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Chapter 1

Introduction

We are witnessing a revolutionary progress in the field of experiments performed
on the nanoscale regime opening the possibility of the manipulation of quantum
systems even on the level of single electrons [1, 2, 3, 4, 5, 6, 7, 8, 9, 10]. Somewhat
unexpectedly, this formed a strong synthesis with condensed matter physics urging
theorists to hold up with groundbreaking practical discoveries and applications. Most
notably, advances in realizing artificial systems have proven that the well-known
theoretical models, like Luttigner-liquids [11], the celebrated Hubbard model [12]
or quantum versions of conventional classical mechanical systems, like the quantum
Newton’s cradle [13] could be reconstructed experimentally up to high accuracy.

From this point of view, it is far from an exaggeration to state that in this
era, where experimentalists can to manipulate quantum many-body systems even
at the nanoscale regime, the “old fashioned” relation between theory and practice
has changed forever. While in the past decades, a large amount of attention has
been paid to explain theoretically the experimental results nowadays this course has
become partly reversed as many times theories are born before their experimental
evidences which are then either verified by practical realizations or in particular the
experiments are the ones that help physicists resolve exciting theoretical problems.

Throughout the past decades with experimentalists striving forward in realizing
quantum systems at yet unprecedented short length scales one peculiar field acquires
an outstanding role from the theoretical point of view, quantum systems driven away
from equilibrium [14, 15, 16, 17].

While equilibrium statistical mechanics is understood completely [18] and can be
captured within a well-established theoretical framework (in most cases numerically,
but for some “nice” models also by analytical means) able to reproduce the exper-
imentally observed phenomena, our knowledge is still far from complete regarding
the general nonequilibrium counterpart. To mention the least, the driving protocol,
the role of interactions, or the interactions with the environment, etc. makes the
field larger and larger to be explored. With so many open questions and specific
scenarios the best strategy is to start with the simplest possible but still most ex-
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emplary models, from which, however, general results and assumptions regarding
the more complicated cases can be derived. Therefore the first task is addressed
by the investigation of isolated non-interacting systems, from where, for instance,
a natural continuation emerges just by separating the time scales of the interaction
between the system and heat bath and of the duration of the nonequilibrium process,
meaning that interactions with the thermal bath are taken into account only by the
initial thermal distribution [19]. In addition, there is also a large variety of how to
realize the system’s time evolution, H — H(Ay(t), Xao(t),...), where A;(t), Aao(t), ...
denote possible parametric time evolutions. Again, most of the fundamental fea-
tures can be captured by considering the simplest case with a single parameter and
a A(t) ~ A\; 4+t linear protocol, while only specific characteristics will depend on the
number and different functional forms of the parametric time evolutions. Hence in
this thesis, I also restrict my attention to this driving protocol. Within this setup,
the general statement about nonequilibrium processes sounds: the well-known rules
of statistical mechanics cease to provide an accurate description, quantities such as
the partition function, the free energy, or principles as those of the least action or
energy minimization are all absent, or to our best knowledge do not apply in general.
The list could be continued, however, even these issues place the physicists before
paramount challenges to work out the foot-stones of the statistical description of
nonequilibrium dynamics both from the experimentalist’s and from the theorist’s
point of view.

At this point, let us orientate to a particularly exciting and popular field in
the investigations of nonequilibrium dynamics, the characterization of universal-
ity [20, 21, 22, 23, 24, 25]. Universality is well-understood in equilibrium and provides
a natural classification of either quantum or classical phases of matter. Prominent ex-
amples of universality appear, for instance, in second order phase transitions around
the critical point, manifesting in the scaling of most of the observable physical quan-
tities, like the correlation length, energy, magnetization, etc. In particular, universal
power law behaviors are observed, the classifications of which depend only on the
global symmetries of the system and are completely independent of the microscopic
details. Initially, these characteristics were observed in the classical case, where some
macroscopic intensive thermodynamic variable was varied (like pressure, tempera-
ture, etc.) until the next step was worked out, i.e. the variation of some microscopic
parameter in the Hamiltonian at zero temperature [21, 24| leading to the phenomena
of quantum phase transitions.

As expected, the situation becomes highly non-trivial with many unanswered
open questions and vast, still unexplored fields when we turn to the issue of uni-
versality in the case of nonequilibrium processes. However, a good starting point is
provided by the question: in what aspects can a description be established analo-
gous to the equilibrium universal behavior? First attempts concentrated on cases
when critical points were crossed where heuristic arguments successfully provided
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a connection to the equilibrium properties of the system in the case of classical
phase transitions [27, 28]. Further thorough studies considered the quantum coun-
terpart, when at 7' = 0 some parameter of the Hamiltonian is tuned across its critical
value [29]. A further development is provided by the generalization of the “ordinary”
phase transitions to dynamical ones[25, 26], when during some time evolution abrupt
changes happen in the thermodynamical quantities. Although the equilibrium case
or the studies on the dynamical phase transitions consider cases when the system’s
given state undergoes changes which are also observable macroscopically, in general
nonequilibrium situations there is a much larger possibility to point out universal be-
havior even far away from critical points via measuring various dynamical physical
quantities, such as transport properties, change of energy, of momentum, etc. Hence
it provides a natural extension of the concept of universality to take into account
also trivial phases of the system, i.e.: processes where no critical point is crossed or
in the broader nonequilibrium sense where no dynamical phase transition takes place
either. Characterizing these processes also from universality’s point of view could
facilitate considerably our understanding of out-of-equilibrium phenomena as promi-
nent theoretical and experimental studies pointed out universal far-from-equilibrium
dynamics, for instance, in interacting Fermi and Bose gases just by looking at the
time evolution of some “every day” quantities, like the momentum density or viscos-
ity and other transport properties, etc. [30, 31, 32].

Thus, to measure the degree of universality, a plausible strategy is to choose a
general physical quantity, whose time evolution can mirror most of the characteristics
of the process. Maybe one of the most salient difference between nonequilibrium and
equilibrium is the non-constant behavior of the energy of the system. Therefore it
seems also a suggestive choice to characterize universality from the energetic point of
view as the total energy can change throughout the process without getting near any
critical point. Correspondingly, it provides an ideal testbed to investigate the ques-
tion of whether its values are only determined by some finite number of parameters
and up to which degree the microscopic details are negligible.

Even though it has been the subject of classical statistical physics, the aspects of
the internal energy still had some surprise for both the theorists and the experimen-
talists until the late 70’s. Initially, at the time of the foundation of classical thermo-
dynamics [18] quasi-stationary processes were considered where a natural separation
was provided by its values in adiabatic and non-adiabatic processes, identified with
the concepts of “work” and “heat”, respectively. Here in the case of slow processes
the system’s time evolution was approximated as traveling in the space of equilib-
rium configurations. The development of the linear response theories was also born
in this era capturing the changes of observable physical quantities induced by time-
dependent perturbations small enough that a perturbation theory around the initial
equilibrium state was applicable [33].

Later, however, exact relations, named fluctuations relations were provided in
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the classical case, relating the change of the energy to the equilibrium free energies
of the initial and final states [34, 35, 36, 37, 38, 39]. These observations were quite
straightforward and could be handled within the framework of equilibrium statistical
mechanics, expressing the change of energy via the integral along the trajectories
traversed in the phase-space. Let us note at this point that both in the case of
the upcoming case of quantum systems and in far-from-equilibrium situations [34]
all changes of energy are identified with the concept of work. Furthermore, the
solvability and interpretations of the problem were also quite comprehensible, as
in classical systems actually ordinary functions were considered whose values were
deterministic and the corresponding values of work could easily be determined. In
the case of initial randomness, deterministic energy transfers were replaced by their
fluctuating quantity characterized by the distribution function of work, the work
statistics, for which however a clear framework immediately emerged as the only
task was to transfer the initial randomness to the final energy of the system provided
that the equations of motion are known.

The natural question, however, emerged as whether there is a quantum extension
of the classical framework [40, 41, 42, 43, 44, 45, 46, 47]. The first tough obstacle
was met when it was realized that no quantum analog of the trajectory traversed in
the classical phase-space existed. Accordingly, the simple replacement of the Hamil-
tonian function with the Hamilton operator led to erroneous results and even the
contemporary pioneers of the field started to doubt the existence of these relations.
The wrong step in bridging over to the quantum realm was the assumption that the
values of work could be associated with the eigenvalues of some mysterious work op-
erator, as usually, one promotes classical physical quantities to quantum mechanical
observables. In the same spirit the connection between random initial states, the
possible measurement outcomes of work and the full distribution function of work
kept the physicists puzzled for quite a long time. Since there exists no operator de-
scription the statistical behavior also becomes completely different, typically much
more complicated. The key reason behind this fact originates from the fact that
while in the classical setup knowledge about the initial state determines the final
state (via solving the equations of motion), and so the value of work, in quantum
systems an additional randomness steps in the picture via changes of the occupa-
tions of the eigenstates of the final Hamiltonian which in turn requires an additional
measurement at the end of the process leading to the two-measurement-scheme. The
quantum mechanical framework, the precise formulations of work statistics, and the
fluctuation relations both in the classical and quantum cases are discussed exhaus-
tively in the upcoming sections.
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1.1 Work statistics of nonequilibrium many-body
systems

This section is devoted to providing a thorough summary regarding the statistical
characteristics of the concept work and constitutes the main part of the Introduc-
tion. As detailed above, there is a highly non-trivial obstacle in finding an analog
between the classical and quantum definitions of work that can reproduce the classi-
cal fluctuation relations as the simple substitution of the Hamiltonian function with
the Hamilton operator leads to completely unphysical consequences.

1.1.1 Going from classical to quantum: ‘Work is not an ob-
servable’

In this subsection, I review the most important ingredients necessary for a proper
definition of “work” in quantum systems. First, clarifying the classical concepts, let
us consider a general time-dependent Hamiltonian function H(z;, A(t)) with explicit
time-dependence encoded in the protocol A(¢) and also depending on the phase-space
vector z; = (qy, p;) evolving according to the Hamiltonian equations of motion. For
the sake of completeness, let us follow the literature and distinguish between the
inclusive and exclusive work [48], i.e.

Wex (20, \) = Ho(z:) — Ho(zo) ,
Win(zo, \) = H(z:) — H(zo) - (1.2)

While the exclusive approach only considers the change of energy owing to the tra-
jectory traversed in the phase-space and measures energy by the initial Hamiltonian,
the inclusive point of view also incorporates the corresponding changes of the Hamil-
tonian function. Early inequalities were observed, that the maximal extractable
work on average cannot be lower than the free energy difference (zero) in the ex-
clusive (inclusive) approach (Wey)x > 0 ((Win)x > AF) in the case of initial equilib-
rium described by the Gibbsian ensemble at inverse temperature 5 = 1/kgT. Here
AF = F(A(t)) = F(\0)) with F(A(t)) = —B1n | [ dze #= XD, They have been
developed further into remarkable exponential equalities (Jarzynski and Crooks re-
lations) which are very powerful extensions of the previous inequalities and from
which these inequalities can also be derived. A very general one was derived by
Jarzynski relating the work to the free energy difference between initial and final
states [35, 36, 40, 41]:

(emMWe) =1, (1.3)
<e”8wi“> = e PAF, (1.4)
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Let us also note the remarkable identity that the condition of being in thermal
equilibrium is only required for the initial state but not for the final one. Despite
the compactness and power of these relations, serious issues were met when trying
to generalize them to quantum systems, as the natural way to promote the work (let
us, following the literature, concentrate on the inclusive approach) to an operator
as W(t) = H(t) — H(0) failed miserably to reproduce the above equality (except
for someAspecial cases like Hamiltonians that commute with themselves at any time,
(A (), H(t)] = 0) [42, 43).

This and further observations [40, 41, 44] led to the resolution that work could
not be interpreted as an observable of a single instantaneous state of the system,
whose possible measurement outcomes can be associated with the eigenvalues of
some “strange work operator”. The main reason behind it lies in the fact that while
classically the initial state uniquely determines the final state of the system (via the
traversed trajectory in the phase-space) and so a single measurement is satisfactory
for accessing information about the change of the energy, quantum mechanics intro-
duces additional randomness due to the transitions between the instantaneous eigen-
states of the system necessitating a second measurement. Unfortunately enough,
however, the first and second measurements cannot be made simultaneously because
the statistical behavior of the final state depends on the given process itself, therefore
the common folklore in the literature sounds that “work characterizes a process rather
than a state of a system” [34]. For the time being, forgetting about the possibility
of degeneracies, the possible values of work are thus provided by measurement out-
comes at the beginning and end of the process [45, 49] (for the sake of completeness,
written out both for the exclusive and inclusive cases):

wy, = B () — E(0) (1.5)
weyx = E7(0) — E%(0) (1.6)

commonly referred to as the two-measurement scheme. Here E7(t) (E'(t)) is the fth
(1th) eigenvalue (a possible measurement outcome) of the final (initial) Hamiltonian,
H(\1)) (ﬁ ()\(O))) whose distribution changes all along the process (is determined
by the initial Gibbsian ensemble). With these generalizations then the fluctuation
relations (for the sake of brevity expressed only for the inclusive case) can correctly
be reproduced, however, now with a time-ordered exponential rather than just the
exponential of the difference between the initial and final Hamiltonians (which would
correspond to the naive operator description of work):

(e PO HHO — g=pARE). (1.7)

where the superscript denotes the Heisenberg picture HH(t) = Z/{I(O% /\(t)ﬁ (t) Uxo), x1),

.rt ! ’
where Uy xe) = Te™ Jo & HX) is the time evolution operator. Let us further re-
mark that these relations are only valid (both in the classical and quantum senses)
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when initially the system was prepared in thermal equilibrium described by a Gibb-
sian ensemble. Correspondingly, the averaging stands for(...) = [dzg p(2o) ..., Tr[po...]
with the initial density function and operator py(zo) = e~ #20:X0) / [ dzy e=FHE0X0) - 51 =
e=PHX0) /Ty {6—5131()\(0))} for the classical and quantum cases, respectively.

1.1.2 Work statistics: background and definitions

In this subsection, I turn to the detailed summary of the work distribution, i.e. the
probability density function P(W,t) of performing work W at time ¢ and the related
forms of the fluctuation relations. This latter however necessitates the introduction
of the general time-dependent form of the so-called microreversibility principle. Let
us first turn to the basic concepts of the work statistics.

Although in the classical case fluctuation relations give a convenient way to ob-
tain valuable insight into the statistical nature of work, the full characterization is
provided by its statistics defined straightforwardly in the classical case as (restricting
ourselves in the following to the inclusive approach)

P(W, 1) = / dzo po(20) S(W — H(z) + H(zy)) | (1.8)

where the integration goes over the initial conditions faithfully mirroring the fact that
randomness is only encoded in the initial state, distributed according to the Boltz-
mann weights, e=##20X0) /7, 7, = [ dzg e #H(20.X0) " This expression generalizes to
the quantum case via the two-measurement scheme introduced in Eq. (1.5). The first
measurement is performed at ¢ = 0 the possible outcomes of which are the eigenval-
ues of ]fI(O), suppose it is £°(0) with probability pj = e #£® /Z; in a given process.
Due to the measurement, the system collapses to the projected state p* = I piII}
(in the non-degenerate case it is just the ith diagonal matrix element of the diago-
nal density matrix) then the projected density matrix is time evolved according to
the Z/A{)‘(()))\(t) = Te_ifot A HX)) ymitary operator as pf(t) = Z;fA(o),A(t) 0 L?TXO),A(t)- Now
having information about the time evolution of the initial state that was measured
to have energy E‘(0) we perform another measurement captured mathematically
simply by the means of equilibrium statistical mechanics, that is the conditional
probability of measuring energy E/(t) after that E(0) was measured is simply given
by p{ = Ty {H{ pi(t)} with H{ being the projection on the eigenstate with energy
E'(t) at time t (note that in the degenerate case it is the projection to the sub-
space with energy E7(t)). From here simply the probability of measuring a possible
energy difference of EY(t) — E*(0) (or E/(0) — E%(0) in the exclusive case) is given
by & [W - (Ef(t) - E’(O))} p{'ipf) from where the full distribution of work is just the
sum of these discrete Dirac-delta peaks positioned at the possible values of the energy
differences ,

P(W,1) = 3 0[W = B/(t) + E'(0)| pl"p} (1.9)

i, f
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Most conveniently, as will also be the method in this thesis, it is captured by its
Fourier transform, the characteristic function [44, 49] which is obtained naturally
just by representing the Dirac-delta in integral form:

G(u,t) =Tr {emﬁH(t)e_i“ﬁ(O)e_ﬁg(o)} /Zy , (1.10)

Py = [~

e "W G(u,t) (1.11)
—c0 2T
with the partition function given trivially by Zy = Tr {e‘ﬁf{(xo))]

Now let us turn back to the relation between the work statistics and the fluc-
tuation relations. For this, I first define the necessary concept of microreversibil-
ity: the time-reversed phase-space point or quantum mechanical state (respectively
€z, =(q,, —p,) or O|f) with © being the time-reversal operator (see Refs. [50, 51]
for the quantum and classical cases, respectively) evolves in time in the backward
process in the same way as the original process’ time-reversed version does in the
forward one:

O Uyo) xn)li) = Usry 7O f) (1.12)

with a similar rule in the classical case but with the time evolution generated by the
equations of motion. Note that here I introduced 7 for the duration of the process
and t for measuring intermediate times. If the condition is satisfied the probability of
extracting work W in the backward process is exponentially suppressed with respect
to performing the same amount of work in the forward process, which is equivalent
to the previous Jarzynski relation and is commonly referred to as the Tasaki-Crooks
fluctuation relation [37, 40, 41]:

PF(”at) BW—AF)
= 1.13
PB<LL,T—t) ¢ ( )

Here Pg(—W, T —t)(Pp(W,t)) denotes the work statistics in the backward (forward)
process where the system was prepared in initial equilibrium of the final (initial)
Hamiltonian. Finally, let us remark that both the Jarzynski and Crooks relations
generalize trivially to the degenerate case [49] and the Crooks relation can be, fur-
thermore, applied in more general situations like in processes when at the end of
the time evolution the system reaches thermal equilibrium at the same temperature
or in time-symmetrical processes where the initial and final states are identical. In
these cases, the Crooks relation can be applied to just one process with the same
work statistics

Based on this historical background and the remaining still open questions, in this
thesis I make an attempt to provide a stepping stone towards the general theoretical
framework of nonequilibrium systems from the point of view of universality and work
statistics in driven chaotic Fermi systems.



CHAPTER 1. INTRODUCTION 12

Correspondingly, in Chapter 2, I provide further details about the implied model
and as a preface I overview the most important already existing results supplemented
by some of my new ones. I present the theoretical framework of investigating chaotic
Fermi liquids that can be described in terms of non-interacting disordered fermions.
The single particle energy spectrum is captured by random matrix theory and ef-
fectively models generic disordered and chaotic nanograins. Accordingly, Sec. 2.1 is
devoted to the brief summary of the most important spectral properties of random
matrices. In addition, the most outstanding characteristics of the applied paramet-
ric evolution in the space of random matrices are also presented in this section. In
Sec. 2.2 T overview the already existing results regarding the dynamics of a single
fermion during the quantum quench governed by the former parametric evolution
with particular attention on the universal properties of the occupation probabilities
of the fermion in energy space.

In Chapter 3 I begin the discussion of the main new results of this thesis and con-
sider the full many-body problem at zero temperature. First, in Sec. 3.1 I give details
about the applied fermionic second quantized formalism and show similar universal
properties as in the preceding Chapter for the many-body occupation numbers and
the first two cumulants of work. Let me remark that I slightly modify the definition
of work in order to capture the essentially non-adiabatic energy contributions. Next,
I turn to the analytical investigations of the numerically obtained results in Sec. 3.2.
In particular, within a simple classical Markovian energy space diffusion model and
the further simplified ladder model very accurate agreement is observed with the
numerical results. Finally, in Sec. 3.3 I provide evidence that in the delocalized or
long localization length limit similar results in good agreement with the RMT are
observed for a driven two-dimensional Anderson model with the same aspects of
universality.

In Chapter 4 I concentrate exclusively on the full distribution of work in the
same setup. In Sec. 4.1 I first overview again the basic theoretical and experimental
background of the quantum work and also discuss in detail the applied characteristic
function approach together with the difference and importance of our somewhat un-
conventional work definition. Then in Sec. 4.2 T also investigate the applicability of
the classical approach and of the ladder model and provide accurate approximating
analytical formulas for the work statistics and characteristic function. Finally, in
Sec. 4.3 I turn to the discussion of the probability of adiabatic evolution correspond-
ing to the singular weight in the work statistics. In particular, I point out similar
high-level universal behavior and also derive analytical approximating formulas based
on the ladder model.

In Chapter 5 I provide an exhaustive generalization of all the previous results to
finite temperatures with thermally distributed initial states. In Sec. 5.1 occupation
numbers and the first two cumulants of work are investigated exhibiting similar uni-
versal properties, however, now with an extra non-universal temperature dependence.
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Next, in Sec. 5.2 I show that the ladder model remains valid even at 7' > 0 allowing
to extract analytical formulas for the work cumulants and the occupation numbers.
Finally, in Sec. 5.3 I turn to the general finite temperature work statistics showing
the same universal behavior and agreement with the classical Markovian and ladder
model results. Moreover, I derive a general determinant formula for the characteris-
tic function and also provide results for the probability of adiabatic evolution of the
initial thermal states.

Closing the results of this thesis, in Chapter 6 I turn to the investigations of
two two-dimensional disordered quantum dot models demonstrating that within the
regime of electronic states similar dynamical phenomena are expected, but with
models that are directly realizable in experiments. In Sec. 6.1 I provide details of
the quench protocols and the observed localization properties. Next, in Sec. 6.2 [
investigate the statistical properties of the dynamics of the evolving energy levels
and determine the domain of validity with the RMT characteristics. Finally, in
Sec. 6.2 T perform a similar analysis regarding the statistical nature of the avoided
level crossings and show that similarly to Chapter 3 and 4 the agreement observed

in the avoided crossings implies universal single-particle dynamics analogous to the
RMT results.

1.2 Experimental results for work statistics and
universality

As for the last section of the Introduction, I summarize some of the most important
experimental evidences regarding the work statistics and the fluctuation relations.
In addition, I also discuss experiments that motivate my research from the point of
view of nonequilibrium universal phenomena. Despite the fact that in this thesis I
investigate many-body systems, the experimental level has not yet exceeded single-
particle investigations in the case of work statistics measurements. Nevertheless, the
verification in the case of single-particle dynamics provides a valuable starting point
towards non-interacting many-body systems and hopefully, future research will also
focus on this in practice.

1.2.1 Work statistics and Crooks relation

First I consider a paradigmatic experiment regarding out-of-equilibrium single fermion
dynamics focusing on the extraction of the work distribution and investigation of its
statistical properties.

The experiment elaborated in Ref. [5] consists of a metallic single-electron box
subjected to an external time-dependent gate voltage and connected to the environ-
ment via a resistor. In this setup, the authors achieved precise enough measurement
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Figure 1.1: (a): Micrograph of the experimental setup with a single electron box
(the two metallic film), electrodes on the left and right connected capacitively to
the environment, the tunnel junction between them, the SET electrometer at the
top and tips of gate electrodes providing the bias voltage. (b): Schematic circuit
diagram with Cp, Cg, C; denoting the capacity between the electron box and the
electrodes environment) and of the tunnel junction, respectively. V, = en,C, is the
applied gate voltage, which is changed such that n, = 1 — n, = 0. The figure was
taken from Ref. [5].

of the dissipative energy during single electron transfers between the electrodes to re-
construct the fluctuation relation and also provide precise enough work distribution
functions. In Fig. 1.1 one can observe the micrograph of the setup and the simplified
circuit model.

Denoting the dissipative work by ) = W — AF appearing in the Crooks relation,
Pr(Q) /Pg(—Q) = e~ /%87 let us note that due to the applied sinusoidal protocol
measuring work in the same process during one period is satisfactory for the Crooks
relation as the free energy difference is zero and the process equals its time-reversed
partner. The time-dependence of the bias voltage was set to ny(t) = 1(1 — cos(27 f1))
with the dissipative work given by Q = 2E,[n() — 1/2], E. = €*/(2C; + C,) where
C; and C, denote the capacity of the tunnel junction and the bias, respectively,
and n is the number of electrons crossing from one electrode to the other one. This
protocol ensures that the number of electrons in the box changes by one, in the
proper limit of kg7 <« E. (with exponentially small thermal excitations). In the
setup this means that the number of electrons crossing the tunnel junction cannot
be larger than one during one period of duration 7.

The observed probability distribution functions and the verification of the Crooks
fluctuation relation are displayed in Fig. 1.2. Note that the work distribution gets
narrower as the driving frequency decreases owing to the smaller transition rates to
higher lying energy states implying smaller chances of larger values of work.

Let us next turn to a setup being also of considerable interest regarding the
main theoretical results on work statistics in this thesis. In a further seminal work
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Figure 1.2: Observed work distributions for different driving frequencies with the
inset showing the agreement of the experimental results with the Crooks relation.
Symbols show the experimental results, while dashed lines denote the Monte Carlo
numerical results taken from Ref. [5].
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Figure 1.3: (a): Time evolution of energy levels corresponding to an avoided level
crossing with possible scenarios according to the Cooper pair jumping off or on the
island. (b): According to the scenarios, work can take a positive and a negative value
at the maximum level distance or zero in the case of staying in the initial state with
probability 1 — Pz. This figure was copied from Ref. [7].

of Pekola [7] an experimental setup of a driven Cooper-pair box and its possible
calorimetric measurement scheme is proposed. The simplified Hamiltonian describes
a superconducting island with charging energy E. = Wi@) (Cy being the capac-
ity of the bias and C; that of the tunnel junction) which signals the presence or
the absence of the Cooper pair and a tunnel junction where, similarly to the previ-
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ous experiment, the pairs can jump off and on the island with energy F;/2. The
bath/environment is realized by a resistor.

A

H = —Eq(|1)(1]=[0)(0]) - E;J(IO><1|+I1><0|) : (1.14)

where ¢ = C,V,/(2e) with the bias voltage V such that ¢(t) = —1/2 + t/7 with
duration of the process equalling 7.
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Figure 1.4: (a): Probability distribution function with parameters E;/kp =
0.1K, Ec/kp = 1K, kgT = 5,7 = 107? s and R/Rg = 1/3, 1, 10/3, 10. Inset:
schematic figure of the circuit model feasible for measuring the dissipated work, here
the resistor provides the environment, that can emit or absorb the excitations of the
two-level system. (b): Cumulative distribution function and the figure was taken
from Ref. [7].

Note that this effective Hamiltonian just realizes an avoided level crossing with

the well-known Landau-Zener transition (LZ transition) [52, 53] with gap E;/2 and
nE3r

transition rate E.q by which the transition probability reads Pz = ¢~ The . In this
setup, the parameters were chosen such that dynamics is restricted to the ground
state and the first excited state that is, states of |0) and |1) with zero or one Cooper-
pairs. The simplified LZ picture captures the main essences of dynamics in closed
systems (see Fig. 1.3), however, in this paper the authors propose a theoretical
framework for open systems, where the system interacts with its environment also
during the LZ transition takes place, representing the effects of the measurement
device. Without going deeper into the precise analytical treatment of the problem,
the approximated dynamics is based on the master equation for the probabilities of
the presence and absence of the Cooper-pair on the island, py, po, respectively. By the
applied framework numerical results were obtained with realistic parameters, which
could experimentally be reproduced, for the observed work statistics as demonstrated
with the schematic plot of the setup in Fig. 1.4.

The results are restricted to energy scales of the same order as the minimum
level distance and provides predictions, in this limit, for the work distribution in the
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vicinity of the Landau-Zener transition. The approximating formulas also take into
account the interaction with the environment capturing the essence of the calori-
metric measurement providing predictions for the proposed measurement scheme.
Calculating with realistic, experimentally realizable parameters the obtained work
statistics can be seen in Fig. 1.4.

1.2.2 Universal nonequilibrium dynamics

In this subsection, I provide further experimental evidence illustrating now the
emerging universality during nonequilibrium processes. In the seminal paper of
Ref. [30] a simple theoretical model is realized, namely a one-dimensional Bose gas
realized by a strongly cooling quench of a three-dimensional ultracold Bose gas. In
particular, the authors consider the quench protocol of decreasing the strength of
a quasi one-dimensional harmonic trapping potential (the temperature is above the
critical one of the Bose-Einstein condensation), as a consequence of which bosons
with high transverse energies will leave the trap. The trap’s depth is then reset
to its original value resulting in a state being highly out-of-equilibrium with the
bosons moving effecitvely in one dimension (as most of the particles with high trans-
verse energy have already left), but isolated from its environment providing an ideal
testbed to study closed nonequilibrium dynamics. Measuring the momenta during
the nonequilibrium process can thus provide valuable insight into the possible univer-
sal behavior. The schematic scenario of the quench protocol is presented in Fig. 1.5
showing the high energy bosons (initially in equilibrium) leaving the trap and the
rest undergoing some nonequilibrium process in the reset trap. Based on various the-
oretical results then approximating formulas predict that, indeed the closed system’s
momentum distribution should follow the scaling law of

(i t) = (t/t0)" s((t/t0)" K) (1.15)

with o and § being universal scaling exponents and fg a universal scaling function.
This prediction perfectly demonstrates that introducing proper units in measuring
momentum and time, at a given time instant the distribution is independent of all
the microscopical details, depending only on the scaling exponents and the form of
fs. The predicted universal scaling collapse is demonstrated in Fig. 1.6. Let us
note that similar exciting experiments can be performed with fermions in the field
of generalized hydrodynamics, with bosons around non-thermal fixed points or with
nitrogen vacancy centers [31, 32, 54, 55, 56].
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- Tq
Figure 1.5: Upper panel: Time evolution of the harmonic trapping potential. The
height of the trap is lowered inducing the escape of the high energy ultra cold 8 Rb
atoms. Lower panel: Cooling rate/lowering of the depth of the trap during the time
interval of 7,. The final depth is kept constant for a time scale, much shorter than the
duration of the quench, allowing most of the high energy bosons to leave then it is
rapidly restored to their initial value inducing a far from equilibrium state of a closed
quantum system of trapped gas. The results were originally plotted in Ref. [30].
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Figure 1.6: a: Momentum distribution for different time instants, normalized with
the total number of atoms, exhibiting highly time-dependent curves b: Nevertheless,
introducing the proper time measures and eliminating the predicted universal time-
dependence, momentum distributions at different times fall on a single universal
curve described by the scaling function fg. The figure was taken from Ref. [30].



