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Antecedents of the researches 
 

For construction engineers it has always been a great challenge to plan such movement and 
power transmitting drives with which it is an important requirement to achieve relatively large 
transmission with elements of little mass and space needs. For such gear technical tasks, among 
others the invention of the “deformation wave” driving gear developed in 1955 by the American 
engineer, Clarence Walton Musser [Musser,1955] meant an alternative. The drives proposed in the 
patent of 1959 are now called harmonic gear drives. 

During the past few decades, researchers of the developed industrial countries have patented 
the harmonic drives in very different variations, which give evidence that the “harmonic drive” has 
become one of the new, separate types of the mechanical drives. Nowadays, harmonic drives can be 
found almost in every field of industry, where reliable drives of little weight with large gearing ratio 
and kinematical accuracy are needed. 

One special variation of harmonic drives, less analyzed in the technical literature, is the flat 
wheel harmonic drive, which was already introduced in the basic patent. Its advantage is that it can 
be produced in small axial dimension. Only a few, mainly Russian engineers have dealt with it and 
the examination of the only such experimental drive was carried out by them. Despite the fact that 
the favorable features of the flat wheel harmonic drive were published in the eighties 
[Szavinüh,1986], none of the harmonic drive producers produces this kind of construction variation.  
Harmonic drives produced in series of different variations are cylinder wheel harmonic drives 
without except. The fact, that today’s harmonic drives are produced with shorter and shorter flexible 
wheels, i.e. in smaller and smaller axial dimension, justifies the study of the applicability of flat 
wheel variation. The goal of my thesis is to determine the basic relationships describing the proper 
function of flat wheel harmonic drives and to examine the geometry of toothed elements and wave 
generator. 

Analysis of the technical literature 

After reviewing the publications dealing with harmonic drives, it can be stated that - 
compared to the results of the researches concerning cylindrical harmonic drives – the flat wheel 
harmonic drives have been examined in less detail. 

In the western countries, descriptions of the drives of different construction were reported 
exclusively, and the results of their experimental examinations were published. There are no 
publications about theoretical research and methods usable for planning and measuring of flat wheel 
harmonic drive, respectively. The reason for this can be that the companies dealing with the 
development of similar drives did not want to report on their calculation methods and research-
development results. 

Much more detailed research results have been disclosed by Russian researchers. They 
calculate the deformed shape of flexible wheel with high level mechanics, but they determined the 
deformed shape of the anisotropic circle plate stiffened with toothing on its edge in an analytic way 
with only rough approaching. Between the values calculated theoretically and measured during 
experiments there are differences of 10 % [Alehin,1975], and even 25 % (!)[Alfitov,1973]. (Because 
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of the complicated geometry, finite element method seems to be an obvious solution, but it was not 
in use in the time of those researches, yet.) Calculating the deformed shape of the flexible wheel 
loads were taken into consideration only with high simplifications. Only flexible wheels of free 
deformation were examined which correspond to the flexible wheel of the harmonic drives equipped 
with roller wave generator. These harmonic drives have been proven to be of less strength and 
shorter lifespan than the variations equipped with cam generator. The basis of the most complete 
toothing calculation model [Suvalov,1975] was also the deformed shape of the flexible wheel of free 
deformation. 

The only publication about the calculation of the toothing connections and toothing 
parameters of the harmonic drive with flexible wheel reports on such a wave generator, that supports 
the flexible wheel on both sides and deforms it in the opposite direction  to the toothing. This would 
require a rather complicated construction in reality. There is no publication about the implementation 
of this variation. In the course of calculation the authors do not take the tooth-turn of the flexible 
wheel into consideration, though it influences the pitch significantly. A further question is raised by 
the fact that on the place of the smallest tangential clearance calculated by the authors, the working 
depth is near zero [!]. The calculation method of the toothing parameters of the flat wheel harmonic 
drive [Szavinüh,1986] equipped with an implemented cam wave generator of high efficiency was 
not disclosed by the authors. 

