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1 Motivation

In safety-critical applications guaranteed stability and performance aga-
inst all disturbances and changes in the system’s dynamics are ex-
pected. In the robust control theory of linear time-invariant (LTI)
systems ([16, 17, 6]) the notion of uncertain system has been intro-
duced. An uncertain system is defined by a set of unknown systems
with bounded H∞ norm. For the closed-loop system consisting of the
uncertain system and a controller, performance inputs (disturbances,
reference signals) and performance outputs are defined. The system is
robust stable (RS) if it is stable for every element of the set. Robust
performance is the largest (worst-case) gain of the uncertain system.

The uncertain system can be described by the feedback intercon-
nection of a nominal model and an unknown system. The unknown
system can be unstructured consisting of a full LTI system matrix, or a
structured block-diagonal matrix where each block can be LTI or linear
time-varying (LTV) system or constant parameter matrix. The more
details of the real plant can be taken into account the smaller can be
the resulting model set and so the conservatism of the controller.

Usually, the structured uncertainty model is constructed based on
physical considerations. The sizes of disturbances and uncertainty
blocks are characterized by frequency-dependent weighting functions.
Their choice strongly influences the robustness of the designed system,
since too small weights may lead to instability or too large ones lead
to poor performance. Weighting functions can be invalidated based on
measurement data ([11, 13, 3]), but these validation methods does not
provide how-to guide for weighting function selection.

The design of weighting functions involves much experimenting and
heuristic solutions based on deep engineering insight. There does not
exist a method that automatically designs structured uncertainty mod-
els based on measurement data and that improves robust performance
by taking the performance specifications into account.

For this problem, a solution is proposed in the theses.
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Figure 1: Robust control problem formulation

2 Basic notions and applied methods

The thesis and the underlying work is built upon the following methods
and tools from systems and control theory. Throughout this document
the systems have multiple inputs and multiple outputs, the signals are
vector valued, but dimensions are not marked for clarity of notation.

The largest singular value of a matrix A is denoted by σ̄(A). The
block-diagonal matrix containing the matrices A1, A2, ... An is de-
noted by diag{A1, A2, ..., An}. R and C denote the set of real and
complex numbers, respectively. R is the field of real rational trans-
fer functions. Set RL∞ contains transfer functions H ∈ R, where
‖H‖∞ := supω∈R∪∞ σ̄(H(jω)) < ∞ is satisfied. A subspace of this is
RH∞, the set of transfer function analytic on the open right half plane.
L2 denotes the space of finite energy signals f : jR 7→ C, where the
norm is defined by ‖f‖2 :=

∫ ∞

−∞
f(jω)∗f(jω)dω.

2.1 Structured singular value

In robust control theory the uncertain controlled system shown in Fig-
ure 1 is considered. Unknown or neglected dynamics is denoted by
∆ and belongs to set S∆u

:= {∆ ∈ RH∞ | ∆ = diag{∆1, . . . ,∆τ}},
which consists of structured block-diagonal, stable and real-rational
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transfer matrices. System G contains the nominal model of the sys-
tem, its interconnection structure, uncertainty weighting functions de-
scribing the size and shape of the uncertainty and weighting functions
specifying performance. K denotes an LTI controller, zp is the per-
formance output of the closed loop, wp is the performance input (dis-
turbances, reference signals, etc.). Let the system containing the gen-

eralized plant and the controller be denoted by M =

[

M11 M12

M21 M22

]

,

which can be written as a lower linear fractional transformation M =
FL(G, K) := G11 +G12K(I −G22K)−1G21, where G is partitioned ac-
cordingly. The uncertain controlled system is denoted by FU (M, ∆) :=
M22 + M21∆(I − M11∆)−1M12.

