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Chapter 1

Introduction and scope of research

Several hysteresis models have arisen due to the evolutiofithe digital computers. The validity
of the models is not restricted to the description of the feromagnetic hysteresis phenomena.
The hysteresis models are widely accepted in other areas afisnce (e.g. biology, economics,
mechanics etc.), as these phenomena also play very signig@role in several domains of scienti ¢
practice.

There are several classi cations of the hysteresis model€One of them is according to the
description level. Three classes can be distinguished: thmicroscopic, the macroscopic and
the mezoscopic models. The microscopic models deal with thaéescription of the hysteresis
phenomena, they often use a sub-atomic range approach (e.dsing-model, Landau-Lifshitz
equation). This type of models is not suitable for simulatirg the hysteresis e ect in compli-
cated situations, as modeling a real scale material would ba very time consuming task. The
macroscopic models seek to eliminate these shortcomingstbé microscopic model. In fact they
can not be compared with the microscopic ones, since the maxgcopic models can provide no
information about the physical background of the phenomenathough they can be employed
in real scale problems. The macroscopic models are usuallyriction approximations of the
hysteresis curves, where several types of analytical furions can be applied (e.g. transcendent
functions, polynomial functions, ratio of two polynomial functions etc.).

We can realize that neither the micro- nor the macroscopic mdels meet engineering needs,
as the microscopic models are too slow in computations and éhmacroscopic models do no take
into account the physical background of the phenomena. As aesult, the mezoscopic models
are very popular in engineering. The mezoscopic models aranked between the micro- and
macroscopic models, because they are less accurate than thmcroscopic ones, but are more
exible than the macroscopic models. They include the JilesAtherton model, the Preisach
model, the Chua model and the neural network based models angb on.

The Jiles-Atherton model is discussed in detail in this work The Jiles-Atherton model was
established in the last decades of the twentieth century. Dgpite being a mezoscopic model, its
equations can be derived from the energy balance equation,hich is very close to the physical
representation of the hysteresis. It can easily be extendei describe the frequency dependence
(rate dependence) and the in uence of mechanical stress, éuo the energy formulation. Though
the model has some outstanding features, some drawbacks muse highlighted. Namely the
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energy based model equations have non-physical solutionghich triggers the negative slope
part of the hysteresis curve at the loop tips. Furthermore, te solution of the model di erential
equation is very sensitive to the step size. Totally di erent hysteresis curves can be generated
by applying di erent step sizes.

The investigation of the magnetic eld in the presence of feromagnetic materials constitutes
the focus of my research work. The Jiles-Atherton model is gpied for describing ferromagnetic
materials in the simulations. The partial di erential equations are discretized by the nite
element method (FEM). Two types of FEM is distinguished, the nodal and the edge elements.
The magnetic eld computations including the eddy-current investigations cannot be carried
out by using the nodal FEM, because of the spurious modes.

The edge element formulations with respect to the electromgnetic eld computations are
summarized and combined with nonlinearity caused by the hyteresis e ect.

Nonlinear system of equations are usually solved by applymthe classical Newton method.
However the Newton method does not converge at in ection paits, which is usual in the case of
magnetization curves. Another drawback is that the derivaive must be determined analytically,
otherwise numerical di erentiation should be used. The andytical derivative is not available
in most of the cases e.g. measured curves. The method is udyahpplied for magnetostatic
problems by modifying the magnetization curve by removing m ection points. Of course in this
case not the original problem is solved. Instead of the Newtomethod, the xed-point method
(polarization method) is applied in this work for solving nonlinear magnetic eld equations,
since it is convergent for any trial value and it is not sensiive to in ection points and the
derivatives must not be known. Furthermore a piecewise lingr approximation of measured
points is also acceptable. A drawback of the xed-point metlod is the slow convergence, which
can be improved in several ways. These are discussed in thecend thesis.

A test problem is going to be solved to prove the validity of the above mentioned com-
putational procedure. The numerical solution of the test poblem is compared with the given
measured data.

1.1 Proposed research activity

The scope of my PhD dissertation is to develop a new computathal procedure to analyse
magnetic eld based on the Jiles-Atherton model of hystereis and combined with the higher
order edge nite element method.

| intend to nd a fast and accurate hysteresis model, which isrequired in electromagnetic
eld computations, since, in combination with the nite ele ment method, a very huge number
(several tens of thousand) of hysteresis models must be ruinaultaneously. The Jiles-Atherton
model is based on a simple rst order ordinary di erential equation. Despite having a simple
structure, the Jiles-Atherton model is based on physical casiderations. | will reformulate the
Jiles-Atherton model by means of the energy balance. As a rak, the mathematical background
will become clear. | intend to extend the original rate independent Jiles-Atherton model to a
rate dependent one by considering the eddy currents and thexeess losses. This is easily done
by the energy banace equation introduced. | intend to build ascalar hysteresis measurement
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system in LabVIEW environment to prove the validity of both t he rate independent and the
rate dependent models.

| want to introduce the edge nite element method as a numerial technique for determining
electromagnetic elds. | intend to use higher order elemerg for obtaining better accuracy. |
intend to ne tune the combination of hysteresis modeling arl nite element method with the
help of a simple one dimensional example of the well known Haspace problem. | intend to
investigate this problem by progressing from the simplestase to complicated ones. This means
that | want to start the investigations with the linear case, | want continue with the Langevin
characteristics and nally the Jiles-Atherton model will b e used as material characteristics. |
intend to introduce the xed-point method to handle nonlinearity. | want to describe some
speed up techniques for the xed point method, which will be llustrated on the half-space
problem.

The organization of the work is as follows.

Chapter 2 contains an overview of the corresponding literatre. The basics of the Jiles-
Atherton model are discussed based on the relevant papers @ra short summary of the elec-
tromagnetics and the nite element method can be found in ths chapter.

In Chapter 3, | present the reformulation and extension of the Jiles-Atherton model. Fur-
thermore | discuss a scalar hysteresis measurement systeor xperimentally proving the va-
lidity of both the classical and the extended models, as well

In Chapter 4, | discuss the insertion of hysteresis into the lgher order edge element method
by using the xed point technique. Regarding magnetostatis, eddy current analysis and dif-
fusion equation | derive potential formalisms for taking ino account the nonlinear relationship
between the magnetic eld intensity and the magnetic ux density with respect to the magnetic
vector potential.

In Chapter 5, | present applications for the developed methd. | solve the half-space ex-
ample by the one dimensional di usion equation. | simulate he magnetic measurement carried
out in Chapter 3 by two dimensional eddy current analysis. | pesent a three dimensional
magnetostatic example proposed in the frame of the TEAM Worlshop by the COMPUMAG
society. | will prove that the proposed computational techrique works for large problems, too.

The IATEX 2" word processor has been used to produce this document. The uges are
placed at the top of the current page where possible. The falving notations are used in the
following: space vectors are typed by bold italics, e.gv, scalars are denoted by italics e.gk,
matrices and arrays are denoted by bold block capital and loarcase symbols, e.gM , a.



Chapter 2

Literature overview

In this chapter, | brie y summarize the current state of the Jiles-Atherton model (JAM) de-
velopment as found in the relevant literature. The theoretical background of the model is also
presented including the Langevin and the Weiss theory for amputing the anhysteretic curve of
the JAM. The literature deals with the numerical determination of JAM parameters by means
of experimentally measured hysteresis curves.

2.1 The Jiles-Atherton model of hysteresis

2.1.1 Langevin theory for paramagnets

The earliest model of magnetization characteristics basedn microscopic structures of materials
is the Langevin function approximation [2 7].

Let us denote bym the non-balanced magnetic dipole moment, including the momnts of
the spin and the orbital motion in an atom of a paramagnetic mderial. If a magnetic eld H
is applied, the corresponding potential energy has the form

W = mH
m 0 @2.1)
omH cos ;

where is the angle between the magnetic moment and the applied magtic eld. Langevin
assumed, that in paramagnetic materials, the moments do nointeract. Consequently, the
classical Maxwell-Boltzmann statistics can be used to expss the probability of any electron
occupying an energy state ofvp,:

Wm
p(wm)=e KT; 2.2)

wherek =1:381 10 23 J/K is the Boltzmann constant and T is the absolute temperature. The
number dn of magnetic particles per unit volume, lying between the anps and +d  with
respect to the applied eld H , is proportional to the solid angle2 n gsin()d

dn=2 ngexp( omH cos =kT)sin()d ; (2.3)
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where ng is a proportionality factor determined by the fact that the t otal volume density of
magnetic particles per unit volume isN. Evaluating over a sphere,ng can be determined as

z
N=2ngo exp( omHcos =kT)sind ; (2.4)
0
N
Ng = R . (25)
2 exp( omH cos =kT)sin d
0

The magnetization postulated as a vectorial sum of the magrtee moments per unit volume
parallel to the applied eld, can be formulated as

R
Z Nm exp( omH cos =kT)cos sin d
M= mcosdn= OR : (2.6)
0 exp( omH cos =kT)sin d
0
Introducing the quantites = omH=kT,x=cos anddx = sind , the above integrals

can be evaluated as

R
Nm xe*X dx
1

. eX dx (2.7)

e +e 1
Nm —— -
e e

As a result, the equation for describing the magnetization & paramagnetic materials, with
respect to the magnetic moments aligned parallel to the apjd eld can be formulated as
!

1
M = Nm coth - (2.8)
The function in parenthesis is called theLangevin function: L ( ) = coth — ltis im-
portant to emphasize that the Langevin function has a discotinuity at = 0 therefore it is
approximated by the rst term of the Taylor series for small as
8
3 1
coth — forj j> o
L ()= 3 ; (2.9)
= forj j< o
3 ]l 0

where g is a su ciently small positive value. If the temperature is above the Curie point, then
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becomes very small, therefore the magnetization can be appximated by

M = ng
(2.10)
BT
The resulting paramagnetic susceptibility is the well-known Curie law = C=T, whereC is
a constant.

2.1.2 Weiss correction for ferromagnetic materials

In ferromagnetic materials, the neighboring moments inteact with each other. The interaction
between the magnetic moments gives an exchange eld ¢y as it was pointed out by Weiss [8].
If, within the domain, any magnetic moment m; due to its interaction with other moment m;
has an exchange eldHeyj = ij m;j, then this interaction with all moments within the domain
can be described as

X
Hex = i Mj: (2.11)
i

If the interactions between all moments are assumed to be idd¢ical and hence independent of

the displacement between the moments, theni; = ; (8i;j ) can be used:
X
Hex = mj
i (2.12)
= M:
The e ective eld can be de ned as
He= H + M: (2.13)

Substituting this relation into (2.8) introducing the satu ration magnetization Mg = Nm and
using the shape parametea = % the magnetization can be determined by the relation

!
M=M th M 2.1
Cco . 14
s a H+ M ( )

2.1.3 Rate-independent Jiles-Atherton hysteresis model

When the magnetic eld intensity and the magnetization vectors are directed in the same
direction, the scalar hysteresis model can describe the coaction between them. Otherwise
a vector hysteresis model is required. The eddy current e écdepending on the excitation
frequency is not negligible in electrically conductive magrials (e.g. iron). If the eddy current
e ect and other frequency dependent e ects (e.g. excess Ispplay only a minor role then the
rate-independent hysteresis model can be used for descrilgi the phenomena, otherwise the
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rate-dependent model is required.

D. C. Jiles and D. L. Atherton, in a series of papers [3, 9 12],present some physically
based equations for magnetization in ferromagnetic matesls. The mathematical model for
ferromagnetic hysteresis introduced in 1983 is based on phigal principles, rather than strictly
mathematical arguments or experimental curve tting. Following the rst publication [3], sev-
eral papers appeared which explained the basis of the model more detailed way, modi ed the
model to include a reversible component, and presented a ntetd for solving the equations of
the model.

The Jiles-Atherton model is widely used for modeling the nolinear characteristics of mag-
netic hysteresis. It describes the B H curve using ve paraméers. Numerous literatures deal
with the identi cation of these parameters based on their ptysical meaning.

Another approach to this problem involves solving for ve parameters to identify a simulated
B H curve based upon measured data. The goal of this mathematial problem is to nd the
best tted simulation of hysteresis. The method must lead tothe global minimum of the chosen
error function.

In the Jiles-Atherton model two related mechanisms of magntization are represented. One
of them is the domain wall motion which is in uenced by the apgied eld in a way that the
domains favorably aligned with respect to the applied eld gow at the expense of unfavorably
aligned domains. The other mechanism represents the rotain of aligned moments within the
domains toward the applied eld direction.

The magnetization is composed of two terms in the Jiles-Athgon model of hysteresis, an
irreversible and a reversible component:

M = Mir + Mrev: (2.15)

The irreversible component represents the irreversible doain wall motion. The reversible
magnetization corresponds to the reversible domain wall beding.

The hysteresis characteristic can be described on the basi$ the energy density balance in
a material. The change of energy density supplied in the matéal is equal to the change of the
magnetostatic energy density and the hysteresis loss dengsi

The energy loss density, which is generated by the irrevedsie domain wall motion, can be
expressed as

dWwail = oKdMiyr; (2.17)

wherek is the pinning coe cient.

In ferromagnetic materials the neighboring domains interat with each other. The interac-
tion between the domains can be taken into account by introdaing an e ective eld acting on
the domains per unit volume, as in (2.13) [13, 14].

The magnetization is a function of the e ective magnetic eld intensity in the expression



Péter Kis PhD Theses 2006

taking into consideration that the energy loss density geneted by the irreversible domain wall
motion can be expressed by

o = ok M (2.18)
wall = 0 dHe e .
where = sign(dHe=dt). The irreversible magnetization changes can be obtained dm the

energy equation, in which the supplied energy is equal to mamptic energy changes and the
hysteresis loss according to [13]

z z Z M
o Mag(H)dH = ¢ MH)AH + o Kk WdH: (2.19)
Consequently
dm
Man(H) = M (H) + k (2.20)

If during the magnetization process the anhysteretic magnézation shows a lower value than the
irreversible magnetization it yields a non-physical soluion, represented by a negative derivative
of the irreversible magnetizationdM;;=dH¢ < 0, see Fig. 2.1. In this case the domain walls
actually remain in the previous defect size anddM;; =dH, = 0. The solution of the di erential
equation can be represented as [15]

1
dMj, = k—[(Man Mirr)dHe]+ (2.21)
with the symbol

o if x> 0;
xt= o X (2.22)
0, ifx< O

Reversible magnetization can be taken into account by intrducing a dimensionless reversible
coe cient c, so that

Mrev = C(M an M|rr) (223)

1The relationship (2.19) has many di erent forms in Jiles' pa pers. In [12], the following form can be found
without explanation (this is the correct form, see the next s ection for explanation):
z z z

dMirr
0 Man(H)dHe: 0 Mirr(H)dHe+ 0 k

WedHe:

In [10], equation (2.19) has another form
z z z
0 MandHe: 0 MdHe+ ()k (1 C) dMirr:

Finally in [9] another version can be read
Zz Z Z

dMirr
0 Man(H)dHeZ 0 M(H)dHe+ 0 k

WedHe:
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Fig. 2.1. The non-physical solutions can be seen at the loop tips

Using equation (2.15) the total magnetization can be obtaied as

Substituting the di erential expression (2.21) into (2.24) allows to derive the equation

1 c
dM = k—[(Man Mir )dHe]™ + cdM ap: (2.25)

In the (j +1)-th step to the hysteresis characteristic can be evaluatedrém the j -th value of
the magnetization

1
Equation (2.26) can be used for numerical simulation of the iles-Atherton model of hysteresis.

2.1.4 Determination of model parameters from measured data

The JAM parameter identi cation procedure according to the Jiles proposal is based on the
knowledge of some points of the experimental hysteresis ote. These points are:

the coercivity (H);

the remanence W,);

coordinates of the loop tip(Hm;Mn);

the di erential susceptibility at the coercive point( ¢ = g5 - HeM o)
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the di erential susceptibility at remanence ( = cc’,—'\H" H=0M=M,: = nE
the di erential susceptibility of the initial magnetizati on curve at the loop tip ( m

dM an )

dH H=Hmax; =17
the initial anhysteretic susceptibility ( an = S );
the initial normal susceptibility ( in = ¥ | oy 20);

maximum di erential susceptibility ( max = max g

Since this identi cation process based on only the points othe experimental hysteresis curve
listed above it means that the procedure can not lead to an exaly identi ed curve.

The following parameter identi cation procedure is proposed by Jiles, Thoelke and Devine
in [12]. Itis a di cult procedure since it is not immediately clear which " xed reference points"
on a measured hysteresis curve should be used to calculateetiparameters. Furthermore, the
implicit nature of the hysteresis equations makes the proldm intractable for an injudicious
choice of these xed points. It has been found that the simplset solution to the problem is
obtained by using the parameters summarized above.

Saturation magnetization Mg

The parameter easiest to obtain is the saturation magnetizéon Mg. It is often known with
respect to a particular material, and can be extracted from @ta sheets or other references. It
can also be measured as accurately as desired by subjectidgetmaterial to a eld of su ciently
high strength, and then either measuring the ux density B with a coil or the magnetization
M with a vibrating sample magnetometer, and then calculatingM s from these measurements.

Determination of the parameter ¢ which represents reversible wall motion

The reversible component of magnetization due to reversibl wall bending and reversible trans-
lation of wall is determined in the model by the coe cient c. This can be calculated from the
ratio of the initial normal susceptibility i, to the initial anhysteretic susceptibility an.

Using equation (9) from [12], which is

dM I\/lan IV'irr dMan
e S (P AR (227

the initial di erential susceptibility is

dM 1 oMan dMap
= + .

in C
dH H=0 M =0 k M an dH

(2.28)

Substituting (2.14) into the equation above, whenM = 0, the following expression results:
" ! #
(1 Mg coth

n I #

. . C ) H a®
. #+ Msa 1 coth ’ +m. (2.29)

k M ¢ coth

| T| | T
I o
N

I o

10
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and taking the limit as H ! 0 of coth(H=a) (a=H),

" ! I#
li th i 2 li ( A —H3 —H5 ) 0 2.30
J— J— = — + = .
o O 3 H H'o 3a 45a° 9455 (2.:30)
so that
i dMm
in = Im_——
H! o dH (2.31)
dMan
=0+ ;
“aH
SinceM =0 at the origin of the magnetization curve,
cMg
n= =33 , (2.32)
This then gives
_ i, 2.33
c= Mo (2.33)

which is a relationship betweenc and the initial susceptibility.

Relationship between a and

The anhysteretic susceptibility itself constitutes a relaionship between the model parametera
and . This relationship depends on the form of the function chose to model the anhysteretic
magnetization curve. The modi ed Langevin function has bea used successfully to model the
anhysteretic magnetization, although it should be remembeed that this choice of My, is very
speci ¢, and that other functions for Mg, exist for particular circumstances.

From the anhysteretic function given in (2.14), it is easily shown that the anhysteretic
susceptibility at the origin is given by

| ( q )
= Jm o M)
o (2.34)
— MS .
"3 My
and so
!
Ms 1
a= ? —+ . (235)
an

This equation can then be used as a constraint on the model pametersa and , although
a further condition is needed to determine the values of thes parameters.

11
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Determination of the parameter k which determines the hysteresis loss

The coercivity is determined by the amount of pinning, and hace by the parameterk. For
very soft magnetic materials, it is found that k  H¢, provided k is de ned in units of [Am 1]
as given above. For this reason, the de nition of the pinningparameter in units of [Am 1]
is preferred since the pinning force acts like a eld opposig the prevailing magnetic eld H.
The general relationship betweenk and H. can be expressed most simply if the di erential
susceptibility at the coercive point . is known.
Again, we return to (2.27), and now consider the situation atthe coercive point. Let
¢ = max denote the dierential susceptibility at the coercive point, which in the model is
always the maximum value of di erential susceptibility observed around the hysteresis loop

1
max Kk [Man(Hc) IV'irr]

[Man(Hc) IVlirr]

I (2.36)
+ dMan(Hc) dMirr
dH dH
at the coercive point =1, H = H,, M =0 and rearranging the equation leads to
1
k= = dMan(H)  dM #Man(He) Mg ]
an\l"c irr
2.37
max C dH aH ( )

+ [Man(He) Mirl:

Explicit expression for M, and dMj; =dH at the coercive point can be obtained in terms
of Man(H¢), max,» and dMan(Hc)=dH since it has already been postulated that

M = My + M (2.38)
and sinceMey = ¢(Man My ), it follows that
M =cMap+(1 CO)Miy; (2.39)

and rearranging gives
1
Mir = l—C(M CMan): (2.40)

SinceM =0 at the coercive point, (2.40) yields

C
Mir = ﬁ;M an(H¢); (2.41)

while di erentiating (2.40) with respect to H and considering the values at the coercive point

12
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gives
dMirr(Hc) 1 C dMan(Hc)
= : 2.42
dH 1 ¢™ 1 ¢ dH (2.42)
Substituting these expressions into (2.37) gives the folleing equation for k
M an(H 1+
K = an(Hc) : (2.43)
dMan(Ho) 1 ©
max CT

which can be used to calculatek provided all of the other parameters are known.

