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1 Introduction 
 
The properties of magnetic material are sensitive to the external stress. The application 

of a mechanical stress to magnetic material changes its magnetic properties and results 
different magnetic induction for a given magnetic field at different value of the applied 
stresses. This phenomenon is known as the Villari effect or inverse magnetostriction. The 
change in magnetization due to the applied mechanical stress has been measured and 
modeled by many researchers as well as the effect of the magnetostriction. The magnetic 
behavior of iron under applied mechanical stress is quite complicated phenomena. In 
general, the effect of unidirectional stress on magnetization depends on the 
magnetostriction of the material. Materials with positive magnetostriction expand under 
the effect of a magnetic field and their magnetization is increased with tensile mechanical 
stress. Materials with negative magnetostriction contract under the effect of a magnetic 
field and their magnetization decreases with tensile mechanical stress. Iron and iron alloys 
present both positive and negative magnetostriction, depending on the strength of the 
applied magnetic field. Under applied mechanical stress, their magnetization behaves in 
different ways with different magnetic fields. Inversely, the magnetostriction of these 
materials is not only field dependent but also stress dependent. 

 
In soft magnetic materials, the magnetic microstructure can easily be changed in small 

fields either by magnetization rotation or wall motion. For example, easily displaceable 
domain walls yield steep magnetization curve providing high permeability in the core of 
inductive devices. The irreversible rearrangements of domains occurring during the 
magnetization are responsible for losses, noise in devices and pinning of domain walls by 
material imperfections. It results in hysteresis with coercivity and remanence.  

 
Grain-oriented Fe-(3 wt%)Si laminations have major importance as a unique subject of 

basic research studies and industrial applications. This material has excellent 
crystallographic properties, it gives rise to the magnetic modeling and, it is an ideal 
material for many efficient electromagnetic devices. 

 
Many authors have investigated the mechanical stress effects on the magnetic materials, 

the losses, the magnetization, the permeability and the magnetic induction. A significant 
amount of research has been made on the influence on the changes in hysteresis loops of 
low stressed Fe-Si electrical steels. Whereas, a little attention have been paid on highly 
stressed electrical steel specimens. In spite of the fact, that many researcher deals with the 
effects of the mechanical load on the magnetic properties of the ferromagnetic materials, 
the measurements and the results are not consistent and in most cases not unambiguous. 
The procedures of the measurements are considerably different, and the values of the 
results are quite various. Furthermore, there is no literature to describe in more details the 
behavior of the magnetic hysteresis loop under higher tensile stresses. 

 
Over the years there have been developed several mathematical models of magnetic 

hysteresis, including Prandtl-Ishlinskii model, the Duhem model, the Preisach model, the 
Stoner-Wohlfarth model, Jiles-Atherton model, etc, to present the behavior of the magnetic 
materials. The Preisach model, originally introduced by Ferenc Preisach, and the Stoner-
Wohlfarth model have received much attention in recent years. The introduction of these 
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and additional models, and their extension into the vector field are described in various 
monographs, however a few researcher deals with the effect of the induced and external 
mechanical forces, and stresses.  

 
The numerical analysis of electromagnetic field problem results in an approximate 

solution of the partial differential equations derived from Maxwell’s equations. Several 
methods are known to solve these partial differential equations based on the weighted 
residual method. The finite element method is a widely used technique to approximate the 
solution of the partial differential equations. Many researchers deal with the basic 
equations of the electromagnetic fields and their solutions are based on different potential 
formulation. 

 
The different physical phenomena determining the behavior of the material can be 

modeled as uncoupled, or as coupled magnetoelastic problem at different levels. In the 
case of strong coupling, the effect of the elastic field on the magnetic field is also taken 
into account. This type of analysis is significant if the mechanical stress in the apparatus is 
high enough to change the magnetic properties of the material. The strong coupling method 
makes it possible to account for geometrical changes due to the magnetostriction and the 
applied external forces. 

 
1.1 The scope of my research 

 
I intend to produce a measurement apparatus and a measurement procedure, to measure 

the magnetic characteristic under different scale of the mechanical stress and analyze the 
changing of the magnetic properties under mechanical load. 

 
On the basis of the measured data I want to develop a model to simulate the stress 

dependent magnetic scalar hysteresis, and I intend to validate the model with the measured 
data. According to the stress dependent magnetic scalar hysteresis model I want to develop 
stress dependent magnetic isotropic and anisotropic vector hysteresis models to represent 
the effects of the mechanical stress on the magnetic characteristic. I am going to introduce 
the installation method to parameter identification by the measurement results, and I want 
to prove the accuracy of the scalar models compared with the measurement results. 