Only a few authors (e.g. [Ivanov,1981]) study the tooth-load with the “classic” cylinder 
wheel harmonic drives under loading, but they describe the load distribution in the meshing area of 
the concerned teeth only with approaching functions.  There is no reference to the tooth-loading of 
the flat wheel harmonic drive in a loaded state, or to the load distribution in the meshing area. In 
point of industrial application, harmonic drives can be reckoned among the precision drives. This 
count for the fact that the object of several researches was the determination of   torsion stiffness of 
harmonic drives /e.g.: [Godler,1995; Taghirad,1997]/. Researches of flat wheel harmonic drives have 
not got to this level, although for the judgement of the industrial applicability of the drive such 
examinations would be necessary. 

Target of the research 

Based on the technical literature of flat wheel harmonic drives, considering their results and 
shortages, the following development aims were set in my dissertation:  

• Investigation of the kinematic conditions of the flat wheel harmonic drives by studying a 
friction harmonic drive. Investigation of the theoretical contact ratio in an analytical way, and 
comparing gearing ratio of friction harmonic drives and harmonic gear drives. Comparing 
results of finite element analyzes with measurement results made on an experimental friction 
harmonic drive.  

• Investigation of the toothing conditions of flat wheel harmonic gear drives operating with 
cam type wave generator, in case the deformed shape of the flexible wheel can be derived 
from the cam profile of the generator. Development of a general applicable method for 
determining the tangential clearance and its distribution in the meshing area of flat-wheel 
harmonic gear drives. 
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• Definition of the limits of the toothing parameters based on results of tangential clearance 
investigations. 

• Development of a tooth-load calculating method based on results of tangential clearance 
investigations, which approximates tooth-load and its distribution in the meshing area in case 
of loaded drive. Validating the method by measurements of an experimental drive. 

• Investigation of the torsion stiffness of the flat wheel harmonic drives by measurements. 
Defining a mechanical model for the approximation of the torsion stiffness. 

Investigation methods 

Investigation of the basic kinematic conditions of the flat wheel harmonic drives was 
launched by studying a friction harmonic drive. In this case the investigation of the deformed shape 
of the flexible wheel is simpler because there are no teeth. It was possible to compare the analytical 
results made by a simple mechanic model with results of finite element analyzes and test bench 
measurements. The deformed shape of the flexible wheel and the contact deformations between the 
basic parts were analyzed by FE simulations, their effects on the theoretical contact ratio were taken 
into account. Measurements were made on an experimental friction harmonic drive; the contact ratio 
was measured under different loading and different axial force between the basic parts. The 
similarities between friction harmonic drives and harmonic gear drives were investigated and 
kinematic conditions of cylindrical and flat wheel harmonic drives were compared by pointing out 
the differences based on the geometry of the basic parts considering gearing ratio and pitch. 

 

      
Fig. 1: Schematic representation of the engagement Fig. 2: Flexible wheel on the generator 

The toothing conditions of flat wheel harmonic gear drives were investigated by an analytical 
method, which determines the tangential clearance and its distribution in the toothing of flat-wheel 
harmonic gear drives operating with cam type wave generator. The cam type wave generator was 
chosen because this variation has spread in the field of classical cylindrical harmonic drives and it 
has higher load-carrying capacity than drives with roller type wave generators. (This fact was also 
revealed by test bench measurements.), I developed an analytical method for the investigation of the 
meshing conditions in flat wheel harmonic gear drives in case the deformed shape of the flexible 
wheel can be derived from the cam profile of the generator. The schematic representation of the 
engagement is shown in Fig. 1, where φ is the polar angle from the top of the deformation wave 
made by the wave generator. For investigations of the meshing conditions parameters were 
calculated against φ in case of the unloaded state of the drive on the outer and inner diameter of the 
toothing. Tooth flanks were approximated by planes. It was supposed that the midsurface of the 



4 

flexible wheel is parallel while the symmetry lines of the teeth remain normal to the working surface 
of the wave generator in the meshing area (Fig. 2). This assumption was proved with finite element 
analyses. The distortion of the tooth profile on the flexible wheel was neglected. An approximated 
shape of the deformed flexible wheel (Fig. 3) was also determined in case if the working surfaces of 
the cam of the wave generator are planes. The approximated surface of the deformed flexible wheel 
consists of two plane surfaces and a cylindrical surface between them. For the calculation of the 
deformation components of the flexible wheel it was supposed, that strain of the neutral surface of 
the wheel remains zero during the deformation. Deformation components of the flexible wheel 
points (Fig. 4) were calculated based on this shape. 