Determination of a and

The remanence pointM, is dependent on and other parameters. If the other parametersa,
k and c are known, the remanence can be used to calculate. However, in this case, it is not
possible to obtain an explicit expression for .
Using the remanenceM, and the di erential susceptibility at remanence ., the parameter
a can be determined if the other parameters are already known.Starting from (2.27), with
= 1,H=0andM = M,,

!
Man(Mr) I\/lirr dMan(Mr) dMirr

= +C 2.44
K (Ma (M) M) dH dr (2.44)

and sinceM; = My + Mjr and Mgy = ¢(Man M), it can be shown that, at remanence

M; cMan(My)

M, = T . (2.45)
and
dMirr 1 er C dMan(Mr)
dH 1 cdH 1 ¢ dH (2.46)
Substituting these results back into (2.44) gives
!
M an(M M c dM (M dMm
. an(Mr) M . an(My) M, 247
@ ok Magn(M;) M) 1 c dH dH
This equation can be used to give an explicit expression favl,, which is
k
M = Man(M;) + 1 : (2.48)
+
1c dMan(M:)
© “aH

13
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Relationship between hysteresis parameters at the loop tip

Finally, in calculating and a, it has been found useful to include some redundancy by incer
porating the coordinates of the loop tip My, Hy and the slope of the initial magnetization
curve at the loop tip .

We start again from (2.27) and consider the di erential suseptibility along the initial mag-
netization curve at the loop tip with = 1. If the loop tip is su ciently close to saturation, then
the di erential susceptibility of the initial magnetizati on curve at the loop tip will approach
the di erential susceptibility of the anhysteretic dM=dH  dMga,=dH. This can be used as
an approximation to obtain an equation relating the hysteresis parameters. Using the general
result Mijr = (M cMg)=(1 ©), it can easily be seen that the above approximation also
implies that dMjr=dH = dM=dH = dMga(Hn)=dH. In addition, Mjr = My under these
conditions.

Replacing My with M, leads to

!
Man(Hm) I\/|m + dMan(Hm) dIVlirr(Hm) .

" K Ma(Hm) Mml C  dH aH (2.49)

These approximations also allow the second term on the righhand side of (2.49) to be elimi-
nated

_ Man(Hm) Mm i (2 50)
"k Man(Hm) Mm]’ '
and rearranging this leads to
1 ok
Mm = Man(Hm) 7+]-m: (2.51)
m

In principle, the incorporation of this equation in the parameter calculation algorithm is not
entirely necessary, but it has been found that numerical seoitions show faster convergence when
this condition is included.

Procedure for calculating parameters

Since some of the equations needed for determining the paraters can only be expressed
implicitly in terms of these and other parameters, a numerial method has been devised for
calculating the values by using successive iteration. Theeversible coe cient c¢ is obtained
directly from the initial slope of the normal magnetization curve using (2.32). The values of
a, and k are then obtained by using (2.43), (2.48) and (2.51) succeisgly in an iterative
procedure. A seed value of is used and by means of (2.35) a rst estimate o& is found. Then
k is calculated from (2.43). Using the current values ok, and a are then calculated from
(2.48), and then using the current values of and k, a is calculated from (2.51). The procedure
for calculating k, and a is then repeated.

14
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2.2 Review of Electromagnetics

The problem of electromagnetic analysis on a macroscopic Vel is the problem of solving
Maxwell's equations subject to certain boundary conditiors. Maxwell's equations are a set
of equations, written in di erential or integral form, stat ing the relationships between the fun-
damental electromagnetic quantities. These quantities a the electric eld intensity E, the
electric displacement or electric ux density D, the magnetic eld intensity H , the magnetic
ux density B, the current density J and the electric charge density .

The equations can be formulated in di erential or integral form. The di erential form is
presented here as it leads to di erential equations that the nite element method can handle.
For general time-varying elds, Maxwell's equations can bewritten as

curlH = J + %; (2.52)
curle = %t; (2.53)
divB =0; (2.54)
divD = : (2.55)

The rst two equations are also referred to as the Maxwell-Anpere's law and the Faraday's
law, respectively. Equation three and four are two forms of he Gauss' law, the electric and
magnetic form, respectively [16].

Another fundamental equation is the equation of continuity, which can be written as

@
divJd = @t (2.56)

Of the ve equations mentioned above, only four are indepenent. The rst three combined
with either the electric form of the Gauss' law or the equatian of continuity form such an
independent system.

2.2.1 Constitutive relations

To obtain a close system, the constitutive relations deschiing the macroscopic properties of the
medium, are included. They are given as

D="0E+P; (2.57)
B= oH+M): (2.58)
J= E: (2.59)

Here"( is the permittivity of vacuum, ¢ is the permeability of vacuum, and is the electrical
conductivity.
The electric polarization vector P describes how the material is polarized when an electric

15
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eld E is present. It can be interpreted as the volume density of etdric dipole moments. P is
generally a function of E. Some materials can have a nonzerB also when there is no electric
eld present.

The magnetization vector M similarly describes how the material is magnetized when a
magnetic eld H is present. It can be interpreted as the volume density of maggtic dipole
moments. M is generally a function ofH . Permanent magnets, for instance, have a nonzero
M also when there is no magnetic eld present.

2.3 The nite element method

The FEM is the most popular and exible numerical technique to determine approximate
solution of partial di erential equations in engineering. The fundamental idea of the FEM
is to divide the problem region to be analyzed into smaller rite elements with given shape
(e.g. triangles in 2D or tetrahedra is 3D). The scalar potenial functions can be approximated
by nodal shape functions, and vector potential functions ca be approximated by either nodal or
vector shape functions. A shape function is a simple contimus polynomial function de ned in
a nite element. Applying rst-order nodal and edge shape functions, the unknown potentials
can be associated with the nodes as well as edges of the nitéement mesh. In the case of
nodal nite elements the unknowns are connected to the elemm vertices, nodes [17 21].

2.3.1 Nodal nite element method

Fig. 2.2. Tetrahedral nite elements: the reference (simplex) elemat and the real element
Approximation of a scalar function' (r ;t) on a rst order tetrahedral nite element can be
formulated as
x4
L(rst) " k(N (r); (2.60)

k=0

where Ng(r) are scalar basis functions on the tetrahedral element and «(t) are the scalar

16
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values at the corresponding vertices. The de nition of the mdal basis function is that it is
equal to one at thek™ node and zero at the other nodes

1, at k" node,
Ng(r) = (2.61)
0; at other nodes.
A point P within the tetrahedron (Fig. 2.2) subdivides the tetrahedron into four sub-tetrahedra
having the volumesVy, V,, V3 and V4. The physical nature of the volume coordinates can be
identi ed as

Vk
Nk(r) = v; (2.62)

P
whereV is the total volume of the tetrahedron ( £k1=1 Vk = V). The volumes can be computed
as follows

1 x1 5121 1 x vy z 1 x1 59121
1 x z 1 x z 1 1 x z
V= 2 Y2 22 RV 2 Y2 22 VA y ;
1 X3 y3 z3 1 X3 y3 z3 6 1 x3 y3 z3
1 X4 Ya 24 1 X4 Ya 24 1 X4 Ya
(2.63)
1 X1 1 2a 1 X1 1 za
1 X z 1 X z
Vs= = 2 Y2 22 V= 2 Y2 22 :
1 x vy z 1 X3 ys z3
1 X4 Ya za 1 x vy z

where (X;;Vi; z) are the Cartesian coordinates of the tetrahedral vertices red (x;y;z) are the
coordinates of the pointP inside of the tetrahedral nite element. The correspondene between

the volume coordinates and the - - coordinate system is
N;=1 ;
N2 = ;
(2.64)
N3 =,
N4 =

17
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The Jacobian matrix of the linear coordinate transformation is

2 3

@x @y @z
@ @ @

)= § @x @y @z
@ @ @
@x @y @z (2.65)
@eae ,
X2 X1 Y2 Y1 Z2 21

:gxs X1 Y3 Y1 Z3 Zlg

X4 X1 Ya Y1 24 21

The Jacobian determinant is correspondinglyjJj = 6V.
It is also possible to represent the vector functionsv(r;t) = vy(r;t)eyx + vy(r;t)ey +
v, (r ;t)e; by using nodal basis function approximation for each vectocomponent separately
X4
v(r;t) [Vxk (Dex + vy (t)ey + vz (t)ez] Ni(r); (2.66)
k=1
where vy (), vy (t) and v, (t) are vector components at the element nodes. Several seri-
ous problems were identi ed when the ordinary nodal based iite elements were employed to
compute vector electric or magnetic elds:
lack of adequate gauge conditions for vector magnetostatianalysis;
satisfaction of the appropriate boundary conditions at matrial interfaces;
di culty in treating the conducting and dielectric edges an d corners due to eld singu-
larities associated with these structures;
occurrence of nonphysical or so-called spurious solutiongspecially in waveguide and

scattering problems.

2.3.2 Edge nite element method

A revolutionary approach has been developed to address thebave problems. The approach
uses the so-called vector basis or vector nite elements wth assign degrees of freedom to the
edges rather that to the nodes of the nite elements. For thisreason they are also callecgdge

nite elements.
Vector nite elements were for the rst time described by Whitney [22] as a family of

di erential forms. Their usefulness and importance in eleromagnetic eld analysis has not
been realized until recently thanks to the work of Nedelec [2].

function can be represented on a nite element by the linear ombination of the vector basis

functions

X6
v(r;t) V(W i (r); (2.67)
k=1
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where v (t) are the line integrals of the vector eld on the k" edge.
The line integral of a vector basis function on the correspoding edge is equal to one and

the integral on the other edges are zeros
Z
1 ifk=i
W= =—"%7Fh (2.68)
0; ifk6 i
kth edge

The vector basis functions can be de ned by the nodal basis fuctions
W fromto = Nfrom@radNyp Ny gradNsom; (2.69)

where the "from" and "to" mean the node numbers of the starting and the ending points of the
edge vector, therefore the six linear vector basis functiamcan be formulated as

W ;= NpgradN, NygradNy;
W > = NpgradN3 NszgradNy;
W 3= NjgradN4s NgagradNy;
W 4= NpgradN3 NszgradNo;
W 5= NygradNg NzgradNy;
W g = NzgradNg NzgradNs:

(2.70)

Vector basis functions have some important properties suchs:
the tangential component of vector eld W ; is continuous across facets;
divw ; 0, for 8i.

The edge nite elements also exhibit several disadvantagesuch as:

di culty in prescription of source current values which satisfy the solenoidal character
divJ s =0 exactly;

discrete character of the magnetic ux density distribution obtained using rst order edge
nite elements.
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Chapter 3

Improvement of the Jiles-Atherton
model

The Jiles-Atherton model equations are derived from the ermgy balance equation, which makes
clear the physical background of the model. Utilizing this gproach, the rate-independent
model can be extended to a rate-dependent model with minimag ort, due to the introduction
of energy balance equation. On the other hand model paramatetting is discussed in this
chapter with the model scalar parameters determined to simlate the magnetization curve of
realistic ferromagnetic materials. | propose here a novel sthod to determine these model
parameters. | have developed a scalar hysteresis measuramenethod to obtain experimental
data to verify the Jiles-Atherton model.

3.1 Reformulation of the rate-independent Jiles-Atherton model

The starting point for Jiles and Atherton's theory is the "energy" function W, = RM dBe,
where B is the e ective magnetic eld density Be = o(H + M ). No explanation is provided
in the literature [3, 11, 12] for choosing the energy functio de ned above. The relationship
between the chosen energy function and the classical hystesis loss HdB is also unclear. The
clari cation is of paramount importance for obvious reasors of validity of the theory but also for
providing further insights into extending the model to cover the phenomenon of magnetostric-
tion. According to my approach detailed below, this gap can ke bridged by starting with W.
F. Brown's expression for the work done by a battery in charging the magetization of a rigid
ferromagnetic body [24].

The equations below are expressed in scalar form although vaow that the variables are
vector quantities. We suppose these scalars are the absotutvalues of the real vector quantities
and all of the vectors point in the same direction [25,26]. Tl relationship between the magnetic
eld intensity H and the magnetic eld density B is represented by the scalar JAM which is
detailed in the further sections. The energy balance equath declares, that the externally
supplied battery energy density W, covers the inner magnetic state of the ferromagnetic
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material W nag and dissipating as a hysteresis loss density. mag
What = Wmag+ L mag: (3.1)

The battery energy density can be expressed as
I
Whpat = HdB; (3.2)

where the integral is calculated over one cycle. Substitutig the relationshipB = o(H + M)
in the above integral we have
I
Wpat = HdB

oHd(H + M) (3.3)
|

oM dH;

H
because oHdH =0 and

| |
HdM + MdH =0; (3.4)

as thengres (Fig. 3.1 Fig. 3.6) below explain. The integrals in (3.4) are evaluated separately.
First, HdM is considered in Figs. 3.1, 3.2 and 3.3. The integrals on thesaending @M > 0)
and the descending dM < 0) parts of the hysteresis loop are plotted in di erent gures and the
positive and negative areas are denoted by and - signs. The result of the HdM expression
is the area of the hysteresis loop with positive sign, as it waexpected. Now consider the integral

M dH, which is also integrated along the descending and the ascding branches separetely
as it can be seen in the Figs. 3.4, 3.5 and 3.6. The result of thietegral is also the area of
the hysteresis loop, but with negative sign. Therefore the elationship (3.4) is valid. The above
form of W 4 is almost suitable, but some remarks are desired before | ctimue derivation. The
average magnetic moment per unit volumeM is decomposed into an irreversible compone
and a reversible componeniM ¢, [27]. M ey is related to the anhysteretic or ideal magnetization
by the following expressions

M = Mrev + Mjrr;
Miev = C(Man My );

(3.5)

whereM gy, is the anhysteretic curve, which is the average of the descdimg and ascending parts
of the major hysteresis loop. The choice of the functiorM g, depends on the hysteresis type
(e.g. pinning type characteristics). Usually analytical models provide this function e.g. Frélich
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function. The Langevin theory also proposes an anhysterati curve, which has the form
!
He

Man(He) = Mgl =
| (3.6)
He a
= Mg coth 2 H. ;

whereL () denotes the Langevin function,Hg is the e ective eld (2.13) according to the Weiss-

theory [2,13], is a parameter representing the interaction between the matgtic domains and

Mg is the maximum value of the magnetization called saturationmagnetization.

The nal form of W can be obtained by substituting (3.5) into (3.3)

|
W pat = o(Mrev + Mjy )dH: (3.7)

Since the above equation is valid only if the orbits ofM (t) and H (t) are periodic in the M -H
plane, therefore the integral ofM e, vanishes [25]. The relationship of the externally supplied
battery energy density has the form
I
Wpat = oMirr dH: (3.8)
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The energy representing the internal magnetic stateW 54 can be derived from (3.8) in the
ideal case

Wimag = W patjideal = oM andH: (3.9

The hysteresis lossL mag iS proportional to a scalar parameterk, which is linked with the
hysteresis loss and it can be determined from experimentalueves [9].

I
L mag = ok dMiy; (3.10)

where is dened as = sign(dH=dt) [28].

Now we can substitute the (3.8), (3.9) and (3.10) into the enegy balance (3.1) resulting the
following relationship:

!
Mirr

dH

d
| have proposed the hypothesis that the following equations valid when we go from any point
P1 on the periodic orbit to another point P, on the periodic orbit
!

M irr

dH

Vi q
0 IV'irr I\/lan"' k

dH =0: (3.12)

P1

The above equation holds only on the periodic orbit. Therefee on the periodic orbit, the
integrand must be equal to zero

dIVlirr

Mir  Man+ Kk =0: 3.13
Irr an dH ( )

Therefore the di erential equation of the rate-independen scalar JAM has the form

dMirr _ Man IVlirr_

i » (3.14)

where from the M, can be determined and the total magnetizationM can be calculated by
using (3.5) and a new di erential equation can be derived wih respect to the total magnetization
M instead of the irreversible part Mj;,, which can be formed as follows

dM 1 dMirr dMan 315
- = - 4+
an - O SR (3.13)

Jiles and Atherton made the assumption [11] that if the actud magnetization is less than the
anhysteretic value and the magnetic eld intensity H is lowered, then until the value of M
becomes equal to the anhysteretic valud 5,, the change in magnetization is reversible. That
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Fig. 3.7. Magnetization curves of an ideal and ferromagnetic materia

dMjy ( dH=dt< Oand Mg,z M > 0
———=0; if ’ (3.16)
dH dH=dt> 0Oand Mg, M < O
The motivation for the assumptions is mathematical. Without (3.16), the incremental suscep-
tibility at the reversal points dM=dH can become negative. This can be checked by numerical
simulations. Experimental observations suggest that the gasi-static incremental susceptibility
is a non-negative quantity.
Taking into account (3.16), | have introduced the parameter y; as follows [25, 29 33]

8
2 0 ifdH=dt< OandM4, M > O

M= 0; ifdH=dt> 0andM,;, M < O (3.17)
" 1; otherwise.

for handling non-physical solutions of (3.15). It is shownm Fig. 3.7. For this reason (3.15) has
to be modi ed as appropriate

dM dMirr dMan_

an - 9 mggt e

T (3.18)
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which has an other more useful form,

M MM MY+ e, 3.19
m— K ( an ) C daa ( . )
3.2 Reformulation of the rate-dependent Jiles-Atherton mo del

The e ects of classical eddy current losses can be used to exid the rate-independent JAM
to account for the frequency dependence of hysteresis in etecally conductive media. In
this section | deal with the extension of the classical hysteesis model to include both the eddy
current losses and anomalous or excess losses. The instargaus power loss due to eddy currents
then consists of two terms, one of which depends ofiB=dt)? and the other one onjdB=dtj">.
The rst term is the classical power loss and the second term ecording to Bertotti [34], is the
excess power loss. Itis shown how these terms are incorpaedtinto a time dependent hysteresis
model [10]. | take into account the eddy current and the anombous losses as an extension of
(3.1) [31,35]

Wat = W mag

| L mag + L @yn); (3.20)

+
{z
L (hys)

L mysyy IS proportional to the area of the quasi-static hysteresisdop. The physical reason for
such a decomposition is that L ;) originates from discontinuous character of the magnetiza-
tion process at microscopic scale, whereak 4y is associated with the macroscopic large-scale
behavior of the magnetic domain structure. A proper statisical treatment of the loss problem
shows that (3.20) is naturally obtained whenever the charateristic time scales of these two
processes do not overlap.

Beside the dynamic lossed. 4y in (3.20) two di erent kinds of losses can be distinguished.
One is coming from the classical eddy current loss. gc, which can be computed form the
Maxwell' equations. On the other hand, as a consequence of nhain e ects the dynamic loss
is generally found to be larger than the classical eddy curré loss L gy, > L gc [8]. The
di erence between them, called excess or anomalous loss,dsnoted by L o. By substituting
the eddy current and anomalous loss terms into the (3.20) thenergy balance equation has the
form

W pat = |Wmag{"z' L ma?"' ||— EC{}' L A}; (3.21)

L (hyst) L (ayn)

where L gc the eddy current loss density andL A the energy loss per unit volume for the domain
wall motion (anomalous/excess loss). The classical eddy oent loss is obtained by solving the
Maxwell equation curlE = dB =dt for a given geometry, assuming that the magnetic eld
penetrates uniformly throughout the material.

In the frequency domain, loss separation is widely used witlproblems involving magnetic
laminations. Loss separation breaks the total core loss int static hysteresis lossL (ysy) , Clas-
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sical eddy current loss L gc, and anomalous lossL o as the equations (3.20), (3.21) above
show [34]

P=f = ko + kecf + kAp f; (3.22)

wheref is the frequency andP is the input power. The eddy current loss and the anomalous
loss can be expressed from the time domain form of (3.22)

I'2

dL ec dB’
e Kec i (3.23)
and
1:5
dba_, & 3.24
Pl e (3.24)

Reformulation of expressions (3.23) and (3.24) is requiretb obtain a di erential equation for
the magnetization similar to (3.18).
The eddy current loss density can be derived by time integrabn of (3.23)

| 2

dB’
L EC — kEC W dt
| xK:
5 dH dMm
= ke b mtg o
| () )
5 dMm dH
= kee 0 5 ltgy O (3.25)
| ! I 5
5 dMm 1
= kEC 0 W + —d dt
| —{z—}
1
I
dM;
Kec (2) dtmdMirr:

The relationship B = o(H + M) has been used to obtain the second row of (3.25). The
de nition of di erential susceptibility 4 is ¢=dM/ dH. In the case of ferromagnetic material

4 is always much larger than unity, therefore the termj1 + 1= 4j® can be neglected because it
tends to one as well. The loop integral of the reversible ternof the magnetization is also equal
to zero as it has already been explained on page 22.
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The excess loss density can be derived by time integration dB.24).

| 15
daB
LA= kA W dt
vV
dB {i dB
— —dt

= k@ @

v =
u
) p__dH dv H dH d "
= -+ o+
A0 0 g T Tat dt = dt

V \Y)
u u
! o dM dH f dv | aH (3.26)
= Ka o o — 1+ — — 1+ —dt
dt dM dt dM
\
| u 1.5
= Kk p_dMFdM 1+l dt
- TA 00T dt 4
| —{z—}
Vv 1
| u
p__P dMiry

Kan o o at jdMir j;

the term j1+ 1= dj1:5 in (3.26) tends to one as explained above. If a ferromagnetibysteresis
is considered, then this condition is always satis ed (Fig.3.8).

