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Jármű és Járműiránýıtási Tudásközpontnak és a Nemzeti Kutatási és Technológiai

Hivatalnak (OTKA K71762) a kutatás támogatását.
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Összefoglaló

A járműiparban jelenlévő kiélezett verseny és a mechatronikai rendszerek gyors

fejlődése továbbra is ösztönzi a modern gépjárművekben alkalmazott megoldások

fejlesztését. Az új kényelmi és biztonsági funkciók bevezetése a kormányrendszerek

esetében is megfigyelhető. A legújabb, változó áttételű kormányrendszer megoldások

a jelenlegi évtizedben kerültek piaci bevezetésre, és a ThyssenKrupp Presta

Steering is belekezdett egy ilyen kormányrendszer, az ún. SIA kormányrendszer

kifejlesztésébe. A disszertáció a SIA kormányrendszer iránýıtását megvalóśıtó

szabályozási algoritmus kifejlesztése során elvégzett kutatómunka eredményeit

összegzi.

A SIA kormányrendszer rendszertechnikai tulajdonságainak általánośıthatósága

egy rendszerosztály bevezetését sugallta. A disszertáció első téziscsoportja a rendsze-

rosztályba tartozó rendszerek dinamikai modellezésére ad általános eredményeket,

mg a második téziscsoport ezeknek a rendszereknek az iránýıthatóságát és megfi-

gyelhetőségét vizsgálja, mégpedig abban a megközeĺıtésben, hogy alsó korlátot ad

a független beavatkozók ill. poźıció érzékelők számára a rendszerosztályba tartozó

iránýıtható ill. megfigyelhető, aluliránýıtott rendszerek esetén.

A disszertáció második fele alkalmazás specifikus. A fenti eredmények alapján

a SIA kormányrendszer alkotóelemeit tartalmazó mechanikai rendszerek dinamikai

modelljei kerülnek feĺırásra, megtörténik az ismeretlen modellparaméterek iden-

tifikációja, majd a steer-by-wire működést virtuálisan megvalóśıtó szétcsatoló

szabályozások kerülnek bemutatásra. A zárt szabályozási kör viselkedését sz-

imulációs és mérési eredmények szemléltetik. Ezeket az alkalmazás specifikus

eredményeket a harmadik téziscsoport tartalmazza.
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Abstract

The intense competition in the automobile industry and the rapid development of

mechatronic systems still implies the further improvement of many components in

the modern car. The introduction of new convenience and safety functions could be

observed also in the steering system. The newest solutions are the so-called variable

gear ratio steering systems that have just in the recent decade been available on the

market. ThyssenKrupp Presta Steering has also started to develop such a steering

system and this dissertation summarizes the results of the research work that was

motivated by the need of the development of a control algorithm for that steering

system.

The objectives of the dissertation are twofold. The analysis of the SIA steering

system of ThyssenKrupp Presta AG suggested the introduction of a system class.

The first thesis group in the dissertation gives general results about the mathemati-

cal modeling of the dynamics of systems belonging to the defined system class. The

second thesis group analyses their controllability and observability properties in a

special way and gives lower bounds for the number of independent torque actua-

tors and position sensors in controllable and observable underactuated mechanical

systems from the system class, respectively.

The second half of the dissertation is more application oriented where mechanical

systems including the components of the SIA steering system are considered. Based

on the presented results about the mathematical modeling of mechanical systems

with special properties, their dynamical models are given, the model parameters are

identified and noninteracting control laws are developed for the accomplishment of

a virtually steer-by-wire operation of the steering system. The closed-loop perfor-

mance is analyzed with simulation studies and measurements. These application

oriented results are summarized in the third thesis group.
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Chapter 1

Introduction

Since Karl Benz’s application for the German patent of the “Motorwagen” [1] on

29th January 1886, automobiles have undergone a radical change. The vehicle of the

German mechanical engineer (see Fig. 1.1, source: http://www.museum-mercedes-

benz.com/, accessed on 4th February 2009) is considered to be the world’s first

gasoline-engined automobile. He unveiled it at the first public drive in Mannheim,

Germany, on 3rd July 1886. From that moment, a persistent and accelerating im-

provement can generally be observed in the automotive industry. The achievements

of control engineering that developed rapidly from World War II onwards also paved

the way to the modern automobile.

Today’s car has been created by over 100,000 patents according to the estimation

in [2]. The step by step advances are noticeable in all parts of an automobile

including the steering system. Observe in Fig. 1.1 that Karl Benz designed his first

car as a three-wheeler because he was not satisfied with the steering systems available

for four-wheeled vehicles back in 1886. During the initial period the mechanical

construction of steering systems was improved but afterwards also servomechanisms

were introduced to reduce the steering effort required from the driver.

According to [3], the United States Patent Office recorded the earliest known

patent related to power steering on 30th August 1932. It was filed by Francis W.

Davis, from Belmont, MA. [4]. Also Charles F. Hammond (American extraction,

born in Detroit) filed similar patents and he is credited with the invention of power

steering too. The Canadian Intellectual Property Office recorded his first patent of

power steering [5] on 16th February 1954. The article [3] also reports that the first

commercially available power steering system was introduced by Chrysler Corpora-

tion on the 1951 Chrysler Imperial under the name Hydraguide.

1
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Figure 1.1: The Benz patent motor car

By today, power steering systems have spread in automotive industry because

numerous factors (such as greater vehicle mass and wider tires) increase the re-

quired steering effort. The traditional power steering systems are hydraulic systems

equipped with an engine-driven pump and are called hydraulic power assisted steer-

ing systems (HPAS). Newer solutions provide the hydraulic pressure with the help of

a pump that is driven by an electric motor. These systems are called electro-hydraulic

power assisted steering systems (EHPAS). The major advantage of EHPAS systems

over the conventional hydraulic systems is that the direct influence on the hydraulic

pressure enables a more sophisticated assist strategy. Obviously, the direct use of an

electric motor coupled to the rack or to the steering column allows an even more flex-

ible assistance. Another distinct advantage of these so-called electric power assisted

steering systems (EPAS) lies in their fuel efficiency. HPAS and EHPAS systems

both have to maintain a pressure in the hydraulics constantly but EPAS systems

consume energy only during power assistance. On the other hand, EPAS systems
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increase the energy demand from the electrical network of the car and therefore

the size of vehicles where they can be used is limited. The possibilities provided

by EPAS systems enable the implementation of many unprecedented features such

as variable assistance depending on the driving conditions (such as steering angle,

steering angle velocity, speed and acceleration of the vehicle and each wheel and yaw

rate) or the choice between different boost curves with the aim of optimizing the

assist force depending on driving situation. With appropriate control algorithms,

several novel functionalities can be achieved on EPAS systems e.g. the compensation

of the effects of side-wind forces on the vehicle or park assist. All these features offer

more and more comfort, security, and convenience for the driver but EPAS systems

are also lighter and easier to package and install than the hydraulic alternatives.

One example for the feedback control of an EPAS steering system is presented in [6]

where the assist torque is determined by a two-degree-of-freedom control law.

The intense competition in today’s automobile industry enforces a continuous

expansion of functionalities. The demand for such a development motivated our

research.

1.1 Motivation

The above part drafted some benefits of EPAS systems, as opposed to HPAS and EH-

PAS systems. Nonetheless, logistical benefits can be still further increased allowing

actuation independently of the driver. Steer-by-wire steering systems are the most

common representatives of this freest type of steering assistance. In steer-by-wire

steering systems, both of the steering wheel and the rack can move independently,

both of them introduce one degree of freedom. Nevertheless, the critical role of the

steering system in road vehicles is to make us appreciate that solutions are preferred

where the mechanical link between the steering wheel and the rack is maintained

to ensure system safety. Consequently, a solution is required where the degrees of

freedom of the complete steering system is increased, however, the mechanical link

between the components is preserved.

As we will see in Chapter 2, such steering systems are already available on the

market where a planetary gear with two input shafts and one output shaft was

added. One input shaft is linked to the steering column of a HPAS system, while

the other engages with an additional electric motor. These steering systems are

designed to make it possible to change the steering angle in addition to the angular
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position determined by the steering wheel with an extra steering angle generated

by the electric motor, if necessary. In other words, the complete system is able to

modify the steering kinematics, increasing or reducing the effective steering angle

on the wheels, and to provide the correct steering ratio for the respective driving

situation.

These variable ratio steering systems can make the vehicle more agile at low speed

and more stable at high speeds and they also can virtually eliminate other trade-offs

to the base steering performance such as lash, returnability, and on-center feel. On

traditional fixed ratio steering systems, steering ratios are always a compromise: the

low-speed yaw gain must be compromised by the stability requirements at higher

speeds. For example in city driving, a direct steering ratio is needed to make vehicles

more maneuverable and reduce the turning of the steering wheel required at low

speeds, especially in hand-over-hand parking maneuvres. In high-speed situations,

however, a less direct steering ratio can provide a sportier feel for driving enjoyment

and better control on the highway with improved directional stability. Earlier active

stability control systems used braking interventions, but on cars with active steering,

the active stability control systems can intervene on the steering system first and

braking interventions can be restricted only to higher instability thresholds. That

means less frequent brake interventions and so greater driving comfort.

For the case of a failure in the electronic control unit (ECU) or in the control

motor, the path between the steering wheel and the steered road wheels can be

blocked mechanically and the steering system will operate like a traditional constant

gear ratio steering system with mechanical action on the wheels.

One of the most important producer of steering systems, namely ThyssenKrupp

Presta also took the decision to develop a similar system. From different possible

mechanical setups, they chose one where the additional degree of freedom was in-

troduced with the use of a harmonic drive unit. Its most important advantages over

planetary gears are the compact size, the light weight, the almost zero backlash, and

the high reduction ratio with single stage. In contrast to the variable ratio steering

systems based on HPAS systems, the base of ThyssenKrupp’s steering system is an

EPAS system that makes it possible to apply forces determined by a sophisticated

control algorithm on both the additional electric motor as well as on the rack servo

motor. For this reason a practical goal of our research is the achievement of the

decoupling control for this steering system in order to decouple the steering wheel

from the rack (with the steered road wheels) and thus the full realization of a virtual
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steer-by-wire steering system.

1.2 Objective of the Thesis

This thesis describes the research work towards the accomplishment of the decou-

pling control for SIA steering system of ThyssenKrupp Presta Steering in order to

obtain a virtual steer-by-wire steering system with the maintenance of the mechan-

ical link that can provide system safety if the control system collapses because of a

system failure.

The special properties of the SIA steering system suggest the introduction of a

system class. With the analysis of this system class, more general results can be

obtained with regard to modeling aspects and modified system attributes such as

controllability and observability. One of the objectives of the dissertation is the study

of this system class. The first thesis group considers the modeling of systems from

this system class and the second thesis group yields economically interesting results

about the minimal number of actuators and sensors in controllable and observable

underactuated mechanical systems.

The other objective is the development of control algorithms that can achieve a

virtual steer-by-wire operation on the SIA steering system. For this purpose, the

more general results are used, that were given about the system class, which the

most important unit of the SIA steering system belongs to. The noninteracting

control algorithms are determined with different methods.

1.3 Organization of the Thesis

The next chapter addresses the state of the art of variable ratio steering systems.

After the overview about the history of this new technology, it presents their con-

trol concept. Chapter 3 presents the properties of the variable gear ratio steering

system of ThyssenKrupp Presta Steering, which are important for the ensuing dis-

cussions. After a detailed summary about kinematic constraints, Chapter 4 presents

methods for the dynamical modeling of constrained mechanical systems. We define

a system class there, which plays a key role in the later discussion about the SIA

system. The modeling of systems belonging to this system class is presented there

and constraint forces are analyzed. In Chapter 5, the controllability and observ-

ability of underactuated mechanical systems are analyzed. Lower bounds are given
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for the number of independent actuators and sensors such that the underactuated

mechanical system with special assumptions are still controllable and observable,

respectively. Chapter 6 delivers the dynamical models and the decoupling control

laws for three mechanical systems similar to the SIA steering system. The first

system is a harmonic-drive system. It will be augmented with a spring afterwards.

Finally, the complete SIA steering system is considered including universal joints

that introduce nonlinearities. The last chapter is a conclusion including discussion

about future work.



Chapter 2

State of the Art

The first section of this chapter provides an overview of the history of variable ratio

steering systems. After this overview, we will see the control concept of such steering

systems available on the market. As these available steering systems can provide

similar functions, we will analyze one representative of them.

2.1 The History of Variable Gear Ratio Steering

Systems

The first commercially available variable ratio steering system came onto the mar-

ket in the recent decade but series of patents and papers about such setups and

applications were present already in the ’90s.

The first mass-produced variable ratio steering system was offered by Honda

Motor Co., Ltd. in the sport car Honda S2000 Type-V. The prototype of the model

Honda S2000 was introduced at Honda’s 50th Anniversary Ceremony in September

1998 but they introduced the model Type-V equipped with the so called Variable

Gear ratio Steering (VGS) only in July 2000, for the Japanese market. The inventors

in the patents related to VGS of Honda are Shimizu et al. [7–11]. The setup includes

a planetary gear to change virtually the steering gear ratio according to the actual

vehicle conditions. They also developed methods to determine the appropriate gear

ratio value (see for example in [12]).

Not only Honda Motor Co., Ltd. but also many other companies, interested in

the development of more intelligent steering systems, make active research in this

field. In August 2002, Toyoda Machine Works, Ltd. began the mass production of

electronically controlled variable gear ratio (E-VGR) steering systems and they also

7
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filed several patents (e.g. [13, 14]). Since the fusion of Koyo Seiko and Toyoda Ma-

chine Works on 1st January 2006, they offer their products as JTEKT Corporation.

The E-VGR system has been mounted into LX and GS models of Lexus since August

2002 and December 2004, respectively, and also functioned as the Active Frontsteer

System of the Vehicle Dynamics Integrated Management System (VDIM) in some

Toyota and Lexus models. Meanwhile the E-VGR system also has been improved

for a less noisy operation.

In Europe, ZF Lenksysteme GmbH – a 50-50 joint venture between Robert Bosch

GmbH and ZF Friedrichshafen AG – and BMW worked together to develop a vari-

able gear ratio steering system and introduced it in the BMW’s 5-series in 2003.

Their development is called Active Front Steering (AFS) and some of the related

patents are [15–18]. The AFS systems is offered in models of the 1-, 3-, 5-, and 6-

series as well as in the models X5 and X6. In the technology overview of the ensuing

section, this representative of the available variable gear ratio steering systems will

be further analyzed.

Many other companies from all over the world are working on the development

of variable ratio steering systems. Examples include but are not limited to Del-

phi Corporation [19–21] from the United States, Nissan Motor Co., Ltd. [22] and

Denso Corporation [23] from Japan, or Bishop Steering Technology Limited [24]

from Australia.

The large number of companies taking part in the competition for the market

of variable ratio steering systems shows the demand for extended functionalities in

the control of vehicles. On the contrary, only a few of them can go into production.

Not only the intense competition but also several safety issues cause difficulties in

the introduction of such systems. Therefore their functionalities today are limited

to the additional steering of the road wheels relative to the angle determined by the

steering wheel and the decoupling for a virtual steer-by-wire operation is still not

present on the market.

2.2 Control Concept of Variable Ratio Steering

Systems

In this section we discuss the functionalities of available variable ratio steering sys-

tems. We will focus on one particular representative because all these systems are

similar and so, our discussion is mainly based on the results about the AFS system
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Figure 2.1: Schematic overview of the AFS system

of ZF Lenksysteme GmbH and BMW [25,26].

Figure 2.1 [27] shows a schematic overview of the AFS system that can provide

the particular features of the variable gear ratio steering systems, namely improved

steering comfort (reduced steering effort), enhanced dynamic behavior of the steer-

ing system (quick response to the driver’s input), and vehicle stabilization (active

safety) (see [28–31]). As pointed up previously, the additional functions, in contrast

to traditional HPAS, EPAS, or EHPAS systems, are based on the possibility of a

steering angle superposition on the steered road wheels introduced by a planetary

gear (see also Figure 2.2 [32]).

Klier et al. [25] define two main groups of the functionalities of the AFS system,

namely the low level hardware orientated group of the functions and the high level

user oriented group of the functions. In both groups, the subgroups of the application

functions and the safety functions are further defined. Example from these groups

are given below:

1. Low-level (hardware) functions

(a) Application functions: signal processing (steering system), actuator con-



10 CHAPTER 2. STATE OF THE ART

Figure 2.2: Principle of the angle superposition

troller, operating system, driver, data exchange, etc.

(b) Safety functions: diagnosis of components, monitoring of actuator dy-

namics, RAM- and ROM-tests, core-test, etc.

2. High-level (user) functions

(a) Application functions: steering assistance, stabilization, etc.

(b) Safety functions: angle synchronization, signal processing (vehicle), fail-

ure strategy, etc.

A more detailed signal flow diagram of the (closed-loop) AFS system is shown

in Figure 2.3 [25]. The desired superposition angle is delivered by the stabilization

functions (e.g. yaw rate control) and the assistance functions (e.g. variable steering

ratio). Both of these groups of functions obviously use the vehicle signals. The

safety system monitors the steering system and in case of an identified failure, the

appropriate action is demanded [33, 34]. There are different actions to keep the

system in a well defined state from the partial deactivations of single functions to

the cut out of all AFS services.

The high level application functions are further classified into the two groups

of kinematic functions (angle superposition) and kinetic functions (torque super-



2.2. CONTROL CONCEPT OF VARIABLE RATIO STEERING SYSTEMS 11

Figure 2.3: Signal flow diagram of the AFS system

position). In the next part, some high level functions of the AFS system will be

described in this context.

2.2.1 Kinematic Functions

The group of kinematic high level functions also includes two subset of functions:

1. Kinematic steering assistance functions

The kinematic steering assistance functions can adapt the steering character-

istics to the actual driving situation. The two main functions in this group

are the variable steering ratio function and the steering lead function.

(a) The variable steering ratio function adapts the steering ratio between

the steering wheel angle and the steering angle of the steered road wheels

to the driving condition. It can be a function of several variables but

usually the vehicle velocity plays the most important role. A typical

example of the variable steering ratio as function of the vehicle velocity

is shown in Figure 2.4.

(b) The steering lead is another steering assistant function that supports

fast steering actions with the calculation of the approximative derivative

of the steering wheel angle. In a more general approach, the desired motor

angle on the AFS actuator is computed with help of a transfer function

that reduces the dynamic effects of the steering system mechanics.
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Figure 2.4: Variable steering ratio example as function of the vehicle velocity

2. Stabilization functions With the possibility of the additional steering of

the steered road wheels, higher level closed-loop control algorithms can be

also applied. The kinematic stabilization functions are control algorithms,

which generate automatic steering interventions to stabilize the vehicle. Some

examples of this kind of functions are yaw rate control, yaw torque control,

disturbance rejection, etc. Of course, the use of these functions implies high

requirements for the safety integrity of the system [33,35,36].

2.2.2 Kinetic Steering Assistance Functions

Kinetic steering assistance functions have twofold objectives. Like in vehicles

equipped with conventional power assisted steering systems, the main function of

the steering system is to provide the usual steering torque assistance to the driver.

In the AFS system, an additional task is the reduction/compensation of the reaction

torque caused by the AFS actuator.

Let us emphasize that the AFS and other available similar systems only reduce

the reaction torques caused by the AFS actuator, i.e. the cross-term effects in the

multi-variable system. The approach presented in the dissertation aims to cancel

all cross-term effects with the help of a more accurate mathematical model.

The implementation of the required torque superposition in EPAS based variable

gear ratio steering systems does not need additional discussion. In the hydraulic

based AFS system, however, another function includes the control of the electronic

controlled orifice pump (ECO). The main task of this function is the calculation of

the desired current for the ECO-pump as a function of the vehicle velocity and the
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pinion angle velocity (actuator activity).

2.3 State of the Art of Active Steering Functions

As discussed in the precious section, high-level steering functions include application

functions as well as safety functions. Nevertheless the demand for these functions is

older than the presence of variable ratio steering systems on the market and active

steering systems have already been studied for a long time. Already 40 years ago,

Kasselmann and Keranen [37] designed an active steering system that generate an

additive steering input on the front wheels as a yaw rate feedback of the vehicle,

delivered by a gyroscope. They used a hydraulic actuator and the additional part

of the steering angle was limited up to ±3 degrees. It never became a product but

their ideas have been relevant in later research works.

The most researched active steering functions have been path following and sta-

bilization functions (yaw stabilization and rollover avoidance) for vehicles. In the

80’s, studies on automatic track following for buses were initiated by Darenberg [38].

There are also many publications written by Ackermann and his co-workers at the

Robotics and Mechatronics Institute of the German Aerospace Center in this field.

They present robust linear and nonlinear automatic tracking control algorithms for

a city bus [39–42] with feedback of the lateral displacement and the yaw rate. Often,

the notion of the Γ-stability1 is used to show the robustness of the closed-loop au-

tomatic steering systems [39,44,45]. The nonlinear approach is based on the sliding

mode control theory [39,46].

In [47–49], this researcher group discusses the rollover avoidance stabilization

function. This function is achieved with a steering-braking control that is composed

of three feedback loops, namely the continuous operation steering control, the emer-

gency steering control and the emergency braking control. The active loop is selected

according to the so-called rollover coefficient that basically depends on the lateral

acceleration at the center of gravity of the vehicle’s sprung mass. In continuous op-

eration the roll rate and the roll acceleration are fed back by velocity scheduled gains

to the front wheel steering angle. Thereby, the vehicle’s roll damping is robustly

improved for a wide range of speed and height of the center of gravity.

