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Introduction

Manual control of an object is a natural everyday activity for humans. The control
process is maintained by an intricate mechanism operated by the central nervous system
(CNS) however, the nature and the characteristics of this process are still a subject of
debate. Human motor control requires the complex interplay of three main systems:

� sensory perception of the surrounding environment (i.e., vestibular-, visual-, pro-
prioceptive system);

� motor command formulation by the CNS (i.e., response planning, strategy selec-
tion);

� movement implementation by the musculoskeletal system (i.e., muscle contrac-
tion).

The investigation of human manual control is mainly focused on two classes of move-
ments in motor planning and execution. Discrete movements are generally the ballistic
type of movement, where there is a pre-planned action at the musculoskeletal level.
These types of movements are executed without sensory feedback information (i.e.,
open-loop control) and have deterministic start and end. Reaching, throwing a bas-
ketball, pointing or saccadic eye movements can be mentioned as simple examples [1,
2]. For more complicated systems active feedback is usually necessary for maintaining
desired behavior. This manifests in a continuous �ow of movements, where ongoing
regulations are executed due to the erratic nature of the feedback signal. Simple track-
ing tasks, driving a car, standing still, or walking are typical examples that require
continuous control [3, 4]. Although these suggest that human manual control can be
modeled as a servo system, control movements were shown to be a series of discrete
movements rather than continuous. Intermittent control is characterized by the con-
tinuous perception of sensory information and a series of ballistic type of movements.
Depending on the level of skill, humans can execute movements almost continuously,
representing a transition between discrete and continuous control. Identi�cation of the
decision-making mechanism, in other words, the control law employed by the CNS,
is a di�cult task since the mechanical model of the human body involves several
uncertain elements. There are several concepts in the literature, such as the tradi-
tional proportional-derivative (PD) feedback [5, 6], proportional-derivative-acceleration
(PDA) feedback [7], predictor feedback (PF) [8], intermittent predictive controller [9]
or event-driven intermittent controller [10], to mention a few.

Human motor control is constrained by reaction time delay and uncertainties in the
process, such as sensory and motor control realization errors. The disparity between
novice and expert motor performance, according to neuroimaging studies, lies at the
level of the organization of the neural networks that are involved in motor planning [11,
12]. The introduction of a time delay in the feedback loop is generally known as a source
of poor performance and instability. Reaction time of human subjects can be readily
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estimated using reaction time tests [5, 8, 13, 14, 15]. In the stabilization of an unstable
system, this reaction time delay has a crucial role. A stabilizing control action should
be fast enough to counteract the divergent dynamics. Studies have drawn attention
to the importance of critical parameters, that are determined by the divergence time
constant [16, 17].

From a dynamical systems point of view, manual manipulation corresponds to the
feedback stabilization of unstable or marginally stable systems. Skill development in
novel voluntary tasks requires sensory information and practice [18]. During practice,
the variability of the outcome of repetitions generally decreases as skill increases [19].
Understanding the development of these motor control tasks has important implications
in teaching various movement types, for example performing a sudden manoeuvre safely
while driving a car or �ne motor control during surgical operations.

Di�erent modeling techniques and simpli�cations usually have a signi�cant e�ect
on the stability of the model. These di�erences often manifest in a di�erent order,
or di�erent degrees of freedom in dynamic systems. By comparing the behavior of
di�erent models, conclusions can be drawn w.r.t parameters, control strategy, and the
qualitative properties of a sensory system.

This dissertation focuses on human manual control and balance, with a goal to
get a slightly better understanding of the strategies during daily activities. The main
mechanical model is an inverted pendulum that is often used to model human stick
balancing or postural sway. The inverted pendulum-cart system is also a conveniently
used task to test human manual control. Theoretical investigation and systematic mea-
surements are used to develop knowledge on the uncertainties and skill development.
Chapter 1 gives a short introduction to the essential properties of time-delay systems,
and some basic de�nitions of stability in the presence of static uncertainties. In Chap-
ter 2, the development of a virtual stick balancing environment is discussed, which
is used for the investigation of human manual control. Chapter 3 presents the stabi-
lizability limit of a PDA controller, as well as a PF controller stabilizing an inverted
pendulum. The e�ect of feedback delay on the critical length (the shortest length that
can be balanced) is shown to be quadratic even in the presence of controller uncer-
tainties. Chapter 4 discusses the stabilizability of human manual control. Two groups
of subjects were tested in a di�erent arti�cially modi�ed virtual environment based
on a prede�ned protocol and their behavior was investigated. Finally, Chapter 5 in-
troduces a slightly di�erent mechanical system, which focuses on modeling postural
sway. An analytical investigation is carried out and the modeling di�erences of the
same mechanical system presents some insight into the limit of stabilizability.
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Chapter 1

Theoretical background

In this chapter, a brief overview is given on the stability and sensitivity of delayed
dynamical systems. Throughout the dissertation, these concepts and methods are
parlayed to investigate the mechanism behind human motion control.

1.1 Delayed dynamical systems

In nature, the propagation of information, energy, or material takes a �nite time.
As a result, the system's rate of change often depends on the delayed values of the
state. Since Newton, natural phenomena are usually described by ordinary di�erential
equations (ODE), where the rate of change of the state depends only on the present
values of the state. However, the �nite speed of propagation introduces dependence on
delayed states as well. Time delay, therefore, arises in many scienti�c applications, such
as human/digital motion control [20, 21], machining vibrations [22], economics [23],
biology and many more [24, 25].

These systems can be described either by iterated maps (IM), also known as dif-
ference equations when time is discrete or by functional di�erential equations (FDE)
when time is continuous. An extensive literature of books and articles are available
discussing the theories and applications of delayed dynamical systems, see [26, 27, 28],
just to mention a few.

1.1.1 Functional di�erential equations

Delayed dynamical systems can be described by FDEs. These systems can be cat-
egorized into three groups depending on the highest derivative term of the delayed
state.

� If the rate of change of the state depends only on the past values of the sys-
tem, then the governing mathematical model is a retarded functional di�erential
equation (RFDE).

� If the rate of change also depends on its past values, then the corresponding
equation is called a neutral functional di�erential equation (NFDE).

� If the rate of change depends on second- or higher-order derivatives of the delayed
state then the system is described by an advanced functional di�erential equation
(AFDE).
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A general initial value problem (IVP) representation of a system of neutral type can
be formulated as:

d

dt
D(t,xt) = F(t,xt), (1.1)

x0 = ψ, (1.2)

where ψ ∈ B is the initial function segment and xt ∈ B is a function segment de�ned
by the time shift

xt(ϑ) := x(t+ ϑ), ϑ ∈ [−τ, 0], (1.3)

and τ > 0 is the length of the delay interval. B = C([−τ, 0],Rn) is the Banach space
of continuous functions, provided with a supremum norm [29] and n ∈ Z+ is the
dimension of the state space. Functionals F,D are called the retarded and di�erence
part respectively. Equation (1.1) is said to be linear, if the functionals F, D : (R×B) →
Rn are formulated as

F(t,xt) = Lr(t)xt + h(t) and D(t,xt) = x(t) + Ln(t)xt, (1.4)

where Lr, Ln : (R× B) → Rn denotes the retarded and neutral part respectively and
h(t) ∈ Rn can be an arbitrary excitation. In case of h(t) ≡ 0, the system is called
homogeneous. When the functional

F(t,xt) = F(xt), Lr(t) = Lr and D(t,xt) = D(xt), Ln(t) = Ln, (1.5)

i.e., independent of time, then the system is called autonomous. The formulation of
AFDEs follows a similar methodology. Following [30, 31, 28, 32], stability properties
of linear neutral FDEs can be investigated by considering the following general form

ẋ(t) = Lrxt − Lnẋt, (1.6)

where Lr, Ln : B → Rn are linear and □̇ represents the derivative w.r.t. time t.
Introducing the solution operator T (t) : (R×B → B), which maps the initial function
segment x0 to xt, giving the unique solution of the IVP as

xt = T (t)x0, (1.7)

Note, that T (t) is a strongly continuous semigroup of operators [29, 31], which satis�es
the properties T (t + s) = T (t)T (s) and T (0) = I, where I is the identity operator.
In some cases, this is also called the operator of translation along trajectories [31].
Let Ar, An : B → B be the in�nitesimal generator of the solution operator, which
introduces the operator di�erential equation form of (1.6) as [29, 33]

(I +An)ẋt = Arxt, (1.8)

The general solution of a linear system can be written as a complex exponential function
as x(t) = ceλt, where c ∈ Cn \ {0}. The function segments have the following form

xt(ϑ) = ceλteλϑ = s(ϑ)eλt, (1.9)

ẋt(ϑ) = λxt(ϑ), (1.10)
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which can be substituted into (1.8). This yields an in�nite-dimensional eigenvalue
problem

(λ(I +An)−Ar)s(ϑ) = 0. (1.11)

The stability of the system is determined by analyzing the spectrum of the system.
The elements of the spectrum, called the characteristic exponents, are de�ned by the
kernel of (1.11) as

ker(λ(I +An)−Ar) ̸= {0}. (1.12)

The stationary solution x(t) ≡ 0 of (1.6) is asymptotically stable if all the characteristic
exponents have negative real parts, i.e.,

Re(λk) < 0, ∀k, (1.13)

where k represents the kth characteristic exponent. For RFDE, if there exists a sequence
of characteristic exponents, such that |λk| → ∞ as k → ∞, then Re(λk) → −∞ as
k → ∞. This means that there is a real number ϵ such that all characteristic exponents
satisfy Re(λ) < ϵ and there are only a �nite number of them in any vertical strip on
the complex plane. Generally, this previous property is not always valid for systems of
neutral types and not valid for systems of advanced types.

In the case of NFDEs, an arbitrarily small delay may destroy the stability of the
di�erence part of the equation. The consequence of discontinuity in the spectral values
w.r.t. the delays led to the introduction of strong stability [34]. The null solution
of (1.8) is strongly exponentially stable if it is exponentially stable and remains so
when subjected to small variations in delays. This generally manifests in the spectral
properties of the generator An, such as

sup (γk(An)) ≤ 1, (1.14)

where γk is the kth spectral value and the supremum of these is called the spectral
radius of the generator.

Example 1.1.1. A linear autonomous neutral time delay system with a single point
delay can be written as

ẋ(t) = Ax(t) +B1x(t− τ) +B2ẋ(t− τ), (1.15)

where x(t) ∈ Rn, A,B1,B2 ∈ Rn×n and τ > 0 is the time delay. The characteristic
function, de�ning the characteristic equationD(λ) = 0, can be obtained by substituting
the trial solution x(t) = ceλt to give

D(λ) := det
(
λ(I−B2e

−λτ )−A−B1e
−λτ
)
, (1.16)

where I ∈ Rn×n identity matrix. Generally for FDEs, the characteristic equation (1.16)
is transcendental. These equations have in�nite number of zeros, which results in in-
�nitely many characteristic exponents. Although these exponents cannot be calculated
analytically in general, there are many numerical algorithms to investigate stability,
see e.g., [28, 35, 36]. Alternatively, the D-subdivision method can be used to �nd the
so-called transition curves, which correspond to the root crossing boundaries. The so-
lution for D(iω) = 0 gives the boundaries, where an eigenvalue (or a complex pair of
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eigenvalues) crosses the imaginary axis. Stepan's formula [26] can be used to determine
the number of unstable characteristic exponents, i.e., the number of zeros of (1.16) that
are located in the open right half of the complex plane.

Example 1.1.2. While retarded and neutral FDEs are often used to model di�erent
phenomena in physics and engineering, AFDEs rarely show up in an application, due
to their inverted causality. This can be demonstrated by considering the following
example

ẋ(t) = cẍ(t− τ), (1.17)

where x(t) ∈ R. Here, the rate of change (e.g. velocity) at time instant t depends on
the second derivative of the state (e.g. acceleration) at a delayed time instant t − τ .
Using a time transformation t̃ = t − τ and by introducing a new variable z(t) = ẋ(t)
the equation can be rearranged as

cz′(t̃) = z(t̃+ τ), (1.18)

where □′ represents the derivative w.r.t. the shifted time t̃. Stability properties of
RFDEs and NFDEs depend on the system parameters describing the model, while
AFDEs are always unstable with in�nitely many unstable characteristic exponents
due to the aforementioned causality problem [30]. An illustrative example for the
characteristic exponents are shown in Figure 1.1 for RFDEs, NFDEs and AFDEs.

Figure 1.1: Roots of a simple FDE model for the retarded case a) for
the neutral case b) and for the advanced case c). The e�ect of parameter
is shown for two di�erent values of c. Red roots correspond to c = 0.1,
while blue dots correspond to c = 1.9. The roots were calculated using

the method in [37].

1.1.2 Iterated maps

Delayed dynamical systems are often modeled by discrete-time mappings. Iterated
maps (in other words, di�erence equations) o�er an interesting mathematical structure,
which can capture even extremely complex dynamical behavior. Since the appearance
of computers, the investigation of continuous dynamical systems also took bene�t of
the theories about discrete maps, thanks to the increased computing power. This
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technological evolution brought the revolution of digital controllers, which inherently
introduced time sampling in dynamical systems. The approximation of the solution
often leads to di�erence equation, simplifying an in�nite dimensional problem to �nite
dimensions (e.g., semi-discretization method, weighted residuals method, etc.) [28, 35,
36]. Generally, a nonlinear multi-step iteration can be formulated as

xj+1 = F(xj,xj−1, . . . ,xj−r), (1.19)

where xj ∈ Rn is the state vector, j > r ∈ N is the size of the delayed states and
F : Rn(r+1) → Rn is a nonlinear mapping function. The equation (1.19) is said to be
linear if it can be written as

xj+1 =
r∑

k=0

Akxj−k + bj, (1.20)

where Ak ∈ Rn×n. Introducing a new variable zj =
[
xj xj−1 . . . xj−r

]T
, (1.20) can

be rewritten in a more simple form

zj+1 = Gjzj + gj, (1.21)

where

Gj =


A0 A1 A2 . . . Ar

I 0 0 . . . 0
0 I 0 . . . 0
...

. . . . . . . . .
...

0 . . . 0 I 0

 ∈ Rn(r+1)×n(r+1), gj =


bj

0
...
0

 ∈ Rn(r+1).

In case of homogeneous mapping, i.e, gj ≡ 0, the stability of (1.21) is determined
by the eigenvalues µi of matrix Gj ≡ G, called characteristic multipliers. Analogously
to the simple geometric series, the solution zj tends to zero as j → ∞, if the magnitude
of the characteristic multipliers is less than one, i.e.,

|µk| < 1, ∀k, (1.22)

where k represents the kth characteristic multiplier. In other words, the system is stable
if matrix G is Schur-stable.

Example 1.1.3. Recall the previous example, let ∆t > 0 be a time step and consider
the right-hand side of (1.15) to be sampled with a zero-order hold. This yields to an
ODE with constant forcing on �xed time intervals as

ẋ(t) = Ax(t) +B1x(tj−r) +B2ẋ(tj−r), t ∈ [tj, tj+1) , (1.23)

where r =
⌊

τ
∆t

⌋
and tj+1 = j∆t. Equation (1.23) can be a good approximation of

(1.15), if r is su�ciently large. A nice feature of (1.23) is that it can be solved in closed
form step-by-step over the succeeding discretization intervals. The solution at time
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tj+1 can be formulated as

x(tj+1) = P1x(tj) +P2x(tj−r) +P3ẋ(tj−r) (1.24)

ẋ(tj+1) = R1x(tj) +R2x(tj−r) +R3ẋ(tj−r), (1.25)

where

P1 = eA∆t, P2 =

∆t∫
0

eA(∆t−s)dsB1, P3 =

∆t∫
0

eA(∆t−s)dsB2

R1 = AeA∆t, R2 = (

∆t∫
0

AeA(∆t−s)ds+ I)B1, R3 = (

∆t∫
0

AeA(∆t−s)ds+ I)B2.

This representation of the solutions maps the state at tj to the state at tj+1. By aug-
menting the state, a new variable can be introduced as
zj =

[
xj ẋj xj−1 ẋj−1 . . . xj−r ẋj−r

]T
, and the system can be written in a sim-

ilar form to (1.21) with

G =



P1 0 . . . P2 P3

R1 0 . . . R2 R3

I 0 0 . . . 0
0 I 0 . . . 0
...

. . . . . . . . .
...

0 . . . 0 I 0


, g = 0 (1.26)

The stability properties of (1.23) are de�ned by the eigenvalues of matrix G. The
spectrum of matrix G approximates the spectrum of the continuous system with a
suitable transformation. In case, when the di�erence part of the equation is not present
(i.e. B2 = 0), the spectrum stays to be a valid approximation, since the zero elements
of the spectrum can be excluded [38].

1.2 Modelling uncertainties

1.2.1 Pseudospectrum

A tool widely used in robustness analysis is the computation of the pseudospectrum
(spectral value sets) as a characterization of sensitivity [31]. The distance from insta-
bility can be de�ned based on the spectral properties of the system. In more detail,
pseudospectrum is de�ned by a set of eigenvalues in the complex plane by considering
di�erent bounded perturbations. The spectrum of matrix A ∈ Kn×n (K = R or C) is
de�ned as

Λ(A) := {λ ∈ C : det(λI−A) = 0} . (1.27)

The matrix A is said to be Hurwitz stable if all of its eigenvalues lay on the left side of
the complex plane and said to be unstable if there exists at least one eigenvalue with a
positive real part. Similarly, the matrix is said to be Schur-stable if all the eigenvalues
of A lay inside the unit circle and are unstable otherwise. As a generalization, one can
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de�ne Cg-stability by considering that all the eigenvalues are con�ned to the domain
Cg ⊂ C with a boundary ∂Cg and unstable otherwise. Matrix A can be subjected to
uncertainty, i.e., A → A+ δA, and the ε-pseudospectrum can be introduced as

Λε(A) := {λ ∈ C : det(λI− (A+ δA)) = 0, ∥δA∥ < ε} , (1.28)

where ∥.∥ is the spectral norm [39]. When the topology of the perturbation matrix δA
is not considered, then the uncertainties are called unstructured. In case of δA ∈ Cn×n,
the complex unstructured pseudospectrum can be de�ned as

ΛC
ε (A) :=

{
λ ∈ C : ∥R(λ)∥ >

1

ε

}
, (1.29)

where
R(λ) := (λI−A)−1 (1.30)

denotes the resolvent of A at λ. In engineering applications, it is more relevant to
analyze the sensitivity of the system with respect to real perturbations. The calculation
procedure of the real pseudospectrum is not straightforward, but a computable formula
is provided by [39]. The real unstructrured pseudopsectrum can be introduced as

ΛR
ε (A) :=

{
λ ∈ C : v(R(λ)) >

1

ε

}
, (1.31)

where

v(R(.)) = inf
γ∈(0,1]

σ2

([
Re(R(.)) −γIm(R(.))

γ−1Im(R(.)) Re(R(.))

])
,

Re(.), Im(.) indicate the real and imaginary parts and σ2(.) denotes the second largest
singular value, see [40, 39] for more details. Function v(.) has the property of uni-
modality in γ, therefore the global minimum can be found with no problem.