1.18
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114 b

112 : : b

1.1 b

1.08 b

1.06 : : b

1.04f b

1.02 b

0 100 200 300 400 500

Fig. 3.8. The 4 tends to one if the relative permeability is much higher than one

Substituting the energy terms (3.8), (3.9), (3.10), (3.25)and (3.26) into the energy balance
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equation (3.21) the following relationship is established
0 Y 1
dMir dM + K P _dMirr%J dMiry

BM i Man+ k o e M
0 & an dH CECT4t dH O dH dt

|
X dH =0: (3.27)

Assuming that the magnetic eld intensity varies periodically, the di erential equation of the
rate dependent Jiles-Atherton model of hysteresis with rgsect to dM;; =dH has the form

dm irr M an M irr

T (3.28)

h .
dMr p _{J dMiy
dt ° Tat

Two new terms have been added to (3.14) which are responsitfier representing the eddy current
and anomalous losses respectively. Furthermore two new pameters have been introduced to
the Jiles-Atherton model, kec and ka, which depend on the material parameters (e.g. electrical
conductivity) and the geometrical shape and dimensions offte conductive magnetic material.
However, we can ignore them as the identi cation procedure éveloped (see in section 3.5 on
page 35) requires na priori knowledge to determine these parameters. They are determaal
automatically based on simple measurements.

The condition (3.16) must be ful lled for (3.28) too, becaus of the same reasons as in
the case of the rate independent model. Consequently, it istif necessary to introduce the
parameter \ . The magnetic susceptibility can be derived from (3.28) usig

dMirr dMan.

1 om—+cC

ai T San (3.29)

m:
3.3 Inverse Jiles-Atherton model

Both the rate-dependent and the rate independent hysteresimodels described above are based
on the magnetic eld intensity H as an independent variable. However, when working with
the magnetic vector potential formulation, the magnetic induction vector B is directly obtained
and a hysteresis model based oB could be obtained directly as in Fig. 3.9. In this section |
have introduced a method to obtain the inverse Jiles-Atherbn model.

Fig. 3.9. Hysteresis models withH and B input

Both H based rate-dependent and rate-independent models can beatrsformed toB based
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models in same way. The magnetic eld intensity the output ofthe inverse model is determined
from the direct model by using theregula falsi method[36]. The procedure of the inverse JAM
is as follows:

1. The interval within the input B is determined by stepping H starting from the previous
value of magnetic eld intensity Hprey
2. The new value of magnetic eld intensity is calculated by

Hright  Hieft
Hrew = Hiet + ——————=—(Binput ~ Bieft); (3.30)
Bnght Blet
where the coordinates of left and right points of the intervd are (H et ; Bieft) and (Hrignt ; Bright )-
3. The new value of magnetic ux density is computed by the diect model

Bnew = H fHnpewd: (3.31)

4. The left point of interval is moved to the coordinates
(Hnew; Bnew) if (Binput  Bnew) > 0 or the right point of interval is moved to the coordi-
nates (Hnew; Bnew) if (Binput  Bnew) < 0. So the interval become smaller and smaller
in each iteration step.

5. The process is continued from 2) until the di erence betwen Bjnpyt and Bpew becomes
su ciently small. Than Hpey is the output of the inverse model.

Naturally (3.29) can be derived for obtaining dM=dB directly and the above described regula
asi method can be eliminated, but due to numerical reasons hie regula falsi method is faster
despite of the required iteration procedure.

3.4 Hysteresis measurement in LabVIEW
environment

This section deals with computer aided automated magnetic Galar hysteresis measurement of
a speci c ferromagnetic toroidal shape specimen. The measement has been developed in
LabVIEW environment using a National Instrument Data Acqui sition Card. The measurement
technique of symmetric minor loops and rst order reversal arves are presented in this section.
It is necessary to measure the magnetic hysteresis curvesfefromagnetic materials to describe
the material from a magnetic point of view. The measured scalr hysteresis characteristics
taking into account the nonlinearity of the material can be used in further simulations in
numerical eld computations [37 40].

A procedure of automated computer aided ferromagnetic hystresis measurement is pre-
sented in this section. Within the frame of the measurement xercise, the computer is tasked
with the management of all phases of the measurement process.g. controlling data acquisi-
tion cards, saving measured data to le and post processingf@xperimental data. The voltage
of the measuring coil and the current of the excitation coil ae measured and the magnetic
eld intensity H and the magnetic ux density B are calculated according to Ampere's and
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Faraday's laws. The main advantage of digital measurementansists in measurement driving
and post processing, as digitalized data can easily be manifated. The scanning rate must be
chosen carefully as the down-sampling analog signals areaiccurate. At the same time, in case
of over-sampling the size of data les can become unnecessgiarge.

The hysteresis curves, minor loops and reversal curves dedxe the magnetic properties of
ferromagnetic materials. My examination focuses on a ceria type of scalar hysteresis mea-
surement of toroidal shape ferromagnetic steel. The measaiment requires two coils (excitation
and measurement) on the material under examination. A magn& measurement system has
been set up in our Magnetic Lab. The components of the measument include a personal com-
puter with measuring cards (Fig. 3.11), software and power gpply (Fig. 3.10) the automated
magnetic hysteresis measurement is controlled by a personeomputer. The excitation signal
can be generated by means of the computer and the required sigls can also be measured. The
applied KIKUSUI PBX 2020 bipolar power supply can amplify andog input signal ensuing the
required power for excitation. The current of the primary cdl is generated by the power supply
in current controlled operation. The data acquisition and the generation of excitation current
can be performed simultaneously, but some common problemsaw arise during the magnetic
hysteresis measurement in the digital signal processing pae.g. the issue of correct sampling
rate, noise and so on [41,42].

The measuring arrangement of magnetic hysteresis can be se@ Fig. 3.13. The ferromag-
netic material under investigation has a toroidal shape. Tke magnetic eld inside the toroid
(outer/inner diameters are 60/40 mm, height is 16 mm) is appoximately uniform with the
scalar value ofH. The magnetization M can be considered as a scalar valued quantity and it
is parallel to H.

The primary coil is controlled by the current of the Kikusui p ower supply. The secondary
coil is used for measuring the induced voltage at the open auit pick-up coil. The amplitude
of excitation current can be measured as a voltage on the redsanceR. The value of resistance
R is regarded to be constant, which is independent of the ambi# temperature and the voltage.

The computer communicates with the measuring environment hrough NI-DAQ BNC -
2090 panel (Fig. 3.12), which is wired directly to the DAQ cads. PBX 2020 power supply
is applied to generate the excitation for the magnetic speanen. This device can generate 20
V and 20 A bipolar signals with arbitrary signal-shapes. It an be controlled by voltage (CV
mode) or current (CC mode) depending on the task. In the casefanagnetic hysteresis loop
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Fig. 3.13. The arrangement of the automated Fig. 3.14. Measured symmetrical minor loops
computer aided magnetic hysteresis arrangement on C19 structural steel at 1 Hz

measurement the CC mode has been applied, because the cutresproportional to the magnetic
eld intensity. The excitation signal is generated by LabVIEW. The LabVIEW generates analog
output on DAQ (Data AcQuisition) card through the card-driv er.

DAQ measuring card is connected to the patch panel, which cdains 16 analog input and
2 analog output channels. There are some digital channels agell, but these are not important
here, because only the analog channels have been used fosthieasurement. One analog output
channel controls the power supply and two analog input chanels are used for measuring voltage
and current of the coils. Measured symmetrical minor loops @an be seen in Fig. 3.14. The
characteristics were measured on C19 structural steel at 1 H

The controlling of the measurement and the post-processingf measured data are carried
out in LabVIEW environment. Magnetic ux density and magnet ic eld intensity are calculated
from measured data during the post-processing phase with thfollowing relationships

= e 1O Ii(t); (3.32)

7t

B(t)= Bo+ u( )d; (3.33)

A Np
0

where | is the equivalent magnetic length of the toroidal shaped magrial, Ne and N, are the
number of turns of the excitation and the measuring coils regsectively, i(t) is the excitation
current, Bo = B(t = 0) is integration constant, A is the cross-section of the material andi(t)
is the voltage of the measuring coil.

The graphical user interface (GUI) of a magnetic hysteresisneasurement software can be
seen in Fig. 3.15. There are ve plots in the gure. Four plots can be seen on the left.
In this group, the calculated magnetic ux density (3.33) can be seen at the top left. The
calculated magnetic eld intensity (3.32) is plotted at the left bottom. All of the measured
signals displayed at top right and the measured induced voéige can be observed after the noise
compensation at bottom right. Finally the fth plot shows th e measured hysteresis. The most
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Fig. 3.15. The graphical user interface of LabVIEW measurement softwae

important input parameters can be manipulated through the gaphical user interface. These
parameters are the amplitude and frequency of excitation, he scanning and sampling rates, the
parameters of demagnetization process and reversal curves

The most important part of the LabVIEW realization is the gen eration of excitation signals
and the acquisition of measured signals. The LabVIEW progrenming means no command line
programming. The software programming is based on virtualnstruments (VI). The VIs can be
placed and wired together depending on the task. The block seme of the analog input ports
can be seen in Fig. 3.16, which is responsible for data acqiisn. Four VIs can be found in
the analog input program Fig. 3.16. Data acquisition can be wrted (Al Start VI) after port
con guration (Al Con g VI). The "Al Read" is placed in a while loop and collects data from
the ports as long as the loop is running. The acquisition is stpped as soon as an error occurs
or the user clicks the stop button on the interface. Al Clear M clears port con guration and
the measurement stops. The block scheme of the analog outppiort generating excitation can
be observed in Fig. 3.17. The operation of the port writing isvery similar to the port reading
detailed above.
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Fig. 3.16. Realization of analog input reading Fig. 3.17. Realization of analog output writing
from analog ports in LabVIEW to analog ports in LabVIEW
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Fig. 3.18. The measured rst order reversal curves atf =0:2 Hz, n =20

3.4.1 Measurement of rst order reversal curves

The rst order reversal curves can also be measured by applyg a special excitation signal shape.
This type of curves is needed for the identi cation of some hgteresis models e.g. Preisach model.
The required rst order reversal curves can be obtained withthe input function

mn #

+1
+ sin('t + =2) ; (3.34)

H(t) = Hs >
where Hg is the magnetic eld intensity in saturation state, ! is the frequency of excitation,

= k=nand k 2 [ n;n]is an integer, andn denotes the number of reversal curves [13,43].
Measurement results can be observed in Fig. 3.18. The measunent was performed at 1 Hz
excitation frequency andn = 20 reversal curves are plotted [37].

3.4.2 Sinusoidal B

As it was mentioned before our hysteresis measurement wasiden by sinusoidal current, it
means that the resulted magnetic eld intensity H is sinusoidal. However there are some
disadvantages of this con guration, namely that measured pints are not distributed uniformly

33



Péter Kis PhD Theses 2006

15 15
1 1
05t 1 05t
E o E o
o o
05F 1 05F
1 1
. ‘ ‘ ‘ ‘ ‘ ‘ . ‘ ‘ ‘ ‘
4000 -3000 -2000 -1000 O 1000 2000 3000 4000 3000 -2000  -1000 0 1000 2000 3000
H [A/m] H [A/m]
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Fig. 3.21. Block scheme of nonlinear iteration for achiving sinusoidaB

along the hysteresis loop (Fig. 3.19). This means that a lot bpoints are located at the
saturation part of the curve and few points are at the high sipe part of the characteristics.
This problem arises in hysteresis model identi cation. IfB is sinusoidal, the distribution of the
points becomes favorable (Fig. 3.20). The sinusoidal shap&f magnetic ux density can be
generated by modifying the signal shape of the excitation auent. A nonlinear iteration method
has been applied in the measurement, which modi es the exation trough a feedback. The
block scheme of the measurement can be seen in Fig. 3.21. Theration starts with sinusoidal
excitation and the di erences between the prescribed refemce sinusoidal signaB s and the
measured quantities are calculated (B = B Byef), according to the di erence B the signal
shape of excitation is modi ed in each time step. The iteraton stops when the maximum value
of B is small enough. The convergence of the method can be decldrfast, approx. 10 cycles
are needed for reaching less then 1% maximal di erence beter the sinusoidal reference signal
Bref and the measured one [41].
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Fig. 3.22. The graphical user interface for parameter identi cation of the JAM

3.5 Parameter identi cation of the Jiles-Atherton model

The parameters of JAM are determined by nonlinear least squa method. The block scheme
of the parameter identi cation can be seen in Fig. 3.23. The measured experimental data
and initial parameters xg = [Mso; 0;@0;Co; Ko; Keco; kao] are given. The JAM generates a
hysteresis curve based on the initial parameters. The expenental and modeled hysteresis is
compared by a criterion function, which calculates the erro. The nonlinear least square method
modi es the input parameters of the JAM depending on the erra. The cycle is running until
the error becomes small enough. The convergence speed of #digorithm depends on the initial
parameters. In general, the method requires approximatehb0 steps for identifying the model
parameters.

| have developed a method to facilitate the parameter identcation procedure of JAM. The
experimental data can be read from a le into the program as itcan be seen at the right hand
side in Fig. 3.22. The program immediately plots the measum curve in the gure entitled
"Measured Data". After the initial parameter guessing, at the left hand side, parameter tting
can be started by pushing the "Run" button. Both the simulated and the experimental curves
are plotted in the gure entitled "Approximated curve" and t he di erence between them is
also plotted in the "Error" gure. The program is able to iden tify the parameters of both the
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INPUT MeasuredH -B
MeasuredH -B

data

2]

Error

Criterion function

Initial

para)r(neters Jiles-Atherton
0

model of
hysteresis Simulated H-B

6
NO

z

z

z X Nonlinear least

, Emor<" Z——

7 squares method
z

z

YES
?
OUTPUT

JAM
parameters

Fig. 3.23. The block scheme of the JAM parameter identi cation
rate-independent and the rate-dependent JAM.

3.5.1 Initial test

The parameter identi cation program is veri ed by a JAM generated hysteresis loop. Known
parameters are used in this test shown in Table 3.1 as the rstolumn, then they are considered
as measured data to be tted by the identi cation program. Th e initial values can be seen in
the second column of Table 3.1. The third column contains theesult of the identi cation. The
Figs. 3.24 and 3.25 shows the result of the initial test chedkg the e ciency of the parameter
identi cation program.

Table 3.1. |Initial test of the JAM parameter identi cation
\ | Original parameters | Initial paramaters | Fitted parameters

Ms | 1.5 10° 21 1° 1:51 1¢°
a 10 °© 1.5 10 © 1:01 10 °®

1500 2000 153144
c 01 0:5 0:09688
k 1000 1200 98926
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— simulated
o original

Error [%]
o

ceed® ; . . .
-2 -1 0 1 2 3 -3 -2 2 3

H [A/m] ad T oham ad
Fig. 3.24. Fitting to the self generated hystere- Fig. 3.25. Error of the self- tting
sis loop

3.5.2 Fitting to measured curves at 0.2 Hz

The program was used to extract tted parameters from a measted hysteresis curve obtained
form measurements of C19 structural steel ring core (outeihner diameters are 60/40 mm, and
the height is 16 mm). The applied measurements system consssof a PC with data acquisition
A/D and D/A cards [37]. The measurements can be regarded as D@neasurements at this
frequency. The e ect of eddy currents and other additional bsses can be neglected. The Figs.
3.26 and 3.27 show the result of the parameter tting, '0' derotes some measured points and
the simulated hysteresis curves are plotted by solid linesThe following parameters are resulted
Ms=1:33 10°, =4:7 10 4, a=326:01, c = 0:00565 k = 468:985 The relative error can
also be observed in Figs. 3.28 and 3.29. The relative error lisss then 10% everywhere it means
the simulated and measured curves are good agreement.

1.5 1.5

— simulated
O measured

— simulated
O measured

0.5] 0.5

BI[T]
BI[T]

-0.5 -0.5

o

9
L L L L L L L 15 L L L L L L L
-3000 -2000  -1000 0 1000 2000 3000 -3000 -2000 -1000 0 1000 2000 3000

H [A/m] H[A/m]

-1.5

Fig. 3.26. Result of parameter identi cation of Fig. 3.27. Result of parameter identi cation of

quasi static J-A model at 0.2 Hz. Fitted curve quasi static J-A model at 0.2 Hz on a symmetrical

is plotted solid line, and some points of the mea-  minor loop. Fitted curve is plotted solid line, and
sured curve with 'o'. some points of the measured curve with '0".

3.5.3 Fitting to measured curves at 1Hz

The measurement is performed on same material as before. @nihe excitation frequency is
di erent, 1 Hz. This measurement results can be modeled witlthe rate-independent JAM. The
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Fig. 3.28. Relative error between the simulated
and measured hysteresis loops
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Fig. 3.29. Relative error between the simulated
and measured hysteresis loops

same material is measured therefore the same model parametehas been applied like before.
The results can be seen in Figs. 3.30, 3.31, 3.32 and 3.33.

1.5F| — simulated
© measured

0.5

B[T]

-2000 2000 4000 6000

H[le]

Fig. 3.30. Result of parameter identi cation of

quasi static J-A model at 1 Hz. The tted curve

is represented by solid line, and some points of
the measured curve with '0".

20
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-6000 -4000  -2000 0
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Fig. 3.32. Relative error between the simulated
and measured hysteresis loops
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Fig. 3.31. Result of parameter identi cation of
quasi static J-A model at 1 Hz on a symmetrical
minor loop. Fitted curve is plotted solid line, and
some points of the measured curve with '0".

Error [%]
o

-15
-3000 -2000 -1000 1000 2000 3000

0
H [A/m]
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3.5.4 Fitting to measured curves at 5 Hz

The cross-section area of the measured ring is relatively ige and not laminated, therefore the
eddy current plays a major role at this frequency. In this cas the experimental curve can not
be modeled by the rate-independent JAM as it can be observediiFig. 3.34. The extended
JAM (see in section 3.2) must be introduced taking into account the e ect of eddy currents
and the domain wall motion. The extended model has been idened in the same way as the
classical one. The resulting additional parameter valuesra kec = 1:8 10 © and ka = 0:01
and the rate-dependent JAM curve can be seen in Fig. 3.35. Th®p and the bottom of the
curve is not tted exactly because of the \y parameter, but simulation without this parameter
leads to a nonphysical solution. That is the slope of the hysresis curve at the peaks becomes
negative so it is not recommended to use. For instance, usirtge model with negative slope may
lead to numerical instability in eld computation dependin g on the applied numerical iteration
technique. The approximation with the extended model (Fig. 3.35.) is much better than the
quasi static approach (Fig. 3.34) but the accuracy of the tting is worse than in the case of
lower frequency simulations (Figs. 3.26-3.33).

1.5

— simulated
© measured

— simulated
© measured

-0.5

15 ol ; i ; i ;
-3000 -2000 -1000 0 1000 2000 3000 -3000 -2000 -1000 0 1000 2000 3000
H [A/m]

H [A/m]

Fig. 3.34. Simulation of the measured hystere-  Fig. 3.35. Simulation of the measured hystere-
sis at 5Hz with quasi static J-A model sis at 5Hz with extended J-A model
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3.6

Thesis 1

| have extended the JAM of hysteresis to avoid the non-phyalcsolutions and to represent the
rate-dependent variation of the response with the input fothe direct H-B and for the inverse

B-H characteristics as well.

a)

b)

d)

| have developed an engineering approach based on an enerbalance equation for
obtaining the di erential equation of the rate-independert Jiles-Atherton model. | have

introduced a parameter \ to avoid the non-physical solution (negative slope) of the
model di erential equation. | have validated the developedrate-independent model by
experiments.

| have extended the energy balance equation of the rate-gependent Jiles-Atheron model
by two additional energy (eddy current and anomalous loss)érms to take into account
the time variation of excitation magnetic eld. | have valid ated the developed rate-
dependent model by experiments.

