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Abstract

This Ph.D. Thesis deals with motion and manipulation planning of strati�ed systems. Strati�ed systems occur

when con�guration space can be divided into submanifolds such that di�erent equations of motion are valid on

di�erent submanifolds. The change of equations of motion are related to kinematic constraints and originated in

the most mechanical systems from establishing and breaking contact points. The most important applications

from the point of view of control theory are the legged robots and object manipulations with robotic hand using

�nger relocations. An earlier method reported basic results for point to point motion planning of such systems.

This dissertation presents algorithms that improve the eÆciency of basic method and extends the applicability

of the concept.

First, we give a procedure that improves the convergency making possible to achieve desired �nal state

more precisely and, observing the initial phase of divergency, it leads the system back to the near of reference

con�gurations. In many cases, it may be necessary to steer the system not just into desired con�guration, but

to reach this con�guration at desired time. We give a procedure for the required modi�cations in algorithms to

achieve this goal.

Some important parts of manipulation tasks can be studied in strati�ed frame. The handle of intricate

constraints, however, often implies challenges. We propose a technique for parametrization that makes easier

handling such issues for strati�ed manipulation planning methods. We provide a method how to manipulate

an object having smooth surfaces which also improves the computational features and increases the freedom in

design.

We provide generalized motion planning algorithms for so-called holonomic and nonholonomic strati�ed

systems that are able to steer the system along a speci�c class of trajectories. In contrast to earlier method,

they are able to solve obstacle avoidance problem in the con�guration space.

The characteristics of algorithms are demonstrated by simulations focusing especially on two examples. The

�rst example is the motion plannning of six-legged robot while the second task which emerges often is the object

manipulation with robotic hand equipped with 4 �ngers.
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Kivonat

Ez a Ph.D. �ertekez�es r�etegezett rendszerek mozg�as- �es manipul�aci�otervez�es�evel foglalkozik. R�etegezett rend-

szerek akkor fordulnak el}o, amikor a kon�gur�aci�os t�er r�eszsokas�agokra bonthat�ok oly m�odon, hogy minden

r�eszsokas�agon k�ul�onb�oz}o mozg�asegyenletek �erv�enyesek. A mozg�asegyenletek megv�altoz�asa kinematikai k�enysze-

rekhez k�ot}odik �es a mechanikai rendszerek t�obbs�eg�eben a kontaktuspontok megsz}un�ese �es kialakul�asa hozza l�etre.

Ir�any��t�aselm�eleti szempontb�ol a l�epeget}o robotok �es az ujj�athelyez�esekkel oper�al�o robotkezes t�argymanipul�aci�ok

alkotj�ak a legfontosabb alkalmaz�asokat. Kor�abbi m�odszer eredm�enyeket mutatott be az ilyen rendszerek pont-

pont mozg�astervez�es�ere.

Ez a disszert�aci�o az alapm�odszer hat�ekonys�ag�at n�ovel}o algoritmusokat mutat be, amelyek kib}ov��tik a kon-

cepci�o alkalmazhat�os�ag�at is.

El}osz�or elj�ar�ast adunk az alapm�odszer konvergenci�ajanak jav��t�as�ara, amely lehet}ov�et teszi a k��v�ant �allapot

pontosabb el�er�est �es a divergencia kezdeti f�azis�at meg�gyelve visszavezeti a rendszert a referencia kon�gur�aci�ok

k�ozel�ebe. Sok esetben sz�uks�eg lehet arra, hogy ne csak a k��v�ant kon�gur�aci�oba vezess�uk a rendszert, hanem,

hogy ezt a kon�gur�aci�ot meghat�arozott id}oben �erj�uk el. Elj�ar�ast adunk arra, hogy egy ilyen c�el megval�os��t�asa

milyen m�odos��t�ast ig�enyel az algoritmusokban.

A manipul�aci�os feladatok egy fontos r�esze r�etegezett megk�ozel��t�esben is t�argyalhat�o. A fell�ep}o bonyolult

k�enyszerek kezel�ese azonban sok esetben kih��v�asokat jelentenek. Olyan parameterez�esi elj�ar�ast javasolunk,

amely lehet}ov�e teszi ilyen probl�em�ak k�onyebb kezel�es�et a r�etegezett manipul�aci�o-tervez�esek sz�am�ara. M�odszert

adunk sima fel�uletekkel rendelkez}o t�argyak r�etegezett manipul�aci�o tervez�es�ere, amelyek a kor�abbi technik�ak

sz�am��t�asi tulajdons�ag�ait is jav��tj�ak �es egy�uttal n�ovelik a tervez�es szabads�agfok�at is.

Egy �altal�anos��tott r�etegezett mozg�astervez�esi algoritmust adunk az �un. holon�om �es anholon�om r�etegezett

rendszerekre, amelyek lehet}ov�e teszik speci�alis trajekt�oriat��pusok k�ovet�es�et. Ez a tulajdons�ag, a kor�abbi

m�odszerrel ellent�etben, lehet}ov�e teszi akad�alyok elker�ul�es�et a kon�gur�aci�os t�erben.

A bemutatott algoritmusok tulajdons�agait szimul�aci�okkal demonstr�aljuk, amelyek k�oz�ul kiemelt szerepet

j�atszik k�et p�elda. Az egyik p�elda a hatl�ab�u robot mozg�astervez�ese, m��g a m�asik, gyakran el}ofordul�o feladat a

n�egyujjas robotk�ezzel megval�os��tott t�argymanipul�aci�o.
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Chapter 1

Introduction

Mankind is in strong relation with systems from his environment. In order to make our life eÆcient, it is

bene�cial to get acquainted with them and use them responsibly in our service. It is especially valid for those

systems, machines that are created by our own work. The two goals are achieved by analysis and synthesis.

The analysis involves abstraction, modeling of systems and concentrating only on few key features. The

models presented in engineering sciences do not re
ect comprehensive descriptions but they are suÆcient to

make the model relevant from a certain point of view. In general, di�erent modeling levels may exist depending

on which one can be handled within the frame of the actual methodology of synthesis. For example, the

kinematic and dynamic models are typical representations in mechanics. Another important property of a

system that attracts the attention of system scientists nowadays appears when the equations of motion are

nonlinear instead of the simpler linear ones.

As an illustration, consider a complex mechanical system such as a six-legged robot in Figure 1.1 which will

play important role in further investigations. In our discussion, the legs are divided into two groups (legs 1, 3,

5 and legs 2, 4, 6) and the legs in the same group move in the same manner. This simple modeling allows two

degrees of freedom for legs, the �rst one is responsible for lifting legs up and down (breaking and establishing

the contact with the terrain) while the second one moves legs forward and backward. It is easy to see that

every foot in contact with the ground realizes a (kinematic) constraint. The feet of the robot are not allowed

to penetrate into the ground and all the contacts are frictional. The six-legged robot has a peculiarity that

makes interesting its exploration. It is a typical example of those systems whose equations of motion depend on

the actual constraints i.e. on the collection of legs contacting the ground. The systems with this property are

de�ned as strati�ed systems (see Goodwine (1998a)). The most common discontinuous systems of this kind are

the walking robots and manipulation systems using �nger relocations. In spite of smooth systems, the equations

of motion of strati�ed systems may change discontinuously at certain states.

In general, the synthesis of system aims to put subsystems together to achieve desired behaviors and char-

acteristics. Such a composition of subsystems forms a class of control system. Here, one of the subsystems is

1
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Figure 1.1: Simple model of six-legged robot

the plant. Its regulation and control are the main part of the whole synthesis. Its outputs represent the system

variables that should evolve according to given speci�cations. In addition, controller design is also subjected to

restrictions and realization issues. It is the controller that possesses primarily the responsibility to satisfy the

requirements. In open-loop architecture, the control algorithm computes the eligible plant input without using

output as seen in Figure 1.2. If there is a feedback from the output to the controller then the control system is

implemented in closed loop (Figure 1.3). In this case, it is possible to take into consideration the error between

output and desired reference signal for improving the system properties.

Consider again the example of six-legged robot (Figure 1.1). Its open-loop control illustrated on Figure 1.4

is to solve a motion planning problem. The outputs of the robot are usually its position and orientation while

its inputs are the leg motion. An obvious question arises, how should one drive the legs in order to lead the

robot from an initial position and orientation to a desired position and orientation, possibly along a desired

path. One can state motion planning problem more generally if in addition to the positions and orientations

one also considers the whole state vector including the inner variables of the robot. Such problems concerning

strati�ed systems are addressed in this dissertation.

There exist alternative concepts to control a nonlinear system. Some of them (e.g. methods based on soft

computing or linearization) prefer not to be directly involved in the nonlinear equations of the system. They

rather try to apply approximations (even at the level of modeling) or trace back the problem to the control of

linear system, if it is possible.

The results in this thesis are based on di�erential geometry which exploits that several achievements of

nonlinear control can be associated with expressive geometric interpretation. As an advantage, geometric view

is able to suggest new ideas how to control a nonlinear system. Thanks to this property, di�erential geometry

and Lie algebra play increasing role in modern control theory. Their mathematical foundation can be found in

some books, for example see Abraham, E., Marsden, and Ratiu (1988), Varadarajan (1994), Serre (1992), Lang

(1999), Olver (1993), Lantos (2003). The fundamental issue is to solve vector di�erential equations by means of

suitable operations on vector �elds generated by the system. From control aspect, Isidori (1996), Nijmeijer and
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yur
PlantController

Figure 1.2: Open loop control architecture (y is the output, u is the input of the plant, r is the speci�cations

or reference signal)

van der Schaft (1990) give a comprehensive overview of main results from recent time. The relation between

some important nonlinear operations and linear systems is illustrated in Sontag (1998). For the more speci�c

robotic applications Murray, Li, and Sastry (1994) studied a uni�ed approach based on di�erential geometry.

From the general nonlinear results, many smooth motion planning algorithms have been derived in the past

few years. Most of them exploit special properties. For example, there exist eÆcient methods for di�erentially


at systems (Fliess, L�evine, Martin, and Rouchon (1995), Kiss (2001)). They establish a special relationship

between control input and output function that makes the motion planning and control easy in this case.

Another class of systems having special structure are the chained systems. They are controlled by sinusoids

inputs (Murray and Sastry (1993), Xu, Ma, and Tso (1999)). It may also be possible to exploit such special

features in locomotion. These approaches are based on a special investigation of locomotion from point of view

of geometric phases, successfully applied for many systems that have periodic motion in characteristics such

as mobile robots, snakelike robots (see Kelly and Murray (1995)). A smooth motion planning algorithm for

general (but nilpotent) smooth system was proposed in La�erriere and Sussmann (1991), Sussmann (1992).

This technique plays a central role in this dissertation. First of all, this is a quite general approach for smooth

system which can also be extended to more general class of systems (strati�ed system) introduced later on. On

the other hand, the method has a main drawback since it is not able to steer the system along a desired reference

trajectory, it assures only to reach or approximate a �nal con�guration. Approximation occurs if the smooth

system is not nilpotent. For this case, nilpotent approximation can be applied as was proposed for example in

Vendittelli, Oriolo, and Laumond (1999). Digital version of the algorithm in La�erriere and Sussmann (1991)

was developed in Monaco and Normand-Cyrot (1992). To solve the trajectory tracking problem, Sussmann and

Liu (1993), Sussmann and Liu (1991) o�er a bit abstract solution using highly oscillatory inputs. This method

claims also a signi�cant role in some part of this work.

Motion planning problem for strati�ed systems are more complicated. Its major reason comes from the fact

that the exact form of actual vector �elds depends on the actual constraints and it de�nes di�erent subsystems.

For example, consider the motion of hexapod robot while it is swinging one of the leg groups backward on

the ground. This results a speci�c robot motion if the actuated legs are on the ground and another motion if

the actuated legs are in the air. If one wants to steer such a system into a �nal state, the control and motion
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PlantController

Figure 1.3: Closed loop control architecture (y is the output, u is the input of the plant, r is the speci�cations

or reference signal)

yur
Six−legged robotMotion Planning Algorithm 

Figure 1.4: Motion planning problem of a (six-legged) robot is solved by an open-loop control.

planning algorithm require more sophisticated approaches than it occurred at smooth systems, because none of

the subsystem is controllable in itself, however one may have a chance to steer the robot to desired con�guration

if connections and transitions are established between them. Some methods such as Ma, Tomiyama, and Wada

(2002), Ostrowski and Burdick (1993), Collins and Stewart (1993) develop morphology for the robot gaiting

and they intend to provide foot placement concepts.

The most important feature of strati�ed motion planning is that exploiting the geometry of the system

it develops a general approaches without designing contact (foot or �nger) placements. In order to handle

discontinuous nature, it uni�es the subsystems into one abstract system under some carefully chosen conditions.

The fundamentals of strati�ed motion planning concept were established in Goodwine (1998a). The theory

is based on the newly de�ned notion of strati�ed controllability and provides tests for this property. The

controllability test and a basic strati�ed control were extended to walking robots (Goodwine (1998a), Goodwine

and Burdick (2001)) and they were also proposed to manipulation problems with �nger relocation (Goodwine

(1998b), Goodwine (1999)). Independently from the proper physical system, strati�ed motion planning exploits

the special structure of geometry and o�ers a general approach that steers the robotic system into a desired

con�guration.

Some related works for walking robots and manipulation systems

The most common strati�ed systems are the walking robots and those manipulations which use �nger reloca-

tions. An important aspect in their control design is that a trade o� appears between the simplicity of the

controller and robotic system. If the robotic system possesses many degrees of freedom then it is easier to
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develop a control strategy for it. On contrary, if a robotic system is simple (such as the six-legged model dis-

cussed above), the control algorithm needs some sophistication. Strati�ed motion planning follows the second

case. Simple robot model satis�es the conditions the strati�ed approach assumes, however, the algorithm uses

extensive mathematical tool.

Consider �rst the walking robots. Its study began with Raibert's fundamental work (Raibert (1986)). In spite

of strati�ed control, most of investigations involving legged locomotion concentrate on a particular morphology

such as for example hopping robots in Koditschek and Buehler (1991), Ahmadi and Buehler (1997), Zeglin

(1999), Hyon and Emura (2002), biped robots in McGeer (1990), Ono, Takahashi, and Shimada (2001), Pratt,

Chew, Torres, Dilworth, and Pratt (2001), quadruped robots in Song and Waldron (1989), Ma, Tomiyama,

and Wada (2002) or hexapod robots in Ostrowski and Burdick (1993), Collins and Stewart (1993), Schmitt and

Holmes (2000a) and Schmitt and Holmes (2000b). Their strategy are mostly based on periodic motion patterns.

There exist strategies for example Pfei�er, Eltze, andWeidemann (1995) and Cruse, Bartling, Cymbalyuk, Dean,

and Deifert (1995) that come from biological principles or ideas. Of course, there are concepts which are based

on individual mechanical modeling (Berns, Albiez, Kepplin, and Schmalenbach (2001) and Spenneberg and

Kirchner (2001)). However, if the robot model is simple (which is the case in this dissertation), the control

strategy should exploit special properties such as the particular geometry of the robot.

Some motion planning philosophies relied on special but generally stated properties like strati�ed control

are reported for example in Bullo and Lynch (2001) and Bullo and Zefran (2002a). Most of them are applied to

a certain kind of hybrid systems where a switching strategy between subsystems is necessary to be elaborated.

For hybrid systems, it is also bene�cial to exploit the symmetries of the system (Bullo and Zefran (2002b)).

Another representative class of strati�ed applications are the manipulation systems. A possible arrangement

is seen for example in Figure 1.5. There exist three categories of manipulation task for multi-�ngered hand

systems: a) the object manipulation tries to reach the desired object con�guration without considering the

contact con�guration; b) the grasp adjustment attains the desired contact con�guration by disregarding the

object con�guration; and c) dextrous manipulation leads the robot hand to its �nal state taking into account

the desired object and contacts con�guration, respectively.

All the three strategies mentioned above need a contact model to establish an unambiguous description

between the object and the robotic hand. Several contact models are discussed for example in Murray, Li, and

Sastry (1994). Most planning algorithms regard point contact without friction, the point contact with friction

or the soft �nger contact models. The planners also incorporate �xed, sliding and rolling contact points based

on the friction model. A good overview about the manipulation philosophies can be found in Bicchi and Kumar

(2000).

The �xed contact points o�ers a simple object manipulation philosophy where the location of the contact

points does not change relatively to the object frame (Chevallier and Payandeh (1995)). To accomplish a grasp
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Figure 1.5: Schematic view of robotic manipulation system with four �nger (the 4th �nger is behind the

object)

adjustment, Hong, La�erriere, Mishra, and Tang (1990) suggested a �nger gaiting technique where the contacts

are temporary broken during the �nger relocations. Restriction arises when the �ngers reach the limit of their

workspaces. This situation then requires a regrasping algorithm such as Han and Trinkle (1998a).

The rolling contact is able to complete the object manipulation, grasp adjustment and dextrous manipulation

task, respectively, see for example Bicchi, Marigo, and Prattichizzo (1998), Han, Guan, Li, Shi, and Trinkle

(1997), Kiss, L�evine, and Lantos (1999). Although this approach does not need extra regrasping strategies,

it may need relatively complex kinematic description (Montana (1988)). The literature of the rolling contact

manipulation is very extensive. Some recently proposed algorithms have been reported in Bicchi, Marigo, and

Prattichizzo (1997), Marigo and Bicchi (2000). In general, the manipulation algorithm based on rolling contact

expects less �nger than the dextrous manipulation combining the �xed point and the �nger gaiting. However,

if the �ngers reach the limit of their workspace, the rolling contact manipulation will also need a �nger gaiting

technique (Han and Trinkle (1998a), Han and Trinkle (1998b)).

The sliding contact points can be adopted mainly for the grasp adjustment tasks. Planning controlled

slippage for improving robotic dexterity has been studied in Cole, Hsu, and Sastry (1992) and Payandeh (1997).

Dextrous manipulation involves many geometric, mechanical and control aspects which can o�er di�erent

levels of coordination of robotic hand. At the higher planning level, the algorithms reported in Cherif and Gupta

(2001), Vass, Payandeh, and Lantos (1999b) attempt to handle globally the manipulation issue decomposing the

problem into primitives, high level functions. In this case, one may consider this strategies for convex polyhedra
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and smooth objects such as Rus (1999), Cherif and Gupta (1997), Cherif and Gupta (2001) where contact points

between the object and �ngers are always maintained. Strati�ed manipulation concept (Goodwine (1998b),

Goodwine (1999)) and other similar approaches, Omata and Farooqi (1996), Leveroni and Salisbury (1995),

Grupen, Huber, Jr., and Souccar (1995), Huber and Grupen (2002) allow repositioning of �ngertips. Another

trait of strati�ed manipulation planning is that it may be placed between the higher planning manipulation

planning and the lower level manipulation strategies such as Yoshikawa (2000), Zefran, Desai, and Kumar (1996)

where more complex dynamic models are regarded.

Outline and Contribution of this Dissertation

The main contribution of this thesis is the extension and modi�cation of general results of basic strati�ed motion

planning that improve the eÆciency of algorithms, in particular consideration of legged robotic systems and

manipulation systems using �nger relocations.

Chapter 2 reviews the earlier smooth and strati�ed motion planning algorithms used in this thesis. To do

so, the most important results, de�nitions from smooth and strati�ed control theories are summarized such as

smooth and strati�ed controllability. Also, the chapter aims to transmit the philosophy of strati�ed approach.

Chapter 3 contains two improvements of basic strati�ed motion planning algorithm. The �rst contribution

is an algorithm for adaptive insertion of reference points based on on-line experiences while the motion planning

algorithm is running. This algorithm improves the convergence properties of basic strati�ed approach. The

second contribution of this chapter is an algorithm which makes the reaching of reference points at desired time

points possible. This is an extension of basic strati�ed motion planning which allowed to prescribe only the

location of reference points without regarding time issues.

Chapter 4 contains three new manipulation planning algorithms based on strati�ed concept. The contribu-

tions of this chapter are based on a new description which �ts well to strati�ed concept. The proposed methods

reduce the sometimes very complicated symbolic computations to almost pure numerical ones. They provide

easily interpretable path. The �rst method can be applied to dextrous manipulation in a restricted workspace

while the second one performs an object manipulation but assuring force closure stability and collision avoid-

ance. As a new extension of them, the third method is able to in
uence the path according to a desired object

motion and �nger tip motions above the surface in the con�guration space.

Chapter 5 contains a holonomic strati�ed motion planning along decomposed trajectories. The contribution

of this chapter is a motion planning algorithm that is able to steer a holonomic strati�ed system along special

class of reference trajectories. It is an extension in comparison with previous strati�ed techniques that were not

able to in
uence the shape of trajectory, they could only reach a desired �nal point. The method can also be

used for solving obstacle avoidance problems. The chapter presents the theory of the new concept, the motion

planning algorithm based on the theoretical results and it discusses how to plan reference trajectories which are

optimal from certain point of view. It is also studied how to approximate complex symbolic computations.

Chapter 6 contains nonholonomic strati�ed motion planning along decomposed trajectories. The contribution
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of this chapter is an extension of the results of Chapter 5 to nonholonomic case. It is achieved by introducing

new de�nitions, notions setting up a new foundation for nonholonomic strati�ed approach.

Finally, Chapter 7 summarizes the results and outlines the possible alternatives for future work.

Fundamental de�nitions and concepts of di�erential geometry and Lie algebras extensively used in the thesis

are summarized in Appendix.



Chapter 2

Review of Nonlinear Motion Planning

Methods

This chapter overviews some results of nonlinear control theory this dissertation is based on. Most of the

concepts involve motion planning problem, as a speci�c area of the more general control theory.

The �rst section presents the description of smooth nonlinear systems from control aspect that is endowed

with mathematical machinery. There are also given the most important de�nitions related to motion planning

problem. Motion planning algorithms have a very extensive literature. Some representative samples were

reported in Murray and Sastry (1993), Kelly and Murray (1995), La�erriere and Sussmann (1991), Xu, Ma,

and Tso (1999), Sussmann and Liu (1991), Vendittelli, Oriolo, and Laumond (1999). Here, two smooth motion

planning algorithms are summarized, both play important role in the next chapters. The �rst one solves the

problem along sequence of 
ows (SF). This method is a general motion planning method and also the core of

basic strati�ed control introduced in Section 2.2. The second algorithm outlines a smooth motion planningusing

highly oscillatory sequence (HOS) of 
ows. This method is not a part of basic strati�ed motion planning but

plays crucial role in Chapter 6.

The second section sets up the foundation of basic strati�ed motion planning focusing primarily on the

geometry, controllability and realization of strati�ed systems introduced by Goodwine (1998a). The main goal

of this thesis is to extend and improve the eÆciency of basic strati�ed motion planning algorithm in Chapter 3

- Chapter 6.

2.1 Smooth Control Systems

This section reviews the issue of smooth controllability and, using the results, it summarizes two smooth motion

planning methods. The reader �nds the de�nition of basic notions related to control theory in Isidori (1996),

Nijmeijer and van der Schaft (1990) and Sussmann (1992) while details of the two motion planning algorithms

9
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can be found in La�erriere and Sussmann (1991), Sussmann and Liu (1993) and Sussmann and Liu (1991).

2.1.1 Controllability

A smooth nonlinear control system is generally given, in state space form, by means of set of equations of the

following type

_x = f(x) +

mX
i=1

gi(x)ui

yi = hi(x) 1 � i � p (2.1)

where x = (x1; : : : ; xn)
T is the state vector of the system, f(x) and gi(x) are (practically real analytic) vector

�elds, ui are the inputs, yi are the outputs of the system. In equation (2.1), m is the number of inputs, p is

the number of outputs and n denotes the dimension of the state space. In applications, the name con�guration

space is often used as a synonym of state space. The inputs do not have direct impact on outputs, they in
uence

outputs only via x. For this reason, many discussions similar to the ones in this work omit simply the outputs,

they rather express the problem immediately with state vector. The term f(x) is called drift and it requires

extra attention at the most time since it is not connected to any input. Drift generally complicates control

algorithms and considering this argument, it is neglected in this discussion. In what follows, only nonlinear

kinematic systems of the form

� : _x = u1g1(x) + : : :+ umgm(x) = G(x)u; dim(x) = n (2.2)

are regarded. Kinematic systems are also called driftless or control linear systems.

The main issue this dissertation involves is the motion planning problem.

De�nition 1. Consider a kinematic system given by (2.2). The point to point motion planning problem

consists of �nding an input trajectory t ! (u1(t); : : : ; um(t)) that steers the system from a given initial state

xI to a desired �nal state xF . The motion planning problem along trajectory (or trajectory tracking problem)

consists of �nding an input trajectory t ! (u1(t); : : : ; um(t)) that steers the system (2.2) along a trajectory

x(t) that coincides with a desired reference trajectory xd(t) i.e. x(t) = xd(t) for all t.

Motion planning problem is a simpli�ed control problem where one endeavors to obtain suitable inputs for

reference trajectory (or �nal state) in ideal case disregarding disturbing e�ects. In order to decrease or eliminate

errors, one should devise closed loop architecture which is, however, not subject of this work.

One may think that a trajectory tracking problem selecting representative points from reference trajectory

turns into a sequence of point to point motion planning problems, if suitable re�nement is applied. It means

that representative points from reference trajectory are the initial and �nal states of the point to point motion

planning problems. Note, however, that even in this case, the two problems are di�erent. Trajectory tracking

solves a continuous problem while the sequence of point to point motion planning problems is a discretized task,

maybe with �ne resolution, but the trajectory between representative states are still not determined. Obstacle

avoidance problem will clarify the di�erence later.
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Motion planning methods rely on some basic notions of control theory which are exposed now. The vector

�elds g1(x); : : : ; gm(x) generate a distribution � i.e.

� = spanfg1; : : : ; gmg: (2.3)

where � is typically nonsingular in control applications. It is seen that distribution generalizes vector �elds by

their bundling, hence, the question arises how to extend some notions derived from vector �elds to distributions.

It is known (Appendix, de�nition A-10) that integral curve is de�ned by integration of single vector �eld which

is actually the solution of a di�erential equation. The integral curve in parameterized form de�nes the 
ow

�(x; �) of a simple system _x = g(x). The parameter � is replaced by time in system theory and then �(x; �)

de�nes a trajectory for every initial condition. The main di�erence in the case of distribution that it contains

more than one vector �eld. The inputs ui can be regarded as parameters. The key issue now how to obtain

the possible states of (2.2) that can be reached from an initial state xI . Similarly to the integration of vector

�elds, one should de�ne the integration of (nonsingular) distributions.

De�nition 2. Am-dimensional distribution � de�ned on an open set U 2 Rn is said to be completely integrable

if, for each xo 2 U there exists a neighborhood Uo of xo, and n�m real-valued smooth functions h1; : : : ; hn�m,

all de�ned on Uo such that

spanfdh1; : : : ; dhn�mg = �?; dhi =
@h

@xi
; i = 1; : : : n�m (2.4)

on Uo where dhi is called the di�erential or the gradient of hi.

It is expected that if the integration of a single vector �eld (i.e. 
ow) determines the points where the system

_x = g(x) goes through then the integration of a distribution determines the points where the system (2.2) can

move from a �xed xI . The next theorem asserts when a distribution is completely integrable.

Theorem 1. [Frobenius)]. A nonsingular distribution is completely integrable if and only if it is involutive.

Theorem 1 reveals why the Lie bracket in di�erential geometry and nonlinear control theory is so important.

The system is not restricted to develop only in the directions assigned by control linear combinations

v = g1u1 + : : :+ gmum (2.5)

of vector �elds gi(x) but regarding 
ow sequence in (A-34) it may reach points in Lie bracket directions,

as well. What is more, if this argument is repeated, the system may develop along recursive Lie bracket

directions of Lie brackets. Successive Lie bracket operations de�ne new and new vector �elds and they span

a Lie algebra generated by the control vector �elds. The Lie algebra de�ned this way is called control Lie

algebra and denoted by L(�g)(x) where �g = fg1; : : : ; gmg. For the brevity, the notation L(�g) is rather used

instead of L(�g)(x). If the extra vector �elds mentioned previously are added to the original distribution, they

make the distribution of control vector �elds involutive in a �nite dimensional state space. As a matter of fact,

the extended (involutive) distribution is the involutive closure of �. In accordance with the convention in the
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Appendix, notation �g = fg1; : : : ; gmg is replaced now by the indetermines �Xm = fX1; : : :Xmg where one can

simply put g1 into X1, g2 into X2 and so on. The intention of modi�cation is to emphasize that vector �elds are

considered now as operators. Again, the system may reach a point along any vector �eld V if V 2 L( �Xm), even

though the motion proceeds always only along a v de�ned in (2.5). It often occurs that more than one inputs

are activated at a given time (achieving a control linear combination of control vector �elds) which means that

permitted directions are designated not only by Xi 2 L( �Xm) but V 2 L̂( �Xm). Recall that L̂( �Xm) is the Lie

algebra of Lie series generated by �Xm. De�ne now the exponential of an element V 2 L̂( �Xm) analogously to

common power series:

Ĝ( �Xm) = fexp(V ) : V 2 L̂( �Xm)g: (2.6)

Example 1. Let m = 2, then some elements of Ĝ(X1;X2) are for example

exp(X2) = 1 + X2 + 1=2X 2
2 + 1=6X 3

2 + � � � (2.7)

exp(X1 + [X1;X2]) = 1 + X1 + [X1;X2] + 1=2X 2
1 + 1=2[X1;X2]2 + 1=6X 3

1 + 1=6[X1;X2]3 + � � � :

Recall that a simple vector �eld generates an integral curve via its 
ow, which is in fact, a one dimensional

Lie group (see the de�nition of �(g; �) in Appendix). In other words, vector �eld g is the in�nitesimal generator

of 
ow �(g; �) where �(g; �) is actually a Lie group action. Following the same argument, Ĝ( �Xm) is a Lie group

with m in�nitesimal generators. (See that for any exp(V ) 2 Ĝ( �Xm), exp(V ) exp(�V ) = 1 and Ĝ( �Xm) is closed

under multiplication, hence Ĝ( �Xm) is a group.) It follows that Ĝ( �Xm) is also a manifold M and its dimension

equals to the rank of control Lie algebra generated by �Xm (or more exactly �g = fg1; : : : ; gmg). The tangent

space TxM is spanned by the Lie algebra L(�g), i.e.

TxM = L(�g)(x):

The integral submanifold M obtained this way contains the points that the system may reach under some

control. How to �nd control from a given initial point x0 to any point in M generated from x0 is exactly the

task of motion planning algorithms.

Some basic notions in control theory are summarized now. Let M be, in general, the manifold that includes

the points where (2.2) may evolve. (Note, however, it does not necessarily contain only those points.) Given a

system with the state vector x and input vector u. Consider an open set W �M . Let RW (x0; T ) be the set of

states which can be reached up to time T i.e. the set of states x such that there exists a control u(t), 0 � t � T

that steers the system from the x(0) = xI to x(T ) = xF meanwhile x(t) 2 W for 0 � t � T .

De�nition 3. Let

R
W (x0;� T ) =

[
0���T

R
W (x0; �) (2.8)

be the set of all states reachable from x0 up to time T .

Then local controllability is de�ned as follows.
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De�nition 4. A system is small time locally controllable (or brie
y locally controllable or STLC) from x0 if

R
W (x0;� T ) includes a neighborhood of x0 for all neighborhoods W of x0 and T > 0 small.

A straightforward extension of local controllability is the accessibility property.

De�nition 5. The system has the accessibility property if � is STLC from every x 2M .

There exist a stronger but also important controllability property. Let R(�) be the set of all pairs (xI ; xF )

such that xF is reachable from xI , i.e. there exist a control t ! (u1(t); : : : ; um(t)) that steers � from xI to

xF . Then, � is completely controllable if R(�) = M �M . It is well known from Chow's Theorem that for

real analytic systems, accessibility is equivalent to Lie algebra rank condition (LARC), in other words with the

condition that L(�g)(x) = TxM . If the system has no drift (which actually holds in this work) then accessibility

is equivalent to complete controllability, as well. Otherwise, it is diÆcult to give an algebraic condition to

complete controllability condition. In this work, � has real analytic vector �elds gi, i = 1; : : : ;m on Rn which

means that complete controllability needs to suÆce condition L(�g)(x) = R
n . The condition is satis�ed if and

only if the dimension of involutive closure of � equals to the dimension of state vector x i.e. dim( ��) = n.

Beyond controllability, involutive distribution has a contribution whether a mechanical system is holonomic

or nonholonomic (Marigo and Bicchi (2000)). To see this, assume that a vector x represent the con�guration

space of a mechanical system with n dimensional manifold M
0 = R

n . Assume, the velocities _x 2 TxM
0 are

subjected to h locally independent constraints depicted in the form

A(x) _x = 0 (2.9)

where A is a codistribution consisting of h covectors, h < n and each covector is de�ned by n dimensional row

vector of real valued analytic functions. So, the matrix A has h rows and n columns.

De�nition 6. Constraints are said to be holonomic if their di�erential form (2.9) is integrable.

Holonomic constraints de�ne M 2M
0 invariant integral submanifolds of dimension n� h. (A submanifold S is

invariant if the integral curve x(t) of the system remain in S for any t and x(0) 2 S).

De�nition 7. If the constraints imply an integral submanifold of dimension n� h+ k, 0 < k � h through x,

then the constraints (and the corresponding system) are said to be nonholonomic.

The k denotes the degree of nonholonomy. The system (due to the constraints) is maximally nonholonomic

if k = h. In the point of view of the control, one can put the constrained system description from (2.9) to

(2.2). Namely, if �(x) = span(�g(x)) is an n� (n�h) annihilator of A(x) and gi(x), i = 1; : : : ; n�h denote the

columns of G(x) then all the admissible velocities _x 2 A(x)? � TxM
0 can be obtained as

_x = G(x)u =

n�hX
i=1

gi(x)ui (2.10)
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where u is the vector of quasivelocities from R
n�h . The u represents a function in time, i.e. u : R+ ! R

n�h ,

t! u(t) which is the control or input of the system. The nonholonomy of the system, i.e. the nonintegrability

of (2.9) is in accordance with the property that the distribution � = span(g1(x); : : : ; gn�h(x)) in (2.10) is

not involutive. For this reason, the terms holonomic system and involutive �g(x) = fg1(x); : : : ; gn�h(x)g will be

sometimes used as synonyms. Let �� be the involutive closure of � and let its dimension be d. In this case,

if d > n � h then the system is nonholonomic, if d = n, the system is maximally nonholonimic. In practice,

nonholonomy generates an engineer goal how one can steer a controllable n-dimensional system with less than

n actuator.

2.1.2 Smooth Motion Planning along Sequence of Flows

The following reviews the technique in La�erriere and Sussmann (1991) discussed also in Sussmann (1992) and

Murray and Sastry (1993). It generates a trajectory in the form of 
ow sequences for smooth, kinematic system

(2.2) establishing a foundation for strati�ed motion planning in Section 2.2. According to (2.2), let the system

be given by

� : _x = u1g1(x) + : : :+ umgm(x) dim(x) = n

assuming that

1. �g = fg1; : : : ; gmg are real analytic vector �elds,

2. � is completely controllable which means speci�cally that it satis�es the LARC (see Subsection 2.1.1).

If control vector �elds span the whole con�guration space then it is easy to solve the motion planning problem

since vector �elds support the moving in any direction in the con�guration space. This implies the need of n

independent control vector �elds driven by the inputs.

However, in general, the system has less input controls than n (and at the same time the system may still be

controllable). The key point is that extra possible moving directions are acquired if system develops not only

along control vector �elds but along their Lie brackets. A base of Lie algebra generated by control vector �elds

manages to �nd a systematic system of appropriate Lie brackets. One possible choice, which is applied by the

method to be introduced in this subsection, is the set of Philip Hall basis. Extending the system with these new

directions and associating �ctitious inputs to them, one can span the whole con�guration space and solve easily

the problem for this extended system. The distinct feature of the method in La�erriere and Sussmann (1991) is

that it provides a trajectory between xI and xF on the extended system as a sequence of 
ows. Flow sequence

produced by activating only one input in a time interval assigns also a sequence of vector �elds selected from

extended system. This speci�cation leads to restriction in the possible solutions for the motion planning problem

because the task is not so easy comparing with the case where one could move in any direction determined by

the combination of n independent vector �elds. In spite of the restriction, the procedure possesses a bene�t

arising from the fact that transformation between the original and extended system becomes easily computable.

The only remaining problem is to substitute extra 
ows and control inputs with original ones. Flow sequence
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philosophy reduces diÆculty coming from substitution because, by de�nition, the extra directions (de�ned along

Lie brackets) and their inputs can be replaced by suitable 
ow sequences of original control vector �elds if the

system is nilpotent (cf. De�nition 9).

Since smooth motion planning algorithm involves nilpotent systems, one needs the following de�nitions.

De�nition 8. Nilpotent Lie algebra with order k is de�ned by Lie algebra L of the vector �elds gi where all

the Lie brackets [gj1 ; [gj2 ; : : : ; [gjk ; gjk+1
] : : :]], ji 2 f1; : : : ;mg equal to zero.

De�nition 9. The system � is said to be nilpotent if its control Lie algebra L(�g) is nilpotent.

The algorithm of the smooth motion planning outlined previously consists of the following steps.

Algorithm 1. [Smooth motion planning La�erriere and Sussmann (1991)]

Step 1. System extension. Extend the system � to

�e : _x = v1g1(x) + : : :+ vmgm(x)

+ vm+1gm+1(x) + : : :+ vrgr(x)

= Ge(x)v (2.11)

where spanfg1(x); : : : ; gr(x)g = R
n and vector �elds gm+1; : : : ; gr are de�ned by the elements of the Philip

Hall basis as higher order Lie brackets of the gi, i = 1; : : :m. It is important to realize that the vector

�elds fg1(x); : : : ; gr(x)g span the whole tangent space of Rn since fg1(x); : : : ; gr(x)g are a base (namely, the

Philip Hall basis) of Lie algebra L(�g)(x) i.e. L(�g)(x) = R
n . As a consequence, n independent vector �elds of

extended system are given, supporting moving in any direction. Moving along a vector �eld can be realized

by activating the corresponding �ctitious input v. In general, the �rst m vector �elds in the original and

extended system are the same, so their corresponding inputs will coincide, as well.

Step 2. Steering the extended system �e along any arbitrary path. Attain a control v that steers the extended

system �e from xI to xF . Since vector �elds of �e span R
n , it is easy to design the �ctitious input v to the

desired path. One regards usually the simplest path, the straight-line path between xI and xF . Based on

this, one can obtain v = (v1; : : : ; vn) from the equation _x = Ge(x)v.