Control strategies for the yaw stabilization function are presented in [50–56].

1The author of this dissertation has applied Γ-stability analysis techniques to a two-degree-of-
freedom robot arm in order to prove special dynamic properties in a changing environment. [43]
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Since the 80’s four-wheel steering became a hot topic (see for example the survey

by Furukawa et al. [57]). Usually, a hydraulic or electric actuator was added to

the conventional front-wheel steering for the additional rear-wheel steering. Acker-

mann [58–62] proposed a concept for feedback of the yaw rate to activate front and

rear wheel steering for yaw stabilization on a four-wheel steering system.

A discussion about advantages of the use of (high-level) active steering functions

can be found in [63].



Chapter 3

The SIA Steering System

ThyssenKrupp Presta Steering realizes the variable gear ratio steering system with

the help of the electrically controlled Super Imposed Actuator (SIA). This unit in-

creases the degrees of freedom of the steering system with the use of a harmonic drive

(HD) gear with two input shafts and one output shaft. The SIA unit is mounted to

the steering column through one input shaft and the output shaft and an electric

motor is connected to the other input shaft. Practically, all types of steering systems

may be combined with the electrically controlled SIA unit. Figure 3.1 shows a setup

where the SIA steering actuator is combined with the electromechanical steering

gear called Parallel Power Assisted Steering (ParPAS). In the ParPAS steering gear

setup, the servo motor is mounted parallel to the rack and a tooth belt drive and

recirculating ball gear provide forces to compensate the high rack loads. The setup

is controlled fully electrically and it makes the use of a decoupling control strategy

possible.

In Fig. 3.1, it can be observed that the (mechanical) link between the SIA unit

and the rack includes two Cardan joints and a torsion bar, too. The role of the

torsion bar is to have a measurement output about the driver’s dynamics such that

its angular displacement correlates with the driver’s torque. Its stiffness is approx.

2 Nm per degree and the angular displacement between the two ends of the rod is

measured with an optical sensor.

3.1 The SIA Actuator

The components of the SIA actuator unit will be described in this section. The SIA

actuator unit is built around a HD. Currently, HDs in most applications are applied

15
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ParPAS actuator

SIA

Cardan joints

torsion bar

Figure 3.1: ParPAS combined with SIA

to provide high efficiency gearing without complex mechanisms and structures. HDs

have high speed reduction and torque multiplication ratios using single stage and

coaxial configuration of shafts. Other benefits include nearly zero backlash, small

size, lightweight and high torque transmission capacity due to the high number of

teethes in contact. The concept of the HD was patented by C. Walton Musser

in 1955 [64]. This new gear concept was applied in aerospace and other specific

applications. Nowadays, applications and industry examples include but are not

limited to robotics, machine tools, medical equipment and automotive industry.

The HD is made up of three basic components: the wave generator, the flexspline

and the circular spline as depicted in Fig. 3.2. The wave generator is an elliptical

cam enclosed in an antifriction ballbearing assembly. It is inserted into the bore

of the externally toothed flexspline. The number of teethes on the flexspline is

less than the number of teethes on the internally toothed circular spline by two.

The flexspline is deformable and takes on the elliptical shape of the wave generator

causing its external teeth to engage with the internal teeth of the circular spline

at two opposite points hence the greater number of contacted teethes compared to

traditional gears.
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(a) Photo of a harmonic drive (b) Structure of a harmonic
drive [65]

Figure 3.2: Harmonic Drive

The rotation of the wave generator causes the rotation of the flexspline relative

to the circular spline in an opposite direction due to the difference in the number

of teethes. Every HD is assigned to a transmission ratio that describes how many

revolution of the wave generator causes one revolution on the flexspline axis relative

to the circular spline axis. Usually, the circular spline is fixed and input is through

the wave generator shaft while output is via the flexspline shaft that rotates i times

slower than the wave generator in the opposite direction relative to the circular

spline where i is the notation of the above mentioned transmission ratio (see Fig-

ure 3.3 [65]). In a configuration where the flex spline is held stationary and the

transmission of motion is from the wave generator shaft to the circular spline shaft,

the circular spline rotates i + 1 times slower than the wave generator in the same

direction relative to the flexspline. Both of these driving configurations are so-called

reduction gearing configurations.

In the variable gear ratio steering system setup of ThyssenKrupp Presta Steering,

the HD is used in an alternative configuration where none of the shafts is fixed. This

configuration is called differential gearing configuration. In this case, the HD does

not serve as a simple gear train device with two rotating shafts where one input shaft

is actuated by a motor and the velocity or position of the output shaft subject to

variable load is controlled. Because none of the three axes are fixed, a more general

model, which differs from the classic case, is needed. This model will be derived in
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(a) Rotation of 0◦ (b) Rotation of 90◦

(c) Rotation of 180◦ (d) Rotation of 360◦

Figure 3.3: Reduction gearing configuration of a harmonic drive
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Chapter 6.

We will not go into technical details of the mechanical assembly of the SIA

unit because it is unimportant in the point of view of mathematical modeling and

closed-loop control. We will define and analyze a system class obtained with the

generalization of the HD system and derive the mathematical model and closed-loop

control strategies for this variable ratio steering system.
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Chapter 4

Modeling of Constrained

Mechanical Systems

We give the equations of motion of constrained mechanical systems with the help of

Lagrange’s1 equations. The derivation and use of Lagrange’s equations is described

in many textbooks such as in [67–73].

In this dissertation, we use a terminology according to the following definitions.

Definition 4.1 (configuration space). We call the vector space spanned by the po-

sition variables in the multi-body system configuration space.

Definition 4.2 (generalized coordinates). The variables of a minimal set, which

uniquely describe the mechanical configuration, are called the generalized coordinates.

Definition 4.3 (number of degrees of freedom). The number of the generalized

coordinates is called the number of the degrees of freedom.

The following discussion about the modeling of kinematic constraints is mainly

based on [67,70,73–75].

4.1 Modeling of Kinematic Constraints

The motion of mechanical systems can be restricted by constraints on the motion

variables. According to the algebraic form of the constraints, they can be classified

1Joseph-Louis Lagrange (25 January 1736 - 10 April 1813), born Giuseppe Lodovico Lagrangia
in Turin, Italy came from a French-Italian family. In 1755 he became professor in Turin, in 1766
he went to Berlin and in 1786 to Paris. He made major contributions to mechanics, fluid mechan-
ics, the calculus of variations and number theory. With his famous book Mécanique Analytique,
published in Paris in 1788, Lagrange became the founder of analytical mechanics. [66, 67]

21
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into categories. For all categories, the constraints are described with algebraic equa-

tions in the motion variables but their form depends on the category class, which

the constraint belongs to. This classification is discussed in the next subsection.

4.1.1 Classification of Kinematic Constraints

We classify the kinematic constraints according to three properties. All three prop-

erties are binary and so, every kinematic constraint belongs to one of eight classes.

The considered properties are detailed in the followings.

1. The first aspect is the form of the relation.

(a) Kinematic constraints that have the algebraic form of an inequality are

called inequality constraints :

c(·) ≥ 0. (4.1)

(b) Although the class of inequality constraints can also describe equalities

with the use of two inequalities, we define also the class of equality con-

straints :

c(·) = 0. (4.2)

In both above cases, there are no limitations to the arguments of the constraint,

they can include all variables from the mathematical model of the mechanical

system. Equality constraints arise from permanent physical contact between

two or more bodies, introduced for example by joints or gear transmissions. If

the bodies are free to make contact or separate, the constraint is an inequality.

Phenomena such as collision, bouncing and loss of contact can be described

with the use of inequality constraints.

2. The next distinction is based on the variables, which appear in the constraint

equation.

(a) Holonomic constraints depend only on position variables but they can

be time dependent, as well. They typically arise from sliding contacts or

gear transmissions. For example, the holonomic constraint equation for

two rotating bodies connected with a cogwheel gear of the transmission
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Figure 4.1: Two rotating bodies connected with a cogwheel gear

ratio i (see Figure 4.1) reads:

q1 − iq2 + q0 = 0, (4.3)

where q1 and q2 are the position variables of the bodies and q0 is an offset

for the case, when (0,0) is not a point of the configuration manifold.

(b) Nonholonomic constraints are constraints on velocity variables but they

can include also position variables. They are nonintegrable, i.e. a nonholo-

nomic constraint is not the time derivative of any holonomic constraint.

If there is any equation without velocity variables (or higher derivatives)

that describes the same constraint, the constraint is said to be holonomic.

Holonomic constraints arise typically from rolling contacts.

An example for nonholonomic constraints is the constraint introduced by

wheels. For instance, the kinematic model of a unicycle (see Figure 4.2)

includes the nonholonomic constraints introduced by the unique wheel:

ẏ cos θ = ẋ sin θ, (4.4)

where ẋ and ẏ are the planar velocity coordinates and θ is the orientation

of the disk. Observe that velocity as well as position variables are present

in this constraint equation.

3. The third distinction is the time dependency.

(a) Scleronomic constraints are time independent and the constraint is con-

stant during the whole operation of the mechanical system. They are the

simplest and most common constraint representatives in typical mechan-
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Figure 4.2: Unicycle (Rolling disk)

Equality constraints Scleronomic Rheonomic
Holonomic c(q) = 0 c(q, t) = 0
Nonholonomic c(q, q̇) = 0 c(q, q̇, t) = 0

Table 4.1: Equality constraints

ical systems.

(b) Rheonomic constraints are explicitly dependent on time. Their role is to

introduce general kinematic excitations into the system, i.e. prescribed

motion.

Tables 4.1 and 4.2 summarize the algebraic form of equality and inequality con-

straints. The arguments q, q̇ and t stand for the position, velocity and time variables,

respectively.

4.1.2 Implicit form of Holonomic Scleronomic Kinematic

Constraints

We have distinguished eight classes of kinematic constraints in the last subsection.

One special category class, namely the class of holonomic scleronomic constraints will

be considered in the sequel. Holonomic scleronomic constraints have only position

arguments and consequently, they are the simplest constraint examples in this sense.

Inequality constraints Scleronomic Rheonomic
Holonomic c(q) ≥ 0 c(q, t) ≥ 0
Nonholonomic c(q, q̇) ≥ 0 c(q, q̇, t) ≥ 0

Table 4.2: Inequality constraints
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Our motivation in the study is that the variable gearing ratio steering system will

present only holonomic scleronomic constraints due to the harmonic drive element

and the universal joints:

c(q) = 0. (4.5)

All holonomic scleronomic constraints are included in (4.5). We refer to the

number of the constraints by nc in the general discussion. Accordingly, the number

of equations in (4.5) is nc and the number of elements in the generalized coordinate

vector q is n. As holonomic scleronomic constraints are a function only of position

variables, their derivatives can be given in a linear form with help of a Jacobian

matrix:

ċ(q) = J(q)q̇ = 0, (4.6)

where J(q) is the Jacobian matrix of dimension nc-by-n if the number of position

variables in the equations is n:

J(q) =
∂c(q)

∂q
. (4.7)

For the acceleration, an affine form can be given:

J(q)q̈ + j(q, q̇) = 0, (4.8)

where the second term is a column vector of dimension nc:

j(q, q̇) = J̇(q)q̇. (4.9)

4.1.3 Explicit form of Holonomic Scleronomic Kinematic

Constraints

We have considered the kinematic constraints only in implicit form so far, however,

they can be written also in explicit form. As algebraic equations reduce the number

of free variables in the set of position variables, a reduced set of variables can also

be used to describe the position of the whole system. The transformation between

the reduced set of coordinates and the original position variables will be called the

explicit form of the kinematic constraint. The reduced set of coordinates will be

referred to as qr:

q = γ(qr). (4.10)
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The dimensions of the vector of the position variables (q) and the vector of the

reduced set of coordinates (qr) are n and n − nc, respectively, and we say that the

motion of the system is constrained in nc degrees of freedom.

The expressions for velocity and acceleration can be written similar to (4.6) and

(4.12):

q̇ = K(qr)q̇r, (4.11)

q̈ = K(qr)q̈r + k(qr, q̇r). (4.12)

Here the form of the Jacobian K of dimension n-by-(n− nc) and the n-dimensional

column vector term k are analogous to (4.7) and (4.9):

K(qr) =
∂γ(qr)

∂qr
, (4.13)

k(q̇r, qr) = K̇(qr)q̇r. (4.14)

If c in (4.5) and γ in (4.10) describe the same constraint, the following relations

hold between the coefficients and the terms of the implicit and explicit forms:

c ◦ γ = 0, (4.15a)

JK = 0, (4.15b)

Jk + j = 0, (4.15c)

which are direct consequences of the expressions obtained after substitution of

(4.10), (4.11) and (4.12) into (4.5), (4.6) and (4.8), respectively, and the use of the

second identity after the third substitution. Equation (4.15b) also summarizes it in

a brief form that the generalized velocity q̇ must lie in the null space of the Jacobian

J(q) in order to fulfill (4.5) (compare with (4.6) and (4.11)).

4.2 Equations of Motion with Kinematic Con-

straints

The equations of motion of the constrained mechanical system will be derived us-

ing the implicit as well as the explicit formulation of the motion constraints. The

derivation will start with the equations of motion of the unconstrained multi-body
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system and the kinematic constraint will be introduced with the help of constraint

forces. The constraint forces are always orthogonal to the direction of motion in

the configuration space and so they do not produce power but they ensure that the

constraint conditions are satisfied. With the knowledge of the constraint equations

and of other force terms acting on the system, the constraint forces can be calculated

and the motion of the system can be predicted with the use of the mathematical

model. Accordingly, a set of equations is required that describe the motion of the

whole system with the motion constraints, as well as determining the constraint

forces. Sometimes, there is no need for the explicit value of the constraint forces.

For that case, the constraint forces can be eliminated from the equations. With

the use of a term of constraint force vector, the equations of motion for a general

mechanical system can usually be written in the following form:

H(q)q̈ + h(q, q̇) = F (q)τ + τc, (4.16)

where H(q) is the n-byn symmetric and positive definite inertia matrix and h(q, q̇) is

an n-dimensional vector term including the Coriolis and centrifugal force terms that

are quadratic in velocity and also the potential (gravity, spring force) and frictional

force terms. On the right-hand side, τc is the vector of the (generalized) constraint

forces and F (q) is the so-called input mapping matrix of dimension n-by-p, if we

assume that the number of the actuators mounted onto the mechanical setup is

p. The use of the input mapping matrix makes it possible to have the actuator

torques as the inputs of the model even if the generalized coordinates are not the

exactly the positional displacements on the axes of the mechanical setup but other

variables obtained with a transformation applied to them. In the ensuing parts,

Equation (4.16) and the corresponding form of the kinematic constraints will be

used to give the equations of motion for the constrained multi-body system.

4.2.1 Equations of Motion with Implicit Kinematic Con-

straints

According to the law of conservation of energy in closed systems, constraint forces

do no work, or in other words, the power terms obtained with the constraint forces

vanish for motions allowed by the kinematic constraints and, consequently, the con-
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straint force is always orthogonal to the generalized velocity of the system:

〈τc, q̇〉 = 0. (4.17)

Recall from (4.7) that the rows of the Jacobian J(q) in the implicit formulation of

the kinematic constraints span the orthogonal complement of the vector space of

the possible displacements. It also means that the constraint forces must lie in the

vector space spanned by the rows of J(q) or, in other words, the constraint force

can be expressed as a linear combination of the vector fields delivered by the rows

of Jacobian J(q):

τc = JT (q)λ. (4.18)

The vector λ includes a minimal number of unknown force variables that can

uniquely describe the constraint force τc and we will see it later that it can also

be considered as a vector of Lagrange multipliers.

Equation (4.18) can be substituted for τc into (4.16) and so the number of the

unknown constraint force variables is reduced to the number of the kinematic con-

straints. It means that as many independent equations are additionally required

(with no additional variables) as many kinematic constraints are restricting the mo-

tion. For this purpose the acceleration constraints (4.8) can be used. The result is

summarized in the following equation:

[

H(q) JT (q)

J(q) 0

](

q̈

−λ

)

=

(

F (q)τ − h(q, q̇)

−j(q, q̇)

)

. (4.19)

If the Jacobian J(q) is of full rank, i.e. the kinematic constraints are independent,

the coefficient matrix on the left side is non-singular and (4.19) has a unique solution

for both q̈ and λ. Otherwise the system is said to be overconstrained but we will

not discuss such systems and the independence of the kinematic constraints will be

assumed.
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4.2.2 Equations of Motion with Explicit Kinematic Con-

straints

Let us rewrite the equation of motion (4.16) with the minimal set of generalized

coordinates after the substitution of (4.10), (4.11), and (4.12):

H(γ(qr))K(qr)q̈r +H(γ(qr))k(qr, q̇r) + h(γ(qr), K(qr)q̇r) = F (γ(qr))τ + τc. (4.20)

The aim of this part is to solve this set of equations of motion. We will use again the

zero power property of the constraint forces according to the law of conservation of

energy like we did it for the case of implicit kinematic constraints. Now we substitute

(4.11) into (4.17) and we rewrite it in the following equivalent expression:

〈
KT (qr)τc, q̇r

〉
= 0. (4.21)

From the last part we know that the constraint force is in the range of JT (q)

(see (4.18)). After the substitution of (4.18) into (4.21), Eq. (4.15b) implies:

KT (qr)τc = 0. (4.22)

This identity can also be seen directly from (4.21) because q̇r is totally free it can

take any values.

Equation (4.22) implies that the premultiplication of (4.20) byKT (qr) eliminates

the constraint forces and we obtain the following equations of motion:

Hr(qr)q̈r + hr(qr, q̇r) = Fr(qr)τ, (4.23)

where

Hr(qr) = KT (qr)H(γ(qr))K(qr), (4.24a)

hr(qr, q̇r) = KT (qr)H(γ(qr))k(qr, q̇r) +KT (qr)h(γ(qr), K(qr)q̇r), (4.24b)

Fr(qr) = KT (qr)F (γ(qr)). (4.24c)

Equation (4.23) describes the motion of the constrained system with minimal num-

ber of equations. Its solution is unique because the number of the equations equals

the number of unknown variables. The motion variables of the original system can

be simply determined with the transformations (4.10), (4.11), (4.12).
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The drawback of this method compared to the other modeling method with the

implicit form of the constraint equations is the involved form of γ and some loss of

information: while the constraint forces (τc) are directly determined in the previous

method, here only the common effect of the constraint forces and the forces applied

to components of the multi-body system can be seen. The real value of the constraint

forces remains hidden, however, occasionally they are of special interest, for example

if the loads on the joints and bearings have to be known. On the other hand, for the

modeling for control purposes the simplest model (with the less number of variables

and equations) is needed. Here we present one method, which is based on one step

of the Gaussian elimination procedure.

Let us consider (4.16) and the explicit constraint equation for the acceleration

(4.12). We use the former equation for the elimination of the original acceleration

variables (q̈) from the later equation and after the substitution of (4.10) and (4.11)

we obtain

H−1(γ(qr))τc −K(qr)q̈r = k(qr, q̇r) +H−1(γ(qr))(h(γ(qr), K(qr)q̇r)− F (γ(qr))τ)

(4.25)

With the equations of (4.23) and (4.25) we can build the following system of

equations:

[

Hr(qr) 0

−K(qr) H−1(γ(qr))

](

q̈r

τc

)

=

=

(

Fr(qr)τ − hr(qr, q̇r)

k(qr, q̇r) +H−1(γ(qr))(h(γ(qr), K(qr)q̇r)− F (γ(qr))τ)

)

. (4.26)

This system of equations gives unique solution for qr and τc and consists of as

many equations as (4.19). While we have used in (4.19) a reduced set of variables

for the constraint forces, Equation (4.26) includes a minimal set of motion variables

and the constraint forces are expressed in the original variables.

4.3 Constant Linear Constrained Mechanical Sys-

tems

A class of mechanical systems has aroused special interests during the analysis of

the SIA actuator in the variable gear ratio steering system of ThyssenKrupp Presta
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Steering (see Section 3.1). The equations of motion of the elements in this system

class have linear form that makes it possible to show some special properties with

the tools of the comprehensive theory of linear algebra. The linear equations of

motion are a consequence of the following assumptions:

1. The coefficient matrix in the expression of the kinetic energy is constant sym-

metric and positive definite and we obtain the following quadratic form in the

generalized velocity variables:

T (q̇) =
1

2
q̇THq̇, HT = H, H > 0, (4.27)

2. The potential energy has a quadratic form, too. Its coefficient matrix is con-

stant and symmetric but positive semidefinite. Its expression in the generalized

position variables reads:

P (q) =
1

2
qTSq, ST = S, S ≥ 0. (4.28)

3. We also assume a damping (viscous friction) that is linear in the velocity

variables. It will be derived with the help of Rayleigh’s dissipative function [72,

73, 76]. The coefficient matrix in the corresponding quadratic form is again

constant symmetric and positive semidefinite:

R(q̇) =
1

2
q̇TDq̇, DT = D, D ≥ 0. (4.29)

Note that the positive semidefiniteness property of the coefficient matrix is

necessary for a passive system.

4. The input mapping matrix is assumed to be constant:

Ḟ = 0. (4.30)

5. The kinematic constraints are holonomic scleronomic and they are considered

in the implicit form. They are supposed to be linear with constant coefficients:

c(q) = Cq = 0. (4.31)

The kinematic constraints described by (4.31) are assumed to be independent,

consequently C has full row rank.
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Notation Mechanical interpretation Electrical interpretation
H inertia inductivity
D damping resistance
S stiffness elastance
q displacement quantity of charge
u force/torque voltage

Table 4.3: Analogy between mechnical an electrical systems

Definition 4.4 (class of constant linear constrained mechanical systems). We say

that mechanical systems with the properties (4.27)–(4.31) belong to the class of con-

stant linear constrained mechanical systems.