To account for the topology of the perturbations, i.e. only certain parameters are
subjected to uncertainty, a generalization of the aforementioned de�nitions is neces-
sary. These de�nitions can be modi�ed for matrix polynomial functions and even to
perturbations in time delay, see [41]. Structured perturbations have bigger relevance
in daily practice. Consider a perturbation vector δµ, and the characteristic equation
of the perturbed system as

D(λ,µ+ δµ) = D(λ,µ) +w(λ,µ)δµ = 0, (1.32)

where µ ∈ Rm is the vector of linear parameters with perturbations δµ and w(.) is a
column vector of weight functions. In this case, the resolvent matrix can be constructed
using the weight functions and the characteristic equation with nominal parameters
such as

R(λ) = D−1(λ,µ)w(λ,µ). (1.33)

This de�nition of the resolvent matrix allows investigating the complex/real structured
pseudospectrum of a system using the same de�nitions (1.29) and (1.31). The theory
of spectral value sets is mainly used in control engineering applications [42, 43, 44, 45].



10 Chapter 1. Theoretical background

Example 1.2.1. As an example for visualizing the spectral properties of a system,
consider the following Demmel matrix, de�ned as [46],

Ejk =

{
−bj−k if j ≥ k

0 otherwise,
(1.34)

where j, k = 1 . . . n, b = 10 and n = 5 [39]. This gives

E = −


1 0 0 0 0
10 1 0 0 0
100 10 1 0 0
103 100 10 1 0
104 103 100 10 1

 (1.35)

In this special case, the eigenvalues of E are all located at λ = −1. The results of the
di�erent formulation of uncertainties are shown in Figure 1.2, where the unstructured
complex and real pseudospectrum is illustrated for di�erent ε-levels computed by def-
inition (1.29) and (1.31) respectively. The eigenvalues of E+ δE are also presented as
gray stars for 1000 random perturbations bounded by ||δE|| = ε ≤ 10−4. It should
be noted that the topology of the spectra and therefore the sensitivity of the system
depends on the structure of the perturbation.

Figure 1.2: Pseudospectrum of the Demmel matrix is illustrated for
di�erent ε-levels: unstructured complex pseudospectrum a), real-valued
unstructured pseudospectrum b). The eigenvalues are also presented as
gray stars for 1000 random perturbations bounded by ε ≤ 10−4. The
stability radius can be interpreted as the perturbation level, where the

contour curve is tangent to the imaginary axis, shown in black.

1.2.2 Stability radius

The concept of stability radius is closely related to the de�nition of the pseudospec-
trum [47]. This measure of robustness can be de�ned as the smallest perturbation
level at which the system becomes unstable. Depending on the topology of the uncer-
tainties the stability radii can be calculated by considering the resolvent matrix of the
pseudospectrum. Recall de�nition of the complex pseudospectrum (1.29) and evaluate
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along the (stability) boundary ∂Cg which results the complex stability radius

rC = inf
λ∈∂Cg

∥R(λ)∥−1 . (1.36)

In the case of a continuous-time, autonomous system the stability boundary is de�ned
based on Hurwitz-stability as ∂Cg = iω, ω ∈ R. For discrete-time systems, where the
stability is determined based on the spectral properties of the monodromy matrix, the
de�nition is based on Schur-stability ∂Cg = eiφ, φ ∈ [0, 2π). Similarly to (1.31), one
can de�ne the real stability radius to real valued perturbation structures as

rR = inf
λ∈∂Cg

v(R(λ))−1. (1.37)

Since (1.36) and (1.37) are constructed using the resolvent matrix, the de�nitions can
be applied both for structured and unstructured perturbation cases.

Example 1.2.2. Consider the previous example of the Demmel matrix. The stability
radius of the system is de�ned as the smallest perturbation level, at which the system
becomes unstable. This can be interpreted as the perturbation level, where the contour
curve is tangent to the imaginary axis, shown in black, in Figure 1.2. In case of complex
perturbation of all entries in matrix E, the perturbed matrix E+δE is stable if ||δE|| <
5.29× 10−4. In case of real perturbation, stability is preserved if ||δE|| < 5.37× 10−4.
Generally, the real and complex stability radius can di�er from each other in a greater
extent than in this example.
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Chapter 2

Development of a virtual stick

balancing application

In this chapter, the development process of the measurement equipment is presented.
The development process discusses the underlying mathematical models, the developed
software and its functions and the performance of the interface manipulators.

In bio-mechanical practice, a widely applied method to test human balancing be-
havior is to use a simple task, such as the benchmark problem of stick balancing [5, 48]
or the task of moving a cup �lled with liquid [4]. Experimental investigation of bal-
ancing tasks requires a motion capture system, e.g., Inertial Measurement Unit sensors
�xed on the balanced object or a camera system, which records the spatial position of
markers �xed on the balanced object. These systems are expensive, typically not mo-
bile and require considerable time to calibrate. Alternatively, virtual balancing tasks,
which involve an interaction between a human and a computer, are also often used to
analyze human behavior during balancing. The advantages of virtual balancing tasks
over actual balancing tasks are that they do not require motion capture systems, they
are mobile, and they make it possible to manipulate some key parameters of the sys-
tem. For instance, the dynamics of the system (e.g., the dimension or the order of
the system) can easily be adjusted, the feedback delay can arti�cially be increased, or

Test subject

PC for virtual environment

Manipulator

Computer screen

Figure 2.1: Schematic of the virtual stick balancing system.
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di�erent disturbance tests can easily be implemented. In the developed virtual envi-
ronment, we have altered the length of the virtual stick, the input delay by adding
arti�cial input lag in the visualization loop and the investigated two di�erent dynam-
ics: Newtonian dynamics (that the subject were familiar with) and Aristotelean one
(that the subject were unfamiliar with) Disadvantages of virtual balancing tasks are
the extra delay between the actuation and the visualization and the �nite resolution of
the computer screen. Establishing and implementing a virtual environment sets several
technical problems related to the visualization of the system. The size of the screen, the
refresh rate and the resolution are usually key factors during virtual balancing tests.
The optimal visualization setup depends on the balancing task and strongly a�ects
the execution. The other major component of the virtual environment is the interface
between the subject and the computer. Many options are available for assessing the
actions of the subject. The di�erent input devices have di�erent features, such as input
lag, resolution and communication speed.

These preferences of virtualization must be carefully analyzed during the design and
the development of the virtual environment. A schematic of the virtual stick balancing
task is shown in Figure 2.1, which is built using three main elements:

� the underlying mechanical model of the balancing task;

� the software, which simulates and visualizes the motion of the inverted pendulum;
and

� the hardware, which creates the interface between the virtual environment and
the human operator.

2.1 Mathematical model

Throughout the next three chapters, the main mechanical model under investigation
is a linearly driven inverted pendulum, (see Figure 2.2). This model is widely used in
control theory as an example to test a control algorithm on a nonlinear system. The
choice of general coordinates is crucial in the mathematical modeling of the system.

Figure 2.2: The mechanical model of the planar inverted pendulum.
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Conveniently, the horizontal movement ξ of the cart, and the angle φ between the
centerline of the stick and the vertical axis were chosen.

2.1.1 Equations of motion in Newtonian dynamics

A great advantage of the virtual balancing task is that the dynamics can easily be
modi�ed in the code. For instance, other than Newtonian laws of motion can be im-
plemented. In the next subsections, two types of dynamics are investigated. First, the
governing equation for the pendulum-cart system is derived according to the Newtonian
dynamics (i.e., force is proportional to acceleration). Second, the governing equation
according to an "imaginary" dynamics is determined where the force is proportional
to the linear combination of the velocity and acceleration.

The governing equation for the 2 Degree of Freedom (2DoF) model can be given as

(mc +ms)ξ̈(t) +Hmsφ̈(t) cosφ(t)−Hmsφ̇
2(t) sinφ(t) =F (t) (2.1)

Hmsξ̈(t) cosφ(t) + (H2ms + JC)φ̈(t)−Hmsg sinφ(t) =0 (2.2)

where mc is the mass of the cart, ms is the mass of the stick, H is the distance between
the pivot point O and the center of mass of the stick C, JC is the second moment of
inertia of the stick with respect to the normal axis of the plane through point C and
g = 9.81 m/s2 is the gravitational acceleration. In this con�guration, the horizontal
displacement of the cart is called a cyclic coordinate, which means that the essential
solution φ does not depend on the position ξ. One can assume that the stabilization of
the pendulum is achieved by a controlled force F (t). Since the acceleration of the cart
ξ̈ is directly assessable from the virtual environment, one can use only (2.2) to describe
the dynamics of the pendulum as

(H2ms + JC)φ̈(t)−Hmsg sinφ(t) = −Hmsξ̈(t) cosφ(t), (2.3)

The actual control force can be calculated from (2.1).

2.1.2 Transition to Aristotelian dynamics

Newtonian dynamics describe systems where force is proportional to acceleration. In a
virtual environment, other than Newtonian dynamics can also be implemented to test
the control strategy of an actuator. Before Newton, Aristotle's theory said that force
is a reason for movement (i.e., velocity). Here we assume a mixed law of motion, where
force is proportional to the linear combination of the acceleration and velocity, i.e. for
a material point of mass m,

F = m(qẍ+ (1− q)kẋ), (2.4)

where ẋ and ẍ are the velocity and acceleration of the material point, F is the force
action on it and q ∈ [0, 1] is a transition parameter. The parameter k = 1 s−1 is used to
set the dimension of the velocity term. The case q = 1 gives the Newtonian formulations
(i.e., the force equal to mass times acceleration) The case q = 0 corresponds to the
Aristotelian physics (force proportional to velocity). The intermediate region 0 < q < 1
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corresponds to a damped mechanical system with mass qm and damping coe�cient
(1− q)mk.

For the pendulum-cart system, the corresponding equations of motion read

JC(qφ̈(t)+(1− q)kφ̇(t))−Hmsg sinφ(t) = −Hms(qξ̈(t)+(1− q)kξ̇(t)) cosφ(t), (2.5)

In case of a homogenous rod, where JC = m(2H)2/12, the governing equation can be
written as

qφ̈(t) + (1− q)kφ̇(t)− 3g

2L
sinφ(t) = u(t), (2.6)

The control input u(t) is calculated from the data of the input manipulator. After
constructing the velocity and acceleration of the recorded signal the control input can
be calculated as

u(t) = − 3

2L
(qξ̈(t) + (1− q)kξ̇(t)) cosφ(t). (2.7)

where ξ̇(t) and ξ̈(t) are the velocity and acceleration of the cart on the screen, respec-
tively.

2.2 Software

2.2.1 Input signal processing

The selection of the input signals used for the simulation, which resembles actual stick
balancing for the operator, is not straightforward. The governing equation for the
control input (2.7) contains the horizontal velocity ξ̇, and acceleration ξ̈ of the cart,
which is equal to the actual velocity and acceleration of the mouse moved by the
subjects. To visualize the instantaneous position ξ of the cart on the screen, the exact
position of the mouse is also required. Thus, the position, velocity and acceleration of
the mouse should be measured for the realization of the virtual balancing task. The
position of the mouse can be determined based on the number of pixels the mouse
cursor passes over on the screen. This gives a position signal with a resolution that
matches to screen's pixel resolution. Note that the cursor non-linearity has to be turned
o� in the pointer precision settings of the operating system. The acceleration signal
was determined in two di�erent methods: by discrete di�erentiation of the position
measured in pixels (pixel-based acceleration) and by direct measurement via an IMU
(IMU-based acceleration).

Pixel-based acceleration

Since acceleration is the second derivative of the position, acceleration of the mouse
can be obtained by two consecutive discrete di�erentiation of the pixel-based position.
This scheme results in a very noisy acceleration signal due to the �nite number of
pixels and the �nite time step. Therefore, the pixel-based acceleration signal has to
be �ltered before feeding back in the simulation. Here, a simple re-sampling �lter was
used that evaluates the position values at multiple time steps. Using this concept, the
�ltered velocity and acceleration signal can be computed easily from the pixel-based
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position in the form

ξ̇estj = Kinput

ξmeas
j − ξmeas

(j−Nf)

∆t
, (2.8)

ξ̈estj = Kinput

ξmeas
j − 2ξmeas

(j−Nf)
+ ξmeas

(j−2Nf)

∆t2
, (2.9)

where ξmeas
j is the position of the mouse measured in pixels at the jth time step and Nf ∈

Z+ is the �ltering parameter. Kinput is a gain parameter given asKinput = lmanip/wscreen,
where lmanip [m] is the manipulation length (i.e., the physical displacement of the mouse,
while the cursor moves from the left to the right edge of the screen) and wscreen [pixel]
is the monitor resolution. Application of this �lter results in a smoother signal but, at
the same time, introduces an additional arti�cial delay τf = Nf∆t. The optimal value
for the �ltering parameter was experimentally found to be Nf = 3 during preliminary
tests, which gives τf ∼= 50 ms.

IMU-based acceleration

Another possibility is to measure directly the acceleration of the computer mouse. For
this purpose, an Arduino-mini microcontroller and a three-axis inertial sensor were
used. The controller reads the raw data of the sensor and converts it to acceleration
in an SI unit with a sampling frequency of 60 Hz and then sends the data through a
serial port with a baud rate of 115200 to the PC. On one hand, there is no further
data processing in the controller, therefore the resulted acceleration signal becomes
available for the simulations without signi�cant processing delay. On the other hand,
this scheme is sensitive to the static error caused by the alignment error of the inertial
sensor versus the vertical direction. To produce an accurate acceleration input for the
simulation, the pixel-based acceleration and the IMU-based one were combined using
a Kalman �lter. In the implementation of the Kalman �lter, a prediction model was
used for the motion of the mouse, which can be written in the form

yj = Fyj−1 + w̃j, (2.10)

zj = Hyj + vj, (2.11)

where yj =
[
ξestj ξ̇estj ξ̈estj

]T
is the vector of model variables, zj =

[
ξmeas
j ξ̈meas

j

]T
is the vector of measured variables and the model and the measurement matrices are
written as

F =

1 ∆t ∆t2

2

0 1 ∆t
0 0 1

 , H =

[
1 0 0
0 0 1

]
. (2.12)

The stochastic variables of the model are assumed in the form w̃j =
[
1
2
∆t2 ∆t 1

]T
wj,

where wj ∼ N(0, σK) is the stochastic variable of the implemented model with zero
expected value and standard deviation σK , while vj ∼ [N(0, σp), N(0, σa)]

T is the
stochastic variables of the measurement signals with zero expected value and standard
deviations σp and σa, respectively (subscripts K, p, a refer to Kalman estimator,
position and acceleration). This method uses a predictor-corrector approach, which
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produces a �ltered signal of the position, velocity and acceleration with minimal delay.
In the prediction state, the model and the covariance of the model error is used to
make an estimation ŷj on the state variable yj and the estimation P̂j of covariance Pj

as

ŷj = Fyj−1, (2.13)

P̂j = FPj−1F
T +Q, (2.14)

where Q = Q(∆t, σK) is the covariance of the model error. Based on these predictions,
the optimal Kalman gain Kj and the corrected estimation of the state yj can be
determined as

Kj = P̂jH
T (HP̂jH

T +R)−1, (2.15)

Pj = P̂j −KjHP̂j, (2.16)

yj = ŷj +Kj(zj −Hŷj), (2.17)

where R = R(σp, σa) is the covariance of the measurement error. For the implementa-
tion of the Kalman �lter, the values of σK , σp and σa should be determined. The values
of σp and σa were determined based on the screen's pixel resolution and the resolution
of the inertial sensor, respectively, while the value of σK was determined empirically.
The �nal result of the algorithm gives an estimate on the model state variable yj,
which contains information about the position, velocity, and acceleration of the mouse
movements.

2.2.2 Implementation

The software for the virtual stick balancing task was developed in JAVA environment.
Four graphical user interfaces (GUIs) were created, one for the speci�cation of the
input parameters for simulation, one for the visualization of the pendulum-cart system
during simulation, one for the instant reaction time test and one for plotting the time
history of the input signals. The balancing task was modeled using the mathematical
model of the inverted pendulum presented in the previous subsection. Equation (2.6)
and (2.7) were used as a base model for the simulation. Depending on the transition
parameter the system is either described by a second-order system (q ≥ 0) or by a �rst-
order system (q = 0). A fourth-order Runge-Kutta method was used with an adaptive
time step such that the simulation was running in real-time. During the visualization
of the pendulum-cart system, the screen refresh rate was set to 60 FPS, therefore the
frequency of the simulation was also set to 60 Hz to be synchronized to a regular
screen's refresh rate. Thus, the time step for the simulation was ∆t = 16.67 ms.
A convenient bene�t of the virtual environment is that the dynamic system can be
visualized arbitrary. The original idea came from the balancing of a stick, therefore
the task is represented similarly. As an extra feature, optional perturbations can be
applied at speci�c time intervals, to test the response of the subject. The following
balancing tasks were implemented in the software:

� Normal virtual stick balancing. The operator has to balance an inverted pen-
dulum of a given length on the screen for a certain time duration. Most of the
parameters can be modi�ed at the beginning of a test such as the length of the
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pendulum, the transition parameter q as well as the input delay. This allows
the user to run systematic measurements with di�erent di�culty levels. Random
perturbation can be applied at random time instances during normal virtual stick
balancing. This feature can be used to analyze responses to unexpected pertur-
bations.

� Blank-out test. During normal virtual stick balancing, the screen is blanked out at
a random time instant for a certain duration (typically for less than 500 ms). This
feature can be used to analyze the reaction time delay of the human operators
during a complex control task.

� Reaction time test. Tests the instant reaction time of the subject with a mouse
button press after a visual signal appears on the screen. This feature can be used
to analyze the reaction time delay of the human operators.

A simple personal computer can simulate with decent performance, independently
of the operating system. The software is readily available as an open-source project at
the following URL: https://github.com/koviub/VirtualBalancing.

2.3 Hardware

2.3.1 Additional delays of the environment

The hardware consists of a processing unit (e.g., PC or notebook), a monitor as output
interface and a modi�ed computer mouse equipped with an inertial sensor as input
interface. The acceleration of the computer mouse was measured by a MEMS sensor
and an Arduino-mini microcontroller, which reads the raw data of the sensor and
transfers it to the PC. The selected sensor was an MMA845x IMU three-axis inertial
sensor. In the software of the Arduino board, the reading sampling frequency was set
to 60 Hz, which was synchronized to the sampling of the simulation. The Ardunio-
MEMS unit and the base of the optical computer mouse were combined in the same
plastic case as shown in Figure 2.3. This manipulator unit sends both the IMU-based
and the pixel-based position with the same sampling frequency to the computer.

Since the digital e�ects and the additional computational delays change the qualita-
tive behavior of the balancing task, minimization of the computer delay τm is a crucial
task. The overall computer delay is a�ected by the response time τr of the screen, the
delay τs caused by the sampling e�ect, and the �ltering delay τf . Thus,

τm = τr + τs + τf . (2.18)

The acceleration of the mouse and its e�ect on the pendulum is performed within a
single sampling period of length ∆t = 16.7 ms. This sampling e�ect introduces an
extra delay varying linearly between 0 and ∆t with average of τs = ∆t/2 = 8.3 ms [49].
As shown in Section 2.2.1, the �ltering delay is τf ∼= 50 ms for Nf = 3. When the signal
of the inertial sensor is used either directly or combined with pixel-based position via
the Kalman �lter, then τf ∼= 0.

