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Introduction

In this thesis, we investigate various aspects of the structural analysis of networks.
Networks have attracted a lot of research interest since the millennium when the
prompt evolution of information technology made the comprehensive exploration
of real networks possible. The study of networks pervades all of science, such
as Biology (e.g., neuroscience networks), Chemistry (e.g., protein interaction net-
works), Physics, Information Technology (e.g., WWW, Internet), Economics (e.g.
interbank payments), and Social Sciences (e.g. collaboration and acquaintance
networks) [14]. Despite the fact that networks can originate from different do-
mains, most of them share a few common characteristics such as scale-free and
small-world properties, high clustering, and sparseness [14]. Characterizing the
topology of networks is very important for a wide range of static and dynamic
properties (e.g. the topology of social networks influences the spread of infor-
mation and disease). In this thesis, we will focus on two important aspects of
the structure of networks, namely fractality and robustness. Moreover, in the
Appendix we will also explore the structural characteristics of co-authorship net-
works and prerequisite networks.

In Chapter 1 we study the fractal nature of networks. We give a short intro-
duction to the dimension theory of graphs and networks and provide an overview
of the most important concepts of dimensions of graphs and networks. To iden-
tify and quantify the fractality of networks, an essential tool is the box-covering
method. Since the box-covering problem is proven to be NP-hard, various ap-
proximation algorithms have been proposed. We compare the most important
algorithms with respect to running time and approximation ability. We show
that the definition of fractality cannot be applied to networks with a ‘tree-like’
structure and exponential growth rate of neighborhoods. However, by introducing
novel concepts, the transfinite fractal dimension, and the transfinite Cesaro frac-
tal dimension, we show that the fractal dimension becomes a proper parameter

of graph sequences with exponential growth. Using rigorous techniques, we de-



termine bounds on the optimal box-covering and calculate the trans nite fractal
dimension of various models: the hierarchical graph sequence model introduced
by Komathy and Simon, the Song-Havlin-Makse model, spherically symmetric
trees, and supercritical Galton-Watson trees. This chapter largely relies on a
paper joint with my supervisor, Karoly Simon, and with my former supervisor,
Julia Komgathy [M9].

Chapter 2 is devoted to the mathematical analysis of robustness and error-
tolerance of networks. More speci cally, we investigate the case when the attack-
tolerance of the vertices or edges is not independent but certain classes of vertices
or edges share a mutual vulnerability. It is modeled by assigning colors to the
vertices or edges, where the color-classes correspond to the shared vulnerabilities.
An important problem is to nd robustly connected vertex sets: nodes that re-
main connected to each other by paths providing any type of error (i.e. erasing
any vertices or edges of the given color). This is also known as color-avoiding
percolation. We study various possible modeling approaches of shared vulner-
abilities and we analyze the computational complexity of nding the robustly
(color-avoiding) connected components. Despite the similarity of the presented
concepts, the associated percolation problems { seemingly paradoxically { dif-
fer signi cantly regarding computational complexity. We show that the color-
avoiding edge-connected components can be found in polynomial time. However,
the complexity of nding the color-avoiding vertex-connected components highly
depends on the exact de nition, using a strong version the problem is NP-hard
while using a weaker notion makes it possible to nd the components in polyno-
mial time. This chapter is built on a paper joint with a fellow Ph.D. student,
Kitti Varga [M24].

In the Appendix, we switch to two more applied topics to show that the struc-
ture of networks has important applications in various domains. Both Appendix
A and B rely joint works with my students. Namely, in Appendix A we analyze
the past 20 years of network science as seen through the co-authorship network of
network scientists. After providing a bibliographic analysis of 31,763 network sci-
ence papers, we construct the co-authorship network of 56,646 network scientists
and we analyze its topology and dynamics. We shed light on the collabora-
tion patterns of the last 20 years of network science by investigating numerous
structural properties of the co-authorship network and by using enhanced data
visualization techniques. We also identify the most central authors, the largest
communities, investigate the spatiotemporal changes, and compare the properties
of the network to scientometric indicators. This chapter is based on [M32] that
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is an extension of [M23], both of the papers are joint with my student, Marcell
Nagy.

Appendix B gives insight into the educational data science project of the
Budapest University of Technology and Economics, that we initiated with the
objective to extract knowledge from the massive educational data of the univer-
sity. More speci cally, in this chapter, we show how the tools of network science
can be applied in the educational domain. We introduce a data-driven prob-
abilistic student ow approach to characterize prerequisite networks and study
the distribution of graduation time based on the network topology and on the
completion rate of the courses. We also present a method to identify courses that
have a signi cant impact on graduation time. This line of research was started
by my students under my supervision [63]. This chapter largely relies on a paper
written jointly with my students, Naemi Honath, dulia Bergmann, and Dora
Szekenyes, moreover with the director of the Central Academic O ce, Mihaly
Szalo [M10].

This thesis provides a good outlook of the research activities that | have
been involved in during my Ph.D. studies. On the other hand, it is also worth
mentioning that this thesis is not aimed at giving a complete portfolio of my
research activities. My research follows three main research directions: network
science, educational data science, and R&D projects with industrial partners. All
three directions have produced a number of publications.

This thesis mostly focuses on network science, that is the rst line of research
that | was engaged in, having papers on fractal networks [M9, M33], the ro-
bustness of networks [M24], co-authorship network analysis [M1, M2, M23, M32]
and on the intersection of machine learning and network science [M4, M25, M28,
M34].

Another line of my research focuses on educational data science, a project
that | initiated in cooperation with the Central Academic O ce of BME. We also
published a number of papers in this area [M3, M5, M6, M7, M10, M11, M12,
M13, M14, M15, M16, M19, M21, M22, M26, M27], a more detailed overview can
be found in the preface of Appendix B.

The third line of my research revolves around the R&D projects that we car-
ried out together with our most important industrial partner, NOKIA-Bell Labs.
The data-intensive R&D projects include variable dimensionality input handling
for machine learning algorithms, network state transition modeling and predic-
tion, ngerprinting of computational resources of data processing, and user seg-
mentation analysis. These projects have also resulted in a number of publications
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[M8, M17, M18, M20].

The aforementioned three pillars of my research resulted in 27 published pa-
pers in total. | co-authored 10 papers in international journals: IEEE Trans-
actions on Learning Technologies (Scimago Q1, Scopus D1, IF: 2.315) [M10],
Journal of Complex Networks (Scimago Q1) [M9], ACS Sustainable Chemistry
& Engineering (Scimago Q1, Scopus D1, IF: 6.97) [M2], Journal of Combina-
torial Mathematics and Combinatorial Computing (Scimago Q3) [M1], ACM
Transactions on Intelligent Systems and Technology (Scimago Q2, Scopus D1,
IF: 2.861) [M8], Assessment & Evaluation in Higher Education (Scimago Q1,
Scopus D1, IF: 2.320) [M6, M11], Interactive Learning Environments (Scimago
Q1, Scopus D1, IF: 1.938) [M3] Applied Network Science (Scimago Q1) [M4],
Applied Sciences (Scimago Q1, IF: 2.474) [M12]. | published 3 papers in Hungar-
ian journals: Alkalmazott Matematikai Lapok [M7], Kezgazdasagi Szemle [M5],
Statisztikai Szemle [M13]. Since peer-reviewed conference papers also hold great
value in network science and data science, | also published a lot in conference
proceedings: 9 papers in IEEE/ACM conference proceedings [M14, M15, M16,
M18, M19, M22, M23, M25, M26], 3 papers in Springer Lecture Notes in Com-
puter Science [M17, M20, M24], 2 papers in other conference proceedings [M21,
M27].

A unique feature of this thesis is that Chapter 1 is largely based on a paper
together with colleagues who are senior to me: my supervisor and my former
supervisor; Chapter 2 is based on a joint paper with a fellow Ph.D. student,
while Appendix A and B mostly re ect on joint works with my students.

The main scienti ¢ contributions of this thesis can be summarized as follows:

Chapter 1 (Fractal properties of networks)

{ Comparing the most important approximation boxing algorithms with
respect to running time and approximation ability.

{ Introducing the trans nite fractal dimension and the trans nite Cesaro
fractal dimension for graph sequences and showing that using these
notions the fractal dimension becomes a proper parameter of graph
sequences with exponential growth.

{ Determine bounds on the optimal box-covering and calculating the
trans nite fractal dimension of various models:

hierarchical graph sequence model introduced by Komathy and
Simon



{

Song-Havlin-Makse model
spherically symmetric trees,
supercritical Galton-Watson trees

Exploring the connection between the trans nite fractal dimension and
the growth rate of trees.

Chapter 2 (Complexity of color-avoiding percolation)

{

Studying various possible modeling approaches of shared vulnerabili-
ties in networks.

Analyzing the computational complexity of nding the robustly (color-
avoiding) connected components.

Showing that the color-avoiding edge-connected components can be
found in polynomial time.

Showing that the complexity of nding the color-avoiding vertex-connected
components highly depends on the exact de nition:
using a strong version the problem is NP-hard,

while using a weaker notion makes it possible to nd the compo-
nents in polynomial time.

Appendix A (Characterizing co-authorship networks)

{

{

Analyzing the past 20 years of network science as seen through the
co-authorship network of network scientists.

Providing a bibliographic analysis of 31,763 network science papers.
Construct the co-authorship network of 56,646 network scientists.

Investigating numerous structural properties of the co-authorship net-
work (degree distribution, assortativity, clustering coe cient, commu-
nity structure, etc.).

Using enhanced data visualization techniques to shed light on the col-
laboration patterns of the last 20 years of network science.

Identifying the most central authors and compare the structural net-
work properties with scientometric indicators.

Appendix B (Characterizing prerequisite networks)



{ Showing how the tools of network science can be applied in the edu-
cational domain.

{ Introduce a data-driven probabilistic student ow approach to charac-
terize curriculum prerequisite networks.

{ Present a method to identify courses that have a signi cant impact on
graduation time.
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Chapter 1

Trans nite Fractal Dimension of
Trees and Hierarchical Scale-Free
Graphs

In this chapter, we introduce a new concept: the trans nite fractal dimension
of graph sequences motivated by the notion of fractality of networks proposed
by Songet al. We show that the de nition of fractality cannot be applied to
networks with “tree-like' structure and exponential growth rate of neighborhoods.
However, we show that the de nition of fractal dimension could be modied in
a way that takes into account the exponential growth, and with the modi ed
de nition, the fractal dimension becomes a proper parameter of graph sequences.
We nd that this parameter is related to the growth rate of trees. We also
generalize the concept of box dimension further and introduce the trans nite
Cesaro fractal dimension. Using rigorous proofs we determine the optimal box-
covering and trans nite fractal dimension of various models: the hierarchical
graph sequence model introduced by Komathy and Simon, Song-Havlin-Makse
model, spherically symmetric trees, and supercritical Galton-Watson trees.

1.1 Introduction on fractal networks

The study of networks has received immense attention recently, mainly because
networks are used in several disciplines of science, such as in Information Technol-
ogy (World Wide Web, Internet), Sociology (social relations), Biology (cellular
networks), etc. Understanding the structure of such networks has become essen-
tial since the structure a ects their performance, for example, the topology of
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social networks in uences the spread of information and disease. In most cases,
real networks are too large to describe them explicitly. Hence, models must be
considered. A network model can be static, i.e., it models a snapshot of the net-
work, such as [28, 44, 95] or dynamic, i.e., the model mimics the evolution of the
network on the long term [15].

Many networks were claimed to show self-similarity and fractal behavior [49].
Heuristically, fractality of a network means that the network looks similar to
itself on dierent scales: if one zooms in on a sub-network, one is expected
to see the same qualitative behavior as in the whole network. Unfortunately,
most of the classical random graph models (e.g. the Chung-Lu model [28], the
con guration model [19], and the preferential attachment model [15]) do not
model the phenomenon of hierarchical or self-similar structure in the network.
To solve this problem, Barakasi, Ravasz, and Vicsek introduced deterministic
hierarchical scale-free graphs constructed by a method that is common in gener-
ating fractals [17]. Their proposed deterministic, hierarchical network (that we
call "cherry") can be seen in Figure 1.3, Ravasz, and Barakasi improved this
original "cherry" model to further accommodateclustering that is, the presence
of local triangles; and obtained similar clustering behavior to many real-world
networks [111].

A similar fractal-based approach was introduced by Andradet al. [5], the
Apollonian networks. The name comes from the generating method of the model
which uses Apollonian circle packings to obtain the network. Apollonian networks
were generalized to higher dimensions and investigated by Zhagigal. [163, 165].
For further fractal related network models see e.g. [38, 66, 164]. Komathy and
Simon generalized the "cherry" model of [17] by introducing a general hierarchical
graph sequence derived from a graph directed by self-similar fractal [70]. We
mention that there are also some natural, namely, spatial, random network models
where a hidden hierarchical structure is embedded in the graph: Heydenreich,
Hulshof, and Jorritsma showed the existence of a hierarchical structure in the
scale-free percolation model [60].

To accommodate the observed fractality in network models is one side of the
coin. The other side is to identify fractality and the presence of self-similarity of
networks beyond the heuristics. A method was proposed by Song, Havlin, and
Makse [134]; they suggested that the procedure for networks must be similar to
that of regular fractal objects: using the box-covering method. Once a network is
covered with boxes, the notion of fractality stands for a polynomial relation be-
tween the number of boxes needed to cover the network and the size of the boxes.
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The polynomial relation was veri ed in many real-world networks, e.g. the World
Wide Web, actor collaboration network, and protein interaction networks [68, 115,
133]. The (approximate) exponent of this relation gives, heuristically, the box-
covering dimension of the network. The fractality and self-similarity of networks
was investigated in several further articles [49, 116, 132, 133, 152] and we give a
short review of this topic in Section 1.3.

While many real life-networks do satisfy an approximate polynomial relation-
ship between box sizes and the number of boxes needed, for example, the Internet
at router level or most of the social networks [49, 97] do not. In these and many
other cases, at least locally, the neighborhood of a vertex grows exponentially as
the radius grows. In these cases, no polynomial relationship can be found. On
the other hand, for network models with non-polynomial local growth rate a new
de nition of box dimension is needed, that is thetrans nite fractal dimension
developed by Rozenfelet al. in [56, 115] (see (1.3) below). As the main point
of this article, we make the heuristic de nition mathematically rigorous.

To obtain a mathematically rigorous yet natural de nition, we consider the
dimension of graph sequences. This matural for two reasons. The rst reason
is that for nite networks, once the box size exceeds the diameter of the network,
a single box is enough to cover the whole network, and any relationship between
the sizes of the boxes and their number can only be valid in a given range of box
sizes, hence, no true "dimension’ concept can exist in a mathematical sense that
resembles box-covering. The second reason is that many networks grow in size as
time passes, hence, it is natural to consider sequences of graphs with more and
more vertices.

