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1 Background

Modern mathematical population dynamics started with the famous first predator–prey model of

[Lotka 1924] and [Volterra 1931]. Since that time many biological phenomena have been proved

mathematically. These models are applicable to characterize such ecological systems in which n

(n ∈ N+) different predator species are competing for a single prey species. Many interesting

results appeared in the 20th century mainly for two– and three–dimensional models. One of the

most interesting is the so–called zip bifurcation that comes from Miklós Farkas [Farkas 2001],

[Farkas 1987], [Farkas 1984], [2]. This shows that the equilibrium points situated in a straight line

segment are continuously losing their stability from one endpoint of the segment to the other,

as the quantity of available food is increasing. This process is the zip bifurcation. The less fit

predator species dies out while the other one survives. This is a paradox of abundance, namely the

increase of the carrying capacity may destabilize the system. The phenomenon was generalized to

the four–dimensional case [Farkas, Sáez, Szántó 2005] and later to the (n + 1)–dimensional case

modeling one prey and n predators interaction [Ferreira, de Oliveira 2004], [Ferreira 2007].

In the last twenty years, the so–called ratio–dependent systems have been of interest [Akcakaya 1995],

[Ariditi, Grinzburg 1989] [Arditi, Berryman 1991], [Cosner, DeAngelis, Ault, Olson 1999], where

the functional response depends on the ratio of the prey to predators quantities. These have

many advantageous biological and mathematical properties against the previously used models.

Namely, zip bifurcation occurs in a degenerated case causing a paradox of abundance. This situ-

ation does not occur in case of ratio–dependent models. In lower dimensional cases , the results

published so far are valid mainly in two dimensions. Three–dimensional special cases were also

studied, but only in case of food chain model. [Hsu, Hwang, Kuang 2001], [Dai, Zhang, Zou 2006],

[Xiao, Li, Han 2006].
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2 The problem to solve

The purpose of this work is to give a qualitative analysis of the models that have not yet been

studied in higher dimensions, not only in case of a specific, so–called Holling type functional

response, but also in case of serious accounting problems causing more complex, Ivlev type func-

tional response, as well. In fact, one of the most important aims is to study the most general

ratio–dependent systems. These results are contained in Chapter 2 published in [13], [9].

In the last decades, the previously studied models, described by ordinary differential equations

(ODE), were often modified with diffusion considering the spatial movements of the species

[Cavani, Farkas 1994 II]. Another possibility to describe more realistic models can be produced if

delay is taken into account [Cavani, Farkas 1994 I]. Both retarded and partial differential equa-

tions are more difficult to handle than ordinary ones. Until now results have been available mainly

for two–dimensional models only [Lizana, Maŕın 2006]. Thus, the next aim of this work is to study

higher dimensional ratio–dependent reaction–diffusion systems (PDE). This is contained in Chap-

ter 3. The relevance of applied models is supported by a survey in international cooperation with

Marcos Lizana and colleagues, biomathematicians of the Universidad de los Andes in Venezuela

[12]. The main part of Chapter 3 concentrates on the effect of diffusion on stability according to

[10].

The study the of effect of delay is complicated in higher dimensions, as well, when we take into

account that predators’ growth rate at present depends on past quantities of prey. While in for-

mer publications only the lower dimensional cases were investigated, therefore now the goal is to

analyze higher dimensional retarded systems (RDF), as well. This is contained by Chapter 4,

published in [11].

The present work contains the results of my last five papers [9], [13], [12], [10], [11]. The structure
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of this thesis is the following. All main chapters begin with a literature overview summarizing the

most interesting theories applied here. Next a model is set up with detailed biological meaning.

Then I state and prove new mathematical results and usually give their biological meaning again.

Results are illustrated by simple examples, moreover computer simulations are performed by Wol-

fram Mathematica 6.0 as well. I interpret the biological meaning of the obtained mathematical

results typically at the end of every chapter.

3 Research methods

Stability properties are described by the so–called interaction or community matrix of the system,

which is an (n+1)–dimensional matrix in the case of one prey – n predator interaction. Difficulties

are caused by the fact that there is no possibility to determine its eigenvalue in the general case. But

in my university doctoral diploma I already applied the theory of sign–stability that comes from

P. van den Driessche [Jeffries, Klee, van den Driessche 1987]. Applying this it can be guarantee

stability of special matrices using graph theory, depending on the sign of the entries only. As an

introduction, this theory is summarized in Chapter 1, because it is used in many parts of this

work.

