — 2s) (kgl) + (k;Q) = A(H) + 3N (K3, H),

we get
1 3
BN (K, H) < 5(2k — 1 23)((k ) (k—2) = (k—1—2s)(2s + 1)) +5 -3
This completes the proof. O

11



2.3 Some properties of Fj-free graphs and a weight
function

Let G be an Fy-free graph, uv € F(G) and N(uv) = N(u) N N(v). Clearly, | N(uv)|
is the number of triangles containing the edge uv in G. We classify the edges into
the following three classes:

e Heavy edges: H = {wv : [N (uv)| > 2k — 1},
e Medium edges: M = {uv : k < [N(uv)| <2k — 2}, and
e Light edges: £ = {uv:1 < |N(uwv)| <k —1}.

For a fixed vertex u € V(G), let G, = G|N(u)] and

o H(u —{v v € N(u) and uv € H},
OM ={v:v e N(u) and wv € M}, and
o L(u —{v v € N(u) and uwv € L}.

This notation will be used throughout the rest of this chapter.
Since G is Fy-free, then v(G,) < k — 1 for any u. Thus, Theorem 2.6 implies
Observation 2.10. There exists some X C V(G,,) such that
¢
&

> {%J FIX|<k-1, (2.1)

i=1
where C1, ..., Cy are all the components of G, — X.

Lemma 2.11. Let G be an Fy-free graph, u € V(G) and X a subset of V(G,)
satisfying Equation (2.1). Then we have the following:

(i) H(u) C X. Moreover, |H(u)| <k —1 and if equality holds, then M(u) = (.
(it) [H(w)| + 3 M(u)| <k — 3.
Proof. Let C4,...,Cy be the components of G, — X.

(i) Let v € H(u), we know that |N(uv)| > 2k — 1. If v lies in some component
C;, then N(uv) C V(C;) U X and so

5‘(OZ-QN(UU)) U{v}‘ + |XﬂN(UU)} > k,

which contradicts (2.1). Hence we have H(u) C X.

By (2.1), we have |[H(u)| < k —1, and if |H(u)| = k — 1, then X = H(u) and
|C;| =1 for 1 <i < /. Let v be any vertex of G, — X, then N(uv) C X and hence
wv € L, and so M(u) = 0.

(ii) Clearly, N(uv) C X UV((;) if v € V(C;). Thus, if there are two components,
say C1, Cy, such that M(u) NV (C;) # 0, then | X| + |C| > k+1for i =1,2. Hence
we have | X|+ [|C1]/2] +||Cs|/2] > k, which contradicts (2.1). Thus, we may assume
M(u) € X UV(C;). Note that H(u) € X as shown in (i), and

| H( |+—]M )| = |H(u \+§\M(u)m( ()+—\M ) NG
cl] 1 1
< |X| +1]a] < |X|+L2J Lol
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The proof of the lemma is complete. n

For each triangle T" = abc in G, assign T' of weight 1 and define a distribution rule
w(T, -) to distribute the weight 1 to its three vertices as below (suppose |N(ab)| >
[N (be)| > [N (ac)|):

w(T,a) = w(T,b) =w(T,c) = 3, if E(TYNH =10 or E(T)NL =1,
w(T,a) =w(T,c) = %, w(T,b) =0, if abe H, bc € HUM and ac € L,
w(T,a) =w(T,b) =0, w(T,c)=1, if abe H and be,ac € L.

Now, we define a weight function f(u) for each vertex u of G as follows.

flu) = Z w(uve, u)

vz€E(Gy)

if u lies in at least one triangle, and f(u) = 0 otherwise. It is clear

N(K3,G)= > flu).

ueV(G)
Now, we first discuss some properties of the weight functions w(7,-) and f(u).

Lemma 2.12. Let uv be an edge of an Fj-free graph with k > 3. Then either

Z w(uwvr,u) =k —1,

€N (uv)

if uv € L,|N(w)| =k —1,vr € H and ux € L for any x € N(uv), or

Z w(uve,u) < k — 3

2
€N (uv)
otherwise.

Proof. Let H'(v), M’'(v) and L'(v) be H(v), M(v) and L(v) intersecting with N (uv),
respectively. It is clear

Z w(uvr,u) = Z w(uve,u) + Z w(uve, u) + Z w(uve, u).

€N (uv) xEH'(v) zeM’(v) zeL!(v)

We distinguish three cases on the number of | N (uv)].
Case 1. ww e H
By the definition of w(T', -), w(uvz, u) < 1 if v € H'(v)UM'(v) and w(wvz,u) = 0

if z € £'(v). Noting that u € H(v) — H'(v), we have |H'(v)| + LM’ (v)| < k — 2 by
Lemma 2.11(ii), and hence

Z w(uve, u) < %}'H/(vﬂ + M) <k-<— %}H'(U)L (2.2)

€N (uv)



which implies the result holds.
Case 2. uv € M

In this case, |N(uv)| < 2k — 2. Since uv € M implies M(v) # 0, by Lemma
2.11(i), we have |H'(v)| < |H(v)| < k—2. By the definition of w(7, -), w(wvz,u) < 3

if 2 € H'(v) and w(uvz,u) < 5 if € M'(v) U L'(v). Thus, we have

1 1 1 k
> w(uvr,u) < 51%'@)] + 5’/\/1’(1))‘ + g‘ﬁl(v)‘ <k-l-40 (23)
€N (uv)
The upper bound k — % follows from the assumption k£ > 3.
Case 3. uwv € L

Because uv € L, we have |N(uv)| < k — 1. By the definition of w(T,-), some
triangles satisfy w(uvz,u) = 1 and other triangles satisfy w(uvz,u) < 1. Thus we
have

S w(uvs,u) < (k—1) - % Huvx - w(uvz,u) < %}' | (2.4)

€N (uv)

which implies >, ¢ v, w(wvz,u) <k —35or 32 v, w(uvr,u) =k — 1, and the
latter holds if and only if |N(uv)| = k—1, and all triangles wvx satisty w(uvz, u) = 1,
that is, vx € H and ux € L for any x € N(uv). O

Lemma 2.13. Suppose G is an Fy-free graph and k > 4 is even. Let u € V(G), X
be a subset of V(G,,) satisfying (2.1) and C4,...,C, be the components of Gy, — X

with |Cy| > -+ > |Cy|. Then
3 1
<klk—-=Z)—=
sy <k(k-3) -3

or f(u) =k ( — —) and the following hold:

2
(i) If X # 0, then X is an independent set and dg,(v) =k — 1 for any v € X;

(ii) m(Ch) = (k—1,...,k—1,k—2), and either G, = C1UKy_1 with |Cy| = k+1,
(iii) E(Gy) CH, [, Gu] C £ and A(Gy) = k — 1.
Proof. By (2.1), |C;| <k for all i # 1. Let uvz be any triangle. Then

Z Z w(uve, u) Z w(uve, u).

i=1 vaCE(C}) {v,x}ﬂX;é@

If the edge vz satisfies {v, 2} N X # (), then by Lemma 2.12, we have

Z (uvz,u) < Z Z (uvz,u) < }X}(k’ —1). (2.5)

{v,2}NX#0 veX zEN (uv)
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If ve € E(C;) with |C;| < k, then noting that k is even, uvz is a triangle for each
ve € E(C;) and w(uvz,u) < 1, we have

Z w(uve, u) Z Z w(uve, u)

vr€E(C;) vEV(C ) €N (uv)NC;

< %]OZ-| (|ci] —1) < {%J (k—1). (2.6)

If |Cy| <k, that is, |C;| < k for 1 < i < ¢, then by (2.1), (2.5) and (2.6), we have

Flu) < (k1) (i: {%J+|X|> g(k—1)2<k:(k:—g)—%.

i=1

The last inequality holds because of k > 4. So, we may assume that |C;| > k.

If A(Cy) > k, say de,(v) > k for some vertex v in Cy, then |N(uv)| > k and
so uv ¢ L. Since H(u) € X by Lemma 2.11(i), we have v ¢ H(u) and hence
uw € M. By (2.3), we have > viune, W(uwvz,u) < (K —1) — k. Meanwhile,
because d¢, (v) > k > 4, there exists v; € N(uv) N Cy for 1 < i < 4. Note that
v € M(u) and v € N(uvi) by Lemma 2.12; we have ) w(uvz,u) <
(k—1)—1for1<i<4,and

Z (uwvzx, u) Z Z w(uvx,u) < %|C’1|(k -1) - (lk2 + 1) . (2.7)

vz€E(Ch) ’UGCl €N (uv)NC1

€N (uv;)NCy

If A(Cy) <k —1, then

> wwrw =1 Y wlwrw) < Mcﬂ >J. (2.8)

veCE(Ch) UGCl €N (uv)NC
Set u(C1) = & + 1if A(Cy) >k, u(Ch) = 1 if |C1] is odd and A(Cy) < k — 1 and
wu(Cy) =0 if |C] is even and A(Cy) < k — 1, then (2.5)-(2.8) imply
C C;
flu) < (k=1) ('—;'+Z V{J + |X|> — 1(Ch). (2.9)
=2

Assume that f(u) >k (k—2) — 3. By (2.1) and (2.9), we have p(Cy) = 3. In
this case, |Cy| > k + 1 is odd and A(Cy) < k — 1. Note that if one of the equalities
n (2.5), (2.6) and (2.8) does not hold, then the upper bound in (2.9) can be reduced
by at least an extra 1. This implies the equalities in (2.5), (2.6) and (2.8) hold.

It is clear that the equalities in (2.5) hold if and only if X is an independent
set and >y, w(uvr,u) =k — 1 for any v € X. By Lemma 2.12, we get that
dg,(v) =k —1, ww,ur € L and vx € H for any v € X.

Since |Cy| > k+ 1 is odd, A(Cy) < k — 1 and the equality in (2.8) holds, we can
deduce that #(Cy) = (k—1,k—1,...,k—2), E(Cy) CH and [u,Cy] C L.
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Because equality (2.6) holds, recalling |C| > k+1 and k is even, by (2.1), we have
|Ci| € {1,k —1} for i > 2 and each C; is a clique with F(C;) C H and [u,C;] C £. In
addition, if |C;] = k—1 for some i > 2, then by (2.1), |Cy| = k+1 and X = 0, that is,
G.— X =CiUK;, Ul —-2)K;. If |C;| =1 for all i > 2, then |C}| =2k —1—2|X].

So, the statements (i), (ii) and (iii) hold. O

Remark. There is a similar lemma in Chung and Frankl’s paper [16] when they
deal with function exs (n, fk). However, in their lemma, they overlooked the case
G. = C1 U Kj_1. Using our method in Section 4, it is not difficult to complete the
proof of this missed case, too.

Definition 2.1. For any vertex u € V(G), the loss of u is the number

k (k - g) = ).

See the following simple observations about the losses.

Observation 2.14. If some vertex v € X has Y~y w(uwvz,u) < (k—1) — ¢,
then the edge uv contributes ¢ to the loss of u.

Proof. 1t is a direct consequence of (2.5). O

Observation 2.15. An edge uv € H contributes % to the loss of u. Moreover, a
triangle uvx with uv,ve € H contributes another % to the loss of u.

Proof. Since uv € H, by (2.2), 3y W(wvz, u) < k — 3 — 1H'(v)|. Because
v € X by Lemma 2.11, the edge uv contributes % to the loss of u by Observation 2.14.
Moreover, since a triangle wvz with wv, vz € H satisfies © € H'(v), so it contributes

another 1 to the loss of u by (2.2). O
Observation 2.16. Let wv € M. If 37y, w(uvz,u) < (k—1) — ¢, then the
edge uv contributes at least min {g, % — %} to the loss of u. Moreover, the edge uv

contributes at least % to the loss of u.

Proof. If v € X, then by (2.3) and Observation 2.14, uv contributes ¢ to the loss of
u. If v € V(C1) and |Cy| > k + 1, then by (2.7) and (2.8), uv contributes at least §
to the loss of u. If v € V(C;) for some i with |C;| < k, then by (2.6), there is a gap
between ||C;i|/2| (k — 1) and £|Cy|(|Cs| — 1), and for this gap, any edge wv’ with
v' € V(C;) contributes

7 (|15 w-n-31e10el-1)

to the loss of u. On the other hand, because

(el = 1) = (|l = 1) = (el - 1),

DN | —

Z w(uve,u) <

€N (uv)NC;
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this reduces the right hand of (2.6) by an additional 1(|C;| — 1). Hence the total
loss of u contributed by the edge uv is at least

!cl‘\ (VC‘J k=1 =gl el - 1>> +o(lel -z -5

Together with (2.3), ¢ > £, it implies that the statements of the lemma are

proved. O

2.4 Proof of the main result

We are now ready to prove the main result, which is Theorem 2.4.

Proof of Theorem 2.4. Let G be an extremal graph of ex(n, K3, F},).
If k£ is odd, then by Theorem 2.5, we have

N(Ks3,G) =e(T(Q)) < exz(n, Fi) = (n — 2k)k(k — 1) + 2(15),

and the unique extremal hypergraph is .%; for which equality holds. Because
_ k
and T (K,_o + 2K},) = F, we get
k
N(K3,G) = (n—2k)k(k—1) + 2<3),

where equality holds if and only if G = K,_o; + 2Kj.

The remaining part is devoted to the case when k > 4 is even. Because an edge
not lying in a triangle makes no contribution to N (K3, G), we may assume that each
edge of GG is covered by some triangles.

If f(v) =k (k- —) then we call v a good vertex. Let Uy = {v : v is good }. Since
n > 4k* and f(v) < (k — —) — = for any v ¢ Uy by Lemma 2.13, we have

veV (G
3 k—1 k 2
> — — — R
> (n 2k+1)k:(k: 2)+2< 3 )+(2 1),

03] > n — 2(2k — 1)k (k _ ;) = k.

which implies

Moreover, if there exist v,v" € U; such that vv' € E(G), then v’ € £ by Lemma
2.13. Let vv'x be a triangle. Applying Lemma 2.13 to v, we have v’z € H and using
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Lemma 2.13 to v/, we have v’z € L, a contradiction. Therefore, U; is an independent
set.

Let u € Uy be given, G, = G[N(u)] as before and Uy, = V(G) — V(G,) — U;. We
will prove Theorem 2.4 by showing G is an extremal graph only if U; = (). Since
the proof is a little complicated and long, so we sketch it first in the following two
paragraphs.

In the case when N(u') = N(u) for any «’ € U; — {u}, our main idea for doing
this is to partition the total weights of all vertices of G, into two parts: One part
comes from the triangles contained in G, which is exactly N (K3, G,,), and another
part is contributed by the triangles containing one or two vertices in Us. And then
we use discharge method to transfer the latter part to the vertices in U; such that
flv) <k (k — %) is still valid for any v € U, after transferring. Using this method,
we show that if Uy # (0, then the total weight of G is less than the expected number.

In the case when there is some v’ € U; — {u} such that N(u) # N(u'), we
transform G into a graph G’ such that G' and G have the same good vertices, and
all good vertices of G’ have the same neighborhood as N(u), through an operation
as follows: Delete all the edges between v and G,/ and add new edges joining u’
to all vertices in GG,. Repeat this operation until all vertices in U; have the same
neighborhood N(u). Let G’ be the resulting graph, Uj = {v : v is good in G'}
and Uj = V(G') — V(G.,) — U;. We will see that N'(K3,G") = N(K3,G), G’ is also
Fi-free and U] = U;.

Firstly, since u' is good, by Lemma 2.13, we have f(u') = e(Gy) = k(k — %),
which implies we destroy k(k: — %) triangles first and then add k(k — %) new triangles,
and so NV(K3,G") = N(K3,G). Moreover, G, = G,,. Secondly, since G, has no kK,
and A(G,) = k — 1 by Lemma 2.13, we can see that G’ is also Fj-free after an easy
check. Finally, because |U;| > 2k, we have E(G.,) C H, which implies v ¢ U; for
any v € V(G!) by Lemma 2.13. Furthermore, since A(G,) = k — 1 and U] is an
independent set, [Uy, G’ C L. Thus, we have U; C Uj by the definition of w(7T, ).
Suppose that there is some v € U, in G such that v € U] in G'. Let G, = G'[N(v)]
and X' C G satisfy (2.1). Since v € Uy, E(G)) € H and [v,G}] C £ by Lemma
2.13. By the operation above, E(G!) C ‘H in G. Since v € Uy, there is some v’ € G,
such that vv’ ¢ £ in G, which means there is some v’ € U; such that v'vv’ is a
triangle in G. Note that V(G,) U {u'} C Ng(v). If ' ¢ X', then by Lemma 2.13,
it is easy to check that G[{u'} UV(G))] contains kK5, and so G has an Fj. Thus
we have v' € X’. In this case, by Lemma 2.13, |H(v")| =k —1in G. Let X" C G,
satisfy (2.1). By Lemma 2.11, H(v") C X" and hence |X”| = k — 1. Because u'v is
an edge in G,y — X", this contradicts (2.1). Thus, we have U] = U;.

Since U] = Uy implies U = Uy, and Uj # ) in this case, G’ cannot be an extremal
graph, and so does G since N (K3,G") = N (K3,G). Therefore, it is sufficient to
show G is an extremal graph only if Uy = ) in the case when N(u') = N(u) for any
u e Uy — {u}.

Let X C G, satisfy (2.1). By Lemma 2.13, A(G,) = k — 1. Moreover, G, has
the following structural properties.

Claim 2.1. Let v € V(C;), where C; is some component of G, — X.
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(1) If dg,(v) = k — 1, then Ny, (v) is an independent set and [v,Us] C L.

(2) If de,(v) = k — 2, then G[Ny,(v)] is a star or a triangle, together with some
isolated vertices. Moreover, if vi € Ny, (v) and vvy, € HU M, then vy is the center
of the star with at least 3 vertices, or lies on the triangle.

Proof. (1) Since dg,(v) =k — 1 and E(G,) € H by Lemma 2.13, we have |H(v)| >
k—1. Let X' C V(G,) satisfy (2.1). By Lemma 2.11, X’ = H(v) C V(G,) which in
turn implies G,, — X’ has no edges by (2.1), and M(v) =0, and so [v,Us] C L.

(2) Since d¢,(v) = k—2 and E(G,) C H, we have |H(v)| > k—2. Let X’ C V(G,)
satisfy (2.1). By Lemma 2.11, H(v) € X’ and so | X' NV(G,)| > k — 2. Because
|X'| < k—1, we have | X' N Uy| < 1, which implies G, — H(v) has no 2K, by
(2.1), that is, G[Ny,(v)] is a star or a triangle, together with some isolated vertices.
Moreover, if vv; € H U M, then we have dg,(v) = k — 2 by Lemma 2.11. Since
|N(vvy)| > k and we have |N(vvy) NUs| > 2, that is, v; has at least 2 neighbors in
G[Ny,(v)]. Hence, v; is the center of the star or lies on a triangle in G[Ny,(v)]. O

Let C' be the largest component of G,, — X. Then n(C) = (k—1,....k — 1,k —2)
by Lemma 2.13. Let z € V(C) be the unique vertex with do(z) = k — 2 and
Ne(z) = {z1,...,2k—2}. Since A(G,) = k — 1, we have |[V((C),X]| < 1 and
V(C), X] C [z, X]. In addition, we have the following.

Claim 2.2. | (H(z) UM(z)) N Us| < 1.

Proof. Assume v1,v9 € Ny, (2) with zvq, zve ¢ L. By Claim 2.1(2), v1v9v is a triangle
in Ny, (z) for some v. Since |N(zv;)| > k fori =1,2, {z1,...,2zk—2} C N(v1) N N(v9)
which contradicts Claim 2.1(1) since vy, v2 € Ny, (21) and vivy € E(G). O

If |(H(z) UM(z)) NUy| = 1, we assume zv; € HU M and N(zvy) NUy =
{va,...,v}. By Claim 2.1(2), G[{v1,...,v}] is a K3 or a star with center v;. If
N(zv)) NV(C) # 0, let N(zv1) NV (C) ={z1,...,2v}, where t' < k — 2.

Let us consider the total weight in }° i) f(v) coming from the triangles not
contained in C. Since [Uy, V(C)] C L, U; is an independent set, |[V(C), X]| <1
and [X,Us] C £ by Lemma 2.13 and Claim 2.1, the weight is contributed by the
triangles intersecting only with Us. By Claims 2.1 and 2.2, only z is contained in some
triangles with two vertices in Us, and so the weight coming from such triangles is
Y i W(zv1v;, 2) + A(2), where A(2) = w(zvqvs, 2) if v1vov; is a triangle and A(z) =0
otherwise. Furthermore, by Claims 2.1 and 2.2, for any triangle containing two
vertices in C' and one vertex in Us, only w(zvy12;,2;) # 0 for ¢ < ¢ in the case
zv1 € HU M. Therefore, the weight is

t/

fu.(2) = Zw(szi, 2) + A(z) + Zw(zvlzi, i)

i<t i=1

Claim 2.3. If zvy ¢ H, then fu,(z) < k — 1, and if zvy € H, then fy,(z) <
k—1+ % < % — 2 and zv; contributes at least %(t’ + 1) to the loss of vy.
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Proof. If zvy € L, then ) ., w(z;zv1, 2;) = 0 and hence fy,(2) = >, ., w(zvv;, 2) +
AMz) <maz{3,k — 1} by Lemma 2.12. -

If zv, € M, then |N(zvy)| = (t—1)+t < 2k —2. By the definition of w(7,-) and
Claim 2.1, we get fr,(2) < 3(t—1)+A+%. Note that A(2) = 0 if (t — 1) +¢ = 2k —2,
we have fy,(z) <k — 1.

If zv; € H, thent > k and so A(z) = 0. By Lemma 2.12, . w(zv1v;,2) < k—1
and so fy,(2) < k—1+ t—2/ < % — 2. Moreover, since the triangle z;zv; satisfies
zz; € H for i <t', by Observation 2.15, the edge zv; contributes at least 3 (' + 1) to
the loss of v;. O

By Lemma 2.13, either |C| =2k —1—2|X| > k+ 1 or |C| =k + 1. Moreover,
since each edge of G is covered by triangles, if X = (), then G, has no isolated
vertices. That is, G, = C or CU K;,_; if X = 0.

We distinguish the following two cases separately according to |C].

Case 1. |C] =2k — 1 —2|X]|

In this case, the structure of G are shown in Figure 2, where the thick edges are
in H and the thin edges are in L.

Figure 2. N(u') = N(u) for any v’ € U;

Case 1.1 X = ().

In this case, G, = C and |C| = 2k — 1. If Uy = 0, then since [U;,G,] C £ and
E(G,) C H, by the definition of w(T, ), we have

Zf = fl)+ Zf

veV (G vel; veV(C
=3 f0) + N(E3,C) = (n—2k+1)k<k—g> + N(K;,0).
vely
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Because |C] =2k — 1 and n(C) = (k—1,...,k — 1,k — 2), by Theorem 2.8,

U;(:Gf n—2k+1)k(k_g)+2(k;1)+(kéz>+<k/22_1)

and equality holds if and only if G = K, _o1y1 + H, and so the result follows.
Therefore, we may assume that Us # 0.

In this case, we will try to transfer the weight fy,(z) to the vertices in U, such
that f(v) < k(k — 2) still valid after transferring.

(1) zv, € H.

By Claim 2.3, the edge zv; contributes at least (¢ +1) to the loss of vy. Transfer
the weight > ._, w(z;zv1, 2;) to vy to cover the loss of vy caused by the edge zv; and
the weight >._, w(zv1v;, 2) to v, ..., v,(A(z) = 0 in this case). After transferring,
fu,(2) =0, f(v) <k (k—3) is still valid for any v € Us and f(v) <k (k—3) — 3.
Therefore,

Z fv) < (n—2k+ 1k (k—g) + N (K5, C). (2.10)

veV (G

(2) zv; € M.

By the definition of w(T', -), we have w(z;zvq, z;) = % fori < t',and w(zvyv;, 2) <
for i <t. Let |Up| —t =1".

Suppose t” > t'. Note that either A(z) = 1, which implies G[{v1,...,v:}] is
a triangle and wvovg € H, or A(z2) < % For the former case, N(vyu3) — {vy, 2} C

— {v1,v9,v3} and hence |Us — {vy, v2,v3}| > 2k — 3 by Claim 2.1(1), which means
t” > 2t’. Thus we can transfer the weight w(z;zvy, z;) of z; (i <t’) to the vertices in

— {1, v, v3}, the weight > ., w(zv1v;, 2) + A(2) to the vertices vy, v2, v3 and some
others in Us — {vy,v3,v3}. For the latter case, we transfer the weights w(z;zvy, 2;)
to the vertices in Uy — {vy,..., v} and the weights ,_, w(zv1v;, 2) + A(2) to the
vertices of {vy,...,v;}. After the transferring, fu,(z) =0, f(v) <k (k—2) is still
valid for any v € Us, and (2.10) still holds.

Assume t” < ¢’ < k — 2. In this case, all edges of G[{vy,...,v,;}] are in L for
otherwise we have t” > k — 2. Hence, w(zviv;,2) = % for i <t and A\(z) < %
Recalling {z1,...,2¢} € N(zv1), by Claim 2.1(1), we get N(v;) N{z1,...,20} =0
for 2 < i < t, and if v;2'v is a triangle such that 2z’ € V(C) and v € Us,, then
v;z'v = vz, or G{vy, ..., v} = K3 and v;2'v = vozvs. Thus, for 2 < i < ¢, we have

N =

flv) = Z w (v;2'2" v;) + Z w (vU'V" V) + w (v z, ;) + 1

212" CC v €U

S%((%—1—t’)(k—1)—t’(k—t’))+<t”+1> L1

) 33

3 1 2
—k(k-2 ——(t’k ¢ —1)— (" 1t”—1> y
(k=3) ~3(ets e - D@ —1) + 3
where 1 = w(vyzvs, v9) or w(vazvs, v3) if vazvs is a triangle, and 7 = 0 otherwise.
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Because the total loss of the vertices in U, is at least

1 / I (47 " _2 . 1 ¢
(20(k+t ) —(@"+ 1)t 1) 3 (t 1)+2—%2,

/
> Zw(zmvi, 2) + A(z) + Zw(zizvl, 2) = v + E,

2 3
i<t i<t

we can transfer these weights to vertices in Us and for fi,(z) =0, f(v) <k (k—2)

is still valid for any v € Us, and (2.10) still holds.

(8) zvy € L.