We test our de nition of the trans nite fractal dimension on some of the above-
mentioned models that intuitively contain hierarchical structures. Namely, we
test the de nition on the above-mentioned "cherry” model by Barakasiet al. [17]
and its generalization, the hierarchical graph sequence proposed by Komathy
and Simon [70], and a recursively de ned hierarchical model, proposed by Song,
Havlin, and Makse [133]. We further test our de nition on random and deter-
ministic trees: branching processes and spherically symmetric trees. Recursively
de ned trees naturally contain hierarchy; namely, a subtree of a vertex may re-
semble the whole tree. While there is no obvious direct relationship between the
optimal number of boxes to cover a network and the exponential growth rate
of neighborhood sizes, on the studied models we con rm that the two parame-
ters are indeed intimately related. Our de nition of trans nite fractal dimension
gives a natural parameter that indeed captures the exponential growth of the
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neighborhoods of the model in a quantitative way. On trees, we show that the
box-covering is indeed related to the (exponentialjrowth rate; introduced by
Lyons and Peres [89].

In the literature, box-covering is determined mostly by approximation algo-
rithms [35, 132], while our method is rigorous on the above-mentioned models.
It is an interesting further direction of research to see how well approximation
algorithms perform on the models that we rigorously study in this chapter. We
mention that due to the exponential scaling; our de nition isrobust in the sense
that if an approximation algorithm is able to approximate the optimal number of
boxes of a network up to nite constant factors than the empirical box dimension
will con rm the theoretical value that we derive here.

We mention that other graph dimension concepts have been also generalized
to the in nite case such as the metric and partition dimensions [25, 142]. In [8] the
Minkowski and Hausdor dimensions are de ned for unimodular random discrete
metric spaces while [9] sheds light on the connections between these notions and
the polynomial growth rate of the underlying space. In this work, we focus on
the generalization of the box-covering dimension. For a recent survey about other
notions of dimension, we refer to [113].

Structure of the chapter. After a brief overview on the dimension of graphs
and networks in Section 1.2 and a short review of the topic of network fractality
by Songet al. [134] in Section 1.3 we introduce the de nition of box dimension
for graph sequences, th&ans nite fractal dimension and a generalized version,
the trans nite Cesaro fractal dimension In Section 1.4 we provide a comparison
of box-covering algorithms. In Section 1.5, we determine the optimal number of
boxes needed to cover the hierarchical graph sequence model [70]. We nd that
the hierarchical graph sequence model [70] does not have a nite box dimension
(based on the usual de nition assuming polynomial growth) but the trans nite
dimension exists (based on our new de nition assuming exponential growth). In
Section 1.6 we investigate the optimal boxing and trans nite dimension of a fractal
network model introduced by Song, Havlin, and Makse [133]. In Section 1.7 we
determine the optimal boxing and the trans nite dimension of some deterministic
and random trees, in particular, spherically symmetric trees and Galton-Watson
branching processes, and relate the obtained dimension to the growth rate of trees
introduced by Lyons and Peres [89]. Section 1.8 concludes the work.
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1.2 An overview on the dimension of graphs and
networks

Based on Poincae's topological reinterpretation of Euclid's initial concept of
dimension, the idea of dimension can be rephrased inductively in more modern
language as follows [104]:

1. A single point has dimension O.

2. If a set A contains points for which the boundaries of arbitrarily small
neighborhoods all have dimension, then A has dimensionn + 1.

Using this notion the dimension can intuitively be regarded as the number
of parameters required to identify a point in a given space or the number of
independent degrees of freedom. However, this idea was challenged later by Peano
who constructed a space- lling curve showing how a continuous transformation
can change the dimension of an object and thus contradict the idea of dimension
as \minimum number of parameters” [105]. The notion of dimension was further
developed by Cantor and Hausdor and studied by several other authors. Here
we do not aim to give an overview of the dimension theory of geometric objects,
rather we refer to books where a comprehensive overview can be found [46, 96].

The dimension theory of geometric objects is a well-established topic and the
di culties about the notions of dimension have been in the center of research
interest for more than a century. On the other hand, de ning the dimension
of graphs and networks is a more recent eld of study. The question naturally
comes up: how the dimension of a network (or graph) can be de ned. The
most straightforward answers might be the number of nodes or edges, or other
well-known graph metrics (such as average path length, diameter, clustering co-
e cient), on the other hand, these measures are rarely regarded as dimensions.
Over the last two decades, much research has been published on how to extend
the concept of (fractal) dimensions of geometric objects to graphs and networks.
Without attempting to be comprehensive, here we brie y present a few de ni-
tions of dimensions of graphs and networks just to provide some insight into the
various concepts. The dimension notions were developed in two areas: by graph
theorists and by network scientists/physicists. We will include some de nitions
from both areas.

First, we start with the canonical de nition of Erdys et al. [43].
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De nition 1 (Classical de nition of Erdjs et al. ). The dimension of a graph
dim(G) is the least integern such that there exists a "classical representation”
of the graphG in the Euclidean space of dimension with all the edges having a
unit length.

In a classical representation, the vertices must be distinct points, but the edges
may cross one another. Here we also brie y mention some interesting results
about this notion [67]. The dimension of the complete graph agrees with the
dimension of a simplex with the same number of vertices, i.e. diKf)=n 1.
The dimension of a general complete bipartite grapK ., for m;n 2 is 4. The
dimension of an arbitrary graphG is less than or equal to twice its chromatic
number: dim(G) 2 (G). It is NP-hard to check whether the dimension of a
given graph is at most a given value.

Another widely studied related concept of graph dimension is the faithful (or
Euclidean) dimension [45, 90].

De nition 2 (Faithful (or Euclidean) dimension). The faithful (or Euclidean)
dimension dimg (G) is the smallestn such that a representation of the grapk
exists in the Euclidean space of dimensiom such that two vertices of the graph
are connected if and only if their representations are at distance

The faithful dimension can be bounded as follows: dir®) dimg(G)
2 ( G)+1, where stands for the maximal degree. Testing the faithful dimension
is also an NP-hard problem.

Another important concept of dimension is the spectral dimension [40].

De nition 3 (Spectral dimension). Given a rooted graphG with nite de-
grees, letps(t) be the probability that a random walker is at the root aftersteps.
The spectral dimensiordimg(G) is given by the asymptotic behavior of the return
probability ps(t) t 9ms(©)=2 formally

. — . logps(t)
dimg(G) = 2t!|1mw

provided that the limit exists.

It is not di cult to see that for for a nite graph G, dims(G) = 0, while for
an in nite graph G, dims(G) 1. The spectral dimension of a graph can be
determined using generating function techniques.

A related essential notion is the Hausdor dimension [51].
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De nition 4 (Hausdor dimension). The Hausdor dimension dimy (G) of
a graph is de ned as

dimy (G) := lim W

provided that the limit exists.

It is important to note that the existence and value of the limit do not depend
on the choice of the vertexv. For a nite graph G, dimy (G) = 0, while for an
in nite graph G, dimy(G) 1. An important result is that the Hausdor and
spectral dimensions are related to each other, since under appropriate regularity
assumptions we have:

2dimy (G)

Several other interesting dimension notions of graphs have been proposed
throughout the years - such as metric dimension, inductive dimension, intrinsic
dimension { but now we move on to another important concept, namely the box
dimension.

1.3 Fractal scaling in networks and concepts of
box dimension

In this section, we review the concepts of box dimension of networks proposed
by Songet al. in [134] and the trans nite dimension proposed by Rozenfeldt

al. [56, 115], and make the two concepts rigorous by giving mathematically pre-
cise de nitions. These yield De nitions 6 and 7 of box dimension and trans nite
fractal dimension, respectively. The technique Sonet al. in [134] proposed for
identifying the presence of fractality in networks is analogous to that of regu-
lar fractals. Namely, for "conventional' fractal objects in the Euclidean space
(e.g. the attractors of iterated function systems), a basic tool is the box-covering
method [46]. This method works as follows: one covers the fractal set by smaller
and smaller sizes of boxes and nds the polynomial relationship between the op-
timal number of boxes used versus the side-length of the boxes; as the side-length
goes to zero. A similar method can be applied to networks that we describe now.
Since the Euclidean metric is not relevant for graphs, it is reasonable to use a
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natural metric, namely the shortest path length between two vertices. In the case
of unweighted graphs, this metric is called thgraph distance metric

The method works as follows [132]: For a given netwoi® with N vertices,
we partition the vertices into subgraphs (boxes) with a diameter at most 1 (it
is illustrated in Figure 1.1). The minimum number of boxes needed to cover the
entire network G is denoted byNg (7). Determining Ng(°) for any given™ 2
belongs to a family of NP-hard problems but in practice, various algorithms are
adopted to obtain an approximate solution [132], for more details see Section 1.4.
In accordance with regular fractals, Songt al. proposed to de ne the fractal
dimension or box dimensiordg of a nite graph by the approximate relationship:

Ng()=N :° %: (1.1)

i.e., the required number of boxes scales as a power of the box size, and the di-
mension is the absolute value of the exponent. In their reasoning, the relationship
in (1.1) should hold for a wide range of values with the same exponentds .

Figure 1.1: The box-covering algorithm as employed in a network demo of eleven
nodes for di erent box sizes. The gure was adapted by the author from [134].

According to this method, the power form of (1.1) (with a nite dg) can be
veri ed by plotting and tting in a number of real-world networks such as WWW,
actor collaboration network, and protein interaction networks [133]. For these
networks, a nite box-dimension exists. However, a large class of networks (called
non-fractal networks) is characterized by a sharp decay dfg with increasing -,
i.e., has in nite fractal dimension, for example, the Internet at router level or
most of the social networks [49, 97] falls into this category. To distinguish these
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cases, they introduced theconcept of fractality as follows [134]:

The fractality of a nite network (also called fractal scaling or topological
fractality) means that there exists a power relation between the minimum number
of boxes needed to cover the entire network and the size of the boxes.

In other words, as mentioned above, equation (1.1) must hold for @ for
a wide range of  for a network to show fractality. Although it is possible to
ascertain the fractal dimension with this description and (1.1) using approxima-
tion methods, here we develop a rigorous mathematical de nition shortly below.
The need for a rigorous de nition arises naturally: rst, the relation (1.1) is ap-
proximate, and second, it is hard to quantify what may one call a wide range
of °.

To motivate our choice of de nition, when considering regular fractal objects
(that are sets embedded irRY for some integerd) the box dimensiort is de ned
as thelimit of the reciprocal of the ratio of the logarithm of the number of boxes
and the logarithm of the box size, as the box sizeends to 0. This de nition
would make no sense with respect to networks since the graph distance can not
be less than 1. On the other hand, tending tan nity with the box size might be
a solution if the network itself grows, or is in nite to start with. For this reason,
we should considegraph sequencesSeveral real-world networks (collaboration
networks, WWW) grow in size as time proceeds, therefore it is reasonable to
consider graphs of growing size, denoted ByG,g,,, (where N stands for the
set of natural numbers). For in nite networks such asZ%, one can choose a root
vertex (e.g. the origin) as a point of reference and consider subgraphs of the
underlying in nite network centered around the reference vertex that exhaust
the in nite graph (e.g. G, :=[ n;n]" for Z9).

To be able to de ne the box dimension of a graph sequence, we de ne the
above-mentioned boxes of size rst.

De nition 5 ( "-box). Consider two verticesu;v in a graph G. Let ( u;v) de-
note the set of all paths connecting; v within G. The length of a path is de ned
as the number of edges on and is denoted by j. The graph distance between
two verticesu; Vv in a graph G is de ned asdg(u;v) =minfj j: 2 (u;v)g. We
say that a subgrapiH of a graphG is an "-box ifdy(u;v) ~ 1 holds for all
u;vz H.

Our rst de nition is the rigorous form of (1.1):

1Also called Minkowski-dimension.
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De nition 6 (Box dimension). The box dimensiondg of a graph sequence
fGng,, is de ned as

log N3 ()5 Gnj
do fGoGyy = lim lim =2 5 (5G] . (1.2)

n'l log
if the limit exists; whereNg (") denotes the minimum number of-boxes needed
to cover G,, and jG,j denotes the number of vertices if5,,.

Note that this de nition indeed gives back (1.1), since it means that, for
each" > 0, there exists™ (");n("; ") such that whenever ("), every G, with
n n(";") can be convered withjG,j> % " many "-boxes. We comment on
the order of the limits in the previous de nition. It is natural question to ask
whether the limiting operations can be interchanged. Considering the fact that
the number of boxes needed to coves, is Ng() = 1 if ~ > diam(Gy), it is
meaningless to change the order of the limits.

It is not hard to see that this de nition of fractality cannot be applied to
networks with an exponential growth rate of neighborhoods. Indeed, in this case,
the optimal number of boxes does not scale as a power of the box size. On
the other hand, the box-covering method yields another natural parameter if we
modify the required functional relationship between the minimal number of boxes
and the box size as in the trans nite fractal cluster dimension by Rozenfelet al.
[56, 115]). Namely, we might consider nding that satis es

NB(\):N ‘e (1.3)

for a wide range of . Again, we make this concept rigorous and quantifyable by
de ning the trans nite fractal dimension of graph sequences similarly:

De nition 7 (Trans nite fractal dimension). The trans nite fractal dimen-
sion of a graph sequenceG,g,,, is de ned by

log Ng()9Gnj

fGng,,y = I||§n lim ; (1.4)

n'l

if the limit exists; whereNg (") denotes the minimum number of-boxes needed
to cover G,, and jG,j denotes the number of vertices i5,.

Remark. We call the trans nite fractal dimension or "growth-constant' since
it captures how spread-out neighborhoods of vertices are, on an exponential scale.
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We shall see in Section 1.7.1 that for some models with exponentially growing
neighborhood sizes the limit in (1.4) does not exist but the limit of the Cesaro
means does. This yields th&ans nite Cesaro fractal box dimension We modify
Def. 7 by considering the Cesaro-sum instead of the pure limit im

De nition 8 (Trans nite Cesaro fractal dimension). The trans nite Cesaro
fractal dimension  of a graph sequencéG,g,,, is de ned by

X log Ng" ()FGis
TGnGnzy =i im0 ‘
i=1

; (1.5)

if the limit exists; whereNg (") denotes the minimum number of-boxes needed
to cover G,, and jG,j denotes the number of vertices if5,,.

The de nition of box dimension for graph sequences with exponentially growing
neighborhood sizes was rst introduced in my Bachelor thesis [M31], that is an
unpublished work. Daiet al. [32] studied the trans nite fractal dimension of
the weighted version of the model in [70] and a similar weighted fractal network
[33]. The latter one was retracted by Scienti c Reports, "because signi cant
portions of the text and equations were taken from [my] BSc thesis without attri-
bution” [34]. In what follows we investigate graph sequences with exponentially
growing neighborhood sizes, and determine their trans nite fractal as well as
trans nite Cesaro fractal dimension. These examples shall demonstrate that our
de nition is a natural one.