4 New scientific results

In Chapter 2 I study the ratio–dependent ODE models not only with the Holling type functional

response (which is often used in the literature), but with the Ivlev type functional response, as

well. In the case of the Ivlev model I already had own results in connection with zip bifurcation

[2]. Using these I completed the Ivlev model in case of ratio–dependence. It was shown that the
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stability of the interaction matrices of both models can be characterized in terms of by graph

theory.

Thesis 1. I proved in three–dimensional cases and also in higher dimensions for the Holling and

Ivlev model that when the quantity of the prey is relatively high and the quantities of the predators

are relatively low, the interaction matrix is stable under arbitrary parameter values, namely it is

sign–stable. I also gave conditions for the existence of a positive equilibrium, that represents stable

coexistence of the species. See Theorems 2.2.1, 2.2.2, 2.3.1, 2.3.2.

I compared these results with the case without ratio–dependence, and it cleared up that zip

bifurcation and the paradox of abundance does not occur in case of ratio–dependence. These are

advantageous properties, because zip bifurcation may occur in a structurally unstable case only.

Thesis 2. I proved that all of those models that satisfy some natural conditions have the same

property. Namely, under general functions g and pi (i = 1, 2, . . . , n) that describe the growth

rate of prey and the birth rate of predators, respectively, and satisfy some natural conditions,

the interaction matrix is sign–stable under relatively high quantity of the prey and relatively low

quantities of the predators.

See Theorem 2.4.1, which is shortly the following. Let us consider the model given by:

ẋ = rxg(x,K)−
n∑

i=1

yipi

(yi

x

)

ẏi = yipi

(yi

x

)
− diyi, i = 1, 2, . . . , n





, (1)

where x(t) denotes the quantity of prey and yi(t) denotes the i–th predator quantity at time t.

Suppose that there exists a positive equilibrium point: E∗(x∗, y∗1, . . . , y
∗
n), where x∗, y∗i are the

solutions of the following equations:

rxg(x,K) =
n∑

i=1

diyi, pi

(yi

x

)
= di, i = 1, . . . , n. (2)
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The interaction matrix is:

A = 


a11 −d1 − y∗1p
′
1

(
y∗1
x∗

)
1
x∗ . . . . . . −dn − y∗np

′
n

(
y∗n
x∗

)
1
x∗

y∗1p
′
1

(
y∗1
x∗

)(
− y∗1

x∗2

)
y∗1p

′
1

(
y∗1
x∗

)
1
x∗ 0 . . . 0

...
...

...
. . .

...

y∗np
′
n

(
y∗n
x∗

)(
− y∗n

x∗2

)
0 . . . 0 y∗np

′
n

(
y∗n
x∗

)
1
x∗




, (3)

where

a11 = rg(x∗, K) + rx∗g′x(x
∗, K)−

n∑
i=1

y∗i p
′
i

(
y∗i
x∗

)(
− y∗i

x∗2

)
, (4)

and p′i
(yi

x

)
=

dpi

(
yi

x

)

d
(

yi

x

) .

Theorem 1. [Corresponding to Theorem 2.4.1] Matrix (3) is sign–stable and E∗ is an asymptot-

ically stable equilibrium point of system (1) if

a11 ≤ 0, (5)

p′i

(
y∗i
x∗

)
< 0, i = 1, . . . , n, (6)

and

−di − y∗i p
′
i

(
y∗i
x∗

)
1

x∗
< 0, i = 1, . . . , n. (7)

Theses 1. and 2. are published in [13], [9].

In order to interpret the biological meaning of these conditions I generalized the definition of the

Allee effect zone in Chapter 3, which has already known in the case of two dimensions. This

zone is situated definitely at the nullcline of sexually reproducing species. (It denotes such points

which are determined by prey and predator quantities, where the growth rate of prey is equal

to zero.) This zone can be found at relatively low prey quantities, where an increase in prey
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quantity is beneficial for the growth rate of prey. To keep the prey growth rate zero the increase

of prey must be counterbalanced by an increase of predators. The Allee effect zone means that in

smaller populations, the reproduction and survival of the individuals decreases. This effect usually

saturates or disappears as populations get larger. The effect may be due to any number of causes.

In some species, reproduction — finding mate in particular — may be increasingly difficult as

population density decreases. I proved in higher dimensions that the equilibrium point is or is

not in the Allee effect zone depending on the sign of the entry in the first row and column of the

interaction matrix. Using this we can rewrite the theorem in Thesis 2, namely, under some natural

conditions the equilibrium point inside the Allee effect zone is stable for arbitrary parameter values.

See figure 1.