In this case, we have w(z;zv1, z;) = 0 for ¢ <t by the definition of w(7),-). Since
zvy € L and {va,...,v:} € N(zvy), we have t < k — 1. If G[{vy, ..., v:}]| has an edge
v;v; € H, then since N(vvj) — {z,v1} C Uy — {v1,..., vt} by Claim 2.1(1), we have
|Us — {v1,...,ve}| > 2k —3 > k — 1 =t, which implies |Us| > 2t. If G[{v1, ..., v:}] has
no edge in H, then w(zviv;, 2) < 5 and A(z) < 3. Thus, by Lemma 2.13, we can we
transfer the weight > ., w(zv1v;, 2) + A(2) to the vertices of U, in the former case
and to the vertices of {vy,...,v;} in the latter case. So, fu,(z) =0, f(v) <k (k —2)
is still valid for any v € Us, and (2.10) still holds.

Thus, Theorem 2.8 and (2.10) hold.

Case 1.2 X # (.

Let X = {xy,..., 25} and Y =V(G,)—V(C)—X. By Lemma 2.13, both X and
Y are independent sets. Moreover, since |C| =2k —1—-2|X|=2k—-1—-2s > k+1,
we get that s < g — 1.

By Claim 2.3, fi,(2) < % —2. Moreover, if |[V(C), X]| =1, then dg, (2) = k—1.
By Claim 2.1(1), zv; € £ and Ny,(z) is an independent set. Therefore,

fn(2) = 01if |[V(C), X]| = 1. (2.11)

Consider the total loss of all the vertices in Y contributed by the edges in [ X, Y].
Let xy be any edge with x € X and y € Y, and X, C V(G,) satisfy (2.1). Because
ry € H, by Lemma 2.11, z € H(y) C X,. Since X and Y are independent sets,
N(xy) C Uy UU,. Thus, if zyv is a triangle, then xv € £ by Claim 2.1(1), which
implies w(zyv,y) = 0, and so ZUGN(W) w(zyv,y) = 0. By Observation 2.14, the
edge xy contributes k — 1 to the loss of y. Therefore, the total loss of all the vertices
in Y, contributed by the edges in [X, Y], is at least |[X,Y]|- (k —1).

Since X and Y are independent sets, Ny,(x) is an independent set by Claim
2.1(1), [[V(C),X]| <1 and [U;,G,] C L. So,

flz) = Z Z w(zyv,x) for any x € X.

yENy (z) vEN (zy)NU2

We try to transfer the weights w(xyv, ) of x € X to the vertices y, v, such that the
new weight of x is 0, and that of each other vertex remains no more than k(k — %)

Fix an edge yv and let N(yv) N X = {z1,...,2¢}. Then 2,y € H and z;v € L
for 1 <i < ¢ by the arguments above. If yv € L, then w(z;yv, x;) = 0, and so there
is nothing to transfer. If yv ¢ £, then w(z;yv, z;) = 1. Let X’ C V(G,) satisfy (2.1).
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If yv € H, then since yv, z;y € H, by Observation 2.15, the edge yv contributes at
least 3(s’'+1) to the loss of v, and so we can transfer the weight Zflzl w(zyv, ;) = %/
to v to cover the loss caused by the edge yv.

Suppose yv € M. Note that > /e y(,.,) w(@vv,v) < (k—1) — 1 by (2.4) because
w(zyv,v) = % If ; € X', then by Observation 2.14, the edge x;v contributes %
to the loss of v. So we can transfer the weight w(z;yv,x;) to v to cover the loss
contributed by the edge vx;. If y € X', then by (2.3) and Observation 2.14, the edge
yv contributes % to the loss of v, and % to the loss of y by Observation 2.16, which

means yv contributes at least % to the total loss of y and v. Recalling s’ < s < g -1,
we can transfer the weight Zflzl w(zyv, x;) = %/ to y, v to cover the loss contributed
by the edge yv. If neither x; € X’ nor y € X', then the edge x;y lies in some
component C” of G, — X". Remember 3y .. w(zwv',v) < (k—1) — 5, the edge
x;v contributes at least 411 to the loss of v. Since yv € M, by Observation 2.16, it
contributes at least % to the total loss of y,v. Thus, the total loss of y and v is at

Tiv

least SZ/ + % > %/, and so we can transfer the weight Zf/:l w(zyv, x;) = %/ to y, v
3

such that the weights of y, v are still no more than k(k — 3).

If zv; € H, then by Claim 2.3, we can transfer t—2/ from fi,(2) to v1 to cover the
loss of vy caused by zvy such that fy,(z) < k — 1. After this possible transferring,
we always have fi,(z) < k — 1. Thus, recalling the total loss of all the vertices in Y
contributed by the edges in [X,Y] is at least |[X, Y]] (k— 1), (2.11) and f(z) =0
for each x € X after transferring and Theorem 2.9, the total weight of G is

Z flv)<(n—2k+1+s)k (k—;) +N(K3,0) + (k—1) — s(k —1)?

veV(Q)
3 kE—1 k 2
<(n—2k+1 2 )42 A
< (n—2k+ )k(k 2>+(3>+<2 )

k2 k11 4
+Z+(_k2+7___)8+(2k_2)82_553

:(n—2k+1)k(k—;)+2(l€;1) +<§—1>2+¢(87k)‘

Because 1 < s < % — 1, after an easy calculation, we get ¢(k,s) < 0 except
©(2,6) =1, ©(1,4) = 3 so the result holds if (s, k) # (2,6), (1,4).

Now, consider the two exceptions. Let yv be any edge with y € Y and v € Us.

Suppose that (s,k) = (2,6). Then X = {x1,22}. Let U = Ny, (z1) U Ny, (z2).
Assume that yv € H U M. If both z1yv and zoyv are triangles, then since Ny, (x1)
and Ny, (x2) are independent sets by Claim 2.1, N(yv) — {1, 22} C Uy — U. Clearly,
|Us—U| > |N(yv) — {z1,xa}| > k—2. If [N(yv) N{z1, 22} <1 for any yo € HUM,
then since k = 6, yv contributes at least % to the loss of y by Observations 2.15 and
2.16, and so we can transfer w(z;yv, z;) only to y to cover the loss of y contributed by
yv if z;yv is a triangle, such that f(x;) = 0 for i = 1,2 after the possible transferring.
Moreover, since |N(yv) N Us| > k — 1, |Uz| > k. Thus, note that no weights are
transferred to the vertices in Uy — U in the former case and in U, in the latter case,
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U, has at least k — 2 vertices whose weights are at most k(k — %) — % after transferring,
which implies

> f(v)g(n—Qk:Jrl)k(k—g)+2(k;1) +(§—1>2+¢(3,k)—%(k;—2)

veV(G)
3 E—1 k 2
<(n—2k+1)k(k—§)+2( ; )+(§—1> .

If [Y,Us] C L, then f(z;) =0 for i = 1,2 by Claim 2.1 and the definition of w(7, ).
Since p(2,6) = 1, if |Us| > 3, then replace 3(k — 2) with % -3 in the above inequality,
we get the desired result. If |Uy| < 2, then f(y) <1 for any y € Y. It is easy to see
the total weight of GG is less than the expected number.

Suppose that (s, k) = (1,4). Then X = {x;}. We will transfer the weight f(z1)
and fy,(z) to other vertices in a bit different way. Note that f(z1) comes from the
triangles x1yv with yv € H U M. Since x1y € H for any y € Y, by Lemma 2.11,
1 € X,. If yv € H, then by Observation 2.15, the edge yv contributes % to the
loss of y. Assume that yv € M. If v € X, then by (2.3) and Observation 2.14,
yv contributes at least % = % > % to the loss of y. If v lies in a component C’ of
Gy — Xy, then x; € X, and (2.1) imply |C’| < 2k — 3, and so

1 1 k2
') < =(k—-2)4+=-(2k-4—(k-2))=(k—-1)—(=+=
> wlywiy) < Sk=2)+ 5 (2k—4—(k-2)) = (k- 1) (6+3),
v’ €N (yv)NC’

and so yv contributes % (% + %) > % to the loss of y by Observation 2.16. Therefore,
the edge yv contributes at least % to the loss of y. Transfer the weight w(xiyv, 1) = %
to y such that the new weight of y is no more than k (k — 2) — (k — 1), where the loss
k — 1 is contributed by the edge z1y. Transfer the weight fi,(2) to the vertices in

U, in the same way used in Case 1.1. After the transferring, the weight of G satisfies
k—1 k ?

Z fv) < (n—2k+ 1)k (k—g) —1—2( 5 ) + (5_1> :

veV(G)

and so the proof of Case 1 is complete.

Case 2. [C| =k +1.

In this case, X =0 and G, = C U K}_;. Since 7(C) = (k—1,....k— 1,k —2) by
Lemma 2.13 and |C| = k + 1, C is the complement of $(k — 2)K, U Ps, and so we
have

N (Ky, Gu) = <’“;1> + (’“BH) —%(/@—2)(/4—1)_2(1@_2)_1.

Set V(Kx_1) = {p1,...,pr_1}. We first discuss some properties of these vertices.

Claim 2.4. If ¢1,q2 € Uy such that p;q1, pige € HU M, then
(1) G[Ny,(pi)] consists of a triangle q1q2q3 and some isolated vertices;

(2) IN(piq1)| = IN(pig2)| =k and {p1,...,pe—1} € N(q1) N N(q2);
(3) If v € Uy such that pjv € HUM, then v € {q,q2,q3}. Moreover, if v = g3, then
IN(pjgs)| =k for1<j<k—1and1l<s<3.
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Proof. (1) Since dg, (p;) = k —2 and p;q1, piga € HUM, by Claim 2.1(2), G[Ny, (p;)]
is a triangle containing ¢, g2, say qi1¢2q3, together with some isolated vertices.

(2) Since [N(piq1)| = k and N(p;q1) NUz = {qz, g3} by (1), {p1, ..., e—1} S N(q).
By the symmetry of ¢; and go, {p1,....,pr—1} € N(¢2), and so the result follows.

(3) Suppose v ¢ {q1, g2, q3}. By Claim 2.1(2) and (2), G[Ny,(p;)] is a triangle vg; g2
together with some isolated vertices. Because |N(p;v)| > k and N (p;v)NUz = {q1, ¢2},
we have {p1,...,pk—1} € N(v). Thus, v € N(p;q1) and hence |N(p;q1)| > k + 1
which contradicts (2). Therefore, v € {q1, 2, q3}. Moreover, if v = g3, then since
|N(pjq3)] = k and N(pjqz) N Us = {q1, ¢z}, we can deduce {p1,...,pr—1} S N(g3).
After an easy check, we get that |[N(pjqs)| =kfor 1 <j<k—1land1<s<3. 0O

By Lemma 2.11, we have |(H(p;) UM(p;)) NUs| < 3forall 1 <i <k —1.
Suppose |(H(p;) UM (p;)) NUs| = 3 for some i. By Claim 2.4, G[Ny, (p;)] is a triangle
q192q3 together with some isolated vertices and p;qi, pig2, piqgz € M. Furthermore,
we have p;jqs € E(G) and |N(pjqs)] = kfor 1 <j<k—1land1l <s <3, and
4192, 41G3, @2q3 € H U M. Because

k
Eoe(E)

> w(pigsv.qs) =
vEN (pigs)

the edge p;qs contributes at least % — % to the loss of ¢, by Observation 2.16.
Hence, all the edges pjgs, 1 < j < k—1and 1 < s < 3, contribute at least
3(k — 1) (— — —) to the total loss of ¢1, ¢» and ¢3. On the other hand, note that
G[Nu,(p;)] is the triangle g1¢2q3 together with some isolated vertices by Claim 2.4(1)
and [pj, Uz — {q1, q2,¢3}] C £ by Claim 2.4(3). So, the weight of p; contributed by
the triangles not in Kj_; is

Z szTQS7pz Z Z pzp]qsupz =3- % + 3(k - 2) :

1<r<s<3 pi#p; 1<s<3

COI??
o

=k—1.

Wl

By Claim 2.3, fy,(z) < % — 2. Therefore, the total weight of G is at most

(0~ 20k (k_g> + N (K, G + (%_2) +(k—1)* =3(k - 1) (%—%)

3 k—1 AN
ok 41 ~2) 49 T
<tk (- 2) +2(* 1)+ (5-1)
a contradiction. So we assume that |(H(p;)) UM(p;)) NUz| <2for 1 <i<k—1.

Fix p; and let Ny,(p;)) = {¢1,...,¢}. By Claim 2.1, we may assume that
G[Ny,(p;)] is a star with the center ¢; or a triangle ¢;¢2¢3, and some isolated vertices.

Let
foo(p) = D wpwt' . p)+ > Y w(pip,py).
v, €U Pj7#Pi VEN (pip; )NU-2

It is clear that 32" fu, (p;) is the total weight of V' (K}_;) contributed by the triangles
not contained i 111 K k1 We will complete the proof by showing that fy,(p;) < 3 3k _ %
and fy,(2) < 3 — 1 after some appropriate weight transferring.
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If [(H(p:) UM(pi)) NUs| = 2, say pig1, pigz2 ¢ L, then by Claim 2.4, Ny, (p;) is a
triangle ¢1¢2¢gs together with some isolated vertices, |N(p;q1)| = |N(pig2)| = k and so

fo) = > wlpa,p)+ Y wlppiqnp) + Y w(pipiae,p;)-

v,v'€{q1,92,43} P #Di PjF#Di

Since

wlw

Z w(piQSUa QS) S

UEN(piq.s)

(k:—l)—(g—l) for s =1, 2,

the edge p;qs contributes at least % 173 to the loss of qS for s = 1,2 by Observation

2.16. Because ), ., w(pip;qs, p;) < 2(k’ 2), transfer £ —1 from ij#i w(pip;gs, vs)
to ¢, for s = 1,2. After transferring, we have

ko1

fUz(pi)Sg+2'%(k—2)—2(———>:_S

T3 (2.12)

Now, let |(H(p;) UM(p;)) NUs| < 1. Assume H(p;) UM(p;) C {¢1} by Claim
2.1(2). Because p;p; € H and p;qs € L, w(pipjgs,p;) = 0 for 2 < s < r and hence

r

fra(p) = > wpiarg;, i) + Api) + Y wlpip;a, py),

Jj=2 pj #pi

where A(p;) = w(piqaqs, pi) if q1g2q3 is a triangle and A(p;) = 0 otherwise. Using the
same proof as that of Claim 2.3, we have

Claim 2.5. fu,(p;) <k—11if pigs ¢ H, and fu,(p;) <k —1+% <32 -2 and p;s
contributes at least 5((+1) to the loss of q1 if piq1 € H, where ]N(piql)ﬂV(Kk_l)\ =/.

In order to show fy,(p;) < 2 — L in this case and fy,(2) < 2 — 1, we need to
consider the structure of G[Us)].

If vv/ € M is an edge in G[Us], then by Observation 2. 16 vv’ contributes £
to the loss of v and v/, respectively, that is, vv’ contributes £ ¢ to the total loss of
vertices in Us. On the other hand, by Claims 2.3 and 2.5, we can transfer some
weight from fi,(2) and fy,(p;) to vy and ¢y, respectively, such that fi,(z) <k —1
and fu,(p;) <k —1,and f(v;) <k (k—3) and f(q1) < k (k — 2) still hold. This
together with (2.12) implies that after transferring some weights to the vertices in
Us, the total weight in Zvev(G f( ) coming from the triangles not in G,, is at most

k(k — 1). Therefore, if G[Us] has % — 2 edges in M, then we have

> flw n—2k)k(k—g)+N(K3,Gu)+k(k—1)—(%_2) g

veV(Q)
3 E—1 k 2
— 2k +1 ~ = 2 -1
<(n k -+ )k(k 2>+(3>+<2 )

a contradiction. Hence, G[Us] contains at most % — 3 edges in M. Moreover, we
have
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Claim 2.6. Let q¢' e H be an edge in G[Uy). If/\/l( JNM() N A{p1, ..., 1} =0,
then qq' contmbutes 3% 1o the total loss of q and ¢'. Furthermore, G[Us| contains at
most 3k — 2 edges in 7-[ UM.

Proof. By Claim 2.2 and the assumption, M(q)N\M (¢ )N{z, p1, ..., px—1} = 0. Noting
that G[Us] has at most 2 — 3 edges in M, we have [M(q)| + [M(¢)| < k+ 2 —3.
Thus, by (2.2) and Lemma 2.11(ii), we get

Z w(qq'v,q) + Z w(q'qu, q")

vEN (qq’) vEN(qq’)
1 3k
< 5 (IH(0) —{d} + M@ + [H(d) = {a}| + [M(@)]) < 2(k - 1) — =,
and so the conclusion follows by Observation 2.14.

In addition, recall |(H(p;) UM(p;)) NUs| <2 forall 1 <j <k —1, by Claim
2.4, G[U,] has at most one edge ¢q5 such that M(q}) N M(g5) N {p1,...,pe—1} # 0.
For any other H-edge ¢¢' in G[Us], q¢' contributes at least % > % to the total loss of
q and ¢’, which, together with the possible edge ¢}q}, implies G[Us] contains at most

edges in H U M. ]

Now, let us re-consider fy,(z) and f; = fu,(p;) based on Claim 2.6. For conve-
nience, let a € {z,p1,...,pr-1}, Nu,(a) = {b1,..., by} is a star with center b; or
a triangle b1bebs in G[Ny,(a)], (H(a) UM(a)) NUy C {b;} and N(ab)) NV (G,) =
{ai,...,as}. Recall the expressions of fy,(z) and f; = fu,(p;), we have

m 4
fuos(a :Zw abibj, a) + A(a —|—Zw abya;, a;).
Jj=2 j=1

If ab; € H, then since aa; € H, we can transfer the weight w(aba;, a;) to by to
cover the loss caused by the edge ab; by Observation 2.15. For the weight w(abb;, a),
we have w(abibj,a) < % with equality only if b;b; € H U M. Thus, by Claim 2.6,
after transferring, we have

S 3k 3k 1
fu,(a JZQw abib;,a) + A(a )<max{2 T —1}<Z—§.

Assume ab; € M. Consider w(abibj,a). If bib; € H, then w(abibj,a) = 3,
and b1b; contributes % to the total loss of b; and b; by Claim 2.6. Since a €
{z,p1,...,Pk—1}, there are at most k such triangles, and so we can transfer % of each
w(abyb;,a) to by and b; to cover the total loss of b; and b; caused by the edge b;b;.
If b1b; € M UL, then w(abb;,a) = % and ab; contributes % to the loss of b; by
Observation 2.16. Thus, we can transfer & of each w(abib;,a) to cover the loss of by

caused by the edge ab;. After transferring, we have w(ab,b;,a) < }1 and so

1 1 3k 3k 1
fuon(a) < IN(aby) N U)| + 5 |N(ab)) V(G| < = = 1< = = o
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If aby € £, then w(abya;,a;) =0 for 1 <4 < L. If byb; € H, then w(abib;,a) = 1.
By Claim 2.6, we can transfer g to cover the total loss of b; and b; caused by the

edge bibj, with at most one exceptional edge in G[Us]. If bib; € M U L, then

w(abibj,a) = % After transferring, we have w(abib;,a) < g with at most one

exception and so

(k—2)4+1<——-.

oo | Ut

fro(a) =" wlabiby, a) + Aa)+ <
3k

st
4 2°
).

— % Moreover, combining

By the three inequalities above, we have f,(z) <
e Thus, after appropriate

the three inequalities with (2.12), we have fy,(p;) <

weight transferring, we have fy,(2) + Zf;ll fi < k(22 — 1), Hence, the total weight
of G is
3 3k 1
veV(Q)
3 k—1 k 2

<(n-2 1 — = 2 ——1) .

<(n—2k+ )k(k 2)+ ( 5 >+(2 )
The proof of Theorem 2.4 is complete. O

2.5 Conclusion

Theorem 2.4 is proved for n > 4k3, but notice that the statement does not hold for
small n. For example, take at most five disjoint copies of K5 then the number of
copies K3 is more than the extremal number in the theorem. It would be nice to
determine the sharp bound for n when this generalized Turdn number is correct.

It is natural to ask what happens if we count larger cliques. Gerbner [40] showed
that ex(n, K., F},) = O(n) for every k and r, but the constants in the upper bound are
large. We conjecture that the extremal graph for ex(n, K,, F},) is still anv(H) + H,
where H is a graph with V(H) =k —1,A(H) =k — 1.

Let HT be the graph obtained by replacing each edge of H with a triangle, e.g.,
the friendship graph can be considered as a S{. So it is also interesting to ask what
if we replace each edge of any other graph H with a triangle? For example, consider
the extremal function ex(n, K3, Pl), ex(n, K3, CF).

We have determined the largest number of triangles in F-free graphs when F
is a friendship graph, but not when F' is an extended friendship graph. Alon and
Shikhelman [3] showed that in that case ¢;|V(F)[*n < ex(n, K3, F) < 2|V (F)|*n for
absolute constants ¢; and c¢,. Better bounds were obtained for some forests, including
exact results for stars [13], paths [79] and forests consisting only of path components
of order different from 3 [93].
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Chapter 3

Stability from symmetrization in
generalized Turan problems

3.1 Introduction

As mentioned in the first chapter, the first generalized Turan result is due to Zykov [95],
who showed that ex(n, K, K,11) = N(Kg, T(n,7)). Let us briefly describe his proof.
Given two vertices v and v of a graph G, we say that we symmetrize u to v if we
delete all the edges incident to u and add all the edges of form uw where w is a
neighbor of v. In other words, we change the neighborhood of u to the neighborhood
of v.

If w and v are non-adjacent and G is K, -free, then the resulting graph G’ is also
K, 1-free. Indeed, a copy of K, 1 would contain u as all the new edges are incident
to u. Then this copy cannot contain v, as v is not adjacent to u. But then deleting
u and adding v to this copy, we find another copy of K, that is also present in G,
contradicting our assumption.

The other key property is that if u is contained in x copies of K} and v is
contained in y copies of K}, then this symmetrization removes x and adds y copies of
K. Therefore, by applying the symmetrization if z < y, the total number of copies
of K, does not decrease.

The proof goes on by applying several such symmetrization steps. One can
show that this process terminates, i.e., at one point we arrive to a graph where
symmetrization cannot change the graph. This means that non-adjacent vertices
have the same neighborhood, thus being non-adjacent is an equivalence relation, i.e.,
the resulting graph is complete multipartite (obviously with at most r parts). We
omit the proof that the process terminates, as it is not relevant to our work. We also
omit for the same reason showing that among complete multipartite graphs with at
most r parts, T'(n,r) contains the most copies of Kj.

Gydri, Pach and Simonovits [61]| generalized this argument, showing that for
any complete multipartite graph H, ex(n, H, K,11) = N(H,T) for some complete
r-partite graph 7' (which is not necessarily the Turan graph). One could think
that this is the limit of Zykov’s symmetrization argument in this topic, since only
cliques have the property that symmetrization cannot create them, and only complete
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multipartite graphs H have the property that symmetrizing either v to v or v to
u does not decrease the number of copies of H. However, some more advanced
applications have appeared in the literature. One can symmetrize only to vertices v
satisfying some property that ensures that no F' will be created [49,76]. Another
example is [39], where the neighborhood of w is changed to the common neighborhood
of a set of vertices.

Here, we will present three stability results on generalized Turan problems that
are obtained by using symmetrization. Stability refers to the phenomenon that an
F-free n-vertex graph with almost ex(n, H, F') copies of H is close to the extremal
graph. There are different kinds of stability, depending on what “almost” and “close”
mean in the previous sentence. Here, we deal with one specific kind of stability.

The edit distance of two n-vertex graphs G and G’ is the number of edges needed
to be deleted and added to GG in order to obtain a graph isomorphic to G’. Let
h =|V(H)|. Given a graph F with chromatic number r 4+ 1 and another graph H
with chromatic number at most r, we say that H is F'-Turdn-stable if the following
holds. For any € > 0 there exists 6 > 0 such that if an n-vertex F-free graph G
contains at least ex(n, H, F') — dn" copies of H, then the edit distance of G and
T(n,r) is at most en?. We say that H is weakly F-Turdn-stable if the same holds
with T'(n,r) replaced by some appropriate complete r-partite graph 7T'.

Using these notions, the classical Erdds-Simonovits stability theorem [24,25,90]
shows that K, is K, i-Turédn-stable for every r > 2. The first stability result
concerning generalized Turan problems is due to Ma and Qiu [81], who showed that
Ky is K, 1-Turén-stable for every r > k. Turan-stable graphs were introduced by
Gerbner in [39]. It was shown in [39] that if H is (weakly) F-Turan-stable, it often
implies that H is (weakly) F’-Turan-stable for some other graphs F”.

Another important feature of these notions is that they often imply exact results
on ex(n, H, F'). We say that H is F-Turdn-good if for each sufficiently large n we
have ex(n, H, F) = N(H,T(n,r)). We say that H is weakly F-Turdn-good if for
each sufficiently large n we have that ex(n, H, F) = N(H,T) for some complete
r-partite graph T'. It was shown in [39] that if H is weakly F-Turan-stable and F
has a color-critical edge (an edge whose deletion decreases the chromatic number),
then ex(n, H, F') = N (H,T) for some complete r-partite graph T'. Some other exact
results were shown in [38].

Gerbner in [39] claimed that a result of Liu, Pikhurko, Sharifzadeh and Staden [77]
implies that complete multipartite graphs are weakly K, ;-Turan-stable. It turned
out that this does not follow from their result. Even though our problem is in many
sense simpler than theirs, it still does not fit into their general framework. Here, we
present a proof of this statement. Note that the case H = C; was proved in [68].

Theorem 3.1. Let H be a complete k-partite graph and r > k. Then H 1is weakly
K, 1-Turdn-stable.

Morrison, Nir, Norin, Rzazewski and Wesolek [83] showed (proving a conjecture
of Gerbner and Palmer [47]) that for every graph H, if r is large enough, then H is
K, 1-Turdn-good. They ask whether this can imply K, ,;-Turén-stability. We partly
answer this question in the affirmative.
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Theorem 3.2. For every graph H, if r > 300h°, then H is K, - Turdn-stable.
Finally, we obtain a theorem of a similar flavor.

Theorem 3.3. For every bipartite graph H, if k > (2h)"*Y, then H is weakly
Cspy1-Turdn-stable.

We note that the above theorem implies that H is weakly Cs;1-Turan-good,
since Coxy 1 has a color-critical edge. Gerbner [36] showed that for every k, there
exists a graph that is Cy,,1-Turan-good and not weakly Cs,y1-Turédn-good for any
{<k.

Let us briefly summarize what is implied by our theorems. First, the F-Turan-
stability implies F’'-Turén-stability for other graphs, as observed in [39] in the case
F = K,.1. We present the following more general version. We will be using the
graph removal lemma [85] in the proof of the next proposition as well as that of
Theorem 3.3. Recall that it states that if a graph G contains o(n!V¥)!) copies of a
graph H, then by removing o(n?) edges we can remove all the copies of H from G.