Chapter 2

Nonequilibrium dynamics of a
single electron in disordered
nanograins

In this chapter, I overview the basic, already existing theoretical results [57, 58, 59]
as well as my new findings regarding the dynamics of a single fermion in disordered
metallic nanograins with chaotic single-particle energy spectrum, commonly referred
to as quantum dots (more specifically in the ballistic limit). Typically these systems
at the quantum level are realized by a two-dimensional electron gas fabricated usually
on the interface of some heterostructure and confined to a small region of about
~ 0.1 — 1pm with N ~ 10" — 10? electrons [1]. Due to the fact that the electronic
motion is restricted in all three dimensions to a small region, they are usually referred
to as zero-dimensional [60]. Quantum dots belong to the broader class of mesoscopic
systems, being of intermediate length scales between microscopic (atoms or nuclei)
and macroscopic ones. In mesoscopic systems, the typical distance at which electrons
lose phase coherence (coherence length) is much larger than the typical extension of
the sample validating the applicability of the microscopic theory of quantum many-
body systems.

For the sake of completeness, let us also comment on two basic limits of quantum
dots, the disordered and ballistic regimes. The former describes the scenario of an
electron moving diffusively in an impurity-rich dot with elastic scatterings on these
impurities leading to the loss of phase coherence. In the latter ballistic regime,
being of central interest in this thesis, the single-particle dynamics becomes chaotic
due to the scatterings on the, typically irregularly shaped boundaries. Based on
the famous BGS conjecture [61, 62], thus, in this regime random matrix theory
(RMT) [71, 72, 73, 74, 75] applies up to high precision to the statistical description
of the energy spectrum. In this limit an illustrative picture also emerges regarding
the label “zero-dimensional”, implying that in the original two-dimensional model
effectively infinite range hopping terms are present in agreement with the well-known

19
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fact that two-dimensional Anderson models become identical to RMT in the weakly
disordered limit [63, 64, 65, 66, 67, 68, 69, 70].

Although the present chapter deals exclusively with the single-particle problem,
my main focus will be on the chaotic fermionic many-body problem in generic disor-
dered nanograins for which the RMT approach provides an effective non-interacting
description and the single-particle results reveal most of the essential characteristics.
Let us here discuss the subtle point of the role of interactions and how it can be fit
into the RMT description and the quantum dot picture. In particular, restricting our
investigation to the dynamics in the vicinity of the Fermi level, most of the interact-
ing problem can be understood in terms of effectively free quasi-particle excitations
according to the Landau Fermi liquid theory taking into account many-body effects
only via the Pauli exclusion principle. Correspondingly, these systems are chaotic in
a sense that the single-particle energy spectrum is well-described by RMT, however
ergodicity in the many-body sense is not satisfied.

In Sec. 2.1 I first give a detailed summary of the most important spectral prop-
erties of random matrices. Next, I present my choice of the quench protocol, i.e. the
explicit form of the time/parameter dependence of the single-particle Hamiltonian
governing the nonequilibrium process. The chosen time evolution is motivated by
previous works both in the fields of level dynamics and studies of systems driven out
of equilibrium.

Having set up the framework, in Sec. 2.2 I quantify the motion of the electron
by the instantaneous occupation numbers in the disordered media and discuss the
numerical method capturing the time-dependent Schrodinger-equation via the adia-
batic approach.

I also summarize the natural dimensionless units playing an outstanding role in
the later many-body analysis and allowing us to draw conclusions about the universal
aspects of both the single and many-body dynamics and the work statistics of the
many-body problem.

2.1 Random Matrix Theory

A long-lived and in many experimental and theoretical works accepted fact in meso-
scopic physics is that the spectrum of a large family of systems, to mention the least,
highly interacting dense nuclear matter (for which originally RMT approach was
invented by Wigner [76, 77, 78, 79]), three-dimensional tight-binding models, non-
integrable (such as disordered spin chains) or classically chaotic systems (chaotic
billiards, kicked rotors, ballistic quantum dots, etc.) can be considered up to a large
extent indeterministic for which random matrix theory (RMT) provides an accu-
rate statistical description. The key idea is based on the “principle of ignorance”,
meaning that most of the spectral properties can be extracted by relying only on the
fundamental symmetries of the system and completely neglecting the huge number
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of microscopical details. Beside respecting the underlying, global symmetries, the
complexity of the many-body states is modeled by an effective, completely random-
ized non-interacting many-body Hamiltonian with single-particle matrix elements
following independent (apart from satisfying hermiticity) Gaussian distribution:

Ps(H) ox exp(—ﬁ\;Tr(HTH)) : (2.1)
where J sets the energy scale and with H having § = 1,2, 4 independent elements
in the case of the Gaussian Orthogonal, Unitary and Symplectic Ensembles (GOE,
GUE and GSE, respectively). These symmetry classes are feasible to describe spinless
systems in the presence and absence of time-reversal symmetry with real symmetric
and complex hermitian matrices (GOE and GUE classes, respectively) and spin one-
half systems with time-reversal symmetry with quaternion-valued matrix elements
(GSE class). In particular, this implies zero mean and variances:

(HY) = ‘]]5(1 +6;;), GOE, (2.2)
(|Hy)?) = ]JVZ GUE, (2.3)
(|Hy)?) = 2‘]; GSE. (2.4)

Since its birth, considerable attention has been drawn to the investigation of its appli-
cability in experimentally realizable systems, giving evidence that RMT theoretical
predictions indeed provide a powerful shortcut to exploring the analytical behavior
of disordered systems (see the details in the following two subsections and Chapter
6).

2.1.1 Basic spectral properties

In this subsection, I briefly summarize the most prominent characteristics of the
energy spectrum of Gaussian random matrices. Not so long after the idea of Wigner
about random matrices he provided analytical formulas for the joint distribution of
eigenenergies and density of states, i.e. the probability of finding a state at energy
E. The former is expressed as

N
P(Ey, By,..., Ex) = [[|E:i — Ej|f e 172 2= (2.5)
i<j
describing the joint statistics of the eigenvalues. The density of states, defined as

p(E) = XN (6(E — E;)) gy, where(. . )y denotes averaging over the random matrix
ensemble, follows approximately the celebrated Wigner semi-circle law:

o(B) ~ 51— (B/I) (2.6)
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which predicts a universal, size-independent band width ~ 4.J and shows that in the
middle of the spectrum, F < J the effective mean level spacing is
1 us

0e ~ = , 2.7
nop(0) ~ g 27)

with ng denoting the spin degrees of freedom, i.e. ny = ny = 1 (GOE, GUE) and
ny =2 (GSE).

A further exciting and useful result of Wigner, also known as the Wigner surmise
states that the exact N = 2 result of the distribution of the level separation of
adjacent energies can be generalized for states in the middle of the spectrum for
arbitrary number of levels. The exact, Wigner-Dyson statistics [80] for the 2 x 2 case
reads

Priesa(s) = Njpse=0 (2.8)

with N3 denoting the normalization constant, s denoting the separation of the two
cigenenergies, s = [Ey—E| and Cg = 7, %, g—fr for 5 = 1,2, 4, for the GOE, GUE and
GSE ensembles, respectively. Note that this expression quantifies the level repulsion
property: the probability of having two adjacent levels much closer than the average
level spacing vanishes polynomially as, Pg jever(s) ~ s?, for s < Je.

Level statistics and mainly the associated level repulsion property provide an ideal
platform to classify systems according to the chaotic nature of their classical counter-
parts. While level repulsion signals chaoticity (according to the already mentioned
BGS conjecture [61, 62]), regular classical dynamics or integrable quantum systems
imply Poissonian level statistics, Plevel(s) ~ €. Further details and orientation in
the literature for the reader are provided in Chapter 6.

2.1.2 Parametric evolution in the space of random matrices
and avoided level crossings

In this subsection, I summarize most of the theoretical results regarding parametric
evolutions in the space of random matrices, with special attention on the ‘dynamics
of energy levels’ [81, 82, 83], captured by its first and second parametric derivatives.
Furthermore, being of utmost relevance in nonequilibrium single-particle or many-
body dynamics, properties of avoided level crossings are also discussed [84, 85, 86,
87, 88, 89, 90].

Following the seminal works of Wilkinson and von Oppen [85, 86, 91, 92] we
model nonequilibrium chaotic processes in disordered media by the quench protocol:

H(A) = Hi cos(A) + Hs sin(A) , (2.9)

which ensures that for every value of A the matrix elements follow the same distri-
bution as H; and Hs,, which naturally belong to the same ensemble.
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This protocol also ensures that the first derivative of the instantaneous single-
particle energy levels, commonly referred to as ‘energy level velocity’, is distributed
independently of the value of A, for which first order perturbation theory provides a
simple expression:

dE
Un = a = (HQ)
where the matrix elements, (...), . are understood in the basis of #; and which,
comprehensively follow the same Gaussian distribution for all energy levels, P(v,,) ~

(2.10)

nn ’

BN
e am Next, I turn to a much more complicated question, the statistics of the
second derivative with respect to A, commonly referred to as ‘energy level curvature’,
expressed via second order perturbation theory as

d*E, (H2) "
K, = =-F E nme_ | 2.11

m#n

Although even approximating formulas for the distribution resisted all attempts at
evaluation for a long time, early works already guessed correctly its tail to disappear
as P(K) ~ K2%5) (93, 94, 95]. Finally, both for random matrices and for spatially
extended disordered systems the same distribution was derived valid in the limit
N > 1 and in the middle of the spectrum [91, 92, 96, 97]:

1

U

(2.12)

In Chapter 6 I provide a thorough study of the domain of validity and scalings of
their typical magnitudes in two-dimensional driven Anderson models.

An additional exciting phenomenon of disordered systems is the formation of
avoided level crossings, near degenerate points where adiabaticity typically breaks
down due to the closeness of the energy levels. This characteristic minimal level
distance (gap) depends strongly on the localization properties of the given systems.
For delocalized states, the gap decreases polynomially while for localized states it
disappears exponentially with the number of energy levels. Following the common
approximate expression around the closest approach of \g,

Enii(N) = En(N) & /A2 +92(X — Ag)2, (2.13)

even for slowly varying A = A(t) driving protocols adiabaticity can be violated via
Landau-Zener (LZ) transitions with probability exp(—gﬁ—i) [52, 53] with A and ~
being the smallest level distance (gap) and asymptotic slope, respectively. Pioneering
studies on the LZ parameter statistics and their impact on nonequilibrium dynamics
in random matrix ensembles were provided by Wilkinson in Refs. [84, 85]. In addition,
their strong connection to classical diffusion processes and energy dissipation was
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Figure 2.1: Universality of distribution of the avoided level crossing parameters for
the Gaussian orthogonal (GOE, (a) and (b)) and the Gaussian unitary ensembles
(GUE, (c) and (d)). The dimensionless Landau-Zener gap, Api, ((a) and (c))
and slopes 4 ((b) and (d)) display universal distributions, depending only on the
symmetry class of H, independent of its size, IV, and the energy, E. Notice that
oa(Amin) ~ AP implying that g (0) > 0 for GOE, 8 = 1 making it really hard to
reach the adiabatic limit. Continuous lines denote analytical results of Refs. [84, 85].

established in Refs. [57, 58, 59] for the dynamics of a single-particle and in my works
in [87, 88, 89] for the many-body problem. In particular, this underlying diffusion
picture (both at zero and finite temperature) is of paramount importance in my
investigations of driven chaotic Fermi liquids. As for the statistics of the slope and
gap they follow, up to high accuracy in the middle of the spectrum, the distributions

s (D) ~ AI1e=Crs3h (2.14)
ps (7) ~ 77 Hte a7 | (2.15)
with Csa = %, T %T and Cg, = %, %—Z, % for the GOE, GUE, and G?E, re-
spectively, and where I introduced the following dimensionless quantities A, =
Amin/(Amin), ¥ = 7/(7y) chosen such that the statistics have unit mean. Note that
for both cases, the distributions are independent and follow different curves for the

symmetry classes 5 = 1,2, 4, respectively. More precisely the minimal gap scales as

the mean level spacing, i.e. A ~ % while the typical magnitude of the asymptotic

slope varies as v ~ J/v/N. Supplementing these important results it was also shown
that the average number of avoided level crossings in the middle of the spectrum for
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fixed length in parameter space grows with the square root of the number of energy
levels Noss ~ VN, appearing in the typical frequency of avoided level crossings,
(AX) ~1/y/N.

For illustration I present my numerical results on the distribution of the Landau-
Zener parameters with the fits predicted by Wilkinson and also supplement his results
with different positions in the spectrum taken into account by the modified mean
level spacing. In particular, at energy F not in the middle of the spectrum but still

. _ o 1 P
far from the band edge the new level spacing reads as de = noN i This is
illustrated in Fig. 2.1

In Chapter 6 I also provide results on the structure of the avoided level crossings
and the velocity and curvature of energy levels including also an extensive summary
of the literature with both analytical and experimental results both in the RMT and
spatially extended disordered tight-binding models.

2.2 Single-particle dynamics

The following section is devoted to summarizing the main theoretical results con-
cerning the dynamics of a single fermion governed by the parametric evolution (2.9),
described in the previous section. This protocol captures the effects of external time-
dependent perturbations, like gate voltages and magnetic fields piercing through the
disordered sample as demonstrated in Fig. 2.2. Although the focus of this thesis is
on the effective non-interacting disordered many-body problem, the investigation of
the single-particle case is a natural starting point providing valuable insight into the
essential many-body characteristics.

B(t)

Figure 2.2: Sketch of a quantum dot subject to time-dependent magnetic field and
gate voltages.

As a first step let us illustrate the main difference between single-particle and
many-body dynamics in Fig. 2.3. Note that the energy levels of H(A(t)) collide and
form avoided level crossings as A(t) is tuned according to some quench protocol. As
discussed above, these regions gain huge importance for quenches driven at a such
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Figure 2.3: Difference between single-particle and many-body dynamics. The shift-
ing energy levels of time-dependent Hamiltonian #H(t) give rise to avoided level
crossings during the quench. a.) For slow quenches a single fermion can hop be-
tween neighboring levels at these points (blue circles). b.) In the case of many
non-interacting fermions, particle-hole excitations are still created near avoided level
crossings (blue circles), but certain transitions are blocked due to the Pauli exclusion
principle (dashed circle).

small rate, that the instantaneous occupation numbers can only change at these
anticrossings (discussed in detail in Chapter 3). A single fermion, initialized in a
given eigenstate of H;, can hop between the instantaneous eigenstates in the vicinity
of avoided crossings (marked by blue circles in Fig. 2.3); however, in the case of
the non-interacting many-body problem certain level transitions are blocked due to
the presence of other fermions (see dashed circle in Fig. 2.3), giving rise to many-
body effects, i.e. the Pauli exclusion principle. More universally speaking, in the
many-body problem the absolute value of the instantaneous occupation amplitudes
is constrained to be less than 1.

2.2.1 Quantum mechanical analysis and units

In this subsection, I discuss in detail the theoretical framework for which the numeri-
cal methods will be applied in order to obtain all information about the single-particle
problem and also introduce and argue for the natural units of the relevant physical
quantities. As we are considering non-interacting fermions, all the many-body quan-
tities can be expressed in terms of the single-particle time-evolved wave functions.
First, I specify the time-dependence of the parameter, A = A(¢) in Eq. (2.9)
and choose a linear ramp quench protocol sticking to the conventions of Wilkinson
in [57, 58, 59],
A(t) =wvt, t €[0,7] (2.16)



CHAPTER 2. NONEQUILIBRIUM DYNAMICS OF A SINGLE ELECTRON 27

with 7 denoting the duration of the process. Next, I specify the notation for the
time-dependent Schrodinger-equation:

D™ (£) = H(De™ (1) (2.17)

where m distinguishes the time-evolved states according to its initial conditions and
I adopted the convention for the single-particle problem of denoting the states by
boldface characters implying that they are represented by N component vectors.
Note that for N levels one can always find such initial conditions that the time-
evolved wave functions form an orthonormal set at all times and I also follow this
convention. Using the so-called adiabatic approach and expanding ¢™(t) in the
instantaneous basis, i.e. the eigenstates of H(t) defined in Eq. (2.9):

e Oy ()my (2.18)

HMZ

where ¥ denotes the instantaneous eigenstate at time ¢ with energy ,(t), H(t)nF =
ex(t)nk, ®p(t) = [{dt'e,(t') is the dynamical phase and of (¢) are the expansion
coefficients. After some straightforward manipulations the time-dependent equa-
tion (2.17) takes the form [98, 99, 100, 101, 102, 103, 104]

Drcty, (t) = 3 Au(t)ay, (2) (2.19)
k£l
where Ag(t) = — O] ’72 )stzztt) eI OHD=21) o~ O -O1) with O (t) = [Idt'nk -

Opm}, with the natural initial condition that the particle starts from one of the initial
instantaneous eigenstates, ¢™(0) = m{' or in terms of the expansion coeflicients
ak (0) = &% . In the case of inner products I follow the conventions of the common
notation, nf - Hy - nl = ¥; = 1("7t> (Hg)w (’r/t) For the straightforward derivation
of the transformed equation see Appendix A.1.

Finally, I turn to the dimensionless units of the velocity and time. Comprehen-
sively, the duration of the quench should scale inversely with the spectral density in
the middle of the spectrum, t ~ 1/d¢, while the natural unit of the velocity is then
provided by the frequency of avoided level crossings in the following way

vt ~ (AN ~ 1/V/N | (2.20)

which leads us to the dimensionless versions: ¢ = tde, ¥ = v/(5e(AN)).

2.2.2 RK4 solution of the single-particle Schrodinger-equation

This subsection is devoted to the detailed discussion of the applied numerical method.
In particular, I used fourth-order Runge-Kutta (RK4) method and the Simpson
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integral formula, also precise up to fourth-order to obtain the desired aj*(t) expansion
coefficients treated as matrices with k£ and m being the row and the column indices,
respectively. With this notation the general RK4 method can be written as follows:

6tam(tl) £t () (2.21)
k1 =1,(t, an(t )) (2.22)
=1, (tl + —, o (t;) + Aztkm) , (2.23)

=1, (tl + —, o (t;) + A;km,g) : (2.24)
=1, (tz + — (t;) + Atk,, 3> : (2.25)

o (t+ At) = oy, (t;) + A6t (km1 + 2k 0 + 2Kk 3 + Ky a) (2.26)
(2.27)

with f,,(t;, a,,(t;)) defined according to the preceding subsection as f¥ (¢;, c,(t;)) =
Ykt Awi(ti) ok, (¢;) with ¢; being the ¢ + 1th instant in our mesh in time with the
time step denoted by At.

Dynamical phases were computed by the Simpson integral formula (also precise
up to fourth-order):

n—1
=1
again with a mesh of At =t,,; —t; and t, =0, t, = t.

Additionally, built-in numerical diagonalization routines (I used MatLab 2019b
and exact diagonalization routine for obtaining the instantaneous eigenvectors and
eigenvalues) often make the eigenvectors pick up a phase factor leading to completely
false results. In particular, it can be a £1 and a random e factor for the GOE and
GUE ensembles, respectively, while for the GSE case any 2 x 2 SU(2) matrices can
act on the 2-dimensional degenerate subspaces. To avoid these obstacles, in the case
of the GOE and GUE ensembles, I fixed the phases of the eigenvectors at each time
instant based on their overlaps with the eigenvectors fixed with one time instant
earlier. At the initial step t =ty = 0 I accepted the randomly given phases of the
eigenvectors and starting with ¢t; = At I applied the following phase-fixing procedure:

m ~m LN "7t m m
N+t = Me+at = nf—m +At mo Ny, (2-29)
nt +At 77 t;

With this convention, I enforced that the successive overlaps remain real up to pre-
cision o(At?) playing also an important role in the derivation in the transformed
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equation (2.17). In other words this phase-fixing can be considered also as a method
to accumulate the Berry connections without calculating directly the problematic
numerical integrals and differentiations of the Berry phases and connections, respec-
tively. In the case of the GSE ensemble, however, a more complicated procedure is
required in order to take care also of the possible mixing of the degenerate eigenvec-
tors, that is, here apart from phase factors the numerical method can also perform
SU(2) rotations on the degenerate eigenstates. However, I apply such a phase con-
vention that all the overlaps between the degenerate vectors become real up to order
o(At?) leading to again Berry connections vanishing up to order o(At?) between the
same eigenvectors and being exactly zero (up to numerical precision) between the
degenerate pairs. Further technical details are summarized in Appendix A.1.

2.2.3 Time evolution of the occupation probabilities of a sin-
gle fermion

In this subsection, I provide an extensive summary of the numerical results on the
motion of a single fermion during the quench governed by the time-dependent Hamil-
tonian given by

H(t) = Hy cos(vt) + Ho sin(vt) . (2.30)

For the initial state, I took the middle level, i.e. the M = N/2th level (o (0) =
M oM (0) = n)!) and solved numerically the time-dependent Schrodinger-equation
given in (2.19) in terms of the expansion coefficients as discussed in the preceding
sections. First, let us consider the case of ‘slow driving’, meaning that instantaneous
occupation numbers approximately change only at the avoided level crossings. The
associated regime of the velocity can be obtained by investigating the size dependence
of the Landau-Zener transition probabilities:

x A2

PLZ =e 2w, (231)

Here the exponent scales as A%/y ~ de(A\), which implies that, indeed, with the
dimensionless velocity introduced in the previous subsection, © = v/(de(AN)) the
transition strengths become size-independent. Accordingly, the limits o > 1 and ¥ <
1 correspond to the diabatic limit with transition probabilities close to one and the
adiabatic limit with exponentially suppressed transition probabilities, respectively.
A natural separation of the two limits and the definition of the slow quench regime
are, thus, provided by ¢ < 1, where dynamics is dominated by these LZ transitions at
the avoided level crossings giving rise to a diffusive motion of the fermion in energy
space. The precise description of this classical picture in the more general many-body
context is provided in the next Chapter. Nevertheless, it is straightforwardly clear
that the occupation probabilities of the instantaneous eigenstates follow a Gaussian
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Figure 2.4: Scaling collapse of the occupation profile in the case of the GOE and
GSE ensembles both for slow, ¥ = 0.5 and fast, ¥ = 2 quenches. With the introduced
units the occupation profile follows a Gaussian curve, up to numerical precision, with
the same width for different system sizes, velocities, and quench times. (a) and (b):
GOE for o = 0.5 and © = 2, respectively. (c) and (d): same for GSE. Note that for
the GSE ensemble I just plotted the occupation of every second level.

curve up to high precision:

o—(Ex—Em)? [(4Ds(3.N)t)

(la' ()] ) rm = Do N (2.32)

with Dg(0, N) and (... )rm denoting the diffusion coefficient and the averaging over
the random matrix ensemble, respectively and with the energy levels approximated
aseg(t)/de = &, = k—(M—1/2), k=1,2,... (see the detailed discussion in Chapters
3-6). The diffusion coefficient captures the broadening of the occupation profile via
its variance, which enforcing the above statement, increases linearly in time

52(8) = {3 (a) — 200 (0P
le (2.33)
~ Z:ldezm — M) (JaX (#)|*)rm ~ 2D3 (0, N) t

Note that in general both the occupation profile and the diffusion constant can
depend on the symmetry class and the system size. However, for fixed © and ¢ the
same average number of avoided crossings appear with the same, size-independent
transition strengths, which due to the underlying energy space diffusion picture im-
plies a universal occupation profile depending only on the actual value of dn(t).
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Correspondingly, the dimensionless D = D/ée diffusion constant, with simplified
notation, also becomes universal depending only on the dimensionless velocity and
the symmetry class. In particular, in the slow quench limit, it strongly depends on
the strength of the level repulsion mirrored in the scaling

D(0 < 1) ~ 0727 (2.34)

for which details are shown in Appendix A.2. In addition, let me remark that the
universal diffusion picture, quite remarkably, remains accurate even in the o > 1
fast quench limit, however with a different, D(? > 1) ~ ©* even symmetry class-
independent power law behavior. In contrast to the slow limit, here level repulsion
loses its importance, as dynamics gets dominated by transitions between further
levels, implying the observed quadratic behavior according to the Kubo-Greenwood
formula [105, 106]. In addition, the occupation profiles also preserve their universal
behavior. The discussed characteristics can be seen in Fig. 2.4 and Fig. 2.5 concerning
the occupation profiles and diffusion constant, respectively.

100 102

Figure 2.5: Scaling collapse of the diffusion coefficient, 5(17) plotted against the di-
mensionless velocity, ©. (a): GOE ensemble for system sizes N = 20, 50, 200, 400 ex-
hibiting an anomalous power law dependence for o < 1, D(9) ~ 91 and a quadratic
growth for fast quenches, D ~ #%. In both regimes complete independence of the
system size is observed. (b): the same features for the GSE ensemble but with a

different power law for slow quenches, D(7) ~ 5.
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2.3 Summary

In the present chapter, I mainly concentrated on the extensive summary of the al-
ready known theoretical findings regarding random matrix theory and the dynamics
of a single electron governed by explicitly time-dependent random gaussian Hamil-
tonians belonging to the GOE, GUE, and GSE symmetry classes. In addition to
reproducing the already existing results I also supplemented them with my own new
ones. First, I presented the most important spectral characteristics of random ma-
trices then briefly summarized the case of parametric evolutions and the generated
level dynamics from the point of view of level velocity and curvature. Last, I dis-
cussed the statistical properties of avoided level crossings regarding the corresponding
Landau-Zener transition probabilities. In addition, I emphasized their crucial role in
understanding the dynamics of slowly driven chaotic Fermi systems.

Next, I turned to the investigation of the single-particle problem, I fixed the no-
tations and wrote down the necessary time-dependent Schrodinger-equation in the
so-called adiabatic approach for the expansion coefficients and also gave details about
the peculiarities of the numerical method. It was found that the occupation num-
bers of the instantaneous single-particle eigenstates exhibited universal diffusion-like
behavior for slow quenches, verified by the linear time evolution of the width of the
profile. In particular, they fell on a single universal Gaussian curve for fixed dimen-
sionless velocities and quench times independently of the size of the system. Finally,
I verified that the corresponding diffusion coefficient also became universal depend-
ing only on the dimensionless velocity and the symmetry class. Interestingly, this
diffusive character survived even for larger velocities in the fast quench limit, where
even the diffusion coefficient became symmetry independent and showed quadratic
growth.



Chapter 3

Dynamics of driven
non-interacting fermions at zero
temperature

The aim of the following two chapters is to provide a broad theoretical description
of the statistical properties of non-interacting fermions subjected to external driving
fields in closed quantum dots (no particle exchange with the environment) at zero
temperature, paying special attention to the universal aspects of the dynamics of
particle-hole excitations and the full distribution of the work pumped into the system.

Before concentrating on the work statistics, this chapter is devoted to the dis-
cussion of the analytical and numerical results on the dynamics of the particle-hole
excitations of the non-interacting many fermionic problem from the point of view of
the average occupation numbers, and the first and second cumulants of work. These
quantities provide an appropriate platform to study the emergent universal behavior
in driven quantum dots. In addition to the discussion on universality in Chapter
1, let us mention here a further striking example of equilibrium universal phenom-
ena, the Fermi liquid theory of interacting fermions, capturing the low temperature
properties of most normal metals [22]. The main results of this chapter are strongly
connected to this particularly paradigmatic manifestation of universality. In partic-
ular, studying the statistics of nonequilibrium particle-hole excitations around the
Fermi level, in many aspects, provides a natural extension of the thermal excitations.

In addition, in this chapter I also discuss the applicability of an underlying classi-
cal Markovian description capturing both the universal properties and the cumulants
of work in terms of the already mentioned energy space diffusion [107, 108, 109, 110,
111, 112, 113, 114, 115, 116, 117].

Although the discussion on the full distribution of work is postponed to the next
chapter let us summarize the convention of defining work. As discussed in the first
Chapter, in strong contrast to classical thermodynamics the concept of work in the
quantum realm becomes highly non-trivial and poses new challanges [19, 34, 44, 46].

33
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Figure 3.1: a) Sketch of a quantum dot subject to time-dependent magnetic field
and gate voltages generating the quantum quench and leading to energy absorption.
b) Deformation-induced motion of energy levels during the quench giving rise to
particle-hole excitations. Inset: Quantum quench in a generic disordered dot modeled
as a trajectory in the manifold of random matrices.

The most commonly used protocol to extract work is provided by the two-time
measurement protocol: either the E*(0) initial and E7(¢) final energies are measured
(being eigenvalues of H(0) and H(t), respectively) in the inclusive sense, or E*(0)
and E7(0) in the exclusive one.

However, I rather introduce a new, specific definition by further separating the
inclusive work into the adiabatic and “entropic” contributions, Wi, = E/(t)—E*(0) =
Ei(t)— E(0)+ B/ (t) — E'(t). While the first difference measures the energy transfers
during adiabatic processes depending only on the initial equilibrium, the second
W = E/(t) — Ei(t) captures all the nonequilibrium characteristics via non-adiabatic
particle-hole excitations during the quench, i.e., the energy absorbed (W > 0) or
emitted (W < 0) by the system. In my thesis, I focus on the latter non-adiabatic
contribution, denoted for the sake of simplicity by W, and investigate in this chapter
its first and second cumulants at zero temperature. In addition, as focusing on
isolated systems at T' = 0 I consider fermions with fixed particle number, M < N,
initially in the M-particle ground state of H(0). Note that in this zero temperature
case, the entropic part of the inclusive work simplifies further as W = E7(t) — Egs(t).
Additional peculiarities regarding its relation to the two-measurement scheme and
the thermal modifications are detailed in terms of the full work statistics in Chapters
4 and 5.