Notice that not only mechanical systems can have the above listed properties.

Other common examples of such processes are electrical systems. The analogy

between mechanical and electrical systems is given in Table 4.3 for the coefficient

matrices and the variables in the model.

It is clear from (4.7), (4.9), and (4.31) that the following identities hold for the

system class of the constant linear constrained mechanical systems:

J = C, (4.32)

j = 0. (4.33)

It was also shown that the simplest set of equations (with the less number of equa-

tions and variables) describing the motion of the constrained system can be given

with the use of the explicit expressions for the holonomic scleronomic kinematic

constraints. To obtain the simplest equations of motion we apply the results given

in (4.15) to the linear kinematic constraints (4.31).

Because of the independency of the constraint equations, Equation (4.15b) im-

plies that the columns of K, i.e. the Jacobian from the explicit constraint equations,

span the whole right null space of J . This means here that the Jacobian of any

explicit form of the kinematic constraints can be built of a basis of kerC. It can be

constant and so k = 0 that is also a solution of (4.15c). The basis vectors in the

null space are, say, b1, b2, . . . , bn−nc
, where n is the dimension of q and nc is the

number of the constraint equations i.e. the number of rows in C, and so we have

K =
[

b1 b2 · · · bn−nc

]

, (4.34a)
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with

span{b1, b2, · · · , bn−nc
} = kerC, (4.34b)

and

k = 0. (4.34c)

We can give the generalized velocities with a reduced set of variables: q̇ = Kq̇r.

This equation is obviously integrable and for higher order derivatives we have:

q(i) = Kq(i)r , i ∈ N. (4.35)

4.3.1 Equations of Motion

If the Jacobian K of the kinematic constraints in explicit form and the coefficients

in the equations of motion (4.16) are constant like in our case than the simplest

set of equations that describe the motion of the whole system has a special form

because many terms in (4.24) vanish. In this section we show this result as well as

many interesting properties coming with it.

With the special form of the kinetic and potential energy and Rayleigh’s dissi-

pative function given in the above part, the equation of motion reads:

Hq̈ +Dq̇ + Sq = Fτ + τc. (4.36)

In the following theorem we apply the results from Section 4.2.2 to (4.36).

Theorem 4.1. The motion of the linear mechanical system (4.36) subject to con-

stant linear constraints of the form (4.31) can be described with a reduced number of

differential equations. The number of the equations and the unknown variables are

reduced by the number of the (independent) kinematic constraints. This reduced set

of equations of motion reads

Hrq̈r +Drq̇r + Srqr = Frτ, (4.37)

where

Fr = KTF, (4.38)

and the coefficient matrices on the left-hand side are obtained with the congruent



34 CHAPTER 4. MODELING OF CONSTRAINED MECHANICAL SYSTEMS

transformation of the Jacobian K given in (4.34a):

Hr = KTHK, (4.39a)

Dr = KTDK, (4.39b)

Sr = KTSK. (4.39c)

The original coordinates and its derivatives can be determined with help of the

transformation given in (4.35).

Proof. The terms and coefficients in (4.16) read in our case:

H(q) = H, (4.40)

h(q, q̇) = Dq̇ + Sq, (4.41)

F (q) = F. (4.42)

With the substitution of them and of (4.35), the expressions in (4.24) give the same

form as it is written in the theorem.

There is also another way to obtain these results. We can use (4.35) for substi-

tution into (4.36). After the premultiplication of the obtained equation by KT and

the use of (4.15b) we obtain (4.37) with the coefficient matrices as in (4.38) and

(4.39).

Prior to the analysis of the matrices obtained with the congruent transformation

ofK, let us introduce some technical definitions that describe a special generalization

of the notions of the inner product, norm, and orthogonality.

Definition 4.5 (elliptical inner product, elliptical norm). The norm ‖x‖M =
√
〈x, x〉M associated with the elliptical inner product 〈x, y〉M = xTMy, (x, y ∈ R

n,

M ∈ R
n×n, M > 0, M = MT ) will be called elliptical norm.

Definition 4.6 (elliptical orthogonality). Let us consider the inner product space

with the elliptical inner product 〈·, ·〉M from Definition 4.5.

1. Two vectors x, y ∈ R
n are elliptical orthogonal if 〈x, y〉M = 0.

2. A collection of nonzero vectors x1, x2, . . . , xl ∈ R
n is elliptical orthogonal if

for every (xi, xj), i 6= j pairs 〈xi, xj〉M = xT
i Mxj = 0, (M ∈ R

n×n, M > 0,

M = MT ) holds. If additionally ‖xi‖M = 1, i ∈ {1, 2, . . . l} then the collection

of vectors is elliptical orthonormal.



4.3. CONSTANT LINEAR CONSTRAINED MECHANICAL SYSTEMS 35

3. An elliptical orthogonal basis (respectively elliptical orthonormal basis) in the

inner product space is a basis, which is elliptical orthogonal (respectively ellip-

tical orthonormal).

4. For a given subspace S ⊂ R
n, its elliptical orthogonal complement S⊥M is

defined as the subspace {x ∈ R
n| 〈x, y〉M = 0, ∀y ∈ S}.

We return back to the analysis of the coefficient matrices of the equation of

motion (4.37) that are obtained with the congruent transformation of the explicit

Jacobian K as given in (4.39). Because of the similar algebraic form, our discussion

will be limited only to the inertia matrix Hr but the same properties hold true for

the other two matrices (Dr and Sr) if they are nonsingular.

Theorem 4.2. Let us consider the basis {b1, b2, . . . , bn−nc
} for the null space of C

(see (4.34)) with the norm ‖bi‖H =
√
〈bi, bi〉H associated with the elliptical inner

product 〈bi, bj〉H = bTi Mbj that are also the columns of the explicit Jacobian K used

for the congruent transformation in (4.39).

1. If {b1, b2, . . . , bn−nc
} is an elliptical orthonormal basis for the null space of C,

the inertia matrix after the congruent transformation (Hr = KTHK) is an

identity matrix.

2. If {b1, b2, . . . , bn−nc
} is an elliptical orthogonal basis for the null space of C,

the congruent transformation with K as defined in (4.39a) transforms H into

a diagonal form with diagonal elements (i.e. eigenvalues) λi = ‖bi‖2H .

3. If {b1, b2, . . . , bn−nc
} is not elliptical orthogonal, the difference between the

eigenvalue λi of the transformed matrix Hr and the squared norm ‖bi‖2H is

bounded:
∣
∣λi − ‖bi‖2H

∣
∣ ≤

∑

j 6=i

∣
∣〈bi, bj〉H

∣
∣ . (4.43)
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Proof. To prove the theorem we calculate the elements of Hr:

Hr =









bT1

bT2
...

bTn−nc









H
[

b1 b2 · · · bn−nc

]

=

=









〈b1, b1〉H 〈b1, b2〉H · · · 〈b1, bn−nc
〉H

〈b2, b1〉H 〈b2, b2〉H · · · 〈b2, bn−nc
〉H

...
...

. . .
...

〈bn−nc
, b1〉H 〈bn−nc

, b2〉H · · · 〈bn−nc
, bn−nc

〉H









(4.44)

The first two statements are consequences of Definitions 4.5 and 4.6. If the basis

is not orthonormal but orthogonal, the nonzero elements of the diagonal are also

the eigenvalues of the matrix (as always for any diagonal matrix).

The third statement is obtained with the direct use of Geršgorin’s theorem that

gives bounds for eigenvalues of arbitrary quadratic matrices (see for example in

[77, 78]).

Recall that the statements of this theorem can be also applied to the stiffness (S)

and damping (D) matrices if they are nonsingular. Nevertheless, they are often

singular and usually the inertia matrix plays the main role in the choice of the base

vectors for the null space of C that also determine the matrix of the congruent

transformation. The next theorem presents some weaker results to the matrices S

and D.

Theorem 4.3. Consider again the basis {b1, b2, . . . , bn−nc
} for the null space of C

in (4.34).

1. The difference between the eigenvalue λi of the transformed stiffness matrix Sr

and the quadratic form 〈Sbi, bi〉 is bounded:

|λi − 〈Sbi, bi〉| ≤
∑

j 6=i

|〈Sbi, bj〉| . (4.45)

2. The difference between the eigenvalue λi of the transformed damping matrix

Dr and the quadratic form 〈Dbi, bi〉 is bounded:

|λi − 〈Dbi, bi〉| ≤
∑

j 6=i

|〈Dbi, bj〉| . (4.46)
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Proof. For singular stiffness (S) or damping (D) matrices it is not possible to de-

fine the elliptical inner product and its induced norm such as in Definition 4.5.

Nonetheless the eigenvalue localization theorem for the transformed matrices can

be formulated with the elements of the matrices that are bilinear expressions with

the basis vectors and the original stiffness/damping matrix as the coefficient matrix.

Also this result is a direct consequence of Geršgorin’s theorem.

Sometimes it is useful to have a diagonal inertia matrix in the reduced equations

of motion of the constrained system. According to Theorem 4.2, it can be achieved

with an elliptical orthogonal basis for the null space of the constraint matrix C.

An elliptical orthonormal basis can be obtained with the Gram–Schmidt procedure

using the elliptical inner product as defined in Definition 4.5. This generalized

Gram–Schmidt sequence is presented in Algorithm 1 where the projection operator

PH,ui
is defined as

PH,ui
bk =

〈ui, bk〉H
‖ui‖2H

ui. (4.47)

Algorithm 1 Generalized Gram–Schmidt Process

u1 ← b1
e1 ← u1

‖u1‖H
for k = 2 to n− nc do

uk ← bk −
k−1∑

i=1

PH,ui
bk

ek ← uk

‖uk‖H
end for

The Gram–Schmidt procedure requires any linearly independent set of basis

vectors that span the subspace. The vectors u1, u2, . . . , un−nc
and e1, e2, . . . , en−nc

obtained from the Gram–Schmidt procedure build an elliptical orthogonal basis and

an elliptical orthonormal basis in the null space of C, respectively. With the use

of these vectors for the congruent transformation (K = [u1, u2, . . . , un−nc
] or K =

[e1, e2, . . . , en−nc
]) we obtain a diagonal or an identity inertia matrix, respectively.

Theorem 4.4. The basis of the null space of the constraint matrix (or in other

words, the generalized coordinate variables in the reduced system) can always be

chosen so that the inertia matrix (Hr) in the equations of motion of the constrained

system (4.37) is the identity matrix.

Proof. Equation (4.44) shows that the inertia matrix after the congruent transfor-

mation is a Gramian matrix with the elliptical norm. As the Gramian matrix of any
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orthonormal basis is the identity matrix, we only have to show that the null space

of the constraint matrix C contains an elliptical orthonormal basis. The Gram–

Schmidt procedure, which is started with the basis vectors b1, b2, . . . , bn−m will

terminate with an elliptical orthonormal set of vectors in this null space. This el-

liptical orthonormal set of vectors is then a basis because its members are linearly

independent.

In Appendix A, the equations of motion of the harmonic-drive-spring system

(see Section 6.2) is given with an the elliptical orthogonal set of basis vectors in the

null space of the constraint Jacobian.

4.3.2 Constraint Forces

So far we can give the simplest equations of motion for the considered system class in

different useful forms but we did not discuss the constraint forces yet, which appear

on the joints. In Section 4.2.2, Equation (4.26) contains an implicit expression for

the vector of the constraint forces τc. It is also possible to rearrange this expression in

order to obtain an implicit equation for τc but it will include the reduced coordinates

up to the second time derivatives. Nonetheless, if we premultiply (4.26) by the

coefficient matrix from the left-hand side, the second derivatives of the reduced

coordinates are eliminated from the explicit equation for the constraint forces.

Here we present a more straightforward method that delivers the explicit ex-

pression for the constraint forces and because of the special form of the considered

system class, it will have a very natural form.

We have seen in Section 4.2.1 that the constraint forces can be given with a

less number of Lagrange multipliers and the Jacobian of the implicit form of the

kinematic constraints: τc = JT (q)λ. According to (4.32), this Jacobian equals C

and we can write:

τc = CTλ. (4.48)

Let us substitute (4.48) into (4.36) and isolate q̈ from it:

q̈ = H−1
(
CTλ+ Fτ −Dq̇ − Sq

)
. (4.49)

If we substitute q̈ from (4.49) into the implicit acceleration constraint, i.e. the second

derivative of (4.31), we obtain an equation where the variables are the Lagrange

multipliers, the external forces and the generalized coordinates up to only the first
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derivative:

CH−1
(
CTλ+ Fτ −Dq̇ − Sq

)
= 0. (4.50)

We want to express λ from this expression but we need the following lemma for this

purpose first.

Lemma 4.1. The product CH−1CT is positive definite.

Proof. The matrix H is positive definite and accordingly also its inverse H−1 is

positive definite:

xTH−1x > 0, for all x 6= 0. (4.51)

Let us consider the linear transformation x = CTy. As CT has full column rank,

x = 0 if and only if y = 0. Consequently,

yT
(
CH−1CT

)
y > 0, for all y 6= 0, (4.52)

that is exactly what the theorem claims.

The product CH−1CT is positive definite and we can premultiply (4.50) by its

inverse. After rearrangement the Lagrange multipliers can be expressed as:

λ = −
(
CH−1CT

)−1
CH−1 (Fτ −Dq̇ − Sq) . (4.53)

Notice that the coefficient
(
CH−1CT

)−1
CH−1 is a reflexive generalized inverse2

of CT providing the least-squares solution of the equation

CTλ = Fτ −Dq̇ − Sq, (4.54)

with the elliptical norm ‖x‖H−1 =
√
xTH−1x. Recall (4.48) and notice that the

left-hand side of (4.54) expresses the constraint forces. This fact gives the clue that

the constraint forces can be given as a projection of the right-hand side of (4.54).

Theorem 4.5. The constraint forces in the mechanical system (4.36) can be ex-

pressed as a projection of the form

τc = −P (Fτ −Dq̇ − Sq) , (4.55)

2The notion of the generalized inverse can be found for example in [79].
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where the projector matrix reads

P = CT
(
CH−1CT

)−1
CH−1. (4.56)

Proof. With the substitution of (4.53) for λ into (4.48) we obtain the form given in

the theorem. The theorem also says that the coefficient matrix P is a projector. To

show this we calculate its square:

P 2 = CT
(
CH−1CT

)−1
CH−1CT

︸ ︷︷ ︸

I

(
CH−1CT

)−1
CH−1 =

= CT
(
CH−1CT

)−1
CH−1 = P, (4.57)

i.e. P is idempotent.

Obviously, the subspace spanned by P is the orthogonal complement of the

subspace spanned by K:

P TK = H−1CT
(
CH−1CT

)−1
CK
︸︷︷︸

0

= 0, (4.58)

where we used (4.15b) and (4.32).

Remember that we used a reduced set of generalized coordinates with minimal

dimension to describe the motion of the constrained system. If the motion variables

are determined in that equations of motion, the expressions from (4.35) have to be

used with the corresponding derivatives for substitution into (4.55):

τc = −P (Fτ −DKq̇r − SKqr) . (4.59)

4.4 Summary

The kinematic properties of the harmonic drive to be presented in Chapter 6 suggest

the introduction of a system class. This chapter presented results in the modeling of

systems belonging to that system class. These results are of practical interest and

their application supports the more powerful modeling of systems belonging to the

introduced system class.

Thesis Group 1. I have defined the class of constant linear constrained mechanical

systems that is a class of linear second-order multi-variable systems with constant
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coefficient matrices where the evolution of the configuration variables is restricted

by linear holonomic scleronomic constraints (see Definition 4.4). I have given the

transformation for the elimination of constraint forces and redundant coordinates

from the equations of motion. I have given a procedure for the determination of

the transformation matrix. I have given the projection for the calculation of the

constraint forces in this system class.

Related publications: [80–82]

Thesis 1.1. In Theorem 4.1, I have shown that the redundant variables and the

constraint torques in the equations of motion of the systems in the defined system

class can be reduced with a linear transformation applied to the input mapping matrix

and congruent transformations applied to the other matrices. The matrix of the

transformations is built of the column vectors that span the right null space of the

coefficient matrix C in the kinematic constraint equation.

Related publications: [80–82]

Thesis 1.2. In Theorems 4.2 and 4.3, I have given bounds for the eigenvalues of

the transformed matrices with the help of a set of basis vectors in the right null space

of the coefficient matrix of the kinematic constraints. In Theorem 4.4, I have given

a procedure that builds the matrix of the transformation to the reduced form, which

transforms the inertia matrix to the identity matrix.

Related publications: [82]

Thesis 1.3. In Theorem 4.5, I have shown that the closed form of the constraint

forces in this system class is given by a linear transformation that is a projection.

The matrix of the projection can be expressed with the inertia matrix and the matrix

of the kinematic constraints.

Related publication: [80–82]
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Chapter 5

Underactuated Mechanical

Systems

Underactuated mechanical systems (UAMS) are systems that have less number of

independent actuators than degrees of freedom.1 The variable gear ratio steering

system of ThyssenKrupp Presta Steering, namely the SIA steering system has 3

degrees of freedom but only 2 electric motors are mounted to actuate the whole

system. Accordingly, the SIA steering system is an UAMS. The question naturally

arises, under which conditions the whole system is controllable. Another economic

question, which arises in the industrial production, concerns the minimal number of

actuators or in other words, the maximal number of the underactuation such that

the system is still controllable and the objectives of the control can be fulfilled.

This chapter will discuss the controllability and observability properties of the

class of linear constant mechanical systems, with a novel approach. We will deter-

mine the minimal number of actuators and sensors that make the model controllable

and observable, respectively, and we give also the conditions for the input matrix

required for this number of underactuation.

Let us consider the simplest equations of motion for the system class given

in (4.37). Our analysis will be based on the state space model where the dynamics

are described by a set of first order ordinary differential equations (ODE) given in

1UAMS are also referred under the names of super-articulated mechanisms [83, 84], redundant
robots [85], and free joint manipulators [86].

43
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the form:

ẋs = Asxs + Bsus, (5.1a)

ys = Csxs, (5.1b)

where the subscript s refers to the state-space model and xs, us and ys are the state

vector, the input and the output of the state space model, respectively. Observe

that that inputs have no (algebraically) direct effect to the outputs.

The state variables are defined with the following state vector:

xs =

(

qr

q̇r

)

. (5.2)

We have to transform the equations of motion (4.37) to the required form and

therefore we premultiply it by H−1
r and after rearrangement we obtain

q̈r = D̃q̇r + S̃qr + F̃ τ, (5.3)

where D̃ = −H−1
r Dr, S̃ = −H−1

r Sr, and F̃ = H−1
r Fr. The outputs are defined as

independent linear combinations of the position variables:

ys = Gqr, (5.4)

where G has full row rank. Accordingly the matrices in (5.1) read

As =

[

0 I

S̃ D̃

]

, (5.5a)

Bs =

[

0

F̃

]

, (5.5b)

Cs =
[

G 0
]

. (5.5c)

The input of the state space model is:

us = τ. (5.6)

In the following Sections we study the controllability and observability properties

of this system and present conditions on the minimal number of actuators and
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sensors that make the model controllable and observable, respectively.

5.1 Minimal Number of Inputs for Controllability

The controllability and observability are important notions in the analysis of control

systems and their definitions can be found in many textbooks about control theory.

For linear time-invariant systems, a definition of the controllability property can be

found for example in [87]:

Definition 5.1 (controllability). The dynamical system described by (5.1) or by the

pair (As, Bs) is said to be controllable if, for any initial state xs(0) = x0, t1 > 0 and

final state x1, there exists a (piecewise continuous) input us(·) such that the solution

of (5.1) satisfies x(t1) = x1. Otherwise, the system or the pair (As, Bs) is said to

be uncontrollable.

There are tests for the controllability and observability of time invariant linear

systems that involve the eigenvalues and eigenvectors of the system matrix As. Some

of these criteria are called PBH tests, after the initials of the discoverers (Popov–

Belevitch–Hautus) of these tests. These tests are useful in theoretical analysis, and in

addition, they are also attractive as computational tools [76]. Laub and Arnold [88]

applied the Hautus rank tests to multivariable linear second-order system models

and they obtained special controllability and observability criteria for such systems.

We will use the same rank tests in the upcoming discussion but in another approach.

Let us recall the Hautus rank theorem of controllability where ns is the dimension

of the state space:

Theorem 5.1. The pair (As, Bs) is controllable if and only if

rank
[

λiI − As, Bs

]

= ns (5.7)

for all eigenvalues λi of As.

The eigenvalue λi is an uncontrollable eigenvalue of As if and only if

rank
[

λiI − As, Bs

]

< ns. (5.8)

Proof. See [89] or [76].
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The notion of uncontrollable eigenvalues needs some comments at this point.

According to the PBH tests, the modes associated with an eigenvalue of As are un-

controllable if and only if any associated left eigenvector is orthogonal to the columns

of Bs. It can also be shown that the value of an eigenvalue, which corresponds to

an uncontrollable mode, cannot be changed with a state feedback, and in this sense

we can also talk about controllable and uncontrollable eigenvalues. [90]

The consequence of Theorem 5.1 is that the columns of Bs together with the

columns of λiI − As have to span the whole state space for all λi eigenvalues of

As if the pair (As, Bs) is controllable. The following corollary summarizes this

consequence:

Corollary 5.1. The pair (As, Bs) is controllable if and only if the columns of Bs

supplement the subspace spanned by the columns of λiI − As for all λi eigenvalues

of the system matrix As.