Visualization of the position of the inverted pendulum on the computer screen pre-
sented another limitation due to the size of the screen. The vertical dimension of the

https://github.com/koviub/VirtualBalancing
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pendulum was scaled such that the whole stick was displayed on the computer screen.
The displacements in the horizontal direction were not scaled, which implies that the
horizontal deviation between the top and the bottom of the pendulum on the screen
was equal to the real deviation of the underlying mechanical model. Furthermore, the
processing and display unit has a considerable amount of input lag (response time).
The response time of a screen was measured for di�erent computer�screen con�guration
setups using a light sensor system (see Figure 2.3), which detects a change in the screen
synchronized to the mouse input. The di�erent con�gurations and the measured re-
sponse times are collected in Table 2.1. Five di�erent processing units (�ve notebooks)
were tested, one Lenovo X260, one Dell Vostro, one HP Elitebook 840 and two HP

Figure 2.3: Left: The modi�ed computer mouse equipped with an
IMU. Right: Monitor response time measurement setup

Processing unit Monitor τr [ms] (mean ± std)
Lenovo X260 built-in display 69.6 ± 6.7
Lenovo X260 HDMI + LG 24BK550Y 101.2 ± 10.9
Dell Vostro built-in display 76.4 ± 10.2
Dell Vostro VGA + LG 24BK550Y 80.0 ± 6.9

HP Elitebook 840 built-in display 46.8 ± 6.9
HP Elitebook 840 VGA + LG 24BK550Y 49.6 ± 5.7
HP Elitebook 840 HDMI + LG 24BK550Y 58.8 ± 7.8

HP Probook 430 (1) built-in display 45.6 ± 4.5
HP Probook 430 (1) VGA + LG 24BK550Y 49.2 ± 3.1
HP Probook 430 (1) HDMI + LG 24BK550Y 58.0 ± 10.5
HP Probook 430 (2) built-in display 51.2 ± 3.0
HP Probook 430 (2) VGA + LG 24BK550Y 55.6 ± 4.9
HP Probook 430 (2) HDMI + LG 24BK550Y 58.4 ± 9.2

Table 2.1: Computer delays for di�erent computer-monitor con�gura-
tions. To compare the same type of processing units, two HP Probook

430 were tested indicated by (1) and (2).
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Probook 430 indicated by numbers (1) and (2) in Table 2.1. Each processing unit was
measured with its built-in display and with an LG 24BK550Y monitor connected via
either VGA or HDMI or both (where available). The processing unit HP Probook 430
(2) was also measured with a TV screen. It was observed that the shortest response
time is produced by the HP Elitebook and the HP Probook units with their built-in
display. However, during the balancing trials, large screens are preferable to built-in
displays, since the motion of the visualized pendulum is more realistic on large screens.
The response time is much larger when the processing unit is connected to the TV
screen.

2.3.2 Comparison of the di�erent inputs

To calibrate the gain Kinput in equation (2.8) and (2.9), a crank mechanism was con-
structed, which produces a well-de�ned periodic motion as output. The mechanism
can also be used to compare pixel-based acceleration and IMU-based acceleration with
the exact motion. The sketch of the calibration setup can be seen in Figure 2.4. The
mechanism was driven by a standard 12V DC motor with constant rotational speed.
The speed of the shaft was measured by an incremental encoder. The computer mouse
(with the acceleration sensor) was attached to the endpoint of the mechanism and a
linear motion was generated with known velocity and acceleration pro�le. The dis-
placement and the acceleration of the end point can be expressed explicitly as function
of time in the form

ξ̈ref(t) =
d2

dt2

(
l1 cos (ωt) +

√
l22 − l21 sin

2 (ωt)

)
. (2.19)

The measured acceleration signals can then directly be compared to the computed
acceleration aξ(t). Measurements were carried out with di�erent rotational speeds and
both the pixel-based and the IMU-based acceleration signals were recorded. The gain

Figure 2.4: Left: Sketch of the calibration mechanism. Right: Com-
parison of the raw input signals (top) and the data after �ltering using

5th-order Savitzky-Golay �lter (bottom).
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factor was K = lmanip/wscreen = 8.85 × 10−5 m/pixel, where lmanip is the length of the
manipulation in meters, and wscreen is the size of the screen in pixels. This gain was
also determined by minimizing the error between the pixel-based acceleration and the
computed acceleration ξ̈ref(t). This practically gave the same results as the formula. An
example of the time series of the two di�erent measurements and the exact acceleration
pro�le can be seen in Figure 2.4. It can be seen that both the pixel-based and the IMU-
based signals are a�ected by noise. This is caused mainly by the friction and the small
tolerance play in the calibration mechanism. To remove this noise, a Savitzky-Golay
�lter was applied to the measured signals (see the bottom panel in Figure 2.4). Here,
the delay between the pixel-based acceleration and the IMU-based acceleration can be
seen clearly, which is actually equal to the �ltering delay τf ∼= 50 ms.

To compare the di�erent inputs we calculated the RMS error between the measured
and the computed signals over 211 = 2048 sampling points (a time duration of approx.
34 s). In Table 2.2, the calculated cumulative errors were collected. It is concluded
that both of the inputs are good enough to make realistic measurements in virtual stick
balancing. The application of pixel-based signals is more convenient and straightfor-
ward, because of the commercial availability of computer mice. This approach, on the
other hand, presents an additional delay (τf ∼= 50 ms) due to signal �ltering. The ap-
plication of the IMU-based acceleration sensor (combined with the pixel based through
a Kalman �lter) can reduce the computer delay in the virtual balancing task since no
�ltering is required, while the resulted cumulative error is about half of that of the
pixel-based approach.

Input RMSerror [m/s2]
Pixel-based 0.7075
IMU-based 0.3553

Table 2.2: Cumulative errors of the di�erent inputs

2.4 Discussion

An environment for virtual stick balancing tests was designed, constructed and vali-
dated by measurements. An inverted pendulum is balanced on a computer screen using
a computer mouse as a manipulator. Given the underlying dynamics, the acceleration
and velocity of the mouse are used to determine the motion of the virtual stick. The
main challenges in this task are:

� accurate measurement of the mouse acceleration and velocity;

� the reduction of the extra computational delays; and

� proper visualization of the position of the balanced stick on the screen.

These problems can be optimized for tests with the help of decent hardware and opti-
mized input processing. The two approaches to input signal generation were tested for
the sake of minimizing the computational delays. Preliminary investigation shows that
the IMU-based approach is more precise while it is not a�ected by extra �ltering delays.
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On the other hand, balancing trials showed that subjects were able to complete the
balancing tasks using both the pixel-based and the IMU-based approach despite the
extra delay in the pixel-based approach. This suggests that due to its simplicity, the
pixel-based approach can be used adequately for balancing trials. Such virtual trials
are capable of testing human manual control in di�erent environmental circumstances.
Some typical applications of virtual balancing tasks are the following.

� Testing manual control during normal balancing. Measures for performance
can be balance time (survival time), deviance from the desired path or other
frequency-based metrics [50].

� Random disturbance during manipulation, which is used to test the response
time of the subject.

� Applying visual disturbance continuously or at random time instants.

� Changing the task di�culty by manipulating the parameters of the mathematical
model. This is often represented by manipulating the characteristic time constant
of the system.

The software described in this chapter was the main tool during the measurements.
Visual disturbances were applied for reaction time tests and model di�culty change
was used to measure the limitations of the human manual control.

Related publications: [51]
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Chapter 3

Limits of feedback stabilization

In this chapter, the feedback stabilization of an inverted pendulum is investigated in
the presence of parameter uncertainties. A traditional and a predictor control strategy
is compared, and their limit of stabilizability are discussed.

As it was introduced in Chapter 2, the inverted pendulum is generally used as a
benchmark problem in control theory. The nonlinear system (2.3) has a stable (φ0 =
π) and an unstable (φ1 = 0) equilibrium point. The focus of the dissertation is on
the control of unstable dynamical systems therefore, from now on, only the upper
equilibrium point is discussed. One can perform the linearization of the system around
the upright position of the stick, which leads to the simple model

φ̈(t)− bφ(t) = u(t), (3.1)

where b = Hmsg/(H
2ms + JC) is the system parameter, u(t) = −Hms/(H

2ms +
JC)ξ̈(t) is the actuation input. The introduction of a time delay in the feedback loop of
control systems is generally known as a source of poor performance and instability. The
inverted pendulum is often used to demonstrate the destabilizing e�ect of the feedback
delay [52, 6, 53, 54, 55]. If all the delay e�ects are modeled by a single point delay τ ,
then the system can be written in state-space representation as

ẋ(t) = Ax(t) +Bu(t), (3.2)

y(t) = Cx(t− τ), (3.3)

where

x =

[
φ
φ̇

]
, A =

[
0 1
b 0

]
, B =

[
0
1

]
, C = I,

and I ∈ R2×2 is the identity matrix. Consider equation (3.1), and a homogeneous
pendulum with a second moment of inertia JC = ms(2H)2/12. Then b = 3g

2L
, where

L = 2H is the length of the pendulum and g is the gravitational acceleration. Note
that (3.1) is equivalent to the governing equation of a pinned pendulum with a system
parameter, that depends on the mass ratio of the cart and the pendulum. The sim-
plest control to use in practical applications is the traditional proportional-derivative
feedback (PD) control. The limitation of stabilizing by delayed feedback is well known
in control system theory [6]. The control action in case of delayed PD feedback reads

u(t) = −pφ(t− τ)− dφ̇(t− τ), (3.4)
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where p and d are the proportional and the derivative feedback gains, respectively.
The characteristic time of an inverted pendulum system is inversely proportional to
the length L of the pendulum. A short pendulum falls faster than a long one, hence
its stabilization requires faster feedback. The corresponding stabilizability property is
a result of a trade-o� between characteristic time (∼pendulum length) and feedback
delay. The relation is often interpreted in two di�erent ways.

� A pendulum of �xed geometry cannot be stabilized by delayed state feedback if
the feedback delay exceeds a critical value τcrit. It can be shown that stabilization
of (3.1) with (3.4) is not possible if the feedback delay is larger than

τcrit =

√
4L

3g
. (3.5)

� For a �xed feedback delay, a pendulum cannot be stabilized by state feedback [6,
28] if the length of the pendulum is shorter than a critical length

Lcrit =
3

4
gτ 2, (3.6)

For the sake of simplicity, let cPD = 3
4
g be the regression coe�cient. There are sev-

eral methods to calculate the critical delay or the critical length. Parametric analysis
of the change of the D-curves with increasing delay is probably the most illustrative
method to derive the critical delay [26, 28]. The Walton-Marshall method is a classical
numerical method for �xed control and system parameters utilizing some properties
of the characteristic function combined with root crossing direction analysis [56]. A
slightly di�erent concept is the delay margin, which gives a measure of robust stabi-
lization against uncertain time delays [57]. Multiplicity-Induced-Dominance (MID) of
the characteristic roots was shown to be a useful property in determining the criti-
cal delay [58, 59, 60]. When stability and stabilizability properties are investigated
in case of parameter uncertainties then robust control concepts should also be taken
into account. Robustness against parameter uncertainties is closely related to stability
radii and pseudospectrum [31, 39, 42]. In practical applications, real valued parameter
perturbations are of prior importance [40, 61, 62]. Furthermore, the uncertainty in the
di�erent system and control parameters is typically di�erent, which raises the need for
the analysis of robustness to structured or weighted structured perturbations [41, 42,
45, 63].

Human motion control is a widely investigated topic motivated by the increasing
demand to understand the reason for accidental falls among the elderly in the ageing
societies [64, 65]. modeling the underlying complex control mechanism is an active
�eld of research. Human balancing skill is often assessed by stick balancing trials [5,
8, 21, 66, 67, 68]. The control mechanism operated by the central nervous system
during stick balancing is still a �eld of debate. Several concepts are in the focus
of researches, proportional-derivative (PD) feedback [5, 6], proportional-derivative-
acceleration (PDA) feedback [7], predictor feedback (PF) [8, 7], noise-assisted con-
trol [21, 69], clock- or event-driven intermittent control [9, 10], just to mention a few.
These concepts can be divided into two main groups:

� direct delayed state feedback; and
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� estimation based feedback (i.e, delay compensation).

Here, the analysis is restricted to delayed PD, delayed PDA and PF. The goal is to
investigate the relation between the critical length and the feedback (reaction) delay in
case of static parameter perturbations. In this chapter �rst, the PDA is discussed with
perturbations in the control gains. Second, a PF is subjected to model uncertainties
and perturbations in the control gains.

3.1 Proportional-Derivative-Acceleration feedback

A simple extension of the traditional PD control is to include additional derivatives of
the state variable in the feedback loop. Although this can be considered as a kind of
predictor feedback in the sense that the position is predicted as the linear combination
of its �rst and second derivative, it still cannot eliminate the delay in the feedback
loop. Control action in case of delayed PDA feedback reads

u(t) = −pφ(t− τ)− dφ̇(t− τ)− aφ̈(t− τ), (3.7)

where a is the acceleration control gain. The control input can be formulated based on
the perceived signals as

u(t) = K1y(t) +K2ẏ(t), (3.8)

where

K1 =
[
−p −d

]
, K2 =

[
0 −a

]
and p, d, a are the proportional-, derivative- and acceleration-gains respectively. It
should be noted, that the governing equation form a NFDE, as the order of the system
is identical to the highest derivative of the state x(t). Substituting x(t) = X0e

λt into
(3.2), (3.3), (3.8), the characteristic equation can be written as

D(λ) = λ2(1 + ae−λτ ) + λde−λτ + pe−λτ − b = 0. (3.9)

It is possible to design a stable controller if the stick is su�ciently long, by choosing
proper values for the feedback gains p, d, a. The closed-loop of (3.1) with (3.7) forms a
NFDE. Hence, strong stability conditions apply, i.e., a necessary condition for stability
is |a| < 1 [31].

3.1.1 Limitations by feedback delay

The stability of the nominal system can be investigated analytically via the spectrum
of the characteristic equation (3.9) using the D-subdivision method. This gives a set of
conditions for the stability of the nominal system. As one increases the time delay in
the case of a �xed system parameter b (i.e., �xed length of the pendulum), the stable
domain in the three-dimensional space (p, d, a) of the control parameters shrinks. If
the delay reaches a critical value, then the stable region becomes a single parameter
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point, where the system has a zero root with triple multiplicity. This happens when

τ = τcrit,PDA =

√
4L(1 + a)

3g
. (3.10)

The corresponding minimal admissible length for the inverted pendulum that can be
stabilized by PDA feedback with a given delay τ is

Lcrit,PDA =
3g

4(1 + a)
τ 2. (3.11)

Similarly to (3.6), the critical length in the case of PDA feedback is a quadratic function
of the delay. However, the regression coe�cient can be decreased by adding acceleration
feedback. Due to the strong stability condition |a| < 1, the critical length for PDA
feedback is half of that of the PD feedback.

During stick balancing, the behavior of the system, i.e., the dynamics of the pen-
dulum, is well modeled by the simple mathematical model presented above. The im-
plementation of the controller is usually subjected to di�erent perturbations or uncer-
tainties, which inherently degrades the limitations of the controller.

3.1.2 Robustness against controller uncertainties

To model uncertainties in the control input or the sensing of the state variables, a
structured real robustness analysis can be carried out. A similar investigation was
done, modeling postural sway in the frontal plane during quiet standing, in [32]. The
same method can be adapted to perform the robust stability analysis of (3.1) with (3.7)
subjected to perturbations in the control gain parameters. The characteristic equation
of the perturbed system can be written in the form

D(λ) +w(λ)∆ =
(
1 + (a+ δa)e−λτ

)
λ2 + (d+ δd)λe−λτ + (p+ δp)e−λτ − b = 0 (3.12)

where δ□ are the uncertainties of the parameters p, d, a, respectively, and

w(λ) =
[
εaλ

2e−λτ εdλe
−λτ εpe

−λτ
]
,

is the weight function of the perturbation vector ∆T =
[
δa/εa δd/εd δp/εp

]
and

ε□ = w□□̂ are the weights of the uncertainty. Here, all the weights of the control gains
are taken to be one, i.e., wp = wd = wa = 1, that is, the uncertainties in the control
gains relative to the nominal values are the same. These perturbations describe the
uncertainties in the sensory perception of the position, velocity and acceleration.

For each stable operating point, one can calculate a stability radius using (1.37).
Figure 3.1a shows an example for the stability radius in the plane of the control gains
(p, d). The curve associated with r∆R = 0 corresponds to the stability boundary and
contour curves r∆R = const. bound the regions in the parameter space where the sys-
tem is stable for any perturbations satisfying ||∆|| < r∆R . Figure 3.1b shows the
pseudo-spectra for a given control gain triplet (p, d, a) = (25, 6, 0.2). The correspond-
ing stability radius is r∆R = 0.2941. Since the weights of the control gains were set
to wp = wd = wa = 1, stability radius directly gives the allowed perturbation in the
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Figure 3.1: (a) Stability diagram with contours of di�erent stability
radii for (3.1) with (3.7) for L = 2 m, τ = 0.15 s, a = 0.2. (b) Pseudo-
spectra of the system at �xed parameters p = 25 s−2 and d = 6 s−1. The
contour curve of the stability radius r∆R = 0.2941 and the corresponding

pseudo spectrum are highlighted by thick red color.

control gains. This means that for (p, d, a) = (25, 6, 0.2) loss of stability may arise
if the control gains p, d and a are perturbed by 29.41%. The contour curve of the
corresponding pseudo-spectra is shown by red line.

Similarly to the nominal model, one can determine the critical length in the case
when uncertainties are present. The stability radii have a clear maximum within the
region of stabilizing control gain parameters. First, the stable region was determined
numerically on a discretized grid of (p, d) parameters. Then a numerical gradient
algorithm was used to �nd the maximum of the stability radius for a given time delay
and pendulum length, which was calculated by evaluating (1.37) over a domain of
control gains. The procedure was repeated for a series of time delays and pendulum
lengths. It shall be mentioned, that stabilizability is lost only once when the delay
is swept from zero to in�nity, i.e., once the stable region disappears at the critical
delay, then no stable regions emerge for larger delays. The critical length associated
with di�erent stability radii is shown as function of the delay in Figure 3.2a and 3.2c
for a = 0 (PD feedback) and a = 0.2 (PDA feedback), respectively. It can be seen
that the critical length is smaller independently of the size of the perturbation when
acceleration is fed back. The case r∆R = 0 corresponds to the nominal case where the
relation between Lcrit and τ is given by (3.10). When r∆R > 0 then the relation between
Lcrit and τ remains quadratic and a function

L∆
crit,PDA = cPDA(∆)τ 2 (3.13)

can be �t on the numerical result with negligible error (with coe�cient of determination
R2 > 0.993). Figure 3.2b shows the ratio cPDA(∆)/cPD for di�erent types of pertur-
bations: when only p is perturbed (wp = 1, 1/wd = 0, 1/wa = 0, red), when only d is
perturbed (wd = 1, 1/wp = 0, 1/wa = 0, green) and when both p and d are perturbed
(wp = 1, wd = 1, 1/wa = 0, blue). For the combined perturbation of p and d, the critical
length is larger compared to the case when only one of the gains is perturbed. The same
tendency can be observed for the PDA feedback with di�erent acceleration gain a as
shown in Figure 3.2d. Similarly to the nominal system, the critical length for the PDA
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Figure 3.2: (a,c) Critical length for PDA feedback when the gains p
and d are subject to uncertainties for a = 0 (a) and a = 0.2 (c). Color bar
shows the stability radius. (b,d) The ratio of the regression coe�cients
c(∆) and that of the reference case cPD. δp indicates perturbation in
p only, δd indicates perturbation in d only, δpδd indicates perturbation
in both p and d and �all� indicates perturbation in all the three control

gains p, d and a.

controller is smaller than for the PD controller. However, this bene�t vanishes when
the acceleration gain increases due to the strong stability condition |â+δa| < 1. When
a = 0.8, then 25% perturbation (r∆R = 0.25) already results in an unstable system due
to the violation of the strong stability condition |a| < 1, this explains the vertical jump
at r∆R = 0.25. In general, PDA feedback will become unstable if r∆R ≥ 1−|â|

|â| . Both
Figures 3.2b and 3.2d show that cPDA(∆)/cPD is a monotonic increasing function of
the stability radius r∆R . Hence, parameter uncertainties impair the performance of the
control system (i.e., increases the critical length).