As indicated in Chapter 2, the basis for my model is random matrix theory [71,
72, 73, 74, 75], but now, in contrast to Chapter 2, I extend it to the non-interacting

many-body problem as
N

ij=1
with a; (&;) denoting fermionic annihilation (creation) operators with #(¢) being the
same time-dependent random matrix as given in Eq. (2.9) with the parametric time



CHAPTER 3. ELECTRON-HOLE DYNAMICS 35

evolution A(t) = vt. Similarly to the single-particle case, the Hamiltonian in Eq. (3.1)
models the dynamics of a driven chaotic nanograin in an effective non-interacting
way, where the interacting dynamics restricted to the vicinity of the Fermi level can
be described in terms of free quasi-particles, as already discussed in Sec. 2.1. (see
the sketch in Fig. 3.1a).

However, in contrast to the single-particle case, dynamics is restricted by the Pauli
exclusion principle, meaning that the occupations of the instantaneous levels cannot
exceed 1 during the quench as demonstrated in Fig. 3.1b with the inset illustrating
the traversed trajectory in the random matrix manifold.

The relevant physical quantities are measured in the same units as in the previous
chapter, i.e. the units of time, velocity, and energy are chosen to be ¢ = tde, ¥ =
v/({AN)de), w = W /e, respectively, where “energy” is characterized by its changes,
i.e. the quantity work measured, understandingly, in units of the mean level spacing.

The chapter is organized as follows. In Sec. 3.1 I discuss the many-body formalism
and the numerical results. In Sec. 3.2 I turn to the slow quench limit and focus on
the details of the substituting classical Markovian description. Finally, in Sec. 3.3
I generalize the previous results to arbitrary fast processes and a realistic driven
two-dimensional Anderson model.

3.1 Many-body formalism and numerical results

In this section I first provide a detailed description of the second quantized formalism
and the implemented numerical methods to shed light on the physical properties of
the many-body problem. Next, I present the obtained results with a particular
interest on the average occupation probabilities of the instantaneous eigenstates, the
average energy transfer/“average work” performed on the system and the fluctuations
of work captured by its variance.

I start by associating the time-evolved and instantaneous basis vectors to second
quantized operators in order to build up the time-evolved many-body wave function:

@ (1) = e l0) = [0 (), mf = BL410) = Inf) . (3.2)

with the single-particle notations now embedded into the many-body formalism as
now |7¥) (|¢¥)) denotes that a fermion is in the single-particle state described by n*
(). Here a similar expansion can be performed between the above sets of creation
operators:

M
é;rn,t = Z O‘?@)ei@k(t)b};,t (3.3)
k=1

with |0) denoting the vacuum, containing no particles in the investigated isolated
system. With this notation, the non-interacting many-body wave function takes the
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form of a Slater-determinant expressed via the above creation operators as

W(t) = l__[1 Cm,t|0) - (3.4)

One can easily show that Eq. (3.4) is indeed a solution of the many-body time-
dependent Schrodinger-equation (further details are provided in Appendix B.1 to-
gether with the derivations of later analytical expressions at T' = 0).

3.1.1 Occupation numbers and average work

Having discussed the main motivations and the theoretical and numerical setups, in
this subsection, I turn to the discussion of the quantum mechanical results regarding
the occupation numbers and the average work performed on the system during the
quench. I start with the average probability of an instantaneous single-particle state
being occupied by a fermion. The initial zero temperature ground state corresponds
to the initial occupation profile:

1 for k < M,

(3.5)
0 for k > M,

for arbitrary disorder realizations. Nevertheless, as one would expect, for ¢ > 0 this
expression gets more complicated and will also depend on the particular disorder
realization. For better quantification let us introduce the particle number operator
of the kth energy level as Ny, = ZA)L,tlA)kﬁt by which the occupation numbers take the
form at time ¢ > 0 for single disorder realizations:

M

Fot) = (T[T () = Do (). (3.6)

m=1
The above formula is the simple consequence of the expansion in Eq. (3.3) as writing
out the expectation value in second quantized form, we obtain

N
(Ofers- - eare D (o O] (B)eh0f” (B)em ehys - E,]0). (3.7)

m,m'=1

Bringing out the sum and observing that because of the fermionic nature of the
operators m = m’ must hold, we get

N
S e (OF (0[ér - earehibmihry - E.]0). (3.8)
m=1

Now m < M should also be satisfied in order not to destroy the vacuum, by which
the operators just give 1 for Vm < M leaving us with the desired formula of fi(t) =

S lag ()],
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The numerically obtained results suggest that also for the many-body problem
and not only for slow, o < 1 quenches, the average occupation profile (averaged over
the random matrix ensemble) broadens diffusively [57, 58, 59]. This observation is in
agreement with the results of the single-particle case in Eq. (2.32) and implies that
the particle-hole excitations dominantly appear in a window growing as

on(t) ~Vt. (3.9)

Although the precise quantification of this latter can be done by computing the vari-
ance of the occupation profile, it can be captured much more effectively by studying
the average work performed on the system. It can straightforwardly (according to
the entropic work definition in the Introduction) be expressed with the help of the
occupation numbers as

m=1

<W<t>>=<sz<t>sk<t>—Zem<t>> S (e t) () — O+ (310)
k=1 RM k=1

where I just exploited the fact that f(0) =1, if & < M and f,(0) = 0 otherwise. On
the other hand, comprehensively, in a window of particle-hole excitations of width
dn(t) the typical change of energy scales as ~ dn?(t)de as typically ~ dn(t) excitations
happen with energies of ~ on(t)de:

(W(t)) ~ 6n(t)de. (3.11)

Based on the numerical results, it exhibits the expected linear time evolution and fur-
thermore, becomes universal, i.e. measured in the mean level spacing, (w) = (W) /de,
it depends only on the dimensionless velocity and quench time. Let us remark, in
addition, that for short times a non-universal quadratic behavior is observed. This
feature is due to the fact that for short times the expansion coefficients can be treated
perturbatively and exhibit initial linear time-dependence leading to a ~ 2 quadratic
starting behavior of the occupation numbers. These two features are observable in
Fig. 3.2 together with the results of the classical simulations discussed in the forth-
coming subsections. Let us further point out that the numerically observed diffusive
broadening also implies a universal occupation profile analogous to the single-particle
case, that is, for fixed average work occupation profiles collapse on a single universal
curve as demonstrated in Fig. 3.4 in Sec. 3.3 together with the results of the classical
approach and the realistic model.

3.1.2 Diffusion coefficient and variance of work

In this subsection, I perform a closer investigation regarding the diffusion coefficient
of the average work and also discuss the long-time behavior of the fluctuations of
work. Starting with the average work, as pointed out in the preceding subsection its
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Figure 3.2: Diffusive broadening of the occupation profile fi(t) for the orthogonal
ensemble, plotted as a function of &, ~ (ex(t) — ep)/de = k — (M — 1/2), k =
1,2, ..., for (w) = 5. Circles: quantum results for a dimensionless velocity © = 0.5
and N = 20. Diamonds: SEP simulations. Solid line: diffusive error function fit.
Inset: time evolution of dimensionless average work, (w) (circles), as a function of
the dimensionless time, £. Solid line: SEP simulation yielding (w) ~ D, with a
dimensionless diffusion constant D = 0.145.

growth is observed to scale linearly with time (see Eq. (3.11)) allowing us to extract
the diffusion coefficient of the process. It is intuitively clear that the summation
of typically on(t) particles in the window of width on(t) gives a factor of 1/2 in
Eq. (3.11) (clarified in the following Sec 3.2 within the classical approach):

(W) ~ ;6n2(t)6e — Dide = (w) ~ DI, (3.12)

where in the second part I switched to the dimensionless versions of the variables
with the same dimensionless diffusion coefficient D = D/de? as in the single-particle
case. Correspondingly, the diffusion coefficient can only depend on the velocity and
the symmetry class (comprehensively at 7' = 0), D — Dg(0). To gain more insight
into the dynamics, I investigated the dimensionless diffusion coefficient as a function
of the velocity. The findings are displayed in Fig. 3.3 for all the three ensembles
together with the realistic quantum dot model, discussed in Sec. 3.3, showing again
universal scaling collapse, being independent of the system size.

My results clearly suggest that similarly to the single-particle case, different un-
derlying mechanisms govern the many-body dynamics, as for slow quenches, o S 1,
Dg(v) ~ 9P/2+1 power law behavior is observed, while in the opposite, fast quench
limit, even ensemble independent, Ds(0) ~ 9 growth is displayed. While the former
is a consequence of the typical values and statistics of the Landau-Zener parameters
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the latter can be derived by applying the Kubo-Greenwood formula [105, 106] (see
Appendix A.2).

Next, I turn to the numerically obtained quantum mechanical results regarding
the variance of work. Let us first emphasize that the variance is only taken in
a quantum mechanical sense, namely the expectation value of the square of the
difference from its expectation value in the time-evolved many-body state. Next,
“the usual” ensemble average is taken over the disorder realizations. Furthermore,
as the entropic part of the inclusive work differs from the final Hamilton operator
just by the Egs(t) constant at 7' = 0, the variance of work simply equals that of the
total final energy:

SW2(t) = (WO H> ()W (1)) — (PO)[H (O (1)), (3.13)
which simplifies, in the instantaneous basis, H(t) = YN, e4(t) BL,tBk,t, to
N N/2 9
SW2(t) = <;(fk<t> — fR()) er(t) — > | > o (1) o) Cekew(t)),,, - (3:14)

The short derivation of this numerically convenient formula is again detailed in Ap-
pendix B.3. Note that the second term in Eq. (3.14) corresponds to the contribution
of the correlation of the energy levels, which tend to decrease the variance as being
anticorrelated due to the overall particle number conservation. Based on the nu-
merical results, the variance grows with the 3/2 power of the average work implying

superdiffusive behavior:
Sw?(t) ~ (w)*? ~ /2 (3.15)

where T introduced the dimensionless variance, dw?(t) = §W?(t)/d€%, by which the
fluctuations of work, similarly to the average work, also become independent of the
system size. This behavior can again be understood within the classical approach,
discussed below.

3.2 Slow quench limit and the ladder model

This section is devoted to the precise formulation of the nonequilibrium process in
terms of a classical Markovian description [57, 112, 113, 114, 115, 116, 117]. Moti-
vated by the numerical results of the previous section and in Sec. 2.2 in the case of the
single-particle dynamics (diffusive broadening of the occupations) first I investigate
in this classical approach the case of slowly driven systems. Briefly summarizing the
consideration leading to the o < 1 condition of the slow quench limit, the dimen-
sionless velocity defined in units of the spectral energy density and the frequency
of the avoided crossings, v = v/(de(AN)) resulted in size-independent Landau-Zener
transition strengths. In particular, the exponent of the LZ probability thus became
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Figure 3.3: Velocity dependence of the diffusion constant. For slow quenches it has
an anomalous power law behavior, D(¢ < 1) ~ ©%/2+1 while for fast quenches it
grows quadratically and with the same prefactor for the RMT ensembles (symbols
and crosses). The quantum dot displays a similar behavior as the GOE ensemble in
the two limiting cases, with a slightly different prefactor (plus signs). Dashed lines
are guides to the eye for the power law behaviors.

~ 7;52 1/0 with a prefactor of order O(1) providing a natural separation of the
v > 1 and ¥ < 1 diabatic and adiabatic limits, respectively, via the boundary of
0 ~ 1. In this © < 1 slow quench limit, level occupations change relevantly only at
the avoided level crossings according to the LZ transition probabilities. Dynamics
can thus be understood in terms of Markovian particle jumps between nearest neigh-
boring energy levels in an exclusive manner (i.e. satisfying the Pauli principle), called
the symmetrical exclusion process (SEP). Then the possibility arises to either incor-
porate, independently of the random process, the randomness of the energy levels,
or consider rigid, evenly spaced levels opening the door for the analytical approxi-
mations, which I will refer to as the ‘ladder model’. Note that, the SEP process and
the resulting average occupation numbers, however, are independent of this choice.
In the latter case, the precise form of the fixed-level approximation reads

en(t) > & =(ep —ep) fbemk—(M —1/2), k=1,2,... (3.16)

with ep &~ (M — 1/2) de denoting the Fermi energy and its approximation.

3.2.1 Symmetrical exclusion process

In this subsection, I provide a detailed description of the implemented Monte Carlo
simulation realizing the classical Markovian approach, the symmetrical exclusion
process. In particular, there exist two different approaches. The first, which I just
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mention as a side remark as the precise formulation and its numerical implementa-
tion was carried out in our first paper by Izabella Lovas [87], relies on the rigorous
mathematical formulation of continuous-time Markovian processes. This method,
however, is not so effective numerically for system sizes larger than N 2 20. Namely,
one needs to enumerate all possible (]\]\D M-particle many-body configurations in

vectors of size (Aj\;) with the components, ordered according to the energies, being 1
and 0 indicating the presence and the absence of particles at the given level, respec-
tively. Next, the infinitesimal generator of the particle transfers is constructed based
on our knowledge about the diffusion coefficient and so a continuous time Markov
process can be obtained by acting on the initial state with the exponential of the

infinitesimal generator:

Dy(0) for [n —m|=(...,1,1...)
gﬂ,m(ﬁ’ 5) - - ZE;E#@ gﬂ,k(ﬁ7 B) forn=m (317)
0 otherwise
1 fi M+1 .
n’ = orm <ML () = 9 n(0). (3.18)
0 form>M +1

where n?, is the initial configuration in this classical picture, 55(17) is defined in
Eq. (3.12), and G is the infinitesimal generator describing the particle transfers be-
tween the vectors n and m if they are nearest neighbors (they only differ in two
components) in the infinitesimal time steps.

The second approach, which is often referred to in the literature as the discrete-
time Markovian process, is more effective and applicable to even much larger system
sizes than the quantum mechanical numerical methods. This method implements
the classical process via a Monte Carlo simulation with the following steps:

e After each A7 elementary time step two neighboring sites are chosen randomly,
if one of them is occupied and the other is empty the move is accepted and we
move to the next step, otherwise, we try with another randomly chosen pair of
lattice sites and time is increased by Ar.

e If the move was accepted, then we perform a jump between the sites with the
average Landau-Zener transition probability, p;,, determined by the velocity
and the symmetry class and increase the time by Ar.

e Repeat.

In order to achieve universal properties one Monte Carlo step should scale with
the system size and the elementary step as 7o = NAT, which, on the other hand, is
inversely proportional to the velocity, 79 = % Now a good approximation is provided
for the average work, in the case of excitations around the Fermi level, by the number
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of avoided level crossings times the average transition probabilities, (w) ~ 91 py,.

From there, the dimensionless diffusion coefficient reads as D = dfﬁf) = ¥ Py, being

consistent with the approximations leading to the © < 1 power law behavior of D in
(2.34) (see Appendix A.2). Now the number of Monte Carlo steps can be expressed
for given velocities, quench times, and system sizes as Nyc = - = ];f);, where

it was just exploited that A7 = 1/(9 N). Note that, here it is necessary to know
the given values of p;, for a given velocity ©. This slightly cumbersome task can,
however, be come around by exploiting the fact that in the universal diffusive regime,
the only relevant parameter is the average work. Hence the approximate value of
D1z can be obtained by the relation (w) ~ ©#p;;. Nevertheless, for crosschecking it
I also calculated it directly.

3.2.2 Energy space diffusion

This subsection is devoted to the analytical treatment of the occupation profile and
the average work performed on the system in the framework of the classical energy
space diffusion picture. Having discussed the continuous and discrete time Marko-
vian processes one can write up a rate/master equation within the ladder model for
the occupation number, that is, in every Monte-Carlo step (as it is N times the
elementary step) on average at each energy space lattice site the same rate equation
can be written for the occupation probabilities:

p(x,t+70) —p(x,1) = =2p; (2, ) + Pry (p(e + 06, 1) + ple — de, 1)) . (3.19)

This equation expresses that in the interval of a Monte-Carlo time step, 7, on average
the occupations of a lattice site increase with the transitions from the neighboring
sites and decrease with transitions in opposite directions. Hence, by approximating
the time difference as ~ 70;p(x,t) and the right-hand side as py, d¢* dp(z,t) and
exploiting that D = py, /70 we can write the continuous approximation of the rate
equation as -

oip(z,t) = D6 0?p(x,t) . (3.20)

Now with the natural units of time and energy space t = tde, ¥ = z/de we get:

op(#,1) = Dop(#,1) (3.21)

which is exactly a diffusion equation with the initial ground state as the initial

profile in this continuum approximation, p(z,0) = O(—z), where for the sake of

simplicity we took M = N/2. The Green’s function of the above equation simply
_@=p?

gives G(:Z', 7, f) = % From here the profile can be obtained by its convolution
4

w Dt
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with the Green’s function, which after some straightforward integration yields:

1 —erf (5@/\/4&)
— 5 :

p(3.0) = [ a5G(2.5.0) 0(-) (3.22)
giving excellent fits with the numerically obtained results (see Figs. 3.4 and 3.2) and
where in the last step I restored the case of general M and the corresponding Fermi
energy, e ~ (M —1/2)de leading to the dimensionless variable, &, = (¢, —ep)/de =
k— (M —1/2). Now in the same continuum limit, one can easily compute the average

work as
-~ 1 —erf (m/\/ 455)
(w) = 2/ dz 5
0

where I exploited the fact that p(f,f) (see Eq. (3.22)) is an odd function shifted
by +1/2 and so it was satisfactory to integrate only for [0, c0]. Now, it is obvious
that the diffusion coefficient defined via the time evolution of the average work is
identical to that obtained by the single-particle occupations’ broadenings up to the
precision provided by the classical picture. Hence, the same scaling behavior is also
observed when D is extracted from the slope of the average work as demonstrated in
Fig. 3.3. Let us further emphasize that, as demonstrated by the above approximating
formulas, universality is perfectly mirrored for the slow quench limit in this simplified
formalism, as the only relevant parameter is, indeed, the average work.

As for the variance of work already known results [107] on the same exclusive
one-dimensional many-particle random walks computed the first 4 cumulants of the
sum of the distances the particles have traveled, which correspond in our case to the
cumulants of work. This together with our approximating method [118], relying on
the first term of Eq. (3.14), yields the observed superdiffusive behavior:

= Di, (3.23)

2
s ) ~ S ()~ 520) 0 o [ awa2t =TT CNA) 5V
k‘ —0o

(3.24)
while the exact result, also taking into account the neglected correlation terms gives
a slightly different, 4‘3/5 coefficient with a detailed derivation in Appendix B.3. Note
furthermore, that the same results could have been obtained with the randomness of
the energy levels incorporated, however, then the occupation numbers should have
been plotted according to the list number of the energies in increasing order. To
illustrate more clearly the relevant differences between the rigid and fluctuating level

approaches see the discussion on the work statistics in Chapters 4 and 5.
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3.3 Generalizations to fast quenches and realistic
models

In this section, I show the generalizations of the results in the previous section to ar-
bitrary fast quenches and a realistic quantum dot model. Somewhat surprisingly the
well-understood classical picture in the slowly driven case provides also an accurate
description in the case of arbitrary velocities, but nevertheless, with the diffusion
coefficients behaving slightly differently. In addition, the underlying mechanism is
also quite different, namely as coherent transitions between further levels will dom-
inate over the isolated Landau-Zener transitions between nearest neighbors. This
mechanism, however, will also lead to diffusive like dynamics, as observed in the
single-particle case [58]. Nevertheless, in the many-body context, slight changes are
present, as discussed in the subsection below.

In addition, I also present a realistic spatially extended quantum dot model fea-
sible for experimental investigation [3, 119]. In particular, a two-dimensional tight-
binding model is investigated with a confining potential squeezed in time, which
generates the motion of energy levels similar to those of RMT.

3.3.1 Universality and diffusion process for long enough times

In this subsection, I argue for the high-level universality observed even for arbitrary,
v > 1, velocities in the quantum mechanical results relying on the numerical methods.
Having introduced the proper dimensionless time and velocity, & = v/({A\)de), t =
tde for quench times deep in the diffusion regime (discussed below the exact threshold
for this regime) effects of initial short-time behavior lose their importance leading us
to the conclusion that dynamics can be captured up to high accuracy by the classical
Markovian picture with the average work (w) being the only relevant parameter.
Hence the same occupation profile and work fluctuations are obtained for different
symmetry classes, arbitrary velocities, and quench times as long as (w) = D(?)t
is fixed, i.e. the ladder model still provides an accurate description. In addition,
to formulate it more clearly at which threshold the diffusion regime sets in, let us
consider the following arguments.

In the fast quench limit, the relevant condition is that the average injected work
should exceed the typical size of the particle jumps, implying (w) > ©%. This con-
dition essentially encodes the underlying mechanism of the dynamics captured by
particle jumps (as discussed in the single-particle case) in the range which is much
smaller than the whole window of particle-hole excitations. This can also be un-
derstood as a renormalization of the diffusion coefficient by taking into account also
jumps between further levels.

In the opposite limit, o < 1, where transitions dominantly happen between near-
est neighboring energy levels in the short-time perturbative limit the average work
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A2
grows quadratically, (w) ~ (T)t) . Then the diffusive regime sets in at the crossover

2

N2 - .
time scale where the two curves meet, (1715) ~t —t~ 0% Correspondingly, the

crossover scale for the average work reads as (w) = Di ~ #7271 Beside this naive es-
timation, one still has to take into account the fact that the broadening of the initial
profile is necessarily larger than the mean level spacing, which implies for the slow
quench limit (w) > max {1, e 2_1}. Note that this latter condition is immediately

satisfied for fast quenches as there (w) > 92 and ¥ > 1.

So summarizing, in these regimes and limits of velocity and quench time, dy-
namics is completely characterized just by the average work and even the different
underlying symmetries lose their role as demonstrated for the occupation profile in
Fig. 3.4.

3.3.2 Realistic quantum dot model

Last, the natural question arises, whether the zero temperature results on dynamics
of many-body systems in the framework of RMT extend to realistic disordered and
chaotic models, feasible for experimental investigations. To this end, I turn to the
discussion of the many-body dynamics of a realistic quantum dot, realized by a
tight-binding model in the following way:

S O ED SUCURESE (3.5)

with J setting the energy scale, d running over the nearest neighbors of the lattice
sites at r and ¢, being independent uniformly distributed random variables in the
interval [—0/2,0/2] accounting for the kinetic energy of the electrons. In order to
observe RMT-like behavior it is necessary to consider the long localization length
regime, where although eigenstates are Anderson localized they exhibit in many
aspects RMT-like behavior. In this model, the nonequilibrium process is generated
by the following time-dependent potential:

Vir,t) = ; (La? 24 () (o - y2)> (3.26)

with A(t) linearly interpolating between —\; and \; with A = v characterizing the
speed of the quench. The second term in the potential corresponds to compression
and decompression in the x and y directions, respectively. In order to get universal
properties of the average work and occupation profile, I introduce the same velocity
and time units, however, their dependence on the number of lattice sites, on-site
disorder strength, and potential strength is quite different from that in the RMT
model. In particular, both de and the typical distance between avoided crossings
strongly depend on the potential strength, system size, on-site disorder strength,
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and the position in the energy spectrum which I, therefore, computed numerically,
averaging over ~ 5x 102 disorder realizations. Then setting the average work in these
units to (w) = 10, I computed the occupation profile exhibiting perfect agreement
with the diffusive picture presented in Fig. 3.4. T also investigated the average work
and the diffusion coefficient, which also matched the RMT results up to high precision
following the GOE power-law behavior in the slow quench limit, however with a
slightly smaller coefficient (see Fig. 3.3). For further details of the different scalings of
the velocity and time units, and of the Landau-Zener parameters at the avoided level
crossings see Chapter 6. In addition, in the next Chapter, I provide further details

® RMT (quantum, GUE), o = 0.6 |
x RMT (quantum, GSE), 9 =5
RMT (quantum, GOE), 9 =3 1
U! + Ladder (classical), o = 0.5
= L 0 Quantum dot, 0 =0.8 4
= 0.6 ~(w)? g
< ) ® "
=04 ¢
ool (w) =10
0 L ) , TREEPBFEEEE
-10 0 10 20

Figure 3.4: Energy space diffusion. Average occupations of instantaneous single-
particle eigenstates for the three RMT ensembles (orange diamonds, blue circles and
red crosses for GOE, GUE, and GSE, respectively) and the quantum dot model (green
squares) compared to the classically obtained results within the classical ladder model
(black plus signs). All the five curves collapse onto a single universal, diffusively
broadening profile given by {1 — erf (ék ay. 4<w>)} /2, depending only on the average

work.

about the quantum dot model, but from the point of view of the work statistics
compared to the ones obtained in the RMT framework.

3.4 Summary

Summarizing the results of this Chapter, first I extended the single-particle theoret-
ical framework by using second quantized formalism to the non-interacting many-
body problem and showed that all information can be obtained in terms of the single-
particle Schrodinger-equation’s solutions. Building up the many-body wave function
I derived an expression for the occupation numbers and found that, analogously to
the single-particle case, it displayed a diffusive broadening, which implied a linear
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time-dependence of the average work performed on the system with a purely velocity-
dependent diffusion coefficient (only when proper dimensionless versions of velocity,
time, and work are chosen). This velocity dependence exhibited an anomalous power-
law behavior for slow quenches, while a symmetry class-independent quadratic curve
was observed in the case of fast processes. Next, as far as the work fluctuations
were concerned superdiffusive behavior was observed and I also provided a simple
expression for calculating it feasible for analytical approximations. Then, I turned
to the discussion of the slow quench limit, where particle-hole excitations were gov-
erned by transitions at the avoided-level crossings and introduced a simple classical
energy space picture, the ‘ladder model’ capturing dynamics by nearest neighboring
particle jumps as random Markovian events mediated by Landau-Zener transitions
constrained by Pauli’s principle commonly referred to in the literature as SEP (Sym-
metrical Exclusion Process). With this approach, I derived a simple expression for
the occupation profile, verified the linear time evolution of the average work, and
also argued for the superdiffusive growth of the variance of work. Next, I turned to
the case of fast quenches where I discussed in detail the conditions of the validity of
the diffusion picture for arbitrary velocities and verified numerically, that indeed the
classical Markovian description for long enough times remains valid independently of
the velocity. In addition, this underlying classical mechanism also perfectly explains
the high-level universality observed in the numerical results, that is, for fixed dimen-
sionless injected average works the occupation profile and the velocity dependence
of the diffusion coefficient collapse on a single universal curve. Last, I considered a
realistic quantum dot model, a two-dimensional tight-binding system with a time-
dependent quadratic potential generating dynamics. In particular, almost perfect
matching, however with slightly different natural physical units, was found with the
RMT results both in the case of the occupation profile and the diffusion coefficient
in the long localization length limit.



Chapter 4

Work statistics at zero
temperature

This chapter is the continuation of the previous one presenting my results at zero
temperature, but now focusing exclusively on the full distribution of work and its
indispensable ingredient, the probability of adiabaticity. Similarly to the previous
chapter, I also explore their properties from the point of view of universality. As al-
ready discussed in the previous chapters, our understanding of the concept of work in
nonequilibrium situations is still far from complete and only well-established in some
limiting cases such as within the quasi-stationary approximation or near equilibrium
situations. Although complete generalizations to arbitrary nonequilibrium processes
in quantum systems are still far beyond the horizon, in this chapter I make a step
towards the extension of our knowledge about the statistical properties of quantum
work. As already summarized thoroughly in Chapter I, the measurement outcomes
of work, in general, cannot be embedded into an operator description as it requires
at least two measurements at different times, comprehensively, at the beginning and
end of the investigated process [19, 34, 44, 46].

In the previous chapter, in the case of the average work and variance of work,
it has been discussed that in this thesis I concentrate on the entropic part of the
exclusive work [34], which neglects the energy transfers owing to adiabatic processes
determined only by the initial equilibrium and focuses only on the contributions
induced by particle-hole excitations capturing all the nonequilibrium properties:

Wi = E/(t)—E'(0) = B/ (t)—E'(t) + E'(t)—E'(0)=W = E/(t)=E'(t) . (4.1)

Now as far as its distribution function is concerned, let us further investigate its
connection to the two-measurement scheme in the present 7' = 0 case. The possible
values of the adiabatic part depend only on the initial thermal equilibrium and so
they can trivially be determined by simultaneous measurements, provided that the
initial and final Hamiltonians’ eigenenergies are known. Much more interestingly,
at T' = 0, there does exist an operator description for the entropic part as well, the

48



CHAPTER 4. WORK STATISTICS AT ZERO TEMPERATURE 49

possible measurement outcomes can be associated with the eigenvalues of a work
operator defined as H(t) — Eqs(t). Let us emphasize that this feature is an immedi-
ate consequence of the lack of the initial thermal randomness as the nonequilibrium
process (for a given disorder realization) starts from a deterministic state necessitat-
ing only a single measurement at the end of the protocol. Let me here emphasize
again, that in far-from-eqilibrium situations and first of all in quantum systems, the
literature mostly refer to the changes of energy as work and divides it into exclusive
and inclusive ones rather than the “conventional” separation into heat and work. To
strengthen the importance of studying work statistics in many-body settings during
finite period driving I provide further orientation in the literature below. Beside the
detailed experiments in the introduction work statistics has further been intensely
investigated in quantum systems realized by various experiments ranging from indi-
vidual molecules [120, 121, 122] through nuclear spins subject to magnetic fields [123],
to cold atoms [124], and to mesoscopic grains [5, 6]. Furthermore, motivating the
investigations of the present chapter, intriguing theoretical proposals also exist to ex-
tract quantum work distributions and Loschmidt echoes in driven nanoscale circuits,
by performing measurements on ancilla qubits, coupled to the physical system stud-
ied [125, 126, 127]. Moreover, work statistics have been studied theoretically in clean
systems such as spin chains [128, 129, 131], Luttinger liquids [132], near critical sys-
tems and field theories [131, 133, 134, 135], non-interacting [136, 137], and interact-
ing bosons [138]. It has been related to Loschmidt echoes and quantum information
scrambling [139, 140, 141, 142] while quantum corrections and small work expansions
have also been studied [143, 144]. Less attention has been devoted to randomness,
however, although it plays a key role in chaotic mesoscopic and nanoscale systems.
While the average energy absorption has been investigated in chaotic and disordered
systems quite some time ago in the pioneering works of Wilkinson [57, 58, 59, 145]
and Kravtsov [146, 147, 148], the full distribution, P(W,t), has started to attract
attention much more recently. Most of the works on disordered systems have focused
on sudden quenches [149, 150, 151, 152, 153, 154], while here my results were the first
on generic quench protocols in driven fermionic random systems in the zero temper-
ature limit [87, 88]. Concentrating on the entropic work, W the work statistics takes
the form

P(W,t) = PA()S(W) + PE5(W, 1) (4.2)

with P2d(¢) the probability of adiabatic evolution and P™8(W,t) the regular part
capturing the statistics of the entropic contributions. In this scheme the probability
of performing no work just corresponds to the case when the system ends up in
the final ground state, that is it follows some kind of adiabatic evolution. Note
that strictly speaking all such processes also contribute to the singular weight where
although during the quench excitations were created, but due to scattering back to
the ground state at the end of the quench no change of energy could be measured.
Nevertheless, the contributions of these exceptional processes are negligibly small
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allowing to refer to P34(t) with the usual definition of adiabaticity.