Proposition 3.4. Let x(F) = x(F’) and assume that F' is contained in a blow-up
of F. If H is weakly F-Turdn-stable, then H is weakly F'-Turdn-stable.

Proof. Let G’ be an F'-free n-vertex graph with at least ex(n, H, F') — o(n") copies
of H. Let x(F) = x(F') =r + 1. Since H is weakly F-Turan-stable, for any F-free
graph G with ex(n, H, F') copies of H, there is a complete r-partite graph 7" with
edit distance o(n?) to Gy. This implies that N'(H,T) = ex(n, H, F) — o(n"). Note
that ex(n, H, F') > N'(H,T) because T is F'-free.

By a result of Alon and Sikhelman [3] we have ex(n, F, F) = o(n/V(")!). By the
removal lemma, there are o(n?) edges in G’ contained in some copy of F. We delete
those edges to obtain an F-free graph G. Those edges are in o(n") copies of H, thus
N(H,G) = N(H,G") — o(n") > ex(n, H, F") — o(n") — o(n") > N(H,T) — o(n") >
ex(n, H, F) — o(n") using the already established bounds. Since H is weakly F-
Turan-stable, there is a complete r-partite graph 7" with edit distance o(n?) to G.
Then the edit distance of 7" and G is also o(n?), completing the proof. O

Note that the above proposition remains true if we replace weakly Turan-stability
by Turan stability, since if we replace both 7" and 7" by the Turan graph in the above
proof, all the arguments are still valid. There are multiple ways in [36] and [38] to
obtain new (weakly) F-Turan-stable graphs from other F-Turan-stable graphs. Our
results give new building blocks to those methods. Finally, as we have mentioned,
our new stability results give new exact results using theorems from [36] and [38].

The rest of this chapter is organized as follows. Each theorem is proved in its
own section, and we finish the chapter with a conclusion providing some remarks
and potential further work.

3.2 Complete multipartite graphs

In this section we prove Theorem 3.1. Let us denote the edit distance between two
graphs G and G5 on the same vertex set by A1(G1, Gs) := |E(G1)AE(Gy)|. Let H
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be a complete k-partite graph on h vertices and k < r. We first prove a lemma that
will be used in the proof.

Lemma 3.5. For every r > k there is v > 0 and ¢ > 0 such that the following holds.
For sufficiently large n, if P is a complete s-partite K, 1-free graph on n vertices
such that N(H, P) > ex(n, H, K,,1) — (- n", then s = r and the size of every part
of P is at least yn.

Proof. Let 1/s > ~ > ¢ > 0. Assume that there is some part V; with |V;| < yn.
Let V; be the largest part, |Vi| = pn, thus p > 1/s. Let H[A U B] be an induced
bipartite subgraph of H with |A| = a and |B| = b such that A C V; and B C V.
Let us move |pn/2| vertices of V; to V;. Then the number of copies of such bipartite
subgraphs between V; and Vj increases by at least

() )

where ¢; and ¢, are constants. The last inequality holds because ¢; depends on
p,a and b but not v, and v < p. Note that if a copy of H does not intersect both V;
and Vj, then their number will not be affected. Consequently, the number of copies
of H increases by at least cn” (where c is a constant), a contradiction.

This argument proves s = r, too. Since we know s < r as P is K, -free, and if
s < r we may think of » — s parts being empty, so contain < yn vertices. O]

Proof of Theorem 3.1. Let v > o > > 11> ¢ > § be a sequence of positive
numbers such that each depends on H, r and the previous numbers in the sequence,
and is sufficiently small. We will also assume that n is sufficiently large.

Assume the theorem does not hold, and hence there is a graph G with |V (G)| = n,
for a sufficiently large n, such that N'(H, G) > ex(n, H, K,,1)—0on" while A (G, F) >
en?, for every complete r-partite graph F. Now we apply Zykov symmetrization
repeatedly. It was shown in [61] that we can pick symmetrization steps in such
a way that the number of copies of H does not decrease, no K, is created and
the process eventually terminates, which results in a complete multipartite graph.
This gives a sequence of graphs G = Gy, G4, ..., G, where N(H,G,;41) > N(H, G;)
for all ¢+ = 0,1,...,1 — 1, and G| is a complete s-partite graph. In particular,
N(H,G)) > N(H,G) > ex(n, H, K,,1) — 6n", and hence, by Lemma 3.5, s = r, and
every part of G, has size at least yn.

Let ¢ be the largest ¢ such that A(G;, F) > en? for every complete r-partite
graph F. Let T be the closest graph to GG; and T” be the closest graph to Gyyq
among all complete r-partite graphs on the vertex set V(G). Observe that en? <
Al(Gt,T) S Al(Gt7T/) S AI(GtaGt—H) + Al(Gt+17T,) S 2n + 5n2 S 26%2. Let
G' = G,y.

Note that this implies e(G’) — e(T) < 2en?. Since each edge is in at most
n"=2 copies of H, we have T has at least N (H,G") — 2en” copies of H. Thus,
N(H,T) > ex(n, H,K,y1) — (0 + 2¢)n". By Lemma 3.5 again, we have that each
part of T" has size at least yn.

Let V4, V5, ..., V. be the parts of T.
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Claim 3.1. In the graph G', every vertex v has at least Sn non-neighbors in its part.

Proof of the claim. Assume indirectly that v € V; has fewer than 8n non-neighbors
in V; (thus v has at least Sn neighbors in V;). Assume first that v has at least On
neighbors in each other part and for every ¢ = 1,2,...,r, choose fn neighbors of
v from V;, to form an induced subgraph G” of G’. Clearly, G" does not contain a
K., as together with v, this would create a K,,; in G'. Now, we have that G” is a
K,-free graph and |V (G")| := n’ = frn. Then, by Turan’s theorem we have

oe (L) R (1t L YRt

r—1) 2 r rir—1)) 2 ro2 ’

where ¢ = 2(7]"_1)52. On the other hand, as G” is an induced subgraph of G’ the

vertex set of G” consists of r sets, each of them is a subset of size fn of a different
part of T, and A, (G',T) < 2en?, we have

— 2en?.
. 5 En

e(G") > e(T[V(G")]) — 2en* =
Thus, we have cn? < 2en?, which contradicts the assumption that ¢ is sufficiently
small compared to [.

Assume now that v has fewer than Sn neighbors in V;. Then we move v to V.
We claim that the complete r-partite graph 7% we obtain this way is closer to G’
than 7', a contradiction. Indeed, v was incident to more than |V;| — fn edges inside
its part V; and more than |V;| — fn missing edges with other endpoint inside V; in T
In 7%, v is incident to fewer than fn edges inside its part, now V;, and fewer than
Bn missing edges with other endpoints inside V. O

Now there are two cases to consider, and we shall see both of them lead to
contradictions.

Case 1. Every vertex has fewer than an non-neighbors in each of the parts other
than its own part.

First, this implies there are no edges inside any of the parts, for if there is an edge
inside some part, then we will have a K,,; in G'. To see this, let vgv; be an edge
inside some part, we may say V;. Then, vy and v; have at least yn — 2an common
neighbors in V5, choose vy among them, and then continuing this way, we can choose
the vertex v,_; from V,_; forming a K, in the first » — 1 parts. The so far chosen r
vertices have at least yn — ran common neighbors in V., from which we can choose
a vertex v, to form a K, .

Therefore, G’ differs from T only by missing some edges between the different
parts. First we show that each edge uv with v and v from different parts is contained
in at least (yn/2)"~2 copies of H in T.

Indeed, for a copy of H that contains v and v, we need to choose the other h — 2
vertices of H. As we choose each one from some part of T" and each part of T contains
at least yn vertices, there are at least yn — h > yn/2 choices for each of the other
h — 2 vertices. Here, —h generously excludes the previously chosen vertices.
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Let us now bound N'(H,T) — N (H,G’). The more than en? missing edges give
at least €(y/2)"?n" missing copies of H, but some H may be counted multiple
times. Those copies contain at least 2 missing edges. There are two cases. For
two missing independent edges, we can present the upper bound 4e2n” by picking
two edges and four vertices in at most 4e?n* ways, and then each other vertex in
at most n ways. For two missing edges sharing a vertex, we can present the upper
bound 4ean” by picking a missing edge, an endpoint of that edge, another missing
edge from the same vertex, and then each other vertex in at most n ways. We
obtained that N'(H,G") < N(H,T) — e((v/2)"2 — 4e — 4a)n"* < N(H,T) — on" <
ex(n, H, K, 1) — on" < N(H,G). This is a contradiction, since we obtained G’ from
G through the symmetrization steps.

Case 2. There are some vertices that have at least an non-neighbors in some of
the other parts.

Case 2.1. Each vertex has at most Sn neighbors in its own part. Let B
be the set of such vertices with at least an non-neighbors in some other part.
As A(G',T) < 2en?, we have |Blan < 2en?, which means |B] < £n. Hence,
[Vi\ B] = yn — |B;| > yn — £n = «'n, where ' = v — 2. Note that, for every i,
each vertex v € V; \ B has fewer than an non-neighbors in any of the other parts.
As in the previous case, this implies that there are no edges inside V; \ B, for every i.

For each v € B :=J,_, B;, delete the at most Sn edges incident to it inside its
part and add the at least an edges between v and the other parts that are missing
in G'. Note that after all these changes for every vertex in B are done, we obtain
an r-partite graph G*. In G*, a vertex from B has no non-neighbors in the other
parts and a vertex outside B has fewer than an non-neighbors in any of the other
parts. Let us now observe the change in the number of copies of H. For each v € B,
we can choose one of its new neighbors in at least an ways, and then we choose
h — 2 vertices from other parts. In each part V;, we have at least yn vertices, and
the h — 1 vertices picked from the other parts each have at most an non-neighbors
in V;, thus we can pick each vertex at least yn — (h — 1)an > yn/2 ways. Therefore,
the number of new copies of H is at least y"2an”~! /21 and the number of copies
deleted is at most Bn"~!, since we have to pick v, one of the (at most) Sn neighbors
of it in its part, and other vertices.

We repeat this for every vertex u in B. Note that again we add at least an new
edges, but it is possible that some of the at most Sn edges incident to w in its part
were already deleted. This does not affect our calculations; the total number of
deleted copies of H is at most 3|B|n"~1. Note that a new copy of H can be counted
multiple times, but at most |E(H)| < h? times. Therefore, the total number of new
copies of H is at least 4" ~2a|B|n"~1/2"=1h2. So the increase is at least coan”~! for
some constant ¢y, which means N'(H, G*) > N'(H,G") + |B|coan 1.

Note that if Aj(G*,T) > en?/2, then we can use the same argument as in Case 1.
The only difference is that G’ was missing at least en? edges, while G* is missing at
least en?/2 edges. The same calculation gives N (H,G*) < N'(H,T) — e((y/2)" 2 —
e —2a)n" < N(H,T) — én", a contradiction. Thus, A;(G*,T) < en?/2. Hence

en? < A(G,T) < Ay(G,GY) + A(G*,T) < A(G',G*) + en?/2,
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which implies that the number of edges we added and removed from G’ is A, (G', G*) >
en?/2. Observe that the number of edges added and removed is at most 2a|B|n.
Therefore, the increase of the number of copies of H is at least | B|coan™1 > coen” /4
if |B| > 0, which is a contradiction. This completes the proof.

Case 2.2. There is a vertex with more than Sn neighbors in its part, let B’
denote the set of such vertices. As Ay(G’,T) < 2en?, we have |B’|fn < 2en?, which
means |B’| < %n Similar to the proof of Claim 3.1, we can show that v has fewer
than pn neighbors in V; for some j.

Recall that B denotes the set of vertices not in B’ with at least an non-neighbors
in some of the other parts. For them, we do the same change as in Case 2.1. For
each vertex v € B’, we pick an i = i, such that v has at most un neighbors in V;.
Then we move v to V;, delete the at most un edges from v to V;, and add all the
edges from v to the part that used to contain v. Then we repeat this for the other
vertices in B'.

The resulting graph G** is r-partite. Let us now observe the change in the number
of copies of H. First, as in Case 2.1, this increase is at least coen/2 if | B| > 0. For a
vertex u € B’, we added new edges connecting it to its non-neighbors in its part. By
Claim 3.1, there are at least n such vertices. However, it is possible that some of
these fn non-neighbors of u were moved out during this procedure. This happens at
most |B| + |B'| < £n + %n < fBn/2 times, thus we added at least 5n/2 new edges.
Therefore, we created at least v"~24n"~! /2" new copies of H. When considering all
the vertices in B’, we may count a copy of H multiple times, but clearly at most
h? times, thus the number of new copies of h is at least ¥"~23|B’|n"~1/2"h2. We
deleted at most un edges, thus at most un’~! copies of H. So the increase is at least
c18n"~t for some constant ¢y, which means N'(H,G*) > N(H,G') + |B|c;fn" 1.
Then we can finish as in Case 2.1. O

3.3 Every graph is eventually K, ;-Turan-stable

In this section, we give a proof of Theorem 3.2. Our proof follows the argument
in [83], with a more careful analysis at some places. We will talk about injective
homomorphisms from H to G instead of copies of H in G. A homomorphism
from a graph H to a graph G is an edge preserving map from V(H) to V(G).
Let inj(H, G) denote the number of injective homomorphisms from H to G, then
inj(H,G) = a(H)N (H,G), where a(H) is the number of automorphisms of H. For
f >0, a graph G is said to be -dense if deg(v) > (1 — )|V (G)|, for every v € V(G).
Recall that we denote by h the number of vertices in H. Theorem 3.2 is a direct
consequence of the following theorem.

Theorem 3.6. For every graph H, ifr > 300h°, then for every e > 0, there exists § >
0 such that every K, -free n-vertex graph G with inj(H,G) > inj(H, T (n,r)) — dn"
has edit distance at most en® to T(n,r).

The authors of [83] present an informal outline of the proof. The first idea is
that most of the maps from H to GG that are not injective homomorphisms fail due
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to a single edge being mapped to a non-edge. Therefore, an approximate bound
on inj(H, G) can be given that depends on e(G). As the Turan graph contains the
most edges among K, -free graphs, one can obtain the result if the error terms in
“approximately” can be controlled. The same holds in our setting.

A key part where they use that G maximizes inj(H, G) among K, -free graphs
is the symmetrization. They prove that the minimum degree in G is large by showing
that one can symmetrize a low-degree vertex to a vertex in the most copies of H
and increasing the number of copies of H. This is not a contradiction in our setting.
However, we can repeatedly apply such symmetrization steps to remove all the low
degree vertices, and the edit distance of the resulting graph is close to the edit
distance of the original graph to T'(n, ).

We will use the following stability theorem of Fiiredi [32].

Theorem 3.7 (Fiiredi [32]|). Every n-vertex K,.-free graph G contains an r-partite
subgraph Gq such that e(G) — e(Gy) < e(T'(n,r)) — e(G).

We will also use the following lemma from [83].

Lemma 3.8 (Morrison, Nir, Norin, Rzazewski, Wesolek [83]). For every graph H
with at least one edge, every 0 < < 1/4, and every r-partite 5-dense n-vertex graph
G we have

inj(H,T(n,r)) —inj(H,G) > 2e(H)(1 — 38h%)(e(T(n,r)) — e(G))n" 2.

For two graphs H and G, and a vertex v € V(G), we denote by inj(v) the number
of injective homomorphisms from H to GG that contain v in their images. To avoid
redundant repetition of arguments that have been presented in [83|, we state them

as facts here and refer to them in the proof. As always, in the following statements
h=|V(H)| and n = |V(G)|.

Fact 1. If G is §-dense, then inj(H,G) > (1 — 6h*)n" (see Corollary 2.2 in [83]). In
particular, as the Turan graph T'(n,r) is 2/r-dense, we have inj(H,T(n,r)) >
(1 —2h%/r)n".

Fact 2. For every vertex v € V(G), inj(v) < hn"~1 — (n — deg(v))n"~2.
Fact 3. If G’ is obtained from G by symmetrizing a vertex v to another vertex u
in G, then inj(H,G") > inj(H,G) —inj(v) + inj(u) — h*n"=2. Also, if G is

K, 1-free, then so is G'.

Fact 4. Let G’ be a spanning r-partite subgraph of G. Then,

inj(H,G") > inj(H,G) — 2e(H)(e(G) — e(G))n" 2.

Proofs of facts 2, 3, and 4, can be found in Section 3, Proof of Theorem 1.3 in [83]

Proof of Theorem 3.6. Let 3 = 1/100h5, we are given ¢ > 0, and let § = 6(e, r, H)
be small enough. Assume that the statement does not hold, i.e., we have an n-vertex
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graph G with inj(H,G) > inj(H,T(n,r)) — dn" and edit distance more than en? to
T'(n,r). We can also assume that n is sufficiently large.

First we show that we can replace G by a (-dense graph G’. By Fact 2 above,
for any vertex v of G, we have

inj(v) < hn"~' — (n — deg(v))n" 2.

By Fact 1 and our assumption on inj(H, &), we have that inj(H,G) > (1 —
2h%/r — 0)n". Then, by averaging, there is a vertex vy in G with

inj(vo) > h(1 —2h?/r — 6)n" .

If deg(v) < n — Bn, then inj(v) < hn"~1 — Bn"~1. Now we symmetrize v to vy to
obtain a graph G;. By Fact 3, Gy is K, ;-free and inj(H, G;) > inj(H, G) — inj(v) +
inj(vy) — h?n"~2. Since r > 300h°, if n is large enough and ¢ is small enough, then
this implies inj(H, G4) > inj(H, G) + fn"1/4.

We repeat this, as long as there is a vertex of degree at most n — fn. This can
happen at most 40n/(5 times by our assumption on §. Therefore, the resulting graph
G’ has edit distance more than (¢ —48/8)n? > en?/2 from T'(n,r). In the last bound
we use that ¢ is sufficiently small.

Now we proceed by taking an r-partite subgraph G” of G’ with the most edges.
Theorem 3.7 gives that e(G”) > 2e(G’) — e(T'(n,r)). Clearly e(T'(n,r)) — e(G") is at
least half the edit distance of G’ and T'(n, 7). Indeed, to obtain G’ from T'(n, ), first
we delete at least e(T'(n,r)) — e(G") edges, then we add at most e(T'(n,r)) — e(G”)
(otherwise we obtained a K, 1-free graph with more edges than T'(n, ), contradicting
Turan’s theorem).

By Fact 4, we have

inj(H,G") > inj(H,G") — 2e(H)(e(G") — e(G"))n"2. (3.1)

We will show that G” is 2/13h3-dense. The proof of this statement is exactly
the same as in [83], we include it for sake of completeness. We have that e(G") >
e(G') — (n?/2 —e(G")) > (1 — 1/50h%)n?/2. Let V4,...,V, be the parts of G”. As
e(G") <n? =7, |Vi]?, we have that max;<;<, |Vi| < n/7h?. By maximality of G”,
we have that degq,(v) > degq (v) — max |V;| > n — fn —n/Th? > n — 2n/13h3.

Now we can apply Lemma 3.8 to G, which gives
inj(H,T(n,r)) > inj(H,G") + 2e(H)(1 — 6h*/13h3)(e(T(n, 7)) — e(G"))n" 2.
Applying the bounds e(T'(n,r)) — e(G") > en?/4 and (3.1), we obtain
inj(H,T(n,r)) > inj(H,G") — 2e(H)(e(G') — e(G"))n"2
+2e(H)(e(T(n,r)) — e(G"))n" ™2 + e(H)en /52
> inj(H,G") + e(H)(e(G") + e(T(n,r)) — 2e(G"))n"~2 4 en /52
> inj(H,G) + dn",
where the last inequality uses e(G") > 2e(G’) —e(T'(n,r)) and that 0 is sufficiently

small. Clearly this contradicts our assumption on inj(H, G), completing the proof. [
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3.4 Cycles and bipartite graphs

Given a graph F', denote by JF* the family of graphs obtained from F' by taking two
non-adjacent vertices v and v of F' and connecting both of them to N(u) U N(v).
We say that a (possibly infinite) sequence of graphs Fi, ..., F;, ... is nice if for any
i, any [’ € F; contains some Fj with j <.

Observe that by definition, F} is a clique, say K;. Indeed, if F; contains a
non-adjacent pair of vertices, then there is F' € F} (that is, F; would not be empty),
and then the definition requires the existence of some F; with j < 1 that is contained
in F', while there are none. Moreover, if the sequence contains graphs with chromatic
number m < t, then the first graph with chromatic number at most m must also
be a clique. For if that graph F} is not a clique, then it has two vertices u, v in the
same color class in a proper m-coloring of F;. When we connect these two vertices to
N(u) U N(v), then the resulting graph F' has chromatic number m and is contained
in F7. Recall that all the graphs before F; have chromatic number larger than m,
and hence cannot be contained in F'.

The prime example is the sequence of odd cycles Cyy1 (with the natural ordering).
Indeed, adding any chord to an odd cycle creates a shorter odd and a shorter even
cycle. Let us show some other examples. If (F;) and (Fj) form nice sequences,
consider the graphs F; + F}, which are obtained by taking a copy of F; and Fj and
adding all the edges between them. There is a natural partial ordering: F; + F} is
before Fj, + Fj if they are not equal and i < k, 7 < /. Extending this to any total
ordering, we obtain a nice sequence.

A family F of graphs is nice if its elements can be ordered to form a nice sequence.
Let ngil = {Cg, 05, R ,Cgk+1}.

Proposition 3.9. Let F be nice and G be an F-free graph. If G' is obtained from
G by symmetrizing a vertex u to a non-adjacent vertex v, then G' is F-free.

Proof. Consider the smallest i such that F; is in G’. A copy of F; must contain both
u (since only wu is incident to new edges) and v (since otherwise u could be replaced
by v in the copy of F;). Since u and v have the same neighborhood in G’, the graph
F we obtain from F; by connecting both v and v to N(u) U N(v) is a subgraph of
G'. Since F' € F}, we have that F} is a subgraph of G’ for some j < 4, contradicting
our choice of 7. O

So far, this does not extend the known results from [61] much. Recall that
symmetrizing one of v to v or v to u does not decrease the number of copies of H if
H is complete multipartite. This shows that if H is a complete r-partite graph, then
ex(n, H, F) = N(H,T) for some complete multipartite n-vertex graph T. However,
if the smallest chromatic number of graphs in F is m, then F contains K,,, thus
any F-free graph is K,,-free, which already implies that a complete (m — 1)-partite
n-vertex graph is the extremal, as discussed in the introduction. Yet, surprisingly
we can use Proposition 3.9 to prove Theorem 3.3.
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The other ingredient we use is a well-known result of Andrasfai, Erdds, and
Sos |4]: if a Cgid,-free n-vertex graph is not bipartite, then it contains a vertex of
degree at most 2n/(2k 4+ 1). This assumption is missing for other nice sequences.

Recall that Theorem 3.3 states that for every bipartite graph H, if & > (2h)"+1]
then H is weakly Cyryq-Turdn-stable. In other words, for any € > 0 there is § > 0
such that if a Cyyy-free n-vertex graph G contains at least ex(n, H, Cory1) — onh
copies of H, then the edit distance of G and some bipartite graph B is at most en?.

Proof of Theorem 3.3. If H has isolated vertices, they do not affect anything, thus
we can assume H does not have them.

Given ¢, we let a > 0 be sufficiently small, then ¢ sufficiently small compared
to a and ¢, ie., 0 < a < e. Let n be sufficiently large and G be an n-vertex
Copy1-free graph with at least ex(n, H, Copy1) — on” copies of H. A result of Alon
and Shikhelman [3] determines when ex(n, Hy, F}) = o(n!V(#1)l) | for any two graphs
H, and Fy. It implies that there are o(n*™!) copies of Cy,, 41 for each m < k in
G. Therefore, by the removal lemma, there are at most an?/k edges in G such
that each copy of (5,1 contains at least one of those edges. Let G’ be the graph
obtained by deleting those edges for each m < k, then clearly G’ is Cg,fil—free and
N(H,G") > N(H,G) — an!V#H,

Let An" be the largest number of copies of H in bipartite graphs on n vertices.
To obtain a lower bound on 3, we consider K|, /2 rn/21. We pick the h vertices one
by one, each at least |n/2] — h ways. Then we may count a copy multiple times,
but at most h! times. Therefore, 8 > (|n/2] — h)"/hIn" > 1/(2h)", using that n is
sufficiently large.

By the theorem of Andrésfai, Erdés, and S6s we mentioned before the proof,
G’ contains a vertex of degree at most 2n/(2k + 1). Let u,v € G’ be non-adjacent

vertices, then by Proposition 3.9, symmetrizing u to v results in a Cg’,ﬂj‘ll—free graph.

Clearly, N(H,G') > (B — a — §)n", thus there is a vertex v of G’ in at least
(B — a — d)hn"~! copies of H. Let u be a vertex of degree at most 2n/(2k + 1),
then u is in at most 2hn"~1/(2k + 1) copies of H. Indeed, we pick which vertex is
mapped to u, there are at most 2n/(2k + 1) choices for at least one neighbor and
at most n choices for the other vertices. Now we symmetrize u to v to obtain G”
(in the case u and v are adjacent, we delete the edge between them first). We have
N(H,G")Y > N(H,G") + (8 —a—308)hn"~t —2hn""1/(2k + 1) — n"~2, where the last
term is for those copies of H that contain both u and v. By choosing o and ¢ small
enough and n large enough, we have N'(H,G") > N (H,G’) + pn"1/2.

We apply this procedure repeatedly, until we obtain a bipartite graph B. If there
are at most (¢ — a)n/2 symmetrization steps, then the edit distance of G’ and B is
at most (¢ — a)n?, since we change at most 2n edges at each step. Therefore, the
edit distance of G and B is at most en?.

If there are more than (¢ — a)n/2 > en/3 symmetrization steps, then we gained
more than en" /6 copies of H, thus N'(H, B) > N (H,G')+eBnn""1/6 > N (H,G) +
efBn"/6 — an™. By picking § < ¢3/6 — a, we obtain a contradiction with the stability
assumption. O

39



3.5 Conclusion

In our statements and proofs we aimed at simplicity rather than strongest possible
results. In particular, we did not try to optimize the thresholds in Theorems 3.2
or 3.3. In the case of Theorem 3.2, we used the threshold 300h° from [83], where
the Turédn-goodness was proved under the same assumptions. Note that there the
threshold was not optimized either. These two thresholds may be the same, and it is
possible that the threshold could be as low as h + 1. In the case of Theorem 3.3, our
threshold is exponential in h. We expect that the sharp threshold is actually smaller
than h.