Robust stability and performance of the system in Figure 1 can be
analyzed by structured singular value µ. In each frequency, function
µ∆(M11) : RH∞ 7→ R maps M11(jω) into a real number. The inverse
of this number is the norm of the smallest destabilizing structured un-
certainty.1 If uncertainty ∆ ∈ S∆u

satisfies ‖∆‖∞ ≤ β−1, then the
system in Figure 1 is robust stable if and only if µ∆(M11) < β. Robust
performance can be analyzed wit the help of a generalized stability test:
for all uncertainty ∆ ∈ S∆u

satisfying ‖∆‖∞ ≤ β−1 the robust perfor-
mance is bounded as ‖FU (M, ∆)‖∞ ≤ β if and only if µ∆a

(M(jω)) < β
for all ω, where ∆a = diag{∆, ∆p}, and ∆p ∈ RH∞ : zp 7−→ wp is a
fictive uncertainty block.

The computation of µ is NP-hard, in general, for this reason an
upper-bound is calculated:

µ∆a
(M(jω))) ≤ inf

DL,DR

σ̄(DL(jω)M(jω)DR(jω)−1),

where block-diagonal matrices DL, DR satisfy D−1
L ∆aDR = ∆a. In

controller synthesis problems σ̄(DLMD−1
R ) is minimized in scaling ma-

trices DL, DR and controller K. This problem is usually solved by the
so-named D-K iteration [17].

The level of robust performance (β) and the size of the uncertainty
(β−1) can be specified separately with the help of the function skew µ

1As a generalization of Small Gain Theorem it can be stated that a sufficient

condition of RS is that µ∆(M11)σ̄(∆) < 1, ∀ω.
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which has been applied in analysis problems ([4, 5, 8]). For all uncer-
tainty ∆ ∈ S∆u

with ‖∆‖∞ ≤ 1 robust performance is satisfied with
‖FU (M, ∆)‖∞ ≤ γ if and only if µ∆a

(M(jω)diag{γIwu
, Iwp

}) < γ for
all ω.

2.2 Checking consistency of structured uncertainty

models in frequency-domain
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Figure 2: Uncertain system

Assume that the unknown system T : u 7→ y is modelled by the
system in Figure 2. The unknown dynamics and the disturbances are
normalized by weighting functions W∆ = diag{W∆,1I, ..., W∆,τI} and
Wd = diag{Wd,1, ..., Wd,nd

}, respectively. The input and output of
the model are denoted by u and ŷ. Assume that measurement data
(u(jωk), y(jωk)) are given in discrete frequency points ωk. The un-
certain model is consistent with the data, if there exists a ∆ ∈ S∆u

,
‖∆‖∞ ≤ 1 and a d ∈ L2, ‖d‖2 ≤ 1 that ŷ(jωk) = y(jωk) is satisfied
[13, 9]. A sufficient condition of this is the existence of a parameter
θk ∈ C parameterizing the subspace of variables wu0 and d0 that solve
ŷ(jωk) = y(jωk) such that

|W∆,i(jωk)| ≥
|wu0,i(jωk, θk)|

|zu,i(jωk, θk)|
, i = 1, . . . , τ (1)

|Wd,i(jωk)| ≥ |d0,i(jωk, θk)|, i = 1, . . . , nd (2)

is satisfied.
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2.3 Analysis and synthesis using integral quadratic

constraints

The integral quadratic constraints are general forms for characterizing
uncertainty, stability and performance of (possibly nonlinear) systems.
An IQC is an inequality of the form Σ(x) ≥ 0, where Σ(x) is an integral
quadratic function that can be defined in the frequency-domain as

Σ(x) =
1

2π

∫ ∞

−∞

x(jω)∗Π(jω)x(jω)dω

via a measurable Hermitian bounded mapping Π called multiplier :
Π(jω) ∈ Cnx×nx , ‖Π(jω)‖ ≤ c, where c is a constant, and x ∈ L2.
For example the following abstract performance theorem is considered.

Theorem: (An abstract performance characterization) Given
an uncertainty set S∆, an integral quadratic function Σ(x) with multi-
plier Π(jω) and a performance specification

Σp

([

wp

zp

])

≤ −ǫ‖wp‖
2
2 for all wp ∈ L2, (3)

where Σp is an arbitrary mapping Σp : L2 7→ R satisfying Σp

([

0
zp

])

≥

0. Suppose that all ∆ ∈ S∆ in Figure 1 satisfy the IQC

Σ

([

wu

zu

])

≥ 0 (4)

Suppose there exists an ǫ > 0 such that

Σ

([

wu

zu

])

+ Σp

([

wp

zp

])

≤ −ǫ
(

‖wu‖
2
2 + ‖wp‖

2
2

)

(5)

for all wu, wp ∈ L2. Then I − Mu∆ has a causal inverse whose L2-
gain is bounded uniformly for ∆ ∈ S∆ (uniform robust stability) and
uncertain system FU (M, ∆) satisfies the performance criterion (3).