Step 3. Solving motion planning problem for extended system �e as a sequence of 
ows. Fictitious control v

solved previously the motion planning problemfor extended system according to arbitrary desired trajectory

between xI and xF . In this step, a special solution (from the �ctitious control v) is obtained as a sequence of


ows along control vector �elds of extended system. (Solution of this type is very important for the strati�ed

motion planning.) The step is broken into two parts:

I. Search the solution of the motion planning problem for �e as a 
ow sequence. In this step, it is useful

to introduce a convention in the notations. Let the vector �eld g(x) be replaced by the notation xg, so

the vector �eld is written on the right. Similarly, t! xe
tg is the integral curve of g passing through x at

time t = 0, so the machinery introduced implies that a 
ow �(x) should be replaced by x�. In general, if
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F : M ! N is a smooth map then F (x) is substituted by xF and the tangent vector v at x mapped by

F�v is denoted by vF . Based on this, in order to obtain the solution for motion planning problem , one

has to solve the formal di�erential equation Sussmann (1992)

�fe : _S(t) = S(t)(v1(t)g1 + : : :+ vm(t)gm

+ vm+1(t)gm+1 + : : :+ vr(t)gr)

on the Lie group

S = e
~h1B1 � � � e~hz�1Bz�1e

~hzBz ; (2.12)

where Bi are the Philip Hall basis, ~hi are the forward Philip Hall coordinates. Such a solution exists,

since S 2 Ĝ( �Xm) in (2.6) can be uniquely expressed in the form (2.12). It is necessary that z � n,

however the choice z = n is suÆcient and it is usually chosen. If z = n, S is a Lie group with n parameters

~h1; : : : ; ~hn. In fact, the solution S(t) solves the motion planning problem between xI and xF by means of

a 
ow sequence

xF = �(Bz;
~hz) Æ�(Bz�1;

~hz�1) Æ � � � Æ�(B1;
~h1)(xI ) (2.13)

however, one can not plan a desired path between the two points. At �rst, the system moves for a time

j~h1j along the vector �elds which is symbolized by the Philip Hall base B1 with jv1j = 1 (the sign of v1 is

determined by the sign of ~h1 and vi = 0, i 6= 1 ). After this, the system moves along the next vector �eld

represented by B2 for a time ~h2 while jv2j = 1 and vi = 0, i 6= 2 and so on up to the zth Philip Hall base

and coordinate. As a result, one gains a sequence of 
ows that leads eventually the system from xI to xF .

Note that the di�erential equation (2.12) is formal so the solution for the Philip Hall coordinates will be

formal, too. To obtain an exact solution where the equation (2.12) has numerical Philip Hall coordinates,

the next step should be performed.

II. Compute the Philip Hall coordinates by Chen-Fliess-Sussmann equation.

If the order of Bi = 1 for 1 � i � z then the corresponding forward Philip Hall coordinate is given by

~hi(t) =

Z t

0

vi(s)ds (2.14)

For other case, Bi can be given in the recursive form Bi = [Bj ; Bk] determining the corresponding forward

Philip Hall coordinate by evaluating the recursive formal integrals

~hi(t) =

Z t

0

(�vj(s)~hk(s) + vi(s))ds (2.15)

(For complete derivation, see Sussmann (1992) and Murray, Li, and Sastry (1994)).

Step 4. Obtain the control u from the Philip Hall coordinates. Actually, if the order of a Philip Hall base

is more than one then one should substitute the corresponding system motion with extra 
ow sequences

along the original control vector �elds. Since the solution of motion planning problem for extended system

�e uses the vector �elds g1; : : : ; gr separately (i.e. there is only one active vector �eld at a time), one can
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substitute separately the 
ows along gm+1; : : : ; gr with a sequence of 
ows consisting only of g1; : : : ; gm.

For this substitution, one can employ (A-34) derived from Campbell-Baker-Hausdor� formula to each 
ow

whose vector �eld is constructed by Lie brackets, i.e.

�([gi1 ; gi2 ]; �
2) � �(�gi2 ; �) Æ�(�gi1 ; �) Æ�(gi2 ; �) Æ�(gi1 ; �)(x) (2.16)

where in general, �(gi; �) denotes the 
ow along a vector �eld gi for a small time �. Here, gi1 and gi2 are

represented by (any) two control vector �elds of the original system � belonging to ui's. Following this

procedure, every 
ow in the sequence will be de�ned along precisely one of the control vector �elds of the

original system.

If the system is nilpotent, each exponential of Lie brackets can be developed exactly as a �nite combination

of the control vector �elds. Such an operation can be done by using the Campbell-Baker-Hausdor� formula.

Remark 1. If he system is not nilpotent then motion planning outlined above steers the system only approxi-

mately. It comes from two facts:

1. The Philip Hall basis is not �nite.

2. The Cambell-Baker-Hausdor� formula does not stop after �nitely many terms.

Example 2. (Computing Philip Hall coordinates) Consider a system

_x = g1(x)u1 + g2(x)u2 dim(x) = n (2.17)

and assume that (2.17) is nilpotent of order k = 4 and n = 6.

The Philip Hall coordinates are to be obtained as follows. Since n = 6, it is necessary to �nd at least six Philip

Hall basis. Vector �elds g1(x) and g2(x) generate a nilpotent Lie algebra of order 4, hence Philip Hall basis to

be inserted in 
ow sequence are written as

B1 = g1

B2 = g2

B3 = [g1; g2]

B4 = [g1; [g1; g2]]

B5 = [g2; [g1; g2]]

B6 = [g1; [g1; [g1; g2]]]

B7 = [g2; [g1; [g1; g2]]] (2.18)

By assumption, n = 6 and (2.17) is completely controllable, hence one can construct any trajectory between any

xI 2 R6 and xF 2 R6 using the �rst six Philip Hall basis B1; : : : ; B6 and the �ctitious input v 2 R6 associated.

Let B = (B1; : : : B6) and regard the straight-line trajectory between x(0) = xI and x(T ) = xF where T may be

prescribed. Then, extended system reads

_x(t) = B(x)v(t) (2.19)
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and exploiting that

_x =
xF � xI

T
= � (2.20)

it yields the �ctitious input v = B
�1(x)�. The Philip Hall coordinates are obtained by recursive integrals

~h1(t) =

Z t

0

v1(s)ds

~h2(t) =

Z t

0

v2(s)ds

~h3(t) =

Z t

0

(�v1(s)~h2(s) + v3(s))ds (2.21)

~h4(t) =

Z t

0

(�v1(s)~h3(s) + v4(s))ds

~h5(t) =

Z t

0

(�v2(s)~h3(s) + v5(s))ds

~h6(t) =

Z t

0

(�v1(s)~h4(s) + v6(s))ds

~h7(t) =

Z t

0

(�v2(s)~h4(s)ds

Note, that n = 6 implies v7 � 0.

Example 3. Let be given a simple smooth nonlinear system

0
BBB@

_x1

_x2

_x3

1
CCCA =

0
BBBBB@

cos(x1)

sin(x1 + x3)

sin2(x2)

1
CCCCCAu1 +

0
BBBBB@

1

cos(x3)

cos(x1)

1
CCCCCAu2 = g1(x)u1 + g2(x)u2 (2.22)

Consider motion planning problemthat consists of �nding input that steers the system (2.22) from xI = (0 0 0)T

to xF = (0:5 1 2)T during t = 2 sec.

The two vector �elds de�ne Philip Hall basis, however, n = 3, hence one should �nd the third Philip Hall basis

to attain the extended system. De�ne g3 = [g1; g2] that completes the extended system

0
BBB@

_x1

_x2

_x3

1
CCCA =

0
BBBBB@

cos(x1)

sin(x1 + x3)

sin2(x2)

1
CCCCCA v1 +

0
BBBBB@

1

cos(x3)

cos(x1)

1
CCCCCA v2

+

0
BBBBB@

sin(x1)

� sin(x3) sin
2(x2)� cos(x1 + x3)� cos(x1 + x3) cos(x1)

� sin(x1) cos(x1)� 2 sin(x2) cos(x2) cos(x3)

1
CCCCCA v3

= g1(x)v1 + g2(x)v2 + g3v3 = Gev (2.23)

Now, one can obtain an input v that steers extended system from xI to xF along straight-line trajectory:

v = G
�1
e

xF � xI

T
(2.24)
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Using the values of v, the integrals (2.14) and (2.15) can be evaluated resulting the forward Philip Hall

coordinates

~h1 = �1:5 ~h2 = 2 ~h3 = 2 (2.25)

The Philip Hall basis and Philip Hall coordinates de�ne together a 
ow sequence that solve the motion planning

problem

xF � �([g1; g2]; 2) Æ�(g2; 2) Æ�(�g1; 1:5)(xI ) (2.26)

The 
ow evolving along [g1; g2] can be substituted by a new 
ow sequence using (2.16). The total 
ow sequence

achieves the �nal form

xF � �(�g2;
p
2)�(�g1;

p
2)�(g2;

p
2)�(g1;

p
2) Æ�(g2; 2) Æ�(�g1; 1:5)(xI) (2.27)

The motion planning presented is a general approach and brings a foundation for basic strati�ed motion

planning algorithm in Section 2.2. A study in La�erriere and Sussmann (1991) reveals some drawbacks. First,

the smooth system is not nilpotent generally, which concludes that smooth motion planning achieves only an

approximation i.e. x(T ) 6= xF . There is given analytical formula in La�erriere and Sussmann (1991) for critical

distance. If the distance between xI and xF is less than the critical distance, the resulting trajectory converges

to xF in the sense that x(T ) is closer to xF than to xI . However, there is no theoretical result for critical

step length, it should be obtained experimentally in simulation. To see this, let R be a bounded region where

motion planning algorithm works and let xI and xF be the initial and �nal states, respectively. Denote the

critical distance by Dcr. Let Da be the admissible step length for R and let � be the permissible error. Then

the iterated algorithm for achieving a desirable error that is less than � is the following.

Algorithm 2. [Reaching arbitrary small error La�erriere and Sussmann (1991)]

Step 1. Let x0 = xI , i = 0.

Step 2. Perform Algorithm 1 to go from xi to yi where

yi = xi +min(1;
Da

ky � xik
)(y � xi): (2.28)

Step 3. Let xi+1 = yi.

Step 4. If ky � xi+1k � � stop, else i = i+ 1 and go to Step 2.

Theorem 2. (La�erriere and Sussmann.) If 0 � Dcr and y � x = �Dcr then Algorithm 2 stops in at most

2� + log2
Da

�
steps.

A similar algorithm for critical distance, alternative to La�erriere and Sussmann (1991) is proposed in

Chapter 3. Another purpose of that chapter is to deliver an algorithm allowing to achieve �nal state xF at a

desired time t. Note, that all the Philip Hall coordinates depend on t however their sum do not necessarily

equal to t. A simple scaling method proposed in Chapter 3 overcome this inconvenience. To disclose the main
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diÆculty this algorithm displays, one should just realize it fails to follow any kind of trajectory. While basic

strati�ed motion planning inherits this property in Subsection 2.2.3, Chapter 5 and Chapter 6 are involved in

developing response to the challenge.

2.1.3 Smooth Motion Planning using HOS of Inputs

This section outlines the idea of smooth motion planning with highly oscillatory sequence (HOS) of inputs.

The algorithm was elaborated by Sussmann and Liu (Sussmann and Liu (1991)), based on quite mathematical

foundations not allowing the profound discussion here. For details, reader is referred to the original work. The

paper Sussmann and Liu (1993) demonstrates the algorithm on an illustrative example and provides a better

understanding of the technique. The results yield approximate tracking for controllable (smooth) systems

without drift. Obviously, such a method o�ers bene�ts in obstacle avoidance problem, since it steers the system

along a trajectory.

Highly oscillatory control starts, similarly to 
ow sequence philosophy in Subsection 2.1.2, from smooth

controllable nonholonomic system without drift given in the form

_x(t) =

mX
k=1

uk(t)fk(x(t)) dim(x) = n (2.29)

where f1; : : : ; fm are smooth vector �elds on a smooth manifold M . Assume, that (2.29) is controllable i.e.

satis�es the Lie Algebra Rank Condition (LARC). The "Lie bracket extension" of (2.29) is de�ned by

_x(t) =

rX
k=1

vk(t)fk(x(t)) dim(x) = n (2.30)

where the �rst m vector �elds coincide with f1; : : : ; fm in (2.29) and the new admissible directions fm+1; : : : ; fr

are Lie brackets of the fi, i 2 f1; : : : ;mg. Obviously, (2.30) is much "richer" than (2.29) in the sense that

(2.30) is allowed to follow any trajectory easily by means of its numerous vector �elds while (2.29) meets

diÆculties because of having less than n vector �elds. A reasonable goal is to �nd a sequence of trajectories of

(2.29) generated by u that converge to a prescribed smooth trajectory of (2.30).

The idea is to convert the problem rather in terms of convergence of inputs than that of trajectories. Consider

a sequence of inputs uj = (u
j
1; : : : ; u

j
m) 2 L

1([0; T ];Rm) and let x(0) be the initial condition. If the controls

u
j converge to an input u1 in some sense then it involves that their generated trajectories xj converge to x1

driven by u1. De�nition of such a convergence needs uj to remain bounded in L1 norm as j !1. If this does

not hold, the convergence of xj to x1 may fail, as well. An interesting and important fact, however, is that xj

may still converge to a trajectory x
1 of (2.30) which may fail to be a trajectory of (2.29). To demonstrate

how this approximation works on a simple smooth system, see the next example.

Example 4. De�ne the smooth nonlinear system satisfying LARC by

_x1 = u1 _x2 = u2 _x3 = u2x1 (2.31)
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with initial condition x(0) = (0; 0; 0)T . Now, choose uj(t) =
p
j(cos jt; sin jt) converging to 0 in the sense that

their inde�nite integrals

U
j(t) =

Z t

0

u
j(s)ds (2.32)

converge to 0 uniformly. It turns out, however, that xj(t) converge uniformly to x1(t) = (0; 0; t=2)T while the

amplitudes of uj converge to in�nity. Indeed, if one de�nes f3 = [f1; f2], then it follows f3 = (0; 0; 1)T in the

example. As a consequence, x1(t) represents a trajectory of the system _x = 0:5f3(x). Keep in mind that f3

is independent from f1 and f2 even though the trajectory along f3 was produced by the inputs of f1 and f2.

Exactly, that will be the main point in the method based on HOS. It allows the convergence to a trajectory

which is de�ned on the integral submanifold of involutive closure of the distribution spanned by the control

vector �elds of the system.

To state the results of the theory, one should introduce some notations.

De�nition 10. The uj is said to be ii(r) convergent to h i.e. it converges to h = fhIgjIj�r in the r-th order

iterated integral sense if all the iterated integrals

U
j
I :=

Z t

0

� � �
Z tk�1

0

u
j
i1
(t1) u

j
i2
(t2) � � �ujik (tk) dtk : : : dt1 (2.33)

converge uniformly, as j ! 1 to the inde�nite integrals HI of certain L
1 function hI , for all multiindices

I = (i1; : : : ; ik) 2 f1; : : : ;mgk, k = 1; 2; : : : such that j I j:= k � r.

De�nition 11. The uj is said to satisfy the r-th order boundedness condition or bc(r) if certain sequences of

functions ~ujI related to multiindices I , can be chosen to be bounded in L
1 norm for j I j= r.

Remark 2. Both De�nition 10 and De�nition 11 are derived from the extension of classical ones (Sussmann and

Liu (1991)).

It is useful now to recall and extend some notations from Appendix. Let XI := Xi1 � � � Xik for the multiindices

I . Then, an extended input is an L̂( �Xm) valued function v on an interval [0; T ]. Extended input v is integrable

in the sense that all the functions vI (t) are integrable in v(t) =
P

I vI (t)X�I (�I = (ik; : : : ; i1) if I = (i1; : : : ; ik)

and the labeling �I was introduced in the original work only for the sake of convenience in order to �t it to the

order of vector �elds in the Lie brackets). An ordinary input u = (u1; : : : ; um) can be considered now as an

extended input, identi�ed by the function u(t) = u1(t)X1 + � � �um(t)Xm.

Now, the main results of Sussmann and Liu (1991) can be used which asserts when the convergence to a

trajectory along an extended input is possible.

Theorem 3. (Sussmann and Liu (1991)). Let fujg1j=1 be a sequence of input functions belonging to L1([0; T ];Rm).

Let r be a positive integer.

Assume that

C1. fujg ii(r)-converges to an extended input v of order � r.

C2. the sequence fujg satis�es the boundedness condition bc(r) with respect to v.
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Assume that f1; f2; : : : ; fm are vector �elds of class Cr�1 on manifold M of class Cr. Assume also that

initial value problem

_x(t) =
X
jIj�r

(�1)jIj�1
j I j vI(t) [fI ] (x); x(0) = �x (2.34)

has a unique solution t! x
1(t) which is de�ned on the interval [0; T ]. (Here, [fI ] := [� � � [ [fi1 ; fi2 ]; fi3 ]; � � � ; fik ].)

Let f�xjg be a sequence of points of M that converges to �x.

Then

I. for suÆciently large j, there exists a solution t ! x
j(t), de�ned on the whole interval [0; T ], of the initial

value problem arising from (2.29) with inputs uj and initial condition x(0) = �x,

II. the xj(t) converge to x1(t) as j !1, uniformly with respect to t for t 2 [0; T ].

In fact, the paper Sussmann and Liu (1991) provides theorems and algorithm how to construct an appropriate

sequence of inputs which approximates the extended input

v(t) =

rX
n=1

X
B2Bn

vB(t)B (2.35)

where vB are functions of class C1 and Bn are the subset of Philip Hall basis B having degree n. Observe that

every extended input can be described by (2.35). The sequence of ordinary inputs, with respect to j ! 1,

that converge to v(t) is obtained in the form

u
j
k(t) = �k;0(t) + j

1
2

X
!2
(2;k)

�!;k(t)e
ij!t +

rX
n=3

j
n�1
n

X
!2
(n;k)

�!(t)e
ij!t (2.36)

where

1. For (n; k) 2 f2; : : : ; rg � f1; : : : ;mg, 
(n; k) are pairwise disjoint �nite subsets of R � f0g,

2. each 
(n; k) is symmetric, in other words, ! 2 
(n; k) induces �! 2 
(n; k),

3. the functions �k;0, �!;k, �! are complex valued with class C1 on [0; T ],

4. The function �k;0 is real valued,

5. For any ! 2 [rn=3 [mk=1 
(n; k), it holds that ��! = ��! (��! denotes the complex conjugate of �!),

6. For any ! 2 
(2; k), it holds that ��! = ��!.

The procedure how to compute the set 
(n; k) and functions �k;0, �!;k, �! is omitted here (see details in

Sussmann and Liu (1991)). It needs to study quite intricate mathematical machinery, hence only the basic idea

is sketched.

The main challenge consists of ensuring the "high frequency superposition", possible to achieve even for

nonlinear systems, hence, elements of 
(n; k) requires to be chosen carefully, establishing independency in

special sense. For, one needs to divide Lie brackets in (2.35) into independent equivalence classes whose

members cannot be separated. Lie brackets in such a class should be managed together but a separated

algorithm is needed to �nd the coeÆcients of an individual Lie bracket. The set of frequencies belonging to an

equivalence class 
E should satisfy a special property called symmetrically minimally canceling property. A set

F is symmetrically minimally canceling if
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1. F is symmetric, i.e. if ! 2 F then �! 2 F , as well.

2. F contains a minimally canceling subset i.e. a subset where only those linear combinations
P

!2F a! equals

to zero and have integer coeÆcients such that
P

!2F ja!j � l(F ) holds if a! are all equal. Notation l(F )

represents the number of elements of F .

Finding suitable functions �k;0, �!;k, �! for every 
(n; k) involves additional de�nitions and considerations.

The reader �nds details in the papers Sussmann and Liu (1991) and Sussmann and Liu (1993).

Remark 3. Smooth motion planning algorithm based on HOS for approximation of extended input consisting

of a single Lie bracket deduces the input Example 4 exhibited.

Unfortunately, the method is mathematically complex and the highly oscillatory sequences induce some

realization problems in real-time application. However, it accomplishes an approximation of trajectory tracking

and in spite of 
ow sequence philosophy in Subsection 2.1.2 it promises a solution to obstacle avoidance problem.

As some of the main contributions of this dissertation, the method in Chapter 6 will aim to �t this technique

to basic strati�ed concept found in Section 2.2.

2.2 Strati�ed Control Systems

This section deals with strati�ed control systems. The conception and results involved throughout this section

were proposed in Goodwine (1998a), Goodwine and Burdick (2001), Goodwine (1998b), Goodwine (1999).

Subsection 2.2.1 draws the basic nature of such systems, mainly from physical point of view. Subsection 2.2.2

intends to enlighten diÆculties arising from stratifaction, and comparing it especially with smooth techniques

provides theoretical results how to control strati�ed systems in open loop. The results presented here rely on the

extended notion of controllability called strati�ed controllability. A constructive manner for planning motion if

the system is strati�ed is devised in Subsection 2.2.3.

2.2.1 Geometry of Strati�ed Systems

Strati�ed systems show peculiar features among mechanical systems. Their kinematic model cannot be described

by a nonlinear equation of type (2.2). To see when this situation occurs, one needs only to realize, the equations

of motion of a mechanical system may discontinuously change if circumstances in its environment change, as

well. Typical impacts of this kind on the system discontinuity can be caused by constraints. If there exist several

kinematic constraints, each of them implying distinct equations of motion, and the system moves from a state

to another one while actual set of constraints are changing, the equations of motion change discontinuously,

the global smoothness in (2.2) fails. Still, it is possible to describe the system by a set of smooth equations

of motions, keeping in mind, however, that always only one of them is active. Since constraints are often

originated from contact points and varying contact points (constraints) are related to robotic systems such as

walking robots and manipulation systems where �nger relocations are in use, these examples represent typical

strati�ed systems. To enlighten the nature of strati�ed con�guration space, consider the simple example of
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Figure 2.1: Contact structure of biped robot in con�guration manifold.

biped robot.

Example 5. (Biped robot) The con�guration of biped robot is expressed by state vector composing two groups of

state variables. State variables in the �rst group consisting of the robot's position and orientation determine the

robot motion in the space. The remaining variables such as joint angles belong to another group and describe

the robot's internal state. The motion of robot is subjected to kinematic constraints due to contact points

established by one or two feet. For instance, the robot moves di�erent way if only the left leg is on the ground,

and another way if only the second leg is on the ground although robot is driven by the same inputs. A third

possible motion is generated if both feet contact the terrain. Based on this, it is possible to separate submanifolds

in the con�guration space where equations of motion at points belonging to the same submanifolds equal while

they may di�er from the ones in other regions. The structure of con�guration manifolds is schematically

illustrated in Figure 2.1. Observe, submanifolds de�ned this way have di�erent number of dimensions and they

usually detach allowed and forbidden regions for the robot. Submanifold de�ned by more constraints possesses

usually less dimensions (more codimensions). Regions are related to distinct inner states as seen in Figure 2.2.

It is reasonable to assume that none of the legs penetrates into the ground while one can easily imagine that

both legs in the air is an acceptable situation if the robot is running or jumping.

To describe systematically the con�guration space such as the one in Example 5, the extended notion of

con�guration space is required. It proceeds as follows.

De�nition 12. A set @ � Rn de�ned by union of disjoint smooth manifolds (i.e. strata) is said to be regularly

strati�ed set.

In strict sense, strata should satisfy the so called Whitney condition from Goresky and Macpherson (1980)

requiring that the tangent space of two neighboring strata meet "appropriately". From now, it is assumed this
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Figure 2.2: Allowed and con�guration manifold.

condition holds which is actually true in robotic applications this dissertation concerns. The system is strati�ed

if its con�guration space is de�ned by regularly strati�ed sets as the following.

De�nition 13. Let be given a manifold M and n so called level functions Hi : M ! R, i = 1; : : : ; n such

that the level sets Si = H
�1
i (0) � M , i = 1; : : : ; n are (regular) submanifolds of M and any intersection

Si1i2���im = H
�1
i1

(0) \ H
�1
i2

(0) \ � � �H�1im
(0), m � n is a regular submanifold of M , as well. Then, M and the

level functions H1; : : : ; Hn de�ne a strati�ed con�guration space

De�nition 13 assumes that equations of motion and vector �elds must be smooth everywhere on any stratum

excepting the points contained in intersection with other strata. The system is represented by di�erent, smooth

nonlinear systems in the strata. The main problem is to develop a motion planning algorithm that combines

di�erent systems from di�erent strata into a uni�ed approach. According to De�nition 13, let S0 � M be the

whole con�guration space where there is no constraint. Let the stratum Si � S0, i > 0 be a codimension one

submanifold where the system is subjected to a kinematic constraint. In the discussion, this stratum corresponds

to dimension n� 1 manifold in the con�guration space. Let Sij = Si \ Sj where system is subjected to the two

constraints presented on Si and Sj . In general, a stratum where a few constraints may emerge is denoted by

SI = Si1i2:::ik = Si1 \ Si2 \ � � �Sik where I = i1i2 : : : ik is a multiindex Isidori (1996).

De�nition 14. The stratum with lowest dimension is said to be the bottom stratum. A stratum is called lower

stratum if its dimension is lower than the dimension of the other one. The higher stratum is de�ned vice versa.

Evoking Figure 2.2 of Example 5 again, S0 is the entire con�guration space, while S1 (S2) corresponds

to stratum where robot moves if the �rst (second) foot is on the ground. Bottom stratum S12 represents a

submanifold with minimum dimension among strata, constraints of S1 and S2 are valid on this stratum at the

same time. (Bottom stratum is a line, the intersection of two strata sketched by plane on Figure 2.2.) Next

chapters pursuit two special examples from the class of strati�ed systems, hence their description assists a better

understanding how strati�ed systems behave.
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Example 6. (Six-legged robot) Consider the simple example of six-legged locomotion in Figure 1.1 which is

also investigated in next chapters. As it was roughly mentioned in Chapter 1, the legs 1, 3, 5 and legs 2, 4, 6

form two groups, and the legs in a group move in the same manner. Such leg drives always establish a stable

position if the leg angles do not leave an admissible range given by (�min; �max). Each leg is controlled by two

inputs, one of them lifts the legs up and down (breaking and establishing the contact with the terrain) while

the second one moves the leg forward and backward. Since two groups of legs are distinguished, one may think

of six legged robot as biped robot with respect to their con�guration space. It implies that Figure 2.2 sketches

also the strati�ed con�guration of six legged robot, with the only di�erence that instead of a foot, one should

think of a leg group. Each combinations of contacting legs realizes speci�c (kinematic) constraint, and each of

them achieves speci�c equations of motion. It is assumed that the feet of the robot do not penetrate into the

ground and they move forward/backward on the ground with friction. The terrain with friction restricts the

legs' motion but it is not useless, these constraints make the robot motion possible.

The variables x, y denote the position, � denote the orientation of body. The distances of leg groups from

the ground are represented by h1 and h2. The robot is able to perform di�erent kind of motions. First, if only

the set of legs f1; 3; 5g (or f2; 4; 6g) touches the ground (active legs) while the other set of legs remains in the

air (inactive legs) then the body may move by changing the angles �1 (resp. �2). In this case, only the active

legs have e�ect on the planar motion of robot. The successive commutation of active and inactive legs (called

gaiting) makes the walking possible.

On the other hand, if all legs touch the ground at the same time then all legs are active. The angles �1 and �2

change simultaneously. This motion will be referred to as the paddling motion. The equation of motion reads

0
BBBBBBBBBBBBBBB@

_x

_y

_�

_�1

_�2

_h1

_h2)

1
CCCCCCCCCCCCCCCA

=

0
BBBBBBBBBBBBBBB@

�(h1) cos �;

�(h1) sin �

l�(h1)

1

0

0

0
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u1 +

0
BBBBBBBBBBBBBBB@

�(h2) cos �;
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0
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0
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u3 +

0
BBBBBBBBBBBBBBB@

0

0

0

0

0

0

�(h1)

1
CCCCCCCCCCCCCCCA

u4

= g1;2u1 + g2;2u2 + g1;1u3 + g2;1u4 (2.37)

where l denotes the length of the legs (for the simplicity, we assume l = 1 in the sequel) and

�(hi) = 1 if hi = 0 and 0 if hi > 0; i = 1; 2: (2.38)

The discontinuity is represented by the function �, the values of h1 and h2 de�ne the following strata:

� S0 : R
5 � [�min; �max]

2
,

� S1 : h1 = 0; i.e. legs f1; 3; 5g on the ground,
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� S2 : h2 = 0; i.e. legs f2; 4; 6g on the ground,

� S12 = S1

T
S2 : h1 = h2 = 0; i.e. all legs on the ground.

The system has s = 4 strata (including S0) whose equations of motion can be separated as follows.

On the stratum S12, all legs are on the ground, the equation of motion is given by0
BBBBBBBBB@

_x

_y

_�

_�1

_�2

1
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0
BBBBBBBBB@
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1
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1
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0
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cos(�)

sin(�)

�1

0

1

1
CCCCCCCCCA
u2 = [g12;1 g12;2][u1 u2]

T
: (2.39)

The control u3 and u4 are constrained to be 0, otherwise robot would move to another stratum (cf. moving o�

vector �elds in De�nition 17 later).

On the stratum S1, the leg group 1 is on the ground, the equation of motion is given by0
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T
: (2.40)

The control u3 is constrained to be 0, i.e. it is not permitted to lift o� the �rst leg group while the robot moves

on S1.

On the stratum S2, the leg group 2 is on the ground, the equation of motion is given by0
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T
: (2.41)

The control u4 is constrained to be 0, i.e. it is not permitted to lift o� the second leg group while the robot

moves on S2.
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On the stratum S0, there is no leg in contact with the ground, the equation of motion is given by0
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T
:(2.42)

Observe that stratum S12 has 5 dimension (with 2 constraints) while S1 and S2 denote 6 dimensional manifold

(with 1 constraint).

Some other chapters in this work study a simple model of four �ngered manipulation system using �nger

relocation.

Example 7. (Four �ngered robotic hand) Given a smooth object manipulation system equipped with 4 �ngers

where each �nger has 3 degrees of freedom as sketched in Figure 1.5. Suppose that all the contact points are

�xed to the object i.e. there is neither sliding nor rolling. Denote the linear and angular velocity vectors of the

object frame (in a �xed inertial frame) by vo and !o, respectively. Furthermore, Let vfi denote the ith �ngertip

velocity (in the �xed inertial frame). One can easily see that the tangent space of the whole con�guration space

S0 is spanned by the vector vo � !o � vf1 � � � � � vf4 having dimension 18. Suppose all the Fingers 1; : : : 4

are in contact with the object (i.e. they are glued to the object) so the system is subjected to 4 � 3 velocity

constraints (4 vector constraints). One can easily check that the degrees of freedom of system are provided by

the orientation and position of object. It de�nes a subsystem that moves on the stratum S1234 having dimension

6. The stratum S1234 is the bottom stratum. The tangent space is spanned by vo � !o and equation of motion

can be described as

S1234 : _x =

0
@ vo

!o

1
A = g1(x)u

S1234
1 + : : :+ g6(x)u

S1234
6 = G1234(x)u (2.43)

Note, that one can choose only 6 independent inputs because the desired object motion demands all the �ngertips

to move together with the object. These �ngertips provide six degrees of freedom in accordance to the tangent

vector vo � !o. Now, assume that Finger 1 breaks o� the contact with the object and moves freely in the

workspace. Meanwhile other three �ngers keep the contact with the object. The new situation leads to a new

strata S234 with equation of motion

S234 : _x =

0
BBB@

vo

!o

vf1

1
CCCA = g1(x)u

S234
1 + : : : +g9(x)u

S234
9 = G234(x)u (2.44)

Note that we have 9 inputs because the desired object motion demands �ngertip 2; 3 and 4 to move together

with the object. These �ngertips provide six degrees of freedom. The Finger 1 can move in free space rendering
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additional three degrees of freedom. Scenario is similar when other �nger brakes o� the contact instead of the

Finger 1.

Example 7 reveals that illustrating strati�ed con�guration space is not elementary in every applications.

Many strata can make the illustration complex.

2.2.2 Strati�ed Controllability

Smooth motion planning algorithms in Subsection 2.1.2 and Subsection 2.1.3 do not work on strati�ed systems

presented in Subsection 2.2.1, it requires new conception invoking an extended de�nition of controllability called

strati�ed controllability. This subsection asserts assumptions and sets up new notions Subsection 2.2.3 relies

on providing a basic strati�ed motion planning. The main reason that smooth motion planning algorithms fail

to work on strati�ed system arises from discontinuity. For, recall that equations of motion describing a smooth

system

� : _x = u1g1(x) + : : :+ umgm(x) = g(x; u; t) dim(x) = n (2.45)

has a continuous solution s(t) such that

_s(t) = g(s(t); u(t); t): (2.46)

Strati�ed systems do not have usually continuous solution s(t) (excepting for example smooth systems as special

strati�ed systems), however, they carry fairly nice properties asserted in the following assumptions.

Assumption 1. Considering any stratum, assume that equations of motion imply a unique solution for all points

in that stratum which have neighborhoods not containing any points from substrata.

Note thatM = S0, the whole con�guration space also realizes a stratum. Assumption 1 says that discontinuities

occurs only at transition between strata.

Assumption 2. If a 
ow of system comes to a stratum that de�ne discontinuous motion then system leaves the

stratum after a �nite time.

Assumption 2 is necessary to avoid chattering problem i.e. the problem when the solution curve penetrates into

the stratum, but on the stratum, vector �elds direct back the 
ow into the region the solution arrived from.

The aim of strati�ed motion planning is to exploit the variety of equations of motion originated from di�erent

strata, not to embarrass transitions between them, hence the assumptions above express acceptable conditions.

Beside assumptions, motion planning on strati�ed systems needs to extend the notion of controllability in

De�nition 4 and related topology from two main reasons.

1. It often occurs that reaching points in an open neighborhood of entire con�guration space is not important,

what is more it may not be possible. For example, six-legged robot will not slide on its torso while all the legs

are in the air. Some legs should be in contact. Similarly, considering object manipulation with robotic hand,

some �ngers always must be in contact with the object, otherwise it falls down. Next de�nition gives a relative

topology that assists to de�ne the region strati�ed motion planning regards.
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De�nition 15. Let Z be a subset of topological space S endowed by topology O (the collection of open set).

Then, the relative topology on Z is de�ned by OZ = fU\Z : U 2 Og

Considering the allowed and forbidden regions of con�guration space of biped (or six-legged) robot in Figure

2.2 discussed in Example 5 (Example 6), a possible strati�ed open neighborhood de�ned by relative topology

is seen in Figure 2.3. The strati�ed open set is de�ned on S1 [ S2.

2. It may happen that strata have boundaries if there exist extra constraints subjected to physical boundaries.

Such a case is illustrated in Figure 2.4. In this work, strata are regarded without boundaries except when

opposite is emphasized. Note, that controllability in bounded regions needs more sophisticated treatment.

The arguments above support to extend the notion of controllability on strati�ed con�guration manifold as

follows.

De�nition 16. Consider a strati�ed con�guration space de�ned by a set of strata fSI1 : : : ; SImg. The system

is small time locally strati�ed controllable from x0 if R
W (x0;� T ) includes a neighborhood of x0 in fSI1 [SI2 [

� � � [ SImg for all neighborhoods W of x0 in fSI1 [ SI2 [ � � � [ SImg and T > 0 small.

It is easy to see that De�nition 16 of strati�ed controllability returns with smooth controllability due to De�nition

4 if fSI1 [ SI2 [ � � � [ SImg =M i.e. if strata cover the entire con�guration manifold.

A main result from Goodwine (1998a) gives a suÆcient condition for strati�ed controllability as stated in the

next theorem.

Theorem 4. (Goodwine) Let Tx0M be the tangent space of M at x0 and let ��Sj jx0 denote the involutive

closures of a distribution spanned by the vector �elds of a stratum Sj in x0. If there exists a nested sequence

of strata

x0 2 Sp � Sp�1 � � � � � S1 � S0; (2.47)
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such that the involutive closures of distributions (of strata) ful�ll

pX
j=0

��Sj jx0= Tx0M (2.48)

then the system is locally strati�ed controllable from x0.

Theorem 4 implies an important consequence. If Theorem 4 is applied repeatedly using several sequences of

strata de�ned by (2.47), each of them starting from the same bottom stratum Sp, however arriving at distinct

top strata, then controllability test is validated on the union of top strata. For example, let x0 be a point in S12

in Example 5. If controllability test using Theorem 4 holds for the sequences x0 2 S12 � S1, and x0 2 S12 � S2,

respectively, then system is (locally) strati�ed controllable on the union of S1 and S2 from x0. This manner is

suitable to determine strati�ed controllability on such open strati�ed sets as shown in Figure 2.3, often useful

in robotic applications, while it does not need conceptionally extra mathematical machinery.

Remark 4. Theorem 4 is derived from the distribution approach of Chow's Theorem. Other strati�ed control-

lability tests, equivalent to distribution approach in contribution, were reported in Goodwine (1998a). They

are based on exterior di�erentials and principal �ber bundles, however, not discussed here since the methods in

next chapters keep track on distribution approach. Reader �nds details in referred works.

2.2.3 Basic Strati�ed Motion Planning

This subsection intends to give a constructive way how to devise a basic strati�ed motion planning algorithmfor

strati�ed controllable system satisfying the assumptions and condition of Theorem 4 in Subsection 2.2.2. The

method presented here extends the results of Subsection 2.1.2 from smooth system to strati�ed one. Major

challenge in strati�ed motion planning is to integrate subsystems from di�erent strata into uniform treatment.

This description requires a common space which usually will be the bottom stratum. Note, however, vector

�elds of bottom stratum in themselves do not suÆce to solve motion planning problem. In order to catch the

idea behind the technique, recall Example 5 involving biped robot.

Example 8. (Biped robot, revisited) Let the initial and �nal state x0; xF 2 S12, respectively, in other words, both

legs are on the ground at the beginning and at the end, though they represent distinct positions, orientations and
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leg angles for the robot. Strati�ed motion planning problem consists of �nding appropriate drives for legs that

steers robot from xI to xF . Vector �eld g1;1 moves the system from S12 onto S1 and it dues to the phenomena

when biped robot lifts o� Leg 2 from the ground. Similarly, vector �eld g2;1 moves the system from S12 onto S2

rising Leg 1 from the ground. Again, g1;1 and g2;1 switch between bottom stratum S12 and a higher stratum.