Another possible direction could be to study some other notions of stability.
In all our bounds, § depends linearly on . Therefore, we actually proved perfect
stability, as described in |77]. Another strengthening in 77| is that instead of Zykov
symmetrization, they study a more general version. They only assume that at most
en? edges change at each step, the value of the graph parameter does not decrease,
and after some steps we arrive to a complete multipartite graph. It is possible that
for some graph H, a symmetrization can be defined such that N (H,G) does not
decrease and the graph remains K,,-free, although we could not find any other
example. Our Theorem 3.1 also holds for such graphs H, since we use symmetrization
only to obtain G'.
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Chapter 4

Generalized regular Turan numbers

4.1 Introduction

In this chapter we define and study the generalized version of the regular Turén
numbers. Recall that

rex(n, H, F) :== max{N(H,G) : G is an F-free regular n-vertex graph}.

Our goal is to show some examples where rex(n, H, F') behaves similarly to ex(n, H, F')
and also show some examples where they differ significantly. Similarly to the regular
turdn numbers, in the generalized version, we have the obvious observation that
rex(n, H, F) < ex(n,H, F).

Alon and Shikhelman [3]| proved the following result.

Theorem 4.1 (Alon and Shikhelman [3]). For any graphs F' and H, we have that
ex(n, H, F) = O(nVIE) if and only if F is not a subgraph of any blow-up of H.

We extend this theorem to the regular setting. Note that the above simple
observation gives the “if” part of the above Theorem, We will give regular constructions
for the lower bound of the “only if” part, proving the following result.

Theorem 4.2. For any graphs F and H, we have that rex(n, H, F) = ©(n/VUII) 4f
and only if F' is not a subgraph of any blow-up of H.

Another result of Alon and Shikhelman [3] is that ex(n, K3, F)) = O(n) if and
only if F' is an extended friendship graph. Recall that in Chapter 2, we determined
the exact value of this problem for the friendship graph. Recall that in an extended
friendship graph, every cycle is a triangle and there is a vertex v such that every pair
of triangles intersect in v (or equivalently, its 2-core is empty or a friendship graph).
We extend this result as well to the regular setting.

Theorem 4.3. rex(n, K3, F) = O(n) if and only if F is an extended friendship
graph.

Let us turn to problems where adding the regularity changes the situation. It is
well-known and easy to see that for any forest F', any graph with minimum degree
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at least |V(F')| contains F. This implies that rex(n, F') < (|[V(F)| — 1)n/2. Let
H be a connected graph, then the vertices of H have an ordering such that each
but the first vertex has a neighbor that is earlier in the ordering. The copies of H
in an F-free r-regular graph can be counted by picking the vertices in the above
order. The first vertex can be picked n ways, and then each other vertex can be
picked at most r ways among the neighbors of at least one of the vertices picked
carlier. This shows that rex(n, H, F') = O(n), since r < |V(F)| (more specifically,
rex(n, H, F) < nrlVFI=1) " On the other hand, for | < k, ex(n, Py, P,) = O(nl*/?))
by a theorem of Gy¢ri, Salia, Tompkins and Zamora [64].

Another example where the order of magnitude of rex(n, H, F') is much smaller
than that of ex(n, H, F') is given by even cycles. When Cy, is forbidden, the regularity
does not have to be constant, but it is O(n'/*) by a theorem of Bondy and Simonovits
[10]. Therefore, rex(n, Cy, Car) = O(n'* %), while we have ex(n, Cy, Coz) = O(nl#/2))
if 3 < 0 2k [54)].

Note that we have ex(n, Cy, Copy1) = O(n’) if £ is even or £ > 2k + 1, as shown
by the blow-up of Cy, which is regular (or can be made regular by deleting a small
number of edges). Interestingly, in the remaining case 3 < ¢ < 2k + 1 is odd, we
have ex(n, Cy, Cort1) = O(nl¥/2l) [54], while the above argument does not give any
non-trivial bound. In this case, the lower bound construction is obtained by blowing
up every other vertex of C;, which is far from regular. It is a natural question to ask
whether rex(n, Cy, Cor11) is significantly smaller in this case. We can answer this
question in the negative.

Proposition 4.4. If3 < { < 2k + 1 is odd, then rex(n, Cy, Copy1) = O(nl¥/2),

So far, we considered only the order of magnitude of rex(n, H, F). Let us
turn to exact and asymptotic results. As shown in [11,12], for & > 3 we have
rex(n, K1) = (1 4+ o(1))|E(T(n,k))| (we have rex(n, Ky11) = |E(T(n,k))| if k
divides n). The exact value of rex(n, K1) was determined for all sufficiently large
n in [50]. Forbidding K3 is very different from forbidding larger cliques in the regular
Turan problem. If n is even, then T'(n,2) is the regular n-vertex triangle-free graph
with the most edges. If n is odd, then a regular n-vertex triangle-free graph with
the most edges is obtained by deleting some edges of an n-vertex blow-up of Cs, as
shown in [11,12].

Given H with y(H) < k, there has been a lot of research studying whether
ex(n, H, Kx11) = N(H,T(n,k)) for sufficiently large n. For example, it is the
case when H is a complete “balanced” [-partite graph with 3 < [ < k, see e.g.
[34,35,61]. There have been two types of counterexamples found (where even
ex(n, H, K1) = (1 4+ 0(1))N(H,T(n, k)) does not hold). If H is a very unbalanced
bipartite graph, then an unbalanced complete k-partite graph may contain more
copies of H than the Turan graph. For some graphs H, there are n-vertex Ky -free
graphs that contain more copies of H than any n-vertex complete k-partite graph.
For example, let H be obtained from a path on vertices vy, va, v3, V4, V5, Vg by adding
s additional leaves connected to v, and s additional leaves connected to vs. Then
some unbalanced blowup of C5 contains more copies of H than any bipartite graph,
see [61]. Examples for £ > 2 can be found in [57]. In each of the known constructions,
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most of the vertices of H would belong to two different classes of k-partite graphs,
but they can belong to the same class of the blow-up of another graph. Then that
class has many vertices.

Both counterexamples are very far from being regular. This suggests that maybe
there are no regular counterexamples at all.

Conjecture 4.5. Let k > 3 and x(H) < k. Then,
rex(n, H, Ky11) = (1 + o(1))N(H,T(n,k)). Moreover, if n is sufficiently large and
is divisible by k, then rex(n, H, K1) = N(H,T(n, k)).

We prove Conjecture 4.5 for complete k-partite graphs H.

Proposition 4.6. Let k > 3 and H be a complete k-partite graph. Then,
rex(n, H, Kpy1) = (1 +0(1))N(H,T(n,k)). Moreover, if n is sufficiently large and
is divisible by k, then rex(n, H, K1) = N(H,T(n, k)).

We also prove that the moreover part of Conjecture 4.5 holds in the case k = 2.
In the case n is odd, the situation is very different, but we can describe the structure
of the extremal graph.

Proposition 4.7. Let H be a bipartite graph. If n is even and sufficiently large, then
rex(n, H, K3) = N(H,T(n,2)). If H is a tree and n is odd and sufficiently large,
then rex(n, H, K3) = N (H,G*), where G* is a reqular graph obtained by deleting
some edges of an n-vertex blow-up of Cs.

Finally, we determine the exact value for rex(n, K3, P;), when n is large enough
and P, is a path on k vertices. To ease the notation and describe the extremal
graphs, we first define some graphs for each fixed value of k. In case k is even, let
Gi_1 denote the graphs obtained from Kj_; by removing the edges of a triangle-free
2-regular subgraph, i.e., the union of vertex-disjoint cycles of length more than 3
such that the total length of the cycles is k — 1. Also, let G5 := Ko — M, a
clique on k — 2 vertices in which a perfect matching is removed. Observe that each of
the above graphs is (k — 4)-regular and Py-free. If k is odd, let G),_; := Kj_1 — M,
a clique on k£ — 1 vertices in which a perfect matching is removed. Note that
N(K;3,Gy4) = 8(]“/?;1) +3—Fk/2 for any graph Gy_1 € Gy_1, N (K3,Gr_2) = 8("7/?1)
and N (K3,G)_;) = (k—1)(k —3)(k —5)/6 = 8((]“731)/2). One can obtain these
computations from the fact that the complements of these graphs contain no triangles,

the degrees of their vertices and the following formula that is basically proven by
Goodman [55].

N(K3,G) + N (K3, G) = <Z) — % Z deg(v)(n — 1 — deg(v)),
veV(G)

where G denotes the complement of G. Recall that H U F denotes the disjoint union
of two graphs H and F', and by mF' we mean m disjoint copies of the graph F'.

Theorem 4.8. Let P, be a path on k vertices and n be large enough. Then:
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k—1
1. If (k — 1)|n, then rex(n, K3, P,) = ’ n 1( 3 ), and the unique extremal

graph is "5 Kp_1.
2. Assume that (k — 1) t n, k > 6 and either k — 2 divides n or k is odd. Let

k—2
n=a(k—2)+bwithb < k—2. Thenwehaverex(n,Kg,Pk):(a—b)( 5 )—l—

3. If
n

6 is even, and n is neither divisible by k — 1 nor by k — 2. Let

E
Sb( ; ), and the unique extremal graph is (a — b)(Ki_2) U bG)_;.
k >
=a(k—3)+b, withb <k —3. Then

rex(n, K3, Py) = (a—{(—|b/2]) (k ; 3) +UN(K3,Gr_2)+ |b/2| N (K3, Gr_1),

and the extremal graphs are formed by adding |b/2] graphs from Gy_y to
(a—€—1b/2|)Ky_3 ULGy_o, where £ =0 if b is even and ¢ = 1 otherwise.

4. If neither 3, nor 4 divides n, then rex(n, K3, Ps) = |n/3| — 1, and the unique
extremal graph is formed by adding a Cy or a C5 to (|n/3] — 1)Kj;.

In all the cases not listed above, rex(n, K3, P;) = 0.

In Section 4.2 we present some preliminary results that will serve as tools in the
proofs. Section 4.3 is devoted to the proofs of the general results that rather concern
the behavior of the function rex(n, H, F') compared to ex(n, H, F'). Finally, Section
4.4 contains the proof of Theorem 4.8.

4.2 Tools

We will use the following well-known theorem of Erdds and Sachs [29].

Theorem 4.9 (Erdds and Sachs [29]). For every r and g, there exists an r-reqular
graph of girth at least g.

In fact we rely on the following simple corollaries of the above theorem.

Lemma 4.10. (i) For any r and k, if n is sufficiently large and nr is even, then
there is an n-vertex r-regqular graph with girth at least k.

(ii) For any r, k and i, if n is sufficiently large and nr — i is even, then there is
an n-vertex graph with girth at least k that contains i vertices of degree r — 1 and
each other vertex has degree r. Moreover, we can have that the vertices of degree
r — 1 are at distance at least k — 1.

Proof. Let us start by proving (i). We know such a graph G exists on m vertices
for some m. If r is even, we take r/2 vertex-disjoint copies of G; and remove an edge
from each. We add a new vertex and connect it to the endpoints of the removed
edges. The resulting graph G satisfies the desired properties on %5* + 1 vertices. For
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each n > rm?, we can write n as a(“5* 4+ 1) + bm, thus we can create an n-vertex
graph by taking vertex-disjoint copies of (G; and Gj.

If r is odd, since nr is even, we must have n is even. In this case, we take r
vertex-disjoint copies of G; and remove an edge from each. We add two new vertices
u, v and connect u to one of the endpoints of each removed edge and v to the other
endpoint. The resulting graph G, satisfies the desired properties on rm + 2 vertices.
For each even n > r*m, we can write n as a(rm + 2) + bm, thus we can create an
n-vertex graph by taking vertex-disjoint copies of Gy and GY.

We continue with the proof of (ii). If 7 is even, we take a graph guaranteed by
(i) and remove i/2 independent edges such that the endpoints of these edges are
at distance at least k — 1. If n is sufficiently large, we can greedily find such edges.
Indeed, we take an edge uivy, then at most 2r — 2 other vertices are adjacent to u or
v, and at most 2(r — 1)’ vertices are at distance j from u or v. Altogether there are
at most 2(r — 1)* vertices at distance at most k — 1 from u or v. We take a vertex
uy different from those at most 2(r — 1)* vertices and an arbitrary neighbor vy of u,.
Repeating this, we can find i/2 edges if we can pick a vertex u;, that is not among
the ¢ — 2 vertices picked earlier and the at most (i — 2)(r — 1)¥ vertices at distance at
most k — 1 from the vertices picked earlier. In other words, we can pick the desired
edges if n > i — 2+ (i — 2)(r — 1)*. Note that the distance of u; and v; is at least
k — 1 after removing the edge wu;v; because of the girth condition.

If 7 is odd, observe that both n and r are odd. Let G3 be an (r — 1)-regular
m-vertex graph for some odd m, with girth at least k. Let G4 be an r-regular graph
on m’ vertices for some m’ sufficiently large with girth at least k. Note that G3 and
G4 exist by (i). We take (m —i)/2 copies of G4 and remove an edge from each. This
way we obtain m — i vertices of degree r — 1, we connect each of them to a different
vertex of (G3. The resulting graph has exactly i vertices of degree r — 1 and each
other vertex has degree 7.

In each of the above constructions, we removed an edge uv from some copy of a
graph of girth at least k, then we added some edges incident to u and v and outside
vertices. After removing uv, the distance of u and v becomes at least k — 1, thus
this way we do not create cycles of length less than k.

The i vertices of degree r — 1 (in the copy of Gi3) can be chosen to be at distance
at least k — 1, by a similar reasoning as in the case ¢ is even. O]

Corollary 4.11. For any sequence (a,) of positive integers with a, = w(1), we can
take for every sufficiently large n an n-vertex graph G, that satisfies the assumptions
of Lemma 4.10 with r < a,, and r = w(1).

The following observation is a simple corollary of Hall’s theorem, which will be
used in our proofs.

Observation 4.12. For every k < n, there exists a k-reqular bipartite graph with
both parts of order n.

A theorem of Andréasfai, Erdds, and Sos [4], states that a non-bipartite triangle-
free graph on n vertices contains a vertex of degree at most 2n/5. Using this, we
prove a stability result on rex(2n + 1, K3), which may be interesting on its own.
When we talk about V;; in the statement or the proof, then + is meant modulo 5.
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Lemma 4.13. Let G be a d-reqular n-vertex triangle-free graph with n odd. Let d >
2n/5 — o(n). Then V(G) contains disjoint sets Vi, ... Vs such that |V;| = n/5 — o(n)
and from V; there is no edge to V;, Viio and Viys, and n/5 — o(n) edges go to Viyq
and Viiq. In particular G is obtained by deleting some edges of an n-vertex blow-up

Of Cg,.

Proof. Observe that G cannot be bipartite, thus d < 2n/5 by the result of Andrésfai,
Erdés, and Sos [4]. Let Coxyq be a shortest odd cycle in G and C' be a copy of Cogy1.
Then every vertex outside C' is adjacent to at most two vertices of C'. This implies
that there are at most 2(n — 2k — 1) edges between C' and the other vertices. On
the other hand, there are at least (2k + 1)d — (2k 4+ 1) > 2(2k + 1)n/5 — o(n) edges
between C' and the other vertices by our assumption on the degrees of the vertices
of C' (which is d). Here we use that there are 2k + 1 edges inside C, since it is the
shortest odd cycle and so does not have any chords.

This shows that k£ < 2. Since G is triangle-free, we have k = 2. Furthermore,
n — o(n) vertices outside C' have two neighbors in C, otherwise there are at most
2(n —2k—1)—Q(n) < (2k+ 1)d — (2k + 1) edges between C' and the other vertices.
Let vq,...,v5 be the vertices of C' in the cyclic order. Observe that no vertex can be
adjacent to both v; and v; 41, thus n — o(n) vertices are each, for some 7, adjacent to
v; and v; 2. We place those vertices to Viy1. Let U = V(G)\ (ViU VLU VUV, U V),
then |U| = o(n).

Let u € V;. As u has a common neighbor with every vertex of V;, Vi, and Vj 3,
there are no neighbors of u in V; UV, 5 UV, 3, thus all the neighbors of u are in V4
and Viy4 and U. In particular, |Viii| 4+ |Visa| > 2n/5 — o(n). This holds for every
non-adjacent pair of classes. If |V;| < n/5—an, then |V a|, |[Viis| > n/5+an—o(n).
Then |Vij1] + |Visa| < 2n/5 — an — o(n), thus a = o(1), completing the proof. [

4.3 General results

In this section, we provide proofs of Theorems 4.2 and 4.3, and Propositions 4.4,
4.6 and 4.7. Let us start with the proof of Theorem 4.2. Recall that it states that
rex(n, H, F) = ©(n!VU) if and only if F is not a subgraph of a blow-up of H.

Proof of Theorem 4.2. If F is a subgraph of a blow-up of H, then rex(n, H, F') <
ex(n, H, F) = o(n/V@!) where we use Theorem 4.1. Assume now that F is not
a subgraph of any blow-up of H. If H is the empty graph, the statement follows.
Observe that otherwise, since each bipartite graph is a subgraph of the (sufficiently
large) blow-up of a single edge, we also have that F' has chromatic number at least 3.
We can also assume that there are no isolated vertices in F'.

In the analogous statement for ex(n, H, F'), this is the trivial direction, as the
blow-up H(m) with m = |n/|V(H)|] is F-free and contains Q(n!" )} copies of H.
However, we have two problems here: the first is that H(m) is not regular if H is
not regular, and the second is that we may need to add some vertices of degree 0 to
obtain an n-vertex graph.

Let A be the largest degree in H. Let H; be a graph with girth more than
3|V (F)| that has a set S of i vertices of degree 2A and all the other vertices of degree

46



2A + 1, such that the vertices of S are of distance at least |V (F')|. Such a graph
exists by Lemma 4.10 where the number of vertices is large enough compared to A
and |V (F)|, but constant compared to n.

For each 1 <7 < A and each vertex v of H of degree i, we take a copy of Hont1_;
and join v to the 2A + 1 — ¢ vertices of this copy of degree 2A. This way we obtain
a (2A + 1)-regular graph H' on constant many vertices.

Claim 4.1. The blow-up H'(m) is F-free for any m.

Proof of Claim. We can assume that m is large enough compared to |V (F)|. Let
us assume that there is a copy of F' in H'(m), that we will denote with F™*. Let
H* denote an arbitrary copy of an H; in H’, for some i. Let Fy denote a connected
component of the intersection of F* with the blow-up of H*. Observe that Fj is
bipartite, since any cycle inside Fy has length at most |V (F)| and any cycle inside
H* has length at least 3|V (£F)|. Also observe that Fiy contains at most one vertex of
S. Indeed, otherwise Fy would contain a path between two vertices of S inside H*,
but such a path contains more than |V (F')| vertices, a contradiction. Let u be the
vertex of H that is joined to v in H' and «' be an arbitrary neighbor of u in H.
Now we can delete Fy and embed it to the complete bipartite graph between the
blow-ups of v and u, using only vertices that were not in F*. This can be done
since Fj is bipartite and m is large enough. We repeat this for every subgraph of F
outside H(m). At the end, we obtain a copy of F'in H(m), a contradiction. O

Let us return to the proof of the theorem. We are done if |V (H’)| divides n, as we
can pick m to be n/|V(H')|. To prove the theorem for every n, we do the following.
Let H" denote the vertex-disjoint union of H'(2m) and Cojy(py4+1((2A 4 1)m). Note
that H" is F-free, since every subgraph of Cojy(py4+1((2A + 1)m) on at most |V (F)|
vertices is bipartite. If there is a copy of F'in H”, then the components that are in
Copv(m))+1((2A 4 1)m) are bipartite, and hence could be easily replaced by copies in
H'(2m) (we can find such copies in the blow-up of any edge). This way we find a
copy of F' in H'(2m), a contradiction.

Clearly, H” is 2(2A + 1)m-regular for any m, and the number of vertices have the
same parity as m. Let us pick the largest m such that n — |V (H")| is even. Observe
that n — [V (H")| is a constant. Now we modify the Cyjy () +1((2A 4 1)m) subgraph.
Note that this is similar to the way the odd cycles were modified in [12].

Let Ay, ..., Agjy(r)4+1 be the blown-up parts of the cycle in this order. We take a
pair of neighboring parts, say A; and A;,q, and add b = (n — |V (H")|)/2 vertices
to each of A; and A;;1. We add them in such a way that we still have a complete
bipartite graph between any pair of consecutive blown-up parts A;, A;;1, i.e., we
connect the new vertices of A; to each vertex of A; ; and A; 1, and connect the
new vertices of A;,1 to each vertex of A; and A;, 5. Then we remove the edges of a
spanning bipartite graph B between A;_; and A; such that each vertex of A;_; has

degree b and each vertex of A; has degree {%J or {%-‘ in B. This

can be done the following way. We cover A; by |A;_1| sets of size b (each of them
are the b neighbors of a vertex in A;_;), such that each vertex of A; is covered by as
equal as possible number of such sets. Then we take a bijection between the vertices
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of A;_1 and these sets, and delete the edges between the vertices of A; ; and the
vertices of the sets they are mapped to.

We remove the edges of a copy of B between A;,; and A;. 5 as well such that the
vertices of degree b are in A; 5.

At this point the vertices outside A; and A, have degree 2(2A + 1)m. The part

A; consists of a set A} of vertices of degree 2(2A + 1)m + b — L(éiﬁr—f)mfbj and a
(2A+1)mb
(2A+1)m+b

of a set A, of vertices of degree 2(2A + 1)m +b — L%J and a set A} ; of

set A7 of vertices of degree 2(2A + 1)m + b — { —‘ . Similarly, A, consists

vertices of degree 2(2A + 1)m + b — {%

construction, we have that |A]| = |A; ,|. We pick a perfect matching M’ between A
and A;,,, and extend it to a perfect matching M between A; and A;;;. We delete
the edges of M.

Then the resulting graph between A; and A;,1 is 2(2A+1)m+b—1-regular, thus we

can delete matchings between A; and A, till we obtain a <(2A +1)m + {%J >_

regular graph between A; and A, ;. After that, we add the edges of M that are

not in M’. Observe that vertices of A} have <(2A +1)m+ L%J) neighbors

-‘. Observe that by the analogous

(2A+1)m—+b
more neighbor in A; 1 and one less neighbor in A; ;. The same holds for vertices in
A;11. Let G denote the resulting n-vertex graph. Then G is 2(2A + 1)m-regular and
contains at least m!"VUDI = @(nlVUD) copies of H, completing the proof. n

in A;11 and (2A +1)m — LMJ neighbors in A; ;. Vertices of A have one

Let us continue with the proof of Theorem 4.3. Recall that it states that
rex(n, K3, F') = O(n) if and only if F' is an extended friendship graph.

Proof of Theorem 4.3. 1f F'is an extended friendship graph, then rex(n, K3, F') <
ex(n, K3, F) = O(n).

Assume that F' is not an extended friendship graph. Then it either contains
two vertex-disjoint triangles or a longer cycle C with k£ > 4. In the first case, we
take the Ks-free graph on n — 1 vertices with regularity r = 2(n) due to Caro and
Tuza [12]. In particular, it contains an induced copy K of K, /3,/2. We remove
a perfect matching from K, and add a new vertex v, connected to the vertices of
K. The resulting graph is r-regular, and contains r?/4 triangles that all contain v,
completing our proof.

Let us assume now that F' contains C%. Let n be sufficiently large. We pick
r = w(1) such that r is small enough to have a 2r-regular graph of girth more than
3k? on m vertices whenever m > 11n/36 and such that n > r3IVl We take an
r-regular m-vertex graph Gy of girth at least 3k% where m = |n/4], using Corollary
4.11. We consider G¥ as an auxiliary graph. Recall that the kth power GE of a graph
(G is obtained by joining vertices of distance at most k.

It is easy to see that G is r'-reg, where ' =r+r(r —1)+---+7r(r — 1)*1. We
take a proper 7’ + 1-edge-coloring of G&. Since Gy is a subgraph of G, we obtain
a proper edge-coloring of GGy. For each color 7, we partition the edges of color i to
some number of r-sets and a set of order at most . For each such set, we add a new
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vertex and connect it to the at most 2r vertices that are incident to those at most r
edges. This way we obtain G;.

The vertices of Gy have degree r in G, thus they are incident to edges of r colors,
hence their degree is 2r in G;. The newly added vertices have degree 2r, except
r" + 1 vertices, that are connected to the endpoints of less than r edges. Let us
assume that the sum of degrees in Gy is 21|V (G;)| — £. Note that ¢ is even since each
vertex has an even degree and at most 2r(r’ +1). There are rm edges from V(Gy) to
V(G1) \ V(Gp) and at least 2r(|V(G1) \ V(Go)| — r" — 1) edges from V(G;) \ V(Go)
to V(Gy), thus [V(G1) \ V(Go)| < F + 7"+ 1, hence V(G1) < 3n/8 + O(1) < 4n/9.

Now we make G regular. We take a copy of a 2r-regular graph G{, and remove
¢/2 independent edges the following way. First we delete an arbitrary edge wujv;.
The number of vertices at distance at most |V(F)| + 1 from u; is at most r” =
2r +2r(2r — 1) 4+ - +2r(2r — 1)VEI+L Then we pick a vertex uy that is at distance
at least |V(F)| + 1 from w; and a neighbor vy of uy. Then we delete the edge uyvy
and these four vertices are at distance at least |V (F')| from each other. We repeat
this, always picking vertices u; that are at distance at least |V (F)| + 2 from each of
Ui, ..., u;_1. This is doable if £r” < m, which holds by our assumption on r.

The resulting graph @), is of girth more than k with a set S of ¢ vertices of degree
2r — 1 and all the other vertices of degree 2r. The vertices of S are at distance at
least |V (F')|. We join each vertex v of G to 2r — d(v) vertices of degree 2r — 1 in
this new graph. The resulting graph G is 2r-regular on at most 25n/36 vertices.

Finally, we add a 2r-regular graph of girth more than k on n — |V (G5)| vertices.
This exists by the choice of r. O]

Now, we turn to the proof of Proposition 4.4. Recall that it states that if
3 < £ < 2k + 1 is odd, then rex(n, Cy, Copy1) = O(nl/2).

Proof of Proposition 4.4. The upper bound is shown by ex(n, Cy, Capy1) = O(nl¥/2])
in [54].

Let us turn to the lower bound. We start with an unbalanced blow-up of Cy,
where we blow up (¢ — 1)/2 independent vertices to m-sets, and keep the other
vertices (note that this construction shows the analogous bound for ex(n, Cy, Cor11),
but it is far from regular). Let H denote this graph, then the largest degree is
2m in H. We take two vertex-disjoint copies of H, denoted by 2H. We add sets
Aq, As, ..., Ay of new vertices of order 2m — 2. We take two blown-up parts A and
A’ of order m of 2H arbitrarily. We add sets Ay, Ao, ..., Ao of new vertices of order
2m — 2. We take all the possible edges between A and A;, then an m-regular graph
between A; and A;;; for each i < 2k — 1 (this exists because of Observation 4.12),
and then take all the possible edges between Ay, and A’. It is easy to see that each
vertex of A, A" and each A; has degree 2m and no Cs4q is created this way. We
repeat this by taking 4k(m — 1) new vertices as long as there are at least two blown
up classes of order m in 2H.