 

 
Fig. 4: The approximated shape of the deformed flexible wheel  

 

   
Fig. 4: The investigated points 
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Tangential clearances were determined by calculation of the distances between the addendum points 
of one gear and the tooth flank of the other gear. Normal vector of the tooth flanks were calculated 
from the investigated points (Fig. 4):  
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Distance between outer addendum edge endpoints of flexible gear (Pa1, Pa1b) and tooth flank plane 
of the solid wheel on the outer and inner diameter can be calculated by the following relations: 
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I used similar expressions for calculating the distance between addendum edge endpoint of 
the solid gear (Pa2, Pa2b) and tooth flank of the flexible gear (j21(φ)) on the inner (j21b(φ)), and outer 
(j21(φ)) diameter. Tangential clearances were calculated from the distances. 

I investigated the relations between tangential clearance distribution and toothing parameters, 
in addition determined the limits of the profile angle and the gearing ratio. 

 

  

Fig. 5: Schematic representation of tangential clearance in case of loaded drive 

Similarly to classical harmonic gear boxes increasing loading torque causes increasing 
number of teeth taking part in load transmission, which was also indicated by test bench 
measurements of an experimental drive. For the dimensioning of the gears it is necessary to estimate 
the tooth-load, its distribution and the number of tooth-pairs taking part in the load transmission in 
case of a prescribed loading torque. For this reason I developed an analytical method for 
approximation of the tooth-load based on backlash conditions of flat wheel harmonic drives. Fig. 5 
shows the schematic representation of the load-transmission process in the gear at different levels of 
torque. In case of loading torque acts on the output shaft of the drive, tangential clearance (thick 
line) will decrease in the –φ area and increase in +φ area. Increasing the torque, thin lines show the 
tangential clearance at different levels, the lowest curve shows the nominal torque. The calculation 
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method based on the assumption, that in that range of φ, where backlash curves are below the 
horizontal axis, so the tangential clearance would be negative, teeth in mesh around the minimum 
clearance (-φjmin) deform each other (f) in tangential direction in the –φ area that is shown in dashed 
lines. Deformation of teeth consists of bending strain, shearing strain, compressive and contact 
deformation. The last two ones were neglected in the approximating calculation, because it was 
assumed, that profile angles are defined so that tooth flanks are parallel in the area of the minimum 
tangential clearance. For calculating the transmitted torque and tooth-loads teeth of the investigated 
tooth-pair were cut into elementary pieces (Fig. 6) in tooth height and radial directions then 
integrated in these directions. 
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Fig. 6:Model used for calcultion of tooth-loads  Fig. 7: Distribution of tooth-loads  

               The further deformation of the flexible wheel, caused by the loading torque was not taken 
into account by the tooth-load approximating method. It was disregarded because of the bounded 
deformation of the flexible wheel. Tooth loads were analyzed also by finite element method, the 
results were compared, and that is shown in Fig. 7 for the parameters of an experimental flat wheel 
harmonic gear drive. I investigated the effect of changing toothing parameters on tooth-load 
distribution, the preloaded state of the drive, in which the basic parts are constricted in axial 
direction for the reason of increasing torsion stiffness and „leap-over-torque”. 
 

      
Fig. 8: The test bench and the strain gauges 

I built two experimental flat wheel harmonic gear drives for the validation of the theoretical 
investigations. The applicability of the analytical method for determining the tooth parameters was 
checked. The tooth-load distributions under different levels of loading torque were measured in the 
first experimental gearbox with strain gauges (Fig.8). The torsion stiffness of the second 
experimental gearbox was measured (Fig. 9), which was also investigated in an analytical way. The 

strain gauge 
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“leap-over-torque” of both experimental gearboxes was measured for supporting the method carried 
out for investigating the tooth-load conditions. 