 
I want to develop the implementation of the introduced mechanical stress dependent 

magnetic hysteresis model into the numerical field analysis to represent the interaction 
between the electromagnetic eddy current field and the mechanical load on the specimen. I 
intend to realize the numerical field analysis with COMSOL Multiphysics environment 
combined with the MATLAB environment. The COMSOL Multiphysics developed for 
designing, optimizing and simulating scientific phenomena, such as solutions in 
electromagnetic field computation, although it does not allow using hysteretic 
characteristic in the calculations. I want to introduce the method of the implementation of 
the developed stress dependent magnetic hysteresis model by a 2D arrangement of the 
modified Epstein frame and I am going to present the results of the simulation emphasizing 
the mechanical aspect of the solution. 
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2 Stress dependent magnetic measurements 
 
In my research the goal is to produce a measurement apparatus that is able to measure 

the magnetic characteristic under different scale of the mechanical stress. In the next part 
of the chapter I want to present in detail the parts of the apparatus, the measurement 
procedure, and the results of the measurements. On the basis of the measured data I want to 
develop a model to simulate the stress dependent magnetic hysteresis, and I intend to 
validate the model with the measured data. 

 
 

2.1 Literature overview 
 
In this chapter I summarize the results in the research field of the magnetic materials 

briefly. Namely the grain oriented Fe-Si electrical steel, the magnetostriction, as the 
mechanical effects of the magnetization process of the iron and iron alloys, the magnetic 
losses, which is important in industrial applications and it influences the selection of the 
material depending on the application, and it changes with the effect of mechanical stress. I 
present in this chapter the main directions and results of the magnetic measurement under 
applied mechanical stress. 

 
 

2.1.1 Grain oriented Fe-Si electrical steel 
 
Grain-oriented Fe–(3 wt%)Si laminations have major importance as a unique subject of 

basic research studies and industrial applications. This material has excellent 
crystallographic properties, it gives rise to the magnetic modeling and, it is an ideal 
material for many efficient electromagnetic devices [47]. 

 
Grain-oriented (GO) Fe-Si laminations show excellent soft magnetic properties when 

they are excited along the rolling direction. For this reason they are the ideal material for 
transformer applications, on the other hand their use in large rotating machine cores is 
frequent as well [44]. 

 
The magnetic microstructure determines the macroscopic properties of magnetic 

materials. Due to the existence of the magnetic domains, a magnetic material can 
accommodate a continuous range of magnetic states that reach to saturation from 
demagnetization in external fields. In soft magnetic materials, the magnetic microstructure 
can easily be changed in small fields either by magnetization rotation or domain wall 
motion. For example, easily displaceable domain walls yield steep magnetization curve 
providing high permeability in the core of inductive devices. The irreversible 
rearrangements of domains occurring during the magnetization are responsible for losses, 
noise in devices and pinning of domain walls by material imperfections. It results in 
hysteresis with coercivity and remanence [30, 150].  
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Soft magnetic materials have a major importance as core material in inductive devices. 
These devices rely on the high permeability of their cores that reaches values up to one 
million times the air value [107]. 

 
Domain wall displacement is the main origin of the exceptional quality of soft magnetic 

materials. In addition, magnetization rotation can result in high permeability if anisotropies 
are uniform and small. Depending on application, magnetization processes have to be 
carefully controlled by selecting the materials in the proper way with suitable domain 
patterns. For example, in high-frequency applications, the wall displacement procedures 
are generally less advantageous than rotation, because the eddy current losses connected 
with wall motion [31, 34]. 

 
The domains in all soft magnetic materials comply with the principle of flux closure, 

although anisotropy together with the surface orientation has an overriding importance on 
domain arrangement. If the arrangement of the magnetic microstructure can be improved 
in the sense of a more regular domain structure, it yields more reversible magnetization 
processes, the better properties of inductive devices can be achieved. 