When uncertainty set S∆ is given, robust performance can be tested
by 1.) trying to find as many IQCs (characterized by Π) as possible
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which satisfy (4) for all ∆ ∈ S∆, then 2) finding one among these IQCs
that also satisfies (5).

When ∆ is an on-line measurable LTV parameter matrix and model
G is an LTI system, then the feedback interconnection of ∆ and G is
said to be an LPV system with linear fractional dependence on the
scheduling parameters (LFT-LPV). If the controller also has an LFT-
LPV form, the synthesis problem lead to the solution of linear matrix
inequalities (LMIs) [12, 1, 2, 15].

3 New scientific results

THESIS 1

Structured uncertainty modelling and robust control

design for LTI systems

The goal is to elaborate an algorithm that provides the weighting func-
tions (W∆ and Wd) in Figure 2 so that the uncertainty model is consis-
tent with measurement data and the controller designed based on this
model achieves as good performance as possible on the real system.

Since the weighting functions of the uncertainty are not fixed, we
have to define the notion of performance. According to the robust con-
trol theory, the performance is defined as the H∞-norm of the system
wp 7→ zp. In the present problem, performance channel wp 7→ zp can
be altered through weighting funtion Wd of the disturbances: in this
way the performance criterion is not a predefined and fixed criterion.

We assume that true system T

y = T (d̄, u), T ∈ ST , d̄ ∈ Sd̄ ⊂ L2 (6)

is stable and its input-output data (u, y) can be described in every
finite experiment by model U in Figure 2. Physical disturbances d̄ and
true system T belong to bounded sets Sd̄ and ST , respectively. By
placing the system into the closed-loop configuration and augmenting
it to generalized plant GT , we can define performance output z̄p and,
in this way, the performance of the controlled system can be defined as
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follows

γ̄(K) := sup
T ∈ST ,d̄∈Sd̄,r̄∈BL2

‖z̄p‖2, z̄p = FL(GT , K)(d̄, r̄), (7)

i.e. the performance is the worst-case value of ‖z̄p‖2 that can be ob-
tained for all possible physical disturbances and changes in the system’s
dynamics. The RP criterion can be formulated also based on the model:

γ̄s(K, W ) := sup
wp∈BL2,∆∈BS∆u

‖zp‖2 = ‖FL(FU (G0W, ∆), K)‖∞,

where W = diag{W∆, Wd, I}, G = G0W and FL(FU (G0W, ∆), K) is
the transfer function of the uncertain closed-loop. The following lemma
establishes the connection between the two criteria

Lemma: (an upper bound) If W is consistent with the data of all
experiments with controller K, then γ̄s(K, W ) ≥ γ̄(K).

The lemma suggests the use of closed-loop data to find a consistent
model with weighting function W that minimizes robust performance
criterion γ̄s(K, W ). The consistency condition of the lemma cannot
be guaranteed without a priori information on the system. This is
true, anyway, in every validation problems: a future experiment can
always invalidate the model. The tuning of the weighting functions
is an optimization problem subject to consistency constraints, which
can be connected to the control synthesis algorithm, thus, we arrive
at the proposed D-K-W iteration method as an extension of the D-K
iteration. This extension, however, requires the modification of both
the search for scalings (D) and the control design (K) steps when the
control design is performed in accordance with the actual modelling
condition ‖∆‖∞ ≤ 1. In this case the optimization criterion must be
scaled by diag{γI, I}, which results in a skew µ synthesis problem.

When the D-K-W iteration method is placed in an outer iteration
loop where closed-loop experiments are performed with the designed
controller, then we arrive at the algorithm proposed in the first thesis:
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Algorithm 1.