1.4 Comparing box-covering algorithms for frac-
tal dimension of networks

In this section, we make a short outlook on the various approximation box-
covering algorithms that were proposed throughout the years.

The box-covering problem: Given a graphG and a natural number™ 2
N;2 ~  Diam(G). The box-covering of G with "-boxes is a partition of the
vertices of G into “-boxes. It can be stated either as an optimization problem or
as a decision problem. In the decision problem version, the input is a paBy’)
and an integerm; the question is whether there is a box-covering & with m or
less -boxes. In the box-covering optimization problem, the input is a pair@; ),
and the task is to nd a box-covering that uses the fewest boxes.

21



Theorem 1 ([132]). The decision version of box-covering is NP-complete, and
the optimization version of box-cover is NP-hard.

We present a proof of the above theorem in [M30] by showing that the box-
covering problem can be mapped onto the classical clique cover problem.

Accordingly, no e cient algorithm exists that computes the optimal solution
of box-covering for large networks, however various approximation algorithms
have been proposed. Presenting a detailed review with the descriptions of the
algorithms goes beyond the scope of this thesis, based on [M33] here we just list
the most important box-covering algorithms (see Table 1.1) and compare them
with respect to running time and approximation ability both using a real-world
network (the Tokyo metro network) and a mathematical network model (the
(u; v)- ower). The results can be seen in Figure 1.2 and in Table 1.2. We note that
evaluating the methods on only two networks is very limited and we cannot draw
far-reaching conclusions based on this analysis. On the other hand, my student
present a more in-depth analysis on the problem in his student research paper
(TDK) [71], moreover, we present a much more thorough evaluation framework
based on 10 real-world networks in [M29].

The approximation ability of the algorithms is validated on a famous recursive
fractal network with a ground-truth box-dimension, namely the (1; v)- ower [116].
The algorithm to construct the (u; v)- owers works in a recursive edge-replacing
manner: In generationn = 1 we start with a cycle graph consisting ou+ v=w
nodes. Then, generatiom + 1 is de ned recursively by replacing each edge by
two parallel paths of lengthu and v (without loss of generalityu  v).

Theorem 2 ([116, M30]). The box dimension of thgu;v)- ower (for u > 1)

is given by I )
n(u+ v

dg
Inu

Theorem 2 was stated in [116] supported by a heuristic argument, the assertion
was investigated with more rigor in [M30].

We can observe that the random sequential algorithm has the lowest run-
ning time and the merge algorithm results in the closest approximation of the
ground-truth box-dimension of the (22)- ower. An important observation that
can be made by comparing Figure 1.2 and Table 1.2 is that a method that does
not address the genuine minimum box-covering can still identify correctly the
box dimension. We also note that here we tested the approximation ability on a
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Table 1.1: Approximation box-covering algorithms.

Type Name Reference
Classical RS (random sequential) [68]
box-covering Greedy coloring [132]
algorithms MA (merge algorithm) [87]

CBB (compact-box-burning) algorithm [132]
Burning MEMB (maximum-excluded-mass burning) [132]
algorithms MCWR (combines MEMB and RS) [84]

MVB (minimal value burning) [121]

SA (simulated annealing) [87]
Metaheuristic Edge-covering with simulated annealing [167]

optimization = DEBC (di erential evolution box-covering)  [74]
algorithms PSOBC and MOPSOBC

(single- and multi-objective discrete [75, 157]

particle swarm optimization box-covering)

Max-Min ant-colony algorithm [81]

OBCA (overlapping box-covering algorithm) [138]
Other Fuzzy box-covering [162]
algorithms Sketch-based box-covering [2]

Sampling based box-covering [151]

Figure 1.2: The results of various box-covering algorithms. On the left: using the
6th generation (2-2)- ower (with 2732 vertices and 4096 edges). On the right:
the Tokyo metro network (with 248 vertices and 319 edges)
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Table 1.2: Comparison of approximation box-covering algorithms with respect to
running time and approximation ability. The numbers in the brackets indicate
the ranks of the measures.

. (2, 2)- ower Tokyo metro network
Algorithm ) . . .
Avg. running time ds Avg. running time ds

RS 0.55 (1) 182 (5) 0.01 (1) 1.76
Greedy 284.40 (6) 1.78 (6) 0.58 (5) 1.46
MA 1.58 (2) 1.91 (1) 0.02 (2) 1.56
CBB 43.03 (3) 1.81 (7) 0.11 (3) 1.47
MEMB 632.75 (7) 151 (9) 117 (7) 1.68
DEBC 7,169 (9) 1.89 (2) 27.06 (9) 1.48
PSOBC 5,065 (8) 1.83 (4) 10.56 (8) 1.49
OBCA 163.50 (5) 1.65 (8) 0.70 (6) 151
Fuzzy 53.36 (4) 1.84 (3) 0.22 (4) 2.02

deterministic fractal network. On the other hand, as the authors of [68] also re-
mark that there are box-covering methods designed speci cally for networks with
connectivity structure that is not known a priori, so the results of our comparison

should be interpreted with caution.

1.5 Optimal boxing of a hierarchical scale-free
network model based on fractals

1.5.1 Description of the model

This model was introduced by Komgathy and Simon [70]. In this section, we follow
the notation of [70]. We start with an arbitrary initial bipartite graph G, the base
graph on N vertices and we de ne a hierarchical sequence of deterministic graphs
fHM,g,,y In a recursive manner. LetV(HM,), the set of vertices of HM, be
f0;1;:::;N 1g". The construction of HM, from HM, ; works by taking N
identical copies of HM, 1, corresponding to theN vertices of the base grapit.
Next, we construct the edges between the copies described in Def. 9 below. Along
these lines, HM containsN" ! copies of HM, connected in a hierarchical way.
Let G, our base graphbe any labeledbipartite graph on the vertex set =
1=10;:::;N  1gwith bipartition = V[ V,, such that one of the end points
of any edge inG is in Vi, while the other one is inV,. We write n; := jVjj,i =1;2
and E(G) for the edge set ofG. We denote edges as§ . The vertex set of HM,
is then given by ,, = f(XiX2:::Xp) : X; 2 g, all words of lengthn above the
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Figure 1.3: The rst three elements of the \cherry" model: HM, HM, and HMs.
The gure was adapted by the authors from [70].

alphabet . In order to de ne the edge set of HM,, we need to introduce some
further de nitions [70].

De nition 9.
. 1, if x2 Vy;
1. We assign a type to each element of Namely, typ(x) = _
2, ifx2 V..
2. Fori =1;2, we say that thetype of a wordz = (z;2,:::2,) 2 , equals
i and write typ(z) = i, if typ(z) = i, for all j = 1;:::;n. Otherwise
typ(z) :=0.

3. For x =(X1:::Xn);¥ =(Y1:::¥a) 2 o we denote thecommon pre x by

XMy i=(z1:00z) st xi =y = z;8 =150k and Xesr € Yien

4. and thepostxes x;¥2 nj xry are determined by

X=:(X"y)x y=: (X" y)¥%

where the concatenation of the words; b is denoted byab.

Next, we de ne the edge seE (HM,). Two verticesx andy in HM, are connected
by an edge if and only if the following criteria hold:
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(@) One of the post xesx;y is of type 1, the other is of type 2,

Xi

(b) for eachi> jx” yj, the coordinate pair ” forms an edge inG.

Remark (Hierarchical structure of HM,). For every initial digit x 2 0;1;:::;N
1g, consider the setW, of vertices(x;:::X,) of HM, with x; = x. Then the in-
duced subgraph oV, is identical to HM,, ;.

The following two examples satisfy the requirements of our general model.

Example 1 (Cherry).  The \cherry" model was introduced in [17], and is pre-
sented in Figure 1.3: LetV; = flgandV, = f0;2g, E(G) = (1;0);(1;2) .

Example 2 (Fan). Our second example is called \fan", and is de ned in Figure
1.4. Note that herejV,j > 1.

Figure 1.4. The rst two elements of the \fan". HereV, = 2,49 and
V,=10,1,3,59. (They contain additionally all loops.) The gure was adapted
by the authors from [70].

1.5.2 The optimal box-covering

In this section, we determine the optimal box-covering of the hierarchical graph
sequence model introduced before. We nd that the optimal number of boxes
does not scale as a power of the box size, meaning that this graph sequence has
no nite box dimension, on the other hand, the trans nite fractal dimension exists
and is a meaningful parameter.

Theorem 3. The hierarchical graph sequendeHM, g, is not fractal, but trans-
fractal. That is, its fractal dimension (as in Def. 6) does not exists, while its
trans nite fractal dimension (as in Def. 7) exists and equals

fHM\g,,y = (log N)=2, (1.6)
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Figure 1.5: The third iteration of an instance of the hierarchical graph sequence
model, called "cherry” model: HM;. The boxing of the graph is also highlighted:
the green boxes illustrate an optimal 3-boxing and the dashed boxes show an
optimal 7-boxing of the graph, i.e.Ng(3) = 9 and Ng(7) = 3. The trans nite
dimension of the model is ((HM,),,\) = (log K)=2, here the base graph is on
K = 3 vertices.

whereN denotes the number of vertices in the base gra@ghof f HM,g,, -

In the rest of this section, we investigate the optimal boxing of the model for
certain box sizes, namely those that can be expressed as diam(fjM 1. We
thus de ne

"k =diam(HM ) + 1: 2.7)

Using this notation, we prove Theorem 3. The analysis of the box-covering con-
sists of two main parts: giving upper and lower bound oNg (k).

1.5.2.1 Upper bound on the optimal number of boxes.

The following lemma is a useful tool to examine the box dimension of the graph
sequence. Here we use the notation of Section 1.5.

Lemma 4. The diameter of the hierarchical graph sequence mod¥l,, (de ned
in Section 1.5.1) isdiam(HM,) =2(n 1)+ diam(G).

Proof of Lemma 4. The proof is a rewrite of [70] that we include for complete-
ness. Its heuristics is as follows: between any two vertices with names=
(X1:::Xn);y¥ = (Yy1:::yn) one can construct a path by gradually changing the
coordinates of the names starting from the end of the name. In total, one needs
to change all the coordinates ok and y at most once (using 26 1) edges) in
order to reach the same copy of the base graggh In this copy, one needs to take
at most diam(G) steps to connect the two paths.
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For two arbitrary vertices x;y 2, we denote the length of their common
pre x by k = k(x;y) := jx” yj. Furthermore, let us decompose the post xeg;y
into longest possible blocks of digits of the same type:

x=:bb:ii:h; ¥y=¢G g (1.8)
with
f1,29 3 typ(h) 6typ(b,;) 211,29, andf1;29 3 typ(g) 6typ(g.y) 2120

We denote the number of blocks inx;% by r and g, respectively. From the
de nition of the edge set ofE(HM,,), it follows that for any path P(x;y) = (x =

and these have di erent types. That is, each consecutive pair of vertices can be
written in the form

8i;q' = w'z'; ¢ = w'#; with typ(z') 6 typ(Z') 2 1, 2g;

Now we x an arbitrary self-map p of such that
(x;p(x)) 2 E(G) 8x 2 G

Most commonly, p(p(x)) 6 x. Note that x and p(x) have di erent types sinceG
is bipartite. For a word z = (z;:::zy,) with typ(z) 2 f 1;2g we de ne p(z) =
(p(z1) :::p(zm)). Then, Def. 9 implies that

(tz;tp(2)) is an edge ING . y; 8t = (ty:::t): (1.9)

Using (1.9), we construct a pathP (x;y) between two arbitrary verticesx and y
that has length at mostr + g+diam(G) 2. Starting from x the rst half of the
path P(x;y) is as follows:

R7=x=(x"yb:::h b

2'=(x"y)b:::b ,p(b)

2" L= (x"y)bipbip 1p(B)));
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Starting from y the rst half of the path P(x;y) is as follows:

It follows from (1.9) that Py = (X% &%::;8" Dand Py = (Y 4 9%9°) are
two paths in HM,. To construct P(x;y), it remains to connectx* ! and s L
Using (1.9) this can be done with a pathP, of length at most diam(G). Indeed,
since the post xescp(c, :::p(c 1P(Cy))) and bip(b, :::p(b ;p(B))) both have a
type, one can connect them in at most as many edges as the diameter of the base
graph?.

Clearly,

Length(P(x;y)) r+ g+diam(G) 2 2(n 1)+diam(G):

For the lower bound on the diameter of HM, we show that we can nd two
vertices in HM, of distance 26 1)+diam(G). Pick two vertices with jx" yj = 0,
sox; 6 y; so that the distance betweerx; andy; in G is exactly diam(G), and
set each blockdy and ¢ of length 1. Note that in each step on any path between
two vertices, the number of blocks in (1.8) changes by at most one. Further,
sincex; € y; to connectx to y, we have to reach two vertices that have a type.
Starting from x, to reach the rst vertex a = (X;:::) of this property, we need
at leastn 1 steps on any pathP. Similarly, starting from y, we need at least
n 1 steps to reach the rst vertexb = (y;:::) where all the digits are of the
same type. Since the distance of; andy; in G is diam(G), and we can change
the rst digit of a vertex on a path only to a neighbor digit in G in one step on
any path, we need at least diantg) edges to connect to h. ]

Recall "¢ from (1.7). The following lemma gives an upper bound oNg ("«),
the number of boxes needed to cover HMwith boxes of diameter at most .

20ne can do this coordinate-wise by using the edge-connection rule described {b) after
Def. 9: Supposez = z;7,:::2z¢ and Vv = ViV, ...V are two vertices that both have a type. Then
for each coordinate pairz;;v; we choose the shortest path on the base grapfs that connects
them, that we denote by P; with length m; < diam(G). Then dist(z;v) = max; m;, and the
path can be realized so that each coordinate follows the patlP; independently. The shorter
paths simply stay put at their nal vertex ( z) once they are nished.
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Lemma 5 (Upper bound on the number of boxes). Forallk n,NEZ(k)=
1, while for all n >k,
Ng(C) N" K (1.10)

Proof. Recall that by construction, HM, consists ofN" ¥ copies of HM.. Indeed,

each vertex in HM, has a code of lengtin, where each letter in the code is in
fO;:::;N 1g. Let us de ne the "¢-boxes as follows: every vertex, starting with
the same word of lengthn Kk, constitutes to one box. This box is a copy of
HM, by the de nition of the model. There areN" ¥ possible ways to start an
n-length code, hence the number of boxes é" k. The diameter of each box is
then diam(HM,) = "y 1 per de nition, hence, these are properc-boxes. [

We continue giving lower bounds. Note that lower bounds are not that easy,
since the "long' edges connecting di erent copies of HMvithin HM , might allow
for a better boxing than using the directly observable hierarchical structure, see
Figures 1.4 and 1.5. First we investigate the case=1, i.e.,, " = "1 = diam(G).

