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CONTENTS 5

Motivations
The traditional description of phase transitions, developed by Landau, relies on the concept

of symmetry breaking. Each distinct phase is associated with a particular symmetry group, and
a phase transition is accompanied by a symmetry breaking, in which the symmetry group of
one phase is the subset of the symmetry group of the other phase. In this way, concepts like
order parameters�quantities that vanish above the critical temperature but acquire a �nite value
below it�emerged as the universal hallmark of both classical and quantum phase transitions.
In Landau's theory, all classical and quantum phase transitions arise from a form of symmetry
breaking.

This well-established paradigm was challenged with the discovery of the fractional Quantum
Hall e�ect [1], where multiple distinct phases share the same conventional symmetries. Realizing
that such states of matter could not be understood within the symmetry-breaking framework,
physicists began searching for �hidden� quantum orders that could distinguish these phases.

Quantum spin liquids (QSLs) represent a typical setting for these novel ideas in Mott in-
sulators. A QSL is the ground state of a quantum spin system that remains fully symmet-
ric�concerning the symmetries of the underlying lattice and of the Hamiltonian. Consequently,
QSLs exhibit no conventional magnetic order of any kind (e.g. ferromagnetic or antiferromag-
netic). While magnetically ordered ground states usually have bosonic excitations, like the spin-1
magnon, QSLs have fractionalized fermionic excitations, as the spin-1/2 spinons. The splitting of
the bosonic excitation to a pair of fermionic quasiparticles is called fractionalization. Therefore,
the existence of the QSL ground state and the fractionalized excitations is directly measurable
through the dynamical spin structure factor, if at the lowest excitation energies we observe a
continuum (implicating a pair of quasiparticles) instead of a single branch.

A promising approach to characterizing hidden quantum orders at the mean-�eld level in-
volves the concept of the projective symmetry group (PSG). When the �uctuations beyond
mean-�eld theory are weak, the mean-�eld quantum order (protected by the PSG) becomes the
quantum order of the real ground state [2, Sec. 9.9.1]. If the mean-�eld one-particle energy
spectrum is gapped, the quantum order is called topological order, and is characterized by the
ground state degeneracy [2, Sec. 8.] [3]. If the one-particle energy spectrum is gapless, then
the quantum order is characterized by the existence and location (in reciprocal space) of gapless
excitation towers in the dynamical spin structure factor [2, Sec. 9.10.2]. Analogous to symmetry
breaking protecting gapless excitations following Goldstone's theorem [4, Sec. 6.1], certain PSGs
can protect gapless fermionic excitations and their reciprocal-space locations [2, Sec. 9.10.2]. Ex-
perimentally, the dynamical spin structure factor provides a tool to identify a gapless quantum
spin liquid ground state [2, Sec. 9]. Quantum phase transitions can occur without conventional
symmetry breaking, driven instead by changes in the PSG itself.

One-dimensional spin systems are archetypal examples of quantum spin liquids, where strong
quantum �uctuations suppress all forms of magnetic order. In contrast, stabilizing a quantum
spin liquid in two-dimensional systems is far more challenging and often requires enhanced �uc-
tuations. Such enhancements can be achieved by geometric frustration (e.g., on the triangular
or kagome lattice) or by introducing further-neighbor interactions. Another route is to enlarge
the spin symmetry group, considering SU(N ) or Sp(N ) models with N > 2 [5], which increases
quantum �uctuations and thereby helps to stabilize quantum spin liquids.

In this thesis, we seek new avenues to stabilize and characterize two-dimensional quantum
spin liquids by considering models with higher symmetries. We implement a variational method
to characterize excitations in one and two-dimensional SU(3), SU(4), and SU(6) symmetric
Heisenberg models. We will calculate the experimentally relevant dynamical spin structure factor
to facilitate their potential identi�cation. We also show that the SU(6) symmetric Heisenberg
model on the kagome lattice is a likely candidate for a gapless Dirac spin liquid.



Thesis statements
1. I computed the dynamical spin structure factor S(k; ! ) of the SU(3) Heisenberg chain

variationally using Gutzwiller projected particle-hole excitations of the Fermi sea. I showed
that the low energy spectrum and the distribution of the spectral weights of the SU(3)
Heisenberg chain can be well reproduced by this method, by comparing theS(k; ! ) to
exact diagonalization results for 18 sites, the two-soliton continuum of the Bethe Ansatz,
and the DMRG results for 72 sites. Detailed analysis of the �nite-size e�ects shows that
the method captures the critical Wess-Zumino-Witten SU(3)1 behavior and reproduces the
correct exponent, except for the size dependence of the spectral weight in the bottom of
the conformal tower. The extracted velocity of excitations and the central charge are very
close to the exact results. These results are published in Ref. [I.].

2. I computed the dynamical spin structure factorS(k; ! ) of the SU(4) Heisenberg model on
the honeycomb lattice variationally, approximating the ground state by the Gutziller pro-
jected � -�ux Fermi sea (motivated by Ref. [6]), called a Dirac spin liquid. I compared these
results with non-interacting mean-�eld calculations. The two approaches produce qualita-
tively similar results, suggesting that the energy spectrum of the Gutzwiller projected ex-
citations may also be a gapless continuum of fractionalized excitations. Quantitatively, the
Gutzwiller projection shifts the spectral weight from higher to lower energies, thus empha-
sizing the lower edge of the continuum. The ratio of the sums

� P
k 2 eBZ S33

MF (k)
�

=
� P

k 2 eBZ S33(k)
�

=
1 � 1=N shows that the correlations are reduced in the mean-�eld case, since the charge
�uctuations reduce the value of the quadratic Casimir operator, appearing in the sum rules.
These results are published in Ref. [II.].

3. I proposed the Gutzwiller projected � -�ux Fermi sea (another Dirac spin liquid) as the
ground state of the SU(6) Heisenberg model on the Kagome lattice. To reach this conclu-
sion, I investigated the energetical stability of the Dirac spin liquid (DSL) against pertur-
bations of the mean-�eld ansatz and con�rmed that the DSL remained the lowest energy
singlet state. Furthermore, I found that �nite values of the second-neighbor (J2) and ring
(K ) exchange are necessary to destabilize the DSL, highlighting its resilience to further
interactions. These results are published in Ref. [III.].

4. To characterize the DSL on the SU(6) kagome lattice, I calculated the dynamical spin
structure factor S(k; ! ) variationally using Gutzwiller projected particle-hole excitations
of the � -�ux Fermi sea, and compared these results with the non-interacting mean-�eld
calculations. In the SU(6) case, the distribution of the spectral weights in theS(k; ! ) shows
a much better agreement between the variational and the mean-�eld calculations than in
the SU(4) or SU(2) cases. I attribute the decreasing di�erence between the two approaches
to the weakening of the �uctuations beyond the mean-�eld approximation as the SU(N )
symmetry increases. Based on this similarity, I have studied theS(k; ! ) in the mean-�eld
approach for an extensive system with 3888 sites and found that the spectrum is a gapless
continuum, where the gapless towers are centered at the� , � 0, M and M0 points in the
extended Brillouin zone. The static spin structure factor S(k) shows increased spectral
weights in the form of triangular-shaped plateaus around the K0 points in the extended
Brillouin zone. The static mean-�eld and the variational results di�er in the sum rules and
in the form of barely noticeable humps appearing in the variational calculations around
the M0 points. The real space spin-spin correlations seem to decay algebraically with the
distance, with a power between 3 and 4, similarly as in the SU(4) case (see Ref. [6]). These
results are published in Ref. [III.].
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Chapter 1

Models and their experimental realiza-
tions
1.1 SU(N) Hubbard model

1.1.1 SU(2) Hubbard model

In metals and band insulators the interaction between the electrons is negligible, so their
energy spectra consist of bands. In both cases, the conduction electrons (if there are any)
are completely delocalized in the material, so their wave functions are Bloch states. If the
Fermi energy is inside a band, the material behaves as a metal, while if it is between two
bands, the material is an insulator (since the conduction band is empty atT = 0 ). However, in
certain materials, such as V2O3, Ti 2O3, Sr2IrO 4, (BEDT-TTF) 2X, the Fermi energy should be
inside a band, yet they are strongly insulating. In these materials, called Mott insulators, the
Coulomb repulsion between the electrons is strong enough to make them localized, destroying the
metallic behavior. The Hubbard model (introduced in Refs. [7, 8, 9])) is the simplest many-body
Hamiltonian describing these materials, encompassing two opposing tendencies:

1. the kinetic energy term (parametrized by the hopping amplitudet) tends to delocalize the
electrons into Bloch states, causing a metallic behavior

2. the on-site repulsion term (approximating the Coulomb repulsion) with coupling U � 0
tends to localize the electrons to the lattice sites, leading to a Mott insulator.

Thus, increasing the on-site repulsion fromU = 0 , at some critical ratio U=t the ground state of
the Hubbard model changes from a metallic state to a Mott insulator [4, Sec. 4]. This quantum
phase transition is called the Mott transition. In the Hubbard model the screened Coulomb
interaction between the electrons is simpli�ed to the shortest possible range, on-site repulsion.

The SU(2) symmetric single-orbital Fermi Hubbard model is de�ned by the Hamiltonian

H SU(2)
Hub = � t

X

hi;j i

X

� 2f" ;#g

(cy
i;� cj;� + H.c.) + U

X

i

ni; " ni; # +
X

i

X

� 2f" ;#g

" i ni;� ; (1.1)

where cy
i;� creates a fermion with spin� 2 f" ; #g in the Wanier state localized at site i , ni;� =

cy
i;� ci;� is the fermion number operator (with eigenvalues 0, 1), and" i is the external �eld at

site i . Due to the Pauli exclusion principle, the occupation of a site (the eigenvalue of the total
number operator ni =

P
� 2f" ;#g cy

i;� ci;� ) can be at most two.

1.1.2 Generalization to SU(N)

The SU(N ) generalization allows forN di�erent "spins" � 2 f 1; : : : ; N g of the particlescy
i;� j0i

(j0i being the vacuum), which will be called �avors. The SU(N ) single-orbital Fermi-Hubbard
model is de�ned by the Hamiltonian

H Hub = � t
X

hi;j i ;�

(cy
i;� cj;� + H.c.) + U

X

i;� 0>�

ni;� ni;� 0 +
X

i;�

" i ni;� ; (1.2)
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8 CHAPTER 1. MODELS AND THEIR EXPERIMENTAL REALIZATIONS

which mainly di�ers from the SU(2) case in the interaction term, since here a site can be occupied
at most by N particles. The fermion number operatorni;� = cy

i;� ci;� still has only two eigenvalues

0,1, but the eigenvalues of the total number operatorni =
P N

� =1 cy
i;� ci;� can go from 0 toN .

The Hubbard Hamiltonian H Hub has SU(N ) spin rotation symmetry (see Appendix A.2),
because permuting the �avors among each other does not change the Hamiltonian. The SU(N )
spin rotation symmetry can be broken by introducing �avor-dependent hoppingst � or �avor-
dependent on-site interactionsU�;� 0.

In the large U=t ! 1 limit, the leading order perturbation theory of the half-�lled (one
fermion per site on average) repulsive SU(2) symmetric Hubbard model gives rise to the anti-
ferromagnetic SU(2) symmetric Heisenberg model in the spin 1/2 irreducible representation (see
section 1.4.1. Similarly, in the largeU=t ! 1 limit, the leading order perturbation theory in t=U
of the SU(N ) Hubbard model with m=N < 1 �lling ( m fermions per site on average, wherem is
an integer) results in the SU(N ) symmetric antiferromagnetic Heisenberg model. Them=N frac-
tional �lling of the Hubbard model determines the irreducible representation of the Heisenberg
model on every site (see section 1.4.2, and appendix A.6).

The SU(N ) symmetrical Hubbard model can describe fermionic cold atoms in optical lattices.

1.1.3 Experimental realization with optical lattices

Two counterpropagating interfering laser beams can create a standing wave, and more inter-
fering laser beams can create a standing wave of almost any desired spatial periodicity. Such
standing waves can trap neutral atoms, since the oscillating electric �eld of the lasers creates
dipole momenta in the atoms, which interact with the electric �eld. In time average, the atoms
are attracted either toward the high-intensity (antinode) or low-intensity (node) regions of the
standing wave, depending on the applied frequency and the energy levels of the atoms. Thus,
the neutral atoms feel a time-independent periodic potential that follows the spatial pattern of
the laser �eld intensity, called an optical lattice [10, Sec. 3.1], where the atoms are localized
in the potential wells, separated with potential barriers. Adjusting the frequency, polarization,
and angle of the counterpropagating lasers, one can create almost any lattice geometry. A three-
dimensional cubic optical lattice can be created by three pairs of counterpropagating laser beams
in pairwise orthogonal directions, forming three orthogonal standing waves with orthogonal po-
larizations.

The atoms can tunnel through the potential barriers, corresponding to the hoppingst in
Eq. (1.2). The repulsion between the atoms inside the same potential well corresponds to the
on-site repulsionU. Both U and t depend on the intensity of the laser beams. Increasing the
intensity we increase the potential barriers, therefore we simultaneously decreaset and increase
U [11, 12, 13, 14]. The" i describes an additional external potential, which describes the energy
o�set of each lattice site [11].

If the intensity of the laser beams is the same in every direction, then the hoppings are equal
in all directions. However, increasing the intensity of the pair of laser beams in one direction
decreases the hopping along this direction, so for large enough intensity, we get almost decoupled
two-dimensional layers [10, 11], simulating the two-dimensional Hubbard model on the square
lattice.

Optical lattices of ultracold alkaline earth metal atoms, achieve near-perfect SU(N = 2 I + 1 )
symmetry originating from the nuclear degrees of freedom. [15]. Here,I represents the nuclear
spin, andN can be as high as 10, as demonstrated with87Sr isotopes exhibiting SU(10) symmetry
[16, 17]. SU(6) symmetry can be realized by173Yb isotopes with I = 5=2 [18, 19, 20, 21, 22, 23,
24, 25, 26, 27]. SU(4) symmetry can be realized by atoms withI = 3=2 [28, 29]. Furthermore, it
is possible to create a Mott insulator using173Yb isotopes [21], described by the physics of the
SU(6) Heisenberg model.
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A remaining issue is the temperature range achieved in experiments, which might be too high
to compare the measurements with zero temperature calculations.

1.2 Orbital degeneracy, and the Kugel Khomskii model

The Hubbard model can be extended to allow for multiple orbitals at a given lattice site,
giving an extra orbital index � to the fermionic operatorscy

j;�;� . In this case, the hopping ampli-
tudes acquire a dependence on the orbital indices ast �;� 0, and the Coulomb repulsion can also be
di�erent depending on whether two electrons occupy the same orbital (with antiparallel spins),
or are placed on di�erent orbitals (see [4, Sec. 5.4] and Refs. [30, 31, 32]). In the strong repulsion
limit with one electron per site, the low energy e�ective theory will incorporate exchanges not
only between the same orbitals on nearest neighbors, but also between di�erent orbitals. In the
case of two-fold orbital degeneracy, the low energy e�ective Hamiltonian can be reformulated in
terms of the Pauli matrices� x , � y , and � z acting on the orbital degrees of freedom. Thus, the two
orbitals j1i and j2i (called pseudospins) are the eigenstates of the� z operator with eigenvalues
� 1. An example of such a low energy Hamiltonian is

HKK =
X

hi;j i

(u + Si � Sj ) �
�

v + � [� +
i � �

j + � �
i � +

j ] + J 0
z� z

i � z
j

�
; (1.3)

where the coe�cients u, v, � , and J
0

z are given in Refs. [31, 32]. The spin part is isotropic due
to the SU(2) spin-rotational symmetry of the underlying two-orbital Hubbard model, but the
orbital part is usually anisotropic because it depends on the relative orientation of the orbital
wavefunctions on nearest neighbor sites. Bilinear terms ofS and � like Sx � x , Sy � y , and Sz� z are
absent in the low energy theory, due to the absence of the spin-orbit interactions in the underlying
two-orbital Hubbard model. Since these models were �rst studied by Kugel and Khomskii in
Ref. [30], these low-energy models are called Kugel Khomskii models.

For the special values of� = J 0
z=2, the orbital part also becomes SU(2) pseudo spin rotational

symmetric. Furthermore, for the �ne tuned parameters u = v = 1=4 and 2� = J 0
z = 1 the Kugel

Khomskii model becomes

HKK =
X

hi;j i

�
1
4

+ Si � Sj

�
�

�
1
4

+ � � �
�

; (1.4)

which is equivalent to the SU(4) Heisenberg model (discussed in section 1.4.2), since the four
SU(4) spins (in the fundamental representation) are constructed asj "i 
 j 1i , j #i 
 j 1i , j "i 
 j 2i ,
and j #i 
 j 2i , and the N 2 � 1 = 15 SU(4) spin operators are constructed asf Sa; � b; Sa� bja; b2
f x; y; zgg.

Unfortunately, the SU(4) symmetric point is never realized in real materials, since the relative
orientation of the orbital wavefunctions on nearest neighbor sites is never optimal. However, in
certain experiments, the Kugel Khomskii model describing the material is close to the SU(4)
symmetric point, for example in magic-angle twisted graphene [33, 34] and metal dichalcogenide
bilayers [35, 36, 37].

1.3 SU(4) Heisenberg model from spin-orbit coupled materials

The Kugel Khomskii model does not involve spin-orbit interactions. However, as argued in
Refs. [38, 39] the strong spin-orbit interaction can give rise to the Kugel Khomskii model exactly
at the SU(4) symmetric point. These arguments hold for a class of materials� � MX 3, with
M 2 f Zr, Hf, Rfg and X 2 f F, Cl, Br, I, At g where the M atoms form well-separated layers of
almost ideal honeycomb lattices (based on Refs. [40, 41]). In particular, they focused on� � ZrCl3,
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Figure 1.1: The left panel shows a single layer of� � ZrCl3, where the Zr atoms form a honeycomb
lattice [38]. The right panel (b) shows the octahedral (cubic) environment of the Zr atoms (big
spheres) formed by the Cl atoms (small spheres). The hexagon connecting the Zr atoms is one
of the hexagons shown in the left panel [38]. The middle panel (a) shows the superexchange
pathways, along which the Zr atoms can exchange electrons via the mediation of the Cl atoms
[38]. Depending on theyz, zx, or xy planes of the superexchange, the nearest neighbor bonds
in the Zr hexagons are colored by red, light green, or blue, which will be denoted bya, b, and c,
respectively. All these �gures were taken from Ref. [38].

though the arguments also work for the other possibilities. As shown in the left panel of Fig. 1.1
the Zr atoms form layers of honeycomb lattices, while the Cl atoms create an octahedral (cubic)
environment for the Zr atoms (see the right panel (b) of Fig. 1.1). Consequently, the �ve-fold
degenerated orbitals of the Zr atoms are split by the octahedral crystal �eld to the two-fold
degenerateeg (the x2 � y2 and 3z2 � r 2 orbitals) and the three-fold degeneratet2g orbitals
(the dxy , dyz , and dzx orbitals) [4, Sec. 3.5]. The Zr atoms have one electron in thed shells,
which remains in the t2g orbitals after the crystal �eld splitting. Thus, on every lattice site, the
electron can be in two spin states� 2 f" ; #g and three orbitals A � dxy , B � dyz , C � dzx . To
simplify the notations used in Refs. [38, 39] we denote the creation operators of these six states
at site j as cy

j;�;� , where � 2 f A; B; C g, and � 2 f" ; #g. The direct hopping of the electrons
between thedxy , dyz , and dzx orbitals of nearest Zr atoms is unlikely, the electrons are exchanged
between Zr atoms via the mediation of the surrounding Cl atoms, as shown in Fig. 1.1(a), called
superexchange [4, Sec. 5.2]. Consequently, the electrons can only hop between orbitals that are
perpendicular to the plane of the superexchange, and have a large probability to �nd the electron
around the Cl atoms. In the example shown in Fig. 1.1(a), the superexchange takes place in
the xy plane, therefore the electrons of the Zr atoms can hop between thedyz and dzx orbitals
only. Depending on the planesyz, zx, and xy of the superexchange, the nearest neighbor bonds
of the Zr atoms are denoted asa, b, and c, respectively, as shown in Fig. 1.1(b). Therefore,
the starting point of Refs. [38, 39] is the six-component Hubbard model with bond-dependent
hoppings, which in our simpli�ed notation reads,

H � � ZrCl 3 = � t
X

�

0

@
X

hi;j i a

cy
i;B;� cj;C;� +

X

hi;j i b

cy
i;C;� cj;A;� +

X

hi;j i c

cy
i;A;� cj;B;� + H:c:

1

A

+
U
2

X

j

X

� 6= � 02f" ;#g

X

� 6= � 02f A;B;C g

nj;�;� nj;� 0;� 0 (1.5)

where t is a real-valued hopping parameter,U is the on-site Hubbard interaction, and
P

hi;j i a

sums over nearest bonds of typea in Fig. 1.1(b). This Hamiltonian is not SU(4) symmetric, as it
has 6 "�avors", and the hoppings from one orbital to another are bond dependent. However, due
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to the spin independence oft and U, the Hamiltonian has an SU(2) spin rotational invariance.
The six �avors create a six-dimensional on-site Hilbert space, which arises from the product of
the two spins � 2 f" ; #g and the three orbitals � 2 f A; B; C g. The strong spin-orbit interaction
/ L � S, splits this six-dimensional Hilbert space to a two- and a four-dimensional subspace,
corresponding to thes = 1

2 and the s = 3
2 irreducible representations, respectively (see Sec. 1.4.1).

Furthermore, the spin-orbit interaction lowers the energy of thes = 3
2 four-dimensional subspace,

which is occupied by a single electron (quarter �lling) in the case of� � ZrCl3. Therefore,
the low energy e�ective Hamiltonian can be reformulated using the quartet spinor fermionic
creation operator  y

j (in the s = 3
2 subspace) with components y

j;�;� , where � 2 f* ; +g is the
pseudo orbital index (not the � 2 f A; B; C g), and � 2 f* ; +g is the pseudospin index, so that
 y

j = (  y
j; * ;* ;  y

j; * ;+ ;  y
j; +;* ;  y

j; +;+)T , where the components y
j;�;� are de�ned through the relations

cy
j;A;� =

�
p

6

�
 y

j; * ;�� �
p

3 y
j; +;�

�

cy
j;B;� =

i
p

6

�
 y

j; * ;�� +
p

3 y
j; +;�

�

cy
j;C;� =

r
2
3

 y
j; * ;� ; (1.6)

where the mixing of � = � and � = �� ( �� 6= � ) shows that the spin index � is not the same as
the pseudospin index� . Inserting Eqs. (1.6) into the Hamiltonian (1.5) we get

H � � ZrCl 3 = �
t

p
3

X

hi;j i

 y
i Ui;j  j +

U
2

X

j

 y
j  j ( y

j  j � 1); (1.7)

where Ui;j is a 4 � 4 matrix de�ned as

Ui;j =

8
><

>:

Ua = � y 
 I 2; hi; j i a

Ub = � � x 
 � z hi; j i b

Uc = � � x 
 � y hi; j i c

; (1.8)

whereI 2 is a2� 2 identity matrix, � � and � � (with � 2 f x; y; zg) are the Pauli matrices acting on
the pseudoorbital (� ) and pseudospin (� ) indices of  y

i;�;� , respectively. More precisely, the� and

the � indices determine the eigenvalues of� z and � z for their simulatneous eigenstate y
i;�;� . For

example the y
i; * ;+ j0i is an eigenstate of both� z and � z with eigenvalues+1 and � 1, respectively.