We are left with several vertices of degree 2m and exactly two adjacent vertices
u,v and u’,v" of degree m + 1 in both copies of H (they are the adjacent vertices of
the original (-cycles that were not blown up). We take sets B, B’ of order m — 1 and
By, ..., By of order 2m — 1. We take all the edges between v and B and between
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B and B;. Then we take an (m + 1)-regular graph between By, and By;,s, for
each 0 <i <k —1, and an (m — 1)-regular graph between By; and By; 1, for each
1 <i <k — 1. Finally, we take all the edges between By, and B’ and between B’
and v. We do the same to deal with u’ and v’ in the other copy of H.

It is left to add n — |V (H')| vertices without ruining these properties. Observe
that we added at most 16¢km vertices to H. We pick m to be the largest odd number
below [n/40k(], thus H' has at most n/2 vertices. If n— |V (H’)| is even, we can pick
a bipartite 2m-regular graph on those vertices, completing the proof. If n — |V (H')|
is odd, we additionally pick a copy of Coxi3(m), and then pick a bipartite 2m-regular
graph on the remaining vertices, completing the proof. O]

Let us continue with the proof of Proposition 4.6. Recall that it states that if H is a
complete k-partite graph and k > 3, then rex(n, H, Kx11) = (1+0(1))N(H, T (n, k)),
and without the error term if k£ divides n. Let T%(n, k) denote an arbitrary n-vertex
K. 1-free regular graph with rex(n, Kj,1) edges. Recall that if k|n, then T*(n, k) is
T'(n, k), otherwise it is obtained from T'(n, k) by changing a small number of edges,
as shown in [11,12].

Proof of Proposition 4.6. The lower bound follows from T™(n, k), since as men-
tioned above it is very close to the Turan graph. We will prove the upper bound
for £ > 2. Note that if £ = 2 the case n is even is equivalent to the even case of
Proposition 4.7.

Let H = K, 5 with s; < s9 < --- < s;. For simplicity, we will deal with
labeled copies of H, clearly the same n-vertex Ky, ,-free regular graph maximizes
(asymptotically) the number of labeled copies of H as the number of coples We will
show that for £ > 2, any n-vertex K i-free graph contains at most k! H ( (n/ k))
copies of H. Clearly T'(n, k) satisfies this with equality if k£ divides n, and T * (n k)
gives the correct asymptotics, thus this upper bound completes the proof for other
values of n as well.

We apply induction on £ and on Zle s;. The base case k = 2 follows from
Proposition 4.7 if n is even. Moreover, the exact same proof works for the case n
is odd, without changing a single word (but gives a bound that is not sharp). The
other base case Y1, s; = k follows from Zykov’s theorem [95], which states that
ex(n, K., Kxy1) = N(H, T(n,k)).

Let G be an n-vertex Kji-free r-regular graph, then r < (k — 1)n/k by Turan’s
theorem. We consider two cases. Assume first that s; = 1 and let H' be the graph
we obtain by deleting the first class from H. Then we first pick a vertex v of GG corre-
sponding to the single vertex in the first class, at most n ways. Then we pick a labeled
copy of H' in the neighborhood of v, at most (k—1)! H?:g ( (r/ (k= 1))) by the induction

on k. This way we picked the labeled copies of H at most n(k — 1)! T[*_, ( T/(k Dy <
nkl /R TT, (F7007Y) = RIE T, (0F) = RO T, ()

Assume now that s; > 1 and let H” be the graph we obtain by deleting a K}, from
H. We first pick an unlabeled copy K of K}, then a labeled copy of H” from the
remaining vertices, and then add the labels to the vertices of K. By Zykov’s theorem,

the number of unlabeled copies of K} is maximized by the Turan graph thus it is

at most n*/k*. The number of labeled copies of H” is at most k! Hle ( "S fl/k) by

50



induction on Zle s;. Afterwards, we add the vertices of K to the vertices of H”.
Observe that each vertex of K has a copy of Kj_; in their neighborhood in H”. As G
is K 1-free, the vertices of a Kj_; cannot be adjacent to two adjacent vertices. This
implies that each copy of Kj_; has at most one common neighbor in K. Therefore,
each vertex of K can belong to at most one of the classes of H. This means that
the number of labels the vertices of K can receive is at most Hf 1 Si, hence the
number of labeled copies of H is at most H kk k! HZ L ”Sil/k) k! Hl . (”/k)

This completes the proof. O

Let us continue with Proposition 4.7. Recall that it extends the above proposition
to the case k = 2 if n is even. If n is odd, then it deals with the case H is a tree
and claims that the extremal graph G* is a regular graph obtained by deleting some
edges of a blow-up of Cs.

Proof of Proposition 4.7. Let n be even, consider a component Hy of H and
an ordering of the vertices of Hy such that each but the first vertex has an earlier
neighbor. Such an ordering exists by first picking an arbitrary vertex and then each
time picking a neighbor of a vertex already picked.

Let G be an n-vertex r-regular triangle-free graph, then r < n/2. Moreover,
either G is bipartite (with both parts of order n/2, thus G is contained in T'(n, 2),
completing the proof), or r < 2n/5. Assume that r» < 2n/5. There are at most n
ways to pick the first vertex and at most 2n/5 ways to pick each subsequent vertex.
In T'(n,2) there are n and (1 + o(1))n/2 ways to do this. The copies of Hy may be
counted multiple times, but the number of times is a fixed constant ¢ depending
only on the automorphisms of H and not the host graph. Therefore, G contains
at most 2 (2")|V (Ho) |/c while T'(n, 2) contains (2 + o(1)) (2 )lv (Ho) |/c copies of H.
Then we pick the other components of H. Similarly, there are more ways to pick
each component in 7'(n, 2) than in G if n is large enough. Therefore, T'(n,2) contains
more copies of H for sufficiently large n, completing the proof.

Assume now that n is odd and H is a forest. Let G be an n-vertex r-regular
triangle-free graph, then r < 2n/5. Moreover, by Lemma 4.13, either G is obtained
by deleting some edges of an n-vertex blow-up of Cs, or r < 2n/5 — en for some
e > 0. In the first case, we are done. In the second case, we can proceed similarly to

the argument in the case where n is even. G contains at most 2 (2% — en))‘v(Ho)‘ /c
copies of Hy, while G* contains 2 (2”) |V (Ho)l /c copies of Hy. The same holds for other

components, thus G* contains more copies of H for sufficiently large n, completing
the proof in this case. n

4.4 Triangles and Paths

Here, we prove Theorem 4.8. First, let us mention some results that will be used.
By a theorem of Erdés and Gallai [28], if a connected graph has at least k vertices
and minimum degree |k/2], then it contains a P,. Gerbner, Patkos, Tuza and
Vizer [50] gave the exact value of regex(n,T') for any tree T" and large n. Note that
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regex(n, F') = max{d : there is an n-vertex, d-regular, F-free graph G}. Clearly
we have that 2 - rex(n, F)) = n - regex(n, F).

Theorem 4.14 (Gerbner, Patkos, Tuza, Vizer [50]). Let T be a tree on t vertices
and n > no(T). Then

t—2 if (t—1)|n or T is a star and t or n is even,
t—3 if the above fails, and either t is odd, or (t — 2)|n,

regex(n,T) = _ , .
or T is a star or T is an almost-star and n is even.

t—4  otherwise.

A tree is an almost-star if in its proper 2-coloring, one of the classes consists of
at most two vertices (thus a path on at least 6 vertices is not an almost-star).

Now we are ready to present the proof of Theorem 4.8, which determines
rex(n, K3, Py) if k > 7 and n is sufficiently large.

Proof of Theorem 4.8. Let G be an n-vertex r-regular Pj-free graph containing
the maximum number of triangles. Observe that each vertex of G is in at most (;)
triangles, and hence N'(K3, G) < 2(1), with equality only when each vertex is in a
clique K, ,1. Note that in each of the constructions described in the introduction, the
r-regular n-vertex graph contains n/(r + 1) — O(1) copies of K, 1, hence contains
%(;) — O(1) triangles. This implies that, for large n, a graph with smaller regularity
cannot contain more triangles than our construction. Therefore, r is at least the
regularity of the claimed unique construction. Using Theorem 4.14, in each of the
cases we know that r is at most the regularity of the claimed unique construction,
and it is left to show that no other r-regular graph can contain at least as many
triangles as our construction, in each case.

As G is P-free, we have r < k — 2 by Theorem 4.14. Therefore, N'(K3,G) <
%(k;2) = ﬁ(kgl), with equality only when (k — 1)|n and G is n/k — 1 disjoint
copies of Kj_1, proving the first case. If n is not divisible by (kK — 1) and r = k — 2,
then by Theorem 4.14 we have that Py is a star, i.e., k < 3. Consequently, r < k — 2.

In the second case, we have k is odd or k — 2 divides n and we can assume
r =k — 3. We can write n as a(k — 2) + b, where 0 < b < k — 3. Since k > 6, we
have k — 3 > k/2, and hence, by the result of Erdgs and Gallai, each component
has at most k — 1 vertices. Thus, each component is either a K;_» or G}_,, for
these are the only (k — 3)-regular graphs on at most k — 1 vertices. This means

G = 2Ky + yG)_, which gives z(k — 2) + y(k — 1) = n = a(k — 2) + b, implying
y=a'(k—2)+0b, whered =a—2z—y.

If y > b, then o’ > 1, and hence, y > (k — 2) + b, then we can replace k — 2
copies of G},_; by k — 1 copies of Kj_o, increasing the number of triangles as
N (K3, K—2) > N(K3,G)_,), contradicting the choice of G. Also, if y < b, then as
k —2 > 0, we must have a’ < 0, which implies y < 0, a contradiction. Therefore,
y = b and x = a — b, which proves the second case.

Note that if &k is even, then Kj_; does not contain a perfect matching, and hence,
if (k —2) tn, then r < k — 3, leading to the third case.
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Assume now r = k — 4 and k > 6 is even. We can write n as a(k — 3) + b,
where 0 < b < k — 4. First recall that each graph in G,_; contains the same
number of triangles. By the same reasoning of the previous case, we may assume
that G consists of ©Kj;_3 + yGi_o and z copies of graphs from G,_;. This gives
x(k—=3)4+ylk—2)+z2(k—1)=n=a(k — 3) + b, implying

2z>d'(k—3)—y+0b, whered =a—z—y— 2.

Note that N'(K3, Ki_3) + N (K3, Gp_1) > 2N (K3, Gi_»), for any graph Gy_1 € Gp_1,
and hence, whenever there are two copies of G;_5 in G, we can replace them by a
copy of Kj_3 and a copy of Gj_1, increasing the number of triangles. Therefore,
we have that y is either 0 or 1. If z > |b/2], then we have a’ > 1, which means
2> (k—3)/2—y/2+b/2. If bis even we may assume y = 0, and hence, in both
cases of b being odd or even, we still have z > [(k — 3)/2] + [b/2]. We can then
replace [(k — 3)/2] copies of Gy_1 by |(k —1)/2] copies of Kj_3 and a copy of G_s,
increasing the number of triangles, which contradicts the extremality of G. Again,
due to compatibility of the number of vertices, z cannot be less than [b/2], proving
the third case.

Finally, if & = 5, the only connected regular P-free graph with regularity at
least 3 is K. In the case of regularity 2, the only connected 2-regular graph that
contains a triangle is K3. If 3 does not divide n, we need to add at least one longer
cycle to a graph consisting of vertex-disjoint triangles. If &k = 4, the only connected
regular Py-free graph that contains a triangle is K3, thus if n not divisible by 3,
then rex(n, Py) = 0. In the remaining cases k < 3, the triangle contains Py, thus
rex(n, P,) = 0, completing the proof. H
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Chapter 5

Generalized planar Turan numbers
related to short cycles

5.1 Introduction

In this chapter, we study some generalized planar problems. We consider triangle-
free planar graphs and count cycles of lengths 4,5 or 6. Similarly, we determine
the maximum possible number of triangles in planar graphs when such a cycle
is forbidden. As mentioned in Chapter 1, the generalized version of the planar
Turan numbers, exp(n, H, F), were introduced by Gyéri, Paulos, Salia, Tompkins
and Zamora [62| in 2021. Interestingly, maximizing the number of copies of a
given subgraph H in planar graphs can be viewed as a special case of generalized
planar Turan problems by taking 7 = (). Such a problem has been studied much
earlier. In 1979, Hakimi and Schmeichel [66] determined the maximum number of
triangles and 4-cycles in planar graphs. Alon and Caro [1| determined the maximum
number of copies of Ky, in planar graphs. Gyéri, Paulos, Salia, Tompkins and
Zamora [63] determined the maximum number of 5-cycles in planar graphs, proving
that exp(n, Cs,0) = 2n? —10n + 12, for every n = 6 or n > 8. Although exact results
for longer cycles are not known, Cox and Martin [18] developed a general technique
to count subgraphs in planar graphs, and conjectured that the maximum number
of an even cycle Cy, is asymptotically (n/k)*. This conjecture was proved by Lv,
Gyori, He, Salia, Tompkins and Zhu [80].

Theorem 5.1 (Lv et al. [80]). For every k > 3, exp(n, Co, 0) = (%)k + o(n*).

Another direction of research is maximizing the number of induced subgraphs in
planar graphs. Ghosh, Gydri, Janzer, Paulos, Salia, Zamora [52|, and independently
Savery [87], determined the maximum number of induced 5-cycles in planar graphs.
Savery [86] extended this to induced 6-cycles.

Now, let us state our results that we prove in this chapter.

-2
Theorem 5.2. For everyn > 4, exp(n,Cy, C3) = (n 5 ), and the unique extremal

graph is Ky, _s.
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-2
Theorem 5.3. For everyn > 5, exp(n,Cy, Cs) = (n 5 ) Furthermore, forn =5,

the extremal graphs are Ko ,,_o, Ko+ K9, K4U K; or K4 with a pendant edge, and
forn > 6, the extremal graphs are Ks,_o or Ko+ K,,_5.

Note that for n = 4, we trivially have exp(n, Cy, C5) = 3, and K is the extremal
graph.

Theorem 5.4. For every n > 4, we have exp(n,Cs,Cy) < %(n — 2), and this bound
18 sharp for infinitely many values of n.

The following theorem is a bit different, as we determine the maximum number
of triangles in Ky-free planar graphs.

Theorem 5.5. For every n > 3, we have exp(n,Cs, Ky) < %n — 6, and this bound
1s sharp for all n divisible by 3.

Theorem 5.6. For everyn > 5, exp(n,Cs,C3) = |(n—3)/2] - [(n — 3)/2].

An extremal graph for exp(n, Cs, C3) can easily be seen to be a Cs on which two
non-adjacent vertices are blown-up in a balanced way. Somewhat surprisingly, there
are many other extremal graphs.

For each n > 5, define a class J,, of n-vertex planar graphs as follows. Take a
regular pentagon, replace one of its vertices, x, by an independent set of vertices C,
and replace the edge yz opposite to x by a tree with color classes A and B, such
that |C| and |A U B| — 1 are as equal as possible (see Figure 5.1(a)). We prove the
following stronger theorem.

Theorem 5.7. For every n > 5, exp(n,Cs,C3) = [ (n—3)/2] - [(n —3)/2], and T,

15 the set of all extremal graphs.

In the other direction, maximizing the number of triangles pentagon-free graphs,
we prove the following theorem.

Theorem 5.8. For every n > 11, exp(n,C3,Cs5) < L%J, and this bound is sharp
for infinitely many values of n.

Then, we turn to triangles and 6-cycles, and first maximize the number of triangles
in Cg-free graphs.

Theorem 5.9. For every n > 18, exp(n, Cs, Cg) < 35%98, and this bound is sharp
for infinitely many values of n.

Finally, we determine the maximum number of 6-cycles while forbidding triangles,
together with the unique extremal graph achieving the maximum value. Along the
proof, we will be considering the number of paths of length four (i.e. of five vertices)
between two vertices. This is an interesting problem on its own, and we prove a
theorem as follows.
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Figure 5.1: The extremal graphs for exp(n, Cs, C3) and exp(n, Cg, C3)

Theorem 5.10. Let G be a triangle-free planar graph on n > 5 vertices. For any
two vertices u,v € V(G), there are at most (“5*)? — 2 paths of length four connecting
them.

Before stating the next theorem, we present the following construction. For
every n > 6, define a graph H, as follows. The vertex set of H, consists of
{uy,ug,us} U{z1,20} UAUBUC, such that each of these sets is an independent set
of vertices, they are pairwise disjoint, each of the u;’s is adjacent to each of the z;’s,
every vertex in A is adjacent to both of u; and us, every vertex in B is adjacent to
both of us; and us, and every vertex in C' is adjacent to both u; and us. Moreover,
the sizes of A, B and C are as equal as possible (see Figure 5.1(b)). It is easy to see
that H, contains h(n) 6-cycles (nevertheless, we will give an explanation for this in
Section 5.4), where h(n) is defined as follows.

2_24_%2—2714—2, if n=0 (mod 3
h(n) = n_+%2—2n+%, ifn=1 (mod 3

)
w1 - !
L+t 2 ifn=2(mod 3)

)=nh

Theorem 5.11. Let n be sufficiently large. Then, exp(n,Cg, Cs
unique extremal graph is H,.

(n), and the

In fact, Theorems 5.7 and 5.11 are the highlights of this chapter. The proof of
Theorem 5.11 makes it possible to prove the following interesting variant of Theorem
5.10.

Theorem 5.12. Let G be a triangle-free planar graph on n vertices. For any three
distinct vertices uy, us,us € V(QG), the total number of paths of length four joining
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any two of these three vertices is at most 3 (”T“)2 — 6. Moreover, for each n = 2
(mod 3), the graph H,, attains this bound.

In this chapter, some further notation is used. We say that a cycle C' in a plane
graph G is not empty if there are vertices of GG in the region bounded by C, and
C is said to be a separating cycle if there are vertices in both the interior and the
exterior regions of C'. For a separating cycle C of GG, a subgraph H is said to be a
crossing H , if it uses vertices in both the interior and exterior regions of C'. We let
P/(x,y) denote a path P, connecting the two vertices z and y (that is, = and y are
the end points of the path). Given a vertex v, we denote by C;(v) a cycle of length [
that contains v. Besides N (H,G), when the graph G is clear, we also use #H to
denote the number of copies of H.

We will prove the results concerning 4-cycles in Section 5.2. Section 5.3 contains
the proof of the results about 5-cycles and triangles, and in Section 5.4 we give the
proofs of the results related to 6-cycles.

5.2 'Triangles and 4-cycles
In this Section, we prove Theorems 5.2 - 5.5. Let us start with Theorem 5.2

Proof of Theorem 5.2. Obviously, the complete bipartite graph K5, is a planar
triangle-free graph that contains ("52) copies of Cy. Let G be a triangle-free planar
graph on n > 4 vertices. We prove that N'(Cy, G) < (";2), and equality holds if and
only if G'is Ky ,,_o.

The proof is by induction on n. For n < 5 the statement holds obviously. Assume
n > 5. Let Gy be a maximum Kjj subgraph of G. Let {u,v} be the class of Gy of
size two, and {x1,xs,...,zx} be its class of size k. Since G is triangle-free, these
sets are independent in (G, too. Note that the subgraph GGy has k faces each of which
is a Cy. If a face of GGy is not a face in G, i.e. it contains some vertices of GG in its
interior, then there cannot be any crossing Cy,i.e. a 4-cycle that uses vertices from
both the interior and the exterior of the face. Indeed such a crossing C; must use
exactly one vertex within the face, and since G is planar and triangle-free, it must
be of the form yuzv, for some vertex y within the face and z not in the face. Then,
y is a common neighbor of u and v different from z;’s, contradicting the maximality
of Gy. Note that if all the 4-cycles of GG are faces of GG, then due to Euler’s formula,
N([Cy,G)<n-2< (";2) (since n > 5), so we may assume that G contains 4-cycles
that are not faces.

Claim 5.1. If V(G) \ V(Gy) # 0, then G has a separating Cy for which there are
no crossing 4-cycles.

Proof of the claim. If k = 2, then Gy is a Cy and has two faces. We may choose it
to be a separating C}, i.e. both faces are non-empty, since otherwise all the 4-cycles
of G are faces, a contradiction.

If &k > 2, then G has a non-empty face, since V(G)\ V(Gg) # (). Hence, obviously
that face is a separating ;. In both cases the separating Cj is a face of G, and
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hence as explained above, for this separating C, there are no crossing 4-cycles in
G. O

Now, let us complete the proof of the theorem. If V(G) \ V(Gy) = 0, then
k = n—2, G is the graph Ky, » and N(Cy,G) = (”52) Otherwise, G has a
separating C, by Claim 5.1, call it (', for which there are no crossing 4-cycles
in G. Let L be the set of vertices of G in the interior of C, with |L| = [. Let

G1:=G[LUV(C)] and G5 := G[V(G) \ L]. Thus,

N(Cy,G) = N(Cy, G1) + N(Cy,G) — 1
(+4)=2\ [(n—1)—2
;) (")

<
(9-()-
<

)
)—l—l2—|—4l—nl

where the term -1 is to avoid double counting C', the first inequality is due to the
induction hypothesis, and the last one is justified by the fact that n > [+ 5and [ > 1
(since C'is a separating cycle), which gives I?+4l—nl < I?+4]l—(I+5)l = -1 < 0. O

Proof of Theorem 5.3. The mentioned extremal graphs establish the lower bounds.
Let G be a Cs-free planar graph on n > 4 vertices. Observe that a triangle and a Cy
cannot share exactly one edge, since otherwise they would form a C;. Obviously, a
triangle does not share all of its three edges with a Cj.

Claim 5.2. For every triangle T in G, either T has at least one edge not contained
m any Cy, or T is in a Kjy.

Proof. Let T := uvw be a triangle in G that is not in any K of G. Suppose T shares
edges with a 4-cycle C. Then, T shares two edges with C', without loss of generality,
say wv and vw. Thus, C is uvwz, for some vertex x in G. Now, assume that the
edge uw of T is also contained in some 4-cycle C’. If V(C") = V(C'), then C' must
be uwvx, which means V(C') induces a K, in G and T is in a K4, a contradiction.
Otherwise, since C’ contains two edges of T', it contains uw and another edge, say
vw. Hence, C" is uwvy for some y different from x. But then uyvwz is a C5 in G, a
contradiction. O]

We now consider two cases.

Case 1. (G contains a K.

Let K be a copy of a K4 in G. Then, no 4-cycles outside k can use more than a
vertex of K, as otherwise they form a C5. Also, for the same reason, no edge of K is
in a triangle with a vertex not in K. We proceed by induction on n. If n = 4, then
G is a K4 and N (Cy, G) = 3, so the statement is true. Also, for the above reasons, if
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n =5 or 6, each vertex in V(G) \ V(K) can be adjacent to at most one vertex of K.
Thus, the vertices not in K cannot be in any 4-cycles. Hence, N (Cy,G) = 3 < (”;2)

Note that if n = 5 equality holds above, and hence GG can be a K, U K; or a
K, with a vertex joined to one of its vertices. However, for n = 6, the inequality is
strict, which implies that the extremal graph cannot contain a K,. Now, let n > 7.
Then, one of the triangles of K is a separating cycle, denote it by T. Let L be the
set of vertices in the region bounded by T := wvw. Let Gy := G[L U V(T)]| and
Go := G\ L. Let n; = |V(G;)|, for i = 1,2. Note that n; +ns = n+3. We claim that
there is no crossing 4-cycle that uses vertices both of L and of V(G) \ (LU {u, v, w}).
Indeed, such a C; must use one vertex in each side and two vertices of T', which
means an edge of 7', and in turn of K, is in a triangle with a vertex not in K, which
is a contradiction. Thus,

N(Cy,G) = N(Cy, G1) + N(Cy, Gy)

If ny =4, then |L| = 1, say L = {z}. Then, G; contains at most three Cy’s, and
hence x is in at most three 4-cycles. Since n > 7, no = n — 1 > 6, by induction
hypothesis, N (Cy, Gs) < ("2_2) = (";3) Then,

2

N(Cy,G) =3+ N(Cy,Gy) <3+ (”;3) < (";2>

If no = 4, we similarly get the same result. So assume that each of n; and n, is at
least 5. Then, by induction hypothesis, for each i = 1,2, N (Cy, G;) < ("1;2) Thus,

N(Cy,G) = N(Cy,Gy) + N(Cy, Go)
<(") (%)
. <(n1—2)+én2—2)—1> _ (n;Z)

Case 2. (G is K -free.

By claim 5.2, every triangle of G has at least one edge that is not contained
in any C,. By deleting such edges from each triangle, we obtain a triangle-free
subgraph G’ C G without reducing the number of 4-cycles. Thus, applying Theorem
5.2, we have N(Cy,G) = N(Cy, G') < exp(n,Cy, C3) = (",?), which shows that
eXp(n, 04, 05) S eXp(n, 04, 03) = (n;Z)

It remains to show that K, o and K, + K,_o are the only extremal graphs.
Assume G in the above argument has ("52) 4-cycles. Then, the triangle-free subgraph
G’ C G has (";2) copies of Cy, too. Then, again by Theorem 5.2, G’ is isomorphic
to Ko, 9. If |E(G) \ E(G')| > 2, then at least one of the edges of G has its both
endpoints in the partite set of size n — 2, forming a C5, which is a contradiction.
Thus, |E(G) \ E(G")| < 1, and hence, either G = G’ = Ks,,_5 or G has one edge in
the partite set of size 2, which means G = Ky + K, _o. O

Proof of Theorem 5.4. If G is a planar Cy-free graph, then no two triangles in GG
can share an edge, as otherwise a C; would be formed. Then, every edge of G is in
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at most one triangle, which gives
BN(C3,G) < e(G) < exp(n, Cy).

Dowden [19] showed that exp(n, Cy) < £2(n—2), which implies N'(C3, G) < 2(n—2),

and hence,

exp(n, C3, Cy) < g(n -2).

They also provided constructions for every n = 30 (mod 70) that attain exp(n,Cy),
implying the sharpness of their result. In fact, every edge in their extremal graphs
is in a Cj (see Theorem 2 in [19]), and hence they provide graphs that achieve the
stated upper bound in our case as well, implying the sharpness of the bound. O

Figure 5.2: A K,-free graph attaining maximum number of triangles.

