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Abstract
The results presented in the dissertation can be divided into two categories.

The first set of results, which is presented in the 1. set of theses, presents properties of
discrete-time, acyclic Phase-type distributions (ADPH). These results emphasize similarities
and differences as compared to continuous-time, acyclic Phase-type distributions (ACPH).
Moreover, an algorithm is given for the estimation of the parameters of ADPH distributions
based on the maximum likelihood principle.

The second set of results is presented in the 2. and 3. set of theses. We give methods to
model typical phenomena of communication networks (heavy-tailed distribution, long-range

dependence) with Markovian models.

1 Background

Communication networks are characterized by dynamic change. New technologies and archi-
tectures introduce new services. When introducing new techniques it is important, both from
the point of view of thrift and from the point of view of quality of service, to have a clear
view on the performance issues.

Performance analysis can be performed through the analysis of the stochastic model de-
scribing the system under study. Markovian models gained widespread use in practice because
their numerical analysis is easy (at least compared to other model classes that do not enjoy
the Markov property) and several algorithms and tools are at hand for the modeler.

A Markov chain can be discrete-time, in which case the distribution of the duration be-
tween state changes is geometric, or continuous-time when the duration between state changes
is exponentially distributed. This property poses strong limitation on what kind of phenomena
can be modeled with sufficient accuracy with Markov chains. We can overcome this prob-
lem to some extent by representing one state of the system by several states of the Markov
chain. In this case the duration between system state changes corresponds to the time that
the Markov chain spends in a set of its states. The intensities inside that set of states which
represents the same system state have to be set such a way that the time spent there cor-
responds to the duration that the system spends in this system state. Important task is to
develop fitting algorithms and to analyze how precise the approximations are.

Apart from fitting distributions, it is a relevant problem to fit processes too. This can be
necessary, for example, when we need to model the arrival of clients to a queue. If we wish to

use a Markovian model to describe the system, we need a Markovian model to describe the



arrival of the costumers. In this case too, the accuracy of the approximation has to checked.

2 Research aims

The objective of the research can be divided into to categories.

2.1 Discrete-time, acyclic Phase-type distributions

Phase-type distributions are given by the time to absorption of a Markov chain [9]. If the
Markov chain is discrete-time, the resulting distribution is discrete, if it is continuous-time,
the time to absorption follows a continuous distribution. Since the '70’s numerous articles
have been published that deal with properties and application of continuous-time Phase-type
distributions (CPH) [10]. On the contrary, less research considered discrete-time Phase-type
distributions (DPH).

In case of acyclic Markov chains, the resulting distributions are called discrete- or
continuous-time, acyclic Phase-type distributions (ADPH or ACPH). Experiments suggest
that restricting ourselves to acyclic PH distributions does not pose limitation from practical
point of view.

For what concerns ADPH distributions the research aims were the following:

e To describe the properties of ADPH distributions and to compare them to the properties
of ACPH distributions.

e To develop an algorithm that constructs an ADPH approximation for any general dis-
tribution. To test the algorithm and to compare the accuracy of ACPH and ADPH

approximations.

The results connected to ADPH distributions are summarized in the 1. set of theses.

2.2 Traffic modeling by Markovian models

Recent studies on traffic of communication systems have shown evidence of several phenom-
ena whose modeling with Markovian models applying the traditional estimating procedures
results in low accuracy. Such phenomena are the heavy-tailed distributions or the long-range

dependent processes. The research aims connecting to this area were:

e To analyze the effect of the distance measure applied in Phase-type fitting on the accu-

racy of the resulting approximation when fitting heavy-tailed distributions.
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e To develop an algorithm for efficient and accurate fitting of heavy-tailed distributions
with Phase-type distributions. To test the algorithm and to study the accuracy of the

approximations.
e To develop methods for the approximation of long-range dependent processes with
Markovian models. To test the methods and their accuracy.

The related results are summarized in the 2. and 3. sets of theses.

3 Methodology

The methods utilized during the research were determined by the above mentioned aims. The

necessary theoretical background is composed of the following factors.

e Theory of stochastic processes with particular interest to Markovian stochastic pro-

cesses.

e As | aimed at constructing algorithms that are capable of generating traffic similar to
that of real networks, it was necessary to study the statistical tests that provide the
description of real traffic data. Moreover, it was important to gain familiarity with the

parameter estimation techniques.