 
Grain-oriented transformer material contains huge grains of Fe 3wt.% Si. They are 

oriented within a few degrees deviation of the easy direction from the preferred axis of the 
material. This kind of texture is known as Goss texture. The basic domain structure of 
well-oriented Goss grains consists of wide domains magnetized parallel and antiparallel to 
the easy direction. It can be seen in Fig. 2.1a, grain A. If the easy direction is slightly 
misoriented out of plane, it is shown in Fig. 2.1a, grain B, C, the basic domains are 
supplemented to reduce the stray field energy, namely shallow surface domains, lancets 
collect the perpendicular flux, which would otherwise appear from the surface due to the 
misorientation, and feed it into internal transverse easy-axis domains where it is 
transported to the other surface of opposite charge polarity or to the neighboring basic 
domain to be distributed again. The scheme of this process can be seen in Fig. 2.1c. In 
another case, the lancets join into combs, it is shown in Fig. 2.1a, grain C, by using an 
overall internal transverse domain that is properly oriented to avoid magnetostrictive 
energy [64]. 

 
The magnetization process along the favorable axis occurs by motion of the basic 180° 

walls. Moreover, during a magnetization cycle, the system of additional domains is 
destroyed and rebuilt. The energy bound in the supplementary domains is lost in every 
cycle, thus composing a substantial part of hysteresis loss in transformer laminations. Since 
several nonplanar easy axes are always engaged in supplementary domain patterns, their 
beginning and destruction is also connected with magnetostrictive, acoustic noise. It is 
good to know that the magnetostrictive elongation would not change by the motion of a 
180° wall. Two possibilities are to avoid the unfavorable supplementary domains. They 
can be largely suppressed by mechanical tensile stress along the preferred axis. It is shown 
in Fig. 2.1b. It magnetostrictively prefers the basic domains and destroys the transversely 
magnetized domains. In this case, the basic domain spacing decreases, because otherwise 
the common stray field energy would increase in the lack of the supplementary domains. 
The decreased domain width also reduces the eddy current losses, which become important 
if the basic domain width is larger than the sheet thickness. Further advantage that the 
planar stress exerted by the stress-effective insulating coating is for the Goss texture 
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equivalent to a uniaxial stress along the preferred axis and will suppress supplementary 
domains in this way. But, that for magnetostatic reasons, the lancet structure reappears 
when the basic domains are wiped out during the magnetization cycle as is presented in the 
sequence in Fig. 2.1d and Fig. 2.1e. It results in extra losses. It is also possible to avoid 
supplementary domains completely if a misorientation of better than one degree is 
achieved. However, such a quasi-single-crystalline material would tend to develop very 
wide basic domains with correspondingly large eddy current losses. It can be seen in  
Fig. 2.2a. The domain width can be artificially reduced by scratching or by laser scribing. 
It is shown in Fig. 2.2b. The stress engaged locally in this way separates the basic domains, 
acting like an artificial grain boundary [64]. 

 

 
Fig. 2.1. Domain structure in a Goss-textured transformer steel 

 

2.1.2 Magnetostriction 
 
W. P. Joule discovered the magnetostriction of iron in 1842. Since then, many 

phenomena related to magnetoelasticity of iron and iron alloys have been discovered and 
studied [9]. 

 5 



 
Attila Sipeky, PhD Theses  2009 

 
Fig. 2.2. Domain, spacing in well-oriented grains, and reduced spacing by laser scribing 

 
The mutual influence of the magnetic and the elastic properties of materials called 

magnetoelasticity. It comes from the fact that most interactions between the atomic 
magnetic moments in solids depend on the distance between them. The physical 
parameters of a sample are in connection with its magnetic state. It is known as direct 
magnetoelastic effect or magnetostriction. The magnetic properties - magnetization, 
magnetic anisotropy energy and magnetic ordering temperature - are with regard to the 
applied and internal mechanical stresses [32]. 

 
Magnetostriction causes deformation of the material due to magnetic interactions. It can 

be separated into spontaneous and forced magnetostriction. The spontaneous 
magnetostriction is due to internal magnetic interaction in a sample, while the latter is due 
to magnetic interaction between the sample and an externally applied magnetic field. 
Volume magnetostriction can be observed if saturation magnetization Ms is altered either 
by strong magnetic fields or near the temperature of a magnetic phase transition, for 
instance, the Curie temperature for ferromagnets. In this case an anomalous isotropic 
expansion is noticed. This is the isotropic aspect of the spontaneous magnetostriction [53]. 