Proof of Theorem 5.5. The proof is by induction on n. Let G be a K-free planar
graph on n vertices. We can easily check that the result holds for n = 3,4 and 5, so
assume n > 6. Further, we may assume that G is connected as otherwise we may
apply induction on the components. If every C5 in GG is a face, then using Euler’s
formula, we have N(C3,G) = f=e+2—-n<(3n—-6)+2—n < 7n/3 —6. Let
C be a triangle that is not a face, then it contains vertices both in its interior and
its exterior. Let C contain m vertices inside and n — m vertices outside. Let GG; be
the induced subgraph of G' on the vertices of C' and those in its interior, and G,
be the induced subgraph on the vertices on C' and those in its exterior. Note that
[V(G1)] =m+3,|[V(G2)| =n —m and C is the only triangle that is in both of G,
and (GG5. Applying the induction hypothesis, we obtain

N(Ca, G) = N(Cy Gr) + N(C, Go) — 1

< <§(m+3)—6>+<§(n—m)—6) —1

The sharpness of the bound is shown by the following construction. Starting from
a triangle, insert a triangle inside and in the region between the two triangles join

61



all the vertices via a 6-cycle, keeping the graph planar. Now, we obtain G} from
G} by inserting a triangle in a face of Gy (all of which are triangles) in the same
way, as shown in Figure 5.2. It is not difficult to show that for all k, G}, is Ky-free.
Indeed, G is just a triangle. Assume G}, is Ky-free. Suppose G, contains a Kj.
This K, cannot contain vertices of the triangle added at the last step to build Gy
from Gy. For it cannot be only one vertex, since none of the new vertices has degree
three in Gy, it cannot be an edge of the newly added triangle, as we do not join it
completely to two vertices of the boundary of the face we put it in, and finally it
cannot be the hole triangle, as we do not join a vertex of GGy to all vertices of the
new triangle. Thus, the K, must be entirely contained in Gy, a contradiction. [

5.3 'Triangles and Pentagons

In this section we prove Theorem 5.7 and Theorem 5.8. For the first one we follow a
similar idea as in the proof of Theorem 5.2. Basically, given an n-vertex graph G we
take a subgraph GG that is a slight modification of a member of 7,,, and then prove
that G has the maximum number of C5’s if Gy contains all vertices of GG. First we
prove a lemma that will be useful and used repeatedly throughout.

Lemma 5.13. Let G be a triangle-free planar graph. Let u,v € V(G), A C N(u)
and B C N(v). Then |E(A, B)| < |A| + |B|. Moreover, if there is a path joining u
and v without using a vertex from AU B, then G|AU B| is acyclic, and |E(A, B)| <
|Al +|B| - 1.

Proof. Consider the bipartite subgraph H with partite sets AU {v} and B U {u}.
Note that a common neighbor of u and v cannot be adjacent to any vertex of AU B,
since it would form a triangle, that is, it has degree zero in H, so we may assume
that A and B are disjoint. Since H is planar, |E(H)| < 2|V(H)| —4 = 2(]A| + |B|).
Since |A| edges are incident to u and |B| edges are incident to v, then |E(A, B)| <
2(]Al + |B]) — |A] = [B] = [A] + | B].

For the second part, since G is triangle-free, both A and B are independent sets,
hence G[A U B] is bipartite. Thus, it cannot contain an odd cycle. Assume that
it contains an even cycle aq, by, as, b, ..., ax, by of length 2k, for k > 2. Recall that
there is a path P connecting u and v that does not use the vertices in AU B. Then,
the sets {u, by, bo} and {v, a1, as} with the edges uay, uas, byv, byay, byas, bav, boas, the
path baagbs . .. apbray on the cycle and the path P joining v and v form a subdivision
of K33 in (G, contradicting the planarity of G. This completes the proof. O

Corollary 5.14. Let G be a triangle-free planar graph. For every two vertices
u,v € V(G), the number of paths of length three Py(u,v) connecting them is at most
IN(u) \ N(v)| + |N(v) \ N(u)|. Furthermore, if uw and v are adjacent or have a
common neighbor, then there are at most |[N(u) \ N(v)| + |N(v) \ N(u)| — 1 such
paths.

Proof. Since G is triangle-free, no path Pj(u,v) can contain a common neighbor of
u and v, as otherwise a triangle is created. Every path Py(u,v) is determined by an
edge in E(N(u) \ N(v), N(v) \ N(u)), so the result follows from Lemma 5.13. [
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Proof of Theorem 5.7. The proof is by induction on n. Let G be a triangle free plane
graph on n vertices. The result is obviously true for n = 5, and we can easily check
it is also true for n = 6,7. So, assume n > 8. Let u and v be two non-consecutive
vertices on a Cj in GG, and then take Gy to be the subgraph of G that consists
of all the 5-cycles of G that contain u and v. Note that since G is triangle-free,
then u and v are not adjacent, and G consists of all the paths of length 2 and 3
connecting u and v in GG. Observe also that a common neighbor of v and v cannot
be on a path of length three joining them, as otherwise a triangle would be created.
Therefore, Gy contains u, v, their common neighbors, denote it by Z, a set of vertices
X C N(u)\ N(v) and a set of vertices Y C N(v) \ N(u) that are on paths of length
three joining u and v. By Lemma 5.13, G[X U Y] is a forest with no isolated points,
since each path of length three from u to v is determined by an edge of G[X U Y]
Furthermore, since G is triangle free, all the sets X,Y and Z are independent. Hence,
the faces of G are cycles of length 4, 5 or 6, since any face is either bounded by
two paths connecting v and v, which have lengths two or three, forming cycles of
length 4,5 or 6, or by u, two vertices from X and a common neighbor of them in X,
forming a 4-cycle, or by v, two vertices from Y and a common neighbor of them in
X, again forming a 4-cycle.

We choose Gy so that |Z] is the largest. In particular, for every y € Y, dx(y) :=
|N(y,u)| < |Z] and for every x € X, dy(z) := |N(z,v)| < |Z].

Observe also that G is an induced subgraph of G. Since adding any edge to Gy,
either creates a triangle or will be in a C5 containing u and v, which means that it
must already be in Gy.

We then consider the following cases.

Case 1. V(G) \ V(Gy) = 0.

Then, Gy = @G, since Gy is an induced subgraph of G. Thus, N(C5,G) =
N (C5,Gp). We show that N (Cs,Go) < [(n —3)/2] - [(n — 3)/2]. Paths of length
two connecting u and v are corresponding to their common neighbors, that is, there
are |Z| such paths. Paths of length three connecting u and v must use an edge
between X and Y, and by Corollary 5.14, there are at most |X|+ |Y| — 1 such paths.
Therefore,

NG5, G) = [Z|(IX]+ Y[ =1) < |Z|(n =3 = [Z]) < [(n = 3)/2] - [(n = 3)/2],

and equality holds only when |C| and |A| + |B| — 1 are as equal as possible, with
|E(X,Y)| = |X|+ |Y|— 1, which means G is in J,.

Case 2. V(G)\ V(Gy) # 0.

Then, some faces of Gy are not empty in G. We may assume that such a face
forms a separating cycle of G, as otherwise Gy is a 5-cycle and every 5-cycle of
G is a face of G. Then, N (C5, @) is at most the number of faces, which means
N(Cs,G) < n—2, since G is a triangle-free. This is fewer than | 252 | [237 if n > 9,
and for smaller values we can easily check that G has much fewer 5-faces under these
conditions.

Assume that a cycle Cy, which is the boundary of a face of Gy, is a separating

cycle in G. Let G; be the subgraph of GG induced by the vertices in the interior region
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of C; together with V(C}), and Go be the subgraph induced by the exterior vertices
of Cy together with V(C}). Let |ny = V(G1)| and ny = |V(G2)| (so ny +ne =n +1).
Denote by Cross(Cs) the number of crossing 5-cycles in G for Cy. Then,

N(Cs5,G) = N(C5,Gh) + N(Cs,Gs) 4+ Cross(Cs) — ¢, (5.1)

where ¢; = 1, if t = 5 and ¢; = 0, otherwise.

Then we have the following possibilities for the separating cycle C;.

Subcase 2.1. t =4, and C} is a 4-cycle uzyvzy for some 21, 29 € Z.

Then, there is no crossing C'5 in G for C}. Since if a crossing C5 uses one interior
vertex, say w, then it is adjacent to two vertices of ;. It cannot be adjacent to
two adjacent vertices, since G is triangle-free and it cannot be adjacent to u and
v, since otherwise w € Z C V(Gy), which means C; is not the boundary of a face
of Gy. Hence, x must be adjacent to z; and 2z, in which case, because of the other
faces of GGy, we cannot use two exterior vertices and get a crossing C's, and if a third
vertex (u or v) on Cy with an exterior vertex are used, this would create a triangle, a
contradiction. Similarly, if the crossing Cs uses two interior vertices, say w; and wo,
then it uses the edge wywsy, and two vertices on Cy, and an exterior vertex. It cannot
use wiwy in a path joining u and v, since this would mean w, wy € V(Gy), which
means C; is not the boundary of a face of Gy. Also, if wywy is in a path joining two
adjacent vertices of C, then the exterior vertex forms a triangle. Finally, if wyw, is
in a path joining z; and z,, then because of the other faces of GGy, we cannot obtain
a crossing Cy. Thus, no crossing Cj is possible, that is Cross(Cs) = 0.

Now, let us compute the number of 5-cycles again, using Equation 5.1, and the
induction hypothesis. Note that n; +n, =n + 4, ¢, = 0, and each of n; and ns is at
least 5.

N(Cs.C) < <n12—3)2+ (n22—3)2

2
_ (LW) _ ("1”2 —2ny — 2ny + 31/4)

2 2

n—3 2 o n—3 2
:< 5 > - 122+2(n+4)+31/4<(7) ~ 1,

where the last inequality is because niny/2 attains the minimum value when ny (or
ny) is the smallest possible, and n > 8.

Subcase 2.2. t =4 and C; is a 4-cycle ux,yx,, for some x1, x5 € X, and y € Y.

Then, there are (ny — 5)(ng — 7)/2 crossing 5-cycles. To see this, a crossing Cj
cannot contain only one vertex in the interior of C}, for similar reasons as before.
Assume that it contains two interior vertices, say a and b. Then, it uses the edge ab and
a path of length three joining two of the vertices of C;, and it uses an external vertex
that is a common neighbor of the two vertices on C;. Thus, the two vertices of C}
cannot be adjacent since it gives a triangle, and cannot be x; and x5, since there cannot
be a crossing C5 because of the other faces of Go. Hence, such a crossing Cs consists
of a path P;(u,y) joining u and y using the interior vertices, for which by Corollary
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5.14, there are ny —4 — 1 = ny; — 5 choices, and an exterior vertex that is a common
neighbor of v and y, for which there are dx(y) — 2 choices (the —2 is for excluding
x1 and z5). Note that dx(y) + Y|+ |Z] < | X|+ Y|+ |Z] = |V(Go)| — 2 < ny — 2,
and given that dx(y) < |Z|, and |Y| > 1, we obtain dx(y) < (ny — 3)/2. So,
Cross(Cs) < (n1 — 5)(dx(y) —2) < (ng — 5)(252 — 2) = (u=na=T),

Note that n; + ny = n + 4, and each of them is at least 5, and n > 8. Applying

Equation 5.1 and induction hypothesis, we obtain

N(Cs,G) < (n12_3)2+ (”22—3)2+ (n4 —5)2(n2 —7)

-7\* 1
= (—n1+7212 > —Z(6n1—|—2n2—39)

= (n;3>2—}1(4n1+2(n+4)—39)< (”;3)2—1.

Subcase 2.3. t =4 and C} is a 4-cycle vy, zys, for some z € X and y;,y, € Y.
This is similar to the previous case.

Subcase 2.4. t = 5 and C} is a 5-cycle uzvyz, for some x € X, y € Y and
z € 4.

We claim that the number of crossing C5’s for C} is at most w Let Cs
be a crossing one. Again, it uses either one or two vertices in the interior region of
C;. Assume that it uses one vertex, say w. Then w is adjacent to two vertices on
Cy, which are not adjacent, not v and v, not u and y, and not v and z, as in these
cases either we get a triangle in G or C; would not be the boundary of a face of Gj.
Thus, w is adjacent to z and one of x and y (cannot be both as wzy would be a
triangle), without loss, say y. Then, the other faces of Gy do not allow using two
exterior vertices to obtain a crossing C5, and hence u or v on C; must be used with
an exterior vertex, w’. If v is used, then vyw’ would be a triangle. So, it uses u, and
w’ is a common neighbor of u and y. In this case, a path of length three joining u and
y in GG; together with a path of length two joining them in G5 are used. note that a
Py(u,y) in G does not use the vertices x, and the only one that uses v is uzvy which
is on C; and so do not produce a crossing C5. Hence, there are n; — 4 remaining
vertices in GGy apart from u and y themselves, that are on such paths. By Corollary
5.14, the number of those paths is n; — 5. Observe that if a path Py(u,y) := uaby
exists, and forms a crossing C5 with an exterior vertex w’, then w’ must be a common
neighbor of y and w. In this case dx(y) > 1, and hence the cycle uw'yba separates
x and v, and hence they cannot have any common neighbor apart from y. That is,
dy(x) =1, and there is no crossing C5 that uses an P(v, z) and an exterior vertex.
Note also that, if a crossing C5 uses two interior vertices, then it has to use a path
of length three joining two vertices on C; and an exterior vertex. But again the two
vertices on C} can only be either v and y or v and z, and such paths are already
counted. Similarly as before dx(y) < (ny — 3)/2, so the number of crossing 5-cycles
is (n1 —5)(dx(y) — 1) < (n1 —5)((n2 —3)/2 — 1) = (ny — 5)(n2 — 5)/2, proving our
claim.

Now, we apply induction hypothesis, and Equation 5.1.
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N(Cs,G) < (”12_3>2+ (”22—3>2+ (1 —5)2(n2 -5

ny+ng — 8 2 n—3\2
() ()
Note that in counting the crossing 5-cycles, we assumed that all interior vertices (in
(G1) are on paths of length three joining u and y (or v and z), but in this case they
are divided into a set A of neighbors of u and another (disjoint from A) set B of
neighbors of y, and in view of Lemma 5.13, G[A U BJ is acyclic, and the only C5’s in
(i1 are formed by these paths and uzy, and hence N'(C5,G1) = (n; —5) + 1 (+1 for

C} itself), which gives a much smaller bound than above. Therefore, we may assume
that there are fewer crossing 5-cycles and hence N(Cs, G) < (n — 3)%/4 — 1.

Thus, we may assume that all faces of GGy that are of the types mentioned so far
are empty in G. We are left with dealing with a possible 6-face of G that is not
empty in G.

Subcase 2.5. t = 6 and C} is a 6-cycle uz y,vyszs, for some x1, x5 € X and
Y1, y2 €Y.

Assume that a crossing C5 contains two exterior vertices, so it uses only one
interior vertex, say w. Then, w is adjacent to two vertices on C} and the crossing
C5 uses only these two vertices on C;. We cannot have uwv, uwy;, vwx;, for i = 1,2,
since then w € V(Gy), and the two boundary vertices cannot be two adjacent
vertices on (Y, since they form a triangle with w. The remaining possibilities are
T1WTa, T1WY2, TowYyy Or Yywyo. None of these can be used for a crossing C5 with two
exterior vertices because of the other faces of Gj.

Thus, the crossing C5 uses only one exterior vertex. That is, it uses a path of
length three in G joining two vertices of C; and an exterior vertex that is a common
neighbor of them. The two vertices on C; cannot be adjacent, because they would
form a triangle with the exterior vertex, and they cannot be u and v as the path
of length three joining them in G; would be part of GGy. Also, the pairs 1,z and
Y1, Y2, and for 4,5 = 1,2, @ # j, the vertices z; and y; have no exterior vertex as a
common neighbor because of the other faces of Gy. Thus, the crossing C5 must use
a Py(u,y;) or a Py(v,x;), for i = 1,2 in Gj.

Recall that C} is the boundary of a face of GGy, which means no interior vertex
is a common neighbor of v and v, and C; has no chords, since any chord either
creates a triangle or would be an edge of Gy, contradicting that C} is a face of Gy.
In particular, there is no common neighbors of v and v in Gj.

For each i € {1,2}, if there is a path P,(u,y;) in Gy, then there is no path
Py(v,z;) in G;. Indeed, without loss of generality, assume that there is a Py(u,y1),
say uaby;. Then, neither a nor b can be on a Py(v,z;). Since if a is on such a
path, then it is either adjacent to v or to xy, in the first case it would be a common
neighbor of v and v in (G; and in the second case uz,a forms a triangle. Similarly,
if b is on such a path, then it creates a triangle with x;y; or with y;v. Moreover,
the path uaby; divides the region inside C; into two regions R; and Ry bounded by
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cycles uaby,z, and uaby,vysxo, respectively. Each interior vertex of Gy is in one of
these two regions. If a vertex z lies in Ry, then it cannot be adjacent to v, so if it
is on a Py(v, 1), then it must be with one of a and b, however, none of them can
be on such a path, so neither w. Likewise, a vertex that lies in Ry cannot be on a
Py(v,x1). Thus, if there are paths Py(u, ), then there are either paths Py(u,ys) or
paths Py(v, z5).

Therefore, one of the following four possibilities holds:

There are paths Py(u,y;) and Py(u, ys)

There are paths Py(u,y;) and Py(v, z2)

There are paths Py(v,z1) and Py(v, z5)

There are paths Py(v,z1) and Py(u,ys).

We deal with the first two cases, since the last two are exactly symmetric to the first
two.

e Suppose that there are paths P,(u,y;) and paths P;(u,ys).

That is, there are no paths Py(v,z5) in G1. Observe that if 25 is in a path Py(u, y1),
then the path must be u, xowy, for some vertex w in the interior of ;. But then
vy wxs is a path Py(v,z5) in Gy, a contradiction. In particular, x5 and y; have no
common neighbors in this case. It is then easy to see that no other vertices on C}
can be on a Py(u,y;) apart from u and y; themselves. Likewise, apart from u and
Y2, no vertex of Cy can be on a Py(u,ys).

First, assume that y; and y, have no common neighbors in the interior of Cj.
Let Ly and Ly be the sets of interior vertices of C; that are on paths Py(u, ;) and
paths Py(u,ys), respectively. We claim that |L; N Ls| < 1. If a neighbor of y; is in
L1 N Ly, then as it is on a Py(u,y;), it must have a common neighbor with u, so it
cannot be adjacent to u, since it would form a triangle. However, since it is also on a
Py(u,ys), it must be adjacent to y,, which means it is a common neighbor of y; and
Y2, a contradiction. Similarly, a vertex in L; N Ly cannot be a neighbor of y,. Thus,
LiN Ly € N(u). Let w € Ly N Ly, then w has a common neighbor b with y; and a
common neighbor ¢ with y5. This divides the region bounded by C} into three regions
Ry, Ry and R3 that are bounded by uwbysx1, uwcysxs and wby,vysc, respectively.
Any other neighbor of u in the interior of C5 lies in R; or R, and in either case it is
easy to see that they cannot be in Ly N Ly. Thus, |Li|+ |Le| <n; —6+1=n; — 5.
Also, by Corollary 5.14, we have #Py(u,y1) < |L1| — 1 and #Py(u, yo) < |Lo| — 1.

Thus, we have the following upper bound for the number of crossing C5’s for C;.
Note that xo ¢ Nx(y1), which gives dx(y;) < |X| — 1. Since dx(y1) + Y]+ |Z] <
(1X] = 1) + Y]+ |Z] = |[V(Gy)] — 3 < nyg — 3, we obtain that dx(y;) + |Z| <
ny — 3 — Y| <ny — 5, since [Y| > 2. As dx(y1) < |Z|, we must have dx (y1) < 222
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no—>5
5 -

Similarly, dx(ys) <
Cross(Cs) = #Py(u,yn1) - (dx(y1) — 1) + #Py(u, y2) - (dx(y2) — 1)
< (L - (22 1) (Lo - (22

’I’L2—7

5 )

(ILa] + [Lo| = 2)(

(n —T)(n2 = 7)
2
We can now apply Equation 5.1, and induction hypothesis. Recall that ny +ny =

n + 6 and ¢; = 0. Furthermore, since the 6-cycle C; is a face for both of G; and Gj,
then none of them is isomorphic to any member of 7,,. Therefore, the induction

hypothesis in this case implies N'(C5, G;) < W — 1. Hence,

N(Cs.G) < <n12—3)2_1+ <n22—3>2_1+ (n1—7)2(n2—5)

Tl1+Tl2—92 nq ) 27
=(—F—) - (+=-= 2
(=) (355 o2

n—3\°
< —1.
(=)

Note that the last inequality is because we may assume that each of n; and ns is at
least 8, since otherwise the interior or exterior of C; would contain only one vertex,
and hence there would be no crossing Cs.

IN

Now suppose that y; and y» have common neighbors in the interior of C;. If no
common neighbor of y; and y, is contained in a path Py(u,y;) and a path Py(u,yz),
then the previous argument applies again, and we are done. Let w be a common
neighbor of y; and y, that is contained in a Py(u,y;) and a Py(u,y,). Then, it
has a common neighbor with u. Let A := {a4,...,a;} be the common neighbors
of w and u. We may order them so that the region bounded by ua;wa; contains
all the vertices of A, and the regions R; and Rs; bounded the 5-cycles ua;wy;x,
and ua;wysxo, respectively, do not contain a common neighbor of u and w in their
interior. Observe that any other common neighbor of y; and y, lies in the region
R3 bounded by the 4-cycle y;wy,v. And no vertex in the interior of R3 can be on
a Py(u,y1) or a Py(u,ys), since they are neither adjacent to u, nor have a common
neighbor with u. Observe also that by the choice of Gy, |A| < |Z].

We consider each of the regions Ry, Ry, R3 and the regions bounded by two
vertices of A with v and w. If any of them are not empty, that is, contains vertices
in its interior, then we apply induction by taking its boundary cycle as a separating
cycle, to obtain the desired upper bound. If they are all empty, then we know the
structure of GG, from which we can compute the number of 5-cycles.

Assume R; is not empty. Then the boundary cycle of Ry, C' := uajwy,z; is a
separating cycle in G. Let G’ be the subgraph of G induced by the vertices that
are on C or in the interior of R;. Let G” be the subgraph of G that is induced by
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the vertices that are on C' and those in the interior of R;. Let n’ = |V(G’)| and
n” = |V(G")|, and then n' +n” =n + 5. Let Cross(Cs) be the number of crossing
Cs’s for C'in G. Then,

N(C5,G) =N(C5,G")+ N(C5,G") — 1+ Cross(Cs)  *

The situation is now similar to Subcase 2.4, any crossing C5 for C' is formed by a
path of length three Py(u,w) connecting v and w in G' and a vertex in A\ {a,}, or
a path Py(u,y;) connecting u and y; in G and a vertex of Nx(y1) \ {z1}. Moreover,
either paths Py(u,w) exist in G’ or paths Py(u,y;) exist, but not both. And the
number of paths Py(u,w) (same for Py(u,y;)) in G’ is at most n’ — 5. So we have
Cross(Cs) < (n' —5)(JA| — 1) or Cross(Cs) < (n' —5)(dx(y1) — 1).

Note that |A|+|X|+|Y[+]Z| < n”—2, which implies |A|+|Z| < n"—2—|X|-|Y]| =
n” — 6, since each of X and Y contains at least two vertices. As |A| < |Z], we obtain
that |A| < (n”—6)/2. Similarly, dx (y1)+|A|+|Y|+|Z] < (| X|=1)+|A|+|Y|+]Z] <
n” —3, that is, dx(y1) +|Z] <n—-3—|A| = |Y| <n” —6, since |A] > 1 and |Y| > 2.
Again, since dx (y1) < |Z|, this gives dx(y1) < (n” — 6)/2. Thus, we have obtained
that Cross(Cs) < (n’ — 5)(# —-1)= W_E’)Qﬂ.

Now, applying induction hypothesis on G’ and G”, from Equation *, we obtain

N(Cs, @) < ("'_3)2+ (”"—3)2 s (n’—5>2(n”—8)

since n’ +n” =n+5 and n’ > 6.

If R, is not empty, we similarly get the same conclusion.

Suppose that Rj is not empty. Thus, the 4-cycle C' := y;wy,v is a separating
cycle in G. Again, let G', G”, n' and n” be defined similarly to above except this
time for R3 and its boundary 4-cycle C'. Then, we have n’ +n” = n + 4 and the
term (—1) does not appear in Equation (x). It is easy to see that for this separating
cycle C, there are no crossing C5 in G. Thus, applying induction hypothesis, with
exactly the same computations as in Subcase 2.1 we obtain the desired result.

Hence, we may assume that all the regions Ry, R» and R3 are empty. If all vertices
of G that are in the interior of the 6-face C} of Gy are not in AU {w}, then some
region bounded by a 4-cycle ua;,wa; contains them. That is, the 4-cycle C' := ua,wa;
is a separating cycle in G. We may assume that no vertex of A is in the interior
region bounded by C. Then, define G’, G”, n’ and n” as before. It is easy to see that
any crossing C5 for C' consists of a path of length three P;(u,w) joining u and w in
G’ and a vertex of A\ {a;,a;}, and hence in this case Cross(Cs) < (n’ —5)(]4] — 2),
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and with similar arguments as before we get that |A| < (n” —6)/2. Thus,

N(C5,G) = N(C5,G") + N(C5,G") + Cross(Cs)

(T3) s (M3 s

n+n" —7\% 120/ + 20" — 69 n—3\2
< 2 — 1 < -1,

since n’ > 10, as it contains X UY U Z besides V(C).

Therefore, we may assume that all vertices in the interior of C; are in AU {w}.
Any 5-cycle of G that contains a vertex in A must also contain w and either a vertex
in Nx(y1) or a vertex in Nx(ya). Also, no 5-cycle of G can contain two vertices
from A. So, each vertex of A is in dx(y1) + dx(y2) 5-cycles in G. Thus, the number
of 5-cycles in G that contain AU {w} is at most |A| - (dx(y1) + dx(y2)), since w
can only be in a Cj5 with one of the vertices of A. However, if we delete all the
vertices in AU {w} and add them to Z, that is, join each of them to both u and
v, and add the edge y;x2, mimicking the structure of graphs in J,, each of them
will be in at least dx(y1) + dx(y2) + 1 5-cycles. That is, we would have at least
(JA| +1)(dx (1) + dx (y2) + 1) 5-cycles that contain them. This argument shows that
G contains fewer 5-cycles than any member of 7,,, completing the proof in this case.

e Suppose that there are paths P,(u,y;) and paths P,(v,zs).