A. Initialization

B. D-K-W iteration

1) Scaled H∞ controller synthesis (K)

2) Optimization of uncertainty model (W )

3) Skew µ analysis by finding scalings (D)

C. Closed-loop experiments

D. Update of the uncertainty model

When the skew µ criterion is applied, the following theorem can be
stated from which the important properties of the proposed algorithm
follow.

Theorem: Given experimental data set denoted by EN . Based on these
data a controller KN and a consistent model characterized by weighting
functions WN are designed by using the D-K-W iteration algorithm.
The guaranteed performance level skew µ is γ̄s(K

N ). A new experiment
is performed with controller KN on the true system. The gathered data
set is EN+1, and the realized performance γ̄N+1

s := ‖z̄p,N+1‖2. Then,
the following implications hold.

1. WN is consistent with EN+1 =⇒ γ̄N+1
s ≤ γ̄s(K

N )

2. γ̄N+1
s > γ̄s(K

N) =⇒ WN is not consistent with EN+1.

The first implication expresses that if a new experiment does not fal-
sify the model with W (ΘN), then the performance of the control is, as
expected, below the guaranteed level γ̄s(K

N). The second implication
states that if the realized performance in the new experiment exceeds
the guaranteed level, then the model is necessarily falsified, which leads
to the continuation of the algorithm, increasing the uncertainty set and
so improving robust performance of the controller.

The theorem implies, furthermore, that data from unstable or bad
performing closed-loop system can be utilized for improving the model.
It is assumed that instability can be detected by monitoring some vari-
ables, in which case the possibly destabilizing controller can be switched
off and a known stabilizing controller or control input can be switched
on. The experiments with unstable systems show necessarily weaker
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performance as compared to the guaranteed performance level, for this
reason the model is invalidated and the algorithm continues with in-
creased uncertainty weighting functions.

The contribution can be summarized in the following thesis:

Thesis 1

An iterative algorithm has been elaborated for LTI models with the
aim of shaping structured uncertainty models and designing robust con-
trollers based on measurement data. The algorithm handles unstable ex-
periments ensuring safe improvement of guaranteed robust performance
on the true, unknown system. For additive uncertainty structures, the
algorithm is formulated as a series of LMI problems. The steps of skew
µ synthesis has been elaborated as part of the algorithm. It has been
proved that performance degradation beyond the guaranteed level im-
plies falsification of the actual model, which forces the continuation of
the algorithm.

Own publications related to thesis 1: [RB05b, RB06b, RB06a,
RGSB08, Röd09, RBar, RG10]. Details of the thesis are presented in
Chapter 4 of the dissertation.

THESIS 2

Structured uncertainty modelling and robust control

design for LPV systems

A wide class of nonlinear systems can be approximated by LPV mod-
els, which facilitates the application of LPV control theory guarantee-
ing stability and performance for nonlinear systems. In the last two
decades, more and more LPV applications have been emerged mainly
in the vehicle industry (see e.g. [7, 10, 14]). The heuristic design of
the uncertainty weighting functions came, however, more difficult, as
compared to the LTI case, due to the extra design work related to the
LTV scheduling parameters. For this reason, the automatic optimiza-
tion of weighting functions subject to consistency constraints may be
more useful in case of LPV models.
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LPV systems cannot be represented in the frequency-domain. It
would be obvious to define consistency constraints in the time-domain,
but this would imply handling variables and matrices of dimensions
about the data length. As a consequence, only very short experiments
could be utilized due to the computational burden. The advantage of
frequency-domain consistency conditions (1)-(2) is that the test con-
sists of a series of small complexity problems where nominal model
U23 does not play a role. Due to the latter property it is possible
to apply the frequency-domain consistency conditions to LPV models,
provided the uncertainty model (Uij , ij 6= 23) does not depend on the
scheduling parameters. The frequency-domain tuning of the weighting
functions has a further precondition: the existence of the RP criterion
in the frequency-domain. It can be shown that RP condition (5) can
be rewritten in the frequency-domain also for LFT LPV systems.

The developed method for designing weighting functions and robust
LPV controllers is summarized by the following algorithm

Algorithm 2.