Let g1;2 be a vector �eld that move the robot entirely on S1, while let g2;2 be a vector �eld that move the robot

entirely on S2. Then the 
ow sequence

xF = �(�g2;1; t6)| {z }
S12 S2

Æ�(g2;2; t5)| {z }
on S2

Æ�(g2;1; t4)| {z }
S2 S12

Æ�(�g1;1; t3)| {z }
S12 S1

Æ�(g1;2; t2)| {z }
on S1

Æ�(g1;1; t1)| {z }
S1 S12

(xI) (2.49)

can solve the motion planning problem. Note that (2.49) accomplishes a gaiting sequence, the robot rises one

foot from the ground, moves it in the air parallel to the terrain and lifts it on back to the ground. In the next

phase, the procedure is repeated with the other leg. Observe now, if

[g1;1; g1;2] = 0 and [g2;1; g2;2] = 0 (2.50)

then Campbell-Baker-Hausdor� formula (A-33) ensures that 
ows corresponding to vector �elds in a Lie bracket

commute making rearrange in 
ow sequence possible. It means that g1;1 and g1;2 can be interchanged and so

can g2;1 and g2;2. It modi�es the 
ow sequence (2.49) to

xF = �(g2;2; t5) Æ�(�g2;1; t6) Æ�(g2;1; t4) Æ�(g1;2; t2) Æ�(�g1;1; t3) Æ�(g1;1; t1)(xI ) (2.51)

Assuming that t1 = t3 and t4 = t6, the sequence is simpli�ed to

xF = �t5
g2;2

Æ�t2
g1;2| {z }

on S12

(xI ); (2.52)

where g1;2 is de�ned on S1 and g2;2 is de�ned on S2. However, one should evaluate them on the bottom stratum

and then, the 
ow sequence (2.52) will lead to the same result as (2.49). In fact, if the g1;2 and g2;2 are in

the tangent space of S12 then the 
ow sequence will always remain in the bottom stratum satisfying tangency

requirement. If tangency requirement is not satis�ed for a vector �eld, say g1;2, in (2.52), one can help on it

using vector �eld g1;1 the vector �eld g1;2 commutes with. For, let HB be the level function of bottom stratum.

By assumption g1;2 is not tangent to bottom stratum, hence hdHB ; g1;2i = h1(x) 6= 0. By de�nition, g1;1 leaves

the bottom stratum, hence hdHB ; g1;1i = h2(x) 6= 0. Now, replacing g1;2 by

~g1;2 = g1;2 �
h1(x)

h2(x)
g1;1; (2.53)

the tangency requirement holds. This procedure can always be carried out without loss of generality when

tangency in (2.52) does not hold, therefore, one can always assume that vector �elds in (2.52) are tangent to

bottom stratum.

Example 8 motivates to divide vector �elds into two groups. Vector �elds in one group switch between strata

while vector �elds belonging to the other group never leave their strata.
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Figure 2.5: Gaiting by sequence of 
ows

De�nition 17. Let be given a strati�ed con�guration space M and let Sp be a stratum of M . Let x0 2 Sp. A

vector �eld g(x) is called a moving o� vector �eld if there exists a t, such that t > 0 and xF � �(g; t)(x0) =2 Sp.

De�nition 18. Let be given a strati�ed con�guration space M and let Sp be a stratum of M . Let x0 2 Sp. A

vector �eld g(x) is said to be a moving on vector �eld if for every t > 0, it holds that xF � �(g; t)(x0) 2 Sp.

Observe that a moving on vector �eld always keeps the system in the actual stratum while moving o� vector �eld

may leave it. It is not fortunate to require for a moving on vector �eld g(x) only that g(x0) 2 Tx0Sp instead

of xF � �(g; t)(x0) 2 Sp since system may reach a substrata along g(x0) where g(x0) 2 Tx0Sp. Regarding

Example 8, it is easy to see that g1;1 and g2;1 are moving o� vector �elds while g1;2 and g2;2 are moving on

vector �elds. Switchings between strata by means of moving o� vector �elds are illustrated in Figure 2.5 which

draws a gaiting period of biped robot. Condition (2.50), necessary for switching between strata, can be

generalized as follows.

Proposition 1. (Goodwine) If moving on vector �elds commute with moving o� vector �elds (i.e. by de�nition,

their Lie brackets are zero) then a 
ow sequence composed of them can be rearranged. The new order makes a

simpli�cation possible by eliminating some 
ows from the sequence.

Corollary 1. Switching between higher and lower strata is possible if moving o� vector �elds are decoupled

from all the moving on vector �elds de�ned on the substratum and higher level strata (in other words, their Lie

brackets are zero).

Remark 5. Kinematic model of six-legged robot has special properties. There exist a (linear) combination of

control inputs such that their activated vector �elds point out a tangent vector

@

@hi
(2.54)

where hi is the height of a foot from the ground. Furthermore, the remaining part of equations of motion is
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decoupled from the foot height. Such properties guarantee that condition for commutation in Proposition 1 and

Corollary 1 holds.

Example 6 illustrates well, how moving on and moving o� vector �elds are related to strati�ed view. Vector

�elds g12;1, g12;2, g1;1, g1;2, g2;1, g2;2 from (2.39)-(2.42) are moving on vector �elds because they keep system on

the stratum they are de�ned on. At the same time, however, g0;3, g0;4, may switch from S0 to S1 or S2 under

"suitable" u4 or u3, so they are moving o� vector �elds. Even their dimension change from 7 to 6 when they

reach a lower stratum. Similar situation occurs in S1 under certain u4 which activates g1;3. This vector �eld is

capable to switch system from S1 to bottom stratum S12 forcing dimension reduction from 6 to 5. Vector �eld

g2;3 has the same e�ect in S2 concluding that g1;3 and g2;3 are also moving o� vector �elds. Another way to

discover moving o� vector �elds consists in realizing that some inputs are constrained in strata. For instance,

u3 and u4 are constrained to be 0 in S12, otherwise they would activate moving o� vector �elds that switch the

system from bottom stratum S12 to S1 or S2 which would contradict to the fact that (2.39) is the equation of

motion of S12. Same phenomena explains why inputs are constrained in higher strata. The results above make

a foundation to the basic strati�ed motion planning algorithm summarized now.

Algorithm 3. [Strati�ed Motion Planning, Goodwine (1998a)]

Step 1. Determine the multiple strati�ed system. The equations of motion in the strata are

Sb : _x = g0;1u0;1 + � � �+ g0;n0u0;n0

S1 : _x = g1;1u1;1 + � � �+ g1;n1u1;n1

...

SI : _x = gI;1uI;1 + � � �+ gI;nIuI;nI

Step 2. Create bottom strati�ed system. It is clear from Theorem 4 and Proposition 1 that strati�ed motion

planning algorithm requires a special system on the bottom stratum (as a common space). Note, this system

is also a �ctitious system but without any connection to the �ctitious system in smooth motion planning

(see Subsection 2.1.2). In order to obtain this special (i.e. bottom strati�ed) system, one has to create a

union set of vector �elds in all strata and de�ne with them a system

_x = g0;1u0;1 + � � �+ g0;n0u0;n0

+ g1;1 jSb u1;1 + � � �+ g1;n1 jSb u1;n1
...

+ gI;1 jSb uI;1 + � � �+ gI;nI jSb uI;nI (2.55)

where the notation jSb refers to vector �elds taking part in bottom strati�ed system, however, they are

de�ned originally not in this stratum. It should consist of all the moving on vector �elds that commute with

the moving o� vector �elds. Note, that a vector �eld is Sb means that one "cuts" some dimensions from the

original vector �eld.
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Step 3. Create the bottom strati�ed extended system

_x = g0;1u0;1 + � � �+ g0;n0u0;n0

+ g1;1 jSb u1;1 + � � �+ g1;n1 jSb u1;n1
...

+ gI;1 jSb uI;1 + � � �+ gI;nI jSb uI;nI

+ Lie brackets (2.56)

including the vector �elds of bottom strati�ed system and the Lie brackets among them. This system

is the extension of bottom strati�ed system according to the way mentioned by smooth motion planning

algorithm in Subsection 2.1.2.

Step 4. Solve the smooth motion planning problem on the bottom strati�ed extended system. Algorithm 1

applied on bottom strati�ed extended system also solves indirectly (indirectly because operating only with

moving on vector �elds) the strati�ed motion planning problem. It results a sequence of 
ows along the

moving on vector �elds speci�ed by three sequences:

a. Sequence of moving on vector �elds. A 
ow in the sequence is de�ned along the corresponding vector

�eld in this sequence of moving on vector �elds.

b. Sequence of time. The element of sequence de�nes how much time is needed to move along a vector �eld.

c. Sequence of inputs. Smooth motion planning algorithm sets the absolute value of inputs to 1, however,

one needs to de�ne a sequence that de�nes the sign of the inputs.

Step 5. Complete the solution for the strati�ed motion planning problem. If two neighboring 
ows in the

sequence are de�ned in di�erent strata, one has to insert moving o� vector �elds between them in order to

switch between their strata. The extra 
ows along the moving o� vector �elds have to assure that constraints

change in accordance with the change of strata. It is possible on the base of Proposition 1 and Corollary 1.



Chapter 3

Improvements for Basic Strati�ed

Motion Planning

Strati�ed motion planning reviewed in previous chapter inherits some key properties from smooth motion

planning that relies on 
ow sequence philosophy. Obviously, some diÆculties coming from smooth motion

planning are swelling on, too. This chapter focuses on two speci�c problems which were not regarded in

Algorithm 3.

First problem concerns convergency. Basic strati�ed motion planning algorithm works out a point to point

motion planning problem , which is only an approximation in general case and convergency is not guaranteed

in every circumstances. Section 3.1 proposes an algorithm to handle the problem.

Second problem arises if one desires to steer the system to �nal con�guration during given time interval.

Motion planning algorithms discussed in Chapter 2 investigated the motion without respect to time. Section

3.2 presents a simple algorithm how the original methods can be extended to resolve time-scaling.

Both modi�cations are demonstrated on the motion planning of six-legged robot in Section 3.3. Reader �nds

details about contributions made in this section in Harmati, Lantos, and Payandeh (1999), Harmati, Lantos,

and Payandeh (2000a), Harmati, Kiss, and Lantos (2000) and Harmati and Kiss (2001). If anything else is not

said, smooth motion planning refers to smooth motion planning using 
ow sequence in this chapter.

3.1 Improvements of convergence property

This section addresses convergence problem of basic strati�ed motion planning reviewed in Subsection 2.2.3.

The results presented here were reported also in Harmati, Lantos, and Payandeh (1999) and Harmati, Lantos,

and Payandeh (2000a).

Convergence problem emerged �rst in Subsection 2.1.2 where motion planning endeavored to reach a desired

�nal con�guration xF for smooth system using 
ow sequence. Considering this case �rst, Remark 1 revealed

36
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and Example 3 exhibited that achieving precisely desired �nal state is possible only if the smooth system is

nilpotent. Otherwise, the solution is only an approximation. It is shown in La�erriere and Sussmann (1991),

however, that there exists a critical distance between the initial and �nal states in the sense that the reached

state is closer to desired �nal state than to initial state. As a matter of fact, the work mentioned proposes an

iterated algorithm to set up critical distance by inserting extra reference points. Applying iterated method is

enforced by the fact that theoretical result is unfortunately not known for obtaining critical distance in general

case. Similar idea for ensuring convergence is adopted in the algorithm to be presented here, however, it shows

some di�erences in comparison with the conception of La�erriere and Sussmann (1991). One of the main reasons

to devise a new step length adaptation algorithm comes from a slightly di�erent problem statement. Namely,

smooth motion planning (and basic strati�ed motion planning considered later on) achieves or approximates

only one desired �nal point and there is no freedom to design a path between initial state xI and �nal states

xF . On contrary, the problem considered here takes into account several reference points, as follows.

Let a desired trajectory be given, though it is known it cannot be followed by the algorithms mentioned

above. Note, in strict sense trajectory describes time relations while a path does not. However, path and

trajectory cannot be separated clearly in this work because motion planning introduced is focusing on path

planning, however it results a trajectory. Some of the next chapters intends to endow reference path with time

relations that proceeds toward trajectory planning, however it will not de�ne an exact trajectory if only the

desired time for �nal point is prescribed (as occurs in next section). The primary goal now is to follow the

path de�ned by trajectory disregarding time relation, therefore if it is not confusing trajectory and path are

used as synonyms in this context. (To satisfy desired time relations at reference points will play central role

only in the next section.) Taking extra reference points from reference trajectory, one attains subtrajectories.

It is possible now to set up motion planning problem in every subsegment and carry out the smooth motion

planning algorithm there. The initial point for smooth motion planning algorithm in a subsegment coincides

with the point achieved in the preceding subsegment. The desired �nal state to be reached by smooth motion

planning algorithm coincides with the point designated by the actual subsegment. The initial state in the �rst

subsegment is xI , the desired �nal state in the last subsegment is xF . Such a treatment obviously manages to

keep resulting path close to the desired one. Some points of resulting path, namely the points corresponding

to �nal points of subsegments, lie close enough to reference path. Deviations depend mainly on the re�nement

realized by the number of extra reference points which determines the length of subsegments in equidistant

case. It is indirectly expected that better re�nement of representative points implies smaller deviations for the

entire trajectory as well.

Algorithm 4. [Adaptive step length modi�cation]

Step 1. Let x(t) be the desired trajectory where 0 � t � T and let xI = x(0), x(T ) = xF . Let be given an

integer r that measures the re�nement along x(t).

Step 2. De�ne r + 1 representative points by the sequence

xi = x(
i

r
T ) i = 0; : : : ; r (3.1)
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where x0 = xI , xr = xF .

Step 3. Let y0 = x0 and set i = 1, k = 3, F = 1=3, S = 1=2.

Step 4. D1 = kx1 � y0k, nextmod = 1.

Step 5. Perform Algorithm 1 to go from yi�1 to xi. Denote the resulting end point in ith subsegment by yi.

Step 6. If kxi � yik � F Di and i < r then

1. Insert k extra points uniformly along a straight-line between yi and xi+1:

cj = yi +
j

(k + 1)

(xi+1 � yi)

kxi+1 � yik
; j = 1; : : : ; k (3.2)

2. fxi+1; : : : ; xr+kg = fc1; : : : ; ck; xi+1; : : : ; xrg

3. r = r + k

4. nextmod = i+ k

elseif i � nextmod and i < r � 1 and kxi � yik < S F Di then

1. Delete the next representative point, i.e.: fxi+1; : : : ; xr�1g = fxi+2; : : : ; xrg

2. r = r � 1,

Step 7. If i = r go to next step. Else i = i+ 1, Di = kxi � yi�1k and go to Step 5

Step 8. Make a resultant sequence of 
ows by joining together sequences obtained in each subsegments.

Algorithm 4 starts with an initial distance between the �rst two representative points. The �rst representative

point is the initial state. After performing smooth motion planning algorithm based on sequence of 
ows, the

algorithm checks if �nal state yi reached is close enough to the desired xi in the actual subsegment. Point yi is

considered to be close enough to xi if it is found inside a circle with origin xi and with a radius that equals to

the distance between xi�1 and xi multiplied by F . If resulting point yi is not close enough to xi then k extra

representative points are to be inserted between yi and xi+1 along a straight-line that reduces distances between

neighboring points in the next k + 1 subsegments. It obviously improves accuracy and distance between initial

and �nal points in the actual subsegment, the length of subsegments are decreasing toward critical distance.

However, extra points generate extra subsegments and increase computational time which may risk real-time

realization. Hence, instead of approaching actual desired �nal state xi (as it happened in La�erriere and

Sussmann (1991)) if not acceptable error occurs, the algorithm considers the next representative point xi+1

and, extra points c1; : : : ck realizing a better re�nement manage to drive the system there. Another way to

reduce computational time is to decrease the number of representative points if accuracy exceeds the length

of actual subsegment multiplied by S F where S is a safety factor and usually S < 1. A cautious approach is

realized in Algorithm 4 which does not delete a representative point if it was inserted as an extra point. This

strategy aims to stabilize accuracy. On the other hand, one can see that step length, i.e. the distance between

initial and �nal states in the actual subsegment always changes keeping the accuracy between F Di and S F Di.

Such a philosophy facilitates to adapt the length of subsegments to the critical distance, if S F < 1=2 and the

number of representative points exceeds a critical value. There is no general result for obtaining critical value,

since there is no theoretical results how to obtain critical distance either. Observe, using many representative
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points along desired trajectory xd helps the system to reach many points along a trajectory, even though it was

devised only to achieve a �nal point. Still, the problem remains discontinuous. Whatever small is the length of

subsegments, one cannot e�ectively in
uence the system's motion between the two end points of subsegments.

Problem of convergency appears also in strati�ed motion planning. Its algorithm relies on smooth motion

planning using 
ow sequences, therefore the question arises whether Algorithm 4 can be applied to strati�ed

motion planning.

Proposition 2. Algorithm 4 can be inserted in the frame of strati�ed motion planning (Algorithm 3).

Proof: Algorithm 3 carries out a smooth motion planning (Algorithm 1) on bottom strati�ed extended system.

For, Algorithm 4 can be applied on bottom strati�ed extended system. On the other hand, Algorithm 4 does

not have any in
uence on the assumptions required for moving on and moving o� vector �elds. The solution of

strati�ed motion planning problemcontains extra 
ows along moving o� vector �elds, which do not have impact

on accuracy, they only switch between strata. In addition, every switch is isolated from Algorithm 4, therefore,

Algorithm 4 can be inserted in the frame of strati�ed motion planning based on 
ow sequences applying it to

bottom strati�ed extended system in Algorithm 3.

The next algorithm combines Algorithm 3 and Algorithm 4 endowing strati�ed motion planning with adap-

tive step length modi�cation.

Algorithm 5. [Strati�ed Motion Planning using adaptive step length modi�cation]

Step 1. Determine multiple strati�ed system.

Step 2. Create bottom strati�ed system.

Step 3. Create bottom strati�ed extended system.

Step 4. Carry out Algorithm 4 on bottom strati�ed extended system.

Step 5. Insert necessary moving o� vector �elds into the sequence of 
ows that completes the solution for

strati�ed motion planning problem.

3.2 Time-scaling

This section studies time-scaling problem for basic strati�ed motion planning reviewed in Subsection 2.2.3. The

philosophy presented here was reported also in Harmati, Lantos, and Payandeh (2000a), Harmati, Kiss, and

Lantos (2000) and Harmati and Kiss (2001).

First, recall that basic strati�ed motion planning incorporates a smooth motion planning operating with


ow sequences. According to (2.13), Algorithm 1 results a sequence of 
ows

xF � �(Bz; tz) Æ�(Bz�1; tz�1) Æ � � � Æ�(B1; t1)(xI ) (3.3)

where xF is exactly reached if the system is nilpotent, otherwise, 
ow sequence results an approximation. Vector

�elds B1; : : : Bz symbolize the Philip Hall basis while t1; : : : ; tz assign the length of time intervals where B1 is
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activated by its corresponding input if 0 � t < t1, B2 is activated by its corresponding input if t1 � t < t2 and

so on. A vector �eld is made inactive by setting zero its corresponding input. Time intervals t1; : : : ; tz de�ne

the (forward) Philip Hall coordinates. The system requires time

Ts =

zX
i=1

ti (3.4)

to travel from xI to xF . Algorithm 1 and Algorithm 3 explored exclusively how to reach desired �nal state xF

without respect to time.

Many applications expect the system to arrive at desired �nal state xF at a desired time T while the time

of initial state is also given, i.e.

x(0) = xI ; x(T ) = xF (3.5)

Note, initial time at initial point may di�er from t = 0, for instance if one considers subsegments during motion

planning as occured in Algorithm 4 and Algorithm 5. The contribution of this chapter is to propose treatments

for this problem both in smooth and strati�ed motion planning if they use 
ow sequences.

Proposition 3. Consider a motion planning problem on smooth nonlinear system of type (2.11) with initial

state xI and desired �nal state xd . Let the solution to motion planning problem be given in the form

xd � xF = �(Bz ; tz; u
z) Æ�(Bz�1; tz�1; u

z�1) Æ � � � Æ�(B1; t1; u
1)(xI ) (3.6)

where according to Algorithm 1, the active input in the ith time interval is
��ui�� = juj j = 1 for some j 2 f1; : : : ;mg

and for every i = 1; : : : ; z. If x(0) = xI is the initial condition and x(T ) = xF is the end condition to be achieved

with respect to time, then

xF = x(T ) = �(Bz;
T

Ts
tz; u

z
T ) Æ�(Bz�1;

T

Ts
tz�1; u

z�1
T ) Æ � � � Æ�(B1;

T

Ts
t1; u

1
T )(x(0)) (3.7)

where

u
i
T =

Ts

T
sign(ui); Ts =

zX
i=1

ti (3.8)

for every i = 1; : : : ; z.

Proof: Consider �rst a trajectory that satis�es the simple di�erential equation

_x(t) = g(x(t)) (3.9)

with the initial condition x(0) = xI . Let xF = x(T ) be chosen for arbitrary time T such that T > 0. Since

g(x(t)) determines the tangent vector of x(t) (being a one dimensional manifold) for every t > 0, it holds that

g(x(t))u directs the integral curve into the same direction as g(x(t)) at any x 2 x(t) for any real valued u(t).

The term u determines however the absolute value of the "velocity", i.e. the length of tangent vector. Assume,

u(t) = U , i.e. it is a constant. Then xu(t) is the solution of the di�erential equation

_xu(t) = g(xu(t))U: (3.10)
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Since U in
uences only the absolute value of tangent vector at any point of the integral curve x(t), but it does

not change the direction of the vector, one gets x(TU) = xu(T ). It means that x(t) and xu(t) travels through

the same points, however at other times. Times di�er in a constant term U . As a conclusion, if original velocity

on a curve is multiplied by U , one needs to divide original time by U to reach the same �nal point.

Now, consider the solution (3.6) of the system (2.11) having m inputs. Only one input is active at a time

t, which allows only one active vector �eld. Let the �rst subsequence of (3.6) be

x
b
1 = �(B1; t1; u

1)(x(0)): (3.11)

and de�ne the �rst subsequence of (3.7)

x
b
1;u = �(B1;

t1

u1T

; u
1
T )(x(0)): (3.12)

Using the arguments above (with
��u1�� = 1 and sign(u1T ) = sign(u1)), one yields xb1 = x

b
1;u. If

u
1
T =

Ts

T
(3.13)

then 
ow subsequence from (3.12) needs time

t
T
1 =

T t1

Ts

to reach the same point xb1 while subsequence from (3.11) requires t1. One can repeat the procedure for the

second subsequence using initial point xb1

x
b
2 = �(B2; t2; u

2)(xb1(0)) (3.14)

x
b
2;u = �(B2;

t2

u2T

; u
2
T )(x

b
1(0)) (3.15)

setting the initial time to zero. The point xb2 to be reached, the subsequence of (3.15) needs time

t
T
2 =

T t2

Ts

instead of t2 as required for (3.14). Repeating the procedure for every subsequences, composition created by

the sequences (3.11), (3.14) and so on leads to (3.6). On the other hand, the trajectory xu(t) de�ned by

(3.12), (3.15) and so on with points xb1;u; : : : ; x
b
z;u needs

zX
i=1

t
T
i =

zX
i=1

T ti

Ts
=

T

Ts

zX
i=1

ti =
TTs

Ts
= T (3.16)

to reach xF which means that xu(T ) = xF . By de�nition, xu(t) is exactly the trajectory of (3.7), hence the

proof is completed.

Results of Proposition 3 can be applied if one desires to prescribe when the system should reach the desired

�nal point.

Corollary 2. Proposition 3 remains true under initial condition xI = x(tI ), tI > 0.

Proof: Straightforward from the proof of Proposition 3 by simple substitution.
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As the proof of Proposition 3 revealed, the time intervals which separate active vector �elds are changed if

time-scaling is applied. If a Philip Hall coordinate is originally ti, then after time-scaling it changes to

t
T
i =

T ti

Ts
:

Time-scaling problem also concerns basic strati�ed motion planning, which is not surprising, since the

method relies on Algorithm 1 and operates with sequence of 
ows. Switches between strata performed by 
ows

along moving o� vector �elds appear in 
ow sequence as solution to motion planning problem , making slight

di�erence between smooth and strati�ed conception. Moving o� 
ows are inserted into sequence after carrying

out Algorithm 1 on bottom strati�ed extended system. By using kinematic model, the length of time intervals

along moving o� vector �elds do not play important role, the only condition expected for them to be greater

than zero, which is suÆcient to switch between two strata. Recalling for example biped robot, it is indi�erent

how far one leg arises from the ground, the important fact which a�ects robot's motion is that contact is broken.

Therefore, active time for moving o� vector �elds can be chosen almost arbitrarily under the only condition

that a switch from stratum Si to stratum Sj requires same time as the switch from Sj to Si. For simplicity,

active time for all the moving o� vector �elds will be uniformly set in t
f . Assume, smooth motion planning

algorithm on bottom strati�ed extended system (without time-scaling) yields a 
ow sequence

xF = �(Bz ; tz; u
z) Æ�(Bz�1; tz�1; u

z�1) Æ � � � Æ�(B1; t1; u
1)(xI ): (3.17)

In order to complete strati�ed motion planning, one requires to insert moving o� vector �elds between Bi and

Bi+1, i 2 f1; : : : ; z � 1g, if they are de�ned in di�erent strata. Based on this, (3.17) is restated as

xF = �(Bz ; tz; u
z) Æ � � � Æ�(Bf

p ; t
f
; u

p;f ) Æ � � � Æ

�(Bj ; tj ; u
j) Æ � � � Æ�(Bf

1 ; t
f
; u

1;f ) Æ � � � Æ�(B1; t1; u
1)(xI ): (3.18)

where
��ui;f �� = 1, and B

f
i denotes a moving o� vector �eld for every i 2 f1; : : : ; pg.

Proposition 4. If strati�ed motion planning claims p moving o� vector �elds after smooth motion planning

algorithm is completed on bottom strati�ed extended system, and T str is the desired time for achieving xF , i.e.

x(T ) = xF then Proposition 3 with T = T
str � p t

f accomplishes a time-scaling on strati�ed motion planning.

Proof: Straightforwardly comes from the reasonings of proof followed in Proposition 3. Considering exclusively

moving on vector �elds from (3.18), one gets (3.17). On this 
ow, one can directly carry out a smooth time-

scaling according to Proposition 3. Let the desired time T = T
str� p t

f . Now, inserting back moving o� vector

�elds, the only change in time relations that the time taken by moving o� vector �elds should be accounted.

Time spent for a single moving o� vector �eld takes, by de�nition, tf , so p moving o� vector �elds ptf time

altogether. It means that strati�ed motion planning needs time T + p t
f = (T str � p t

f ) + p t
f = T

str which

was originally desired.
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Proposition 3 and Proposition 4 give constructive way for time scaling. Based on this, Algorithm 5 of

strati�ed motion planning extended by time-scaling and adaptive step length modi�cation can be summarized

as follows.

Algorithm 6. [Improved Strati�ed Motion Planning. (Endowed with adaptive step length modi�cation and

time scaling)]

Step 1. Determine multiple strati�ed system.

Step 2. Create bottom strati�ed system.

Step 3. Create bottom strati�ed extended system.

Step 4. Carry out Algorithm 4 on bottom strati�ed extended system.

Step 5. Insert necessary moving o� vector �elds into the sequence of 
ows that completes the solution for

strati�ed motion planning problem. All the moving o� vector �elds are uniformly activated for time tf > 0.

Step 6. Perform time-scaling based on Proposition 4.

3.3 Example

This chapter intends to illustrate the results of Subsection 3.1 and Subsection 3.2 on the simple model of six-

legged robot. Equations of motion that steer robot in the plane are adopted from Example 6. Consider a motion

planning problem with the representative points

xI = x(0) =

0
BBBBBBBBBBBBBBB@

0

0

0

0

0

0

0

1
CCCCCCCCCCCCCCCA

; xF1 = x(T1) =

0
BBBBBBBBBBBBBBB@

4

4

0

0

0

0

0

1
CCCCCCCCCCCCCCCA

; xF2 = x(T2) =

0
BBBBBBBBBBBBBBB@

8

10

0

0

0

0

0

1
CCCCCCCCCCCCCCCA

(3.19)

where the robot starts from xI and it should reach the con�guration xF1 = x(T1) at T1 = 2 sec, and the

con�guration xF2 = x(T2) at T2 = 4 sec, respectively. Observe, robot should change only its position in �nal

con�gurations, remaining state variables are expected to keep their values. It is permitted, however, the robot

to change state variables between representative points. In fact it is necessary, for example orientation � to be

changed from initial value 0, otherwise the robot, since having coupled equations of motion, could not reach

desired positions by means of control vector �elds. As seen, desired time points are given at representative

points, calling for time-scaling, therefore Algorithm 6 is to be applied. In order to highlight the bene�ts of

proposed improvements related to convergency, simulation results of algorithm omitting step length adaptation

are also presented.

Basic strati�ed motion planning starts with multiple strati�ed system. Expressions (2.39)-(2.42), the

equations that de�ne motions in strata, make up this system for six-legged robot. Subsystems in strata can
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delegate maximally 4 independent basis of tangent space into bottom stratum establishing bottom strati�ed

system(BSS). Every basis should be �tted to the dimension of this stratum meaning that they are to be "cut

o�" to dimension 5. Note, the dimensions omitted in this way are related to leg heights, they do not in
uence

the shape of path performed by the robot, but they play important role in selecting the set of active vector

�elds. Selected vector �elds represent the basis and the equation of bottom strati�ed system reads

�BSS :

0
BBBBBBBBBBBB@

_x

_y

_�

_�1

_�2

_h2

1
CCCCCCCCCCCCA

= [g1;1 jS12 g2;2 jS12 g1;2 jS12 g2;1 jS12 ]

0
BBBBBB@

u1;1

u2;2

u1;2

u2;1

1
CCCCCCA

(3.20)

=

2
6666666664

cos(�) cos(�) 0 0

sin(�) sin(�) 0 0

1 �1 0 0

1 0 0 1

0 1 1 0

3
7777777775

0
BBBBBB@

u1;1

u2;2

u1;2

u2;1

1
CCCCCCA

For the sake of simplicity, notation jS12 will be omitted if context uniquely points out that a vector �eld is

considered in bottom stratum. Lie bracket ge1 = [g1;1; g2;2] produces a vector �eld which is independent of g1;1,

g1;2, g2;1 and g2;2 concluding that �
BSS satis�es the LARC:

rank([g1;1 g2;2 g1;2 g2;1 g
e
1]) = 5:

These vector �elds constitute the bottom strati�ed extended system �BSS
ext and they give simultaneously the

Philip Hall basis for smooth motion planning.

First, let the time moving o� vector �elds require be disregarded, i.e. tf = 0, uniformly. (The modi�cation to

be carried out for strati�ed motion planning if tf > 0 will be discussed later on.) This simpli�cation allows the

smooth motion planning on bottom strati�ed system to inherit time relations from strati�ed case, so prescribed

times at representative points are still T1 = 2 and T2 = 4.

Performing smooth motion planning algorithm based on sequence of 
ows without taking into account any

algorithm that improves convergency (such as Algorithm 4), but using time-scaling the solution in the �rst

subsegment (between xI and xF1) yields

x
r
F1 = �(g2;1; 0:5;�4) Æ�(g1;2; 0:5;�4) Æ�(g2;2; 0:5; 4) Æ�(g1;1; 0:5; 4)(xI): (3.21)

where xI = (0; 0; 0; 0; 0; 0; 0)
T
and xrF1 = (1:82; 2:83; 0; 0; 0; 0; 0)

T
. Adding time of 
ows together, xrF1 =

x(2), the system achieves xrF1 at t = T1 as desired. Deviation between the reached x
r
F1 and desired xF1,

however, is considerable, which is seen in Figure 3.1. Resolving motion planning problem in second subsegment,
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Figure 3.1: Strati�ed motion planning without improving convergency. Marks "o" denote the representative

points xI , xF1 and xF2 while marks "+" denote reached points the trajectory passing through: xI , x
r
F1 and

x
r
F2.

with initial state xrF1 and desired state xF1, the solution proceeds as

x
r
F2 = �(g2;2; 0:1305;�8:37) Æ�(g1;1; 0:1305; 8:37) Æ�(g2;2; 0:1305; 8:37) Æ�(g1;1; 0:1305;�8:37) Æ (3.22)

Æ �(g2;1; 0:3695;�8:37) Æ�(g1;2; 0:3695;�8:37) Æ�(g2;2; 0:3695; 8:37) Æ�(g1;1; 0:3695; 8:37)(xrF1)

where xrF2 = (0:01; 5:84; 0; 0; 0; 0; 0)
T
. Observe, the last 4 terms in 
ow sequence (i.e. the �rst 4 ones in

writing order) approximates a 
ow along ge1 = [�g1;1; g2;2] (see (A-34)). In order to obtain total 
ow sequence,

one should replace xrF1 in (3.22) with the 
ow sequence in (3.21). Adding time of 
ows in (3.22) to initial

time of xrF1, x
r
F2 = x(4), i.e. desired time-scaling is accomplished. The weakness of algorithm in convergency

is disclosed if one compares reached con�guration xrF2 with desired con�guration xF2. Error illustrated also in

Figure 3.1 proves divergency in motion planning.

To improve convergency, apply Algorithm 6 that incorporates Algorithm 4. Results are illustrated in Figure

3.2 Algorithm in the �rst subsegment leads to the same result achieving xrF1. At this point, kxF1 � x
r
F1k �

F Di (kxF1 � x
r
F1k = 2:43, F = 1=3, D1 = 5:66), and Step 6 of Algorithm 4 recognizes developing di-

vergency and intervenes by inserting 3 extra representative points along straight line between x
r
F1 and xF2:

c1 = (3:36; 4:62; 0; 0; 0; 0; 0)
T
, c2 = (4:91; 6:41; 0; 0; 0; 0; 0)

T
, c3 = (6:45; 8:20; 0; 0; 0; 0; 0)

T
. Let the

time is divided uniformly between x
r
F1 and xF2, i.e. let the time prescribed at c1, c2 and c3 equal to T

1
c = 2:5,

T
2
c = 3, T 3

c = 3:5, respectively. (Note, xF2 = x(4) is desired.) Of course, it is possible to choose other k, F

in Algorithm 4, as well. The idea behind choosing F = 1=3 is that if a deviation between desired and reached

�nal state is permanently less than 33% of subsegment length then the necessary condition to reach critical

distance (requiring maximum 50% deviation) holds with safety. Inserting 3 points comes from the philosophy

as follows. Next subsegment length is assumingly close to the actual one, and considering the worst case, the
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Figure 3.2: Strati�ed motion planning using improvements for convergency. Marks "o" denote the �nal

representative points xI , xF1, c1, c2, c3 and xF2 while marks "+" denote reached points the trajectory passing

through: xI , x
r
F1, c

r
1, c

r
2, c

r
3 and x

r
F2.

distance between initial and �nal state in the next subsegment is around (F + 1)Di = 4=3Di. If one inserts 3

extra points, the length of next subsegment is changed, 4 times shorter than it was originally, i.e

Di+1 �
1

4
(F + 1)Di =

1

4

4

3
Di =

1

3
Di = F Di (3.23)

which means that the length of next subsegment will be approximately equal to the threshold applied to error

in divergent case.

Executing motion planning in second subsegment results the 
ow sequences

c
r
1 = �(g2;2; 0:0625;�12:36) Æ�(g1;1; 0:0625;�12:36) Æ�(g2;2; 0:0625; 12:36) Æ�(g1;1; 0:0625; 12:36) Æ

Æ �(g2;1; 0:0625;�12:36) Æ�(g1;2; 0:0625;�12:36) Æ�(g2;2; 0:0625; 12:36) Æ�(g1;1; 0:0625; 12:36)(xrF1)

where cr1 = x(2:5) = (3:21; 4:54; 0; 0; 0; 0; 0)
T
.

As before, the last 4 terms in 
ow sequence (i.e. the �rst 4 ones in writing order) approximates a 
ow along

g
e
1 = [g1;1; g2;2] (see (A-34)). Executing motion planning in 3rd subsegment results the 
ow sequences

c
r
2 = �(g2;2; 0:0592;�12:87) Æ�(g1;1; 0:0592;�12:87) Æ�(g2;2; 0:0592; 12:87) Æ�(g1;1; 0:0592; 12:87) Æ

Æ �(g2;1; 0:0658;�12:87) Æ�(g1;2; 0:0658;�12:87) Æ�(g2;2; 0:0658; 12:87) Æ�(g1;1; 0:0658; 12:87)(cr1)

where cr2 = x(3) = (4:71; 6:32; 0; 0; 0; 0; 0)
T
.

Executing motion planning in 4th subsegment results the 
ow sequences

c
r
3 = �(g2;2; 0:0579;�12:98) Æ�(g1;1; 0:0579;�12:98) Æ�(g2;2; 0:0579; 12:98) Æ�(g1;1; 0:0579; 12:98) Æ

Æ �(g2;1; 0:0671;�12:98) Æ�(g1;2; 0:0671;�12:98) Æ�(g2;2; 0:0671; 12:98) Æ�(g1;1; 0:0671; 12:98)(cr2)
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where cr3 = x(3:5) = (6:25; 8:10; 0; 0; 0; 0; 0)
T
.

Executing motion planning in the �nal subsegment results the 
ow sequences

x
r
F2 = �(g2;2; 0:0575;�13:01) Æ�(g1;1;�0:0575; 13:01) Æ�(g2;2; 0:0575; 13:01) Æ�(g1;1; 0:0575; 13:01) Æ

Æ �(g2;1; 0:0675;�13:01) Æ�(g1;2; 0:0675;�13:01) Æ�(g2;2; 0:0675; 13:01) Æ�(g1;1; 0:0675; 13:01)(cr3)

where xrF2 = x(4) = (7:78; 9:9; 0; 0; 0; 0; 0)
T
.

Comparing xrF2 with xF2, one can realize that distance between them is 0:24 which corresponds 10% error with

respect to the newly created last subsegment de�ned by c3 and xF2, and only 3% error with respect to the

original subsegment de�ned by xF1 and xF2.

In order to obtain the total solution, one has to consider tf > 0 which was omitted so far. For, the �rst

step is to concatenate the 
ow sequences. Doing this, it is easy to realize that every 
ow is de�ned in other

strata than its neighbors. Since total sequence consists of 32 
ows, one need to insert 31 moving o� vector �elds

which takes 31 tf additional time. Based on this, one can rescale the 
ow sequence. For example, if tf = 0:1sec

and T1 = 5:1sec, T2 = 7:1sec are the desired time at representative points then by using Proposition 4 motion

planning problemon �BSS results in Tnew
1 = T1� 31 tf = 2, Tnew

2 = T2� 31 tf = 4 (which is the task that have

been solved above).

Finally, there is a phenomena which may be worth being discussed. Motion planning in general aims to

steer the robot along a reference path in plane. Although, strati�ed methods presented here so far are able

to approximate a �nal point including positions and orientation as state variables but unfortunately they

cannot ensure the resulting path to be close enough to reference path between representative points. Figure 3.3

and Figure 3.4 illustrate how much the trajectory tracking error may depend on prescribed state variables if

point to point motion planning algorithm is used. If desired orientation does not coincide with tangent vector

of trajectory at representative points as illustrated in Figure 3.3 then robot moves along a path which has

considerable deviation from reference path. On the other hand, if desired orientation does coincide with

tangent vector of trajectory at representative points as illustrated in Figure 3.4 then robot approximates well

the reference path. The phenomena is of great importance if obstacles lie on the ground and collision is not

preferable.

