
Micro-chaos in digitally controlled mechanical systems



c○ 2018 Gergely Gyebr�oszki
PhD dissertation written at the Department of Applied Mechanics,

Budapest University of Technology and Economics
Under the supervision of Dr. G�abor Csern�ak



MICRO-CHAOS IN DIGITALLY CONTROLLED MECHANICAL
SYSTEMS

PhD dissertation

Gergely Gyebrószki
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Abstract

This dissertation aims to collect and present the most signi�cant results in the �eld of micro-
chaos, discovered during my years of pursuing the PhD degree.

Brie
y, micro-chaos is a phenomenon, when a combination of digital e�ects { like sam-
pling, rounding and delay { cause small amplitude chaotic oscillations, often resulting in
multiple disconnected chaotic attractors or chaotic oscillations superposed on a recurrent
orbit. This dissertation is restricted to simple digitally controlled mechanical systems with
sampling and quantization. The e�ect of processing delay is not examined.

Chapter 1 presents the past and current state of the corresponding research area which
served as an entry point for my own research.

Chapter 2 gives an overall picture about the 2D micro-chaos map corresponding to a
digitally controlled 1-DoF mechanical oscillator. Various properties are shown and a simple
classi�cation of the possible cases is presented. Finally, certain results are generalized to
multi-DoF systems.

Chapter 3 introduces an extension to the Simple Cell Mapping method, which allows
adaptive expansion of the analysed state space region along with the opportunity of parallel
execution.

Chapter 4 analyses the e�ect of twofold quantization: when both the input and output
of the digital controller are a�ected by rounding.

Chapter 5 formulates the hybrid-switching micro-chaos map that describes the e�ect of
dry friction on the motion of a 1-DoF digitally controlled oscillator. Besides the quantization-
related switching events { that happen at the sampling instants { the friction-related switching
events are also incorporated in the model that can be extended to the consideration of impact-
like events, too.

Before proceeding, I would like to thank You, dear Reader, for taking the time to look
into this work, I greatly appreciate any response or ideas regarding the concepts within this
dissertation and those beyond.
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1
Introduction

This chapter provides a brief overview of the research �eld of digitally controlled systems.
These systems often can be modeled by piecewise smooth maps and speci�cally, by the so-
called micro-chaos map. Control engineers usually handle the systems described by these
maps in the frequency domain, while mathematicians do their examinations in the time do-
main, but often without connection to a real-world problem. From my engineering point of
view, the goal would be to bring the best of both worlds together. The following sections
introduce some key publications and present their fundamental results.
First, di�erent approaches to describe quantization and sampling are listed, then the one-
dimensional micro-chaos map is introduced. The focus is then shifted towards micro-chaos
maps in higher dimensions and some key numerical approaches are shown, which are fre-
quently used in the analysis of such maps.

1.1 Various approaches to the description of digital e�ects

In the past 50 years, with the appearance of digital electronic devices, a new challenge was
introduced in the �eld of control engineering and computational science: dealing with the
so-calleddigital e�ects .

The main digital e�ects are sampling, delay and quantization. Sampling arises from the
fact, that processors operate in a periodic manner, they process one operation per cycle. Since
the computation of control feedback takes time, processing delay between signal measurement
and control e�ort output is unavoidable. Integer and 
oating-point numbers in computers
are mostly represented in �nite amount of bits, therefore they have a given precision, which
leads to rounding (or with a more technical term, quantization) in calculations. Furthermore,
many digital components like converters and �lters can introduce one or more of these digital
e�ects. For example, an analog-to-digital converter (ADC) can be treated as a composition
of a quantizer and a sampler.

It is important to note, that digital e�ects also appear in many real world systems indi-
rectly. In several applications, human-work related operations happen in a non-continuous
manner { usually periodically { during the working hours. Similarly, many real world con-
cepts and devices exhibit quantization. Consider the Kerr dam (Montana, US, see Fig. 1.1),
which is adjusted one or two times daily and has 14 doors to let the water 
ow through. From
the viewpoint of water throughput this is a sampled and quantized system. Quantization and
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CHAPTER 1. INTRODUCTION

Figure 1.1: The Kerr Dam as an example of real-world sampling and quantization, image
source: Wikipedia, EN: Kerr Dam article.

sampling also appears in logistics due to �xed schedule and size of trucks or package boxes.
These "digital" e�ects can occur at several levels in �nancial systems, too: the stock market
opens in �xed time intervals, companies announce earnings and pay dividends in a periodic
manner and the shares represent quantization of value. In this case, a secondary digital ef-
fect, the quantization of currencies can be also found which resembles to the quantization of

oating point numbers in computers.

In control engineering, one of the most signi�cant books { Widrow and Koll�ar [52] { pro-
vides a sophisticated way to deal with sampling and quantization in the frequency domain.
The book develops thetheory of quantization analogously to the sampling theory, and fo-
cuses on uniform quantization. The statistical analysis of quantization leads to thePseudo
Quantization Noise (PQN) model. Various properties and application conditions of the PQN
model are discussed in details. The recovery of original signal properties from quantized
signals and analysis of quantization in feedback systems are discussed. The book also covers

oating-point quantization and extends the corresponding quantization theory. Additionally,
various examples of quantization in feedback control systems and �lters are presented.

While the quantization theory o�ers a great way to analyse statistical properties of com-
plex systems including analog-to-digital conversions or 
oating point calculations, chaos and
chaotic systems are often easier to analyse in the time domain rather than in the frequency
domain.

Mathematicians { Berkolaiko, Boyarsky, G�ora, Domokos, see the citations in the up-
coming paragraphs { studied quantized and sampled systems as piecewise linear or nonlinear
maps, often with hysteresis. Many fundamental properties and intricate details of these maps
have been elaborated, but corresponding practical applications are often not included and
sometimes hard to �nd.