The Ua;b;c are unitary and Hermitian, therefore Uj;i = Uy
i;j = Ui;j . Interestingly, the �ux of any

elementary hexagonal plaquettep is
Q

hi;j i2 p Ui;j = UaUbUcUaUbUc = ( UaUbUc)2 = � I 4, where
I 4 is a 4 � 4 identity matrix, corresponding to an Abelian phase � .

The Hamiltonian (1.7) is still not SU(4) symmetric, as Ui;j is asymmetric in the quartet
spinor space. However, a local SU(4) gauge transformation j ! gj  j , Ui;j ! gi Ui;j gy

j leaving
the �ux of every hexagonal plaquette invariant, can change the Hamiltonian (1.7) to the form

H � � ZrCl 3 = �
t

p
3

X

hi;j i

� i;j  y
i  j + H.c. +

U
2

X

j

 y
j  j ( y

j  j � 1); (1.9)

= �
t

p
3

X

hi;j i
� 2f* ;+g
� 2f* ;+g

� i;j  y
i;�;�  j;�;� + H.c. +

U
2

X

j
�;� 02f* ;+g
�;� 02f* ;+g

 y
j;�;�  j;�;� ( y

j;� 0;� 0 j;� 0;� 0 � 1);

which is already invariant under global SU(4) rotations in the quartet spinor space. The� i;j � 1 are
arranged in a way to give a� �ux for every elementary hexagonal plaquettep as

Q
hi;j i2 p � i;j = � 1.
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The speci�c form of these local gauge transformationsgj and the signs� i;j are detailed in the
supplementary material of Ref. [38].

The Hamiltonian in Eq. (1.9) is equivalent to a Hubbard model with two-fold orbital degen-
eracy, leading to the Kugel-Khomskii model (1.4) right at the SU(4) symmetric point, which is
equivalent to the antiferromagnetic SU(4) Heisenberg model.

The starting model in Eq. (1.5) assumed that � � ZrCl3 is formed by well-separated layers
of ideal honeycomb lattices, based on Refs. [40, 41]. However, as pointed out in Ref. [42] the
crystal structure in Refs. [40, 41] may be based on a misassigned powder pattern, so the hon-
eycomb lattices may not be ideal. Furthermore, a recent density-functional theory calculation
suggests that this material might be susceptible to dimerization of the honeycomb layers [43].
Consequently, it is possible that� � ZrCl3 is not a perfect realization of the SU(4) Heisenberg
model.

Another possibility to realize the SU(4) Heisenberg model was suggested by Kugel and Khom-
skii, in materials having face-sharing MO6 octahedra (M is a transition-metal ion) also using
spin-orbital interactions in Ref. [44].

1.4 SU(N) Heisenberg model as a low energy e�ective model

We introduce the SU(N ) symmetric Heisenberg model by comparing it to the well-known
SU(2) Heisenberg model. Therefore, let us �rst brie�y recapitulate the main features of the
SU(2) case, where we also introduce the notion of an irreducible representation.

1.4.1 The SU(2) symmetric Heisenberg model

The Heisenberg model always emerges as an e�ective theory of an underlying model. For
example, the SU(2) symmetric half-�lled Hubbard model with non-degenerate orbitals leads to
the antiferromagnetic SU(2) symmetric Heisenberg model in theU=t ! 1 limit. Due to the
strong on-site interactions, double occupancy is energetically unfavorable. At half �lling, the low
energy on-site Hilbert space reduces to a two-dimensional subspace spanned by the two basis
states j "i � cy

" j0i and j #i � cy
#j0i , which are called spins. The low energy Hamiltonian turns

out to be the SU(2) symmetric Heisenberg model

H SU(2) = J
X

hi;j i

Si � Sj = J
X

hi;j i

�
Sx

i Sx
j + Sy

i Sy
j + Sz

i Sz
j

�
; (1.10)

where summation is over thehi; j i nearest neighbor sites, and depending on the sign ofJ , the
interaction is either antiferromagnetic (J > 0), or ferromagnetic (J < 0). If the Heisenberg
model emerges from the SU(2) Hubbard model, then the spin operators are de�ned as

Sx
j =

1
2

�
f y

j; " f j; # + f y
j; #f j; "

�
;

Sy
j =

i
2

�
� f y

j; " f j; # + f y
j; #f j; "

�
;

Sz
j =

1
2

�
f y

j; " f j; " � f y
j; #f j; #

�
(1.11)

which can be abbreviated as

Sa
j =

1
2

X

�;� 02f" ;#g

cy
j;� � a

�;� 0cj;� 0; (1.12)
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where the � a with a 2 f x; y; zg are the Pauli matrices. This construction ensures that the spin
operators satisfy the same commutation relations as the12 � a matrices, namely

[Sa
j ; Sb

j ] = i~
3X

c=1

"a;b;cSc
j : (1.13)

They are the generators of the su(2) Lie algebra at sitej (we write the algebra with small letters
and the group with big letters), and also the in�nitesimal generators of SU(2) spin rotations
(see Appendix A.2). The "a;b;c are the Levi Civita symbols "123 = "231 = "312 = +1 and
"321 = "213 = "132 = � 1 (the rest are zeros). The spin operators on di�erent sites commute,
therefore they are bosonic operators. From now on, we will set~ = 1 for convenience.

In the above-mentioned example, the local Hilbert space of the Heisenberg model was two-
dimensional, spanned by the two basis statesj "i � cy

" j0i and j #i � cy
#j0i , called the spin 1/2

representation [4, Sec. 5.1.5]. However, the on-site Hilbert space of the Heisenberg Hamiltonian
(1.10) can be higher-dimensional, if it emerges from a di�erent underlying model. The on-site
Hilbert space of the Heisenberg model determines the matrices representing the spin operators
and the representation of the Lie algebra.

A representation of the Lie algebra means that we exchange the spin operators for matrices,
which obey the same commutation relations (1.13) as the spin operators (for the connection with
the representations of the spin rotation group, see Appendix A.2). A representation is reducible,
if all the matrices representing the spin operators can be simultaneously block diagonalized
with a basis transformation. If they can not be simultaneously block diagonalized, then the
representation is irreducible. In other words, in a reducible representation, the Hilbert space in
which the matrices of the spin operators act, contains further closed subspaces (closed under the
action of the spin operators). For example, in a six-dimensional reducible representation of the
su(2) Lie algebra, we can simultaneously block diagonalize the6 � 6 matrices representing the
Sx , Sy , and Sz generators, to2 � 2 (s = 1=2) and 4 � 4 block matrices (s = 3=2), which can not
be further block diagonalized, so that there is a two- and a four-dimensional closed subspace,
corresponding to a two- and a four-dimensional irreducible representation, respectively. In an
irreducible representation, there are no further closed subspaces. One way to �nd all possible
irreducible representations (all the smallest closed subspaces) is to �nd all operatorŝC that
simultaneously commute with all the spin operators because the eigensubspaces of theseĈ are
closed under the action of the spin operators. ThêC are called Casimir operators. In the SU(2)
case, the only operator (except for0 and the identity) commuting with all three spin operators
at site j is

ĈSU(2)
j = Sj � Sj � (Sx

j )2 + ( Sy
j )2 + ( Sz

j )2; (1.14)

which can be interpreted as the length of the spin. The irreducible representations of the su(2)
Lie algebra on a given site are the eigensubspaces of the Casimir operatorĈSU(2)

j , as these
irreps emerge from the underlying model, the irrep is the same on every site. The eigenvalues of
the ĈSU(2)

j are s(s + 1) where s 2 f 0; 1
2 ; 1; 3

2 : : : g is either an integer, or a non-negative half-odd
integer. s determines the dimensiond = 2s+1 of the local Hilbert space of a single spin operator,
and the sized � d = (2 s + 1) � (2s + 1) of the matrices representing the spin operators in this
irrep. Therefore, s is a label for the irreps of the su(2) Lie algebra. When we talk about the spin
1/2 Heisenberg model, then the spin operators are in thes = 1=2 irrep, represented by the2 � 2
Pauli matrices � a (given in Appendix A.3) as Sa = 1

2 � a for a 2 f x; y; zg.
As the spin operators do not commute with each other (see Eq. (1.13)), they can not be

simultaneously diagonalized. The Casimir operatorĈSU(2)
j commutes with all spin operators, so

we can always choose a basis, in which we simultaneously diagonalize one of the spin operators
(let us chooseSz) and the Casimir operator. These common eigenstates in the irrep labeled with
s are the spin states (or simply spins)js; mi , wherem 2 f� s; � s+1 : : : sg, which form a d = 2s+1
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dimensional basis for this irrep. In thes = 1=2 the spins are thej "i � j s = 1=2; m = 1=2i and
the j #i � j s = 1=2; m = � 1=2i . A di�erent irrep would be that of s = 1 (appearing in the spin
1 Heisenberg model), where the dimension of the local Hilbert space is2s + 1 = 3 , and the spins
are js = 1 ; m = 1 i , js = 1 ; m = 0 i ,js = 1 ; m = � 1i .

The SU(2) symmetry of the Hamiltonian (1.10) means that it is invariant under the simul-
taneous rotation of all spins around the same axis by the same angle� , by the SU(2) operator
U =

Q
j ei� n �Sj (see Appendix A.2). Classically, one could argue that theSi � Sj depends only

on the relative orientation of two neighboring spins, which is not a�ected by a rotation that
rotates every spin the same way. Quantum mechanically, we can argue that the SU(2) symmetry
of H SU(2) (1.10) meansUH SU(2) U � 1 = H SU(2) , which follows from the commutation of H SU(2)

with the total spin operators (proven in Appendix A.4)

Sx
T �

N sX

j =1

Sx
j ; Sy

T �
N sX

j =1

Sy
j ; Sz

T �
N sX

j =1

Sz
j ; (1.15)

whereNs is the number of lattice sites. These total spin operators also satisfy the commutations
relations (1.13) as[Sa

T ; Sb
T ] = i~

P 3
c=1 "a;b;cSc

T , so they are the generators of the Lie algebra of
the total system.

The Casimir operator can also be evaluated on the total system containing multiple spins as

CSU(2)
T � S � S = ( Sx

T )2 + ( Sy
T )2 + ( Sz

T )2; (1.16)

where the eigensubspaces labeled withS (having eigenvalueS(S + 1) ) de�ne the irreducible
representations of the su(2) Lie algebra generated by the total spin operators (1.15). This is
useful, because the HamiltonianH SU(2) (1.10) commutes with all three components of the total
spin operator in Eq. (1.15) (as shown in Appendix. A.4), therefore it also commutes withCSU(2)

T .
Consequently, we can search for the eigenstates of the HamiltonianH SU(2) in the irreps (invariant
eigensubspaces) ofCSU(2)

T .
The connection of the irreducible representations of the Lie algebra on a single lattice site

(labeled by s) to the irreducible representations of the Lie algebra on the total system (labeled
by S) is given by the addition of angular momenta (and the Clebsch Gordon coe�cients). In
the simplest case of a two-site system, with the single spinss1 = s2 = 1=2, the possible irreps of
the total system areS 2 fj s1 � s2j; : : : s1 + s2g = f 0; 1g, which are the S = 0 singlet (completely
antisymmetric), and the S = 1 triplet (completely symmetric) irreps.

A quantum spin liquid ground state is expected not to break any symmetry of the Heisenberg
Hamiltonian, meaning that it should be invariant under all transformations that leave invariant
the Hamiltonian. In particular, the global spin rotational invariance means

Q
j ei� n �Sj jGSi =

jGSi for any � and any n. As explained in Appendix A.4, the in�nitesimal global spin rotations
will leave the jGSi invariant, only if

P
j Sa

j jGSi = 0 for all a 2 f x; y; zg. In other words, the jGSi
serves as a basis for an irreducible representation of the total spin operators, where the1 � 1
matrices representing the total spin operators are all zeros (zeros clearly satisfy the commutation
relations (1.13)). Therefore, the total Casimir operator of this irrep is also0, de�ning the singlet
irreducible representation of the Lie algebra of the total system. The claim that thejGSi serves
as a basis for the singlet representation is sometimes rephrased as thejGSi transforms under the
action of the spin operators as a singlet. ThejGSi also serves as a basis for the singlet irrep of
the SU(2) spin rotation group, where every spin rotation is represented by ones, as follows fromQ

j ei� n �Sj jGSi = jGSi . If a wavefunction transforming as a singlet is formed by two spins, then
it must be antisymmetric under the exchange of any two spins (its Young tableau is a column of
two boxes, as explained in Appendix. A.5). In general, a wavefunction transforming as a singlet
must be formed by 2 � L spins (L being a positive integer) since it must be composed of the
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product of completely antisymmetric two-spin wavefunctions (its Young tableau is a rectangle of
two rows and L number of columns, as explained in Appendix. A.5).

The interaction Si � Sj in the Hamiltonian (1.10) can be rewritten with the exchange operator
Pij as

Si � Sj =
1
2

Pij �
1
4

I ; (1.17)

where I is the identity, and the Pij simply exchanges the spins on sitesi and j . The expres-
sion (1.17) can be veri�ed by matching the action of the two sides on the four possible spin
con�gurations j "i i 
 j "i j , j "i i 
 j #i j , j #i i 
 j "i j , j #i i 
 j #i j .

1.4.2 Generalization to SU( N )

The SU(N ) symmetric Heisenberg model is de�ned as

H = J
X

hi;j i

T i � T j = J
X

hi;j i

N 2 � 1X

a=1

Ta
i Ta

j ; (1.18)

where J > 0 (J < 0) describes antiferromagnetic (ferromagnetic) interaction, thehi; j i are
nearest neighbor sites. TheTa

j (with a 2 f 1; 2; : : : N 2 � 1g) are the generalizations of the SU(2)
spin operators (which we will call SU(N ) spin operators) satisfying the commutation relations

[Ta
j ; Tb

j ] = i
N 2 � 1X

c=1

f abcT c
j : (1.19)

The f abc are the structure constants of the algebra [45] (the analogs of the"a;b;c), which can be
determined in the way explained in Appendix A.3. The SU(N ) spin operators are the generators
of the su(N ) Lie algebra on sitej , and also the in�nitesimal generators of SU(N ) spin rotations
(see Appendix A.2). The SU(N ) spin operators on di�erent sites commute, therefore they are
bosonic operators.

The SU(N ) Heisenberg model can emerge from the SU(N ) Hubbard model at 1=N �lling
(one fermion per site) at the limit of U=t ! 1 . In this case, the low energy on-site Hilbert space
reduces to anN -dimensional subspace spanned by the SU(N ) spins cy

i;� j0i with � 2 f 1: : : N g,
since multiple occupancy is energetically unfavorable, called the fundamental representation. The
spin 1/2 representation of the su(2) Lie algebra is also its fundamental representation, where the
two SU(2) spins arej "i � cy

" j0i and j #i � cy
#j0i . In the case of the SU(N ) Hubbard model, the

spin operators are constructed as

Ta
j =

1
2

NX

�;� 0=1

cy
j;� � a

�;� 0cj;� 0; (1.20)

where the 1
2 � a are the generalizations of the Pauli matrices having sizesN � N , which represent

the spin operators in the fundamental representation. In the SU(3) case, the eight� a matrices
are called the Gell-Mann matrices [46], known from particle physics. The construction of the
� a matrices for any N is explained in Appendix A.3, where we also list the eight Gell-Mann
matrices. Just as in the case of SU(2), the SU(N ) Heisenberg Hamiltonian can emerge in di�erent
irreducible representations, not only the fundamental one.

For N > 2, there are multiple operators commuting with all the SU(N ) spin operators, called
Casimir operators. These are functions of the spin operators, and their eigenvalues label the irrep
together. However, there is an equivalent, simpler pictorial way to label the irreps (and calculate
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their dimensions) by Young-tableaux (explained in Appendix A.5), therefore we will not specify
the Casimir operators here. We mention only the quadratic Casimir operator

Ĉ2j = T 2
j = T j � T j =

N 2 � 1X

a=1

Ta
j Ta

j ; (1.21)

with its eigenvalues given in Appendix A.3. The Casimir operators can be simultaneously diag-
onalized together with N � 1 SU(N ) spin operators (for SU(2) it is only the Sz). Their common
eigenstates provide a basis for a given irrep and will be called SU(N ) spins (the analogs of spins).
The number of these SU(N ) spins equals the dimension of the local Hilbert space of a single
SU(N ) spin operator Ta

j on a given site, which is determined by the irrep (there is no simple
formula as 2s + 1 , but the dimension can be calculated from the Young tableau explained in
Appendix A.5).

The SU(N ) symmetry of the Hamiltonian (1.18) means that it is invariant under the simul-
taneous rotation of all SU(N ) spins around the same axis (given by the unit vectorn) with the

same angle� , done with the SU(N ) spin rotation operator U =
Q

j ei�
P N 2 � 1

a=1 na T a
j (see Appendix

A.2), as UHU � 1 = H. The proof is presented in Appendix A.4, relying on the commutation of
H with the N 2 � 1 components of the total SU(N ) spin operator

P
j Ta

j (a 2 f 1: : : N 2 � 1g).
The Hamiltonian (1.18) commutes with all N 2 � 1 components of the total SU(N ) spin

operator Ta
T �

P
j Ta

j with a 2 f 1: : : N 2 � 1g, therefore it also commutes with all Casimir
operators of the total system. Consequently, we can search for the eigenstates of the Hamiltonian
(1.18) in the irreps of the Lie algebra of the total system (generated by the total spin operators),
which are the common eigensubspaces of the Casimir operators of the total system. The relation
between the irreps of the Lie algebra on a single site and the irreps of the Lie algebra of the
whole system is given by the Young tableaux; the simplest cases are explained in Appendix A.5.

As already mentioned in the SU(2) case, a quantum spin liquid ground state must be in-
variant under any global spin rotation as

Q
j ei� n �T j jGSi = jGSi for any � and any n, implying

P
j Ta

j jGSi = 0 for all a 2 f 1: : : N 2 � 1g (explained in Appendix A.4). In other words, the
jGSi serves as a one-dimensional basis for an irreducible representation of the Lie algebra of the
total system, where every total spin operator is trivially represented with1 � 1 matrices which
are all zeros, (and every SU(N ) spin rotation is represented with ones). Consequently, the total
quadratic Casimir operator

Ĉ2T = T T � T T =
N 2 � 1X

a=1

0

@
X

j

Ta
j

1

A

0

@
X

j 0

Ta
j 0

1

A (1.22)

will have eigenvalue zero, which uniquely identi�es the SU(N ) singlet irrep (unlike other irreps)
without the need to specify the eigenvalues of the other Casimir operators. We will abbreviate
the above statements by saying that thejGSi transforms (under the action of the SU(N ) spin
operators) as an SU(N ) singlet. In general, a wavefunction transforming as an SU(N ) singlet
must be formed by N � L SU(N ) spins since it must be a linear combination ofL completely
antisymmetrized wavefunctions composed ofN SU(N ) spins (its Young tableau is a rectangle of
N rows and L columns, as explained in Appendix. A.5).

The T i � T j in the fundamental representation can be expressed by the exchange operator
Pi;j as

T i � T j =
1
2

Pi;j �
1

2N
I ; (1.23)

similarly as in the SU(2) case (1.17). TheI is the identity operator and the e�ect of the Pij is
simply to exchange the SU(N ) spins on sitesi and j . The Pi;j also has SU(N ) spin rotational
symmetry, which can be understood even without knowing about the SU(N ) spin rotational
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invariance of the T i � T j term, since the Pi;j makes no di�erence between the SU(N ) spins (so
rotating them has no e�ect). Therefore, the SU(N ) symmetric Heisenberg model can also be
formulated as

H =
J
2

X

hi;j i

Pi;j ; (1.24)

up to a constant.



Chapter 2

Quantum spin liquids
In this section, we will �rst introduce the mean-�eld theory for quantum spin liquid ground

states [2, Sec. 9.] arising from the SU(N > 2) symmetric antiferromagnetic Heisenberg model
(1.18) in the fundamental representation, then discuss how can we incorporate certain �uctua-
tions beyond the mean-�eld approximation with Gutzwiller projection, and �nally explain the
notion of quantum order di�erentiating between di�erent quantum spin liquids.

In the case of the SU(2) Heisenberg model, mean-�eld theory is done by rewriting the spin
operators asSi = hSi i + ( Si � h Si i ), and hope that the �uctuation � Si � (Si � h Si i ) is small.
Thus, writing them back to the Hamiltonian H = J

P
hi;j i Si � Sj we can neglect the square

of the �uctuations � Si � Sj , arriving at the mean-�eld Hamiltonian H = � J
P

hi;j i hSi ihSj i +
2J

P
hi;j i hSi i � Sj . The expectation valuesh: : : i are taken self-consistently in the mean-�eld

ground state.
However, a quantum spin liquid ground state neither breaks the SU(N ) symmetry of the

Hamiltonian (1.18), nor the symmetries of the underlying lattice, implying hSj i = 0 8j , which
makes the usual mean-�eld approximation impossible. The magnetic disorder of a quantum
spin liquid ground state means, that the correlation functions of the spin operators in this state
vanish for large distances. In contrast, in a magnetically ordered state, the correlation function
approaches a �nite value determined by the ordering pattern.

The way to do a mean-�eld approximation for a quantum spin liquid is through the projective
construction (also known as the fermionic parton construction). Another type of projective
construction is the bosonic parton construction (or Schwinger boson approach). We will use the
former one because the latter always leads to gapped quantum spin liquids [2, Sec. 9.1].

2.1 Projective construction and mean-�eld theory

In the SU(2) fermionic projective construction (see [2, Sec. 9.1] and Refs. [47, 48, 49, 50, 51,
52, 53, 54]) the bosonic spin operators are decomposed into a pair of fermionic operators the
same way as we de�ned them in section 1.4.1

Sa
j =

1
2

X

�;� 02f" ;#g

f y
j;� � a

�;� 0f j;� 0; (2.1)

where the � a with a 2 f x; y; zg are the Pauli matrices. In the fundamental representation of
su(N ), the three Pauli matrices are replaced by theN 2 � 1 � a matrices having sizesN � N as

Ta
j =

1
2

NX

�;� 0=1

f y
j;� � a

�;� 0f j;� 0: (2.2)

However, the fermionic operatorsf y
j;� - usually referred to as Abrikosov fermions - are not the

same as the fermionic operatorscy
j;� appearing in the SU(N ) Hubbard model, since writing the

spin operators with both, 1
2

P N
�;� 0=1 cy

j;� � a
�;� 0cj;� 0 = Ta

j = 1
2

P N
�;� 0=1 f y

j;� � a
�;� 0f j;� 0, shows that

there is a gauge redundancy in the de�nition off y
j;� . Namely, the fermionic operators can di�er

in a site-dependent, but �avor-independent phasef y
j;� = ei� j cy

j;� , since they yield the same spin
operators. More complicated relations between the fermionic operators are also possible (like

18
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�avor mixing gauge transformations shown in Eq. (2.35), the only requirement is that they have
to yield the same spin operators.