 
If a magnetic field is applied to the iron probe, a supplementary anisotropic deformation 

that extends or compresses the probe in the direction of the magnetic field is observed. 
This field-dependent phenomenon is known as Joule magnetostriction; it is the anisotropic 
aspect of the forced magnetostriction. Another deformation associated with the Joule 
magnetostriction can be detected in the orthogonal direction to the field. It has the opposite 
sign with the half amplitude. It is called transverse magnetostriction. At lower magnetic 
field the Joule and the transverse magnetostriction do not change the volume of the probe. 
At higher fields, the Joule and the transverse magnetostriction cause a small change in 
volume that is the isotropic part of the forced magnetostriction [9]. 

 
Joule magnetostriction and transverse magnetostriction are nonlinear phenomena and 

reach saturation at the same level as the saturation of the magnetization. These types of 
magnetostriction yield different states of magnetization.  

 
The magnetic behavior of iron under applied mechanical stress is quite complicated 

 6 



 
Attila Sipeky, PhD Theses  2009 

phenomena. The effect of unidirectional stress on magnetization depends on the 
magnetostriction of the material. Materials with positive magnetostriction stretch under the 
effect of a magnetic field and their magnetization is increased with tensile mechanical 
stress. Materials with negative magnetostriction contract in a magnetic field and their 
magnetization decreases with tensile mechanical stress. Iron and its alloys present both 
positive and negative magnetostriction, depending on the strength of the applied magnetic 
field. Their magnetization conducts in different ways with different magnetic fields under 
applied mechanical stress. Inversely, the magnetostriction of a magnetic material is not 
only field dependent but also stress dependent [9]. 

 
 

2.1.3 Villari effect or inverse magnetostriction 
 
The application of a mechanical stress to magnetic material changes its magnetic 

properties and results different magnetic induction for a given magnetic field at different 
value of the applied stresses. This phenomenon is known as the Villari effect or inverse 
magnetostriction. 

 
The magnetic behavior of iron under applied mechanical stress is one of the most 

complicated phenomena. However, the magnetostrictive behavior of iron is just as 
complicated as its inverse phenomena. Actually, the Joule magnetostriction changes with 
applied mechanical stress. These changes originate mainly from two mechanisms: a 
macroscopic one due to the magnetoelastic energy, which modifies the anisotropy of the 
material and does not modify its magnetostriction coefficients, and a microscopic one due 
to a change in the interatomic distances and symmetry lowering. The latter mechanism 
changes the magnetostriction coefficients. Furthermore, the applied stress with respect to 
the magnetic field affects the values of the magnetic induction and magnetostriction  
[27, 144].  

 
Magnetostriction is the mechanical deformation induced in the material of the sample 

by the modification of its magnetic state. Inverse magnetostriction means the modification 
of the magnetic state by an applied stress. The application of a stress on a magnetostrictive 
material induces an additional anisotropy. This is the actual mechanism of the inverse 
effect since usually this added anisotropy will produce a reorientation of the magnetization 
[143]. 

 
The base of the effect of the applied stress is in close connection with the 

magnetostriction. The magnetization of the ferromagnetic material causes spontaneous 
strain. Due to magnetostriction λ the strain changes with increasing the magnetic field 
intensity and finally reaches the saturation value λS. The crystal lattice inside the domains 
is deformed in the direction of domain magnetization and its strain axis rotates with the 
rotation of the domain magnetization. It results in the deformation of the specimen. It can 
be seen in Fig.2.3. 

 
The elongation of the domain along the direction has an angle θ with respect to the 

direction of magnetization is given by [27] 
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θ2cos⋅= e
l
δl , (2.1) 

where 

saturation
⎟
⎠
⎞

⎜
⎝
⎛=

l
δle . (2.2) 

The saturation magnetostriction is given by [27] 

e
l
δl

l
δl

3
2

ationdemagnetissaturation
S =⎟

⎠
⎞

⎜
⎝
⎛−⎟

⎠
⎞

⎜
⎝
⎛=λ . (2.3) 

In an isotropic magnetostriction the spontaneous strain in a domain can be expressed in 
terms of λS as 

S2
3 λ=e . (2.4) 

It means that the magnitude of the spontaneous strain is independent of the 
crystallographic direction of magnetization [31]. 