For what concerns the methodology of the research the following components are worth to

mention.
e Measurement studies regarding traffic of telecommunication networks are available on
the world wide web [12].
e For the analysis of the available data the statistical tests had to be implemented.

In order to study the applicability of the developed procedures, the following components

were necessary.

e Implementing the procedure.

e Studying the goodness of the approximations from the point of view of the relevant
statistical tests.

e Studying the goodness of the approximations by plugging them into complex stochastic
models. This was done, for example, by plugging the approximation of the service time
distribution into a queuing model and checking the goodness of the fitting from the

points of view of overall performance indices of the system.
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Figure 1: Canonical forms for ADPH distributions
4 New results

1. set of theses: discrete-time, acyclic Phase-type distributions

In this set of theses I summarize the results regarding discrete-time, acyclic Phase-type distri-
butions with particular interest to emphasize similarities and differences to continuous-time,
acyclic Phase-type distributions. The next three theses delineate the most important issues.

Thesis 1.1 [ have shown that any discrete-time, acyclic Phase-type distribution can be trans-
formed into any of the canonical forms depicted in Figure 1. Any of these canonical forms
gives the minimal representation of the given ADPH distribution in the sense that it describes
the distribution uniquely and with the minimal number of parameters. The next equations
provide the connection between the canonical forms.

i
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The previous thesis gave a property of ADPH distributions. A very similar property is
known for ACPH distributions [5].
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Figure 2: Structure exhibiting the minimal coefficient of variation

An obvious difference between the discrete-time and the continuous-time cases is that
with ADPH distributions one can realize a distribution with 0 coefficient of variation (i.e.,
a deterministic duration) while it is not possible with ACPH distributions. The next thesis
indicates more precisely the difference between the discrete-time and the continuous-time

cases from the point of view of the minimal coefficient of variation.

Thesis 1.2 The minimal coefficient of variation that can be realized by an n-phase ADPH

distribution depends on the mean and is given by

L(m)(1 — R(m))

5 if m<n,
m

CUpyin (M) = (2)
1 1
- — — if m>n,
n o m

where m denotes the mean of the distribution and R(m) the fractional part of m. The structure
that exhibits the minimal coefficient of variation depends on the relation of n and m; it is

depicted in Figure 2.

For the continuous-time case the minimal coefficient of variation is given by Aldous and
Shepp[1]: it depends only on the number of phases and it is 1/n. The difference between the
discrete-time and the continuous-time cases from the point of view of the minimal coefficient
of variation is illustrated in Figure 3 for fixed number of phases and in Figure 4 for fixed
mean. It can be deduced from the figures that, if the difficulty of the fitting is caused by the
low coefficient of variation and it is important to model precisely the coefficient of variation,
application of ADPH distributions compared to ACPH distributions can be beneficial.

In order to apply ADPH distributions in complex stochastic models parameter estimation

procedures are required.
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Thesis 1.3 [ have developed an estimation algorithm that provides the parameters of the
approximating ADPH distribution for a given set of samples. The procedure is based on the
mazximum likelihood principle.

Nowelty of the procedure lies in the time-domain derivative of the likelihood function that
leads to a more stable estimation procedure compared to the algorithm based on the transform-

domain derivative.

The validation of the parameter estimation procedure was carried out by fitting distribu-
tions whose ACPH approximation is known [3]. The experiments confirm the theoretical result
given in Thesis 1.2: for distributions with low coefficient of variation ADPH distributions gives
better fitting than ACPH distributions. Moreover, it turned out that for distributions with
low coefficient of variation Thesis 1.2 provides a good suggestion for the number of phases.

The results presented in the 1. set of theses, together with other achievements regarding
ADPH distributions, have been published in [J2]. The estimation algorithm is implemented
in the tool PhFit [C8]. A comparison of ADPH and ACPH distributions in complex modeling

context is presented in [J1].