3.2 Predictor Feedback

A better way to predict the state variables to compensate for the time delay in the
system is to use the so-called �nite spectrum assignment (or modi�ed Smith-predictor).
This control scheme eliminates the time delay completely if the underlying prediction
model is perfect. The stability of such a controller should be investigated more carefully
since mismatches of the predictor model may impair the performance. Focusing on the
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mismatches of the prediction model in advance. The robustness due to controller gain
uncertainties can be investigated with the same tools used for the PDA controller.
PF is based on the predicted state of the system over the delay interval based on an
internal model [70]. In the case of a perfectly matching internal model and a perfect
prediction, the delay can be compensated and the system becomes �nite-dimensional.
The control force can be written as

u(t) = K1yp(t), (3.14)

where
K1 =

[
−p −d

]
.

Prediction is based on the internal model, which is written in the form

ẏ(θ) = Ãy(θ) + B̃u(θ − τ̃), θ ∈ [t, t+ τ̃) (3.15)

where Ã, B̃, τ̃ are the model system and input matrices and model feedback delay.
This equation can be solved over the interval [t, t + τ̃ ], which gives the prediction of
the state as

yp(t) = eÃτ̃y(t) +

0∫
−τ̃

e−ÃsB̃u(t+ s)ds. (3.16)

Using the predicted state as feedback, the input signal can be written in the following
form

Figure 3.3: PF control scheme. The actual control input is generated
using the most recent state x(t− τ) (red marker) and the e�erent copy
from the previous control input u(s), s ∈ [t− τ̃ , t] (red line). This results
in a predicted motion (blue dashed line), that is used for the feedback.
The exact motion (black line) is slightly di�erent from the predicted one.
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u(t) = K1

eÃτ̃y(t) +

0∫
−τ̃

e−ÃsB̃u(t+ s)ds

 . (3.17)

This prediction of the control force determines the estimated value of the state at time
instant t − (τ − τ̃), based on the recorded delayed states and already applied control
inputs.

3.2.1 Delay mismatch in implementation

Ideal case

If the implementation of the internal model is perfectly accurate (A = Ã, B = B̃,
τ = τ̃), then the characteristic equation of (3.2), (3.3), (3.17) can be written as

D(λ) = λ2 + λd+ p− b = 0 (3.18)

In this system, arbitrary pole placement is possible by tuning the control gains p and
d. Stability requires p > b and d > 0, therefore selection of large control gains result
in a system that is robust to large perturbations in p and d, see the middle panel in
Figure 3.4.

Case of parameter mismatch

If the internal model is loaded with errors, then the governing equation is an RFDE
with in�nitely many characteristic roots. The characteristic equation of the closed
loop system can be formulated by considering the model errors using equations (3.2),
(3.3), (3.17) and substituting x(t) = X0e

λt, u(t) = U0e
λt. After these substitutions the

following equation can be obtained:[
λI−A −Be−λτ

−K1e
Ãτ̃C f(λ)

]
︸ ︷︷ ︸

T(λ)

[
X0

U0

]
= 0, (3.19)

where

f(λ) = 1−K1

0∫
−τ̃

e−ÃθB̃e−λθdθ (3.20)

The characteristic equation of the closed loop system is

D(λ) = det(T(λ)) = 0. (3.21)

To determine the stability boundaries one can use the D-subdivision method for
(3.21). Here, it is assumed that the system parameters in the internal model are
accurate, i.e., Ã = A, B̃ = B and the main uncertainty arise in the estimation of the
delay. This is a plausible assumption for expert stick balancers, where the dynamics
of the stick are known as a result of a long enough learning process, while the reaction
delay remains still an uncertain parameter. Figure 3.4 shows that delay mismatch has
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Figure 3.4: Stable regions of the PF controller in the presence of pa-
rameter mismatches. Rows show changes in the estimated delay τ̃ , while
columns represent changes in the estimated system parameter b̃. The
length of the pendulum is set to L = 2 m and the delay is τ = 0.15 s.

a signi�cantly greater e�ect on the size of the stable domain than system parameter
mismatch. In the extreme case when τ̃ = 0 corresponds to the traditional delayed PD
controller, see the top left panel in Figure 3.4.

The critical delay can be determined by analyzing the stable region bounded by the
D-curves for increasing delay τ , see Figure 3.5. The stable region disappears when one
of the following root crossings happens either

� there is a zero characteristic root with triple multiplicity at the origin of the
complex plane (triple zero multiplicity, TZM); or

� there is a zero characteristic root with double multiplicity at the origin of the
complex plane and a complex pair of characteristic roots on the imaginary axis
of the complex plane (double zero multiplicity with complex pair, DZMC); or
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Figure 3.5: Examples of the di�erent root crossing stability loss for a
pendulum length L = 2 m. Each row corresponds to di�erent levels of
perturbation τ̃ , while the columns show the change of the stable region

as it approaches the critical value τcrit.

� there is a transition between the two conditions happens in a single point, where
a zero characteristic root with triple multiplicity coexists at the origin along with
a complex pair of characteristic roots on the imaginary axis of the complex plane
(triple zero multiplicity with complex pair, TZMC).

Using these conditions, the critical length can be determined by investigating the mul-
tiplicity of the roots. Figure 3.6a shows the critical length as function of the actual
delay for di�erent delay estimations τ̃ . Similarly to the delayed PD case, the quadratic
form

Lτ̃
crit,PF = cPF (τ̃)τ

2 (3.22)

can be �t on the numerical results perfectly (coe�cient of determination R2 = 1 ). The
ratio cPF (τ̃)/cPD of the regression coe�cients can be used to assess the performance of
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TZMC

Figure 3.6: (a) Critical length of the PF as function of the feedback
delay for di�erent estimated delays τ̃ . (b) Ratio of the regression coef-
�cient of the �tted quadratic form (3.22) and that of the delayed PD

feedback.

the system compared to the perturbation-free delayed PD feedback. This ratio is shown
in Figure 3.6b for di�erent estimated delays. If 0 < τ̃ < 0.54τ or 0.72τ < τ̃ < 1.76τ
then cPF (τ̃)/cPD < 1, i.e., shorter sticks can be balanced by PF even with signi�cant
delay mismatch than by delayed PD feedback. When τ̃ = τ , then we have a �nite
spectrum assignment, hence the critical length drops theoretically to 0. Surprisingly,
if 0.54τ < τ̃ < 0.72τ or 1.76τ < τ̃ then cPF (τ̃)/cPD > 1, in this case PD feedback
is superior over the PF. Figure 3.6b shows that the tendency of the regression ratio
cPF (τ̃)/c0,PD is symmetric in the vicinity of perfect delay prediction τ̃ = τ . Hence,
10% delay underestimation yields a similar e�ect, as 10% overestimation does.

It should be noted that this controller is not practical in the form of (3.17), as
the integral term cannot be calculated precisely. Even the smallest mismatch in the
prediction model results in an RFDE and �nite pole placement is not possible. The
implementation inaccuracies of the integral (3.17) also a�ect the performance and the
stable domain. If (3.17) is evaluated numerically (e.g., by discretization) then the
system becomes an NFDE therefore, strong stability is also a necessary condition [62].
In case when the feedback is generated by a digital controller with zero-order hold,
then the system is governed again by an RFDE and the restriction on strong stability
vanishes [70].

3.2.2 Robustness against controller uncertainties

Similarly to PDA feedback, robustness to perturbations in the control gains can be
investigated by the pseudo-spectrum of the characteristic equation (3.21). If the gain
vector is written in the form K1 =

[
−(p+ δp) −(d+ δd)

]
, then the characteristic

equation can be rearranged as

D(λ) +w(λ)∆ = 0, (3.23)
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where w(λ) = [wp(λ) wd(λ)] is the weight function for the perturbation vector ∆T =[
δp/εp δd/εd

]
. The characteristic equation of the nominal system has the form

D(λ) = λ2 + λd+ p− b

+
2√
b
e−

1
2
λ(τ+τ̃) sinh

(
δτλ

2

)(
(bd+ λp) sinh

(√
bτ̃
)
+
√
b(dλ+ p) cosh

(√
bτ̃
))

,

(3.24)

where δτ = τ̃ − τ is the delay mismatch and the weights for the perturbation vector
are

wp(λ) =εp

(
1 +

2e−
1
2
λ(τ+τ̃) sinh

(
δτλ
2

) (√
b cosh

(√
bτ̃
)
+ λ sinh

(√
bτ̃
))

√
b

)
, (3.25)

wd(λ) =εd

(
λ+ 2e−

1
2
λ(τ+τ̃) sinh

(
δτλ

2

)(√
b cosh

(√
bτ̃
)
+ λ sinh

(√
bτ̃
)))

. (3.26)

The stability radius for a stable system can be calculated using the de�nition (1.37).
The critical length for a �xed triplet (b, τ, τ̃) can be calculated by analyzing stability
radius contours for decreasing pendulum lengths. Figure 3.7a shows the critical length
as a function of the feedback delay τ for di�erent stability radii in case of a 10%
overestimation of the delay in the predictor model. (Note that for perfectly matching
delay τ̃ = τ , �nite spectrum assignment is possible and theoretically Lcrit → 0.)

Similarly to (3.13) for PDA feedback, the relation between Lcrit and τ for the PF
can also well be described by the quadratic form

L∆
crit,PF = cPF (∆, τ̃)τ 2. (3.27)

Figure 3.7: (a) Critical length for the PF when the gains p and d
are subject to uncertainties for τ̃ = 1.1τ . Color bar shows the stability
radius. (b) The ratio of the regression coe�cient cPF (∆) and that of
the nominal case cPD is shown by the magenta line (overestimation) and
the red line (underestimation). For comparison, the same ratio for the
PD feedback with perturbation in both p and d is shown by blue line.
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Quadratic �tting on the calculated points gave a coe�cient of determination R2 > 0.98.
The value of R2 ranges from 0 to 1, where R2 = 1 means that the data points exactly
�t on a parabola of the form (3.27) and R2 = 0 indicates no second-order relationship
between τ and Lcrit. Figure 3.7b shows the ratio cPF (∆, τ̂)/cPD of the regression
coe�cients. As can be seen, the regression coe�cient for the PF is signi�cantly smaller
than that of the delayed PD feedback. The shape of the stability region changes slightly
di�erently for cases, where DZMC root crossings happen. Although the critical lengths
(delays) are close to each other for 10% over and 10% underestimation, the robustness
to control gain uncertainties is di�erent. This can be explained by the fact, that the
stability radius for combined uncertainties represents the radius of the largest inscribed
circle in the stable domain.

3.3 Case study

A contour plot of the critical lengths is shown in Figure 3.8 as a function of the feedback
delay and the stability radius for delayed PD feedback and PF. It can be seen that the
same change in τ or r∆R results in a larger change in Lcrit for the PD feedback than for
the PF. This means that PF is more robust to control gain perturbations than delayed
PD feedback. Since the delay and the stability radius have di�erent dimensions, a
direct comparison of their e�ect on the critical length is equivocal. Still, the e�ect of
changes in the delay and the stability radius can be compared for some �xed parameter
values numerically as a case study. If the delay is increased from τ = 0.2 s to 0.25 s
with keeping r∆R = 0.2 constant then the critical length increases from 1.06 m to 1.66 m
for the delayed PD feedback. This is an increase by a factor of 1.252 = 1.5625 due to
the dependence on τ 2 in (3.13). When the stability radius is increased from r∆R = 0.2
to 0.25 with keeping τ = 0.2 s constant then the critical length increases from 1.06 m
to 1.26 m. Thus, a 25% relative increment in the delay results in a larger increment
(by 56.25%) in the critical length than the same relative change in the stability radius
does (which gives about 18.7% increment in Lcrit). In this sense, the performance of

0
.3

0.3

0
.5

0.5

1
2

2

3

3

0
.1

0
.3

0.3

0
.5

0.5

1

2

3

Figure 3.8: Contour plot of the critical length as a function of the
feedback delay and the stability radius for delayed PD feedback (a) and
PF with a 10% delay overestimation (b). Red lines indicates the typical

delay region for human stick balancing.
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delayed PD feedback depends more sensitively on the time delay than on parameter
perturbations. Similarly, for the PF, when the delay is increased from τ = 0.2 s to
0.25 s with keeping r∆R = 0.2 constant then the critical length increases from 0.24 m to
0.38 m, which is an increment by a factor of 1.252 = 1.5625, due to (3.27). When the
stability radius is increased from r∆R = 0.2 to 0.25 with keeping τ = 0.2 s constant then
the critical length increases from 0.24 m to 0.265 m. Thus, a 25% relative change in
the delay results in a larger increase (by 56.25%) in the critical length than the same
relative change in the stability radius does (which gives about 10.7% increase in Lcrit).
This highlights that although PF readily involves delay compensation, it depends more
sensitively on the time delay than on parameter perturbations similarly to delayed PD
feedback.

This case study also shows that the sensitivity to delay change is the same for
delayed PD and PF, while PF is less sensitive to the change in the stability radius.
Overall, even with parameter perturbations, PF seems to be superior to PD feedback
in terms of the critical pendulum length. Note, however, that this numerical analysis is
valid only for the investigated parameters and in other regions of the parameter space
the dependency and sensitivity on changes in τ and in r∆R might be di�erent.

3.4 Discussion

Delayed PDA feedback and PF were analyzed and compared in terms of the achievable
shortest pendulum to be balanced as a measure of control performance. Analysis of
real structured stability radii showed that for PDA feedback the critical length remains
a function of the square of the delay even in the presence of parameter perturbations
as shown by (3.13). By comparing PD and PDA feedback, it was found that acceler-
ation feedback helps to decrease the critical length if the acceleration control gain is
small enough, typically, if |a| < 0.5. A comparison of PD and PF showed that PF is
superior to delayed PD feedback in the sense that signi�cantly shorter pendulums can
be stabilized with the same stability radius.

The main question in human balancing tasks is whether the underlying control
mechanism is based on delayed state feedback or PF. The typical time delay in stick
balancing on the �ngertip is between 200 and 250 ms [5, 9, 7]. Even expert stick
balancers cannot balance sticks shorter than 30 cm, and the typical range of the crit-
ical length is between 30 and 50 cm. Based on these values, an estimation can be
given about the corresponding stability radius, which can be interpreted as the allowed
parameter uncertainties in the control gains or as the uncertainties in the visual per-
ception of the angular position and the angular velocity. In Figure 3.8, the range of
the time delay associated with human stick balancing is indicated by red lines. It can
be seen that larger than 4.2% static perturbation can already destabilize the delayed
PD feedback in the case of τ = 0.2 s and L = 0.5 m. Uncertainties in visual perception
are typically estimated to be larger than this value [71]. This means that pure PD
feedback may not be a proper model for skilled stick balancers. For PF, the critical
lengths are signi�cantly smaller. For τ = 0.25 s, a stick of length 30 cm can be balanced
even in the case of 13% static perturbation. This critical length is much shorter than
human subjects can balance, which implies that PF may be a possible control concept
in human stick balancing even in case of other uncertainties that were not modeled
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here, for example, noise, actuation imperfection and further mismatches in the internal
model.

It shall be noted that although the presented analysis used the concept of static
uncertainties according to [61, 41], the results can also be interpreted as stochastic
parameter uncertainties, for example, noise in the sensory perception or in the motor
control. As shown in [72, 73], stochastic perturbation has a similar e�ect on the
performance of the control process: the stable parameter region in the presence of
noise is typically smaller than the stable region for the nominal (noise-free) system. In
this sense, the stability radii can be used to demonstrate the robustness of the system
against noise, too.
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3.5 Main results

The dynamics of the inverted pendulum subject to predictor feedback (PF) in the
presence of static uncertainties in the control gains is described by

ẋ(t) = Ax(t) +Bu(t− τ)

u(t) = K1

eAτ̃x(t) +

0∫
−τ̃

e−AsBu(t+ s)ds

+K2ẋ(t).

where

x =

[
φ
φ̇

]
, A =

[
0 1
b 0

]
, B =

[
0
1

]
,
K1 = [p+ δp, d+ δd]

K2 = [0, a+ δa]
,

b > 0 is the system parameter, (p, d, a) and (δp, δd, δa) are the control gain parameters
and the corresponding static uncertainties, τ is the input delay and τ̃ is the estimated
delay in the internal model. In case of τ̃ = 0 the controller acts as a proportional-
derivative-acceleration (PDA) feedback control. Based on the stability analysis of the
model the following two statements can be made.

1. Main contribution

The pendulum can be stabilized if its length is longer than a critical length

Lcrit = c(∆, τ̃)τ 2,

where c(∆, τ̃) is the regression coe�cient, that depends on the structure of the
parameter perturbation ∆ = [δa/εa, δd/εd, δp/εp]

T and εp, εd, εa are the corre-
sponding weights.

The stabilizability of an inverted pendulum in terms of critical length Lcrit either by
delayed proportional-derivative (PD) feedback or by predictor feedback (PF) is more
sensitive to changes in the input delay than to changes in control gain parameters. In
the case of PD feedback with delay τ = 200ms (which is typical to human reaction
time), 25% relative increment in the delay results in 56.25% change in Lcrit, while the
same relative change in the stability radius (i.e. in the control gains) results in 18.7%
change in Lcrit. In the case of PF with delay τ = 200ms and with 10% delay mismatch,
25% relative increment in the delay results in 56.25% change in Lcrit, while the same
relative change in the stability radius (i.e. in the control gains) results in 10.7% change
in Lcrit.

2. Main contribution

In case of delayed PD control of an inverted pendulum, the sensitivity of the
controller to changes in the time delay is stronger by a factor of 3 than to changes
in the controller gains. In case of PF controller, the sensitivity to changes in the
time delay is stronger by a factor of 5 than to changes in the controller gains.
The PF controller is shown to be superior to PD in the sense that Lcrit for PF
is smaller than the half of Lcrit for PD, if the input delay τ < 500ms and the
stability radius r∆R < 0.8.
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Chapter 4

Limits of manual stabilization

In this chapter, the application of the developed measurement tool is presented. The
measurements were carried out on two di�erent groups. The �rst investigation was
focusing mostly on the e�ect of added arti�cial delays, while for the second group, the
learning process and the e�ect of di�erent dynamical environments were the focus of
the measurements.

There are many situations in everyday human activities that require persistent
attention and instantaneous control actions at the same time. Driving a car [3], holding
and carrying a cup of co�ee [4], recovery from perturbation during quiet standing [75] or
a more challenging task, such as balancing on a balance board [76, 77] or on a tightrope
[78], can be mentioned as examples. From a dynamical systems point of view, these
activities correspond to the feedback stabilization of unstable or marginally stable
systems. Skill development in novel voluntary tasks requires sensory information and
practice [18]. During practice, the variability of the outcome of repetitions generally
decreases as skill increases [19]. Understanding the development of these motor control
tasks has important implications in teaching various movement types, for example
performing a sudden manoeuvre safely during driving a car or �ne motor control during
surgical operations.