3.4 Summary and Conclusions

This chapter proposed some improvements for basic strati�ed motion planning that increase robustness. Two

problems were investigated, the convergency and time-scaling.

Algorithm 4 provided a technique how to insert extra representative points in order to improve convergency.

The method starts from the idea of La�erriere and Sussmann (1991) but it contains modi�cations that �ts

to motion planning problem consisting of numerous representative points to be passed through. Proposition 2

asserted that the algorithm can be integrated into strati�ed frame and Algorithm 5 provided a methodology
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Figure 3.3: Basic strati�ed motion planning for six-legged robots. Marks "o" denote representative points

(from a circle) to be reached. Desired orientation is constant at every representative points and di�ers from

the tangent of trajectory.
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Figure 3.4: Basic strati�ed motion planning for six-legged robots. Marks "o" denote representative points

(from a circle) to be reached. Desired orientation is constant at every representative points and coincides with

the tangent of trajectory.
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how to solve convergency for strati�ed systems.

Another problem this chapter focused on was the time-scaling. It aims to assure the freedom to relate

desired time points to representative points. Proposition 3 solved the problem for smooth motion planningusing

sequence of 
ows, and Proposition 4 extended its result to strati�ed case. Algorithm 6 displayed how to combine

algorithms together in order to realize time-scaling equipped with improved convergence property.

The results were illustrated on the motion planning problem of six-legged robot. This example revealed the

main drawback of basic strati�ed motion planning, namely, it meets diÆculties if obstacles can be found in the

environment. Chapters 5 and Chapters 6 are devoted to overcome this problem.



Chapter 4

Strati�ed Manipulation Planning

Algorithms

This chapter poses manipulation planning problem using �ngertip relocations from strati�ed viewpoint. The

idea of using strati�ed motion planning for manipulation was reported �rst in Goodwine (1998b) and Goodwine

(1999). Methods investigated here carries fundamentally strati�ed motion planning strategies but they approach

the problem in partly di�erent way making techniques suitable for some extensions and improvements. Since

manipulation of this kind concerns strati�ed motion planning, the results of Chapter 2 and Chapter 3 are

intensively exploited.

Section 4.1 settles the manipulation setup the manipulation planning algorithms applied to. It presents the

kinematic of object-hand arrangement and enlightens its strati�ed nature. Strati�ed manipulation planning,

however, encounters some issues when strati�ed motion planning is to be applied.

In order to triumph over diÆculties, Section 4.2 proposes three techniques, each of them employs speci�c,

so called �tted parametrization. Algorithms devised here are built on the same foundation as strati�ed motion

planning, however they follow di�erent philosophies making pro�t from some particular features of manipulation

structure.

Simulation results due to algorithms are discussed in Section 4.3 concerning the manipulation of egg-shaped

object with robotic hand equipped by four �ngers. Each �nger is of three degrees of freedom.

Reader �nds the results of this chapter in Harmati, Lantos, and Payandeh (2002f), Harmati, Lantos, and

Payandeh (2000b), Harmati, Lantos, and Payandeh (2001), Harmati, Lantos, and Payandeh (2002g), Harmati

and Lantos (2002).

50
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Figure 4.1: The manipulated object with the 4 initial contact points (denoted by �) in the plane z = 0. The

task is a rotation around [1 0 1]T . (Axis z is directed upwards)

4.1 Manipulation Concept with Fingertip Relocations:

An Introductory Example

The results of this chapter will be demonstrated by using an example. This section introduces this manipulation

system and presents some notations used in the following. The algorithms suggested in the next section are

introduced via an egg-shaped object manipulation. The x, y and z coordinates of the surface points (Goodwine

(1999)) shown in Figure 4.1 are parameterized by the equation

c(u; v) =

0
BBB@

(1 + u
�
) cosu cos v

(1 + u
�
) cosu sin v

3
2
sinu

1
CCCA ;

u 2 (��
2
;
�
2
)

v 2 (��; �)
(4.1)

where u and v are the parameters of the surface.

Consider a robot hand equipped with four �ngers where each �nger has three degrees of freedom. The

relation between a �nger and the object is illustrated in the Figure 4.2. Frame Kp denotes the palm frame and

it is the inertial frame in the manipulation system. The object frame Ko is �xed to the object. Without loss of

generality, one may assume that the origin of the object frame Ko coincides with the origin of the palm frame

Kp. Let the vector !o denote the angular velocity of the object frame relative to the palm frame, as seen from

the palm frame. Similarly, let vo denote the linear velocity of the object frame relative to the palm frame,

as seen from the palm frame. The frames Kfi , i = 1 : : : 4 are attached to the �ngertips. Let the homogeneous

transformation between the palm frame and the base frames of �ngers be given by
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Figure 4.2: The connection between a �nger and the object.

Tp0f1 =

2
6666666664

�1 0 0 1

0 �1 0 1

0 0 1 0

0 0 0 1

3
7777777775

; Tp0f2 =

2
6666666664

0 �1 0 1

1 0 0 �1

0 0 1 0

0 0 0 1

3
7777777775

; Tp0f3 =

2
6666666664

0 1 0 �1

�1 0 0 1

0 0 1 0

0 0 0 1

3
7777777775

; Tp0f4 =

2
6666666664

1 0 0 �1

0 1 0 �1

0 0 1 0

0 0 0 1

3
7777777775

The �ngers divide the workspace into quadrants. This arrangement is bene�cial because the four �ngers

work in di�erent quadrants of the workspace. The initial contact points are determined by the intersection

of the object and the lines x = �y in the plane z = 0 as shown in Figure 4.1 and Figure 4.3. Considering

local manipulation planning where the object and �ngertip motion are suÆciently small, the quadrants ensure

separated workspaces avoiding collision of the �ngertips. In the case of global manipulation planning, the

collision avoidance problem requires additional strategies. They will be discussed in Subsection 4.2.1 and 4.2.2

in more detail. Their philosophy consists of inserting extra �nger relocation back onto the lines x = �y in the

plane z = 0 if the �ngertip is about to leave its own workspace (strati�ed manipulation) or one may carry out

this �nger relocation after a particular manipulation phase (see semi-strati�ed manipulation).

In this discussion, piecewise constant contact points are supposed where contact model does not allow the

�ngertip to slide or roll on the object but one can carry out a �ngertip relocation. In other words, during the

object motion, the �ngertips in contact with the object keep their positions in relative to the object frame Ko.

Contact points with the above properties can be realized by the contact point with friction model (Salisbury

and Mason (1985)). Using this assumption, one describes the kinematics in the palm frame. Since the methods

in this thesis concern the kinematic problem (Lantos (1997)), let Jpfi denote the Jacobian matrix of the ith

�nger. The �ngertip velocity of the ith �nger is described by reduced Jacobian matrix containing only those

rows from Jpfi which are related to the linear velocities. For the ith �nger, the reduced Jacobian matrix that

establishes a connection between the joint variables and the �ngertip velocity (the linear velocity of the origin
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Figure 4.3: The quadrants of the workspace.

of Kfi) in the palm frame Kp is given by

vpfi = J
v
pfi

_�qi (4.2)

where Jvpfi has 3 rows and 3 columns. For example, a robotic hand equipped with the above homogeneous

transformations claims that the Jacobian matrix of the �rst �nger is given by

J
v
pf1

(1; 1) = sin(�q1(1))(sin(�q1(2)� �q1(3))

+ sin(�q1(2)))

J
v
pf1

(1; 2) = � cos(�q1(1)) cos(�q1(2)

� �q1(3)) (1 + cos(�q1(3)))

+ cos(�q1(1)) sin(�q1(2)� �q1(3)) sin(�q1(3))

J
v
pf1

(1; 3) = � cos(�q1(1)) cos(�q1(2)� �q1(3))

J
v
pf1

(2; 1) = � cos(�q1(1))(sin(�q1(2)� �q1(3))

+ sin(�q1(2)))

J
v
pf1

(2; 2) = � sin(�q1(1)) cos(�q1(2)

� �q1(3)) (1 + cos(�q1(3)))

+ sin(�q1(1)) sin(�q1(2)� �q1(3)) sin(�q1(3))

J
v
pf1

(2; 3) = � sin(�q1(1)) cos(�q1(2)� �q1(3))

J
v
pf1

(3; 1) = 0

J
v
pf1

(3; 2) = � sin(�q1(2)� �q1(3)) (1 + cos(�q1(3)))

� cos(�q1(2)� �q1(3)) sin(�q1(3))
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J
v
pf1

(3; 3) = � sin(�q1(2)� �q1(3)) (4.3)

where �q1(j) is the jth joint variable of the 1st �nger etc. Taking into account all the contact points it yields

vpf =

0
BBB@

vpf1

...

vpf4

1
CCCA =

2
6664

J
v
pf1

. . .

J
v
pf4

3
7775

| {z }
Jv
pf

0
BBB@

_�q1
...

_�q4

1
CCCA

= J
v
pf _q (4.4)

The discussion of singularities is not a subject of this investigation, hence one may insert the methods bellow

into a global manipulation planning where singularities, collision avoidance and force closure are investigated

in a higher level (Vass, Payandeh, and Lantos (1999a)). On the other hand, if vo denotes the linear velocity

and !o denotes the angular velocity of the object frame relative to the palm frame (as seen in the palm frame),

then the �ngertip velocities can be determined in an alternative way, namely,0
@ vpfi

!pfi

1
A =

2
4 I [�ppfi�]

0 I

3
5
0
@ vo

!o

1
A (4.5)

Introducing the notation

Jpoi(ppfi) =

2
4 I [�ppfi�]

0 I

3
5 (4.6)

and assuming that all the �ngers are in contact, one extends (4.5) to all linear and angular velocities as

0
BBBBBBBBB@

vpf1

!pf1

...

vpf4

!pf4

1
CCCCCCCCCA

=

2
6664

Jpo1(ppf1)

...

Jpo4(ppf4)

3
7775

| {z }
Jpo(ppf )

0
@ vo

!o

1
A (4.7)

where ppf = (pTpf1 ; : : : ; p
T
pf4

)T . For clarity, Jpoi(ppfi ) is written as Jpoi and Jpo(ppf ) is written as Jpo, respectively.

To express the �ngertip velocities, one should eliminate the rows belonging to angular velocities !pfi from Jpoi ,

i = 1 : : : 4 from (4.7). It implies a reduced matrix Jvpo instead of Jpo resulting �ngertip velocities expressed in

the palm frame as 0
BBB@

vpf1

...

vpf4

1
CCCA =

2
6664

I [�ppf1�]
...

I [�ppf4�]

3
7775

| {z }
Jvpo

0
@ vo

!o

1
A (4.8)



CHAPTER 4. STRATIFIED MANIPULATION PLANNING ALGORITHMS 55

From (4.4) and (4.8) one deduces

0
BBB@

vpf1

...

vpf4

1
CCCA =

2
6664

I [�ppf1�]
...

I [�ppf4�]

3
7775

| {z }
Jvpo

0
@ vo

!o

1
A

=

2
6664

J
v
pf1

. . .

J
v
pf4

3
7775

| {z }
Jv
pf

0
BBB@

_�q1
...

_�q4

1
CCCA (4.9)

From here, the relation between joint variables and object motion can be obtained as:0
BBB@

_�q1
...

_�q4

1
CCCA =

�
J
v
pf

�
�1

J
v
po

0
@ vo

!o

1
A : (4.10)

Expression (4.10) is used below in this section and Section 4.2.1).

Now, it is to be shown that the manipulation system discussed above may be considered as a strati�ed system.

Another goal is to describe the manipulation task in terms of stratifaction providing more exact equations for

strata that re
ect this nature. To study the problem in such a way, one should de�ne the subsystems in the

strata. Example 7 showed that the notion of �nger gaiting �ts well to strati�ed discussion. Pursuing this

idea, strata can be de�ned with di�erent subsystems where each subsystem is subjected to a set of constraints

depending on the �ngers being in contact with the object. For the sake of simpler formulation, a treatment in

palm frame is adopted.

If all the �ngers are in �xed contact with the object while the object is moving, the subsystem

�f;S1234 :

0
BBBBBBBBB@

vo

!o

_ppf1
...

_ppf4

1
CCCCCCCCCA

=

2
6666666664

I 0

0 I

I [�ppf1�]
...

...

I [�ppf4�]

3
7777777775

0
@ v

d
o

!
d
o

1
A (4.11)

realizes a possible manipulation phase. Here, ppf1 , : : :, ppf4 represent the �ngertip positions. Indeed, �f;S1234

de�nes the system in the bottom stratum S1234. Notations vdo and !
d
o realize the desired linear and angular

velocities of the object, however, they are also the (�ctitious) inputs of �f;S1234 . The physical inputs of the

kinematic model are the derivatives of the joint variables �qi. The transformation (4.10) makes a conversion
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between the �ctitious and real input: 0
BBB@

_�q1
...

_�q4

1
CCCA =

�
J
v
pf

�
�1

J
v
po

0
@ v

d
o

!
d
o

1
A (4.12)

The use of �ctitious inputs has the bene�t of leaving (4.11) in a form _x = F (x)u instead of the more general

_x = F (x; u). Recall, that strati�ed motion planning in Section 2.2 was developed for a kinematic system given

in the form _x = F (x)u.

Consider now a subsystem in a higher stratum. For instance, if all the �ngers except Finger 1 are in contact

with the object, it assigns a stratum S234. The equations of motion on this stratum yields

�f;S234 : 0
BBBBBBBBB@

vo

!o

_ppf1
...

_ppf4

1
CCCCCCCCCA

=

2
6666666666664

I 0 0

0 I 0

0 0 I

I [�ppf2�] 0

I [�ppf3�] 0

I [�ppf4�] 0

3
7777777777775

0
BBB@

v
d
o

!
d
o

_pdpf1

1
CCCA (4.13)

where _pdpf1 is the desired (unconstrained) �ngertip velocity of the 1st �nger. One may derive the connection

between the �ctitious input ((vdo )
T
; (!do)

T
; ( _pdpf1)

T )T and joint variables similarly to (4.12). The only di�erence

is that the �rst �nger is not subjected to a constraint now, hence

0
BBBBBB@

_�q1

_�q2
...

_�q4

1
CCCCCCA

=

2
4 0 J

v
pf1

�1

J
v
pff234g

�1
J
v
pof234g

0

3
5
0
BBB@

v
d
o

!
d
o

_pdpf1

1
CCCA (4.14)

where

J
v
pof234g

=

2
6664

I [�ppf2�]
...

I [�ppf4�]

3
7775 (4.15)

and

J
v
pff234g

=

2
6664

J
v
pf2

. . .

J
v
pf4

3
7775 (4.16)

The equations of motion and the conversions due to other higher strata have similar forms i.e. for instance,

�f;S134 :
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0
BBBBBBBBBBBB@

vo

!o

_ppf1

_ppf2

_ppf31

_ppf4

1
CCCCCCCCCCCCA

=

2
6666666666664

I 0 0

0 I 0

I [�ppf1�] 0

0 0 I

I [�ppf3�] 0

I [�ppf4�] 0

3
7777777777775

0
BBB@

v
d
o

!
d
o

_pdpf2

1
CCCA (4.17)

and so on. The strati�ed system in 4.17 will be denoted by �f . Recall now, that one may accomplish the strat-

i�ed motion planning algorithmif it satis�es the conditions of Proposition 1 and Corollary 1. As a contribution,

it is shown in the following that this condition is not satis�ed in �f .

Proposition 5. The system �f does not make possible switching between any two strata.

Proof: Consider the vector �elds of the systems de�ned by (4.11) and (4.13). De�ne two groups of the vector

�elds by the last 3 vector �elds of �f;S1234 and �f;S234

Fon = [f1 f2 f3] =

2
6666666664

0

I

[�ppf1�]
...

[�ppf4�]

3
7777777775
; Goff = [g1 g2 g3] =

2
6666666666664

0

0

I

0

0

0

3
7777777777775

(4.18)

(the size of each block is 3 by 3). By the de�nition of the moving on and moving o� vector �elds, the vector

�elds f1; : : : ; f3 are moving on vector �elds, the vector �elds g1; : : : ; g3 are moving o� vector �elds. One can

�nd moving on vector �elds from Fon to each moving o� vector �elds from Goff such that their Lie brackets

are not zero. For example:

[f2; g1] = [f3; g2] = [f1; g3]

=
�
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0

�T
6= 0

Furthermore, these equations are still valid if one de�nes Goff as the last 3 vector �elds of any higher strata.

It means that based on Corollary 1, the strati�ed motion planning algorithm cannot switch between arbitrary

two strata in the system �f .

The switching problem arising in �f inspired to develop a new approach that �ts well to strati�ed manipula-

tion planning. This method is devised in Subsection 4.2.1. Additional motivation to elaborate a new technique

is that the actual stratum identi�cation requires to check the contacts in �f due to a �nger. It needs tedious

numerical calculation because the distances between object and �ngertips do not appear directly in the state

vector.
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4.2 Fitted Manipulation Planning Methods using Fingertip

Relocations

This section proposes three algorithms that solve manipulation planning by means of �nger relocations. Each

of them is related to strati�ed motion planning, however they use speci�c parametrization that provides advan-

tages and makes treatments more comfortable in comparison to earlier approach Goodwine (1999). Subsection

4.2.1 establishes the foundation of �tted strati�ed manipulation planning that makes switching between strata

possible. Subsection 4.2.2 modi�es this algorithm in order to reduce the quantity of symbolic computation.

Subsection 4.2.3 enhances the robustness of �tted strati�ed manipulation by ensuring limited trajectory track-

ing.

4.2.1 Fitted Strati�ed Manipulation Planning

This subsection concerns one of the two other main contributions of this chapter. A new approach of strati�ed

manipulation is proposed which is an extension of the earlier method Goodwine (1999). More precisely, our

primarily goal is to provide a description and a manipulation technique for the system outlined in Section 4.1

that permits the use of strati�ed motion planning in accordance with Corollary 1.

The idea is that �ngertip position is described by a vector popfi = (ui vi zi)
T where ui and vi describe the

projection of the �ngertip position onto the object along the normal vector of the surface (Harmati, Lantos, and

Payandeh (2001)). Variables ui and vi are given as explicit parameters of the object surface in Gaussian frame.

Variable zi denotes the distance between the ith �ngertip and the object (Figure 4.4). The superscript "o"

refers to the object frame whose coordinates are de�ned by explicit parameters of the object. This description

clearly de�nes moving on and moving o� vector �elds in the equations of motion. Such a description �ts well to

strati�ed motion planning, hence motion planning problemis resolved using these representation. However, this

representation is a �ctitious (called �tted) system in the sense that real physical parameters (�ngertip positions

and joint variables) should be obtained via transformation. The method bellow includes a strati�ed motion

planning algorithm on a �ctitious system, and transformations between �ctitious and real physical systems.

Using the convention in notation above, the strati�ed manipulation system in Section 4.1 implies the following

equations of motion on the �tted system.

In bottom stratum, all the �ngers are in contact with object i.e. the degree of freedom comes only from the

object motion:

�fitted;S1234 :

0
@ vo

!o

1
A = I6

0
@ v

d
o

!
d
o

1
A (4.19)

_vi = _ui = zi = 0, i = 1; : : : ; 4

where I6 is the identity matrix with dimension 6. Similarly to (4.11), vdo and !
d
o realize the desired linear
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Figure 4.4: Trajectory by �nger relocation and its orthogonal projection onto the object

and angular velocities of the object and they are also the (�ctitious) inputs of �f;S1234. Recall, that �ngertips

are given in object frame now with di�erent coordinates, hence transformation (4.10) between �ctitious and

physical inputs (joint variables) should be modi�ed. Let

ppfi = object2palm(Egg(u; v); popfi) (4.20)

be the function that transforms object coordinates popfi to palm coordinates ppfi if the object is of egg shape.

Then, physical inputs represented by joint variables are obtained by0
BBB@

_�q1
...

_�q4

1
CCCA =

�
J
v
pf

�
�1

J
v
po(object2palm(Egg(u; v); p

o
pf ))

0
@ v

d
o

!
d
o

1
A (4.21)

where popf = ((popf1)
T
; : : : ; (popf4)

T )T . As it can be seen, the above equation emphasizes that Jvpo depends on p
o
pf

and not on ppf as in (4.6).

Consider now the higher strata Sj1j2j3 where multiindex j1j2j3 assigns the �ngers having contact with the

object. The equations of motion on a higher stratum are given by

�fitted;Sj1j2j3
:

0
BBBBBBBBB@

vo

!o

_ui

_vi

_zi

1
CCCCCCCCCA

=

2
4 I6 0

0 I3

3
5

0
BBBBBBBBB@

v
d
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!
d
o

_udi

_vdi

_zdi

1
CCCCCCCCCA

(4.22)

_vjk = _ujk = zjk = 0; j1j2j3 2 I3 (multiindex), jk 6= i, k = 1 : : : 3 for any i = 1; : : : ; 4

The transformation between inputs of (4.22) and joint variables is similar to (4.14). For instance, it leads on
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S234 to the transformation: 0
BBBBBB@
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where _p
o;d

pf1 is the desired velocity of the 1st �ngertip described by ( _u1; _v1; _z1)
T . Note, that Jvpof234g(ppf234) =

J
v
pof234g

(object2palm(Egg(u; v); popf234)) in accordance with (4.20).

Again, the superscript d in inputs refers implicitly to the fact that the derivatives of the state can be

in
uenced directly by the desired values of the velocities as the inputs of the �ctitious system �fitted. Variables

ui, vi in (4.22) determine the projection of the unconstrained �ngertip motion on the object surface. The next

proposition highlights the main bene�t of the suggested approach.

Proposition 6. The �tted strati�ed model �fitted makes the switching between two strata possible.

Proof: In order to justify the statement, one has to show that every Lie bracket between a moving on and a

moving o� vector �eld is zero i.e. they commute. At �rst, it is to be shown that vector �elds related to variables

z
d
i (e.g. last column in the matrix in (4.22)) are moving o� vector �elds and all the other vector �elds are

moving on vector �elds. For this, one can see that inputs zdi act only on the state variables zi. However, the

actual equations of motion (and the actual stratum) depend on the (not necessary only one) i for which zi = 0.

In other words, zdi determines the current stratum and at the same time, does not in
uence the state vector in

the bottom stratum. In accordance with the de�nition of the moving o� vector �elds (see De�nition 17), the

vector �elds related to the inputs zdi are moving o� vector �elds. Furthermore, let ei denote the unit vector

ei = (0; : : : ; 0; 1|{z}
ith pos:

; 0; : : : 0)T 2 R18 : (4.24)

Each vector �eld of system �fitted in the whole con�guration space is equal to ei. It is an elementary result

from di�erential geometry that Lie brackets [ei; ej ] = 0. It holds for arbitrary two vector �elds and it holds also

for Lie brackets de�ned between any moving on and any moving o� vector �elds. Based on Corollary 1, one

can switch between arbitrary two strata in the system �fitted.

Corollary 3. Strati�ed control algorithm can be applied to �fitted by creating the bottom strati�ed (extended)

system.

See now, how the �tted strati�ed manipulation planning works on �fitted. The �nal goal in manipulation

planning proposed is to obtain the joint variables of �ngers that steer the object into a desired position and ori-

entation. At the �nal stage, �ngertips should reach desired contact points on the surface, as well. The strati�ed

manipulation planning involves a strati�ed motion planning problem in the con�guration space. Equations of

strata are given by (4.19) and (4.22). These subsystems de�ne a bottom strati�ed �tted system that satis�es
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the condition of Corollary 1 and forms0
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1
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(4.25)

It is known from Section 2.2 that this bottom strati�ed (�tted) system is the foundation of basic strati�ed

motion planning used in our manipulation planning. In fact, the (basic) strati�ed motion planning on �fitted

can be reduced into a smooth motion planning (see Subsection 2.1.2) on the bottom strati�ed �tted system

(4.25). The vector �elds of (4.25) are the moving on vector �elds of �fitted. Since the system is strati�ed, it

is required to insert moving o� vector �elds where two 
ows of moving on vector �elds from di�erent strata

meet at a common point. Smooth motion planning on (4.25) makes sense since the desired object position,

orientations and �ngertip positions are available. The only remaining problem is that the inputs of �fitted are

�ctitious and not real. It means that one can attain the trajectory of strati�ed motion planning only if the

�ctitious inputs can be substituted with the joint variables. As mentioned before, this is possible by using the

transformations (4.21), (4.23) and so on.

The main steps of the method are illustrated in Figure 4.5 and summarized as follows.

Algorithm 7. [Basic �tted strati�ed manipulation]

Step 1. Planning the desired motion of the object and the �ngertips. The reference �ngertips needs to be

available in the object frame.

Step 2. Create the �tted system �fitted (see (4.19) and (4.22)).

Step 3. Create the bottom strati�ed �tted system (4.25).

Step 4. Strati�ed motion planning (Algorithm 6) on �tted system. Performing the �nger relocations according

to the insertion of moving o� vector �elds.

Step 5. Transform the motion trajectory from the state space of the �tted system into the state space of the

real system. One may use the geometric and kinematic transformations such as (4.21), (4.23). As a result,

one obtains the joint variables (and their derivatives) due to desired manipulation.

Observe now some features generated by this approach. The main complication appeared in earlier strati-

�ed motion planning algorithmGoodwine (1999) when Philip Hall coordinates were computed (See subsection

2.1.2). It proceeds via evaluation of recursive integrations. If the vector �elds of bottom strati�ed system has

symbolically complex vector �elds, the integrands become complicated. However, this is not the case for �tted

strati�ed system because the vector �elds do not contain symbolic variables. It makes computations very easy,

almost entirely numerical.
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Figure 4.5: The main steps of the �tted strati�ed manipulation planning.

As a consequence of simple vector �elds, one can easily show the property of (strati�ed) controllability on

the proposed �tted system with a considerably fewer computations than in the earlier strati�ed approaches

since all kind of computations with constant vector �elds are elementary in di�erential geometry.

An additional advantage of the method in comparison with Goodwine (1999) that one may directly interpret

the resulting trajectory of the system since the �ctitious inputs in (4.19), (4.22) etc. are strongly related

to the object parameters. One can also see that the creation of extended bottom strati�ed �tted system is

unnecessary because the vector �elds of bottom strati�ed �tted system span the entire tangent space in a given

con�guration. In our example, the dimension of system (4.25) equals to 3 + 3 + 4� 2 = 14. Both linear and

angular velocity of the object take 3 coordinates. Additionally, every �ngertip is described by 3 parameters,

of which 2 determine the projection of the �ngertip onto the object surface expressed by the exact parameters

of the object. The third parameter does not take place in bottom strati�ed �tted system but it is �xed to

the moving o� vector �elds that lift the �nger on and o� the surface. Observe, that every input in (4.25)

a�ects only one state variable i.e. the bottom strati�ed �tted system is decoupled. It implies that con�guration

space can be divided into subspaces where the strata assign disjoint subspaces (see the vector �elds of (4.25).

It poses the possibility of a strati�ed manipulation/motion planning where the trajectory may evolve locally

on a submanifold whose dimension is greater than one. (This property is to be exploited in Subsection 4.2.3)

This means that the projection of �ngertips may follow a special trajectory on the object surface. Recall, that

basic strati�ed motion planning relies on a smooth motion planning where the system trajectory evolves along

sequence of 
ows i.e. it is locally restricted to one dimensional submanifolds. It means that arbitrary �ngertip

trajectory cannot be prescribed only a �nal state can be reached.

The technique introduced also possesses a main drawback. Namely, one needs to execute extra transforma-

tions between �ctitious and real inputs. It requires to evaluate nonlinear transformations like (4.21) and (4.23)

at each con�guration i.e. joint variables are not obtained directly but they are derived.

Additionally, the method expects some reference data (�ngertip positions) not in the palm frame but in the

object (body) frame.

One more restriction appears when strati�ed manipulation is employed. Namely, the workspace were divided
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into four quadrants and it is assumed that all the �ngers work in their own quadrant assuring the collision avoid-

ance. Unfortunately, strati�ed manipulation does not necessarily keep �ngers directly in their own workspace for

arbitrary manipulation task. If the reference �ngertips are prescribed in their own workspaces, �tted strati�ed

manipulation implies a dextrous manipulation. It can be done by choosing a desired �nal point close enough to

the initial con�guration. However, the most important requirement is that the object should reach the desired

position and orientation, hence the �ngertip positions play relatively secondary role. In this special case, the

problem should be overcome in the phase when the reference trajectory is generated. More exactly, if it turns

out that a �nger is about to leave its permitted workspace (quadrant) during the desired object motion, then

one should insert an arti�cally generated �nger relocation that pulls back the �nger into its region, for example

onto the lines x = �y in the plane z = 0. Of course, it means that reference �ngertip positions must be modi�ed.

The semi-strati�ed manipulation planning in the next subsection is devoted to handling this problem.

4.2.2 Fitted Semi-Strati�ed Manipulation Planning

In this subsection, a decomposed manipulation concept is proposed for object with smooth surfaces that com-

bines �tted strati�ed motion planning with unconstrained motion planning. In this context, unconstrained

motion means that a �nger can move in the free space between two points independently of the object. The mo-

tivation to use unconstrained motion planning beside strati�ed manipulation may be useful from many reasons.

One of them is to give a greater degree of freedom for �nger relocations in manipulation planning. Second, it

may be desired to reduce computations appearing for instance in computation of Philip Hall basis. Additionally,

it is bene�cial to keep the �ngers in their own workspaces independent of the object orientation.

If one considers the �tted strati�ed manipulation in Subsection 4.2.1, then a �nal con�guration can be

obtained as a sequence of 14 connected 
ows

xF = �(t14; v
o;d
pf4

(2)) Æ�(t13; vo;dpf4
(1)) Æ � � �

Æ �(t8; v
o;d
pf1

(2)) Æ�(t7; vo;dpf1
(1))

Æ �(t6; !
o;d
o (3)) Æ � � � Æ�(t4; !o;do (1)) (4.26)

Æ �(t3; v
o;d
o (3)) Æ � � � Æ�(t1; vo;do (1))(xI )

where the second argument of 
ow � denotes the active input and the �rst one de�nes the length of its active

time interval. In addition, v
o;d
pf1 � _p

o;d
pf1, v

o;d
pf1(1) = _ud1, v

o;d

pf1(2) = _vd1 and so on. The �rst 6 
ows (i.e. the last

6 in writing order) manipulate the object and every 3 
ows following it belong to �ngers. Note, that active

input uniquely assigns a moving on vector �eld from �fitted. If two neighboring 
ows are de�ned in di�erent

strata, then insertion of appropriate moving o� vector �eld is required. It is done by activating inputs v
o;d

pfi(3).

It may already occur in the object manipulation phase realized by 
ows �(t6; !
o;d
o (3)); : : : ;�(t1; v

o;d
o (1)) that

the �ngertip positions exceed their allocated workspace.

To avoid this phenomenon, semi-strati�ed manipulation planning is pursued through several steps. The

main steps are outlined in the Figure 4.6.
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Figure 4.6: The main steps of the semi-strati�ed manipulation planning

In order to keep the �ngertips in their own quadrants assuring their collision avoidance, the reference �ngertip

positions should be chosen in suitable way. The subsegment generation algorithm concerns this issue, as follows.

It is assumed that the four initial �ngertips on the object surface lie on the lines x = y and x = �y in the plane

z = 0.

Follow a manipulation phase now. At �rst, one �xes contact points to the object and moves the object along

the reference object trajectory. Before one of the �ngertips is about to leave its quadrant (workspace), one

records the object and �ngertips con�gurations. This con�guration will be the desired �nal con�guration for

the point to point �tted strati�ed manipulation. This con�guration is reached by a sequence of 
ows (4.26).

At this point, the algorithms inserts four unconstrained �nger relocations that "pull back" the �ngertips

into the plane z = 0 where x = y and x = �y (see Figure 4.1). The �ngers are relocated in order i.e. only

one of them moves back into the contact z = 0, x = y or x = �y at a time, the other three remain on the

surface. After this, the following �nger is relocated onto another contact point and the other three ones remain

in contact with the object. While the �ngertip is being relocated, it breaks the contact, moves in the free space

and establishes a new contact in the above mentioned location. It can be shown Goodwine (1999) that this

kind of motion of the �ngertips are able to ensure force closure stability. As a matter of fact, the unconstrained

�nger relocations are new features in the �tted semi-strati�ed manipulation since they did not appear in �tted

strati�ed manipulation. The unconstrained �nger relocations allow to steer the free �ngertip using J
v
pfi

. In

spite of �tted strati�ed motion planning, it is allowed to be more than one active input, so that the relocated

�ngertip has 3 degrees of freedom in the space whereas �tted strati�ed motion planning had only one. This

means that one can de�ne strategies which keep the �ngers in their workspaces avoiding �ngertip collisions.

Two simple ones are the followings:

� Finger relocation with straight-line subsegments. The trajectory is composed of three straight-line subseg-

ments. Determine two points above the object starting from the initial and the desired �nal points, in the

direction of normal vector of the surface. This can be a part of overall planner. The two points must be at a

distance from the object such that the straight-line connecting the two points does not intersect the object.

The two points with the initial and �nal points de�ne three joined straight-line subsegments.

� Finger relocation with constant distance from the object. The di�erence from the previous approach is in the
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Figure 4.7: The evolution of the planned contact points during the manipulation. (Axis z is directed upwards.)

trajectory between the two points above the object. It is a curve evolving in parallel manner to the surface

of the object.

The whole manipulation procedure consists of subsegments snapping the object in the state where the �ngertips

does not leave their workspaces, yet. The Figure 4.7- Figure 4.9 illustrate the steps of �tted semi-strati�ed

algorithm if the manipulation task is a rotation around the axis [1 0 1]T . Figure 4.7 shows the evaluation of

reference contact points during the object motion. It means that the points marked by asterisk belonged to

x = y and x = �y in the plane z = 0 at the times when �nger relocations were needed. In fact, leaving a

workspace is not the only reason to relocate a �nger. It is better to choose relatively small subsegments because

the convergence of smooth motion planning (using 
ow sequence) is guaranteed only under a critical distance

between the initial and �nal con�guration. Theoretical results are not known in general for critical distance.

Consider now only a subsegment. Then, Figure 4.8 depicts the con�guration where the phase of �tted strati�ed

motion planning steers the system. After this, the �ngers are relocated back into the plane z = 0 on the lines

x = y and x = �y. They assign four contact points. Finger 1 is relocated at �rst, then Finger 2 and so on.

One con�guration is snapped and illustrated in Figure 4.9. When all the �ngers are relocated, the initial point

of the new manipulation phase is arrives (marked also by asterisk in Figure 4.7). The algorithm is summarized

as follows.

Algorithm 8. [Fitted semi-strati�ed MP]

Step 1. Move the object through the desired path.

Step 2. Snap the object from time to time with small enough time steps so that �ngertips do not leave their

quadrants.
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Figure 4.8: The phase of �tted strati�ed manipulation (object motion).
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Figure 4.9: The relocation of the �rst �ngertip. (The phase of systematic �nger relocation where the object

does not move.)
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Step 3. Consider two neighboring con�gurations. The �rst state represents the initial state xo;I of the object,

the second one describes the �nal state xo;F of the object.

Step 4. Intersect the object in its initial state xo;I with the lines x � y in the plane z = 0. Let the four

contact points be denoted by Ci;initial, i = 1 : : : 4 (expressed in the object frame). The initial state: xI =

xo;I � C1;initial � � � � � C4;initial .

Step 5. De�ne xF = xo;F � C1;inter � � � � � C4;inter as the �nal state of the object manipulation phase. The

intermediate hand con�guration Ci;inter , i = 1; : : : 4 is prescribed by the manipulation task but in the

simplest case (that is followed also in this treatment), one can choose Ci;inter = Ci;initial , i = 1; : : : 4 where

the positions of �ngertips do not change relative to the object under the phase of object manipulation.

Step 6. Fitted strati�ed manipulation from xI into xF . If one choose Ci;inter = Ci;initial , then this phase is

reduced only to an object manipulation and the �ngertips do not change position on the object. (The phase

of grasp adjustment is realized in the following steps.)

Step 7. Intersect the object in its �nal state xo;F with the lines x� y in the plane z = 0. Let the four contact

points be denoted by Ci;final, i = 1 : : : 4.

Step 8. Relocate Finger 1 from C1;inter into C1;final. This motion planning is carried out in a higher stratum

(in S234 where the motion of Finger 1 is free). The actual hand con�guration:

xfinal1 = [CT
1;final; C

T
2;inter : : : C

T
4;inter ]

T . In this and the following cases, only the free �nger carries out a

motion, the other ones stay in their state.

Step 9. Relocate Finger 2 from C2;int into C2;final. This motion planning is carried out in a higher stratum (in

S134 where the motion of Finger 2 is free). The actual hand con�guration:

xfinal2 = [CT
1;final; C

T
2;final : : : C

T
4;inter ]

T .

Step 10. Relocate the Finger 3 from C3;int into C3;final. This motion planning is carried out in a higher stratum

(in S124 where the motion of Finger 3 is free). The actual hand con�guration:

xfinal3 = [CT
1;final : : : C

T
3;final; C

T
4;inter ]

T .

Step 11. Relocate Finger 4 from C4;int into C4;final. This motion planning is carried out in a higher stratum

(in S123 where the motion of Finger 4 is free). The actual hand con�guration:

xfinal4 = [CT
1;final : : : C

T
4;final]

T .

Step 12. Repeat the algorithm for the next subsegment.

It is worth concluding that �tted semi-strati�ed manipulation with its more global considerations (�nger

relocation strategy) belongs rather to a slightly higher level in manipulation than �tted strati�ed approach. It

comes from the insertion of extra phase consisting of four unconstrained �nger relocations. These unconstrained

�nger relocations were separated from the �tted strati�ed manipulation. They substitute systematically one

part (namely the �nger relocation part) of the �tted strati�ed approach. As a result, one may ensure force

closure stability, collision avoidance. However, one should choose the reference contact points in a restricted

way (�nger relocation when �ngers are about to leave their workspaces). It results that the �tted semi-strati�ed

manipulation accomplishes rather an object manipulation than a dextrous manipulation.



CHAPTER 4. STRATIFIED MANIPULATION PLANNING ALGORITHMS 68

4.2.3 Fitted Strati�ed Manipulation Planning along Decomposed Trajectories

This section presents a new method of exact trajectory tracking for �tted strati�ed manipulation system.