 

 
Fig. 2.3. Rotation of domain magnetization and accompanying rotation of the axis of  

spontaneous strain 

 
It is easy to imagine that when magnetization causes spontaneous strain, then forced 

strain causes spontaneous magnetization. The dependence of the magnetization on stress 
can be described in terms of energy associated with the stress and the direction of 
spontaneous magnetization in a domain. The magnetic strain energy density can be 
expressed by the following formula 

θσλ 2
S sin

2
3

=σE , (2.5) 

where λS is the magnetostrictive expansion at saturation, and θ is the angle between the 
saturation magnetization and σ is the tension. When λS and σ are positive –when tension is 
applied to iron – the energy has the minimum at θ = 0°, and that indicates the domain to be 
stable when magnetization is parallel to the stress. 
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2.1.4 Magnetic losses 
 
The magnetic losses are originating from the various energy dissipation mechanisms 

follow when a magnetic material is fed with time-varying external field H(t). A part of the 
energy injected into the system by the external field is irrevocably transformed into heat. 
The mostly studied phenomenon is that, where the material is in a cyclic magnetic field 
with the frequency f and the average magnetic induction B(t) in the material remaining 
colinear during the process. The time integral over one magnetization cycle gives the 
energy transformed into heat in the cycle 

∫=
T

t
t
BHw

0

d
d
d , (2.6) 

where T is the periodic time. 
 

This integral is usually termed loss per cycle for a unit volume, whereas the term power 
loss is used to denote the loss per unit time p = fw. The underlying principle of this 
complex behavior is clearly described by B. D. Cullity [34]. 

 
The change of induction always causes the motion of a domain wall. Faraday's law 

describes, that this change gives rise to a rotational electric field E around the moving wall 
and consequently to an electric current density J=σcE (micro eddy current). For this 
purpose, in any elementary volume ∆V of the material, the power (⎪J⎪2/σc)∆V is dissipated 
through the Joule effect. The total loss can be calculated by summing up these 
contributions over all elementary volumes. The result depends on the space-time details of 
the eddy-current density J(r,t). This function is usually complicated and the 
straightforward calculation of the loss is impossible by direct integration in the majority of 
cases. 

 
A useful solution is the concept of loss separation, according to which the loss per cycle 

W at frequency f is decomposed into the sum of three components and, termed hysteresis 
loss Wh, classical loss Wcl, and excess loss Wexc, respectively [34] 

W = Wh + Wcl + Wexc . (2.7) 

The typical behavior of magnetic losses in a metallic soft magnetic material is shown in 
Fig. 2.4. The hysteresis, classical, and excess loss components involved in loss separation 
are indicated.  

 
This deconvolution voices the existence of three scales in the magnetization process: the 

scale defined by the sample geometry (classical loss), the scale of domain wall-pinning 
mechanisms (hysteresis loss), and the scale of magnetic domains (excess loss). 
Magnetization process has the complex, strong nonlinearity, there is no evident reason why 
the superposition law should hold true under broad conditions. Actually, it is only by 
applying statistical methods to the analysis of stochastic magnetization processes, it is able 
to show that the three scales just mentioned affect the loss in an approximately statistically 
independent way [12]. 
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Fig. 2.4. Loss per cycle and per unit mass as a function of frequency for a  

grain-oriented Fe-3wt.% Si lamination 

 
Hysteresis losses are the results of the magnetization process causes quick jumps of the 

magnetic domain walls on the microscopic scale that are unpinned from deficiencies or 
other obstacles by the pressure of the external field. The local eddy currents induced by the 
induction change dissipate a finite amount of energy through the Joule effect. The sum 
over all jumps gives the hysteresis loss. The jumps are very short, so the external field is 
unable to alter the internal jump dynamics. The field has the only effect, that it is to 
compress or expand the time interval between following jumps in inverse proportion to the 
field rate of change, which results in a number of jumps per unit time and an amount of 
energy dissipated per unit time proportional to the magnetization frequency [27]. The 
hysteresis loss is immediately related to the structural disorder in the material. Many 
possibilities of domain wall pinning are investigated, nonmagnetic or less-magnetic 
inclusions, voids, or dislocations. The dislocation tangles and grain boundaries play a role 
at a higher level of complexity. Fluctuations of local exchange and anisotropy should be 
taken into account in amorphous alloys. Although often, in the cases where 
magnetostriction is not negligible, magnetoelastic coupling to randomly distributed internal 
stresses dominates. 

 
The classical loss can be calculated from Maxwell equations for a perfectly 

homogeneous conducting material. The classical loss acts as a kind of background loss, 
appears under all circumstances, to which other contributions are added when structural 
disorder and magnetic domains play a role [27]. 