Additionally, I also focus on the universal properties of the work statistics from
the same aspects as in the previous chapter. In this field also few studies exist, that
concentrated exclusively on clean systems [131, 133, 134].

The Chapter is composed of the following sections. In Sec. 4.1 T discuss the
quantum mechanical results both in the RMT and quantum dot models focusing on
the universal properties. In Sec. 4.2 I turn to the discussion of the classical ladder
model approach and derive analytical approximating formulas for the work statistics.
Finally, in Sec 4.3 I investigate the probability of adiabaticity from the same points
of view as above.

4.1 Quantum mechanical analysis, universality, and
classical approach

In this section, I provide a detailed presentation of the numerical results of the full
distribution of work in both the RMT and quantum dot models based on the “en-
tropic” convention of defining work. To start with, I briefly overview the main points
of the quantum mechanical framework then give a quick revision of the general form
of the work statistics also involving the underlying disordered setting. In addition,
I present the determinant formula for computing the work statistics’ characteristic
function, discuss the quantum dot case, and finally summarize its observed universal
properties. Finally, I turn to the classical approach, as it can perfectly explain the
observed universal properties.

4.1.1 General definition and entropic work

This subsection is devoted to the definition of work statistics within the entropic
convention, and the quick revision of both the measurement protocol and the basics of
the applied quantum mechanical framework relying on the single-particle dynamics.

As discussed in the preceding sections, the solutions of single-particle Schrodinger-
equation initially being in one of the ¢t = 0 single-particle instantaneous eigenstates
provide all information,

O™ (t) = H(t)™(t), ¢™(0) =mng". (4.3)

This equation was solved numerically for the time-dependent expansion amplitudes
defined as

N
P (1) = 3 Ok (tymk (4.4)
k=1

Furthermore, I again use second quantized formalism, i.e. introduce éln7t|0> = |™(t))
and IA),T”|O) = |n}") for the time-evolved wave functions and instantaneous eigenstates,
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respectively. With these notations, I start the investigation of the work distribution
in the case of M < N particles about which all information is contained in the
|U(t)) = [IY_, el ,]0) time-evolved many-body wave function via the {af"(t)} coef-
ficients.

At T = 0, as mentioned above, only the final energies need to be measured,
and work is determined relative to the final ground state in the entropic convention.
The probability of measuring the possible values of them are determined by the final
instantaneous many-body occupation weights, i.e. by P, = [(¥(t) |n(t))|* with |n(t))
denoting the nth many-body eigenstate at time ¢ according to some enumeration.
So the discrete probability density function for one disorder realization takes the
form of a sequence of Dirac-delta peaks positioned at the possible values of work
weighted with the corresponding outcome probabilities. Taking into account also
the disorder-induced randomness, a further averaging is performed over the random
matrix ensemble, or more generally speaking, over the actual disorder realizations
(see the results of the quantum dot model at the end of this Section):

PW,t) = (6 [W —(H(t) — Eas(t))]) = (3 Pud [W = (Eu(t) — Eas(1))])

disord ’
(4.5)
where the first equation indicates that, indeed, we can think about it as an ex-
pectation value in the time-evolved many-body state, |¥(t)), with the §[...] now

regarded an ordinary function of operators, while the disorder average smoothes the
Dirac-delta peaks into a continuous distribution function. Let us further emphasize
that because of the specific convention of measuring work from Egg(t) work cannot
take negative values, so P(W < 0,t) = 0 and due to the level repulsion property of
adjacent energy levels the regular part also vanishes at zero, P*¢(WW — 0,t) = 0.
Additionally, in the upcoming subsections, I will also present the numerical results
in the case of the quantum dot model discussed in the previous chapter.

4.1.2 Characteristic function-determinant formula

In this subsection, I provide a detailed discussion of the additional numerical methods
to extract the full distribution of work via the calculation of its characteristic func-
tion, i.e. its Fourier-transform. Quite straightforwardly, the characteristic function
is essentially the Fourier transform on the operator level in Eq. (4.5):

G(u,t) = / dw e P(w,t), (4.6)
which, performing the integral for each Dirac-delta in Eq. (4.5) with the dimensionless
work variable, w = W/de, results in the following expression:

G(u,t) _ <<€iuH(t)/éeefquGs(t)/ée» = <<\I,(t)‘eiuﬁ(t)/66|\lj(t)> efquGS(t)/ée>d. L

(4.7)
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Note that Eq. (4.7) is the special T' = 0 version of the general formula of the two-
point-measurement scheme (see Eq. (1.10)). Here the ground state energy term could
be brought outside of the quantum mechanical expectation value corresponding to
the initial deterministic behavior and mirroring the fact that at 7" = 0 only one
measurement is required. Nevertheless, all terms depend on the disorder, thus the
whole expression is inside the disorder average. Writing out the many-body wave
function and the Hamiltonian in terms of the single-particle creation and annihila-
tion operators the following determinant formula is obtained for the characteristic
function [87, 155, 156]:

G, t) = (e om0/ det [g(w, )] )aseora (4.8)

with the matrix in the determinant depending only on the instantaneous single-
particle energies and the expansion coefficients as

N
9" (u,t) = Y fag ()] et O (1) (4.9)
k=1

being an M x M matrix with m, m’ running over the initially occupied single-particle
states. For the derivation see Appendix B.2.

As already discussed in the introduction of this chapter the distribution of work
can be decomposed into a singular and a regular part with the singular part cor-
responding to the probability of adiabaticity. This property is also present in the
structure of the characteristic function as it consists of two parts as well:

G(u,t) = P*(t) + G™8(u, t) (4.10)

with the G™8(u,t) regular part satisfying the sufficient and necessary conditions of
being the Fourier transform of a probability density function [157].

4.1.3 Universal aspects of work statistics, fingerprints of level
repulsion, and the classical approach

In this subsection, I turn to the observed universal properties as well as the char-
acteristics in the non-universal regimes of the work statistics. In addition, I also
discuss in detail the strongly related classical energy space diffusion picture and the
ladder model. Using the numerically obtained single-particle expansion coefficients I
computed the characteristic function according to Eq. (4.8), from which I extracted
the work statistics by performing the inverse Fourier transformation according to
Eq. (4.6) for different system sizes, velocities, and quench times while keeping the
(w) dimensionless average work at fixed values. The probability density functions
(PDFs) of the dimensionless work, w = W/de, were observed to collapse onto a single
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Figure 4.1: Comparison of the regular part of the work statistics, P*(w;t) for
the orthogonal (GOE, (a), (c), and (e)) and the unitary matrix ensembles (GUE,
(b), (d), and (f)). Symbols: regular part for different values of the dimensionless
average work, (w) = 1.5, 3, and 5, for two different matrix sizes and velocities,
N = 20,7 = 0.8 (green) and N = 50, v = 0.3 (blue). The distributions show
universal behavior and collapse into a single curve independent of the system size,
N, which holds for arbitrary velocities within the slow quench limit and the diffusion
regime. Arrows indicate the positions of the integer values or work, w = 1,2, ....
Solid lines: classical SEP simulations provide an excellent approximation for v < 1.
In this limit, P™8(w;f) depends only on the average dimensionless work, (w), for
both ensembles.

universal curve under certain conditions both in the quantum dot model and in RMT
as observed in Figs. 4.1 and 4.2.

These observations can perfectly be understood again in terms of the classical
energy space diffusion model. Performing the same Monte-Carlo simulations as in
the previous chapter and obtaining the average Pf,,; occupation probabilities of
the many-body configurations (i.e. by counting their relative frequencies) the work
statistics can be expressed by measuring the total distances the particles traveled in
energy space during the process:

P(w,t) = <{Z} Ppuyd [w = (B — Eas(t)) /6e}> : (4.11)

where (...) stands both for the averaging over the Monte Carlo simulations and
the RMT energy spectrum. While in the general SEP approach the Ey,,y, Eas(t)
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energies are picked from the RMT spectrum (which is, however, independent of the
Monte Carlo simulation) in the ladder model evenly spaced rigid levels are consid-
ered and their fluctuations are neglected, &, = k — (M — 1/2) = (ex(t) — er) /de.
Correspondingly, here only an averaging over the Monte Carlo simulations is per-
formed. Note that while the SEP approach with fluctuating energy levels provides
immediately smooth distribution functions due to the averaging over the random
matrix ensemble, in the ladder model the PDFs only smooth out for large enough
average works, (w) > 1.

Let us first consider the © < 1 slow quench limit, where work is mainly generated
by particle transfers at the avoided level crossings. The results are shown in Fig. 4.1
for different velocities, ¥ = 0.3, 0.8 in the slow quench limit, different system sizes,
N = 20, 50, average works, (w) = 1.5, 3, 5, and for the GOE and GUE symmetry
classes. Here the SEP description (see Sec. 3.2), including also the randomness
of the energy levels, is in good agreement with the quantum mechanical results
provided the condition is satisfied that the occupation profile is broader than the
mean level spacing and the process is outside of the initial perturbative regime,
(w) > max {1, 17’3/2*1} (see the discussion in Sec. 3.3). In contrast to the discussions
of Sec. 3.2, now not only the many-body occupation probabilities but also the actual
values of the energies per each Monte Carlo simulation enters the work statistics.
Correspondingly, the classical approach only predicts that work statistics depends
both on the average work and the symmetry class, as apparent differences are present
between the two ensembles due to the discreteness of the energy levels and the
different strengths of the level repulsion. In particular, for relatively small, w < 5
injected works and for (w) < 5, additional peaks appear at the integer values of
w = 1,2,... mirroring the positions of the first, second, and third neighbors. The
stronger the level repulsion the more pronounced peaks are observed (see the right
panels of Fig. 4.1) This becomes even more enhanced in the case of the GSE ensemble
as demonstrated in Fig. 4.2a. An additional effect of these fingerprints of level
repulsion is observed in the small work behavior of the PDF, growing as ~ w” and
reflecting the fact that the first empty state is repelled from the last occupied with
the B power of their energy difference. Note that, none of these features can be
captured by the ladder model, as it neglects the fluctuations of the energy levels (in
the starting behavior, in particular, it predicts linear growth). Nevertheless, these
RMT spectrum-related wiggles in the work statistics are washed out for large enough
average works, (w) 2 5 by the large number of particle-hole excitations and the work
statistics, similarly to the occupation numbers, become even symmetry independent,
characterized only by the average work. In total, the level repulsion property restricts
the domain of universality to a slightly smaller regime than that of the validity the
classical energy space diffusion approach, as it poses a larger lower bound for the
average work, (w) > max {5, PP/

As far as the © > 1 fast quench limit is concerned, level repulsion does not enter
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Figure 4.2: Work statistics for GOE, GUE, and GSE (symbols) for dimensionless
average work (w) = 5 (a), and (w) = 20 (b). For smaller (w), P™%(w;t) dis-
plays features associated with level repulsion and specific to the symmetry of the
underlying Hamiltonian, while for large (w), the distributions P&(w; t) fall onto a
single universal curve for all RMT universality classes and velocities, captured by a
classical ladder model. Mean field (dashed line) and bosonization (continuous line)
approaches give accurate description in the diffusive regime. (a): the number of
energy levels was N = 28 for the GSE, N = 20 for the GOE and GUE, and N = 80
for the ladder model simulations. (b): these numbers are N = 96 (GSE), N = 50
(GUE), N =52 (GOE), and N = 70 (ladder model). The number of particles was
set to half filling, M = N/2.

the picture as particle transfers between further levels dominate over isolated nearest
neighbor transitions. This leads to the same degree of universality as observed in
Sec. 3.3 in the case of the occupation numbers. In particular, under the condition,
that the average work is bigger than the typical size of the level-to-level transitions,
(w) > 92, work statistics for arbitrary velocities, quench times, system sizes, and
symmetry classes fall on top of each other following a universal curve determined
only by (w). This is demonstrated in Fig. 4.2b, for the three symmetry classes, for
velocities both in the slow and fast quench regimes, and for average work, (w) = 20,
chosen such that the level repulsion loses its importance.

To conclude, let us illustrate the deviations from universality for fast quenches
before the diffusion regime sets in, I plotted the work statistics in Fig. 4.3 for (w) = 3
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Figure 4.3: Universality of the distribution P™8(w;?) in the limit & < 1 for the
orthogonal ensemble. Symbols: quantum results for N = 100 levels and v = 0.3,
v = 0.5, and ¥ = 5. Solid line: classical SEP result for ¥ = 0.8 with fluctuating
energy levels. While all © < 1 results fall on top of each other for the same amount
of average work, for © = 5, deviations appear due to transitions between levels being
further from each other in energy than the average work.

and dimensionless velocities © = 0.3, 0.5 in the case of the quantum simulations and
v = 0.8 for the classical SEP simulations with the randomness of energy levels also
incorporated, discussed in the next subsection. For this amount of energy transfer
the fast quench results, ¥ = 5, exhibit relevant deviations from the observed universal
diffusive statistics.

Finally, let us investigate a further interesting question provided by the large
average work limit or correspondingly long time limit of the work statistics. Although
quantum mechanical simulations are mainly restricted to (w) < 25 in the slow quench
limit, with the classical approach, much larger values can be reached. Early numerical
results partly suggested that the work distribution may converge to a Gaussian-like
curve at least as far as its tail is concerned as presented in Fig. 4.4 demonstrated by
the SEP results, also discussed in more details in the next subsection. However, later
analytical approximating formulas and the classical underlying model, discussed in
the next section excluded this scenario.

4.1.4 Work statistics in realistic quantum dot model

The present subsection is devoted to the investigation of work statistics at 7= 0 in
the quantum dot model already discussed from the point of view of the occupation
profile and the average work (see Sec. 3.3). As for a quick revision, I considered
the spatially extended 2-dimensional disordered tight-binding model with indepen-
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Figure 4.4: Time evolution of work statistics for the Gaussian orthogonal ensemble
in the limit, © < 1. Circles: quantum results for the regular part, P*8(w;t), for
dimensionless velocity © = 0.8 and N = 20 levels. In the three panels, I used
different dimensionless quench times # = 4.88, 6.25, and 162.5 (from left to right),
corresponding to dimensionless average work (w) = 1.5, 5, and 50, respectively. Solid
lines: SEP simulations with fluctuating RMT levels. The distribution becomes more
and more Gaussian-like as (w) increases.

dent Gaussian on-site energies and a confining potential deformed in time and so
generating the nonequilibrium dynamics:

— _JZCrJr(SCI"_'_Z t)+er) chcr (4.12)

with J denoting the energy scale,  pointing to the nearest neighbors, with the
potential’s time evolution V(r,t) = %(%T’Q + A(t)(2? — y2)) and \ = vt varying
from —A; to Ay. I found in the same regime of parameters as for the occupation
profile and the diffusion constant that the same distribution of work was observed
as in the case of the GOE ensemble, up to high precision.

In order to formulate more precisely the details of the conditions of arriving at
almost the same diffusive regime as in RMT I first emphasize that Ay < 0.2 should
be chosen in order to avoid too strong localization effects for maximally stretched
potentials. In other words, disorder strength, the size of the system, and the potential
strength is related such that the instantaneous eigenstates inside the broadening of
the initial Fermi sea possess long enough localization lengths to exhibit RMT-like
spectral properties.

In addition, the originally symmetric energy spectrum will be stretched towards
larger positive values implying that levels with the longest localization lengths get
shifted towards the lower edge of the energy spectrum. To this end, by varying A
I generated work and computed the P(w,t~ work statistics with the determinant
formula and compared it with the GSE results and with the classical approach, for
different velocities both in the slow and fast quench limits in Fig. 4.5. My results
clearly suggest that in the parameter regime, where the broadening of the initial
Fermi sea contains eigenstates with localization lengths sufficiently exceeding the
system size, the same work distribution is observed in the quantum dot model, up to
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numerical precision. Note that, in general, this also implies that the same degree of
universality is also present in this model, under the condition that the active levels
have long enough localization lengths, as will be discussed thoroughly in Chapter 6.
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Figure 4.5: Work statistics for dimensionless average work (w) = 10. Microscopic
quantum dot model (inset) simulations (green circles), random matrix (GSE) results
(orange diamonds), and the ladder model statistics (black crosses) fall on top of each
other with good accuracy. Quantum dot calculations were performed for M = 427
electrons for a lattice of size 38 x 38, disorder ¢ = 1.75.J, potential strength a = 75/,
and a dimensionless velocity, © = 0.4. For the GSE computations, [ used N = 80 with
M = 40 electrons and a velocity v = 4. Ladder model simulations were carried out
for v = 0.5 and N = 120 levels with M = 60 electrons. Quantum work distribution
depends only on the average work (w) and is well captured by the classical ladder
model.

4.2 Analytical approximations based on the lad-
der model

In this section, I turn to the discussion of the work statistics from the point of view
of analytical approximating formulas based on the classical Markovian description.
While it would be quite cumbersome to incorporate also the statistics of the energy
levels, the simplifications of the ladder model provides an ideal platform for extract-
ing the essential analytical properties of the work statistics. These two analytical
approaches are the Mean Field and Bosonization methods for which I also provide a
detailed description and the main motivation for using them.
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4.2.1 Bosonization approach

As stated in the previous subsection, with some additional assumptions the ladder
model opens the door for various analytical approximations for the work statistics.
It is, however, crucial to treat particle number conservation with care. Bosonization
offers a simple method to treat particle number conservation in the ladder model.
Introducing fermion operators for each level, we can express the total energy as
H = Y,(ex —€r) : czck : with ep = de (M — 1/2) the Fermi energy and : ... :
referring to normal ordering with respect to the Fermi sea. This expression provides
a good approximating formula for investigating excitations around the Fermi level.
Following Ref. [159], I introduce bosonic operators, bj]>0 = (1/\/q) Xk czﬂck, which

satisfy the usual commutation relations, [b,, b;,] = 04,4, and rewrite the Hamiltonian
in terms of these as 5
H=Y deqbl,+ 5 K7 (4.13)

gqeZ+

with N = >k c};ck — M the normal ordered fermion number. Clearly, the fermion
number does not change for the closed systems studied here so the second term in
Eq. (4.13) does not give a contribution. We can obtain an approximate expression
for P(w,t) by assuming that the final state is thermal with an effective boson tem-
perature Tpg = \/6{w) /7, chosen such that the average energy of the bosons is equal
to the average work at time £, (X014 b};bq> = (w). In particular, we assign ther-
mal Boltzmann weights e~ %¢ to these states, where Bz = 1/Tsg, while ¢ e with
q=1,2,... measures the energy of the particle-hole excitations. Since these excita-
tions are bosonic, for each ¢ we can have n, = 0,1,2,... arbitrarily many bosonic
excitations with energy gngde. In the characteristic function each of them carries a
contribution of e'“9"e  so we have

GBose <u7 E) _ N—l Z 6—(ﬂefr5€—iu)n1€—(5eﬂ5e—i u)2n2€—(ﬁeﬂ5e—i u)3ns o

n1,n2,...

. (4.14)

1 — e 9(Bemrbe—iu)’

= N_l ﬁ i e_q”q(ﬁcﬁféé—iu) _ N_l H

g=1n4¢=0 q>0

-1 .
where N = [,~o {1 — €_qﬁe“55} so that GBose (O,t) = 1. Exponentiating Eq.
(4.14) and taking the continuum limit >° .o — [5° dz we get:

dmln[lfe’(ﬁeff’m)z} =2/6 =2/6

GBOSG(U,g) %Nfleifo = ePefi—iu Poff | (415)

The inverse Fourier transform can be performed exactly, (see Appendix B.4), which
leads to the final expression valid in the limit of large average works, (w) > 1:

pBose (. 1) o ¢ 0o [gwe—w/m 1 (my/20) + 5(w)} , (4.16)
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where I; is the modified Bessel function of the first kind. Since T,z ~ \/ D%, the

prefactor decays as ~ e*C\/D_’E, corresponding to a stretched exponential decay of
adiabatic processes, as confirmed by our quantum mechanical simulations [87]. Most
importantly, however, it shows that the work statistics decays exponentially rather
than exhibiting a Gaussian tail as observed in Fig. 4.2b.

Note that in contrast to the well-understood property that the distribution van-
ishes at w = 0 here PB*¢(0,) > 0, which is a consequence of the continuum approx-
imation. Nevertheless, this seemingly incorrect finite valuedness at w = 0 vanishes
very rapidly as PBese (0,5) ~ e_C\/D_IE giving approximately the correct results at
w = 0 for large enough injected works. In agreement with the fact that the ladder
model only provides accurate results for large enough average works, this finiteness at
zero is practically absent as can be seen for (w) = 20 in Fig. 4.2b providing excellent
fit with the quantum mechanical and the classical results. Note that the analytical
formula only depends on the average work in perfect accordance with the observed
universal properties.

4.2.2 Mean field description of work statistics

In the last subsection, I present another analytical approximation formula for the
work statistics, namely the Mean field approach. The bosonization approach yields
a good account of the overall structure of P(w,t), but with certain limitations (see
Fig. 4.2b). In particular, the assumption of a thermal final state is not quite correct.
The occupation of the single-particle levels after the time evolution is not described
by the Fermi function but has a diffusive structure, as stated earlier. A more accurate
expression can be obtained for P(w, %) in a simple, particle number conserving mean
field approach, where instead of assuming thermalization, we rely on the diffusive
nature of energy absorption, and assume that each fermion level k is occupied with

probability fr = (1 —erf (ék/\/ 455))/2 with & = k— (M —1/2) measured from the
Fermi-level, corresponding to a diffusive broadening of the Fermi surface. In other

words all level occupations are considered to be binary, statistically independent
Bernoulli random variables with weights

Pra(n) = g fiu () +(1 = i) (1 = fi(2)) (4.17)

where n;, = 0, 1 corresponds to empty and occupied levels, respectively. To enforce
the constraint, Y, ny = M, I use an integral representation over an auxiliary variable
and for the sake of simplicity, I consider the case of half-filling, M = N/2. Note that
the calculations are valid for different M-s as well, as long as the ratio of M /N does
not vanish in the thermodynamic limit. In this formalism, one can write down closed
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formulas, which, however, are still hard to handle analytically:

1 d/\

1N .
Piny = /T/tkﬂpk,t(nk) Onp=Tom = N ) e T (ns=1/2) Hpkt n) , (4.18)
=1

k=1

where in the last step I substituted the Delta function, which stands for enforcing
particle number conservation, by an integral over the auxiliary variable, A and where
N is the normalization factor. Note that the normalization depends on time, again
as a consequence of the particle number conservation. Summing up all the con-
strained many-body probabilities, the following expression is obtained by applying
an expansion around the saddle point in the auxiliary [dA... integral (details can
be found in Appendix B.4):

= 3 Pmd) = [ 5 TL[ 200 + 20 - 40)
e} = (4.19)
/ = 0 IT [cos?(A/2) + sin*(A/2)tu(8)] = (8 (w)) ™4 .
where fi(t) = (1 —tx(t)) /2 with t(t) = erf (5”\/5) Turning to the analytic

expression of the work statistics ﬁrst, in a similar way to the quantum mechanical
analysis, I consider the characteristic function. In particular, each Py,,; mean field
many-body probability carries a phase corresponding to the energy difference in the
ladder model, iu(>";, Exng — Eas)/de:

GMF (u, 2?) = Z P{nk}ezuzk e (np—1/2)

{nk}
1 d) (4.20)

<L D esp| [T dwn(1 4 12 0) + 2huon 1) cos(V)]

where h,(u,t) = [1 +erf(x/\/4<w)>} / {1 - erf(a:/\/él(w))} e'“® and the last term

followed after some exact straightforward algebra and a continuum limit approxi-
mation in the exponent with. This expression was used for numerical evaluation,
but unfortunately in this form no further analytical simplifications could be ob-
tained. Performing again a saddle-point approximation, but now neglecting also the
quadratic corrections in the exponents and taking into account the particle conser-
vation constraint by subtracting the purely particle and hole additions to the T" =0
ground state, we obtain

C?U (212‘)/2
R 1 T ——— T E——
GMF<u,t)%ﬁ eV " _gleVir M 1|}, (4.21)

t
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where in the last step an ansatz was applied to the evaluation of the parameter
dependent integral in the exponential with ¢, = @ chosen such that the charac-
teristic function correctly reproduces the first two cumulants of work in the saddle
point solution. Now, analogously to the bosonization approach, both terms can be
Fourier transformed exactly leading to the approximate analytic expression

P MF (w,f) ~ e—c/w\/E[e\/Cz%)w\j_<Il(20w\/ﬁ) — V21 (2011,\/107/2)) + 5(w)] .

w
w
(4.22)
Note that the subtraction of the pure hole or particle additions correctly accounts for
the fundamental property of P™8(0,¢) = 0 Furthermore, it exhibits, similarly to the
bosonization approach an exponential behavior in the limit of w > 1 large injected
works, however, with a slightly different coefficient. Furthermore, the formula, (4.22)
perfectly mirrors the observed universal properties as well, as it only depends on the
average work. Its agreement with the numerical results can be observed in Fig. 4.2b,
which also shows that it indeed provides a more accurate description of the work
statistics than the bosonization approach. Further details about the derivations are
provided in Appendix B.4.

4.3 Singular weight in work statistics: probability
of adiabaticity

This section is devoted to the investigation of the emerging singular part of the work
statistics, i.e.: the contribution coming from measurement outcomes, when at the end
of the quench the system is in the M-particle instantaneous ground state. Although
the notion “adiabaticity” is used, let us emphasize that strictly speaking this means
that the system stays in its instantaneous ground state at all times while the singular
weight in the work statistics contains all possible processes which end up in the
final ground state. Keeping this in mind and still referring to the singular weight
as the probability of adiabaticity, I present both the numerical and the analytical
approximating results and also discuss the observed universal properties at 7' = 0 in
the following subsections.

4.3.1 Numerical results and universality

In this subsection, I overview the most important numerical results on the adiabatic
process probability. To this end, first I discuss the methods of calculating it. By
definition it can be expressed as

P(t) = [{W(t) |GS(1))|? (4.23)
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with |GS(t)) denoting the instantaneous ground state at time ¢. As it surprisingly
turns out, the singular weight in the work statistics gets much harder to compute
generally at finite temperatures than the characteristic function (see Chapter 5.).
So the most general way to compute the probability of adiabaticity is based on the
already discussed formula, (4.10). In Appendix C.3 I show generally for 7' > 0 that
the singular weight in the work statistics equals

PY(t) = lim G(u,1). (4.24)

Nevertheless, at zero temperature it can be expressed in a compact formula in
terms of the expansion coefficients, {a}'(t)}. Using again the second quantized
formalism with N levels and M < N particles, where |¥(t)) = [I2_, ¢}, ,|0) and

m=1

|GS(t)) =TT, ZA)Lt|0> we exploit the decomposition, éjm =N a(t) ZA)Lt to obtain:

N

(W) [GS()) = (Olbare---bie > b, (t)...apt ()b, ... 0L [0y,  (4.25)

k1,...kar=1

The emerging expectation value of (0[byy, . ..l;l,tl;,:ht : ..IA)LM¢|O> gives 1 if the set
of indices ki,...,ky is an even permutation of 1,...,M and —1 if it is an odd
permutation and zero otherwise. This results in total in a factor of (—1)P ) e P, )

where P stands for the permutation of the indices. Writing this back to the original
expression we end up with

(W) |GS(1) = (=17 ab, (1) ..ald (1) = det(gua(t) . (4:26)
P

where I introduced the g,4(t) matrix as the above permutation sum is just the deter-
minant of ¢"¥" (t) = a/™(t), by which the probability of adiabaticity takes the form
of

P(t) = |det(gaa(t))[, (4.27)

providing a convenient way to calculate it based on the solutions of the single-particle
Schédinger-equation (2.19).

In line with our previous experiences, the singular weight depends only on the
average injected energy, (w) under the already discussed conditions, i.e. that the
classical diffusion picture holds. This immediately implies that for different velocities,
system sizes and symmetry classes the same universal scaling collapse is observed
when the probability’s time evolution is plotted against the average work instead
of the dimensionless time. In the opposite limit, when the diffusion regime has not
yet set in different curves and quadratic starting behavior is observed as being in a
perturbative regime. Moreover, in this short-time limit the faster we drive the system
the larger the observed probabilities are. This qualitative result relies on the simple
observation that for faster drivings the same average work can be achieved with a
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smaller number of excitations than for slower quenches as the sizes of level-to-level
transitions increase with the velocity. On the other hand, in the slow driving limit,
rather an initially exponential decay is observable.

Last, I also investigated the validity of the classical Markovian approach in the
case of the probability of adiabaticity. Performing the already detailed Monte-Carlo
simulation I counted the relative frequency of the final configurations when at the
end of the simulation the first M lattice sites were occupied. The universal features
discussed above are presented in Fig. 4.6, together with the classical approximating
diffusion model’s results and the analytical ones discussed in the upcoming subsec-
tion.

4.3.2 Analytical results based on mean field theory and bosoniza-
tion

In this subsection, I go through all steps in the two analytical approximating frame-
works to derive estimating expressions for the probability of adiabaticity and also
reveal some very general features about its decay rate. To this end, I first discuss the
bosonization approach, where one can easily read off the weight of the Dirac-delta
in (4.16):
o

PBose(f) e 5 = ¢ V) (4.28)
showing a somewhat unexpected stretched exponential behavior.