I have built a magnetic measurement system for measuring agnetic hysteresis in Lab-
VIEW environment. | have proposed measurement method for masuring hysteresis
loops, minor loops, rst order reversal curves and | have wdeed out an under-relaxation

method to obtain sinusoidal waveform inB.

| have worked out a procedure for parameter identi cation of both the rate-dependent
and rate independent Jiles-Atherton model of hysteresis bsed on the nonlinear least
square method.
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Chapter 4

Hysteresis operator in higher order
edge elements

A method for the inclusion of the hysteresis operator into tre electromagnetic eld equations
is presented in this chapter. The electromagnetic (EM) eld equations are discretized by nite
element method (FEM). After the discretization, a nonlinear system of equations is obtained,
where both the sti ness matrix and the left-hand-side (LHS) vector depend on the permeability
(or reluctivity), which is a nonlinear function of the magnetic eld intensity (or the magnetic ux
density) due to the hysteresis. This is called material norihearity. The material nonlinearity
can be handled by many nonlinear iteration methods. The Newdn method is one of the most
famous one due to its fast convergence speed, just a few itéian steps are required to reach the
correct solution. In the case of FEM, the Newton method has seral drawbacks. Namely the
sti ness matrix must be reassembled in each iteration stepswhich is a time consuming task.
Instead of the Newton method | apply a di erent method to solve the nonlinear problem. The
polarization or xed-point (FP) method is discussed. The pdarization method determines a
permeability gp (or reluctivity gp) similar to the bias point in nonlinear circuit theory and
these values are constant for all of the iterations. The coriant permeability (or reluctivity)
allows to assemble the sti ness matrix once and for all and oy the LHS excitation vector is
varied during the iteration process. So, reassembling canebavoided by using the polarization
method. However the convergence speed of the method is vergrffrom the Newton method
as the contraction factor of the iteration is very close to oe. Therefore some technique is
required to speed up the convergence. Several methods canfoend in the literature [31,44,45],
but | propose a di erent one, which is more e cient than the pr evious ones making the eld
computation procedure faster.

4.1 Formalisms

In this section formalisms are introduced with the help of the weighted residual method for
magnetostatic and eddy current elds. The relationship betveen the magnetic eld intensity
and the magnetic ux density is represented by by the operates H fg and H 1fg. The
polarization method for handling the nonlinearity of these operators are introduced in section
4.2.
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4.1.1 Magnetostatics with magnetic vector potential

In magnetostatic case the quantities of magnetic eld { , B, J¢) are constant in time (@ =@
0) and the magnetic eld is generated by currents ( ¢) and permanent magnets.

Let be a domain and@ its boundary (Fig. 4.1). The boundary @ is divided into two
distinct parts g and y (@= g+ n). Surface currentsn  H = K can be prescribed on
n and the normal component the magnetic ux densityn B = bcan be prescribed on g.

The Maxwell's equations for magnetostatics in the region have the form

curlH = Jg; in

divB =0; in

H=H fBg; in (4.1)
n B= b; on g

n H=K; on H

where the equation in the third row is the constitutive equations of the magnetic eld and J ¢
is the current density generated by the external DC solenoidl currents. The operatorH *fg
represents the linear, nonlinear or hysteretic relationstp between the magnetic eld intensity

H and the magnetic ux density B. The boundary conditions can be prescribed in the last
two rows, whereK denotes surface current.

Ferromagnetic
material

‘Je\b

W=G +G
Fig. 4.1. Magnetostatic problem

Substituting the constitutive relationship into the rst e quation of (4.1) the following equa-
tion is resulted

culH fBg= Je: 4.2)

By introducing the magnetic vector potential B = curl A the relationship above has the form

culH fcurlAg=Je: (4.3)
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The equation above can be represented by the weighted residu
Z Z
AcurlH IfcurlAgd = A Jdd ; (4.4)

where A is a weighting functionin . If A = A +grad is substituted into (4.4), where is
a scalar function, then same equation is obtained sinceurl grad 0. Therefore the solution
of (4.4) is not unique, but the magnetic ux density is always unique B = curl A = curl A .
The resulting linear system of equations after the discretiation and linearization of (4.4) is
singular, becausediv A is not xed. Despite of the singularity of the system it can be solved
by Krylov subspacesolvers (e.g. CG, BIiCG) if the system is consistent [46,47].

On the other hand, the Coulomb gaugediv A = 0 can be ensured by thd.agrange multiplier
method [36] as

Z Z Z
A curlH lfcurlAgd + dvAd = A Jed ;

Z (4.5)
~divAd =0 ;

where the Lagrange multipliers and its weighting functionsare denoted by and ~. Using the
mathematical identities

dv A H *fcurlAg =H ‘fcurlAg curlA A curlH IfcurlAg;

(4.6)
dv A = Agrad + divA;
the weak form of (4.5) can be written as
Z I
H lfcurlAg curl Ad A H lfcurlAg nd
7 | @ B+ H 7
A grad d + And = A Jdd ; (4.7)
7 @= IB+ H
grad~ Ad + A nd =0
@ B+ H

Usually the integrals on the boundaries can be neglected. Ehboundary conditions in (4.1) can

be ful lled by
z z
b(n B+bd=0 ! b (n curlA+bd =0 ;
? B Z (4.8)
H (n H K)=0 ! H (n H fculAg K)d =0 ;
H H

whereb and H are scalar and vector weighting functions on g and  respectively.
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4.1.2 Eddy currents with magnetic vector and electric scala r potentials

In case of eddy currents the quantities of electromagneticeld (E, H, B, J¢) vary in time
(@=@&0), but the displacement current @ =@1s neglected.
Let be a domain and@ its boundary. Boundary conditions can be prescribed for the

magnetic eld and the electric elds separately. The bounday for the magnetic eld (@ =

B + n)is drawn by blue in Fig. 4.2 and the boundary for the electriceld (@= v + 3)
is drawn by red. The electric scalar potential (introduced hter) can be prescribed on v,
where the tangential component of electric eld intensity is prescribed as zero. The Maxwell's
equations for eddy currents in the region and the boundary conditions have the form

curlH =Je+ E; in

curlE = @t; in

divB =0; in

div(Je+ E)=0; in

H=H Bg; in (4.9)
n B= b; on g

n H=K; on H

n E=0; on v

n J= j on

where E is the electric eld intensity and J = J.+ E. The boundary conditions can be
prescribed in the last four rows. TheA V formalism with respect to the eddy currents eld

G v=vy
Ferroma_gnetic S e

; material “

:. \

F 3
. j gradv i

] v '5

1 V2 | GB

n"H=K

G nJ = -
W=G+GorfW=G6+G

Fig. 4.2. Eddy current problem with voltage prescription

can be derived by introducing the magnetic vector and elecic scalar potentials 8 = curl A
and E = gradV %t) from the third and fourth equations of (4.9). The resulting eddy
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current equations are
!
@
culH ‘fcurlAg=J, gradV + — ;

ot
! (4.10)

@\
div Je gradV @t =0;

whereA andV denote the magnetic vector and electric scalar potentialsThe weighted residual
of (4.10) can be derived by multiplying scalar and vector waghting functions V', A respectively

and integrating over the region

Z ya ! ya

A curlH fcurlAgd + A gradv+%t d= A Jdd ;

! (4.11)

@\
VvV div J¢ gradV @t d=0:

Z

IfA =A+grad andV =V @ =@tre substituted into (4.11), then same equations are

obtained since

!
@A +grad )
+ -

@t at =grad V +

gradv + %zgrad \% (4.12)

@t
and curl A = curl A. Therefore the solution of (4.11) is not unique, but the magetic ux
density B = curl A = curl A and the electric eld intensity E = gradV + @ =@t=
gradV + @\ =@tare unique. The resulting linear system of equations afterte discretiza-
tion and linearization of (4.11) is singular, becauseliv A is not xed. Despite of the singularity
of the system it can be solved byKrylov subspacesolvers (e.g. CG, BiCG) if the system is
consistent [46,47]. On the other hand, the Coulomb gaugdiv A = 0 can be ensured by the
Lagrange multiplier method [36] as

Z ya !

A curlH fcurlAgd + A gradV + %t d+ div Ad
z
= A Jdd ;
I (4.13)
Z\?’ div J radV @d—O'
e g @t - 1
z
~divAd =0 :
Using the mathematical identities (4.6) and
div(V gradV)=grad V gradV + V divgradV; (4.14)
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the weak form of (4.13) can be written as

Z I
culA H ‘fcurlAgd A H lfcurlAg nd
| @ B+ H
z @ z I
+ A gradV + @t d A grad d + An d
7 @ B+ H
= A Jd ;
z z @!
gradV gradvd + V gradvVnd + VvV div J¢ @t d=0;
7 | @ e+
grad™ Ad + A "nd =0:
@ B+ H

(4.15)

Usually the integrals on the boundaries can be neglected. hboundary conditions in (4.9) can

be ful lled by
Z z
b(n B+hbd-=0 ! B (n culA+bd =0 ;
2 5 Z
H (n H K)=0 ! H (n H lfculAg K)d =0 ;
z z " @! # (4.16)
i (n J+j) =0 ! i n gradv+@ +j d=0;
Z z !
E (n E) =0 ! E n gradv+@ d=0;
@t
E E

whereB, H , | and E are scalar and vector weighting functions on g, 4, j and g respec-
tively.

4.1.3 Eddy currents with magnetic vector potential

Eddy current elds can be described by the magnetic vector ptential A formalism without the
electric scalar potential V, if no voltage is prescribed in the arrangement (e.g. voltag of coil).
In this case no extra electric eld is involved ( gradV) since no voltage is prescribed only the
time varying magnetic eld induces electric eld E = @A\ =@. The arrangement for the vector
potential formalism can be seen in Fig. 4.3. The governing emtions of the A formalism are
the same as theA V formalism (4.9) without the last two boundary conditions .
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nH=K

G
nB=-b

\
\
|
1
1
1
I
1
1

W=G +@G

Fig. 4.3. Eddy current problem without voltage prescription

The eddy current equation with respect to the magnetic vecto potential can be formed as

@
culH 1fcurlAg+ —=Jg;
t

(4.17)
based on (4.10). The weighted residual of (4.17) can be desd by multiplying the vector
weighting function A and integrating over the region

z z z
@\
A curlH ‘lfcurlAgd + A—d =

a A Jed (4.18)
The solution of (4.18) is unique.

No gauge xing is required mce by substituting A =
A +grad into (4.18) a di erent residual is resulted
z 1 z @A +grad ) z
A curlH “fcurlAgd + AT = A Jd (4.19)
The weak form of (4.18) can be derived by using mathematicaldientities (4.6)
Z I
culA H 'fcurlAgd A H lfculAg nd
@ B+ H (4.20)
+ ‘ A @d = ‘ A Jdd |
@t <

Usually the integral on the boundaries can be neglected. Théoundary conditions can be
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ful lled by
Z Z
B(n B+bd=0 ! B (n culA+bd =0 ;
3 B 7 (4.21)
H (n H K)=0 ! H (n H lfcurlAg K)d =0 ;
H H

whereb and H are scalar and vector weighting functions on g and  respectively.

4.2 Polarization method

| derived the formalisms with respect to the magnetostatic ad eddy current elds in (4.7),
(4.15) and (4.20) for general material nonlinearity betwea H and B by using the operator
H 1fg. | handle this material nonlinearity with the polarization method which is detailed in
this section.

A xed-point technique was proposed for the rst time in electrical engineering for solving
nonlinear electric circuits. The method based orPicard-Banach theorem requires a contractive
operator of the FP mapping. Its main disadvantage was slow awvergence. An improved
version was proposed for stationary magnetic eld problemgaking advantage of the magnetic
polarization vector. Its convergence was improved combing the method with a relaxation
procedure. A great bene t of contractive mapping is that uniqueness and existence of a solution
are guaranteed by Banach's theorem [48 51].

However, it seems impossible to formulate a FP mapping, whitis contractive in general
case for dierent problems. This is why it is important to look for a numerical algorithm,
which also enables to nd a FP for non-contractive operators Such a procedure is presented
here based onBrouwer's FP theorem referred as the material nonlinear reluctivity. The FP
procedure based on Brouwer's theorem was successfully agalito solve systems of nonlinear
and ill-posed equations arising in identi cation problems

The polarization method is becoming more and more attractie in FEM analysis due to its
advantages:

it is robust since it is proved to be convergent with any kind d monotonic, Lipschitz
continuous, nonlinear relationship, also in the presencefan ection points;

preliminary operations, in order to de ne a suitable starting value of residual term, are
not required because the process is proved to be convergeunt fany trial value;

at each iteration the updates are performed only on the righthand side of the linearized
system, without modi cations of the sti ness matrix which ¢ an be computed once and
for all;

it requires no constraint on the smoothness of the magneticharacteristic so a simple
piecewise linear representation can be assumed.
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4.2.1 Banach xed point theorem

The Banach xed point theorem (also known as the contraction napping theorem or contrac-

tion mapping principle) is an important tool in the theory of metric spaces; it guarantees the
existence and uniqueness of xed points of certain self mapsf metric spaces, and provides a
constructive method to nd those xed points. The theorem is named after Stefan Banach

(1892-1945), and was rst stated by Banach in 1922.

Contraction mapping

In mathematics, a contraction mapping, or contraction, on a metric space(M;d) is a function
f from M to itself, with the property that there is some real number 0 < q < 1 such that, for
all x andyin M,

d(f (x);f(y) adxy): (4.22)

The smallest such value ofg is called the Lipschitz constant of f . Contractive maps are some-
times called Lipschitzian maps If the above condition is satised for 0 < g 1, then the
mapping is said to be non-expansive.

More generally, the idea of a contractive mapping can be de ad for maps between metric
spaces. Thus, if(M;d) and (N;g) are two metric spaces, and : M ! N, then one looks for
the constant g such that g(f (x);f (y)) qdx;y) forall x andy in M.

Every contraction mapping is Lipschitz continuous and hene uniformly continuous.

A contraction mapping has at most one xed point. Moreover, the Banach xed point
theorem states that every contraction mapping on a nonempty complet metric space has a
unique xed point, and that for any x in M the iterated function sequencex, f (x), f (f (x)),
f(f (f (X)), ::: converges to the xed point. This concept is very useful for erated function
systems where contraction mappings are often used. The Banacxed point theorem is also
applied in proving the existence of solutions of ordinary dierential equations.

The theorem
Let (X;d) be a non-empty complete metric space. LeT : X ! X be a contraction mapping
on X, i.e: there is a nonnegative real number < 1 such that :

d(Tx;Ty) d d(xy) (4.23)

for all x, y in X. Then the map T admits one and only one xed pointx in X (this means
Tx = x ). Furthermore, this xed point can be found as follows: start with an arbitrary
elementxg in X and de ne an iterative sequence by, = Tx, 1forn=1;2;3;::: This sequence
converges, and its limit isx . The following inequality describes the speed of convergen:

n

9 qd(xl; Xo): (4.24)

dx ixn) 5
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Equivalently,
d(X $Xns1) lid(xml;xn) (4.25)
q
and
d(X ;Xn+1)  qdXn;X ): (4.26)

The smallest such value ofg is sometimes called theLipschitz constant

Note that the requirement d(Tx;Ty) < d(x;y) for all unequal x and y is in general not
enough to ensure the existence of a xed point, as is shown byhe mapT :[1;1)! [11)
with T(X) = x + 1=X, which lacks a xed point. However, if the spaceX is compact, then this
weaker assumption does imply all the statements of the theem.

When using the theorem in practice, the most di cult part is t ypically to de ne X properly
so that T actually maps elements fromX to X, i.e. that Tx is always an element ofX .

4.2.2 Polarization method for inverse characteristics

The formalisms for eddy current elds and magnetostatics ae summarized in the sections 4.1.1,
4.1.2 and 4.1.3 in general since the nonlinear relationshipetweenB and H is represented by
the inverse hysteresis operatoH *fg and the way how nonlinearity should be considered
has not been discussed. In this section | summarize the polaation method for handling this
material nonlinearity [52]. The linearization of constitutive relation H = H 1fB g can be
formulated by the polarization method as

H=H fBg= rpB+R; (4.27)

which includes linear term fpB, where gp being a constant reluctivity, and the residual
nonlinearity R. Common notation can be applied for the weak forms (4.7), (4.5) and (4.20)
by substituting the relation (4.27) into them

B = 2R); (4.28)

where the operator ; represents the solution of di erential equation with respect to the input
vector R. The residual vector according to the xed-point method canbe computed by

R=H 'fBg B ! R= 1(B); (4.29)

where the operator 1 represents the constitutive relation with respect to the imput quantity.
The nonlinear EM eld equation receives the residual vectorR from the previous iteration
or from the trial value as an input vector and it provides the magnetic ux density by solving
the linearized equations as an output. This relation is dented by B = 5,(R). On the other
hand (4.29) for R receivesB as an input and it provides a new residual value as output. It
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denoted by R = {(B). Utilizing the bene ts of this operator notation these two steps can be
written as one

R = 1( 2(R)); (4.30)

which is the xed-point equation of magnetostatics. If the function ; is a contraction, then
(4.30) can be solved by substituting back the residual, stang from any trial value of R.
Although this procedure is straightforward and very robust, but unfortunately the convergence
is slow.

The choice of gp is essential from the convergence point of view. It is shownhiat an
incorrect choice of gp may lead to divergent iteration, since the criterion for cortraction is not
ful lled. A criterion is discussed below which must be ful | led for the contractive mapping.

The material characteristicsH 1fg can not be arbitrary. Two conditions must be ful lled
for ensuring the contraction. The operatorH 1fg must be Lipschitzian,

H *B° H 'BY < (P)B° B 8B%BY; (4.31)
and uniformly monotone
H tB° H 'B® B° B®> (P)B® B®? gBYBY, (4.32)

where P denotes any point in the region . The maximum and the minimum values of ( P)
and (P) can be determined and denoted by

H 1fBY H 1fB%

( P)= max —0 0 = max(P);
B Og 00 iB B %
_ H fBY H 1By _ (439
(P)— gno!goo JBO Bo? - min(P),

where max(P), min(P) are the maximum and minimum values of the local reluctivities. Ac-
cording to the contraction mapping theorem (4.22) the xed-point of (4.30) must be approached

jaC 2R 2 2R qiR® R%; 0<g< 1 (4.34)
dR—
where g is the contraction factor and the de nition of the norm is jjxjj = (P)x2d . This
means that if the iteration procedure is contractive, then the error
i 1( 2(RY)  1( 2(RY)ji is getting smaller in each iteration step.
By substituting (4.29) into (4.34) and introducing B°%= ,(R9%, B%= ,(R% the following
results:

b Z

t' (PIH 1fBY H 1fB%Y) (B° B%2d o  (P)R® RYd ;

<<

-
Z

(4.35)
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which is
z
(P) H * B H !B ?d
z
2 (P)gp H ' B° H B (B° B%Nd+ (4.36)
z z

(P) %B° B%d o (PYR° R%4d

Integration of the square of inequality (4.31) over the dom@n  has the form

z z
H1B° H 'B®?%d < 2p)B° B® : (4.37)

By manipulating (4.32) the following inequality can be obtained

Z Z
H 1B9 H 1 g0 pBgo g0y 5 (p) g0 g2y . (4.38)

By substituting the inequalities (4.37), (4.38) and (4.33) &ove into (4.36), the inequality can

be formulated as
Z Z
2ox(P) 2 (P) mn(P)+ %((P) (B° B%d o (R® R%% : (4.39)

For ful lling contraction condition, the relationship bel ow must be valid for all of the points P
in the region

r%ax(P) min (P) 2.
2 (F) — ) +1 g5 (4.40)

where gp = 1= gp. The minimum value of the contraction factor q is
Onin =1 2. (P)= 2.(P) and it is obtained for gp(P) = 2..(P)= min(P). The problem
is that the contraction factor is close to one. Consider the drromagnetic material, where
min (P) = 1=(4000 o) and max(P) = 1= o, after that the smallest contraction factor is 1
(1=4000¥ 0:999999 9375 This is the reason for the slow convergence rate.
In order to ensure the strict contractiveness of the functim , the function gp(P) must
satisfy the relation

max (P

5 (4.41)

rp(P) >

where max(P) is the upper bound of the operatorH 1fg.
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The convergence rate depends on the value assumed fap (P), the optimal value is

max(P) + min(P)_
2 )

PPy = (4.42)

with  min (P) being the lowest slope oH 1fg.

4.2.3 Polarization method for direct characteristics

In some cases the nonlinear relationship betweeB and H is represented by the direct hys-
teresis operatorH fg (e.g. the half-space problem in section 5.1). In this case thhysteretic
relationship can be formed by the polarization method as

B=H fHg= gpH + R; (4.43)

where gp is a constant permeability and R is the residual vector, where the nonlinearity is
hidden. The hysteresis operator in the di erential equation can be replaced by (4.43). The
linearized system can be represented by the operator

H = 2(R); (4.44)

which results magnetic eld intensity as output (e.g. the di usion equation of half-space), which
allows to use the direct hysteresis characteristics to detenine the next value of the residual

R=HfHg gH ! R= i(H): (4.45)

The operator () must be uniform monotone and Lipschitzian similar to (4.32) and (4.31).
Same procedure can be carried out as in section 4.2.2 for nay the condition of contraction,
which is

max(P)_

(P) > (4.46)

where nax(P) is the upper bound of the operatorH fg.

4.2.4 Fixed-point procedure

The ow chart of xed point method can be seen in Fig. 4.4. This is based on the di usion
equation where the output variable is the magnetic eld intensity H . The same chart can be
drawn for problems, where the output variable is the magnet ux density B by replacing the
variable fromH to B.