In the basis f f y
j;� j0ig with � 2 f 1: : : N g, the expectation values

h0jf j;� Ta
j f y

j;� 0j0i =
1
2

X

�;� 0

h0j f j;� f y
j;�| {z }

� �;� � f y
j;� f j;�

� a
�;� 0 f j;� 0f

y
j;� 0

| {z }
� � 0;� 0� f y

j;� 0f j;� 0

j0i =
1
2

� a
�;� 0; (2.3)

where we used that bothf j;� 0j0i = 0 and h0jf y
j;� = 0 . Therefore, the statesf f y

j;� j0ig form an
N -dimensional basis for the fundamental representation. Equivalently, we can write

Ta
j f y

j;� j0i =
NX

� 0=1

1
2

� a
� 0;� f y

j;� 0j0i ; (2.4)

which shows that the action of the spin operatorTa
j on the statesf f y

j;� j0ig is equivalent to the
multiplication with the matrix 1

2 � a. In the literature, people abbreviate this by saying that the
states f f y

j;� j0ig transform under the fundamental representation.
When we map the bosonic SU(N ) spin operators (in the fundamental irrep) to fermions,

the local Hilbert spaces should map to each other in a one-to-one correspondence, so their
dimensions must be equal. However, the dimension of the former is simplyN (the number of
SU(N ) spins), while the dimension of the latter is bigger because we can haver 2 f 0; 1; : : : N g
number of fermions on the same lattice site, giving a dimension

P N
r =0

� N
r

�
. Just as in the case of

the Hubbard model, one fermion per site corresponds to the fundamental representation of the
Heisenberg model, and di�erent �llings lead to di�erent irreducible representations (see Appendix
A.6). To achieve a one-to-one correspondence with the Hilbert space of the Heisenberg model
in the fundamental representation, we have to impose on the fermions the single occupancy
constraint

nj �
NX

� =1

f y
j;� f j;� = 1 ; (2.5)

on every sitej , wherenj is the total fermion number operator. Requiringnj = 1 8j excludes the
possibility of empty or multiply occupied sites, reducing the dimension of the fermionic Hilbert
space toN . This constraint accounts for the strong on-site repulsion1 � U=t of the Hubbard
model (1.2), which is also the reason why the Heisenberg Hamiltonian (1.18) appears as an
e�ective model in the fundamental representation.

Substituting Eq. (2.2) into the Heisenberg Hamiltonian H = J
P

hi;j i T i � T j (1.18) we get an
interacting fermionic Hamiltonian (B.4) with terms like f yf f yf , as explained in Appendix B.

In the mean-�eld approximation, we replace a pair of fermionic operators with their expec-
tation values (for details see Appendix B),

H MF =
X

hi;j i

NX

� =1

t i;j f y
i;� f j;� ; (2.6)

where the hoppingst i;j can either be determined by the self-consistency equation

t i;j = � J
NX

� =1

hFSjf y
i;� f j;� jFSi ; (2.7)

or by minimizing the mean-�eld variational energy hFSjH MF jFSi =hFSjFSi , where jFSi is the
Fermi sea ground state of the mean-�eld HamiltonianH MF (2.6). We will determine the t i;j by
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minimizing the variational energy given in Eq. (2.14) in the next section. We will call the H MF

and its hopping structure t i;j an ansatz.
Just like the Hubbard Hamiltonian (1.2), the H MF is also invariant under SU(N ) spin rota-

tions, because the hoppingst i;j are independent of� , and the terms f y
i;� f j;� do not change the

� as f y
i;� f j; �� .

In the mean-�eld approximation, we could take the expectation value of any pair of fermionic
operators, which allows for pairing terms likef y

i;� f y
j;� 0. In the context of the SU(2) symmetric

Heisenberg model, these pairing termsf y
i; " f y

j; # transform as a singlet and they appear in the
mean-�eld Hamiltonians of Z2 spin liquids [2, Secs. 9.2.1.1, 9.2.1.2]. However, in the fundamental
representation of SU(N ), we would have to take the product ofN creation operators to form an
operator transforming as an SU(N ) singlet, which is beyond the mean-�eld description.

2.1.1 The Fermi sea

The Fermi sea is constructed by �lling the lowest energy one-particle eigenstatesj� q;bi �
f y

q;b;� j0i (which are independent of� , see Eq. (2.27)) ofH MF up to the Fermi energy "b(q) < " F

as

jFSi =
NY

� =1

Y

q;b
" b(q)<" F

f y
q;b;� j0i ; (2.8)

where the "F is determined by the 1=N �lling. In principle, the number of particles of di�erent
�avors N � might all di�er, satisfying

P
� N � = Ns, where Ns is the number of lattice sites.

If N � = Ns=N for all � , and the Fermi sea is non-degenerate (achieved by antiperiod boundary
conditions), then the single-particle eigenstatesj� q;bi with "b(q) < " F are �lled with fermions of
every �avor � as

Q N
� =1 f y

q;b;� j0i , which is antisymmetric under the exchange of any two �avors.
Consequently, the Fermi sea transforms as an SU(N ) singlet, represented with a Young tableau of
N rows andNs=N columns. The eigenvalue of the total quadratic Casimir operator of Eq. (1.22)
is zero for an SU(N ) singlet.

We can rewrite the Fermi sea to real space using the basis

jxi =

 
NY

� =1

f y
j �

1 ;� f y
j �

2 ;� : : : f y
j �

N �
;�

!

j0i = f y
j 1

1 ;1f y
j 1

2 ;1 : : : f y
j 1

N 1
;1 : : : f y

j N
1 ;N

f y
j N

2 ;N
: : : f y

j N
N N

;N
j0i ; (2.9)

wherej �
l is the site of thel-th fermion of �avor � , and l 2 f 1: : : N � g. In this basis, the coe�cients

of the Fermi sea are Slater determinants [4, Sec. 9.2.1]

jFSi =
X

ff j � gg

 
NY

� =1

slatf j � gf y
j �

1 ;� f y
j �

2 ;� : : : f y
j �

N �
;�

!

j0i =
X

x

 
NY

� =1

slatf j � g

!

jxi ; (2.10)

where f j � g is the set of sitesj �
l occupied by fermions of �avor � (the number of sites in such a

set is N � ), and the
P

ff j � gg goes through all possible such sets. As multiply occupied sites are
allowed in jFSi the sets of sitesf j � g may overlap (e.g. j 1

l = j 2
l0 = 5 means that at site 5 there are

two fermions, one with �avor 1 and another with �avor 2). The ordering of fermionic operators
with the same �avor is arbitrary, but must match the order of indices in the Slater determinant

slatf j � g =

�
�
�
�
�
�
�
�
�
�

� 1(j �
1 ) � 1(j �

2 ) : : : � 1(j �
N s =N )

� 2(j �
1 ) � 2(j �

2 ) : : : � 2(j �
N s =N )

...
...

. . .
...

� N s =N (j �
1 ) � N s =N (j �

2 ) : : : � N s =N (j �
N s =N )

�
�
�
�
�
�
�
�
�
�

; (2.11)
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where� n (j ) = h0jf j;� j� n i , and j� n i are the one-particle eigenstates ofH MF sorted in energy"b(q),
so that the sets of statesfj � n ig and fj � q;big are the same, and the smallern index corresponds
to smaller or equal eigen energy"n of j� n i .

If the hoppings t i;j are real, then theH MF is time-reversal symmetric, implying that its eigen-
statesj� k i and j� � k i are degenerate. Consequently, we can construct real one-particle eigenstates
j� n i as linear combinations ofj� k i and j� � k i . This choice makes the Slater determinants (2.11)
real, making calculations faster.

2.2 Gutzwiller projection

The mean-�eld ground state jFSi of Eq. (2.8) does not satisfy the single occupancy constraint
of Eq. (2.5), as can be seen in Eq. (2.10) from the possible overlap of the sets of sitesf j � g occupied
by �avor � . Consequently, the Hilbert space of fermions does not represent correctly the Hilbert
space of the original Heisenberg model (1.18). The single occupancy constraint (2.5) can be
enforced by the Gutzwiller projector [55], de�ned as the hermitian operator

PG =
N sY

j =1

1
(N � 1)!

nj

NY

m=2

(m � nj ) ; (2.12)

where nj �
P N

� =1 f y
j;� f j;� is the total fermion number operator. The term

Q N
m=2 (m � nj ) gives

zero if the number of fermions on sitej is larger than 1, while nj gives zero when there is no
fermion. The factor 1

(N � 1)! is to get 1 whennj gives an eigenvalue 1, so thatPG really acts as a
projector. As we have a product for each lattice site, the Gutzwiller projector projects to zero
all con�guration states jxi de�ned in Eq. (2.9) where any of the sites is not singly occupied.
Applying the Gutzwiller projector on the mean-�eld ground state of Eq. (2.10) eliminates all
con�gurations jxi (2.9) violating the single occupancy constraint (2.5), so that we can write it
similarly as in Eq. (2.10)

PG jFSi =
X

ff j � gPG g

 
NY

� =1

slatf j � gPG
f y

j �
1 ;� f y

j �
2 ;� : : : f y

j �
N �

;�

!

j0i =
X

xPG

 
NY

� =1

slatf j � gPG

!

jxPG i ;

(2.13)
where jxPG i are of the same form as in Eq. (2.9) with the di�erence that the sets of sites
f j � gPG occupied by di�erent �avors do not overlap. This equation shows us that any geometrical
transformation commutes with the Gutzwiller projector since it does not matter whether we
�rst eliminate con�gurations jxi (2.9) with multiply occupied sites and then apply a geometrical
transformation or do it in the opposite order. Here, we showed it only for the Gutzwiller projected
Fermi sea, but any Gutzwiller projected state can be written in the basisjxPG i , so we can repeat
the same argument.

We could have introduced a chemical potential in the mean-�eld Hamiltonian (equivalent to
�xing the �lling), which would have ensured the single occupancy only in averagehFSjnj jFSi = 1
(even if the chemical potential is site dependent) instead ofnj = 1 as in Eq. (2.5). The nj = 1
single occupancy constraint could be achieved by a time-dependent chemical potential (see [2,
Sec. 9.1.1] Eq. (9.1.8)), so that the e�ect of the Gutzwiller projector is to incorporate the temporal
�uctuations of the chemical potential. Therefore, PG jFSi is a better approximation for the real
ground state of the Heisenberg Hamiltonian (1.18) than the mean-�eld ground statejFSi , and
the t i;j hoppings of the mean-�eld Hamiltonian H MF (2.6) are determined by minimizing the
variational energy

EPG jFSi �
hFSjPGHPG jFSi
hFSjPGPG jFSi

(2.14)
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(where H is the original Heisenberg Hamiltonian (1.18)), instead of the mean-�eld variational
energyhFSjH MF jFSi =hFSjFSi . When optimizing the t i;j we do not have to care about the overall
magnitude of the hoppings

P
hi;j i jt i;j j, because these do not a�ect the wavefunctionPG jFSi , only

the relative ratios t i;j =tm;n matter.
As the analytic evaluation of the Gutzwiller projection is too di�cult, all expectation values

as Eq. (2.14) in the Gutzwiller projected state are evaluated numerically, within a Monte Carlo
calculation [56, 57]. In a Monte Carlo calculation, we visit con�gurations jxi of Eq. (2.9) with
certain probabilities, and evaluate the expectation values as (2.14) in these con�gurations. The
e�ect of the Gutzwiller projector is to visit only those con�gurations jxi , where the sets of sites
f j � gPG occupied by di�erent �avors � do not overlap, as explained in Appendix J.

In the following, we are going to make frequent citations of sections of the book [2] for easy
comparison with the SU(2) case, where an ansatz is described by theUi;j containing both the
t i;j and the SU(2) singlet pairing termsf y

i; " ; f y
j; # [2, Secs. 9.2.1.1, 9.2.1.2]

The Gutzwiller projector (2.12) is a function of the total fermion number operator nj =
P N

� =1 f y
j;� f j;� , so it commutes with the SU(N ) spin operators of Eq. (2.2)

[PG ; Ta
j ] = 0 (2.15)

, since the Ta
j have onef y and one f that does not change the eigenvalue ofnj . Similarly,

PG also commutes with the total spin operatorsTa
T =

P N s
j =1 Ta

j . Therefore, it also commutes
with all the Casimir operators on any site and also with the total Casimir operators since these
are functions of theTa

j and Ta
T , respectively. Consequently, applying thePG on a wavefunction

does not change the eigenvalues of the Casimir operators for that wavefunction. For example,
if the Fermi sea transforms as an SU(N ) singlet, identi�ed with the zero eigenvalue of the total
quadratic Casimir operator (1.22), then the PG jFSi also transforms as an SU(N ) singlet. If we
have a set of states that serves as a basis for other irreducible representations, then the set of
these Gutzwiller projected states will also serve as a basis for the same irreducible representation
(see Appendix A.6.3).

2.3 Variational states

One would think that if we want to end up with a variational wavefunction PG jFSi , which
is invariant under all symmetries of the Hamiltonian (1.18) and the underlying lattice, then the
only way to achieve this is by starting from a mean-�eld Hamiltonian H MF with uniform equal
hoppings t i;j .

However, the decomposition of the SU(N ) spin operators to fermions (2.2) does not unam-
biguously de�ne the fermionic operatorsf y

i;� , because a site-dependent, but �avor independent
unitary gauge transformation [2, Eq. (9.1.11)]

Gf y
j;� G� 1 = ei� ( j ) f y

j;� (2.16)

leaves the SU(N ) spin operators in Eq. (2.2) unchanged, since

GT a
j G� 1 =

1
2

NX

�;� 0=1

ei� ( j ) f y
j;� � a

�;� 0e� i� ( j ) f j;� 0 =
1
2

NX

�;� 0=1

f y
i;� � a

�;� 0f i;� 0 = Ta
j : (2.17)

These gauge transformations do not a�ect the Gutzwiller projected wavefunctions, so we can
use them to construct completely symmetric variational wavefunctionsPG jFSi , even if the H MF

breaks the symmetries of the lattice (this is the projective symmetry explained in section 2.4).
Di�erent mean-�eld Hamiltonians yield di�erent completely symmetric variational wavefunctions
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PG jFSi . The optimal wavefunction is then selected by minimizing the variational energy de�ned
in Eq. (2.14).

In the following two subsections, we present the mean-�eld HamiltoniansH MF
DSL (2.6) of the

Dirac spin liquid (DSL) variational states, which give a good approximation of the ground states
of the SU(4) and SU(6) Heisenberg models on the honeycomb and kagome lattices, respectively.
Both of these states share similar features, namely the hoppingst i;j of H MF are all real, their
absolute values are equal, but their signs are such, that their product around any elementary
plaquette is negative [49, 50]. We can associate a phaset i;j = jt i;j jei� i;j to every hopping
( � i;j = � for negative hoppings), so that the product of the hoppings involves the sum of
these phasesei

P
hi;j i � i;j around an elementary plaquette modulo2� . The sum

P
hi;j i � i;j can

be interpreted as the integral of an imaginary vector potential around an elementary plaquette
which is equal to the imaginary magnetic �ux � through the elementary plaquette. In general,
the �ux � of a plaquette can be calculated as

ei� =
Y

hi;j i2 plaquette

t i;j

jt i;j j
; (2.18)

In the case of complex hopping, the product should be taken with some orientation, e.g., clock-
wise. For real hoppings the orientation is irrelevant, and one can have only two inequivalent
possibilities, 0-�ux and � -�ux, corresponding to positive and negative products, respectively.
Therefore, both Dirac spin liquid ansätze have� �uxes in every elementary plaquette of their
lattices, see Fig. 2.1 (a) and (c).

The � -�ux hopping structure of the mean-�eld Hamiltonian H MF
DSL (shown in Figs. 2.1 (a)

and (c)) requires at least a doubled unit cell to accommodate the hoppingst i;j for both the
honeycomb and the kagome lattices [6, 58]. Therefore in both cases theH MF

DSL breaks (among
others) the discrete translational symmetry of the underlying lattice in some direction, yet as
explained in the next section 2.4 the Gutzwiller projected variational wave functionPG j� FSi
have all the symmetries of the lattice, justifying the name spin liquid.

Even though the hoppings of the� -�ux H MF
DSL could be accommodated in doubled unit cells,

here we choose di�erent hopping patterns requiring quadrupled unit cells, because these have
more beautiful symmetries. The gauge equivalence of these choices is discussed in Appendix F.

2.3.1 The SU(4) � -�ux Dirac Spin liquid on the Honeycomb lattice

The SU(4) Heisenberg model on the honeycomb lattice is an example where the� -�ux H MF
DSL

(shown in Fig. 2.1 (a)), breaking the symmetries of the lattice, gives a variational wavefunction
with better variational energy (2.14) than the 0-�ux H MF , which has all the symmetries of the
honeycomb lattice. Based on Refs. [6, 59, 60, 61, 62, 63] the� -�ux variational wavefunction is a
good approximation of the ground state of the SU(4) Heisenberg model on the honeycomb lattice,
though there are doubts about a possible gap opening [64, 65]. Although these articles discussed
the � -�ux H MF

DSL with a doubled unit cell, here we will use theH MF
DSL with the quadrupled unit

cell shown in Fig. 2.1 (a). The equivalence of the two Hamiltonians is discussed in Appendix F.
The honeycomb lattice has two basis sites per unit cell, with basis vectors� A = (0 ; 0)

and � B = (0 ; 1p
3
), and is periodic under translations by the primitive vectors a1 = (1 ; 0) and

a2 = ( � 1=2;
p

3=2), which span the triangular Bravais lattice R = R1a1 + R2a2 with R1; R2

integers. The number of Bravais lattice vectors is equal to the number of unit cellsNC , which
equals the number of wave vectors in the reciprocal unit cell (Brillouin zone). The lattice vector
of any site j can be written as r j = R j + � sj , where sj 2 f A; B g is the sublattice index. The
product of the number of basis sitesNB = 2 and the number of Bravais-lattice vectorsNC is
always equal to the number of lattice sitesNs = NC � NB .
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Figure 2.1: (a) and (c) shows the hopping structures of the� -�ux mean-�eld Hamiltonians
with quadrupled unit cells on the honeycomb and kagome lattices, respectively. The magenta
dashed hexagons denote the quadrupled Wigner-Seitz unit cells. Every white bond is a positive
hopping, and every black bond a negative one, so that the product of the hoppigs around every
elementary plaquette is negative (hence the name� -�ux, see Eq. (2.18)). All hoppings have the
same absolute valuejt j. (b) and (d) shows the one-particle energy spectrum given by Eqs. (2.26)
and (2.31) on the honeycomb and kagome lattices, respectively. Every band is doubly degenerate,
except the �at band with " = 2 t in (d), which is four-fold degenerate. The single occupancy
constraint (2.5) of the SU(N ) mean-�eld Hamiltonian requires 1=N �lling, which �lls both band
structures up to the tip of the lowest energy Dirac cones, resulting in Dirac Fermi points (hence
the name Dirac spin liquid).

The quadrupled unit cell of the � -�ux H MF shown in Figs. 2.1 (a) breaks the discrete trans-
lational symmetry of the honeycomb lattice, with a remaining symmetry for translations by the
doubled primitive vectors 2a1 and 2a2, which span the mean-�eld Bravais lattice

R MF = RMF
1 (2a1) + RMF

2 (2a2); (2.19)

with RMF
1 ; RMF

2 integers. Consequently, the number of basis sites in the mean-�eld quadrupled
unit cell is N MF

B = 4 � NB = 8 . Again, the number of lattice sites Ns = N MF
C � N MF

B , so that
N MF

C = NC =4, implying that the number of wave vectors in the mean-�eld Brillouin zone is a
quarter of the number of wave vectors in the original Brillouin zone (for details see Appendix
H). Thus we will call the mean-�eld Brillouin zone the reduced Brillouin zone (rBZ).

The lattice vector of any site j can be expressed using the mean-�eld vectors as

r MF
j = R MF

j + � MF
sMF

j
; (2.20)

where sMF
j 2 f A; B : : : H g is the sublattice index of the quadrupled unit cell, with the mean-

�eld basis vectors � MF
A = � A , � MF

B = � B , � MF
C = � A + a1, � MF

D = � B + a1, � MF
E = � A + a2,

� MF
F = � B + a2, � MF

G = � A + a1 + a2, � MF
H = � B + a1 + a2.

Using the remaining discrete translational invariance of the� -�ux H MF
DSL , we can Fourier

transform the fermionic operators as

f y
j;� = f y

R MF
j ;sMF

j ;�
=

1
q

N MF
C

X

q2 rBZ

e� i q�R MF
j f y

q;sMF
j ;�

; (2.21)

where we have relabeled sitej to R MF
j ; sMF

j based on Eq. (2.20), and the wave vectorsq are in
the reduced Brilloun-zone (rBZ). This allows us to rewrite theH MF in reciprocal space as

H MF =
X

q2 rBZ

NX

� =1

X

sMF ;�sMF

H MF
sMF ;�sMF (q)f y

q;sMF ;� f q;�sMF ;� ; (2.22)
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where the H MF
sMF ;�sMF (q) is the N MF

B � N MF
B matrix

t

0

B
B
B
B
B
B
B
B
B
B
@

0 1 0 0 0 � 1 0 e� i 2q�a1

1 0 0 0 � 1 0 � 1 0
0 0 0 � 1 0 1 0 1
0 0 � 1 0 � ei 2q�a1 0 1 0
0 � 1 0 � e� i 2q�a1 0 � ei 2q�a2 0 0

� 1 0 1 0 � e� i 2q�a2 0 0 0
0 � 1 0 1 0 0 0 ei 2q�a2

ei 2q�a1 0 1 0 0 0 e� i 2q�a2 0

1

C
C
C
C
C
C
C
C
C
C
A

jAi
jBi
jCi
jDi
jEi
jFi
jGi
jHi

; (2.23)

where the basis states meanjAi � f y
q;A;� j0i . The e�ect of the antiperiodic boundary condition

can be thought of as shifting the wave vectorsq.

The characteristic polynomial 0 = det
�

H MF
sMF ;�sMF (q) � "q I sMF ;�sMF

�
providing the one-particle

energies"q simpli�es to

0 =
�
"4

q � 6t2"2
q + t4
 q

� 2
; (2.24)

where


 q = 3 + 2 cos 2q � a1 + 2 cos 2q � a2 + 2 cos 2q � [a1 + a2 ]: (2.25)

The squared form of the characteristic polynomial implies that every eigenvalue is doubly degen-
erate. The quartic polynomial in "q implies that we will get four energy eigenvalues for every
q, which span four energy bands in reciprocal space, shown in the reduced Brillouin zone of the
quadrupled unit cell (see Appendix H) in Fig. 2.1 (b). The energy eigenvalues can be written as

"b(q) = �j t j
q

3 �
p

6 � 2 cos(2q � a1) � 2 cos(2q � a2) � 2 cos (2q � (a1 + a2)) (2.26)

where b 2 f 1: : : 8g is the band index, such thatb 2 f 1; 2g are in the �rst band, b 2 f 3; 4g in the
second,b 2 f 5; 6g in the third, and b 2 f 7; 8g in the fourth band, due to the double degeneracy
of the eigenvalues.