Next, I turn to the mean field approach, where the probability of adiabaticity is
just the product of the occupation probabilities for the lowest-lying M eigenstates
and the probabilities of vacancies for the eigenstates with larger energies than the
Fermi level with the already introduced Bernoulli weights (4.17):

Together with the time-dependent normalization factor, this gives

- 1
P = 57 I A0 T1 (1= 5(0)
13 £x<0 Ex>0
~ /\1/_62\/4(@ [ dalogl(1+erf(x))/2) _ (87 D)1/ VDI _ (87 (w)) /4 =CV/ ()

t

(4.29)

with C' =~ 1.35. The comparison of the approximating formulas with the numerics
is plotted in Fig. 4.6. Apart from this result with the constructed units, the main
message implies that the probability of adiabaticity decays stretched exponentially
generally as a function of the broadening of the single-particle occupation profile,
dn?(t). This general definition allows us to directly calculate the decay rate, coming
around the analysis of the average work, in the case of other systems with different
scales (but very importantly where the RMT applies up to high accuracy):

P(t) ~ e (4.30)
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Figure 4.6: Probability of adiabaticity. Inset: Time evolution of the adiabatic process
probability, P,q, for the orthogonal ensemble (5 = 1) for three different velocities,
© < 1. Main panel: Symbols: same data as in inset, but plotted as functions of (w),
collapsing all onto a single curve. Solid line: classical ladder model result. Dashed
line: Eq. (4.29) obtained by mean field theory.

where, again, an integral approximation has been performed by assuming dn?(t) > 1.

Let us finally mention that, an alternative experimental platform to study quan-
tum work statistics is offered by ultracold atoms [124]. For a forward-backward
protocol P21 is essentially the ground state fidelity, which has been measured in
Ref. [158] by preparing two identical copies of a quantum system, and measuring
their overlap. This method could be used to verify the predicted stretched exponen-
tial behavior of P*! in chaotic fermionic systems.

4.4 Summary

In this chapter, I first provided analytical expressions for the work statistics at zero
temperature, captured by its characteristic function, in terms of the expansion coef-
ficients that can be obtained numerically by solving the single-particle Schrodinger-
equation. I also emphasized the applied convention by which a simplified picture
emerges, where the measurement outcomes have an eigenvalue interpretation. I also
discussed its peculiar features like the short-time behavior, the singular weight and
the effects of level repulsion.

Next, I discussed the observed degree of universality of the work statistics and the
applicability of the diffusion approach. In particular, incorporating also the RMT
spectrum instead of the rigid evenly-spaced levels, the domains of validity of the
classical description are the same as in the case of the occupation numbers. Here,
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however, for average works (w) < 6 in the slow quench limit, the PDFs, beside the
average work, also depend on the symmetry class which cannot be explained by
the ladder model. Nevertheless, for (w) 2 6 or for fast quenches (in the diffusion
regime) the ladder model results exhibit perfect agreement with the numerical results.
In addition, I provided a detailed analysis of the analytic approximating formulas
derived within the framework of the ladder model via the Bosonization and Mean
Field approaches. Moreover, I also considered a realistic quantum dot model realized
by a tight-binding model with a quadratic confining potential deformed in time which
generated dynamics. I compared the obtained work statistics to the RMT results
and found a good agreement within numerical precision.

In the last section, I emphasized that the singular weight in the work statistics
corresponds to the probability that the system at the end of the quench is in its
instantaneous ground state giving a slightly larger value than the “usual” adiabatic
process probability. Next, I showed two possible ways to compute it based on the
solutions of the single-particle Schrodinger-equation. Two further limiting cases were
discussed, the short-time behavior in the fast and slow quench limits. While the for-
mer showed exponential decay the latter decayed quadratically and its value increased
with the velocity. I also verified the validity of the classical Markovian description.
Finally, I showed the results of two analytical approaches and their agreement with
the quantum mechanical and classical results and underlined the general mechanism
behind the final approximate results, i.e. the decay rate is proportional to the typical
width of the occupation profile.



Chapter 5

Finite temperature generalizations

In the previous chapters, I restricted my investigations to the case when the system
was initially prepared at 7" = 0 in the M-particle instantaneous ground state of H (0)
with NV > M levels, such that in the thermodynamic limit N/M remained finite. At
T = 0, due to the lack of initial thermal randomness measuring work could be
embedded into an operator description, where the probable measurement outcomes
were associated with the eigenvalues of H(t) — Egs(t) and could be determined
by simultaneous measurements at the end of the quench. Here energy transfers
were measured from the final ground state induced by non-adiabatic level-to-level
transitions.

Real systems are, however, always subject to finite temperatures. Therefore, in
this chapter, I extend my previous, T = 0 temperature fermionic random matrix
approach to finite temperatures and consider the same quench protocol given by
Eq. (2.9). Here, following the 7" = 0 convention, I measure work from the adiabat-
ically evolved initial states, which, however, are randomly chosen according to the
given e~ P(©/T Boltzmann weights (here and throughout the chapter I set kp = 1).
Correspondingly, no simplified operator description exists any longer and the gen-
eral two-measurement-scheme must be applied in order to describe the statistical
behavior of work.

Quite notably, however, the overall structure of the work statistics remains in-
tact, P(W, t) = P*(t) (W) + Prs(W, t), with P*(¢) denoting the singular weight,
similarly to the T = 0 case referred to as the probability of adiabatic evolution.

Briefly summarized, at T = 0 temperature it was found [87, 88], that in chaotic
Fermi systems, described by random matrix theory P2l (t) decayed as a stretched
exponential, and I have derived approximate expressions for the non-Gaussian regular
part, Pr2,(W, t), using bosonization and mean field methods. Work, in particular,
has been shown to display a superdiffusive behavior, and the work statistics has
been found to exhibit interesting universal features at 7" = 0 temperature. Note
that from now on the 7" = 0 case is distinguished by sub- or superscript (...);_,,

(.. .)T:O7 respectively, while the expressions without sub-or superscripts will refer to

67
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the general T' > 0 case.

As at T' = 0 I stick to the same random matrix description [71, 72, 73, 74, 75|
well capturing the properties of driven chaotic and disordered Fermi systems such as
metallic nanograins or closed quantum dots in the ballistic regime [60]. This setting
provides an excellent opportunity to study the interplay of thermal and disorder-
induced effects.

In addition, similarly to the T = 0 case I also investigate finite temperature
quantum work distribution from the perspective of universality [20, 21, 22, 23, 24,
25, 133, 134, 131]. Based on the results of Chapter 3 and Chapter 4 [87, 88], it is an
intriguing question up to which extent can this high-level universality be generalized
to finite temperatures.

The chapter is arranged as follows. In Sec. 5.1 I present the theoretical framework
and the numerical results for the occupation numbers and the first two cumulants
of work at finite temperatures exhibiting markedly different behavior in the small
and large work limits (high and low temperatures, respectively). Next, in Sec. 5.2 1
generalize the classical approach to the case of initial thermal randomness and show
in what aspects the universal properties, found at 7" = 0, carry over to the finite
temperature setting. In Sec. 5.3 I turn to the investigation of the full distribution
of work. In particular, I generalize the determinant formula to finite temperatures
and show that the classical ladder model approach provides accurate results for the
work statistics as well explains its similarly strong universal behavior. Finally, I also
investigate the characteristics of the probability of adiabatic evolution.

5.1 Dynamics of particle-hole excitations at T>0

In this first section, I systematically discuss the dynamical properties at finite temper-
atures, following the scheme built up in the 7" = 0 case. In particular, I concentrate
on the numerical results and the quantum mechanical analytical expressions, which
are based again only on the knowledge of the expansion amplitudes {a}'(t)} ob-
tained by numerically solving the time-dependent Schrodinger-equation, Eq. (2.19).
So while essentially the numerical part of the problem remains intact, the initial
thermal equilibrium necessitates much larger efforts to derive analytical expressions.
In particular, I will concentrate on the occupation profile, the average work injected
or extracted from the system, as now negative values of work are also allowed due to
the presence of excited initial states. In addition, I also investigate the characteristics
of the fluctuations of work and its properties in the small and large work limits (high
or low temperature).

As an illustration of the investigated setup see Fig. 5.1, on the left of which a typ-
ical time evolution of the eigenenergies is displayed with the non-interacting fermions
‘jumping’ between the levels. On the right the classical ladder model can be observed
with evenly spaced energy levels and with particles, initially distributed according to
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Figure 5.1: Left: Energy levels of a disordered nanograin during a quantum quench.
External time-dependent perturbations induce quantum mechanical level-to-level
transitions and generate work. A thermal average is performed over initial states.
Right: Ladder model. Particles move diffusively between uniformly spaced en-
ergy levels. Initial, finite T configurations are sampled with appropriate Boltzmann
weights.

the Boltzmann wieghts, performing jumps between the levels as Markovian events.
This latter is discussed in detail in Sec. 5.2.

5.1.1 Quantum mechanical framework and occupation pro-
file

In this subsection, I first present the theoretical framework allowing us to express
the various physical quantities in terms of the expansion amplitudes, then derive a
general T' > 0 expression for the occupation numbers. In contrast to the T'= 0 case
now the average probability of the occupation of the kth instantaneous eigenstate is
the thermal average of the particle number operator in Heisenberg picture ﬁﬂt with

the initial equilibrium thermal density operator py = e~ HO/T /Z(T) with Zy(T) =
Tr [e_H(O)/ T}. In general, at time t one should consider the time-evolved density
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oA ’
matrix, Po — A(t) = Uso)xe) Ao Ui e Where Unoyy = T e Jo ¥ A s the time

evolution operator and take the “usual” trace in the M-particle Hilbert space. For
a single disorder realization it is expressed as

fk(t) = Tr [ﬁk7tﬁ(t)] . (51)

However, the time evolution can then be transferred to the particle number operator
as

Fil(t) = Tr [Atpo] - (5.2)

Now after some steps of calculation, detailed in Appendix C.1, a closed formula for
the occupation numbers reads in terms of an integral:

L da o (1)
fk(t) - ZO(T) o <>\) ; €—i>\+80m/T +1 ) <53)
where C'()\) = [IY, [e_i)‘f + 6”‘(1_”_5?”} and f = M/N is the filling factor. The
integral in Eq. (5.3) is computed with the fourth-order Simpson method. Note that
now there are contributions to the occupation numbers from all initial states, m =
1,2,..., N in contrast to the T" = 0 case where just the initially occupied M states
gave contributions, ff=(t) = 3, pa1]a(¢)]?. In addition, the initial profile does
not match the Fermi distribution due to the fixed number of particles, providing
additional complications compared to the T'= 0 case, f{=°(0) = O(¢) — eF), where
© stands for the Heaviside function. For the sake of completeness, the initial profile
takes the form of

1 T dA 1

0

- Yo ——
5=z Jon 2r OV vy

looking similar to the Fermi function, nevertheless with the [ d\... enforcing particle
number conservation, similarly to my derivations in Sec. 4.2.

Depending on the dimensionless temperature, T' = T'/de and the injected work it
turns out that two main regimes must be distinguished for which the natural sepa-
ration is based on the interplay between the amount of the nonequilibrium average
energy transfer, ((w)) and the initial total thermal energy, Er ~ T2. Here ({...))
stands for the general thermal average as well as the average over the random matrix
ensemble.

For large works, ((w)) > T?, the broadening is dominantly dynamical, i.e. it is
generated by the particle-hole excitations during the quench and converges to the
T = 0 case. In the opposite small work or high temperature limit, ((w)) < T2,
however, the profile converges to the Fermi distribution, fy(t) & (% The

0
e €k—EF)/T+1
general characteristics of the average work is discussed in detail in the next sub-
section. Finally, based on the numerical results, with similar conditions as in the
T = 0 case occupation numbers follow a single universal curve depending only on

(5.4)
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Figure 5.2: Mean occupations (f)ry of instantaneous eigenstates for three different
pairs ((w), T), corresponding to large, intermediate, and small works compared to the
thermal energy, respectively, for different velocities ¢, and system sizes. Quantum
mechanical results (symbols), computed from Eq. (5.3), are well captured by the
ladder model (black plus signs) and the analytical approximation, Eq. (5.12), further
simplified to Eq. (5.14) for large, and to Eq. (5.16) for small work (black dashed
lines). (a): Occupation profiles in the slow quench limit with o = 0.5 for the GOE
ensemble for (T = 0.5, ((w)) = 5, N = 20), (T = 8, ({w)) = 10, N = 80) and
(T = 3, {{w)) = 10, , N = 40). Inset: average work as a function of time for the same
temperatures 7. (b): Occupation profiles for the three random matrix ensembles for
different velocities (o = 0.8,7 = 1, {{w)) = 10) for GOE, (¢ = 3,T = 3, ((w)) = 15)
for the GSE, and (¢ = 5,T = 8, ((w)) = 20) for GUE.

the average work and now also on the dimensionless temperature. These features
are represented in Fig. 5.2 for different velocities, system sizes, for average works
and temperatures in the small, intermediate, and large work limits. Numerical re-
sults are in good agreement with the analytical predictions provided by the classical
description discussed in detail in the following section.
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5.1.2 Average work and work fluctuations

In this subsection, I investigate the behavior of the average work and the fluctuations
of work, again captured by its variance.
The average value of work can be expressed via the occupation numbers (5.3) as

() =3 (en®) (Su0) = 12)) ;- (5.5)

k=1

Although the amount of positive and negative contributions strongly depends on the
temperature, the average work is observed to be independent of the temperature, up
to numerical precision:

((w)) 20 = D(D) 1, (5.6)

where again the dimensionless versions of the quantities were used. In other words,
the diffusion coefficient exhibits the same velocity dependence with the same pref-
actor as at T' = 0. These characteristics can be understood well within the classical
diffusion approach at T > 0 discussed in Sec. 5.2. The numerical verification can be
observed in the inset of Fig. 5.2a for different temperatures, velocities, and system
sizes for the GOE ensemble.

Next, I turn to the investigation of the fluctuations of work. As a reminder,
at T = 0 superdiffusive behavior was observed, dw? ~ ((w))*/? [87, 88]. At finite
temperature, the fluctuations can be expressed in a somewhat more general form as

S’ = << (5" ) — (1)) — (H"(1) - Had(t>>2>
RM 5.7
5 (00 () + G -2 o),

M
kk' R

with 0fig s = figr — fu(t) and fi(t) given by Eq. (5.3). Exact expressions are pro-
vided for the correlators appearing here in Appendix C.6, in terms of the occupation
amplitudes a*(t).
In the limit of small work, 1 < ((w)) < T2, I find a diffusive behavior, as
expected,
dw? ~ ({(w)) . (5.8)

For large works, ((w)) > T2, however, the superdiffusive characteristics are recov-
ered, dw? ~ ((w))*/?. Fig. 5.3 demonstrates this behavior for GOE, where for better
comparison I introduced the normalized variance 62 as

soa__owr(((w)))
Sut({(w)) =1)

(5.9)

such that dw?(({w)) = 1) = 1. Note, furthermore, that for large enough injected
work and apart from initial thermal fluctuations the variance of work approaches



CHAPTER 5. FINITE TEMPERATURE GENERALIZATIONS 73

2
(@)
N~
I
—
ot
N
A
+

Figure 5.3: Crossover from superdiffusive to diffusive work fluctuations for ((w)) > 1
in the GOE ensemble. For injected work large compared to the thermal energy,
fluctuations preserve their superdiffusive behavior as in the T = 0 case, dw? ~
((w))*/*. In contrast, for small average work 1 < ({(w)) < T2, they exhibit a diffusive
character, dw? ~ ((w)). Note that variances were scaled such that they get easier
to be compared. Filled symbols correspond to the quantum mechanical results, plus
signs are the results of the classical ladder model, and the dashed lines are guides to
the eye of the diffusive and superdiffusive power laws.

that of the total energy of the system in leading order with respect to ((w)). (cf.
Appendix C.6).

To conclude, I also remark that, similarly to the T" = 0 case, these features can be
well-understood in terms of the classical description, explaining also the additional
temperature dependence, discussed in detail in the upcoming section.

5.2 Finite temperature classical energy space dif-
fusion

In this section, I turn to the classical Markovian approach applied in the case of initial
thermal randomness with a fixed number of particles. In Sec. 5.1 it was observed,
that the occupation profile and the work variances depend only on the average work
and the dimensionless temperature, under the same conditions as for the 7" = 0 case.
Now similarly to the T' = 0 case, it would be desirable to find a simple explanation,
an underlying robust mechanism to back up these numerical observations. Quite
naturally my findings hint again at a classical Markovian description, but at 7' > 0
with slight modifications compared to the T = 0 case. For a quick revision let us
review the most important ingredients of the classical SEP approach again both
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in the case of random levels and fixed uniformly spaced ones [87, 88] within the
generalized finite temperature ‘ladder model’.

Let us again assume infinitely strong level repulsion, and approximate the spec-
trum by evenly spaced energy levels. I replace site occupations by classical statistical
variables taking values of n;; = 0, 1. Electron transfers due to Landau-Zener transi-
tions [52, 53, 57, 58, 59] at avoided level crossings are modeled by classical Markovian
random jumps between neighboring energy levels. Moreover, at finite temperature
averaging over initial configurations (occupations), distributed according to Boltz-
mann statistics are also required. So the first task is to incorporate the randomness
of both the particle jumps and the initial state. Note that the presence of initial
excited states greatly influences the dynamics as different jumps are possible due to
Pauli’s principle.

5.2.1 Initial state sampling and Monte Carlo simulation

This subsection is devoted to the short overview of the classical energy space diffusion
at finite temperatures. Since the number of configurations is very large for N 2> 20
energy levels, I generate the initial thermal state by the Metropolis algorithm, i.e.,
starting from the M-particle ground state, particle jumps as random Markovian
events yield eventually the randomly chosen initial states. The jumps can happen
between any two levels provided one of them is occupied and the other is not, as
constrained again by Pauli’s principle. This procedure is repeated until equilibrium
is reached where the “usual” Metropolis jump probabilities are

—AB/T if AE >0
p= { © " (5.10)

1, if AE <0

with AE denoting the difference between the energies of the empty and occupied
sites. For each initial state obtained this way, I run a second, stochastic simulation
of the quantum quench, essentially the same as previously [87, 88]. Remarkably,
as demonstrated in Figs. 5.2b, for long enough quench times, this classical approx-
imation successfully captures the dynamics of the particle-hole excitations in terms
of the occupation profile both in the slow and fast quench limits, and for all three
ensembles. Quantum statistics and quantum work can thus be described classically,
analogously to the zero temperature case [87, 88] and under the same conditions (see
Sec. 3.3). In addition, here the applied Monte-Carlo simulation is extended to a more
general form for © > 1 with possible jumps between not only nearest neighboring
levels but separated by the typical size of the level-to-level transitions, ~ ¢2. An
illustration of this can be seen on the right of Fig. 5.1.
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5.2.2 Analytical results and universality of the occupation
numbers and the average work

In this subsection, I discuss the analytical results obtained for the occupation num-
bers, by which the temperature independence of the average work and the observed
universality can be verified. In particular, I use again the ladder model, however, the
structure of the statistics of the energy levels either rigid or random do not matter
in the case of the occupations at the end of single Monte-Carlo runs, however, when
enlisting and plotting their average values evenly spaced levels are considered. Let
us first consider the initial profile. Using o}*(0) = ;" in Eq. (5.3), the average
occupations are given by the integral expression

1 7 dA C(\)

— 0 ~ _ = .
p(k70) = <fk>RM ZO(T) —x 21 e—iM(k=M=1/2)/T 4

(5.11)

Then, an approximate analytical expression can be derived for the average occupation
numbers at time ¢ by employing the diffusive approximation of the single-particle

broadenings in Eq. (5.3), (| (1)) gy ~ e *™/UPD )\Jar DE. Note that the
validity of this approximation only depends on the broadenings of the single-particle
occupations, being independent of the temperature.

Invoking a continuous approximation, whereby k£ and m are promoted to the
continuous variables k = k — (M — 1/2) and u = m — (M — 1/2) and the sum is
replaced by integral, we obtain for the occupation profile:

(k—p)?/4DI

[e)e) e_
p(k,t) ~ / dpp ———=—p(11,0),
- \/ 4w Dt

which is just the solution of the diffusion equation with initial profile p(x,0). From
this equation it can be shown that the average work grows linearly in time. This
surprising feature holds up to high precision in both the classical approach and the
quantum mechanical results

((w)) ~ L °:O dr k& [p(k, t) — p(,0)] = DI (5.13)

Let us emphasize that, somewhat misleadingly, while the occupation numbers strongly
depend on the temperature it is not the case for the average work. Nevertheless, in
the regime where the classical diffusion picture applies at T' = 0 universality holds, for
arbitrary velocities and symmetry classes with the average work and dimensionless
temperatures being the only relevant parameters as indicated in Fig. 5.2.

(5.12)

5.2.3 Small and large work limits of the occupation numbers

In this subsection, I turn to the discussion of the small and large work (or equivalently
high and small temperature limits) behavior of the occupation numbers, captured
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by closed analytical formulas and also providing a suitable approximation for ver-
ifying the observed diffusive and superdiffusive nature of the fluctuations of work,
respectively. For large works, T2 < ((w)), where the broadening is dominated by
driving-induced level-to-level transitions, the occupation numbers are given by the
zero temperature diffusive profile, with a small correction originating from the initial
thermal profile (for the derivation, see Appendix C.5),

7-(-2 T2 K 67”2/4<<w>>

(1—erf[2<<;>>1/2})+6<<w>> =R (5.14)

Interestingly, the correction term is twice the Bethe-Sommerfeld correction in the
absence of particle number conservation. Eq. (5.14) is compared to quantum me-
chanical results for 72 < ((w)) in Fig. 5.2a, yielding a very accurate approximation.

We can also use this diffusive approximation to estimate the leading order be-
havior of the work fluctuations for ((w)) > max(7?,1). Similarly to the T' = 0 case,
keeping track of diffusion-induced occupation number fluctuations, but neglecting
the randomness of the individual energy levels [118] and the correlations between
their occupations, work fluctuations result in

p(k,t) =

N | —

Sw(t) ~ /_O:o dli/jf (1 — erf? {m/\/4(<w>)D +o0 (T2<<w>>1/2) ~

ot
“I5

((w))*? .
(5.15)

As shown in Appendix C.6, only the first term of (5.7) contributes to the above for-
mula in the leading order of the classical approximation, coinciding with the variance
of the total energy. Numerics confirm the ~ <(w)>3/ * power law behavior, but the
prefactor is slightly modified by the neglected correlation terms.

In the small work limit, 1 < ((w)) < T2, occupation numbers are approximately
given by the Fermi function, plus a correction term accounting for particle number
conservation and for the quantum quench-induced changes of the occupation profile
(for the derivation, see Appendix C.5),

Pk, t) ~ G/T1+1 + le <<<2“’T>> - i) tanh(x/27) [1 — tanh®(k/27)| . (5.16)

For high enough temperatures, this expression provides an excellent approximation
to the quantum mechanical results and the ladder model simulations (see Fig. 5.2a).

To compute work fluctuations in this limit, I again consider only the occupa-
tion fluctuations of the single-particle states, and neglect their correlations. In Ap-
pendix C.6, I show also for the small work case that in the classical approximation
only the first term of Eq. (5.7) contributes to the variance of work, thus 6*w reduces
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to the fluctuations of the total energy. Keeping only the highest order of T the
leading order behavior reads:

/ dk K? tanhQ(/f/2T) [ tanhQ(H/ZT)] ~243T ((w)). (5.17)

Similar to the large work limit, even though the power law behavior is correct,
correlation terms yield a similar contribution but with a smaller coefficient. The
corresponding diffusive-superdiffusive crossover is exhibited in Fig. 5.3.

5.3 Work statistics at finite temperature

Finally, I turn to the probability distribution function of the work performed or
extracted from the system in the course of nonequilibrium processes at finite tem-
peratures. In contrast to the T" = 0 case, energy transfer is now determined by
measurement outcomes in the two-measurement scheme with the important gener-
alization that the initial thermal equilibrium opens the possibility of excited initial
states instead of the T' = 0 ground state. Even though the possible values of work
still depend only on the final spectrum, initial statistical behavior now does enter
the work statistics through the Boltzmann weights and so the initial energies via
sampling the starting many-body state. This indeed faithfully mirrors the peculiar-
ities met in general in the context of work, that the quantities determining its value
cannot be measured simultaneously[19, 34, 44, 46].

5.3.1 General determinant formula for the characteristic func-
tion

In this subsection, I present analytical expressions for the finite temperature work
statistics, convenient for numerical evaluation. In particular, I show that similar to
the zero temperature case, the work distribution can be determined from the solutions
of the single-particle Schrodinger-equation (2.19), corresponding to the Hamiltonian
in Eq. (2.17). Following the convention of the zero temperature case, I introduce the
following expression for the PDF,

P(w, t) = <<5 [w — (E(8) = B*(¢)) /€] >> . (5.18)

Double averaging ((...)) again refers to an average over the initial density oper-
ator, py, followed by an ensemble average over random matrices. Here H H( ) =
U/\(0 A(t)H( )Ux0), xt) is the Hamilton operator in the Heisenberg picture, while H24(¢)
is defined as

Had

||M2



CHAPTER 5. FINITE TEMPERATURE GENERALIZATIONS 78

where e(t) are the instantaneous single-particle energy eigenvalues. This operator
measures the energy of an adiabatically evolved state which, notably, reduces just
to the ground state energy in Eq. (5.18) in the zero temperature limit as only the
initial ground state’s Boltzmann weight survives in that limit. Expression (5.18) of
the work distribution thus corresponds to defining work as the energy of the system
relative to the energy of a frozen level occupation profile for each initial state in
the thermal average, and excludes the contribution of the motion of energy levels as
already detailed in the Introduction.

The characteristic function of the distribution (5.18) can be expressed in the
following form:

G(u,t) = /_o:o dwe "™““P(w, t) = <Tr {eiuI:IH(t)/zSeefiuHad(t)/(Seﬁo}>

1 —iu Fn(t)/de ~ES/T iuwH(t)/6 >
= E e tutn feHn v, (t)]e" ‘I, (t

= <Z()1T) Zdet [gn(u,t)] >

" RM

RM

Here |¥,,(t)) denotes the time-evolved many-body state with some initial occupa-
tions {ng} — n in the Schrodinger picture, where E,(t) = SN 14 (t) are the
instantaneous many-body energies, with I(m) € {1,..., N} giving the index of the
m’th occupied single-particle state in the initial many-body state, |W,,(0)). This is
a thermally weighted sum of M x M determinants corresponding to the M-particle
many-body states. The M x M overlap matrices g,(u,t) in Eq. (5.20) are defined
similar to the 7" = 0 overlap matrix [87, 155, 156], Eq. (4.9),

N .
[gn(u,t)]mm _ Z Oéﬁf(m)<t)€iugk(t)/6e |:Oé§€(m)(t):| e*lU,Ez(m/)(t)/(SCfE?(m/)/T (521)
k=1

with m and m” € {1,..., M} running over the particles. The amplitudes o appearing
in Eq. (5.21) account for transitions between these occupied states and the single-
particle states k. As shown in Appendix C.2, similar to the occupation in Eq. (5.3),
Eq. (5.20) can be written as an integral of a determinant over an auxiliary variable,

* d) det [e‘”f —|—e”(1_f)g(u,t)}
G(u, 1) :/_7r o < 5T >RM, (5.22)

where the matrix elements of the N x N matrix G(u,t) are
’ N ; ’ * ; 0
gll (U,t) _ Z aé{(t)ezusk(t)/ﬁe |:Oé§€ (t)] e—zuel/(t)/&—el,/T, (523)
k=1

and f = M/N.
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5.3.2 Universal aspects of work statistics

In this subsection, I briefly discuss again the validity of the underlying classical
description and that it verifies, up to numerical precision, the observed universal-
ity also present in the work statistics. As discussed in the Introduction, the work
distribution function, obtained as the inverse Fourier transform of the characteristic
function, G(u, t), consists of a singular (adiabatic) and a regular part. I postpone the
discussion of the adiabatic part to the next subsection together with its additional
peculiarities and focus first on the regular part.

Typical regular finite temperature work distribution functions for the three en-
sembles — obtained by a numerical evaluation of Eq. (5.22) followed by the inverse
Fourier transformation of the characteristic function — are shown in Fig. 5.4. Un-
like at zero temperature [87, 88], work can now take negative values corresponding
to transitions from excited states to lower energy states during the quench, taking
place with a finite probability. Analogously to the zero temperature case, in the
diffusion regime with the already discussed conditions regarding the average work
and where the fingerprints of level repulsion have already disappeared, the curves of
the distribution of energy transfer fall on top of each other for the same average work
and temperature values independently of the velocity, quench time, system size, and
symmetry class. This is demonstrated in Fig. 5.4 for temperatures 7' = 1, 3, and
average work ((w)) = 20. In addition, in this regime they are also perfectly described
by the ladder model results. In particular, after having performed the two Monte
Carlo simulations, the first for sampling the initial state and the second to simulate
the quantum quench, the values of differences between the particles’ initial and final
positions are collected from which the distribution could easily be constructed. In
addition, let us remark, that apart from the crossover in the variance of work the
regime of universality is also relevantly affected by the temperature from the point
of view of the wiggles appearing due to the level repulsion, as discussed below.

5.3.3 Low and high temperature behavior and Crooks rela-
tion

In this subsection, I turn to the investigation of the small and large work (high and
low temperature limits, respectively). For temperatures and injected works ({w))
not too large compared to the mean level spacing, the work distribution exhibits
fingerprints of level repulsion (similarly to the ones observed in Sec. 4.1), most clearly
visible for GSE, the ensemble with the strongest level repulsion [87]: the probability
distribution displays peaks at integer multiples of the mean level spacing, gradually
washed away as either T or ((w)) increases. Note that these features are enhanced
in the negative work regime. In addition, despite these more pronounced peaks, the
high temperature limit and a smooth distribution are reached faster in GSE than
in the GOE ensemble due to the presence of spin degeneracy, as demonstrated in
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Figure 5.4: Collapse of work statistics for large average work values and for vari-
ous velocities within the three major matrix ensembles (symbols and crosses). The
distributions collapse to a single curve and agree very well with the predictions of
the ladder model (green plus signs). Notice the non-Gaussian distribution, charac-
teristic for large works, ((w)) > T? valid for T = 1 (a), while convergence towards
a Gaussian-like curve is observed for 7 = 3 (b), corresponding to the T2 > ((w))
limit.

Fig. 5.5a and b.