Although the basic idea relies on the results of Subsection 4.2.1, the new method to be proposed can be

enhanced holonomic strati�ed manipulation systems. In this case, not only decoupling condition of strati�ed

motion planning between moving on and moving o� vector �elds Goodwine (1998a) should be satis�ed but

moving on vector �elds should also span an involutive distribution in each stratum (which is always true, by

structure, for �tted strati�ed manipulation).

Before discussing the method, recall, that manipulation task can be transformed into motion planning problem

in the con�guration space. The �tted strati�ed motion planning algorithm produced a path which can be

described as a sequence of 
ows i.e.,

xF = �(gin ; tn) Æ �(gin�1
; tn�1) Æ � � � Æ�(gi2 ; t2) Æ�(gi1 ; t1)(xI ) (4.27)

where xF denotes the desired �nal state, xI the initial point, n is the dimension of con�guration space. As

before, �(g; t) denotes a 
ow along a vector �eld g in time interval length t. Vector �elds gij are the control

vector �elds of the system with ij = 1; : : :m, j = 1; : : : n.

Remark 6. Using strati�ed motion planning, expression (4.27) may contain more terms than n because some


ows along Lie brackets expressed by sequence of "original" 
ows may appear. If bottom strati�ed extended

system is not necessary to be constituted (as was the case in Subsection 4.2.1) then the sequence contains

exactly n terms.

An argument for �nding a trajectory in the form of 
ow sequence is that strati�ed motion planning forbids

activating inputs at the same time if they belong to di�erent strata . Obviously, if a trajectory is given by 
ow

sequence then only one input is active at a time instant which assigns a stratum.

However, it is not necessary to have only one active input at a time. One can activate more than one input if

the active vector �elds belong to the same stratum. In this case, extra strata switching is not required. With

an appropriate grouping of vector �elds within the 
ow sequence, it is possible to modify resulting trajectory

of �tted manipulation toward a desired way.

For this, consider the �tted strati�ed manipulation again and take the following notations. In order to distinguish

and identify strata easily, replace multiindex I of strata (introduced in Section 2.2 and taken part also in (4.22))

by simple index i. Finite dimension of the con�guration space enables this substitution. Denote k the number

of strata giving vector �elds in (4.25), so i = 1; : : : ; k. Then, let �i be the distribution spanned by the vector

�elds which takes part in bottom strati�ed �tted system (4.25) from the strata Si. Let di be the dimension of

the stratum Si. Then there exist di control vector �elds in bottom strati�ed �tted system which are originally

de�ned in stratum Si. The idea is now to solve motion planning problem in the form

xF = �(gk;dk ; tk;dk ) Æ � � � Æ �(gk;1; tk;1) Æ � � � Æ�(g1;d1 ; t1;d1) Æ � � � Æ�(g1;1; t1;1)(xI ): (4.28)

Each 
ow is de�ned by gi;j and ti;j where gi;j denotes the jth vector �eld from the ith stratum in the bottom

strati�ed system and ti;j designates the length of time interval while 
ow along gi;j is active. It is easy to see that
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Pk

i=1 di = n. The main feature of this description is that one takes all the possible vector �elds from the same

stratum at �rst, then one takes all the possible vector �elds from another stratum and so on. Note that so far

strati�ed motion planning has been carried out with the only di�erence that the vector �elds are systematically

regrouped. Doing this one easily observes that the con�guration space has become split to submanifolds and

they are in strong relation with strata. At �rst, the system moves on a submanifold which is de�ned by the

vector �elds of �1, this is followed by the vector �elds of �2 and so on. Now de�ne k + 1 basic points in the

con�guration space in the following way:

b0 = xI (4.29)

b1 = �(g1;d1 ; t1;d1) Æ � � � Æ�(g1;1; t1;1)(xI )
...

bk�1 = �(gk�1;dk�1
; tk�1;dk�1

) Æ � � � Æ�(g1;d1 ; t1;d1) Æ � � � Æ �(g1;1; t1;1)(xI )

bk = �(gk;dk ; tk;dk) Æ � � � Æ�(gk;1; (tk;1) Æ � � � Æ

�(g1;d1 ; t1;d1) Æ � � � Æ�(g1;1; t1;1)(xI ) = xF

In the next step, one can change the original algorithm and de�ne an arbitrary trajectory between b0 and b1

denoted by x1(t) where x1(t) 2 S1 for all

0 < t �
d1X
i=1

t1;di

and x1(0) = b0 and x1(
Pd1

i=1 t1;di) = b1. (The subscript refers to the stratum index.) For this the following

proposition is used.

Proposition 7. Consider the manipulation system given by the Subsection 4.2.1 with the �tted bottom strat-

i�ed system (4.25). De�ne the basic points b0; : : : ; bk by (4.29). This manipulation system is able to move

along an arbitrary path between bi�1 and bi in the stratum Si for all i = 1; : : : ; k.

Proof: According to (4.25), the vector �elds of the �tted bottom strati�ed system can be de�ned by

g1;1; : : : ; g1;d1 ; : : : ; gk;1; : : : ; gk;dk :

In fact, they are the columns in the matrix (4.25). The rank of this matrix is n and it equals to the dimension of

the whole con�guration space. It means that the �tted bottom strati�ed system is holonomic. As a consequence,

one does not need the Lie bracket extension to steer the system (4.25) from an initial point to a �nal point. It

is suÆcient to use the linear combination of the vector �elds g1;1; : : : ; g1;d1 ; : : : ; gk;1; : : : ; gk;dk . The only thing

one has to show that this holonomy inherits to the subsystem de�ned in the strata. To do that, cast these

vector �elds into di�erent groups which are related to strata. Let the �rst group consist of the vector �elds

g1;1; : : : ; g1;d1 . All of them are de�ned in the stratum S1. Additionally, these vector �elds are the constant unit

vectors (ei) and de�ne the basis vectors in the tangent space of submanifold S1. One can easily check from

(4.25) that d1 is exactly the dimension of the stratum S1.

Extending arguments to every stratum in (4.25) is possible. Doing this, all the tangent spaces of strata will be
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spanned by exactly as many vector �elds as many is the dimension of the given stratum. In other words, the

subsystems on submanifolds de�ned on strata are also holonomic, Lie bracket extension is not needed and as a

straightforward conseqence, the subsystems �fitted;S1 ; : : : ;�fitted;Sk are able to move along an arbitrary path

between bi�1 and bi in the stratum Si for all i = 1; : : : ; k and the proof is completed.

Based on the Proposition 7, one can plan an arbitrary path between b0 and b1 on the submanifold spanned by

the vector �elds g1;1; : : : ; g1;d1 and constrained only by the start points b0 and the �nal points b1. The procedure

proceeds with the next submanifold in the same way where points b1 and b2 play important role involving the

vector �elds of �2 and so on. Unfortunately, there is no choice to prescribe the basis point b1; : : : ; bk in arbitrary

way, however, there is a freedom to apply an optimal set of contact points in a sense. To show this, de�ne the

distance D(xp; xd(t)) between a basis point xp and a desired trajectory xd(t) in the con�guration space,

D(xp; xd(t)) = distance

 
xp; xd(

kX
p=1

tp)

!
(4.30)

where tp =
Pp

j=1

Pdj
i=1 tj;di is the time (after optional time scaling if it is necessary) when the basis point xp is

reached by motion planning along sequence of 
ows. The distance can be easily computed numerically. Let �

denote a permutation of (1; : : : ; k). It is possible to carry out a motion planning as 
ow sequences by di�erent

permutations of strata. Such a 
ow can be expressed in the form,

xF = �(g�(k);d�(k) ; t�(k);d�(k)) Æ � � � Æ�(g�(k);1; t�(k);1) Æ � � �

Æ �(g�(1);d�(1)); t�(1);d�(1)) Æ � � � Æ�(g�(1);1; t�(1);1)(xI ) (4.31)

Let b� be the set of k basis points (not counting b0 = xI) due to the permutation � i.e. b� = (b�(1); : : : ; b�(k)).

De�ne

D(�; xd(t)) =

kX
i=1

D(b�(i); xd(t))

the aggregated distance between path and basis points belonging to permutation �. Considering the minimal

error between the desired trajectory xd(t) and basis points, the optimal permutation of the strata is written as

�o = arg min D(�; xd(t)). It means that one should search the actual trajectory in the form,

xF = �(g�o(k);d�o(k) ; t�o(k);d�o(k) ) Æ � � � Æ�(g�o(k);1; t�o(k);1) Æ � � � Æ

�(g�o(1);d�o(1) ; t�o(1);d�o(1) ) Æ � � � Æ�(g�o(1);1; t�o(1);1)(xI ) (4.32)

Using the example of �tted strati�ed manipulation, the algorithm is summarized as follows:

Algorithm 9. [Fitted manipulation with decomposed path planning]

1. Apply the Algorithm 6 using the form (4.31) for every � 2 P permutations to solve the motion planning

problem of system given by (4.19)-(4.23).

2. Compute the basis points (b1; : : : ; bk) to each permutation using (4.29).

3. Determine the �o = arg min D(�; xd(t)) which provide the optimal sequence of strata in the 
ow sequence.
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4. Exact path planning for holonomic subsystems de�ned in the subspaces (strata) between bi�1 and bi for all

i = 1; : : : ; k.

5. Inserting to the moving o� vector �elds in accordance with Algorithm 6.

Comparing with the methods of Subsection 4.2.1, the advantage of method is easily revealed. The proposed

method gives a greater freedom in choosing paths on submanifolds. The simple �tted system and the holonomy

assure the eÆciency of the algorithm. However, basis points still generate restrictions in trajectory planning

since every path should travel through them.

The method introduced in this section inspired the generalization to holonomic strati�ed systems in Chapter

5.

4.3 Examples

Three algorithms for object manipulation problem were proposed in previous section whereas object is of smooth

surface. This section demonstrates the simulation results in order to highlight typical features. As an example,

consider a manipulation task consisting of object reorientation. Let the manipulation system be due to section

4.1. Let the desired object motion be a rotation around the axis ( 1 1 1 )T while the position px, py, pz of

the object frame does not change. Additionally, let desired the �nal �ngertip contacts be found in the plane

z = 0 where the lines x = �y intersect the object. The task implies a point to point manipulation problem

(considered as motion planning problem in con�guration space) from the point of view of �ngers and a trajectory

tracking problem from the point of view of the object. Since strati�ed and semi-strati�ed manipulation planning

methods involves only point to point motion planning problem, one should reduce the problem. To do so, object

trajectory is to be divided into connecting subsegments where the ends of subsegments should lie on the reference

trajectory generated by the prescribed rotation around axis [ 1 1 1 ]T .

Fitted strati�ed manipulation is to be analyzed at �rst. As was discussed above, this method is not restricted

in reference �ngertip positions. Theoretically, any �ngertips can be reached at the end of manipulation phase

but because of this, one should check whether the �ngers leave their allowed workspaces (the quadrants). Hence

it is assumed that manipulation task does not require the �ngertips to leave their quadrant while they travel to

their desired �nal state.

Desired �ngertip positions are obtained as follows. First, desired �nal object con�guration is to be determined

in each subsegment from the desired object trajectory by snapping. At this stage, the intersections of the object

with the x = �y lines in the plane z = 0 point out four �ngertip positions. The object con�guration and these 4

points give the desired �nal state for �tted manipulation in this subsegment. Now, one carries out the next part

of the desired object rotation phase that determines the desired �nal object states and the desired �nal �ngertip

position in the next subsegment and so on. Leading the object along reference trajectory hypothetically, one

can obtain the initial and �nal points to the �tted strati�ed manipulation in each subsegment. (The initial state

is always the �nal state of the previous section). The reference �nal �ngertips are de�ned similarly, by means
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of a trajectory designed between initial and �nal states. The simulation results are illustrated in the Figure

4.10 - Figure 4.16. Introducing the notations !o = [ _�x _�y _�z ]
T for the components of the angular velocity of

the object, Figure 4.10 displays the evolution of orientation of object during the manipulation.

In accordance with the philosophy of the strati�ed control, only one �ctitious input is active at a given time

instant as seen in the Figure 4.10. As a consequence, the object and �ngers move along one vector �eld at any

time. Since the �tted system is very simple, the nature of the motion is easily interpretable. More exactly, the

object motion consists of a sequence of the rotation around the axis x, y and z which are performed one after

the other. The initial and �nal stages of this part of process are illustrated in Figure 4.12 and Figure 4.13.

As known from Section 4.2, one has to determine the real input via transformations (4.21) and (4.23). The

real inputs are the joint variables and the ones due to the Finger 1 are depicted in Figure 4.11. Although only

one �ctitious input is active at a given time, it is not necessarily true for real inputs (i.e. for joint variables).

One �ctitious input is derived namely from more than one real input via a transformation. Comparing Figures

4.10 and 4.11, one observes that the most dynamic part in the joint variables belong to �nger relocation. The

reason is that moving o� vector �elds are inserted in this time intervals disturbing the smoothness of the

characteristics and performing �nger relocations. Finger relocations are carried out along distinct directions

above the object. In the beginning, the �nger arises from the object in the direction of normal vector to the

surface. Maintaining distance, the �ngertip moves above the object. This motion is performed along explicit

parameters of the object. It is very important, that �nger moves along only one parameter, at a given time

instant. Furthermore, one can also easily see from the structure of �tted system and the algorithm of strati�ed

control that �nger relocations are decoupled. While a �nger is being relocated, the joint variables of other �ngers

do not change (see constant intervals in Figure 4.11). The process of two �nger relocations during manipulation

is illustrated in the Figure 4.14 - Figure 4.15 (in fact, the other two �ngers are also relocated in the same way).

They snapped a state when one of the �ngertips is being relocated i.e. it is not in contact with the object.

After �nger relocations, the manipulation is followed by new local manipulation task in the next subsegment as

before (Figure 4.16 - Figure 4.17). The advantage of demonstrated �tted strati�ed manipulation is the simpler

symbolic computation. As a matter of fact, the symbolic computation related mainly to Philip Hall coordinates

is reduced to almost pure numerical computations due to the simple vector �elds. The �tted strati�ed motion

planning enables to interpret the �ngertip motions directly from the result of its algorithm and it is not needed

to decode them from the joint variables. It belongs to future work how to perform a �nger relocation generally at

arbitrary manipulation planning, when one �nger is about to leave its own workspace. Although the quadrants

as workspaces provide intuitively a reasonable structure to establish a grasp with force closure stability, the

method does not ensure force closure stability automatically. It is required to choose reference contact points

on the surface in appropriate way. It is one of the reasons that motivated to devise the �tted semi-strati�ed

manipulation.

The simulation result of the manipulation using �tted semi-strati�ed manipulation leads to similar simulation
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Figure 4.10: The states related to the object orientation and the 1st �nger tip position

(px = 0; py = 0; pz = 0) by using Algorithm 7. The states are given in SI (rad and sec).
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result as �tted strati�ed manipulation. The di�erence between them is found only in �nger relocations and the

way of choosing the reference points. Semi-strati�ed motion planning is devoted primarily only to object ma-

nipulation (and not dextrous manipulation) because �ngertips are not chosen in an arbitrary way. For reference

states, the procedure of �tted strati�ed approach is adopted excepting one di�erence. The method has two main

parts. The desired �nal states for semi-strati�ed manipulation in a subsegment during the object manipulation

phase are given by the object motion with �xed contact points to the surface. Then the actual �ngertip con�g-

urations will be the initial state of a second phase, namely, of unconstrained �nger relocations. The prescribed

�nal states for the unconstrained �nger relocations are the contact points in the lines x = �y, z = 0 as before

at the �tted strati�ed manipulation. So �ngertips are pulled back into z = 0. The semi-strati�ed approach

sets apart a systematic �nger relocation task from the object manipulation ensuring collision avoidance and

force closure stability (similarly to Goodwine (1999)). At the same time, the �ngertips can not be relocated

to an arbitrary place on the surface. The object motion implied by semi-strati�ed approach coincides with the

pure strati�ed approach (Figure 4.12- Figure 4.17). However, the motion of �ngertips during relocations is not

necessary the same. Semi-strati�ed control gives a greater freedom in choosing the path of �ngertips when they

are not in contact with the object. At the same time, this technique is not as uni�ed as the (�tted) strati�ed

manipulation. In addition, one needs to solve an extra computational task in "free" space for relocating �ngers

from a surface point to another one. It is also worth remarking that �tted semi-strati�ed manipulation can be

applied speci�cally only to the manipulation problem posed in Section 4.1.

Consider now the manipulation concept using decoupled trajectories in Subsection 4.2.3 that exploited the

advantages of the �tted description. Figure 4.10 illustrates the simulation result of �tted strati�ed manipulation

(see Algorithm 7) and the Figure 4.18 demonstrates the results provided by Algorithm 9. Let the desired object

motion be a rotation around the axis [ 1 1 1 ]T as before. (However, the prescribed �ngertip positions in

�nal states are di�erent.) Figures show the states u1, v1 which determine the �rst �ngertip motion. In fact,

states u1(t) and v1(t) assign a trajectory on the object. Figures also show the evolution of the other part of

the state vector represented by the angles around the frame axis x, y and z. The derivatives of the angles

represent the components of angular velocity !o = [ _�x _�y _�z ]
T , similary to the examples above. The position of

the object (which does not change in our desired manipulation task) plays similar role with the linear velocity

vo = [ _px _py _pz]
T . One can easily see the similarities and di�erences between the two methods (Figure 4.18 related

to trajectory tracking due to Algorithm 9 and Figure 4.10 is related to basic �tted strati�ed manipulation due

to Algorithm 7).

Note that time can be rescaled in a real application. Both algorithms decompose indirectly the manipulation

task into an object manipulation phase and a �nger relocation phase. The object manipulation occurs when ui

and vi do not change for every i. On contrary, the �nger relocation phase is carried out in the time interval

when the object position and orientation do not vary. It is easy to recognize that the parts of the state vector

related to the object motion ( _�'s and _p's) are always zero while the part of the state vector related to the
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Figure 4.12: Phase 1. The initial con�guration.

(The vertical axis is the axis z.)

Figure 4.13: Phase 2. Object manipulation phase in

the bottom stratum.
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stratum.

Figure 4.15: Phase 4. Another �nger relocation in

another stratum.
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last subsegment.
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Figure 4.18: The states related to the object orientation and the 1st �nger tip position

(px = 0; py = 0; pz = 0) by using Algorithm 9. The states are given in SI (rad and sec).

�ngertip motion is changing and vice versa. It means that both parts of the state vector are never active at the

same time. The basic method decomposes indirectly further the object manipulation phase, i. e. the algorithm

moves the object with changing only one state (one of the angles or the position coordinates) at a given time.

The extended algorithm works in a little di�erent way than the basic one. It groups the states belonging to the

same stratum and it changes these state at the same time. However, the initial and �nal object con�gurations

should remain the same in every object manipulation phase. It becomes possible to combine their inputs and

to follow a trajectory as shown on Figure 4.18. The object reaches the new object orientation via rotation

around desired axis. Instead, the basic version accomplished this task via successive rotations around the axis

of inertial frame. Additionally, while �ngertips could move only along object parameters when basic method

is applied, the extended method leads �ngertips along an arbitrary trajectory above the object into the new

contact point. The 3D object motion during the manipulation is illustrated in Figure 4.12 - Figure 4.16. The

phases are the same in the case of both methods. The di�erence is hidden in the object manipulation phase

while all the �ngers are in contact with the object. In one of these phases, the object moves from the state

of Figure 4.12 to the state of Figure 4.13 along a path which is di�erent from the above one. Because of the

philosophy of the strati�ed control, the extended method still keep the "sequence" approach. It means that at

�rst only those inputs become active which are related to the object manipulation (with �xed contact points).

After this one can carry out the �nger relocations one after the other. The method can be used for obstacle

avoidance since object and �ngers are able to track a restricted class of trajectories.

The method also inherits the bene�ts of the �tted strati�ed approach like simpler symbolic computations

and the less expensive computational cost. The symbolic computation appearing generally when one solves an
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equation like (2.52) is reduced to almost pure numerical computations due to the simple vector �elds. It is

also remarkable that introducing extended bottom strati�ed system is not needed. If one considers the time

and velocity conditions, the extended method shows advantages again. The reason is that it reduces the length

of the sequences from n (dimension of con�guration space) to k (number of strata). Of course, one has to pay

attention to the stable grasp during the �nger relocations which is omitted in this discussion. The phenomenon

has essential importance if only 3 �ngers are in contact with the object.

4.4 Summary and Conclusions

This chapter proposed three manipulation methods based on �tted model. They rely on strati�ed motion

planning and aim to reach a �nal con�guration through the end points of connected subsegments. The �tted

system provides simple control vector �elds. It reduces the complexity of the di�erential geometric computations

playing important role for motion planning algorithms based on symbolic treatments.

The method using strati�ed motion planning on a �tted system as proposed in Subsection 4.2.1 shows

advantages in comparison to the earlier strati�ed motion planning, such as avoiding the hard symbolic compu-

tation and providing easily interpretable trajectory. It also assists to reduce the symbolic steps almost to pure

numerical computations. The features are based on the special parametrization of the �tted system. Further-

more, it is easy to check a property of the �tted model like the strati�ed controllability. Basic �tted strati�ed

manipulation cannot keep automatically the �ngertips in their workspace since one does not know anything

about the trajectory between the initial and �nal points in a subsegment. It results that the realization needs

extra functions on higher level which on-line check the �ngertip positions and modify the speci�cations in a

subsegment, if it is necessary. It assists to avoid collisions. If the speci�cations of manipulation task guarantees

the collision avoidance then the technique is able to perform a dextrous manipulation in a given region i.e. both

the desired object position, orientation and the �ngertips position become reachable. In return, one has to

accomplish an extra transformation between the original and the �tted system. This transformation related to

Jacobian matrices of the �ngers provide the physical control signals represented by the joint variables. Although

the transformations require additional steps, their usage become useful because they make possible to reduce the

most complex parts of the symbolic computations. One drawback of the method appears in the issue of grasp

stability. It is not guaranteed during the manipulation unless one takes into account higher level considerations

such as generation of appropriate reference �ngertip trajectories.

The elimination of this drawback is one of the main motivations to �tted semi-strati�ed manipulation

proposed in Subsection 4.2.2. The method di�ers at two main points from the above mentioned strati�ed version.

First, it requires suitably chosen reference contact points. Second, it extends basic �tted strati�ed approach

with unconstrained �nger relocations. The technique which provides appropriate contact points restricts also

the manipulation. Namely, the dextrous manipulation becomes rather only object manipulation. However, it

assures the collision avoidance and grasp stability at the same time. The unconstrained �nger relocations in semi-
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strati�ed approach realize a second phase in manipulation after the �tted strati�ed manipulation is executed.

It accomplishes a �nger relocation algorithm with a greater freedom than basic �tted strati�ed manipulation.

Finger relocations necessitate extra computations but they increase the degree of freedom in �ngertip motions.

Namely, a �nger can be relocated along arbitrary path above the object while a �tted strati�ed approach should

move the �ngertip along only one certain direction above the object at a time.

The two methods resulted the same object motions during the simulation but the �ngertips followed di�erent

trajectories. This chapter demonstrated the algorithms via a smooth object manipulation example using a four

�ngered robotic hand.

The basic �tted concept may allow to divide the con�guration space of the bottom stratum into slices

(subspace decompositions). Subsection 4.2.3 proposed an improved �tted strati�ed manipulation planning

which provides exact trajectory tracking on the submanifolds de�ned by strata. The main advantage of the

method that the algorithm is able to move the object along arbitrary path in a stratum and in the next

sequence it can relocate the �ngers along arbitrary trajectory above the object, as well. At the same time the

algorithm inherits the bene�ts of the �tted strati�ed manipulation such as reduced symbolic computation and

computational costs. One can also interpret easily the path of the �nger tips and the object from the results

of the motion planning algorithm. It induces that one may apply the method to obstacle avoidance since the

object can locally move in desired way in the con�guration space. The method works only on kinematic model

and is generally restricted by �xed basis points since every reference path has to go through them.



Chapter 5

Holonomic Strati�ed Motion Planning

with Decomposed Trajectory

This chapter is motivated by Subsection 4.2.3 and extends strati�ed motion planning to a special class of

strati�ed system called holonomic strati�ed systems. Extension consists of �nding decomposed trajectory

between initial and �nal states that may be followed under suitable control. Note that this chapter considers

trajectory tracking problem, under some restrictions (see below) and not a simple path planning (which, in

strict sense, disregards time relations). Since restrictions arise, the motion planning as a general term is still

used for the methodology. An obvious bene�t to track any trajectory, even if it is restricted in some terms,

appears in solving obstacle avoidance problem.

As a �rst step, Section 5.1 establishes the foundation of the new concept relying on the central notion of

completely involutive representation (CIR) derived from bottom strati�ed system. Some results how to design

decomposed trajectory for completely involutive representation are also presented in this section.

There may exist several CIRs of the bottom strati�ed system (BSS). Section 5.2 pursuits three techniques

for choosing a representation with the best properties from di�erent point of views.

Strati�ed motion planning methods in Chapter 2 and Chapter 3 concern a �xed order of 
ows. Section 5.3

reveals that the shape of trajectory depends on the order of the 
ows and one may in
uence the error between

desired and resulting trajectories by changing the order of 
ows in appropriate manner.

To design a subtrajectory evolving on a slice is not elementary even if its dimension coincides with the number

of available inputs. The diÆculty arises from the fact that one seeks the solution of nonlinear di�erential equation

occured in this discipline as a composition of maps. Section 5.4 o�ers a method which is based on symbolic

approximation.

Section 5.5 displays the steps of the technique on a modi�ed example of hexapod robot.

The contributions this chapter asserts can be found also in Harmati, Lantos, and Payandeh (2002c), Harmati,

Lantos, and Payandeh (2002a), Harmati, Lantos, and Payandeh (2002b).

79
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5.1 Fundamentals of Holonomic Strati�ed Motion Planning

Strati�ed motion planning presented in Chapter 2 and Chapter 3 provides algorithms that reaches a desired �nal

point. However, it is not possible to plan a precise trajectory between the initial and �nal points. In fact, one

cannot say in the design phase where the system is found at a given time. To overcome the problem, the next

sections generalize the theory of strati�ed motion planning. The generalization renders a procedure that is able

to lead the strati�ed system along a special type of trajectories called decomposed trajectories. This chapter

often recalls smooth motion planning, which in basic understanding refers to smooth motion planning along

sequence of 
ows discussed in Subsection 2.1.2.

After recalling the de�nition of holonomic smooth system in Subsection 2.1.1 the new concept begins with

some de�nitions and conventions in notations. From now, the con�guration space of bottom stratum will be

denoted by C0.

De�nition 19. A strati�ed controllable system is said to be holonomic if it is possible to �nd n = dim(C0)

independent moving on vector �elds.

It is worth highlighting that the term holonomic in this de�nition intends to refer rather to consisting of

holonomic (involutive) subsystems of bottom strati�ed system than the holonomic bottom strati�ed system in

itself. Such a system arised for example in Subsection 4.2.3 and its speci�c properties exploited there is to be

generalized now.

Assumption 3. This chapter pursuits the solution of motion planning problem if strati�ed system is endowed

with the property concerned in De�nition 19.

Motion planning would be very easy if the system was not strati�ed but a smooth one (in addition, with n

dimension) and holonomic. However, the stratifaction does not allow to put into use all the vector �elds at the

same time. This uncomfortable phenomena inspires to devise new techniques that handle the diÆculties.

Start the discussion from BSS (2.55) and simplify some notations. For, denote a vector �eld gi;j jSb simply by

gi;j omitting jSb where the index i assigns the stratum from which one originates the vector �eld and index j

identi�es the vector �eld in the ith stratum. Precisely, a stratum was previously de�ned by a multi-index I .

However, since there are �nite number of strata, one can change multi-index I to a simple integer i as done,

indeed. Of course, one has to consider the jth vector �eld of the ith stratum in the tangent space of bottom

stratum meaning that some dimensions of the original vector �eld will be cut o�. Let �i denote the distribution

of the control vector �elds in the ith stratum, i.e.

�i = span(gi;1; : : : ; gi;di) (5.1)

where di denotes the number of vector �elds in BSS from the ith stratum Si. Special multiindex J(k) = j1j2:::jk

will be also often considered which is in relation to a stratum Si and de�ned by k regular indices. One refers to

zth index of J(k) as J(k)(z), i.e. J(k)(z) = jz where z � k. It is always assumed that every index of multiindex
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J(k) have di�erent values and none of them is greater than di. The treatment desires to introduce another

multiindex, too. If s denotes the number of strata which takes part in BSS then the multiindex I(l) = i1i2:::il

points out a set of strata, or more speci�cally a sequence of strata. Unless anything else is said, the indices in

I(l) may have same values and l > s is also permitted.

De�nition 20. Consider a stratum Si and let be given a multi-index J(k) = j1j2:::jk, k < di. The distribution

�
J(k)
i de�nes a subdistribution of the stratum �i where �

J(k)
i = span(gi;j1 ; : : : ; gi;jk).

De�nition 21. Consider the multiindex I(l) and the set of multiindices J(k1; : : : ; kl) = (J1(k1); : : : Jl(kl)).

Then �
J(k1;:::;kl)

I(l)
de�nes a set of subdistributions such that

�
J(k1;:::;kl)

I(l)
= span(gi1;J1(k1)(1); : : : ; gi1;J1(k1)(k1); : : : gil;Jl(kl)(1); : : : gil;Jl(kl)(kl)) (5.2)

For the easier notations, �(k1; : : : ; kl) will be often used instead of �
J(k1;:::;kl)

I(l)
or �I(l)(J(k1; : : : ; kl)).

Remark 7. To avoid redundancy, it is claimed in the following that if two indices i1 and i2 in I(l) have the same

values then their corresponding multi-indices J(k1) and J(k2) are di�erent in each element.

Remark 8. It is possible to consider �I(l)(J(k1; : : : ; kl)) not only as a set but also as a sequence of distributions.

In this case, one employs rather the notation �I(l)fJ(k1; : : : ; kl)g.

De�nition 22. Suppose, a distribution � is de�ned as � = span(g1; : : : ; gn). Then, one can de�ne a function

gen(�) = (g1; : : : ; gn) which is called the generator of the distribution �.

Remark 9. In strict sense, only vector �elds de�ne distributions and a distribution does not de�ne vector �elds

uniquely. However, in the context of this chapter, a distribution is always de�ned by explicit vector �elds which

enables to de�ne its generators uniquely. As a matter of fact, producing generators from distribution can be

considered as an inverse function of creating distributions from vector �elds.

De�nition 23. Consider a set of subdistributions �(k1; : : : ; kl). A subdistribution �
J(k)

i = �i(J(k)) of �i

is said to be an independent core of �i with respect to �(k1; : : : ; kl) if all the vector �elds which de�ne

�i(J(k)) are independent from the vector �elds which de�ne �(k1; : : : ; kl) i.e. an independent core �i(J(k))

satis�es that rank(�i(J(k))+rank(�(k1; : : : ; kl)) = rank(span(gen(�i(J(k)); gen(�(k1; : : : ; kl)))). The set of

all independent cores of �i with respect to �(k1; : : : ; kl) will be denoted by core(�i;�(k1; : : : ; kl)).

De�nition 24. Let �I(l)(J(k1; : : : ; kl)) n�ij (J(kj)) de�ne the operation

~�ij (J(kj)) � �I(l)(J(k1; : : : ; kl) n�ij (J(kj) (5.3)

= span(gen(�i1(J(k1))); : : : ; gen(�ij�1
(J(kj�1))); gen(�ij+1

(J(kj+1))); : : : ; gen(�il(J(kl))))

which is a kind of subtraction between subdistributions of �I(l)(J(k1; : : : ; kl)).

De�nition 25. A distribution �i(J(k)) which satis�es that ��i(J(k)) = �i(J(k)) and �i(J(k)) � �i is called

an involutive interior of �i and will be marked as �i(J(k)). The set of all subdistributions �i(J(k)) will be

called the set of all involutive interiors of �i and denoted by �i.
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Remark 10. In De�nition 25, �i(J(k)) does not de�ne a di�erent distribution from �i(J(k)), it just intends to

remind one in the further investigations that the subdistribution is an involutive interior of �i.

Remark 11. It is easy to see that every nonempty �i distribution containing di independent vector �elds has

at least di involutive interiors. It comes from the facts that every single vector �eld gi;j can be considered as a

subdistribution of �i and it is known from di�erential geometry that every vector �elds is involutive to itself

because [g; g] = 0.

Lemma 1. The smooth motion planning algorithm (Algorithm 6) induces a sequence of involutive interiors

�
J(k1;:::;kl)

I(l)
= f�i1

(Jk1); : : : ;�il
(Jkl)g ij � s; 1 � j � l (5.4)

Proof: Smooth motion planning algorithm generates a trajectory between the initial state x(0) and the �nal

state x(T ) in the form of sequence of 
ows. It means that trajectory evolves along one of the control vector

�elds of the system at each time point t. As a result, time interval 0 � t � T can be split into �nite number of

joining time intervals with the property that the same vector �eld is active at each time in a given time interval.

Recording the active vector �elds of the time intervals in time order while t is going from t = 0 to t = T , a

sequence of active control �elds is obtained. It is known from the di�erential geometry that each single vector

�eld is also an involutive distribution, i.e. [g; g] = 0, hence the sequence of the active vector �elds in smooth

motion planning de�nes a sequence of involutive interiors.

De�nition 26. Consider a BSS where span(�1; : : : ;�s) = TxC0 and let x(0) 2 C0 and x(T ) 2 C0, T > 0 i.e.

two arbitrary points in the con�guration space of BSS. Let s be the number of strata in the BSS and consider

a sequence of involutive interiors

�
J(k1;:::;kl)

I(l)
= f�i1

(Jk1); : : : ;�il
(Jkl)g ij � s; 1 � j � l (5.5)

with the property that

(CIR1.) The distributions �ij
(Jkj ) 1 � j � l are nonsingular.

(CIR2.) Each involutive interiors in (5.5) has independent core with respect to others, i.e.

core(�ij
(Jkj );

~�ij
(Jkj )) 6= f;g (5.6)

for every 1 � j � l.

(CIR3.) there exists a trajectory x(t) between x(0) and x(T ) and a sequence of time intervals t = ft1; : : : tlg

such that

lX
z=1

tz = T

t < t1 ) _x(t) 2 �i1
(Jk1)(x(t))

j�1X
z=1

tz � t <

jX
z=1

tz ) _x(t) 2 �ij
(Jkj )(x(t)) 1 < j � l (5.7)
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If the properties (CIR1) - (CIR3) hold then (5.5) is called a completely involutive representation (CIR) of BSS

and the trajectory satisfying (5.7) is said to be a decomposed trajectory along CIR .

Remark 12. The trajectory de�ned in De�nition 5.5 reaches x(T ) through slices illustrated in Figure 5.1. More

exactly, the trajectory evolves at �rst on an integral submanifold in C0 which is determined by some vector �elds

of Si1 . Then, as a result of switching, the system turns onto a second slice assigned by some vector �elds of Si2 ,

when t1 � t < t1 + t2 and so on. (The term slice is rather used instead of stratum to emphasize that all the

vector �elds are considered now in the bottom stratum and some vector �elds of a stratum may be omitted.)

Lemma 2. If a sequence of involutive interiors

�
J(k1;:::;kl)

I(l)
= f�i1

(Jk1); : : : ;�il
(Jkl)g ij � s; 1 � j � l

(see (5.5)) is a completely involutive representation of BSS then

(i.) �
J(k1;:::;kl)

I(l)
� (�i1

(J(k1)); : : : ;�il
(J(kl))) satis�es the Lie Algebra Rank Condition (LARC).

(ii.) It holds that
Pl

j=1 dim�ij
(Jkj )) � n.

Proof: (i.) For real analytic systems, the accessibility is equivalent to the LARC where the accessibility property

means that considering the vector �elds of the BSS as a system (recall, it is a �ctitious system), for every x, the

set of reachable points from x has a nonempty interior. Additionally, one deals with system without drift which

makes the completely controllability equivalent to the accessibility (Sussmann (1992)). So, one has to show

only that the CIR as a subsystem of BSS created from subset of its vector �elds is completely controllable or

accessible. The complete controllability is obviously true because, by de�nition of CIR, there exists a trajectory

that leads the BSS from an arbitrary x(0) 2 C0 to an arbitrary x(T ) 2 C0, T > 0 in a way that the tangent

vector of the trajectory x(t) can be produced by the linear combination of the vector �elds of CIR at any time.

As a result, the CIR satis�es LARC which completes the proof.

(ii.) Since CIR satis�es LARC, span(�i1
(J(k1)); : : : ;�il

(J(kl))) = n which proves the statement.

Proposition 8. Consider a nonholonomic BSS G
BSS � (g1;1; : : : ; g1;d1 ; : : : ; g1;s; : : : ; g1;ds) which satis�es the

LARC, i.e. span(GBSS) = TxC0. Then, there is no CIR of BSS which would be generated by smooth motion

planning algorithm (Algorithm 6).

Proof: Lemma 1 displays that a smooth motion planning algorithm accomplished on BSS generates a sequence

of involutive interiors

�
J(k1;:::;kl)

I(l)
= �I(l)fJ(k1; : : : ; kl)g (5.8)

where all �ij
(Jkj ) = gp 1 � j � l gp 2 G

BSS , i.e. every distribution in (5.8) is a single vector �eld. To

reach a �nal point x(T ) from x(0), a smooth motion planning based on 
ow sequence construction needs at

least n 
ows generating a sequence of n involutive distributions (n = dim(x)). In fact, the sequence of n 
ows

is suÆcient only if the BSS is holonomic and nilpotent. In the case of nonholonomic system, smooth motion

planning algorithm creates n independent vector �elds from Philip Hall basis and generates the 
ows along
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Figure 5.1: Reaching the �nal point via decomposed trajectory. The initial and �nal points are on di�erent

slices. The decomposed trajectory goes through a sequence of slices where the slices are joined. The initial

point lays on the �rst slice, the �nal points lays on the last slice.

these vector �elds. If the BSS is nonholonomic (which is the case) then some Philip Hall basis are composed

by Lie bracket extensions. However, the 
ows along such a Lie bracket extension need a 
ow decomposition

along single vector �elds based on the approximation (A-33). This 
ow decomposition indicates 
ow extraction

which should be built into the original 
ow sequence. Let this new 
ow sequence be associated with (5.8)

from now. Based on the previous arguments, it should contain more than n 
ows. Obviously, such a sequence

should de�ne a sequence of involutive interiors (5.8) with more than n elements. Let the sequence of involutive

interiors have l elements. Since, l > n and �ij
(Jkj ) = gp 1 � j � l gp 2 G

BSS , the sequence in (5.8) should

have two equal elements. Let �ip
(Jkp) = gp and �iq

(Jkq ) = gq such that gp = gq. Then

core(�ip
(Jkp);�iq

(Jkq )) = f;g (5.9)

which contradicts to (CIR2.). Of course, there exists many combinations of 
ow sequences which solves the

smooth motion planning problem for nonholonomic BSS, but using the previous arguments, each of them

contains at least two equal elements causing the fail of (CIR2.) and proving the proposition.