Human balancing skill is often assessed by stick balancing trials [5, 21, 66, 67,
68, 8]. The reasons for this are that (1) stick balancing on the �ngertip can easily
be realized and measured by motion tracking systems; (2) typical features of human
motion control, such as reaction time delay or sensory uncertainties are present; (3) the
level of di�culty can be adjusted by changing the length of the stick; and (4) falling
of the stick does not result in an actual accident. Placing the stick balancing task in a
virtual environment provides a convenient framework by making it possible to program
arbitrary tasks with arbitrary parameters within the employed software. Virtual set-
ups are widely applied in other bio-mechanical practices, such as stick balancing with
visual�haptic feedback [79, 80], visuomotor tracking [81, 82, 83] or the task of moving
a cup �lled with liquid [4].

In virtual balancing tasks, only visual feedback of the pendulum's motion is avail-
able. This may question the viability of the derivative term in the human control
mechanism. Admittedly, there are structures of receptors in the human retina, which
are evolved to sense only the quick movements in the �eld of view [84, 85, 6]. This
suggests that the feedback of the velocity of moving objects is a possible mechanism.
Here, a sequence of tests was used to acquire knowledge on the performance and nature
of human manual control during complex task manipulation. The developed virtual
stick balancing environment served as a base for the investigation, see Chapter 2. Over
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the research period, two di�erent groups were tested and their results are presented in
separate sections 4.2 and 4.3.

4.1 Time-history analysis

During virtual balancing trials, the time history of stick and cart position were recorded
for later investigations and blank-out test evaluation. The e�ects of dry friction and
manipulation characteristics are discussed and a method is introduced to estimate the
reaction time delay of the human operator during complex manipulation tasks.

4.1.1 Input signal characteristics

A sample of recorded time signals is shown in Figure 4.1 for two di�erent stick lengths
without any added delay. The irregular oscillations both in φ and ξ (or in ξ̈) re�ect the
chaotic nature of human control mechanism that can be attributed to non-modeled dy-
namics such as sensory uncertainties and motor noise. As can be seen in Figures 4.1c,g,
there are certain short periods indicated by gray shading where the pivot point's veloc-
ity is approximately zero. There might be di�erent explanations for this observation.
First, zero velocity can be the result of a stick-slip motion caused by friction between
the desk's surface and the computer mouse. Second, it is also a plausible concept that
in these periods the input signal (stick's angular position) is not big enough to trigger
any control action by the subject. A third scenario is that, for certain combinations
of φ and φ̇, the two terms in (2.7) might cancel each other to give approximately zero
control torque. The ratio of the time duration where ξ̇ = 0 and the total signal length
is larger (7.75%) for the longer stick than for the shorter one (4.92%). This suggests
that the duration of the periods where ξ̇ = 0 is related to the dynamics of the stick,
that is, for longer sticks, subjects might wait longer to trigger the next control action
due to its slower dynamics. Overall, it is assumed that the periods where ξ̇ ≈ 0 do not
signi�cantly a�ect the measured critical lengths. Nevertheless, the e�ect of dry friction
can be the topic of further investigation.

4.1.2 Blank-out test evaluation

To get a better picture of the reaction time during the balancing trials, a so-called blank-
out test module was implemented in the software [8]. The blank-out test was performed
as a normal balancing task, but the visual perception was disturbed: the screen was
turned o� at a random time instant for a short period (for 500 ms). During the blank-
out period, subjects did not have any visual feedback, and they lost intentional control
of the stick. After the return of visual feedback (screen turned on), subjects typically
initiated a large corrective motion. The duration between the end of the blank-out
period and the corrective movement gives the reaction delay (see Figure 4.2).

A sweeping window technique was constructed using two time windows W− =
[tj −∆w, ti] and W+ = [tj, ti+∆w] before and after the time instant tj, with a length
∆w = 300 ms, to get the reaction time delays objectively for all blank-out tests. An
objective function

Π(tj) = wu(M
u
−(tj)−Mu

+(tj))
2 + wω(M

ω
−(tj)−Mω

+(tj))
2 (4.1)
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was de�ned to indicate the change in the corrective acceleration (u) and the e�ect on
the angular velocity of the rod (ω), where

M f
−(tj) =

1

N

N∑
i=0

|f(tj−i)|, M f
+(tj) =

1

N

N∑
i=0

|f(tj+i)|, f ∈ {a, ω} (4.2)

are the absolute mean values of the measured time signals u(t) and ω(t) over the time
windows W− and W+ with N = ∆w/∆t and wu = 0.1 s4m−2, wω = 50 s2 are the
speci�c weights, that were determined experimentally. The peak in Π indicates the
time instant, where the changes in u and ω were the largest, i.e., the largest corrective
movement takes place. An example of the measured time signals and the corresponding
objective function is shown in Figure 4.2. Interestingly, the reaction time can be
observed during the start of the blank-out period as well.

Figure 4.1: Typical time series recorded during virtual stick balancing
of a long stick (L = 5.625 m, left panels) and a short stick (L = 2.75 m,
right panels): angular position of the pendulum (a,e), position (b,f),
velocity (c,g) and acceleration (d,h) of the pivot point A. Gray shading

indicates the intervals where |ξ̇| ≤ 10−3 m/s.
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4.2 Uncertainties in human motor control

Human motor control is a�ected by the di�erent types of uncertainties originating from
sensory perception, signal processing and the neuromuscular system (motoric noise).
Here, all these uncertainties were modeled as static perturbations of the control gains.
This lumped model gives the upper boundary of the allowed uncertainties (i.e., stability
radius). A systematic series of virtual stick balancing trials was performed, involving
27 subjects to determine the critical length as a function of the reaction delay. The
results are evaluated based on the mechanical model.

4.2.1 Methods

Background model

The feedback loop in human motion control naturally involves a dead time, which is
often referred to as reaction time or reaction delay. A possible model for the control
action is the PD feedback, as

u(t) = −(p+ δp)φ(t− τ)− (d+ δd)φ̇(t− τ). (4.3)

Figure 4.2: Example for time signals during blank out tests and its
evaluation: (a) corrective acceleration u, (b) stick angular velocity ω
and (c) indicator function Π. The corrective action takes place when Π
reaches a maximum. The time values were shifted, such that the start

of the blank-out period is at t = 0 s.
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where p and d are the proportional and derivative control gains, δp, δd are the pertur-
bations of the control gains and τ is a lumped reaction time delay, which models all the
latencies during the feedback mechanism. Stability of (3.1) with (4.3) depends on the
relation between the length of the pendulum, the reaction delay, and the perturbations
δp, δd. The limit of stabilization for the unperturbed case is given by (3.6).

One can decompose the control input into components, such as u(t) = up(t)+ud(t),
where up(t) and ud(t) are associated with the proportional and derivative feedback, re-
spectively. This decomposition helps to analyze the e�ect of the static sensory (εφ, εφ̇)
and motor uncertainties (εm) on the perturbation parameters δp and δd. The sensory
uncertainties can be considered as φ = φ+∆φ = (1 + εφ)φ, φ̇ = φ̇+∆φ̇ = (1 + εφ̇)φ̇,
both for the angular position and angular rate. Motor uncertainty can be modeled as
u = u + ∆u = (1 + εm)u, where ∆□ = ε□□ and the perturbation parameters can be
calculated as

δp = (εm + (1 + εm)εφ)p = εpp, (4.4)

δd = (εm + (1 + εm)εφ̇)d = εdd (4.5)

Here εp and εd describe the combined e�ect of uncertainty ratios associated with the
perception of the position and the velocity and with the realization of the control force.
If the combined uncertainty ratio εp in magnitude is larger than the corresponding
stability radius rδp, then the closed-loop system becomes unstable. Similarly, if |εd|
> rδd, then the closed-loop system is again unstable. This way, the stability radii rδp

and rδd are directly related to the combined static errors εp and εd, respectively. Thus,
δp and δd re�ect the robustness against the static uncertainty in the perception of
the angular position φ and the angular velocity φ̇ in combination with the robustness
against the realization of the control input u. The critical length for a given stability
radius rδp or rδd is the length L where the maximal allowed static perturbations are
δp = rδpp and δd = rδdd. The critical lengths associated with di�erent stability radii
rδp and rδp as function of reaction time delay are shown in Figure 3.2. It can be shown
that the critical lengths associated with rδp > 0 and rδd > 0 can be described by
(3.13) with acceleration gain a = 0, where the regression coe�cient cPDA expresses
the contribution of the static error in p and d. By arti�cially adding time delay to the
manual control during virtual stick balancing measurement and determining the critical
length of the subjects at each delay, the quality of the manual control mechanism can
be analyzed. Motivated by the equations (3.6) and (3.13), a quadratic function is �tted
on the measured critical lengths

Lcrit = cτ 2, (4.6)

where c is the regression coe�cient. This coe�cient can act as a measure of perfor-
mance.

Taken together these observations demonstrate that the static sensorimotor uncer-
tainties in the control process can be estimated by measuring Lcrit as a function of
τ . Speci�cally, the coe�cient c is determined by �tting a second-order curve onto the
measured critical lengths. Then the corresponding stability radii rδp or rδd can be
determined according to Figure 3.2b. Here, this approach is used to estimate the com-
bined sensorimotor uncertainty for a virtual stick balancing task for subjects during
the �rst day of practice.
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Figure 4.3: Photo of the Complex Reaction Time Tester device. The
device was connected to a Matlab interface in order to record and analyze

data.

Participants

Twenty-seven subjects were recruited from the local student and faculty population
(aged between 19 and 42 years, 23 on average, 6 females, 21 males). All subjects
were free of any neurological or musculoskeletal impairment that could a�ect virtual
stick balancing. The participants had di�erent experience levels regarding the virtual
balancing task. However, this fact is not considered in the investigation. The research
was carried out following the principles of the Declaration of Helsinki. All participants
provided informed consent for all research testing and were allowed to withdraw from
the study at any time.

Direct reaction time measurement

In addition to blank-out test, reaction time was measured directly with the Complex
Reaction Time Tester (CRTT) [86], see Figure 4.3. Two classic forms of reaction delay
tests were used. In the �rst task (referred to as `INSTANT'), the subject kept their
index �nger on a button and pressed it as quickly as possible in response to a single light
�ash. In the second task (referred to as `INDIVIDUAL'), the subject kept their index
and middle �ngers on two nearby buttons and pressed the button which corresponded
to a single light �ash as quickly as possible. Ten trials were performed for both tests
such that the time increments between the succeeding �ashes were randomized. More
details on the reaction time test equipment used in the test are given in [86].
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Balancing protocol

Each subject was tested as follows.

1. At the beginning of each session, a simple reaction time measurement was per-
formed using the external CRTT device. The reaction time τr is determined
as the average of the measured response times to 10 random INSTANT visual
stimuli.

2. A more complicated reaction time measurement was performed using the CRTT,
where two light sources were �ashed randomly either on the right or on the
left side of the device. The subject has to react by pressing the buttons that
correspond to either side. This is referred to later as INDIVIDUAL decision
reaction time through this section. The statistical analysis was performed on the
results of measured response times to 10 random visual stimuli.

3. Practice with a 5 m long virtual stick without extra added delay: 10 min.

4. The critical length was determined by a halving method. First, the subject
performed 5 trials without added delay with the initial length of L0 that the
subject was able to balance without any di�culty during the 10 min practice.
The balancing of a stick of length L0 was deemed �Successful� if a balance-time
of 20 s was achieved such that the stick's angle never exceeded ±20◦ for at least
one out of the 5 trials [8]. If the balancing was successful/unsuccessful, then
the L was decreased/increased by ∆L1 = 1 m and the subjects did �ve trials. If
successful/unsuccessful, the stick length was decreased/increased by∆L2 = 0.5m
and the subject did 5 trials, and so on. After 5 steps, the last change in the stick
length was ∆L5 = 0.0625 m. The critical length Lcrit(0) was determined as the
shortest stick length with successful balancing (see Figure 4.4).

5. The time delay was increased by adding ∆τ = 50 ms to the feedback and Step
4 was repeated with initial length L0 = Lcrit(0) + 1 m. In this way Lcrit(50) was
determined for an added delay of 50 ms.

6. Step 5 was repeated for added delays of ∆τ = 100 ms, 150 ms, 200 ms, 250 ms
and 300 ms to obtain, respectively, Lcrit(100), Lcrit(150), Lcrit(200), Lcrit(250) and
Lcrit(300).

7. Finally, a blank out test [8] was made using a stick length which was well balanced
by the subject. This was typically Lcrit(0)+ 1 m. The blank out test provides an
estimate of the subject's neural reaction delay τr.

It typically took 60 minutes for a subject to complete this balancing protocol. All
the subjects were able to do the balancing tasks for all added delays from 0 to 300 ms
successfully.

4.2.2 Results

Reaction delays

All the test subjects were able to perform all three types of reaction time tests (IN-
STANT, INDIVIDUAL, BLANK-OUT) successfully. The results of the di�erent tests
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Figure 4.4: Screenshot of the tool that helped to easily determine the
correct length for the protocol. A successful test resulted in stepping

down on the ladder, while an unsuccessful results in stepping up.

are summarized in Figure 4.5. The shortest mean reaction delay (227 ms on average)
was obtained in the INSTANT reaction time test, while the INDIVIDUAL tests resulted
in slightly larger mean reaction times (258 ms on average). The mean reaction times
in the BLANK-OUT test (270 ms on average) correspond to that of the INDIVIDUAL
tests (24 out of the 27 subjects passed the modi�ed t-test at 98% signi�cance level).
A repeated measure ANOVA test was also performed to check the relation between
the results of di�erent reaction time measurements. The test showed a statistically
signi�cant relation between the means of the reaction times at a 94% signi�cance level.
This observation supports the assumption that both the INDIVIDUAL test and the
virtual stick balancing involve decision making, while in the INSTANT reaction tests,
subjects just responded to a signal simply. The variance of the reaction times in the
BLANK-OUT test is signi�cantly larger than for the other two tests. This is due to
the complex concept of the BLANK-OUT test and due to the equivocal evaluation of
the change in the corrective acceleration. For instance, the stick may happen to be
close to the vertical position by the end of the blank-out period just by pure chance
and the subjects do not have to react sharply. On the other hand, subjects sometimes
react before the return of the visual feedback, although they were instructed not to do
so. This action might be driven by some internal predictive processes, i.e., the subjects
think/estimate that they must do some action otherwise the stick will fall even though
they do not know the actual position of the stick. These e�ects cause uncertainty in
the evaluation of the reaction time by the objective function Π, which is re�ected in
the larger variance of the BLANK-OUT tests. Nevertheless, Figure 4.5 shows that the
deviation of the measured reaction time delays increases with the complexity of the
task. For the INSTANT reaction time tests, the variation of the estimated delays is
smaller than for the INDIVIDUAL test. The deviation for the delays estimated from
the BLANK-OUT test is even larger, which indicates that virtual stick balancing might
be a more complex task than the two-choice individual reaction time tests.
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Figure 4.5: Comparison of the reaction tests for the 27 subjects over
the course of testing: instant reaction time tests (a), individual decision
tests (b) and blank-out tests (c). Box diagrams show the statistics of the
10 tests for each subject, according to Matlab nomenclature: the boxes
represents the upper and lower quartile with the median, the whiskers
indicate the min and max values without the outliers, and the red ticks

represent the outlier measurement points.

The overall reaction time of a subject τr for the virtual stick balancing tests were
chosen to be the results from the INSTANT reaction time tester. Considering all the
machine delays (sampling, �ltering and response delays), the delay is calculated as

τ = τr + τm +∆τ. (4.7)

Balancing tests

Blue markers in Figure 4.6 show the experimentally determined critical lengths as a
function of the overall reaction delay τ for all the 27 subjects. The standard deviation of
the estimated neural delay is indicated by an error bar. The uncertainty in the critical
length is equal to ∆L5 = 0.0625 m in each case. The red line indicates the parabola
(4.6) �tted on the measured data. This curve can be associated with the critical length
corresponding to non-zero stability radii. The goodness of �t for the individual subjects
is evaluated using the coe�cient of determination R2. The value of R2 ranges from 0 to
1. R2 = 1 means that the data points exactly �t on a parabola of the form (4.6). R2 =
0 indicates no second-order relationship between τ and Lcrit. Subjects in Figure 4.6 are
sorted by the corresponding coe�cient of determination R2. For 21 out of 27 subjects
R2 > 0.85, which supports the assumption of Lcrit being proportional to τ 2. The black
curve corresponds to the theoretical critical length Lcrit = cPDτ

2, where cPD = 3g
4
(see

Chapter 3). The di�erence between the theoretical (black) and the experimental (red)
parabolas is characterized by the ratio c/cPD (also indicated in each panel in Figure
4.6). Note that the critical length for the subjects is larger than the theoretical critical
length, that is, c > cPD for all subjects.
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Once the ratio c/cPD is determined for the individual subjects, the corresponding
stability radii rδp and rδd can be determined based on Figure 3.2. Note that rδp and rδd

describe the relative width and the relative height of the stable region and the shape

Figure 4.6: Experimentally determined critical lengths as function of
the overall reaction time delay. Blue markers and error bars indicate the
mean and the standard deviation of the overall delay. Red curve denotes
the �tted parabola Lcrit = cτ2. Black curve denotes the theoretical crit-

ical length Lcrit = cPDτ
2.
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of the stable region implies that rδp < rδd. The ratio c/cPD and the corresponding
stability radii are shown in Figure 4.7 for all test subjects. The stability radius rδp

ranges between 3.1 and 27.6% with a mean value of 14.1%. This gives an upper limit
for the combined uncertainty εp associated purely with the perception of the angular
position (recall that the system is unstable if εpp > δp). In other words, on average
larger than 14.1% relative error in the control force term up destabilizes the control
process. The stability radius rδd ranges from 16.8 to 58.2% with mean value 40.3%.
This gives an upper limit for the combined uncertainty εd associated purely with the
perception of the angular velocity (recall that the system is unstable if εdd > δd).
That is, on average larger than 40.3% relative error in ud destabilizes the control
process. Thus, there is a much larger uncertainty associated with the perception of
the angular velocity than the angular displacement. This observation is a straight
consequence of the shape of the stable region in Figure 3.1, namely, δd/d > δp/p. On
the neurophysiology side, it is also in agreement with the concept that the perception
of velocity based on visual feedback is more complex than the perception of position
[87, 88].

Figure 4.7: Distribution of the coe�cient ratio c/cPD for the individual
test subjects obtained by �tting the measured critical lengths to the
parabola (4.6) (a) and the associated stability radii δp, δd and δpδd (b).

4.2.3 Discussion

The dependency of Lcrit on τ was determined for virtual balancing tasks as described
above. It was observed that Lcrit = cτ 2, where the coe�cient c is related to the presence
of sensorimotor uncertainties. In particular, these uncertainties are related to the size
of the stable region in the plane of the control parameters, which corresponds to the
stability radii (i.e. allowed static perturbation of the control parameters). Based on a
systematic series of balancing trials by 27 subjects, the overall error associated purely
with the angular position was estimated to be around 14%, while the error associated



54 Chapter 4. Limits of manual stabilization

purely with the angular velocity was estimated to be 40%. In the more general case
in which sensorimotor uncertainties exist in both angular position and velocity, it is
predicted that the uncertainties in angular velocity will be greater.