 

            

Fig. 9: The smaller experimental gearbox and the measurement of torsion stiffness 

New scientific results 

Thesis 1 [1,2] 

Based on kinematic conditions of flat wheel harmonic drives, investigations of analytical and finite 
element analysis of the deformed flexible wheel and test bench measurements I stated that: 
1.a)  In case of a prescribed 10 )4..3( vw ⋅=  and Dw ⋅= )02,0..01,0(0  deformation of the flexible 
wheel the theoretical contact ratio is i > 500 and it changes strongly depending on the extent of the 
deformation. The real contact ratio of the flat wheel friction harmonic drive is influenced not only by 
geometric conditions, but the contact strain caused by the force between the basic parts of the 
harmonic drive too. This is why applying flat wheel friction harmonic drives is only in special cases 
recommendable, when high ratio is necessary, but the ratio has not to be accurate and constant. 
1.b) Contact ratio of the flat wheel friction harmonic drive and flat wheel harmonic gear drive 
differ significantly in case of common gearing ratios and numbers of teeth (i < 160, z < 320) and a 
prescribed 10 )4..3( vw ⋅=  and Dw ⋅= )02,0..01,0(0  deformation of the flexible wheel. In this case 
proportion of the pitch circles and numbers of teeth are different and the gears can not be generated 
with equal pitch. Motion transmission will be reached basically by wedge-effect. 

Thesis 2 [4,7] 

I developed an analytical method for the investigation of the meshing conditions in flat wheel 
harmonic gear drives. Tooth flanks were approximated by planes and it was supposed, that the 
deformed shape of the flexible wheel can be derived from the cam profile of the wave generator in 
the meshing area. The tangential clearance can be calculated with this method in the range of the 
meshing in case of a given wave generator cam profile for the unloaded drive and the figure of 
engagement on the inner and outer diameter of the toothing can be represented. I proved the 
applicability of the analytical method by test bench measurements of an experimental harmonic gear 
drive. 
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Thesis 3 [6,7] 

I determined the limits of the basic profile of the toothing and the gearing ratio based on 
investigations of tangential clearance and established that:  
3.a) For a given tooth height and maximal axial deformation of the flexible wheel the applicable 
profile angle depends on the gearing ratio. The higher the gearing ratio is the lower the profile angle 
is to be. The profile angle of the flexible wheel should be less than the profile angle of the rigid gear, 
the difference can be determined from the shape of the deformed flexible wheel. The range of the 
applicable profile angle is 16-40° for the range of gearing ratio 80 < i < 160. 
3.b) For a given tooth height and maximal axial deformation of the flexible wheel, the lower limit 
of the gearing ratio is determined by addendum interference. It was revealed by investigations, that 
application of gearing ratio less than i = 80 is not recommendable. The upper limit of the gearing 
ratio is determined by producing technology. 
3.c) The tangential clearance can be increased by increasing tooth-gap and profile angle or the 
working depth under constant tangential clearance can be increased.  

Thesis 4 [3,5,8] 

I defined a tooth-load calculating method, based on distribution of tangential clearance and the 
common deformation of the teeth in engagement, which  approximates tooth-load and its distribution 
in the meshing area in case of loaded drive. I revealed by this method, that increasing loading torque 
acting on the output shaft increases the number of teeth taking part in the load-transmission. This 
number can be 10-15% of the number of teeth, which was proved by test bench measurements. I 
defined the area of the polar angle from the top of the deformation wave in which the load will be 
transmitted between the gears. Results of the analytical calculations and measurements were 
demonstrated by finite element method. 

Thesis 5 [9,10] 

I investigated the torsion stiffness of the flat wheel harmonic gear drive with analytical and finite 
element method. Based on investigations supported by experimental experiences I established, that 
beyond the deformation of the gears the axial stiffness of the wave generator, depending its 
construction and its bearing in addition the profile angles determines basically the torsion stiffness 
and the amplitude of the „leap-over-torque”, which signifies the load-carrying capacity of the drive. 

Utilization of results 

In harmonic drive catalogues motor drives appeared in the last years. The short ring-wheel 

cylinder harmonic drive can be substituted by flat-wheel gear harmonic drive, which – because of its 

small axial dimension - assembled with a disc-motor makes a compact drive system. For planning 

drives, results of pitch calculations can be used well and for measuring it can be useful to know the 

tooth-loads in toothing, their distribution and torsion stiffness of the drive. 
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It can be worth examining other wave generator cam profiles with the method applied when 

investigating toothing parameters, and considering the effect of more parameters when examining 

tooth-loadings. 

Object of further experimental examinations will be to determine the efficiency and other 

functional features of the experimental drive in its run-in condition.  The possibility of production of 

toothed elements with low costs – e.g. with plastic deformation – must be examined, too. 
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