 
Excess losses are derived from the existence of a third scale in the magnetization 

process, the scale of magnetic domains. The excess loss comes from the smooth, large-
scale motion of domain walls across the cross-section of the sample, when the fine-scale 
jumps, which are responsible for the hysteresis loss, are disregarded. Micro eddy currents 
concentrate around the moving domain walls. That increases the losses higher than the 
classical ones, because of the quadratic dependence of the local loss (⎪J⎪2/σc)∆V on the 
intensity of the micro eddy-current density [115, 156]. 
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According to the former described phenomenon, excess losses are to be found as the 

presence of magnetic domains. However, the significance of excess losses in comparison 
with classical and hysteresis losses will basically depend on the size and arrangement of 
the magnetic domains. The finer domain structure results in smaller excess loss 
contribution. This conclusion can be given a precise quantitative measure in the case of a 
lamination containing longitudinal bar-like magnetic domains of random width [20]. 

 
The dependence of losses on frequency and induction can be rather different from 

material to material, depending on the relative contribution of the various loss components 
to the total loss. It can be seen in Fig. 2.5 [13]. 

 

 
Fig. 2.5. Examples of power loss P separation in different classes of soft magnetic materials 

 
When the goal is the loss reduction, it is important to identify the loss term giving the 

dominant contribution under the working conditions and to improve optimization strategies 
for the magnetization scale associated with that term. Structural optimization, metallurgical 
factors and control of domain structures can be in these optimization strategies [4, 45]. 

 
Most of the researchers, who studied the magnetic behavior of the electrical steel deal 

with the investigation of the magnetic losses [5, 24, 49, 87, 88, 110]. 
 
 

2.1.5 Measurements and modeling of the magnetostriction and the inverse 
magnetostriction 

 
The application of a mechanical stress to magnetic material changes its magnetic 

properties and results different magnetic induction for a given magnetic field at different 
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value of the applied stresses. This phenomenon is known as the Villari effect or inverse 
magnetostriction. The change in magnetization due to applied mechanical stress has been 
measured and modeled by many researchers [27, 71, 72, 157] as well as the effect of the 
magnetostriction [9, 14, 40, 70, 90, 102]. 

 
Measurements were accomplished with different equipment to study this complex 

behavior of the ferromagnetic materials. Investigations were realized on materials with 
different composition [61, 81, 138, 142, 152]. 

 
Many authors have investigated the mechanical stress effects on the magnetic materials, 

the losses, the magnetization, the permeability and the magnetic induction. The stress has 
an important effect on the magnetization of iron. A significant amount of research has been 
made on the influence on the changes in hysteresis loops of low stressed Fe-Si electrical 
steels [1, 112, 116]. Whereas, a little attention has been paid on highly stressed electrical 
steel specimens [51]. 

 
On a mild steel sample have been realized investigations by Langman with application 

of the mechanical stress up to 100 MPa [89]. He has established that the tension 
perpendicular to the field has a significant effect reducing the flux density.  

 
Fiorillo et al. have presented the results of the measurement applying stress up to 300 

MPa to an as-quenched Metglas 2605 SC [48]. The obtained data introduce the hysteresis 
energy loss per cycle as the function of the stress at different peaks of induction fields. 

 
Pitman has examined the stress-dependent magnetization behavior of soft magnetic 

materials through practical measurements on a steel sample. He established that the slope 
of the magnetization curve decreases with increasing the compressive stress. The 
compressive stress was applied in the measurements up to 400 MPa [113]. 

 
Based on the investigations of Jiles and Atherton [69] it is considerable that the 

compressive stress decreased the effect of the magnetization process. 
 
Belahcen investigated and simulated the effects of the magnetostriction and 

magnetoelastic coupling on the vibrations and noise of rotating electrical machines [9]. 
 
LoBue et al [92] have experiments verifying that the hysteresis losses of a non-oriented 

Fe-(3 wt % Si) laminations increase up to 100 % from compression of 0 MPa to 60 MPa. 
 
In spite of the fact, that many researcher deals with the effects of the mechanical load on 

the magnetic properties of the ferromagnetic materials, the measurements and the results 
are not consistent and in most cases not unambiguous. The procedures of the 
measurements are considerably different, and the values of the results are quite various. 
Furthermore, there is no literature to describe in more details the behavior of the magnetic 
hysteresis loop under higher tensile stresses. 
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2.2 The developed apparatus of the measurements 
 

2.2.1 Measurement apparatus with the tensile screw system 
 
To realize a complete investigation on magnetic material under mechanical load, I have 

developed and implemented two magnetic measurement systems, which are able to 
consider the mechanical stress effects on the studied iron probe. I have realized the 
measurements with a grain-oriented GO Fe-(3,1 wt%)Si alloy with positive 
magnetostriction. Most transformer cores are built today with GO Fe-Si laminations, where 
the crystallites have their easy axis close to the rolling direction and their plane nearly 
parallel to the lamination surface. 