Theorem 5. Consider a BSS which satis�es the LARC, i.e. span(�1; : : : ;�s) = TxC0. A sequence of involutive

interiors

�
J(k1;:::;kl)

I(l)
= �I(l)fJ(k1; : : : ; kl)g (5.10)

is a completely involutive representation of BSS if

(AS1.) Using the notation �u = span(�i1
(Jk1 ); : : : ;�il

(Jkl)), it holds that dim(�u) = n.

(AS2.) The distributions �ij
(Jkj ); 1 � j � l are nonsingular.

(AS3.) There exist n independent vector �elds gnilp , p = 1 : : : n such that

i. gnilp 2 gen(�
J(k1;:::;kl)

I(l)
) � fgen(�i1

(Jk1)); : : : ; gen(�il
(Jkl))g; j = 1; : : : ; n

ii. For every j = 1; : : : n there exists a p, 1 � p � l such that gnilp 2 core(�ij
(Jkj );

~�ij
(Jkj )).
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iii. Gnil = (gnil1 ; : : : ; g
nil
n ) generate a nilpotent Lie algebra.

Proof. First, it has to be shown that a sequence of involutive interiors satisfying (AS1.)-(AS3.) induces a

completely involutive representation of BSS. One can directly see from the de�nition that (AS2.) satis�es

explicitly (CIR1.) which is a necessary condition for completely involutive realization. Similarly, (AS3.)/(ii.)

implies that (CIR2.) holds. As a consequence, one needs only to show that if (AS1.)-(AS3.) hold then there

exists a trajectory between arbitrary x(0) 2 C0 and x(T ) 2 C0, T > 0 which can be described by (5.7). To

prove this constructively, one proceeds as follows.

Since (AS1.) holds, one can select exactly n independent vector �elds from gen(�I(l)(J(k1; : : : ; kl))). It would

be able to provide arbitrary trajectory in C0 if each vector �eld had an own input. However this is not the

case. It is required to look for a special trajectory between x(0) and x(T ) whose tangent vector belongs to a

prescribed involutive distribution as shown by (5.7). To construct such a trajectory, consider the involutive

interiors of (5.5) in their de�ned order. Keeping the order and introducing the multiindices kg one selects

generators from �ij
(Jkj ), j = 1; : : : ; l such that every distribution �ij

(Jkj ) contains at least one generator.

The assumption (AS2.)/(ii.) assures that choosing generators in such a way is possible. Let the candidates of

n generators be selected as

(gnil1 ; : : : ; g
nil
n ) := (gi1;J1(kg1 )(1); : : : ; gi1;J1(k

g
1 )(k

g
1 )
; : : : ; gil;Jl(k

g

l
)(1); : : : ; gil;Jl(k

g

l
)(k

g

l
)) (5.11)

Recall, that (AS1.) and (AS3.)/(i.) assure that there exist n generators chosen from generating vector �elds of

�ij
(Jkj ), j = 1; : : : ; l. It is possible now to execute the smooth motion planning algorithm (Algorithm 1). The

resulting trajectory is obtained as a sequence of 
ows in the form

x(T ) = �(gil;Jl(kgl )(1); tl;k
g

l
) Æ � � � Æ�(gil;Jl(kgl )(1); tl;1) Æ � � � Æ�(gi1;J1(kg1 )(kg1 ); t1;kg1 ) Æ � � � Æ�(gi1;J1(kg1 )(1); t1;1)x(0)

(5.12)

The point x(T ) is precisely reached because (AS3.)/(iii.) claims that every vector �elds in (5.12) is an element

of nilpotent Lie algebra L(gnil1 ; : : : g
nil
n ). Moreover, it is easy to see that trajectory segment

x(t1;kg1 ) = �(gi1;J1(kg1 )(k
g
1 )
; t1;kg1

) Æ � � � Æ�(gi1;J1(kg1 )(1); t1;1)x(0) (5.13)

satis�es _x(t) 2 �i1
(Jk1 ) when 0 � t < t1;kg1

meaning if one chooses t1 = t1;kg1
then (5.7) holds in this time

interval. Consider now x(t1;kg1 ) the initial point in the next segment of the trajectory and take those 
ows which

are related to the next involutive distribution, �i2
(Jk2). Obviously, these 
ows will keep the tangent vector of

the trajectory on the integral submanifold of �i2
(Jk2). Eventually, if one de�nes tj =

Pj

k=1

Pk
g

j

z=1 tz;k
g

j
as the

ends of trajectory segments for all j � l then (5.7) holds for the whole time interval 0 � t � T and this proves

the theorem.

Remark 13. Property (AS3)/(iii.) will be required to reach a �nal point precisely. However, it turns out that

the method discussed here can be used to not nilpotent generators 1, as well. In this case, the solution to motion

planning problem is an approximation.

1The nilpotency was required originally in smooth motion planning allowing a switching from e
�h1B1+���+�hnBn to e

�h1B1
� � � e

�hnBn
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Theorem 5 gives suÆcient conditions to �nd CIRs. However, it does not assert that all the CIRs can be produced

in this way. All the CIRs produced throughout this chapter rely on the conditions of Theorem 5. Therefore, any

time when a CIR is constructed, one may assume that it has generators de�ned by (AS3). The only exception

which is not always required is the nilpotency. Algorithm devised below works even if generated Lie algebra is

not nilpotent but it provides only an approximation in this case (see also Section 5.5).

De�nition 27. Assume a CIR generated by Theorem 5. The vector �elds of gnilp , p = 1 : : : n in (AS3.) are

said to be a generator set of the CIR (5.10).

De�nition 28. Let us consider n generators gnilp , p = 1 : : : n of the CIR (5.10) obtained by Theorem 5. Let

kj , j = 1; : : : ; n denote the number of generators in �ij
(Jkj ). Then, the vector (k

g
1 ; : : : ; k

g
l ) is said to be the

structure vector of CIR (5.10)

Proposition 9. There exists a completely involutive representation of BSS if it is possible to �nd n = dim(x)

independent, nonsingular generators from BSS which generate a nilpotent Lie algebra.

Proof: Let the n independent generators be denoted by gnilp ; p = 1; : : : ; n. Since, gnilp is a generator, i.e.

g
nil
p 2 fgen(�1); : : : ; gen(�s)g (5.14)

It means that any candidate for CIR which includes gnilp satis�es (AS3)/(i.). By assumption, gnilp ; p = 1; : : : ; n

are n independent vector �elds generating a nilpotent Lie algebra, hence they ful�ll (AS3.)/(iii.). Let every

g
nil
p ; p = 1; : : : ; n be considered now as a distribution �ip

(Jkp). Then, it leads to n nonsingular distribution

complying with (AS2.) and (AS1.) in Theorem 5. Since �ip
(Jkp) is involutive,

�
J(k1;:::;kl)

I(l)
� �I(l)fJ(k1; : : : ; kl)g = fgnil1 ; : : : ; g

nil
n g (5.15)

points out a candidate for being a CIR of BSS where l = n. The only assertion remained to be shown is

(AS3.)/(ii.) i.e. that for every j = 1; : : : ; n there exists a p, 1 � p � l such that gp 2 core(�ij
(Jkj );

~�ij
(Jkj )).

It is easy to show because, by assumption, gnilp , p = 1; : : : ; l are independent. It means, by de�nition, that

every �ip
(Jkp) = g

nil
p is also a vector �eld which cannot be found in the other involutive interiors �ij

(Jkj ),

j = 1; : : : ; l, j 6= p. It deduces that gnilp 2 core(�ip
(Jkp);

~�ip
(Jkp)) resulting that gp = g

nil
p . Observe now, that

all the necessary conditions in Theorem 5 hold i.e. the sequence of involutive interiors (5.15) realizes a CIR of

BSS.

Remark 14. The CIR de�ned by Proposition 9 provides actually the base for the smooth motion planning

operating with sequence of 
ows. The aim of new approach is to extend it to a motion on integral submanifolds

with higher dimension.

Corollary 4. Consider a CIR of BSS described by �
J(k1;:::;kl)

I(l)
= �I(l)fJ(k1; : : : ; kl)g. Let n = dim(C0). Then,

it holds that l � n.

Proof Assume, there exists a sequence of involutive interiors according to (5.10) where l > n. Then, the

(CIR2.) of De�nition 26 entails that for every j = 1; : : : l, there exists a p, 1 � p � l such that gp 2
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core(�ij
(Jkj );

~�ij
(Jkj )). In other words, every gp should be independent from all the generators of �ij

(Jkj ),

j = 1; : : : ; l, j 6= p. But it is not possible because there are only n independent vector �elds in a BSS having n

dimension. This contradicts to the assumption.

Remark 15. It is easy too see that there may exist a CIR of BSS where l < n. In this case, the n generators are

divided into fewer than n involutive interiors involving that one can �nd at least two gp and gq which are the

part of the generators of CIR and gp; gq 2 �ij
(Jkj ), 1 � j � l i.e. they are in the same involutive interior. In

fact this phenomena provides a bene�t in comparison with the earlier strati�ed motion planning algorithmwhere

the system can move only on an integral submanifold with one dimension.

Remark 16. Based on Proposition 9, if one can �nd n = dim(x) independent, nonsingular generators from

BSS which generate a nilpotent Lie algebra, then it always exists a completely involutive representation of BSS.

However, Remark 15 shows that another CIR of the same BSS may exist by rede�ning involutive subdistributions

�ij
(Jkj ). Obviously, it may be possible if it is possible to �nd an involutive interior �ij (Jkj ) which contains at

least two generators.

De�nition 29. The con�gurations

b1 = �(gi1;J1(kg1 )(k
g

1 )
; t1;kg1

) Æ � � � Æ�(gi1;J1(kg1 )(1); t1;1)x(0)

b2 = �(gi2;J2(kg2 )(k
g
2 )
; t2;kg2

) Æ � � � Æ�(gi2;J2(kg2 )(1); t2;1)b1
... (5.16)

bl = x(T ) = �(gil;Jl(kgl )(k
g

l
); tl;kg

l
) Æ � � � Æ�(gil;Jl(kgl )(1); tl;1)bl�1

established in the proof of Theorem 5 are said to be the basis points of involutive representation. Between any

two neighboring basis points the system moves on an integral submanifold of C0. The integral submanifold

determined by the actual involutive distribution �ij
(Jkj ),1 � j � l will be denoted by Fij .

Remark 17. The de�nition of basis points intends to reveal a posterior idea of trajectory planning saying that

all the regarded trajectories will contain these points for a given CIR.

Theorem 6. A completely involutive representation of BSS can be steered along arbitrary decomposed trajec-

tory between x(0) and x(T ) if the decomposition (CIR3.) is de�ned by the involutive interiors of the CIR.

Proof: Every completely involutive representation (CIR) �
J(k1;:::;kl)

I(l)
= �I(l)fJ(k1; : : : ; kl)g induces l basis

points, b1; : : : ; bl, as it was shown in Theorem 5. Actually, these basis points �t a sequence fFi1 ; : : : ; Filg of

slices in C0 to each other such that x(0); b1 2 Fi1 ; b1; b2 2 Fi2 ; : : : ; bil�1
; bl 2 Fil . It is easy to see now that

keeping the basis points, the CIR is able to follow any trajectory on the actual integral submanifold Fij be-

cause this integral submanifold is de�ned exactly by the control vector �elds gen(�ij
(Jkj )),1 � j � l and, by

de�nition of CIR, only these vector �elds are allowed on this slice from BSS. Naturally, if trajectory reaches

a new bases point then the control vector �elds should be changed according to the new slice and involutive

distribution. Changing does not cause diÆculties because the system is strati�ed and every vector �eld of the
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actual involutive subdistribution on a slice Fij is derived from the same stratum (Si). A trajectory pieced

together such a way is obviously able to achieve arbitrary decomposed trajectory constrained only by basis

points.

Remark 18. Now, it is easy to reveal the bene�ts of the concept. If the distribution of BSS is involutive, one may

�nd a sequence of involutive interiors from strata, as well. The involutive interiors de�ne integral submanifolds

in C0. In fortunate case, the dimensions of the integral submanifolds are greater than 1 which increases the

freedom for prescribing reference trajectory to the system. Observe, the worst case occurs at the conventional

smooth motion planning (using sequence of 
ows) where the BSS moves along only single vector �elds. Here,

one could prescribe only the initial and �nal points for motion planning algorithm . On contrary, if the BSS

would be represented by a single stratum and would be holonomic, then all the n vector �elds are available

for motion planning at the same time. In fact, this situation would turn the strati�ed system into a smooth

system. The concept discussed in this section represents the case between the two extreme situations. The

extended dimensions allow to prescribe trajectories on the integral submanifolds but the stratifaction prevents

to prescribe arbitrary trajectories in the whole con�guration space. The method is able to lead the system along

decomposed trajectories.

5.2 Optimal Completely Involutive Representations

Remark 16 in Section 5.1 disclosed that more than one CIR may exist. The question arises, which of them

yields the best solution to motion planning. As known from the previous section, decomposed trajectory has to

satisfy some conditions which constraints the trajectory planning. A good representation should provide greater

degrees of freedom in planning. This section is devoted to investigate optimal representations in this sense. A

CIR implies two restrictions in trajectory planning:

1. Each bases point represents a constraint since trajectory has to go through it.

2. Each slice (integral submanifold) Fij narrows the dimension of C0.

Di�erent CIRs in
uence the restrictions in di�erent ways. This section is devoted to answer the question how

to �nd an optimal CIR from these two points of view.

De�nition 30. A CIR of BSS is said to be an optimal basis representation (OBR) if there is no another CIR

having fewer basis points.

Proposition 10. Let �(k1; : : : ; kl) = �
J(k1;:::;kl)

I(l)
= �I(l)fJ(k1; : : : ; kl)g describe a CIR in general. Then, a

CIR

�obr(k1; : : : ; kL) = �Iobr(L)
fJobr(k1; : : : ; kL)g = f�obr

i1
(Jk1); : : : ;�

obr
iL

(JkL)g (5.17)

is an OBR if there exists a sequence of subdistributions f�core
i1

(Jk1); : : : ;�
core
iL

(JkL)g such that

(OBR1.) �core
ij

(Jkj ) � �obr
ij

(Jkj ) for all j = 1; : : : ; L.



CHAPTER 5. HOLONOMIC STRATIFIED MOTION PLANNING... 89

(OBR2.) rank(�core
ij

(Jkj )) + rank(�core
ip

(Jkp)) = rank([�core
ij

(Jkj );�
core
ip

(Jkp)]) for all (j; p), j = 1; : : : ; L,

p = 1; : : : ; L, j 6= p.

(OBR3.) (Iobr(L); Jobr(k1; : : : ; kL)) 2 argmin(I(l);J(k1;:::;kl))(l).

(OBR4.)
PL

j=1 dim(�core
ij

(Jkj )) = n, n = dim(C0).

Proof: Consider a candidate �obr(k1; : : : ; kL). It will be shown if this CIR satis�es (OBR1.)-(OBR4.) then it

is an optimal basis representation. To prove this, one proceeds as follows. Based on (OBR1.) it is possible

to select subdistributions �core
ij

(Jkj ) from every �obr
ij

(Jkj ) which represent cores below. Of course, �core
ij

(Jkj )

does not need to be involutive, however according to (OBR2.) they have to be independent from each other.

Moreover, since (OBR4.) holds, they have to span the tangent space of BSS disjointedly. It is possible to select

the cores in this way because Lemma 2 assures that involutive interiors of CIR span the whole tangent space.

Obviously, independent cores provide a minimal number of vector �elds needed to span the entire tangent space

and none of them can be omitted. Since exactly one independent core is selected from each involutive interiors

from (5.17) and the number of involutive interiors equals to the number of the basis points, it can can concluded

that one achieves the minimal number of basis points if �obr(k1; : : : ; kL) contains minimal number of involutive

interiors. Assertion (OBR3.) holds this condition and guarantees that there is no �(k1; : : : ; kl) that would

produce l < L i.e. �obr(k1; : : : ; kL) is an OBR with minimal number of basis points L.

De�nition 31. A CIR �Iodr(l)
fJodr(k1; : : : ; kl)g is said to be an optimal dimension representation (ODR) at

length l if there is no CIR �I(l)fJ(k1; : : : ; kl)g which would put into use more vector �elds than

�Iodr(l)
fJodr(k1; : : : ; kl)g

(with the same length l).

Remark 19. One can intuitively see that such a representation "maximize" the dimension of the integral sub-

manifolds Fij .

Proposition 11. Let �(k1; : : : ; kl) = �
J(k1;:::;kl)

I(l)
= �I(l)fJ(k1; : : : ; kl)g describe a CIR in general. Then, a

CIR �odr(k1; : : : ; kl) = �Iodr(l)
fJodr(k1; : : : ; kl)g = f�odr

i1
(Jk1); : : : ;�

odr
il

(Jkl)g is an ODR at length l if

ODR1. (Iodr(l); Jodr(k1; : : : ; kl)) 2 argmax(I(l);J(k1;:::;kl)(
Pl

j=1 dim(�ij
(Jkj ))

Proof: Show at �rst that one can not omit any �odr
ij

(Jkj ), j = 1 : : : l meaning that the representation is not

redundant. It can be seen if one recalls from the de�nition of CIR that every involutive interiors �odr
ij

(Jkj ),

j = 1 : : : l has to have an independent core in respect to the others. It deduces that dim( ~�ij
(Jodr(kj))) < n,

n = dim(C0) for all j = 1; : : : l. As a result, ~�ij
(Jodr(kj)) = �odr(k1; : : : ; kl) n�ij

(Jodr(kj)) would not satisfy

LARC which according to Lemma 2 is a property of CIR i.e. the representation is not redundant.

One can also observe that every vector �eld in gen(�odr
ij

(Jkj )) has a contribution to the dimension of �
odr
ij

(Jkj ).

It results that keeping all the involutive interiors, the CIR contains the most vector �elds if the sum of the

dimension of the involutive interiors �odr
ij

(Jkj ) provides the highest possible number. The (ODR1.) guarantees

this fact proving the proposition.
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Remark 20. OBRs and ODRs can be obtained by testing all the CIR of BSS. It can be done because the

discussion deals with �nite dimensions implying �nite number of CIRs.

Proposition 10 facilitates �nding an OBR with the minimal basis points and Proposition 11 assigns an ODR

at each possible length l where obviously l � n. There exist di�erent optimal CIRs from di�erent points of

views. A question arises, which representation yields the best solution. Of course, it depends on the actual task

speci�cation. A heuristic technique is proposed now which endeavors to consider both viewpoints.

Algorithm 10. (Heuristic selection for optimal CIR)

Step 1. Create involutive interiors in strata.

Step 2. Create sequence of involutive interiors.

Step 3. Collect all those CIRs �(k1; : : : ; kl) of BSS which satisfy (AS1-AS3) of Theorem 5. If there is no

sequence of involutive interiors that satisfy nilpotency, then "assume" that sequence of involutive interiors

satisfy this property and they are CIRs. This assumption results, the motion planning will be only an

approximation.

Step 4. Obtain the set of OBRs �Iobr(L)
fJobr(k1; : : : ; kL)g. Denote this set by Sobr.

Step 5. It may happen that a CIR does not exist for some l and then ODR does not exist at those l either.

Then, let lodr = fl :3 �Iodr(l)
fJodr(k1; : : : ; kl)gg.

Step 6. Obtain the set of ODRs �Iodr(l)
fJodr(k1; : : : ; kl)g for all l 2 lodr. Denote this set by Sodr

Step 7. Let Ro be the set of all ODRs and OBRs, i.e

Ro = Sobr [ Sodr (5.18)

Step 8. Let m denote the number of vector �elds in a CIR and let b denote the number of involutive interiors

in the same CIR. Then compute the mi=li for every �i(k1; : : : ; kl) 2 Ro.

Step 9. The heuristic candidate for optimal CIR is

�opt(k1; : : : ; kl) = arg max
�
i
(k1;:::;kl)2Ro

mi

li
: (5.19)

To generate a CIR on the foundation of Theorem 5, one should obtain the n generators gnil1 ; : : : g
nil
n at �rst.

This n generators de�ne a structure vector (k
g
1 ; : : : ; k

g
l ) depending on how many generators each involutive

interior �
g
ij
(Jkj ) contains. (Notice that �

g
ij
(Jkj ) is spanned by k

g
j vector �elds from g

nil
1 ; : : : g

nil
n ). Obviously,Pl

j=1 k
g
j = n. At this stage every �

g
ij
(Jkj ) consists of generators. Now, the question arises how one can

extend the n generators to a CIR having the maximal number of vector �elds. For this, recall that by every

extension, the added vector �elds Ga = (g
a;1
ij
; : : : ; g

a;r
ij

), g
a;p
ij

2 �ij , p = 1; : : : ; r have to be invariant under the

composition of the original distribution �
g
ij
(Jkj ) and the distribution �a

ij
(Jakj ) = span(Ga). In other words,

the new distribution �ij
(Jkj ) := f�a

ij
(Jakj );�ij

(Jkj )g is involutive. Observe, that maximally n � (l � 1) � k
g
j

vector �elds can be added from �ij to the initial distribution �
g
ij
(Jkj ). To see this, start from the fact that a

distribution can not include more than n independent vector �elds. However, the �
g
ij
(Jkj ) contained already

k
g
j vector �elds so the number of possible extra vector �elds which can be added to �

g
ij
(Jkj ) is to be modi�ed
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to n� k
g
j . One should still decrease this number by l� 1 because the existence of independent core of �ij

(Jkj )

have to be ensured with respect to the other distributions �ip
(Jkp), p 6= j. It is possible only if all the l

involutive interiors contain at least one vector �eld which is independent from all the vector �elds in all the

other involutive interiors. To determine the maximal number of added vector �elds to generators, a sum needs

to be evaluated as

n
add
max(k

g
1 ; : : : ; k

g
l ) =

lX
j=1

(n� (l � 1)� k
g
j = ln� l(l � 1)� (k

g
1 + � � �+ k

g
l ) = ln� l(l� 1)� n

= n(l � 1)� l(l� 1) = (n� l)(l� 1) (5.20)

Now, the maximal possible number of vector �elds in a CIR realized by l involutive interiors in n dimension

con�guration space of BSS is obtained if one adds n (number of generator) to the maximal (possible) number

of extra vector �elds, i.e.

nmax(k
g
1 ; : : : ; k

g
l ) = n+ (n� l)(l � 1) = n+ ln� l

2 + l � n = ln� l
2 + l = l(n� l+ 1) (5.21)

Observe now, that mi in (5.19) is less than or equal to nmax(k
g
1 ; : : : ; k

g
l ) for each CIR of BSS. It deduces that

the maximal values of (5.19)

max
mi

li
� max

l

l(n� l + 1)

l
� max

l
(n� l + 1) (5.22)

which occurs in ideal case at the minimal number of l = f(k
g
1 ; : : : ; k

g
l ). Similarly, one can obtain the least

possible value of l for a given n and m number of vector �elds from the equation m = l(n� l + 1) which leads

to l = ceil(0:5(n+1+
p
(n+ 1)2 � 4(n+ 1)m)). (The function ceil symbolizes the round to the nearest integer

towards in�nity.)

Remark 21. It is easy to see that (5.22) provides the best values if l = 1 when n control vector �elds can be

inserted into the CIR. Of course, the problem is that the existence of such a CIR is not guaranteed. The case

of l = 1 occurs if the strati�ed system consists of only one stratum degenerating the original system into a

holonomic, smooth (not strati�ed) one. For this, the motion planning problem is not a big challenge and would

make the whole strati�ed approach unnecessary.

5.3 Optimal Set of Basis Points

In general, one desires to follow an arbitrary trajectory in C0. However, as it was shown, to carry out this

task is typically not possible. If one has a desired trajectory xd(t) in the con�guration space, the resulting

trajectory is desired to follow it as precisely as possible. In general, exact tracking is not possible for strati�ed

systems but there exists a method presented previously that increases the dimension of the slices on which the

system moves. At this point, taking into account some added considerations due to the basis points, there is

unfortunately no choice to prescribe the basis point b1; : : : ; bk in arbitrary way. However, a freedom to apply

an optimal set of basis points connecting subtrajectories on slices arises in a sense, since the actual set of basis
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points can be modi�ed by the permutation of the involutive interiors. Consequently, the permutation of basis

points will be understood as the set of the basis points at a given permutation of the distribution in the sequel.

To begin the discussion, de�ne the integrated distance

D(x(t); xd(t)) =

Z t

0

q
(x(s) � xd(s))T (x(s) � xd(s))ds (5.23)

between two trajectories. The distance is easily computed numerically.

De�nition 32. Let � = spanfg1; : : : gkg be an involutive distribution with the integral submanifold S� i.e.

gi 2 TxS� � TxC0. Then, �(�; t)(x(0)) denotes the set of all possible 
ows on S� from x(0) to x(T ) where

_x(t) 2 � for every 0 < t � T .

In fact, �(�; t)(x(0)) de�nes all the integral curve in S�. Let � denote a permutation of (1; : : : ; l) and let a

permutation of CIR be

�
J(k�(1);:::;k�(l))

�(I(l))
= ��(I(l))(J(k�(1); : : : ; k�(l))) = f�i�(1)

(Jk�(1) ); : : : ;�i�(l)
(Jk�(l) )g: (5.24)

Based on the previous discussions (Algorithm 1 and Algorithm 6), solving motion planning as 
ow sequences

by di�erent permutations of strata results the expression

x�;F = �(�
J(k�(1);:::;k�(l)

�(I(l))
; t)xI = �(�i�(l)

(Jk�(l) ); tl) Æ � � � Æ�(�i�(1)
(Jk�(1) ); t1)(xI ) (5.25)

Let b� be the set of l basis points obtained from (5.25) for � i.e. b� = (b�(1); : : : ; b�(l)). Let xd(t) be a desired

trajectory. Then, D(x�(t); xd(t)), where

x�(t) = �(�
J(k�(1);:::;k�(l)

�(I(l))
; t)x(0) (5.26)

de�nes the integrated distance between the desired and real trajectories. Notation x�(t) represents the decom-

posed trajectories at the strata permutation �, and considering the minimal error between two trajectories,

the optimal permutation of the strata is �(o) = argmin�D(x�(t); xd(t)). It means that one should search the

actual trajectory in the form

x�(o);F = �(�
J(k�(o)(1) ;:::;k�(o)(l)

�(o)(I(l))
; t)xI = �(�i�(o)(l)

(Jk�(o)(l) ); tl) Æ � � � Æ�(�i�(o)(1)
(Jk�(o)(1) ); t1)(xI )

(5.27)

It is not so easy to compute the optimal permutation of strata in (5.27) because x�(t) denotes all the decomposed

trajectories at �. To simplify the computations, the distance de�nition

D(xp; xq) =

q
(xp � xq)T (xp � xq) (5.28)

provides bene�ts instead of D(x(t); xd(t)). In this case, the summarized distance is de�ned by

D(b�; xd(t)) =

lX
i=1

D(b�(i); xd(

iX
j=1

tj)) (5.29)
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replacing D(x�(t); xd(t)), providing the advantage that it points out only one distance to each permutation

independently from the many possible decomposed trajectories at this permutation �. Finding the minimum

among these distances is much easier.

Remark 22. To make a heuristically most advantageous optimization, �
J(k�(1);:::;k�(l))

�(I(l))
should be the permutation

of the heuristic optimal CIR �opt(k1; : : : ; kl).

5.4 Reference Trajectory Generation

It is clear from the above discussion that steering a strati�ed controllable system from x(0) to x(T ) via decom-

posed trajectory is possible by using an optimal CIR. The representation sets apart the bottom stratum into

slices, each of them de�ned by involutive interiors. However, the trajectory planning on an integral submanifold

was not discussed. This section endeavors to answer this question by using the proof of Frobenius theorem in

Isidori (1996).

Let an involutive distribution � = span(g1; : : : gd) be considered in the n dimensional con�guration space with

the property that d < n. (Every vector �eld is de�ned in a neighborhood U of a point x0.) Let this distribution

be extended by a set of vector �elds gd+1; : : : ; gn such that

span(g1; : : : gd; gd+1; : : : ; gn) = R
n
: (5.30)

As before, let �(g; t)x denote a 
ow along the vector �eld g during a time interval t. The proof of Frobenius

theorem (Theorem 1) obtains functions �1; : : : ; �n�d, the solution of the partial di�erential equation

@�j

@x
(g1(x) : : : gd(x)) = 0 (5.31)

that can be produced by means the 
ow sequence

�(g1; t1) Æ : : : Æ�(gn; tn)x: (5.32)

The solution relies on a mapping

	 : U� ! R
n

(z1; : : : zn) ! �(g1; z1) Æ : : : Æ�(gn; zn)x0 (5.33)

where U� = f2 Rn : jzij < �g for small �. The transformation 	 provides bene�ts for trajectory planning. The

	 can be obtained by the symbolic approximation of all the �(g; t) in the form2

�(g; t)x = e
g(x)t =

1X
k=1

L
k
g(x)t

k

k!
: (5.34)

Recall, that based on the discussion above, joining slices were obtained whose intersections de�ne basis points.

The basis points can be acquired by smooth motion planning algorithm, and it was also proved that a BSS can

2There exists a much more general form of (5.34) allowing to take the exponentials of complete Lie series instead of the "identity"

x as was taken here. For this, the reader may be referred to La�erriere and Sussmann (1991) and Sussmann and Liu (1993)
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be steered between any two points through a decomposed trajectory. However, it is still an open question how

a trajectory can be prescribed in a slice. Now, suppose a slice Fij of an integral submanifold of �ij
(Jkj ) on

which the initial point x(tj�1) and �nal point x(tj) are lying, respectively. A trajectory between them in Fij is

to be prescribed. The next algorithm is proposed for this.

Algorithm 11. (Trajectory generation in a slice)

Step 1. Transform x(tj�1) and x(tj) into z(tj�1) = �(x(tj�1)) and z(tj) = �(x(tj)). (The last n�d coordinates

will become the same from both the vectors).

Step 2. Transform all the vector �elds gk 2 G = gen(�ij
(Jkj )) into

�gk =

�
@	

@x
gk(x)

�
x=��1(z)

= (�gk;1; : : : ; �gk;d; 0 : : : ; 0)
T
: (5.35)

(Transformation 	 converts a slice into a hyperplane.)

Step 3. Omit the last n� d coordinates of all the transformed vectors, i.e.

ẑ(tj) = (z1(tj); : : : ; zd(tj))
T

ẑ(tj�1) = (z1(tj�1); : : : ; zd(tj�1))
T (5.36)

ĝk = (gk;1; : : : ; gk;d)
T

Ĝ = [ĝ1; : : : ; ĝd]

Step 4. Observe, that Ĝ composed by d independent vector �elds, each of them having d dimension. It deduces

that there exists inverse of Ĝ for all ẑ 2 Rd . De�ne the system

�̂ : Ĝ(ẑ)uz = ĝ1(ẑ)u
z
1 + � � � ; ĝd(ẑ)uzd (5.37)

which is a holonomic one.

Step 5. For arbitrary trajectory in the state space of �̂, the input uz can be found that steers �̂ from ẑ(tj�1)

to ẑ(tj) on the reduced d dimensional integral submanifold Fij . For, supposing the desired trajectory in ẑ is

given by ẑ(t), then uz = Ĝ(ẑ)�1 _̂z(t).

Step 6. Since (5.35) is a linear transformation for every vector �eld at each x, the principle of superposition is

valid implying that u = uz steers also

� : G(z)u = g1(z)u1 + � � �+ gd(z)ud (5.38)

from x(tj�1) to x(tj) on the slice Fj .

Step 7. Transform trajectory z(t) back using the inverse of (5.35).

Remark 23. Algorithm 11 is able to avoid obstacles. For, one just should transform the points of obstacles

into z and plan a trajectory which simply avoids these points. To compute appropriate u is easy since only a

multiplication of inverse matrix is needed (at every trajectory point).
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Finally, combining algorithms one may form a unique frame of holonomic strati�ed motion planning.

Algorithm 12. (decomposed holonomic strati�ed motion planning algorithm)

Step 1. Create maximally redundant BSS (inserting all the possible moving on vector �elds from subsystems).

Step 2. Create optimal CIR of BSS using Algorithm 10.

Step 3. Obtain basis points for optimal CIR with smooth motion planning algorithm(Algorithm 1) and optimize

the basis points by permutation in accordance with Section 5.3.

Step 4. Design a decomposed trajectory and obtain the input for it by means of Algorithm 11 between two

basis points xj , xj+1 on every slice Fj+1, j = 1; : : : ; n� 1.

Step 5. Inserting moving o� vector �elds by adopting the corresponding step from strati�ed motion planning

algorithm (Algorithm 6)

5.5 Example

This section intends to demonstrate the method on the modi�ed example of hexapod robot. As before, x; y

denote the position of the robot in the plane, � is the orientation, �1 and �2 are the angles of the leg groups.

The heights of the leg groups from the ground are denoted by h1 and h2. The equations of motion in strata are

given as follows.

S12, all legs on the ground:

0
BBBBBBBBB@

_x

_y

_�

_�1

_�2

1
CCCCCCCCCA

=

2
6666666664

�2sin(�) 2cos(�)

2cos(�) 2sin(�)

0 0

0 0

0 0

3
7777777775

0
@ u1

u2

1
A =

h
g12;1 g12;2

i0@ u1

u2

1
A (5.39)

In fact, a modi�cation is placed here because g12;1 and g12;2 are substituted by the Lie brackets of original vector

�elds from Example 6 in Subsection 2.2.1. Denote the vector �elds g12;1 and g12;2 in Example 6 by g
o
12;1 and

g
o
12;2, respectively. Then, the new vector �elds are de�ned as g12;1 = [go12;1; g

o
12;2] and g12;2 = [go12;2; [g

o
12;1; g

o
12;2]].

On stratum S1, the leg group 1 is on the ground.0
BBBBBBBBBBBB@

_x

_y

_�

_�1

_�2

_h2

1
CCCCCCCCCCCCA

=

2
6666666666664

cos(�) 0 0

sin(�) 0 0

l 0 0

1 0 0

0 1 0

0 0 1

3
7777777777775

0
BBB@

u1

u2

u4

1
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h
g1;1 g1;2 g1;3

i
0
BBB@

u1

u2

u4

1
CCCA (5.40)
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On stratum S2, the leg group 2 is on the ground.0
BBBBBBBBBBBB@

_x

_y

_�

_�1

_�2

_h1

1
CCCCCCCCCCCCA

=

2
6666666666664

cos(�) 0 0

sin(�) 0 0

�l 0 0

0 1 0

1 0 0

0 0 1

3
7777777777775

0
BBB@

u1

u2

u3

1
CCCA =

h
g2;1 g2;2 g2;3

i
0
BBB@

u1

u2

u3

1
CCCA (5.41)

Follow now the steps of the Algorithm 12 to perform motion planning.

Step 1. (Maximal redundant BSS) The distributions of the (maximally redundant) bottom strati�ed system

(BSS) which contains all the possible moving on vector �elds satisfying the decoupling condition and the

strata with new indices are

�BSS = spanfg12;1; g12;2; g1;1; g1;2; g2;1; g2;2g (5.42)

�1 = spanfg12;1; g12;2g (5.43)

�2 = spanfg1;1; g1;2g (5.44)

�3 = spanfg2;1; g2;2g (5.45)

where �1 represents S12, �2 corresponds to S1 and �3 is related to S2. From now, every (moving on) vector

�eld is considered in the BSS i.e. g1;1 jS12 would precisely be the correct notation instead of g1;1, however,

for the sake of better understanding, jS12 will be omitted in the future.

Step 2. (Create optimal CIR) It is not checked now whether the involutive sequences satisfy CIR. A sequence

of involutive interiors is considered a CIR even if its vector �elds do not generate nilpotent Lie Algebra. It

makes sense to do so since Lie brackets are approximated only up to order two with Cambell-Baker-Hausdor�

formula, thus the solution is an approximation, anyway.

�1 �2 �3

�1(1) = g12;1 �2(1) = g1;1 �3(1) = g2;1

�1(2) = g12;2 �2(2) = g1;2 �3(2) = g2;2

�1(1; 2) = fg12;1g12;2g �2(1; 2) = fg1;1g1;2g �3(1; 2) = fg2;1g2;2g

Six CIR can be formed on the foundation of the involutive interiors:

�(1;2;3)((1; 2); (1; 2); (1)) = spanfg12;1; g12;2; g1;1; g1;2; g2;1g

�(1;2;3)((1; 2); (1; 2); (2)) = spanfg12;1; g12;2; g1;1; g1;2; g2;2g
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�(1;2;3)((1; 2); (1; 2); (1; 2)) = spanfg12;1; g12;2; g1;1; g1;2; g2;1; g2;2g

�(1;2;3)((1); (1; 2); (1; 2)) = spanfg12;1; g1;1; g1;2; g2;1; g2;2g (5.46)

�(1;2;3)((1; 2); (1); (1; 2)) = spanfg12;1; g12;2; g1;1; g2;1; g2;2g

�(1;2;3)((2); (1; 2); (1; 2)) = spanfg12;1; g12;2; g1;2; g2;1; g2;2g

but for example, �(1;2;3)((2); (1; 2); (1; 2)) = spanfg12;2; g1;1; g1;2; g2;1; g2;2g is not a CIR. It is possible to

derive other CIRs from every single CIR having n = dim(C0) = 5 vector �elds in (5.46), if the involutive

interiors are split into single vector �elds as involutive interiors. For instance,

�(1;2;3)((1; 2); (1; 2); (1)) ) �(1;1;2;3)((1); (2); (1; 2); (1))

) �(1;2;2;3)((1; 2); (1); (2); (1))

) �(1;1;2;2;3)((1); (2); (1); (2); (1)):

However, these CIRs are not handled from now because they are degenerated, have more basis points, less

dimensions and same vector �elds in comparison with their original one. In other words, they are always

worse representation than their parents in (5.46). Turn back now to CIRs in (5.46). All representa-

tions include all the strata which means that using Proposition 10, every CIR needs three basis points

i.e. there is no distinguished optimal OBR among them. Considering ODRs, �odr
(1;2;3)((1; 2); (1; 2); (1; 2)) =

�(1;2;3)((1; 2); (1; 2); (1; 2))
3 presents the optimal solution. Observe that it has the highest aggregated di-

mension number. Since every CIR involves three strata and �odr
(1;2;3)((1; 2); (1; 2); (1; 2)) possesses the most

vector �elds, the optimal CIR is also the ODR, i.e �
opt

(1;2;3)
((1; 2); (1; 2); (1; 2)) = �odr

(1;2;3)((1; 2); (1; 2); (1; 2)).