An obvious source of uncertainty in the perception of the stick position and ve-
locity is originating from the resolution and the refresh rate of the computer screen.
The screen resolution was 1920×1080 and the size of one pixel is ∆pixel = 0.277 mm.
The refresh rate was f = 60 Hz. This results in a resolution of ∆φ = ∆pixel/L in the
perception of the angular position and ∆φ̇ = f∆pixel/L in the angular velocity during
a single refresh period. For instance, for a stick of length L = 5 m, which appears
to be 23 cm long on the screen, ∆φ = 0.0032◦ and ∆φ̇ = 0.191◦ s−1. The maximum
angles during the shortest successfully balanced sticks with zero added delay for all
subjects were on average 0.97◦, which is signi�cantly larger than the pixel-caused un-
certainty. The maximum angular velocities on average were 5.45◦ s−1, which is again
signi�cantly larger than the pixel-caused uncertainty. These observations support that
the resolution and the refresh rate do not signi�cantly contribute to the uncertainty
of the overall sensory perception. In other words, the e�ect of spatial and temporal
digitization of the stick is negligible.

Considerations of sensory uncertainties are important for the design of motor tasks
for novices, including small children, and for devising safe `one-time' strategies to be
used in emergency situations. The goal must be to adjust parameters so that the
stability regions in parameter space are larger than the relevant sensory uncertainties.
For the special case of stick balancing on the �ngertip, this can be simply accomplished
by making L su�ciently long. However, it is quite possible that the approach which
was illustrated here can be applied to other examples of motor and physiological control
with suitable modi�cations. Although the estimated stability radii are related to the
speci�c task of virtual stick balancing, the conclusions might be valid for other tasks
that involve the stabilization of unstable equilibrium.
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4.3 Skill development in human motor control

Systematic repetitions of a voluntary task generally improve performance in human
motor control. The skill development of a human operator can be assessed by investi-
gating the limits of manual control over multiple sessions. This limit is in close relation
with the characteristic time of the dynamical system that was harnessed by the virtual
simulation environment. The study involved 24 individuals from the university popu-
lation, divided into two groups based on the dynamical preferences of the virtual task.
Each subject repeated the tests 6 times and their skill development is investigated
based on the mechanical model.

4.3.1 Methods

Background model

Linearized stability of (2.6) by (4.3) depends on the relation between the length of the
pendulum and the reaction delay. For this model with a �xed delay τ , the critical stick
length can be given as

Lcrit = c1
τ 2

(1− q)kτ + q
, (4.8)

where c1 = cPD = 3g/4 is the regression parameter. If L > Lcrit then there exists a pair
(p, d) of control gains that stabilize the stick in the vertical position. If L < Lcrit then
the stick cannot be stabilized by PD feedback with reaction delay τ . It is important to
highlight that when the transition parameter is q = 1 then Lcrit is a quadratic function
of τ , while for q = 0, the relation between Lcrit and τ is linear, i.e.,

Lcrit

∣∣
q=1

= c1τ
2, (4.9)

Lcrit

∣∣
q=0

= c0τ, (4.10)

where c0 = c1/k is the regression parameter for the Aristotelian dynamics. This ob-
servation suggests that the tendency between the critical length for di�erent reaction
delays obtained by virtual balancing tasks for q = 0 and q = 1 can be used to val-
idate the underlying delayed PD feedback mechanism. These theoretical limitations
for feedback controller propose that the quality of the manual control must depend
on the transition parameter q. When parameter uncertainties are present, then the
relation between Lcrit and τ remains quadratic for q = 1 and linear for q = 0, but the
regression parameters become larger depending on the size and type of uncertainties.
In this sense, the parameters c1 and c0 can be considered as a measure of robustness
against uncertainties.

The changes in the relation between Lcrit and τ during the 6 sessions for two subjects
from the two groups are shown in Figure 4.8. It can be observed that for the case q = 1,
the function Lcrit(τ) is initially linear and tends to be a �more� quadratic function over
the sessions. For q = 0 the function Lcrit(τ) remains more or less linear. This motivates
that the critical length is �tted in the form

Lcrit = cτκ, (4.11)
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Figure 4.8: The change of the critical length over the 6 balancing
sessions as function of the overall delay for subject S6 from group 1 with
q = 1 (a) and subject S24 from group 2 with q = 0 (b). The �tted curve
(4.11) is shown by thin solid lines. Dashed lines indicate the theoretical

critical lengths (4.9) and (4.10).

where c is the regression parameter and κ is an exponent. The special cases κ = 2 and
κ = 1 gives (4.9) and (4.10), respectively.

Participants

In the framework of a student project, twenty-four subjects were recruited (aged be-
tween 19-24, 22 on average). None of the subjects had any previous record of neuro-
logical or musculoskeletal impairment that could a�ect the study. The sport or e-sport
background of the participants was not considered a factor to analyze. All the partici-
pants provided consent for all research testing and were allowed to withdraw from the
study at any time. The research was carried out following the Declaration of Helsinki.

Balancing protocol

The participants were divided into two groups randomly. In Group 1, the transition
parameter was set to q = 1 (Newtonian dynamics). In Group 2, q = 0 was set
(Aristotelian dynamics). The goal of the virtual balancing trials was to determine
the shortest pendulum that a subject can balance for a given added delay ∆τ . The
pendulum was considered to be fallen if the angle |φ| exceeded 20 deg [8]. Each subject
had to perform a series of sessions, where each session is constructed as follows.

1. At the beginning of each session, a simple reaction time measurement was per-
formed using the built-in function of the software. The reaction time τr is de-
termined as the average of the measured response times to 10 random visual
stimuli.
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2. The added time delay ∆τ was set to zero.

3. The critical pendulum length Lcrit(0) was determined as follows. Subjects started
with an initial length L1, which they were able to safely balance for 10 s during
preliminary practice. The minimum and the maximum initial lengths were 4.0 m
and 33.8 m and the average was 11.3 m. During the �rst balancing trial, the
length of the pendulum was gradually decreased by a given step value ∆L1 =
0.2 m every second. This results in increasing di�culty in the task. If the
pendulum has fallen after 10 s of continuous balancing with shortening length,
then the falling length L1,fall was recorded as the length at the time instant when
|φ| exceeded 20 deg. If the duration of the trial was less than 10 s, then the
trial has been restarted with the same parameters L1 and ∆L1. Subjects were
allowed to repeat the trial maximum of �ve times. If none of the �ve trials
lasted at least 10 s, then the falling length was set to L1,fall = L1. After the �rst
round of trials, the initial length of the pendulum was set to L2 = L1,fall+10∆L1

and the second balancing trial was started with a shorter length step ∆L2 =
∆L1/2, again, with �ve possible repeats if the duration was less than 10 s. In
the second round, the fall length is recorded as L2,fall. The process was repeated
with Lk+1 = Lk,fall + 10∆Lk with ∆Lk+1 = ∆Lk/2 for k = 2, 3, 4, 5. The length
where the pendulum has been fallen in the 6th round of trials was recorded as
the critical length Lcrit(0) = L6,fall associated with ∆τ = 0.

4. Step 3 was repeated 6 times for added delays ∆τk = (k − 1)50 ms, k = 2, . . . , 7.
This way, the critical length Lcrit(∆τ) was obtained for added delays ∆τ = 50,
100, 150, 200, 250 and 300ms.

5. Finally, the subjects were instructed to perform 10 blank-out tests.

The overall session took approximately 30 min to complete. The above session has
been repeated 5 times with a 1 to 7 days di�erence between each session. This way,
the improvement in the performance of the balancing trials was monitored. 1 to 7 days
after the 6th session, subjects performed an extra session with a di�erent transition
parameter: those who did the �rst 6 sessions with q = 1 did the 7th one with q = 0
and vice versa. This last session was used to cross-check between the two groups.

4.3.2 Results

Reaction delays

The software involves a module that can be used to measure the instant reaction time
τr of the test subjects directly. Subjects had to react by pushing the mouse button as
fast as they can to 10 randomly occurring visual stimuli (red �ashes on the screen). The
instant reaction time measurement data were recorded for every session and subject
and were used for later analysis. The measured reaction time τr does not involve the
sampling and the �ltering delays, therefore, during virtual balancing trials, the delay
was assumed to be

τ = τr + τf + τs +∆τ. (4.12)

Reaction times were estimated by two di�erent methods. In the instant reaction
time tests, the time between a visual stimulus and a simple reaction (button press)
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Figure 4.9: Comparison of the reaction tests for the 24 subjects over
the course of testing: instant reaction time tests (a,c) and blank-out
tests (b,d). Box diagrams show the statistics of the 7 × 10 tests for
each subject. Box diagrams show the statistics of the tests for each
subject/session, according to Matlab nomenclature: the boxes represents
the upper and lower quartile with the median, the whiskers indicate the
min and max values without the outliers, and the red ticks represent the

outlier measurement points.

was measured. The task during the blank-out tests was more complicated since the
subjects had to make a decision in which direction and to what extent to move the
computer mouse after the blank-out period. Therefore, it is expected that the reaction
time delays during the instant reaction tests are smaller than those obtained from the
blank-out data. Figure 4.9 shows the reaction times for all the subjects. The average
and the standard deviation for the instant reaction time tests were 0.26 ms and 0.06 ms,
while for the blank-out tests, they were 0.31 ms and 0.10 ms, respectively.

For each subject, the reaction times obtained by the two methods were compared
using a two-sample, one-sided t-test with a 5% signi�cance level. The null hypothesis
is that during the blank-out tests (being a more complicated task) the reaction time
is slightly larger than during the instant reaction time tests. Out of the 168 tests (7
sessions for 24 subjects), the null hypothesis was accepted for 138 tests. Since the
di�erence between the two tests was small, the human reaction time τr was set to be
the reaction time obtained from the instant reaction time tests.

Balancing tests

A linear regression analysis has been performed for each balancing session for each
subject (overall (6+1)× 24 sessions) to obtain coe�cient c and exponent κ. The coef-
�cient of determination for the �tting was over R2 = 0.511 in all cases with an average
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Figure 4.10: Parameter �tting for subjects from group 1 (S1-12) with
q = 1 in the �rst 6 sessions and with q = 0 in the 7th session and from
group 2 (S13-24) with q = 0 in the �rst 6 sessions and q = 1 in the 7th

session. Each panel corresponds to a subject, the blue markers (see left
axis) show the �tted exponent κ and the red markers (see right axis)
show the ratio c/c1 of �tted and reference regression coe�cients. Note
that c0 = c1/k, where k = 1 s−1, that is, the numerical values c/c0 and

c/c1 can directly be compared.
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of R2 = 0.963. Results for the subjects from the two di�erent groups are discussed
below. It shall be mentioned that the measured reaction times and the measured crit-
ical lengths involve uncertainties that originate partially from the nonuniform human
behavior (e.g., di�erent physiological states on di�erent days, possible temporary loss
of attention) and from the �nite resolution of the measured quantities (e.g., the critical
length was determined with resolution 0.00625 m, the added delay was multiples of
50 ms). These uncertainties are transferred to the estimation of parameters c and κ,
which are indicated by error bars in Figure 4.10.

Subjects from group 1 started the tests programmed according to the Newtonian
dynamics. Each member performed 6 sessions with q = 1. In the 7th session, the
transition parameter was set to q = 0. Figure 4.10 shows the results of the parameter
�tting for the 12 subjects from this group. A clear increasing trend in the �tted
exponent κ can be observed for almost all of the subjects. For some subjects (e.g.,
S1, S4, S5, S6, S10, S11), the value of κ changed from ≈ 1 to ≈ 2 during the �rst 6
sessions. This suggests that subjects initially did not employ an optimal PD feedback
that would result in (4.9). The measured critical length was found to be larger than
the theoretical one, which is re�ected by the average ratio c/c1 being 2.852 (see the
red scale on the right axis in the panels). Over the �rst 6 sessions, all the 12 subjects
showed improvement, i.e., the value of c/c1 was decreasing and/or the value of κ was
increasing (see the blue scale on the left axis in the panels). Still, there were 4 subjects
(S3, S7, S8, S9), who did not show signi�cant improvement. In the 7th session the
subjects performed the trials with q = 0. In this session, the subjects' performance
re�ected that of the theoretical model in the sense that the �tted exponent was κ ≈ 1,
i.e., the relation between Lcrit and τ was found to be proportional as expected from
(4.10).

Group 2 started the tests with the Aristotelian dynamics, they performed the �rst
6 sessions with q = 0 and the 7th session with q = 1. The results are shown in
Figure 4.10. In this group, no signi�cant change was observed in the �tted parameters
during the �rst 6 sessions. The �tted exponent κ was ≈ 1 already in the �rst and/or
second sessions, which corresponds to the theoretical model given by (4.10). The
change in the �tted ratio c/c1 also did not change signi�cantly after the second session.
This suggests that subjects were readily able to control the Aristotelian dynamics.
Nevertheless, similarly to group 1, the measured critical length was found to be larger
than the theoretical one: the average ratio c/c0 was 2.293. During the 7th session with
q = 1, however, the subjects' performance was poor, similarly to the result in session
1 in group 1.

The balancing trials in the two groups clearly highlighted the di�erence between
the two virtual balancing tasks. For both groups, the initial sessions showed, that the
control mechanism employed by the subjects �ts better with the Aristotelian dynamics
(i.e., κ ≈ 1). Subjects in group 2 were able to adopt the linear relation between the
critical length and the delay faster and better than subjects in group 1 were for the
quadratic relation. These observations suggest that Aristotelian dynamics are easier
to be adopted by the subjects than the Newtonian dynamics.

The results for all subjects are summarized in Figure 4.11. Two main observations
can be made concerning the parameter variation in the �rst 6 sessions. First, it can
be seen that the �tted exponent κ̄ averaged over the subjects converges fast to the
theoretical value κ = 1 for group 2. Already at the �rst session κ̄ = 0.858 (±0.228 std)
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Figure 4.11: Variation of the average �tted exponent κ̄ (a, c) and
regression ratios c̄/c1 (b) and c̄/c0 (d) over the course of study for group
1 (a,b) and group 2 (c,d). The error bar indicates average ± standard
deviation. Blue markers correspond to sessions taken with transition
parameter q = 1, while red markers shows the result of sessions with

q = 0.

and by the third session κ̄ = 0.998 (±0.184 std). In group 1, although there is a slow
tendency in the average value of the �tted exponent towards κ = 2, it does not reach
κ = 2 after 6 sessions. Second, changes in the regression coe�cients show that subjects
in group 1 improved over the 6 sessions (c̄ was decreased by 17%), while subjects in
group 2 did not show any signi�cant change in c̄. We can attribute the change of κ to the
accommodation of the control strategy to the underlying dynamics (either Newtonian or
Aristotelian), while the change in c re�ects the �ne-tuning of the controller to increase
robustness [71]. It shall be noted that an increase in κ and a decrease in c both result
in a decrease in Lcrit, hence, an improvement in balancing performance. Moreover,
the critical lengths during the 6 sessions have generally decreased for all subjects (as
shown by the sample in Figure 4.8). Figure 4.11 also shows �tted parameters for the
7th session, where the transition parameter was changed to the other dynamics. An
interesting observation is that in group 1, the standard deviation of the �tted exponent
κ̄ and the regression ratio c̄ in the 7th session is much smaller than for group 2.

4.3.3 Discussion

Adding extra time delay to identify the dynamics of motion control is a frequently used
technique in physiology [89, 90, 20, 80]. In this study, a virtual balancing task was
used to measure the dependency of the minimal length Lcrit that a subject can balance
on the overall reaction delay τ during a ∼30 min balancing session. This balancing
session was repeated six times with overnight consolidation by each subject to analyze
the improvement of the balancing performance due to adaptive learning. Subjects
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were separated into two groups based on whether the transition parameter q was 1
(Newtonian dynamics) or 0 (Aristotelian dynamics). The e�ect of q is manifested in
the relation between Lcrit and τ , namely, Lcrit is proportional to τ 1+q. Based on the
evaluation of the systematic sessions of balancing trials, the following observations were
made.

For Group 1, the �tted exponent was initially κ̄ ≈ 1 and slowly increased in average
up to κ̄ ≈ 1.5 over the 6 sessions. This shows that there is a tendency towards the
theoretical critical length Lcrit, but the exponent does not reach the theoretical value
κ = 2 after 6 sessions. The learning mechanism is also re�ected in the decreasing values
of the regression parameter c (hence a more-and-more �attened quadratic curve).

For Group 2, the �tted exponents and the regression parameters do not show any
large deviation: κ̄ ≈ 1 and c̄/c0 ≈ 2.34 over the 6 sessions. This suggests that subjects
can either readily apply or agilely adapt Aristotelian dynamics in terms of the critical
length.

In the 7th session, the critical length was determined for a di�erent transition pa-
rameter. In group 1, the �tted parameters κ̄ and c̄/c0 were about the same as the ones
for group 2 in the �rst 6 sessions. This also con�rms that subjects inherently possess
the ability to control Aristotelian dynamics. Furthermore, the standard deviation for κ̄
was signi�cantly smaller than that of group 1 in the �rst 6 sessions. This suggests that
subjects can control Aristotelian dynamics more safely after practicing with the Newto-
nian dynamics. In group 2, the Aristotelian dynamics were replaced by the Newtonian
one in the 7th session. In this case, the �tted parameters correspond to the parameters
of subjects in group 1 in the �rst session. This supports the overall observation that
the Newtonian dynamics are more di�cult to control and is more di�cult to acquire
than the Aristotelian dynamics, at least in virtually controlled balancing tasks.

From a dynamical point of view, the main di�erence between the two tasks is that
Newtonian dynamics (q = 1) is governed by a second-order di�erential equation, while
Aristotelian dynamics (q = 0) is governed by a �rst-order di�erential equation. On
the other side, the control action was modeled as a delayed PD feedback, i.e., as a
�rst-order dynamic controller, for both cases. In the case of Aristotelian dynamics, a
simple proportional (P) feedback without any velocity (derivative) term can stabilize
the system, while for the Newtonian dynamics stabilization is not possible without
derivative feedback [6, 91]. This attribute highlights the importance of receptors that
perceive velocity during Newtonian motion control [88]. The change from P to PD
feedback in Aristotelian dynamics corresponds to a change from PD to proportional-
derivative-acceleration (PDA) feedback in Newtonian dynamics. Although the feedback
of acceleration signal may have bene�cial e�ects concerning robust stability [7, 74],
there is no physiological evidence that the human visual system is capable of precisely
detecting acceleration [92, 93]. Nevertheless, the relation between Lcrit and τ is linear
for both P and PD feedback in the Aristotelian dynamics and is quadratic for both PD
and PDA feedback in the Newtonian dynamics.

An interesting observation is that, in the �rst session, the �tted exponent was
about the same for both groups: κ̄ = 0.920 (±0.199 std.) for group 1 and κ̄ = 0.858
(±0.228 std.) for group 2. However, the regression coe�cient c̄ is larger for group 1,
namely, it is c̄/c1 = 2.852 (±0.257 std.), while it is c̄/c0 = 2.293 (±0.461 std.) for group
2. This is also an indirect argument for the conclusion that Newtonian dynamics are
more di�cult to control than Aristotelian.
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Systematic exercises of a motor control task are known to lead to the development
of an internal-model-based feedforward mechanism [94, 5, 8]. Based on control sys-
tem theory, the corresponding control mechanism is the predictor feedback. It shall
be noted that the relation between Lcrit and τ for predictor feedback in the presence
of parameter uncertainties is also quadratic for Newtonian dynamics [74]. A straight-
forward consequence of the order of the open-loop system is that for the Aristotelian
dynamics, this relation is linear, similarly to PD feedback. Hence, the results in this
chapter can directly be interpreted for predictor feedback models as well. Another in-
terpretation of internal models is open-loop feedforward mechanisms, where the state
of a moving object is predicted based on its actual position and velocity. The ball
catching paradigm is an often refereed example for such an open-loop prediction [1, 95,
96]. The evidence of an internal model capable of estimating the movement of an object
in the gravitational �eld has been well established by experiments performed in 1g and
0g environments [95, 96, 2]. The approach in this chapter is di�erent: gravitational
force is applied but the law of motion is modi�ed. Still, the concept to investigate the
same motion in di�erent environments (1g or 0g, Newtonian or Aristotelian) may help
in discovering the adaptability of the human nervous system in di�erent conditions.
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4.4 Main results

Considering the manipulation of objects with complex behaviour, human subjects are
mostly limited by their sensorimotor uncertainties and their reaction delay. Using
the result of the previous chapters and the developed virtual balancing environment,
two groups of people were tested to investigate the similarities to the theoretical PD
feedback. Two main contributions can be stated on the control strategy of human
manual control based on the measurement results. Based on virtual stick balancing
trials by 27 human subjects the following observation is stated.