The FP algorithm starts with initializing the trial value of the residual R o, usually as zero.
The permeability gp or reluctivity gp at the xed point is determined by (4.42), where max
and min are the maximum and minimum possible slopes of th® = H fH g characteristics.
The chosen value of gp will not change in the further process. It will remain constant once
and for all.
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FP algorithm:
H = 2(R)
R = 1(H )

b
error = jj 1( 2(R)) Rjj

No X rror|x<( X
X ){3>§(

X X

Yes
5

| t=t+ t |
%
No X
Xxxti(tmax XX

Yes
I

STOP
Fig. 4.4. The Fixed Point Algorithm

The next box in the ow chart (Fig. 4.4) is the FP algorithm whi ch consists of two steps.
The solution of the linearized di erential equations basedon the current value of the residual
and computing the new value of residual for the next FP iteraton. If 1 is contractive, then
the new value ofH will be closer to the correct solution each iteration step.

The error based on the norm de ned in section 4.2.2 is compued after each FP iteration
step to decide whether the FP algorithm must be performed aga or it is not required.

If the FP algorithm has found the solution, then the next time step (t = t+ t)is considered,
if t <tmax. Choice of t has inuence on the accuracy. It is suggested to take at leasten
points from a period ( t T=10).

This is the basic version of xed-point method with very slow convergence rate. In the
further sections two methods or combination of the these twanethods are presented.

4.2.5 Fixed-point procedure with relaxation

| propose the relaxation method for speed up the original x@&-point technique in this section
by introducing a relaxation parameter! > 0. The FP algorithm with relaxation method can be
seen in Fig. 4.5. The purpose of the method is to reduce the demced = jj 1( 2(R)) Rjj .
The method uses a suitable relaxation factor in order to force a reduction of the distanced
and accelerate the convergence toward the solution.

The procedure has the following steps:

the rst FP algorithm solves the linearized problem with respect to R and it computes
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START

——

t=0;H=0;Hos =0;R =0;Roa =0; /=

s
1. FP algorithm:

Hopev = 2(Ro)
Rpev = 1(H prev)
b
2. FP algorithm:
H = 2(Rprev)
R= 1(H)

b
| d0)=j sHpe + ' (H Hpe)] [Ro+!(Rpew  ROMj |

b
| error =min, d(!)! ! |

%
No X x
X rror <" X
X)@)X

Yes
I

| t=t+ t ]

%
No X
XXXt)>§(t max XX

Yes
I

STOP
Fig. 4.5. The Fixed Point Algorithm with relaxation

the new residual valueR prey. Furthermore the second FP algorithm solves the linearized

problem again based on the residuaR prey and after that the new residual R is deter-
mined;
a relaxation factor ! is introduced and the new value of the residual is computed by

RO= Ro+! (Rprev Ro); (4.47)

due to the linearity of » the magnetic eld intensity can be computed from the new
value of the residualR°

H%=H prev + ! (H  H prev); (4.48)
the residual for the next iteration can be computed by

Riex = 1(HY; (4.49)
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the distance is
d(!) = jjRpexx RYi (4.50)

The distance is a function of the chosen relaxation factor. Tie problem becomes then to look
for the optimal ! value which minimizesd(! ). In my applications the optimal value of ! is
determined by the combination of the golden search and the pabolic search algorithms.

The relaxation method signi cantly accelerates the convegence, but its e ciency reduces
as the iterative process approaches to the solution. This cabe avoided by turning back to the
original FP algorithm near to the solution.

4.2.6 Fixed-point procedure with relaxation and update

| propose an additional speed up technique for the xed-poihmethod for achieving less non-
linear iterations by allowing the local permeability value update in each time step.

The permeability gp regarding the xed-point method is determined by (4.42). A constant
permeability value is supposed for all pointsP of the region based on the major hysteresis
curve disregarding that the magnetic eld distribution is di erent from one point to another.
However the procedure in time domain allows to update the xel-point permeability in each
time step according to some estimation based on the magnetield distribution from the previ-
ous time steps. This may lead to di erent permeability values point by point according to the
magnetic eld distribution. In fact, this procedure can not be called xed-point method any
more since gp is not the same for all time steps. If only a certain time step $ considered, then
the algorithm is identical to the original xed-point proce dure since the gp is unchanged. A
possible choice of p is based on the slope of the magnetization characteristicel fg at the
previous time step

@ fH(P)g

; (4.51)
@-I H (P)=H prev (P)

rp(P) =
where the permeability value may vary by the locationP. Since the contraction must be kept
therefore the choice of gp is not arbitrary. The condition (4.41) must be considered toensure
the contractiveness of ; , like in Fig. 4.6. Where ¢p is less then max=2 according to
(4.51), then gp(P) = max(P)=2 is supposed. It is important to note that if ! < 1 then
an under-relaxation procedure results, which is able to caoect the problem of contractiveness.
Despite of this, keeping contractiveness of;  » is recommeneded.

4.3 Higher order triangular elements

| extend the the nonlinear nite element computation summarized above by introducing higher
order nite elements for obtaining better accuracy. Both scdar and vector nite elements are
proposed here for the higher order approximations.

Higher order Schoéberl-type Nedelebasis functions are constructed on triangular elements
[53]. These shape functions provide not only the global congte sequence property [22, 23],
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)
t=0;H =0;Hoqy =0;R =0;Rqoq =0

2]

= @ fHg L P> max =2 PP = max =2, Otherwise

~
1. FP algorithm:

Hopev = 2(Ro)
Rprev = l(H prev)
b
2. FP algorithm:
H = 2(Rprev)
R= 1(H)

b
| d0)=j aHpe + ' (H Hpe)] [Ro+!(Ruew  Roj |

b
| error =min, d(!)! ! |
!
No X rrorx<( AR X
X )@x(

Yes
2

| t=t+ t ]

No X t>t|3(x
XXX( max

X X

Yes
I

STOP
Fig. 4.6. The Fixed Point Algorithm with relaxation and  update

but also local complete sequence properties for each edgéace-, element-block. This local
property allows an arbitrary variable choice of the polynomal degree for each edge, face, and
element. A second advantage of this construction is that siple block-diagonal preconditioning
gets e cient. The higher order shape functions contain gradent shape functions explicitly.
In the case of a magnetostatic boundary value problem, the gdient basis functions can be
skipped, which reduces the problem size, and improves the wdition number.

| begin the construction of nodal elements and after that thecorresponding edge elements
are derived. Hierarchical nite elements are usually basedn orthogonal polynomials. Letl;
denote the Legendre polynomials up to orderp, wherei =0 :::p. This is a basis on the interval
[ 1;1]. Furthermore, the integrated Legendre polynomials are intoduced denoted byL; and
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de ned by the integral

P2
Lix)= I 1( )d: (4.52)
1

Some Legendre polynomials and its integrals are summarizeith Table 4.1. The Legendre

Table 4.1. Legendre polynomials and its integrals

Legendre polynomials \ Integrated Legendre polynomials
lo(x) =1 Lo(x)= 1

1(X) = X Li(x)=x+1

| 3 5 1 L 1 2 1

2(x) = EX > 2(X) = EX >

l3(x) = 5x3 3x La(x) = 1x3 lx
)= X 2 0= x5

| _ 35, 152+3 L _ 5, 32+1
W= gx vy (0=t g
l5(x) = 63x5 35x3+ 15x Ls(x) = 7x5 5x3+ 3x
R L L - A S

polynomials can be computed recursively as follows,

lo(x) =1;

1(x) = X (4.53)
21 i 1

()= ——xli 100 ——i 2(x);

and its integrals

Lo(x)= L

L1(x) = x; after computing all it should be replaced byL(x) = x+1; (4.54)
2 3 i 3

Li(x) = XLioa(x)  ——1li 2(x);

|
The basis functions are expressed in terms of the volume calinates N;, N, and N3 for the
2D triangular element (Fig. 2.2).
The shape functions can be obtained for a general triangle bgcaling the Legendre polyno-
mials. Therefore the scaled Legendre polynomials are intduced
!
NG )= "l (4.55)

and scaled integrated Legendre polynomials
!
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on triangular domain with vertices in ( 1;1), (1;1) and (0;0), 2 (0;1]and 2 [ t;t]. We
can observe thatL S vanishes on the two edges = and = and corresponds on the third
edge =1.

4.3.1 Higher order scalar shape function

The hierarchical triangular nodal element of orderp can be de ned by using scaled Legendre

polynomials:
for vertex-based functions: ,V =N;,i=1;23;
for edge-based functions for the edg& with vertices1and2© i p 2):

F = LP(N1  NziNp+ No);
interior functions for i;j Oandi+j p 3
i = LP(N1  Nz;Ngp+ N2)Nalj(N1  N2;Ni+ Ny).
The following is an example how the triangular basis functiom can be derived from the basis
of the quadrilateral element in Fig. 4.7. The basis functionof quadrilateral element can be

y
E
a 3F4 .3
I
I
Ean e, A
‘ = X
| 5
| |
1' elz El '2

Fig. 4.7. Reference element for deriving of triangular shape functins from quadrilateral element

constructed as

1
NEl= YL,

1+ x
NE2= —— Li(y);

2
I (4.57)
1 X
NFP= —— L)
L
E4 +
N~ = > Li(x);
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The basis functions of the triangular element can be obtaing by using the transformation

2X
X —
1y (4.58)

y:l oy

The edge basis functions of a triangular element are

y 2X
el
N| 2 L| l y 3
L
1 y+2x
N = 5 Li(y); (4.59)
i
y 2
NE= 55— L

The summary of the triangular basis functions are:

1 2x 1+2x +1
in vertices: NV1 = Xy NV2 = wrex and NV3 = yT The number of

’ 4
vertex functions is three; | I
| |

el 1 y o e2 1 y+2X.

onedgesNft = —= L Ty , N = 2 Li(y) and
! .

y | o o
Nie3 = ﬁ Li(y), wherei = 2;3;:::;p. These basis functions are required if
p 2. Number of edge functions is3(p  1); . |

L H
1 X

within the element (interior functions): Nj = Ty L; l—y Li(y) = Niele(y).
These interior basis functions are required ifp 3. The number of interior functions is
(P D 2
—

| have started with using hierarchical higher order nite elements for approximating scalar

nodal functions. These functions must be continuous over ement boundaries. This means
that the point values in element vertices, and the polynomids along edges must be the same.
This is obtained by de ning basis functions associated withvertices, edges, and the interior of
elements. The vertex basis functions are the standard linganodal functions being one in one

vertex, and vanishing in the other ones. The edge based furions have to be non-zero on one
edge, and must vanish at the other two edges. The scaled integfed Legendre polynomials

ful Il this property. In 2D, the interior basis functions mu st vanish on the boundary of the

triangle. They are de ned as the tensor product of 1D basis factions. One factor has to vanish

on two edges, the second one has to eliminate the third edge.
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4.3.2 Higher order vector shape function

The basic idea is to include the gradients of the scalar basifunctions into the set of basis
functions. If the scalar function is continuous, then the gadient has continuous tangential
components. First, we take the lowest order Nedelec elemesntwhich have one basis function
for each edge. The additionally needed edge-based basis €tions on the edge can be taken as
the gradients of the scalar edge-based functions. Since tleglge-based functions are gradients,
the curl of them vanishes. The interior basis functions for he triangle need vanishing tangential
components. This is obtained by taking the gradients of the ealar functions. But now, the
gradient elds are not enough to span all vector valued funcions. Recall that the scalar basis is
built as tensor product ujvj. The evaluation of the gradient givesr (ujvj) = (r uj)vj + uir vj.
Note that not only the sum, but both individual terms have vanishing tangential boundary
values. Thus, also dierent linear combinations like (r uj)v;  ujr vj can be taken as basis
functions. By counting the dimension one nds that still p 1 functions are missing. These can
be chosen linearly independent as the product of the edgeeshent function, and a polynomial
vj. By means of the scaled Legendre polynomials, the 2D constrtign is easily extended to 3D
elements, which is detailed in section 4.4 on page 61.
Hierarchical triangular vector (curl) element of order p using scaled Legendre polynomials
is as follows [53]
edge based shape functions for an edgebounded by vertices 1 and 2;
edge-element shape function: €= Nor Ny Nir Ny;
higher order edge-based functions: € = r LS(N;  N2;N;+ Np)for2 i p+1;
Element-based functions:
let ui = L, (N2 Np;Np+ Np)andv; = Nglj(Ns N1 Np);
Type 1: gradient elds i'jl =r (uyvj) fori;j> Oandi+j p 2
Type 2. {2=(ruw)y; wurvyfori;j> Oandi+j p 2

Type 3: j'3=(rN1N2 Nir Np)vj for0 j p 2

4.4 Higher order tetrahedral elements

The higher order triangular elements are described in seain 4.3 on page 56. Those triangular
Schoberl-typeelements are generalized to 3D tetrahedral elements.

Electromagnetic problems naturally contain the continuity of the tangential components
across sub-domain interfaces. This property has led to theanstruction of nite elements with
tangential continuity. The most prominent one is the edge ekment, which is the lowest order
member of the rst family of Nedelecelements. Up from the lowest order element all of them
contain edge-based degrees of freedom. Higher order onesoatontain unknowns in the element
faces, and in the interior of the elements. To match the fundbns over the element-interfaces,
the orientation of the edges and faces has to be taken into asant. While on edges this is just
changing the sign, the orientation of triangular faces is mee involved.

The complete sequence property is essential for the convengce of the nite element ap-
proximation, in particular for eigenvalue problems. Also the kernelpreserving multigrid precon-

61



Péter Kis PhD Theses 2006

ditioners are based on the knowledge of the curl-free funains.

4.4.1 Higher order scalar shape function

The hierarchical tetrahedral nodal (scalar) element of or@r p can be de ned by using scaled

Legendre polynomials:
vertex based functions: ,V = Nj, fori=1;2;3,4;
edge based functions for one of the six edges bounded by vess 1 and 2: F = L(N;
N2; N1+ N»y), where2 i p 2
face based functions for one of the four faces de ned by poistl,2 and 3: 5 = LP(Nyg
No;Njp + N2)N3IJ-S(N3 N;i N2 Ni+ No+ N3), wherei;j Oandi+j p 3
interior based functions for0 i+j+k p 4 [ =LP(N1 N2 Ni+ N2)N3lP(N3

N1 N2;Np+ N2+ N3g)Nalg(Ns Nz Nz Na).

4.4.2 Higher order vector shape function

The hierarchical tetrahedral vector (curl) element of orde p can be de ned by using scaled
Legendre polynomials:
edge based functions for one of the six edges bounded by veds 1 and 2:
edge element shape function: E = Nor N7 Nir Ny;
higher order edge based functions fa2 i p+1: F =71 NS(N1 Nz Ni+Ny);
face based functions for one of the four faces de ned by poistl, 2 and 3:
Ui = L3, (N1 N2;Ni+ Np),
Vi = N3l®(N3 Nz Nz;Nz+ Ni+ Np),
Type 1. gradient elds fori;j Oandi+j| p 2

i':;jl =1 (uiv);

Type 2: fori;j Oandi+j p 2
EE(ru)youir v

Type 3: for0 i p 2

F2=(r NiN2  Nar No)yj;
element based functions:
Ui = LS, (N1 N2;Np+ Np),
vj = N3IjS(N3 N1 N2;Nz+ Nip+ Ny),
Wk = Nyglg(Ngs N1 N2 Na),
Type 1: gradient elds for i;jjk Oandi+j+k p 3
o= (v w);
Type 2: fori;j;k  Oandi+j+k p 3
i'jzka =(r up)vpwe - Uir Viwg + UiV r w,
i'jzkb =S(rup)viwe  Uir Viwg o Uivir wy;
Type 3: forj;k  0,j+k p 3,
j'lf =(r N3Nz Nar N2)vj wg.
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45 Thesis 2

I have implemented the hysteresis simulation to the higherder vector shape functions of FEM
for solving magnetostatic and eddy current problems and tcahdle the nonlinear iteration and
| have worked out an e cient speed up technique of the xed poit method by combining the
relaxation method and the local permeability update.

a) | have extended the eld equations for nonlinear magnetastic and eddy current prob-
lems considering the gauge xing with the Largange multipler method. | have proposed
formulations by assuming general hysteretic relationshigpetween theH and B to o er
for researchers the ability to use any type of hysteresis maad and numerical method.

b) To handle the nonlinear iteration | have worked out the relaxation method with the
permeability updates to speed up the xed-point iteration process.

¢) | have combined the solution of the eld equations with higher order Schdberltype edge
elements for nonlinear case. The introduced element type lalvs to choose nite elements
with arbitrary polynomial degree utilizing the local complete sequence property.
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Chapter 5

Applications

| have proposed a method in the previous section to solve eleomagnetic problems taking
the hysteresis e ect into account. Here | prove that the propsed method is e cient in the

eld analysis. | have worked out three examples; one for the dution of one dimensional
di usion equation for ferromagnetic half-space, another ae for the solution of a two dimensional
(axisymmetric) eddy current problem for hysteresis measwment simulation and the third one
for the solution of a three dimensional magnetostatic prol#m for the benchmark problem of
COMPUMAG.

5.1 1D example Ferromagnetic half-space

The sketch of the half-space problem can be seen in Fig. 5.1. h& half-space, wherez > 0
is conductive ferromagnetic material. A sinusoidal magnet eld is prescribed at z =0 as a
Dirichlet boundary condition. Indeed, eddy currents are irduced in the electrically conductive
material, decreasing withz. The problem can be described by a 1D model, because the eld
guantities are not changing with x and y. A nite element model of this half-space is very
simple, which enables to set up the eld computation procedee with hysteresis [54 60].

Three problems are solved in this example going from the sintgst linear case to the com-
putation including the JAM.

X
=0 if z> 0, then OandB = H fHg

r=1 Z
U -

y Hp(z =0;t) = Hampsin(t)

Dirichlet condition

Fig. 5.1. The ferromagnetic half-space. Thez > 0 half-space is the ferromagnetic and electrically
conductive material, the z < 0 can be considered as air or vacuum, where the sinusoidal magtic eld
is coming from. It is prescribed as a boundary condition atz =0
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2006

5.1.1 Solution of the linear pr

The following transient problem is

@l@H @H
- ¥+ _:O
@z @z @t

oblem

solved

(5.1)

The weak form of the equation above can be obtained by integtang over the problem domain

0 ms/1 step

5000 \
---FEM
— Analytical
E d 5d
< Op-e-o
T V
-5000, 1 2 3 4
z [mm]
(@ t=0 ms
10 ms/51 step
5000 \ \ \
---FEM
— Analytical

/N 5d

H [A/m]
=)

-5000
z [mm]

(c) t=10 ms

H [A/m]

H [A/m]

4.8 ms/25 step

5000
---FEM
— Analytical
N 5d
0F o\l ===
~5000, 1 2 3 4 5
z [mm]
(b) t=4:8ms
14.8 ms/75 step
5000 \ \ \
---FEM
— Analytical
d,-==~.._ 5d
OF o =
-5000
0 5
z [mm]
(d) t=14:8 ms

Fig. 5.2. Analytical and numerical solutions of the linear half-spceproblem in the rst period

of the equation multiplied by the nodal basis function of FEM. After applying Green's theorem,

the weak equation has the form

Z 1@N@H z

@z@z Nj

@H
—d =0 ;

t

'The analytical solution of (5.1) ( Hp (z=0;t) = Hamp sin('t )) in time harmonic case is

H(z;t)= Hampe ¥ sin(lt

z=);

where = -2 is the penetration depth.
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where the N; are the nodal basis functions of the FEM andj =1 :::N, whereN is the nodal
degrees of freedom (DOF) on the nite element mesh. In this cse the nite element mesh is
on the positive z axis.
The linear problem is solved by the following parameters
frequency: f =50 Hz;
electrical conductivity: =1:12 10" S/m;
relative permeability: . = 4000;
amplitude of the Dirichlet condition at z =0: Hamp = 5000 A/m;
number of samples per periodN = 100;
number of nite elements: 1000.
The st period of the analytical and the numerical solutions are plotted in Fig. 5.2. It can be
seen that the transient numerical solution (blue dashed lie) is di erent from the steady state
analytical solution (red continuous line). The numerical lution is approaching the analytical
one e.g. in the fth period the two solutions are almost the sane in Fig. 5.3.

84.8 ms/425 step
|  [---FEM

80 ms/401 step
; ; 5000

5000 \
---FEM
— Analytical —Analytical
E d 5d E 5d
= o < o
T \/ I
-5000 1 2 3 4 5 000, 1 2 3 4 5
z [mm] z [mm]
(@ t=80 ms (b) t =84:8 ms
90 ms/451 step 94.8 ms/475 step
5000 \ ‘ : 5000 : ; :
---FEM ---FEM )
— Analytical ——Analytical
E /N 5d 5 d 5d
< 0 < oo
T I
-5000 : : : ‘ ) ‘ ‘ ‘ ‘
0 1 2 3 4 5 5000o 1 2 3 4 5
z [mm] z [mm]
(c) t=90 ms (d) t=94:8 ms

Fig. 5.3. Analytical and numerical solutions of the linear half-spae problem in the fth period
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5.1.2 Solution of the nonlinear problem with Langevin chara cteristics

The half-space problem is solved in this section in case of ndinear magnetic material. The
material characteristics are described by thd.angevin function shown in Fig. 5.4.