Similarly to the T" = 0 case, in this regime, the ladder model description loses
its validity and the work distribution acquires an additional ensemble dependence
appearing in the different strength of these peaks. Here, however, the classical Marko-
vian approach, with the randomness of the energy levels also involved, accurately re-
produces the distribution of work, provided that the criteria for the diffusion regime
are satisfied, as demonstrated in Fig. 5.5b for the GSE ensemble. As an additional
finite temperature effect, these wiggles smooth out for smaller values of the average
work as temperature increases bringing lower the boundary of the universal regime
in alignment with the convergence towards a Gaussian distribution.

To continue the above reasoning, in the limit of small works (high temperatures),
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Figure 5.5: Regular part of the distribution of quantum work for GOE (a) and GSE
(b) at various temperatures, for average work ((w)) = 5, corresponding to velocities
0 = 0.5 and 0.8, respectively. (a): Comparison of random matrix simulations (sym-
bols) and the ladder model (dashed lines) for GOE. Most features are well captured
by the classical ladder model. Fingerprints of level repulsion are present for small
positive values of work at low temperatures. (b): GSE results (symbols). Level
repulsion signatures are enhanced but disappear fast with increasing temperature.
A fast convergence towards Gaussian statistics is observed as T? > ((w)). SEP
approach with fluctuating energy levels proivde excellent fits (black solid line).

T? > {(w)), a true convergence towards a Gaussian distribution is observed,

~Y

. 1 (w—((w)))?
Plw,t) » ————=e 252 . 5.24
( ) V21 dw? (5.24)
as can be observed in Fig. 5.5 a and b for GOE and GSE ensembles, respectively.
__ Asalready stated earlier, the expectation value ((w)) increases linearly as ((w)) =
Dt, with D the zero temperature energy diffusion constant (see Eq. (5.6)). To
enforce this observation I also investigate it in terms of the characteristic function
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Figure 5.6: Real (a) and imaginary (b) parts of the characteristic function for the
GOE ensemble (symbols) computed numerically from Eq. (5.22) for dimensionless
quench time ¢ = 34 and velocity © = 0.5, corresponding to the slow quench limit.
The average work is ((w)) = 5, and the characteristic function was evaluated at
dimensionless temperatures T = 0,2,5. The slope of the imaginary part at © = 0
is unaffected by the increase of the temperature, implying that, keeping the quench
time fixed, the average work of the system is independent of the temperature within
numerical precision. Upon increasing the temperature, a clear convergence is seen
towards the characteristic function of a Gaussian work distribution with mean ({w))
and variance dw?, shown by the black dashed line.

via the relation, ((w)) = —i@uG(u)‘ _,» l-e. the average work equals the slope of the
imaginary part of the characteristic function at u = 0.

The real and imaginary part of the characteristic function are plotted for the
GOE ensemble, for average work ((w)) = 5, and for temperatures 7' = 0,2,5 in
Fig. 5.6a and b, respectively, exhibiting a temperature independent slope of the
imaginary part and also a convergence towards the Fourier transform of a Gaussian
distribution with mean ((w)) and variance dw?.

Next, let us now demonstrate that the numerically computed work distribution
obeys the celebrated Crooks fluctuation relation [34, 36, 37]. The Crooks relation
relates the work statistics of time-reversed processes, A — B and B — A, in the case
of thermal initial states. It states that Pa_,g(W)/Pp_ya(—W) = eW=20/T where
AF denotes the equilibrium free energy difference between states B and A.

To check the validity of this relation, I run the quantum quench simulation in a
time-reversal symmetrical path in the random matrix ensemble,

A(t) = (5.25)

vt for 0<t< 7,
v(2r —t) for 0<t<T.
In this case, since I return to the same point in parameter space, the free energy
difference is AF' = 0, and the Crooks relation just states that extracting work from
the system (performing negative work) is exponentially suppressed with respect to
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Figure 5.7: Numerical verification of the Crooks fluctuation relation (5.26) for the
three ensembles with different quench times, velocities, and temperatures as indicated
in the legend. The GSE (red crosses) result was computed using a single random
matrix trajectory, while the GOE (orange diamonds), GUE (blue circles) results
were averaged over ~ 500 disorder realizations. Note that the validity of the relation
remains intact even well outside of the diffusion regime, illustrated by the GOE and
GUE results. Inset: agreement on a logarithmic scale. Dashed lines are guides to
the eye for the exponential decay.

performing positive work of the same magnitude as
P(—w,27)/P(w,21) = e /T (5.26)

Note that in this case the adiabatic contributions disappear by construction and
the entropic part is equal to the full inclusive work (see Eq. (4.1)) The two sides of
this relation are plotted together in Fig. 5.7 for all the three ensembles at different
quench times, velocities, and temperatures in each case. Reassuringly, I found that
the Crooks relation is satisfied in all cases within my numerical accuracy. Moreover,
I also verified that it remains valid even for a single random matrix realization as
it is shown for the GSE ensemble. Quite notably, the results clearly suggest that
the Crooks relation naturally generalizes to the entropic part of the exclusive work,
which is intuitively clear, as the adiabatic contributions depend only on the initial
state of the system. Note that, furthermore, the relation remains satisfied even well
outside of the diffusion regime as well. The fact that the Crooks relation is satisfied
is an important verification of the correctness of the rather complicated numerical

procedure used to compute P(w, t)
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5.3.4 Probability of adiabaticity

In the last subsection, I investigate the properties of the probability of adiabaticity.
Note that again the notion can be somewhat misleading as apart from the peculiar-
ities about the precise relation between adiabaticity and the singular weight in the
work statistics met at 7' = 0 everything becomes even more complicated at 7" > 0.
So the starting question arises what the precise definition of the probability of adi-
abaticity should be anyway. Possible candidates can be the probability of ending
up in the ground state at the end of the quench or similarly to the T" = 0 case
the singular weight in the work statistics and somewhat naturally the probability of
ending in the starting many-body state also sound reasonable choices. Due to the
chosen “entropic” convention, it turns out that the last two are the same as zero
work is obtained if the change from the final eigenstates’ energy is zero. So I use this
definition to investigate the “probability of adiabaticity”, i.e. the singular weight in
the work statistics. As was shown in the previous sections, at T" = 0 the singular
weight in the work statistics decayed in time as a stretched exponential [87, 88],

Pad (§) = (87 D)4V DI, (5.27)

with C' ~ 1.35 (see Eq. (4.29)). In the general finite temperature setting, however,

it cannot be expressed in such a compact way. Nevertheless, based on the properties

of the Fourier transformation, it can be obtained from the large u asymptotic value
of the characteristic function,

PY(t) = lim G(u,1). (5.28)

This corresponds to the sum of probabilities of staying in the initial single-particle

eigenstates, weighted by the corresponding Boltzmann factors, e /T /Zo(T). Indeed,
Eq. (5.28) can be written as (cf. Appendix C.3)

P =Y (5 ulggo et [ga ()] ),

o Z<det it >RM’

where the u — oo limit of the determinants can be expressed as the determinant of
the reduced matrix g,(t),

(5.29)

= 3ol [l T 50

yielding exactly the probabilities of staying in the initial nth many-body eigenstate,
weighted by e #+/T. Unfortunately, the sum of the above determinants cannot be
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Figure 5.8: Probability of adiabaticity for GUE at temperatures T = 0.5, 1.5, 3, for
velocity © = 0.8 (slow quench limit), and average work ((w)) = 5 (symbols). At
finite T, the initial exponential decay crosses over to a stretched exponential for
{{w)) > T?. Dashed lines denote analytical exponential and stretched exponential
fits. Inset: Logarithmic plot for T = 0.5 and T' = 3, showing the distinct behaviors
at low and high temperatures.

simplified further, as the matrices §,(t) are not simply M x M blocks of the same
N x N matrix, unlike in the sum of determinants for the characteristic function
in Eq. (5.20). I evaluated Eq. (5.28) numerically and confirmed that it accounts
correctly for the missing weight in the normalization of the work statistics.

Numerical results for GUE are shown in Fig. 5.8. As expected, the stretched
exponential behavior is preserved for large works (or low temperatures) 72 < ((w)),
while a crossover to an exponential decay is observed at small works (high tempera-
tures) T2 > ((w)), also highlighted in the inset using logarithmic scales,

P (small W) o< exp(—1.35((w)) T , (5.31)

where the prefactor, ~ 1.35 is independent of the temperature, up to numerical
precision either in the case of stretched exponential or the exponential behaviors.
This result can be understood by noting that in this regime, adiabaticity is typically
first violated by one of the independent transitions between ~ T'/de partially occupied
levels close to the Fermi energy, yielding the prefactor in the exponent.

The remarkable property, that the probability of adiabatic processes remains
finite even at finite temperatures, allows one to perform mixed state adiabatic quan-
tum computation. Notice, however, that for T' > 1, one needs to reduce the injected
work below 1/ T by reducing the velocity ¥ appropriately.
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5.4 Summary

To summarize this chapter, I generalized the previous T = 0 results to finite tem-
peratures in all aspects. First, I provided analytical expressions for the occupation
profile in terms of the expansion coefficients, although in a much more complicated
way than at 7' = 0. It was observed that the average work, up to numerical precision,
did not depend on the temperature, while a superdiffusive-to-diffusive crossover was
observed in the fluctuations of work when going from the large work (low tempera-
ture) to the small work (high temperature) regime. I also provided a general formula
for the variance of work in terms of the expansion coefficients. Next, I turned to
the classical description, which was the same classical Markovian diffusion model in
energy space as at T = 0 but with the initial states distributed according to the
Boltzmann weights which were sampled by a Metropolis Monte Carlo simulation.
With the help of this formalism, I verified the observed universality that dynamics
depended only on the average work and the temperature for arbitrary velocities and
symmetry classes and also succeeded in deriving analytical expressions for the occu-
pation numbers. With the help of this latter, I verified (within the classical picture)
the temperature independence of the average work and showed the crossover ob-
served in the variance of work. Next, I discussed the properties of the distribution of
work, derived a general finite temperature determinant formula, and investigated the
small work (high temperature) and large work (low temperature) limits, and found
that in the former the work statistics converged to a Gaussian distribution. Further-
more, I also showed that the same level of universality held and that the classical
description again provided accurate results. Finally, I investigated the probability of
adiabaticity, i.e. the singular weight in the work statistics. It exhibited a stretched
exponential-to-exponential crossover as the temperature was increased, while again
it only depended only on the average work and the temperature.



Chapter 6

Level dynamics and avoided level
crossings in disordered quantum
dots

In this chapter, I dig deeper into the intriguing issue that up to what extent the
predictions of RMT are valid concerning the nonequilibrium properties of realistic
2-dimensional Anderson models subjected to external time-dependent perturbations.

As already discussed in Chapters 2 and 3, at 7' = 0 [88] the deformations of a
confining potential trapping a two-dimensional chaotic fermionic system generated
in most aspects almost the same work statistics. This was, however, only checked
for the orthogonal symmetry class, and concentrated exclusively on the statistical
aspects of energy transfers.

Correspondingly, the goal of this chapter is to extend these results to a much
broader perspective taking into account a further parametric protocol feasible for
experimental realization and the other two symmetry classes, the unitary and sym-
plectic, respectively. Additionally, instead of the specific many-body quantities, like
the occupation numbers and the work statistics I consider more fundamental charac-
teristics which in turn readily imply the agreement for the many-body work statistics.

In particular, the verification of the general mechanism, which for slow enough
driving rates the single-particle dynamics is dominated by transitions at the avoided
level crossings together with the agreement of the distributions of the LZ parameters
with the RMT results, in most aspects, imply RMT characteristics of the many-body
problem. In addition, a further natural issue arises concerning the statistical prop-
erties of the non-perturbative responses to external time-dependent perturbations,
characterized by parametric evolution of the energy levels, mainly referred to in the
literature as ‘level dynamics’ [81, 82, 83]. Accordingly, I also focus on the statistical
properties of ‘level dynamics’ and investigate its similarities and differences with the
RMT results.

To this end, let us first overview the main characteristics of the energy spec-

87
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trum and its parametric evolutions of 2-dimensional Anderson models starting with
the level spacing statistics. Beside its connection to the degree of chaoticity (see
Refs. [61, 62]) level spacing statistics also provides an ideal testbed to study local-
ization properties of single-particle states. In 3 dimensions, RMT-like behavior is
observed for states with localization lengths much larger than the system size and
for delocalized states, while Anderson localized states with localization lengths suffi-
ciently shorter than the system size exhibit Poissonian level statistics and intermedi-
ate statistics were observed at the metal-insulator transition [67, 160, 161, 162, 163],
see also a new thorough review on the subject [65]. A different picture emerges, how-
ever, in 2 dimensions as for spinless disordered tight-binding models [63, 66, 68, 69]
RMT-like behavior is only observed for states with a sufficiently large ratio of the sys-
tem size and localization length, L/¢, which is the only relevant parameter according
to the single parameter scaling theory [64, 164, 165, 166, 167, 168]. Introducing also
spin-orbit couplings and considering spin degrees of freedom, truly extended states
appear below a critical disorder value [70, 169, 170, 171, 172, 173]. Further works
tested the validity of the Wigner-Dyson statistics in various fields ranging from the
early studies of Coloumb blockade [68] and conductance peak spacings [174] through
the effects of Aharonov-Bohm flux piercing through disordered samples [175, 176],
kicked one-dimensional systems [177] to the current investigation of interacting spin
systems [178, 179, 180, 181], finite range Coulomb gas models [182, 183], and open
chaotic systems realized in microwave cavities [184].

Level spacing statistics, however, provides no information about responses to
time-dependent perturbations. A large number of nonequilibrium phenomena in
chaotic systems induced by external drivings can be addressed by the investigation
of the motion of energy levels [81]. Level dynamics of classically chaotic systems was
first formulated in the pioneering works of Refs. [82, 83] exhibiting similar statistical
behavior as the spectra of the proper Gaussian random matrix ensembles. With an
appropriate parametric evolution of the H(\) disordered Hamiltonian with A pro-
moted to fictitious time, derivatives of energy levels reveal most of the nonequilibrium
properties of driven systems. Of central interest are the level velocities and curva-
tures, v, = dE,/d\, K,, = d?E,/d\? (see Chapter 2), respectively, providing infor-
mation, for instance, about conductance fluctuations and characterizing the sensitiv-
ity of energy levels to changing boundaries in metallic samples [185, 186, 187]. While
the RMT levels exhibit Gaussian velocity statistics, exact curvature distributions re-
sisted evaluation for quite a long time with many initial heuristic guesses until exact
results were derived for it [91, 92, 93, 94, 95, 96, 97, 188, 189, 190]. Velocity and cur-
vature statistics constituting an intense area of research have been investigated over
the years mostly in systems in the presence of a magnetic field [191, 192], in chaotic,
irregularly shaped billiards with changing boundaries [193, 194, 195, 196, 197, 198],
and quantum systems with twisted boundary conditions [199, 200, 201, 202, 203] or
in periodically kicked one-dimensional systems [202, 204], while recent studies con-
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sidered disordered interacting many-body systems [205, 206, 207]. T also investigate
these statistics from the point of view of universality and determine the domain of
agreement with RMT, where velocity and curvature measured in units capturing
their typical magnitudes follow universal distributions.

As was already introduced in Chapter 2, during parametric evolutions in disor-
dered systems without any particular symmetries avoided level crossings necessarily
appear and have a dramatic impact on single or many-body dynamics, especially
in slow evolutions of A(f). Correspondingly, their statistical characterization and
possible agreement with the RMT results is another important indicator that my
results of the previous chapters faithfully describe the nonequilibrium phenomena
in realistic two-dimensional chaotic systems. For the sake of completeness let me
briefly repeat the key features of avoided level crossings. At an avoided crossing the
common approximating formula for the difference between the two eigenvalues read
as

Eni1(N) — Ba(A) = /A2 + 72(X — X0)2, (6.1)

with ~ being the asymptotic slope, A the gap, and Ay the point in parameter space
of the closest approach. For = 1,2,4 symmetry classes the following statistics was
computed for the Landau-Zener parameters [84, 85]:

s (Bu) ~ A5 1O, (6:2)

ps () ~ A7 em oot (63)
with Csa = ﬁ, T ?—g and Cg, = %, %Zv % for GOE, GUE and GSE, respec-
tively and where the following dimensionless quantities were introduced Amin =
Amin/(Amin), ¥ = /() chosen such that the statistics have unit mean. Note that
for both cases, the distributions are independent and follow different curves for the
symmetry classes § = 1,2, 4, respectively.
The role of the avoided level crossings was studied in further exciting phenomena
such as dynamical tunneling [208, 209, 210, 211], relations to the famous Lya-
punov exponents [212] or transitions from regular to chaotic regimes in classical
systems [213, 214]. Similarly to level response investigations, LZ parameter statis-
tics were compared to the RMT results in quantum billiards, kicked tops [215,
216, 217, 218, 219] and in disordered systems with Rashba and spin-orbit inter-
actions [220, 221]. Moreover, most importantly they constitute the indispensable
ingredient to study slowly driven single-particle and many-body nonequilibrium pro-
cesses. [57, 58, 59, 87, 88, 89.

This chapter is organized as follows. In the Sec. 6.1 I present the two-dimensional
disordered models under investigation and also briefly summarize the already exist-
ing results and the commonly chosen Hamiltonians to reconstruct the orthogonal,
unitary, and symplectic symmetries. Furthermore, the essential effects of the confin-
ing potential on the localization lengths are studied via the level statistics together
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with the analysis of the velocity and curvature statistics. Next, in Sec 6.2. I present
my results on the universal statistics and typical magnitudes of the Landau-Zener
parameters and also give a detailed description of how they affect slowly driven
nonequilibrium processes.

6.1 Realistic quantum dots and level dynamics

This section is devoted to the description of the investigated models and the investi-
gation of the statistics of the level velocities and curvatures from the point of view of
their domain of agreement with random matrix theory and their typical magnitudes.
Knowing the regimes of parameters where RMT-like behavior is observed, the typical
magnitudes of the velocity and curvature provide information about their universal
behavior, i.e. the natural scales by which their distributions fall on top of each other.

I also investigate these distribution functions, in the opposite, strongly localized
regimes. In addition, I provide details capturing the essential characteristics of the
effects of the confining potential on the localization lengths.

6.1.1 Two-dimensional disordered Anderson models with dif-

ferent symmetries

In this subsection, I present the two-dimensional systems and discuss the choices of
the Hamiltonians from the point of view of the underlying symmetries. In particular,
I consider the following model on an L x L square lattice (‘on-site model’):

Hon-site(>\> =—J Z tr,é,a,a’ ’I‘ + 57 Oé> <I‘, O/‘

r,0,a,a’ (64)
+> & r,a)(r,al + hoc.,

r,a

where J sets the energy scale, |r, ) and |r + 9, ) denote coordinate and spin eigen-
states at lattice site r and spin state «, respectively, and d points to the nearest
neighbors. For the spinless case, choosing unit hoppings ¢, 5 = 1 GOE-like behavior,
while for random phase hopping terms, ¢, 5 = €4, where ¢, 5 are such that the flux
of each plaquette is distributed uniformly in the interval [—7, 7], statistical properties
similar to GUE are expected. For spin one-half systems with time-reversal symmetry,
the appropriate choice, ty 54,00 = (ViI +iVa0y),, ./, if & points in the 2 direction and
tesao = VIl + z'Vgam)a’a, for 6 parallel to the ’y axis, leads to an energy spectrum
characteristic for the GSE ensemble. Here o, and o, denote the x and y Pauli ma-
trices and following the convention of Ref. [70] I chose Vi = v/3/2, V5 = 1/2 for the
strength of the spin-orbit coupling. Evolution in parameter space is realized by the
protocol €, ) = €, cos(A) + € fsin(A) starting from A\, = 0 and ending at Ay = /2,
where €,; and €, s are independent and distributed uniformly on [-W/2,W/2]. Note
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that this is the same parametric evolution as in the case of the RMT protocol (2.9)
but now with randomness only encoded in the on-site energies and hopping terms
(in the GSE case only on-site energies are random) making it more feasible for ex-
perimental realizations.

In the case of the ‘potential model’, for which I have already provided results
in terms of the occupation numbers and work statistics (see Chapters 3 and 4) I
consider the following Hamiltonian:

Hpot(N) = —J Z trsae [0+ 8, a)(r, |

r,0,a,a’

(6.5)
+Z Via+e&)|r,a)(r,af + h.c.

where level dynamics is now generated by the compression (decompression) of a
parabolic potential, V;, = 178 (r* + X (22 — y?)), in the z (y) direction in a sym-
metric way with A starting at —\;/2 and ending at A;/2. Here, choosing the same
trs.0.0 hopping terms and on-site energies as in the on-site model (6.4), statistical
properties of level dynamics are expected to be identical to the proper random ma-
trix ensembles (i.e. unit, random phase, and SU(2) phase hoppings implying GOE,
GUE, and GSE-like behavior, respectively), albeit under slightly different conditions
due to the presence of the confining potential.

6.1.2 Effects of the potential on the localization properties

In this subsection, I deal with the analysis of the localization properties of the po-
tential model captured by the level spacing statistics. As discussed in Chapter 2,
quantum dots are realized by confining 2-dimensional systems to restricted region
of space. This mechanism, however, calls for the question: ‘in what aspects is the
system really confined to the surface of the given heterostructure’, which is addressed
by studying the nature of localization of the eigenstates.

While without the potential term, the localization length depends only on the
disorder strength and the position in the energy spectrum according to the single
parameter scaling theory, ¢ = &(W, E) [164, 165, 166, 167, 168], the presence of
the quadratic potential slightly modifies this picture. First, it stretches the spec-
trum upwards and shifts the zero energy states towards the lower band edge, second,
changing the on-site energies it also exhibits a non-trivial interplay with the disorder
strength. Due to the scaling Vy/L? in Eq. (6.5), however, the on-site energy contri-
butions of the potential are independent of the system size. Hence, it is expected
that for fixed potential strength the single parameter scaling remains valid with a
modified, potential-dependent localization length, (W, E) — &y (W, E, V4), under
the numerically observed condition that the lowest energy contributions in the mid-
dle of the sample do not exceed extremely the energy scale, V/(2L%) < J. Although
the precise analysis of the localization length is beyond the goals of this thesis, the
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Figure 6.1: Localization length as a function of the potential strength for various
system sizes and disorder strengths. For weak potentials, they agree with the ones in
the corresponding Anderson models and for the GSE ensembles even for W = 3 < W,
finite localization length is observed for V5 > 300.J (symbols). Inset: Velocity vari-
ance scaling as ~ W?2/L? in the on-site model (dashed line) with the same prefactor
for the three ensembles (symbols).

essential characteristics can be captured in terms of the average level spacing ratio,
Ty = % with 9, = €,41 — €, denoting the spacing between the n + 1th and
nth levels. In particular, using the results on the disorder dependences of the local-
ization lengths of Refs. [63, 66, 70], I identified the new &y localization lengths with
the ones in the potential free models at which the level spacing ratios matched up to
numerical precision. For fixed potential strengths below the threshold, V, < 2L%J,
up to numerical precision, the obtained localization lengths depended only on the
disorder strength checked for various system sizes ranging from L = 20 to L = 200
confirming my assumption about the validity of the single parameter scaling theory.
The obtained dependences of the localization lengths on the potential strength are
plotted in Fig. 6.1 for fixed disorder strengths in the small, intermediate, and strong
localization regimes for all the three ensembles for various system sizes ranging from
L = 20 to L = 200. For small potential strengths, Vi ~ J, the localization lengths
agree with those in Refs. [63, 66, 70|, while they decrease with increasing Vy. Fur-
thermore, in the GSE ensemble, the confining potential decreases the value of the
critical disorder, W, & 5.875J observed in the finiteness of &, (W, E, Vp). Without
precise analysis (being, however, an interesting future direction) it is demonstrated
for W = 3 with the critical potential strength Vi ~ 300.J accurate up to system size
L = 200. Here Vy denotes the approximate value of the potential strength below
which at W = 3 the eigenstates become delocalized.
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6.1.3 Energy level velocities

This subsection is devoted to the investigation of the statistical properties of the
energy level velocities both in the RMT and the strongly localized regime with par-
ticular attention on its typical magnitudes and domain of accordance with the RMT
results in terms of the L /¢ ratios. The velocity can be expressed as the first derivative
with respect to the parameter A:

dFE,
v = 3 = (PualdH (V) /AN gnr) = S lena ) Orers (6.6)
with the shorthand notation Oyey = —é&p;sin A + &, s cos A having variance W2 /12

and with ¢, \(r) = (r|g,) with (r| denoting the rth coordinate eigenstate at pa-
rameter value A\. In the RMT protocol, (2.9), it exhibits a Gaussian distribution,
P (vy) ~ 6_%03, independently of the A\ parameter.

In the on-site model, (6.4) first I determined the domain of validity of the RMT
description quantified by the integral of the absolute value difference between the
numerically obtained statistics with the variances scaled to unity and a Gaussian
curve, [ dv ‘P(v) —exp (v?/2) /\/ﬂ’ [ fixed the deviation to be 0.1 and numer-
ically found the corresponding threshold ratios, L/§ ~ 0.77, 0.4, 0.34 for the GOE,
GUE and GSE classes, respectively, checked for system sizes and disorder strengths
L =20,...,200, W =1J,...,10J, respectively.

As far as the weakly and strongly localized limits are concerned, in the Gaussian
regime, the eigenstate components are uniformly distributed on a SL? dimensional
sphere with absolute value squares becoming independent identically distributed ran-
dom variables with mean 1/L? in the limit L > 1. Consequently, level velocity in
Eq. (6.6) is given by a sum of independent identically distributed random variables.
Since djéyy is independent of &, \ and thus of |, \(r)|? as well the total variance is
the sum of each term’s variance, which by the Central Limit Theorem (CLT) results
in a total variance of ~ W?2/L? (see the inset of Fig. 6.1) and a Gaussian velocity
statistics independent of the underlying symmetry class.

In the strongly localized regime, the velocity statistics becomes the same as those
of the Hamiltonian’s matrix elements with variance scaling as ~ W2, as the sum
(6.6) results in just one term, where the eigenstates are localized with exponential
accuracy.

Turning to the potential model, (6.5), according to the previous subsection, with
the modified &y (W, E, Vp) localization lengths, the same threshold of the absolute
value deviation from Gaussian is reached around the values L/&y =~ 0.41, 0.29, 0.19
for the GOE, GUE, and GSE classes, respectively. Note that due to the different
protocols, the thresholds are slightly smaller than in the on-site model. In contrast
to the RMT and on-site results, the mean of the velocity can also take finite values
growing linearly with A\V/L? with the observed prefactor of 0.6. Similarly, other
statistical properties also acquire additional subleading ~ AV,/L? correction terms,
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Figure 6.2: Velocity distributions normalized such that their maximum values are
1 with variances scaled to unity. In the on-site model, the statistics transforms
from Gaussian to uniform distribution as disorder increases (diamonds), while for
large potential strength, completely featureless statistics is observed (crosses) in the
potential model. Inset: Curvature unit dependence in the on-site model for the three
ensembles (symbols), exhibiting 52W* power-law behavior (dashed line).

however, for A < 1 their effects are negligible compared to the A = 0 point. Con-
sidering next the statistical behavior in the weakly and strongly localized limits first
the velocity is expressed similarly to Eq. (6.6):

= 5 X lena @) (2 = 57), ©7)
where only |, (r)|? is of statistical nature which, however, does not depend on
the on-site variances in the RMT regime, implying no disorder dependence of the
variance. Investigating further Eq. (6.7), one can deduce that its variance does not
depend on the system size up to leading order either. In its expression,

L7 (lena @) (@ — y*)*
+ L7 ([ona@)Plena@) ) (@) = ()) (2 — %) .

r#r/

(6.8)

the (z2—y?) term and the ", summations give ~ L? contributions while the two aver-
ages scale as ~ L™4. The first term then gives J?L™L~4L% ~ J2L~2 and the second
one ~ O(J?) in the RMT regime. Additionally, here all terms’ variances and correla-
tions are negligibly small compared to the total variance validating the applicability
of the CLT a5 (0 (£) 2lns ()2} (a2 — 2)((a")? — (5)2)/L* < L-2L2 L2121 <
L=*. This implies Gaussian distribution with O(.J?) variance also independent of
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the underlying symmetry class with a subleading ~ 0.8\?V2/L* correction term ob-
served numerically. In the strongly localized regime, however, level velocities exhibit
completely featureless statistics as randomness is now encoded in the r positions
where the nth eigenstate is localized carrying a contribution of %(ﬁ —4%). Note
that, neither of the above strongly localized limit results matches the exact formula

derived in Ref. [202].

The results are demonstrated in Fig. 6.2 with the statistics normalized such that
their maximum values are fixed at 1, P(#) = P(¢)/max {P(¢)} and scaled to have
unit variances, o = v/,/(v2) with the potential model results plotted for the L?/2th
state for Vo = 100J and the L?/40th state for Vj = 1500 with L = 140, where in
the latter case the zero energy states have been shifted reasonably towards the lower
band edge. In total, the variances read:

(V) on_site ~ W?/L?  independent of /3, (6.9)
() pot = O(J?) +o(L™?) + o(AVy/L?), independent of W and 3.

6.1.4 Energy level curvatures

In the last subsection, I turn to the discussion of the curvature of energy levels,
characterized by the second derivative with respect to A, a compact expression is
provided by second order perturbation theory:

_ &2E,,

K = A |AH/AA| o)
"E e

En,)\ - Em,)\

= (nn [d2H/AN | @0 2) +2 > l(en (6.10)

m#n

with |, ) and E, ) denoting again the instantaneous eigenstates (eigenvalues) and
being independent of A for RMT (2.9) and the on-site protocols (6.4). In the potential
model, I concentrate again on the A = 0 point.

The RMT result derived in Refs. [91, 92, 96] reads

Ca(W, L, Vo)
(1+ K2/72(W, L, V) /2

P(K) = (6.11)

with C's and «y being the normalization constant and the natural unit of the curvature,
by which the distributions with different parameters fall on identical curves for each
ensemble, respectively (Note that it cannot be identified with the curvature variance,
as in the GOE ensemble the second cumulant diverges (K?) = 00).