The one-particle eigenstates of the matrixH MF
sMF ;�sMF (q) (2.23) can be written as

j� q;bi � f y
q;b;� j0i =

X

s

vq;b;sf y
q;s;� j0i =

1
q

N MF
C

X

s

vq;b;s

X

R MF

ei qR MF
f y

R ;s;� j0i ; (2.27)

where b 2 f 1: : : 8g is the band index, s 2 f A : : : H g is the sublattice index, and the complex
numbers vq;b;s are the coe�cients of the eigenstate in the site basisf f y

q;s;� j0ig , which are nor-
malized as

P
s jvq;b;sj2 = 1 . The one-particle eigenstatesj� q;bi are independent of� (so that the

� index of f y
q;b;� can be anything), since the matrix H MF

sMF ;�sMF (q) of Eq. (2.23) is independent of
� .

When we construct the j� FSi of Eq. (2.8), we create a product state of the lowest energy
one-particle eigenstates of theH MF

DSL which have the energies Eq. (2.26) smaller than the Fermi
energy"F . Due to the 1=N �lling corresponding to the single occupancy constraint of Eq. (2.5),
only the lowest energy band is �lled, so that the Fermi energy is"F = �

p
3jt j, where the Dirac

cones touch atq = 0 . This is the reason why thePG j� FSi variational state is called a Dirac
spin liquid (DSL), and it will be the reason for the existence of gapless excitations having linear
dispersion at small energies (see Sec. 6). Since at the Fermi energy"F the cross-section of the
bands is only a point, the tip of the Dirac cones, we will call the Fermi energy the Dirac Fermi
point.
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2.3.2 The SU(6) � -�ux Dirac Spin liquid on the Kagome lattice

In Sec. 3 we will argue that the Dirac spin liquid state might also be a good approximation
of the ground state of the SU(6) Heisenberg model in the fundamental representation on the
kagome lattice.

In the kagome lattice we haveNB = 3 basis sites, with basis vectors� A = (0 ; 0), � B = (1 =2; 0),
and � C = (1 =4;

p
3=4). The periodicity of the kagome lattice is given by the primitive vectors

a1 = (1 ; 0) and a2 =
�

1
2 ;

p
3

2

�
. The mean-�eld Hamiltonian H MF

DSL with a quadrupled unit cell

(shown in Fig. 2.1) (c) breaks (among others) the discrete translational symmetry of the kagome
lattice in both directions, with a remaining periodicity in 2a1 and 2a2 . In this quadrupled unit
cell, the number of basis sites isN MF

B = 4NB = 12, therefore the reduced Brillouin zone is
again the quarter of the original Brillouin zone. Using this remaining periodicity we can Fourier
transform the fermionic operators just as in Eq. (2.21), and rewrite theH MF to reciprocal space
just as in Eq. (2.22). We end up with the 12� 12 matrix

H MF
b;�b (q) = t

0

B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
B
@

0 � 1 � 1 0 0 � �r1 0 � �r2 0 0 0 0
� 1 0 � 1 0 0 0 1 0 0 0 0 �r1

� 1 � 1 0 1 0 0 0 0 0 0 � �r2 0
0 0 1 0 � 1 � 1 0 0 0 0 �r2 0
0 0 0 � 1 0 � 1 0 0 1 � 1 0 0

� r1 0 0 � 1 � 1 0 0 � r1�r2 0 0 0 0
0 1 0 0 0 0 0 � 1 � 1 0 0 � �r1

� r2 0 0 0 0 � r2�r1 � 1 0 � 1 0 0 0
0 0 0 0 1 0 � 1 � 1 0 1 0 0
0 0 0 0 � 1 0 0 0 1 0 � 1 � 1
0 0 � r2 r2 0 0 0 0 0 � 1 0 � 1
0 r1 0 0 0 0 � r1 0 0 � 1 � 1 0

1

C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

;

(2.28)
wherer1 = ei q�2a1 or r2 = ei q�2a2 (the �r1 = e� i k �2a1 and �r2 = e� i k �2a2 are the complex conjugates).

The characteristic polynomial 0 = det
�

H MF
sMF ;�sMF (q) � "q I sMF ;�sMF

�
providing the one-particle

energies"q , simpli�es to

0 =
�
"4

q + 4 t" 3
q � 8t3"q + 2 t4
 q

� 2
("q � 2t)4 ; (2.29)

where

 q = cos 2q � a1 + cos 2q � a2 + cos 2q � [a1 � a2 ] � 1: (2.30)

The squared form of the quartic polynomial in"q again implies 4 doubly degenerate bands, while
the ("q � 2t)4 term gives a four-fold degenerate �at band at"q = 2 t, shown in Fig. 2.1(d). Unlike
in the zero-�ux case, the dispersive bands are separated by a gap from the �at bands (implying
that the �at band is not topological, unlike in the 0-�ux case [66]), and the dispersive bands touch
at Dirac points. Interestingly, the characteristic polynomial of the honeycomb lattice (2.24) can
be mapped exactly to the �rst term of Eq. (2.29) not containing the �at bands, if we shift the
"q ! "q + t of the honeycomb lattice, and we change the primitive vectora2 ! a1 + a2 of the
kagome lattice. Therefore, the 4 doubly degenerate energy eigenvalues of theH MF

b;�b (q) on the
kagome lattice will be simply shifted by t relative to those on the honeycomb lattice (2.26)

2 � degen: "b(q) = � t � j t j
q

3 �
p

6 � 2 cos 2q � a1 � 2 cos 2q � a2 � 2 cos 2q � [a1 � a2 ]

4 � degen: "b(q) = 2 t; (2.31)

where in the �rst row, the band index b 2 f 1: : : 8g, such that b 2 f 1; 2g are in the �rst band,
b 2 f 3; 4g in the second,b 2 f 5; 6g in the third, and b 2 f 7; 8g in the fourth band, while in the
second rowb 2 f 9: : : 12g.
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Consequently, this band structure inherits the Dirac cone touchings of the honeycomb lattice.
We call the PG j� FSi a Dirac spin liquid (DSL) because due to the1=6 �lling, the Fermi energy
is at "F = � t �

p
3jt j, where the Dirac cones touch. The equivalent of this DSL ansatz with

a doubled unit cell was proposed as a candidate for the ground state of the SU(2) Heisenberg
model on the kagome lattice [58], which di�ers only in the �lling of the band structure. In
the SU(2) case the1=2 �lling requires �lling the one-particle eigenstates in the lowest 3 bands
up to the Fermi energy "SU(2)

F = � t +
p

3jt j, where the highest lying 2 Dirac cones touch (see
Fig. 2.1(d)). Actually, the idea of trying this DSL state as a candidate for the SU(6) case came
from the possibility of changing the �lling so that the Fermi energy is lowered to the touching
point of the lowest two Dirac cones, which required1=6 �lling.

It is important to note, that although in the case of the honeycomb lattice the changet ! � t
does not in�uence anything, here it changes a lot, since it changes the �uxes of the triangles from
� to 0, keeping the � �uxes of the hexagons. It also changes the sign oft in the characteristic
polynomial (2.29), which contains t contrary to the characteristic polynomial of the honeycomb
lattice (2.24) containing only jt j. The e�ect of the t ! � t is to turn the band structure of the
DSL (Fig. 2.1 (d)) upside down, leaving the four-fold degenerate �at band at the bottom. The
1=6 �lling �lls only half of the �at band, therefore the Fermi energy is inside the �at band, and
the Fermi sea of this ansatz is highly degenerate, making any calculation impossible. In the case
of SU(2), the �lling is 1=2 instead of 1=6, so that the Fermi energy is outside the �at band at
the touching of two Dirac cones. Furthermore, in the SU(2) case the ansatz with 0 �uxes in the
triangles and � �uxes in the hexagons is equivalent to the DSL ansatz with� -�uxes everywhere
due to a symmetry under a combination of a spin-rotation and a time-reversal transformation
[2, Sec. 9.2.7] [3]), but they are inequivalent in the case of SU(6).

2.4 Projective symmetry and Quantum orders

As mentioned in Sec.2.3 the� -�ux hopping structure of H MF shown in Figs. 2.1 (a) and
(c) break the discrete translational symmetry of the underlying lattice for translations T1 and
T2 with primitive vectors a1 and a2, respectively, meaning that H MF 6= T i H MF T � 1

i for i 2
f 1; 2g. H MF has a remaining translational symmetry for translations with 2a1 and 2a2, so that
H MF = ( T i )2H MF (T � 1

i )2 for i 2 f 1; 2g. The H MF also breaks the symmetries under theC6

sixfold rotation and the � re�ection, which generate the D6 point group of both the honeycomb
and kagome lattices. Yet, the expectation valueshTa

i i of the SU(N ) spin operators (2.2) and
their correlation functions hTa

i Ta
j i will possess all the symmetries of the underlying lattice in

both states j� FSi and PG j� FSi , due to the projective symmetry of H MF for the geometric
transformations (assuming periodic boundary conditions, for APBC see E.2).

As discussed in section 2.3, a site-dependent, but �avor-independent gauge transformation
Gf y

j;� G� 1 = ei� ( j ) f y
j;� , de�ned in Eq. (2.16), leaves the spin operators invariant, as shown in

Eq. (2.17). One can use this gauge redundancy of the projective construction to restore the
symmetries ofH MF under the geometrical transformationsg 2 f C6; �; T1; T2g, by applying suit-
able gauge transformationsGg 2 f GC6 ; G� ; GT1 ; GT2

g which undo the e�ects of the geometrical
transformations gH MF g� 1 as

H MF = GggH MF g� 1G� 1
g = ~gH MF ~g� 1; (2.32)

so that H MF is invariant under the combined operation~g � Ggg, called projective symmetry (see
[2, Sec. 9.4.2] and Refs. [67, 68, 69, 3]). For example, the� -�ux H MF on the honeycomb lattice
has a hopping structure (shown in Fig. 2.2(a)) which is not invariant under the translation T1

by the primitive vector a1. However, we can change the signs of somef y
j;� on certain lattice

sites j (shown in Fig. 2.2 (b)), to reverse the e�ect of T1 on the hoppings, since changing the
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Figure 2.2: (a) The hopping structure of the � -�ux H MF on the honeycomb lattice, white and
black bonds correspond to positive and negative hoppings, respectively. (b) The hopping struc-
ture of H MF after the translation T1H MF T � 1

1 by the primitive vector a1. Since the hopping
structures are di�erent, H MF is not invariant under T1. However, we can change the signs of
somef y

j;� on certain lattice sites j (shown with the white circles in (b)), to reverse the e�ect

of T1 on the hoppings, since changing the sign of af y
j;� is equivalent to changing the signs of

the hoppings connected to sitej . These sign changes correspond to the gauge transformation
GT1 , so that the � -�ux H MF is invariant under the combined transformation GT1 T1, sinceGT1

reverses the e�ect ofT1.

sign of a f y
j;� is equivalent to changing the signs of the hoppings connected to sitej . These sign

changes correspond to the gauge transformationGT1 , so that the � -�ux H MF is invariant under
the combined transformation GT1 T1, since GT1 reverses the e�ect ofT1 (for more details see
Appendix E).

The set of all ~g satisfying Eq. (2.32) form a group, called the projective symmetry group
(PSG) (see [2, Sec. 9.4.2] and Refs. [69, 3]). The gauge transformationsGC6 ; G� ; GT1 ; GT2

for
both the honeycomb and the kagome lattices are listed in Appendix E

We can use the gauge transformations of Eq. (2.16) to create an equivalence relation, as the
following. Two Hamiltonians H MF

1 and H MF
2 are gauge equivalent, if there exists aG such that

H MF
2 = GH MF

1 G� 1; (2.33)

so H MF
1 and H MF

2 are in the same equivalence class. Rephrasing Eq. (2.32),H MF is invariant
under the combined transformation Ggg, if H MF and gH MF g� 1 are gauge equivalent. It is
important to emphasize that not all mean-�eld Hamiltonians are gauge equivalent, for example,
the 0-�ux and the � -�ux Hamiltonians can not be connected by gauge transformations, they are
in di�erent equivalence classes. Furthermore, one can construct ansätze of staggered0 and � -
�uxes, which again form separate equivalence classes. These equivalence classes are what de�ne
the hidden quantum order of the quantum spin liquid state at the mean-�eld level [3, 69]. On a
given lattice, all the ansätze having� -�uxes in every plaquette are gauge equivalent, so that the
quantum order at the mean-�eld level is the � -�ux structure of the t i;j in Eq. (2.6).

One could ask, how can we exclude the possibility that there exists a gauge transformation
connecting the 0-�ux, and � -�ux cases, just because we could not �nd any? There are simple
ways to exclude this possibility, for example, to compare the one-particle energy spectra, which
are the same for two gauge equivalent mean-�eld HamiltoniansH MF

2 = GH MF
1 G� 1, since

H MF
1 j� 1

q;bi = E MF
q;b j� 1

q;bi

GH MF
1 G� 1Gj� 1

q;bi = E MF
q;b Gj� 1

q;bi

H MF
2 j� 2

q;bi = E MF
q;b j� 2

q;bi ; (2.34)
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where j� 1
q;bi and j� 2

q;bi = Gj� 1
q;bi are one-particle eigenstates ofH MF

1 and H MF
2 , respectively, with

the same energyE MF
q;b .

An equivalence class can be characterized by the PSGs of its ansätze, which are slightly
di�erent for every ansatz within one equivalence class, but they can be connected via gauge
transformations [2, Sec. 9.4.2]. If the mean-�eld ansatz is stable and the �uctuations are weak
(as explained in the next section 2.5), then the quantum order of the mean-�eld ansatz might
survive the �uctuations and become the quantum order of the real ground state [2, Sec. 9.9.1],
which is then measurable. In the case of a Dirac spin liquid, the quantum order is measurable
through the gapless excitations of the dynamical spin structure factor at certain wave vectors [2,
Sec. 9.7].

Every element of the PSG is of the formGg, but these also include pure geometrical trans-
formations like (T1)2 and (T2)2 (for which the corresponding gauge transformationsG(T1 )2 and
G(T2 )2 are identity), and pure gauge transformations asI and � I, which multiply every fermionic
operator by +1 and � 1, respectively (the geometrical transformationsg for all these are identity).
The pure gauge transformations form a normal subgroup of the PSG called an invariant gauge
group (IGG) [2, Sec. 9.4.2], meaning that the quotient group PSG/IGG = SG contains only the
geometric transformationsg. For a quantum spin liquid ansatz, SG is the symmetry group of the
Heisenberg Hamiltonian of Eq. (1.18), containing all symmetries of the lattice. In the literature,
people refer to the quantum spin liquid ansätze through their IGG (in the SU(2) case these are
typically Z2, U(1), and SU(2)), because it turns out that the IGG characterizes the low energy
gauge �uctuations, and determine whether the ansatz is stable against �uctuations, or not (see
[2, Sec. 9.2.2], and Sec. 2.5). Here we will not determine the IGG of any ansatz (so we will not
construct the full PSGs either), because that would require knowingall pure gauge transforma-
tions leaving H MF invariant. However, there might be gauge transformations mixing di�erent
�avors of fermions (in Eq. (2.16) we used only �avor independent U(1) gauge transformations),
which leave the spin operators of Eq. (2.2) invariant, and may also be elements of the IGG (if
they leave invariant the mean-�eld Hamiltonian as well). In the SU(2) case, the most general
such gauge transformationG 2 SU(2), which leaves theSx , Sy , Sz spin operators of Eq. (2.2)
invariant, is

f j; " ! aj f j; " + bj f y
j; # f j; # ! aj f j; # � bj f y

j; "

f y
j; " ! a�

j f y
j; " + b�

j f j; # f y
j; # ! a�

j f y
j; # � b�

j f j; " ;
$ G

 
f j; "

f y
j; #

!

=
�

aj bj

� b�
j a�

j

�  
f j; "

f y
j; #

!

; (2.35)

where jaj j2 + jbj j2 = 1 [50, 52] (see the SU(2) projective construction in [2, Sec. 9.2]).
In the SU(2) case, all possible di�erent equivalence classes can be listed by the projective

symmetry group classi�cation [3, 70, 71]. We can not do such a classi�cation for the SU(N > 2)
case here, because that would require constructing the full PSGs (including the full IGGs) of
the ansätze. However, at least certain equivalence classes can be distinguished, for example by
di�erent one-particle energy spectra (see Eq. (2.34)).

2.4.1 Invariance of the Gutzwiller projected state under the symmetries of
the lattice

Here we will show that Gutzwiller projecting the Fermi sea ground states of two gauge equiv-
alent mean-�eld Hamiltonians results in variational wavefunctions that di�er only in a global
phase, and are therefore physically equivalent [2, Eq. (9.1.14))]. In other words, each ansatz in
the same equivalence class results in the same Gutzwiller projected wavefunction, while di�er-
ent equivalence classes are believed to give rise to di�erent Gutzwiller projected wavefunctions.
Furthermore, even if a mean-�eld Hamiltonian is not invariant under some geometrical trans-
formation g, if there exists a combined transformation Ggg leaving H MF invariant, then its
Gutzwiller projected Fermi seas will be invariant under g (up to a global phase).



30 CHAPTER 2. QUANTUM SPIN LIQUIDS

If the mean-�eld ground states jFS1i and jFS2i of the gauge equivalent HamiltoniansH MF
1

and H MF
2 are non-degenerate, we can show (see Appendix D) that they are related as

jFS2i = GjFS1i : (2.36)

Our purpose is to prove that

PG jFS2i = PGGjFS1i = ei' PG jFS1i ; (2.37)

where ei' is a global (site and con�guration independent) phase, which cancels in every expec-
tation value

hFS2jPGTa
i PG jFS2i = hFS1jPGe� i' Ta

i ei' PG jFS1i = hFS1jPGTa
i PG jFS1i ; (2.38)

and is thus unphysical. To see how Eq. (2.37) follows let us write the Fermi sea in real space as
in Eq. (2.13)

PGGjFS1i =
X

f j gPG

 
NY

� =1

slatf j � gPG
Gf y

j �
1 ;� G� 1Gf y

j �
2 ;� G� 1 : : : Gf y

j �
N s =N ;� G� 1

!

Gj0i ; (2.39)

where the sets of sitesf j � gPG occupied by di�erent colors do not overlap. Due to the single
occupancy constraint of Eq. (2.5) the number of fermions is equal to the number of lattice
sites Ns, therefore the setsf j � gPG are disjoint subsets of the setf 1; 2: : : Nsg. Since the gauge
transformation G of Eq. (2.16) is �avor independent, every fermionic operator will bring in
a phaseGf y

j;� G� 1 = ei� ( j ) f y
j;� , and the product of the Ns fermionic operators will bring in

the product of phasesei� (1) ei� (2) : : : ei� (N s ) , which is independent of the subsets of sitesf j � g
occupied by di�erent �avors. Therefore, these phases can be factored out as the global phase
ei' = ei� (1) ei� (2) : : : ei� (N s ) [2, Eq. 9.1.14]. This is unlike in the unprojected case, where the
subsets of sitesf j � g might overlap, therefore the product of the phases depends on thef j � g (in
case of them > 1 times occupied sitej the phaseei� ( j ) will appear as ei� ( j )m , and the phases
of empty sites will be missing). Furthermore, any Gutzwiller projected state (not just the Fermi
sea) can be written in the real space basis with singly occupied con�gurations as in Eq. (2.10),
therefore the above arguments can be repeated for any state, implying thatPG eliminates any
gauge transformation of the form (2.16) (in the sense that it converts it to an unimportant
global phase). The claim that the gauge equivalent ansätze give rise to physically equivalent
Gutzwiller projected wavefunctions can also be proven in the case of �avor mixing SU(2) gauge
transformations of Eq. (2.35) [2, Sec. 9.2.1.3].

Now that we have proven that all gauge equivalent Hamiltonians result in physically equiva-
lent Gutzwiller projected wavefunctions, we can prove that the Gutzwiller projected Fermi seas
are invariant under the geometric transformations g. If H MF

1 is gauge equivalent toH MF
2 =

gH MF
1 g� 1 (meaning that H MF

1 is invairant under Ggg), then their ground states are related as
jFS2i = gjFS1i (as argued in Appendix D). However, as theH MF

1 and H MF
2 are gauge equivalent,

we can also use Eq. (2.37) as

ei' PG jFS1i = PG jFS2i = PGgjFS1i = gPG jFS1i (2.40)

where in the last step we used that the Gutzwiller projector commutes with any geometrical
transformation g (as argued after Eq. (2.13)). The meaning of Eq. (2.40) is thatPG jFS1i is
invariant under the action of the geometrical transformation g (up to an unimportant global
phase), therefore every expectation value taken in this state will also be invariant underg. To
see this, let us rewrite Eq. (2.40) asPG jFS1i = ei' g� 1PG jFS1i , so that
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hFS1jPGTa
i PG jFS1i = hFS1jPGge� i' Ta

i ei' g� 1PG jFS1i = hFS1jPGTa
g(i )PG jFS1i ; (2.41)

and similarly for the equal time correlation function

hFS1jPGTa
i Ta

j PG jFS1i = hFS1jPGge� i' Ta
i g� 1gTa

j ei' g� 1PG jFS1i = hFS1jPGTa
g(i )T

a
g(j )PG jFS1i :

(2.42)
Eq. (2.40) is surprising, because thejFSi (without Gutzwiller projection) inherits the sym-

metries of H MF , therefore it is not invariant under the geometric transformations C6; �; T1; T2.
In fact, just like H MF , jFSi is invariant only under the combined transformations
~g 2 f GC6 C6; G� �; G T1 T1; GT2 T2g. However, as we show in Appendix G, the invariance ofH MF

under Ggg implies that

hFSjTa
i jFSi = hFSjTa

g(i ) jFSi ; hFSjTa
i Ta

j jFSi = hFSjTa
g(i )T

a
g(j ) jFSi ; (2.43)

just like for the Gutzwiller projected state.
Antiperiodic boundary condition can spoil projective symmetries for someg, therefore the

Gutzwiller projected expectation values will not be invariant under theseg (see Appendix E.2).
However, as it is only a boundary condition, the asymmetries disappear in the thermodynamic
limit.