Step 3. (Obtain basis points) Take �
opt

(1;2;3)
((1; 2); (1; 2); (1; 2)) to solve motion planning problem. For, let

x(0) = [0 0 0:5 0 0]T and x(T ) = [0:4 0:5 0:2 0:3 0:1]T . To obtain basis points, smooth motion plan-

ning algorithm takes only n = 5 vector �elds into account from the six ones. Let them be selected by the

generators of �(1;2;3)((1; 2); (1; 2); (1)) i.e gen(�(1;2;3)((1; 2); (1; 2); (1))) = fg12;1; g12;2; g1;1; g1;2; g2;1g. After

performing smooth motion planning algorithm, the motion of modi�ed robot in the plane is depicted in

Figure 5.2. Its breakpoints that is the points which separate 
ows are

b
p
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0
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1
CCCCCCCCCA

The breakpoints can be easily identi�ed also in Figure 5.4. It shows the evolution of the con�guration and

position in the plane while the robot is moving from the initial point x0 to the �nal point bp5 � x(T ). From

the structure of CIR, one can realize that the basis points are b1 = b
p
2, b2 = b

p
4, b3 = b

p
5.

3The superscript of all the optimal CIRs are kept for easier identi�cation as a notation of a property and not for a determination

or selection.
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Figure 5.2: The path of modi�ed hexapod robot in

plane using basic strati�ed motion planning.

Figure 5.3: A possible path of modi�ed hexapod

robot in plane using holonomic strati�ed motion

planning.

Step 4. (Decomposed trajectory planning.) In ideal case, b5 should be the same as x(T ). The �rst two coor-

dinates, however, are di�erent because the vector �elds of gen(�(1;2;3)((1; 2); (1; 2); (1))) do not generate a

nilpotent Lie algebra and some numerical errors also appears by solving the di�erential equations. However

it is guaranteed that all the basis points lie on the right slices. The discussion of optimal basis point permu-

tation is omitted now, it depends on the actual prescribed trajectory and would need to solve smooth motion

planning problem more than once. Now, the basis points which lie on the same slice and do not join two

integral submanifold can be dropped out. It occurs with b
p
1 and b

p
3 because they lie exclusively on F2 and

F3, respectively. (F2 is the integral manifold determined by �2 passing through x(0) and F3 is the slice of �2

passing through b1.) Arbitrary trajectories may be achieved now between any two neighboring basis points

by using the trajectory generation Algorithm (Algorithm 11). It is possible for example to optimize the path

of robot with straight-line trajectory between x(0) and b1 (Figure 5.3). As a second example, consider a

trajectory planning between b1 and b2 on F3 de�ned by �3, where the solution of partial di�erential equation

(5.31) is needed. As a result, the procedure in Section 5.4 yields a transformation (5.33), its inverse and

Jacobian. In this particular case, one gets

	2 =

0
BBBBBBBBB@

x(1)

x(5)

x(1)� 2=5� x(4)C(x(3) � x(4) + 1=2x(4)2S(x(3)� x(4)) + 1=6x(4)3C(x(3) � x(4))

x(1)� 2=5� x(4)S(x(3)� x(4) + 1=2x(4)2C(x(3)� x(4)) + 1=6x(4)3S(x(3)� x(4))

x(3)� x(4)

1
CCCCCCCCCA

(5.47)

(C(x) = cos(x); S(x) = sin(x)). Keep in mind that Frobenius theorem may be applied only to nonsingular

distribution. It may imply that obtaining 	 is not possible if the distribution is singular at a point. However

it is not the case now. During the procedure, a Taylor series approximation was used for the exponential

map. It causes drawbacks in �nding 	's inverse because it may spoil the property of di�eomorphism of 	.
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Figure 5.4: Con�guration evolution. The evolution of robot position, orientation and leg angles during the

motion of the robot from x0 to b
p
5 � x(T ).

However, in this example, the inverse and the Jacobian is computable and renders the vector �elds of �3 in

the form

@	2

@x
[g1;1 g1;2] =

2
6666666664

cos(x(3)) 0

0 1

0 0

0 0

0 0

3
7777777775

(5.48)

After transforming the basis points as bz1 = 	2(b1) and b
z
2 = 	2(b2), (5.48) allows to design a trajectory

z(t) in F3 between b
z
1 and b

z
2 because its upper 2� 2 part is a nonsingular matrix. (The last 3 coordinates

of bz1 and b
z
2 are the same, since

b
z
1 =

0
BBBBBBBBB@

�0:38

0

�0:78

�0:33

0:5

1
CCCCCCCCCA
; b

z
2 =

0
BBBBBBBBB@

�0:15

�0:5

�0:78

�0:33

0:5

1
CCCCCCCCCA

(5.49)

If there are obstacles in the con�guration space, it may be possible to design a trajectory which is able to

avoid them. To do so, transform the obstacle points po laying in F3 with p
o
z = 	2(p

o) and consider them

during the trajectory planning in F3. Of course, it is needed to transform back the trajectory into the original

coordinates. It can be done by the inverse transformation x(t) = 	�12 (z(t). The technique demonstrated
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q

p

Figure 5.5: Heuristic method for local trajectory planning on an integral submanifold. The tangent vector of

the desired trajectory is projected onto the submanifold. The projection determines the actual trajectory on

the submanifold.

here is to be repeated for every slice Fi in the same way.

A much more heuristic method may be also used for trajectory planning. The idea is that one plans a

trajectory between b1 and b2 regarding the entire con�guration space C0. While the nominal trajectory is

running along, its tangent vector can be projected into the tangent space spanned by the actual involutive

distribution �3 (see Figure 5.5). Moving along the projected direction omitting the original tangent vector,

a trajectory evolves on an integral submanifold de�ned by �3. Of course, this step requires switching

between the original trajectory and its projection for every time t. The straight line in Figure 5.5 shows

desired trajectory between the initial and �nal points both of them lying on the same integral submanifold.

Straight line motion is prohibited, however, the �nal point may be reached through the points of the integral

submanifolds using the projected tangent vectors in every points.

Step 5. (Inserting Moving o� vector �elds). In order to complete strati�ed motion planning, the insertion of

moving o� vector �elds is needed. Obviously it occurs at basis points b1 and b2. Here, one can apply g1;3

and g2;3, respectively.

5.6 Summary and Conclusions

A new strati�ed motion planning algorithm has been proposed in this chapter. The new method improves the

eÆciency of the previous strati�ed approaches and assures a greater degree of freedom in the trajectory planning

of holonomic strati�ed systems. To achieve this goal, this chapter has set up a central notion called completely

involutive representation (CIR) �tting well to stratifaction and implying a class of trajectories called decom-

posed trajectories. Theorem 5 asserts statements that can be used for �nding CIRs. In many cases nilpotency is

not satis�ed which fails a sequence of involutive interiors to be a CIR. However in real applications one can omit

this condition considering this construction as it was a CIR. The only e�ect of this "cheating" is that solution is

an approximation. It was shown by Theorem 6 that strati�ed system, under suitable control derived from CIR,

is able to follow corresponding decomposed trajectories. Existence of CIR may be not unique. How to choose

an optimal one was the subject in Section 5.2. Taking some considerations into account depending on the type

of restrictions, Algorithm 10 proposed a heuristic way to choose a CIR for motion planning. It occurs that the
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order of involutive distributions in CIR is not indi�erent either, in
uencing tracking error. Section 5.3 studied

this problem and proposed a concept for �nding an optimal order. The essential goal of holonomic strati�ed

motion planning to divide motion planning problem into decomposed smooth ones. Section 5.4 proposed a way

for solving motion planning problem on a slice based on symbolic approximation. The results were illustrated

on a modi�ed example of six-legged robot.

The technique generalizes the strati�ed motion planning accomplished along sequence of 
ows. It makes

possible to prescribe a special kind of trajectory, a decomposed trajectory for the system. This decomposed

trajectory is de�ned by basis points which can be selected from the results of a motion planning algorithm. The

basis points are connected by slices de�ned by the vector �elds of the strata. The drawback of the actual version

of the approach is that it works only for systems which can be decomposed into holonomic subsystems along

strata. It can be always done if the BSS has as many independent vector �elds as many its dimension is. At

some points of the method, symbolic approximation were used to avoid the hard (symbolic) computation task.

The extension of the method which does not need the assumption of holonomy will be discussed in Chapter 6.



Chapter 6

Nonholonomic Strati�ed Motion

Planning with Decomposed Trajectory

This chapter extends the results of holonomic strati�ed motion planning investigated in Chapter 5 to nonholo-

nomic case. Unlike basic strati�ed approach reviewed in Subsection 2.2 where only desired �nal con�guration

could be achieved, the method to be proposed here follows decomposed trajectory, intensively relying on HOS

inputs and trajectories summarized in Subsection 2.1.3, reported in Sussmann and Liu (1991) and Sussmann

and Liu (1993). Note that similarly to previous chapter, this chapter considers also trajectory tracking problem,

under some restrictions and not a simple path planning (which, in strict sense, disregards time relations). Since

the method is subjected to restrictions, the motion planning as a general term is still used for the methodology.

Decomposed trajectory is still restricted in the sense that it should go through a sequence of connected integral

submanifolds. The sequence of inputs generates a sequence of trajectories that may converge to a reference

trajectory. Since this technique is able to follow a special class of reference trajectories, one can apply it for

avoiding obstacles in the strati�ed con�guration space.

Section 6.1 establishes a foundation for algorithm and, structuralizing moving on vector �elds taking part in

bottom strati�ed system, de�nes the central notion of Decoupled Nonholonomic Representation (DNR), crucial

to exploit stratifaction and HOS at the same time.

Section 6.2 asserts the main contributions of this chapter, all of them related to DNR, that assist to form

a nonholonomic strati�ed motion planning algorithm. The algorithm, using a speci�c version of controllability

conditions, carries out an approximation in general case from which, however, one may expect arbitrary precision.

The method is demonstrated on an illustrative example of six-legged robot where tracking a straight-line

subsegment is to be accomplished.

Contributions of this chapter are covered by Harmati, Lantos, and Payandeh (2002d), Harmati, Lantos, and

Payandeh (2002e), Harmati, Lantos, and Payandeh (2002b) and Harmati, Kiss, and Lantos (2002).

102
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6.1 Decoupled Nonholonomic Representations (DNRs)

Strati�ed motion planning explored in Section 2.2 providing exact reaching of �nal point if control vector �elds

of BSS generates a nilpotent Lie algebra, cannot steer the system along desired trajectory. To overcome the

problem, this section is devoted to devise a technique that extending the theory of Chapter 5 established

originally for holonomic strati�ed systems is able to approximate a special class of trajectories to strati�ed

systems. Initiate the discussion with the de�nition of system to be regarded in this chapter. From now, the

con�guration space of bottom stratum will be denoted by C0.

De�nition 33. Consider a strati�ed controllable system. The system is said to be nonholonomic strati�ed

(controllable) system (NHSS) if it is not possible to �nd n = dim(C0) independent moving on vector �elds from

its BSS.

Stratifaction and nonholonomy bring major diÆculties encumbering the use of all the vector �elds at the

same time. Nonholonomy viewed from control aspect requires extra constructions such as Lie brackets to solve

motion planning problem. On the other hand, stratifaction does not allow arbitrary combination of vector

�elds at the same time, since some vector �elds may be de�ned in di�erent subsystems on di�erent strata i.e.

establishing connection between them requires switching.

Assumption 4. This chapter addresses motion planning problem to nonholonomic strati�ed systems which is

strati�ed controllable and given by De�nition 33.

This section extends the results of holonomic strati�ed motion planning (Chapter 5) and establishes a more

general technique for nonholonomic strati�ed systems. Considering now the starting point, the BSS (2.55), it

is useful to simplify its notations, similarly as occured in Chapter 5. Since considering the jth vector �eld of

the ith stratum in the tangent space of the bottom stratum is necessary, some dimensions of the original vector

�eld will be cut o�. Denote a vector �eld gi;j jSb simply by gi;j omitting jSb where index i assigns the stratum

from which the vector �eld originates and index j identi�es the vector �eld in the ith stratum. Precisely, a

stratum was previously de�ned by multiindex I . Since there are �nite number of strata, one can change the

multiindex I to a simple integer i as actually done.

Let �i denote the distribution of control vector �elds in ith stratum, i.e. �i = span(gi;1; : : : ; gi;hi) where hi

denotes the number of vector �elds in BSS from the ith stratum Si.

De�nition 34. Consider the involutive closures of �i which is denoted by ��i. Then �i can be de�ned by

��i = span(gi;1; : : : ; gi;di); dim( ��i) = di (6.1)

where gi;1; : : : ; gi;di are said to be the Philip Hall generators of ��i if they are the Philip Hall basis of the Lie

algebra L(gen(�i)) := L(gi;1; : : : ; gi;hi). Philip Hall generators can be associated to a function pgen where

(gi;1; : : : ; gi;di) = pgen( ��i)

If s denotes the number of strata taking part in BSS then multiindex I(l) = i1i2:::il assigns a set of strata,

or more speci�cally a sequence of strata. Unless anything else is said, the indices in I(l) may have same values
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and l �j I j> s is not allowed. Notation I(l)(z) = iz is used to point out a single element of the multiindex I .

Now, one can de�ne the central notion of nonholonomic strati�ed motion planning.

De�nition 35. Consider a BSS and let s be the number of strata in BSS. A sequence of involutive closures

��I(l) = f ��i1 ; : : : ;
��ilg; ij � s; 1 � j � l; l � s (6.2)

is said to be a Decoupled Nonholonomic Representation (DNR) of the BSS.

DNR plays a central role in this chapter. It is easy to see that vector �elds in it are arranged by speci�c grouping

establishing a structure which becomes bene�cial later on. The key feature of structure that considering DNR

as a sequence of vector �elds, neighboring vector �elds belong possibly to the same stratum. The idea is that

using 
ow sequence philosophy in such order, the e�ect of vector �elds belonging the same stratum may be

modi�ed in desired manner.

De�nition 36. Consider a DNR ��I(l) = f ��i1 ; : : : ;
��ilg; ij � s; 1 � j � l; l � s where ��ij is the involutive

closure of �ij and �ij = span(gij ;1; : : : ; gij ;hij ) i.e. gen(�ij ) = (gij ;1; : : : ; gij ;hij ). Then the set of generators

fgen( ��I(l)) = (gi1;1; : : : ; gi1;hi1 ; : : : gij ;1; : : : ; gil;hil ) (6.3)

is said to be the fundamental generators of DNR.

The same situation occurs now as in Chapter 5, namely, only vector �elds de�ne distributions and a distribution

does not de�ne vector �elds uniquely. However, in the context of this chapter, a distribution is always de�ned by

explicit vector �elds which enables to de�ne its fundamental generators uniquely. As a matter of fact, producing

fundamental generators from distribution can be considered as an inverse function of creating distributions from

vector �elds. Similarly, de�nition of extended generators proceeds as follows.

De�nition 37. Consider a DNR ��I(l) = f ��i1 ; : : : ;
��ilg; ij � s; 1 � j � l; l � s, ��ij = span(gij ;1; : : : ; gij ;dij )

i.e. gen( ��ij ) = (gij ;1; : : : ; gij ;dij ). Then the set of generators

egen( ��I(l)) = (gi1;1; : : : ; gi1;di1 ; : : : gil;1; : : : ; gil;dil ) (6.4)

is said to be the extended generators of DNR.

Remark 24. Observe, that the set of extended generators of a DNR does not allow coupled Lie brackets, i.e.

Lie brackets de�ned by vector �elds of di�erent strata.

De�nition 38. The DNR ��I(l) = f ��i1 ; : : : ;
��ilg; ij � s; 1 � j � l; l � s is said to be Complete Decoupled

Nonholonomic Realization (CDNR) if l = s and ip 6= iq for every p 6= q; 1 � p � s; 1 � q � s.

Remark 25. Obviously, a BSS always has DNRs and CDNRs. For this, one should only produce a sequence of

distributions ��I(l) = f ��i1 ; : : : ;
��ilg; ij � s; 1 � j � l; l � s from the distribution of strata. If one establishes

a sequence of distributions of all the strata playing role in BSS then a CDNR can be obtained. It is important

to realize that di�erent permutations of strata result di�erent DNRs and CDNRs.
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CDNR contains a maximal number of distributions allowed in a DNR, hence constructing a DNR with all the

possible moving on vector �elds requires usually a CDNR. Obviously, a CDNR is the richest in the number of

vector �elds, however it contains also the maximal number of strata which restricts a decomposed trajectory in

greater extent.

De�nition 39. Consider a DNR ��I(l) = f ��i1 ; : : : ;
��ilg; ij � s; 1 � j � l; l � s. The DNR satis�es the

Decomposed Lie Algebra Rank Condition (DLARC) if

lX
j=1

��ij = TxC0: (6.5)

Remark 26. DLARC resembles the condition (2.48) of strati�ed controllability in Theorem 4, however, the

condition
Pl

j=1
��ij = TxC0 is associated to the tangent space of bottom stratum while (2.48) takes into account

the whole tangent space of the con�guration space. The condition of Theorem 4, suÆcient but not necessary

for strati�ed controllability in testing NHSS, and the condition
Pl

j=1
��ij = TxC0 of DLARC for a DNR of BSS

of NHSS are equivalent if moving on vector �elds are independent and decoupled from moving o� vector �elds.

Indeed, this condition holds for the kinematic model of hexapod robots from its nature.

DLARC plays an important role in Section 6.2. As a matter of fact, the motion planning algorithm devised

there works only for those strati�ed systems which satisfy this condition, however, DLARC covers a predominant

range of strati�ed systems.

6.2 Nonholonomic Strati�ed Motion Planning Algorithm

This section deals with NHSS whose BSS has a DNR which satis�es DLARC. Unless anything else is said, this

property is assumed. The following statement gives a strict but suÆcient condition for satisfying DLARC.

Proposition 12. Consider the set of involutive closures ( ��1; : : : ;
��s): If it is possible to �nd n independent

Philip Hall generators from it then there exists DNR of BSS that satis�es DLARC.

Proof: The proof is constructive and very simple. Let (g1; : : : gn) be n independent vector �elds chosen from

Philip Hall generators of involutive closures. Every gj , j = 1; : : : ; n points out a distribution from ( ��1; : : : ;
��s).

Let ��I(l) = f ��i1 ; : : : ;
��ilg, ij � s; 1 � j � l; l � s be the distributions selected in such way. Vector �elds

(g1; : : : gn) span TxC0, hence,
Pl

j=1
��ij jx= TxC0. However, this is exactly the condition in the de�nition of

DLARC.

Remark 27. Obviously, if a DNR satis�es DLARC then any CDNR does it, as well. In fact, in the proof of

Proposition 12 a reduced DNR was obtained where gj 2 egen( ��I(l)), j � n not necessarily using the vector

�elds of all the strata. Indeed, (g1; : : : gn) in Proposition 12 belong to the extended generators of the DNR. It

is also possible to de�ne a DNR with DLARC property by means of less than n vector �elds at beginning. For

this, one just should seek for instance suitable fundamental generators instead of extended generators.
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De�nition 40. Let a DNR of BSS be given in the form of ��I(l) = f ��i1 ; : : : ;
��ilg; ij � s; 1 � j � l; l � s.

Moreover, let be given the initial and the �nal points xI = x(0) and xF = x(T ). Then, a trajectory x(t),

0 � t � T is said to be decomposed trajectory along ��I(l) between xI and xF if there exists a sequence of time

intervals t = ft1; : : : tlg such that

lX
z=1

tz = T

t < t1 ) _x(t) 2 ��i1(x(t))

j�1X
z=1

tz � t <

jX
z=1

tz ) _x(t) 2 ��ij (x(t)) 1 < j � l (6.6)

De�nition 41. A DNR of BSS in the form of ��I(l) = f ��i1 ; : : : ;
��ilg; ij � s; 1 � j � l; l � s is said to be

decomposed controllable if there exists decomposed trajectory along ��I(l) between any xI ; xF 2 C0.

De�nition 42. A DNR of BSS in the form of ��I(l) = f ��i1 ; : : : ;
��ilg; ij � s; 1 � j � l; l � s is said to be

weakly decomposed controllable if for any xI , xF satisfying k xF � xI k< dcr, there exists a sequence of inputs

u
j ,j !1 involving a sequence of trajectories xj(t) that converges to a decomposed trajectory xdec(t) := x

1(t)

along ��I(l) such that xdec(0) = xI and

k xF � x
1(T ) k< 1

2
k xF � xI k (6.7)

The positive number dcr is the critical distance to DNR. Trajectory xdec(t) is said to be an approximated

decomposed trajectory between xI and xF .

Note that trajectory xdec(t) is a decomposed trajectory between xI and x
1(T ), however it is an approximated

trajectory between xI and xF . Critical distance plays similar role as in Subsection 2.1.2 and a theoretical way

to obtain it is unknown. As a matter of fact, the need of using critical distance is originated from Subsection

2.1.2, as will be seen below.

Theorem 7. If a DNR ��I(l) = f ��i1 ; : : : ;
��ilg; ij � s; 1 � j � l; l � s is decomposed controllable then it

satis�es the DLARC.

Proof: By assumption, let xdec(t) denote a decomposed trajectory between xI = xdec(0) and xF = xdec(T )

where xI ; xF 2 C0. Such a trajectory de�nes a sequence of time intervals which satis�es (6.6), resulting the

existence of an i, i � s such that the tangent vector _x in a time interval can be constructed in the form

_x(t) = gi;1u1 + � � � gi;diudi where gi;k 2 pgen( ��i). Let G be the set of all vector �elds whose associated uk,

k � di are not zero while the trajectory is traveling from xi to xF . It is known that dim(C0) = n and xI , xF

can be arbitrary two points in C0 and there exists a decomposed trajectory between them, hence G contains n

extended generators of DNR. Indeed, extended generators are de�ned by Philip Hall generators of the single

involutive closures ( ��i1 ; : : : ;
��il). Observe now, that it coincides with condition of Proposition 12 asserting

that ��I(l) satis�es DLARC.

Theorem 7 is a result for analysis. In order to reveal controllability properties of the system, one needs its

reversed version. Next theorem is not completely reverses the theorem, but represents its weakened version.
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Theorem 8. If ��I(l) = f ��i1 ; : : : ;
��ilg; ij � s; 1 � j � l; l � s satis�es DLARC then ��I(l) is weakly

decomposed controllable.

Proof: The proof is constructive and provides an approximated decomposed trajectory along ��I(l) between

any xI ; xF 2 C0, k xF � xI k< dcr. The proof proceeds as follows. Since DLARC holds, the set of involutive

closures ( ��i1 ; : : : ;
��il) spans the tangent space of C0. As a consequence, it is possible to select n independent

vector �elds g1; : : : ; gn from the extended generators egen(f��i1 ; : : : ;
��ilg). Let g1; : : : ; gn be ordered due to

the sequence of f ��i1 ; : : : ;
��ilg. More precisely, for all indices p and q, 1 � p < l, 1 < q � l, if p < q then

gp 2 pgen( ��i�p), gq 2 pgen( ��i�q ) where �p � �q. Based on this, if kj denotes the number of Philip Hall generators

from ��ij taking part in (g1; : : : ; gn), then (gi1;1; : : : ; gi1;k1 ; : : : ; gil;1; : : : ; gil;kl) := (g1; : : : ; gn). (It is easy to see

that
Pl

j=1 kj = n.)

Now, suppose for a moment that (gi1;1; : : : ; gi1;k1 ; : : : ; gil;1; : : : ; gil;kl) generate a nilpotent Lie Algebra. Then,

Algorithm 1 is able to reach any xF = x(T ) 2 C0 from any xI = x(0) 2 C0 as a sequence of 
ows. The resulting

trajectory can be described in the form

x(T ) = �(gil;kl ; tl) Æ � � � Æ�(gi1;1; t1)x(0) (6.8)

Let us de�ne now l + 1 basis points in the following way:

b0 = x(0)

b1 = �(gi1;k1 ; t1;k1) Æ � � � Æ�(gi1;1; t1;1)b0

b2 = �(gi2;k2 ; t2;k2) Æ � � � Æ�(gi2;1; t2;1)b1
... (6.9)

bl = x(T ) = �(gil;kl ; tl;kl) Æ � � � Æ�(gil;1; tl;1)bl�1

If (g1;1; : : : ; g1;k1 ; : : : ; gl;1; : : : ; gl;kl) do not generate a nilpotent Lie Algebra then xF 6= x(T ). If k xF �xI k< dcr

then (6.7) holds (since smooth motion planning is carried out on bottom strati�ed system due to Subsection

2.1.2), which does not injure the weak decomposed controllability. It is easy to see that trajectory section

x(t) = �(gi1;k1 ; t1;k1) Æ � � � Æ�(gi1;1; t1;1)x(0) 0 < t �
k1X
j=1

tj (6.10)

satis�es _x(t) 2 ��i1 since the 
ows in (6.10) develop always along vector �elds which belong to ��i1 . As a

result, the trajectory evolves on the integral submanifold of ��i1 passed through x(0). Similarly, one can see

that _x(t) 2 ��i2 , if
Pk1

j=1 tj < t �
Pk1+k2

j=1 tj . This argument holds also for every subsegment between two

neighboring basis points concluding that

x(T ) = �(gil;kl ; tl;kl) Æ � � � Æ�(gil;1; tl;1) Æ � � � Æ�(gi1;k1 ; t1;k1) Æ � � � Æ�(gi1;1; t1;1)x(0) (6.11)

approximates a decomposed trajectory and leads the system from x(0) to x(T ) where

k xF � x(T ) k< 1

2
k xF � xI k

due to (6.7). As a consequence, the ��I(l) is weakly decomposed controllable and it proves the theorem.
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Theorem 8 produces a trajectory along sequence of 
ows. Indeed, the trajectory was obtained by that smooth

motion planning algorithm which �ts to the strati�ed motion planning concept. However, keep in mind that

smooth motion planning can not be applied to the original strati�ed system but only to the bottom BSS. The

sequence of 
ows were selected in a special way which was de�ned by the DNR created from BSS. The advantage

of such a structured sequence turns out bellow (cf. Theorem 9).

Theorem 9. Consider ��I(l) = f ��i1 ; : : : ;
��ilg; ij � s; 1 � j � l; l � s satisfying DLARC. Let a motion

planning problembe given between xI and xF such that k xF �xI k� dcr. Moreover, let the reference trajectory

be a decomposed trajectory xd(t) along ��I(l) equipped with the basis points (6.9) (which is an approximated

decomposed trajectory between xI and xF ). Then, there exists a sequence of inputs u
j(t), j !1 that generates

a sequence of trajectories xj(t) which converges to xd(t).

Proof: The proof is constructive. Since the ��I(l) satis�es the DLARC, Theorem 8 can be applied. It generates

l + 1 basis points that restricts the set of possible reference decomposed trajectories. Keep in mind, b0 and bl

are derived from xI and xF which can be prescribed. All the possible xd(t) have to go through b0; b1; : : : ; bl.

Additionally, it is known from de�nition that

_xd(t) 2 ��i1 if 0 < t

k1X
j=1

� tj

_xd(t) 2 ��i2 if

k1X
j=1

tj < t

k1+k2X
j=1

tj

... (6.12)

_xd(t) 2 ��i2 if

k1+���+kl�1X
j=1

tj < t �
k1+���+klX

j=1

tj

should be held. The question arises how to �nd an input which follows such a trajectory if the system is

strati�ed. One may exploit the structure of DNR ��I(l) derived from the bottom strati�ed system. Turn the

attention now to the �rst subsegment of trajectory. The two end points of this subsegment are b0 and b1,

both of them lying on the integral submanifold of ��i1 . Additionally, _xd(t) 2 ��i1 if 0 < t �
Pk1

j=1 tj , hence

xd(t) is allowed to evolve on the integral submanifold of ��i1 . Such a trajectory satis�es all the restrictions

prescribed for xd(t). Denote the integral submanifold of ��i1 by F1. Now, the motion planning problem is to

be solved on F1 between b0 and b1. The main problem arises when one realizes that it is desired to follow

an arbitrary trajectory by means of less than di inputs (di is the dimension of the F1). Obviously, it is not

an elementary task to solve the problem, however invoking the algorithm which was discussed in Subsection

2.1.3, one obtains a highly oscillatory sequence (HOS) of inputs uj which generates a sequence of trajectory

converging to xd(t) in the subsegment between b0 and b1. In the next step, the procedure is accomplished for

second subsegment between b1 and b2, similarly. Obviously, the only change in the algorithm that one should

use the Philip Hall generators of ��i2 instead of ��i1 . Proceeding the algorithm, the procedure is �nished with

a motion planning between bl�1 and bl. Observe, in every subsegment only the vector �elds of the associated

distribution are used. Indeed, they are those moving on vector �elds of the associated stratum that take part in
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DNR ��I(l) of BSS. It does not injure the requirements of strati�ed motion planning algorithm, namely, coupled

Lie brackets i.e. the (recursive) Lie brackets de�ned by vector �elds of di�erent strata are not applied in the

algorithm.

Theorem 9 provides a concept how one can plan a desired path between initial and �nal points that can be

approximated using strati�ed motion planning and HOS sequence of inputs at the same time. Their combination

allows the system to avoid obstacles in con�guration space.

This chapter studies motion planning for strati�ed systems having a DNR with DLARC property. In fact,

it is a restriction. It may exist a strati�ed controllable system that has no DNR which satis�es DLARC. Such

a system emerges if the tangent space of BSS can be spanned only by applying coupled Lie brackets i.e. Lie

brackets which are de�ned by the vector �elds of di�erent strata. Basic version of strati�ed motion planning

algorithm can be still employed for such systems. The technique above omitted the question of time scaling

which de�nes the motion of the robot along the trajectory in respect with time. The time scaling is needed

if one de�nes a decomposed trajectory. The problem is solvable by time scaling algorithms which modify the

values of inputs by constant multiplier in each subsegment. Such a treatment was used in Chapter 3. Finally,

let the new algorithm be summarized

Algorithm 13. (Nonholonomic strati�ed motion planning with decomposed trajectory approximation)

Step 1. Create the BSS of strati�ed system (2.55).

Step 2. Obtain �1; : : :�s.

Step 3. Determine the involutive closures ��j ,1 � j � s and their Philip Hall generators (see De�nition 34).

Step 4. Create a DNR ��I(l) that satis�es DLARC. Use Proposition 12.

Step 5. Obtain the fundamental and extended generators of ��I(l) (see De�nition 36 and De�nition 37).

Step 6. Obtain the basis points b0; : : : bl by using Theorem 8.

Step 7. Plan the reference decomposed trajectory along ��I(l) which goes through b0; : : : bl.

Step 8. Produce a highly oscillatory sequence (HOS) of inputs uj that generates a sequence of trajectories xj(t).

Use the procedure of Theorem 9 so that the xj(t) converge to the prescribed decomposed trajectory.

Step 9. Insert moving o� vector �elds at the basis points according to strati�ed motion planning algorithm

(Algorithm 3).

6.3 Example

In order to illustrate the method in previous section, consider the motion planning problemof six legged robot.

The equations of motion in strata were presented in Example 6. Let the motion planning problem consist of

�nding input that steers the robot from xI = x(0) = (0 0 0 0 0)T to xF = x(2) = (0:4 0:4 0 0 0)T in the bottom

stratum. It is seen that 2 sec is desired for �nal state. For, the motion planning is accomplished by the steps of

Algorithm 13.
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Step 1. Create BSS. The di�erential equation of BSS is cast into the form

�BSS _x = g12;1u12;1 + g12;2u12;2 + g1;2 jS12 u1;2 + g2;2 jS12 u2;2

=

2
6666666664

cos(�) cos(�) 0 0

sin(�) sin(�) 0 0

1 �1 0 0

1 0 0 1

0 1 1 0

3
7777777775

0
BBBBBB@

u12;1

u12;2

u1;2

u2;2

1
CCCCCCA

(6.13)

It is easy to see from (6.13) that the system is strati�ed controllable and nonholonomic. Keep in mind,

that from now, according to convention suggested previously, every vector �eld and x are considered in the

bottom stratum and the notation jS12 will be omitted.

Step 2. Obtain �1; : : :�s. Based on earlier conventions, the distributions get new indices, as well. Distribution

�1 is related to the bottom stratum S12, �2 corresponds to S1 and �3 is composed of some vector �elds of

S2. It is also useful to modify the �rst indices of vector �elds according to their strata indices implying for

example that g2;1 is replaced by g3;1, g12;1 is replaced by g1;1 and g12;2 changes to g1;2. The generators of

the distributions are determined as

gen(�1) = (g1;1; g1;2) =

2
6666666664

cos(�) cos(�)

sin(�) sin(�)

1 �1

1 0

0 1

3
7777777775
; gen(�2) = (g2;1; g2;2) =

2
6666666664

cos(�) 0

sin(�) 0

1 0

1 0

0 1

3
7777777775
;

gen(�3) = (g3;1; g3;2) =

2
6666666664

cos(�) 0

sin(�) 0

�1 0

0 1

1 0

3
7777777775

(6.14)

i.e. the distributions are �1 = span(g1;1; g1;2), �2 = span(g2;1; g2;2), �3 = span(g3;1; g3;2).

Step 3. Determine the involutive closures ��j , j = 1; : : : ; s and their Philip Hall generators. First of all, some

Lie brackets need to be evaluated such as

g1;3 = [g1;1; g1;2] =

0
BBBBBBBBB@

�2sin(�)

2cos(�)

0

0

0

1
CCCCCCCCCA

g1;4 = [g1;2; g1;3] =

0
BBBBBBBBB@

2cos(�)

2sin(�)

0

0

0

1
CCCCCCCCCA

(6.15)
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It induces the Philip Hall generators

pgen( ��1) = (g1;1; g1;2; g1;3; g1;4) =

2
6666666664

cos(�) cos(�) �2sin(�) 2cos(�)

sin(�) sin(�) 2cos(�) 2sin(�)

1 �1 0 0

1 0 0 0

0 1 0 0

3
7777777775
;

pgen( ��2) = (g2;1; g2;2) =

2
6666666664

cos(�) 0

sin(�) 0

1 0

1 0

0 1

3
7777777775
; pgen( ��3) = (g3;1; g3;2) =

2
6666666664

cos(�) 0

sin(�) 0

�1 0

0 1

1 0

3
7777777775
: (6.16)

Step 4. Create a DNR ��I(l) that satis�es DLARC. One may use Proposition 12 for this purpose. Let a DNR

be constructed by

��(1;2;3) = ( ��1;
��2;

��3): (6.17)

In fact, this is a CDNR since it includes all the involutive distributions. If one intended to optimize the

number of basis points, it would be suÆcient to compose a DNR with two distributions, for instance by ��1

and ��2. However, CDNR leads to an easier motion planning which may be better for illustration.

Step 5. Obtain the fundamental and extended generators of ��(1;2;3). By de�nition, the set of fundamental

generators of ��(1;2;3) turns into

fgen( ��(1;2;3)) = (g1;1; g1;2; g2;1; g1;2; g3;1; g3;2) (6.18)

and the extended generators of ��(1;2;3) yields

egen( ��(1;2;3)) = (g1;1; g1;2; g1;3; g1;4; g2;1; g1;2; g3;1; g3;2): (6.19)

Step 6. Obtain the basis points b0; : : : b3 by using Theorem 7. To do this, one carries out smooth motion

planning steering the system from xI = (0 0 0 0 0)T to xF = (0:4 0:4 0 0 0)T . The only thing necessary for

it is to select vector �elds from ��(1;2;3) that generate a Lie algebra with maximal rank. Let them be g1;1,

g1;2, g2;2, g3;2. The solution is obtained in the form of sequence of 
ows

x(T ) = �(�1:2485g3;2; 0:1602) Æ�(�1:2485g2;2; 0:1602) Æ�(�1:2485g1;2; 0:3398) Æ

Æ �(�1:2485g1;1; 0:3398) Æ�(1:2485g1;2; 0:3398) Æ�(1:2485g1;1; 0:3398) Æ

Æ �(1:2485g1;2; 0:1602) Æ�(1:2485g1;1; 0:1602)xI

The generated Lie algebra is not nilpotent, hence the x(T ) does not coincide exactly with xF , namely,

x(T ) = (0:3973 0:3945 0 0 0)T . From this, the basis points of smooth motion planning using 
ow sequences
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Figure 6.1: States of BSS evolving as sequence of 
ows and assigning basis points.

are

b0 = xI = (0 0 0 0 0)T

b1 = �(�1:2485g1;2; 0:3398) Æ�(�1:2485g1;1; 0:3398) Æ�(1:2485g1;2; 0:3398)

Æ �(1:2485g1;1; 0:3398) Æ�(1:2485g1;2; 0:1602) Æ�(1:2485g1;1; 0:1602)b0 (6.20)

= (0:3973 0:3945 0 0:2 0:2)T

b2 = �(�1:2485g2;2; 0:1602)b1 = (0:3973 0:3945 0 0:2 0)T

b3 = �(�1:2485g3;2; 0:1602)b2 = (0:3973 0:3945 0 0 0)T

The entire trajectory generated by sequence of 
ows is depicted in Figure 6.1.

Step 7. Plan a decomposed trajectory along ��(1;2;3) that travels through b0; : : : b3. Let the trajectory between

b1 and b3 be the same as determined by (6.20) and concentrate only to the trajectory segment between b0

and b1. In fact this can be considered the most important part because this subsegment corresponds to the

path of hexapod robot in the plane. Let a straight-line trajectory be desired between b0 and b3. Figure 6.2

shows the resulting trajectory with the earlier strati�ed motion planning where the trajectory between b0

and b1 can not be modi�ed (and cannot be prede�ned).

Step 8. Producing a highly oscillatory sequence (HOS) of inputs uj that generates a sequence of trajectories

x
j(t). Use the procedure of Subsection 2.1.3 so that the xj(t) converge to the reference straight-line trajectory

between b0 and b1. One can see, that a straight-line trajectory can be produced by g1;1, g1;2 and g1;3 without

using g1;4 which is important because the approximation of a simple Lie bracket like g1;3 = [g1;1; g1;2] is

much easier than a nested one like g1;4 = [g1;2; [g1;1; g1;2]]. In fact, Subsection 2.1.3 showed that uj(t) =
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Figure 6.2: The path of the hexapod robot in the plane using the earlier strati�ed approach (without HOS)

and the new version (with HOS) where the reference trajectory is a straight-line.

p
(j) cos jtg1;1+

p
(j) sin jtg1;2 converge to g1;3=2 which can be easily performed. The straight-line trajectory

is depicted in Figure 6.2. The feature of the input is illustrated in a smaller time interval on Figure 6.3. In

the algorithm, j = 500 was applied. Of course, j is far from in�nity but still provided good approximation.

The con�guration b1 after evaluating HOS inputs was reached at t = 0:8 in the simulation. The suitable

time scaling �tted to the results of previous steps (where b1 is desired to be reached at t = 1:66) is needed

but it can easily be done by simple changing the values of the inputs (see Chapter 3).