" ! #
B(H)=B th H . 5.3
(H)= Bs co a H (5.3)

where B is the induction at saturation and a is a form parameter, which ensures the desired
slope at the origin. The di erential relative permeability is the derivative of the equation above
with respect to H,

" ! #
=g, I leome O : 5.4
= —= — —CO — + — :
M=3r=8 2 3 a H?2 &4
The slope of the Langevin characteristics at the origin is = 4000 o (Bs =1 T, a = 66:3
A/m), because the relative permeability should be the same & in the linear case. A kind of
veri cation can be carried out, where the characteristics an be considered as linear for small

signal excitations.

0.8

0.6

m=4000

2 -
0 at the origin

BI[T]
o

-0.2

-0.4

-0.6

-0.8

1 i i i
-1000 -500 0 500 1000
H [A/m]

Fig. 5.4. The material nonlinearity follows the Langevin curve

Formalism

The procedure written in section 4.2.3 is applied for this 1Dproblem. The above described
material non-linearity is taken into account by the xed point method, whereas a constant
linearization point is assumed ( rp) and the error of the linearization is corrected by a residua
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vector R. So the constitutive relationship for the magnetic ux density can be written as
B=H fHg= gpH + R; (5.5)

where the operatorH fg represents the material characteristics. Substituting (55) into the
di erential equation

@l1@H @B
@z @7 @t 50
the linearized xed point equation is obtained
1@H H R
@1eH, @ @ ! H= 2R); (5.7)

- = - 4+

@z @z T et et
whereR is the residual. The weak form of the non-linear half space @blem can be formulated
as

!
* arey en, er

N; —+ — d=0; 5.8
@Z @Z j FP @t @t ( )
where N; are nodal shape functions of FEM chosen as the test functionsf H. After solving
(5.7) for H, the new residual can be computed as

R=H fHg rH ! R= 4(H); (5.9)
where H is the value of the magnetic eld intensity in the current ite ration step.

Solution with xed point iteration

In this section, the half-space problem is solved by the traitional FP iteration method without
any speed up technique. The block scheme of the FP procedurarcbe seen in Fig. 5.5, where
two FP algorithms are shown instead of one as in Fig. 4.4. Theeason is that in the further
computations two FP steps will be needed (relaxation) and tle running times will be able to
be compared easily if | use two FP algorithms here too, but | hee to emphasize that one FP
step would be enough here.

Beside the FP algorithm, » represents the solution of the di erential equation,

@l@H H Hoada R Rogd
——— FP + =

@z @z t t

where Hqg and Rqg represent the magnetic eld and the residual values at the pevious time
step respectively. After solving the di erential equation (5.10) based on the previous value of
R, the new value of the residual can be computed by ;, which is as follows

0; (5.10)

R=H fHg gpH; (5.11)
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Table 5.1. Number of required FP iteration steps with di erent

gp Starting value

FP | Rel. Fp | Hamp | Number of iteration | Notes
steps (for two periods,
80 time steps)
+ 2000| 100 divergent
+ 2000 | 1000 divergent
+ 2000 | 10000 not convergent after 37125 steps
+ 4000| 100 474 avg. steps: 5.925
+ 4000 | 1000 | 5194 avg. steps: 64.925
+ 4000 | 10000| 73176 avg. steps: 914.7
+ 6000 | 100 1294 avg. steps: 16.175
+ 6000 | 1000 | 7836 avg. steps: 97.95
+ 6000 | 10000| 109559 avg. steps: 1369.4875

where the nonlinear relationship between theB and H is denoted by the operatorH fg.

START

——

FP =

t=0;H =0;Hqgq =0;R=0;Rqq =0; =

2]

1. FP algorithm:
2(R)
l(H prev)

Hprev =
Rprev =

b

2. FP algorithm:
H = Z(Rprev)
R= 1(H)

b

error = jjR  Rprev Jj

ngxx

No

Xx)gggg)r«' X

Yes
2

| t=t+

|3<x

No

Xxxt)>§(tmax XX

Yes
I

STOP

Fig. 5.5. The Fixed Point Algorithm

The expression of the error is the following

error = jjR Rprevjj ;
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Fig. 5.6. Number of iteration steps required at specied time steps. More iterations are required
if we are far from the linear part. Hamp = 100 A/m at left, Hamp = 1000 A/m in the middle and
Hamp = 10000 A/m at right

where is the magnetic susceptibility at the current iteration point,

!
dH fHg

HY= — : 5.13
(H) T (5.13)
The weighting by (H) ensures that the error is computed justly even at the positios, where
the slope of the characteristics is much lower.

H =100 A/m @ t=35msec H_ =1000 A/m @ t=35msec H, =10000 A/m @ t=35msec
amp amp X lo‘émp

100 1000 1

50 : 500 : 0.5
E E E

< o0 < 0 < 0
I T T

f50 f500 f0.5

f100 1000 f1

0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
z [mm] z [mm] z [mm]

Fig. 5.7. Solutions with Langevin characteristics, Hamp = 100 A/m, 1000 A/m, 10000 A/m at t=35
ms

The parameters of the computation are
frequency: f =50 Hz;
electrical conductivity: =1:12 10" S/m;
material characteristics is given by the Langevin functionB = coth( H=66:3) 66:3=H;
amplitude of the Dirichlet condition at z =0: Hamp = 1000 A/m;
number of samples per periodN =40 and two periods are considered (80 time steps);
tolerance of the FP iteration " = 10 &,
The FP method is convergent if 1 is a contraction ( gp > max=2). As it can be seen in
Table 5.1 if gp = 2000 o, which is lower than the nax=2, then the method will be divergent.
The total number of required FP iteration steps are summarizd in Table 5.1. (In fact,
this value should be divided by two, because there are two FP lgorithm in one iteration
step.) Only FP algorithm is used to obtain the solutions without relaxation. Three di erent so
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called optimal relative permeability values are used as a stting value. As it has already been
mentioned the case gp = 2000 is unstable. Only a few iteration steps are required to achiee
the prescribed tolerance (in this example it is" < 10 &) by choosing gp = 4000, since the
slope of characteristics at the origin is 4000.9. If the opthal permeability is exactly the same
as the slope of the material characteristics at the origin ad the amplitude of the excitation is
su ciently small for holding on the linear part, then no FP it erations are required to achieve the
desired tolerance. The problem can be considered as lineavhere the optimal permeability is
4000 and the amplitude of the magnetic eld intensity is 100 Am like in Table 5.1. This is the
explanation of the very small number of iterations. If the anplitude of the excitation increases
(Hamp=1000 A/m,10000 A/m), then the characteristics can not be casidered as linear any
more, because the saturation part is reached. Therefore meriteration steps are required as
it can be seen in Fig. 5.6. It is straightforward that less iteations are required when the
excitation is crossing zero (Fig. 5.6). The solutions are pitted in Fig. 5.7 and more plots can
be found in appendix A on page 1.

Solution with xed point iteration + relaxation

The xed-point iteration with relaxation has been discussel in section 4.2.5. The block scheme
of the xed point iteration with relaxation can be seen in Fig. 4.5. Using this method, same
results have been obtained like in the previous section, whe only xed point method were used
without any speed-up procedure. The only di erence can be fond in the convergence speed,
which can be seen after comparing the Figs. 5.6 and 5.8. The FRethod with relaxation is
about two times faster than without relaxation (Tables 5.1, 5.2).

H__ =100 A/m, m =4000 + OR H__ =1000 A/m, m =4000 + OR H_  =10000 A/m, m =4000 + OR
mp opt mp opt amp op!

al al t

o
~
=]

1000

(=2}
(=]

800

ol
o

600

o

4001 |

w
o

Number of iteration steps
S

Number of iteration steps

Number of iteration steps

BN W s G
(=)

200} 4

o
5%

N
OO
o

10 20 30 40 10 20 30 40 0 10 20 30 40
t [ms] t [ms] t [ms]

o

Fig. 5.8. Number of iteration steps required at speci ed time steps inthe case of xed-point method
with relaxation

Solution with xed point iteration + relaxation and update

The main purpose of this investigation is to speed up the origpal xed point iteration. One
possible way is the relaxation, but if the Tables 5.1 and 5.21& considered, then it can be noticed
that the number of required iteration steps depends on the ofimal permeability rp as well.
In this case, if the gp =4000 o, which is very close to the initial slope of the nonlinear cuve,
then the solution requires less iteration steps. It is straghtforward that the chosen permeability
rp should be chosen as close as possible to the current slope loé honlinear curve. Of course
the slope is di erent at each time instance. Therefore the pemeability values must be updated
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Table 5.2. Number of required FP+Rel. iteration steps with di erent gp starting value

FP | Rel. Fp | Hamp | Number of iteration | Notes
steps (for two periods,
80 time steps)
+ + 2000 100 1248 avg. steps: 15.6
+ + 2000| 1000 | 2761 avg. steps: 34.5125
+ + 2000| 10000| 34639 avg. steps: 432.9874
+ + 4000| 100 397 avg. steps: 4.9625
+ + 4000| 1000 | 2771 avg. steps: 34.6375
+ + 4000| 10000| 33587 avg. steps: 419.8374
+ + 6000 | 100 894 avg. steps: 11.175
+ + 6000| 1000 | 4124 avg. steps: 51.55
+ + 6000 | 10000| 49 812 avg. steps: 622.65
Hamp:lOO A/m, mupdate + OR Hamp:1000 A/m, mupdate + OR Hamp:lOOOO A/m, mupdate + OR
6 35 250
és,s Eﬁso E‘jzoo
§ s §25 S
g [ & 150
g45 £ 20 o)
S k] ‘G 100
5 4 5 157 ¢ 5
53.5 %10 i § 50/
3O 10 20 30 40 5 10 20 30 40 0O 10 20 30 40
t [ms] t[ms] t[ms]

Fig. 5.9. Number of iteration steps required at speci ed time steps inthe case of xed-point method
with relaxation and  update

in each time iteration step. It is important to emphasize that the permeability is the originally
chosen value at FP iterations, it is modi ed only in the time iteration steps.

The choice of the optimal permeability is not arbitrary, because the condition of contraction
must be always ful lled. This is the reason why the optimal pemeability can not be the exact
slope of the nonlinear material characteristics. It this cae the xed-point permeability must be
always greater than the half of the maximal permeability, rp > mnax=2. Therefore the xed-
point permeability is always chosen as the previous slope dlfie characteristics, if it is greater
than max=2. Otherwise, the xed-point permeability is chosen as max=2. Furthermore, a
more sophisticated procedure results if the optimal permdaility varies by the location.

The ow chart of the procedure can be seen in Fig. 4.6. A new bick has been added, where
the optimal permeability is set according to the rules desdbed above. | also plot (Fig. 5.9)
the number of required FP iteration steps as a function of thetime to be able to compare with
the previous ones (Figs. 5.6, 5.8). The required iterationteps are summarized in Table 5.3. If
the amplitude of the magnetic eld is low Hamp = 100 A/m and the gp is very close to the
real slope of the material characteristics (in this case it$ 4000), then the path of the nonlinear
iteration remains on the linear part of the Langevin function. This is the reason that in the
rst rows of Tables 5.2 and 5.3 almost the same values (397 an895 steps) can be found since
no better optimal permeability value can be found than 4000.

The conclusion is that a much faster method has been obtaineby using the relaxation and
the update technique and the solution remained the same as in thease of the original xed
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Table 5.3. Number of required FP+Rel. iteration steps with  update
FP | Rel. EP Hamp | Number of iteration | Notes
steps (for two periods,
80 time steps)

+ + update | 100 395 avg. steps: 4.9375
+ |+ update | 1000 | 1696 avg. steps: 21.2
+ + update | 10000 | 10765 avg. steps: 134.5629

point method. This method is used in the further computations.

5.1.3 Solution of the nonlinear problem with Jiles-Atherto n model of hys-
teresis

In this section, | have solved the half-space problem takindghe hysteresis into account [61, 62].

It is assumed that the material of the half-space is ferromagetic and electrically conductive.

The hysteretic property of the half-space material is desébed by the rate independent Jiles-

Atherton model (JAM) of hysteresis. The problem is discretzed by the nite element method

(FEM) and the nonlinear equations are solved by the xed poirt method with relaxation and
update as it is detailed in the previous sections.

It is important to emphasize that the Langevin function, which is applied to describe the
material nonlinearity in the previous section, is the anhyseretic curve of the JAM. By the
way, the choice of the anhysteretic curve is almost arbitray, not only the Langevin function
is allowed e.g. the Frohlich function is also often used in JM. In this investigation | use the
JAM described in section 3.1 on page 20.

15

1,

0.5f
E o
[a1]
057
-1
-1.5 : : :
-1 -0.5 0 0.5 1
H [A/m] % 10°

Fig. 5.10. The Langevin function used in the previous section and the JM. The JAM parameters
areM¢;=8:1 10° A/m, =10 2,a=300A/m, c=0:5, k =800 A/m

The parameters of the JAM have been determined to be similard the Langevin function
(Fig. 5.10). The JAM parameters areMs = 8:1 10° A/m, =10 2 a =300 A/m, c=0:5,
k = 800 A/m. The number of required iteration steps are plotted as a function of the time and
the number of required iteration steps are shown by di erentamplitudes in Fig. 5.11 and Table
5.4 respectively. The tolerance of the nonlinear iterationis " = 10 8. To achieve this tolerance
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Fig. 5.11. Number of iteration steps required at speci ed time steps inthe case of JAM

the nonlinear iteration follows the block scheme drawn in Fj. 4.6. The solution att = 35 ms
can be seen in Fig. 5.12 and more results are presented in apoix B.

Table 5.4. Number of required iteration steps in the case of JAM
FP | Rel. | gp Hamp | Number of iteration | Notes
steps (for two periods,
80 time steps)

+ + update | 100 463 avg. steps: 5.7875
+ + update | 1000 | 936 avg. steps: 11.7
+ + update | 10000| 2990 avg. steps: 37.375

It means that same procedure has been used for solving the giiem with hysteresis as in
the case of the Langevin function. The operator of the mateal nonlinearity must be uniformly
monotonous and Lipschitzian. The running time is almost thesame in both (Langevin and
JAM) cases. One iteration step takes about 0.5 sec. on my pable computer with PentiumM
2 GHz processor and 2 GB of RAM. This means that the total procss takes about 25 minutes
if we consider the longest case (last row) in Table 5.4. Compeng Tables 5.4 and 5.1 it can be

H__ =100 A/m @ t=35msec H__ =1000 A/m @ t=35msec H, =10000 A/m @ t=35msec
amp amp X lo‘hmp
100 1000
50 500 0.5
£ € B
< o X o < o0
T T T
f50 500 f0.5
f100 1000 f1
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
z [mm] z [mm] z [mm]

Fig. 5.12. Solutions with JAM, Hamp =100 A /m, 1000 A /m,10000 A/m at t=35 ms

concluded that the speed up of FP algorithm has been succeaflf achieved by the combination
of relaxation and update, since the average FP iteration steps reduced from 918 to 37.4.
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5.2 2D example Hysteresis measurement simulation

The simulation of the ferromagnetic hysteresis measurememas been performed in this section
[63 67]. The detailed description of the hysteresis mease@ment can be found in section 3.4
on page 29. A ring shaped specimen made from structural steéd excited by a current fed
coil (Fig. 5.13). The induced voltage is recorded during themeasurement and after that the
magnetic ux density is computed from it.

40 mm
60 mm

16 mm

Fig. 5.13. The drawing and the photo about the specimen

5.2.1 Model

| have determined the electromagnetic eld in the examined pecimen, which is used in my
measurements. The description of the magnetic eld in the g shaped specimen can be done
in cylindrical coordinate system(r;z;"' ), where the axisz and the axis of the ring are identical.
Since the arrangement is axisymmetric, the same magnetic ld distribution can be obtained
for all value of ' . As a result, a two dimensional model can be introduced for th variablesr
and z. The 2D model of the ferromagnetic ring measurement in cylidrical coordinate system
can be seen in Fig. 5.14. No air layer is needed around the ringince the Ampere's law is
ful lled by prescribing magnetic eld on the surface of the ring by (5.14). The situation is the
same as in the real case.

z
A ferromagnetic ring

mi
]

Hg(r,t) - prescribed magnetic fielc

-

Fig. 5.14. The geometry model of the ferromagnetic ring simulation

The magnetic eld generated by the excitation coil is prescibed as

Ne i(t)

o (5.14)

Hs(rit) =

75



Péter Kis PhD Theses 2006

on the perimeter of the ring, whereN¢ is the number of turns of the excitation coill, i(t) is the
current owing through the coil wires and r is the radius variable.

5.2.2 Mesh parameters

A triangular mesh is applied to solve the nite element problem. The mesh can be seen in the
Fig. 5.15. The edges of the triangular elements within the g are no greater than 1 mm. The
number of triangular elements is 698. The mesh is only appliéewithin the ring since there is no
magnetic eld outside the ring. Quadratic Schoberl-type edje elements are applied for solving

Fig. 5.15. The mesh of the 2D problem

the problem as it is described in section 4.3 on page 56.

5.2.3 Results

The rate-independent JAM is introduced for modeling the maerial characteristics with the

1=4 A @0.2 Hz
15 ; ,
—— Measured
—— Simulated
l,
0.5¢
E o
m
051
1F
-1.5 ! ! ;
-4000 -2000 0 2000 4000

H [A/m]

Fig. 5.16. The measured and simulated hysteresis curves at 0.2 Hz
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=4 A @1Hz I1=4 A @1 Hz
1.5 : ; 1.5 : ;
— Measured —Measured
1 — Simulated 1H— Simulated
0.5 0.5
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-0.5 -0.5
-1 -1t
-1.5 : : ‘ -1.5 : ‘
-4000 -2000 0 2000 4000 -4000 -2000 0 2000 4000
H [A/m] H [A/m]

Fig. 5.17. The measured and simulated hysteresis curves are plotted at Hz. From left to right the
gures show simulation results with the rate-independent and the rate-dependent JAM

parametersMg = 1:22 10°, =4:7 10 4, a=326:01 A/m, c = 0:00565 k = 468:985 A/m.
The model parameters are chosen to obtain same hysteresisree as it was measured in section
3.4. The measured magnetic eld intensity can be determired exactly the same way as in the

experiments:

=4 A @5Hz =4 A @5Hz
1.5 w w 1.5 w w
—— Measured —— Measured
1 — Simulated 1H — Simulated
0.5+ 0.5
E o E o
m m
-0.5 -0.5
-1t -1t
-1.5 i ' ; -1.5 i ' '
-4000 -2000 0 2000 4000 -4000 -2000 0 2000 4000
H [A/m] H [A/m]

Fig. 5.18. The measured and simulated hysteresis curves are plotted & Hz. From left to right the
gures show simulation results with the rate-independent and the rate-dependent JAM

Nei (t

el( ); (5.15)
where N¢ = 134 is the number of turns of the excitation coil and | is the average magnetic
length in this casel = 50 mm. So there is no eld computation needed to determineH (t)

H(t) =

since the coil is current-fed as in the experiment.
The corresponding magnetic ux density can be determined fom the magnetic vector po-

tential B = curl A, which has the form in cylindrical coordinates

e=r e e;=r
B=Be = @=@r0 @=@z= %’t % e : (5.16)
A 0 A,
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Fig. 5.19. Solutions with the rate-independent JAM at f = 0:2 Hz. The ' component of magnetic
ux density B: is plotted by surface and the magnetic vector potential A by arrows

The average of magnetic ux density is computed with respecto the cross-section area of the
ring

12
B()= g B (1dS; (5.17)
S

where S is the cross-section area of the ring. The measured and thensillated hysteresis curves
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Fig. 5.20. Solutions with the rate-dependent JAM at f =5 Hz. The' component of magnetic ux
density B- is plotted by surface and the magnetic vector potential A by arrows

are plotted in Fig. 5.16. The frequency of the excitation curent is 0.2 Hz, where the dynamic
e ects can be neglected. Therefore the simulation with ratendependent JAM provides a good
agreement with the measured curve. Distribution of magnet eld in the cross-section of the
ring can be seen in Fig. 5.19.

The measured and simulated hysteresis curves are plotted ifkig. 5.17 at 1 Hz. The
measured curves are the same in all three gures (blue line)The simulation is done by rate
independent JAM with the parameters Mg = 1:22 10° A/m, =4:7 10 4, a=326:01 A/m,
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¢ = 0:00565 k = 468:985 A/m in Fig. 5.17 at left. The simulated curve underestimates the
measured characteristics.

The simulation is done by the rate dependent JAM with the paraneters Mg = 1:22 10°
Alm, =4:7 10 % a = 326:01 A/m, c = 0:00565 Mg = 1:22 10° A/m, =4:7 10 4
a =326:01 A/m, c=0:00565 k = 468:985 A/m, kgc = 1:8 10 %, ka = 0:01 at right of Fig.
5.17. The simulated and measured curves are good agreement.