Lemma 6 (Lower bound on  Ng("1)). Foralln n;+1;
NS(y) NP (1.11)
whereng = jVqj, q2 f 1;2g and we assume that;  n, without loss of generality.

Proof. We start observing that diam(G) 2n; since we assumed that G is bipar-
tite and connected. It is enough to show that we can ndN" "t witnessvertices
in HM,, for all n n; + 1, such that the pairwise distances between these wit-
nesses are greater thann? (hence greater than diamG)) so they all must be in
distinct "i-boxes.

First we investigate the case when = n;+1. In this case we needN" "t = N
witnesses. For each base lettdi0; 1;:::; N 1g:=[N] we construct one witness
vertex. Recall from Def. 9 that the type of a letterx 2 [N] isi 2 f 1;2g if the
vertex x 2 G is in partition V;;i 2 f 1, 2g. We say that a vertexz = z, is a witness
for x 2 [N] if its code starts with x and the consecutive letters keep alternating
the type, i.e., in casex was type 1 than the next letter is type 2, then again type

3By the de nition of diameter, in any given copy of HM ; there are two vertices that are
at distance diam(G) from each other, but it is unclear that once having many copies of HM,
how far are vertices in di erent copies of HM; from each other, allowing for a possibly better
boxing.
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z; = xandtyp(z;) 6typ(z +1)forall j n. Letus pick an arbitrary z, witness
for everyx 2 [N].

We explain that this collection of vertices is a good witness set, i.e., the
distance between any two of them is at least + 1. To see this, considerz, and
z, for x & y and note that the codes have no pre x in commonjg, * z,j = 0)
and alternating types later on. By point(a) after Def. 9, an edge is between two
codes if they start with some common pre x and their post xes have a type that
is di erent for the two ends of the edge. Since the types of the letters iy ; z, are
alternating, any path that tries to connect them needs to change the post xes
2n, times, once for each length, starting fronz, and once for each length starting
from the codez,. This means in total at least 2; in-between vertices, that is,
i.e., n; +1 edged. Hence, the distance between,; z, is at least 2, + 1. Using
that diam(G) 2n, these witnesses must be in distinct;-boxes, so we need at
leastN " ;-boxes to cover HM,.; . This proves the lemma fom = n; + 1.

Next, we extend this procedure for arbitraryn n;+1. Letn=n;+1+ |
for somej > 0. Recall the hierarchical structure, i.e., the fact that HM, 11+ |
consists ofN! copies of HM,.1. Note also that ; = [N], all possible words
of lengthj. In HM,, .1+ j the corresponding witnesses can be chosen as follows:
For everyv 2 ;, we de neN witnesses that are the concatenation of with the
witnesses above, i.eyz, 2 41+ forall x 2 . In words, this means that we
nd our original N witnesses £, )x2nj in every copy of HM,, 4, that is embedded
within HM .1+ ;. This way we createdN NI = N" " witnesses. Thus, once we
con rm that their pairwise distance is at least™; = diam( G), the proof is nished
by noting that all of them must be in separate boxes and hend¢ég(*;) N" "

To investigate the pairwise distance between the withesses, we distinguish
two cases: either two witnesses are in the same copy of KM, or not. In the
rst case, the code of the two witnesses is of the formiz, and vz, for some
v2 j;xy 2 . We have shown in the previous paragraph that the distance
betweenz, and z, is at least ", for all x 6 vy, i.e., the withesses within thesame
copy of HM,,+1 must be in separate ;-boxes. The pairwise distance between any
witnessesvz, and v%,, for v 8 Vis also at least diamG), by the same argument
as the proof of Lemma 6: any path trying to connect them needs to change the
types of the post xes at least 21, times, yielding at least 21, in-between vertices

4More formally, one can apply the construction of the shortest path between any two vertices,
explained in the Appendix in the Proof of Lemma 4, here,g=r = i = ny + 1 in the notation
of the proof of Lemma 4, thus we need atleast 1+q 1+1=2n;+1 steps on any path
betweenz, and Z,.
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and 2n; + 1 edges. O

The next lemma extends Lemma 6 fory.

Lemma 7 (Lower bound on  Ng('«)). Using the notation of the previous lemma,
the following inequality holds ih  k nj:

Ng(i) NP M= Nt C (1.12)

whereC = N! ™ is a xed constant determined by the base gray.

Proof. We start by switching variables. Leti := n k+ 1. Apply Lemma 6
with this i, to see thatNL(*;) N " foralli n;+ 1. There, we created
N' "t vertices in HM; with pairwise distance greater than diamG). It is enough
to show that we can nd the same number of witnesses (i.eN' " many) in
HMy.; 1 =HM, for all k 1, such that the pairwise distances between them is
at least (by Lemma 4)

w =diamHM ) +1=2(k 1) +diam(G)+1; (1.13)

this implies (1.12). Recall also that diamG) 2n,. Hence it is enough to show
that the pairwise distance is at least X 1) +2n; +1.

Now we create theN' " many witnesses. For every witnessz, in HM; that
we created in the proof of Lemma 6, we de ne a witness in HV Continue
the code of a witness/z, in a way that the type is changed at every character
(otherwise arbitrarily), obtaining the word vz, w,. One needs letters in total so
that the concatenated wordw, is of lengthk 1 with alternating types. Recall
also that z, has lengthn; +1. As a result, any witness vertex hak 1+ n;+1
many characters of alternating types at the end of its code.

It is left to show that the pairwise distance between any two vertices is at least
2k 1)+2n;+1 . There are two cases: namely, either the common pre X
is of lengthi or not. In the rst case, the distance betweervz,w, and vz, w, is
atleast2k 1+n;)+1 . This can be seen by the same argument as in the
proof of Lemma 6. Namely, any path that tries to connect two of these withesses
must change the type of the post x at leastk 1+ n; times on both sides of
the path, and one needs an extra edge in the middle (singes y), obtaining the
required distance.

When the common pre x is shorter, thenv 6 v® and the witnesses are of
the form vz,w, and v% w, with possibly x = y. In this case point(a) after
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Def. 9 applies and even ik = y, one needs to change the letters in the post x
one-by-one to obtain a post x of lengthn; + 1+ k 1 that has a type starting
from both codes. This is at least 2{; + 1+ k 1) changes again, and there is at
least 1 extra edge necessary since the common pre X is shorter thacharacters.
As a result, the distance is again at least. ]

Now we can prove the existence of the trans nite fractal dimension of the
hierarchical graph sequence model and determine the value of

Proof of Theorem 3. The rst statement follows since Ng(*)=N in this case is
not polynomial but exponential in = by Lemma 7. For the trans nite fractal
dimension, we note that it is enough to determine a subsequential limit ihalong
the sequencey = diam(HM )+1 since N§ (") is monotone decreasing in. Hence
we have

log N&()SHMj g N2CW)FHM, ]
fHMagpy = lim fim O3 NSOFNM gy, 100 NECITFHAMW

NERE k1 nn K

Recall that jHM,,j = N" and from Lemma 4 we havey = diam(G) 1+2k from
(1.13). Using Lemma 7 we give an upper bound on

. . Iog(N”) Iog N k+l ng
AMnGon M N ™ diam(G) 1+ 2k
_ i (K 1+ni)logN _ logN

T diam(G) 1+2k 2 (1.14)
Similarly, Lemma 5 yields a lower bound on the value of:
fHMnQ,on (logN)=2: (1.15)

Combining (1.14) and (1.15) we can conclude that fHM,g,,, = (log N)=2.]

1.6 Song-Havlin-Makse model

In this section, we analyze the model proposed by Song, Havlin, and Makse in
[133] to generate graphs with and without fractal scaling of Eq. (1.1). The moti-
vation of the model is that the main feature that seems to distinguish the fractal
networks is an e ective \repulsion” (disassortativity) between nodes with high
degree (hubs), this idea was rst suggested by Yoo&t al. based on empirical
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evidence [160] and developed by Soegal. with analytical and modeling con r-
mations [133]. To put in other words, the most connected vertices tend to not be
directly linked with each other but they prefer to link with less-connected nodes.
In contrast, in the case of non-fractal networks, hubs are primarily connected
to hubs. The modelf SHMg,,, de ned below can capture the main features
(e.g. scale-free [M30]) of real-world networks and the presence of fractal scaling
is governed by a parameter of the model.

Initial condition:  We start at n = 0 with an arbitrary connected simple
graph of a few vertices (e.g. a star shape of ve nodes as in Figure 1.6).

Growth: At each time stepn+1 we link m deg,(v) new vertices to every
v vertex that is already present in the network, wheran > 1 is an input
parameter and deg(v) is the degree of vertew at time n.

Rewiring edges: At each time stepn + 1 we rewire the already existing
edges as a stochastic combination of Mode | (with probabilitg) and Mode
Il (with probability 1  p)

{ Mode I: we keep the old edge generated before timet 1.

{ Mode II: we substitute the edge (; v) generated in one of the previous
time steps by a link between newly added nodes, i.e., by an edgé (9,
where u® and v are newly added neighbors afi and v respectively, as
shown in Figure 1.6.

The model evolves by linking new nodes to already existing ones as follows:
those nodes that appeared in the earlier stages form the hubs in the network.
Consequently, Mode | leaves the direct edges between the hubs leading to hub-
hub attraction, i.e. there are edges between vertices with high degrees. On the
contrary, Mode Il leads to hub-hub repulsion or anticorrelation. It is interesting
to investigate how the connection mode a ects the fractality of the model, what
happens if only one of the modes is use@ € 0 or p=1) or the combination of
the two modes (i.e.p 2 (0; 1)).

Here we note that using only Mode I |§ = 1) results in a tree (assuming
that the initial graph contained no cycles) but this tree is not a rooted locally
nite tree in contrast with the trees considered in Section 1.7. The model with
parameter p = 0 (i.e. using only Mode Il) has a nite box dimension with
ds = log(2m + 1)=log 3 [133]. On the other hand, with parametep = 1 the
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Figure 1.6: Dierent modes of growth withm = 2. In (@) the initial stage is
illustrated, (b), (c) and (d) demonstrates Mode I, Mode Il and the combination
of the two modes respectively. The gure was adapted by the authors from [133].

box dimension is not nite but the trans nite fractal dimension is still a valid
parameter, that is the content of the next result:

Theorem 8. The graph sequence SHM?} 1oy 1S not fractal, but transfractal.
That is, its fractal dimension (as in Def. 6) does not exists, while its trans nite
fractal dimension (as in Def. 7) exists and equals

SHM?

N n2N

=log(2m +1): (1.16)
Further, the diameter of the network generation model with parameter= 1 is
diam(SHM}) = (' n): (1.17)

The rst half of the assertion above was claimed in [133] with heuristic ex-
planation, here we give a more analytical argument and prove that the model is
transfractal.
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Proof of Theorem 8. Let V(n) and E (n) denote the number of nodes and edges in
the network at time n, respectively. Observe thatv (n) is deterministic, namely,

it satis es the recursionV(n) = V(n 1)+2mE(n 1). Assuming thatE(0) =
V(0) = cfor a xed constant c then

V(in)=2m+1)" c: (1.18)

Combining (1.18) with (1.17) yields thatf SHMP g, ,, with parameter p = 1
(i.e. using only Mode 1) leads to a small-world network, i.e., the diameter of the
graph grows proportionally to the logarithm of the number of vertices.

Now, we show (1.17). If we use only Mode Ip(= 1), the diameter increases
by 2 in every step, thus diam(SHN,, ) = diam(SHM?}) + 2, i.e. diam(SHM}) =
diam(SHMp) + 2k.

In order to handle fractality, we should examine the boxing of the network.
Note that Mode | yields to a tree-like structure: assuming that the initial graph
was a tree, the network is a tree itself. Clearly only ong-box is enough to cover
SHM! if n < k + 1. Following from the hierarchical structure of the model, we
cover SHM, with V(n k 1) “y-boxes, with™ := diam(SHM})+1ifn k 1 0.
Namely, an appropriate boxing of SH¥ with *,-boxes if we choose the centers
of the boxes as the vertices generatedt ¢ 1) steps ago. LetNS (") denote the
minimum number of " -boxes needed to cover SHM SO0 we have

8

. <SV(n k 1) ifn k+1
Ng(x) . _ (1.19)
-1 fn<k +1:

Next, we turn to a lower bound. In case of covering SHMwith “,-boxes,

with * = diam(SHM})+1,we nd V n k diam(SHMy)=2 witness ver-
tices such that the pairwise distances between the vertices are greater than
diam(SHM;). Namely, at time n, consider the vertices generated at time

k diam(SHMy)=2 ago, and call these seeds. For each seed vertex, choose
a descendantof this vertex that was generated at stem with distance of k +
diam(SHMy)=2 from the seed. From the tree structure, any path that connects
two of these witnesses must go to the seed of the witness vertex rst. Hence,
the path connecting two witnesses is at least R(+ diam(SHMy)=2 ) + 1 long,

that is at least ", since 2k + diam(SHMg)=2 )+1 2k +diam(SHMgy)+1 =
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diam(SHM;) + 1 = . Hence, we have

8

%V on k diam(SHM)=2 ifn k+ diam(SHM)=2
Ng (k)

71 if n<k + diam(SHMg)=2 :
(1.20)
Therefore, combining (1.19) and (1.20) we can conclude thist; (") = v(n Kk),

this together with the exponential growth ofV (n) and the linear grow of diam(SHM) =
diam(SHMp) + 2n = ( n) yields that no nite dg exists in the sense of Def. 6,
thus Mode | leads to a small-world non-fractal topology.

On the other hand, we can consider the trans nite fractal dimension along
the subsequence of box sizég = diam(SHM ;) +1 = diam(SHM ¢)+2k+1 due to
the monotonicity of Ng(*) in ~. It is clear from (1.19) and from (1.20) combined
with the fact that V(n) = 2m+1)" that

log 2m+1)" kK *=2m+1)"
SHME = i [im o9 Gm* DT T Hem L)

2N 1 nn ) =log(2m +1):

We can conclude that the trans nite fractal dimension of the graph sequence
f SHMg is log(2m + 1). O

Remark. Unfortunately, our current techniques are not able to handle the case
when Mode Il is also present. Heuristically, Mode Il destroys this exponential
growth so much that the growth rate becomes polynomial. As further research, it
would be interesting to study rigorously the interpolation between these two very
di erent growth rates by studying where the phase transition takes place between
the two regimes. We pose the following open question: Is there sugh 2 [0; 1]
such that fSHM;g,,, exists and nonzero for alp  p. while the usual box
dimension exists for allp < p.? It was claimed in [133] with heuristic explanation
thatp.=1.

1.7 Boxing of trees and connection to the growth
rate

In this section, we calculate the trans nite fractal dimension for some rooted
evolving trees and compare it to the value of growth rate de ned by Lyons and

37



Peres [89]. We nd that the trans nite fractal dimension of in nite trees is
strongly related to the growth rate. While the growth rate is de ned only on trees,
our concept of trans nite fractal dimension is de ned on any graph sequences.
Next, we de ne the growth rate, and to be able to do so, we need some notation.