The nullity of λiI − As, i.e. the dimension of the orthogonal complement of

the subspace spanned by the columns of λiI − As is the number of the linearly

independent eigenvectors of As belonging to the eigenvalue λi. For a given As system

matrix we can say with this property how many inputs are at least required so that

the controllability property can be satisfied. The control engineer usually analyses a

system with given As system matrix and given Bs input matrix but for example in

the case of a mechanical setup, the latter can be changed with a choice, which axes

are the actuators mounted on. With regard to this possibility, our discussion about

the controllability concerns the “clever choice” of the Bs input matrix in this sense.

Accordingly, for the minimal number of inputs required for the controllability, the

following theorem can be given:

Theorem 5.2. The theoretical minimum for the number of linearly independent

inputs in a controllable state-space model of the form given in (5.1) is the maximal

number of the linearly independent eigenvectors of the system matrix As belonging

to one of its eigenvalues.

It is always possible to create an input matrix with this number of inputs so that

the mathematical system is controllable.

Proof. The first statement is a consequence of Theorem 5.1 and the definition of

eigenvalues and eigenvectors.

The existence of the minimal set of inputs will be shown with a constructive

proof. The procedure below will end with a minimal set of inputs:
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1. Let us order the eigenvalues of As in descending order according to the number

of the linearly independent eigenvectors belonging to them.

2. We take a maximal set of linearly independent left eigenvectors belonging to

the first eigenvalue in this order. Let us refer to them as vT1,1, v
T
1,2, . . . , v

T
1,m1

.

These vectors are used for the initialization of the input directions, i.e. the

columns of Bs:

bi = v1,i, i = 1, 2, . . . ,m1. (5.9)

Notice that m1 is the theoretical minimum for the required number of inputs

determined in the first statement.

3. We consider a linearly independent set of the left eigenvectors belonging to the

next eigenvalue λk in the order that was determined in the first step. They

will be referred to as vTk,1, v
T
k,2, . . . , v

T
k,mk

, where mk ≤ mk−1 ≤ · · · ≤ m1. If

span{vk,1, vk,2, . . . , vk,mk
} 6⊂ span{λkI − As, b1, b2, . . . , bm1

}, then we build the

basis ṽk,1, ṽk,2, . . . , ṽk,lk for the subspace span{vk,1, vk,2, . . . , vk,mk
}\span{λkI−

As, b1, b2, . . . , bm1
} where obviously lk ≤ mk. Finally, we add these vectors

multiplied by any nonzero number, say 1, to the column prototypes of Bs:

bi ← bi + ṽk,i, for i = 1, 2 . . . , lk. (5.10)

4. We repeat the last step for all remaining eigenvalues in the order from Step 1.

5. Finally, we build the input matrix:

Bs =
[

b1 b2 · · · bm1

]

. (5.11)

By construction, the columns of the obtained input matrix and the matrix λiI−
As span together the whole state space for all eigenvalues. The columns of Bs can

be considered as a basis of a vector space. From the above results it also follows that

the image space of input matrices of all controllable linear time invariant systems

with the system matrix As and with minimal number of inputs are spanned by base

vectors of the same vector space that is spanned by Bs.

We have to emphasize that the results of Theorem 5.2 are theoretical and there is

no guarantee that the controllability can practically be achieved with the theoretical
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minimum number of actuators in the case of any physical process. What we can say

is that the controllability is not achievable with a less number of actuators.

The linear time-invariant state-space model had a general form in the above

discussion. In the following subsections we will apply the results to the special form

of the state-space model of our system class.

5.1.1 General Second-Order Systems

The state-space model of linear mechanical systems was given in (5.1) with the

coefficient matrices as in (5.5). The systems in this system class are assumed to be

passive therefore the only restrictions are D̃ ≤ 0 and S̃ ≤ 0 in the most general

case. We apply Theorem 5.2 to the state-space model (5.1) in order to determine

the theoretical minimum number of the required independent inputs that can make

the system controllable.

Let λ be an eigenvalue of the system matrix As that is given in (5.5a) and let

the two n-dimensional partitions of the corresponding left eigenvector be v1 and v2.

(Now, n is the degrees of freedom of the mechanical system and ns = 2n.) With

these notations we can write:

(

vT1 vT2

)
[

0 I

S̃ D̃

]

=
(

vT1 vT2

)

λ, (5.12)

or accordingly

vT2 S̃ = vT1 λ, (5.13a)

vT1 = vT2

(

λI − D̃
)

. (5.13b)

Equations (5.13a) and (5.13b) both imply that the number of independent eigen-

vectors belonging to one eigenvalue is limited up to n (the degrees of freedom). It

corresponds to the well known and easily provable fact that the mechanical system

with independent actuators mounted to all axes is controllable. After substitution

of v1 from (5.13b) into (5.13a) we have

vT2

(

λ2I − λD̃ − S̃
)

= 0. (5.14)
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The premultiplication by the inertia matrix yields

vT2
(
λ2Hr + λDr + Sr

)
= 0. (5.15)

Because of the algebraic relationship between (5.12) and (5.15) we can reformulate

Theorem 5.2 for the class of linear mechanical systems:

Theorem 5.3. The maximal degree of underactuation of the controllable second-

order system (4.37) is min
λ

rank (λ2Hr + λDr + Sr) where the minimum is taken

over all eigenvalues of the system matrix As given in (5.5a) but obviously at least 1

input is needed.

The columns of the input matrix Bs have to supplement the subspace spanned by

the columns of λiI − As for all λi eigenvalues of the system matrix As.

Proof. The first statement follows from the first statement of Theorem 5.2 and the

algebraic relationship between (5.12) and (5.15).

The second statement is a consequence of Theorem 5.1.

5.1.2 Second-Order Systems with Pure Damping Term

Let us analyze the case when S̃ = 0. With the same notation as for the general case

in the previous subsection the following equation holds:

(

vT1 vT2

)
[

0 I

0 D̃

]

=
(

vT1 vT2

)

λ. (5.16)

The singular matrix in (5.16) (with n zero columns) implies that λ = 0 is eigen-

value of the system matrix As with the multiplicity of at least n. We will use this

fact to prove the following theorem.

Theorem 5.4. Pure damping cannot increase the degree of underactuation of a

controllable second-order system. In other words, S = 0 (i.e. no springs in the

system) implies that the required minimum number of independent actuators in a

controllable mechanical system equals to its degree of freedom.

Proof. After substitution of λ = 0 into (5.7) in Theorem 5.1 we obtain

rank

[

0 −I 0

0 −D̃ F̃

]

= ns (5.17)
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as a necessary condition of the controllability. The multiplication of a matrix with

a nonsingular matrix does not change its rank and so we can rewrite the condition:

rank

{[

−I 0

0 Hr

][

0 −I 0

0 −D̃ F̃

]}

= rank

[

0 I 0

0 Dr Fr

]

= ns. (5.18)

Because of the n-by-n identity block in the upper row and the identity ns = 2n, the

rank of F has to be n. Notice that rankF = n is also a sufficient condition.

5.1.3 Second-Order Systems with No Damping Term

Now we consider the state-space model with D̃ = 0. From (5.12) we have:

vT2 S̃ = vT1 λ, (5.19a)

vT1 = vT2 λ. (5.19b)

Again, v2 determines v1 according to (5.19b) and after its substitution into (5.19a)

we have:

vT2 S̃ = vT2 λ
2, (5.20)

i.e. v2 is the left eigenvector of S̃ and all eigenvalues of the system matrix As are

square roots of the eigenvalues of S̃. (Recall that S̃ is negative semi-definite and

so the square roots are conjugate pairs on the imaginary axis.) The theorem below

uses these properties to give the minimum required number of inputs in such a

controllable system:

Theorem 5.5. The minimum of the required number of independent (force) inputs

in the controllable mechanical system (5.1) with D̃ = 0 is the highest multiplicity in

the eigenvalues of S̃.

The columns of the input matrix Bs have to supplement the subspace spanned by

the columns of λiI − As for all λi eigenvalues of the system matrix As.

Proof. The number of inputs must be at least the maximal number of linearly in-

dependent eigenvectors belonging to the same eigenvalue of S̃. The matrix S̃ is a

symmetric matrix and accordingly also a normal matrix that is similar to a diagonal

matrix (see for example in [77,91]). Consequently, S̃ has a complete orthonormal set

of eigenvectors and so all the eigenvectors belonging to one eigenvalue are linearly

independent, i.e. the number of the linearly independent eigenvectors belonging to

an eigenvalue equals the multiplicity of that eigenvalue.
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The second statement is a consequence of Theorem 5.1.

Appendix B applies the result of this section to a simple example mechanical

system and shows that the controllability property changes depending on the system

parameters.

5.2 Minimal Number of Outputs for Observabil-

ity

The notion of the observability of linear time-invariant systems is defined in [87] as

follows:

Definition 5.2 (observability). The dynamical system described by (5.1) or by the

pair (As, Cs) is said to be observable if, for any t1 > 0, the initial state x(0) = x0

can be determined from the time history of the input us(t) and the output ys(t)

in the interval of [0, t1]. Otherwise, the system or the pair (As, Cs) is said to be

unobservable.

The duality between controllability and observability suggests that the theoret-

ical minimum that can be given for the number of the outputs in an observable

mechanical system is similar to the results for controllability from Section 5.1. We

will use the dual version of Theorem 5.1 in this section.

Theorem 5.6. The pair (As, Cs) is observable if and only if

rank

[

λiI − As

Cs

]

= ns (5.21)

for all ns eigenvalues λi of As.

The eigenvalue λi is an unobservable eigenvalue of As if and only if

rank

[

λiI − As

Cs

]

< ns. (5.22)

Proof. See [89] or [76].

Now the rows of the matrices Cs and λiI−A have to span the whole state space

for all λi eigenvalues of As if the pair (As, Cs) is observable. This consequence is

summarized in the following theorem:
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Corollary 5.2. The pair (As, Cs) is observable if and only if the rows of Cs supple-

ment the subspace spanned by the rows of the matrix λiI −As for all λi eigenvalues

of the system matrix As.

The nullity, i.e. the dimension of the orthogonal complement of λiI − As is the

number of the linearly independent eigenvectors of As belonging to the eigenvalue

λi. Similar to the analysis of the controllability in Section 5.1 we assume that the As

system matrix is given and we choose a Cs output matrix so that the observability

is satisfied with the least number of outputs. The output matrix for a mechanical

setup can be changed with the choice of the axes, which are sensors mounted on.

The minimal number of outputs required for the observability is given by the next

theorem.

Theorem 5.7. The minimum for the number of linearly independent outputs in an

observable state-space model of the form given in (5.1) is the maximal number of

the linearly independent eigenvectors of the system matrix As belonging to one of its

eigenvalues.

It is always possible to satisfy the condition in Theorem 5.2 with this number of

outputs.

Proof. The first statement is a consequence of Theorem 5.2 and the definition of

eigenvalues and eigenvectors.

Similar to the proof of Theorem 5.2, the existence of the minimal set of outputs

will be shown with a constructive proof. The procedure below will end with a

minimal set of outputs:

1. Let us order the eigenvalues of As in descending order according to the number

of the linearly independent eigenvectors belonging to them.

2. We take a maximal set of linearly independent right eigenvectors belonging to

the first eigenvalue in this order. Let us refer to them as u1,1, u1,2, . . . , u1,m1
.

These vectors are used for the initialization of the output directions, i.e. the

rows of Cs:

cTi = uT
1,i, i = 1, 2, . . . ,m1. (5.23)

Notice that m1 is the minimum for the required number of inputs determined

in the first statement.

3. We consider a linearly independent set of the right eigenvectors belonging to

the next eigenvalue λk in the order that was determined in the first step. They
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will be referred to as uk,1, uk,2, . . . , uk,mk
, where mk ≤ mk−1 ≤ · · · ≤ m1. If

span{uk,1, uk,2, . . . , uk,mk
} 6⊂ span{λkI−AT

s , c1, c2, . . . , cm1
}, then we build the

basis ũk,1, ũk,2, . . . , ũk,lk for the subspace span{uk,1, uk,2, . . . , uk,mk
}\span{λkI−

AT
s , c1, c2, . . . , cm1

} where obviously lk ≤ mk. Finally, we add these vectors

multiplied by any nonzero number, say 1, to the row prototypes of Cs:

cTi ← cTi + ũT
k,i, for i = 1, 2 . . . , lk. (5.24)

4. We repeat the last step for all remaining eigenvalues in the order from Step 1.

5. Finally, we build the output matrix:

Cs =









cT1

cT2
...

cTm1









. (5.25)

The rows of the obtained output matrix and the matrix λiI − As span together

the whole state space for all eigenvalues. The rows of Cs can be considered as a basis

of a vector space. From the above results it follows also that the output matrices

of all observable linear time invariant systems with the system matrix As and with

minimal number of outputs are built of base vectors of the same vector space that

is spanned by the rows of Cs.

Observe that the right eigenvalues of the system matrix As play a key role now.

The reason for this is that the rank in the rank test of the observability (5.21) can

be increased by the rows of the output matrix Cs. In the next sections, we will apply

Theorem 5.7 to the class of the linear time-invariant mechanical systems.

5.2.1 General Second-Order Systems

The systems described by the state-space model (5.1) are assumed to be passive

and so in the general case D̃ ≤ 0 and S̃ ≤ 0 hold. We apply Theorem 5.7 to

this state-space model and determine the minimum for the number of the required

independent outputs that can make the system observable.

Any eigenvalue of the system matrix As given in (5.5a) is referred to as λ. We

partition the corresponding right eigenvector into two n-dimensional partitions that
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are referred to as u1 and u2. (Recall that n is the degrees of freedom of the mechanical

system and ns = 2n.) With these notations we can write:

[

0 I

S̃ D̃

](

u1

u2

)

= λ

(

u1

u2

)

, (5.26)

or accordingly

u2 = λu1, (5.27a)

S̃u1 + D̃u2 = λu2. (5.27b)

Equation (5.27a) implies that the number of independent eigenvectors belonging

to one eigenvalue is limited up to n (the degrees of freedom), i.e. n independent

measurements always make this type of systems observable. With the substitution

of u2 from (5.27a) into (5.27b) and the premultiplication by the inertia matrix Hr

we obtain
(
λ2Hr + λDr + Sr

)
u1 = 0, (5.28)

and the specialization of Theorem 5.7 for this system class reads:

Theorem 5.8. In an observable second-order system that is given

by (4.37), the minimal number of the independent measurements is

max
λ
{n− rank (λ2Hr + λDr + Sr)} where the maximum is taken over all eigenvalues

of the system matrix (5.5a) but at least 1 output is required.

The rows of the output matrix Cs have to supplement the subspace spanned by

the rows of λiI − As for all λi eigenvalues of the system matrix As.

Proof. The first statement follows from the first statement of Theorem 5.7 and the

algebraic relationship between (5.26) and (5.28).

The second statement is a consequence of Theorem 5.2.

5.2.2 Second-Order Systems with Pure Damping Term

Let us analyze the case when S̃ = 0:

[

0 I

0 D̃

](

uT
1

uT
2

)

=

(

uT
1

uT
2

)

λ. (5.29)

Like we have already seen it in the discussion about the controllability, the

singular matrix in (5.16) implies that λ = 0 is eigenvalue of the system matrix As
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with the multiplicity of at least n. It is obvious, as well, that the other n eigenvalues

are the eigenvalues of D̃. We can use this property again.

Theorem 5.9. The system (5.1) with S̃ = 0 (i.e. no springs in the system) is

observable if and only if the rank of G equals n (the degree of freedom), i.e. there

are n independent position measurements.

Proof. With the substitution of As from (5.5a), Cs from (5.5c), and λ = 0 into (5.21)

in Theorem 5.6 we obtain

rank






0 −I
0 −D̃
G 0




 = 2n (5.30)

as a necessary condition of the observability that can be fulfilled only with rankG =

n. Because of the identity block this is a sufficient condition, as well.

5.2.3 Second-Order Systems with No Damping Term

The last discussed special case is the case of zero damping: D̃ = 0. From (5.26) we

have:

u2 = λu1, (5.31a)

S̃u1 = λu2. (5.31b)

Again, u2 determines u1 according to (5.31a) and after its substitution into

(5.19a) we obtain:

S̃u1 = λ2u1. (5.32)

The eigenvalues of the system matrix are again square roots of the eigenvalues of S̃.

Now the u1’s are right eigenvectors of S̃. Let us apply these properties in order to

determine the minimal number of outputs in an observable system:

Theorem 5.10. The minimum number of independent outputs in the observable

second-order (mechanical) system (5.1) with D̃ = 0 equals the highest multiplicity

in the eigenvalues of S̃.

The rows of the output matrix Cs have to supplement the subspace spanned by

the rows of λiI − As for all λi eigenvalues of the system matrix As.
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Proof. The proof of the first statement in Theorem 5.5 also proves the first statement

of Theorem 5.10.

The second statement is a consequence of Theorem 5.2.

Let us emphasize an interesting result of this chapter about the duality of the

controllability and observability properties: the minimal required number of position

outputs to make the system observable equals the minimal required number of torque

inputs to make it controllable.

5.3 Summary

The SIA steering system has fewer number of actuators than degrees of freedom

and so it is an UAMS. It is an economically interesting question what the minimal

number of actuators and sensors is such that the system is still controllable and ob-

servable, respectively, and the objectives of the control can be fulfilled. This chapter

addressed the controllability and observability properties of systems belonging to the

system class defined in Definition 4.4 with this approach.

Thesis Group 2. I have given lower bounds for the number of actuators (sensors) in

constant linear Lagrangian systems such that the system is controllable (observable).

The analyses are based on the Hautus rank tests [89] (see Theorems 5.1 and 5.6).

Related publications: [82]

Thesis 2.1. In Theorem 5.2 (Theorem 5.7), I have shown that the minimum for

the number of linearly independent inputs (outputs) in a controllable (observable)

state-space model is the maximal number of the linearly independent eigenvectors of

the system matrix belonging to one of its eigenvalues. I have given a procedure that

terminates with an appropriate input (output) matrix.

Related publications: [82]

Thesis 2.2. In Theorem 5.3 (Theorem 5.8), I have shown that the number of the

independent torque inputs (position outputs) in a controllable (observable) constant

linear mechanical system is not less than max
λ
{n− rank (λ2Hr + λDr + Sr)} where

n stand for the degrees of freedom of the system and the maximum is taken over all

eigenvalues of the system matrix of the state-space model. Obviously, at least 1 torque

input (position output) is required always for the controllability (observability).
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Related publications: [82]

Thesis 2.3. In Theorem 5.4 (Theorem 5.9), I have shown that constant linear me-

chanical systems with pure damping (i.e. zero stiffness matrix) are controllable (ob-

servable) if and only if the number of the independent torque inputs (position outputs)

equals the number of the degrees of freedom.

Related publications: [82]

Thesis 2.4. In Theorem 5.5 (Theorem 5.10), I have shown that the number of the

independent torque inputs (position outputs) in a controllable (observable) constant

linear mechanical system is at least the highest multiplicity in the eigenvalues of the

stiffness matrix.

Related publications: [82]
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Chapter 6

Modeling and Control of the SIA

System

The SIA steering system of ThyssenKrupp Presta AG is a multi-body system with

special kinematic constraints. The aim of the preceding chapters was to create

a framework for the modeling and analysis of mechanical setups such as the SIA

steering system that makes the development of a control algorithm possible. This

chapter applies the results of the previous chapters to the SIA steering system.

We have seen in Chapter 3 that the key components of the SIA steering system

include a harmonic drive (HD) in differential mode setup, a spring with sensor

function and universal joints for a reasonably flexible geometry that enables its

convenient fitting into the proper place in the car during its assembly. After the step-

by-step analysis of these components, the present chapter will present the description

of a control law, which realizes the steer-by-wire-like operation on the SIA steering

system. The first section gives the model of a HD system where three bodies are

connected by a HD. A decoupling control algorithm will be also presented that

achieves the control of two arbitrary bodies with electric motors mounted to any

two bodies in the system. In Section 6.2, the HD system is augmented with a

spring that requires the use of a more sophisticated decoupling control algorithm.

Finally, Section 6.3 discusses the kinematic properties of the universal joints and

with the use of that results, it gives the model of the complete SIA steering system

as well as a decoupling control algorithm, which can meet the requirements of a

steer-by-wire-like operation.

59
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6.1 The Harmonic-Drive System

It was already mentioned in Section 3.1 that HDs in most setups are applied to

provide high efficiency gearing without using complex mechanisms and structures.

Such driving configurations can be obtained if one of the three axes is fixed. Usually

the circular spline is fixed and the input is through the wave generator while the

output is via the flexspline that rotates i times slower than the wave generator

in the opposite direction relative to the circular spline. The coefficient i is called

the transmission ratio of the HD. In a configuration where the flexspline is held

stationary and the transmission of motion is from the wave generator to the circular

spline, the circular spline rotates i + 1 times slower as the wave generator in the

same direction relative to the flexspline. Both of these driving configurations belong

to the reduction gearing configurations. The modeling, identification and control

of HDs in reduction gearing configurations have a extensive literature including the

consideration of the non-linear compliance and torque transmission due to the non-

rigid behavior of the flexspline (see for example [92–94]). The related SISO position

control problem is also addressed in several papers, e.g. in [95]. The authors of [96]

report a robust controller synthesis approach whereas adaptive control is suggested

in [97].