G. Berkolaiko analysed piecewise linear maps with hysteresis (PLMH) [2] and exam-
ined their basic properties (continuity, topological expansivity, discontinuity points and sets),
proved the existence of a global attractor and formulated several theorems corresponding to
the limit sets of these maps. Many of these results were later found to be in close resemblance
to the results of G. Csern�ak in [8], see Figure 1.2.

P. G�ora, A. Boyarsky and M. Jab lo�nski [32, 38] thoroughly studied one dimensional maps
exhibiting chaotic behaviour, introduced an algorithm to control chaos [32], examined round-
o� errors introduced by computers and questioned the fact of often treating it as random noise
[31]. They have provided in-depth studies about invariant measures for piecewise smooth
maps and in general, the existence of such measure(s).

G. Domokos and D. Sz�asz thoroughly studied the e�ects of rounding introduced by com-
puters in numerical simulation of chaotic maps [20]. They have proposed an approach to
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1.2. THE 1D MICRO-CHAOS MAP

Figure 1.2: Two very similar piecewise linear maps with chaotic oscillations. Left: Global
attractor of a PLMH, taken from the paper of Berkolaiko [2]. Right: Long tran-
sient chaotic trajectory of a micro-chaos map, taken from the paper of Csern�ak
and St�ep�an [8].

compute invariant measures of chaotic systems, which, in general cannot be preserved due
to the fact, that simulations generate only a �nite set with �nite period. The e�ect of this
secondary quantization was also found by G. Csern�ak in [6].

Cs. Budai, L. Kov�acs, J. K•ovecses and G. St�ep�an [3] examined the stabilization e�ect of
Coulomb-friction in an otherwise unstable mechanical system with digital control and sam-
pling. They present a qualitative picture of the time history of the corresponding vibrations
(concave envelope curve) which can be recognized in position control applications. Limit
cycles, thorough stability analysis and experimental validation is also presented.

As it can be seen, there were many opportunities for mechanical engineers to gain ideas
from analytical and numerical approaches used by control engineers and mathematicians
during the analysis of computer-controlled systems. Several researchers focused on simple
mechanical models { low degree of freedom linear oscillators { since the qualitative results
could be generalized to more realistic cases. Moreover, digital e�ects can be analysed and
algorithmic approaches can be developed e�ectively using simple mechanical systems. An
invaluable bene�t of this approach is that the solution of the linear equation of motion can
be determined analytically. In these cases, the consideration of sampling and quantization
leads to a piecewise linear map: themicro-chaos map.

1.2 The 1D micro-chaos map

The term micro-chaos (or � -chaos) was �rst introduced by G. St�ep�an in 1994, then examined
by G. Haller [33] and E. Enikov [21] (who were his PhD students at that time). They found
that digital e�ects (sampling, rounding and delay) can lead to very small amplitude { hence
the micro pre�x { chaotic oscillations.

Few years earlier D.F. Delchamps [18] also made similar observations during the analysis of
control strategies for linear systems with quantized state feedback. He found that quantized
feedback systems behave chaotically and his quantitative statistical analysis revealed the
existence of an invariant probability measure on the state space.

The �rst results showing micro-chaotic behaviour opened up a new perspective in control
engineering. In many cases, computer control was designed with an analog model in mind.
From a mechanical engineering point of view, digital e�ects often seemed to be negligible
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CHAPTER 1. INTRODUCTION

due to their high frequency (in case of sampling) or small amount (of delay and round-o�).
However, it turned out that these slight digital e�ects can lead to a completely unexpected
state space con�guration with several coexisting chaotic attractors or repellors.

In [33] a simple stick-slip control system is analysed (C = 0 ; ! 0 = 0 case of the polishing
model in Fig. 1.3.), where the quantization of the velocity measurement and sampling with
zero-order-hold leads to the 1Dmicro-chaos map:

yi +1 = a yi � bInt( yi ); i = 1 ; 2; : : : : (1.1)

The micro-chaos map is composed of the solution of the equation of motion at sampling
time instants (denoted by i ) and quantization of the state variable appears in the form of the
Int( yi ). Only the relative velocity y at the contact is measured and controlled in the model,
while the position is assumed to vary according to the controlled velocity. The instability of
the uncontrolled system in the y = 0 state follows from the velocity-weakening characteristic
of the friction coe�cient.

Figure 1.3: Polishing model used as an example for micro-chaos, taken from the paper of
Csern�ak and St�ep�an [8]. C denotes the maximal dry friction force, ! 0 is the
angular velocity of the polishing disk of radiusR, v is the feed rate andv0 = ! 0R.

Here, and throughout the dissertation, Int(x) denotes the integer part function1, that is,
a mid-tread, double-deadzone quantization, see Fig. 1.4. The di�erent possible values taken
by the integer part function correspond to di�erent control e�orts.

G. Haller and G. St�ep�an provided a mathematical proof in [33] for the chaotic nature
of the 1D micro-chaos map: the sensitive dependence on initial conditions was shown, the
existence of an attractive invariant set was presented, and it was proven, that the micro-
chaos map is topologically transitive on the set. Parameter domains were given, for which
the attracting set is a hyperbolic strange attractor. It was highlighted, that micro-chaos can
cause relatively large static errors in positioning.

1Of course, there are many di�erent rounding functions; e.g., rounding directly to an integer, up, down,
towards zero or towards in�nity, or rounding to the nearest integer instead in a similar fashion (upwards,
downwards, to zero or to in�nity). One could even analyse a shifted rounding function to re
ect asymmetries in
real measurement situations. The advantages of using the double-deadzone mid-tread variant are its symmetry
and largest possible deadzone.
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1.2. THE 1D MICRO-CHAOS MAP

Figure 1.4: Integer part function, rounding towards zero. (Mid-tread, double-deadzone quan-
tization.)