 
To the investigation, the specimens are 250 mm long, and 12 mm wide. Two winded 

probes can be seen in the Fig.2.6. 
 

 
Fig. 2.6. Winded probes 

 
The applied laminations have the thickness of 0.27 mm, and the maximum specific total 

core loss W15/50=0.89 W/kg at 1.5 T and 50 Hz. The density of the material is 7.65 kg/dm3, 
the yield point is 335 MPa, tensile strength is 350 MPa, the maximum elongation is 9.5 %. 

 
The apparatus of the measurement contains two computers to measure the mechanical 

and the magnetic properties independently. The measurement set-up can be shown in 
Fig.2.7. The stress was applied with a tensile screw system. The custom-designed 
construction is shown in Fig.2.8. The Computer 1 carried out the mechanical 
measurements. It has PIII processor and 256 MB RAM memory. This platform is able to 
do the data acquisition and processing, the calculations and the storage of mechanical data. 
Computer 2 estimates and stores the result of the magnetic measurement. It contains PIII 
processor and 512 MB RAM memory to be fast enough to data acquisition and processing. 
It is suitable to perform the calculations, the filtering tasks and the storage.  
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Fig. 2.7. The schematic figure of the measurement set-up 

 

 

Tensile screw 

Strain gauge 
stamps 

Winded probe 

Fig. 2.8. The tensile screw system 

 
The tensile force has been realized through two high strength steel sheets with known 

mechanical properties with stretching a screw. The iron sheets have strain gauge stamps in 
full bridge and the applied forces are calculated from the elongation of these plates. Fig.2.9 
shows the glued strain gauge stamps and Fig.2.10 shows the circuit diagram of the full 
bridge connection to the Spider 8 socket. The mechanical properties of these plates have 
been measured, and exhibit linear elongation in the measuring range as it can be seen 
Fig.2.11. 
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Fig. 2.9. Strain gauge stamps  
on the base plates 

Fig. 2.10. Circuit diagram of the full bridge 
connection to the Spider 8 socket with 

strain gauge stamps  
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Fig. 2.11. The elongation of the base plates in the measuring range 

 
The applied strain gauge stamps (HBM 1-LY11-6/120) were temperature optimized for 

steel. The change of resistance of the stamps has been measured through the Spider 8 with 
the Catman Express software [126]. It was applied as a static force, adjusted by the 
assistance of the software. Two hinged clamps on the tip of the winded lamination fixed 
the probe. It can be seen in Fig.2.12 and Fig.2.13. 
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Fig. 2.12. The fixing of the probe with two 
hinged clamps 

Fig. 2.13. The scheme of the fixing  
with the clamps 

 
A few probes have also strain gauge stamps to verify the accuracy of the stress 

measurement. The strain gauge stamps (HBM 1-XY11-6/120) were temperature optimized 
for steel, and they were used in half bridge. A sheet with strain gauge stamps can be seen 
in Fig.2.14. Some test was performed with destructing the probes to study the mechanical 
properties of the material. A damaged lamination can be seen in Fig.2.15. 

 

 
Fig. 2.14. Lamination with strain gauge stamps 

 

 
Fig. 2.15. Damaged sheet with strain gauge stamp 
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The magnetic field strength has been calculated from the current of the primary 
winding, and Computer 2 has derived the magnetic field density from the voltage of the 
secondary coil. The excitation has been generated with a Virtual Instrument developed in 
LabVIEW code and fed through by the KIKUSHUI PBX 20-20 bipolar power supply with 
amplification 2. This KIKUSUI power amplifier is suitable to generate ±20 V and ±20 A 
bipolar signals with optional signal shapes. It is possible to be controlled by current (CC 
mode) or voltage (CV mode) depending on the problem to be measured. In the case of 
magnetic hysteresis loop measuring, CC mode is recommended, because the current is 
proportional to the magnetic field intensity [126]. The measured data gained with the 
multifunction DAQ sampling card NI PCI-6030E has been post processed to extract the 
needed H and B fields. 