Everywhere in our discussion, we will consider an alternative configuration of

HDs where none of the shafts is fixed, namely a differential gearing configuration.

In this case, the HD does not serve as a simple gear train device with two rotating

shafts where one input shaft is actuated by a motor and the velocity or position

of the output shaft subject to variable load is controlled. In our setup, there are

two motors on two different axes and we control the motion of any two of the other

axes. The fact that none of the three axes are fixed requires a more general model

which differs from the classic case. We derive this model in this section and give the

control algorithm that decouples the motion of two axes.

6.1.1 Dynamic Model of the Harmonic-Drive System

We want to control the motion of the mechanical system depicted in Figure 6.1.

The free motion of the three bodies connected by the HD is constrained by the

following kinematic condition that is introduced by the geometry of the HD (see for

example [92]):

ϕwg − (i+ 1)ϕcs + iϕfs + ϕ0 = 0, (6.1)
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Flexspline shaft Circular spline shaft

Wave generator shaft

Jfs, dfs Jcs, dcs

Jwg, dwg

i

Harmonic drive

jfs

jwg

jcs

Figure 6.1: Schematic view of the harmonic drive system

where ϕwg, ϕcs, ϕfs stand for the angular positions of the wave generator, circular

spline and flexspline axes, respectively. The integer number i is the transmission

ratio assigned to the HD. The constant ϕ0 can introduce offset to the angular posi-

tions, e.g. in the case of relative angle measurement devices such as optical encoders.

We will set it to zero without the loss of the generality in the sequel.

Let us consider the configuration space of the mechanical system that consists of

the three shafts connected by the HD, i.e. subject to the kinematic constraint (6.1)

restricting its freedom of motion. As we have only this constraint the degrees of

freedom of the system is two. Consequently, the configuration of the system can

be uniquely described by two independent configuration variables (qHD,r,1, qHD,r,2)

that are referred to as generalized coordinates. Because the system is subject to a

geometrical constraint it is holonomic and it is also scleronomic since (6.1) does not

contain the time explicitly. Notice that constraint (6.1) may be also interpreted as

restricting the motion to a subspace of the vector space spanned by the shaft angle

variables (ϕwg, ϕcs, ϕfs), namely to the plane orthogonal to the vector:

nHD =






1

−(i+ 1)

i




 . (6.2)

Accordingly, Equation (6.1) can be rewritten as:

〈nHD, qHD〉 = 0, (6.3)

where the vector of the generalized coordinates is built up of the shaft angle variables:
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qHD = (ϕwg, ϕcs, ϕfs)
T . Note that Equation (6.3) and so also (6.1) have the form of

(4.31) with the constant coefficient matrix:

CHD = nT
HD =

[

1 −(i+ 1) i
]

. (6.4)

In the following, we show that the HD system depicted in Figure 6.1 belongs to

the system class introduced in Section 4.3 and we go through the points listed in it:

1. The kinetic energy reads:

T (q̇) =
1

2

{
Jwgϕ̇

2
wg + Jcsϕ̇

2
cs + Jfsϕ̇

2
fs

}
=

1

2
q̇THDHHDq̇HD, (6.5)

where HHD is the constant and diagonal inertia matrix:

HHD =






Jwg 0 0

0 Jcs 0

0 0 Jfs




 . (6.6)

2. There are some high-stiffness flexibilities between the elements of the harmonic

drive but we neglect their effect because in the SIA steering system the softer

flexibility of the torsion rod will dominate. Consequently, we assume that the

potential energy is constantly zero: P = 0. We can write it in the form of

(4.28) with:

SHD = 03×3. (6.7)

3. We assume viscous friction on the axes and the coefficient matrix in (4.29)

reads:

DHD =






dwg 0 0

0 dcs 0

0 0 dfs




 . (6.8)

4. The constant input mapping matrix is the identity matrix:

FHD = I3×3. (6.9)

5. The constant and full row-rank coefficient matrix in the expression of the

implicit kinematic constraints (4.31) is given as in (6.4).

We want to control the motion of the HD system therefore we need the simplest
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model that describes its motion. Theorem 4.1 has presented how this simplest

model can be given for a constrained system in the considered system class. It

transformed the coefficient matrices with the help of the Jacobian of the explicit

kinematic constraints. It has already been shown (see on p. 32) that the columns of

the Jacobian of the explicit kinematic constraints spans the right null space of the

Jacobian of the implicit kinematic constraints, that is CHD in our case. It is easy

to show with these properties that he Jacobian of the explicit kinematic constraints

can be given by:

KHD =






1 0

0 1

−1
i

i+1
i




 . (6.10)

Now we can give the equations of motion of the HD system.

Theorem 6.1. The equations of motion of the HD after the elimination of the

constant torques read:

HHD,rq̈HD,r +DHD,rq̇HD,r = FHD,rτHD, (6.11)

where

HHD,r =

[

Jwg +
1
i2
Jfs − i+1

i2
Jfs

− i+1
i2
Jfs Jcs +

(
i+1
i

)2
Jfs

]

, (6.12a)

DHD,r =

[

dwg +
1
i2
dfs − i+1

i2
dfs

− i+1
i2
dfs dcs +

(
i+1
i

)2
dfs

]

, (6.12b)

FHD,r =

[

1 0 −1
i

0 1 i+1
i

]

, (6.12c)

and the vector of the generalized forces is built of the torques on the HD axes:

τHD =






Twg

Tcs

Tfs




 . (6.13)

Proof. With the coefficient matrices (6.6)–(6.9), the congruent transformations in

Theorem 4.1 with KHD from (6.10) give the results of theorem.

With the use of (4.35), the expressions of the kinetic energy, the potential energy

and the Rayleigh’s dissipative function can be given directly as function of the
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reduced set of the generalized variables and it is possible to derive the equations of

motion with the direct use of these expressions in the Lagrangian approach. The

dynamics of the HD system was determined in this way in [98–101].

6.1.2 Constraint Forces in the Harmonic-Drive System

The results of Section 4.3.2 can be also applied to the HD system. The elements

of the generalized constraint force vector are the constraint torques acting on the

wave-generator shaft, the circular spline shaft, and the flexspline shaft, respectively:

τHD,c = (Tc,wg, Tc,cs, Tc,fs)
T .

These constraint torques can be determined in the HD system with the use of

the results in Theorem 4.5. This is summarized in the following theorem:

Theorem 6.2. The vector of the constraint torques in the HD system is orthogonal

to the plane of the allowed motion in the space of the axis position variables or more

precisely, it is a special projection of the external torques acting on the shafts of the

HD (including friction torques) to the normal vector nHD that was defined in (6.2):

τHD,c = −
nT
HDH

−1
HD (FHDτHD −DHDq̇HD,r)

nT
HDH

−1
HDnHD

nHD. (6.14)

Proof. Let us substitute CHD = nT
HD from (6.4) into the expression of P in (4.56)

and because the inverse of the quadratic form with nHD is a scalar, we can write

the projector matrix as:

PHD =
1

nT
HDH

−1
HDnHD

nHDn
T
HDH

−1
HD. (6.15)

With the substitution of (6.15) into (4.55), we obtain for the constraint torques in

the HD system:

τHD,c = −
1

nT
HDH

−1
HDnHD

nHDn
T
HDH

−1
HD (FHDτHD −DHDq̇HD,r) , (6.16)

and the scalar values of the quadratic formulae imply (6.14).

6.1.3 Control of the Harmonic-Drive System

The HD system has 2 degrees of freedom and in our setup, it is actuated on the

wave-generator axis and the circular-spline axis with independent torque inputs pro-
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vided by electric motors mounted to both axes. Consequently it is a fully actuated

system. The motion control of fully actuated mechanical systems can be achieved

with the so called computed torque method [102, 103] that is based on inverse dy-

namics algorithms therefore also called inverse dynamics control [104]. The torque

input for the mechanical system Hq̈ + f(q, q̇) = τ is calculated using the feedback

law:

τ = Hu+ f(q, q̇), (6.17)

which transforms the system into decoupled double integrators. The input u for the

decoupled double integrator systems can be determined with any standard linear

method. The term f(q, q̇) includes all terms that are quadratic in velocities, the

potential forces and any other modeled effects such as the friction forces. We might

notice that the complexity of computations based on this closed form is much higher

than the computational complexity of recursive algorithms such as the recursive

Newton-Euler algorithm. The former are typically O(n4) while the later are as low

as O(n) [74]. Nevertheless, the low dimension in our applications does not require the

use of the recursive techniques because the growth in the computational complexity

begins to accelerate rapidly only at higher dimensions.

According to the steering application, the controller has a twofold objective.

First, the angular variable ϕcs = qHD,r,2 of the circular spline shaft has to track

a reference denoted by ϕref
cs . Second, the constraint torque Tc,fs has to follow a

reference torque, which is denoted by T ref
c,fs. The first objective is responsible for the

positioning of the pinion, i.e. the steering angle on the steered road wheels, while

the second objective realizes the force feedback for the driver on the steering wheel.

Accordingly, the computed torque method can be only partially applied, namely for

the position control on the circular-spline axis.

Our setup is actuated by the electric motors, which are mounted to the wave-

generator axis and the circular spline axis. The vector of the actuator torque is

referred to as:

τa =

(

Ta,wg

Ta,cs

)

, (6.18)

and the relationship between τHD and τa for the ideal case is:

τHD =

(

τa

0

)

. (6.19)

Equation (6.19) and the identity block in FHD,r (see (6.12c)) imply that we can
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apply the computed torque method in the following way:

τa = τ ′a +DHD,rq̇HD,r (6.20)

The substitution of (6.20) into (6.11) gives

HHD,rq̈HD,r = τ ′a. (6.21)

We want to apply the computed torque method only for the variable qHD,r,2 = ϕcs

hence we consider the second equation of (6.21) after pre-multiplication by the

inverse of HHD,r and the use of (6.18) we have:

q̈HD,r,2 = (0 1)H−1
HD,rτ

′
a = k11Ta,wg + k12Ta,cs, (6.22)

where k11 and k12 are the first and the second (constant and real) elements of the

second row of the inverse of the inertia matrix HHD,r:

k11 =
(i+ 1)Jfs

(i+ 1)2JfsJwg + Jcs(Jfs + i2Jwg)
, (6.23a)

k12 =
Jfs + i2Jwg

(i+ 1)2JfsJwg + Jcs(Jfs + i2Jwg)
. (6.23b)

There are several available methods for the control a double integrator q̈HD,r,2 = u

(e.g. PID control or state-space techniques) that imposes the condition:

k11Ta,wg + k12Ta,cs = u. (6.24)

Equation (6.24) gives only one condition for a linear combination of the input

signals Ta,wg and Ta,cs. The reference for the constraint torque on the flexspline

shaft is another condition. This torque, denoted by Tc,fs, is the last element of

τHD,c. From (6.14), which gives τHD,c, we obtain the following expression






Tc,wg

Tc,cs

Tc,fs




 = −nT

HDH
−1
HD (FHDτHD −DHDq̇HD,r)

nT
HDH

−1
HDnHD






1

−(i+ 1)

i




 . (6.25)

Let us take the last row of (6.25) and substitute T ref
c,fs for Tc,fs and, after some
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lengthy but elementary calculations involving (6.20), we obtain

1

Jwg

Ta,wg −
i+ 1

Jcs
Ta,cs =

= nHDH
−1

{

DHDKHDq̇HD,r −
(

DHD,rq̇HD,r

0

)

−
T ref
c,fs

i
nHD

}

. (6.26)

Equations (6.22) and (6.26) uniquely define τa:

[

k11 k12

k21 k22

]

τ ′a = z, (6.27)

where z is a vector built of the right hand sides of (6.24) and (6.26) and k21 = 1/Jwg,

k22 = −(i+ 1)/Jcs. The coefficient matrix in (6.27) is nonsingular so there exists a

unique solution for τ ′a. Since the elements of the coefficient matrix are constant its

inverse can be computed offline. The solution of (6.27) has to be substituted into

(6.20) and we obtain the actuator torques depending on the signal u from (6.22).

6.1.4 Parameter Identification in the Harmonic-Drive Sys-

tem

The particular model structure (6.11) has a set of unknown quantities referred to

as parameters that identify the dynamic characteristics of the model. Parameters

appear in the matrices HHD,r and DHD,r. Some of these parameters such as the

transmission ratio i of the HD and the equivalent inertias reduced to the HD shafts

can be well determined from the geometrical and material properties. The remaining

parameters are the damping coefficients that need to be identified from measurement

data using standard LS techniques.

We have to identify only the damping parameters therefore our identification

procedure is based on equilibrium measurements, where the angular velocities of the

axes are constant. The identification procedure is presented in the next proposition:

Proposition 6.1. The unknown elements of the damping matrix DHD,r can be de-

termined in least-squares sense with the regression form:

Xϑ = Y, (6.28)

where the vector of the unknown parameters ϑ = (d11, d12, d22)
T is built of the the
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elements of the damping matrix DHD,r:

DHD,r =

[

d11 d12

d12 d22

]

, (6.29)

the regression matrix X contains the measured velocity data

X =

[

ϕ̇wg ϕ̇cs 0

0 ϕ̇wg ϕ̇cs

]

(6.30)

and the vector Y includes torque data

Y =

(

Twg − 1
i
Tfs

Tcs +
i+1
i
Tfs

)

. (6.31)

The closed form of the least-squares solution is given with the help of the Moore–

Penrose pseudoinverse of the regression matrix:

ϑ =
(
XTX

)−1
XTY. (6.32)

Proof. For constant angular velocities the first term in (6.11) vanishes:

DHD,rq̇HD,r = FHD,rτHD. (6.33)

Equation (6.28) is an algebraically equivalent formulation of (6.33). If we build an

overdetermined system of equations with X and Y built of data that are obtained

with measurements in equilibrium states, the least-squares solution of this regression

form can be obtained with (6.32). The use of the Moore–Penrose generalized inverse

for linear regression is detailed in many textbooks such as in [91].

Observe the relationship between the elements of the damping matrix DHD,r and

the equivalent damping coefficients reduced to the axes of the HD:

d11 = dwg +
1

i2
dfs, (6.34a)

d12 = − i+ 1

i2
dfs, (6.34b)

d22 = dcs +

(
i+ 1

i

)2

dfs. (6.34c)
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The equations in (6.34) imply that one set of the three parameters d11, d12, and d22

determines uniquely the parameters dwg, dcs, and dfs, as well, and the representation

of the viscous damping is possible with both sets of parameters. However, we have

to emphasize that the positive definiteness of the damping matrix DHD,r does not

imply the positive definiteness of the damping matrix DHD, which is a diagonal

matrix with the diagonal elements: dwg, dcs, dfs (see in (6.8)). The damping on the

HD system is a complex phenomenon due to the sophisticated mechanism of the

HD and any equivalent damping coefficients reduced to the axes may turn out to be

negative despite the positive definiteness of DHD.

Sometimes, the first order approximation of the the friction phenomena is not

accurate enough, and it has to be modeled additional terms. Observing this remark,

we also give a friction model with two terms, namely the viscous friction term, which

is already modeled in the damping coefficient matrix DHD,r and the nonlinear term

of the Coulomb friction. The Coulomb friction will be modeled as disturbing torques

acting on the shafts of the HD:

τHD,C = −FHD,C sgn q̇HD, (6.35)

where the sgn function is applied element-wise and the coefficient matrix is built up

of the Coulomb friction coefficients:

FHD,C =






cwg 0 0

0 ccs 0

0 0 cfs




 . (6.36)

We have seen in Theorem 4.1 that the coefficient matrices of external torques is

transformed with the transpose of the Jacobian K. Accordingly, the additive term

on the right-hand side of (6.11) reads:

τHD,C,r = −FHD,C,r sgn(KHDq̇HD), (6.37)

where

FHD,C,r = KHDFHD,C =

[

cwg 0 −1
i
cfs

0 ccs
i+1
i
cfs

]

. (6.38)

In the following proposition, we give a procedure for the identification of the equiv-

alent viscous and Coulomb friction coefficients that is similar to the procedure pre-

sented in Proposition 6.1.
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Proposition 6.2. The equivalent viscous and Coulomb friction coefficients re-

duced to the axes of the HD system can be determined in least-squares sense

with the regression form (6.28) but here the vector of the unknown parameters is

ϑ = (dwg, dcs, dfs, cwg, ccs, cfs)
T and the regression matrix X reads:

X =




ϕ̇wg 0 1

i2
ϕ̇wg − i+1

i2
ϕ̇cs sgn ϕ̇wg 0 −1

i
sgn

(

− ϕ̇wg

i
+ i+1

i
ϕ̇cs

)

0 ϕ̇cs − i+1
i2
ϕ̇wg +

(
i+1
i

)2
ϕ̇cs 0 sgn ϕ̇cs

i+1
i
sgn

(

− ϕ̇wg

i
+ i+1

i
ϕ̇cs

)



 .

(6.39)

The optimal estimation of the unknown parameters is obtained with the least-squares

solution of (6.28) with the regression matrix from (6.39).

Proof. For constant angular velocities the first term in (6.11) vanishes:

DHD,rq̇HD,r = FHD,rτHD + τHD,C,r. (6.40)

After the substitution of (6.37) into (6.40), it can be rewritten as (6.28) with the

regression matrix in (6.39). If we build an overdetermined system of equations with

X and Y built of data that are obtained with measurements in equilibrium states,

the least-squares solution of this regression form can be obtained with (6.32).

To obtain measurement data for parameter identification, we performed measure-

ments on the rapid prototyping test bench setup at the R&D Institute Budapest of

ThyssenKrupp (see Fig. 6.2). This setup allows to actuate the HD at any of the

three shafts. The motor mounted to the wave generator shaft can apply a maximum

torque of 1.3 Nm in both directions and the motors mounted to the other two shafts

are limited to ±8 Nm. The resolution of the incremental encoders on the flexspline

and the circular-spline axes are 8192 lines per rotation and the resolution of the

incremental encoder on the wave generator shaft is 3520 lines per rotation. The

sampling time during the measurement was 1 ms.

All hardware experiments (the measurements for parameter identification as well

as the closed-loop measurements to be presented later) were performed in MATLAB-

Simulink-dSPACE hardware-software environment but the description of this devel-

opment environment is out of the scope of this dissertation.

We recorded numerous and representative data of interdependent pairs of steady-

state velocity-torque vectors and constructed the vector Y and the matrix X of

rank 6 giving an overdetermined system of equations in the form of (6.28). We

solved the linear regression problem and we obtained the values given in Table 6.1
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Figure 6.2: Rapid prototyping test bench
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Table 6.1: Identified parameter values
Parameter Value Unit
Jwg 130.0000 kgmm2

Jcs 10250.3400 kgmm2

Jfs 10297.4100 kgmm2

d11 0.0005 Nms/rad
d12 -0.0004 Nms/rad
d22 0.0081 Nms/rad
cwg 0.0361 Nm
ccs 0.1847 Nm
cfs 0.0091 Nm
i 50 -

for the unknown parameters. All the Coulomb frictional parameters are positive

that agrees with the passivity of the HD system. The damping matrix DHD,r with

the elements from Table 6.1 is positive definite, too.

The inertial parameters were obtained from the 3D CAD model and the trans-

mission ratio of the HD was given in the catalogue of the producer.

6.1.5 Observer Design

We supposed the knowledge of q̇HD,r but normally, we only measure q. Observe also

that it is possible to feed-forward disturbing torques in (6.20) if we have estimates of

them. With the use of a state observer, we can compute estimates of the generalized

velocities and the disturbing torques. Nevertheless, for a two-degree-of-freedom

system only two equivalent disturbing torques can be observed, namely two linear

combinations of the three disturbing torques. Let us introduce the vector of the

disturbing torques on the HD axes:

τHD,d =






Td,wg

Td,cs

Td,fs




 , (6.41)

and the generalized disturbing torques after the transformation into the reduced

model, which will be estimated by the observer:

τHD,r,d = KT
HDτHD,d. (6.42)
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In order to obtain the values of the disturbing torques, one of them has to be

measured. We will measure the torque on the flexspline axis (Td,fs) that will not be

directly actuated by the control algorithm (there is no motor mounted to it). From

(6.42) we obtain

τHD,d =

[

KT
HD

0 0 1

]−1(

τHD,r,d

Td,fs

)

=






1 0 1
i

0 1 − i+1
i

0 0 1






(

τHD,r,d

Td,fs

)

(6.43)

Equation (6.11) can be rewritten as

HHD,rq̈HD,r +DHD,rq̇HD,r = τa + τHD,r,d. (6.44)

From (6.44), the state equation of the extended system (with load change [105] i.e.

the estimation of loads that are assumed to be constant) can be given as

ẋo =






−H−1
HD,rDHD,r 0 H−1

HD,r

I 0 0

0 0 0




 xo +






H−1
HD,r

0

0




 τa, (6.45)

where xo = (q̇THD,r, q
T
HD,r, τ

T
HD,rd)

T . The output equation reads

y = [0 I 0]xo. (6.46)

The observability of this extended system can be easily proven checking the Kalman

rank condition. For the model (6.45) and (6.46) a state observer can be designed

for example with standard pole placement methods.

6.1.6 Closed-Loop Behavior

We analyze the closed-loop behavior with simulation and measurement performed on

the rapid prototyping test bench setup of ThyssenKrupp R&D Institute Budapest.