3. Main contribution

After systematic series of virtual balancing tests with arti�cially added reaction
delays, the relation between the critical length Lcrit (the length of the shortest
stick that human subject can balance) and the overall reaction delay τ can be well
described by Lcrit = cτ 2 with an average coe�cient of determination R2 = 0.82.
The regression coe�cient c re�ects the robustness to uncertainties in sensory and
motor control. Relating the human performance to the theoretical model implies
that the allowed static uncertainty in the perception of angular position is 14.1%
on average, while the allowed perturbation in the velocity feedback is 40.3%.

Virtual stick balancing trials were performed by 24 subjects with arti�cially added
reaction delays, such that the dynamics were second-order for half of the subjects
(Group 1.) and it was �rst-order for the other half (Group 2.). The relation between
the reaction delay (τ) and the critical length (Lcrit, the length of the shortest stick
that a human subject can balance) can be well described by Lcrit = cτκ, where c is the
control e�ciency parameter. Based on the theoretical model, the exponent κ = 1 for
�rst-order dynamics and κ = 2 for the second-order dynamics. The �tted exponent
during the initial sessions was κ ≈ 1 independently of the order of the dynamics. The
�tted exponent κ converged to 1.5 for Group 1, and it was κ ≈ 1 for Group 2 over the
�rst 6 sessions. In the 7th session, both groups performed the session with a dynamics
order di�erent from the one they were training on, and the �tted exponent was κ ≈ 1
for both groups. Based on the measurements the following observation is stated.

4. Main contribution

After systematic series of 6 + 1 virtual balancing sessions with overnight con-
solidation, skill development of subjects trained on second-order dynamics was
more pronounced, than for the subjects trained on �rst-order dynamics in terms
of critical length. On the 7th session the subjects trained on second-order dynam-
ics, showed good performance in �rst-order dynamic tests. The subjects trained
on �rst-order dynamics, showed that they have to re-adapt to the more complex
second-order task. This suggests that human subjects can readily adapt to �rst-
order dynamics, while accommodation to second-order dynamics requires more
practice.

Related publications: [97, 51, 74, 98]



65

Chapter 5

Balancing with an inertial sensor

In this chapter, the stabilization of an inverted pendulum is achieved with the help of
an inertial measurement unit. The e�ect of modelling di�erences due to simpli�cations
are investigated, and di�erent control strategies are compared.

The modeling of engineering systems often involves one or several levels of simpli-
�cation. However, the stability properties of the system can change drastically with
these simpli�cations. One may lose important information about the behavior of the
system, which can lead to an incorrect conclusion. In the next chapter, the e�ect of
model simpli�cation is discussed in a balancing example. The following mechanical
model can be considered as a model for postural sway in the frontal plane [6] as well
as a digitally controlled inverted pendulum with a reaction wheel [99].

5.1 Model description

A simple mechanical model of the balancing task is shown in Figure 5.1. The body
to be balanced is pinned at point O and a control torque u is provided by a reaction
wheel (also called inertial wheel) connected to the body at point B. The reaction wheel
is assumed to be controlled directly. Due to the action-reaction e�ect, this mechanism
can be used to apply a control torque on the body (see, e.g., [99]). The angular position
φ of the body versus vertical was measured by an inertial sensor, which was modeled
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Figure 5.1: Mechanical model: the pinned body, the inertial sensor
and the reaction wheel.
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as a spring-mass system, attached to the body at point A. This model can be used also
for human balancing in the frontal plane with the arms playing the role of the reaction
wheel, e.g., slack-line balancing. The linearized equations of motion for the system in
Figure 5.1. reads

Joφ̈(t)−mgHφ(t) +m0(h
2φ̈(t) + ghφ(t) + hξ̈(t)− gξ(t)) = u(t), (5.1)

m0ξ̈(t) + k0ξ̇(t) + s0ξ(t) +m0(hφ̈(t)− gφ(t)) = 0, (5.2)

where m is the mass of the body and the reaction wheel, H is the distance between the
center of gravity C and the pivot point O, Jo is the mass moment of inertia with respect
to the axis normal to the plane of the �gure through point O of the pendulum and
the reaction wheel, m0, s0 and k0 are the modal mass, the sti�ness, and the damping
parameters of the inertial sensor and h is the distance between the suspension point O
and the inertial sensor. The parameters of the body are �xed to H = 0.2 m, m = 0.5 kg
and Jo = 0.2 kgm2. The modal mass of the inertial sensor are taken from [100], as
m0 = 9.65×10−7 kg and the modal sti�ness parameter was set to s0 = 9.65×10−3 N/m,
such that the natural frequency of the sensor is α0 = 100 rad/s, while the damping
parameter is set to k0 = 7.72×10−5 Ns/m. The equations can be written in a standard
form, such as

φ̈(t)− bφ(t) + γ
(
h(ϵφ̈(t) + φ(t)) + ϵξ̈(t)− ξ(t)

)
=

1

Jo
u(t), (5.3)

ξ̈(t) + 2D0α0ξ̇(t) + α2
0ξ(t) = g(φ(t)− ϵφ̈(t)), (5.4)

where b = gHm
Jo

is the system parameter, γ = m0g
Jo

, ϵ = h
g
is the parameter related to

the position of the sensor on the rod, α0 =
√

s0
m0

the natural angular frequency and

D0 = k0
2
√
s0m0

is the relative damping coe�cient of the inertial sensor. The fact that
the characteristic time constant of the inertial sensor (1/α0) is smaller by a factor of
50 than that of the pinned body (1/

√
b) implies that the dynamic e�ect of the inertial

sensor can be neglected. In a realistic case, the natural frequency of the sensor is even
larger α0 = 12088 rad/s, resulting in a greater characteristic time constant ratio. Based
on this concept, we consider four di�erent models by neglecting terms involving the
dynamic parameters of the inertial sensor.

(M1) In a quasi-static model, it is assumed that all the higher-order terms (ξ̇, ξ̈, φ̈) are
negligible in equation (5.4), together with the terms multiplied by γ in equation
(5.3). This is arguably an oversimpli�cation of the underlying system, though it
results in a simpler model. In this case equation (5.3) can be simpli�ed to

φ̈(t)− bφ(t) =
1

Jo
u(t), (5.5)

while equation (5.4) gives

ξ(t) =
g

α2
0

φ(t). (5.6)

(M2) In a semi-quasi-static model, we assume that again all the terms involving m0

and k0 are negligible except for two terms, namely, the static term m0gφ(t) and
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the dynamic term m0hφ̈(t) in equation (5.4). The corresponding equation of
motion is the same as (5.5), but the displacement ξ can now be given as a linear
combination of the angular displacement and angular acceleration as

ξ(t) =
g

α2
0

(φ(t)− ϵφ̈(t)). (5.7)

Note that if h = 0 then models M1 and M2 are identical.

(M3) An extension of model M2 is that only the term ξ̈(t) is neglected in equation
(5.4), and the term ξ̇(t) is left unchanged.

1. In this case the system is governed by equation (5.5) together with

ξ̇(t) +
α0

2D0

ξ(t) +
g

2D0α0

(ϵb− 1)φ(t) = − gϵ

2D0α0

u(t) (5.8)

This model corresponds to a 1.5 DoF dynamical system, since only the �rst
derivative of the state variable ξ(t) shows up in the governing equations. Although
the validity of this model might be questionable, it provides a transition between
model M2 and model M4 with some interesting features.

(M4) No terms are neglected in equations (5.3) and (5.4). This model corresponds to
a 2 DoF dynamical system with generalized coordinates φ and ξ.

The output signal y of the inertial sensor, which is used as input in the controller,
is assumed to be proportional to the relative displacement ξ of the block of mass m0

in the piezo-ceramic crystal such that

y(t) = Ksξ(t), (5.9)

where Ks [V/m] is the characteristic constant of the inertial sensor. The control mech-
anism is realized with a simple PD controller. It is assumed that the angular position
and the angular velocity of the reaction wheel are not controlled. The control torque
u is calculated using the output y of the inertial sensor according to the PD feedback
scheme u = Py +Dẏ, where P and D are the proportional and the derivative control
gains. The idea behind this feedback is that in the case of a �xed position φ ≡ φ∗

with φ∗ ̸= 0 and |φ∗| being small, the displacement ξ and therefore the output y is
proportional to the angular position φ. Four di�erent concepts are considered for the
calculation of the control torque u.

(C1) Real-time analogue control:

u(t) = P y(t) +D ẏ(t). (5.10)

(C2) Analogue control with a constant feedback delay τ :

u(t) = P y(t− τ) +D ẏ(t− τ). (5.11)

(C3) Discrete-time control with sampling period h and with feedback delay:

u(t) = P y(tj−r) +D ẏ(tj−r), t ∈ [tj, tj+1), tj = j∆t, j ∈ Z+. (5.12)
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Here r ∈ N is the delay parameter and τ = r∆t is the feedback delay.

(C4) Discrete-time control with numerically calculated derivative term:

u(t) = P y(tj−r) +D
y(tj−r)− y(tj−r−1)

∆t
, t ∈ [tj, tj+1), tj = j∆t, j ∈ Z+.

(5.13)

The four mechanical models and the four control concepts give altogether 4×4 = 16
models. Di�erent models are named by combining the above notations. For instance,
M3C1 refers to mechanical model M3 with control force model C1. In the next sections,
di�erent control concepts are discussed in terms of the stabilizability of the di�erent
mechanical models (M1-M4).

Di�erent models are investigated under the same framework. The equation of mo-
tion can be transformed into an extended state space form as

ẋ(t) = Ax(t) +Bu(t), (5.14)

where A, B are the system and input matrices. For model M1 and M2

x(t) =

[
φ(t)
φ̇(t)

]
, A =

[
0 1
b 0

]
, B =

[
0
1
Jo

]
,

for model M3

x(t) =

φ(t)φ̇(t)
ξ(t)

 , A =

 0 1 0
b 0 0

g(1−bε)
2D0α0

0 − α0

2D0

 , B =

 0
1
Jo

− a
2D0α0Jo

 ,

and for model M4

x(t) =


φ(t)
ξ(t)
φ̇(t)

ξ̇(t)

 , B =


0
0
1
Jo

− a
Jo

 ,

A =


0 0 1 0
0 0 0 1

−aγ + b− γgε α2
0γε+ γ 0 2D0α0γε

a(aγ − b) + g(aγε+ 1) α2
0(−(aγε+ 1))− aγ 0 −2D0α0(aγε+ 1)

 .

5.2 Analogue control concepts C1 and C2

Analogue control concepts C1 and C2 are investigated under the same framework. The
case τ = 0 gives the control concept C1, while τ > 0 gives concept C2. In this case the
output and the control law can be given as

ŷ(t) =

[
y(t)
ẏ(t)

]
= C1x(t) +C2ẋ(t) +C3ẍ(t), (5.15)

u(t) = Kŷ(t− τ), K = [−P −D] , (5.16)
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c0 c1 c2 c3 c4

M1 pe−λτ − b de−λτ 1 0 0
M2 pe−λτ − b de−λτ 1− pϵe−λτ −dϵe−λτ 0
M3 pe−λτ − b de−λτ − bζ 1− pϵe−λτ ζ − dϵe−λτ 0

M4
pe−λτ − b
+γg(ϵ− 1

α2 )
de−λτ − bζ
+γgζϵ

1− pϵe−λτ

+γg( 3ϵ
α2
0
+ ϵ2)− b

α2
0

ζ(1 + γgϵ2)− dϵe−λτ 1
α2
0

Table 5.1: Coe�cients of the characteristic polynomial for control con-
cepts C1 and C2, where ζ = k0/s0 = 2D0/α0, p = KsgP/(α

2
0Jo) and

d = KsgD/(α2
0Jo).

where C1, C2, C3 are the model speci�c coe�cient matrices. For models M1 and M2

C1 =

[
g 0
0 0

]
, C2 =

[
0 −a
g 0

]
, C3 =

[
0 0
0 −a

]
,

for model M3

C1 =

[
0 0 1
0 0 0

]
, C2 =

[
0 0 0
0 0 1

]
, C3 = 02×3

and for model M4

C1 =

[
0 1 0 0
0 0 0 0

]
, C2 =

[
0 0 0 0
0 1 0 0

]
, C3 = 02×4.

Substituting the trial solution x(t) = X0e
λt, the characteristic function can be written

as

D(λ) = det
(
λI−A− e−λτBK(C1 + λC2 + λ2C3)

)
=

4∑
k=0

ck(λ)λ
k. (5.17)

where the coe�cients ck(λ) are collected in Table 5.1. The order of the system is
determined by the dimension of the underlying mechanical model. For model M1 the
system is described by a 1 DoF mechanical system which is represented by a second-
order di�erential equation. This is formulated with two state variables, therefore the
corresponding characteristic equation is a second-order polynomial. In the case of
model M2, the order of the system increases due to the second derivative of the angular
position in the perceived signal. This results in a higher-order term in the characteristic
polynomial, which has an opposite sign compared to other coe�cients. This suggests
an unstable behavior for any continuous-time control for model M2. The transition
between models M1 and M2 is connected to the position of the inertial sensor. As long
as the sensor is placed on the pivot point, model M1 is valid and the inertial e�ect of
the sensor can be neglected. On the other hand, if the sensor is placed somewhere along
the body of the pendulum, then these inertial e�ects introduce dynamical responses
and model M2 should be used. These previous two models were already investigated by
Insperger [101]. From here onward an extension of this model is discussed, where the
model simpli�cations are taken under the scope. In model M3, it is assumed that only
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the acceleration of the signal ξ̈ is neglected. In mechanical terminology, this results in
a 1.5 DoF system, which is represented by 3 state variables. In comparison with model
M2, this model is also described by a third-order polynomial, but the stabilizability of
the system might be possible with proper parameter setup. In case of model M4, no
terms in (5.3) and (5.4) are neglected.

The stability of continuous feedback control can be investigated by determining the
roots of the characteristic polynomial. In the analogue case, all the roots must lay on
the left side of the complex plane for asymptotic stability. The delayed and delay-free
controller can be investigated with di�erent techniques to determine the stabilizability
of the system.

5.2.1 Real-time state feedback: control concept C1

If the control process is much faster than the open-loop dynamics, then τ = 0 is a
valid assumption, which justi�es control concept C1. After substituting τ = 0 into the
characteristic equation (5.17), the stability of regular polynomials has to be analyzed.
Many methods are available for this purpose, here the combination of the D-subdivision
method and Hurwitz criteria were applied. A symbolic mathematical software was
used to obtain the conditions in Table 5.2. The inequalities bound an in�nitely large
domain in the (p, d) plane for model M1-M3 (only when ϵ = 0 for model M2). In the
case of model M4, the conditions obtained from the characteristic equations were too
complicated to be given in a closed-form. Therefore, the root crossing boundaries were
calculated using the D-subdivision method. It can be observed, that the curve bounds
a �nite region in the (p, d) plane, which is found to be stable by calculating the roots
of the polynomial (5.17).

To visualize the stability regions a set of �gures is created for di�erent models.
In Figure 5.2. the stability maps for ϵ = 0 are shown. In the upper row, a larger
domain is visualized, while the lower panels are zoomed into the relevant range of
parameters. It can be seen that the stability properties of the di�erent systems do
not change drastically in the vicinity of small control gain parameters. A key factor in
the stabilizability of the system is the position of the inertial sensor h and the system
parameter b. On top of that, the internal damping of the sensor has major e�ects on

Stability Conditions/Boundaries

M1C1
b ≤ p,
0 ≤ d

M2C1
b ≤ p ≤ 1/ϵ, (b ≤ 1/ϵ),

d = 0

M3C1
b ≤ p ≤ 1/ϵ, (b ≤ 1/ϵ),

ζp ≤ d

M4C1
b ≤ p,

p(ω) = b−gγϵ+ω2(1+gγϵ2)
1+ϵω2 + ω2(3gγϵ−b)−ω4+gγ

α2(1+ϵω2)
, d(ω) = ζ b−gγϵ+ω2(1+gγϵ2)

1+ϵω2

Table 5.2: Stability conditions for asymptotic stability for control con-
cept C1. For model M4 the stable region is bounded by the parametric

curves p, d.
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Figure 5.2: Stability charts for control concept C1, when the position
of the sensor is placed in the pivot point h = 0 m (i.e. ϵ = 0). The
parameters of the system and the sensor are b = 4.905 rad/s2, α0 =
100 rad/s, D0 = 0.4. The top panels are shown on a larger scale of the
gain parameters, while the lower panels focused on the relevant range.

the derivative gain d. In Figure 5.3 the stability diagrams of the system are shown in
the case of ϵ = 0.05 s2. If only proportional feedback is present then only marginal
stability can be achieved for model M2. The condition b ≤ p ≤ 1/ϵ has to be ful�lled
for both models M2 and M3. This presents a limit in the maximal value of the position,
that is h ≤ hcrit = g/b. This limit is also present in the case of model M4. One can
look at the parametric curve corresponding to the derivative gain d and take the limit
as ω → ∞. The condition for the limit in position can be deduced from comparing the
end values of d(ω), such as lim

ω→0
d(ω) = (b− gγϵ)ζ, lim

ω→∞
d(ω) = ζ 1+gγϵ2

ϵ
. The limit can

be found, where the two coincide, thus shrinking the stable region to a single point.
The critical value in this case is h ≤ hcrit = (b −

√
b2 − 8gγ)/(4γ). Interestingly, this

only has minor e�ects on the overall value.

5.2.2 Delayed state feedback: control concept C2

The limitations in real-life application, the �nite propagation speed of information gen-
erally results in a time delay in the feedback controller. Control concept C2 describes
the case of continuous feedback with a single point delay in the control action. Mod-
elling the inertial sensor results in di�erent types of FDEs. As was mentioned, model
M1 is identical to model M2 when ϵ = 0. This results in an RFDE with two state
variables and stable control parameters can be determined. In case, when ϵ > 0 model
M2 is described by an AFDE, where asymptotic stability is not achievable. For model
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Figure 5.3: Stability charts for control concept C1, when the position
of the sensor is placed on the body above the pivot point h = 0.4905 m
(i.e. ϵ = 0.05 s2). The parameters of the system and the sensor are

b = 4.905 rad/s2, α0 = 100 rad/s, D0 = 0.4.

M3, the system is described by an NFDE and the number of state variables increases to
3. In the case of model M4, the full system is modeled and the resulting mathematical
model is an RFDE. The stability of the system can be determined by the roots of the
characteristic quasi-polynomial (5.17), when τ > 0. In this case, a transcendental equa-
tion has to be analyzed which has in�nitely many characteristic roots. Nevertheless,
the root crossing curves can be calculated for all models and control concepts using
the D-subdivision method. In Table. 5.3. the parametric curves of the gain parameters
are collected.