A. Initialization

B. D-K-W iteration

1) LPV controller synthesis (K)

2) Optimization of uncertainty model (W )

3) Skew µ analysis by finding scalings (D)

C. Closed-loop experiments

D. Update of the uncertainty model

The control design step can be performed in the time-domain by
Scherer’s method [12]. The tuning of the weighting functions and scal-
ings are carried out in the frequency-domain. In order the lammas and
theorems of Chapter 3 to be valid also for Algorithm 2, the multipliers
of the IQCs has to be parameterized according to the skew µ criterion.

The contribution can be summarized in the following thesis:

Thesis 2

An iterative uncertainty modelling and robust control design algorithm
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is elaborated for LPV models with LFT dependence on scheduling pa-
rameters, structured dynamic uncertainty and disturbances. Based on
time- and frequency-domain IQCs, guaranteed robust quadratic perfor-
mance level is minimized by searching for an unfalsified uncertainty
model and a robust LPV controller. For additive uncertainty struc-
tures, the algorithm is formulated as a series of LMI problems. Due
to the advantageous properties of the algorithm, unstable experiments
are handled and improvement of guaranteed robust performance on the
true, unknown system is ensured.

Own publications related to thesis 2:
[RLB07, MKD+09, RGB09]. Details of the thesis are presented in
Chapter 5 of the dissertation.

THESIS 3

Emergency steering of heavy trucks by front wheel

braking

The goal of the research was to analyze the steering quality of the
brake system of heavy trucks2. This problem may arise when the driver
becomes incapable of controlling the vehicle due to some lipothymy or
drowsiness, and the only available tool for automatic intervention is
the electronic brake system which can be made suitable for steering by
software modification.

The steering capability of the brake system is limited, for this reason
the controller is designed for normal driving situations (lateral acceler-
ation < 4.2 m

s2 ) and dry asphalt. The vehicle is assumed to be equipped
with some navigation and path planning system providing yaw-rate
reference for the steering controller.

Beside the good tracking performance, the control objective includes
the minimization of control effort as well in order to spare the brake-
lining. Based on experiments on a loaded MAN truck we have con-

2The control problem presented in Thesis 3 motivated the research problems of

Thesis 1 and 2. Given a highly complex dynamic system. The goal is to design

a robust controller based on an identified low order nominal model. The question

is that how to distribute the nominal model error among components of dynamic

uncertainty and disturbances.
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cluded that neither the heavy individual braking of a rear wheel nor of
a front wheel (in case of fixed handwheel/steering angle) had significant
effect on the yaw dynamics of the vehicle. Conversely, braking one of
the front wheels with released handwheel, small (10%) brake pressure
is sufficient to turn the steering system, and the vehicle can be well
steered in a wide range of velocity.

In order to reduce implementation costs a low order linear con-
troller is designed based on a simple nominal model. The model has
to approximate the yaw-, steering- and wheel dynamics of the vehi-
cle with sufficient accuracy in the specific control problem. Because
of the presence of neglected dynamics, unknown physical parameters
and strict safety requirements, the H∞/µ control synthesis method is
chosen. The designed controller is tested on a high-fidelity simulation
program.

The design method proposed for the above problem can be summa-
rized in the following thesis:

Thesis 3

A control strategy, including the process of modelling, identification and
control design, is elaborated for steering a vehicle by using the electronic
brake system. The design involves the following steps:

I. Velocity scheduled linear model construction

1. Physically parameterized continuous-time state-space models are
derived describing yaw dynamics, steering system and wheel
dynamics

2. A structure estimation and model reduction method is devel-
oped which is based on physical considerations on model reduc-
tion, parameter identification and pole analysis of models with
frozen velocity

II. Robust control design

1. By using linear matrix-inequalities, unfalsified uncertainty mod-
els are parameterized in a numerically tractable simple struc-
ture involving multiplicative dynamic perturbation and additive
disturbance

12



2. Robust performance bound is minimized iteratively based on µ
synthesis and shaping of uncertainty weighting functions

It is shown that 1.) the individual braking of the front wheels alone pro-
vide satisfactory steering performance in normal driving conditions with
relatively low, applicable braking effort and 2.) the elaborated control
design method leads to improved robust control performance compared
to pure µ synthesis.