In realistic situations, the chaotic motion of a dynamical system usually disappears after
a su�ciently long time. This phenomenon { the transient chaos { di�ers from sustained
(or permanent) chaos by having a �nite lifetime [42]. The variation of parameters may turn
a chaotic system to a transient chaotic one via a crisis bifurcation. During this event, the
chaotic attractor opens up and loses its global attracting property, i.e., trajectories are allowed
to escape from it after a �nite-time chaotic motion { this is why the remaining strange set is
referred to as arepellor. Since the probability of �nding the system in the chaotic state (in
the repellor) decreases exponentially in time, the lifetime of transient chaos is characterised
by the corresponding exponent, theescape rate.

In works of G. Csern�ak, transient chaos is thoroughly examined when friction is added to
the previously mentioned stick-slip model. The escape rate and mean lifetime are estimated
based on the fractal dimension of the repellor [12]. A recursive procedure for life expectancy
(mean kickout number) calculation was also provided in [8, 13]. Again, these results can be
clearly correlated to results obtained in the �eld of mathematics, see Fig. 1.5.

Figure 1.5: Invariant sets of piecewise smooth maps.Left : globally attractive set (probability
density vs. initial state), taken from the paper of Jab lo�nski et al. [38]. Right :
transient chaotic repellor (kickout number vs. initial conditions), taken from the
paper of Csern�ak and St�ep�an [12].
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CHAPTER 1. INTRODUCTION

1.3 Micro-chaos map in higher dimensions

From practical point of view, micro-chaos maps corresponding to multi degree of freedom
systems are more important compared to the one-dimensional case. These maps, however,
are more challenging to analyse, starting from the visualisation of trajectories and invariant
sets to the proof of certain properties.

The two-dimensional micro-chaos map obtained by taking processing delay into account
was �rst presented by G. Csern�ak [9] using some of the formalism from [21]:

�
yi

yi +1

�
= F

��
yi � 1

yi

��
=

�
yi

a yi � bInt( yi � 1)

�
: (1.2)

Note, that similarly to Eq. (1.1), y is related to the velocity of the 1DoF oscillator. Fun-
damental properties of the 2D micro-chaos map (1.2) were shown: �xed points and basic
branches of the map were identi�ed and chaos was proven by separately proving the follow-
ing statements:

ˆ The map has sensitive dependence on initial conditions.
ˆ A so-called absorbing state-space domain (absorbing sphere) exists, from where solu-

tions cannot leave after they enter. For the proof of chaos, �nding an absorbing sphere
is necessary since a strange attractor must reside inside the absorbing sphere.

ˆ The dynamical system, described by Eq. (1.2) is topologically transitive. This property
means that the attractor can be partitioned in an irreducible way and every partition
can be reached from any other partition, having at least one, whose image fully covers
at least two other partitions. (Or shortly, trajectories withing the attractor are mixing.)

It is worth noting, that mapping (1.2) can be also considered as a piecewise linear map
with hysteresis, see Fig. 1.6. Recall, that G. Berkolaiko [2], and B. Garay, R. Csikja and
J. T�oth [22] studied similar maps.

In [10], a 2D micro-chaos map corresponding to a PD-controlled inverted pendulum was
introduced and analysed. The map is formulated as

y i +1 = U y i + b Int( k y i ); where (1.3)

U =
�

ch(� ) sh(� )=�
� sh(� ) ch(� )

�
; b =

�
(1 � ch(� ))=� 2

� sh(� )=�

�
; k =

�
P
D

�
; y i =

�
yi

y0
i

�
;

yi is the dimensionless angular position,y0
i is the angular velocity, � is the characteristic

constant corresponding to the negative sti�ness, whileP and D are control parameters. The
image of a strange attractor spanning over multiple control e�ort bands in the state space is
shown in Fig. 1.7. As it can be seen, the control e�ortm � Int( k y i ) assumes di�erent values
in parallel bands of the phase-plane.

In [21], E. Enikov and G. St�ep�an presented the analysis of a pendulum-on-a-cart model
which yields the following 3D micro-chaos map:

y i +1 = U y i + b Int( k y i ); where (1.4)

U =

2

4
ch(� ) sh(� )=� ( ch(� ) � 1)=� 2

� sh(� ) ch(� ) sh(� )=�
0 0 0

3

5 ; b =

2

4
0
0

� 


3

5 ;

k =

2

4
P
D
0

3

5 ; y i =

2

4
yi

y0
i

Pyi � 1 + Dy 0
i � 1

3

5 :
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1.3. MICRO-CHAOS MAP IN HIGHER DIMENSIONS

Figure 1.6: Repellor of the 2D micro-chaos map (1.2), taken from the paper of Csern�ak and
St�ep�an [8]. The domain of de�nition is divided into parallel bands, according to
the value of the control e�ort.

� is, again, the characteristic constant corresponding to the negative sti�ness,
 is a
system parameter characterising the mass distribution, whileP and D are control parameters.
The e�ect of processing delay is also considered in the model, this is why the control e�ort
appears in the state vector y i , besides the dimensionless angular positionyi and angular
velocity y0

i . A detailed analysis is provided, including the existence of an absorbing sphere
and an invariant set, to the proof of sensitivity on initial conditions. Topological transitivity
was not proven, but from a practical point of view one can use a naive, less strict de�nition of
chaos, which does not require the topological transitivity. One could also argue that a really
long periodic orbit cannot be distinguished from chaotic behaviour in real applications. The
chaotic attractor of Map (1.4) is shown in Figure 1.8.