Let us denote an in nite tree by T; , and its root by % We assume that the
degree of each vertex is nite. LetL, denote the set of vertices at distanca
from the root, and its size byL .

De nition 10 (Growth rate of trees, [89]). The growth rate of an in nite
tree T; is de ned as
gr(Ty) = lim LE=n; (1.21)
ni

whenever this limit exists.

Note that an in nite tree needs in nitely many boxes of any size. To be able
to de ne a proper trans nite dimension, we need to ‘chop o ' the tree to make
it nite. We also provide some de nitions of basic expression related to trees.

De nition 11 (Basic de nitions). Consider a rooted and in nite treeT; . We
obtain a sequencéT,g,,, from T, by truncating at heightn:

To=1[i nlk; (1.22)

We de ne the (trans nite) fractal dimension of an in nite tree as the (trans nite)
fractal dimension of the graph sequendd, ), 1.

The generationof a vertex is its graph distance from the root. Theubtree
of a vertexv, denoted byT("), is de ned as the verticesw that have the property
that the shortest path to the root passes through The descendants of are the
vertices in TV, We write Té") = fw 2 TV : d(v;w) kg: The vertices in
Tl(") nfvg are called the children of.

Observe that the diameter ofT." is at most X, hence,T." is a & + 1-box.

We shall use the notation introduced in the de nition above throughout the
rest of the chapter. In the rest of this section, we investigate the optimal boxing
of various trees for certain box sizes { along the subsequenge:= 2k + 1, and
we write N§ (") for the minimal number of "y -boxes that we need to covef,.
We compare the trans nite fractal dimension and the growth rate of some trees.
Let us start with some examples; later we will generalize them to spherically
symmetric trees.
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Example 3 (Complete d-ary tree). A completed-ary tree T{ is a rooted tree
where each vertex has exactty(d 2) children.

Example 4 (\2-3"-tree). A \2-3"-tree T23 is a rooted tree such that vertices
at even distances from the root have 2 children while all other vertices have 3
children [89].

An important tool for the boxing of trees is the greedy boxing method.

De nition 12 (Greedy boxing starting from the leaves). Let n+1 := a(k+
1) + bfor somea;b2 N;b <k +1: We de ne the greedy boxing of a rooted tree
T, with 2k + 1-boxes as follows:

0 1

Greedy(; k) := @[ [ TOA [ T (1.23)

i=1v2L n+l i(k+1)

That is, every vertexv at generationn+1 i(k+1), fori =1;:::;aand its
subtreeTifV) forms one box, and the box of the root might be somewhat smaller.
When b= 0 the box of%is included in the rst union hence the last box'l(é%l) is

not there in the expression.

Figure 1.7: The boxing of rooted trees. The dashed boxes illustrates the greedy
boxing and the orange boxes show an optimal boxing with box size= 3. Using
the notation of Def. 12, heren =4, k=1, a=2, b=1.

Lemma 9. Consider a rooted treeT,, where each vertex not in generation has
at least one child.Ng ("«), the minimal number of(2k + 1) -boxes, satis es

X k
Lo« Ng(k)  G(n;k) Li; (1.24)
i=0

where G(n; k) is the number of boxes in the greedy boxing, ahd is the size of
generationi.
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Proof. The fact that Ng('x)  G(n; k) follows from the optimality of N§("k).
The last inequality is established by observing that Gf; k) uses vertices inL,, g

to cover generationsn  Kk;:::;n. The sum of earlier generations is a somewhat
crude upper bound, since not all vertices in every generation befare k are put

in a separate box.

For the lower bound, we nd L,  witness vertices that are vertices with
pairwise distance at least R+ 1 away. We choose a witness vertex from each box
T v2L,  let w(v) be any of the vertices inT." that is in generationn. We
show that whenu 6 v are two distinct witnesses, thend(w(u);w(v)) 2k + 1.
Indeed, sincew(u); w(v) are in di erent subtrees in generationn Kk, the shortest
path betweenw(u); w(v) travels through both u and v and so it contains at least
d(w(u);u) + d(w(v);v)+2 =2k + 2 edges. ]

Theorem 10. The completed-ary tree and \2-3"-tree have nFi)te trans nite frac-
tal dimension, namely T¢ =(logd)=2and T2® =(log 6)=2. The growth
rate of these trees arel and 6 respectively.

Proof. A direct application of Def. 10 yields that gr T¢ = d. For the trans nite

fractal dimension, by monotonicity it is enough to consider the subsequendetZl
for *. Applying Lemma 9 for this case yields that

X ko gn k1 1

dn k NP dl - .

i=0

(1.25)

Because V(T¥) = (d"! 1)=d 1), using the bounds from Lemma 9 we can
calculate the limit

o 10g(Ng (k)= V(Th) ) _ logd,
(Td )= lim  lim E;(2k+1) =5

The proof works similarly for the \2-3"-tree. It is shown in [89] that gr T3 =
6. Elementary calculation shows that

8

V(T = <3 (62 1)=5 if n is odd (1.26)
" -+ 3 (6™2 1)=5+6™2 if nis even. '

A simple calculation yields that

8

<2 6" Y2 jfnis odd

L= (1.27)

- =2 if n is even. 0
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Combining the results above with Lemma 9 yields that
T23 =(log P 6)=2:

Observe that for these examples, the relation (T, ) = Ingr( T, )=2 holds. The
guestion naturally arises that under which conditions it is true that this relation
is valid? We will answer this question in the following sections.

1.7.1 Spherically symmetric trees

Let T be a spherically symmetric tree, that is an in nite rooted tree such that
for each h, every vertex at distanceh from the root has the same number of
children, namely,f (h) many, f (h) 2 N* = f1;2;:::9. Examples 3 and 4 are also
spherically lgymmetric trees. For spherically symmetric treed,, = ﬂzolf (h)
and T} = L.

In what follows, we investigate the assumptions needed on the sequehce
(f (h)n2n) so that the trans nite fractal dimension of a spherically symmetric
tree exists and equals half of the logarithm of the growth rate. This question is
nontrivial, as demonstrated by the following examples.

Example 5. Let

8
< if i = j! for some j
f(i)=".
- xed c2 N otherwise.
Example 6. Let
8
<a if m(m+1) <h (m+1)2 for somem 2 N

logf (h) =
- b6 a otherwise.

In Example 6 we have blocks ofa% and blocks of%fs with linearly increasing
lengths, while in Example 5f takes on a very large value “occasionally’. We show
below that while the growth rate of these trees exists, the transfractal dimension
is not even de ned, i.e., the limit in Def. 7 does not exists. First, we need the
following de nition.

De nition 13 (Length of the maximum contiguous subsequence). Lets=
(si)il=0 be an arbitrary sequence with codomairS and a 2 S. The length of the

5The codomain of a sequence is the set into which all of the elements of the sequence is
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maximum contiguous subsequence of sequeno&ith respect to elemeng (i.e.,
the length of the longest block of consecutitass):

Imes(s;a) :=maxfn2 Nj9i2 N:a= s = Sj41 = Sjsp = = Si+ng+1:

Condition 1 (Regularity assumption). Let us assume that = (f (h)), o in
a spherically symmetric treeT| satis es for someK 2 N that

Imes(f;1) = K< 1: (1.28)

Lemma 11. Condition 1 implies that for alln 1 it holds that

X0
Lo j Tai=  Li 2(Imesf;1)+1) Ly; (1.29)
i=0

that is, the total size of the tree is the same order as the size of the last generation.

Proof of Lemma 11. The rst inequality of the lemma is trivial. Now we express
Li interms of L,:

y 1 v 1
Li=L, f()?* L, f (h) 1 (1.30)
h=i h=i
where we de nef? := 7(f) as

8
< 1. -

- 1, iff(h)=1
L2 iff(h) 2

By denoting bxc := supfy 2 Z :y  xg the lower integer part of a real number
X, and K :=1Imcs(f;1),

vy 1 1 bin )=k +1) ¢

h:if (DI (1.31)

since the product is maximized whef? is such thatK 1's are followed by a single
2 periodically. Combining (1.30) and (1.31) yields that

0 1
x X1 1 bonop=k+pc X o
Li L,@1+ - A L(K+1) 27 (1.32)

i=0 i=0 2 i=0 ]

constrained to fall.
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since (n 1)K +1) takesoneachinteger n=(K +1) atmostK +1 times.
The sum of the geometric series is at most 2 and thus (1.29) is established.

Remark. Condition 1 is not only su cient but necessary for Lemma 11. If
IFr)ncs(f; 1) >M; 8M 2 N, then for somen, f(n M) = = f(n)=1; and then
in=n mLi=(M+1)Ly:

Corollary 1. Under Condition 1 the trans nite fractal dimension and growth
rate of a spherically symmetric treeT] can be expressed as follows, if the limits
exist:

P
r_n logf (hy

f - . .
To=im m v (1.33)
X 1
log gr T = lim % logf (h): (1.34)
' h=0

Proof of Corollary 1. Let us write ¢, = 2(Imcs(f; 1) + 1). Combining Lemma 9
with Lemma 11 yields

X k
I-n k ng(\k) I—i C+|-n k- (1-35)

i=0

Using Lemma 11 once more yields that, j Tfj c. L, and combining this
with (1.35) we can observe
Ng () A
2o 2 [1=¢ ;6 Ly k=L = [17C 5 6] f(h) (1.36)
JTal h=n k ]

Using these bounds in Def. 7 we see that the constant prefactor will vanish when
taking logarithm, yielding (1.33). Eq. (1.34) is a direct consequence of Def. 10.

With Corollary 1 at hand, we arrive to:

Claim 1. The growth rate of Examples 5 and 6 exists, while they are not trans-
fractal.

Proof. We start with Example 6. The limit in (1.34) exists, since it equals

xXn
Ioggr(l'{):rlgm % ((h+1)a+ hb=(a+ b=2

h=1
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On the other hand, the inner limit (asn! 1 ) on the RHS of (1.33) does not
exist for xed k, since we see oscillations @&'s and bs whenk m, thus is
unde ned. For Example 5,
0 1 0 1
1 X X 1 X X
lim =@  log(c) jiA loggr(Mf) lim =@  j+  log(QA;
ni1. n . o nt n .
I n jgtn jiq!ton I n

and hence the growth rate exists and equafssince both the lower bound as well
as the upper bound tend to log. On the other hand, the trans nite dimension
does not exist, since, for each xed, asn grows the inner sum ﬂzﬁ « logf (h)
occasionally encounters a factorial and hence a value other then &gs one of
its terms, hence, the inner limitasn!1  does not exist. ]

Example 6 led us to a natural generalization of the trans nite fractal dimen-
sion in such a way that it agrees with half of the logarithm of the growth rate for
spherically symmetric trees under a mild condition on the growth of the degree
sequence. This is the trans nite Cesaro fractal dimension in Def. 8.

Theorem 12. Let T{ be a spherically symmetric tree with degreés= (f (h))n 1
that satis es Condition 1 and that

im logf (h) _
hil h

0: (1.37)
Then, *(T!)=log(gr(T{))=2.

Remark. The growth condition(1.37) means that the degrees grow sub-exponentially.
For instance, f (h) = bexp(h )c for any < 1 satis es this criterion.

Proof. By Def. 8 we obtain for any spherically symmetric tree satisfying Condition
1, using (1.36)

1 X log(B. k= Tf, 1 X log(Li=Lisy)

o= jm o . 2k + 1) im L (k+D)
o (1.38)
Observing thatL, = “1_'f (h) and limy;  (2k)=(2k + 1) = 1 we obtain that
1 X i 1
T! =lim lim — logf (j): (1.39)

k1 mi1 2mk o
i=1  j=i
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Exchanging sums yields that the RHS inside the limits equals

le 9*(1 1mxk1 J

1 . 1 . m .
o Elogf(1)+ >m logf (j) + > 1 T logf (j): (1.40)

j=1 j=k j=m

The rst term in (1.40) tends to zero as evaluating the inner limit m!21 ) in
(1.38) for any xed k. For the second term in (1.39) we have:

X 1 X 1 X1

) ) 1 ) ) ) 1 ) ) ) 1 )
am- lim %jzk'ogf“)‘ lim lim am logf (1)~ Jim lim am logf (i)
o1 X! .
= r!ﬁlm %jzl logf (j);
(1.41)

since the second term tends on the RHS to zero for each xéqd and the rst
term does not depend ok. Regarding the third term in (1.39), assumption (1.37)
implies that for any xed k,

1 mxk 1 ]

: m N
n!'{n m 1 T logf (j) =0; (1.42)
j=m ]

since the bounds 0 1 JT’“ logf (j) logf (j) gives the desired result using
the squeeze theorem. The question arises whether condition (1.37) could be
weakened to the condition in (1.42). For this, note that each term in (1.42) must
tend to zero. The term withj = m equals (logf (m))=2m, that is 1=2 of the term
in (1.37). In other words, the limit (1.42) being equal to zero is equivalent to
(1.37).

Combining (1.40), (1.41), (1.42) with Corollary 1 we obtain that

. 1 X! . log gr(Ty )
foo_ - 1).
T, = rle!l > . logf (j) = > :

1.7.2 Supercritical Galton-Watson trees

In this section, we will consider the supercritical Galton-Watson trees.

De nition 14 (Galton-Watson branching process). B Letdq=(;n; B;::0)

be an in nite vector of nonnegative real numbers with -, g = 1 and let P, be
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the probability measure on rooted trees such that the number of o spring (chil-
dren) of each vertex is i.i.d. and the probability that a given vertex haghildren
is qg.

Let Z,, denote the number of vertices at distance from the root. We write
for the mean of the o spring distribution = E(Z1)= -, iq:.

A Galton-Watson branching process (BP) with mean o spring is said to be
supercritical if > 1, critical if =1 and subcritical if < 1.

It is well-known that in the subcritical case ( < 1) and in the critical case
( = 1), the BP dies out eventually (i,e. 9 n : Z, = 0) with probability 1,
while in the supercritical case (> 1), the BP survives (i.e.,8 n: Z, 1) with
positive probability [6]. When ¢ = O, the BP survives with probability 1, since
each vertex has at least one child. For further discussion and characterization of
Galton-Watson BPs we refer the reader to [6] and [39]. A supercritical Galton-
Watson BP behaves similarly to a deterministic regular tree of the \same growth"
that suggests that the trans nite fractal dimension should be log where is the
mean of the o spring distribution. When is an integer, this deterministic tree
is just the -ary tree, but when is nonintegral, it is a virtual tree, in the sense
of Pemantle and Peres [106, 107].

Theorem 13. Let GW; be a supercritical Galton-Watson tree with the following
assumptionsgp =0; g 6 1 and
E(Zijlog(Z1)j") < 1 ; (1.43)
where jxj* := maxfXx; 0g denotes the positive part of the expression. Then,
(GW1) ! (log( ))=2 almost surely.