That is, in this case, there are no paths Py(u,ys). First, assume that x5 and 1
have no common neighbors in G;. Then x, is not on any path Py(u,y;) and ys is
not on any path Py(v,xs). Let L; and Ly be the set of vertices in the interior region
bounded by C; that are on paths Py(u,y;) and paths Py(v, xs), respectively. Then,
|L1 N Ly| = 0. Since, if uaby; is a path Py(u,y;), then none of a and b can be on any
path Py(v,xs). Since a cannot be adjacent to v, as otherwise it would be a common
neighbor of v and v, which contradicts the fact C; is a boundary of a face of Gy,
and it cannot be adjacent to xs, since uars would be a triangle. Also if b is on a
Py(v, xs), then it is either adjacent to v, forming a triangle, or adjacent to x5, and
then it is a common neighbor of y; and x5, contradicting our assumption. Then, we
have |Ly| 4+ |La| = ny — 6. By Corollary 5.14, the number of paths Py(u,y;) is at
most |L;| — 1, and the number of paths Py(v,xs) is at most |Ly| — 1.

The crossing C5’s for Cy are formed by a Py(u,y;) and a vertex of Nx(y1) \ {x1},
or by a path Py(v,z2) and a vertex of Ny (x2) \ {y2}. Similarly to the previous case,
we have dx(y1) < (ng —5)/2 and dy (z2) < (ny — 5)/2. Thus,

Cross(Cs) < (11| = D(dx(yr) 1)+ (|Ls] ~ D(dy (22) ~ 1)
< (L] = D2 = 1)+ (1] - (2 - 1)
_ (m —8)(ny —7)
2

Now, following the same computation as in 5.2, we obtain the desired result.
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Next, assume that y; and xs have common neighbors in Gy, and let B :=
{b1,...,b:} be the set of their common neighbors. We may order them so that the
interior region of C} is divided into regions R, R’ and R;, for 1 < i < t—1, bounded by
cycles uxaobiy1 1, vy1bixays, y1bixabiyy, respectively, such that none of these regions
contain a common neighbor of y; and x5 in their interior.

If any of these regions contain a vertex of (G; in their interior, then the bounding
cycle of the region forms a separating cycle in G. Similarly as in the previous case, we
can define n’,n”  G' and G” and get the desired conclusion. Hence, we may assume
that all these regions are empty, which means all the vertices in the interior of C;
are contained in B.

It is again easy to see that each vertex of B is contained in at most dx (y;)+dy (x2)
5-cycles in G. That is, the number of 5-cycles in G that contain the vertices in
B is at most |B|(dx(y1) + dy(z2)). If we delete them in the interior region of C
and add them to Z, we can add the edge y,x2. Then, each of the vertices of B
would be in at least dx(y1) + dy(z2) + 1 5-cycles, which means there are at least
|B|(dx (y1) + dy(z2) + 1) 5-cycles of G that contain them. This shows that G has
fewer 5-cycles than any member of 7,,, completing the proof. n

For the proof of Theorem 5.8 (and Theorem 5.9 in the next section), we use the
concept of triangular blocks introduced in [53]. Let us first recall the definition and
relevant results from them that we will rely on in the proofs.

Definition 5.1. [53] Let G be a plane graph. An edge e € F(G) is a triangular-
block if it is not in any face of length 3 (this is called a trivial triangular block),
otherwise we inductively build up the block; start with the subgraph H := e, keep
adding to H all faces of length 3 (and their edges) that contain an edge of H until
no such is left.

Let T be the set of all triangular blocks of GG. It is easy to see that every edge of
G is in exactly one triangular block. Then,

e(G)=> e(B). (5.3)

BeT

Obviously, every triangle is in at most one triangular block. However, there are
possibly triangles in G that are not contained in any triangular block (as a subgraph),
let T' be the set of all such triangles. Let 77 be the set of triangular blocks of GG that
contain no edges of the triangles in 7', and T3 := T \ 7;. Then

N(C5,G) =Y N(Cs,B)+ > N(C3,B)+ T (5.4)

BeTy BeTz

The first part of the following proposition was proven in [65] and the second part
was done in [53].

Proposition 5.15. [53,65] Let G be a plane graph and B be a triangular block of
G. Then,
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1. If G 1s Cs-free, then B has at most four vertices, and it is one of the following
graphs:

KQ Kg 64 K4

2. If G is Cg-free, then B has at most five vertices, and it is either one of the four
graphs mentioned above or one of the following:

K Bs, Bs Bs .

Proof of Theorem 5.8. Let G be a Cs-free planar graph. Let 7,71, 7> and T denote
the same sets as in (5.4). It is easy to see that N'(Cs5, B) < %e(B) for every triangular
block B of G, with equality if and only if B is a K. This immediately, gives

S NGB <Y §e<3). (5.5)

BeTy BeTi

Observe that no block in 73 can be a Ky, since it would form a Cs in G. Also,
for each triangle ¢t € T', either each of its edges are in different blocks or two of its
edges are in the same block and the third edge is in a different block. In the former
case, at least two out of the three blocks containing the edges of ¢ must be trivial
blocks, and t is the only triangle containing them. Thus, for each such ¢t € T, there
are at least two trivial blocks in 75. In the latter case, the block containing the two
edges of t must be a ©, and the other block containing the third edge of ¢ must be a
trivial block, i.e. these two blocks form a K in G (which is not a triangular block in
(). Then, we obtain two such triangles in 7', and two blocks K5 and O, in 75, and
no other triangles in 7" can contain the edges of these blocks. Therefore, computing
the number of triangles and edges in T and 75, we obtain that

2
> N(Cs,B)+|T|< Y Ze(B). (5.6)
3
BeTs BeTs
Substituting (5.5) and (5.6) in (5.4), and applying (5.3), we obtain
2 2 2
N(Cs5,G) <) Se(B) =3 > e(B) = 5¢(G).

BeT BeT
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Figure 5.3: A construction that shows the sharpness in Theorem 5.8.

Also, it is proved in [65] (see also [19]) that for every n > 11, exp(n, C5) < 1233,

5
which gives:
2| 12n—33 8n — 22
eXP(n,CS7C5)§§{ n5 JS{HE) J

To prove the sharpness of the result, we take the graph Figure 5.3: we slightly
modify the extremal construction for the number of edges (i.e. for exp(n,Cs)) given
in [65]. In their construction, n = 15t* — 6, e = 36t> — 21, and all triangular blocks
are K,’s except three of them, which are ©,’s. We replace each ©4 by two copies of
K4 sharing a vertex. Thus, we add 9 vertices and 21 edges, so we get n = 15t + 3
and e = 36t = [ 12232 | (This means the new construction is still extremal for the
number of edges, too). In the new graph, every triangular block is a K}, and hence,
it attains the stated bound on the number of triangles. O]

5.4 Triangles and 6-cycles
Here, we prove Theorems 5.9 to 5.12. While the proof of Theorem 5.9 has a simple

short proof, which is analogous to the proof of Theorem 5.7, the proof of Theorem
5.11 is more sophisticated.

Proof of Theorem 5.9. Let G be a Cg-free plane graph, let 7,77, 7> and T denote
the same sets as in (5.4). Every triangular-block B of G contains at most 7e(B)/9
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triangles, with equality if and only if B is a K7 . This implies

ACHLEDS ge(B). (5.7)

BeTy BeTh

Notice that no triangular block in 73 can be a K, since this would form a Cj in
G.

Assume that each edge of ¢ is in a different triangular block. For i € [3], let
e; be the edges of t, and B; € T3 be the blocks that contain them such that for
each i, e; € B;. Not that none of the blocks can be a Bj,. If for some i € [3],
B; € {Ky4, Bsp, Bs..} (see these blocks in Proposition 5.15), then the other two blocks
must be trivial, and ¢ is the only triangle that contains them. Thus, for each such
triangle in T, there are two trivial blocks in 75, so the ratio of the number of triangles
in these blocks and ¢ to the number of edges in them is less than 7/9.

If two of the blocks, say B; and By are not the trivial block, then B3 must be
trivial and B; and B, are either a K3 or a ©4. In this case, t is the only triangle
that contains es, and if any of e; or e, is in another triangle ' € T', then the other
two edges of ¢’ must be in trivial blocks. Again, the ratio of the number of triangles
to the number of edges is less than 7/9. If one of By or B, say By is also trivial,
but es is in another triangle ¢’ € T', then the other two edges of ' must be in trivial
blocks. If further Bj is also trivial, and e; is contained in another triangle t” € T,
then again the two other edges of t” must be in trivial blocks. Thus, computing such
triangles and edges in these blocks, we get to the same conclusion.

Now, assume that two edges of ¢, say e; and ey are in the same triangular block
B and the third edge ez is in another block B’. Then, B € {Oy4, Bs,, Bsp, Bs.}-
If Bis a O, then B’ is a Ky, K3 or a ©4, and in each case if there is another
triangle ' € T that contains es, then the other two edges of ¢ must be in trivial
blocks. Then computing the number of triangles and the number of edges in each
possibility we get a ratio of at most 7/9. Similarly, analyzing the other possibilities
of B € {Bs,, Bsp, Bs .}, we get the same conclusion.

Therefore, we obtain

S NC B+ T <Y ge(B). (5.8)

BeTs BeTz
Substituting (5.7) and (5.8) in (5.4), and applying (5.3), we obtain

N(Cs, @) < 3 Te(B) = Le(@)
BeT

It was proved in [53] that for every n > 18, exp(n, Cs) < 5n/2 — 7, which gives:

7T(5 35n — 98
< —-|=n-— < = 7=
exp(n, Cs, Cp) < 5 (2n 7) < 13
Sharpness of the bound follows from the construction given in [53| for the number
of edges, as every triangular block is a K; that contains 7e(B)/9 triangles (See
Theorem 4 and the construction in Section 2 of [53]). O
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Proof of Theorem 5.10. Each path Ps(u,v) uses a neighbor of u, a neighbor of v
and a middle vertex joined to them. No neighbor of u (or v) can be the middle
vertex, as otherwise it creates a triangle. Let X and Y be the sets of neighbors
of u and v, respectively. We may assume that every vertex is on a Ps(u,v), as
otherwise deleting it does not reduce the number of such paths. Then, every vertex
of Z := V(G)\ (X UY U{u,v}) is the middle vertex of some Ps(u,v), i.e. it
has neighbors in both X and Y and each vertex of X and Y has neighbors in Z.
Likewise, we may assume that every edge is in a P5(u,v). In particular, this means
Z is an independent set and there are no edges from X to Y. Recall that, as G
is triangle-free, X and Y are also independent sets. Let Z = {z1,22,...,2}. We
consider the following cases.

Case 1. Assume that u and v have no common neighbors. That is, | X NY| = 0.

Each path Ps(u,v) corresponds to a path of length two of the form zzy, for some
re€X,ze€Zandy €Y. Foreach i € [l], let o := dx(z) and 5; := dy(z;). Then,

l
#Ps(u,0) = > il (5.9)

If I = 1, then easily we get the upper bound | X||Y| < (| X|+|Y])?/4 = (n—3)?/4 <
(n —1)?/4 — 2. So, we may assume that [ > 2. Since each vertex of Z has neighbors
in both X and Y, for each i € [I], 1 < a; < |X| and 1 < §; < |Y|. Moreover,
S (o + ) = |E(Z, X UY)|

Note that F':= G[X UY UZU{u,v}] is a bipartite graph with partite sets X UY
and Z U {u,v} in which there are | X| edges incident to u and |Y'| edges incident to
v. Since F' is planar, it has at most 2|V (F')| — 4 edges, and hence

[E(Z, XUY)| <2(|X|+ Y[+ |Z] +2) —4—|X| = |Y]
= |X|+|Y|+2]

Clearly, the right-hand side of Equation 5.9 is maximum if for some ¢, o; and g;
are as large as possible and all others are as small as possible.

Without loss of generality, assume that a; = |X| and f; = |Y], then 2'_, (o, +
Bi) < 2l. So we have the maximum number of paths if further, again without loss,
ay =2 =[5, and for i € {3,...,1}, we have a; = 1 = /3;. This implies

#Ps(u,v) <|X|-[Y|+2-2+(1-2)=|X||Y]|+1+2

X+ [Y]\?
< (B

n—1—2\2
= — [ +2
( : )4-+

It is easy to see that the maximum is attained at [ = 2 (note that 2 <[ =1|Z] <
n —4). Therefore,

(-1, (-1

#P5(U,U) S 4 4

_27
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when n > 8. If n is at most 7 and [ > 2, then at least one of X and Y contains one
vertex, and hence, the 22 term in computing # Ps(u, v) above would be 1 -2, which
gives the upper bound of (n —3)?/4+1 < (n —1)?/4 — 2.

Case 2. Assume that u and v have exactly one common neighbor, that is,
IXNY|=1.

Let X NY = {w}, Xo = X \{w} and Yy = Y \ {w}. If [ = 1, then from
the previous case, without using w, the number of paths from u to v is at most
((n —1) —3)?/4. And clearly w is in | X| + |Yy| = n — 4 paths from u to v. Thus,
we have at most

(n—4)° (n—1)
4 4
Hence, we assume that [ > 2. Again, from the previous case, without using w, the
number of paths from w to v is at most | X,||Yo| + 1 + 2.

Now, let us count the paths Ps(u,v) that use w. Each such path either uses w as
a neighbor of v and a path Py(w,v) using a vertex from Z and a vertex from Y;, or
uses w as a neighbor of v and a path Py(w, u) using a vertex from Z and another from
Xp. That is the umber of paths P5(u, v) that use w is equal to # Py (w, u) +# Py (w, v).
Let Z1; C Z be the set of vertices that lie on a path Py(w,u) and Zy C Z be those
on paths Py(w,v). By Corollary 5.14,

+(n—4) < -2

#Py(w,u) < |Z1|+|Xo| =1 and #Py(w,v) < |Za| +|Yo| — 1

We claim that |Z; N Zs| < 2. To see this, let z1, 29,23 € Z1 N Z3. Then, each
of them is adjacent to w, has a neighbor in X, and has a neighbor in Y. We can
then find a subdivision of K33 as follows. The vertices 21, 22 and z3 form one partite
set of it. The other partite set contains w, and two other vertices: If each of zq, 25
and z3 has a distinct neighbor in X, then choose u, otherwise choose x € X that is
adjacent to at least two of the z;’s (the other z; is either adjacent to x or connected
to = by a path through another z; € X and ), and similarly we either choose v or
a vertex y € Y. This contradicts the planarity of G.

Thus, |Z1| 4+ |Z3] <1+ 2, and hence the number of paths P5(u,v) that contain w
is at most | Xo| + |Yo| + { = n — 3. Therefore, in total we have

#P5(u,v) <[ Xol[Yo| + 1+ 2+ | Xo| + [Yo| +1

Xo| + Yo\ 2
g(%) +n+l—1

—1-3\?
< (”TS) tn4l—1

< (”;5>2+n+1: (”;1)2—2—@—9).

Thus, we are done, since if n < 8, then at least one of X and Y, contains at most one
vertex, and in this case we would have fewer paths, i.e. in the above computations
we have over counted enough paths to compensate.

Case 3. Assume that v and v have at least two common neighbors.
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Let W := {wy,ws, ..., w} be the set of common neighbors of u and v. Then,
G[W U {u,v}] is an induced K, subgraph of G. When drawing G, this subgraph
divides the plane into k regions R; each bounded by the cycle uw;vw;; 1, where the
addition is modulo k&, see Figure 5.4. We also have that each R; contains only two
common neighbors of u and v, namely w; and w;;,. Each path P5(u,v) lies in only
one of these regions (may use boundary vertices of the region as well), otherwise it
forms a triangle. So we first restrict ourselves to one of the regions. Take a region
R; bounded by the cycle uw;vw; 1 (when k = 2, then there are two regions bounded
by the same cycle, it should not be confusing that we take one of them). Let M be
the set of vertices in the interior of R;, with |[M| = m. Let X,Y and Z be defined as
in the beginning restricted to the vertices in the interior of R;.

Let Ps(u,v)g, be a Ps(u,v) that uses only vertices in the region R; (including
the boundary vertices of the region).

wh

Figure 5.4: The common neighbors of v and v form £ regions

Claim 5.3. In a region R;, #P5(u,v)g, < (Z52)? — 2.

Proof. 1f |Z| = 1, then we can easily compute as in the previous cases: there are at
most (m — 1)?/4 paths not containing w; and w;y1, each of w; and w;; is contained
in at most m — 1 paths, and there can be two paths that contain both w; and w;;.
Thus, we get

(m—1)°
4

fom—2) 2= M,

#Ps(u,v)p, < 1

Now, assume that |Z| > 2. First, suppose that w; and w;;; have at most one
common neighbor in M. By the first case, there are at most |X||Y| 4+ |Z| + 2 paths
Ps(u,v) without using w; and w;.

A path Ps(u,v) that uses w; must use w; as a neighbor of w and a path Py(w;,v)
using a vertex from Z and a neighbor of v, or use w; as a neighbor of v and a path
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Py(w;, u) using a vertex from Z and a neighbor of u. Let Z! and Z!" be those vertices
in Z that are on paths Py(w,u) and paths Py(w,v), respectively. Define sets Z;
and Z, | with respect to w;;; in the same way.

Then, any vertex in (Z; U Z]') N (Z{,, U Z/,) is a common neighbor of w; and
w;y1 in M, and hence this intersection contains at most one vertex. Moreover, any
common neighbor of w; and w;; is in all the four sets 77, Z/', Z{ | and Z}",.

We claim that |Z] N Z"| < 1. Let z € Z! N Z!, then z is adjacent to w; and has a
neighbor z € X and a neighbor y € Y. If any of x or y is w; 1, then the region R; is
divided into the regions R and R’ bounded by the cycles uw;zw; + 1 and vw;zw; 1,
respectively. Obviously, any vertex of X lies in R and any vertex of Y lies in R'.
So, if any other vertex z’ € Z is in R, then it cannot be adjacent to any vertex of
Y, since it can only be adjacent to w;,; and hence be another common neighbor of
w; and w;;1, a contradiction. Thus, any vertex of Z that lies in R cannot be in Z!.
Similarly, the vertices of Z that are in R’ cannot be in Z.

If none of x and y is w; o, we still have the region R; divided into three regions
bounded by cycles vw;zz, vw;zy and uxrzyvw;,,. Again, they separate the vertices
of Z, and we can similarly obtain |Z; N Z!| < 1. Likewise, |Z] ;N Z! | < 1.

Therefore, If w; and w;;; have no common neighbors, then |(Z] U Z) N (Z},, U
Z0 )l =0, 1200 2] < Vand | ZLy, N Z0) < 1. Thus, |20+ |20+ |20l +1204] <
|Z] + 2.

Also, if w; and w;;1 have one common neighbor, then The only vertex in all the
four sets is the this common neighbor, and hence, |Z/|+|Z!|+|Z/, | +| 2! | < |Z]+3.

By Corollary 5.14, there are at most (|Z/|+|X|—1)+ (|Z/| +|Y| — 1) paths that
use w; (not using w;1;) and there are at most (|27, |+ | X| —1)+ (|Z/,| + Y] —1)
paths that use w;y1 (not using w;). Also, if w; and w;,; have a common neighbor,
then there are two other paths Ps(u,v) that use both w; and w;;1. Thus the number
of paths containing w; or w;; is at most

(UZ]+ X =)+ (Z |+ Y] = 1)+ (| Zip | + X =)+ (128 + Y] —=1) +2
= |Z{| + | Z]| + | Z{ | + | 2] + 21X ] + 2]V — 2
=|Z|+ 2| X| +2|Y| + 1.

Hence, for the total number of paths in the region R;, we get

#P5(u,v)r, < |X[Y]+]2]+2+ |2+ 2[X[ +2[Y] + 1
= [XIIYT+2(X]+ Y[+ [2]) +3

X[+ [Y]\*
s(%) £ 21X+ Y]+ 120) + 3

171\ ? —92\? 2
:<mTH) +2m+3§(m7) +2m+3<@_2_

Note that the last inequality is true for all m > 4. If m < 3, then as [ > 2, we
one of X and Y is empty and the other one contains at most one vertex. We can
easily check that the claim it true in this case.

Now, Suppose that w; and w;;; have at least two common neighbors in M. let
A = {ay,a9,...,a;} be the set of their common neighbors, where ¢ > 2. Then
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the region R; is divided into regions @, Q" and @Q);, for 1 < i <t — 1, bounded by
UW; A1 Wiy 1, VW;GW;41, and w;a;w;1a,41, for 1 <4 <t — 1, respectively. Then, every
vertex of X lies in (), and every vertex of Y lies in @)'. No vertex of Z \ A can lie in
Q;, for any 1 <1 <t — 1, otherwise it must be adjacent to both w; and w;,, but
this means it is in A. So, vertices of Z \ A lie either in @ or @'. Let Z' C Z be
the vertices in @ (including a;), and Z” C Z be the vertices in @' (including a;).
Each path Ps(u,v)g, that use the vertices of X must use {w;, w;y1} as neighbors
of v. Thus, it either uses w; and a path Py(w;, u) with a vertex of Z" and a vertex
of X, or uses w;41 and a path Py(w;y1,) with a vertex of Z' and a vertex of X.
Let Z] and Z;,, be the sets of vertices in Z’ that are on paths Pj(w;, u) and paths
Py(w;y1,u), respectively. Since only a; in Z’ is a common neighbor of w; and w;, 1,
then Z/ N Z., = {a1}. Then, |Z]| + |Z],,| = |Z'| + 1 By Corollary 5.14, we have
|Z]| +|X| — 1 paths Py(w;,u) and |Z/, | + |X| — 1 paths Py(w;+1,u). Thus, the
number of paths Ps(u,v)g, that contain vertices of X is at most

1Z]1+1XI =D+ (Zin |+ X =1) = [Z]+21X] -1

Similarly, we can show that the number of paths Ps(u,v)g, that contain vertices of
Y is at most |Z"]| +2|Y| — 1.

For each 2 <i <t —1, each vertex q; is in two paths P5(u, v)g, (they are adjacent
to only w; and w; 11 as neighbors of w and v). So, they give 2(t—2) = 2(I—|Z'| —|Z"|)
paths.

Thus, in total, we obtain

#P5(u,v)p, < |Z'[+21X| =1+ |Z'|+2]Y| =142l - |Z'| = |Z"])
= 9|X| +2lY|+ 20— |Z'| - |2"| -2
(m + 3)?

<2m-—-4<
> 2 1

- 2.
[l

Now, suppose that two regions R; and I?; both contain paths of length four from
u to v, so they are not empty, say they contain m,; and m; vertices, respectively.
Then, applying the claim above, in the two regions together the number of paths is
at most

(mi+3>2+(mj—|—3>2_4:m?+m?+6(mi+mj)+18_4

2 2 4
:(mi—l—mj)Q—2mimj+6(mi+mj)+18_4
4
mz+mj+3 2 7+2mzm] mz—i—m]—i—?) 2
=\— ) - 1 < 5 —2.

That is, we obtain more paths if all the m; + m; vertices are in one region and
the other is empty. Thus, easily by induction, we will have more paths if all the
regions except one of them are empty, in which case by Claim 5.3 we will have

4 Puluv) < (n—(k+2)+3)2_2§ (n;l)Q_z

2
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]

Now, we prove three lemmas to prepare the proof of Theorem 5.11. In fact,
we prove that for sufficiently large n any extremal graph on n vertices has to be
isomorphic to H,. Clearly, H,, is a triangle-free planar graph on n-vertices.

Let us count the number of 6-cycles in H,. There are |A||B||C| 6-cycles on
V(H,) \ {z1, 22}, and each of z; and 2, is in |A||B| + |A||C| + | B||C| 6-cycles that
does not contain the other. Finally, we count those 6-cycles that contain both z;
and 2o, any such cycle must contain uq, us and us, and hence the last vertex comes
from one of A, B or (', but each of them twice depending on which edges we use.
Thus, there are 2(|A| + |B| 4 |C|) such 6-cycles. Hence, all together, the number of
6-cycles in G is at most

[ANIBIIC]+2(1A1| B + [A[|C] + |B]|C]) + 2(|A] + | B[ + |C]).

Note that if n = 2 (mod 3), then each of A, B and C' contains (n — 5)/3 vertices, if
n =1 (mod 3), then one of them contains (n — 7)/3 vertices and the others contain
(n —4)/3 each, and if n = 0 (mod 3), then one of them contains (n — 3)/3 vertices
and the other two contain (n — 6)/3 each. Calculating as above, H,, contains h(n)
6-cycles. Note that among such graphs with various sizes of A, B and C, this is the
maximum number of 6-cycles.

Also, through Theorem 5.10, it is easy to see that the vertices of H, that are
in the largest set among A, B and C, are in the fewest number of 6-cycles. Simply
computing that, we see that each vertex of H, is contained in at least h;(n) 6-cycles
(and there are vertices that are contained in exactly hy(n) 6-cycles), where hy(n) is
defined as follows.

(3)2_2:%2_2, if n =0 (mod 3)
hin) =14 (%54 (&2) —2=2+2-2 ifn=1 (mod 3)
(HTH)Q_Q:%Q_F%”—%, if n =2 (mod 3)

Note that a vertex of degree one is not contained in any 6-cycle, so we may
assume that our graphs have minimum degree at least 2. We fist prove that for n
large enough, if an n-vertex triangle-free planar graph has the property that each of
its vertices is in at least hi(n) 6-cycles, then it has to be isomorphic to H,,. This is
done through the following lemmas, following the approach in [86] and [52].

Lemma 5.16. Let v > 0 be a small constant and n be sufficiently large. Assume
that G is a triangle-free planar graph on n vertices such that every vertex of G is
contained in at least n?>/10 6-cycles. Then, G contains three vertices uy,us and us3
such that each of |N(uy,us)|, |N(u1,us)| and |N(us,us)| is at least yn.

Proof. Suppose G is a plane graph on n vertices satisfying all the conditions of the
lemma.

Claim 5.4. If G contains two vertices x and y with |[N(x,y)| > an, where 0 < o < 1
15 a constant, then G contains a vertex of degree 2, whose only two neighbors are x
and y.
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Proof. Let N(z,y) = {w1,ws, ..., wy}, then k > an. As in the proof of Lemma 5.10,
they form k£ regions. For each 1 <i < k, the region R; is bounded by the 4-cycle
rw;yw;+1, where addition in the subscript is modulo k. Since G is triangle-free,
N(x,y) is an independent set, and hence, for any 1 < i < k, the vertex w; can only
be adjacent to z, y and vertices inside R;_; or R;. Thus, it suffices to show that
there are at least two consecutive empty regions.