Following the strategy of Refs. [91, 92], I restricted the investigation to levels
around zero energy and computed numerically the second derivative of the energy
levels being closest to zero at A = 0. While in the on-site model, (6.4) and RMT the
first term in (6.10) becomes —FE,, ¢ and so can be neglected, in the potential model
(6.5) it is exactly zero as d*H e /dA? = 0.
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Again, the threshold value of the L/¢ ratio was found numerically, above which
the absolute value deviation from the expression in Eq. (6.11) gets bigger than 0.1,
giving relatively small values of L/¢ ~ 0.07,0.16, 0.2 for the three ensembles. The
possible reason is that in the expression of the curvature states far away from £ = 0
also contribute significantly. In the potential model, similarly to the velocity statis-
tics, slightly different values are observed, L/&, ~ 0.171, 0.09, 0.07, which is again
due to the different underlying mechanism governing the parametric evolution.

Although in the RMT protocol, the unit scales as v*(W, L, V) ~ 8(v?)/de [91, 92]
with Cp depending only on the symmetry class and de denoting the mean level
spacing at E = 0, different behavior is observed in the investigated models. These
differences are again, most probably, due to the localized nature of the eigenstates
far from F = 0.

To this end, I numerically investigated the size and disorder dependence of the
curvature unit and found that in the on-site model, quite unexpectedly, it scales as
7?2 ~ W*/J? (see the inset of Fig. 6.2), while it does not depend on the system size in
the RMT-like regime as the numerator scales similarly to the velocity which together
with the denominator’s typical magnitude of ~ L™2 gives a scaling of O(J?).

In the potential model writing out the numerator

(P [AH /AN @) ~ L2 @k 5 (0)pmn(r)(z® — y?) ~ L, (6.12)

where in contrast to Eq. (6.7) the summation only yields a factor of L due to the fluc-
tuating phase in ¢, 5 (r)m,a(r), leading to a typical magnitude of |{@n x |[dH /dA| @) ?
scaling as ~ L~2, which together with the denominator’s similar ~ L2 scaling re-
sults in O(J?). In both models, moreover, v* ~ (2 is observed as the number of
terms in the numerator increases linearly with 5. Summarizing:

VAW, L)on—site ~ B*W*/J? | independent of L, (6.13)
VAW, L, V) por ~ B20(J?) + o(A\Vy/L?), independent of W and L.

Finally, in the strongly localized limit, a quite simple feature emerges, where the
numerator simply disappears in Eq. (6.10) implying that levels cross the zero-energy
point as straight lines with zero higher than first-order derivatives.

6.2 Statistics of avoided level crossings

In this section, having summarized the essential characteristics of the statistical be-
havior of the parametric evolution of energy levels, I turn to the most intriguing
question of this Chapter, the characterization of avoided level crossings and the
aspects of the strongly related universal single-particle dynamics. In particular, I
determine again first the domain of validity of the RMT results for the LZ param-
eters. Next, in a similar fashion as in Sec. 6.1. I provide analytical results for the
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disorder and system size dependences of their typical magnitudes, by which univer-
sal distributions can be obtained. Quite comprehensibly, universal and RMT-like
LZ statistics immediately imply universal single-particle dynamics, which I verify,
within numerical precision.

6.2.1 Distribution of the Landau-Zener parameters

In this subsection, I first investigate the statistics of the LZ parameters, i.e. the
gap and asymptotic slope of energy levels at the avoided level crossings which deter-
mine the strength of level-to-level transitions in slow parametric time evolutions. In
systems with no particular symmetries single parameter variations in random Hamil-
tonians induce avoided crossings, neighboring levels approaching very closely to each
other, but finally avoiding true degenerate points. Such an anticrossing, located at
Ao, can be described by the effective 2 x 2 matrix, in the limit that the separation
from the other levels is much larger than the minimal distance between the two
energies:

= lyﬁ —AAI;?Q] CAN =B () - B () = AL+ (A= A) (6.14)

with Fi, Ann, and v denoting the two eigenvalues, the gap, and the asymptotic
slope, respectively, which follow the already discussed distributions given in Eq. (6.2).

Similarly to reproducing the RMT results (see Chapter 2), I collected numerical
data of the Landau-Zener parameters for several disorder realizations between the
levels around the zero energy states (i.e. the middle of the spectrum in the on-site
model and RMT) and compared the obtained statistics scaled to unit mean values
to the RMT results. As far as their sensitivity to localization is concerned, while gap
statistics behave similarly to level spacing statistics, slope statistics show patterns
similar to level velocity statistics. In particular, I numerically determined again
the threshold ratios above which the integral of the absolute value deviation of the
numerically obtained statistics from the analytical ones exceeds 0.1 yielding L/§ ~
0.77,0.4, 0.34, L/&y =~ 0.41,0.29, 0.19 and L/ =~ L/&y =~ 0.75,0.48,0.19 for the
slope and gap, respectively. Turning to the investigation of the typical magnitudes
of the LZ parameters first note that both parameters can only take positive values so
it is sufficient to consider their mean values instead of their variances. Similarly to
the threshold ratios, the asymptotic slope and gap behave similarly to the velocity
and level spacing, respectively. In agreement with this latter statement, the slope
scales with the disorder strength and the system size exactly the same way as it was
observed for the level velocities, i.e. in the on-site model (y) ~ WL~ while it is
independent of both parameters in the case of the potential model and it does not
depend on the particular ensemble either up to leading order. Regarding further the
typical magnitude of the gaps it scales with the system size as (Ap,) ~ JL2 in both
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models. Although it is the expected scale, it does not match the general result for the
off-diagonal matrix element, (@, x [dH/dA| @) ~ L~!. Moreover, quite surprisingly
it is insensitive to the disorder strength up to numerical precision. Remarkably it also
implies that, in strong contrast to RMT, the gap is not proportional to the mean level
spacing (for RMT-like states) which latter does increase with the disorder strength.

Next, I turn to the analysis of the typical spacing, A\, between adjacent anti-
crossings and the typical width, 0\, of them, i.e. the approximate region where the
formula Eq. (6.14) holds up to good precision. As discussed thoroughly in the context
of the classical SEP approach and the ladder model [84, 85, 59, 57, 58, 87, 88, 89
(and see Chapters 3-5), in slowly driven chaotic fermionic systems (here with the
constraint that the RMT description applies to the instantaneous energy spectrum),
dynamics is very well captured by classical diffusion of hardcore particles in energy
space, where transitions happen at the avoided level crossings, approximately around
the 0\ region of the closest approach. Furthermore, of utmost importance is its rela-
tion to the typical spacing between adjacent avoided crossings providing information
about the geometrical structure or “typical shape” of the anticrossings.

While, comprehensively, the typical width should scale as the ratio of the gap
and the slope,

<Amin>

(n

the typical spacing is captured by counting the average number of the avoided cross-
ings, Neoss, being inversely proportional to the spacing, A\ ~ N1 . In RMT we
previously showed [87] that the average number grows as Neoss ~ V/'N. Counting
also the number of the anticrossings while analyzing their LZ parameters it was
found that in the on-site model, it also grows with the square root of the number of
levels, Neoss ~ L, while in the potential model, it increases linearly with the number
of lattice sites, Neoss ~ L2. As far as the disorder dependence is concerned, the
numerical results show that, as one would expect, up to high precision insensitivity
to disorder is observed in the potential model, while in the on-site model it grows as

Neross ~ WJ~L. So in total, we obtain for the parameters:

ON ~

(6.15)

A)\pot ~ L_Qa A/\on—site ~ JW_IL_I ) (616)
<Amin>pot ~ JL?Q; <Amin>onfsite ~ JL?Q 3 (617)
<’7>p0t ~ O(‘])v <’7>0n—site ~ WL_l s (618)
(5>\pot ~ L_27 5/\on—site ~ JW_IL_I . (619)

This, in particular, implies that the “shape” or “geometry” of the anticrossings is
invariant against the disorder strength and the system size as the ratio of the typical
widths and typical spacings in both models is disorder and system size-independent
up to leading order (neglecting subleading ~ AV,/L? potential corrections, which
anyway come with a slightly small prefactor of ~ 0.2). The importance of this
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Figure 6.3: Comparison of the distribution of the gap and the asymptotic slope at
the avoided level crossings obtained in the two-dimensional models and the RMT
analytical results for the GOE ensemble (symbols). (a): Typical shape of an avoided
crossing with width 6\, slope 7, and gap Ay, with the dashed line fitting the
Landau-Zener approximation of the level distance. (b): Gap distribution for the on-
site and potential model. Red squares: potential model for system size, variance and
potential strength, L = 28, W = J, and Vj = 100/, respectively. Blue diamonds: on-
site model results for L = 24 and W = J. Good agreement is observed between the
distributions with their means scaled to unity and the analytical results (dashed line).
Inset: Disorder dependence of the gap in the potential model for Vi = 50J showing
insensitivity, up to numerical precision, for all the three ensembles. (c¢): Distributions
of the asymptotic slope for the same parameters. Numerical data collected from
around zero energy and scaled to have unit mean values are in good agreement with
the RMT analytical results (dashed line). Inset: Disorder dependence of the number
of the avoided level crossings in the potential model for V) = 50.J, exhibiting again
constant behavior up to numerical precision.

observation is evident when considering the L. — oo thermodynamic limit, where the
avoided level crossings neither disappear (limit of 6A/AX — 0) nor merge together
(limit of JA/AX — o0):

oA

5~ 0. (6.20)

The numerical verifications can be seen in Fig. 6.3 for the GOE ensemble showing the
agreement of the gap and slope statistics with the analytical formulas [84, 85] and
with the inset also displaying the disorder independence of the number and of the gap
of the anticrossings for the potential model. Moreover, in Fig. 6.4 similar agreement
is demonstrated for the LZ distributions in the case of the GUE and GSE ensembles
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Figure 6.4: Statistics of the Landau-Zener parameters at the avoided crossings for
the GUE and GSE ensembles comparing the RMT numerical results with the on-site
and potential model (symbols). (a): Gap distribution for the GUE ensemble for
system sizes, disorder strengths and potential strengths, L = 60, W = 2J, J, and
Vo = 75J for the potential model and on-site model, respectively. Inset: Average
number of the avoided level crossings in the potential model with V, = 50J and
W = J as a function of the system size growing as ~ L? (dashed line) for all the
three ensembles (b): Gap distribution for the GSE ensemble for parameters L = 48,
W = J,2J, and Vy = 75J, respectively for the potential and the on-site model.
In both cases, remarkable agreement is observed with the RMT analytical results
(dashed line). Inset: Average number of the anticrossings as a function of the system
size at W = J for the on-site model growing linearly (dashed line). (c¢) and (d): Slope
distributions for the same parameters, with the two disordered models following the
same curves up to high precision (dashed line). Inset of (c): Scaling of the gap as a
function of the disorder strength in the on-site model showing constant behavior up
to numerical precision. Inset of (d): Average number of the avoided crossings scaled
with the size of the system for the on-site model growing linearly with the disorder
strength (dashed line) and with approximately the same coefficient for all the three
ensembles.

with the insets verifying the size dependence of the number of the anticrossings for
both models, the linear disorder strength scale of the number of the avoided crossings
and the constant behavior of the gap for the on-site model. Let us, finally, remark,
that in the RMT case the situation was slightly easier as the disorder strength was
fixed as W ~ 1/v/N and similarly to the above result, (6.20), the §A/(A\) was size
(and so disorder strength) independent.
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6.2.2 Universal single-particle dynamics

The universal “geometry” of the avoided level crossings also implies universal (dis-
order and size-independent) transition rates and single-particle dynamics in the case
of slow quantum quenches, once proper velocity and time scales are chosen. For the
sake of simplicity consider linear time evolution in parameter space, A(t) = \; + vt,
motivated by my investigations in Chapters 2-5 and Refs. [87, 88, 89, 57, 58, 59].
Generalizing the arguments leading to the RMT velocity and time units (see Sec. 2.2),
here £ = t(Apm) and ¥ = v/((Amin)AN) leads to size and now also disorder indepen-
dent transition probabilities. To see this, consider again the exponent of Eq. (6.14)

which implies a velocity scale of v, = % in order to have universal transition

strengths, which using the relation o\ ~ % leads to

Ve = <A<:i;>2 = (Amin)OA ~ (Apin) AN, (6.21)

where in the last step the relation dA/AMX was exploited. Note that here a more
complete picture is provided than in RMT, as in general it is not the mean level
spacing but the typical size of the gaps enters the time and velocity scales, which can
also depend on the disorder strength. Similarly to the RMT discussion, this results in
the © < 1 condition of the slow quench regime (where dynamics is governed by level-
to-level transition at the avoided crossings) and the introduced general units also
imply that for fixed dimensionless velocities and times, on average, the same number
of avoided crossings appear during the quench. This altogether implies universal
single-particle dynamics, which naturally carries over to the many-body problem, for
instance in terms of the work statistics as shown in Sec. 4.1 for the GOE case in the
potential model.

To gain a clearer description of the units, I formulate it also in terms of the
disorder strength and system size, with the proper prefactors obtained numerically:

Vpot ~ L4, toor ~ L2J 71, (6.22)
Von—site ™~ L73W71J2> tonfsite ~ L2J71 . (623)

Finally, I provide numerical verification of the above statements by computing the
time evolution of the wave function similarly to the RMT case (see Eq. (2.19) in
Sec. 2.2). Note that, however, in the potential model zero energy states are not
necessarily in the middle of the spectrum so the initial condition is modified such
that the fermion is initially prepared in an eigenstate of #H(0) with energy be-
ing closest to zero with the slightly different notation, H(A = 0)nd = &,(0)n}
and 10;°(t) = H(t)¢"(t). with initiial condition, ¢°(0) = nJ. Transferring the
Schradinger-equation via the expansion @°(t) = K e~ ®0a0(0)n? to the adia-
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Figure 6.5: (a): Verification of the universal single-particle dynamics based on the
universal distribution of the avoided level crossing parameters. Occupation profiles
are plotted for all the three symmetry classes for velocities and quench times such
that the occupation broadenings are the same (symbols). Scaling velocity and time
as indicated in the main text these profiles become independent of the symmetry
class, system size and disorder, and potential strength and fall on top of each other
on a universal Gaussian curve (solid line). Inset: Time evolution of the variance of
the occupation profile for L = 30, W = 2J, and V = 300J for the GUE ensemble in
the potential model (green diamonds) and for L = 50, W = J for the GOE ensemble
in the on-site model (black squares) exhibiting linear dependence (dashed line). (b):
Velocity dependence of the diffusion coefficient, exhibiting a universal power law be-
havior with an anomalous dependence, ~ §7/2+1 (solid lines) in the slow process limit
with the slightly smaller values for the potential model (symbols). Numerical sim-
ulations were performed for various system sizes, disorder, and potential strengths,
for the three symmetry classes being identical on the two panels.

batic basis, the equation,

v O ()
9l (t) = A()al(t), Ag(t) = —ide % t
t k( ) k%;#l kl( ) l( ) kl( ) Sk(t) _ €l(t)

(6.24)

is solved again via the RK4 method (see the details in Eq. (2.21) in Sec. 2.2) and
with the fourth-order Simpson method for determining the dynamical phase factors.
The obtained results clearly meet our expectations as the occupation numbers

exp(—k2?/4Di)

follow a universal Gaussian curve, {|a(t)|?)disora ~ " once their typical
V4 Di

width is fixed. The typical width, or variance, in agreeme;t with the RMT results
(see Eq. (2.33) in Sec. 2.2) exhibits linear time evolution, 0n?(t) = Z,?il k2 |a2(t)|2 R
2D() t with D(%) being the universal, purely velocity-dependent diffusion constant.

For validating this universality I fixed the dimensionless values of ¢ and ¢ such
that the broadening, on(t), of the occupation profile remained the same for various
values of L, W, and V[ for both models and the three ensembles and observed that
the occupation profiles, indeed, fell on the same Gaussian curve as demonstrated in
Fig. 6.5a with the inset verifying the linear time-dependence of dn?(t). In addition,
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I also plotted the numerically obtained values of the diffusion constant depending
only on the dimensionless velocity (see Fig. 6.5b) and exhibiting in this diffusion
regime an anomalous power-law behavior, D(%) ~ 9%/2*! for & < 1, in a similar
way to the RMT results (see Eq. (2.34) Sec 2.2.). Note that the breakdown of the
power-law curve starts around v = 1, as predicted, and there is a small difference in
the coefficients between the two models.

6.3 Summary

In this chapter, I first investigated the statistical properties of the dynamics of energy
levels of disordered two-dimensional quantum dot models defined in Egs. (6.4) and
(6.5). In the on-site model (6.4), the same quench protocol was applied as in RMT,
but with randomness only involved in the on-site energies with nearest neighbor
hoppings, while in the potential model (6.5) with fixed on-site random energies and
hopping terms the motion of the energy levels was generated by a parabolic potential
compressed (decompressed) in the  (y) direction. First, I considered the effect of the
potential on the localization properties and the statistics of the velocity and curvature
of energy levels. The localization effects, induced by the confining potential were
captured by the average level spacing ratio. Next, I determined how the variance
of the level velocity and the curvature unit scaled with the system size and disorder
strength and determined their statistics in the strongly localized regimes. Moreover,
I also provided numerical results on the threshold values in the two models below
which their statistics is described by the RMT prediction up to a fixed precision.
In the second section, I investigated the statistical properties of the avoided level
crossings, playing important role in near adiabatic nonequilibrium processes. In a
similar way, almost perfect agreement was found between the RMT results and the
disordered models within the obtained regime determined by the threshold values of
L/¢ and L/&y. Considering the size and disorder dependences of the LZ parameters
I found agreement for the gap for both the two-dimensional models and the RMT
results scaling with the inverse of the number of energy levels while insensitivity
to disorder strength was observed. The slope exhibited the same scalings as the
velocity, i.e. independence of both the disorder strength and the system size for
the potential model, while linear growth with the disorder and inverse scaling with
the system size for the on-site model were observed. Finally, the average number
of avoided crossings increased with the number of levels and the system size for the
potential and on-site model, respectively, while insensitivity and linear growth was
observed with respect to the disorder in the potential and on-site model, respectively.
Despite the different scalings, I concluded this discussion with the fact that the
natural time and velocity units matched the ones predicted by size and disorder
strength independent Landau-Zener transition rates, implying universal slowly driven
dynamics. For verifying the latter claim, I performed numerical simulations for the
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slowly driven case, with dimensionless velocity © < 1, for the time evolution of
a single fermion initially prepared at zero energy. The results faithfully mirrored
the predictions, that is, the instantaneous occupation probabilities and the time
evolution of its broadening showed diffusion-like behavior falling on a universal curve
independently of the disorder and potential strength, system size, and the symmetry
class.



Chapter 7

Thesis Statements

The scientific results presented in this dissertation focus on the nonequilibrium prop-
erties of chaotic driven Fermi systems both from the analytical and the numerical
point of view. I investigated the statistical properties of energy transfers, the prob-
ability of adiabatic evoltuion, and the aspects of their universal behavior and their
applicability in real, spatially extended disordered and chaotic systems. Concluding
my thesis let me summarize the most novel results by the following statements:

1. I showed that both in driven random matrix and two-dimensional Anderson
models the work statistics and the occupations of the instantaneous single-
particle eigenstates at zero temperature are given by the same universal func-
tions independently of the microscopic parameters and characterized only by
the average work. I successfully captured the nonequilibrium dynamics and ex-
plained the observed universality by a classical energy space diffusion process,
the Symmetrical Exclusion Process (SEP) realized by a discrete-time Monte
Carlo simulation [87, 88].

2. I derived approximate analytical expressions at zero temperature for the work
statistics, its fluctuations, and the probability of adiabaticity within the classi-
cal diffusion description by bosonization and mean field approaches. I showed
that the work statistics does not converge to a Gaussian distribution, but it
exhibits an exponential behavior for large works, the probability of adiabaticity
decays as a stretched exponential, and the work fluctuations grow superdiffu-
sively, dw? ~ (w)3/? [87, 88].

3. I derived a general determinant formula for the characteristic function of work
statistics at finite temperature and provided an analytical expression for the
occupation probabilities of the single-particle eigenstates. I showed that the
universal patterns observed at zero temperature carry over to finite tempera-
tures with the work statistics and the occupation numbers depending only on
the average work and now also on the temperature [89].

105
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4. T showed that a generalized finite temperature classical energy space diffusion
description accurately reproduces the quantum mechanical results. I showed
that the work statistics, its fluctuations, and the probability of adiabaticity
exhibit a cross-over between the small and large work limits characterized by
the relation between the (w) injected average energy and the Ep ~ T? initial
thermal energy. While in the small work limit (w) < T2 the T = 0 char-
acteristics are observed, in the opposite (w) > T? limit, the work statistics
becomes Gaussian with dw? ~ (w) diffusive fluctuations and the probability of
adiabaticity exhibits an exponential decay [89].

5. 1 proposed two generic driving protocols in two-dimensional Anderson models
and showed that under certain conditions the statistics of the energy level
velocities, level curvatures, and the avoided level crossings are given in these
systems by the same universal functions as in the random matrix models. In
this limit, I derived analytical power law behaviors for their typical magnitudes
and showed that the same universal single-particle dynamics is observable as
in the random matrix models [90].
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Appendix A

Single-particle dynamics

A.1 Single-particle Schrodinger-equation in the adi-
abatic frame

In this appendix I provide the necessary computational details regarding the single-
particle problem. To start with, I show the steps leading to the time-dependent
single-particle Schrodinger-equation, (2.19) in terms of the expansion amplitudes.
Expanding the time-evolved basis vectors in terms of the occupation amplitudes and
putting it into the time-dependent single-particle Schrodinger-equation we obtain

N N
10y <Z ag'(¢) 6‘“”““)"7?) = en(t)ajl(t) e ™ ny (A.1)
k=1 k=1

Due to the presence of the dynamical phase, the energy term on the right-hand size
drops. After applying the time differentiation to n¥ and a}*(#) and taking the inner
product of the remaining left-hand side with !, the following equation is obtained:

N
@ta;n(t) = — Z nf& . atfr’fei(q’l(t)—@k(t))ei(@z(t)—@k(t)) ) (A2)
=Tk

Here the | = k terms were eliminated by the exponential terms of e (®xH=0db) with
Ow(t) = —i J{ dt'ml - Aum.
Now differentiating the expression 0, (ni “H(t) - nf) =0=mnl-0HE)  nf+

g(t)nt - 0mF + ex(t) OmL - mF and making use of Ol - nF = —nl - dmF we arrive at

k l
Aplt) = ny - OH(t) - Mt —i(@4(t)~2i(1)) , ~i(OKH)—OUH)) (A.3)
ex(t) —al(l)

Next, observe that O;H(t) = v(— tan(vt) H(t) + let)?-lg) where the first term drops

as the summation runs only for [ # k, which leads to the differential equation (2.19).
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In addition, I also show that the applied phase-fixing in Eq. (2.29) in the case
of the GOE and GUE ensembles indeed cancels the Berry connections up to order
O(At?). For this, take the symmetric approximation of the derivative:

~1 ~1 ~1
b (M ae — 7f-ar) oy |t mba] = |mb - mf
1 O(AL LAt £ M-l L AL
oA (AF) = oAt O(A,
(A.4)

where the absolute value came from the definition of the phase-fixing. Now, as this
is a purely real number and the Berry connection is purely imaginary, the latter can
only be zero for orders O(1) and O(At).

Now a bit more complicated picture arises in the case of the GSE ensemble. First
of all, the same equations can be derived, however, due to the double degeneracy
of all levels only the Berry connections of non-degenerate levels can be transformed
into the form of Eq. (2.19). To deal with the remaining . 9m? inner product
(i are the degenerate eigenvectors with energy e, (t) for i = 1,2) a more general
phase-fixing protocol is applied generalizing the one in the case of the GOE and GUE
ensembles, namely, I require that the 2 x 2 matrix of the overlaps of the degenerate

eigenvectors at time t and ¢ + At are real symmetric, i.e.:

7ok =

~ ki ki .
U "7t+At |77 “Nernes 1=1,2, (A.5)
"~7§ ! 77t+At "~71]5€ 2 ﬁffs-lm ) (A-6)

where let us in general denote the 2 x 2 matrix composed of the inner products of
the degenerate eigenvectors by 77 " In particular, in this case the diagonal terms

immediately disappear in orders O( ) and O(At) due to the same reasoning as for
the GOE and GUE ensembles. As for the off-diagonal terms, the following relation
can be written for the symmetric differences:

~k,2
- - - "7 . - -
e nffAt 7752 nt-‘,—At - nk ' t+AtAt AL =0 — nf’z-amf’l ~ O(A?). (A7)

T T
So my goal is to define such a new C(nt e ) = (nk Lk 2) ﬁt =n, <
eigenvectors to arrive at 7 nt n, Here C acts in the 2-dimensional subspace
Ly ALy =

of the degenerate eigenvectors. This can be achieved by noting that all matrices can
be decomposed into the product of a unitary and a hermitian matrix, as i

-

U./nt n and so

=\ ==+

T _ f
ch=n"" L, (A.8)

leading to the gauge-transformation of
5 . T T, \T T
(At ae?) = ot n o (07') (nfhm?) (A.9)

=t +=t,+
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A.2 Time evolution of the width of the occupation
profile

In this appendix I show the approximating formula of the velocity dependence of

the broadening of the single-particle occupation profiles in Eq. (2.34). For slow

quenches where dynamics is essentially captured by Landau-Zener transitions at the
2 A2

T A
avoided crossings with probabilities prz = e~ 2 37| the typical width is approximately
proportional to the number of avoided crossings met during the distance A traversed
in parameter space times the average transition probabilities, i.e.

6”2 (t) ~ Ncross pLZ . (AlO)

Now the average transition probability for slow quenches can be approximated as

follows:
=2 A2

() = [ [T ddaie T Fpa(A) p(3) (A1)

For small ¢ the Gaussian decays sharply with A and so it is satisfactory to consider
only the leading order behavior of p(A) ~ AP~ leading to

SN2 (t) ~ Neposs0/? = £0P/21 (A.12)

Now the diffusion coefficient reads as (due to its definition in Eq. (2.33))

2
D(0) ~ don't) |, soren (A.13)
dt
verifying the observed anomalous power-law behavior in (2.33).

As for the fast quench limit, ¥ > 1, the transition rates in the time-dependent
Schrodinger-equation (2.19) scale as | Ay, n,[* ~ @QW as the matrix elements
ﬁ while the energy differences in
denominator scale as E,, — E,, ~ d¢(n; —ng). Now by Fermi’s golden rule the
transition rate for one particle scales as ~ |A,, n,|*/d€ contributing to the broadening
as ~ (ny — ny)” | A, n,|>/0€ ~ 7% leading also the same dependence in the diffusion
coefficient in agreement with the predictions of the Kubo-Greenwood formula [105,

106]:

in the numerator have order of magnitude ~

D(6> 1)~ 2. (A.14)

Note that the particular form of level repulsion loses its relevance as dynamics is
dominantly governed by transitions between distant levels explaining the observed
universal behavior of the diffusion coefficient.



Appendix B

Many-body dynamics and work
statistics at 1'=0

The following appendix is devoted to the details of the longer calculations regarding
the many-body wave function, the zero temperature determinant formula, the vari-
ance of work in the ladder model and the steps in the calculations of the Bosonization
and Mean Field analytical formulas for the work statistics.

B.1 Solution of the time-dependent many-body
Schrodinger-equation

In this appendix I show that the non-interacting many-body wave function built
up of the time-evolved creation operators indeed solves the many-body Schrodinger-
equation. As a reminder let me again express the many-body wave function (see

Eq. (3.4))

M
(1)) = I &h.l0) (B.1)
m=1
with M particles and N levels. Now to prove that id,|U(t)) = H(t) |¥(¢)) holds on

an operator level I exploit that i@téimt = {ﬁ (t), el t} Now acting with the time

differentiation on the many-body wave function,

0, W (1) cht L0, . By |0) = cht JH@) ] o), (B2)

and using iteratively the commutator identity [A, ACA’} B [121, CA'} [fl é} C' it can
be seen that the last term above just corresponds to {]:I (t), 1, & } |0) which, due
to the fact that H(t)|0) = 0, gives that indeed

10 W(t)) = H(t) W (1) (B.3)
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Now the only task to show is to show the relation i@téimt = []:I(t) ,éjn,t} holds in
general. For this let us write the single-particle Schrodinger-equation in the basis of
the time-evolved wave functions:

0™ () = @' (1) - H - ™ (1) ¢'(t) (B.4)
which in second quantized formalism reads
iaté;rn,t =¢'(t)-H-@"(t) CL (B.5)

Here o' (t)-H- o™ (t) cltcanbewrlttenas {H( ), Int} = { W) - H - oM (2) cltckt, Int}
by exploiting the identity [cuck,t, Int} = c;,t {ck,t, :rnt} = Cl,t(skm' It proves that the
many-body wave function in Eq. (3.4) indeed solves the Schrodinger-equation.

B.2 Derivation of the 7" = 0 determinant formula

In this subsection, I provide more details on the derivation of the determinant for-
mula, (4.8) for the characteristic function G(u,t), (4.7). Using the instantaneous
creation and annihilation operators, bk,t, by, +, respectively, the Hamiltonian H(t (t) is
written as

A(r) = i (1) Bl B (B.6)

Based on the expansion in Eq. (2.18) in terms of the creation and annihilation oper-
ators

N
=" ag(t) e OB (B.7)
k=1

Substituting this expansion in the Slater determinant expression (3.4), and using Eq.
(B.6), the characteristic function (4.7) can be rewritten as

N

N M *
G(u,t) = > e 2 i St (1) > H o {ak, t)} X ...

(k1 k2,okir} =1 (K} Kb }=1 m=1 (B.8)
X <0|bk’1,tbk’ bk/ tbkM Lo ka t 1,t|0> .
Here I exploit that the expectation value of the operators ZA)M in the last term vanishes,

unless the set of indices {k7, kb, ..., k), } is a permutation of the set {k1, ko, ..., ka}.
Now this expectation value can be expressed as

(0]bgy 1Dk 1 bk/ tbkMt bk2t 1,t’0> = > (=10 s dar), (PK, ,Pkb,....Pk,} 5
P
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where the sum runs over all permutations P of a set with M elements. Substituting
this relation into Eq. (B.8) leads to

Glut) =X (=17 Y IJ e (®)e™n [afm(1)]" .