The following elementary fact will be needed to prove Theorem 13.

Lemma 14. Let , be an arbitrary convergent sequence of real numbers, that is,

limg; = A forsomeA 2 R. For 2 (0;1) let S, = E:o n k. Then
R A
lim S, = K A= — 2R:
ni1 1
k=0

Proof. Using the convergence ofy, by denition 8 > 0: 9N s.tt. ifi>N
thenj; Aj< . Now we consider the following sum

X | XN
"2 (A A+ “
i=N k=0
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Hence,

X _ X A A+
lim CTI2(A A+ ) K= —y (1.44)
nl 1 1
i=N k=0
SNE ,
Now let us consider the remaining part of the sum, namely iN:O Ly ni Dueto

the fact that ; is convergent thus for som& : ; <K; 8i and lim,; b=n N S

0 we have

X _ X "
i " <K <o (1.45)
i=0 k=n N
Using (1.44) and (1.45) we can conclude that lipy, S, = A=(1 ). ]

Proof of Theorem 13.By writing W; := Z; ', [6, Chapter |, Part C, Theorem
1], the limit W = lim;; W; exists and is in (Q1 ) almost surely under the
x logx assumption in (1.43) and thatg, = 0. With this notation, we bound the
ratio By= V(GW,) using Lemma 9 (note thatZ; has the notationL; there):

P P |
¥Vn k n k _ DZn k BE D in:Ok Zi - D inzok Wi : .
= = i I

. I —: 1.46
i=0 W ! jn=0 Zi V(GWn) jn:o Zj inzo w; ! ( )

Dividing both the numerators and denominators with ", the bound turns into

P .
Wa Bl « peo Wi(l= )n K
(1= )P . 1= )"-P . (1.47)
o Wil=)"1 V(GW,) o Wi(1= )"
Applying now Lemma 14 with  := W; := 1=, we see that the almost sure
limits exists for each xed k
P .
im W= )" kw1 1=) oy
WA= T WAL 1) (1.48)
lim P - = =1 1=):
Al W= ) T WL (1=) =)
Therefore, for almost surely
1= )@ Q=)= ok 20= )~ (1.49)
V(GW,) ' '

Substituting these bounds into Def. 7 of trans nite fractal dimension, with
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" =2k +1, yields that

log(Bl= V(GW,
fGW,g,,y = lim lim 298 VIOWn) ) _ log().

kil nil (2k + 1) 2 (1.50)

]

Remark. It is clear that gr (GW, )! **  which implies that the almost sure
limit of the trans nite fractal dimension and the logarithm of the growth rate of
Galton-Watson trees di er only in a factor of 2 under the assumptions of Theorem
13.

Remark. Under some regularity assumptions, the trans nite fractal dimension
of Galton-Watson trees is well-de ned in contrast with spherically symmetric trees
where we had to introduce the concept of trans nite Cesaro trans nite fractal
dimension. This phenomenon arises from the fact that the random growth of the
Galton-Watson branching process is smoother than the deterministic growth of
spherically symmetric trees.

1.8 Discussion

In this chapter, we have investigated the heuristic statement that networks with
a hierarchical structure are fractal (i.e., self-similar) objects. In particular, we
considered a graph sequence with a strict hierarchical structure and investigated
its fractal properties. Doing so we showed that the de nition of fractality cannot
be applied to networks with locally 'tree-like' structure and exponential growth
rate of neighborhoods. However, the box-covering method gives a parameter
that is related to the growth rate of trees. We also introduced a more general
concept, the trans nite Cesaro fractal dimension. We investigated various models:
the hierarchical graph sequence model introduced by Komathy and Simon, the
Song-Havlin-Makse model, spherically symmetric trees, and supercritical Galton-
Watson trees. We determined bounds on the optimal box-covering and calculated
the trans nite fractal dimension of the aforementioned models using rigorous
techniques. It would be also interesting to apply our method to other locally
tree-like graphs such as Erdys-Renyi graph, preferential attachment graph, and
con guration model.
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Chapter 2

On the Complexity of
Color-Avoiding Site and Bond
Percolation

The mathematical analysis of robustness and error-tolerance of networks has been
in the center of research interest. On the other hand, little work has been done
when the attack-tolerance of the vertices or edges are not independent but cer-
tain classes of vertices or edges share a mutual vulnerability. In this study, we
consider a graph and we assign colors to the vertices or edges, where the color-
classes correspond to the shared vulnerabilities. An important problem is to nd
robustly connected vertex sets: nodes that remain connected to each other by
paths providing any type of error (i.e. erasing any vertices or edges of the given
color). This is also known as color-avoiding percolation.

In this chapter, we study various possible modeling approaches of shared
vulnerabilities, we analyze the computational complexity of nding the robustly
(color-avoiding) connected components. We nd that the presented approaches
di er signi cantly regarding their complexity.

2.1 Introduction on percolation on networks

Understanding the attack and error tolerance of networks { i.e. the ability to
maintain the overall connectivity of the network as the vertices (or edges) are
removed { has attracted a great deal of research interest in the last two decades
[3, 14, 26, 166, 123]. Most of the works have focused on random error, meaning
that the nodes are considered to be homogeneous with respect to their vulner-
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abilities, or hub-targeted attack, i.e. the nodes fail preferentially according to a
structural property such as the degree or betweenness centrality. However, real-
world networks are typically heterogeneous (not only with respect to their degree
distribution): nodes (or edges) can be separated into di erent classes regard-
ing a mutually shared vulnerability within the class. The shared vulnerabilities
can be modeled by assigning a color to each class that may represent a shared
eavesdropper, a controlling entity, or correlated failures. A "color-avoiding" per-
colation framework was developed by Krause et al. [64, 73, 72].

Traditional percolation theory can be used to study the behavior of connected
components in a graph if a vertex (site) or edge (bond) failure occurs with a given
probability [100, 135]. A comprehensive survey on the theory and applications of
percolation on networks can be found in [83]. In the traditional approach a single
path provides connectivity, however, here connectivity corresponds to the ability
to avoid all vulnerable sets of vertices or edges via multiple paths such that no
color is required for all paths (color-avoiding connectivity).

This question is di erent from k-core percolation where ank paths are su -
cient between two nodes [37, 161]; and also di erent frok+connectivity, where
k mutually independent paths are required [108]. Another related concept is per-
colation on multiplex networks [55, 131] where the layers can be thought of as
the colors, but this approach also di ers in the de nition of connectivity [64].

To study color-avoiding percolation a new framework was needed. The prob-
lem was introduced by Krause et al. [73] who analyzed the color-avoiding con-
nectivity of networks with shared vulnerabilities on the vertices. The authors
also examined the latent color-avoiding connectivity structure of the AS-level
Internet [125] where the color of the node represents the country to which the
router is registered. They have found that 26,228 out of 49,743 of the routers
are in the largest color-avoiding component, i.e. secure communication can be
obtained among them by splitting the message into more pieces and transmitting
them on di erent paths - even if every country is eavesdropping on its trac
[73]. In [72] the theory of color-avoiding percolation has been extended. The
authors study analytically and numerically the maximal set of nodes that are
color-avoiding connected in random networks with randomly distributed colors.
Shekhtman et al. [124] generalize this framework to study secure message-passing
in networks with a given community structure and di erent classes of vulnerabil-
ities. Kadovc et al. [64] formulated color-avoiding percolation for colored edges
as well and studied color-avoiding bond and site percolation for networks with a
power-law degree distribution.
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Besides color-avoiding percolation, nding paths in colored graphs has gained
interest in other domains as well. Wu [156] introduced the Maximum Colored
Disjoint Paths (MaxCDP ) problem that is to nd the maximum number of
vertex-disjoint paths with edges of the same color between two vertices. The
complexity of MaxCDP has been investigated: it can be solved in polynomial
time if the input graph contains one color but if there are at least two colors the
problem is NP-hard [156, 53]. An even harder variant of the problem, to nd
the maximum number of vertex-disjoint and color-disjoint uni-color paths, was
introduced by Dondi et al. [36].

Another related problem is nding k-multicolor paths in a graph. Santos et
al. [119] show that the problem is NP-hard and it is also hard to approximate.
Another interesting problem is nding a path from a vertex that meets all the
colorsin a graph. This problem is NP-hard considering a properly colored directed
graph, as well as nding the shortest or longest such paths [54]. A survey on
algorithmic and computational results for other coloring problems can be found
in [91].

On the other hand, none of the previously mentioned works have addressed
the computational complexity of color-avoiding percolation. In this article, we
present various modeling approaches to handle shared vulnerabilities along with
the analysis regarding computational complexity. Section 2.2 is devoted to the
problem de nition considering both vertices and edges as the targets of the attack.
In Section 2.3 we conduct complexity analysis and nd that, although the pre-
sented approaches are seemingly very similar, they di er signi cantly regarding
computational complexity. Section 2.4 concludes the work.

2.2 Modeling shared vulnerabilities in networks

There are two main approaches of modeling shared vulnerabilities in networks
depending on the target of the attack: either the links between the nodes can
be destroyed (or eavesdropped) or the nodes themselves are the subject of a
possible failure. The former is modeled by coloring the edges according to the
shared vulnerabilities leading to color-avoiding bond percolation, while the latter

is represented by assigning a color to the vertices having the same vulnerability
resulting in color-avoiding site percolation. The color-avoiding edge- and vertex-
connectivity is illustrated in Fig. 2.1 on an Erdys-Renyi random graph, the exact
concepts will be introduced later in this section.
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2.2.1 Coloring the edges

It is natural to consider the case when the edges with shared vulnerabilities are
the subject of the attack and the vertices remain indistinguishable and unharmed.
Some possible real-world examples with edges having shared vulnerabilities: dif-
ferent means of transportation (bus, underground, railway, etc.) for a trac
network, various metabolic pathways depending on particular biochemical pro-
les [65].

2.2.1.1 Every edge has one color

connected if after the removal of the edges of colay, u and v are in the same

component in the remaining graph, i.e there exists a path betwegmand v which

does not contain any edges of colay { such a path is called a;-avoiding path
We say that the verticesu;v 2 V(G) are color-avoiding edge-connected

The relation of color-avoiding edge-connectivity (see Fig. 2.2) is an equiva-
lence relation and thus it de nes a partition of the vertex set. The equivalence
classes are calledolor-avoiding edge-connected components

2.2.1.2 Multiple edges

A natural modi cation of the previous de nition is if we allow for multiple edges,
meaning that there can be more types of connection between two nodes (see Fig.
2.3). Multiple edges make the network less vulnerable: if there are at least two
edges of di erent colors between two nodes, then they are color-avoiding edge-
connected since their connection cannot be destroyed by attacking only one color
at a time.

2.2.1.3 Every edge has a list of colors

Another possible generalization of the framework is to modify Def. 15 in such
a way that we make the edges more sensitive to attack by assigning a list of
colors to the vertices representing all the vulnerabilities that an edge has and an
edge is destroyed whenever one of its colors is attacked (see Fig. 2.4). Formally,
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Figure 2.1: lllustrating the color-avoiding edge- and vertex-connectivity on an
Erdds-Renyi random graph G(20;0:15). The rst row depicts an edge-colored
and a vertex-colored graph with three equiprobable colors. The second and third
rows show the graphs after removing the green, blue, and red edges/vertices, re-
spectively.

Note that vertex 5 and vertex 14 are color-avoiding edge-connected since the path
5-11-14 serves as both a green-avoiding and a blue-avoiding path, while the path
5-2-6-8-14 serves as a red-avoiding path. On the other hand, vertex 16 is not
color-avoiding edge-connected to any other vertices since without green edges it
gets isolated.

Considering color-avoiding vertex-connectivity, vertex 6 and vertex 10 are
strongly (and therefore weakly) color-avoiding connected since the path 6-11-
5-10 serves as a blue-avoiding path, the path 6-13-5-10 serves as a red-avoiding
path, while the path 6-2-7-10 serves as a green-avoiding path for internal vertices
{ this last condition is only required for strong color-avoiding connectivity. Ver-
tex 3 and vertex 10 are weakly color-avoiding connected since the path 3-5-10
serves as both a red-avoiding and blue-avoiding path, while they are not strongly
color-avoiding connected since no path from vertex 3 can avoid green vertices as
internal nodes. Vertex 7 and vertex 11 are not strongly/weakly color-avoiding
connected since no green-avoiding path exists between them.
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Figure 2.2: The verticesv; and vz are color-avoiding edge-connected. Bw; and
v, are not: the removal of the blue edges disconnects them.

O—o

Vi V2 V3

Figure 2.3: The verticesv; and v, are color-avoiding edge-connected. Bwt and
vz are not: the removal of the red edges disconnects them.

the function cis modied: c¢c: E(G)! 2% where Z is the power set of the

u;v 2 V(G) are ¢-avoiding edge-connected if after the removal of the edges that
contain ¢ on their lists of colors,u and v are in the same component in the
remaining graph.

2.2.2 Coloring the vertices

It is also interesting to consider the case when the colors are assigned to vertices
that are exposed to attack or failure while the edges remain indistinguishable and
unharmed. Possible real-world scenarios of having vulnerable classes of nodes
include AS-level Internet with routers registered in di erent countries, telecom-
munication networks with transmission towers operated by di erent providers.
The color of the nodes can also represent e.g. ownership, geographical location,

Figure 2.4: The vertices/, and v, are color-avoiding edge-connected: a red-, blue-
and green-avoiding path between them are,v,, Vov3v, and voviVvy, respectively.
But v; and v, are not: the removal of the edges containing the color blue on their
lists disconnects them.
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dependence on a critical material [73]. The strong/weak vertex color-avoiding
connectivity is illustrated in Fig. 2.1 on an Erdys-Renyi random graph.

2.2.2.1 Strong color-avoiding connectivity

De nition 16 ([73]). Let G be a graph,C = fcy;:::;&Q a color set andc :
V(G)! C a function that assigns colors to the vertices.

avoiding vertex-connected  (or strongly cj-avoiding connected ) if after
the removal of the vertices of colog; excluding these two vertices, they are in the
same component in the remaining graph, i.e. there exists a path betweeand v
whose internal vertices are not of colog { such a path is called ac;-avoiding
path .

We say that the verticess;v 2 V(G) are strongly color-avoiding vertex-
connected (or strongly color-avoiding connected ) if they are strongly G-

In this case, the relation of strong color-avoiding connectivity is not transitive,
therefore it is not an equivalence relation (see Fig. 2.5). Thstrongly color-
avoiding connected componentare maximal sets of vertices such that any two of
them are strongly color-avoiding connected.

2.2.2.2 More colors on the vertices

Similarly to the case when the edges were colored, here we can also assign multiple
colors to vertices. One can think of the multiple colors (lists of colors) as multiple
vulnerabilities on the nodes making the network less robust. Another approach
is to consider the scenario analogously to multiple edges. Here it is important to
note that if a node has at least two di erent colors, it makes the vertex immortal
under the previously mentioned color attacks analogously to the "multiple edges”
approach.