In [14], the generalisation of micro-chaos maps for digitally controlled linear systems
with arbitrary feedback with or without delay and zero order hold control is introduced.
The so-calledstate-space model of micro-chaosis formulated, and several con�gurations of
digital e�ects { e.g., sampling with rounding at the input (measured state) and/or output
(control e�ort) of the controller, with or without additional processing delay { are presented.
Dependence on one or more past state variables can be used to formulate multiple delays,
or numerical derivatives. It was shown that the behaviour of the considered class of systems
can be given in the form

y i +1 = U y i + d i ; (1.5)

where U corresponds to the original, unstable, uncontrolled dynamics andd i is the control
e�ort in
uenced by digital e�ects. Map (1.5) { the generalized micro-chaos map { can be
reformulated as

y i +1 = S y i � ci ; (1.6)

where S corresponds to stable, controlled dynamics of the system without quantization, and
ci is a correction term representing quantization.

9



CHAPTER 1. INTRODUCTION

Figure 1.7: Chaotic attractor spanning over multiple bands that are separated by switching
lines; taken from the paper of Csern�ak and St�ep�an [10].

Figure 1.8: Left : Pendulum-on-a-cart, whose equation of motion leads to a 3D micro-chaos
map. Right : chaotic attractor in the state space of Map (1.4), taken from the
paper of Enikov and Stepan [21].

Formula (1.5) emphasizes the small-scale, locally unstable behaviour of the trajectories,
while the globally stable behaviour of the controlled system is better described by (1.6).

This statement is illustrated with Fig. 1.9 that shows the large-scale and small-scale
dynamics of a 1D micro-chaos map (1.1).

At every point of the phase-space, the matrix U is the coe�cient matrix of the locally
linearized micro-chaos map. Consequently, for this class of maps theLyapunov exponents
can be directly calculated as the eigenvalues of matrixU , allowing one to quickly determine
the sensitivity on initial conditions.

Similarly to the result obtained by Enikov and St�ep�an [21], one can also express the
maximum error introduced by the map, which yields the size of the smallest absorbing
sphere. Since the maximum error is a global property of the map, it can be conveniently
expressed based on formula (1.6):

ky1 k = max
ci










1X

i =0

Si ci








 = max

� i










1X

i =0

Si b � i








 ; � i 2 (� 1; 1): (1.7)
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1.4. CHARACTERISATION OF MICRO-CHAOS

Figure 1.9: The large-scale and small-scale behaviour of the 1D micro-chaos map ata = 3 :5
and b = 2 :8.

Here� i denotes the neglected fractional part during quantization, while vectorb characterizes
the e�ect of the control e�ort on the state variables { see Eqs. (1.3) and (1.4).

As it will be shown in Chapter 2, the calculation of ky1 k is often rather challenging due
to the non-normality of the coe�cient matrix S.

1.4 Characterisation of micro-chaos

During the analysis of micro-chaos maps, the usual goal is to determine the following prop-
erties and locate the following state space objects:

ˆ largest Lyapunov exponent to determine the sensitivity on initial conditions,
ˆ topological transitivity that is related to the mixing property,
ˆ absorbing region (absorbing sphere) in the state space, whose size corresponds to the

maximal control error, after transients are settled,
ˆ periodic orbits (and as a 1-periodic case, �xed points),
ˆ topological entropy,
ˆ chaotic attractors and/or repellors and their properties (e.g., fractal dimension).

11



CHAPTER 1. INTRODUCTION

Many of the above tasks are not trivial to carry out analytically, therefore a set of numerical
methods is frequently used.

It is important to note, that in case of the micro-chaos maps presented in this dissertation,
the only non-linearity is originated from the quantization and otherwise the solution of the
equation of motion is known.

Lyapunov exponentscan be directly calculated as they are the eigenvalues of matrixU ,
see Equation (1.5).

Topological transitivity shows the mixing of trajectories on the invariant set (attractor).
It is required for having chaotic behaviour according to the most accepted de�nition [19]. For
the proof of topological transitivity, a non-trivial partitioning of the state space is usually
necessary, along with the introduction of a symbolic dynamics.

Periodic orbits can be found using symbolic dynamics, where the alphabet of symbols
corresponds to the quantized values of control e�orts. The application of this method is
described in Section 2.4.3. An important property of chaotic systems is that many physical
properties can be e�ciently averaged on the unstable periodic orbits [15].

Topological entropy shows the growth of the number of periodic orbits with increasing
period. In [5], the topological entropy is calculated using an algorithm which analyses the
pre-images of line sections taken from the vicinity of the invariant set. Topological entropy
can also be determined by simply counting the number of periodic orbits, moreover { in some
metric spaces { it is directly related to topological transitivity.

The size of the absorbing region or absorbing spherecan be formulated using Eq. (1.7)
which estimates the total amount of error introduced by digital e�ects in the map. It was
shown in [7] that the in�nite series is convergent and yields the radius of the absorbing
state space region. The challenging part is, however, to determine the proper combination
of fractional parts (cj ) which maximize the series. The suggested solution to this problem is
described in Section 2.4.2.

Fractal dimension of chaotic attractors can be calculated by the traditional box counting
method [15], or using time series analysis [34].

Figure 1.10: Illustration of simple cell mapping.

State space objectscan be reliably discovered by Cell Mapping methods [35]. Simple Cell
Mapping (SCM) is able to �nd �xed points and periodic orbits in a selected state space
region, along with their basins of attraction. In SCM, the state space is discretized; divided

12
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into cells, as shown in Fig. 1.10. For every cell a single image cell is determined, where the
dynamics lead from the center point of the cell.