Own publications related to thesis 3: [Röd03, RB04b, RB04a,
RB05b, RB05a, Röd07, RGSB08, Röd09, RBar, RGB10]. Details of
the thesis are presented in Chapter 6 of the dissertation.

Publications related directly to the theses

[MKD+09] A. Marcos, M. Kerr, G. De Zaiacomo, L.F. Penín, Z. Sza-
bó, G. Rödönyi, and J. Bokor. Application of LPV/LFT
modeling and data-based validation to a re-entry vehicle.
In AIAA Guidance, Navigation and Control Conference,
Chicago, US, 2009.

[RB04a] G. Rödönyi and J. Bokor. Identification of LPV steering
models of a truck. 5th International PhD Workshop on
Systems and Control, a Young Generation Viewpoint, Ba-
latonfüred, Hungary, ISBN 963 311 359 8, page on CD,
2004.

[RB04b] G. Rödönyi and J. Bokor. Identification of LPV vehi-
cle models for steering control involving asymmetric front
wheel braking. 6th IFAC Symposium on Nonlinear Control
Systems, NOLCOS-2004, Stuttgart, Germany, pages 663–
668, 2004.

[RB05a] G. Rödönyi and J. Bokor. Identification of an LPV ve-
hicle model based on experimental data for brake-steering
control. 16th IFAC World Congress, Prague, page on CD,
2005.
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[RB05b] G. Rödönyi and J. Bokor. Uncertainty identification for a
nominal LPV vehicle model based on experimental data.
44th IEEE Conference on Decision and Control and Eu-
ropean Control Conference CDC-ECC’05, Seville, Spain,
pages 2682–2687, 2005.

[RB06a] G. Rödönyi and J. Bokor. Integrated uncertainty model
identification and robust control synthesis for linear time-
invariant systems. 14th Mediterranean Conference on Con-
trol and Automation, Ancona, Italy, pages WM4–6, 2006.

[RB06b] G. Rödönyi and J. Bokor. A joint structured complex un-
certainty identification and mu-synthesis algorithm. Pro-
ceedings of the 2006 IEEE Conference on Control Applica-
tions, Munich, Germany, pages 2927–2932, 2006.

[RBar] G. Rödönyi and J. Bokor. Uncertainty remodeling for ro-
bust control of linear time-invariant plants. Periodica Po-
litechnica, Elect. Eng, to appear.

[Röd03] G. Rödönyi. Vehicle models for steering control. Techni-
cal report, System and Control Laboratory, Computer and
Automation Research Institute, SCL-4-2003, 2003.

[Röd07] G. Rödönyi. A dynamic model of a heavy truck. Techni-
cal report, System and Control Laboratory, Computer and
Automation Research Institute, SCL-1-2007, 2007.

[Röd09] G. Rödönyi. Iterative design of uncertainty model and ro-
bust controller based on experiment data. European Control
Conference, ECC’09, Budapest, Hungary, pages 802–807,
2009.

[RG10] G. Rödönyi and P. Gáspár. Iterative design of structured
uncertainty models and robust controllers based on closed-
loop data. Accepted in IET Control Theory and Applica-
tions, 2010.
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[RGB09] G. Rödönyi, P. Gáspár, and J. Bokor. Robust LPV con-
troller synthesis with uncertainty modelling. 17th Mediter-
ranean Conference on Control and Automation, Thessa-
loniki, Greece, pages 815–820, 2009.

[RGB10] G. Rödönyi, P. Gáspár, and J. Bokor. The emergency steer-
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International Journal of Heavy Vehicle Systems, 2010.
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[ECR+06b] B. Erdélyi, B. Csákány, G. Rödönyi, A. Soumelidis, Zs.
Lang, and J. Németh. A könnyfilm dinamika vizsgálata
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[FSP+05] Z. Fazekas, A. Soumelidis, T. Péni, G. Rödönyi, and
J. Bokor. An inexpensive indoor self-positioning system
for mobile platforms with web-camera. Joint Hungarian-
Austrian Conference on Image Processing and Pattern
Recognition, Veszprém, Hungary, pages 33–40, 2005.
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