P {k1,..}=1 m=1

By introducing the matrix ¢™™ (u, t) according to Eq. (4.9), the determinant formula
stated in the main text is recovered, Eq. (4.8).

B.3 Variance of work in the ladder model

In this appendix I show in detail the steps of arriving at the approximate character-
istics of the variance of work in the ladder model at 7" = 0, (3.15). For (w) > 1,
I approximate the variance of the work by neglecting the fluctuations of the en-
ergy levels [118] and keeping track only of the fluctuations of the occupation num-
bers. Energies are thus measured from the Fermi-level as e(t) — & e, where
£ =k — (M —1/2). This leads to the estimate

sut) = (L)) - (L) ),

where the first (...) denotes the quantum average, while the second average runs
over the random matrix ensemble. Separating the diagonal terms, the RM average
(5w?(t))rm can be written as

<(5w2(t)>RM ~ Xk:éi <<5ﬁz,t>> + Z aksk/<<5nk ténk/ >>RM (Bg)

kK

where 07, s = T — () is the deviation of the occupation number from the mean
value. As the 7, behave as binary random variables, the averages in the first term

are given by ({07} ,))rm = fr(t) (1 - fk(t)) The correlators in this equation can be

2
expressed in terms of the amplitudes af*(t) as (97, 10fg ¢) = —’ N2 a(t)” Ozﬁ(t)‘

The negativity of this correction implies that the level occupatlons are anticorrelated,
as follows from particle number conservation.

Neglecting this correction for the moment and replacing sums by integrals, we
arrive at the estimate

) [ drar L2 OE GNP g

)

yielding dw?(t) ~ (w)®2. Thus the observed behavior is recovered up to high preci-
sion, however, the prefactor turns out to be slightly lower than the exact one [107].
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B.4 Derivation of the Bosonization and Mean Field
work results

In this appendix I first show how the inverse Fourier transformation is performed in
the Bosonization approach and analogously in the Mean Field formalism, in which
also the steps are presented to derive the characteristic function. First the inverse
Fourier transformation of the Bosonization characteristic function in Eq. (4.14)

o du g e E(22f6)" [ du e = (2 /6)" wn!
ST WW B r i — D — o Beiw 5
[oo ot O — —o0 27 (B — u)" ‘ nz::l nl(n —1)! +o(w)
— %e—ﬁeﬂwh (m/%w) +o(w) ,
Vv ow
(B.10)

where for the sake of simplicity I used the dimensionful .4 and u variables.

Next, I show how the Mean field characteristic function in Eq. (4.20) is calculated,
both the one used for numerical implementation and the analytical ansatz agreeing
up to high precision with the ladder model and quantum mechanical results. Start-
ing first with the approximating expression for the normalization in Eq. (4.19) the
following is obtained:

T d\ o
N; ~ —— exp [/ dz log <C082 A2 + t,(t) sin? )\/2>]
0

- 27T

3 (B.11)
N/ exp[ /O dx)\2/4(1—tm(t))}—(87T<w>)_1/4=

where in the second row a quadratic expansion has been performed in the exponent,
from which the final result is obtained by having performed the Gaussian integration.

Here t,(t) = erf {x/@

The characteristic function of the distribution of work can be expressed as

G?lt\/[F(u) _ <€iuzk€k nk> o~ uBcs /0 _ Z P{nk}eiuzkék(nk—l/Q)

{nx}

MF

N T d\ H|:e (Aruy) /2f ( )‘l‘ e—i()\+u§k)/2f_k<t)}
- ﬁ gi Felt) + e O (0] TT [F-at) + €5 (o)
S £5<0 &0
™ dA

~ ﬁ 3 exp[/ dSUhl(l + B2 (u,t) + 2h(u,t) COSO‘))]
t (B.12)
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where I introduced the notation hg(u,t) = J{T('Ez)e”ék and switched to the continuum
limit. Here (...)yr denotes averaging over the mean field many-body probabili-
ties and A; a modified normalization constant being equal to integral at u = 0 in
Eq. (B.12). As numerics revealed, for large enough injected works (w) > 1 neglect-
ing particle number conservation does not introduce big errors provided the pure

particle and pure hole additions with respect to the ground state are subtracted

t

GMF (u,f) ~ Ni{e2 fooo dz In(14-ha(tu)) 9 efooo dzIn(1+ha(tu)) 1:| } : (B13)

where the first term is the A = 0 saddle-point solution of the integral expression,
while the second part subtracts the contributions coming from the pure particle-hole
additions in the continuum limit. Here the integrals can be approximated as

2

2/ dz [l + hy(u, )] &~ — 0 (B.14)
0 L —qu
(w)
yielding
c?u (;12‘)/2
R 1 T—— p=TE——
GM(u,1) = = eVl T —2levid T 1 (B.15)
N,

with ¢, = 3? chosen such that the characteristic function correctly reproduces the

first two cumulants of work in the saddle point solution. Now, analogously to the
Bosonization approach, both terms can be Fourier transformed exactly leading to
the approximate analytic expression

PpMF (w’g> ~ e Cwy/ (w) [e_\/mw\c/%ol(%w\/@) — V21 (20w\/w7/2>> + (5(w()l 16)



Appendix C

Finite temperature dynamics and
work statistics

C.1 Occupation numbers of instantaneous eigen-
states at T' > (

In this appendix I derive the finite temperature formula Eq. (5.3) for the occupation
numbers in the instantaneous eigenstates. I prove the general identity at time ¢; from
this, the special case at t = 0 follows immediately. First [ write out the trace over
the M-particle initial many-body states with the corresponding Boltzmann weights,

T [UT ()8 breU (1) OT] 55, (0, (0)|U7 (0B b U (H)e= 7O |, (0)

| )
fult) = Zo(T) N Zy(T)

*EO/T< £)[f b Ta(?))

(C.1)

with |U,(¢)) = [T, é;m |0), where I(m) € {1,..., N} labels single-particle eigen-
states, while m € {1, . M } labels the particles. Here for the sake of simplicity, I
denoted the time—evolution operator by U(t). Now the first task is to evaluate the
quantum mechanical average for an arbitrary nth many-body state, using the decom-
position IA)Lt =N la(t)] el ¢l .. The result is analogous to the T = 0 temperature
case, but the M lowest levels appearlng in the M-particle many-body ground state
are now replaced by the general initially occupied states,

(B0 kb)) = X[l 0

Substituting this into the sum in Eq. (C.1), and writing out the summation over
the M unequal indices, the summand can be transferred to the exponent via the
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following trick,

2D (1) = T e S a0
_ 2 ZZ 1 z(m)/T"‘pzm 1
=3 Z e

ol0m ’2

(1)< <U(M) p=0

Inserting the constraint of summing over unequal indices in the form of an integral
over the auxiliary variable A,

dA o—iIAM i ™ dx ZiIAM/N | _ix(1—M/N)
5 1 [ L2 o] = [ L o o,
n m=1 - - =1

where the two phases ensure that only M number of iy terms survive the integration.
Introducing the filling factor f = M/N, performing the differentiation, and setting
p = 0 the desired formula is obtained easily

1 md\ 0 X
ZO(T —r 21 (9pl 1
1

{ —inf +ei)\(l—f)—e?/T+p|a§€(t)|2:|

p:;) (C.2)
N N m

™ dX H [e_w\f _|_ei)\(1—f)—a?/T} Z i (1)

ZO(T) —n 2T = emidten/T 41

Substituting o*(0) = §7* if 1 < m < M and 0 otherwise, the expression for the
initial profile reads as

£ = 1 ™ Q ﬁ [e—z‘)\f 4 ez‘)\(l—f)—s?/T} ;
" Z0(T) S 21 e~ /T 4

C.2 Determinant formula for the 7' > 0 character-
istic function

In this appendix, I show the steps leading to the determinant formula for the finite
temperature characteristic function given in Eq. (5.20). The original expression for
the Fourier transform of the work statistics, Eq. (5.22), can be understood as a sum
of T' = 0 determinant formulae over all the possible (]\]\D initial fermionic many-body
sates {1(1),1(2),...,1(M)}, weighted by the corresponding Boltzmann factors and
normalized by the initial partition function, Zy(7"). This leads to

Glut) = < ZOET) S det [gn (u, )] > (C.3)

" RM
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with the Boltzmann factors included in the M x M matrices g, (u, t) as [g,(u, t)]mm/ =
SNl () giuen®)/de [a;(m/)(t) " et 000 /T Ty this expression, the sum-
mations can be extended over all possible M-particle states without altering the re-
sults, because the determinant vanishes automatically if two or more rows or columns
are the same,

G Z det gn u, t ﬁ Z Z Ju)I(Py) - - - GUM)U(Par)
P 1(1),1(2),...,L(M)

I [G]"

(1 - 1) .
- 2 I b

where the matrices g and G are defined as

gl(m Z al m) luEk (t)/de [ é(Pm)(tﬂ * e—iuel(pm)(t)/56—6?<Pm)/T 7

gll’ — Z ol ’Lu€k )/de [ (t)]* e—iual/(t)/ée—a?,/T

with the indices being in the ranges m € {1,..., M} and [ € {1,...,N}.

Here the 55 factor compensates for the overcounting of states, and the last equa-
tion comes from combinatorial reasonings, namely in the sum >34y .-, for
all permutations, the product of matrix elements can be grouped into the form
G2 912),3) - - - Gy Which after summation simply yields Tr [G?]. Suppose that
we have n; Such terms that only appear if Y, in; = M, as the number of the g,p,
elements in a product is fixed. Now in this case the elements in the groups of length
1 can be permuted among themselves therefore we must compensate with a factor
of . Then we need to count the permutations of the groups among themselves,

Wthh goes with a factor of % and finally, as we have a summation over the per-
mutations each group come up (i — 1)! times with the same sign, giving an overall
factor of (z,)izgnf = wm i. As for the sign, in a trace of power 7, Tr [G’] we have i — 1

exchanges of indices, and altogether we have n; such terms, resulting in a total sign
of TTM, (—1)" = (—1)M M (=1)" =1, (=1)™"", where we have exploited the
constraint ) ;in; = M.

The trace of the ith powers of G is just the sum of the ith powers of its eigenvalues.
With some algebra, one can then show that the whole expression of the characteristic
function can be written as the sum over M unequal indices ranging from 1 to N,
ni,...,Ny, € 1,..., N, where each term is the product of M unequal eigenvalues of the
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matrix G. Using this one can rewrite Eq. (C.4) as

M — 1)t En :‘Lni
Glu,t) ~ Y .H( )Z_ni(ii)!ﬂ] O it = D2 Ml - fhny

N1yeeey ny =1 ny<--<npr
TdA Ny . T d\ . .
_ —iAM/N iAN(1-M/N) _ —i\f iA(1—f)
=/ 5 l|:|1 [e +e ,ul} = /_7T o det {e +e Q(u,t)} :

(C.5)

where iy, pio ..., uy are the eigenvalues of G(u,t), and f = M/N. Restoring the
prefactor Zo(T)~! and the (... )gru average, we obtain the desired generalized finite
temperature determinant formula in Eq. (5.20).

C.3 Probability of adiabaticity at 17" > 0

In this appendix, I provide the details of computing the probabilities of adiabatic
processes starting from a given initial many-body state, and the total adiabatic
weight corresponding to the singular part of the work statistics. The probability of
adiabatic evolution of the nth many-body state is given by the absolute value square
of the overlap of its initial and time-evolved wave functions. For the sake of brevity,
I will drop the time arguments for the energies and a amplitudes. We get

{0, (0w ()] = [0[Biary - - Byl - - Elean 0]

130 0] 3 ol (0

2
basy Bl 0]

0)

ks
ki=1 ky=1
2
(1) 1* (M) 1*
=X 0P fom) ]l ]| = detfan@)f”,
P

where in the last step I used the anticommutation relations of the Bk, I;L fermionic op-

erators, implying that the non-zero contributions come from indices {k1, ..., ky} be-
ing permutations of {I(1),...,l(M)}. The last expression is the absolute value square
of the determinant of the matrix consisting of the amplitudes [, (¢)]", = oz%f%(t).

Considering this expression as the product of two determinants, it is equal to the

determinant of the product of two matrices, written as >0 O‘;EZ;) [afé?,)(t)r. Now

M
weighting it with the Boltzmann factor, e #n/T = ¢~ 2im=1 im)/ T we get the determi-

nant of the original matrix, with its columns multiplied with Boltzmann weights of
the corresponding single-particle energies (here I also write the dimensionful energies
and drop the Zy(T') partition function for the sake of simplicity),

e, (0)] W, (1)) = det 3.()] (C.6)
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yielding Eq. (5.30).

I now turn to the u — oo limit of the finite temperature characteristic function,
related to the singular part of the work statistics. To this end the u independent
part of each determinant det [g, (u,t)] can be extracted in the sum determining the
characteristic function, Eqgs. (5.20) and (5.21), as this is the only term surviving the
limit © — oo,

Jim det g (u, )

N * *
= lim P CEEDY aé(ll) [az(l)} ...aﬁg(if) [ag;]‘”}
P

Eryekar=1

iuler, —e e, —€ —(e% Aetel ) T
X e (kl Pi(1) ke 7)l(M)) (7’1(1> P /

M 0 0

(1 Piy1* (1 (Pa)1* _—\ep,,, tte /T _ -

= Z(—l)P Z O‘l%ki) {ozl(;(f;} .. 'O‘lgkz\/]) [%Ekﬁf))] e ( P 7’l(M)) = det [g,(¢)],
P k1,....kap=1

where in the last step I used the fact that all the u independent parts are obtained

. . . tul gy —ep, o ter, —EP )
by annullating the energy differences in the exponent of e v M

restricting the values of {ki, ..., ky} to the permutations of {I(1),...,I(M)}. How-
ever, we can allow for equal values of k1, ..., k) which give zeros after the summation
over the permutations P, resulting finally in all possible combinations restricted to
the set ky,...,ky € {l(1),...,1(M)}. As this holds for all M-particle many-body
states, we indeed obtain that
tim, Gl ) = 3 det 7.1

Comparing to Eq. (C.6) confirms that this is equal to the sum of probabilities of adi-
abatically evolving the initial many-body eigenstate, weighted with the Boltzmann-
factors.

C.4 Average work at T' > (

In this appendix, I show that up to numerical precision, the average work (5.6) within
the classical Markovian approximation is independent of the temperature, (w) = D%,
where for the sake of brevity I simply use the notation (w) for the finite temperature
average work. In order to demonstrate this surprising feature, we first realize that
the initial profile with the function inside the integral expression, Eq (5.11),

1 1 —tanh(—i\/2 + /2T
e—iMR/T 11 9 ’

is an odd function of its whole argument shifted by a constant. In the integral in
Eq. (5.11), in the continuum limit, we exploit that C'(\) = [T, {G*i’\f + eA1=D)=e}/T
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is real, thus it is an even function of A\, C'(=\) = C(A\)* = C'()\). By switching the
integral variable to A — —\, we obtain

Sp(—#,0) = / i QC(A) tanh(—i)/2 — x/2T) = / i ;1;0(—» tanh(—i\/2 — x/27)

—Tr

- —/ A) tanh(—i)/2 + k/2T) = —6p(x,0)

where we denoted by dp(k,t) the k dependent part of p(k,t), and exploited that the
tangent hyperbolic is an odd function.

Now I turn to the finite temperature average work as a function of the zero tem-
perature average work, (w),_, = Di, at time ¢, where D is the diffusion constant. We

again replace the summation over the occupation probabilities of the instantaneous
d(n=1p

eigenstates by a continuous integral, and exploit the fact that x o= =0,
K—+00
e H /4Dt
/ dp —— / dk i [p(k — p1,0) = p(x, 0)]
47rD
o—H2/ADE 2
—/ / dmf[ pp'(, 0) + p”(ﬁ,O)] :
47rD

Here all the odd derivatives drop out, because their product with & is an odd function,
while the higher order even derivatives disappear due to the limiting behavior of
kp™(k,0). Evaluating the [dyu... integral yields Df, and we are left with

(w) ~ Ef/oo dr kp"(k,0) = DI [sp(r,0)]™ — Bf/oo dk p'(k,0)

as p(k — —00,0) = 1.

C.5 Small and large work expansion of the occu-
pation numbers

In this appendix, I first derive the approximation formula for the occupation profile
in the large work limit (see Eq. (5.14)), T? < (w), where again for the sake of brevity
I denote the finite temperature average work simply by (w). For the sake of simplic-
ity, we set M = N/2, which does not alter my results anyway in the continuum limit.
Furthermore, I introduce the reduced partition function Zo(T) = eP&s/T Zy(T) and
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the corresponding C'(\) = [TN/] [1 +2cos A e F/IT 4 =2 1/2)/T} in the contin-
uum approximation. We then apply the Bethe-Sommerfeld approach to the modified

occupation profile m, that is, for a modified chemical potential = i\T,

p(li, t) =

1 = d\ - o ~(k—p)? /ADE 1
— [ ewy / dp & _
ZO(T) —n 2T —00 /471'/va e—iAt+u/T +1
1 d) o [ /)\T e/ 272 (ks — iAT) o—(5=iNT) /4 w)

~

ZO(T) 2T —o0 du 47 (w) " 6 2(w) 4 (w)

(C.7)

The first term can be calculated by first changing the integration variable as y —
K+ 1/2{w)p and divide the contour into going from —oo to —r/4/2(w), and then

from —k/,/2(w) along the imaginary axis to ( - K+ MT)/MQ(U)),
/—H/ﬂ?(ﬂ) e .“/2 1 —erf {li/q/ } / K— MT /\/
—o0 V2 fn/\/_ [L v 2T ‘

The complex valued integral appearing here can be expanded in powers of iXT /1/2(w)
up to order ~ 72 /{w),

/—<n—z‘>\T)/,/_2<w o H2/2 N P er2/Aw) X T2 . er/Aw)
~ 1 .
—r/\/2w) V2 ,/ "2 2{w) 2w) V2T

Now the first, purely imaginary part is an odd function of A, integrating to zero upon
multiplying with the even function C (M\). The second term is exactly of the same
order as the second term in Eq. (C.7), thus we can approximate the C'(\) and Zy(T)
functions by their zeroth order expressions,

1 T dA & / )\2 7T
Zo(T) —T 271'
giving in total the contribution f; gy 2> %/:(;U} for the first term. In the second ex-

pression in Eq. (C.7), the terms inside the braket depend only on the combination

)\T/ \/@ Here we can set A = 0, as all terms in their expansion around A = 0
would only contribute in higher orders in the small parameter T / \/@ . This leaves
us with the only A dependence coming from the function C'()), resulting in
w2 % e A d\ C(N) k- MTeA2T2/4<wHATn/2<w>
12(w) \/H 21 Zo(T) (w)
272 e /4w)

- 12(w) 47 (w)

+ O(j—,3<w>73/2) )
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Together with the previous term, we get a result that is twice as large as the one
without particle number conservation, that is for an initial Fermi distribution,

1— erf [i//4(w)] . 7272 pop—r2/4w)
2

6(w) \[am(w)

p(k,t) ~

Now I turn to the small work limit (see Eq. (5.14)), 1 < (w) < T?, expansion of
the average occupations, with small parameter (w)/T? < 1. Here, for large injected
works, 1/ T will also be used as small parameter, as series expansions will go only
up to leading order in both 1/7 and (w)/T?. Introducing the new variable ;/T and
expanding the integral [0 du... around p = 0, we get

00 e T2 Kw) T /A (w 1
[ JJam(w)

oMt /T 41 7 e—idtr/T 4 ]

+/_oo i e—u2T2/4<w>T/ [ A7 (w) l( 12 12/2 ] |

e—irtr/T 4 1 eir—r/T 4 1)2 Ceir—r/T 1

where we exploited that the Gaussian decays rapidly to zero. Performing the Gaus-

sian integral [du ..., the second term above reads
= dx C()) 4{w) 1/2 o 1/4
2 ZO(T) T2(efi)\+n/7~" +1) (ei)\fn/f‘ +1)2 eir—r/T 4 1|°

We then exponentiate the product defining C' (A), and replace the sum of the emerging
logarithms by a continuous integral, C'(\) ~ eJo dnIn[1+2eos(Ne™/The™2/T] N o

apply the saddle point approximation, taking into account quadratic corrections of
C(\) and Zo(T) around X\ = 0,

[ee) ~ _”/T 22
~ N —r)T] _ e 2| _ =T T/\2/2
C(A) =~ exp {/0 dk In [1—1—6 } (1+e—"/f)2)\ } e

; " d\ - P AN 2r g
Zo) = [ S2e0) ~ L e

—r 2T 2m
After some algebraic manipulation, the correction terms read as

2w)e s 7 dA ety — tanh?(—i\/2 + k/27) { 1 B 1}
T2Zy(T) J—= 27 € 4 eAr/T 41 2

— <~> / dA —xey [1 — tanh®(—i\/2 + m/zf)} tanh(—i\/2 + k/2T)

o

_ {w) = [1—tanh2(ﬁ/2T)] tanh (/2T + o((w)/T*?) ,

W
N E
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where we could neglect the A dependence in the tanh(...) function, as expanding it
around A\ = 0 yields higher order correction terms in the small parameter 1/ T for
large enough values of (w). Following a similar procedure with the remaining initial
profile integral, we get

1 ™ d\ - 1 1
N — C(\)— — P p—
ZQ(T) —r 2T e—iA+K/T +1 es/T +1
. BT ™ dA o—TA?/2 1 {\2 B A2/2
Zo(T) _x 21 ed/T 41 [(eWT +1)2 e /T 41
= ! ! 2 3/2
=Tyl T [1 — tanh (/<;/2T)] tanh(r/27) + 0(1/T )

In the last steps, having evaluated all Gaussian integrals, the given approximation is
also applied to Zo(T'). The final result, together with the previous terms, yields the
desired expansion valid for works small compared to the temperature, 1 < (w) < T2,

1 w 1 9 - -
Pl 1)~ —z — (iTZ - 8T> [1 = tanh®(r/2T)| tanh(r/2T). (C.8)

C.6 Correlation terms and variance of work at
T >0

This appendix is devoted to the details of the calculations leading to the analytical
expressions obtained for the finite temperature correlators (67y 00y ,) and (A}, i o)
in Eq. (5.7) in Sec. 5.2. T also discuss the leading order behavior of the classical ap-
proximate formula for the variance of work.

Starting with the correlator terms appearing in the variance of work, I generalize
the zero temperature result for the two-point correlators of occupation number fluc-
tuations expressed as a function of the expansion amplitudes «. I show that the
expression below provides a formula convenient for numerical implementation,

(5ﬁ2t5ﬁg,> <nk tnk’ ) — Je(t) fu(t)
=Tr [@Lt) bllj,t (b]:’7t) blk{',t ﬁo] —Tr {(BLJ bIk{tpo} Tr {(b ' ) Bg,tﬁo]

_ 1 md\ N iIN1—f)—e0/T
__ZO(T) ﬂl:[[e +e l }

+ Se(®)(1 = fi(t)Onn -

$° e a0 s,

e—iA+ed /T +1

m=1

Here again g, = IA)LtlA)k,t denotes the particle number operator of the kth state in
the instantaneous basis, with ﬁl,it being in Heisenberg picture. The two Kronecker
deltas imply that the only non-trivial part is k # £/, while for k¥ = k’ we naturally
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2

have < (cmﬁt) > = fr(t)(1— fr(t)) for fermions. For k # k', we can write expressions
similar to the 7" = 0 case, but with different initial many-body states weighted with
the corresponding Boltzmann probabilities,

M 2
> e Sy /T Z Ozi(m)(t)a;(,m)(t)

m=1

(07 670 1)

n

We can rewrite this again by differentiating a sum of exponentials over the fermionic
M-particle many-body states twice,

1 gi Z 6_ ZJW (l<m /T+p|: l(m)(t):|* l(m)(t)-i-pa m>(t)|: l(m (t):| *)
ZO(T) ap ap/ l(1)<--~<l(M)

p,p'=0
N
_ L ymdr o 9 H { A Ao Tk ()] el ()40 () ()] }
Zo(T) J- » 2 3p (9p =
= p,p’'=0
* m 2
1 ™ dA ﬁ [e—i/\f +eiA/2(1—f)—e?/T] iv: [ag ()] i (1)
Zo(T) J—r 27 ;- = emiEn /T 41| 7

Indeed, this gives the right formula for the nontrivial case of k # &'
Turning to the non-equal time correlator <ﬁ1,j’tﬁk/,0>, first I calculate it for a given
initial state. Analogously to the T'= 0 case, we get

,(0)) = (D (1) e WD) e = D [0 ()] e,

m=1

(W, (0) g 7o

with ng = 0,1 constraining the summation to many-body states |¥,,(0)) with the
k'th single-particle state occupied, i.e., {(m) = k' for some m € {1,..., M}. Now
inserting this into the expression of the occupation number correlator, we can write

Ze B/t p Z ’al(m ‘ op an/e 2 €1 TP

This expression can again be transformed into an integral over the auxiliary vari-
g g y
able A, enforcing particle number conservation, but with the additional constraint
[(m) = k' for some m € {1,2,...,M}. This is accomplished by bringing out the
term e*=N=/T in front of the product, then multiply both the nominator and
. . 0
denominator with the missing term, e~ 4 ¢*1=H=5/T  vielding

"”(t)\

p=0

W N
(P P 0) = _1 9 / /2 dA [ —iM @u(lf)s?/ﬂplai(t)q _
ATV Zo(T) Op J—=/2 27r i PP Y N
(2
SR | Ul e i g (1)
Zo(T) J=mj2 21 = oMl /T | 1 = e /T 41
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This expression is convenient for studying the limits 72 > (w) and T? < (w) in the
classical approximation with again the more convenient (w) notation for the finite
temperature average work.

Turning to the limiting behavior of the variance of work, the key observation is
that in the continuum limit, the non-equal time correlator terms, <6ﬁﬁt5ﬁk/,0>, disap-
pear in leading order for both the large and small work limiting cases, (w) > 7?2 and
(w) < T?, respectively. Note that, similarly to the zero temperature case [87, 88], it
is enough to focus on the k = £’ case, giving the main contributions to the fluctua-
tions of work. Starting with the large work limit, 72 < (w), we perform the same
expansion of the integral expression of the diagonal part of the correlator, (ﬁl,itﬁm),
as in the previous appendix in the classical limit. Moreover, we approximate the
integrand by the product of the T" = 0 diffusion term and the factor with

1
e—iAtRT/T 117
the latter implementing the constraint,

JR DN — S
—7/2 2 Z(](T) €_i>\+62,/T +1 — €_i)‘+59n/T 1

N /7r/2 d\ 1 1 —erf [/{/1/4<w>}

x/2 27 672')\+n’/7~1 41

- —erf |k o
o) = LA } )+ o2 {w)) +oe~V7).

Here, in the last step, we expanded m around 7' = 0, up to exponential accu-
racy for temperatures that are small compared to the average works. Up to leading
order, this expression is precisely the product of the leading order approximations

1—erf | k/+/4{(w) - 1/
of fir(t) ~ g + o(T2/<w>) and f ~ O(—+x) + 0(6""‘ VT), leading to
(07 0T o) = (nktnk/ o) — fe®)fY ~ o(e"”/VT), not contributing in highest order
to the ~ <w>3/2 work variances. )

Turning to the small work limit, 1 < (w) < T?, it is enough to consider the
terms depending on the average work, as these are the only terms contributing to
the variance of work. For both the off-diagonal and diagonal terms, the expansion
of the single-particle states’ occupation number in the classical approximation yields
for the average work dependent part up to leading order

1
e’ /T 417

Fu®) O ~ <<47“722>> |1 — tanh’(r/27") | tanh(r/2T)

In the case of the non-equal time correlator terms, we expand the integral along the
lines of the calculation of the occupation numbers. Finally, in the last step, we insert
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the constraint via the term arriving at

1
e—ix+r"/T 117

/m dr C(\) 1 i o ()]

s 2 Zo(T) PRI 1 2 AT

(w) rdn ST AT

AT2Zo(T) J—r 21 e=iM/T 11

~
~

[1 = tanh®(—i)/2 + /2T)| tanh(—iX/2 + #/2T).

From here we can repeat the reasoning used for the calculation of the occupation
numbers, and take A = 0 everywhere except the first exponential, as we are already

at order ~ <T2> , and all expansions of A\ would just yield higher orders ~ o <<w> / 5/ 2).

In the last step we also expand the partition function up to the same order, Z, (T) ~
f dA e’fTr
2m

*/6=TX*/6 Jeaving us with the final result

1
et /T 41

<ﬁ2tﬁk’,0> ~ i;i [1 — tanhz(n/ﬂ;)} tanh(r/27)
This cancels the product of averages in leading order, <5ﬁ£{t6ﬁk/,o> ~ O <<w> /TS/Q)7

giving no contribution to the largest order of variances, ~ <w>T The variance is
then calculated from the lowest order term depending on the average work, coming
from

f@®) (1= fr(®) = p(k,t) (1 — p(k,t)) = i;iz tanhQ(ﬁ/QT) [1 — tanh2(n/2T)}+o (<w>/T5/2> :

matching exactly the integrand in (5.17).

Now one can observe that, apart from the initial thermal energy fluctuations, § E3(T") ~
T3, the variance of the total energy of the system grows according to the same power
law behavior as the variance of work in the classical picture and within numerical pre-
cision. To verify this statement, let us write down the variance of energy in terms of
the single-particle states’ correlators (again for brevity dropping the random matrix
ensemble average, (...)rum),

((rw)") = (1)) - (1)’ = S eu(0w(0) (S5l ).

This variance consists of an average work dependent part and a purely temperature
dependent one, now not cancelling out at ¢ = 0. The large (w) part originates from
the approximating expression

S AR — ) [ s 1= plr0)

giving the same result as for dw? in highest order. Here we again focused only
on occupation fluctuations, and neglected the randomness of energy levels and the
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correlation terms. As for thermal fluctuations, we indeed obtain via similar approx-
imations

<((5HH(O))2> ~ae [ Z dr k2p(r, 0) (1 — p(k, 0)) ~ T3

in leading order, as the approximate expression for p(k,0), Eq. (5.11), contains the
variable x multiplied with the inverse temperature, /7.