This gave me motivation to study the effect of diffusion for models with sign–stable interaction

matrix, modeling the coexistence of the species in a one–dimensional habitat. (For example, when

they live in a long island.) In this case the model is the following reaction–diffusion system:

x′t = dxx
′′
ξξ + rxg(x,K)−

n∑
i=1

yipi

(yi

x

)

y′it = dyi
y′′i ξξ + yipi

(yi

x

)
− diyi, i = 1, 2, . . . , n





, (8)

(t, ξ) ∈ (0,∞) × (0, l), l > 0. We are interested in solutions x, yi : [0,∞) × [0, l] → [0,∞),

i = 1, 2, . . . , n that satisfy the no–flux boundary conditions:

x′ξ(t, 0) = x′ξ(t, l) = y′iξ(t, 0) = y′iξ(t, l) = 0, (t ∈ (0,∞)) i = 1, 2, . . . , n (9)

and the initial conditions

x(0, ξ) = x0(ξ), yi(0, ξ) = yi0(ξ), (ξ ∈ [0, l]).

The diffusion coefficients dx, dyi
, i = 1, 2, . . . , n are positive.

The most interesting question is whether there is any difference between the effect of diffusion
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Figure 1: Typical zero–cline of prey in case of r = 10 in three dimensions (r = 10, K = 0.1, m1 =

16, a1 = 4, m2 = 18, a2 = 2)

depending on the two possibilities, namely when the equilibrium point is situated inside or outside

the Allee effect zone. Turing proved [Turing 1952] that an equilibrium point may lose its stability

if diffusion is introduced. Thus, it has to be analyzed whether this situation can occur in the case

of a sign–stable interaction matrix, as well.

Firstly it is necessary to prove the relevance of the used model, namely whether the solutions of

the PDE are bounded under some values of the parameters, and whether species can survive. The

first phenomenon is in connection with dissipativeness and the second with persistence. So far

such results were known in two dimensions only. Now we presented results in (n + 1) dimensions
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in international cooperation for the Holling model [12], and I proved them for the Ivlev model, as

well.

Thesis 3. In case of diffusion the quantity of the prey species does not exceed the carrying ca-

pacity of environment and the quantities of the predator species not exceed an exactly determined,

relatively low value, in a long time. This means that the system with diffusion is dissipative. In

particular, all solutions are bounded. See Theorem 3.2.1.

Thesis 4. When the maximal birth rate of predators is larger than their death rate and the intrinsic

growth rate of prey is greater than the sum of the ratios of the maximal birth rates of predators to

their half–saturation constants then the system with diffusion is persistent, namely the species do

not die out. See Theorems 3.3.1 and 3.3.2.

Then I generalized the Fourier–method to (n+1) dimensions, following the method suggested in

[Cavani, Farkas 1994 II] for two dimensions. I also studied the stability behaviour of the linearized

system.

The latter depends on the eigenvalues of the following matrices:

Bj = B(αj) = A− α2
jD, j = 0, 1, 2, . . . (10)

where:

α2
j =

(
jπ

l

)2

, j = 0, 1, 2, . . . , (11)

and the diffusion coefficients are the entries in the main diagonal of the diagonal matrix D. I

pointed out that the Allee effect zone has a fundamental importance for the stability behaviour.

The equilibrium points outside the Allee effect zone have a special role. This is seen from the

following thesis.

9



Thesis 5. When the interaction matrix of the model without diffusion is sign–stable, namely when

the equilibrium point of the system is outside the Allee effect zone, diffusion cannot destabilize

it. In this case Turing–instability cannot occur in the general model for any diffusion coefficients

(denoting arbitrary mobility of the species). See Theorem 3.5.1.

Theorem 2. [Corresponding to Theorem 3.5.1.] If (5),(6) and (7) are satisfied then matrix A

defined by (3) is strongly stable and the equilibrium E∗ of (8) is asymptotically stable.

I proved that these matrices have a stronger stability property. Such matrices are called

strongly stable matrices. This term was introduced by P. van den Driessche and Satnoianu

[Satnoianu, v.d. Driessche 2005], but the strong stability of the interaction matrix A was proved

by me.

The question arises whether Turing–instability can occur in higher dimensions under some condi-

tions or it appears only in two dimensions. I proved the following:

Thesis 6. If the equilibrium point is inside the Allee effect zone and the diffusion coefficient of

the prey species (describing its mobility) is not too large compared to the size of its habitat where

it lives, the diffusion coefficients of the predator species can be determined in order to achieve

Turing–instability. See Theorem 3.6.2.

If the mobility of the prey species is large enough, that is, its diffusion coefficient is large then

Turing–instability cannot occur inside the Allee effect zone. See Remark 3.6.4.