In the case of ϵ = 0, all four models result in an RFDE. There is a possibility
of existing stabilizing control gains. Analyzing the parametric curves in Table 5.3.
shows, that the bounding curves of the parametric curves increase monotonically. The

Root crossing curves

M1C2 p = b,
p(ω) = (b+ ω2) cos(ωτ)

d(ω) = b+ω2

ω
sin(ωτ)

M2C2 p = b,
p(ω) = b+ω2

1+ϵω2 cos(ωτ)

d(ω) = b+ω2

ω(1+ϵω2)
sin(ωτ)

M3C2 p = b,
p(ω) = b+ω2

1+ϵω2 cos(ωτ)− (b+ω2)ζω
1+ϵω2 sin(ωτ)

d(ω) = (b+ω2)ζω
1+ϵω2 cos(ωτ) + b+ω2

ω(1+ϵω2)
sin(ωτ)

M4C2 p = b+ gγ( 1
α2
0
− ϵ),

p(ω) =
gγ+α2

0(b−gγϵ)+ω2(α2
0−b+gγ(3ϵ+α2

0ϵ
2))−ω4

α2
0(1+ϵω2)

cos(ωτ)

− (b+ω2−gγϵ(1−ϵω2))α2
0ζω

α2
0(1+ϵω2)

sin(ωτ)

d(ω) =
(b+ω2−gγϵ(1−ϵω2))α2

0ζω

α2
0ω(1+ϵω2)

cos(ωτ)

+
gγ+α2

0(b−gγϵ)+ω2(α2
0−b+gγ(3ϵ+α2

0ϵ
2))−ω4

α2
0ω(1+ϵω2)

sin(ωτ)

Table 5.3: Parametric curves o� the root crossings in the plane of the
feedback gains p, d for control concept C2.
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Figure 5.4: Stability charts for control model C2, when the position
of the sensor is placed on the body over the pivot point h = 0.04 m
(i.e. ϵ = 0.004 s2). The parameters of the system and the sensor are
b = 4.905 rad/s2, α0 = 100 rad/s, D0 = 0.4. The delay in the feedback

loop is set to τ = 0.2 s.

encircled region contains stable control gains, which can be shown by the Stepan-
formula [26]. If ϵ > 0 then the stability charts of the models are di�erent. In Figure 5.4,
an example is shown for the parameters described in Section 5.1. In the case of model
M2, the system is governed by an AFDE and therefore, it cannot be stabilized by any
control gains, which can be seen by the in�nitely many accumulating crossing curves.
In the case of model M3, the stable region is bounded similarly by in�nitely many

crossing curves, but there is a �nite region of stable control gains indicated by gray
shading. This stability chart is typical for neutral systems. Model M4 gives an RFDE,
and the stable region is approximately the same as for model M3. Here, the upper
bound of the stable region is provided by the crossing curve being close to the natural

Figure 5.5: Bounding curves of the derivative part for system parame-
ter b = 4.905 rad/s2 with feedback loop delay τ = 0.2 s, sensor position
h = 0.04 m (i.e. ϵ = 0.004 s2) and sensor parameters α0 = 100 rad/s,
D0 = 0.4. Panel a) shows the derivative part of the root crossing curve
for the di�erent models, while panel b) shows the bounding curves from

panel a).
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angular frequency of the inertial sensor. These phenomena can be illustrated by the
bounding curves of the derivative gain d(ω), as shown in Figure 5.5. This can be some
resonance e�ect in the control loop, where the delay of the system interferes with the
characteristic time of the sensor.

The limit of stabilizability can be expressed using the delay or some other system
parameters. The main focus here is to determine the position of the inertial sensor,
where stability is still achievable. The limit in the maximums of the derivative para-
metric curve tends to the same value for both models M3 and M4, which can be seen
by investigating lim

ω→∞
d(ω) and lim

ω→α0

d(ω) M3C2 and M4C2 respectively. This gives a

limit for the distance h between the inertial sensor and the pivot point. If h is larger
than the critical distance

hcrit =
2D0g

α0τb
=

2D0Jo
α0τHm

, (5.18)

then there are no stabilizing control gains and stable balancing is not possible. Note,
that hcrit depends on the relative damping and natural frequency of the sensor, as
well as on the delay and system parameter, but does not depend on the gravitational
acceleration g.

5.3 Digital control concepts C3 and C4

Generally, electronic devices utilize digital sampling and actuation for control tasks.
The e�ect of sampling introduces a periodic pattern in the feedback loop and can cause
dynamical performance issues. In this case, the system is governed by the general
state-space representation (5.14). A crucial parameter of the digital controller is the
sampling time, which is in close connection with the delay, such as ∆t = τ/r, where r
is the delay resolution. Due to a piecewise-constant forcing, these digital systems can
be solved as an ODE over a sampling interval [tj, tj+1) which gives a �nite-dimensional
discrete map.

5.3.1 Full state feedback: control concept C3

The full state feedback digital control can be associated as an approximation of the
continuous delayed state feedback. The semi-discretization of the original RFDE results
in the same model as control concept C3. The control input in this case can be written
as

u(t) = Kŷ(tj−r), K = [−P −D] . (5.19)

The system is de�ned by equation (5.14), (5.15) and (5.19) and can be solved over a
sampling period analytically. This results in the following iterated map

zj+1 = Gzj, (5.20)
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Figure 5.6: Stability charts for control concept C3, for di�erent sam-
pling constants r = 1, 5, 10 for all models as well as r = 20 for model
M3. The parameters of the system and the sensor are b = 4.905 rad/s2,
α0 = 100 rad/s, D0 = 0.4 and h = 0.04 m (i.e. ϵ = 0.004 s2). The

feedback delay was set to τ = 0.2 s.

where

G =



P 0n×n 0n×n 0n×2 . . . 0n×2 RBK
AP 0n×n 0n×n 0n×2 0n×2 (AR+ I)BK
A2P 0n×n 0n×n 0n×2 0n×2 (A2R+A)BK
C1 C2 C3 02×2 02×2 02×2

02×n 02×n 02×n I2×2
...

...
...

. . . 02×2 02×2

02×n . . . 02×2 I2×2 02×2


, zj =



xj

ẋj

ẍj

ŷj−1

ŷj−2
...

ŷj−r


and

P = eA∆t, R =

∆t∫
0

eA(∆t−s)ds. (5.21)

To determine the stability, the eigenvalues of the mapping matrix G has to be inves-
tigated. For asymptotic stability, it is necessary, that all the eigenvalues lay inside the
unit circle in the complex plane. The size of matrix G is (3n+2r)×(3n+2r) therefore,
the order of the characteristic polynomial is larger if r is larger, i.e., sampling time ∆t
is smaller. In Figure 5.6. a sample stability chart is shown for each model. Inter-
estingly, the e�ect of sampling can stabilize the system, when r is su�ciently small.
This stabilizing e�ect might be due to the inevitable �ltering of the digital controller.
Higher frequency terms are reduced by the piecewise forcing of the actuation. The
di�erent models show di�erent sensitivity to the sampling period. Model M2 is stable
for the con�guration calculated here. However, for larger r parameters model M2 can
also lose stability since for increasing r the model approximates the continuous-time
model M2C2, which gives an unstable AFDE. In the case of models M3 and M4, this
destabilizing e�ect can be reached for smaller r at lower frequencies. This is shown by
case r = 20 for M3C3 and for r = 10 for M4C3 in Figure 5.6. When r → ∞ then
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the stable region approximates those of M3C2 and M4C2 in Figure 5.4. Therefore,
hcrit in (5.18) gives a lower bound for the critical distance for control concept C3. This
phenomenon can be explained by the Nyquist-Shanon theorem which says, that for
proper observation of a signal the sampling frequency should be twice as large as the
bandwidth of the signal. This translates a bit di�erently here, i.e., the sampling rate
�lters out frequencies larger than a threshold ωB = r2π/τ .

5.3.2 State feedback with discrete-time derivative: control con-

cept C4

In real-life applications, such as robotics or human balancing, the calculation or mea-
surement of velocity is not straightforward. A fair assumption is, that the velocity is
approximated by a discrete di�erence formula. The approximation is calculated from
two succeeding time samples, a single sampling period apart. The governing equations
of control concept C4 is assembled from (5.14), along with

ŷ(t) = y(t) = C̃1x(t) + C̃2ẋ(t) + C̃3ẍ(t) (5.22)

u(t) = K1ŷ(tj−r) +K2ŷ(tj−r−1) (5.23)

K1 = −(P +
D

∆t
), K2 =

D

∆t
.

For models M1 and M2

C̃1 =
[
g 0

]
, C̃2 =

[
0 −a

]
, C̃3 = 01×2,

for model M3

C̃1 =
[
0 0 1

]
, C̃2 = 01×3, C̃3 = 01×3,

Figure 5.7: Bounding curves of the derivative part for system param-
eter b = 4.905 rad/s2 with feedback loop delay τ = 0.2 s and sensor
position h = 0.04 m (i.e. ϵ = 0.004 s2). Panel a) shows the change of the
bounding with respect to the delay parameter r, while panel b) shows

the comparison of control concept C2 and C3 for r = 100.
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Figure 5.8: Stability charts for control concept C4, for di�erent sam-
pling constants r = 1, 5, 10 for all models. The parameters of the system
and the sensor are b = 4.905 rad/s2, α0 = 100 rad/s, D0 = 0.4 and
h = 0.04 m (i.e. ϵ = 0.004 s2). The feedback delay was set to τ = 0.2 s.

and for model M4

C̃1 =
[
0 1 0 0

]
, C̃2 = 01×4, C̃3 = 01×4.

The system can be solved over a sampling period, due to the piecewise constant
actuation. This result to a similar iterated map as (5.20), where the monodromy matrix
and the state vector is constructed as

G =



P 0n×n 0n×n 0n×1 . . . 0n×1 RBK1 RBK2

AP 0n×n 0n×n 0n×1 0n×1 (AR+ I)BK1 (AR+ I)BK2

A2P 0n×n 0n×n 0n×1 0n×1 (A2R+A)BK1 (A2R+A)BK2

C̃1 C̃2 C̃3 0 0 0 0

01×n 01×n 01×n 1
...

...
...

. . . 0 0 0
1 0 0

01×n . . . 0 0 1 0


,

zj =
[
xj ẋj ẍj ŷj−1 ŷj−2 . . . ŷj−r ŷj−r−1

]T
,

where P,R are de�ned similarly to the previous model, as in (5.21). The stability
of the system is investigated the same way as for concept C3, i.e., the stability is
determined by the eigenvalues of the matrix G. Here, the size of G is (3n + r + 1) ×
(3n + r + 1). In Figure 5.8. the stability charts for control concept C4 are shown
for di�erent delay resolutions r. A �ltering e�ect appears also for this control concept.
Although concept C4 has multiple levels of approximation, the frequencies at the upper
stability boundaries are di�erent from those at control concept C3. For concept C4 the
stable regions are smaller than for control concept C3 with the same delay resolution.
Similarly to concept C3, hcrit in (5.18) gives a lower bound for the critical distance for
control concept C4.
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5.4 Discussion

An interesting feature is that a slight di�erence in the modeling concepts changes the
dynamic behavior of the model radically. While model M2C1 cannot be stabilized for
any control gain parameters and model M2C2 is unstable with in�nitely many unstable
characteristic roots, the introduction of the sampling e�ect described by models M2C3
and M2C4 stabilizes the system. Models M4C1�M4C4 describe the inertial sensor as
an oscillator, while models M3C1�M3C4 neglect some terms in the modeling equa-
tions. Omission of further terms yields models M2C1�M2C4 and M1C1�M1C4. The
transition M1C1�M2C1�M3C1�M4C1 shows that, for control concept model C1, when
the feedback delay is neglected (τ = 0), the stable region for model M1 is unbounded,
while for models M2, M3 and M4 the stable region is bounded. Only model M1 can be
stabilized for control gains taken from an unbounded region, and models M2, M3 and
M4 have a bounded region of control gain parameters, if there are any. An interesting
transition between the models is given by the series M1C2�M2C2�M3C2�M4C2, which
results in RFDEs, AFDEs and NFDEs of qualitatively di�erent asymptotic properties.
Model M1C2 is described by an RFDE, which can be stabilized by properly chosen
control gains. Model M2C2 is governed by an AFDE, which is associated with in-
�nitely many unstable characteristic roots independently of the control parameters.
Model M3C2 is governed by an NFDE, which can be stabilized if the derivative control
gain is less than a critical value otherwise the system is unstable with in�nitely many
unstable characteristic roots. Model M4C2 is described by an RFDE, but the system
can be stabilized if the sensor is located below a critical location otherwise, the system
is unstable with �nitely many unstable characteristic roots. The stability diagrams for
models M1C3�M4C3 and M1C4�M4C4 show that the qualitative di�erences between
the di�erent mechanical models disappear when the sampling e�ect of the (digital)
controller is involved in the model. For control concept C4, when the digital e�ect is
combined with a discrete calculation of the angular velocity, the stability diagrams for
mechanical models M2, M3 and M4 are practically identical. This kind of stabilizing
e�ect of the digital controller might be associated with the stabilizing e�ect of para-
metric forcing. This phenomenon is often demonstrated by the parametrically forced
inverted pendulum, which is governed by the Mathieu equation (see, e.g., [102]).

In practice, the di�erent behavior of a real structure and its mathematical model is
often attributed to non-modeled dynamics or noise. In this chapter, these non-modeled
dynamics were partly modeled and their e�ect on the system behavior was analyzed
for a simple balancing task. It was shown that slight modeling details may have a
signi�cant e�ect on the qualitative properties of the model for a given control concept,
but these di�erences vanish when the sampling e�ect of the digital controller is involved
in the model. These observations were checked (where it was possible), with traditional
linear control theory methods to support the validity of the results.
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5.5 Main results

Consider an object that is balanced around a �xed pivot point with a single inertial
sensor and feedback delay. The mathematical model is written in the following form

φ̈(t)− bφ(t) + γ
(
h(ϵφ̈(t) + φ(t)) + ϵξ̈(t)− ξ(t)

)
=

1

Jo
u(t),

ξ̈(t) + 2D0α0ξ̇(t) + α2
0ξ(t) = g(φ(t)− ϵφ̈(t)),

u(t) = −kpξ(t− τ)− kdξ̇(t− τ),

where b = gHm
Jo

is the system parameter, γ = m0g
Jo

, ϵ = h
g
is the parameter related to the

position of the sensor on the rod, α0 =
√

s0
m0

the natural angular frequency,D0 =
k0

2
√
s0m0

is the relative damping coe�cient of the inertial sensor, kp, kd are the feedback gains, τ
is the continuous feedback delay in the closed-loop system and Jo, H, m, s0, m0, k0, h
are the physical parameters of the balanced object. Based on the stability analysis of
the model the following statement can be made.

5. Main contribution

Stable balancing is possible, if and only if, the distance h between the location of
the sensor and the pivot point is less than the critical distance

hcrit =
2D0

α0τ

Jo
Hm

,

When a digital controller is employed, then hcrit gives a larger bound for the
critical distance, and if the sampling frequency is increased then it approaches the
critical distance obtained for the continuous case.

Related publications: [103]
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Human balancing and motion control are often investigated using the model of
feedback stabilization of an inverted pendulum. Stabilization of an unstable system
requires continuous action or continuous series of ballistic movements. The underlying
control mechanism can be described using the terminology of control system theory.
Generally, the presence of state feedback in manual control is necessary to control sys-
tems with divergent (unstable) behavior. The rate of divergence has to be compensated
by the controller. This means, that the controller cannot act slower than the divergence
rate, which gives a limitation to the maximum allowed feedback delay. In engineering
control systems the control parameters can be tuned using control system theories,
that guide the user on which state variables are necessary to measure for achieving
stability and for optimal control. It is assumed that human motion control can be
modeled as a control system whose parameters are tuned during learning by execution.
Still, a lot of aspects of human manual control are debated in the scienti�c community,
including whether human CNS employs delayed state feedback or predictor feedback,
and whether and how noise and disturbance compensation is employed.

Human manual control can be compared with a state feedback control by investigat-
ing the critical parameter limitations. In the paradigm of the inverted pendulum, this
translates to a connection between the critical length (the shortest pendulum, that can
be balanced by the controller) and the feedback delay. The limit of stabilization slightly
changes when parameter uncertainties are present. Although, the critical length can
increase or decrease depending on the control strategy, the trend between the delay and
the critical length is quadratic for second-order dynamical systems (i.e., for Newtonian
systems). This trend quadratic trend is preserved in case of parameter perturbations,
independently of the control strategy. Interestingly, in the case of a �rst-order dynam-
ical system (i.e., Aristotelian dynamics), the relation between the critical length and
the delay is linear. Such arti�cial �rst-order dynamics can be implemented in a virtual
environment. The software was designed to test human subjects while balancing a vir-
tual inverted pendulum under di�erent dynamical conditions. The smallest pendulum
length was determined for each subject with arti�cially added actuation delays. Two
types of systematic measurements of balancing tasks were carried out.

First, 27 subjects were tested in a normal Newtonian environment. The stabilizabil-
ity limitations of manual control showed that the relation between the critical length
and the actuation delay can be well described by a quadratic function, especially for
skilled subjects. The regression coe�cient of this quadratic function, on the other
hand, gives an estimation of the robustness of the control process to uncertainties in
position and velocity perception.

Second, 24 subjects were gathered to participate in a di�erent virtual balancing
experiment. The experiment focused on the skill development of manual control dur-
ing successive repetitions of the task with overnight consolidation. The subjects were
divided into two groups, based on the dynamical environment, to test the development
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of the controller in di�erent circumstances. Group 1 was tested with the Newtonian
dynamics (second-order dynamics). Group 2 was tested with an arti�cial �rst-order
dynamics referred to as Aristotelian dynamics. Group 1 members showed better im-
provement in balancing performance than members from group 2, which can be at-
tributed to the fact that balancing in second-order dynamics is more challenging than
in a �rst-order one. For the Newtonian dynamics, it is necessary to have velocity infor-
mation available for feedback. However, for the Aristotelian dynamics stabilization is
possible with only position feedback. The results re�ected, that the simpler dynamics
require a simpler control strategy in the case of manual control as well. On top of that,
human motion control can be substituted with a theoretical strategy, which allows the
quanti�cation of the level of uncertainties in manual control. Further exploration of
manual control in similar tests may lead to a closer understanding of the fundamental
components of sensory perception and motor execution. Another extension of this work
in the future would be to investigate the stabilizability limits of arti�cial control strate-
gies, such as intermittent control. This could solve the argument on the application of
sophisticated control strategies to model human actuation.

Finally, the e�ect of model simpli�cation has been demonstrated. The stabilization
of an inverted pendulum was investigated, such that the angular deviation is measured
by an inertial sensor. It was shown, that di�erent assumption may result in di�erent
models, that may fail to capture important dynamical behaviours. Likewise, the posi-
tion of the inertial sensor was shown to be a signi�cant parameter in achieving stability.
The dynamical coupling e�ects were stronger when the sensor was placed too far from
the pivot point. Furthermore, a limit for the sensor position can be derived from the
analytical models, which re�ects the dependence of the sensor position on the modal
parameters of the sensor, the mechanical parameters of the balanced object and the
feedback delay of the controller. Interestingly, the application of a digital controller
improves stability as it �lters high-frequency components. Analogously, the human
vestibular system can be modeled as an inertial sensor similar to a spring-mass system.
Therefore, this formula could be a tool for analyzing the human sensory system during
balancing.
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