2.5 What about the �uctuations?

The excited eigenstates of the mean-�eld Hamiltonian (2.6), which preserve the total particle
number, can be constructed by removing a fermion of �avor� from the Fermi sea, and adding
a fermion of �avor � 0 on a higher energy band asf y

k + q;b0;� 0f q;b;� jFSi , with "b(q) � "F and

"b0(q) > " F . These excited states are called particle-hole excitations. The statesf y
k + q;b0;� 0jFSi

and f q;b;� jFSi are also eigenstates of the mean-�eld Hamiltonian (2.6), but these do not preserve

the total particle number. In the SU(2) case, both thef y
k + q;b0;� 0jFSi and the f q;b;� jFSi are called

spinons, so that the particle-hole excitation could be called a two-spinon excitation. In the
SU(N ) case, thef y

k + q;b0;� 0jFSi and the f q;b;� jFSi could be called a �avoron, and an anti�avoron,
respectively. At the mean-�eld level, these are true eigenstates ofH MF , so we can call them
quasiparticles.

The SU(N ) spin operators are bosonic operators, so when the ground state is magnetically
ordered (e.g. ferromagnetic or antiferromagnetic), the quasiparticles are also bosonic, like the
already mentioneds = 1 magnon in the SU(2) case. The decomposition of the bosonic SU(N )
spin operators into fermionic operators in Eq. (2.2) is a mathematical formalism, but it allows for
the existence of such fermionic quasiparticles. In the mean-�eld approximation we neglected the
�uctuations that mediate interactions between the �avorons and the anti�avorons (see Appendix
B). If the interaction between these fermionic mean-�eld quasiparticles is short-ranged and weak,
then the quasiparticles (excited eigenstates) of the SU(N ) Heisenberg model are similar to the
fermionic mean-�eld quasiparticles. In other words, the bosonic excited states of the ordered state
are split into a pair of fermionic quasiparticles, which is called fractionalization. In this case,
the existence of fermionic quasiparticles is directly measurable in the dynamical spin structure
factor, since at the lowest excitation energies we will see a continuum (implicating a pair of
quasiparticles) instead of a single branch. On the other hand, if the interactions between the
�avorons and the anti�avorons are strong, then the real quasiparticles of the Heisenberg model
will be their bosonic bound states, so the decomposition of Eq. (2.2) remains a mere mathematical
formalism without any physical content. As an example from the SU(2) case, thes = 1 bosonic
magnon can be thought of as a bound state of twos = 1=2 fermionic spinons.
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The interactions are called short-ranged, when the ratio of the interaction energy and the
kinetic energy goes to zero for large distances (low energy), as explained in the book [2, Sec. 9.1.4].
In this case, the interaction is an irrelevant perturbation in the RG sense, and the mean-�eld
ansatz is said to bestable. If the ratio of the interaction energy and the kinetic energy goes
to a constant, then the interaction is a marginal perturbation (stability is questionable), and
if it diverges it is a relevant perturbation (the mean-�eld ansatz is unstable). However, not
even a stable mean-�eld ansatz is guaranteed to give a good approximation of the real ground
state, because even the short-range interactions might be strong enough to change the ground
state and the excitations. In the SU(2) case, it is argued, thatZ2 spin liquids (having an IGG
forming a Z2 group [2, Secs. 9.2.6, 9.9.2, 9.9.4], and chiral spin liquids (having �uxes di�erent
from 0 and � , achieved by complex hoppingst i;j [2, Sec. 9.1.6]) are stable, but even these
have typically short-range interactions which are not weak [2, Sec. 9.8]. However, the interaction
between the fermions can be weakened by enhancing the symmetry of the Heisenberg model from
SU(2) to Sp(2N ) [5], which means introducingN copies of both the" and # spins [2, Sec. 9.8].
Consequently, in the large-N limit of the Sp( 2N ) symmetric model, the stable and marginal
mean-�eld ansätze can become the real ground states of the Sp(2N ) Heisenberg model. However,
our large-N limit is di�erent, since we are interested in the SU(N ) symmetric Heisenberg model
in the fundamental representation. In the self-conjugate representation of the SU(N ) Heisenberg
model, some �uctuations were already argued to become weaker with an increasingN [49, 50],
but this is again not the large-N limit we need. Here we hope that the �uctuations are also
weakened in the SU(N ) symmetric large-N limit in the fundamental representation. This is in
agreement with the decreasing di�erence between the mean-�eld and the Gutzwiller projected
results presented in the following sections, although the Gutzwiller projection takes into account
only the temporal �uctuations of the chemical potential, and not the interactions between the
fermions [2, Sec. 9.1.1, Eq. (9.1.8)].

Furthermore, in 2+1 dimensions, �eld-theoretical arguments involving N species of Dirac
fermions suggest that forN > N c, the Dirac fermions become decon�ned, stabilizing the Dirac
spin liquid [72, 73, 74, 75]. However, the precise value ofNc is debated, and the connection with
our models is not fully understood.

As already mentioned in section 2.4, if the mean-�eld ansatz is stable (and weakly interacting),
the mean-�eld quantum order protected by the PSG survives the �uctuations, and becomes the
quantum order of the real ground state [2, Sec. 9.9.1]. If the mean-�eld one-particle energy
spectrum is gapped, the quantum order is called topological order, and is characterized by the
ground state degeneracy [2, Sec. 8.] [3]. If the one-particle energy spectrum is gapless, then
the quantum order is characterized by the existence and location (in reciprocal space) of gapless
excitation towers in the dynamical spin structure factor [2, Sec. 9.10.2]. In Dirac spin liquids,
the measurement of the dynamical spin structure factor serves as an experimental veri�cation of
the quantum order and of the stability of the mean-�eld ansatz [2, Sec. 9.7]. However, we have
not proven that the � -�ux quantum order and its PSG protects gapless fermionic excitations at
certain wave vectors. Yet, the dynamical spin structure factors of the ansätze presented in section
2.3 do have gapless excitations at certain wave vectors. Every ansatz in the same equivalence
class should give the same dynamical spin structure factor, since the SU(N ) spin operators are
insensitive to the gauge transformations connecting di�erent ansätze (2.17). It is reasonable to
believe that the PSG should indeed require the existence of gapless excitation towers at certain
wave vectors. Thus, instead of analyzing the �uctuations and the stability of the ansätze, we
present the dynamical spin structure factors of these ansätze in sections 5, 6 and 6, and the
possible ways to experimentally measure them in real systems in section 4.1.
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2.6 Symmetry breaking quantum phase transitions

Before turning to quantum phase transitions without symmetry breaking, let us �rst reca-
pitulate Landau's symmetry-breaking theory. A quantum phase transition happens, when while
tuning some parameter of a Hamiltonian (for example the transverse �eldh in Eq. (2.44)), the
ground state changes from one statejGS1i to another jGS2i , where the �rst state is invariant
under the transformations g 2 SG1, while the second is invariant underg 2 SG2. A symmetry
breaking quantum phase transition means that either SG1 � SG2, or SG2 � SG1. If SG1 � SG2,
then jGS1i is not invariant under some of the transformationsg 2 SG2 missing from g =2 SG1.
The simplest example of such a quantum phase transition is perhaps of the transverse �eld
ferromagnetic Ising model [76, Sec. 1.4.1]

H I = � J
X

hi;j i

�̂ z
i �̂ z

j � Jh
X

i

�̂ x
i ; (2.44)

where �̂ a are the Pauli matrices. H I has a discreteZ2 symmetry, it is invariant under the
unitary operator U =

Q
i �̂ x

i , meaning H I = UH I U � 1, where U rotates with � around the x
axis, since�̂ x

i �̂ z
i �̂ x

i = � �̂ z
i and �̂ x

i �̂ x
i �̂ x

i = �̂ x
i . There are two phases, separated by a quantum

phase transition. For large h > h c (paramagnetic phase) there is one non-degenerate ground
state jGS1i =

Q
i j !i i = 1p

2

Q
i (j "i i + j #i i ), which is invariant under U as UjGS1i = jGS1i ,

so U 2 SG1. jGS1i is also invariant under all other transformations leaving H I invariant,
like translations, complex conjugation (time reversal), and so on, therefore this phase is called
paramagnetic. Therefore, the symmetry group SG1 of jGS1i is just the symmetry group of H I ,
SG1 = SGH I . For small h < h c (ferromagnetic phase)H I has two degenerate ground states,
j "i =

Q
i j "i i and j #i =

Q
i j #i i , where j "i i and j #i i are the two eigenstates of̂� z

i . Neither
j "i , nor j #i are invariant under U, meaning that the ground states have lower symmetries
than the Hamiltonian, called symmetry breaking. In this case, it is aZ2 symmetry breaking,
so SG2 � SG1. Symmetry breaking necessarily brings about ground state degeneracy in the
thermodynamic limit, because the eigenvalue equationHj "i = E" j "i can be multiplied with U
as UHj "i = UE" j "i , and the symmetry of H under U ([H ; U] = 0 ) implies HUj "i = E" Uj "i .
However, if there is a symmetry breaking,j "i is not invariant under U, so Uj "i is a linearly
independent state with the same energy eigenvalueE" . In the case of the Ising model,Uj "i = j #i
and Uj #i = j "i . The local order parameter distinguishing the two phases ishGSj�̂ z

i jGSi taken
on any site i , which is �nite in the ferromagnetic phase (where jGSi is either j "i or j #i ) and
zero in the paramagnetic phase.

In H I (2.44) the broken symmetry was a discreteZ2 symmetry, so we got two degenerate
ground states connected with the transformationU. However, if the broken symmetry is con-
tinuous, as the SU(N ) spin rotation symmetry of the SU(N ) Heisenberg model (1.18), then
the number of degenerate states is larger. If the Hamiltonian has only short-range interactions,
then the Goldstone theorem implies that the spectrum has to be gapless (see page 273 in [4,
Sec. 6.1.2]), which can be understood as an in�nitesimal excitation turning one ground state to
another. The simplest example is the SU(2) ferromagnetic Heisenberg model, where the degen-
erate ground states are fully polarized, just as for the Ising model, but a small rotation of the
polarization of all spins gives another ground state. Such a small rotation can be achieved with
a magnon having zero wave vector, so there will be gapless excitations atq = 0.

2.7 Quantum phase transitions without symmetry breaking

A quantum phase transition can also happen without symmetry breaking, meaning that
both jGS1i and jGS2i are invariant under the same transformationsg 2 SG, where in case of
quantum spin liquids SG is the symmetry group of the Hamiltonian. What changes from one
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state (phase) to another is some hidden quantum order, which in�uences measurable quantities,
like the dynamical spin structure factor.

Some of these quantum phase transitions can be described by projective symmetry groups,
provided that both jGS1i and jGS2i are well approximated with the stable mean-�eld ansätze
jGS1i � PG jFS1i and jGS2i � PG jFS2i with mean-�eld Hamiltonians H MF

1 and H MF
2 , respec-

tively. H MF
1 and H MF

2 can not be gauge equivalent, since thenjGS1i and jGS2i would be the
same, so there would not be any quantum phase transition. The mean-�eld Hamiltonians should
not be confused with the original Hamiltonian H having some coupling, which can be tuned
to change the ground state fromjGS1i to jGS2i . For example, H can be the J1 � J2 SU(2)
Heisenberg model

H J1 � J2 = J1

X

hi;j i

Si � Sj + J2

X

hhi;j ii

Si � Sj ; (2.45)

where we can �x J 2
1 + J 2

2 = 1 . The mean-�eld Hamiltonians H MF
1 and H MF

2 are only used
to construct the variational wavefunctions approximating the two lowest energy eigenstates of
H J1 � J2 , namely jGS1i � PG jFS1i and jGS2i � PG jFS2i . For example, let us suppose thatH MF

1
and H MF

2 are the 0-�ux, and � -�ux hopping Hamiltonians (2.6), respectively. The variational
energy E(J2=J1) = hFSjPGHPG jFSi =hFSjPGPG jFSi of every ansatz is a smooth function of
J2=J1. Thus, we can compare the variational energiesE0� �ux (J2=J1) and E � � �ux (J2=J1) for
di�erent values of J2=J1. The simplest example of a quantum phase transition is when the
variational energy of the 0-�ux ansatz is smaller E0� �ux (J2=J1) < E � � �ux (J2=J1) for J2 < J 2C ,
but it becomes biggerE0� �ux (J2=J1) > E � � �ux (J2=J1) for J2 > J 2C . Thus, J2C is a critical
coupling, whereE0� �ux (J2C =J1) = E � � �ux (J2C =J1). Therefore, for J2 < J 2C the ground state is
approximated by the 0-�ux ansatz, while for J2 > J 2C by the � -�ux ansatz. If these mean-�eld
ansätze are stable, then their quantum orders become the quantum orders of the eigenstates
jGS1i and jGS2i of H J1 � J2 , so the quantum order is changed at the transition pointJ2C .

A quantum phase transition is of �rst order, if the slopes of the variational energies@E=@J2

are unequal at the transition point J2C , and second order, if the slopes are equal (continuous
transition) [5]. In a second order transition the mean-�eld ansätzeH MF

1 and H MF
2 can be con-

nected with a small perturbation as H MF
2 = H MF

1 + � H MF , which transfers to the hoppings as
t2
i;j = t1

i;j + �t i;j . The transition between the 0-�ux and the � -�ux ansätze is not second-order,
since the mean-�eld Hamiltonians can not be connected with a small perturbation. Let us de-
note the projective symmetry groups ofH MF

1 and H MF
2 by PSG1 and PSG2, respectively. In

a second-order transition either PSG2 � PSG1, or PSG1 � PSG2 [5] [2, Sec. 9.5]. Since both
states jGS1i and jGS2i must be invariant under all elements of the symmetry group SG of the
original Hamiltonian, both PSG1 and PSG2 must contain a combined transformation Ggg for
every elementg 2 SG (otherwise it would be a symmetry breaking quantum phase transition).
Let us denote the invariant gauge groups of the two ansätze with IGG1 and IGG2, which satisfy
PSG1=IGG1 = SG = PSG2=IGG2. Thus, the condition PSG2 � PSG1 implies IGG2 � IGG1.
Consequently, the� H breaks some pure gauge transformationsGIGG 1 2 IGG1, and the combi-
nations GIGG 1 Ggg (in every coset of IGG1), where g is not the identity. The possible ways of
lowering the IGG1 of an ansatz to IGG2 � IGG1 determines all possible second-order quantum
phase transitions at the mean-�eld level [5].

Finally, we would like to note that there are quantum phase transitions that are not accom-
panied by any symmetry breaking, yet they can not be described by projective symmetry groups
because GS1 and GS2 may not be described by stable mean-�eld ansätze. One such example is
the Mott transition, introduced in section 1.1.1.



Chapter 3

The stability of the SU(6) Dirac spin liq-
uid on the kagome lattice

The SU(2) Heisenberg model on the kagome lattice was argued to be magnetically disordered
[77], therefore we expect the SU(6) Heisenberg model to also exhibit disorder due to increased
quantum �uctuations.

We propose that the ground state of this model may be well described by the Dirac spin-liquid
(DSL) ansatz introduced in Sec. 2.3.2, previously suggested for the SU(2) case [58]. To support
our claim, we search for possible perturbations of the Dirac spin liquid ansatz, meaning that we
modify the hoppings tDSL

i;j of the DSL mean-�eld Hamiltonian, H DSL (k) in Eqs. (2.6) and (2.28),
as

t i;j = tDSL
i;j (1 + � ~t i;j ); (3.1)

where 0 < � � 1, j~t i;j j = O(1). The Gutzwiller projected ground state of such a perturbed
mean-�eld Hamiltonian yields a modi�ed wavefunction j ~t i;j

i . We then compute the variational
energy h ~t i;j

jHj  ~t i;j
i =h ~t i;j

j ~t i;j
i for the perturbed wavefunctions. If the variational energy of

any perturbed ansatz is lower than that of the DSL, this indicates that the DSL is no longer the
ground state, and we say that the DSL is locally unstable against the perturbations in Eq. (3.1).
If the DSL has the lowest variational energy, then we say that the DSL is energetically stable
against the perturbations considered here.

We note that two forms of stability can be distinguished for a fermionic mean-�eld ansatz:
energetic stability and quantum �eld-theoretical stability. The latter requires that interactions
between fermions become irrelevant in the renormalization group sense, leading to decon�ned
fermions, as discussed in Sec. 2.5. While we have not explicitly checked quantum �eld-theoretical
stability for the SU(6) case, the large-N value is certainly bene�cial. For the remainder of this
chapter, 'stability' will refer exclusively to energetic stability.

3.1 Real-valued ~t i;j perturbations of the DSL

There are many ways to perturb the DSL ansatz. Here, we consider only real-valued pertur-
bations periodic in the quadrupled unit cell of 12-sites. These include some valence bond like
patterns discussed in Refs. [78, 79, 75, 80]. As shown in in ref. [III.], the symmetry group of
the 12-site unit cell is isomorphic to theOh group, so the irreducible representations of the~t i;j

can be classi�ed using the character table of theOh group. We show the hopping structures of
some perturbed ansätze transforming under the irreps of theOh group in the �rst row of Fig. 3.1
and the �rst column of Fig. 3.2. These real perturbations modify the absolute values of the
hoppings, but leave their signs identical to those of the DSL, keeping the� 7 � 4 � 5 �ux structure
unchanged.

We also take advantage of the fact that the center of theOh group is the identity and the
inversion that constitute a normal subgroup. Consequently, the irreducible representations of
the Oh are either even (gerade) or odd (ungerade) under the inversion. The inversion in theOh

group corresponds to the twofold rotation C2 around the center of a hexagon in the wallpaper
group, so~tC2 (i;j ) = + ~t i;j in an even (gerade,g) irreducible representation, and~tC2 (i;j ) = � ~t i;j in
an odd (ungerade,u) one. For each irreducible representation, there is a gerade and an ungerade
one.
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In Fig. 3.1 we show the single-parameter ansätzeT1
2g � T2

2g � T3
2g, T1

2g, T1
2u � T2

2u � T3
2u , T1

2u ,
and A1u with the parameter � (here we allow negative� , which is like multiplying the ~t i;j by
� 1). The T1

2g � T2
2g � T3

2g (�rst column in �gure) coincides with the famous "pinwheel" pattern
in deformed kagome material Rb2Cu3SnF12 [81]. We do not plot the A1g since it changes the
hoppings uniformly, leaving the wave function equivalent to the DSL.

Figure 3.1: In the �rst row, we show the hopping structure of the real perturbations of the Dirac
spin liquid having a single free parameter� . Di�erent shades represent di�erent absolute values
of the hoppings. The empty bonds stand for positive hoppings, while the solid bonds for negative
hoppings (each ansatz has a� 7 � 4 � 5 �ux structure, just as the DSL). The black bonds have
absolute value 1, the dark red hoppings1 + � , and the light reds 1� � . In the midle row, the red
points show the� hP4 + P � 1

4 i , the blue points � hP1st i , and the green points� hP2nd i de�ned in
Eq. (3.5), while the solid lines are the �tted parabolas. The bottom row shows the local stability
of these ansätze (as explained in sec. 3.2.1), as a function ofK and J2, �xing J1 = 1 . The DSL
is the lowest energy state in the red region, and the perturbation wins in the blue region. All
these results were calculated for a cluster of 192 sites with APBC.

In Fig. 3.2 we show the two-parameter ansätze� T1
1g + T2

1g + T3
1g, T3

1g, � T1
1u + T2

1u + T3
1u , T3

1u ,
v1E 1

g + v2E 2
g , and v1E 1

u + v2E 2
u . To make the comparison of the di�erent ansätze in Fig. 3.2

unambiguous, we have collected the di�erent hopping amplitudes in Tab. 3.1.

We can identify the � T1
1g + T2

1g + T3
1g ansatz with the David star ansatz studied in [78] for

the SU(2) case. There, it had a single parameter� , which is identical to � = 1 and � = 0 in our
notation, so that each bond on the edge of a David star is strengthened ast i;j = tDSL

i;j (1+ � ), while
all other hoppings are weakened ast i;j = tDSL

i;j (1 � � ) (see Tab. 3.1). Some linear combinations
are equivalent, for example,T1

1g � T2
1g + T3

1g is a David star shifted in a2 direction. Allowing for
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Figure 3.2: In the �rst column, we show the hopping structure of the real perturbations of
the Dirac spin liquid having two free parameters. Di�erent colors represent di�erent absolute
values of the hoppings listed in Tab. 3.1 for the denoted irreducible representation. The empty
bonds stand for positive hoppings, while the solid bonds for negative hoppings (each ansatz has
a � 7 � 4 � 5 �ux structure, just as the DSL). The second column shows the� hP1st i , the third
� hP2nd i , and the fourth � hP4 + P � 1

4 i de�ned in Eq. (3.5), calculated by VMC for a cluster of
192 sites with APBC, the � = 0 is the DSL. The e�ect of the APBC is visible only in the � hP2nd i
of �E 1

g + �E 2
g (which becomes �at after averaging over all APBC orientations). The contours

of the �tted ellipsoids are shown in light green, while the contours of the data are orange. The
�fth column shows the local stability of these ansätze (see Sec. 3.2.1), as a function ofK and
J2, keepingJ1 = 1 . The DSL has the lowest energy in the red region and the perturbed ansatz
of the given row in the blue region.
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ansatz color relative hoppingst i;j =tDSL
i;j

� T1
1g + T2

1g + T3
1g

red t � 1
green t7 � 1 + 2( � � � )�
blue t4 � 1 � 2(� + � )�

T3
1g

dark green 1 + ��
light green 1 � ��
dark red 1 + ��
light red 1 � ��

� T1
1u + T2

1u + T3
1u

dark green 1 + (2 � � � )�
light green 1 � (2� � � )�
dark red 1 + ��
light red 1 � ��
light blue 1 + (2 � + � )�
dark blue 1 � (2� + � )�

T3
1u

dark green 1 + ��
light green 1 � ��
dark red 1 + ��
light red 1 � ��

� jE 1
g i + � jE 2

g i
green 1 + ( � � � )�
red 1 + 2��
blue 1 � (� + � )�

� jE 1
u i + � jE 2

u i

dark red 1 + 2��
light red 1 � 2��
dark blue 1 + ( � + � )�
light blue 1 � (� + � )�
light green 1 + ( � � � )�
dark green 1 � (� � � )�

Table 3.1: The hopping amplitudes for all two-parameter ansätze in Fig. 3.2 are listed in the third
column, with their colors in the second column. The �rst column is the label of the irreducible
representation of theOh group, identifying the perturbed ansatz.
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� 6= 0 , we consider a more general David star ansatz,

t i;j = tDSL
i;j (1 + �� ) (3.2a)

t4
i;j = tDSL

i;j [1 � (2� + � )� ] (3.2b)

t7i;j = tDSL
i;j [1 + (2 � � � )� ] ; (3.2c)

shown in the �rst row of Fig. 3.2. The t i;j denotes the hoppings amplitudes on the edge of

the David star (red bonds in Fig. 3.2), the t4
i;j on the interstar triangles (blue) and t7i;j on the

hexagon within the star (shown by green). After Gutzwiller projecting the ground state of
the David star mean-�eld Hamiltonian (2.6), only the ratios of the hopping amplitudes remain
essential. Therefore, using the notationst i;j = tDSL

i;j t , t4
i;j = tDSL

i;j t4 , and t7i;j = tDSL
i;j t7 , we can

divide with 1+ �� , getting t = 1 , and uset4 � 1� 2(� + � )� and t7 � 1+2( � � � )� as the two
free parameters (also listed in Tab. 3.1), instead of�� and �� . The David star is special because,
for weak t4 hoppings, the nearly decoupled 12 sites tend to transform as an SU(6) singlet, with a
Young tableau of two columns and six rows (see Appendix A.5). This can be contrasted with the
A1u con�guration, which results in almost decoupled triangles - an ideal starting point for the
trimerized phase of the SU(3) Heisenberg model [82, 83]. Another interesting case isjt j < jt4 j
and jt j < jt7 j when the six spins in the hexagon tend to transform as an SU(6) singlet (with
a Young tableau of a single column of 6 boxes) and the spins in the decoupled triangles as the
20-dimensional self-conjugate irreducible representation (with a Young tableau of a single column
of 3 boxes).