2.2.2.3 Weak color-avoiding connectivity

Contrary to color-avoiding edge-connectivity, if we color the vertices, it is dubi-
ous how to handle the source and target nodes in the de nition of color-avoiding
vertex-connectivity. In Def. 16 a possible approach was presented that can cap-
ture several realistic scenarios. Considering eavesdropping, it is reasonable that
the sender and receiver guarantee the security of the message but vulnerability
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may a ect the nodes as transmitters. However, when the attack of the vertices
rather means destroying the entities, it is more natural to consider another ap-
proach to de ne color-avoiding vertex-connectivity: attacking red vertices makes
it pointless which nodes a red vertex can reach on a path without other red ver-
tices. This scenario is captured by the concept of weak color-avoiding connectivity
(see Fig. 2.5).

De nition 17. Let G be a connected graphC = fc¢;;:::;¢6Qg a color set and
c: V(G)! C a function that assigns colors to the vertices.

vertex-connected (or weakly c;j-avoiding connected ) if after the removal of
the vertices of colorg, either at least one ofu or v is deleted or they are in the
same component in the remaining graph, i.e. if neithem nor v are of color g,
there exists a path between them whose vertices are not of coldf such a path
is called ac;-avoiding path

We say that the verticesu;v 2 V(G) are weakly color-avoiding vertex-
connected (or weakly color-avoiding connected ) if they are weaklyc -avoid-

Similarly to the strong case, weak color-avoiding connectivity is also not an
equivalence relation (see Fig. 2.5). Thaveakly color-avoiding connected compo-
nents are maximal sets of vertices such that any two of them are weakly color-
avoiding connected.

We can extend the de nition to non-connected graphs with the extra condition
that two vertices can be weakly color-avoiding connected only if they are in the
same component in the original graph.

Remark. The notion of weakly color-avoiding connectivity is indeed a weaker
concept than the one de ned in Def. 16. It is easy to see that if two vertices
are strongly color-avoiding connected then it implies that they are weakly color-
avoiding connected as well.

2.2.2.4 More colors on the vertices

Weak color-avoiding connectivity can be extended to multiple colors as well, in
the exact same manner as strong color-avoiding connectivity.
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Figure 2.5: The verticesv; and v, are weakly/strongly color-avoiding connected,
and so are the vertices, and v3. But v; and v; are not: the removal of the blue
vertices (i.e. the removal ofv,) disconnects them. The vertices/; and vs are
weakly but not strongly color-avoiding connected.

The above observation also shows that neither the strong nor the weak color-
avoiding connectivity is a transitive relation.

2.2.2.5 Other generalizations

It is worth mentioning that other generalizations have been also proposed. Krause
et al. [72] consider nodes with di erentiated functions, either as senders/receivers
or transmitters. They introduce a exible trust scenario where vertices can be
trusted or avoided in both functions. Trusting colors for transmission naturally
increases color-avoiding connectivity [72].

2.3 Computational complexity of nding the color-
avoiding components

After presenting the problem of color-avoiding percolation and various modeling
approaches, in this section, we analyze the computational complexity of nd-
ing the robustly (color-avoiding) connected components considering the di erent
problem de nitions. In the following, we assume the reader's acquaintance with
standard concepts of computational complexity theory that may be found e.g. in
[126]. We will use in this section that the following well-known decision problem
is NP-complete [126].

Clique
Instance: a graph G and a positive integerl.
Question: doesG have a clique of size at leadt?

Now we list the decision problems for which the computational complexity will
be presented in this section. Although the problems are seemingly very similar,
they di er considerably concerning their complexity.

ColorAvoidingeEdgeConnectedComponent
Instance: a graph G, a color setC = f¢;;:::;&g, afunctionc: E(G)! C and
a positive integerl.
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Question: is it true that G has a color-avoiding edge-connected component of
size at leastl?

StronglyColorAvoidingConnectedComponent

Instance: a graph G, a color setC = fcy;:::;&g, a functionc: V(G)! C and

a positive integerl.

Question: is it true that G has a strongly color-avoiding connected component
of size at leastl?

WeaklyColorAvoidingConnectedComponent

Instance: a graph G, a color setC = f¢;;:::;&g, afunctionc: V(G)! C and

a positive integerl.

Question: is it true that G has a weakly color-avoiding connected component of
Size at leastl?

WeaklyColorAvoidingConnectedComponent-ListOfColors

Instance: a graphG, a color setC = fcy;:::;649, a functionc: V(G)! 2¢ and

a positive integerl.

Question: is it true that G has a weakly color-avoiding connected component of
size at leastl?

First, we prove that the color-avoiding edge-connected components can be
found in polynomial time.

Theorem 15. The problemColorAvoidingEdgeConnectedComponent is
in P. More precisely, the color-avoiding edge-connected components@tan be
found in polynomial time.

Proof. Let G°be a graph on the vertex set os where two vertices are connected
if and only if they are color-avoiding edge-connected (for an example see Fig.
2.6). Obviously, G° can be constructed in polynomial time: we need to check for
every pair of vertices whether they remain in the same component after erasing
the edges of each color separately.

Since the color-avoiding edge-connectivity is an equivalence relation, the graph
Glis Ps-free, i.e. it cannot contain a path on 3 vertices as an induced subgraph.
Obviously, the color-avoiding edge-connected components @fare exactly the
maximal cliques ofG°.

It is easy to see that the components of Bs-free graph are cliques, therefore
the maximal cliques ofG° are its components. Hence, the color-avoiding edge-
connected components o6 can be found in polynomial time. ]
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Figure 2.6: Two vertices are adjacent irG°if and only if they are color-avoiding
edge-connected irG.

The above theorem obviously can be applied when there are multiple edges or
when lists of colors are associated with the edges. Clearly, the same proof works
in both cases.

Now, we move on to the analysis of color-avoiding vertex percolation. First,
we prove that the stronger de nition (Def. 16) leads to an NP-complete problem.

Theorem 16. The problem StronglyColorAvoidingConnectedCom-
ponent is NP-complete.

Proof. Obviously, this problem is in NP: a witness is a strongly color-avoiding
connected component of size at leakt To show that this problem is NP-hard we
reduceClique to it.

If we use only one color, then by de nition the strongly color-avoiding con-
nected components oz are exactly its maximal cliques, therefore our problem
is indeed NP-complete. ]

Next, we present that using the weak de nition of color-avoiding connectivity
(Def. 17) the connected components can be found in polynomial time. The proof
consists of two main parts. First, we show that nding the weakly color-avoiding
connected components in any graph is equivalent to nding the cliques of an
associated locally chordal graph. This together with the fact that cliques can be
found in polynomial time in a locally chordal graph gives us the desired result.

C a function that assigns colors to the vertices. La®° be a graph on the vertex
set of G where two vertices are connected if and only if they are weakly color-
avoiding connected. Then the grap&°is locally chordal, i.e. the neighborhood of
any vertex cannot contain an induced cycle of length at least 4.

For an example on the construction of graplG® from Theorem 17 see Fig. 2.7.

59



V2 Ve V2 Ve

Figure 2.7: Two vertices are adjacent ifG°if and only if they are weakly color-
avoiding connected inG.

Wy

Wy

Figure 2.8: The wheel orl + 1 vertices.

Proof. We note that throughout this proof the notion "color-avoiding" always
stands for "weakly color-avoiding".

It is easy to see that a graph is locally chordal if and only if it does not
contain a wheel on at least ve vertices as an induced subgraph: if the graph
contains an induced wheel on at least ve vertices, then the outer cycle of this
wheel is an induced cycle of length at least four in the neighborhood of the center
vertex, therefore the graph is not locally chordal. To prove the reverse direction,
suppose that the graph is not locally chordal, i.e., there exists a vertex whose
neighborhood contains an induced cycle of length at least four. Then this vertex
and this cycle together form an induced wheel on at least ve vertices.

Suppose to the contrary thatG° contains a wheel ol +1 5 vertices as an

vertices of the outer cycle (in this order), see Fig. 2.8.

We can assume that the color of the vertew, is ¢;. Now consider the vertices
w; and ws. Since they are not connected irG° there exists at least one color
such that the removal of the vertices of that color disconnects them. On the other
hand, the ¢-avoiding paths fromw; to w, and from w, to w; (which exist since
WiWo; Wows 2 E(GY) can be combined intog -avoiding paths fromw; to ws for
every colorc, 2 C nfc;g. (Obviously, this procedure does not work with color;
since the vertexws, is of colorc,;.) Thus, only the removal of the vertices of color
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¢, can disconnectw; and wz. Therefore,u must have also colorc; (otherwise the
ci-avoiding paths fromw; to w, and from w, to ws could be combined into a
ci-avoiding path from w; to ws).

Now consider the verticesnv, and w,. Since they are not connected irG°,
there exists at least one color such that the removal of the vertices of that color
disconnects them. However, the;-avoiding paths fromw, to u and from u to
w, (which exist sinceuws,; uw, 2 E(GY) can be combined intoc -avoiding paths
from w, to w, for every colorc 2 C nfc,g. Again, this procedure does not work
with color c; since the vertexu is of colorc;. But sincew, is also of colorc;, w»
and w, are weaklyc;-avoiding connected by de nition. Hence, they are weakly
color-avoiding connected, which is a contradiction. ]

Theorem 18 ([50]). The maximal cliques of any locally chordal graph can be
found in polynomial time.

Corollary 2.  The problem WeaklyColorAvoidingConnectedCompo-
nent is in P. More precisely, the weakly color-avoiding connected components of
G can be found in polynomial time.

The above theorem obviously can be applied in the more robust case when
there may be multiple colors on the vertices resulting in indestructible nodes.

On the other hand, in the other case { when the vertices have multiple colors
(lists of colors) and a vertex is destroyed whenever one of its colors is attacked {
seemingly paradoxically { leads to a much harder, NP-complete problem.

Theorem 19. The WeaklyColorAvoidingConnectedComponent-List-
OfColors  problem is NP-complete.

Proof. Obviously, this problem is in NP. To show that this problem is NP-hard
we reduceClique to it.

Assign a color to any two vertices, and add this color to the list of every other
vertex (so altogether we use’, colors and every vertex has;,  (n 1) colors
on its list). For example, on the construction of lists of colors see Fig. 2.9. Now,
two vertices are weakly color-avoiding connected if and only if they are adjacent
in G. Hence, the weakly color-avoiding connected components Gfare exactly

its maximal cliques, therefore our problem is indeed NP-complete. ]
Remark. Inthe above proof we can reduce the number of used colors by assigning

colors only to nonadjacent pair of vertices; we can also reduce the lengths of the
lists by adding this color only to a minimum vertex cut for these two nodes.
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V1 Vo V3 V4
blue red red
violet blue
violet

Figure 2.9: Constructing the lists of colors: we assign red tg and v, (and add
the color red to the list ofvs and v,), blue to v, and vs, green tov, and v,4, orange

to v, and vz, violet to v, and v, and brown to vz and v;,.

2.4 Conclusion of the chapter

In this chapter, we presented di erent notions to model various scenarios of shared
vulnerabilities in networks by assigning colors to the edges or vertices using the
framework of color-avoiding percolation developed by Krause et al. [72]. We also
analyzed the complexity of nding the color-avoiding connected components. De-
spite the similarity of the presented concepts, the associated percolation problems
{ seemingly paradoxically { di er signi cantly regarding computational complex-

ity. We showed that the color-avoiding edge-connected components can be found
in polynomial time. However, the complexity of nding the color-avoiding vertex-
connected components highly depends on the exact de nition, using a strong ver-
sion the problem is NP-hard while using a weaker notion makes it possible to nd

the components in polynomial time.
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Appendix A

Twenty Years of Network
Science: A Bibliographic and
Co-Authorship Network Analysis

Research collaboration is a central mechanism that combines distributed knowl-
edge and expertise into common new original ideas. The representation and
analysis of social networks showing scienti c interactions between researchers
have gained a lot of interest in the last decades. We thoroughly studied various
co-authorship networks in four papers [M1, M2, M23, M32]. For example, we
provided an extensive analysis on the co-authorship network of network scientists
in [M32] that is the extended version of [M23]. We present this research here in
more detail.

Two decades ago three pioneering papers turned the attention to networks
and initiated a new era of research, establishing an interdisciplinary eld called
network science. Namely, these highly-cited seminal papers were written by
Watts & Strogatz, Baralasi & Albert, and Girvan & Newman on small-world
networks, on scale-free networks, and on the community structure of networks,
respectively. In the past 20 years { due to the multidisciplinary nature of the
eld { a diverse but not divided network science community has emerged. In
this chapter, we investigate how this community has evolved over time with re-
spect to speed, diversity, and interdisciplinary nature as seen through the growing
co-authorship network of network scientists (here the notion refers to a scholar
with at least one paper citing at least one of the three aforementioned milestone
papers). After providing a bibliographic analysis of 31,763 network science pa-
pers, we construct the co-authorship network of 56,646 network scientists and
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we analyze its topology and dynamics. We shed light on the collaboration pat-
terns of the last 20 years of network science by investigating numerous structural
properties of the co-authorship network and by using enhanced data visualization
techniques. We also identify the most central authors, the largest communities,
investigate the spatiotemporal changes, and compare the properties of the net-
work to scientometric indicators.

A.1 Emergence of network science

Complex networks have been studied extensively since they e ciently describe a
wide range of systems, spanning many di erent disciplines, such as Biology (e.g.
protein interaction networks), Information Technology (e.g., WWW, Internet),
Social Sciences (e.g., collaboration, communication, economic, and political net-
works), etc. Moreover, not only do the networks originate from di erent domains,
but the methodologies of network science as well, for instance, it heavily relies on
the theories and methods of graph theory, statistical physics, computer science,
statistics, and sociology.

In the last two decades, network science has become a new discipline of great
importance. It can be regarded as a new academic eld since 2005 when the
U.S. National Research Council de ned network science as a new eld of basic
research [31]. The most distinguished academic publishing companies announce
the launch of new journals devoted to complex networks, one after another (e.g.
Journal of Complex Networks by Oxford University Press, Network Science by
Cambridge University Press, Applied Network Science and Social Network Anal-
ysis and Mining by Springer). Network science also has its own prestigious con-
ferences attended by thousands of scientists. Leading universities continuously
establish research centers and new departments for network science, furthermore,
launch Master and Ph.D. programs in this eld (such as Yale University, Duke
University, Northeastern University, and Central European University).

The signi cance of network theory is also re ected in the large number of pub-
lications on networks and in the enormous number of citations of the pioneering
papers by Baralasi & Albert [15], Watts & Strogatz [149] and Girvan & New-
man [52]. Some researchers interpret network science as a new paradigm shift [69].
However, networks are not only acknowledged by the research community, but
innovative textbooks aimed for a wider audience have also been published [14,
100], moreover, the concepts of network science have appeared in the popular
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literature [12, 148] and mass media [139] as well.