Assertions in Thesis 6 are in accordance with the known results in two dimensions, and also

with the intuition that if the prey is quick enough then it can escape from predators. My results

in Theses 5. and 6. are published in [10].

In Chapter 4, the question naturally arose whether delay can cause instability if the equilibrium
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point is outside the Allee effect zone. Namely, the predators’ growth rate at present depends on

past quantities of prey. (It is clear if we take into account the gestation period, say, in the case

of mammals.) Therefore a density function f is introduced, modeling the so–called exponentially

fading memory, f(s) = αe−αs, α > 0, and the quantity of prey at time t is replaced in the growth

rate of predator i by its weighted average over the past:

q(t) =

∫ t

−∞
x(τ)αe−α(t−τ)dτ, (12)

where α > 0. With this special delay the model is equivalent to the following system of ordinary

differential equations:

ẋ = rxg(x,K)−
n∑

i=1

yipi

(yi

x

)

ẏi = yipi

(
yi

q

)
− diyi, i = 1, 2, . . . , n

q̇ = α(x− q)





. (13)

The entries of the coefficient matrix of the linearized system can be obtained by special transfor-

mation from the entries of matrix (3):

Ad =




a11 −d1 − y∗1p
′∗
1

1
x∗ −d2 − y∗2p

′∗
2

1
x∗ . . . . . . −dn − y∗np

′∗
n

1
x∗ 0

0 y∗1p
′∗
1

1
x∗ 0 . . . 0 y∗1p

′∗
1 (− y∗1

x∗2 )

0 0 y∗2p
′∗
2

1
x∗ . . . 0 y∗2p

′∗
2 (− y∗2

x∗2 )

...
...

...
...

...
...

0 . . . . . . 0 y∗np
′∗
n

1
x∗ y∗np

′∗
n (− y∗n

x∗2 )

α 0 . . . . . . 0 −α




, (14)

where

p′i
∗

= p′i

(
yi
∗

x∗

)
; p′i

(yi

x

)
=

dpi

(
yi

x

)

d
(

yi

x

) .
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The sign pattern of Ad is determined by that of matrix (3). But its graph is not a tree, thus, it

cannot be sign–stable. Therefore, the Routh–Hurwitz criterion is applied. I checked the signs of

the coefficients of its characteristic polynomial in the case of one prey – n predator interaction and

got the following result.

Thesis 7. The coefficients of the characteristic polynomial of the delayed system linearized at the

equilibrium point that situated outside the Allee effect zone have the same sign. See the proof of

Theorem 4.4.1.

Thus, stability may disappear only if the real part of the complex eigenvalues becomes positive.

This means that predators and prey will no longer continue to coexist in an equilibrium state but

their quantity will oscillate at certain values of the parameters.

I gave conditions for keeping stability in the case of one prey and two predator interaction under

arbitrary delay.

Thesis 8. If the equilibrium point is outside the Allee effect zone and the intraspecific competition

at the prey species is stronger than at the predators species, moreover the interspecific competition

between predator species is relatively not too strong then delay does not cause instability for any

delay parameter in the case of one prey and two predator model. See Theorem 4.2.1.

I suggested a strategy that if followed by the predators then stability is kept.

Thesis 9. Strategies for predators to keep stability are closer to the r–strategies than to the K–

strategies. I proved Theorems 4.3.1 and 4.3.2. Namely, stability can be kept under not too small

value of the ”half–saturation constants”, that is, if predators have enough food and they have a

relatively high growth rate then instability does not occur under any delay. I pointed out that the

strategy of the r–strategist is more advantageous than that of the K–strategists.
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I also have results in connection with one prey – n predator interaction.

Thesis 10. Delay does not cause stability in higher dimensions if it is relatively high or small

enough and the equilibrium point is outside the Allee effect zone. See Theorem 4.4.1.

Theorem 3. [Corresponding to Theorem 4.4.1] Let matrix Ad given by (14) for arbitrary positive

integer n and suppose that it satisfies conditions (6) and (7) for all i = 1, 2, . . . , n; and let a11 < 0.

If α is small enough or large enough then Ad is stable, and E∗
d is an asymptotically stable equilibrium

state of the delayed system (13).

Theses 8., 9., 10. are published in [11].

On the whole, I proved that the Allee effect zone has fundamental importance from the point of

view of delay because the equilibrium points that are situated here cannot be destabilized in many

cases by delay. The results presented here are the generalizations of the corresponding known

results for two dimensions.

Articles in close connection with the theses: [9], [13], [10], [12], [11].

Other publications in connection with sign–stability and predator–prey systems:

[2], [6], [7], [8], [5].

Results in other fields of applied mathematics: [1], [3], [4]
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