In the T3
1g ansatz, the hopping amplitudes alternate along parallel lines while the rest of the

bonds remain unchanged (shown in the second row of Fig. 3.2). Refs. [78, 79, 79] also considered
this dimerized ansatz for the SU(2) case, setting� = 1 and � = 0 . Allowing for � 6= 0 we
consider a more general pattern, for which the hoppings are given in Tab. 3.1.

Both the ungerade David star ansatz� T1
1u + T2

1u + T3
1u and T3

1u are shown in the third and
fourth rows of Fig. 3.2. They have only two free parameters�� and �� , despite parametrizing
six and four di�erent hoppings, respectively, which are given in Tab. 3.1.

The ansatzv1E 1
g + v2E 2

g is shown in the �fth row of Fig. 3.2, for which the hoppings are given
in Tab. 3.1. For v1 = 0 and v2 = 1 it describes anisotropic chains with hoppingst i;j = tDSL

i;j (1+2 � )
along one direction andt i;j = tDSL

i;j (1 � � ) along the other two. The linear combinations with
v1 = �

p
3v2 rotate the chains with di�erent hoppings. For v1 = 1 and v2 = 0 , the lines in the

three di�erent directions have three di�erent strengths t i;j = tDSL
i;j (1 + �� ), with � 2 f� 1; 0; 1g.

Here again, thev2 = �
p

3v1 rotates the unequivalent chains.

For the ungeradeEu we show the ansatzv1E 1
u + v2E 2

u in the sixth row of Fig. 3.2 and Tab. 3.1.

The A1g, A1u , Eg, Eu ansätze are gapless and have a two-fold degenerate Dirac Fermi point
at k = 0 , similarly to the DSL. Among the real perturbations, only the T1g and T2g open a
gap. However, for theT1g the gap closes along a curve going through thetH = tT = t and the
(tT = 0 ; tH = � t=

p
2) point (shown with the dashed green line in Fig. 3.2), and a Dirac cone

appears. TheT1u and T2u have two Dirac Fermi points at non-zerokD and � kD values, each
non-degenerate. In the projective sense, the translational symmetry is restored for theA1 and
E ansätze, but they break the point group symmetries. TheT1g and T2g keep some of the point
group projective symmetries but break translation symmetries, while theT1u and T2u break both
the translations and point group symmetries.

As we will show in Figs. 3.1 and 3.2, all of these real perturbations increase the variational
energy, so the Dirac spin liquid remains the lowest energy state.
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3.2 Stability of the DSL

The Heisenberg Hamiltonian of Eq. (1.18) is a result of the leading order perturbation theory
of the repulsive Hubbard Hamiltonian of Eq. (1.2) for U=t ! 1 . However, we can incorporate
further terms so that the e�ective Hamiltonian reads

H = J1

X

hi;j i

Pi;j + J2

X

hhi;j ii

Pi;j + K
X

hi;j;k i

(Pi;j;k + P � 1
i;j;k ); (3.3)

where the hhi; j ii denotes second nearest neighbor sites and thePi;j;k is the ring exchange
operator acting on elementary triangleshi; j; k i . The J1 is of the order t2

U and usually posi-
tive (antiferromagnetic), K / t3

U2 , and J2 / t4

U3 in case it arises from nearest neighbor hop-
pings. Written explicitly, Pij and Pijk are de�ned through their action on the local basis states,
Pij j� 1i i 
 j � 2i j = j� 2i i 
 j � 1i j and Pijk j� 1i i 
 j � 2i j 
 j � 3i k = j� 3i i 
 j � 1i j 
 j � 2i k , for a �xed ori-
entation of the triangle i , j , k. The variational energy per lattice site of the e�ective Hamiltonian
(3.3) can be written as

E
Ns

=
1

Ns

h jHj  i
h j i

= 2J1hP1st i + 2J2hP2nd i +
2
3

K hP4 + P � 1
4 i ; (3.4)

where the hP1st i is the averaged expectation value of the permutation operator between the
nearest neighbor sites, thehP2nd i between the second neighbor sites, andhP4 + P � 1

4 i of the
ring exchange on the triangles. The coe�cients consider that there are twice as many �rst- and
second-neighbor bonds than sites and two triangles for every three sites. The expectation values
of these exchange operators were evaluated by Monte Carlo sampling the wavefunctionsj i of
the ansätze discussed in section 3.1, for details see Appendix J. Figures 3.1 and 3.2 show the
expectation values relative to the DSL, i.e.,

� hP1st i = hP1st i � hP 1st i DSL (3.5a)

� hP2nd i = hP2nd i � hP 2nd i DSL (3.5b)

� hP4 + P � 1
4 i = hP4 + P � 1

4 i � hP 4 + P � 1
4 i DSL (3.5c)

for all ansätze as a function of the perturbation strength. On the one hand, we will see that the
hP1st i is minimal for the DSL for small perturbations for all the ansätze we considered. We call
this the local stability of the DSL. On the other hand, comparing with the expectation values
hP2nd i and hP4 + P � 1

4 i we �nd that the values of J2=J1 and K=J 1 needed to destabilize the DSL
are not small, as explained in the next section.

3.2.1 Calculation of the threshold values of J2 and K

To assess the stability of the DSL, we calculated the minimum values ofJ2 and K (�xing
J1 = 1 ) needed to locally destabilize the DSL in favor of the real perturbations discussed in
Sec. 3.1. Speci�cally, we determined the threshold values ofJ2 and K in the Hamiltonian (3.3)
where the variational energy of the DSL becomes indistinguishable from that of a perturbed
ansatz up to the Monte Carlo error. The results, presented in the last row of Fig. 3.1 and
the last column of Fig.3.2, indicate that the DSL remains locally stable over a relatively large
parameter region.

First, we considered the ansätze with two free parameters. We �tted a quadratic surface
(ellipsoid) to the expectation values of the exchangesX = hP1st i , hP2nd i , and hP4 + P � 1

4 i for
small � values around the DSL point,

f (��; �� )X = aX (�� )2 + bX (�� )2 + 2cX ��� 2 : (3.6)
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The data sets consisted of11 � 11 points in the ��; �� plane, all having a Monte Carlo error,
which we considered in the �tting procedure and transferred to the parametersaX , bX , and cX .
Fig. 3.2 shows the results of this analysis. To facilitate the comparison between the calculated
and �tted values, the contours of the Monte Carlo data are shown in orange, and the contours
of the �tted surface in green (we use the same quadratic contour level spacing for every �gure,
both for the contours of the �tted ellipsoids and the contours of the Monte Carlo data). For
the nearest neighbor exchangehP1st i , the expectation value is the smallest for� = 0 , thus
providing numerical evidence for the local stability of DSL. However, the expectation values of
the second neighbor and ring exchanges show a di�erent picture: thehP2nd i can lose or gain
energy depending on the perturbed ansatz, but thehP4 + P � 1

4 i will always gain energy with
perturbations (assumingK > 0).

To calculate the threshold valuesJ2 and K , we calculated the curvatures of the ellipsoid

f (��; �� )E =
�

a1 + a2 +
1
3

a4

�
(�� )2 +

�
b1 + b2 +

1
3

b4

�
(�� )2 + 2

�
c1 + c2 +

1
3

c4

�
��� 2 :

(3.7)
which �ts on the variational energy per site E=(2Ns) = hP1st i + J2hP2nd i + 1

3K hP4 + P � 1
4 i of

Eq. 3.4. The curvatures are the eigenvalues of the matrix
�

J1a1 + J2a2 + K
3 a4 J1c1 + J2c2 + K

3 c4

J1c1 + J2c2 + K
3 c4 J1b1 + J2b2 + K

3 b4

�
: (3.8)

If both of these curvatures are positive, then the DSL has the lowest variational energy for these
J2 and K values (red region). If at least one of the curvatures becomes negative, the DSL is
certainly unstable (blue region), since some perturbed ansätze have lower variational energies.
If the curvatures can not be distinguished from 0 up to the Monte Carlo error, then we can not
conclude (white region).

For the ansätze with a single free parameter� , shown in Fig. 3.1, we �t a simple parabola
to � E=Ns instead of a quadratic surface, and the coe�cient of the � 2 takes the role of the
eigenvalues discussed above. We repeat the same procedure to get the regions of stability.

For the David star shown in the �rst row of Fig. 3.2, we used t7 , and t4 (given in Tab. 3.1)
instead of �� and �� . For this ansatz, there are sizeable contributions in� 3, so we considered
only a tiny neighborhood around the t7 = t4 = 1 DSL point to �t the quadratic surface. The
energy di�erences were also tiny, with large relative errors, explaining the large white region.
However, we expect the same local stability �gure as we obtained for theT3

1g, where the � 3 are
absent. Indeed, the calculations give a smaller relative error in that case and a smaller white
region.

Summary

In this chapter, we showed that the Dirac spin liquid ansatz is energetical stable against its
real-valued perturbations in the quadrupled 12-site unit cell. Furthermore, we found that the
values of the second-neighbor (J2) and ring (K ) exchanges necessary to destabilize the DSL are
not small relative to J1, highlighting its resilience to further interactions. However, our study
cannot exclude an SU(6) symmetry-breaking ground state of some form.

These results were published in Ref. [III.], where we have also shown that the Dirac spin
liquid is globally stabile against every possible David star ansatz, chiral ansätze in the 12-site
unit cell, and also chiral ansätze in larger unit cells.



Chapter 4

Dynamical spin structure factor
The dynamical spin structure factor gives precious information about the magnetic excitations

and the nature of the ground state of a material. It is always associated with a Hamiltonian,
describing the system of interest. The dynamical spin structure factor atT = 0 K is the Fourier
transform of the dynamic spin correlation function

Sab(k ; ! ) �
1

NB

X

s;�s

e� i k �(� s � � �s ) 1
NC

X

R ; �R

e� i k �(R � �R ) 1
2�

Z 1

�1
ei!t hGSjTa

R ;s(0)Tb
�R ;�s(t)jGSi dt; (4.1)

where jGSi is the ground state of the Hamiltonian H, Tb
�R ;�s(t) � e� i H t Tb

�R ;�sei H t , a; b2 f 1: : : N 2 �

1g, the SU(N ) spin operators are taken on sites with lattice vectorsR + � s and �R + � �s, R and �R
are the Bravais lattice vectors of the unit cells,� s and � �s are basis vectors,s and �s are sublattice
indices, NC is the number of unit cells andNB is the number of basis sites in a unit cell (the
number of possible sublattice indices), so thatNB � NC = Ns is the number of lattice sites.
De�ning the Fourier transform of an SU(N ) spin operator as

Ta
k �

1
p

Ns

X

R ;s

ei k �(R + � s )Ta
R ;s; (4.2)

we can rewriteSab(k ; ! ) as

Sab(k ; ! ) =
1

2�

Z 1

�1
ei!t hGSjTa

� k (0)Tb
k (t)jGSi dt =

X

f

1
2�

Z 1

�1
ei!t hGSjTa

� k (0)jf ihf jTb
k (t)jGSi dt

(4.3)
where we inserted the identity asI =

P
f jf ihf j with the sum going through the eigenstates

jf i of the Hamiltonian, so that ei H t jf i = eiE f t jf i . Using hf jTb
k (t)jGSi = hf je� i H t Tb

k ei H t jGSi
= ei (EGS � E f )t hf jTb

k jGSi and
R1

�1 ei!t ei (EGS � E f )t dt = 2 �� (! + EGS � E f ), we get

Sab(k ; ! ) =
X

f

hGSjTa
� k jf ihf jTb

k jGSi � (! � (E f � EGS)) ; (4.4)

or for the a = b case

Saa(k ; ! ) =
X

f

jhf jTa
k jGSij 2 � (! � (E f � EGS)) ; (4.5)

where the matrix elementsjhf jTa
k jGSij 2 are called the spectral weights.

In case of the SU(N ) symmetric Heisenberg Hamiltonian (1.18),Sab(k ; ! ) = � a;bSab(k ; ! ).
Due to the SU(N ) spin rotational symmetry of the Heisenberg Hamiltonian (1.18) and its mean-
�eld hopping Hamiltonian (2.6), the Saa(k ; ! ) is the same for all a 2 f 1: : : N 2 � 1g in both
cases. It is convenient to calculate theSaa(k ; ! ) only for the diagonal SU(N ) spin operators.
Using the convention of the SU(N ) spin operators in the fundamental representation presented
in Appendix A.3, the

T3
k =

1
p

Ns

X

R ;s

ei k �(R + � s ) 1
2

�
f y

R ;s;1f R ;s;1 � f y
R ;s;2f R ;s;2

�
(4.6)

will always be diagonal (the generalization ofSz) so that we will calculate S33(k ; ! ).

42



CHAPTER 4. DYNAMICAL SPIN STRUCTURE FACTOR 43

Figure 4.1: The original, extended, and reduced Brillouin zones of the honeycomb (a) and kagome
lattices (b), with the color codes shown at the bottom. The dynamical structure factor is periodic
only in the extended Brillouin zone, because neither the honeycomb, nor the kagome lattices are
Bravais lattices.

If the underlying lattice of the Hamiltonian is a Bravais lattice (having one basis site in its
unit cell NB = 1 ), then the Saa(k ; ! ) will be periodic in the original Brillouin zone. However, if
the underlying lattice is not a Bravais lattice (meaning that NB > 1), which is the case of the
honeycomb (NB = 2 ) and the kagome (NB = 3 ) lattices, then the Saa(k ; ! ) will not be periodic
in the original Brillouin zone, due to the term ei k �� s in Eq. (4.2). Instead, the Saa(k ; ! ) will be
periodic only in the extended Brillouin zone shown in Fig. 4.1 (for an explanation see Appendix
H). Therefore, to have all the information about the Saa(k ; ! ), we have to calculate it in the
extended Brillouin zonek 2 eBZ instead of the original Brillouin zone.

4.1 Measurement of the dynamical spin structure factor in real
materials

The Saa(k ; ! ) can be measured, among others, in inelastic neutron scattering, Bragg spec-
troscopy, resonant inelastic X-ray scattering, electron spin resonance, and light absorption ex-
periments.

4.1.1 Inelastic neutron scattering experiments

In inelastic neutron scattering experiments, a small (a few mm3) sample is irradiated with
a beam of unpolarised neutrons of incident wave vectorsk i , which are scattered on the sample
and acquire �nal wave vectorsk f [84, Chap. 3.]. The momentum of a neutron isp = ~k and its
kinetic energy isE = ~2k2=(2m), wherem is the neutron mass. The conservation of momentum
and energy implies, that the neutron has transferred momentum� p = ~(k i � k f ) and energy
� E = ~2(k i

2 � k f
2)=(2m) = ~! to the sample, wherek � k i � k f is called the scattering

vector and � E = ~! the energy transfer, these are the arguments ofSab(k ; ! ). For jk i j = jk f j
the � E = 0 , this is called elastic neutron scattering. The scattering is inelastic, if the energy
transferred is �nite. Such experiments measure the partial di�erential cross sectiond2�= (d
 dE),
which is the number of neutrons scattered per second per unit incident �ux, into a range of solid
angled
 and with a range of energies betweenE and E + dE. Neutrons are scattered by atomic
nuclei and the total magnetic moments of the electrons (including spin and orbital angular
momentum). The contribution of the atomic nuclei can be separated, and thed2�= (d
 dE)
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originating from the total magnetic moments of the electrons turns out to be directly related to
the dynamical spin structure factor Sab(k ; ! ). At a su�ciently low temperature, the Sab(k ; ! )
extracted from the experimental data should coincide with the zero temperature expression of
Eq. (4.5).

4.1.2 Bragg spectroscopy for ultracold atoms

Regarding optically trapped ultracold atomic experiments, inelastic neutron scattering is not
possible, but for atoms with spin 1/2, the dynamical spin structure factor can be measured with
Bragg spectroscopy (see Ref. [85, 86], and for a general description of Bragg spectroscopy [10,
Sec. 14.4]).

In such an experiment, the sample is illuminated with two phase-locked laser beams with
wave vectorsk1 and k2, and frequencies! 1 and ! 2, enclosing an angle� . The atoms absorb
photons from one beam and emit photons into the second beam. Meanwhile, their momenta
change as� pBragg = ~(k1 � k2) and their energy change as� EBragg = ~(! 2 � ! 1). The transfer
of momentum can be tuned independently of the energy transfer by changing the angle� between
the two beams.

In the coherent momentum transfer method (CMTM, [87], [10, Sec. 14.4]) the con�ning
potential is turned o� immediately after the application of the Bragg pulses, followed by the
free expansion of the atoms. Using light absorption images at di�erent times after the release of
the atoms (called time-of-�ight absorption imaging), it is possible to determine the momentum
� pBragg transferred to a fraction of the atoms, as a function of the� EBragg [10, Sec. 14.2].
However, this method was initially applied only for the measurement of the dynamical density
structure factor. It was generalized to measure the dynamical spin structure factor of6Li atoms
in the experiment of Ref. [85] (and later used in Ref. [86]), where the two Bragg lasers were
detuned close to resonance. Every6Li atom has two degenerate ground states, labeled asjF =
1=2; mf = 1=2i and jF = 1=2; mf = � 1=2i . In this experiment, the CMTM method was applied
so that t " time after turning o� the con�nement potential a light absorption image was taken
of the atoms in state jF = 1=2; mf = 1=2i . The imaging laser frequency was then rapidly
switched and a second image was taken of atoms in statejF = 1=2; mf = � 1=2i , time t# after
the �rst. Taking separate images of each spin state at di�erent times allowed them to measure
the di�erential center of mass cloud displacement (from which� pBragg can be calculated), which
is insensitive to �uctuations in the trap position, and the order of the images.

Unfortunately, such measurements were not yet performed for atoms with SU(N ) spins (e.g.
the 173Yb isotopes with SU(6) symmetric nuclear spins mentioned in Sec. 1.1.3).

4.2 S33(k; ! ) of the mean-�eld hopping Hamiltonian

The Saa(k ; ! ) of Eq. (4.5) can be calculated exactly for the mean-�eld hopping Hamiltonian
H MF of Eq. (2.6), for any hoppings t i;j , which will serve as comparison with the Gutzwiller
projected case (allowing us to interpret the Gutzwiller projected results), and also as a guide for
building the Gutzwiller projected particle-hole excitations in section 4.3.

The exact ground state of the noninteractingH MF is the Fermi seajGSi = jFSi , (see Eqs. (2.8)
and (2.27)), and the exact excited eigenstatesjf i are particle-hole excitations

f y
k + q;b0;� f q;b;� j� FSi ; (4.7)

where a particle of �avor � and wave vectorq is transferred from an occupied band of the Fermi
sea with band indexb, to one of the unoccupied bands with band indexb0, to wave vector k + q.
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In Appendix I (see also Ref. [II.]) we derive the simple formula

S33
MF (k ; ! ) =

1
2Ns

X

q2 rBZ

X

b;b0

" b0(k + q)>" F
" b(q)<" F

�
�
�
�
�
�

X

s2f A;B::: g

ei k �� s v�
k + q;b0;svq;b;s

�
�
�
�
�
�

2

� � (! � "b0(k + q) + "b(q)) ;

(4.8)
where the complex numbersvq;b;s are the coe�cients of the band eigenstatesf f y

q;b;� j0ig in the

site basisf f y
q;s;� j0ig (see Eq. 2.27), normalized as

P
s jvq;b;sj2 = 1 . The Dirac delta in Eq. 4.5

implies ! = E f � EGS, where both E f and EGS are sums of the �lled one-particle energies, and
they di�er only due to the particle-hole excitation of Eq. (4.7), implying ! = "b0(k + q) � "b(q).

For the � -�ux H MF introduced in sections 2.3.1 and 2.3.2, the exact ground state is the
j� FSi , where only the two-fold degenerate lowest band is occupied (see Eqs. (2.26) and (2.31)).
As mentioned in sections 2.3.1 and 2.3.2, the� -�ux H MF has a quadrupled unit cell (see Fig. 2.1
(a) and (c)), implying that one-particle spectrum is periodic in the reduced Brillouin zone (rBZ),
which is a quarter of the original Brillouin zone, as shown in Fig. 4.1 (for details see Appendix H).
However, the SU(N ) Heisenberg Hamiltonian (1.18) does not break any symmetry of the lattice,
therefore the wave vectork in the associatedSaa(k ; ! ) in Eq. (4.5) has to be in the extended
Brillouin zone of the lattice, as argued in section 4 and Appendix H. To be able to compare the
Saa

MF (k ; ! ) of the � -�ux H MF and the Saa(k ; ! ) of the SU(N ) Heisenberg Hamiltonian (1.18),
the wave vectork has to be in the extended Brillouin zone in both cases. Consequently, even if
q 2 rBZ, k + q will be in the extended Brillouin zone. Since the one-particle spectrum is periodic
in the rBZ, we can turn back the k + q to the rBZ by adding a reciprocal lattice vector Q as
k + q + Q 2 rBZ, as explained in Appendix I.

The S33
MF (k ; ! ) will be gapless due to the term� (! � "b0(k + q) + "b(q)) , since in the ther-

modynamic limit "b0(k + q) = "b(q) when a particle is excited from the top of the Fermi sea (with
b 2 f 1; 2g) to the bottom of the Dirac cone in the second band (b0 2 f 3; 4g) (see Figs. 2.1(b),
2.1(d), and 6.2(d)). This happens not only at the relative wave vectork = (0 ; 0) 2 eBZ (the �
point), but also at the M, M', and � 0 points of the eBZ, because when turned back to the rBZ,
these are equivalent tok = (0 ; 0) 2 rBZ, which we will call the � MF point (the centers of the red
hexagons in Figs. 4.1(a) and (b), all of which host Dirac Fermi points).

4.3 Variational method: Gutzwiller projected particle-hole exci-
tations

Let us consider �rst translationally symmetric mean-�eld Hamiltonians (0-�ux case) and Bra-
vais lattices (with one basis site per unit cell), like a one-dimensional chain, the two-dimensional
square and triangular lattices, so we don't have to carry the sublattice (or band) indices.