In the last two decades, networks became in the center of research interest
thanks to { among many others { the aforementioned three pioneering papers and
due to the fact that the prompt evolution of information technology has opened
up new approaches to the investigation of large networks. This period of 20 years
can be regarded as the golden age of network science. The rst challenge was to
understand network topology, to this end, structural properties were put under
the microscope one after the other (small-worldness, scale-free property, modu-
larity, fractality, etc.) and various network models were proposed to understand
and to mathematically describe the architecture and evolution of real-world net-
works [147]. In recent years, there has been a shift from structural analysis to
studying the control principles of networks [13]. Remarkable computing power,
massive datasets, and novel computational techniques keep great potential for
network scientists for yet another 20 years [147].

It is also important to mention some of the criticism leveled at network sci-
ence. Some articles question the ubiquity of scale-free property and confute the
assumption that biological networks or the internet are scale-free [22, 86, 141,
155]. These papers claim that in a few works of network science, the data are
insu cient and the measurements are not of satisfactory quality for the aim they
are used for. Furthermore, these articles lack careful statistical tests [136] and
critics highlight that commonly used methods, such as least-squares tting, can
provide considerably inaccurate estimates of parameters [30]. On the other hand,
it is worth ascertaining that none of the critics doubt the importance of the study
of networks, just raise concerns about certain methods and statements.

This work is a tribute to the achievements of the network science community
in the past 20 years. We provide a bibliographic analysis of 31,763 network
science papers and we also construct and investigate the co-authorship network
of network scientists to identify how the network science community has been
evolving over time.

The paper [M32] that this chapter is based on extends the earlier conference
version of the paper [M23] in several important directions. Namely, here we
provide a more detailed literature review; we examine a longer time period; and we
answer the question of how the network science community has evolved over time
with respect to speed, diversity, and interdisciplinary nature by implementing
novel analyses. Here we also provide an analysis of the co-occurrence network
of the keywords. Moreover, we supplement our previous work with several other
new methods and data visualizations that help to make insightful observations
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regarding the last two decades of network science.
The main contributions of this work can be summarized as follows:

We collect 31,763 network science papers and provide a bibliographic anal-
ysis investigating various characteristics of the papers and showing how the
discipline has developed over time.

We construct the co-authorship network of 56,646 network scientists and
undertake a scholarly network analysis study by analyzing its topology and
dynamics.

We answer the following major research questions:

{

What are the most important venues of network science and how have
they changed over time?

How the publication patterns vary over research areas and time?

What are the most important topics of network science and how have
they evolved through time? What relationships can we explore among
the most frequent keywords of network science?

How the network science community has evolved over time with respect
to speed, diversity, and interdisciplinary nature?

What are the most typical patterns in terms of international and in-
terdisciplinary collaborations?

Who are the most central authors and how do the largest commu-
nities look like? How do these network properties compare to other
scientometric indicators?

A.2 Scholarly networks analysis

The work presented in this chapter joins the line of research focused on scholarly
network analysis that is based on big scholarly data [103, 159]. Big scholarly
data refers to the rapidly growing data accessible in digital libraries containing
information on millions of scienti ¢ publications and authors [158]. The easily
available data sources (Web of Science, Scopus, PubMed, Google Scholar, Mi-
crosoft Academic, the U.S. Patent and Trademark O ce, etc.) together with
novel powerful data analysis technologies have led to the emergence of science of
science [48] that gives us a better understanding of the self-organizing rules and
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patterns of science, e.g. how a discipline has emerged and evolved over time [80].
Various scholarly networks at many levels can be formed based on scholarly data;
Pawar et al. identify the following forms of scholarly networks of great interest
[103]:

1. co-authorship networks (a link is formed between scientists by their co-
authorship of at least one scienti ¢ paper),

2. citation networks (a directed link is formed between documents referencing
one another),

3. co-citation networks (a link is formed between documents if they are cited
together),

4. bibliographic coupling (documents are linked if they share common refer-
ences),

5. co-occurrence networks (keywords/topics are linked if they occur in the
same document), and

6. heterogeneous networks (two or more coupled scholarly networks).

Among the aforementioned scholarly networks perhaps co-authorship net-
works have attracted the greatest deal of research interest, owing to the fact
that co-authorship is one of the most important re ections of research collabora-
tion which is an essential mechanism that joins together distributed knowledge
and expertise into novel discoveries. Furthermore, building the map of sciences is
not only important for sociologists and other scholars to understand researchers'
interaction but for policymakers as well to address sharing resources [158]. Co-
authorship networks have been studied extensively in various ways and from
various perspectives: e.g. the collaboration network determined by the articles
of a certain journal, a speci ¢ country, or a research community that cites a par-
ticular in uential paper or author [M1, M2, 16, 76, 98, 101]. In this chapter,
we investigate the co-authorship network of network scientists as de ned in the
following section.

Keywords co-occurrence networks have also been investigated thoroughly [82,
137, 143]. Keywords of academic articles can provide a concise overview of the
content and the core idea of the body of the papers. In contrast to word clouds,
co-occurrence networks do not only show the frequency of the keywords but also
allow us to discover the relationship between them. Leét al. investigated 6,900
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articles published between 1982 and 2013 which had been indexed using the
keyword ‘complex network(s)' and provided a co-keyword network and a keyword
co-occurrence network analysis [82].

A.3 Preliminaries and data

In this section, we describe how the co-authorship network of network scientists
was constructed, how the examined set of academic publications was chosen and
collected, what data preparation steps were conducted. Moreover, we also present
some useful notions and preliminaries.

A.3.1 Co-authorship network of network scientists

To the best of our knowledge, the co-authorship network of network scientists has
been analyzed only by Newmaset al. [99, 102]. However, their network consists
of 1,589 authors, while this study investigates a much larger network (56,646
vertices and 357,585 edges) spanning a longer time horizon (1998-2019).

We construct the co-authorship network of network scientists as follows. We
consider three ground-breaking papers around the millennium that can be re-
garded as the roots of the rise of network science: the paper of Watts & Stro-
gatz [149] on small-world networks, the work of Barakasi & Albert [15] about
scale-free networks, and the paper of Girvan & Newman [52] that reveals the
community structure of networks.

In this work, we consider a paper as aetwork science papeif it cites at least
one of the three aforementioned pivotal articles (in addition, the three originating
papers are also regarded as network science papers, obviously). Similarly, we call
someone anetwork scientistif (s)he has at least one network science paper. The
previous de nitions of network science paper and network scientists are of course
quite arbitrary. It is important to note that the papers that refer to one of the
three seminal papers are not necessarily about network science and there certainly
exist network science articles that do not refer to any of the aforementioned
pioneering papers. On the other hand, we believe that this concept is a good
proxy for our purposes and it is worth studying. We construct the co-authorship
network of the network scientists where two of them are connected if they have
at least one joint network science paper (see Fig. A.1). In other words, this
network is a one-mode projection onto scientists, from the bipartite network of
scientists and the network science papers they authored. The anonymized data
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of the constructed network is available in the supplementary material [M35].

Figure A.2: Distribution of the cita-
Figure A.1: The co-authorship network tions among the three pioneering pa-
of network scientists colored by com- pers.
munities.

A.3.2 Glossary

De nition 18 (Average path length). A path is a sequence of edges which
connect a sequence of vertices. The distandéu;v) between the verticess and

v is the length (number of edges) of the shortest path connecting them. Tge
average path length of a grap& of sizen is de ned as:

X
=1 7 Gy

De nition 19 (Degree distribution). The degreedeg{v) of a vertexv in a
simple, undirected graph is its number of incident edges. The degree distribution
P is the probability distribution of the degrees over the whole network, il (k)

is the probability that the degree of a randomly chosen vertex is equakto

De nition 20 (Assortativity coe cient). The assortativity coe cient is the
Pearson correlation coe cient of degree between pairs of linked nodes. The as-
sortativity coe cient is given by

P .
ik J k(Q;k q Q<) .
2 )

q

r =
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where the termg, is the mass function of the distribution of the remaining degrees
(degree of the nodes minus one) and and k indicates the remaining degrees.
Furthermore, g refers to the mass function of the joint probability distribution
of the remaining degrees of the two vertices. Finally,g denotes the variance

oE)the remaining degree distribution with mass function i.e. = kg
2
kK
De nition 21 (Local clustering coe cient). The local clustering coe cient

of vertexv is the fraction of pairs of neighbors oW that are connected over all
pairs of neighbors ofv. Formally:

jf(s;t) edges s;t 2 N, and (s;t) 2 Ejg_
deg{)(deg(v) 1) ’

whereN, is the neighborhood of the node i.e. the vertices adjacent tov.
The average (local) clustering coe cient of aG graph is de ned as:

CIoc (V) =

1
C(G) = n Cioc(V);
v2V (G)
wheren is the size of the graph.
De nition 22 (Global clustering coe cient). The global clustering coe cient

C of the graph G is the fraction of closed triplets (paths of length two in G that
are closed) over all of the triplets (paths of length two) iG.

De nition 23 (Betweenness centrality). Betweenness centrality of a node
is given by the expression:

X st(V)

g(v) =

s6v6t st

where ¢ is the total number of shortest paths from node to nodet and (V)
is the number of those paths that pass through

De nition 24 ( h-index). The h-index is an author-level metric de ned as the
maximum value ofh such that the given author has publishédpapers that have
each been cited at leadt times.

De nition 25 (Harmonic centrality). Harmonic centrality of a nodev is the
sum of the reciprocal of the shortest path distances from all other nodesvto
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- X 1 .
H(V) ) ugv d(U;V).

A.3.3 Data collection and preparation

We build our analysis on data collected from the Web of Science bibliographic
database, retrieved on January 2, 2020. The collected data consist of 41,245
rows with multiplicity corresponding to the citing works of the three seminal
articles [15, 52, 149]. For each citing paper we have information on the document
title, publication name, publication type, publisher, publication year, authors'
full name, authors' address, research area, keywords, cited reference count, total
times cited count, page count, abstract, etc.

After the data were collected, various data preparation steps were conducted,
including merging the les, handling missing elds, deleting duplicates, and indi-
cating which of the three seminal papers were cited by the given article. These
preparation steps reduced the dataset to 31,763 unique rows and the citation
pattern of the corresponding articles is shown in Fig. A.2.

The authors are represented by the full name eld of Web of Science, however,
this eld is unfortunately not consistent, the author called John Michael Doe may
appear as Doe, John; John Doe; Doe, J.; Doe, J. M.; Doe, John Michael, and
other variants. To overcome this issue, we created a dictionary that de nes the
name variants that correspond to the same author. Furthermore, we cannot
distinguish between di erent scientists with the same name, this issue is mainly
relevant for Asian authors. However, the error introduced by this problem is
negligible, as also pointed out by Newman [101] and by Baralast al. [16].

A.4 Analysis of network science papers

First, we analyze the enormous number of citing works, i.e. the network science
papers. Fig. A.3 shows the top 10 research areas where the citing works belong,
illustrating the interdisciplinary nature of network science. We can see that the
rst decade was dominated by physics while later computer science took over. It
is also clear from the gure that neuroscience has started to use network science
tools in the last decade. The journals that publish the most network science pa-
pers are also shown in Fig. A.3. Considering the number of publications, Physical
Review E was the leading scienti ¢ forum of network science in the rst half of
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the examined period, while PLOS One and Scienti ¢ Reports emerged in the last
decade. Currently, Physica A can be regarded as the leading journal of network
science in terms of the number of published network science articles.

Figure A.3: Top 10 research areas and journals of network science papers

Fig. A.4 shows the number of collaborating authors per citing works, the most
typical numbers of co-authors in a network science paper are 2 and 3. Almost
one-tenth of the network science papers are sole-authored, M. E. J. Newman has
the highest number of sole-authored network science papers, namely 27. While
the gure shows only up to 15 number of authors, there are a few papers with a
high number of collaborating authors e.g. the paper with the highest number of
authors (387) is a paper of Alzheimer's Disease Neuroimaging Initiative [79]. The
authors of this article emerge as a maximal clique of the co-authorship network
of network scientists as it can be seen in Fig. A.1.

We also investigate the distribution of network science papers written by net-
work scientists. The authors with the highest number of network science papers
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Figure A.4: Histogram of the number of authors per paper (truncated at 15).

together with the citation count of their network science papers are shown in Ta-
ble A.1. Guanrong Chen has the highest number of network science papers, his
research areas are nonlinear systems and complex network dynamics and control.

Table A.1: Top 12 authors with the most network science papers.

Name of author Number of papers Number of citations
Guanrong Chen 167 12,859
Bing-Hong Wang 145 5,341
Tao Zhou 138 9,911
Shlomo Havlin 124 13,377
Jargen Kurths 118 9,249
Eugene H. Stanley 113 10,479
Zhongzhi Zhang 104 2,099
Ying-Cheng Lai 99 5,799
Albert-laszb Baralasi 95 73,937
Luciano da Fontoura Costa 92 2,726
Matjaz Perc 89 8,634
Michael Small 88 2,345

To gain some insights on how the publication patterns vary in network sci-
ence depending on the research area, we show how the distribution of the number
of cited references and the length of the papers di er across research areas (see
Fig. A.5). We can observe that in neuroscience and neurology authors typically
cite a high number of articles while in computer science or engineering the typical
number of cited references is much smaller. Engineering together with telecom-
munications and physics are also the areas with the shortest articles, while it can
also be due to the fact that in those disciplines double-column publication for-
mats are quite typical. It is important to emphasize that these observations are
not necessarily representative of the disciplines in general, only for those papers
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Figure A.5: Boxplots of the number of cited references and length of network
science papers across research areas.

that were de ned as network science papers.

Fig. A.6 depicts separate word clouds of the most frequently used keywords
of network science papers written in the four 5-year-long periods of the last two
decades of network science. We can observe that in the rst half of the examined
period structure related (e.g., scale-free, small-world, topology) and modeling re-
lated keywords (e.g., preferential attachment, evolution, growing network, small-
world model) dominated the study of networks, while in the last decade topics
such as community detection, social network analysis, data-driven research (big
data, data mining, link prediction, machine learning) have become more popular
keywords. In the rst decade of the examined period, the most studied real-world
networks were Internet, peer-to-peer, and protein interaction networks, however,
since 2010 the research has tended to focus on online social networks and brain
networks.

To gain a more comprehensive understanding of the keywords of network sci-
ence papers, we also construct their co-occurrence network. Fig. A.7 and Fig.
A.8 together with Fig. A.6 clearly shows that ‘complex network' is the most
important keyword of the examined set of papers that supports our hypothesis
that our de nition of network science paper was indeed a good proxy of our pur-
poses. We can observe that the keyword 'random graph' often goes together with
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