Following the images of cells, one can formulate a graph, which contains cycles (periodic
cell groups) and transient cell sequences leading to either a periodic group or to the area
outside the analysed domain { the sink cell. Chaotic attractors or repellors are usually
covered by one or more high period cell groups [35].
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2
The micro-chaos map

This chapter introduces the micro-chaos map corresponding to a single degree-of-freedom
digitally controlled mechanical oscillator. Two digital e�ects { sampling and quantization {
are taken into account: samplingconverts the continuous 
ow to a 2D map and quantization
results in piecewise smooth control e�orts.
The general classi�cation of 2D micro-chaos maps is presented and the case of negative
sti�ness oscillators with quantization on the control e�ort is thoroughly analysed. Finally,
certain results are generalized to multi degree-of-freedom cases.

Throughout this chapter, a restriction is made to the digitally controlled oscillator with
linearized equation of motion. The digital controller will implement a feedback control with
proportional and derivative terms (shortly PD-control), with sampling and zero-order-hold,
i.e., the calculated control e�ort will be kept constant between two sampling instants (see
Fig. 2.1). Another frequently occuring digital e�ect { the processing delay { is not considered
in this chapter. The assumption is made, that measuring certain state variables, calculating
the control e�ort and governing the actuator takes negligible amount of time.

While the aforementioned restrictions could seem to be strict, these assumptions allow one
to see a qualitative picture of the e�ect of sampling and quantization. Since the solution of
linear systems are known analytically, the only non-linear term comes from the quantization.
The restriction to PD-control has an advantage of having control terms corresponding to the
sti�ness and damping in the system. Lastly, the state space of two-dimensional maps can be
represented conveniently by several numerical methods and is easy to illustrate or show in
�gures.

2.1 The digitally controlled 1 DoF mechanical oscillator

2.1.1 Solution of the equation of motion

As a consequence of the sampling and zero-order-hold control scheme, the control e�ort
assumes constant values between the subsequent sampling instants. In the present section,
the equations of motion and the solutions are formulated for three di�erent linear oscillators
under a constant external force. These results provide the basis for the derivation of the
corresponding micro-chaos maps by taking into account the digital e�ects.

Consider the equation of motion of the 1 DoF oscillator with a linear spring and viscous
damping and constant external force (see Fig. 2.1):
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CHAPTER 2. THE MICRO-CHAOS MAP

Figure 2.1: One degree-of-freedom mechanical oscillator with digital control. The e�ect of
sampling and zero-order hold is illustrated on the right sub�gures.

•x(t) + 2 � � _x(t) + � 2 x(t) = � F; t 2 [i�; (i + 1) � ); (2.1)

where � =
p

k=m is the natural angular frequency, � 2 [� 1; 1] is the damping ratio (2 � � =
c=m) and � F is a control e�ort betwen the i th and (i + 1) st sampling instants. The sampling
period is denoted by� . Rewriting the system as a set of �rst order di�erential equations, one
can obtain

_y(t) = A y (t) + f ; (2.2)

where

y(t) =
�

x(t)
_x(t)

�
; A =

�
0 1

� � 2 � 2 � �

�
and f =

�
0

� F

�
: (2.3)

The solution of the equation of motion can be formulated as:

y (t) = U (t) y (0) + b(t) F; t 2 [i�; (i + 1) � ); (2.4)

where

U (t) =
e� ��t

�

�
� cos ( � � t) + � sin (� � t) sin (� � t) =�

� � sin (� � t) � cos ( � � t) � � sin (� � t)

�
; (2.5)

b(t) =
1

� 2�

�
� � e� ��t (� cos ( � � t) + � sin (� � t))

� e � ��t sin (� � t)

�
;

and � =
p

1 � � 2.
Equation (2.4) represents an operator between an initial conditiony(0) and the solution

of the system, for a constant control e�ort � F . Since sampling and zero-order-hold will result
in constant control e�ort between two successive sampling instants, no other inhomogenities
are considered.

Micro-chaos is expected to appear in cases when the trivial equilibrium of the uncontrolled
system is unstable. This situation occurs if either the sti�ness or the damping parameter
becomes negative.

If the sti�ness of the system is negative, Eq. (2.1) changes to

•x(t) + 2 � � _x(t) � � 2 x(t) = � F; t 2 [i�; (i + 1) � ); (2.6)
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where � > 0 characterizes the negative sti�ness, and the corresponding elements of the
solution are:

U (t) =
e� ��t

�

�
� cosh ( � � t) + � sinh (� � t) sinh (� � t) =�

� sinh (� � t) � cosh ( � � t) � � sinh (� � t)

�
; (2.7)

b(t) =
1

�̂ 2�

�
� � + e� ��t (� cosh ( � � t) + � sinh (� � t))

� e � ��t sinh (� � t)

�
;

where the de�nition of � changes to � =
p

1 + � 2.

Note, that the corresponding matrix U (t) and vector b(t) can be derived for the case of
zero sti�ness, too [11].

If the damping of the system is negative, Eq. (2.1) changes to

•x(t) � 2 � � _x(t) + � 2 x(t) = � F; t 2 [i�; (i + 1) � ); (2.8)

where the damping ratio � > 0 characterizes the negative damping, and the corresponding
elements of the solution are now:

U (t) =
e��t

�

�
� cos ( � � t) � � sin (� � t) sin (� � t) =�

� � sin (� � t) � cos ( � � t) � � sin (� � t)

�
; (2.9)

b(t) =
1

� 2�

�
� � e��t (� cos ( � � t) � � sin (� � t))

� e ��t sin (� � t)

�
;

and � =
p

1 � � 2.