4.3.1 Translationally invariant mean-�eld ansätze on Bravais lattices

Following Refs. [88, 89, 90], as an analogy of the mean-�eld particle-hole excitations of
Eq. (4.7), we can de�ne the Gutzwiller projected particle-hole excitations as

jk ; q; � i � PG f y
k + q;� f q;� jFSi : (4.9)
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We can rewrite these states to real space using Eq. (2.27) (which has only one band now, with
vq;1;1 = 1 ) as

PG f y
k + q;� f q;� jFSi =

1
NC

X

R ;R 0

ei (k + q)R e� i qR 0
PG f y

R ;� f R 0;� jFSi (4.10)

=
1

NC

X

R ;R 0

ei (k + q)R e� i qR 0 X

x

 
NY

� =1

slatf j � g

!

PG f y
R ;� f R 0;� jxi ;

where in the second line we have substituted the real space expression ofjFSi from Eq. (2.10).
This expression shows us that the con�gurationsjxi giving non-zero weights are those which
have one hole atR and two fermions at R 0, so that jx0i = f y

R ;� f R 0;� jxi has only singly occupied
sites, otherwise the Gutzwiller projector would kill jx0i .

Eq. (4.10) also explains why we can not have excitations likef y
k + q;� f q;� PG jFSi since these

would have terms like f y
R ;� f R 0;� PG jxi , where PG jxi is a product state of singly occupied sites,

so the f y
R ;� f R 0;� PG jxi have a doubly occupied site atR , and an empty site at R 0. Consequently,

the state f y
R ;� f R 0;� PG jxi violates the single occupancy constraint (2.5), implying that the Hilbert

spaces of fermions and SU(N ) spins would not be mapped to each other in a one-to-one corre-
spondence.

If the mean-�eld ansatz is stable (the interactions between the fermions are short-ranged
and weak), then the PG jFSi and the above-de�ned excitations are expected to give a good
approximation of the low-energy excited eigenstates of the Heisenberg Hamiltonian (1.18). In
other words, the real ground state and its lowest energy excitations are expected to be similar
to the Gutzwiller projected mean-�eld ground state, and its Gutzwiller projected particle-hole
excitations. However, this qualitative similarity is not expected to give quantitatively perfect
answers, since the �uctuations can cause small changes even if the mean-�eld ansatz is stable.
Still, the existence and location of the gapless towers in the dynamical spin structure factor
allows the identi�cation of a gapless quantum spin liquid.

Although we call the states in Eq. (4.9) excitations, these states are not eigenstates of the
Heisenberg Hamiltonian (1.18), they are not even all linearly independent. However, inSaa(k ; ! )
of Eq. (4.5) the jf i must be eigenstates of the Hamiltonian. We can construct approximating
eigenstates, by projecting the Heisenberg Hamiltonian onto the subspace of these Gutzwiller
projected particle-hole excitations as ~H � h k; q; � jHj k0; q0; � 0i , and solving the generalized eigen-
value problem ~Hj f i = E f ~Ojf i , where ~O � h k; q; � jk0; q0; � 0i is the overlap matrix (it appears
because the statesjk ; q; � i are not orthonormal). Thesejf i are only approximate eigenstates of
H because the subspace of the statesjk ; q; � i is not closed under the action ofH .

We can project the Hamiltonian on a di�erent set of states without changing the energy
eigenvaluesE f or the spectral weights, provided that the new set of states span the same subspace
as the jk ; q; � i . In other words, transforming the Hamiltonian and the overlap matrices by a
unitary operator U does not change the eigenvaluesE f , and the eigenstatesjf i are simply rotated
as Ujf i , sinceU ~HU � 1Ujf i = E f U ~OU � 1Ujf i . If the H and O matrices are evaluated exactly,
we obtain exactly the same eigenvaluesE f and spectral weights for any set of states spanning
the same subspace. Therefore, instead of projecting the Hamiltonian to the statesjk ; q; � i , we
can project it to the real-space states

jR ; R 0; � i � PG f y
R ;� f R 0;� jFSi ; (4.11)

as ~H � h R ; R 0; � jHj �R ; �R 0; � 0i with ~O � h R ; R 0; � j �R ; �R 0; � 0i , and solving the generalized eigen-
value problem ~Hj f i = E f ~Ojf i for these matrices. The unitary transformation connecting these
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states with the previous ones can be read o� from Eq. (4.10) to be

jk; q; � i =
1

NC

X

R ;R 0

ei (k + q)R e� i qR 0
jR ; R 0; � i : (4.12)

Following Ref. [91], we can project out the eigenstates of the translation operator from the
states jR ; R 0; � i , using the projector

1
p

NC

X

R 0

ei k �R 0
TR 0; (4.13)

where TR 0 � TR0
1

1 TR0
2

2 is the translation operator translating by the Bravais lattice vector R 0 =
R0

1a1 + R0
2a2, while T1 and T2 translates by the primitive vectors a1 and a2, respectively. This

projector projects a state to the eigensubspace of the translation operatorTR with eigenvalue
e� i k �R , since

TR

X

R 0

ei k �R 0
TR 0 � � � =

X

R 0

ei k �R 0
TR 0+ R � � � =

X

~R 0

ei k �( ~R 0� R )T ~R 0 � � � = e� i k �R
X

~R 0

ei k � ~R 0
T ~R 0 : : :

(4.14)
where in the third step we changed the summation variable to~R 0 � R 0 + R . Consequently,
applying this projector on the real space statejR ; 0; � i of Eq. (4.11) results in an eigenstate of
the translation operator, with the hole and the doubly occupied site being separated byR , as

jk ; R ; � i �
1

p
NC

X

R 0

ei k �R 0
TR 0jR ; 0; � i =

1
p

NC

X

R 0

ei k �R 0
TR 0PG f y

R ;� f 0;� jFSi

=
1

p
NC

X

R 0

ei k �R 0
PGTR 0f y

R ;� T � 1
R 0TR 0f 0;� T � 1

R 0TR 0jFSi (4.15)

=
1

p
NC

X

R 0

ei k �R 0
PG f y

R + R 0;� f R 0;� TR 0jFSi =
1

p
NC

X

R 0

ei k �R 0
PG f y

R + R 0;� f R 0;� jFSi ;

where in the second row we used that thePG commutes with TR (as argued at Eq. (2.13)), and
in the last step we used that the jFSi inherits the symmetries of H MF , which is supposed to
be translationally invariant in this section. These states are connected to the original ones as
jk; q; � i = 1p

NC

P
R ei (k + q)�R jk ; R ; � i . This relation does not hold for the � -�ux ansatz, because

the � �ux Fermi sea is not translationally invariant (the j� FSi is discussed in section 4.3.3).
The Heisenberg Hamiltonian (1.18) does not change the eigenvalue of the translation operator

because it is translationally invariant. Therefore, if the Hamiltonian and the overlap matrices
were calculated exactly (which we will call the exact variational method, see Appendix J), then
they would be exactly block diagonal ink as ~H = hk; q; � jHj k0; q0; � 0i = � k ;k 0hk; q; � jHj k0; q0; � 0i
and ~O = hk; q; � jk0; q0; � 0i = � k ;k 0hk; q; � jk0; q0; � 0i and similarly for the jk ; R ; � i states. The
states jR ; R 0; � i would not yield block diagonal ~H and ~O, but they give the same results. How-
ever, if the ~H and ~O are evaluated by Monte Carlo sampling (which we will call the Variational
Monte Carlo method, see Appendix J), the Hamiltonian and the overlap matrices will not be
perfectly block diagonal, the matrix elements connecting subspaces with di�erent wave vectors
(which should be zero) will be of the order of the Monte Carlo error. We can signi�cantly reduce
the errors of the E f and the spectral weights, if instead of solving the generalized eigenvalue
problem for the full Hamiltonian and overlap matrices as ~Hj f i = E f ~Ojf i , we solve it separately
for the block matrices ~H k � h k; R ; � jHj k ; R 0; � 0i and ~Ok � h k; R ; � jk ; R 0; � 0i as

~H k jf k i = E k
f

~Ok jf k i ; (4.16)
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since this trick eliminates the Monte Carlo errors connecting subspaces of di�erent wave vectors.
This way, the eigenstatesfj f ig are separated into the eigensubspaces of the translation operator
exactly, which is useful because the eigenstates giving non-zero overlaps inhf jTa

k jGSi are those
having wave vectorsk (as explained in Section 4.3.4). This is why the statesjR ; R 0; � i are less
useful in the VMC method since they produce much bigger Monte Carlo results.

4.3.2 Translationally invariant mean-�eld ansätze on non-Bravais lattices

For a non-Bravais lattice (where the number of basis sites in the unit cell is larger than one),
like the honeycomb (NB = 2 ) or the kagome lattices (NB = 3 ), the states jk ; R ; � i and jR ; R 0; � i
get additional sublattice indices as

jR ; R 0; s; �s; � i � PG f y
R ;s;� f R 0;�s;� jFSi ; (4.17)

and

jk; R ; s; �s; � i �
1

p
NC

X

R 0

ei k �R 0
TR 0PG f y

R ;s;� f R 0;�s;� jFSi (4.18)

=
1

p
NC

X

R 0

ei k �R 0
PG f y

R + R 0;s;� f R 0;�s;� TR 0jFSi ; (4.19)

where againTR 0jFSi = jFSi for a translationally invariant H MF .
The states jk ; q; � i would in principle acquire band indices asjk ; q; b;�b; � i although we have

not tried using them.
The way to calculate the spectral weightsjhf jT3

k PG j� FSij 2 for S33(k ; ! ) is discussed in Ap-
pendix K.

4.3.3 � -�ux mean-�eld ansätze

If the mean-�eld Hamiltonian is not invariant under some translations (as the � -�ux H MF ),
then the TR 0jFSi 6= jFSi for someR 0. In this case, Eq. (4.19) becomes more complicated. The
trick (used in Refs. [92, 93], but explained only in Appendix F.3 of the thesis
https://hdl.handle.net/20.500.11767/103865) is that if the H MF is invariant under the combined
transformation GTR 0TR 0 for any R 0, then jFSi inherits this invariance, meaningGTR 0TR 0jFSi =
jFSi for any R 0 (the GTR 0 is speci�ed in Appendix E). Furthermore, as argued in section 2.4.1
the Gutzwiller projection eliminates any Gauge transformation (in the sense that it converts it to
an unimportant global phaseei' ), so we can insertGTR 0 right before applying PG in Eq. (4.19)
as

jk ;R ; s; �s; � i (4.20)

=
1

p
NC

X

R 0

ei k �R 0
TR 0PG f y

R ;s;� f 0;�s;� j� FSi

=
1

p
NC

ei'
X

R 0

ei k �R 0
PGGTR 0TR 0f y

R ;s;� f 0;�s;� j� FSi

=
ei'

p
NC

X

R 0

ei k �R 0
PG GTR 0TR 0f y

R ;s;� T � 1
R 0G� 1

TR 0
| {z }

e
i� TR 0( R + R 0;s )

f y
R + R 0;s;�

GTR 0TR 0f 0;�s;� T � 1
R 0G� 1

TR 0
| {z }

e
� i� TR 0( R 0; �s)

f
R 0; �s;�

GTR 0TR 0j� FSi
| {z }

j � FSi

=
ei'

p
NC

X

R 0

ei k �R 0
ei� TR 0(R + R 0;s)e� i� TR 0(R 0;�s)PG f y

R + R 0;s;� f R 0;�s;� j� FSi ;
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where the additional phasesei� TR 0(R + R 0;s)e� i� TR 0(R 0;�s) turn out to be plus minus signs (speci�ed
in Eq. (E.10) of Appendix E) for the � -�ux ansätze Ref. [II.], and the global phaseei' can be
left o� for convenience.

4.3.4 Transformation properties under the action of the SU( N ) spin opera-
tors

The spectral weightsjhf jTa
k jGSij 2 appearing in Eq. (4.5) are non-zero only if the statesjf i

transform under the same irreducible representation as theTa
k jGSi .

The Ta
k jGSi is the eigenstate of the translation operatorTR with eigenvalue e� i k �R , since

TR Ta
k jGSi =

1
p

Ns

X

R 0;s

ei k �(R 0+ � s )TR Ta
R 0;sT � 1

R TR jGSi
| {z }

jGSi

=
1

p
Ns

X

R 0;s

ei k �(R 0+ � s )Ta
R + R 0;sjGSi

=
1

p
Ns

X

~R ;s

ei k �( ~R � R + � s )Ta
~R ;s

jGSi = e� i k �R Ta
k jGSi ; (4.21)

where we supposed that the ground state is translationally invariantTR jGSi = jGSi , as expected
from a quantum spin liquid, and we changed the summation variable to~R � R + R 0.

The translation operators TR form a commutative group, which has only one-dimensional
irreps labeled by k, where the 1 � 1 matrices representing the translation operators are the
eigenvaluese� i k �R . Therefore, the initial statement of this section can be rephrased as the
eigenstates ofTR with di�erent eigenvalues (di�erent k) are orthogonal to each other.

Thus, in the spectral weight jhf jTa
k jGSij 2, we project out the eigenstate ofTR with eigenvalue

e� i k �R from jf i . Therefore, it is reasonable to construct the statesjf i as eigenstates ofTR , which
is exactly what we achieve by solving the generalized eigenvalue problem~H k jf k i = E k

f
~Ok jf k i

(4.16) for the block matrices ~H k and ~Ok . In principle, we could solve the generalized eigenvalue
problem ~Hj f i = E ~Ojf i for the full Hamiltonian and overlap matrices even in the real space
basisjR ; R 0; � i of Eq. (4.11), since the eigenstate ofTR is projected out anyway, but this would
increase the Monte Carlo error.

Furthermore, as explained in Appendix A.6, the statesTa
k jGSi transform under the N 2 � 1

dimensional adjoint representation of SU(N ), meaning that the action of the total spin operators
on these states is equivalent to a matrix multiplication

Ta
T Tb

k jGSi =
N 2 � 1X

c=1

� a
c;bT

c
k jGSi ; (4.22)

where the (N 2 � 1) � (N 2 � 1) matrices � a
c;b � if abc represent the total spin operatorsTa

T in
the adjoint representation (f abc are the structure constants in Eq. (1.19)). Consequently, the
spectral weight jhf jTa

k jGSij 2 will be non-zero only if there is a part in jf i which transforms
under the same irrep. Here we will argue that the Gutzwiller projected particle-hole excitations
f y

R + R 0;s;� f R 0;�s;�� j� FSi transform under the adjoint representation, implying that the states jf i
transform the same way, since they are linear combinations of the formers.

The j� FSi transforms as an SU(N ) singlet, the set of fermionic creation operatorsf f y
R + R 0;s;� j� 2

f 1 : : : N gg transforms under the fundamental representation (here we will denote it asN ), while
the set of fermionic annihilation operatorsf f R 0;�s;� j� 2 f 1 : : : N gg transform under the conjugate
representation at site r = R 0 + � s (here we will denote it as �N ). Therefore, the set of states
f f y

R + R 0;s;� f R 0;�s;�� j� FSij �; �� 2 f 1 : : : N gg transform under the reducible representationN 
 �N
(note that here we allow for di�erent � and �� , unlike in Eq. (4.20)). This reducible represen-
tation can be decomposed to irreducible representations asN 
 �N = 1 � (N 2 � 1), where 1
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denotes the one-dimensional SU(N ) singlet, and N 2 � 1 the adjoint representation (for an ar-
gument using the Young tableau see Fig. A.1(c)). The meaning of this decomposition is, that
we can form linear combinations from the statesf f y

R + R 0;s;� f R 0;�s;�� j� FSij �; �� 2 f 1 : : : N gg which
transform either under the SU(N ) singlet or under the adjoint representations Ref. [I.]. The state
transforming as a singlet is simply

P N
� =1 f y

R + R 0;s;� f R 0;�s;� j� FSi , while as argued in Eq. (A.39) of
Appendix A.6.3,

Ta
T

NX

�;� 0=1

� b
�;� 0f y

R + R 0;s;� f R 0;s0;� 0j� FSi =
N 2 � 1X

c=1

� a
c;b

NX

�;� 0=1

� c
�;� 0f y

R + R 0;s;� f R 0;s0;� 0j� FSi ; (4.23)

so the states transforming under the adjoint irrep aref
P N

�; �� =1 � a
�; �� f y

R + R 0;s;� f R 0;�s;�� j� FSij a 2
f 1: : : N 2 � 1gg, where � a

�; �� are the N � N matrices representing the SU(N ) spin operators in
the fundamental representation. When calculating the structure factor Saa(k ; ! ) for a given
a, the spectral weights jhf jTa

k jGSij 2 will be non-zero, only if the states jf i also transform
under the adjoint irrep, which is ensured if they are formed from the linear combinations ofP N

�; �� =1 � a
�; �� f y

R + R 0;s;� f R 0;�s;�� j� FSi for the same indexa. However, these linear combinations are
formed during the solution of the generalized eigenvalue problem, so we don't need to deal with
them. For the diagonal generators satisfying� a

�;� 0 = � �;� 0� a
�;� (where a can be any of theN � 1

indices of diagonal generators) the states

j(N 2 � 1)a; k ; R ; s; �si �
NX

� =1

� a
�;� jk ; R ; s; �s; � i (4.24)

=
1

p
NC

X

R 0;�

ei k �R 0
ei� TR 0(R + R 0;s)e� i� TR 0(R 0;�s) � a

�;� PG f y
R + R 0;s;� f R 0;�s;� j� FSi

transform under the adjoint irrep (since they are linear combinations of the states
P N

� =1 � a
�;� f y

R + R 0;s;� f R 0;�s;�� j� FSi ), while the state

j1; k ; R ; s; �si �
NX

� =1

jk ; R ; s; �s; � i (4.25)

transforms as the SU(N ) singlet irrep. For example, in the SU(3) case, the diagonal generators
are

� 3 =

0

@
1 0 0
0 � 1 0
0 0 0

1

A ; � 8 =
1

p
3

0

@
1 0 0
0 1 0
0 0 � 2

1

A (4.26)

(see Appendix A.3), so we have the states

j(N 2 � 1)3; k ; R ; s; �si �
NX

� =1

(jk ; R ; s; �s; 1i � j k ; R ; s; �s; 2i ) (4.27)

and

j(N 2 � 1)8; k ; R ; s; �si �
NX

� =1

1
p

3
(jk ; R ; s; �s; 1i + jk ; R ; s; �s; 2i � 2jk ; R ; s; �s; 3i ) : (4.28)

Projecting the Hamiltonian onto the subspaces of these states as

~H k ;(N 2 � 1)a � h (N 2 � 1)a; k ; R ; s; �sjHj (N 2 � 1)a; k ; R 0; s0; �s0i ; (4.29)

~Ok ;(N 2 � 1)a � h (N 2 � 1)a; k ; R ; s; �sj(N 2 � 1)a; k ; R 0; s0; �s0i ;
~H k ;1 � h 1; k; R ; s; �sjHj 1; k; R 0; s0; �s0i ;
~Ok ;1 � h 1; k; R ; s; �sj1; k ; R 0; s0; �s0i ;
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where

0 = h(N 2 � 1)a; k ; R ; s; �sjHj 1; k; R 0; s0; �s0i and 0 = h(N 2 � 1)a; k ; R ; s; �sj1; k ; R 0; s0; �s0i ; (4.30)

not only reduces the sizes of these matrices, but also allows us to separate the approximating
eigenstatesjf k i and their energiesE k

f into subspaces of these irreps, by solving the generalized
eigenvalue problems separately as

~H k ;(N 2 � 1)a jf k
(N 2 � 1)a

i = E k
f; (N 2 � 1)a

~Ok ;(N 2 � 1)a jf k
(N 2 � 1)a

i and ~H k ;1 jf k
1 i = E k

f; 1
~Ok ;1 jf k

1 i : (4.31)

Due to the SU(N ) symmetry, the matrices ~H k ;(N 2 � 1)a and ~Ok ;(N 2 � 1)a are equal (up to
the Monte Carlo error) for every diagonal generator, so we can reduce the Monte Carlo errors
by averaging these matrices, and solving the generalized eigenvalue problem for the averaged
matrices

~H k ;hN 2 � 1i =
1

N � 1

X

a

~H k ;(N 2 � 1)a

~Ok ;hN 2 � 1i =
1

N � 1

X

a

~Ok ;(N 2 � 1)a : (4.32)

(4.33)

For example, in the SU(3) case, ~H k ;hN 2 � 1i = 1
2

�
~H k ;(N 2 � 1)3 + ~H k ;(N 2 � 1)8

�
and ~Ok ;hN 2 � 1i =

1
2

�
~Ok ;(N 2 � 1)3 + ~Ok ;(N 2 � 1)8

�
.

4.3.5 Calculation of spectral weights jhf jTa
k PG jGSi for diagonal SU( N ) spin

operators

Solving the generalized eigenvalue problem of Eq. (4.16) and Eq. (4.31) gives the approxi-
mating eigenstates

jf k i =
X

R ;s;�s;�

A f; k
R ;s;�s;� jk ; R ; s; �s; � i ; (4.34)

and
jf k

(N 2 � 1)3
i =

X

R ;s;�s;�

A f; k ;(N 2 � 1)3
R ;s;�s;� j(N 2 � 1)3k; R ; s; �s; � i ; (4.35)

respectively. Either of these can be used for the calculation of the weights, as will be outlined
below. However, the construction of these states is not so simple, since the generalized eigenvalue
problem requires the overlap matrix to have only positive (non-zero) eigenvalues, which is not
true, because not all jk ; R ; s; �s; � i are linearly independent, resulting in 0 eigenvalues of the
overlap matrix. This issue can be resolved in a way explained in Appendix (K). In this subsection,
we suppose that this issue was already resolved and have constructed the statesjf k i or jf k

(N 2 � 1)3
i .

Following Ferrari et al. [91], and using Eq. (4.6), we can write:

T3
k PG jFSi =

1
p

Ns

X

R 0;s

ei k �(R 0+ � s )T3
R 0;sPG jFSi

=
1

p
Ns

X

R 0;s

ei k �(R 0+ � s )PG
1
2

�
f y

R 0;s;1f R 0;s;1 � f y
R 0;s;2f R 0;s;2

�
jFSi

=
1

2
p

NB

X

s

ei k �� s (jk ; R = 0; s; s;1i � j k ; R = 0; s; s;2i ) ;

=
1

p
NB

X

s

ei k �� s j(N 2 � 1)3; k ; R = 0; s; si (4.36)
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where in the second row we used that[T3
R 0;s; PG ] = 0 on any site (see Eq. (2.15)), and we wrote

R = 0, since in the de�nition of the states jk ; R ; s; �s; � i the R (4.20) is the the relative Bravais
lattice vector separating the fermionic operatorsf y

R + R 0;s;� f R 0;�s;� . Consequently, the overlap in
the spectral weights forS33(k ; ! ) can be expressed as

hf k jT3
k PG jFSi =

1
2
p

NB

X

s

ei k �� s
�

hf k jk ; R = 0; s; �s = s; � = 1 i � j k ; R = 0; s; �s = s; � = 2 i
�

=
1

2
p

NB

X

s

ei k �� s
X

R 0;s0;�s0;� 0

(A f; k
R 0;s0;�s0;� 0) � ( ~Ok

R 0;s0;�s0� 0;0;s;s;1 � ( ~Ok
R 0;s0;�s0� 0;0;s;s;2)

=
1

2
p

NB

X

s

ei k �� s
X

R 0;s0;�s0;� 0

(A f; k ;(N 2 � 1)3
R 0;s0;�s0;� 0 ) � ~Ok ;(N 2 � 1)3

R 0;s0;�s0� 0;0;s;s;1; (4.37)

where the states are ordered in some way, so theR 0; s0; �s0� 0 corresponds to an indexi and
the 0; s; s;1 corresponds to another indexj so that ~Ok

R 0;s0;�s0� 0;0;s;s;1 = ~Ok
i;j . To get the correct

spectral weights for S33(k ; ! ), we normalize it to satisfy the sum rule given in Eq. (6.2). The
normalization is needed, because the approximating ground statePG jFSi is not normalized (jFSi
is supposed to be normalized, and the action of thePG decreases its norm). Analogous equations
hold for the spectral weights ofSaa(k ; ! ) for any diagonal generatorTa.