2. set of theses: approximating heavy-tailed distribution by PH dis-

tributions

From the 1980’s several algorithms have been developed for the estimation of parameters of

Phase-type distributions. All of these algorithms perform the fitting according to a predefined



distance measure [7].

Thesis 2.1 [ have developed and implemented an estimation procedure that is more general
than the previous ones in the sense that it optimizes the parameters of the Phase-type distri-
bution according to an arbitrary distance measure.

The non-linear optimization problem is solved by consecutive linearization of the goal func-
tion starting from a random point of the parameter space. In every step of the algorithm, we
need the derivatives of the goal function according to the parameters. These derivatives are

calculated numerically.

Recent studies on traffic of telecommunication systems have given evidence that some
of the important random quantities of typical networks follow heavy-tailed distribution [4].
With the general parameter estimator I have carried out experiments in order to find a good
measure for fitting heavy-tailed distributions. The experiments evidenced that none of the
commonly used distance measures performs well for heavy-tailed distributions.

Feldman and Whitt presented a heuristic fitting method for approximating heavy-tailed
behavior with hyperexponential distribution [6]. Shortcoming of their method is that it can

be applied only to distributions with monotone decreasing probability density function.

Thesis 2.2 [ have developed a fitting procedure for the efficient approximation of heavy-tailed
behavior by ACPH distributions. The procedure combines the general fitting method with the
heuristic method of Feldman and Whitt. The combined algorithm relaxes the restriction posed
by the heuristic method.

The combined algorithm starts with determining the parameters of the hyperexponential
distribution that considers only the tail of the distribution to be fitted. Then the general
method is performed to take into account the body of the distribution. The general method had
to be appropriately modified in order to be combined with the heuristic method of Feldman and
Whitt.

The goodness of the new algorithm was tested both by comparing the original heavy-
tailed distribution and its approximation and by applying the approximation in complex
stochastic models. The experiments showed that the suggested combined method is applicable
in practice.

Characteristics of the combined estimation algorithm is illustrated in Figures 5 and 6
through the fitting of a distribution with Pareto tail. The expression X+Y in the legend

indicates that X phases were used to fit the body while Y phases were used to approximate



the tail. Additional part of the legend gives the upper bound of fitting the tail. With the
combined algorithm, because it separates the fitting of the body and the tail, one can set
the precision of fitting the body and the precision of fitting the tail independently of each
other. The figures show that the PH distribution follows the original tail behavior only up to
a finite time point. However this time point can be freely chosen by setting appropriately the
parameters of the heuristic fitting algorithm.

Figures 7 and 8 illustrate the goodness of the fitting in the context of queuing. We consider
a queue in which clients arrive according to a Poisson process and gain service according to
a distribution with Pareto tail. The figures give the body and the tail of the queue length
distribution of the original queuing model and the queue length distribution of the queuing
model in which the distribution with Pareto tail is approximated by a PH distribution. The
characteristics of the tail fitting are reflected by the tail of the queue length distribution.
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Figure 5: Fitting a heavy-tailed distribution Figure 6: Fitting a heavy-tailed distribution
(body) (tail)

The results of the 2. set of theses are presented in [C16]. The combined algorithm is
included in the tool PhFit [C8].

3. set of theses: fitting self-similar and multi-fractal processes by
Markovian models

Besides the presence of heavy-tailed distributions, long-range dependence of traffic processes
of networks was also reported in recent studies [8]. When fitting a long-range dependent

process, there is emphasis on capturing its self-similar or multi-fractal nature. In the opening

phase of research connected to this subject, it was agreed on that Markovian models are not
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capable of capturing this kind of behaviors to a sufficient extent. My research in the field
took the aim of proposing Markovian traffic models that exhibit self-similar or multi-fractal
nature throughout all those timescale that are important from the point of view performance
analysis.

The Markovian arrival process presented in the next thesis exhibits the so-called “pseudo

self-similar” property, that is, it exhibits self-similarity through several timescales.