2.1.2 Stability of PD-controlled system with sampling but without quan-
tization

If the trivial equilibrium of the oscillator is unstable (negative sti�ness or damping cases,
Eqs. (2.6)-(2.8)), a proportional-derivative control (or shortly PD-control) is frequently used
to stabilize the equilibrium. Since quantization of control e�ort introduces a nonlinearity
which would make stability analysis complicated, the case without quantization is used to
obtain a reference stable parameter domain for the micro-chaos map. For the case with
sampling and zero-order hold, the corresponding control force in thei -th sampling period is

Fi = ( P xi + D _x i ): (2.10)

To carry out the stability analysis with respect to control parameters P and D, Jury's
criterion (that follows from the Routh-Hurwitz criterion) [40] is applied to the sampled system
(without quantization)

y i +1 = S y i ; S = U + b 
 k; (2.11)

where k = [ P D]T and y = [ x _x]T .

If the sti�ness is negative, the coe�cients of the characteristic polynomial yield the fol-
lowing conditions for the stability of the equilibrium at x = 0:

a0 : D <
�

�
� 2 sinh� 1(�� )(cosh(� �) + cosh( �� )) + P

�
� �P

�
;

a1 : D >
�

��
P � 2� 2

�
+ P sinh� 1(�� )(cosh(� �) � cosh(�� ))

�
� �P

�
;

a2 : P > � 2:

(2.12)
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CHAPTER 2. THE MICRO-CHAOS MAP

Figure 2.2: Stable parameter domains of the PD-control, in case of negative sti�ness.

Conditions (2.12) can be used to illustrate the domain of stable control parameters, see
Figure 2.2.

These stable parameter domains will be used as a reference during the analysis of micro-
chaos, after taking digital e�ects into account. For switched systems of this type, the general
observation is, that transient chaos appears at the boundary of stability [45, 50].
Throughout this chapter, the assumption is made, that for the global behaviour of micro-
chaos maps, the non-quantized case provides a good reference for the domain of stable control
parameters.

2.2 The 2D micro-chaos map and its classi�cation

In this section, another digital e�ect is added to the sampled system: quantization. As it
will be presented, the presence of two digital e�ects (sampling and quantization) will result
in chaotic behaviour.

If sampling occurs, with sampling period � , the following map describes the evolution of
the oscillator:

y (( i + 1) � ) = U (� ) y (i � ) + b(� ) Fi (y (i � )) ; i 2 Z: (2.13)

HereFi is the control e�ort calculated at the i th sampling instant from y(i � ). With re-scaling
the time and using T = t=� , one arrives at the following map:

y i +1 = U (1) y i + b(1) Fi (y i ); i 2 Z: (2.14)

In order to match the dimensionless time, the following parameters should be used inU and
b:

�̂ = ��; P̂ = P � 2; D̂ = D�: (2.15)
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Note, that �̂ is the composition of two characteristic time constants: the reciprocal of the
characteristic time constant (or natural angular frequency in the case of positive sti�ness)�
and the sampling time � .

Adding quantization (or in other word, rounding) to the control can be done in two ways.

ˆ Output quantization is the case, when the calculated control e�ort (the output of the
controller) is quantized with output resolution rO. This means, that the rounding
function Int is applied to the control e�ort Fi =rO, then the result is multiplied with the
resolution:

y i +1 = U (1) y i + b(1) rO Int
�

1
rO

Fi (y i )
�

; i 2 Z: (2.16)

ˆ Input quantization is the opposite case, when the measured state vector (the input of
the controller) is subject to quantization with input resolution r I ;i for the i th component
of the state vector. The corresponding map assumes the form

y i +1 = U (1) y i + b(1) Fi
�
R I Int

�
R � 1

I y i )
��

; i 2 Z: (2.17)

Here R I = diag( r I ;1; r I ;2; : : : ; r I ;n) is the diagonal matrix of input rounding resolutions.

Maps (2.16) and (2.17) aremicro-chaos mapssince their form corresponds to the formula
(1.5). Of course, one can re-scale the space coordinates and therefore eliminate the resolution
parameter rO or r I .

Before examining one of the micro-chaos maps in detail, a general classi�cation for the
2D micro-chaos maps corresponding to the 1 DoF mechanical oscillator will be provided. The
categorisation is made by the nature of instability and type of quantization, see Table 2.1.

Instability / Quantization Output Input Input and output
Negative sti�ness A B

see Chapter 4.Negative damping C D

Table 2.1: The classi�cation of 2D micro-chaos maps with respect to the nature of instability
and quantization.

By looking at the standard cases, four simple types of the 2D micro-chaos maps can
be distinguished. The twofold quantization cases (when both the input and output are
quantized) will be covered later, in Chapter 4. Cases with negative sti�ness and negative
damping fall back to the negative sti�ness cases, as that type of instability dominates.

Although the methods described in this dissertation can be applied to broad classes of
micro-chaos maps, most of the calculations were carried out for Case A. Therefore, the
following section will focus on the negative sti�ness, output quantization situation.

2.3 Inverted pendulum with control e�ort quantization

Applying the control scheme described by (2.16) to the linearized equation of motion of the
inverted pendulum, one obtains

•' (t) + 2 �� _' (t) � � 2' (t) = � rO Int
�

P ' (t j )
rO

+
D _' (t j )

rO

�
; j = 1 ; 2; : : : ; (2.18)
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CHAPTER 2. THE MICRO-CHAOS MAP

Figure 2.3: Illustration of sampling and quantization and a digitally controlled inverted pen-
dulum.

where � is the inverse of the characteristic time constant that describes the uncontrolled
inverted pendulum, � is the relative damping, P and D are control parameters andrO is the
resolution of the control torque (see Figure 2.3). The rounding is taken into account with the
Int() function, which denotes rounding towards the origin, according to Fig. 1.4. Introducing
the dimensionless timeT = t=� , system parameters ^� = � � , P̂ = P � 2, D̂ = D � and re-
scaled space coordinatex = '= (rO � 2), the resolution parameter can be eliminated. Note,
that parameter �̂ is the ratio of the sampling period and the characteristic time constant of
the oscillator. Its value is usually kept very small in practical applications.