To reduce Monte Carlo errors we can solve the generalized eigenvalue problem for the aver-
aged Hamiltonian and overlap matrices of Eqs. (4.33), which yields more precise approximating
eigenstates analogous to Eq. (4.35) and more precise spectral weights as in Eq. (4.37).

Summary

In section 4.2, we presented the formula for the calculation of the mean-�eld dynamical spin
structure factor, dervied in Appendix I. In section 4.3, we introduced the dynamical variational
Monte Carlo method developed in Ref. [90] for the SU(2) case, which makes use of Gutzwiller
projected particle-hole excitations of the Fermi sea. In section 4.3.3, we have constructed the
Gutzwiller projected particle-hole excitations for the � -�ux ansätze, which contains additional
gauge phases (presented in Appendix E) relative to the0-�ux case. In section 4.3.4, we gave a
group theoretical argument on why this method can be used for the calculation of the dynamical
spin structure factor for the SU(N ) Heisenberg model with arbitrary N .



Chapter 5

The S33(k; ! ) of the SU(3) Heisenberg
chain

The SU(3) Heisenberg chain is de�ned by the Hamiltonian

H = J
N sX

i =1

T i � T i +1 = J
N sX

i =1

8X

a=1

Ta
i Ta

i +1 =
J
2

N sX

i =1

�
Pi;i +1 �

1
3

I
�

; (5.1)

where we setJ = 1 below. The model is exactly solvable in the fundamental representation with
Bethe ansatz and it can be simulated with Density Matrix Renormalization Group (DMRG)
method and quantum Monte Carlo methods without sign problem. Its critical �eld theory is the
SU(3)1 Wess-Zumino-Witten model [94]. The ground state of the SU(3) Heisenberg chain in the
fundamental representation is well approximated using the Gutzwiller projected Fermi sea of the
uniform hopping Hamiltonian

H MF = t
LX

i =1

3X

� =1

�
f y

i;� f i +1 ;� + f y
i +1 ;� f i;�

�
=

X

k;�

2t cos(k)
| {z }

" (k)

f y
k;� f k;� ; (5.2)

as was shown by comparing the variational energy per site with Bethe ansatz, and the static
structure factor with quantum Monte Carlo simulation in [95].

Here besides ground state properties, we also calculate the dynamical structure factorS33(k ; ! )
of Eq. (4.5) at T = 0 , and compare it with exact diagonalization (ED), Bethe ansatz, DMRG,
and conformal �eld theory (see Ref. [I.]).

First, we calculated the S33(k; ! ) for a chain of lengthNs = L = 18 sites by exact evaluation
of the Hamiltonian and overlap matrices ~H k

R ;� ;R 0;� 0 and ~Ok
R ;� ;R 0;� 0 (exact variational method, see

Appendix J). The result is shown in Fig. 5.1(a), together with the dynamical structure factor
calculated by exact diagonalization (ED), with the help of the standard Lánczos algorithm [96].

The lowest energy excitations are located at wave vectorsk = 0 and k = � 2�= 3, which
can be understood from the1=3 �lled one-particle spectrum "(k) � 2t cos(k) of the mean-�eld
Hamiltonian (5.2) shown in Fig. 5.1(e), where a particle is hopped from the highest energy
occupied state to the lowest energy unoccupied state. The relative wave vectorsk = 0 and
k = � 2�= 3 of these particle-hole excitations determine the locations of the low-energy excitations
in the mean-�eld case (see Fig. 5.1(c)). Eventually, in the variational calculation, we get the
low-energy excitations at the same wave vectors. With an increasing cluster size the available
one-particle states move closer to each other, so that the excitation energies of these particle-hole
excitations get smaller. Consequently, in the thermodynamic limit, the mean-�eld spectrum will
have gapless excitations at wave vectorsk = 0 and k = � 2�= 3. To see whether the Gutzwiller
projected spectrum is also gapless, we show the �nite-size scaling of the gap� in Fig. 5.2, where
the convergence ofL �( L ) in the L ! 1 limit, shows that the gap closes. For these calculations,
we used the averaged Hamiltonian and overlap matrices of Eq. (4.33) to reduce the Monte Carlo
errors.

We also compared theS33(k; ! ) with the S88(k; ! ), and as expected from the SU(3) spin
rotation symmetry of the Heisenberg Hamiltonian, the two dynamical structure factors were in
perfect correspondence (T3 and T8 are the two diagonal SU(3) spin operators, see Appendix
A.3).

53
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Figure 5.1: (a) Comparing S33(k; ! ) for a chain of length L = 18 calculated using the exact
variational method (red) and by ED (blue). The area of the circles is proportional to the spectral
weights jhf jT3

k PG jFSij 2 (red) and jhf jT3
k jGSij 2 (blue). (b) S33(k; ! ) and S88(k; ! ) for L = 72

calculated by VMC. The green background shows the two soliton continuum(k; ! ) = ( q3�3 ; "3�3)
of the Bethe Ansatz solution, Eqs. (5.4) and (5.5), in the thermodynamic limit. In (c) and (d)
we show the mean-�eld results for chains of lengthsL = 18 and L = 72, respectively. (e) The
one-particle energy spectrum"(k) = 2 t cos(k) of the uniform H MF in Eq. (5.2), showing how
the particle-hole excitations lead to gapless excitations (in the thermodynamic limit) at relative
wave vectors0, 2�= 3 and 4�= 3 (equivalent to � 2�= 3). (f) DMRG results for S33(k; ! ) from
Ref. [97], showing that the distribution of the spectral weights at low energies is similar to that
in panel (b). The dashed lines show the boundaries of the two soliton continuum (5.5) of the
Bethe-Ansatz. The di�erence in the ! spectra is due to di�erent choice of exchange coupling
JDMRG =

p
2J in Ref. [97]. Reprinted �gure with permission from [Moritz Binder and Thomas

Barthel, Physical Review B, Vol. 102, 014447 (2020)] Copyright (2024) by the American Physical
Society.



CHAPTER 5. THE S33(k; ! ) OF THE SU(3) HEISENBERG CHAIN 55

Figure 5.2: Finite-size scaling of the gap� at the
k = 2 �= 3 multiplied by the chain length L , as a
function of 1=L. The blue circles show the ED
gap, the exact variational results are shown with
black crosses, and the VMC results with black
lines with error bars. The convergence ofL � to
a �nite value in the L ! 1 implies that the gap
closes, since if the gap remained �nite,L � would
diverge. The arrow points to ��v BA = 4 � 2=9,
the exact value in the thermodynamic limit using
� = 4=3 and vBA = �= 3, the velocity from the
Bethe Ansatz, Eq. (5.7).

We can compare these results with mean-�eld calculations in Figs. 5.1(c) and (d), where
Eq. (4.8) simpli�es to

S33
MF (k; ! ) =

1
2L

X

q
" (q)<" F

" (k+ q)>" F

� (! � " (k + q) + "(q)) ; (5.3)

since in the uniform hopping Hamiltonian the eigenstates are simplyf y
k;� j0i and there is only

one band (sovk;1;1 = 1 in Eq. (4.8)). Eq. (5.3) shows that every excitation has equal spectral
weights, and the excitation energies are simply the di�erences of one-particle energies! = "(k +
q) � " (q). Thus, we expect every circle in Figs. 5.1(c) and (d) to have equal area. However,
certain excitations are degenerate, so their areas sum up. The e�ect of the Gutzwiller projector
is to shift the spectral weights towards lower energies (giving a much better agreement with ED),
and lowering the range of the excitation energies (the range of!=J in Fig. 5.1(a) is lower than
the range of !=t in Fig. 5.1(c)).

Next, using the VMC method discussed in the previous section and in Appendices J and K,
we calculated theS33(k; ! ) and S88(k; ! ) for a chain of length L = 72, shown in Fig. 5.1(b) (the
di�erence betweenS33(k; ! ) and S88(k; ! ) is barely noticeable). The results can be qualitatively
compared with mean-�eld theory (shown in Fig. 5.1(d)), DMRG calculations of Ref. [97] (shown
in Fig. 5.1(f)), and with Bethe-Ansatz results (shown as the background in Fig. 5.1(b)).

The elementary excitations from the Bethe-Ansatz solution are two types of solitons, the
3 and the �3, denoting the fundamental and the conjugate irreps of SU(3), respectively, with
dispersions

"3(k) =
2�

3
p

3

h
cos

�
3

� cos
�

k +
�
3

�i
; 0 � k �

4�
3

; (5.4a)

" �3(k) =
2�

3
p

3

h
cos

� �
3

� k
�

� cos
�
3

i
; 0 � k �

2�
3

; (5.4b)

in the thermodynamic limit [98]. The two-soliton continuum shown in the background of
Fig. 5.1(b) is spanned by

q3�3 = k3 + k�3 ; (5.5a)

"3�3 = "3(k3) + " �3(k�3) ; (5.5b)

where k3 2 [0; 2�= 3] and k�3 2 [0; 4�= 3]. The solitons with "3(k) correspond to particles, and
those with " �3(k) are analogs of holes. As mentioned in Sec. 4.3.4, particle-hole excitations



56 CHAPTER 5. THE S33(k; ! ) OF THE SU(3) HEISENBERG CHAIN

(including those changing particle �avor like f y
k + q;� f q;� 0jFSi ) provide a basis for the reducible

representation3 
 �3, just like the two soliton excitations discussed above.
The interactions between the �avorons f y

k + q;b0;� 0j� FSi and the anti�avorons f q;b;� j� FSi are
hidden in the �uctuations beyond the mean-�eld solution (B). These interactions could make the
mean-�eld ansatz unstable, and open a gap. However, from the Bethe-Ansatz solution we know,
that the spectrum is indeed gapless, and the gapless excitation towers are at the same wave
vectors as in the mean-�eld calculations. Therefore, we conclude that the interactions between
the �avorons and anti�avorons are weak (they are almost the true quasiparticles of the SU(3)
Heisenberg chain), and the simple hopping Hamiltonian (5.2) yields a stable quantum spin liquid
PG jFSi .

Overall, the low-energy spectrum is in good agreement with ED, Bethe-Ansatz, and DMRG
results as well, with the exception of the missing arc aroundk = � , which would correspond
to two particle-hole excitations in the variational approach and four-soliton excitations in the
Bethe-Ansatz (shown with ! 4(k) in Fig. 5.1(f)). However, the DMRG results in Fig. 5.1(f) show
that the spectral weight of the four soliton excitations is much smaller than that of the two soliton
excitations, and the distribution of the spectral weights is also similar to those in Fig. 5.1(b) at
low energies.

We would like to remark that the correspondence would not be so good in the SU(4)
Heisenberg chain, which has 4 gapless excitation towers, atk 2 f 0; �= 4; �; 3�= 4g (see Ref. [99]
Fig. 3.(b)). Three of these at (k 2 f 0; �= 4; 3�= 4g) can be reproduced with single particle-hole
excitations of the 1/4 �lled Fermi sea, similar to those shown in Fig. 5.1(e), but the tower at
k = � would require two particle-hole excitations. This can be understood as hopping a particle
from one edge of the Fermi sea to the other produces a relative wave vector�= 2, while hopping
two particles gives an excitation of a relative wave vector�= 2 + �= 2 = � .

In contrast, the two particle-hole excitations of the SU(3) model do not create new gapless
towers, because hopping two particles from the same edge results in an excitation of wave vector
2�= 3 + 2�= 3 = 4�= 3, which is equivalent to � 2�= 3.

5.1 The low-energy structure of a tower

The SU(3)1 Wess-Zumino-Witten conformal �eld theory determines the �nite-size scaling of
the spectral weight of the lowest energy peak in a tower asS(0;0) / L � 1=3, and the ratios of
the spectral weights of the lowest energy peaks asS(1;0)=S(0;0) = S(0;1)=S(0;0) = S(1;1)=S(1;0) =
S(1;1)=S(0;1) = 2=3 and S(2;0)=S(0;0) = S(0;2)=S(0;0) = 5=6 in the thermodynamic limit (for the
notation of the peaks see the inset of Fig. 5.3(a)). The variational approach fails to reproduce
the scaling of the lowest peak, as we observeS(0;0) / L � 1=4 (see Fig. 5.3(a)), but this does not
contradict the stability of the quantum spin liquid PG jFSi because even the weak interactions
between the �avorons and anti�avorons may modify the exponents. Surprisingly, the ratios
S(1;0)=S(0;0) , S(0;1)=S(0;0) , S(2;0)=S(0;0) , and S(0;2)=S(0;0) approach the correct results (as shown
in Fig. 5.3(b)), but the ratios S(1;1)=S(1;0) and S(1;1)=S(0;1) seem to be wrong.

Finally, we calculate the central chargec, which characterizes the universality class of the
model. According to the conformal �eld theory [100, 101, 102] , the �nite-size scaling of the
ground state energy is given by

E(L) = L" 1 �
�

6L
vc ; (5.6)

where c is the central charge andv is the velocity of the excitations, and "1 � limL !1 E(L)=L
is the ground state energy density. Bethe-Ansatz provides exact results (see Ref. [98]) for both
the velocity

vBA =
�
3

� 1:0472 (5.7)
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Figure 5.3: (a) The log-log plot of the �nite-size scaling of the lowest peakS(0;0) (at wave vectors
� 2�= 3), shown in the inset. The variational means the numerically exact and the VMC the
Monte Carlo evaluations of the ~H k and ~Ok matrices in Eq. (4.16), (explained in App. J). Unlike
the exact diagonal (ED) calculations, the variational results seem to follow anL � 1=4 scaling
(the purple line is a guide to the eye), instead of theL � 1=3 behavior known from the SU(3)1
Wess-Zumino-Witten conformal �eld theory [94] Ref. [I.]. Note the slight downward bending of
the ED data suggesting that the exponent is indeed smaller than� 1=4, tending toward � 1=3.
(b) The ratios of the spectral weights of the lowest energy peaks should approach the values
S(1;0)=S(0;0) = S(0;1)=S(0;0) = 2=3 and S(2;0)=S(0;0) = S(0;2)=S(0;0) = 5=6 determined by the
SU(3)1 Wess-Zumino-Witten model [94], Ref. [I.]

and the ground state energy density

"1
BA =

1
3

�
�

6
p

3
�

ln 3
2

� � 0:518273 (5.8)

in the thermodynamic limit.
The velocity v can be calculated from the dynamical structure factor of the Gutzwiller pro-

jected particle-hole excitations as the slope� != � k of the continuum at k = 0 in the ther-
modynamic limit. In Fig. 5.4 we show the �nite-size scaling of the slopes, and the �tting of
the quadratic polynomial vdyn (L ) = v1

dyn + bdyn L � 1 + cdyn L � 2 yields v1
dyn � 1:0901� 8 � 10� 4,

bdyn � � 0:13 � 0:02, and cdyn � � 3:5 � 0:15, where v1
dyn di�ers from the exact value (5.7) only

with 4%.
To calculate the central charge, we also need the �nite-size scaling of the ground state energy.

We plot the �nite-size scaling of the variational energy E = hFSjPGHPG jFSi =hFSjPGPG jFSi in

Figure 5.4: Finite-size scaling of the slopes
� != � k of the dynamical structure factor at
k = 0 , where � k = 2 �=L . The + markers
show the exact variational results, the squares
the variation Monte Carlo results, and the cir-
cles the exact diagonalization results. We �t-
ted a quadratic polynomial on both the vari-
ational, and the exact diagonalization results,
to estimate the thermodynamic limit, which
is known to be �= 3 � 1:0472 from Bethe
Ansatz calculations [98].
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Figure 5.5: Finite-size scaling of the ground
state energy density, calculated for the approx-
imating variational ground state PG jFSi (vari-
ational and VMC denotes the points calculated
numerically exactly and with Monte Carlo, re-
spectively), and compared with exact diagonal-
ization results (ED). The arrow shows the exact
energy density in the thermodynamic limit ob-
tained from Bethe Ansatz, Eq. (5.8).

Fig. 5.5. To extract "1 and the product vc in Eq. (5.6) we �tted the function b � a=L2 on
E=L, shown in Fig. (5.5). From this �t we get the ground state energy density "1 = b �
� 0:516981� 2 � 10� 6 (with a relative error of 0:3%), and �

6 vc = a � 1:1612� 3 � 10� 4, so
vc � 2:2178� 6 � 10� 4 with a relative error of 6%.

Using Eq. (5.6), the velocity v1
dyn � 1:0901� 8� 10� 4, and the "1 = b � � 0:516981� 2� 10� 6,

we get c � 2:034� 0:002, which is within a relative error of 2% to the exact value c = 2 from
the SU(3)1 Wess-Zumino-Witten model [94].

Summary

In this chapter, we computed the dynamical spin structure factor S33(k; ! ) of the SU(3)
Heisenberg chain with this method. We showed that the low energy spectrum and the distri-
bution of the spectral weights of the SU(3) Heisenberg chain can be well reproduced by this
method, comparing the S(k; ! ) to exact diagonalization results for 18 sites, to the two-soliton
continuum of the Bethe Ansatz, and DMRG results for 72 sites. Detailed analysis of the �nite-
size e�ects showed that the method captures the critical Wess-Zumino-Witten SU(3)1 behavior,
and reproduces the correct exponent, except for the size dependence of the weight of the bottom
of the conformal tower. We also calculated the velocity of excitations, and the central charge,
which turn out to be very close to the exact results.

We conclude, that the PG ji is a stable quantum spin liquid in the sense that the �uctuations
beyond the mean-�eld approximation are not strong enough to open a gap, as can be seen from
the Bethe-Ansatz solution. However, these �uctuations can modify the exponents, as seems to
be the case in the �nite-size scaling of the lowest spectral weightS(0;0) / L � 1=4 in the gapless
towers at q = � 2�= 3.

These results were published in Ref. [I.], in which we also calculated the dynamical spin
structure factor of the SU(3) Haldane-Shastry model, which is special, because the Gutzwiller
projected Fermi sea is its exact ground state. Furthermore, we also calculated the single mode
approximation for both the SU(3) Heisenberg model and the SU(3) Haldane-Shastry model,
which gave a slightly worse approximation of the velocity of excitations than the slope of the
dynamical structure factor at k = 0 . For brevity, we have not included these additional results
here.



Chapter 6

The S33(k; ! ) of the SU(4) and SU(6)
Dirac spin liquids

In the case of the one-dimensional SU(3) Heisenberg chain, we saw that the spectrum of
Gutzwiller projected particle-hole excitations is a gapless continuum, where the location of the
gapless towers can be understood from mean-�eld theory. Thus, it is reasonable to expect that
the spectrum of the Gutzwiller projected particle-hole excitations will be similar to the mean-
�eld spectrum even in the two-dimensional case. In sections 2.3.1 and 2.3.2 we saw that the
one-particle spectra of the two-dimensional Dirac spin liquids are gapless, so we expect gapless
towers in the mean-�eld dynamical spin structure factors, similarly to the one-dimensional case.

The features of theS33(k ; ! ) of the SU(4) and SU(6) Dirac spin liquids on the honeycomb
and kagome lattices are very similar, therefore we will discuss them together. The complica-
tion relative to the one-dimensional case is thatS33(k ; ! ) is periodic in the extended Brillouin
zone, while the mean-�eld band structure is periodic in the reduced Brillouin zone, as shown
in Fig. 6.1(c) (for an explanation see App. H). In the mean-�eld case, we expect gapless exci-
tations in the thermodynamic limit at all relative wave vectors connecting Dirac-Fermi points,
since these correspond to particle-hole excitationsf y

k + q;b0f q;bj� FSi from the top of the Fermi sea
(b 2 f 1; 2g) to the lowest unoccupied states at the bottom of the Dirac cone in the second band
(b0 2 f 3; 4g), highlighted by the arrow labeled ! M , see Figs. 6.1(d), 6.2(d), and 2.1(d). These
relative wave vectors are all the� , � 0, M and M0 points in the extended Brillouin zone.

However, in a �nite-size cluster, the antiperiodic boundary condition shifts the available wave
vectors of one-particle states so that no particle can reside at the Dirac-Fermi point. Therefore,
in a �nite-size cluster, the lowest energy excitations are not gapless. In the mean-�eld case,
the �nite-size gap corresponds to the energy di�erence of the one-particle states closest to the
Dirac-Fermi point, see Fig. 6.1(d). As the available wave vectors move closer to the Dirac-Fermi
point with increasing system size, the �nite-size gap disappears in the thermodynamic limit as
� / N � 1=2

s .
We show theS33(k ; ! ) for the SU(4) and SU(6) Heisenberg models in Figs. 6.2(a) and 6.3(a),

respectively. The mean-�eldS33
MF (k ; ! ) for the SU(4) and SU(6) models are shown in Figs. 6.2(b)

and 6.3(b), respectively. In all cases, we can recognize towers at low energies centered at the� ,
� 0, M, and M0 points in the extended Brillouin zones, at the same wave vectors where we expect
gapless excitations in the thermodynamic limit of the mean-�eld case. The shape of the energy
spectrum is similar in the mean-�eld and variational calculations, so it is reasonable to expect that
the variational results would become a gapless continuum in the thermodynamic limit, just as in
the mean-�eld case. However, the excitations have lower energies in the variational calculations
than in the mean-�eld results. We show the gapless mean-�eld spectra in the thermodynamic
limit of the SU(4) and SU(6) models in the backgrounds of Figs. 6.2(b) and 6.3(c), respectively.
The experimental observation of the gapless excitation towers at the� , � 0, M, and M0 points
would indicate the stability of the Dirac spin liquid, the existence of fractionalized fermionic
quasiparticles and the existence of the mean-�eld quantum order.

Comparing the S33
MF (k ; ! ) and S33(k ; ! ) in Figs. 6.5, 6.2, and 6.3, we can see that the

Gutzwiller projector shifts the spectral weights jhf jT3
k PG jFSij 2 towards the lower edges of the

continuum, relative to the mean-�eld spectral weights jhf jT3
k jFSij 2. However, this di�erence

decreases with increasingN , as the distributions of the spectral weights in the SU(6) case are
almost identical for a 48 site cluster shown in Figs. 6.3(a) and (b). These results suggest that the
distribution of the spectral weights becomes identical in the large-N limit of SU( N ) models in the
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