Step 9. Insert moving o� vector �elds at basis points according to strati�ed motion planning algorithm (Algo-

rithm 3). Since the system is strati�ed, one should insert moving o� vector �elds to switch between strata.

It occurs at the base point b1 and b2 in the example. The moving o� vector �elds of higher strata are used

for this purpose which, of course, needs extra time. The extra time intervals do not change the robot motion

in the plane, however, a time rescaling may be required again (See Section 3.2).

6.4 Summary and Conclusions

This chapter presented a motion planning algorithm which can be used for trajectory approximation for strati�ed

controllable systems extending the results of Chapter 5 to strati�ed nonholonomic case. The key notion the

method relies on is called Decoupled Nonholonomic Representation, derived from BSS. Such a structure is

strongly related to the so called decomposed trajectories and decomposed controllability, a property that allows

to reach �nal point along decomposed trajectory. A special property, the DLARC was de�ned in this chapter

facilitating motion planning by exploring the structure of DNR and covering a class of strati�ed systems this
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Figure 6.3: The highly oscillatory inputs that generates a straight-line path for hexapod robot in the plane.

(Figure illustrates only a part of the whole time interval.)

chapter is involved in. Theorem 7 asserted that strati�ed system satis�es DLARC if it is decomposed controllable

which can be used for analysis of strati�ed system. Its weakened inverse version, Theorem 8 stated that a

strati�ed system with DLARC property is weakly decomposed controllable, i.e. one can �nd an approximated

decomposed trajectory between initial and �nal con�gurations. The proof of theorem revealed the strong

relation with basic strati�ed motion planning. Theorem 9 proposed a way how to approximate decomposed

reference trajectories, suitable for obstacle avoidance. Using the results above, Algorithm 13 draws the steps of

nonholonomic strati�ed motion planning.

The technique illustrated trajectory tracking problem on the simple example of hexapod robot. The tracking

especially has bene�ts in obstacle avoidance problems even though it meets restrictions for reference trajectory.

Based on the strati�ed concept, several symbolic computations are needed which are hard to be performed

in some cases. Hence, they may cause diÆculties in the realization. Such a problem is for example, if the

distributions in DNR include recursive Lie brackets. The approximation of a trajectory using directions of the

recursive Lie brackets may become complicated. Additionally, since resulting trajectory is generated by highly

oscillatory sequence of inputs, the convergence to reference trajectory depends on the number of trajectories

considered in the sequence.



Chapter 7

Conclusions

This dissertation proposed strati�ed motion and manipulation planning algorithms extending the results of basic

approach in the Ph.D. Thesis of Goodwine (1998a). Strati�ed systems cover a wide class of physical systems

where a locomotion is completed by a sequence of making and breaking contact points. Typical examples are the

legged robots and manipulations with robotic hand using �nger relocations. Controlling such systems implies

diÆculties because equations of motion may change when actual constraints change during a motion. The basic

algorithm solves the point to point motion planning problem for strati�ed systems.

Chapter 3 proposed some improvements for basic strati�ed motion planning that increase robustness. Two

problems were investigated, the convergency and time-scaling. Both of them are originated from the motion

planning using 
ow sequences. One usually desires the robot to move along a reference path. This task cannot

be completed by means of point to point motion planning such as the one the basic strati�ed motion planning

relies on. Taking reference points along reference path facilitates the problem, however, the path between them

remains still uncontrollable and the convergence is not guaranteed. A possible way to improve convergency

which was proposed in this chapter consists of systematic insertion of extra reference points that leads robot

back to reference path when divergence is observed. Another requirement for robot in many applications is

to reach �nal state at a given time. The task was resolved by input scaling. Note however, that prescribing

time point for every point of path was not solved. A possible extension in future could extend time scaling

problem for other points of the path. Such a technique needs to give up the philosophy of constant inputs in

subsegments.

Manipulation using �nger relocations represents a typical applications where strati�ed motion planning may

be invoked. Chapter 4 addressed manipulation planning algorithms. Since constraints are strongly dependent

from the object shape, manipulation tasks are much more complex to be resolved by strati�ed approach than

it would be for walking robots. Three manipulation strategies were proposed to solve this problem, each of

them is based on a special parametrization allowing a simple strati�ed description. The �tted system obtained

this way provides simple control vector �elds and reduces the complexity of underlying di�erential geomet-

ric computations based on symbolic treatments. Manipulation planning using �tted system has bene�ts such

115
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as avoiding the hard symbolic computation, easily interpretable trajectory and assists to reduce the symbolic

steps almost to pure numerical computations. However, the trajectory between the initial and �nal points in

a subsegment is not under control, therefore basic �tted strati�ed manipulation cannot keep �ngertips in their

assigned operating space. Fitted system requires to apply transformation related to Jacobian matrices of the

�ngers. The control signals are represented by the joint variables.

The �tted semi-strati�ed manipulation di�ers at two main points from the previous approach. It requires suit-

ably chosen reference contact points and it extends basic �tted strati�ed approach with unconstrained �nger

relocations. The technique needs appropriate contact points that restrict manipulation. In this case, dextrous

manipulation becomes rather only an object manipulation ensuring collision avoidance and grasp stability at the

same time. Unconstrained �nger relocations in semi-strati�ed approach realize a second phase in manipulation

after the �tted strati�ed manipulation is completed. This task is separable from strati�ed core and provides a

greater freedom in alternative paths than basic �tted strati�ed manipulation when a �nger is relocated back into

other contact points. A �nger can be relocated along arbitrary path above the object while a �tted strati�ed

approach should move the �ngertip only along certain direction above the object at a time.

The basic �tted concept allows to divide the con�guration space of bottom stratum into slices (subspace de-

compositions) which makes exact trajectory tracking on slices possible. As a result, it is able to move the object

along arbitrary path and in the next sequence it relocates �ngers along arbitrary path above the object, as well.

Since the object can locally move in desired way, the strategy can be successfully applied for obstacle avoidance.

The idea of decomposing bottom stratum into slices, assuming that strati�ed system shows holonomic

property, was generalized in Chapter 5. First one needs to carry out basic strati�ed motion planning. If there

exists a suÆcient number of moving on vector �elds and they are grouped into a sequence, required for basic

approach, where neighboring vector �elds belong to the same stratum then subsequences created by the vector

�elds of a stratum can be replaced by any path generated by the same vector �elds. In fact, this is a sequence

of holonomic motion planning methods on strata, which is, however, not elementary. To solve the problem, a

symbolic approximation was proposed. The sequence of systematically grouped vector �elds is well described

by CIRs realizing the central notion of the method that allows the system to follow decomposed trajectories.

Existence of CIR, however, may not unique. There exist alternative possible manners to select an optimal

CIR, but optimality also depends on the actual task. Two methods were proposed, one of them minimizes

the number of basis points and the second one intends to maximize the dimensions of strata where trajectory

evolves. There is a trade-o� between the two approaches, therefore a heuristically optimal procedure was devised

which establishes a good compromise.

Chapter 6 followed the more general approach when the system is strati�ed controllable, however, the holo-

nomic property does not hold in every stratum. Using the key notion of DNR one can de�ne decomposed con-

trollability which enables the strati�ed system to approximate decomposed trajectories. A motion planningwas

developed in this chapter for those strati�ed systems that satisfy the so called Decomposed Lie Algebra Rank

Condition, a weakened version of the well known Lie algebra Rank Condition. The technique is able to follow
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an approximated decomposed reference trajectory. The main advantage of holonomic and nonholonomic strat-

i�ed motion planning that they assist to solve obstacle avoidance problem, since they are able to modify the

trajectory of basic approach. Problems arise, however, if basis points are found in a forbidden region occupied

by obstacles. The technique illustrated trajectory tracking problem on the simple example of hexapod robot.

Based on the strati�ed concept, several symbolic computations are needed, hard to be performed in some cases,

hence they may cause diÆculties in the realization. Such a problem is for example, if distributions in DNR

include recursive Lie brackets. The approximation of a trajectory using directions of recursive Lie brackets may

easily become complicated. Additionally, the procedure intensively uses HOS inputs and trajectories, hence the

convergency of trajectory sequence depends on the highest approximation index considered.

The methods introduced and elaborated in this thesis are subjected to some restrictions facing up to impor-

tant challenges in future works. One of the main limitations is that kinematic model was considered throughout

the thesis. It comes from two main reasons. First of all, the whole concept relies on the commutation of moving

on and moving o� vector �elds. While kinematic model satis�es this property naturally in many cases (see

six-legged robot model), it does not hold for dynamic model. On the other hand, all the known smooth motion

planning methods the strati�ed approach relies on work on kinematic model, as well. Algorithm solving the

above problems should probably involve new mathematical tools that also generalize the whole modeling. A

potential avenue of this work would apply the results of Lewis (1995) Bullo and Zefran (2002a) and Bullo (1999).

Fortunately, many hierarchical control concepts exist where kinematic design on middle level control hierarchy

play a control role.

This dissertation considered motion planning methods which realize an open loop control. In applications,

the disturbances, simpli�ed modeling, and inaccurate computations do not allow to achieve exactly the desired

goal of task. Hence, a meaningful extension in the future would be a closed loop architecture. Developing such

methods encounters diÆculty for the present, since algorithms invoked use the tool of di�erential geometry and

some part of it requires extensive symbolic computations. The software packages supporting such computations

are not eÆcient enough for complex applications, yet.

A key epiphenomenon of strati�ed control is the switching. Obviously, the number of switchings and number

of moving on vector �elds in a sequence may play important role in many application. The minimization of

number of switchings and the number of vector �elds are also a potential task in the future. To solve this task,

one should consider the order of Lie brackets taking part in bottom strati�ed system. Order of Lie brackets

have another impact on eÆciency. HOS trajectories along higher order Lie brackets are much more complex

than trajectories along single Lie brackets.

An interesting extension of strati�ed control would be applied to formation control where di�erent agents

move in con�guration space to accomplish a common task. This area of control is being intensively explored

nowadays and strati�ed control may be able to add some contribution to it, as well. The agents which are

usually mobile robots or other machines (e.g. aircrafts) resemble the �ngers of robotic hand which manipulate



CHAPTER 7. CONCLUSIONS 118

an object together.

Many issues to be solved in future arise from strati�ed control in stair-like environment. Such a situation

occurs when a legged robot climbs a stair or a robotic hand manipulates an object with nonsmooth surface. Its

strati�ed modeling requires to attach bottom stratum to every smooth surface. This however spoils smoothness

and a possible concept should be involved in grasp or gait planning, a high level algorithm that de�nes extra

(supporting) contact points. Thus the motion and manipulation planning consist of �nding input that steers

the system from a supporting point to the next one. Choosing appropriate supporting points one may avoid the

legs to kick into stair. Holonomic and nonholonomic motion planning methods along decomposed trajectories

play important role in this phase because they can be applied to follow or approximate a trajectory to avoid

forbidden regions realized by obstacles. One of the main problems with strati�ed control in stair-like environment

is that de�ning supporting points is not elementary because stratifaction becomes intricate easily. The graph of

strata structure facilitates �nding a suitable strata transition between initial and �nal con�guration. A possible

future work may elaborate a complete algorithm that solves the strati�ed motion planning problem in stair-like

environment.



Appendix

This appendix intends to summarize the most important de�nitions and results of di�erential geometry the

dissertation relies on. More extended discussions can be found in several books. The concept introduced here

follows mainly the treatment of Isidori (1996), Olver (1993), Sastry (1999) and Murray, Li, and Sastry (1994).

Manifolds

De�nition A-1. Let A be an open subset of Rn and let f : A ! R be a function. The function f(x) =

f(x1; : : : ; xn) is said to be a smooth (or C1) function if its partial derivatives of any order with respect to

(x1; : : : ; xn) exist and are continuous.

De�nition A-2. Let A be an open subset of Rn . A smooth mapping F : A! R
m is a collection (f1; : : : ; fm)

of smooth functions fi : A! R.

Smoothness in the above de�nitions simpli�es the mathematical treatments in di�erential geometry, hence they

are very useful in the more complex object and system descriptions. It immediately appears in one of the

most important basic notions of di�erential geometry called manifold which essentially set up a coordinate-free

description of an object.

De�nition A-3. An m-dimensional manifold is a setM , together with countable collection of subsets U� �M ,

called coordinate charts , and one-to-one functions �� : U� ! V� onto connected open subsets V� � Rm called

local coordinate map , which satisfy the following three properties:

1. The coordinate charts cover M, i.e. [
�

U� =M:

2. On the overlap of any two coordinate charts U� \ U� the composite map

�� Æ ��1� : ��(U� \ U�)! ��(U� \ U�) (A-1)

is smooth.

3. If x 2 U�, ~x 2 U� are distinct points of M , then there exist open subsets W � V�, ~W � V� , with

��(x) 2W , ��(~x) 2 ~W such that

�
�1
� (W ) \ ��1� ( ~W ) = ;:
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It is easy to see that U� and �� are strongly related to each other, hence, if it is not confusing, a pair (U�; ��) is

also regarded as a coordinate chart in a wider sense. The coordinate charts �� : U� ! V� endow the manifold

M with the structure of topological space which means that for each open subset W � V� � R
m , ��1� (W )

assigns an open subset of M . These sets compose a basis for the topology. In terms of this topology, the third

condition in de�nition A-3 expresses the Hausdor� separation axiom , namely, if x and ~x are two distinct points

in M then there exist open sets U and ~U such that x 2 U , ~x 2 ~U and U \ ~U = ;. Manifold plays a crucial role

in system theory because it is the scene where the state of system develops in time.

Example A-1. The most evident m-dimensional manifold is the Euclidean space Rm itself.

Example A-2. The unit circle S1 = f(x; y) : x2 + y
2 = 1g is a one-dimensional manifold (with two coordinate

charts). A point on S
1 can be identi�ed with the angular coordinate �, where (x; y) = (cos �; sin �).

Example A-3. The Cartesian product T 2 = S
1 � S

1 is a two-dimensional manifold known as torus.

It is useful to consider sometimes only a part of a manifold which is also a manifold itself. For, it is necessary

to introduce the notion of maximal rank.

De�nition A-4. Let F :M ! N be a smooth mapping from anm-dimensional manifoldM to an n-dimensional

manifold N . The rank of F at a point x 2M is the rank of the n�m Jacobian matrix (@Fi=@xj) at x, where

y = F (x) can be given in any convenient local coordinates near x. The mapping F has maximal rank on a

subset S �M if for each x 2 S the rank of F is the minimum of m and n.

De�nition A-5. Consider a smooth manifold M . A subset N �M is said to be a submanifold of M if there

exists a smooth one-to-one map (immersion) � : ~N ! N that satis�es the maximal rank condition everywhere,

where the parameter space ~N is some other manifold and N = �( ~N ) is the image of �.

The notion of submanifold becomes bene�cial especially for those system descriptions where additional restric-

tions emerge.

Lie groups

Roughly speaking, Lie groups are the combination of the algebraic notion of a group and the di�erential-

geometric notion of a manifold. This concept provide an eÆcient tool in nonlinear system theory. The review

starts with the basic de�nition of group.

De�nition A-6. A group is a set G together with a group operation, called multiplication, such that for any

two elements g and h of G, the product gh is also an element of G. The group operation must satisfy three

axioms:

1. Associativity. If g; h and j are elements of G, then g(hj) = (gh)j.

2. Identity element. There exist a special element of G denoted by e and called the identity element such that

eg = g = ge for all g 2 G.

3. Inverses. For each g 2 G, there is an inverse g�1 2 G such that gg�1 = e = g
�1
g.
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There are some commonly used mathematical structures that carries the feature of groups. The next examples

give an essence from them.

Example A-4. The set of integers G = Z together with the addition as a group operation, with the identity

element 0 and with the inverse �x of an integer x is a group.

Example A-5. Let GL(n;R) be the set of all invertible n� n matrices where all the elements are real numbers.

Then, the matrix multiplication as group operation, the identity matrix as identity element, and the inverse of

matrix as inverse element de�ne the general linear group .

What makes the Lie group di�erent from the group is that Lie group possesses also the features of smooth

manifold. In this case, one may also apply the tools of calculus such as di�erentiation.

De�nition A-7. A group G is said to be an r-parameter Lie group if it is also an r-dimensional smooth

manifold and the group operation

m : G�G! G; m(g; h) = Lgh = gh; g; h 2 G; (A-2)

and the inversion

i : G! G; i(g) = g
�1
; g 2 G; (A-3)

are smooth maps between manifolds.

Lie groups have a profound impact on all areas of mathematics as well as engineering. They are especially

helpful on the �eld of di�erential equations, in strong relation with modern nonlinear control theory. Some

examples of Lie groups are presented now as simple illustrations.

Example A-6. The G = R
r carries an evident smooth manifold structure, and it is equipped with vector addition

(x; y) ! x + y which satis�es the conditions of group operation with the identity element 0 vector and with

inverse �x of an element x.

Example A-7. Let G = SO(2) de�ne the the group of rotation in the plane as

G =

8<
:
0
@ cos � � sin �

sin � cos �

1
A : 0 � � < 2�

9=
; (A-4)

where � is the angle of rotation. On the one hand, G can be identi�ed with unit circle S1 (see example A-2)

since both of them plot the same points. In other words, G carries the manifold structure. On the other hand,

G is an orthogonal group de�ned by

O(2) = fX 2 GL(2) : XT
X = Ig (A-5)

Obviously, G is a Lie group since it is a manifold and a group as well.

One may de�ne many Lie groups that come from distinct de�nition, however, it may easily turn out that they

are actually in strong connection. Hence, its is worth introducing two notions. A Lie group homomorphism is
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a smooth map � : G! H between two Lie groups where the group operations satisfy

�(gh) = �(g)�(h) g; h 2 G: (A-6)

If there exists a smooth inverse of �, it is considered as an isomorphism between G and H . The isomorphic Lie

groups carry the same structure so there is no speci�c reason to distinguish them while they are studied. For

instance, the positive real numbers R+ , together with everyday multiplication de�ne a Lie group. Indeed, this

Lie group is isomorphic to the additive Lie group R where the exponential function � : R ! R
+ , �(t) = e

t

produces the isomorphism. An interesting fact is that there exist only two (connected) one-parameter Lie

groups, namely R and SO(2), any other one-parameter Lie group is isomorphic to one of them. Another way

to simplify discussion is to consider group elements close to the identity element. In this case, the Lie group

is local. Lie groups are mostly regarded in applications as groups of transformations on a manifold and not as

self contained entities. In fact, this gives the power to the tools based on Lie groups. The �rst step is to de�ne

transformations.

De�nition A-8. Given a smooth manifold M . A local group of transformations acting on M is de�ned by a

(local) Lie group G, an open subset U , with

feg �M � U � G�M (A-7)

which is, by de�nition, the domain of group action, and a smooth map 	 : U ! M which is required to

satisfy:

1. If (h; x) 2 U; (g;	(h; x)) 2 U and (gh; x) 2 U , then 	(g;	(h; x)) = 	(gh; x)).

2. 	(e; x) = x for all x 2M .

3. If (g; x) 2 U , then (g�1;	(g; x)) 2 U and 	(g�1;	(g; x)) = x.

For the easier notations, 	(g; x) can be simply replaced by gx. The notion of (local) group of transformation

will reveal interesting structures. To do so, the introduction of vector �elds is necessary.

Vector �elds

Consider a manifold M and a smooth curve C de�ned on it such that the � : I !M parameterizes the curve

where I is a subinterval of R. Then, curve C can be given by m smooth functions �(�) = (�1(�); : : : ; �m(�))

in local coordinates (x1; : : : ; xm) with respect to the real variable �. The curve C provide a so called tangent

vector at each x = �(�) which is de�ned by _�(�) = d�=d� = ( _�1(�); : : : ; _�m(�)). The notation

vx = _�(�) = _�1(�)
@

@x1
+ � � �+ _�m(�)

@

@xm
(A-8)

with @=@xi assists to make a di�erence between tangent vector and any points given in local coordinates. The

set of tangent vectors generated by all the curves passing through a given point x in M is the tangent space

to M at x and is denoted by TxM . The m-dimensional manifold M renders an m-dimensional tangent space
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TxM which is actually an m-dimensional vector space equipped with the basis (@=@x1; : : : ; @=@xm) in local

coordinates. The notation

TM =
[
x2M

TxM (A-9)

used for the collection of all tangent spaces belonging to all points x in M de�nes the tangent bundle of M .

Note, that tangent bundle is a smooth manifold having 2m dimensions. Everything is available now to de�ne

a central notion of this work.

De�nition A-9. A vector �eld f(x) on manifold M de�nes a tangent vector vx 2 TxM in each point x 2 M

such that the tangent vector is smoothly varying from point to point. A vector �eld can be described in the

form

f(x) = f
1(x)@=@x1 + � � �+ f

m(x)@=@xm (A-10)

(To avoid the confusion, note that f1(x) here does not correspond to a whole vector �eld f1 that emerges often

in this dissertation but f1(x) is only a component of a vector �eld.) Every vector �eld generates a curve on its

manifold.

De�nition A-10. A smooth parametrized curve x = �(�) is called integral curve of a vector �eld f(x) if its

tangent vector at any point equals to the value of f(x) at the same point, namely _�(�) = f(�(�)).

Note, that x = �(�) = (�1(�); : : : ; �m(�)) (given in local coordinates) solves the ordinary di�erential equations

dxi

d�
= f

i(x); i = 1; : : : ;m; (A-11)

where f i(x) are the coeÆcients of f(x) as mentioned above. An integral curve is maximal if it is not contained

by any longer integral curve. Integral curve leads to the notion of 
ow.

De�nition A-11. A �(x; �) 
ow generated by a vector �eld f(x) is a parametrized maximal integral curve of

f(x) that passes through x in M .

Every pair (x; �) assigns a point on an integral curve. The integral curve is assigned by x since it should pass

through x and the point on integral curve is assigned by its parameter, �. The 
ow manifests three fundamental

properties:

�(�(x; �); Æ)) = �(x; �+ Æ); x 2M for all �; Æ 2 R

�(x; 0) = x (A-12)

d

d�
�(x; �) = f(�(x; �)) for all � where it is de�ned.

Observe now, that the three 
ow properties in (A-12) comply with the conditions of de�nition A-8 associating

the 
ow along a vector �eld to a local group action of Lie group R on manifold M . One should only pay

attention to the parameter orders. In the notation 	(�; x), the parameters � and x appear in reverse order in
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comparison with �(x; �). The constructions like 	(�; x) where � 2 R (R is a Lie group) are generally referred to

as one-parameter group of transformations. The vector �eld f(x) is also said to be the in�nitesimal generator

of the action which is, in fact, the group of translations in in�nitesimal extent:

�(x; �) = x+ �f(x) +O(�2) (A-13)

The 
ow is also called exponentiation of the vector �eld promoting the notation

exp(�f)x = �(x; �) (A-14)

On �rst encounter, it may seem somewhat strange but using this convention to 
ow properties (A-12)

exp((Æ + �)f)x = exp(Æf) exp(�f)x

exp(0f)x = x (A-15)

d

d�
(exp(�f)x) = f(exp(�f)x)

for all x 2M which re
ect exactly the properties of exponential function.

Di�erential operators

After introducing vector �elds, it is possible to de�ne operators related to them. As a matter of fact, the

most applications using di�erential-geometric concept can not evade to invoke their service. Vector �elds will

be also considered as di�erential operators on smooth functions in this part of discussion, hence in this case,

vector �elds are denoted by capital letter in order to clearly distinguish them from smooth functions and group

elements. However, note, that this is not the common situation in the most part of the dissertation. In this

case, vector �elds are denoted by lower case, again.

De�nition A-12. Let s 2 C
1(M) be a smooth, R valued function on M and let X be a (smooth) vector �eld.

The Lie derivative of s along X at p 2M is a new function

Xs :M ! R; Xs(p) = Xps (A-16)

which is expressed in a local coordinates, with local coordinate chart (V; �) as

Xs(x) =

nX
i=1

@s

@xi
X

i(x) (A-17)

where

X =

nX
i=1

X
i(x)

@

@xi
and x = �(p) (A-18)

Lie derivative has several notation in literature: Xs(p) = Xps = LXs(p) = X [s](p) = ds(p)X(p). Lie derivative

is obtained by inner product and, roughly speaking, it measures how close the gradient vector of function s is

to the vector �eld X at a given point x. The de�nition of Lie derivative can be extended to Rm vector valued
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function s which implies that its Lie derivative becomes also vector valued with the same number of components.

Each component of Lie derivative is computed from the corresponding component of s on the base of de�nition

A-12.

Xs(x) =

0
BBB@
Pn

i=1
@s1
@xi

X
i(x)

...Pn

i=1
@sm
@xi

X
i(x)

1
CCCA (A-19)

Let Y is also a smooth vector �eld. Then, XY s(p) = X(Y s(p)) is a meaningful expression which can be

evaluated by applying X after Y . The short version XY of XY s(p) is often used throughout this work.

Another vector valued and maybe the most important operator is the Lie bracket.

De�nition A-13. Let s 2 C
1(M) be a smooth, R valued function on M and let be given two smooth vector

�elds, X and Y . The Lie bracket of X and Y is a new vector �eld which is denoted by [X;Y ] and de�ned by

[X;Y ]s = X(Y s)� Y (Xs): (A-20)

The de�nition in local coordinates follows the vector �eld

[X;Y ] =

nX
j=1

 
nX
i=1

�
@Y

j(x)

@xi
X

i � @X
j(x)

@xi
Y
i

�!
@

@xj
(A-21)

where

X =

nX
i=1

X
i(x)

@

@xi
; Y =

nX
i=1

Y
i(x)

@

@xi
: (A-22)

Vector �elds are often transformed onto another manifold or onto other place of the same manifold. To do so,

two special mappings are to be de�ned.

De�nition A-14. Let F : M ! N be a di�eomorphism i.e. a one-to-one invertible smooth mapping. Let X

be a vector �eld de�ned on manifold M and let Y be a vector �eld de�ned on manifold N (i.e. they lie always

in the tangent space of the actual point of the manifold). Let p 2M and q 2 N and q = F (p). Then, the push

forward map F� : TM ! TN is a vector �eld in TN de�ned by

(F�X)q = F�F�1(q)XF�1(q): (A-23)

Similarly, the pull back map F � : TN ! TM de�nes a new vector �eld

(F �Y )p = (F�p)
�1
YF (p): (A-24)

Notation � says that F� and F
� are not mappings between manifolds but mappings between tangent spaces.

The relation between pull back and push forward is obtained by F
� = (F�1)�. One can easily see that push

forward F� maps the vector �elds into the same direction, in other words, if F maps p to q then F� maps the

tangent space of p into the tangent space of q. On contrary, the pull back F
� works in reverse direction, if F

maps p to q then F
� maps the tangent space of q into the tangent space of p. Another important property of

Lie bracket in relation to mappings are stated in the next proposition.
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Proposition A-1. Consider two smooth vector �elds X and Y and let F : M ! N be a smooth map. Then

F�[X;Y ] = [F�X;F�Y ].

The proposition says that push forward mapping keeps the Lie bracket between two vector �elds.

Lie algebra

Lie groups and vector �elds are suitable to carry algebraic structure leading to the basic concept of Lie algebra.

This concept evinced also great pro�t in development of control theory. Now some basic notions are highlighted.

De�nition A-15. A Lie algebra is a vector space V (over R) if it has a bilinear operator V � V ! V denoted

by [�; �] that satis�es:

1. Skew symmetry: [f1; f2] = �[f1; f2] for all f1; f2 2 V .

2. Jacoby identity: [[f1; f2]; f3] + [[f3; f1]; f2] + [[f2; f3]; f1] = 0 for all f1; f2; f3 2 V .

It is possible that a subspace of V carries also a Lie algebra structure. A subspace W � V is a Lie subalgebra

if [f1; f2] 2 W for all f1; f2 2 W . The vector space of all smooth vector �elds on manifold M under the Lie

bracket operation on vector �elds de�nes an in�nite dimensional Lie algebra.

Lie algebra has a strong relation with Lie groups. If X is a vector �eld on a Lie group G, then X is said

to be left invariant if (Lg)�X = X . Note, that Lgh = gh, g; h 2 G was de�ned in de�nition A-7 as group

operation. On the other hand, Lgh is a mapping from a point h of manifold G (which is in fact more general, a

Lie group) to another point k = gh. In this term, (Lg)�h maps the tangent spaces of h into the tangent space

of k via push forward map. The expression (Lg)�X = X can be restated by ThLgX(h) = X(gh) for all g; h 2 G

where ThLg corresponds to (Lg)� that maps the tangent space of h into the tangent space of gh. Let X(G) be

the set of all vector �elds on G. If XL(G) is the set of left invariant vector �elds on G and X;Y 2 XL(G) then

using proposition A-1, one writes

Lg�[X;Y ] = [Lg�X;Lg�Y ] = [X;Y ] (A-25)

which means that XL(G) is a Lie subalgebra of the Lie algebra X(G). If e is the identity element of G, then

XL(G) and TeG is isomorphic as vector spaces (Murray, Li, and Sastry (1994)). It implies that one de�nes Lie

bracket in TeG with this isomorphism as

[�1; �2] = [X�1 ; X�2 ](e); �1; �2 2 TeG; X�i = TeLg�i; i = 1; 2: (A-26)

This Lie bracket endows TeG with Lie algebra structure, hence TeG is the Lie algebra of G and is denoted by

L(G). Note, if x 2 G and �� = f�1; : : : �ng, �i 2 TxG, i = 1; : : : ; n then L(G) can be replaced also by the notation

L(��)(x). This result allows to study Lie algebra locally at a point since any other point on the Lie group carries

the same structure (via isomorphism).

Now, it is useful to obtain the basis of a Lie algebra generated by vector �elds. For exact statements, an

algebraic machinery is established. Let �Xm = fX1; : : :Xmg be a sequence of m objects called indeterminates .



APPENDIX 127

The name indeterminate reveals that Xi are not prede�ned but one puts distinct objects into their place. (The

objects will be, not surprisingly, vector �elds in the discussion of Lie algebra.) A (formal) monomial in �Xm
is a formal product whose elements are from fX1; : : :Xmg. For example if, m = 2, X1X2X1, X1X1X2X1X2 =

X 2
1X2X1X2 are monomials in fX1;X2g. If M1,M2 are monomials, then M1M2 is de�ned by concatenation of

their elements in order. For example, if M1 = X1X2, M2 = X2X1 then M1M2 = X1X2X2X1. Let A( �Xm) denote

the algebra generated by �Xm. Its elements are the (formal) noncommutative polynomials in �Xm which are �nite

linear combination of formal monomials. For example, X1+X1X 2
2 +4X 2

2X1 is a noncommutative polynomial. It

is easy to see that 1;X1;X2; : : :Xm;X1X1;X1X2; : : :XmXm;X 3
1 ; : : :X2X1Xm; : : :X 3

m; : : : are the basis of A( �Xm).

The associative algebra above is also a Lie algebra . Lie algebra is denoted by L( �Xm) and its elements are

the Lie polynomials in �Xm , i.e. those Ai 2 A( �Xm) that can be written as linear combinations of Lie brackets

of the elements of �Xm = fX1; : : :Xmg. Note, that Lie bracket is de�ned as [X1;X2] = X1X2 � X2X1. It may

seem somewhat strange to apply multiplication to vector �elds but note that (A-20) de�nes exactly such an

operation (on R valued functions which can be the identity map in simplest case). As examples, X1X2 =2 L( �X2),

X1X2 �X2X1 2 L( �X2), 2X1 + 4X2 � [[X2;X1]; [X2; [X2;X1]] 2 L( �X2).

The algebra of formal noncommutative power series denoted by Â( �Xm) are the not necessarily �nite, linear

combination of monomials. Similarly, the Lie algebra of Lie series denoted by L̂( �Xm) are the not necessarily

�nite, linear combination of Lie monomials. In contrast to Lie polynomials, Lie series can be in�nite. For

instance,

X1 + [X1;X2] + 2X 2
1 + 2[X1;X2]2 + 3X 3

1 + 3[X1;X2]3 + � � �

is an element of L̂( �X2).

The nilpotent associative and nilpotent Lie algebra of order k are denoted by Ak( �Xm) (or Am
k ) and Lk( �Xm)

(or Lmk ), respectively. They are the same as A( �Xm) and L( �Xm) except that all the monomials are killed at

degree k+1. For example, a basis of L2( �Xm) is de�ned by X1;X2 and [X1;X2]. (Note, that [X2;X1] = �[X1;X2]

so it can be expressed in the given basis.) Similarly, Âk( �Xm) and L̂k( �Xm) denote the power and Lie series which

are built from the linear combinations of the elements of Ak( �Xm) and Lk( �Xm), respectively.

It is harder to �nd a basis of a Lie algebra Lmk than the basis of associative algebra. The main reason is

that a basis of Lie algebra does not include all the Lie monomials since some of them can be dropped using the

properties of skew symmetry and Jacoby identity of Lie bracket.

De�nition A-16. Let fg1; : : : ; gmg be a set of vector �elds and de�ne the degree of Lie product (bracket) as

l(gi) = 1 i = 1; : : : ;m

l([X;Y ]) = l(X) + l(Y ); (A-27)

where X and Y may be Lie products, as well. A Philip Hall (or P. Hall) basis is an ordered set of Lie Products

H = fBig satisfying:

1. gi 2 H , i = 1; : : : ;m

2. If l(Bi) < l(Bj), then Bi < Bj
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3. [Bi; Bj ] 2 H if and only if

a) Bi; Bj 2 H and Bi < Bj , and

b) either Bj = gk for some k or Bj = [Bl; Br] with Bl; Br 2 H and Bl � Bi

As an example, the P. Hall basis of L42 (i.e. the basis of L( �X2) up to degree 4) is: X1;X2, [X1;X2], [X1; [X1;X2]],

[X2; [X1;X2]], [X1; [X1; [X1;X2]]], [X2; [X1; [X1;X2]]], [X2; [X2; [X1;X2]]].

Why the Lie brackets are so important

One cannot overemphasize the importance of Lie bracket [X;Y ] in di�erential-geometry and control theory.

The fact in the background is twofold. First, the vector �eld produced by Lie bracket has a special property,

namely, that it may be independent from both X and Y . Secondly, the Lie bracket [X;Y ] in equation (A-20)

measures the commutation between X and Y . A possible way to show it proceeds as follows.

De�nition A-17. Let G be a Lie group and g; h 2 G. The conjugation map associated with g is an action of

G, denoted by Cg(h), Cg(h) : G! G:

Cg(h) = ghg
�1 = Rg�1Lgh: (A-28)

The derivative of the conjugation map at the identity I is the Adjoint map, denoted by Adg where Adg : L(G)!

L(G)

Adg(�) = d(Cg)(�) = d(R�1g Lg)(�) (A-29)

for any � 2 L(G), g 2 G. In frequent use, G � GL(n;C) which involves Adg(�) = g�g
�1.

The Lie algebra L(G) is a vector space and Adg is an element of the Lie group of bijective linear maps from

L(G) into itself, denoted by Aut(L(G)) and called automorphisms. The Lie algebra (or di�erential) of the Lie

group Aut(L(G)) is the space End(L(G)) called endomorphisms which is the space of all linear maps from L

into itself. For any �1; �2 2 L(G), the map ad�1 : L(G)! L(G),

ad�1(�2) = [�1; �2]; ad�1 2 End(L(G)) (A-30)

is called adjoint map . The following reveals that adjoint map ad can be considered as the di�erential of Adjoint

map Ad. For, let 
(t) 2 G is a curve in G with 
(0) = I and 

0(0) = �1. Then,

d

dt
Ad
(t)(�2) = ad�1(�2): (A-31)

To see this, it is known that any g 2 G can usually be produced as the exponential exp(X) = 	(X; 1) for some

X 2 L(G) establishing a connection between Adg 2 Aut(L(G)) and adX 2 End(L(G)). If X;Y 2 L(G), then

Adexp(X)Y = exp(X)Y exp(�X) (A-32)

= Y + (XY � Y X) +
1

2!
fX(XY � Y X)� (XY � Y X)Xg
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+
1

3!
f(X(X(XY � Y X)� (XY � Y X)X)� (X(XY � Y X)� (XY � Y X)X)Y g+ � � �

= Y + [X;Y ] +
1

2!
[X; [X;Y ]] +

1

3!
[X; [X; [X;Y ]]] + � � �

= Y + adXY +
1

2!
ad

2
XY +

1

3!
ad

3
XY + � � �

= exp(adX)Y:

Both Adexp(t X) and exp(t adX ) provide one-parameter subgroups of the Lie groupAut(L(G)) having the tangent

vector adX for t = 0 and therefore for all t. The expression (A-32) says how much X and Y fails to be

commutative over the exponential. If they commute, [X;Y ] = 0 and Adexp(X)Y = Y .

The commutation can be measured also by Cambell-Baker-Hausdor� formula

�(X; �) Æ�(Y; �) = �(X + Y + 1=2[X;Y ] + 1=12([X; [X;Y ]]� [Y; [X;Y ]] + � � � ; �) (A-33)

= �(

1X
m=1

X (�1)m�1adqmY ad
pm
X � � � adq1Y ad

p1
X

m(
Pm

i=1)(pi + qi)
Qm

i=1(p!q!)
):

where the inner sum contains all the m-tuples of pairs of nonnegative integers (pi; qi) satisfying pi + qi > 0 and

adopting the convention adx = X or ady = Y for the �nal terms in the multiplication. This form can be used

for approximation of a 
ow along Lie bracket up to second order:

�([X;Y ]; �2) � �(�Y; �) Æ�(�X; �) Æ�(Y; �) Æ�(X; �)(x) (A-34)

In the most cases, one adopts only the second order approximation. This feature is intensively explored in

control theory as well as in this dissertation.

Distributions

Let f1(x); : : : ; fm(x) be m vector �elds. They span a vector space span(f1(x); : : : fm(x)) at each point x on an

open set U � Rn which is called distribution and denoted by

� = span(f1; : : : fm): (A-35)

The distribution assigns a vector space to each point. The dimension of a distribution at a point x is the

dimension of the subspace �. A distribution � is nonsingular on an open set U if its dimension is constant at

each x 2 U . A distribution is involutive if f1 2 �, f2 2 � involves that [f1; f2] 2 �. The annihilator of � is a

codistribution spanned by set of all covectors w� which annihilates all vector in �

�? = span(fw�(Rn )� : hw�; vi = 0 for all v 2 �(x)g) (A-36)

where covectors w�, (Rn )� and codistributon are the dual objects of vectors, Rn and distribution, respectively.

The involutive closure of a distribution � = span(f1; : : : fm) is denoted by �� and de�ned by the closure of �

under Lie bracketing. Note, that the involutive closure �� is the smallest Lie subalgebra of X(M) which contains

f1; : : : fm.
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