According to the solution of the linearized, dimensionless equation of motion (2.4), the
following mapping can be derived between the states at subsequent sampling instants:

y i +1 = U y i + b Fi ;

Fi = Int( P̂ xi + D̂x 0
i );

(2.19)

where y = [ x i x0
i ]

T , and { with the abuse of notation { U � U (1), b � b(1) from Eq. (2.7).
Equation (2.19) is the micro-chaos map corresponding to the negative sti�ness and output

quantization case (case A in Table 2.1).

2.3.1 Fixed points, switching lines and topological pattern

Looking at the state space of the micro-chaos map (2.19), one can immediately realise the
e�ect of output-quantization: control e�ort bands appear in the state space corresponding to
integer Fi values. From this fact, the existence of multiple unstable saddle points also arises.
The switching lines corresponding to the PD-control, separating control e�ort bands Fi =

m � 1 and Fi = m are:

Int( P̂ x + D̂ x 0) = m ) swm : x0 =
m � P̂ x

D̂
; m 2 Znf 0g: (2.20)

For each control e�ort Fi = m, an unstable equilibrium (saddle point) exists:

Fm = U F m + b m: (2.21)
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Figure 2.4: The state space of micro-chaos map (2.19). Black lines indicate switching lines,
black dots and blue lines are �xed points and their manifolds. Three example
trajectories are depicted leading to chaotic attractors, shown in balloons, where
states corresponding to sampling instants are shown. The red point in them = 4
band indicates the �rst virtual �xed point of the map (that is closest to the origin).
�̂ = 0 :07, � = 0 :03, P̂ = 0 :007, D̂ = 0 :02.

Fixed points correspond to zero velocity (Fm = [ xm
u 0]), therefore they can be found on the

x-axis:
Int( P̂ xm

u ) = �̂ 2 xm
u ) xm

u =
m
�̂ 2 ; m 2 Z: (2.22)

The corresponding �xed points are denoted by black dots in Figure 2.4. This formula is valid
only if xm

u resides between themth and (m + 1) st switching lines { since this is required to
have a matching control e�ort value:

jmj

P̂
�

jmj
�̂ 2 <

jmj + 1

P̂
: (2.23)

If this condition is not satis�ed, the �xed point is said to be virtual , see the red dot in Figure
2.4, between the switching linessw4 and sw5.
The stable and unstable manifolds of �xed points are corresponding to the eigenvectors ofU :

estable =
�

1
�̂ (� � � � )

�
eunstable =

�
1

�̂ (� � � )

�
(2.24)

When varying �̂ or P̂ parameters, if a �xed point crosses the switching line atjmj=�̂ 2 =
(jmj + 1) =P̂ , a border collision bifurcation occurs and the �xed point becomes virtual. Simi-
larly, if a virtual �xed point crosses the corresponding switching line at jmj=P̂ = jmj=�̂ 2, it
turns to a regular �xed point via border collision bifurcation. See Fig. 2.4 and Fig. 2.6.
Iterating the micro-chaos map, these oscillations portray a picture of one or more fractal-like
{ supposedly chaotic { attractor in the state space, see balloons in Fig. 2.4.
Due to the nature of the dynamics around the unstable saddle points, trajectories are pushed
from one control band to the other along the stable and unstable manifolds of the �xed points.
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The control e�ort does not immediately change as a trajectory enters a neighbouring control
e�ort band, it is updated only at the next sampling instant. This allows the trajectories to
spend a varying amount of time (until the next sampling occurs) in a neighbouring band
with their original dynamics, therefore, irregular oscillation appears between the neighbour-
ing control e�ort bands, governed by the stable and unstable manifolds of the neighbouring
saddle points { if the steps of the map are su�ciently small { see Fig. 2.4.

Therefore, strange sets { chaotic attractors or transient chaotic repellors: conditionally
invariant sets corresponding to transient chaos { are expected to be in the neighbourhood of
the intersection points of the switching lines and thex axis (see Fig. 2.4):

Int( P̂ xattr ) = m ) xattr =
m

P̂
; m 2 Znf 0g: (2.25)

Consequently, an alternating pattern of interesting points (corresponding to strange sets) and
�xed points is present in the state space:

x0
u < x 1

attr < x 1
u < x 2

attr < x 2
u < � � � < x m

attr < x m
u < � � � < x mmax

attr

0 <
1

P̂
<

1
�̂ 2 <

2

P̂
<

2
�̂ 2 < � � � <

m

P̂
<

m
�̂ 2 < � � � <

mmax

P̂
:

(2.26)

The alternating pattern ends with the �rst virtual �xed point at mmax=�̂ 2 that resides in the
(mmax + 1) st band.

Restricting the control parameters to the stable domain (P̂ > �̂ 2, see Section 2.1.2), the
index mmax of the outermost interesting point can be expressed from Eq. (2.23) :

m
�̂ 2 <

m + 1

P̂
) m

P̂ � �̂ 2

P̂ �̂ 2
<

1

P̂
) m <

�̂ 2

P̂ � �̂ 2
; (2.27)

mmax = Int
�

�̂ 2

P̂ � �̂ 2

�
: (2.28)

Here the function Int { just as in the previous sections { rounds to the next integer towards
the zero. In general, the number of �xed points is Nfp = 2 mmax + 1, since the origin is also
a �xed point, and the number of attractors or repellors is Nattr = 2 mmax . If mmax = 0, the
only �xed point is the origin and this pattern does not appear. The condition for this case
is:

�̂ 2

P̂ � �̂ 2
< 1 ) 2 �̂ 2 < P̂ : (2.29)

Based on Condition (2.28), the number of �xed points and interesting points is in�nite
if P̂ = �̂ 2. Figure 2.6 shows the location of attractors for a case corresponding to realistic
system parameters (small ^� and P̂ due to relatively small sampling times), where chaotic
attractors appear in the neighbourhood of all interesting points. Figure 2.5 illustrates the
number of �xed points on the stable domain of control parameters.