The same investigations have been carried out at 5 Hz. The ralts can be seen in Fig. 5.18.
In the gure at the left the simulation is performed by applyi ng the rate independent JAM
for modeling the material. The gure at right shows the simulation (red line) result with rate
dependent JAM with same parameters above. Distribution of nagnetic eld in the cross-section
of the ring can be seen in Fig. 5.20.
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5.3 3D example Solution of the problem T.E.A.M 13

The developed method works very well for large problems as Weas it can be seen in the follows.
| have proved the e ciency of the developed nonlinear nite element method by solving a large
3D magnetostatic problem proposed by the COMPUMAG Societywhich can be considered as
a benchmark problem to compare di erent kind of numerical me¢hods. The original problem
can be found in Appendix E on page 15 or [1].

5.3.1 Introduction

The magnetic eld distribution of a coil surrounded by steel channels and plates is determined
(see Fig. 5.21). The coil is excited by DC current (magnetosttic case). The magnetostatic

eld is calculated at various positions. The experimental £tup contains search coils to measure
the magnetic ux density allowed to compare with the simulation results [1].

Fig. 5.21. Sketch of the problem. The coil is surrounded by iron plates

The thickness of plates and channels is very small in compa®dn with the other sizes of
the geometry. Therefore some di culties may occur in the me&ing process. It is not easy to
generate a suitable mesh with tetrahedral elements since ¢ nite element mesh must be ner
in the region of the iron plates despite in the region of air itcan be coarser. It is not easy to
make connection between the various density meshes.
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By means of very ne meshing the degrees of freedoms (DOFs) baue very large 6 100000Q.
Therefore direct solvers can not be employed to solve the adraic equations. The current of
the coil is prescribed directly as a current density and not he Biot-Savart law is applied to
take into account the excitation current. In this case it is not enough to solve the system of
equations for the components of the magnetic vector poterdil since the gauge xing must be
ensured by introducing Lagrange multipliers as well. The ajebraic equations can be solved by
the general mean residual (GMREYS) iterative method. For lage inde nite problems like this
with zeros in the diagonal of the system matrix the geometricmultigrid [Appendix F on page
30] preconditioner with Vanka pre-/postsmoother can successfully be applied [68] [Appeix G
on page 32].

The setup of the problem will be done on the linear case. The flowing parameters will
be optimized: the mesh size, the element order, the radius @nclosing sphere and the number
of multigrid levels. They are determined by computing the irductance of the linear problem
assuming , = 2300. The inductance is proportional to the stored magnetic enegy in the
arrangement. Therefore it is suitable to indicate the accuacy of the solution [35, 45].

The formalism with respect to the magnetic vector potential for solving this magnetostatic
problem has already been discussed in section 4.1.1 on padge 4

5.3.2 Setup of the linear problem

Fine tuning of the linear problem is important since it is soed several times during the nonlinear
iteration. Any minor improvement in the running time or accuracy could become essential in
the nonlinear problem.

Purpose of the linear problem setup to determine the followig parameters:

radius of enclosing sphere;

choosing a suitable solver;

mesh density;

element order;

geometrical symmetry.

The radius of the enclosing sphere is su cient since the magetic eld disappears at the

in nity. However it is impossible to mesh that. Instead of th at the arrangement is closed by a
sphere where the magnetic eld can be considered as zero. Tleaclosure could be for instance
a cube but the sparsity pattern of a sphere is much better. Thevalues in the Table 5.5 below
have been computed by rst order edge elements with 2 level nitigrid method where size of the
coarser mesh is approximately quarter of the original one. fie absolute values of the magnetic
ux densities B1, Bg and B,s have been calculated by

14 1!
B=— |AdS = = jAjdl; 5.18
S |

where S is the cross-section area of the plates. The arrangement igremetrical to the plane
z = 0, where homogeneous Neumann condition is prescribed H =0 in Fig. 5.22.
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Fig. 5.22. The full and the half geometry. Surfaces are added to the plats, where the magnetic
ux density has been measured. The dimensions are not notednithis gure but they are agreed with
Appendix E

The Neumann condition is ful lled automatically on the symmetry plane. More accurate
Neumann condition can be achieved by ner mesh around the Newann plane. The di erences
between the values ofB; and B,s in Tables 5.5 and 5.6 can be avoided by mesh re nement
around the symmetry plane. The second row in Table 5.6 is comyted by second oreder edge
elements. Ther = 0:5 m outer sphere radius is used in the further computations.

5.3.3 Nonlinearity

In magnetostatic case the rst magnetization curve can desgbe the nonlinear behavior of the
ferromagnetic material. It is given in the problem specicdion in Appendix E on page 19.
Since the output quantity of the A formulation is the magnetic ux density B . Therefore the
inverse characteristics must be used, which is detailed inegtion 3.3 on page 28.

The measured magnetization curve is approximated by the Jds-Atherton model with the
parametersMgs = 1:4 106 A/m, =7 10 4, a =200 A/m, c=0.1, k=175 A/m (see Fig. 5.23).

5.3.4 Results

The problem TEAM 13 is solved in two steps. In the rst step rst order tetrahedral elements
are used on a coarse mesh to determine a suitable xed pointlictivity gp. In the second step

Table 5.5. Computational details by di erent sphere radius
| r [m] | B1[T] | Bg[T] | Bos[T] [ L [mH] | DOF | NoE |t [sec]|
0.2 1.66 0.60 1.35 368.69 | 120868| 89481 | 301
0.3 1.68 0.60 1.3 373.78 | 127848| 94668| 316
0.5 1.70 0.60 1.27 374.49 | 131213| 97196| 393
1 1.71 0.61 1.27 375.59 | 128126| 94891 | 489
15 1.71 0.61 1.27 375.57 | 129314| 95757| 585
2 1.71 0.62 1.28 373.2 | 130943| 96996| 582
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0.2 —— Experimental curve i
—— Assumed hysteresis by JAM

0 2 4 6 8 10
H [kA/m]

Fig. 5.23. The experimental rst magnetization curve is approximated by the Jiles-Atherton model
with the parameters Mg =1:4 10° A/m, =7 10 *4, a =200 A/m, ¢=0.1, k=175 A/m

the problem is solved by second order edge elements on a nerash with the above determined
xed point reluctivity. The used nite element mesh can be seen in Fig. 5.24.

Fig. 5.24. The nite element mesh

Table 5.6. Results based on the half geometry with Neumann condition
| r [m] | B1[T] [ Bg[T] | Bos[T] | L [mH] | DOF | NoE |t [sec]|
0.5 1.57 0.64 1.18 381.95| 68527 | 49783| 156
0.5 1.53 0.71 1.11 404.76 | 388899| 49783| 1197
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5.3.5 Solution with rst order elements

The purpose of this investigation is to determine the best xed point reluctivity based on a
relatively coarse nite element mesh and with rst order tri angular elements. The benet of

Plate U Plate U Plate |
1.5 1.5 1.5
/—\__ )
it e—o—o—o0-p 1 > 1
E E E
m m m D
0.5 0.5 0.5
—— Simulated q —— Simulated —— Simulated
—e— Measured —e— Measured —e— Measured
0 0 0
0 10 20 30 40 50 60 20 40 60 80 100 120 0 10 20 30 40 50 60
z [mm] X [mm] z [mm]

Fig. 5.25. The measured [1] and simulated results with rst order elemats on a coarse nite element
mesh

this simpli ed problem is that a suitable reluctivity can be found in a short time and the further
more accurate computations can be performed based on the xepoint reluctivity determined
here.

Table 5.7. Chosen relative reluctivity versus required iteration steps
| epr | Number of iterations

1/100 93
1/500 57
1/1000 56
1/2000 divergent

The problem has been solved by supposing di erent xed-poihreluctivities and the results
have been summarized in Table 5.7.

The computational results obtained by a direct SPOOLES LU séver [69] with respect to
the nite element mesh with 6608 elements and 9298 DOFs can bebserved in Fig. 5.25. |
have compared the simulation results with the measured datdl]. Indeed the results are not
in so good agreement with the measured data, but they are in th same magnitude with the
measurements and they are quantitatively correct. My purpae is to improve the accuracy of
the method by introducing second order edge elements, whids done in the next section.

5.3.6 Solution with second order elements

The nite element mesh used in previous section has been aftié bit improved. Now it consists
of 13 706 tetrahedral elements. The total DOFs are 116 168 by eans of the second order
elements in Fig. 5.26.

The direct LU solver is not capable to solve such a huge prohhes like this. Therefore the
GMRES? method has been applied to solve the linearized system. Thevb levels geometric

2General Mean Residual
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Fig. 5.26. Magnetic eld lines
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Fig. 5.27. The measured [1] and simulated results with second order ateents
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Fig. 5.28. Relative error of the measured and the simulated data

multigrid method is applied as preconditioner. The lower level of the multigrid method is the
rst order approach of the problem, which can be solved by LU oarse solver since the DOFs
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are 27 544 in this case. Moreover the top level of the multigd method is the second order
approach, which is determined by GMRES with the trial value etracted form the rst order
solution. In this way the convergence of the GMRES is very god only a few steps are required
to achieve the solution. Furthermore it is important to note that the Vanka algorithm has been
used as a pre-/postsmoother in the multigrid method [68].

Simulation results with higher order edge elements can be gerved in Fig. 5.27. | have got
better agreement between the simulation data and the meased ones. The average magnetic
ux is along the vertical part of the "plate U" can be seen at left side. The magnetic ux along
horizontal part of "plate U" can be observed in the middle andthe ux in the middle "plate I"
are plotted at right.

Important di erences can be observed at two locations. Oned where the "plate U" is
connecting to the air domainx = 0 in the middle gure. The other one is where the "plate I"
connects to the Neumann planez = 0 in the gure at right.

The Table 5.8 below summarizes the computational details bged on the table suggested on
page 24.

Table 5.8. Description of computer program

‘ No. ‘ Item ‘ Speci cation

1 Code name TEAM13

2 Formulation FEM (Finite Element method)

3 Governing equations 4.1

4 Solution variables magnetic vector potential A, La-

grange multipliers

Gauge condition imposed by Lagrange multiplier method
Fraction of geometry The half of the original geometry

is considered by applying homoge-
neous Neumann condition on sym-

metry plane
7 Technique for nonlinear problem Fixed-point method
Convergence criterion "< 10 8
8 Approximation method of B H JAM

curve

9 Technique for open boundary prob- Truncation
lem

10 | Calculation method of magnetic Taking into account exciting current
eld produced by exciting current in governing equations directly

11 | Property of coe cient matrix of lin- sparse, asymmetric
ear equations
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Table 5.8. Description of computer program

‘ No. ‘ Item Speci cation
12 | Solution method for linear equations Linear system solver: GMRES; Pre-
conditioner: Geometric multigrid
with 2 levels (the rst and second
order elements); Presmoother:
Vanka; Postsmoother: Vanka;
Coarse solver: LU
Convergence criterion for iteration Relative tolerance of GMRES:10 ©
method
13 | Element type Tetrahedron
14 | Number of elements 13 706
15 | Number of nodes 2497
16 | Number of unknowns (DOFs) 116 168
17 | Computer name HP Compaq nx8220 portable com-
puter
speed MIPS: 7396; MPFlops: 3071
FPU/3916 SSE2
main memory 2 GB
used memory 1.25 GB including the operation sys-
tem
precision data | 32
(bits)
CPU time (sec) total 2052
solving linear | 36
equations

5.3.7 Comparison

Same problem has been solved in the paper [70,71], where a hgbmethod described to solve
magnetostatic problems, which combines Finite Formulatim of Electromagnetic Fields (FFEF)
with integral boundary conditions based on Green function aplied to magnetization. The
magnetostatic problem is formulated in terms of line integals of magnetic vector potential while
integral boundary conditions are obtained by magnetic scalr potential. The two potentials are
coupled by the Ampere structural constraint. The method hasbeen applied both to linear
problems with magnetization sources inside the domain, ando nonlinear ones, handled by
means of the Fixed Point technique which introduces ctitious magnetization sources.

| am grateful to Prof. Repetto for providing simulation data (literature data) [71] for
this problem allowing the comparison between the method | usd and his hybrid formulation
method. The magnetic ux density in the middle of central column (Plate 1) according to the
literature data (at left in green) and the error between the literature and measured data (at
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right) are plotted in Fig. 5.29. These can be compared by the @sults in Figs. 5.27 and 5.28.
The simulation data were computed by 100 nonlinear iteratims with the L, norm of B error

Plate | Plate |
15 0

Error [%]

0.5¢

—— Simulated
—e— Measured
From literature

0 10 20 30 40 50 60 0 10 20 30 40 50 60
z [mm] z [mm]

Fig. 5.29. Comparison with the literature

0:45 10 °.

It is very hard to compare the literature values with my computation results as it can be
seen in the Table 5.9, because | used ner nite element meshra the obtained results are
indeed more accurate. It is important to emphasize that lessiumber of nonlinear iterations
were required in my computation, but the CPU time is not known from the literature. Therefore
the comparison of the computation time is not possible. The aler of tetrahedral nite elements
is also unknown from the literature.

Table 5.9. Comparison between literature values and my results

\ | my value | literature values [71] |
Number of nite elements 13 706 2688
Number of nonlinear iterations | 57 100
Relative error 5%:::7% 10% 70%
Convergence criterion 10 8for A | 0:45 10 ° for B
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5.4

Thesis 3

| have conrmed the nonlinear eld computational method wit higher order nite elements

by examples regarding magnetostatics, eddy current probie and di usion equation. | have
worked out three examples; one for the solution of one dimeasal di usion equation for fer-
romagnetic half-space, another one for the solution of a twdimensional (axisymmetric) eddy
current problem for hysteresis measurement simulation anthe third one for the solution of a
three dimensional magnetostatic problem for the benchmagkoblem of COMPUMAG.

a)

b)

c)

| have illustrated the nonlinear simulation method on the one dimensional half-space
problem. | have applied the nonlinear iteration method devéoped in the previous chapter
for solving the half-space problem with the Langevin charateristics and with the Jiles-
Atheron model, as well. The problem has been solved by the @inal xed-point method
and the xed-point method with relaxation (R), which is die rent from the Hantila's
over-relaxation method [52] sincedd <! < 1is allowed and nally this FP+R method is
improved by the local update of the permeability obtaining sgni cant speed up.

The simulation of the ferromagnetic hysteresis measureant known from section 3.4
has been worked out by using a two dimensional axisymmetric pdel. The simulations
have been carried out at di erent frequencies using both therate-independent and the
rate-dependent JAM.

| have developed the three dimensional nonlinear simul&in technique for the T.E.A.M
13 test problem of COMPUMAG. | have used edge nite element méhod and A vec-
tor potential formalism in combination with Lagrange multi pliers . | have validated
the simulation of the three dimensional nonlinear test prollem by the available measure-
ments. | have combined the higher order edge nite element mbod with the xed-point
method for solving this three dimensional magnetostatic poblem. | have used geometric
multigrid method for preconditioning the system by utilizi ng the hierarchical property
of the introduced higher order edge elements. The coarse dris represented by the
DOFs of rst order elements though the ner grid is de ned by t he DOFs of second
order elements.
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Chapter 6

Summary of Theses

Thesis 1

| have extended the JAM of hysteresis to avoid the non-phyalcsolutions and to represent the
rate-dependent variation of the response with the input fothe direct H-B and for the inverse
B-H characteristics as well.

a) | have developed an engineering approach based on an engerbalance equation for

b)

c)

d)

obtaining the di erential equation of the rate-independent Jiles-Atherton model. | have

introduced a parameter \, to avoid the non-physical solution (negative slope) of the
model di erential equation. | have validated the developedrate-independent model by
experiments.

| have extended the energy balance equation of the rate-@fependent Jiles-Atheron model
by two additional energy (eddy current and anomalous loss)érms to take into account
the time variation of excitation magnetic eld. | have valid ated the developed rate-
dependent model by experiments.

| have built a magnetic measurement system for measuring agnetic hysteresis in Lab-
VIEW environment. | have proposed measurement method for masuring hysteresis
loops, minor loops, rst order reversal curves and | have wdeed out an under-relaxation

method to obtain sinusoidal waveform inB.

I have worked out a procedure for parameter identi cation of both the rate-dependent
and rate independent Jiles-Atherton model of hysteresis bsed on the nonlinear least
square method.

Thesis 2

I have implemented the hysteresis simulation to the higherder vector shape functions of FEM
for solving magnetostatic and eddy current problems and tcahdle the nonlinear iteration and
| have worked out an e cient speed up technique of the xed poit method by combining the
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relaxation method and the local permeability update.

a)

b)

| have extended the eld equations for nonlinear magnetastic and eddy current prob-
lems considering the gauge xing with the Largange multipler method. | have proposed
formulations by assuming general hysteretic relationshigpetween theH and B to o er
for researchers the ability to use any type of hysteresis mad and numerical method.
To handle the nonlinear iteration | have worked out the relaxation method with the
permeability updates to speed up the xed-point iteration process.

I have combined the solution of the eld equations with higher order Schdoberltype edge
elements for nonlinear case. The introduced element type lalvs to choose nite elements
with arbitrary polynomial degree utilizing the local complete sequence property.

Thesis 3

| have conrmed the nonlinear eld computational method wit higher order nite elements
by examples regarding magnetostatics, eddy current probie and di usion equation. | have
worked out three examples; one for the solution of one dimeasal di usion equation for fer-

romagnetic half-space, another one for the solution of a twdimensional (axisymmetric) eddy

current problem for hysteresis measurement simulation anthe third one for the solution of a
three dimensional magnetostatic problem for the benchmagkoblem of COMPUMAG.

a)

b)

| have illustrated the nonlinear simulation method on the one dimensional half-space
problem. | have applied the nonlinear iteration method devéoped in the previous chapter
for solving the half-space problem with the Langevin charateristics and with the Jiles-
Atheron model, as well. The problem has been solved by the @inal xed-point method
and the xed-point method with relaxation (R), which is die rent from the Hantila's
over-relaxation method [52] sincedd <! < 1is allowed and nally this FP+R method is
improved by the local update of the permeability obtaining sgni cant speed up.

The simulation of the ferromagnetic hysteresis measureant known from section 3.4
has been worked out by using a two dimensional axisymmetric pdel. The simulations
have been carried out at di erent frequencies using both therate-independent and the
rate-dependent JAM.

| have developed the three dimensional nonlinear simul&in technique for the T.E.A.M
13 test problem of COMPUMAG. | have used edge nite element méhod and A vec-
tor potential formalism in combination with Lagrange multi pliers . | have validated
the simulation of the three dimensional nonlinear test prollem by the available measure-
ments. | have combined the higher order edge nite element mbod with the xed-point
method for solving this three dimensional magnetostatic poblem. | have used geometric
multigrid method for preconditioning the system by utilizi ng the hierarchical property
of the introduced higher order edge elements. The coarse dris represented by the
DOFs of rst order elements though the ner grid is de ned by t he DOFs of second
order elements.
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Chapter 7

Conclusions and future work

The purpose of this work is to nd an e cient way to compute mag netic elds in the presence
of highly nonlinear even hysteretic materials. Both magnetstatic and eddy current elds were
investigated.

Further investigations could be done by choosing hysteresimodels other than the Jiles-
Atherton. It would be very interesting to apply the Preisach model of hysteresis.

A di erent approach could be developed to take into account he ferromagnetic hysteresis,
because these hysteresis models (Preisach, Jiles-Athemt@tc.) were developed not for nite
element computations. We have a nite element mesh for dis@tizing the electromagnetic eld
equations but same mesh could be applied for solving the eqtian(s) of the hysteresis model.
The currently used hysteresis models do not utilize that theregion is discretized by the nite
element method. Both the electromagnetic eld equations andhe di erential equations of the
material could be solved simultaneously on the same nite @ment mesh as a coupled problem.
In this way a more sophisticated approach could be achieved.The geometrical shape, the
temperature of the material, the interaction between the manetic domains and the e ect of
the mechanical stress could be considered by this coupledgislem approach.

An interactive user friendly CAD software package should bedeveloped for solving electro-
magnetic eld equations in the presence of nonlinear magnét material, which would be useful
in designing electrical machines or power transformers.