We show that if a region is not empty, then it must contain more than n'/? vertices.
On the contrary, assume that a region R; bounded by zw;yw;,; is not empty and
contains at most n'/® vertices. Let z be a vertex inside R;. We count all the 6-cycles
that contain z. If such a 6-cycle uses vertices only in R; (including the boundary
vertices), then owing to Theorem 5.1, there are at most (n'/®+4)%/9+0((n'/3+4)?) <
n, as n is large.

If a 6-cycle containing z is a crossing one, i.e. uses at least one vertex outside of
R;, then it uses at least two vertices on the boundary of R;, and hence it can contain
at most three vertices inside R;.

Assume that the 6-cycle contains only z inside R;. Then, z must be adjacent to
at least two of the boundary vertices of R;. As z is not a common neighbor of z
and y, and since G is triangle-free, the two boundary vertices must be w; and w;;.
Now, without using any of z and y we cannot have a 6-cycle containing w;zw; 1,
and if one of x and y are used, we need two vertices outside R;, that form a path of
length three from x to w; or from z to w;1, if = is used (and for y it is similar). By
Corollary 5.14, there are fewer than n such paths. Also, if both x and y are used, to
complete the 6-cycle we need a common neighbor of z and y, for which there are
k — 2 choices. Thus, all together, there are at most 5n such 6-cycles.

Assume that the 6-cycle contains z and another vertex, say 2, inside R;. There
are at most n'/? choices for 2. If only two boundary vertices are used, then we need
two more vertices outside of R; that form a path of length three between the two
boundary vertices. Again, by Corollary 5.14, there are fewer than n such paths for
each pair of the boundary vertices. Thus, there are at most 6nn'/® = 6n*/3 choices for
such a cycle. If the 6-cycle uses three vertices on the boundary of R;, then together
with z and 2/, it is already 5 vertices, so we need one vertex outside, for which there
are at most n choices. Therefore, there are at most 4nn'/® = 4n*3, as there are 4
possible ways to choose three boundary vertices. Note that it may not be the case
that any two or three of the boundary vertices could be chosen, but even this loose
upper bound works for us now. In this case, there are at most 10n*?3 such 6-cycles.

Finally, assume that the 6-cycle contains two other vertices z; and z, besides z
inside the region R;. As it uses at least a vertex outside of R;, it must use exactly two
vertices on the boundary of R; and the outside vertex is a common neighbor of them.
Thus, the two boundary vertices cannot be adjacent as this would form a triangle,
and hence, they are either x and y or w; and w;,;. There are no common neighbors
of w; and w;;, outside the region R; because of the other common neighbors of z
and y and planarity of G. Thus, the two boundary vertices must be x and y for
which there are k — 2 possible common neighbors outside R;. Then, x,y, z, z; and 29
form a path of length four from x to y in the region R; (including boundary vertices),
applying Theorem 5.10, there are at most ((n'/3+3)/2)? — 2 such paths, which is less
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than n®/° as n is large. Even if z is in all those paths, there is at most kn®¢ < n!1/6
6-cycles in this case.

Therefore, in total, z is contained in at most n + 5n + 10n*? + n'/¢ < n2/10
6-cycles, since n is large, obtaining the desired contradiction. Thus, if there are
t non-empty regions, they contain more than tn'/? vertices, and hence tn'/? < n,
which means ¢t < n*?. Since there are k > an regions and n is sufficiently large,
there exist consecutive empty regions, which completes the proof. O

Claim 5.5. Let 8 > 0 be a small constant. If a vertex v has degree at most 5,
then it has two neighbors wy and ws for which there is a vertex w such that each of
|N(w,wy)| and |N(w,ws)| is at least fn.

Proof. Every 6-cycle containing v must contain zvy for some pair of neighbors x and
y of v. There are at most 10 such pairs and v is in at least n?/10 6-cycles. Thus,
there is a pair w; and w, such that wyvws, is in at least n? /100 6-cycles. Each such
cycle is determined by a path of length four from w; to ws,, hence there are n?/100
paths Ps(wq,ws). Let P be the set of vertices that are on such paths from w; to ws.
Let X := N(w;)NP,Y := N(we) NP and Z := P\ X UY. Each path uses an edge
yz € E(Y,Z) and a neighbor of z in X, and each edge yz € E(Y, Z) is in at most
|Nx(2)| such paths. Since the graph is planar, the bipartite graph between Y and Z
has fewer that 2n edges, i.e. |[E(Y, Z)| < 2n, and there are at most Yz 7 [Nx(2)]
paths of length four from w; to we. Let L := {yz € E(Y,Z) : |Nx(z)| > n/300}.
We then have n?/100 < #Ps(wy,ws) < |L|n + (2n — |L|)n/300, which implies that
|L| > n/299.

Since we also have E(X, Z) < 2n, at most 600 vertices in Z can be the endpoints
of the edges in L, and hence, there is a vertex w € Z, which is the end point of at
least /179400 edges in L. This means N(w,w;) > n/300 and N (w, wy) > n/179400.
As [ is small enough, this completes the proof of the claim. O

Now, we can complete the proof of the lemma. Since G is planar, it contains a
vertex of degree at most 5. Then By Claim 5.5, there are vertices u; and us such
that |V (u1,ug)| is at least yn. Hence, by Claim 5.4, there is a vertex v; of degree 2,
whose only two neighbors are u; and us. Applying Claim 5.5 on vy, there is a vertex
ug such that each of |N(uq,us)| and |N(ug, ug)| is at least yn. O

For a set of vertices M, we denote by Ps(x,y)y a path of length four from x to
y that contains some vertices from M.

Lemma 5.17. Let G be a triangle-free planar graph, and u;viusvouzvs be an induced
6-cycle in G. Suppose M 1is the set of vertices in the interior of the region bounded
by the 6-cycle, with |M| = m, such that each vertex in M is adjacent to at most one
of uy,us and uz. Then,

3 2
Z #P5 (i, wip1) <3 (mTM) — 3,
=1

where 1 + 1 is taken modulo 3.
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Proof. First observe that no path Ps(u;, u;41), for each i € [3], can use vertices from
both the interior and the exterior of the bounding 6-cycle, since it would create a
triangle in G. Thus, any path Ps(u;, w;11) uses only the vertices of M and those on
the 6-cycle. For each i € [3], let X; be the set of neighbors of u; in M together with
it’s neighbors v; and v; 5 on the 6-cycle. Since each vertex in M is adjacent to at
most one of u;’s, we have X; N X1 = {v;}. Each Ps(u;, u;11) contains a vertex from
X;, a vertex from X;;; and a common neighbor of them, which we call the middle
vertez of the path. Let Z = M \ U?_, X;. Then, for each i € [3], the middle vertex of
any Ps(u;,u;41) is in Z U X; 1. Accordingly, we distinguish the following cases.

Case 1. For each i € [3], the middle vertex of any Ps(u;,u;41) is in Z.

For each i € [3], let Z; C Z be the set of middle vertices of all the paths Ps(u;, w;41).
It is easy to see, due to the properties of G being planar and triangle-free, that
| N3_, Z;| < 1. Analogous to the proof of Theorem 5.10, we have the most number of
paths between wu; and w1 if for each i € [3], we have Z; is a singleton. Furthermore,
a simple computation gives that we have more paths if 7, = Z, = Z3 = Z = {z},
see Figure 5.5. Then, 327 | X;| < m + 5 (since we exclude z from M and each v; is
counted twice), and for each i € [3], we have |X;||X;41]| — 1 paths Ps(u;, u;11). The
term —1 is because choosing v; in both of X; and X;,; does not give a path of length
four from wu; to u;;,. This gives

3 3 )
Z #Ps(ui, Uig1) v = Z (|1 Xil| Xipa] — 1) <3 (m_+5) _3

, , 3
=1 =1

U3

V9 v (%

U2

Figure 5.5: The best configuration that achieves the bound in Lemma 5.17.

Case 2. For some ¢ € [3], there is a vertex in X; o, which is the middle vertex of
a P5<UZ',UH_1>.

To ease the notation, without loss of generality, assume there is a vertex r3 € X3,
which is the middle vertex of a path Ps(u1,us). Since x3 is not adjacent to any
of u; and wus, it must have neighbors in both of X; and X,. Let Ny, (z3) = Y}
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and Ny,(z3) = Y. Take z; € Y] such that the region R3 bounded by the cycles
u1r1x3u3v3 does not contain a common neighbor of u; and x3. Similarly, choose
2o € Y such that the region Ry bounded by the cycle usxox3uszve does not contain
a common neighbor of us and x3. Let R; be the region bounded by the cycle
U ugzox3x1. For each i € [3], let m; be the number of vertices in the interior of R;,
so my + mg +m3 = m — 3. See Figure 5.6.

U3

Uus Uy

e

V2 U1

Ug
Figure 5.6: x3 € X3 is the a middle vertex of some Ps(uy, us).

Note that, since GG is planar and triangle-free, none of the z;’s can be any of the
v;’s, and no other vertices of X3 can be the middle vertex of a Ps(uq,us). Also, for
the same reasons, if Y; contains only zq, then it is possible that x; is the middle
vertex of a path Ps(ug, us), but then no vertex in X, can be the middle vertex of a
path Ps(ui,uz). That is, in each X; at most one vertex can be the middle vertex,
and at most two of the X;’s can contain a middle vertex. We now have the following
possibilities:

Subcase 2.1 Each of Y] and Y, contains at least two vertices. Thus, none of x;
and x, can be the middle vertex of the considered paths. Let us count the paths
according the regions R;, Ry and Rs.

No vertex inside R3 can be on a path Ps(uy,us2) or Ps(ug,us), and by Theorem
5.10 there are at most (m3TH)2 — 2 paths Ps(u1,u3) (note that there are mg vertices
inside Rz and 5 vertices on its boundary). Similarly, vertices inside Ry cannot be on
paths Ps(u1,u2) and Ps(ug,u3), and there are at most (m2T+4)2 — 2 paths Ps(uq,us).

Let us consider R;. Again there are at most (’"IT“”)2 — 2 paths Ps(uq,ug). If a
path Ps(uq,u3) contains vertices inside R;, then it must contain the edge xsuz and
a path Py(ui,x3), i.e. a path of length three from u; to x3. Likewise, a Ps(us, u3)
that uses vertices inside R; is determined by a Py(ug,x3). Let L; and Ly be the
sets of vertices inside R; that are on paths Py(uy, z3) and Pj(us, x3). We claim that
|L1 N Ly| < 1. To see this, assume a vertex ' € X; (a neighbor of u;) is on a path
Py(ug, x3). Then 2’ must be adjacent to x3 and must have a neighbor with wuy, since
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2’ is not adjacent to uy. Thus, 2’ is a common neighbor of u; and x3, and hence, it
cannot be on a Py(uy,x3), as otherwise this would form a triangle. Therefore, no
vertex in X; (inside R;) can be in L; N Ly. Similarly, no vertex in X, inside R,
can be in L; N Ly. Now, suppose a vertex w inside Ry is in Ly N Ly. Then w is not
adjacent to any of u; and uy and it is on a Py(uq, x3) and a Py(us, x3). Then, it must
be adjacent to x3 and have neighbors with both u; and us, which then separates
the region R; into three other regions that can easily be seen that no other vertices
can be common to both of L; and L,. By Corollary 5.14, there are at most |L;| — 1
paths Py(uq,x3), and at most |Ly| — 1 paths Py(us, x3). Also, on the boundary, v;
can be counted in Ly N Ly. Thus, there are at most m + 4 paths of length three from
uy Or up to w3, which means there are at most my + 4 paths Ps(u1,ug) or Ps(ug, ug).
Thus, we obtain

3 2 2 2

+4 +4 +5
> #P5(ui7ui+l)M:(m3 ) —2+(m2 ) —2+<m12 ) 24 my+4
=1

m—+5 2
<3 —— ) —3.
("5°)

Subcase 2.2 At least one of Y] or Y5 contains only one vertex. Then, it is
possible for x; or x5 to be the middle vertex of a considered path. Without loss of
generality, assume 7 is such, which means Y} = {z;}. Then, z; has neighbors in
Xy, which are not in Y5 (as otherwise with z3, they form a triangle) and may have
other neighbors besides z3 in X3, which must be in the region Rj.

If 1 has no other neighbors besides x3 in X3, then this situation is already covered
in Subcase 2.1. And if x3 has other neighbors besides x3 in X3, then the situation is
the same as the previous subcase with the role of x; and x3 being swapped. O

Lemma 5.18. Let G be an n-vertex triangle-free planar graph. If every vertex of G
is contained in at least hi(n) 6-cycles, then G is isomorphic to H,, if n is sufficiently
large.

Proof. Let G be an n-vertex triangle-free planar graph, where n is sufficiently large.
Assume every vertex of G is contained in at least hji(n) 6-cycles. By Lemma 5.16,
there are three vertices uy, us and ugz such that for every i € [3], |N(u;, uip1)| > an,
where 0 < o < 1 is a constant. The addition in the subscript, here and in the rest of
the proof, is taken modulo 3. Let |N(u;, ;1) = k;, for each i € [3]. Let G be the
induced subgraph of G on {uy, us,us} U N(uy,us) U N(ug, ug) U N (ug,us).

Consider G[{uy,us} U N(u1,uz)]. This divides the plane into k; regions, each
bounded by a 4-cycle ujzusy, for some x,y € N(uy,us). Then, uz and its common
neighbors with u; and with us are in one of these regions, without loss of generality,
say in the “first" region, as shown in Figure 5.7

Note that | N (uy, ug, uz)| < 2, as otherwise G would contain a K 3. If [N (uy, ug, us)| =
2, then all the faces of Gy are bounded by 4-cycles, if | N (u1, us,u3)| = 1, then there
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is one face bounded by a 6-cycle, if |N(uy, us, us)| = 0, there are two faces bounded
by 6-cycles. See Figure 5.7. We first show that V(G) \ V(Gg) = 0.

Uy Uq Uy
Uo U9 Uz
(a) All faces are C, (b) One Cgs-face (c) Two Cg-faces
|N (w1, ug, uz)| = 2 [N (ur, uz,uz)| =1 [N (ur, ug, uz)| =0

Figure 5.7: The possible cases of the subgrapb Gj.

From Claim 5.4 in the proof of Lemma 5.16, we obtain that for each i € [3], there
is a vertex v; € N(u;, u;11) such that the only neighbors of v; are u; and wu;4 1. For
each i € [3], we count all the 6-cycles that contain v;. Then, by averaging, there is a
vertex v € {v1, vy, v3} that is contained in at most %Z?:l #Cs(v;) (recall that Cg(v;)
denotes a 6-cycle that contains the vertex v;). If a 6-cycle contains v;, then it must
contain the path wv;u;11 and a Ps(u;, u;11). Also, any Ps(u;, u;41) gives a 6-cycle
containing v;. Hence, #C4(v;) = # Ps(u;, u;11), which means

3 3
> #Cs(vi) =) #Ps(ui uip)
=1 =1

Assume a face of G that is bounded by a 4-cycle w;ru; 1y, where x,y €
N(ui,uitq), for some i € [3], is not empty in G (i.e. there are vertices of G in
its interior). Let T" be the set of vertices in its interior with |7 = ¢. Then as in the
proof of Claim 5.4, we must have ¢ > n'/3. Observe that if none of z and y is adjacent
to 19, then no vertex of T' can be on a Ps(u;, u;12) or a Ps(u; 41, uir2). Also, at most
one of x and y can be adjacent to u;,o (and this is possible only for two such faces),
say z is adjacent to u;io. Then, any Ps(u;, u;12) that uses vertices from 7" must use
a path of length three from u; to x and the edge xu;,5. Then there are at most ¢
such paths. Similarly there are at most ¢ paths Ps(u;11, u;42) that uses vertices from
T. By Theorem 5.10, T contributes to at most (¢t + 3)?/4 — 2 = t2/4 + 3t/2 + 1/4
paths Ps(u;, u;11). Thus, by moving t/2 of the vertices to each of N(u;,u;42) and
N (w1, uis2), we lose at most 2t paths of length four from w; to u;1o and from w4
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to u;i0, and at most t?/4 + 3t/2 + 1/4 paths of length four between u; and u;, 1,
while we gain t?/4 + (k;y1 + kiy2)t/2 paths between u; and u,, 1, k;t/2 paths between
w; and w9 and k;t/2 paths between u; 41 and u;o.

Thus, the total increase of Zle #Ps(u;,u;41) is at least

2/4 + (ki + kio)t/2 + kit — (£2/4 + 3t/2 4+ 1/4 + 2t) > (ki + kiz2)t/2 > an/.

Therefore, we may assume that all the regions that are bounded by 4-cycles of
Gy are empty. We now show that the possible 6-faces of G (i.e are bounded by
6-cycles of Gyg) are empty in G, too. Recall that we can have at most two such faces,
so suppose M and L are the sets of vertices in their interiors, with |M| = m and
|L| = 1.

For each i € [3], a Ps(u;, u;41) can not contain vertices from both of M and L,
and hence it either contains no vertex from M U L or it contains some vertices from
M or it contains some vertices from L. Then, owing to Lemma 5.17, and assuming
ki + ks + k3 = k, we obtain

3

3
S #Cs(:) =D (kikigr + #Ps(ui, wier)ar + #P5 (s, wi41) 1)

=1

5)° [+5)°
§k1k2+/€2k’3+k1k3+3(%) —3+3<L) -3

3

E\? m+5)\° [+5)\2

< =~ LR R R
_3<3) +3( . ) 3+3( 3) 3

Then, by averaging, there is a vertex v € {vy, v9, v3} such that

#Cs(v) < 1/32#06@» = (2)2 + (mT“’)Q + (”75)2 _9

K2 m?2+10m+25 124101+ 25
=+ - —2

9 9 9
R ema P 10mt25 100425
N 9 9 9
(k+m+10)*—=2(km+kl+ml) 10m+25 10+ 25
= + + )
9 9 9
—1)2
%—2<h1(n),

where the last inequality is because k + m + 1 < n — 1. Indeed, if both of m and [
are non-zero, then k +m + [ =n — 3, as they count all the vertices of G except the
w;’s. Also, if one of them, say [ is zero, then we can have a vertex in N (uq, ug, us3),
which will be counted three times in k;’s, but still £k +m = n — 1, and we reach the
same conclusion. This contradiction proves that both of M and L must be empty,
which gives V(Gy) = V(G) as desired.

Now, to show that G is isomorphic to H,,, we must have all k;’s are as equal as pos-
sible and | N (uq, ug, u3)| = 2. Since all faces are empty, then we can add appropriate
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chords in the two faces that are bounded by 6-cycles, and make |N(uy, ug, uz)| = 2,
increasing the number of paths of length four between each pair of the wu;’s. Therefore,
we may assume that |N(uy, ug, us)| = 2, and hence ki + ks + k3 = n + 1. Then, for
each i € [3], we have the number of Ps(u;,u;11), and hence the number of 6-cycles
that contain v;, is exactly ki 1kiio — 2.

Assume n = 0 (mod 3), which means n + 1 = 1 (mod 3). If for some i € [3],
we have k; > n/3 + 1, then k; .y + kiro < 2n/3. Then, #Cs(v;) = #P5(u;, uir1) =
kij1kio —2 < (n/3)* — 2 = hy(n), and equality holds only when each of k;; and
ko is n/3, which means we must also have equality in k; > n/3 + 1, which implies
that G is isomorphic to H,.

Assume n =1 (mod 3), which means n + 1 =2 (mod 3). If for some i € [3], we
have k; > (n + 2)/3, then k1 + kiro < (2n 4 1)/3. Note that, since n =1 (mod 3),
we have (2n + 1)/3 is an odd integer, we can then have #Cg(v;) = #Ps(u;, uiy1) =
kivikivo—2<((n4+2)/3)-((n—1)/3) —2 = hy(n). Again, equality holds only when
one of k;11 and k; 4o is (n + 2)/3, and the other is (n — 1)/3, which means we must
also have equality in k; > (n + 2)/3, implying that that G is isomorphic to H,.

Finally, if n = 2 (mod 3), we can similarly get the same conclusion. O]

We are now ready to prove Theorem 5.11.

Proof of Theorem 5.11. Let n be sufficiently large, and G,, be an extremal graph
on n-vertices. By Lemma 5.18, we have either G,, contains a vertex in fewer than
hi(n) 6-cycles or it is isomorphic to H,. So in any case G, contains a vertex
v in at most hy(n) 6-cycles. Then, by deleting v we obtain a graph G,_; on
n — 1 vertices that contains at least exp(n, Cg, C3) — hy(n) 6-cycles, which implies
exp(n — 1,Cg, C3) > exp(n, Cs, C3) — hy(n), i.e.

eX'p(TZ, 067 03) - eX'p(TL - 1706; 03) S hl(n)

On the other hand, we have h(n) — h(n — 1) = hy(n). Therefore, if for if for
infinitely many values of n an extremal graph (G,, contains a vertex in strictly fewer
than hy(n) 6-cycles, we obtain exp(n,Cg, C3) < h(n), which is a contradiction, since
H,, is a triangle-free planar graph containing h(n) 6-cycles. Thus, there is an ny such
that if G is an extremal graph on n > ny vertices, then every vertex of G is contained
in at least hy(n) 6-cycles. Then, by Lemma 5.18, they are isomorphic to H,. [

Finally we present the proof of Theorem 5.12. We will be rather sketchy, as many
of the arguments have already been used in the previous proofs. Again, the addition
that appears in the subscripts is taken modulo 3.

Proof of Theorem 5.12. Let ui,us and uz be three distinct vertices of G. Let
|N(uj,uip1)| = ki, for each 1 < i < 3, and let k = ky + ko + k3. First, assume
that each k; is non-zero, in particular this means {u;, us, u3} is independent, since
G is triangle-free. Consider G := G[U2_; N (u;, uir1) U {uy, ug, uz}]. As G is planar,
IN(u1,ug,uz)] < 2. If |[N(up,ug,us)| = 2, then we have all the faces of Gy are
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bounded by 4-cycles, and similar to the proof of Lemma 5.18, we obtain more paths
in total if all the faces are empty and G = G,. Consequently, we have

k i n+1\2
ZZ;#PB(W,W-H):Z(l’u‘iki+1—2)§3< 3 > — 06

=1

where the inequality is because k1 + ko + k3 = n+ 1 (since they count all the vertices
except the u;’s and the two common neighbors are each counted 2 times). The
equality holds if each k; is exactly ”TH, which happens when n = 2 (mod 3). (Note
that in this case G = H,,.)

If |N(u,us9,u3)] = 1, then Gy has a face bounded by a 6-cycle. If k; > 2, for all
i € [3], then this 6-cycle is an induced one. Assume M is the set of vertices in its
interior with |M| = m. Applying Lemma 5.17, we have

3 3

3
Z #Ps(ui, wit1) = Z(kiki—i-l —1)+ Z #Ps(ui, Uiv1)m
=1

=1 =1 =

3 m+5 2
< (kikip — 1) +3 (T) -3
=1

E\ 2 m+5 2
<3(=) -34+3(———) -3
HORICY

Clearly, this is maximum if k£ or m is the smallest possible. Note that £ > 6 (and
counts the vertex in N (uq, us, ug) three times), and hence, m can be as large as n — 7.
A simple computation shows that we have the maximum possible value if m = 0 (and
k =n — 1), which is then still much smaller than the stated bound in the theorem.

Assume for some i € [3], we have k; = 1. Without loss of generality assume
ke = 1, then N(ug,u3) = N(uq,us,u3) := {v}. The Cs-face of Gy is not an induced
one then, and the edge uv can be in paths of length four from wu; to us or to us.
Any such path must use a path of length three from v to us or to us. Similar to the
Subcase 2.2 in the proof of Lemma 5.17 we can show that there are at most m + 1
such paths. Thus, there are at most m + 1 paths of length four from wu; to uy or us
that contain the edge uyv. Therefore we have

3 3 3
Z #DPs5 (i, uir1) < Z(kikiﬂ — 1)+ Z #Ps (s wiv1)m
i=1 i=1 i=1

5 2
(kik@-+1—1)+3(%) —3+m+1

-

=1

2
k‘1+/€3+k2k5—3+3(mT_'_5> —3+m+1 [smcek2:1]

k—1)° 5\
g(k—1)+<T> —3+3(%> —3+m+1
2
S%m_&
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where the last inequality holds because we have the maximum value in case k = 3
(the smallest possible) and m = n — 6.

If [N (uq, ug, uz)| = 0, Then Gy has two such Cg-faces, each of which is an induced
6-cycle. Again, applying Lemma 5.17 to the interior of the Cs-faces and counting
all the paths as before, we can deduce that there are strictly fewer paths than the
stated bound in the theorem.

Finally, Suppose for some i € [3], we have k; = 0. Then, again for each i € [3], a
Ps(u;,u;y1) uses a vertex in N(u;), a vertex in N(u;41) and a middle vertex. One
can repeat the argument in the proof of Lemma 5.17 to see that the number of all
paths is maximum if there is only one middle vertex and the rest of the vertices
are evenly distributed into the neighbors of u;,us and us. Then going through the
computations, one sees that there are strictly fewer paths Ps joining all the pairs of
u;’s than the stated bound in the theorem.

O

5.5 Conclusion

The maximum number of an even cycle in triangle-free planar graphs is asymptotically
the same as in planar graphs in general, which is given in Theorem 5.1. This is
clearly true for Cy and Cg as we have shown. For any even cycle Cs;, the following
construction attains the best asymptotic value.

Take an even cycle Csy, and blow up every other vertex in a balanced way such
that all blow-up subsets intersect in two vertices, call such graphs Geyen (Note that
H,, i8 Geyen for k = 3). We conjecture that Geye, is the unique extremal graph for
eXP<TL, Cgk, 03)

However, in case of the odd cycles, we have already seen that exp(n,Cs, Cs)
is not asymptotically the same as exp(n,Cs,0). In this case, we conjecture the
following (similar to 7,,) construction G,qq to be the extremal graphs. Take a cycle
Copy1 = V10203 . . . UggVoky1 and join two vertices z; and zo (one from inside and the
other form the outside of Co,1) to each vertex vy 41 for i =1,2,... k — 1. Then,
blow-up each vertex vy, for i = 1,2,...,k — 1, to independent sets of vertices, and
replace the edge vorvor1 by a tree with color classes A and B, such that the size of
each of the blown-up sets and |A U B| — 1 are as equal as possible.

Conjecture 5.19. Let n be sufficiently large and k > 2. Then,
1. exp(n, Co, C3) = N(Cok, Geven), and Geyen s the unique extremal graph.

2. exp(n, Copi1,C3) = N(Cori1,Gr), for a G, € Goaa, and Gogq is the set of all
extremal graphs.

Note that the Theorems 5.2 and 5.11 show that the first part of this conjecture
holds for k£ = 2,3 and Theorem 5.7 yields part 2 for k = 2.
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