Thesis 3.1 As known from [11], if the probability density function of the renewal period of a

renewal process 1s given as

c-a
= —F7, 20 3
F(@) = ey 2 (3)
then the process exhibit second order asymptotic self-similarity with Hurst-parameter
3—c
H = . 4
- (4)

I have shown that if the renewal period of a renewal process follows a PH distribution that
is an approximation of a random variable with probability density function given in (3) and
the parameters of the approximation is chosen appropriately, then the renewal process exhibit

“pseudo self-similarity” through several timescales. The degree of “pseudo self-similarity” is
given by (4).

One can check for self-similarity of a process by the simple variance-time plot which looks
at the behavior of the variance of the aggregated process |2|. If the variance-time plot is
close to linear with slope (3, then the process exhibits self-similarity with Hurst-parameter
H =1+ (8/2). Figure 9 depicts examples for variance-time plots of various PH renewal
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processes together with the linear lines corresponding to various Hurst-parameters. The

Markovian renewal processes exhibit “pseudo self-similarity” through several timescales.
Applying Thesis 3.1 a Markovian arrival process can be built whose long-term behavior

is defined by the Hurst-parameter. For modeling real traffic, it is necessary to construct such

arrival process whose some other characteristics can also be set.

Thesis 3.2 I have developed a procedure for the construction of a Markovian arrival process

whose following parameters can be set as required:
e average arrival intensity,
e variance of number of arrivals for two time intervals,
e Hurst-parameter.

The procedure starts with realizing the required long-term behavior applying Thesis 3.1.
Then, by superposing the resulting PH renewal process with a two-state Markov-modulated

Poisson process, the algorithm realizes the required short-term descriptors.

The traffic model constructed by the above algorithm generates a point process which
is very similar to real data traffic from many points of view. This similarity is illustrated

in Figure 10 where the variance-time plot of the original trace and its approximations are
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Figure 9: Variance-time plots of PH renewal processes

12



depicted. The approximation denoted by (z,y) sets the variance of the number of arrivals for
the time intervals of length ax and ay where a denotes the average interarrival time. Figure 11
shows the queuing behavior of the original and the approximating traces in the case when
the service time is deterministic and the utilization is 0.8. Even if, from the statistical point
of view, the matching is satisfactory, there is relevant mismatch in the queuing behavior. In
some cases, the reason can be that the long-term behavior of the traffic process is described by
a single parameter (the Hurst-parameter) while it is, in reality, more complex. The statistical

methods applied in the theory of multi-fractals serve to describe this complex long-term

behavior.
T T T T T T T T
Original Original
N 0.1
1 SRR _
0.01
9 z
g 01 2 0001
& 8
> €
0.0001
0.01
1e-05
0.001 . ! ' ' ' L 1606 . ' L
1 10 100 1000 10000 100000 1e+06 1e+07 1 10 100 1000
Aggregation Level Length
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Thesis 3.3 For capturing more precisely the long-term behavior of traffic processes, I have
suggested a Markovian arrival process whose structure recalls the Haar wavelet transformation.
Moreover, I have proposed a fitting algorithm that determines the parameters of the Markovian

arrival process based on the second moments of the Haar wavelet coefficients.

As evidenced by statistical tests, the above mentioned Markovian traffic model exhibits
multi-fractal behavior through several timescales. Furthermore, the proposed fitting algorithm
results in Markovian traffic models that matches the original traffic trace both from the point
of view of statistical tests and the point of view of queuing behavior. The fitting is illustrated
in Figure 12 where the second moments of the Haar wavelet coefficients are depicted for the
original trace and its approximation as the function of the aggregation level. Figure 13 shows
the queue length distribution for deterministic service times and 80% of utilization.

The results summarized in the 3. set of theses is presented in [C17] and [C9].
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5 Application of the results

The 1. set of theses regard ADPH distributions. These results describe properties of these
distributions which indicates that application of ADPH distribution can be advantageous
compared to the application of ACPH distributions in certain modeling situations. Such case
is the modeling of durations with low coefficient of variation or with finite support.

The 2. and 3. set of theses present algorithms for Markovian approximation of typical
non-Markovian behavior of telecommunication networks. The proposed techniques provide
the possibility of analyzing systems by Markovian methods. This is beneficial since Markovian
models of queuing systems are numerically more tractable (for example, with matrix-geometric

techniques) than other models proposed in the literature.
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