The control input u (see (6.24)) of the position loop in (6.22) was produced with a

pole placement method. We placed the poles of the double integrator to −20 and

the pairs of poles of the state-observer designed for the extended system (6.45), to

−50.0, −50.1, and −50.2, respectively.
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Figure 6.3: Simulation of the step response of the closed-loop system

Simulation Study

Figure 6.3 presents the results of the simulation of the step response for the closed-

loop system. The position and torque references change at 1 s from 0 to 1. We

achieved the decoupling of the HD system and the results of the simulation proves

that the derived control algorithm allows us to control the angular position of the

circular spline axis and the constraint torque on the flexspline axis independently.

Notice that the constraint torque on the flexspline shaft can follow the reference

without dynamics.

Measurement Analysis

Figure 6.4 shows the measurements of the closed-loop step responses. The output

ϕcs behaves in a similar way as in the simulation results. For the output Tc,fs,



6.2. THE HARMONIC-DRIVE-SPRING SYSTEM 75

0 1 2 3 4 5
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

Time [s]

φ cs
 [r

ad
]

(a) Step response from ϕref
cs to ϕcs

0 1 2 3 4 5
−1.5

−1

−0.5

0

0.5

1

1.5

2

Time [s]

T
fs

 [N
m

]

(b) Step response from ϕref
cs to Tc,fs

0 1 2 3 4 5
−1

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

Time [s]

φ cs
 [r

ad
]

(c) Step response from T
ref
c,fs to ϕcs

0 1 2 3 4 5
−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

Time [s]

T
fs

 [N
m

]

(d) Step response from T
ref
c,fs to Tc,fs

Figure 6.4: Measurement of the closed-loop step response

the steady-state values are as respected but the transients are high, especially the

transient in the step response from ϕref
cs to Tc,fs. Notice that there is no differential

filter between the inputs and the torque output that makes this output extremely

sensitive to disturbances and parameter deviations.

The difference between the simulation results and the measurement data suggests

that further improvement could be achieved if we considered compliance issues as

well. On the other hand, a robustness analysis would also be reasonable.

6.2 The Harmonic-Drive-Spring System

An interesting setup with HDs is when we connect the load inertia on one of the axes

through a spring and the inertia between the HD and spring can be neglected. The

schematic view of the setup is shown in Figure 6.5. This section gives the dynamic
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Jfs, dfs Jrk rk, d

jfs jrk

jwg

i

s , dsp spjcs

Jcs, dcs

Jwg, dwg

Figure 6.5: Schematic view of the harmonic-drive-spring system

model for the case when the spring is on the circular-spline shaft because the setup

in the SIA steering system is similar. The number of the degrees of freedom of

this system is 3 and we will see that the HD and the spring build a generalized

spring together where the virtually unconstrained 3 bodies all connected with this

generalized spring. With two actuators the system is underactuated. We give apply

a decoupling algorithm for the control of the motion of two axes and show that a

small damping coefficient on the spring is critical with respect to the decoupling

algorithm.

6.2.1 Dynamic Model of the Harmonic-Drive-Spring Sys-

tem

The dynamic model of the harmonic-drive-spring (HDS) system will be derived in

similar steps as in Section 6.1.1. The generalized coordinates for the unreduced

system can be choosen as qHDS = (ϕwg, ϕcs, ϕfs, ϕrk)
T and the kinematic constraint

introduced by the HD can be given in the form of (4.31) with the constant coefficient

matrix:

CHDS =
[

1 −(i+ 1) i 0
]

. (6.47)

The dynamic model will be determined analytically and the inertia and damping on

the circular-spline shaft will be neglected in the last step so: Jcs = 0, dcs = 0.

We show that the HDS system belongs to the system class introduced in Sec-

tion 4.3 and like we did in Section 6.1.1, we go through the points listed in it again:

1. The kinetic energy reads:

T (q̇) =
1

2

{
Jwgϕ̇

2
wg + Jcsϕ̇

2
cs + Jfsϕ̇

2
fs + Jrkϕ̇

2
rk

}
=

1

2
q̇THDSHHDS q̇HDS, (6.48)
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where HHDS is the constant and diagonal inertia matrix:

HHDS =









Jwg 0 0 0

0 Jcs 0 0

0 0 Jfs 0

0 0 0 Jrk









. (6.49)

2. The potential energy is stored in the spring: P = 1/2 · ssp · (ϕcs − ϕrk)
2. We

can write it in the form of (4.28) with:

SHDS =









0 0 0 0

0 ssp 0 −ssp
0 0 0 0

0 −ssp 0 ssp









. (6.50)

3. With the damping of the spring, the coefficient matrix of the viscous friction

in (4.29) reads:

DHDS =









dwg 0 0 0

0 dcs + dsp 0 −dsp
0 0 dfs 0

0 −dsp 0 drk + dsp









. (6.51)

4. We have torque inputs on the wave-generator axis and on the other end of the

spring and so the constant input mapping matrix reads:

FHDS =









1 0

0 0

0 0

0 1









. (6.52)

5. The constant and full row-rank coefficient matrix in the expression of the

implicit kinematic constraints (4.31) is given as in (6.47).

For the transformation of the coefficient matrices, we need the Jacobian of the

explicit kinematic constraints that is built of basis vectors of the right null space of

the Jacobian of the implicit kinematic constraints. The right null space of CHDS is
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spanned by the vectors (0, 0, 0, 1)T , (1, 1/(i + 1), 0, 0)T , (0, i/(i + 1), 1, 0)T and the

Jacobian of the explicit kinematic constraints can be given as:

KHDS =









1 0 0
1

i+1
0 i

i+1

0 0 1

0 1 0









. (6.53)

With the coefficient matrices (6.49)–(6.52), the congruent transformations in

Theorem 4.1 with KHDS from (6.53) give:

HHDS,r =







Jwg +
1

(i+1)2
Jcs 0 i

(i+1)2
Jcs

0 Jrk 0
i

(i+1)2
Jcs 0 Jfs +

(
i

i+1

)2
Jcs






, (6.54a)

DHDS,r =







dwg +
1

(i+1)2
(dcs + dsp) − 1

i+1
dsp

i
(i+1)2

(dcs + dsp)

− 1
i+1

dsp drk + dsp − i
i+1

dsp
i

(i+1)2
(dcs + dsp) − i

i+1
dsp dfs +

(
i

i+1

)2
(dcs + dsp)






, (6.54b)

SHDS,r =







1
(i+1)2

ssp − 1
i+1

ssp
i

(i+1)2
ssp

− 1
i+1

ssp ssp − i
i+1

ssp
i

(i+1)2
ssp − i

i+1
ssp

(
i

i+1

)2
ssp






, (6.54c)

FHDS,r =






1 0

0 1

0 0




 , (6.54d)

and the equation of motion of the HDS system reads:

HHDS,rq̈HDS,r +DHDS,rq̇HDS,r + SHDS,rqHDS,r = FHDS,rτHDS. (6.55)

The generalized coordinates are given by the angular position variables of the wave

generator axis, the outer end of the spring, and the flexspline axis:

qHDS,r =






ϕwg

ϕrk

ϕfs




 , (6.56)

and the actuators are supposed to be mounted on the wave-generator axis and on
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the outer end of the spring:

τHDS =

(

Twg

Trk

)

. (6.57)

We want to give the equations of motion of the system where the spring is

connected directly to the circular spline shaft of the HD and we can neglect the

moment of inertia of the rod between them. The following proposition summarizes

this case.

Proposition 6.3. If the moment of inertia of the rod between the HD and the spring

can be neglected in the HDS system depicted in Figure 6.5, we obtain a mechanical

system where three independent axes are connected by a generalized spring-damper

that acts on all three axes.

The equations that govern the motion of this system is given by (6.55) where

FHDS,r is as in (6.54d),

HHDS,r =






Jwg 0 0

0 Jrk 0

0 0 Jfs




 , (6.58a)

the stiffness matrix is a rank 1 matrix (1 generalized spring):

SHDS,r =
ssp

(i+ 1)2
nHDn

T
HD, (6.58b)

and the damping is the sum of the damping on the axes and the (rank 1) damping

of the generalized spring:

DHDS,r =






dwg 0 0

0 drk 0

0 0 dfs




+

dsp
(i+ 1)2

nHDn
T
HD. (6.58c)

The column vector nHD was given in (6.2).

Proof. The substitution of Jcs = 0 and dcs = 0 into the coefficients given in (6.54)

implies the proposition.

The mathematical model, which was presented in the last proposition can also

be derived with the use of the original Lagrangian approach after the substitution

of (4.35). [106,107].
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6.2.2 Decoupling Control for the Harmonic-Drive-Spring

System

The HDS system is an underactuated mechanical system and so the inverse dynamics

control cannot be directly applied. The control of two outputs with two actuators

in the underactuated HDS system with 3 degrees of freedom can be achieved with

a so-called decoupling algorithm, which achieves a closed-loop behavior like a set of

independent input-output pairs. We will use the comprehensive theory introduced in

[108] and the synthesis procedure described in [109]. The controller synthesis is based

on the state-space realization therefore we consider the state-space representation

of (6.55) in the form of (5.1) and now

As =

[

0 I

−H−1
HDS,rSHDS,r −H−1

HDS,rDHDS,r

]

, (6.59)

Bs =

[

0

−H−1
HDS,rFHDS,r

]

, (6.60)

with the block matrices from (6.58), i.e. Jcs = 0.

Observe that the first three columns of the system matrix As are linearly de-

pendent because the stiffness matrix SHDS,r is of rank 1. It means that in order to

express q̈HDS,r we do not need to know the values of the position variables ϕwg, ϕrk,

and ϕfs separately but only their linear combination i.e. the value of nT
HDqHDS,r.

Moreover, the system outputs, i.e. the controlled variables are the angular position

of the circular spline shaft ϕcs and the torque on the flexspline shaft, so the variables

ϕwg, ϕfs are not required and they can be replaced with nT
HDqHDS,r. This replace-

ment reduces the order of the state-space model from 6 to 5. In this reduced order

state-space model, the vector of the state-variables is x′
s = (ϕrk, n

T
HDqHDS,r, q̇HDS,r)

T

and the matrix A′
s reads:

A′
s =







0 0 0 1 0

0 0 nT
HD

0 − ssp

Jfs(N+1)2
nHD −H−1

HDS,rDHDS,r






. (6.61)

To obtain the matrix B′
s for the reduced order model, we have to leave one of the

first three zero rows out of Bs in (6.60), i.e. the dimension of the zero matrix block

is reduced from 3× 2 to 2× 2.
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To calculate the second output in knowledge of the state variable x′
s, we refer to

the well-known Newton’s law:

Tfs = Jfsϕ̈fs. (6.62)

Notice that the angular acceleration ϕ̈fs of the flexspline shaft is expressed by the

last equation in (5.1a). After substitution of the matrices from (6.58) and nHD

from (6.2) into (6.61) the output matrix reads

C ′
s =




1 0 0 0 0

0 − i
(i+1)2

ssp − i
(i+1)2

dsp
i

i+1
dsp −dfs −

(
i

(i+1)

)2

dsp



 . (6.63)

To check the minimality of the state-space realization with dimension 5 we use

the following theorem [76,90]:

Theorem 6.3. An n-dimensional realization (A,B,C,D) of the transfer function

matrix H(s) is minimal (irreducible, of least order) if and only if it is both control-

lable and observable.

Proof. See in [76].

Both the controllability and the observability properties can be proved easily

and the minimality of the reduced order model with model order 5 can be shown.

The key to the solution of the decoupling problem is a canonical representation

of integrator decoupled systems. The basic steps of the controller synthesis in [108,

109] are the inspection of the necessary and sufficient conditions for decoupling,

the conversion to integrator decoupled form, the transformation to a canonically

decoupled form and the compensation of the canonically decoupled system. In the

following we present general results given in [108] for each step and we apply it to

the HDS system.

Necessary and Sufficient Conditions for Decoupling

Let us consider the m-input, m-output, nth order system (A,B,C), where A, B, C

are respectively matrices of size n× n, n×m, m× n. We introduce the integers ri

(elements of the vector relative degree) and the 1×m row matrices Gi (i = 1, . . . ,m)

as follows:

ri =







n, if CiA
kB = 0, ∀k = 0, 1, . . . , n− 1,

j + 1, if CiA
kB = 0, ∀k = 0, 1, . . . , j − 1,

and CiA
jB 6= 0,

(6.64)
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Gi = CiA
ri−1B, (6.65)

where Ci is the ith row of C. We form the m×m matrix

G =







G1

...

Gm






. (6.66)

The system can be decoupled if and only if the so-called decoupling matrix G is

nonsingular.

For our system r1 = 2, r2 = 1 and

G =

[

0 1
Jrk

− i
(i+1)2

dsp
Jwg

i
i+1

dsp
Jrk

]

. (6.67)

It is easy to examine that (for dsp 6= 0)1 the determinant |G| 6= 0 i.e. G is nonsingular

and the system can be decoupled. For future use we also calculate its inverse

G−1 =

[

(i+ 1)Jwg − (i+1)2

i

Jwg

dsp

Jrk 0

]

. (6.68)

Conversion to Integrator Decoupled Form

The system (A,B,C) is integrator decoupled if the transfer matrix H(s) = C(Ins−
A)−1B is diagonal and has diagonal elements

hi(s) =
γi
sri

, (i = 1, . . . ,m). (6.69)

Consider the system (A,B,C), where G is nonsingular and let A∗ denote the

m× n matrix

A∗ =







C1A
r1

...

CmA
rm






. (6.70)

Then with the control law

u = −G−1A∗x+G−1v, (6.71)

1The decoupling control for the case dsp = 0 is presented in [107].
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the closed-loop system (A−BG−1A∗, BG−1, C) is integrator decoupled.

In our case G−1 is as in (6.68) and the expression of A∗ reads

A∗ =

[

0 0 0 1 0

0 − i
(i+1)2

ssp − i
(i+1)2

dsp
i

i+1
dsp −dfs −

(
i

i+1

)2
dsp

]T

As. (6.72)

Transformation to Canonically Decoupled Form

The system (A,B,C) is canonically decoupled if the following conditions are satis-

fied:

1. The matrices A, B and C have the partitioned form:

A =














A1 0 · · · 0 0 Au
1

0 A2 · · · 0 0 Au
2

...
...

. . .
... 0

...

0 0 · · · Am 0 Au
m

Ac
1 Ac

2 · · · Ac
m Am+1 Au

m+1

0 0 · · · 0 0 Au
m+2














, (6.73)

B =














b1 0 · · · 0

0 b2 · · · 0
...

...
. . .

...

0 0 · · · bm

bc1 bc2 · · · bcm

0 0 · · · 0














, (6.74)

C =









c1 0 · · · 0 0 cu1

0 c2 · · · 0 0 cu2
...

...
. . .

... 0
...

0 0 · · · cm 0 cum









. (6.75)

2. For i = 1, . . . ,m the matrices Ai,bi and ci have the partitioned form:

Ai =






[

0 Iri−1

0 0

]

0

Υi Φi




 , (6.76)
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Table 6.2: Dimensions of the matrix partitions
Ai : pi × pi bi : pi × 1
Ac

i : pm+1 × pi bci : pm+1 × 1
Au

i : pi × pm+2 ci : 1× pi
Υi : di × ri cui : 1× pm+2

Φi : di × di

bi =









0
...

γi

βi









, βi =









βi1

βi2

...

βidi









, (6.77)

ci =
[

1 0 · · · 0
]

. (6.78)

The dimensions of the matrix partitions are given in Table 6.2 where di is

defined as di = pi − ri.

3. For i = 1, . . . ,m the systems (Ai, bi, ci) are controllable.

4. Let η =
[

η1 η2 . . . ηm+2

]

be a partitioned n row where ηi is a pi row.

If pm+1 = dm+1 > 0 and ηm+1 6= 0, then the 1 × m row matrix function

η(Ins− A)−1B has at least two nonzero elements.

For a canonically decoupled system the decoupling problem has a particularly

simple form and Gilbert shows, in addition, that every integrator decoupled sys-

tem is similar to a canonically decoupled system [108]. The transformation is the

product of two transformations. The first transformation separates the controllable

and uncontrollable modes. As our system is controllable we omit this first transfor-

mation and the uncontrollable mode. The second transformation affects only the

controllable mode and the transformation matrix is

Q =









Q1

...

Qm

Qm+1









. (6.79)

To determine Qi the following notation is required. Let Mi be the linear row space

{η : ηAjBk = 0, ∀k ∈ {1, . . . ,m}\{i}, ∀j ∈ {0, . . . , n − 1}} where Bk is the kth

column of B. Then it is shown in [108] that Ci, CiA, . . . , CiA
ri−1 ∈Mi and they are
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linearly independent. Moreover the Mi are disjoint so that it is possible to write

M = M1 ⊕M2 ⊕ · · · ⊕Mm ⊕Mm+1. The rows of Qi are a basis for Mi

Qi =

















Ci

CiA
...

CiA
ri−1

q1i
...

qpi−ri
i

















, (i = 1, . . . ,m), (6.80)

Qm+1 =







q1m+1
...

q
pm+1

m+1






. (6.81)

The qji can be determined by calculating a basis for the column null space of
[

Li CT
i · · · (CiA

di)T
]T

where Li =
[

P1 · · · Pi−1 Pi+1 · · · Pm

]

and Pk =
[

Bk ABk · · · An−1Bk

]

is the controllability matrix of the pair (A,Bk) such that

Bk is the kth column of B. The rows q1i , . . . , q
pi−ri
i , (i = 1, . . . ,m) can be obtained by

taking the transpose of these basis columns. The rows of Qm+1 must extend the rows

of Q1, . . . , Qm to form a set of n linearly independent rows. This is done by calculat-

ing a basis for the column null space of
[

QT
1 · · · QT

m

]

. The rows q1m+1, . . . , q
pm+1
m+1

are the transpose of the resulting basis columns. It is obvious that

pi = max (n− rank (Li) , ri) , (i = 1, . . . ,m), (6.82)

pm+1 = n−
m∑

i=1

pi. (6.83)

Let us transform the integrator decoupled system (A′
s − B′

sG
−1A∗, B′

sG
−1, C ′

s)

to canonically decoupled form. The elements of the matrices Li are very sensitive

to the system parameters. Their ranks and the above mentioned null space cannot

be reliably determined with numerical methods and we have to apply symbolic

computations. After lengthy but straightforward symbolic calculations we obtain

that the first and fourth rows of L1 are zero and the other 3 rows are linearly

independent, and consequently rank(L1) = 3. Substituting this and r1 = 2 into

(6.82) we obtain p1 = 2. The rank of L2 turns out to be 2 because its second and
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fifth rows are zero and the third and fourth rows are linearly dependent. Recall that

r2 = 1 and we obtain p2 = 3, p3 = 0. Accordingly, Q1 and Q2 read

Q1 =

[

C ′
s,1

C ′
s,1 (A

′
s − B′

sG
−1A∗)

]

, Q2 =






C ′
s,2

q12

q22




 . (6.84)

Because the second and fifth rows of L2 are zero the second and fifth standard unit

vectors eT2 and eT5 are appropriate for q12 and q22. Accordingly, Q and its inverse read

Q =











1 0 0 0 0

0 0 0 1 0

0 − i
(i+1)2

ssp − i
(i+1)2

dsp
i

i+1
dsp −bfs −

(
i

i+1

)2

0 1 0 0 0

0 0 0 0 1











, (6.85)

Q−1 =











1 0 0 0 0

0 0 0 1 0

0 i+ 1 − (i+1)2

idsp
− ssp

dsp
− (i+1)2dfs

idsp
− i

0 1 0 0 0

0 0 0 0 1











. (6.86)

The canonically decoupled form (Acd, Bcd, Ccd) of the integrator decoupled sys-

tem (As −BsG
−1A∗, BsG

−1, Cs) is given by

Acd = Q
(
A′

s −B′
sG

−1A∗
)
Q−1 =












0 1 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 − (i+1)2

idsp
− ssp

dsp
− (i+1)2dfs

idsp

0 0 1
Jfs

0 0












, (6.87)

Bcd = QB′
sG

−1 =











0 0

1 0

0 1

0 0

0 0











, (6.88)
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Ccd = C ′
sQ

−1 =

[

1 0 0 0 0

0 0 1 0 0

]

. (6.89)

Compensation of the Canonically Decoupled System

The canonically decoupled system has two partitions, namely (A1, b1, c1) of order

2 and (A2, b2, c2) of order 3. Equation (6.69) suggests, however, that (A1, b1, c1) is

the realization of a double-integrator and the second output is the integral of the

second input. The first statement can be easily verified considering the realization:

its two poles i.e. the roots of the characteristic polynomial s2 = 0 are both zero and

the gain equals 1. For the second partition, notice that the derivative of the state-

variable, which is the output as well, equals the input. The other two state-variables

represent the zero dynamics and they evolve depending on this output variable but

have no effect onto the input-output behavior. This pole-zero cancellation will be

discussed in more detail later on.