In this case, the position of the outermost chaotic attractor can be used to provide a good
estimate of the control error. According to Eqs. (2.25) and (2.28), the position of the last
interesting point (attractor) can be expressed as:

xattr ;last =
mmax

P̂
; (2.30)

which can be considered as an estimation of the maximal control error, since the extent
of the chaotic attractors is small.
In order to classify the strange sets at the neighbourhood ofinteresting points, { determine
whether they are chaotic attractors or repellors {, the detailed analysis of the vicinity of
saddle points is carried out.
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Figure 2.5: The number of �xed points with respect to control parameters, at�̂ = 1 :8 and
� = 0 :15. The shaded area is the domain of stability for the sampled system.

2.3.2 Smale horseshoe structures

For the detailed examination of the topology of the phase-space, an attempt is made to �nd
Smale horseshoe structures. As initial domains, parallelogramsQr = L [ R, de�ned by the
stable and unstable manifoldsW S

L , W U
L , W S

R and W U
R of neighbouring �xed points Fl on the

left and Fr on the right are chosen, as depicted in Fig. 2.7. Herer = l + 1 denotes the index
of the switching line SWr between the two �xed points. l and r are the integer numbers
corresponding to the control e�ort values in the bands next to the switching line SWr .
Each parallelogram is divided into two trapezoids (denoted byR on the right and L on the left,
see the crosshatched regions in Fig. 2.7) by a switching line. The vertices of the trapezoidL
are the �xed point Fl , the intersection point PRULS of the manifolds W U

R (unstable manifold
of the �xed point on the right) and W S

L (stable manifold of the �xed point on the left), the
intersection point PRUSW of W U

R and the switching line, and the crossing pointPLUSW of
manifold W U

L and the switching line, see Fig. 2.7. The vertices of the other trapezoid (R)
are the �xed point Fr , and points PRUSW , PLUSW and PLURS , where the notations can be
interpreted similarly. The positions of these points can be deteremined by straightforward
analytical calculations. The images and pre-images of trapezoidsL and R can be calculated
by restricting the dynamics to the corresponding band, i.e., to the casem = l or m = r . The
restricted versions of the micro-chaos map will be denoted byf l = f jm= l and f r = f jm= r ,
respectively.
The images of the quadranglesf r (R) and f l (L ) are stretched along the unstable manifolds,
while the pre-images f � 1

r (R), f � 1
l (L ), f � 1

l (R) and f � 1
r (L ) are stretched along the stable

manifolds. One must be careful during the determination of pre-images, since e.g.f � 1
r (L ) =

~f � 1
r (L ) \ R, where

~f � 1
r (L ) =

�
~y j ~y = U � 1(y � br ); y 2 L

	
: (2.31)

Thus, it may happen that some parts of the calculated pre-image set~f � 1
r (L ) are cut away

by the switching line SWr .
It is easy to see in Fig. 2.7 that f l (L ) n Qr 6= ; , i.e., f l (L ) is stretched out from the initial
parallelogram at the considered parameter set. Thus, a chaotic repellor with transient chaotic
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Figure 2.6: Locations of attractors of the micro-chaos map (2.19) with respect ofP̂ , with
�̂ = 0 :075, calculated using Eq. (2.25). IncreasingP̂ , the outermost �xed points
disappear due toborder-collision which causes the outermost attractors to vanish.
(The pattern of attractors and �xed points does not depend on parameters� and
D̂ .)

motion exists in this domain.

In general, if there is no trajectory which is able to escape the parallelogram, the horse-
shoe structure indicates a chaotic attractor. Therefore, the images of corner points ofL and
R at the switching line SWr should be analysed, as these states have the highest potential
to jump over the neighbouring �xed point's manifold.

Figure 2.8 shows four strange sets next to each other. Two of them (atm = 4 and m = 7)
are repellors, while the images of parallelograms do not stretch out from the initial domain
at m = 5 ; 6, thus, two separated attractors exist here. In fact, the topology resembles to
multiple adjacent baker-maps [7].

The detailed analysis of the images of these points and conditions to classify the strange
sets are provided by G. Csern�ak in [6] and are not covered in this thesis.

It can happen, that two chaotic repellors together form a chaotic attractor in the state
space. It is important to note, however, that the horseshoe structures of neighbouring strange
sets become entangled in case of extreme jumps passing through multiple control e�ort bands.
The horseshoe structures of neighbouring strange sets become entangled in case of extreme
jumps, when trajectories cross multiple control e�ort bands within a sampling period.

Large �̂ corresponds to large sampling period or large amount of inertia and can lead to
large jumps away from the origin. LargeP̂ parameter can be related to excessive control e�ort
and therefore may cause jumps towards the origin { often leading to several control bands
into the other half of the phase plane. As a consequence of these jumps, large attractors can
be formed in the phase-space, hiding the underlying pattern of saddle points and repellors.

Figure 2.9 shows the transition from separated chaotic attractors to a single chaotic
attractor formed by transient chaotic repellors.
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Figure 2.7: The schematic picture of the horseshoe-structure in the parallelogramQr = L [ R.
Here r = 4 and parameter values are� = 0 :8, � = 0 :2, P = 0 :7 and D = 0 :6.
Note, that the switching lines and stable manifolds are not necessarily parallel.

Figure 2.8: The horseshoe structures at the switching linesm = 4 ; 5; 6; 7 at � = 0 :8, � = 0 :2,
P = 0 :7 and D = 0 :6. Two trajectories are also shown, leading to disconnected
attractors.
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