In my further investigations | would like to deal with the chaotic behavior of ferromagnetic
hysteresis.
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Appendix A

Results of the half-space problem with
Langevin function

H__ =100 A/m @ t=0.5msec H__ =1000 A/m @ t=0.5msec H, =10000 A/m @ t=0.5msec
amp amp X 1oémp
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Fig. A.1. Solutions with Langevin characteristics, Hamp = 100 A/m, 1000 A/m, 10000 A/m at t=0.5
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Fig. A.2. Solutions with Langevin characteristics, Hamp = 100 A/m, 1000 A/m, 10000 A/m at t=5
ms
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H_ =100 A/m @ t=10msec H_ =1000 A/m @ t=10msec H, =10000 A/m @ t=10msec
amp amp X lo‘émp
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Fig. A.3. Solutions with Langevin characteristics, Hamp = 100 A/m, 1000 A/m, 10000 A/m at t=10
ms
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Fig. A.4. Solutions with Langevin characteristics, Hamp = 100 A/m, 1000 A/m, 10000 A/m at t=15
ms
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Fig. A.5. Solutions with Langevin characteristics, Hamp = 100 A/m, 1000 A/m, 10000 A/m at t=20
ms



Péter Kis PhD Theses 2006

H_ =100 A/m @ t=25msec H_=1000 A/m @ t=25msec H, =10000 A/m @ t=25msec
amp amp X lo‘émp
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Fig. A.6. Solutions with Langevin characteristics, Hamp = 100 A/m, 1000 A/m, 10000 A/m at t=25
ms
Hamp:lOO A/m @ t=30msec Hampzlooo A/m @ t=30msec « lg%mpzloooo A/m @ t=30msec
100 1000 1
50 500 0.5
E /\ E F\ E D&
< o < o < 0
T T T
-50 -500 -0.5
-100 -1000 -1
0 1 2 3 4 5 0 1 2 3 4 5 0 1 2 3 4 5
z [mm] z [mm] z [mm]
Fig. A.7. Solutions with Langevin characteristics, Hamp = 100 A/m, 1000 A/m, 10000 A/m at t=30
ms
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Fig. A.8. Solutions with Langevin characteristics, Hamp = 100 A/m, 1000 A/m, 10000 A/m at t=35
ms
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H_ =100 A/m @ t=40msec H_=1000 A/m @ t=40msec H, =10000 A/m @ t=40msec
amp amp X lo‘émp
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Fig. A.9. Solutions with Langevin characteristics, Hamp = 100 A/m, 1000 A/m, 10000 A/m at t=40
ms



Appendix B

Results of the half-space problem with
modi ed JAM

H__ =100 A/m @ t=0.5msec H__ =1000 A/m @ t=0.5msec H,.,,=10000 A/m @ t=0.5msec
amp amp X 10%MP
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Fig. B.1. Solutions with JAM, Hamp =100 A/m, 1000 A/m, 10000 A/m at t=0.5 ms
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Fig. B.2. Solutions with JAM, Hamp =100 A/m, 1000 A/m, 10000 A/m at t=5 ms
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H_ =100 A/m @ t=10msec H_ =1000 A/m @ t=10msec H, =10000 A/m @ t=10msec
amp amp X lo‘émp
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Fig. B.3. Solutions with JAM, Hamp =100 A/m, 1000 A/m, 10000 A/m at t=10 ms
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Fig. B.4. Solutions with JAM, Hamp =100 A/m, 1000 A/m, 10000 A/m at t=15 ms
H__ =100 A/m @ t=20msec H__ =1000 A/m @ t=20msec H, =10000 A/m @ t=20msec
amp amp X 10‘émp
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Fig. B.5. Solutions with JAM, Hamp =100 A/m, 1000 A/m, 10000 A/m at t=20 ms
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H_ =100 A/m @ t=25msec H_=1000 A/m @ t=25msec H, =10000 A/m @ t=25msec
amp amp X lo‘émp
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Fig. B.6. Solutions with JAM, Hamp =100 A/m, 1000 A/m, 10000 A/m at t=25 ms

H__ =100 A/m @ t=30msec H__ =1000 A/m @ t=30msec H, =10000 A/m @ t=30msec
amp amp X 10‘émp
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Fig. B.7. Solutions with JAM, Hamp =100 A/m, 1000 A/m, 10000 A/m at t=30 ms
H__ =100 A/m @ t=35msec H__ =1000 A/m @ t=35msec H, =10000 A/m @ t=35msec
amp amp X 10‘émp
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Fig. B.8. Solutions with JAM, Hamp =100 A/m, 1000 A/m, 10000 A/m at t=35 ms
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Fig. B.9. Solutions with JAM, Hamp =100 A/m, 1000 A/m, 10000 A/m at t=40 ms



Appendix C

Hysteresis measurement simulation at
0.2 Hz

Simulation results of the hysteresis measurement simulatih is presented, which are detailed
in section 5.2. The magnetic ux density is plotted in Tesla. The horizontal and vertical
cylindrical-coordinate axes arer [m] and z [m] respectively.
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Appendix D

Hysteresis measurement simulation at
5 Hz

Simulation results of the hysteresis measurement simulatih is presented, which are detailed
in section 5.2. The magnetic ux density is plotted in Tesla. The horizontal and vertical
cylindrical-coordinate axes arer [m] and z [m] respectively.
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Appendix E

Problem T.E.A.M. 13

Team Problem 13

3-D Non-Linear Magnetostatic Model

1. General Description

The model is shown in Fig.1. An exciting coil is set between two steel channels, and a
steel plate is inserted between the channels. The coil is excited by dc current. The
ampere turns are 1000 and 3000 AT which is sufficient to saturate the steel.

The problem is to calculate magnetic fields at various positions.

2. Analyzed Region and Boundary Conditions

If the symmetrical and periodic boundary conditions[l] can be used/4hegion
shown in Fig.2(a) is enough to be analyzed. The analysis of 1/2 region shown in
Fig.2(b) using only symmetrical boundary condition is also acceptable.

3. Mesh Description

The mesh is not specified.

4. Nonlinearity

The B-H curve of the steel shown in Fig.3 is to be used. The typical values of B(T) and
H(A/m) are also shown in Fig.3. The curve for high flux densities (B>1.8T) should be
approximated by Eq.(1):

B=mpH + (aFR + bH +¢)  (1.8EB£2.22T)

(1)
B=mpH + Ms (B2 2.22T)

wherenp is the permeability of free space. The constants a, b and c are

-2.381x10 10, 2,327x1605, and1.590respectively. Ms is the saturation magnetization
(2.167) of the steel. Equation (1) shows that the steel part is assumed to be completely
saturated when B is higher than 2.22T.

5. Quantities and Distributions to be Calculated

5a. Points where flux densities are compared
To compare results, please complete Tables 1, 2 and 3. Fig.4 shows the specified
positions for average flux density in the steel and flux density in the air. Fig.5 shows the

recommended points to be compared. The pc@tﬁo @ are for comparison
between various numerical methods of analysis. The points
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where large errors may occur, such as due to large flux density changes, are chosen.

The points@ to show the recommended points to be compared with experiment.
Around these points, flux densities can be measured accurately because the gradient of
flux density is not so high.

5b. Distributions of flux density vectors
Distributions of flux density vectors on the x-y plane at z=63.2mm, and on the y-z
plane at x=0mm are to be presented.

6. Description of Computer Program

To compare formulations, variables, etc., please complete Table 4. The used memory in
the item N0.17 in Table 4 is defined as the sum of dimensions declared in the program.

7. References

[l T.Nakata, N.Takahashi, K.Fujiwara & A.Ahagon "Periodic Boundary Condition for
3-D Magnetic Field Analysis and its Applications to Electrical Machines", IEEE
Trans. Magnetics, MAG-24, 6, 2694 (1988).

[2) O.C.Zienkiewicz "The Finite Element Method (Third Edition)", McGraw-Hill
(2977).

[3] P.P.Silvester, H.S.Cabayan & B.T.Browne: "Efficient Techniques for Finite
Element Analysis of Electrical Machines", IEEE Trans: PA&S, PAS-92, 6, 1274
(1973).

[4] J.H.Hwang & W.Load : "Finite Element Analysis of the Magnetic Field Distribution
inside a Rotating Ferromagnetic Bar", IEEE Trans. Magnetics, MAG-IO, 4, 1113
(1974).

[6] H.Akima : "A New Method of Interpolation and Smooth Curve Fitting Based on
Local Procedures”, Journal of ACM, 17, 4, 589 (1970).

[6] C.R.I.LEmson "Methods for the Solution of Open-Boundary Electromagnetic-Field
Problems", IEE Proc., 135, Pt.A, 3, 151(1988).

[7] P.Tong & J.N.Rossetos : "Finite-Element Method (Basic Technique and
Implementation)”, MIT Press (1977).

[8] P.Sonneveld "CGS, a Fast Lanczos-Type Solver for Nonsymmetric Linear
Systems", Report 84-16, Department of Mathematics and Informatics, Delft
University of Technology, The Netherlands (1984).

[9] A.Bossavit & 3.C.Verite : "The "TRIFOU" Code : Solving the 3-D Eddy-Currents
Problem by Using H as State Variable", IEEE Trans. Magnetics, MAG-19, 6, 2465
(1983).
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Fig. 1. 3-D nonlinear magnetostatic model
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Fig. 2. Analyzed region
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Fig. 3. B-H curve of steel
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Fig. 4. Specified positions for flux density (see Tables 1 and 2)
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Fig. 5. Recommended points to be compared (see Table 1, 2, and 3)
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Table 1 Average flux density |B| (T) in the steel (see Fig.4)

coordinates (mm) ampere turn (AT)
No. X y z 1000 3000
1 0.0
2 10.0
3 20.0
4 0.0ExXEL1.6 -25.CEy£25.0 30.0
5 40.0
6 50.0
7 60.0
8 2.1
9 10.0
10 20.0
11 30.0
12 40.0
13 50.0 15.CEy£65.0 60.&2z£63.2
14 60.0
15 80.0
16 100.0
17 110.0
18 122.1
19 60.0
20 50.0
21 40.0
22 | 122.1Ex£125.3| 15.CEy£65.0 30.0
23 20.0
24 10.0
25 0.0
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Table 2 Flux density |B] (T) (see Fig.4)

No. | coordinates (mm) ampere turn (AT)
X y z 1000 3000

26 | 10.0

27 | 20.0

28 | 30.0

29 | 40.0

30 | 50.0

31 | 60.0| 20.0| 55.0

32 | 70.0

33 | 80.0

34 | 90.0

35 [100.0

36 [110.0

Table 3 Flux density |B| (T) (see Fig.5)

coordinates (mm) ampere turn (AT)
No. X y z 1000 3000
@ | 22| 151]60.1

@ | 2.0 | 14.9| 50.9
@ | 15| 00 | 55.0

@ | 15| 0.0 | 25.0

to are for comparison between various numerical methods of analysis. The points

The points@ to show the recommended po

where large errors may occur, such as due to large flux density changes, are chosen.
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Table 4 Description of computer program

No. Item Specification
1 Code name
2 Formulation 1. FEM (Finite Element Method)
] 2. BEM (Boundary Element Method)
] 3. IEM (Integral Equation Method)
] 4. FDM (Finite Difference Method)
] 5. combination ( + )
] 6. others (
(Please write references
in item No.18)
3 Governing equations
4 Solution variables
5 Gauge condition 1. not imposed
2. imposed
] (a) impose the condition on
governing equations directly
] (b)  penalty function method
] (c) Lagrange multiplier method
] (d)  others (
(Please write references
in item No.18)
6 Fraction of geometry 1. 1/41]
]2 1/2
7 Technique for non-linear 1 Newton-Raphson method [3]
problem[2] [12. Modified Newton-Raphson-method
] 3. Incremental method
[ 14. SOR[4]
| 15. others ( )
(Please write references
in item No.18)
Convergence criterion
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Table 4 Description of computer program (continued)

No.

Iltem

Specification

8

Approximation method of H
H curve

L]
N

L]
Bwr

1. spline

Akimal[5]

straight lines

others(

(please write references
in item No.18)

[ Technique for open bound
problem [6]

L]

truncation
mapping
ballooning
Zienkiewicz's infinite element
TongOs infinite element[7]
BEM or IEM
others (
(please write references
in item N0.18)

NogopwNE

10

Calculation method of

exciting current

Biot-Savart law (analytical)

[T 1.
magnetic field produced by ] 2.  Biot-Savart law (numerical)
113

taking into account exciting current in
governing equations directly

11

Property of coefficient mat
of linear equations

1. symmetric
(la) sparse
(Ib) full

2. asymmetric
(2a) sparse
(2b) full

3. combination

12

Solution method for Tinear
equations

1. ICCG

ILUBCG

ILUCGS[7]

SOR

LDLT

LU

Gauss elimination method

others (

(please write references
in item N0.18)

UOoouoUygoog gox
N

ONO G AW

Convergence criterion for
iteration method
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Table 4 Description of computer program (continued)

No. ltem Specification
13 Element type j 1. tetrahedron
2. triangular prism
| 1 3. hexahedron
14, triangle
| 15. rectangle
'16. others (
(please write references
in item N0.18)
1. nodal element ( nodes )
] 2. edge element ( edges )[9]
14 Number of elements
15 Number of nodes
16 Number of unknowns
17 Computer name
speed (MIPS), (MFLOPS).
main memory
(MB)
used memory
(MB)
precision of data (bits)
CPU time (sedjotal
solving linear equations
18 References on Nos.1 to 13, etc.
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Average flux density |B| in steel plate (1OOOAT, measured)

)
)

coordinates (mm) average flux density |B](T]
No. [x y z G=0.52(mm) G=0.47(mm
1 0.0 1.333 1.354
2 10.0 1.329 1.339
3 20.0 1.286 1.304
4 0.0EX£1.6 - 25.CEy£25.0  {30.0 1.225 1.245
5 40.0 1.129 1.138
6 50.0 0.985 0.982
7 60.0 0.655 0.674
8 2.1 0.259 0.263
9 10.0 0.453 0.451
10 20.0 0.554 0.563
11 30.0 0.637 0.641
12 40.0 0.698 0.706
13 50.0 15.CEy£65.0 60.@z£63.2 |0.755 0.763
14 60.0 0.809 0.819
15 80.0 0.901 0.907
16 100.0 0.945 0.958
17 110.0 0.954 0.968
18 122.1 0.956 0.968
19 60.0 0.960 0.971
20 50.0 0.965 0.973
21 40.0 0.970 0.982
22 122.1£x£125.3 |15.CEy£65.0 30.0 0.974 0.985
23 20.0 0.981 0.991
24 10.0 0.984 0.995
25 0.0 0.985 0.995
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Appendix F

The geometric multigrid method

The geometric multigrid solver or preconditioner is a fast @ad memory-e cient iterative method

for elliptic and parabolic models. It performs one or severacycles of the geometric multigrid
method. The classical multigrid algorithm uses one or sevat auxiliary meshes that are coarser
than the original ( ne) mesh. The idea is to perform just a fraction of the computations on the
ne mesh. Instead, it performs computations on the coarser rashes when possible, which leads
to fewer operations. The size of the extra memory used for theoarser meshes and associated
matrices is comparable to the size of the original data. Thigeads to an iterative algorithm that

is both fast and memory e cient.

A hierarchy of multigrid levels can be used where each corrpends to a mesh and a choice
of shape functions. Thus, in addition to coarsening the mesilit is possible to construct a new
coarser level by lowering the order of the shape functionsThe number of degrees of freedom
decreases when you go to a coarser multigrid level. There issa an option to generate the ner
meshes from the coarsest mesh by successive mesh re nememthich leads to aligned (nested)
meshes.

To describe the multigrid algorithm, assume that you haveN +1 multigrid levels numbered
from O to N, where 0 is the nest level (the level for which you seek the solution) To solve
the linear systemAgx = b (corresponding to levelQ), the algorithm must reform the system

matrices P; that map a solution x vector on leveli to the corresponding solution vectorP;x
on the next nerlevel i 1.
The prolongation matrices are constructed using plain intepolation from one multigrid level
to the other. The system matrices for the coarse levels can bepnstructed in two ways:
By assemblingA; on the mesh of leveli.
By projection from the ner level: A; = PiTAi 1P where T denotes a matrix transposi-
tion. This is also called the Galerkin method It typically leads to more nonzero elements
in the system matrix A, but the convergence can be faster than in the previous methtb
The following algorithm describes one multigrid cycle:
1. The input to the algorithm is some initial guess xo to the solution of the system
Agx = b.
2. Starting with X o, apply a few iterations of apresmootherto the linear systemA ox = b,
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yielding a more accurate iteratex gs. Typically the presmoother is some simple iterative
algorithm such as SOR, but you also chose an arbitrary iterdave solver.

3. Compute the residualrg = b AgXxgs. The presmoother smooths the residual so the
oscillations in r have such a long wavelength that they are well resolved on theext
coarser level (1). Therefore, project the residual onto les 1 by applying the transpose
of the prolongation: r; = Pro.

4. If N = 1 the coarse solver can be used to solve the systelinx 1 = r 1. The coarse solver
is typically a direct solver. The number of degrees of freedo on level 1 is less than
for level 0, which means that solvingA 1x1 = r 1 is less expensive. If insteadN > 1,
solve the systemA 1x1 = r; (approximately) by recursively applying one cycle of the
multigrid algorithm for levels 1;2;:::;N. In both cases the obtained solutiorx ; is called
the coarse grid correction.

5. Map the coarse grid correction to level 0 using the prolorgfion matrix: Xgc = Xgs+
Pix1.

6. Starting with x oc, a few iterations of a postsmoother must be applied to the lirar system
Aox = b, yielding a more accurate iteratex omg. The iterate X omg is the output of the
multigrid cycle.

The cycle just described is called the V-cycle. The recurses/call in Step 4 (whenN > 1)
is a also a V-cycle. For the W-cycle and the F-cycle, the Step4-6 above are the same but
with the twist that the recursive call in Step 4 is substituted with two multigrid calls for the
coarser levels. For the W-cycle these two calls are recurscalls, they are W-cycle calls. For
the F-cycle the rst call is a W-cycle and the second a V-cycle

For only two multigrid levels (N = 1) these cycles are the same, because the algorithm uses
the coarse solver in Step 4. Also note that the amount of work 0 the nest level is the same
for the di erent cycles. Normally the V-cycle is su cient, b ut the W-cycle and the F-cycle can
be useful for more di cult problems.

When using multigrid as a preconditioner on a right-hand sig b, the preconditioned solution
M 1b is obtained by applying a xed number of multigrid cycles starting with the initial guess
0. When using multigrid as a solver, the multigrid cycle repats until it reaches convergence.

When using multigrid as a preconditioner for the conjugate gadients method for a sym-
metric matrix A, the preconditioning matrix M should also be symmetric. This requirement is
ful lled if the matrices M associated with the presmoother and the postsmoother are éinsposes
of each other. For instance, this is the case if the presmooéh is SOR and the postsmoother is
SORU, and if the same number of smoothing steps is used.
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Appendix G

The Vanka Algorithm

This preconditioner/smoother is intended for, but not restricted to, problems involving the
Navier-Stokes equations. Formally it applies to saddle-piot problems. A saddle-point problem
is a problem where the (equilibrium) solution is neither a maimum nor a minimum. The
corresponding linear system matrix is inde nite, and oftenit has zeros on the diagonal. This is
the case for the Navier-Stokes equations but also for prohtes formulated with weak constraints.

The algorithm is a local smoother/preconditioner of Vanka type. It is based on the ideas
in [68]. It is possible to describe it as a block SOR method, wdre the local coupling of the
degrees of freedom (DOFs) determines the blocks. The impant idea in this algorithm is to
use the Lagrange multiplier variable (or set of variables) ¢ form the blocks. For illustration
purposes, consider the Navier-Stokes equations. For thegguations the pressure variable plays
the role of Lagrange multiplier. The linearized equations a discrete form has the following
structure:

AU=SDTU=F G.1)
P D O P G

where U and P are the velocity and pressure degrees of freedom, respeetiy. The algorithm
loops over the Lagrange multiplier variable DOFs, here the pessure DOFsPj, and nds the
direct connectivity to this DOF. To do so, the algorithm locates the nonzero entries in the
matrix column corresponding to P ;. The row indices of the nonzero entries de nes the DOFs
U k, and the software forms a local block matrix based on this camectivity:

m T #
Si D;
A= T (G.2)
D; O
One Vanka update loops over allPj and updates
" # o # " # " #!
U U; F U
: AL A (G.3)
P P G P

j
where the (:); denotes the restriction of a vector to the rows correspondia to the block j.
I is a relaxation parameter. The algorithm does not form the iwerses of the block matrices
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explicitly. Instead, it computes the Vanka update either with a direct solver subroutine call or
by a GMRES iterative method subroutine call. The GMRES methdd is the restarted GMRES
without preconditioning. The algorithm relies on that it is possible to invert the submatrices
A;. If it is not possible, the algorithm fails. Note that a zero on the diagonal of A or Aj is not
necessarily a problem for this updating strategy.

In general, the Vanka update does not necessarily update alDOFs. This is, for example,
the case for problems with weak constraints, where only a snilssubset of the problem's DOFs
are directly coupled to the Lagrange multipliers for the corstraints. Another example is the
Navier-Stokes equations (or similar types of equations) amled to other equations, but where
the coupling is not directly through the pressure variable. The Vanka algorithm automatically
detects DOFs that are not updated by the above Vanka updatingprocedure and performs, for
each Vanka update, a number of SSOR sweeps for these DOFs. $hpart of the algorithm is
denoted the SSOR update. The SSOR update only works for a subatrix that has a nonzero
diagonal. Just as the SOR and Jacobi preconditioner algoritms, this fails if it nds zeros on
the diagonal for the DOFs in the SSOR update.
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