The compensation of partition (A1, b1, c1) is equivalent to the compensation of

the double integrator:

ÿ1 = v1. (6.90)

Suppose that we want to achieve a second-order closed-loop behavior:

ÿ1 + 2ξω1ẏ1 + ω2
1y1 = ω2

1yref,1. (6.91)

where ω1 is the natural undamped frequency and ξ is the damping factor. From

(6.90) and (6.91) we obtain:

v1 = ω2
1yref,1 − 2ξω1ẏ1 − ω2

1y1. (6.92)

The eigenvalues of the 3 × 3 partition A2 are located at 0, 0, −ssp/dsp. The

invariant zeros are the solution of

∣
∣
∣
∣
∣

sI − A2 −b2
c2 0

∣
∣
∣
∣
∣
= s

(

s+
ssp
dsp

)

= 0. (6.93)

The roots are 0 and −ssp/dsp that cancel the corresponding poles and (A2, b2, c2)

turns out to be an integrator. The cancelled poles correspond to the zero dynamics

of partition 2 and should normally be stable. According to (6.87)-(6.89), the first
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state variable in this partition is the second output i.e. Tfs and the last state variable

that introduced the unstable mode at 0 is
∫

1
Jfs

Tfs. Recall (6.62) and recognize that

this state variable equals the angular velocity of the flexspline axis. We want to

control the torque that accelerates the flexspline axis, and consequently we cannot

avoid this mode. On the contrary, this mode in the zero dynamics is even needed

to achieve the torque control.

For the compensation, we use the simple fact that the negative feedback of an

integrator with a preamplifier gain ω2 leads to a first-order term with crossover

frequency ω2 and steady-state gain 1:

h2,cl(s) =
ω2

s

1 + ω2

s

=
ω2

s+ ω2

. (6.94)

Accordingly, the control law reads

v2 = ω2 (yref,2 − y2) . (6.95)

Equations (6.92) and (6.95) can be summarized as

v = −Kcdxcd + Lcdyref , (6.96)

where xcd, v = (v1, v2)
T , yref = (yref,1, yref,2)

T are the vectors of the state-variables,

the vector of the inputs of the canonically decoupled system and the vector of the

references, respectively. The coefficient matrices are

Kcd =

[

ω2
1 2ξω1 0 0 0

0 0 ω2 0 0

]

, Lcd =

[

ω2
1 0

0 ω2

]

. (6.97)

6.2.3 Closed-Loop Behaviour

We substitute (6.96) into (6.71) and consider the transformation xcd = Qxs. For the

control input we obtain

u = −Kx+ Lyref , (6.98)

where K = G−1 (A∗ +KcdQ) and L = G−1Lcd.

The closed-loop performance is analyzed with simulation. We used parameter

values that are closed to the values identified for the HD system and realistic for a

mechanical setup (see Table 6.3). For the compensation of the decoupled partitions,

we used the cross-over frequency ω1 = ω2 = 20 and the damping coefficient of the



6.2. THE HARMONIC-DRIVE-SPRING SYSTEM 89

Table 6.3: Parameter values for the simulation study on the HDS system
Parameter Value Unit
Jwg 100.0000 kgmm2

Jrk 50000.0000 kgmm2

Jfs 50000.0000 kgmm2

dwg 0.0005 Nms/rad
drk 0.0100 Nms/rad
dfs 0.0100 Nms/rad
dsp 0.0100 Nm
ssp 100.0000 Nm/rad
i 50 -

second-order partition is ξ = 0.7.

The step-response outputs are shown in Figure 6.6. Observe that the input-

output channels are decoupled, there are no cross effects. The step-response of

the decoupled partitions corresponds to the cross-over frequency and the damping

coefficient used for the controller synthesis.

The inputs that achieve the desired performance are shown in Figure 6.7. They

are in the acceptable range except the short but high transients at the beginning.

These transients are a consequence of the stepwise change in the references and

so they are also acceptable because such extreme changes in the transients are

unlikely in real-life applications such as the steering system. Observe also the drift

in both input signals for the step response of the torque-control partition. They

have a similar reason, namely the DC-characteristic of the torque reference that

is improbable, too: the permanent acceleration of the flexspline axis implies the

increasing viscous friction on the flexspline and wave generator axes. On the other

hand, the aim of torque-control loop the add an additive torque term onto the

flexspline axis that is also acted by other torque terms such as the driver torque. To

accomplish this aim, the sum of all disturbing torques (including the driver’s torque)

has to be estimated and added to the “feedback torque” for the driver and the sum

of these two terms will build the reference for the torque-control loop. Note that

an observer is needed also for the state-feedback if not the whole set of the state

variables are measured.
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Figure 6.6: Step-response outputs of the HDS system
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Figure 6.7: Step-response inputs of the HDS system
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6.3 The SIA Steering System

The setup of the SIA steering system was presented in Chapter 3. We have seen that

the mechanical link between the steering wheel and the rack, i.e. the steered road

wheels includes the SIA actuator unit, i.e. a HD unit, two universal joints, and a

torsion bar. Section 6.1 presented the dynamical model of a HD system based on the

kinematic constraint that is introduced by the HD and it also studied the decoupling

control, which achieves the objectives of the steering application: position control

on one axis and torque feedback on another axis with two electric actuators. The

addition of a spring to the HD system increases its degrees of freedom. The modeling

and control of this underactuated mechanical system was described in Section 6.2.

The HDS system has to be extended by the universal joints in order to obtain the

mechanical model of the complete SIA steering system. The background, which is

necessary for understanding the kinematic properties of the universal joints included

into the SIA steering system, is given in the next subsection and the ensuing sub-

sections present the dynamical model of the SIA steering system, its noninteracting

control, and the closed-loop performance analysis.

6.3.1 Universal Joints

Universal joints are the oldest devices known to be used for connecting two rotating

equipments. They are thought to have been used already on ballistae of Ancient

Greeks but the earliest known suggestion of their use dates back to 1545 and is

credited to the Italian mathematician, Gerolamo Cardano. In his honour, this type

of couplings is often called as Cardan joint in Europe but it is also know as the

Hooke’s joint in honour of Robert Hooke, who produced a working universal joint

in 1676 [110].

Universal joints are special couplings that are used in many general-purpose

applications but primarily on vehicles. They are generally used for accommodating

a high degree of misalignments (generally in excess of 1 degree). Because of the wide

variety of the application areas, there are three different basic types: the plain cross

and bushing type, the constant-velocity type, and the heavy-duty industrial type [111].

We will focus on the plain cross and bushing type universal joints because this

type is used on low-torque manual controls such as steering columns. The universal

joint, which is used in the SIA steering system is shown in Figure 6.8. It consists of

two shaft shapes drilled at right angles and connected through the so-called cross.
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Figure 6.8: Universal joint in the SIA steering system

We are mostly interested in the kinematic properties of universal joints. The

relationship between the motion of the shafts connected by a single plain cross and

bushing type universal joint largely depend on the angle β between the two shafts

(in the plane formed by the shaft sections). For a constant velocity rotation of the

input shaft, the velocity of the output shaft varies harmonically with each revolution

of the input shaft (see Figure 6.9).

Figure 6.10 shows the difference between the two angles that is called the Car-

dan error. Observe that during one revolution of the input shaft there are four

variations on the output shaft. Through these acceleration and deceleration phases,

considerable inertial force can become effective for large bend angles and rotational

speeds. The relationship between the the rotational angles of the two shafts can be

written as [111]
tanϕ1

tanϕ2

= cos β, (6.99)

or in another form, which is for all values of ϕ1 and ϕ2 defined

sinϕ1 cosϕ2 = cos β cosϕ1 sinϕ2. (6.100)

The SIA steering system includes two universal joints with different deviation

angles connected one to another. Now we show that the resultant effect can be
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modeled with a single virtual universal joint. Let ϕ1, ϕ2, ϕ3, β1, β2 denote the

rotational angle of the input shaft of the first universal joint, the rotational angle

of the axes between the output shaft of the first universal joint and the input shaft

of the second universal joint, the rotational angle of the output shaft of the second

universal joint, the deviation angle of the first universal joint, and the deviation

angle of the second universal joint, respectively. According to (6.99), the following

relationships can be given:

tanϕ1

tanϕ2

= cos β1, (6.101a)

tanϕ3

tanϕ2

= cos β2. (6.101b)

After the division of both sides of these equations, if cos β1/ cos β2 < 1 we can write:

tanϕ1

tanϕ3

= cos β, (6.102a)

where β is the bend angle of the resultant virtual universal joint:

β = arccos

(
cos β1

cos β2

)

. (6.102b)

For cos β1/ cos β2 > 1, we use the reciprocal expression:

tanϕ3

tanϕ1

= cos β, (6.103a)

where β is

β = arccos

(
cos β2

cos β1

)

. (6.103b)

It is clear from (6.102) and (6.103) that the use of the same deviation angle on

both universal joints cancels the nonuniform transmission of the connected joints if

the moment of inertia of the rod between them may be neglected. There are two

such double-universal-joint setups possible, which are called Z -arrangement and W -

arrangement [111]. The W -arrangement is also known as M -arrangement.
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Figure 6.11: Schematic View of the SIA steering system

6.3.2 Dynamical Model of the SIA Steering System

The schematic view of the steering system is presented in Figure 6.11. Observe that

the double universal joint on the steering column is modeled with a virtual single

universal joint. The free motion of the five rotating axes is constrained by the HD in

the SIA actuator unit and by the (double) universal joint. The kinematic constraint,

which is introduced by the HD was already given in (6.1). The constraint introduced

by the universal joint is given in the form of (6.99):

tanϕcj = Ccj tan (ϕcs + ϕcs,0) , (6.104a)

where Ccj = cos β, is the cosine of the angle between the shafts of the universal

joint, which will be supposed to be constant during the operation. The role of ϕcs,0

is similar to it of ϕ0 in (6.1) and again without the loss of generality it will be set to

zero. For values where the tangent function is not defined, the reciprocal expression

is to be considered:

cotϕcj =
1

Ccj

cot (ϕcs + ϕcs,0) . (6.104b)

For further use, we rewrite them with ϕcs,0 = 0:

ϕcj − arctan (Ccj tanϕcs) = 0, (6.105a)

ϕcj − arccot

(
1

Ccj

cotϕcs

)

= 0, (6.105b)

and calculate their derivatives that have the same form for both expressions:

ϕ̇cj −
Ccj

cos2 ϕcs + C2
cj sin

2 ϕcs

ϕ̇cs = 0. (6.106)
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The kinematic constraints introduced by the HD and the universal joints are

holonomic and scleronomic and they can be given in the form of (4.5), where the

vector of the generalized coordinates is currently qSIA = (ϕfs, ϕcs, ϕwg, ϕcj, ϕrk)
T .

The Jacobian of the kinematic constraints play a key role in the modeling of con-

strained mechanical systems (see Chapter 4). According to (6.106) and the results

of the previous sections about the modeling of mechanical systems with a HD unit

the Jacobian of the implicit kinematic constraints in the SIA steering system reads:

JSIA(ϕcj) =

[

i −(i+ 1) 1 0 0

0 1 0 − Ccj

sin2 ϕcj+C2
cj cos

2 ϕcj
0

]

, (6.107)

which is not constant but depends on ϕcj. It is defined on the whole domain of the

variables because 0 < Ccj ≤ 1 is reasonable (we assume |β| < π/2). The (right)

nullspace of JSIA is spanned by the vectors

b1 =











0

0

0

0

1











, b2 =











1

0

−i
0

0











, b3 =












0
Ccj

sin2 ϕcj+C2
cj cos

2 ϕcj

(i+1)Ccj

sin2 ϕcj+C2
cj cos

2 ϕcj

1

0












, (6.108)

and accordingly, the explicit Jacobian is given as:

KSIA(ϕcj) =
[

b1 b2 b3

]

. (6.109)

KSIA is the transformation matrix in (4.24). Now we give the coefficients H, F

and the term h to be transformed. Like in the previous sections, we have constant
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inertia, damping and stiffness matrices:

HSIA =











Jfs 0 0 0 0

0 Jcs 0 0 0

0 0 Jwg 0 0

0 0 0 Jcj 0

0 0 0 0 Jrk











, (6.110a)

DSIA =











dfs 0 0 0 0

0 dcs 0 0 0

0 0 dwg 0 0

0 0 0 dcj + dsp −dsp
0 0 0 −dsp drk + dsp











, (6.110b)

SSIA =











0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 ssp −ssp
0 0 0 −ssp ssp











. (6.110c)

The vector τ of the generalized forces will be decomposed into the terms of the

Coulomb friction and the other external torques. The external torques are supposed

to act on the flexspline axis, on the wave generator axis and on the rack axis.

(Torques acting on other axes can be reduced onto these three axis with equivalent

torques.) So the vector of the generalized torques reads

τSIA = FSIATSIA − FSIA,C sgn q̇SIA, (6.111)

where qSIA = (ϕfs, ϕcs, ϕwg, ϕcj, ϕrk)
T , TSIA = (Tfs, Twg, Trk)

T , and

FSIA =











1 0 0

0 0 0

0 1 0

0 0 0

0 0 1











, (6.112a)
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FSIA,C =











cfs 0 0 0 0

0 ccs 0 0 0

0 0 cwg 0 0

0 0 0 ccj 0

0 0 0 0 crk











. (6.112b)

Accordingly, the term h(q, q̇) in (4.23) reads now

hSIA(qSIA, q̇SIA) = SSIAqSIA +DSIAq̇SIA + FSIA,C sgn q̇SIA. (6.113)

Equation (4.11) with KSIA from (6.109) implies that we can define the vector of

the reduced generalized coordinates as qSIA,r = (ϕrk, ϕfs, ϕcj)
T . Consequently, the

equations of motion of the steering system read

HSIA,r(qSIA,r)q̈SIA,r + hSIA,r(qSIA,r, q̇SIA,r) = FSIA,r(qSIA,r)TSIA, (6.114)

where

HSIA,r(qSIA,r) = KT
SIA(ϕcj)HSIAKSIA(ϕcj), (6.115a)

hSIA,r(qSIA,r, q̇SIA,r) =

= KT
SIA(ϕcj)HSIAK̇SIA(ϕcj)q̇SIA,r +KT

SIA(ϕcj)DSIAKSIA(ϕcj)q̇SIA,r+

+KT
SIA(ϕcj)FSIA,C sgn(KSIA(ϕcj)q̇SIA,r) +KT

SIA(ϕcj)SSIAPSIAqSIA,r, (6.115b)

FSIA,r(qSIA,r) = KT
SIA(ϕcj)FSIA,r, (6.115c)

with

PSIA =











0 1 0

0 0 0

0 0 0

0 0 1

1 0 0











. (6.116)

For brevity, we will omit the variable dependences of expressions from now on,
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so the matrix coefficients HSIA,r, FSIA,r in (6.114) read

HSIA,r =







Jrk 0 0

0 Jfs + i2Jwg −Ccj

Rcj
i(i+ 1)Jwg

0 −Ccj

Rcj
i(i+ 1)Jwg Jcj +

C2
cj

R2
cj

(Jcs + (i+ 1)2Jwg)






, (6.117)

FSIA,r =






0 0 1

1 −i 0

0
Ccj

Rcj
(i+ 1) 0




 , (6.118)

where

Rcj = sin2(ϕcj) + C2
cj cos

2(ϕcj). (6.119)

The three elements of the vector hSIA,r in (6.114) are as follows:

hSIA,r,1 = drkϕ̇rk + crk sgn ϕ̇rk + dsp (ϕ̇rk − ϕ̇cj) + ssp (ϕrk − ϕcj) , (6.120a)

hSIA,r,2 = −
Ccj(C

2
cj − 1)

R2
cj

sin(2ϕcj)i(i+ 1)Jwgϕ̇
2
cj−

− Ccj

Rcj

i(i+ 1)dwgϕ̇cj + (dfs + i2dwg)ϕ̇fs+

+ cfs sgn ϕ̇fs − icwg sgn

(

−iϕ̇fs +
Ccj

Rcj

(i+ 1)ϕ̇cj

)

, (6.120b)

hSIA,r,3 =
C2

cj(C
2
cj − 1)

R3
cj

sin(2ϕcj)
(
Jcs + (i+ 1)2Jwg

)
ϕ̇2
cj+

+

(

dcj +
C2

cj

R2
cj

(
dcs + (i+ 1)2dwg

)
)

ϕ̇cj−
Ccj

Rcj

i(i+1)dwgϕ̇fs+

(

ccj +
Ccj

Rcj

dc,cs

)

sgn ϕ̇cj+

Ccj

Rcj

(i+ 1)cwg sgn

(

−iϕ̇fs +
Ccj

Rcj

(i+ 1)ϕ̇cj

)

+ dsp (ϕ̇cj − ϕ̇rk) + ssp (ϕcj − ϕrk) .

(6.120c)

In (6.120c) we used that for 0 < Ccj ≤ 1 (or equivalently |β| < π/2): sgn
(

Ccj

Rcj
ϕ̇cj

)

=

sgn ϕ̇cj.
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Figure 6.12: Block diagram of the control structure

6.3.3 Noninteracting Control of the SIA Steering System

We understand by noninteracting control a feedback control where the closed loop

system has the form of a set of dynamical SISO systems without cross or coupling

effects.

Our physical setup is actuated by two motors on the wave generator (Twg) and

on the rack (Trk) axes, respectively. Hence the input mapping matrix for the control

input is built up of the last two columns of FSIA,r. An outer loop namely the control

loop of the driver actuates on the flexspline axis and accordingly its input mapping

matrix is the first column of FSIA,r. Our control loop with actuators on the wave

generator and the rack axes has to achieve the control objectives of the virtual steer-

by-wire steering application and the driver’s loop is practically a position control

on the flexspline axis, i.e. on the steering wheel (see Figure 6.12, where x stands for

the state vector of the steering system).

Nonlinear Control

To show that this nonlinear system admits noninteracting control, it is sufficient to

show its flatness property [112–114] or, in other terms, to find outputs with trivial

zero dynamics.

Theorem 6.4. The system defined by (6.114) is differentially flat with flat output

y = (ϕfs, ϕcj).

Proof. To prove the theorem, one needs to show that all variables, namely ϕrk, Twg

and Trk, can be calculated as functions of ϕfs, ϕcj and finite number of their time

derivatives. The second equation of (6.114) (with HSIA,r, FSIA,r and hSIA,r as in

(6.117), (6.118) and (6.120)) allows to calculate Twg as a function of ϕcj, ϕ̇cj, ϕ̈cj,
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ϕ̇fs and ϕ̈fs. Then the last equation of (6.114) allows to determine ϕrk as a function

of the same arguments as before. The first equation of (6.114) makes it possible to

express Trk as a function of ϕcj, ϕ̇cj, ϕ̈cj, ϕ
(3)
cj , ϕ

(4)
cj and ϕ̇fs, ϕ̈fs, ϕ

(3)
fs , ϕ

(4)
fs .

Nevertheless, our aim is to control the motion of the flexspline and the rack axes

but they (ϕfs,ϕrk) are not the variables in the flat output. This fact suggests to

simplify the model with special assumptions for the controller synthesis.

Linear Control

The Cardan joint angle β is not known in practice. Usually, it is a relatively small

angle and its cosine Ccj is close to 1. Accordingly, we assume Ccj ≡ 1 that implies

Rcj ≡ 1 according to (6.119), as well. We also assume negligible Coulomb friction

because of small Coulomb frictional coefficients and so obtain the following linear

model:

HSIA,lq̈SIA,r +DSIA,lq̇SIA,r + SSIA,lqSIA,r = FSIA,lT, (6.121)

where

HSIA,l =






Jrk 0 0

0 Jfs + i2Jwg −i(i+ 1)Jwg

0 −i(i+ 1)Jwg Jcj + Jcs + (i+ 1)2Jwg




 , (6.122a)

DSIA,l =






drk + dsp 0 −dsp
0 dfs + i2dwg −i(i+ 1)dwg

−dsp −i(i+ 1)dwg dcj,cj




 , (6.122b)

dcj,cj = dcs + dcj + (i+ 1)2dwg + dsp, (6.122c)

SSIA,l =






ssp 0 −ssp
0 0 0

−ssp 0 ssp




 , (6.122d)

FSIA,l =






0 0 1

1 −i 0

0 i+ 1 0




 . (6.122e)

With the use of the last two inputs (Twg, Trk) we derive the required control

algorithm. Notice that the HDS system presented in Section 6.2 is similar but it
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neglected the inertias Jcj, Jcs and the decoupling control implemented for it can

achieve the “force feedback” on the flexspline axis, that is an important objective of

the steering application, only with an accurate estimation of all torques acting the

axes. This property makes its application cumbersome. Now we present the control

algorithm that can be applied to the steering system.

The first equation in (6.121) reads

Jrkϕ̈rk + (drk + dsp) ϕ̇rk − dspϕ̇cj + ssp (ϕrk − ϕcj) = Trk. (6.123)

The feedback

Trk = Jrku1 + (drk + dsp) ϕ̇rk − dspϕ̇cj + ssp (ϕrk − ϕcj) (6.124)

results in the double integrator

ϕ̈rk = u1. (6.125)

For underactuated systems, Spong [115, 116] suggested the use of a set of equa-

tions of motion with the number of the degree of underactuation for expressing the

second derivatives of the same number of variables. This gives the clue to express

ϕ̈cj from the last equation in (6.121):

ϕ̈cj = i(i+ 1)
Jwg

J̃cj
ϕ̈fs +

dsp

J̃cj
ϕ̇rk + i(i+ 1)

dwg

J̃cj
ϕ̇fs−

− dcj,cj

J̃cj
ϕ̇cj +

ssp

J̃cj
(ϕrk − ϕcj) + (i+ 1)

1

J̃cj
Twg, (6.126)

where

J̃cj = Jcj + Jcs + (i+ 1)2Jwg. (6.127)

We substitute (6.126) into the second equation of (6.121) and after a long but

straightforward calculations we obtain:

J̃fsϕ̈fs + i(i+ 1)
Jwg

J̃cj
dϕ̇rk +

(

dfs +
Jcj + Jcs

J̃cj
i2dwg

)

ϕ̇fs+

+ i(i+ 1)

(

Jwg

J̃cj
dcj,cj − dwg

)

ϕ̇cj + i(i+ 1)
Jwg

J̃cj
ssp (ϕcj − ϕrk) =

= Tfs −
Jcj + Jcs

J̃cj
iTwg, (6.128)
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with

J̃fs = Jfs +
Jcj + Jcs

J̃cj
i2Jwg. (6.129)

We apply the following feedback to (6.128):

Twg = −(i+ 1)
J̃cj

Jcj + Jcs

{

1

i(i+ 1)
u2 +

Jwg

J̃cj
dspϕ̇rk+

+
1

i(i+ 1)

(

dfs +
Jcj + Jcs

J̃cj
i2dwg

)

ϕ̇fs+

+

(

Jwg

J̃cj
dcj,cj − dwg

)

ϕ̇cj +
Jwg

J̃cj
ssp (ϕcj − ϕrk)

}

(6.130)

and obtain:

J̃fsϕ̈fs = u2 + Tfs. (6.131)

For the driver’s position control loop, the effective inertia of the steering wheel is

J̃fs. Notice that the “force feedback” on the flexspline axis that is one objective of

our control system is realized with input u2 of the decoupled system. The driver

sees this feed-forward term as a disturbing torque but it is always determined by

the controller. We can also see u2 as a tool to modify the inertia seen by the driver

when trying to steer the car such that the passivity is reserved.

These results can be substituted back into (6.126) and we obtain:

J̃cjϕ̈cj + d̃cj,rkϕ̇rk + d̃cj,fsϕ̇fs + d̃cj,cjϕ̇cj + s̃ (ϕcj − ϕrk) = f̃2u2 + f̃fsTfs, (6.132)

where

d̃cj,rk = (i+ 1)2
Jwg

Jcj + Jcs
dsp, (6.133a)

d̃cj,fs =
i+ 1

i

(

J̃cj
Jcj + Jcs

dfs + i2dwg

)

, (6.133b)

d̃cj,cj = (i+ 1)2
Jwgdcj,cj − J̃cjdwg

Jcj + Jcs
, (6.133c)

s̃ =

(

1 + (i+ 1)2
Jwg

Jcj + Jcs

)

ssp, (6.133d)
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f̃2 = −
i+ 1

i

JfsJ̃cj

J̃fs (Jcj + Jcs)
, (6.133e)

f̃fs = i(i+ 1)
Jwg

J̃fs
. (6.133f)

By identically zeroing the two outputs ϕrk and ϕfs one can calculate the ap-

propriate zeroing inputs using (6.125) and (6.131). If those inputs are applied to

(6.132) we obtain the zero dynamics of the decoupled system. It does not influ-

ence the input-output behavior (due to the decoupling feedback laws) but should

be stable. To check its stability we give the state equations of the decoupled system

in vector-matrix form. The subscripts ‘ol’ refer to open loop because this feedback

system will be compensated by outer position control loops. The position loop on

the flexspline axis will be closed be the driver that is represented by a driver model

in our analysis.

ẋol = Aolxol +Boluol, (6.134a)

y = Colxol, (6.134b)

with state vector xol = (ϕrk, ϕ̇rk, ϕfs, ϕ̇fs, ϕcj , ϕ̇cj)
T , input uol = (u1, u2, Tfs)

T and

output y = (ϕrk, ϕfs)
T . The coeffitient matrices read

Aol =














0 1 0 0 0 0

0 0 0 0 0 0

0 0 0 1 0 0

0 0 0 0 0 0

0 0 0 0 0 1
s̃

J̃cj
− d̃cj,rk

J̃cj
0 − d̃cj,fs

J̃cj
− s̃

J̃cj
− d̃cj,cj

J̃cj














, (6.135a)

Bol =















0 0 0

1 0 0

0 0 0

0 1
J̃fs

1
J̃fs

0 0 0

0 f̃2
J̃cj

f̃fs

J̃cj















, (6.135b)
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Col =

[

1 0 0 0 0 0

0 0 1 0 0 0

]

. (6.135c)

To conclude about the stability of (6.134) one has to check whether

Re{λi (Aol)} < 0 for all eigenvalues. Of course, this open-loop system is not stable

because of the decoupled double integrators but we calculate the eigenvalues to see

the poles of the zero dynamics:

λ1,2 = λ3,4 = 0, λ5,6 = −
d̃cj,cj

2J̃cj
±

√
√
√
√

(

d̃cj,cj

2J̃cj

)2

− s̃

J̃cj
. (6.136)

The invariant zeros of the system are located where the last conjugate pair of poles

(λ5,6) are, consequently they are the poles of the zero dynamics that correspond to

damped oscillations for all physically reasonable set of parameters.

Let us implement a state feedback control to (6.125) (rack axis) with feed forward

of the load estimation. As the states are the angular position and velocity variables,

the result will be a PD control:

u1 = ω2
rk

(
ϕd
rk − ϕrk

)
− 2ξrkωrkϕ̇rk − û1,load, (6.137)

with the given position reference ϕd
rk. The cut-off frequency and the damping factor

of the closed-loop system are ωrk and ξrk, respectively, and û1,load stands for the load

estimation.

We assume a similar driver model:

Tfs = ω2
fsJ̃fs

(
ϕd
fs − ϕfs

)
− 2ξfsωfsJ̃fsϕ̇fs − û2, (6.138)

where the position reference, the load estimation, the cut-off frequency and the

damping factor are ϕd
fs, û2, ωfs and ξfs, respectively.

6.3.4 Closed-Loop Behaviour

The control algorithm that was described in the last section is designed for the

linearized model of the steering system (with zero Coulomb friction and Cardan

joint angles). In this section, we will perform a simulation study to see the closed-

loop performance such that the control law from the last section is applied to the

nonlinear model (6.114). The values of the model parameters that will be used for
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Table 6.4: Parameter values for the simulation study on the SIA system
Parameter Value Unit
Jwg 50.0000 kgmm2

Jcs 100.0000 kgmm2

Jfs 50000.0000 kgmm2

Jrk 50000.0000 kgmm2

Jcj 10.0000 kgmm2

dwg 0.0005 Nms/rad
dcs 0.0005 Nms/rad
dfs 0.1000 Nms/rad
drk 0.0100 Nms/rad
dcj 0.0001 Nms/rad
dsp 0.0200 Nms/rad
cwg 0.0005 Nm
ccs 0.0001 Nm
cfs 0.2000 Nm
crk 0.0100 Nm
ccj 0.0001 Nm
ssp 100.0000 Nm/rad
i 50 -

the simulation study are given in Table 6.4. For the universal joint angle (β) we use

the following values: 0◦, 10◦, 20◦, 30◦. For all universal joint angles the simulation

is made with the following sequence:

1. At 0 s: Start of simulation with zero states and input values;

2. At 1 s: Stepwise change of the rack axis position reference to π (control loop);

3. At 3 s: Stepwise change of the flexspline axis position reference to π (driver’s

loop);

4. At 5 s: Stepwise change of the ‘force feedback’ torque reference to 1 Nm

(control loop);

5. At 7 s: Stepwise change of the disturbance torque on the rack axis to 10 Nm.

The evolution of the angle of the rack axis is shown in Figure 6.13(a) for all

values of the universal joint angles (β). It hardly changes for different Cardan joint

angles. The same can be said about the evolution of the angle of the Cardan joint

axis (ϕcj) that represents the zero dynamics (Fig. 6.13(d)). It is different in the cases

of the flexspline shaft angle (Fig. 6.13(b)) and the drive’s torque (Fig. 6.13(c)). The
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Figure 6.13: System outputs and references

main difference can be observed after the change of the feed-forward term at 5 s.

The decoupling performance is acceptable because we cannot observe any effect on

the rack axis angle and the cross-term transient seen by the driver model lies in

the order of magnitude of the friction, as one can see in Figure 6.13(c) (the fast

transient at 1 s). For small β, the steady-state error in the torque feed-forward

is mainly caused by the Coulomb friction that is an adequate performance but for

β > 20◦ it is growing apace.

The actuator signals are shown for universal joint angles β = 0◦ (Figs. 6.14(a)–

6.14(b)) and β = 30◦ (Figs. 6.14(c)–6.14(d)). Note that the ones with β = 30◦

are barely distinguishable from the ones with β = 0◦. Again the most critical

transient is after the change of the feed-forward torque at 5 s. Especially, the
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actuator on the wave generator shaft answers with a high but fast transient. It

originates from the well-damped oscillation of the universal joint axis with a small

starting amplitude of about 1◦. It is a small angle but recall the high stiffness

of the spring (s = 100 Nm/rad). This small angular displacement on the spring

corresponds to a torque of about 1.8 Nm and because of the high gear ratio of the

HD we obtain a high factor in the last term in (6.130), which cancels this effect.

Accordingly, the saturation of this torque would not destroy the performance but

maybe the driver could experience a very short vibration. Nonetheless, the stepwise

change of this torque is unrealistic and with realistic feed-forward references, the

damping of the system components excludes the possibility of such effects. The

same oscillation can be observed in the torque of the motor on the rack axis, as well,

but with much smaller gain and so it does not play such a critical role. The highest

transient occurs with the stepwise change of the reference, consequently during real

operation also this signal is bounded reasonably.

6.4 Summary

The SIA steering system is a multi-body system with special kinematic constraints.

In this chapter we applied the results of the previous chapters to the SIA steering

system and achieved the control objectives of the steering application on different

mechanical setups.

Thesis Group 3. I have given the equations of motion of the SIA unit. I have

identified the parameters of this harmonic-drive system and achieved the objectives

of the steering system application on this system. After the augmentation of the

harmonic-drive system with a spring, I accomplished the decoupling control of the

resulting underactuated system. I have given the nonlinear model of the SIA steering

system including universal joints and I have developed the noninteracting control for

it.

Related publications: [80, 81, 98–101,106,107]

Thesis 3.1. With the application of Theorem 4.1, I have given the dynamical model

of a multi-body system where three bodies, each with one rotational degree of freedom,

are connected by a harmonic drive. With the use of Theorem 4.5, I have expressed the

constraint torques in the system. I have identified the frictional parameters assuming

linear (viscous) and nonlinear (Coulomb) friction terms based on measurements.
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(b) Motor torque on the wave generator axis for
β = 0◦
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(c) Motor torque on the rack axis for β = 30◦
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(d) Motor torque on the wave generator axis for
β = 30◦

Figure 6.14: Actuator signals

With the use of the identified parameters, I implemented a feedback law that controls

the angular position of one axis and achieves the actuation of another axis with

an additive torque term (force feedback for the driver). I have verified the control

law with simulation analysis as well as with measurements on the test bench of

ThyssenKrupp Presta Steering.

Related publications: [98–101]

Thesis 3.2. In Proposition 6.3, I have shown that the harmonic drive with a spring

on one of its axes can be modeled as a generalized spring that actuates all of the

connected three bodies. In Section 6.2.2, I have achieved the decoupling control [108,

109] of this underactuated mechanical system with two outputs. I have verified the

closed-loop performance with simulation study (see Section 6.2.3).
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Related publications: [106,107]

Thesis 3.3. In Section 6.3.2, I have given the nonlinear model of the complete SIA

steering system including universal joints. In Theorem 6.4, I have shown that this

model is differentially flat [112–114] but the flat output does not coincide with the

output, which corresponds to the control objectives. After linearization, I developed

the noninteracting control law for this underactuated system and I verified the ro-

bustness of the control algorithm with a simulation study with respect to parameter

changes that increase the modeling error arising from the nonlinearities (see Sec-

tion 6.3.4).

Related publications: [80, 81]
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Conclusion

The original objective of the research work was the achievement of the virtual steer-

by-wire operation on the SIA steering system, i.e. the noninteracting control of an

underactuated constrained mechanical system. Nonetheless, the interesting proper-

ties of the components in the SIA steering system implied the expansion of the study

to a system class and the modeling of the constant linear constrained mechanical

systems was addressed.

The economical demand for a solution with minimum number of actuators and

sensors motivated us to analyze the controllability and observability of such systems

from a special point of view and we gave lower bounds for the number of actuators

and sensors for controllable and observable systems from this system class. We

have also seen that these properties change depending on the system parameters.

Because the coefficient matrices in the system models belonging to the considered

system class are constant, similar analysis could be an interesting topic of future

research for a more general system class where they are not constant or even for the

whole class of Lagrangian systems.

In the application oriented part of the dissertation, we have given the dynamical

model and the noninteracting control laws for similar mechanical setups. Unfortu-

nately, only the first mechanical setup was available for hardware tests and according

to our latest information, ThyssenKrupp Presta Steering does not intend to intro-

duce this product onto the market. Nevertheless, the closed-loop performance of

the control algorithm presented in Section 6.3.3 needs further analysis on real hard-

ware. The noninteracting control of the SIA steering system without approximative

linearization can also be further studied.

With respect to the defined system class, the possibility of the derivation of a

111
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general decoupling control strategy similar to the general results in the modeling

aspect should be analyzed in the future.

We can see that the practical need for a control algorithm in a steering application

has opened several theoretical problems. Although the solution of the practical

problem is only one part of the dissertation, the more general discussion makes a

deeper understanding of the problem possible and the more general results can be

reused in the case of applications with systems of this system class.
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Appendix A

Modeling with Elliptical

Orthogonal Basis

This appendix gives the equations of motion of the HDS system from Section 6.2

with the help of an elliptical orthogonal basis of the null space of CHDS (see (6.47)).

Recall from Theorem 4.2 that the transformation with the elliptical orthogonal basis

gives a diagonal inertia matrix. Now we consider the basis vectors b1 = (0, 0, 0, 1)T ,

b2 = (−i, 0, 1, 0)T , b3 = (i+ 1, 1, 0, 0)T for the null space of CHDS. In order to show

the application of the results of Theorem 4.2, we apply the generalized Gram—

Schmidt orthogonalization procedure (see on p. 37) to this set of vectors:

1. Using ‖b1‖HHDS
=
√
Jrk, we obtain for the first basis vector

u1 =









0

0

0

1









, e1 =









0

0

0
1√
Jsp









. (A.1)

2. The second vector is elliptical orthogonal to these vectors therefore

PHHDS ,u1
b2 = 0 and because ‖b2‖HHDS

=
√
Jfs + i2Jwg we have

u2 =









−i
0

1

0









, e2 =
1

√
Jfs + i2Jwg









−i
0

1

0









. (A.2)
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3. Also the third vector b3 is elliptical orthogonal to u1 (PHHDS ,u1
b3 = 0) but its

projection onto u2 is nonzero

PHHDS ,u2
b3 = −

i(i+ 1)Jwg

Jfs + i2Jwg









−i
0

1

0









(A.3)

and so for u3 and its elliptical norm we obtain

u3 =
1

Jfs + i2Jwg









(i+ 1)Jfs

Jfs + i2Jwg

i(i+ 1)Jwg

0









, (A.4)

‖u3‖HHDS
=

√

Jcs + (i+ 1)2
JfsJwg

Jfs + i2Jwg

. (A.5)

Consequently the last normalized basis vector reads

e3 =
1

√

Jcs (Jfs + i2Jwg)
2 + (i+ 1)2JfsJwg (Jfs + i2Jwg)









(i+ 1)Jfs

Jfs + i2Jwg

i(i+ 1)Jwg

0









.

(A.6)

Now we could use the elliptical orthonormal basis (e1, e2, e3) for the congruent

transformation and so we would obtain for the inertia matrix the identity matrix of

dimension 3: H ′
HDS,r = I. But, for sake of simplicity we will apply the elements of

the elliptical orthogonal basis

K ′
HDS =

[

u2 u3 u1

]

, (A.7)
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and we obtain the inertia matrix in diagonal form.

H ′
HDS,r = K ′T

HDSHHDSK
′
HDS =






‖u2‖2HHDS
0 0

0 ‖u3‖2HHDS
0

0 0 ‖u1‖2HHDS




 =

=






Jfs + i2Jwg 0 0

0 Jcs + (i+ 1)2
JfsJwg

Jfs+i2Jwg
0

0 0 Jsp




 (A.8a)

D′
HDS,r = K ′T

HDSDHDSK
′
HDS =








dfs + i2dwg i(i+ 1)
Jwgdfs−Jfsdwg

Jfs+i2Jwg
0

i(i+ 1)
Jwgdfs−Jfsdwg

Jfs+i2Jwg
dcs + i2(i+ 1)2

J2
wgdfs+J2

fs
dwg

(Jfs+i2Jwg)
2 + dsp −dsp

0 −dsp drk + dsp








(A.8b)

S ′
HDS,r = K ′T

HDSSHDSK
′
HDS =






0 0 0

0 ssp −ssp
0 −ssp ssp




 (A.8c)
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Appendix B

Controllability Analysis of an

UAMS

This appendix presents on a simple example mechanical system that the controlla-

bility property changes depending on the system parameters. The example system is

shown in Figure B. Two bodies with the same moment of inertia (J) are connected

with a spring that has a stiffness s. The viscous damping parameters are assumed

to be equal on all parts (d). With the Lagrangian:

L =
1

2

{
Jϕ̇2

1 + Jϕ̇2
2 − s(ϕ1 − ϕ2)

2
}
, (B.1)

and Rayleigh’s dissipative function:

R =
1

2
d
{
ϕ̇2
1 + ϕ̇2

2 + (ϕ̇1 − ϕ̇2)
2
}
, (B.2)

we obtain the following inertia, damping and stiffness matrices, respectively:

H =

[

J 0

0 J

]

, D =

[

2d −d
−d 2d

]

, S =

[

s −s
−s s

]

. (B.3)

J, d

s, d

J, d

Figure B.1: Bodies connected with a spring
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There are no constraints in the system therefore C = 0 and so Hr = H, Dr = D,

Sr = S and at least two differential equations are required to describe the motion

of this example system. We give the system matrix of the state-space model (5.1)

as in (5.5a):

As =









0 0 1 0

0 0 0 1

− s
J

s
J
−2 d

J
d
J

s
J
− s

J
d
J

−2 d
J









. (B.4)

Its eigenvalues are:

λ1 = 0, λ2 = −
d

J
, λ3,4 = −

3d±
√
9d2 − 8sJ

2J
. (B.5)

We substitute these eigenvalues into the expression in Theorem 5.3:

1. With the substitution of λ1 = 0 we obtain

λ2
1Hr + λ1Dr + Sr = s

[

1 −1
−1 1

]

(B.6)

and its null space1 is

ker
(
λ2
1Hr + λ1Dr + Sr

)
=







span
{(

1 1
)}

for s 6= 0,

span
{(

1 0
)

,
(

0 1
)}

for s = 0.
(B.7)

It implies that with s = 0 we have to actuate both degrees of freedom for

controllability. Recall that this also follows from Theorem 5.4.

If s 6= 0, a necessary condition for the controllability with 1 input is that this

only input must not actuate both bodies with the same torque in the opposite

direction because in that case the only column of the input mapping matrix

F would be orthogonal to the corresponding eigenvector of A.

2. The eigenvalue λ2 = −d/J yields

λ2
2Hr + λ2Dr + Sr =

(

s− d2

J

)[

1 −1
−1 1

]

(B.8)

1It is a symmetric matrix and so the left and right null spaces are identical. Otherwise we
should take care to analyze the left null space in relation with the controllability properties and
the right null space in relation with the observability properties.
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with the null space

ker
(
λ2
2Hr + λ2Dr + Sr

)
=







span
{(

1 1
)}

for d2 6= sJ ,

span
{(

1 0
)

,
(

0 1
)}

for d2 = sJ .
(B.9)

We obtained the same null spaces as before with λ1 = 0 but the necessary

parameter condition for the controllability with one input is d 6=
√
sJ . (We

assume a passive system therefore d ≥ 0.)

3. With the eigenvalue λ3 = −(3d+
√
9d2 − 8sJ)/(2J) we have

λ2
3Hr + λ3Dr + Sr =

(
3d2 + d

√
9d2 − 8sJ

2J
− s

)[

1 1

1 1

]

(B.10)

and assuming d ≥ 0 its null space reads

ker
(
λ2
2Hr + λ2Dr + Sr

)
= span

{(

1 −1
)}

. (B.11)

Accordingly the next necessary condition for the controllability with 1 input

is, that this input does not actuate both bodies with the same torque.

4. The eigenvalue λ3 = −(3d−
√
9d2 − 8sJ)/(2J) gives

λ2
4Hr + λ4Dr + Sr =

(
3d2 − d

√
9d2 − 8sJ

2J
− s

)[

1 1

1 1

]

(B.12)

and

ker
(
λ2
4Hr + λ4Dr + Sr

)
=







span
{(

1 −1
)}

for d 6=
√
sJ ,

span
{(

1 0
)

,
(

0 1
)}

for d =
√
sJ .

(B.13)

This eigenvalue does not impose additional conditions for the controllability

with 1 input.

Let use summarize all four cases: The example system in this section is control-

lable with one actuator mounted to any of the two bodies if and only if both of the

conditions s 6= 0 and d 6=
√
sJ are satisfied. In this case one possible input matrix,

which corresponds to a practically realizable setup when only one of the bodies is
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actuated reads

Bs =









0

0

0
1
J









. (B.14)

Otherwise both of the bodies have to be actuated with a separate motor.

One important aspect of this result is that with the change of the damping pa-

rameters it can happen that we lose the controllability of an underactuated system.

The friction phenomena in a mechanical system are not constant they are influenced

by several factors. They usually are not linear and the viscous damping is only a

first order approximation. Therefore the confidence interval of damping parameters

and its effect on the controllability should be analyzed in an underactuated system.
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