 
The advantage of the tensile screw system is that it is a strong construction, which is 

suitable applying high tensile stress for the measured specimen. The disadvantage of the 
system is that it is unable to apply compressive force to the laminations. 

 
 

2.2.2 Measurement apparatus with the modified Epstein frame 
 

The apparatus of the measurement with the modified Epstein-frame also contains two 
computers to measure the mechanical and the magnetic properties independently. This 
measurement set-up can be seen in Fig.2.16. The stress has been applied on a modified 
Epstein-frame, as it is shown in Fig.2.17.  

 

 
Fig. 2.16. The schematic figure of the second measurement set-up 
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Fig. 2.17. The modified Epstein frame with the load cell 

 
The tensile force has been realized with a screw through a load cell. The load cell is an 

S9 type Hottinger-Baldwin device, which is able to measure the tensile and the 
compressive forces. The maximum load of the instrument is 5kN. The load cell can be seen 
in Fig.2.18. The specification of the S9 load cell can be seen in Table 2.1. The signal of the 
load cell has also been measured through the Spider 8 with the Catman Express software 
on Computer 1. 

 
The material of the probe sheets is the same, but the dimensions has been changed. The 

sheets are 340 mm long, and 30 mm wide, the thickness is unaltered. The middle magnetic 
length of the frame is 250x250 mm. The force has been realized through a screw system. 
An axial bearing was fastened to the framework. It allows applying the tensile and 
compressive force as well, as it can be seen in Fig.2.19. This measurement system is also 
custom-designed. 

 

 
Fig. 2.18. S9 type load cell 
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Table 2.1 The specification of the S9 load cell 

 
 
 

 
Fig. 2.19. Axial bearing and the screw 
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At both set-ups the other parts are the same and the magnetic measurements have been 
solved similarly, the magnetic and the mechanical properties have been measured 
independently with the two computers. The measurements have been performed with field 
control, namely the waveform of the excitation is controlled [128]. 

 
The advantages of this system compared to the former set-up are that, it is able to apply 

tensile and compressive forces too, the load cell is very sensitive, it is able to measure the 
magnetostrictive forces, and the system allows to use plates with larger thickness. The 
disadvantage is the load cell has a maximum load of 5 kN. In this case the thickness was 
small, so the maximum force was enough to yield a high mechanical stress in the sheet. On 
the other hand the small thickness does not permit the compressive investigation of the 
probe. 

 
 

2.3 The method of the measurement 
 
The LabVIEW developing system is able to handle the digital and analog input and 

output through many specified interfaces. Several researchers apply the LabVIEW 
environment to improve the software of magnetic measurement [82, 79]. 

 
The software developed in the LabVIEW generates the excitation signal. It is able to 

generate either sinusoidal or triangular first order or second order reversal loops depending 
on the adjustment. The circuit diagram of the measurement can be seen in the Fig. 2.18. 
The primary coil was excited by the current i(t) supplied by the power generator KIKUSUI 
PBX 20-20, which is able to generate current or voltage signal. The current waveform was 
measured by the voltage of the temperature and voltage independent resistor Rn = 0.01 Ω. 
The current i(t) can be expressed as 

( ) ( )
n

n

R
tu

ti = . (2.8) 

 

 
Fig. 2.20. The circuit diagram of the measurement 
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The magnetic field intensity H(t) can be calculated as 

( ) ( )
l

tiNtH P= , (2.9) 

where l is the average length of the magnetic core, Np is the number of the turns of the wire 
on the primary coil and i(t) is the excitation current. 

 
The magnetic flux density B(t) can be calculated as 

( ) ( ) ττ d1

0
0 ∫+=

t

S
S

u
SN

BtB , (2.10) 

where B0 is an integration constant, S is the cross-section area of the specimen, NS is the 
number of the turns of the wire on the secondary coil, uS(t) is the measured induced voltage 
of the secondary coil. 
 

The parameters of the specimen and the coil are NP = 110, NS = 90, l = 0.84 m,  
S =3.24 mm2 at the tensile screw system at 1 lamination, and NP = 130, NS = 120, l = 1 m, 
S =8.1 mm2 at the modified Epstein-frame at 1 lamination. The maximum current value 
i(t)max was 6 A. 

 
Fig.2.19 shows the front panel of the main program of the measurement. The 

parameters of the input and output channels, the coil and the excitation signal can be set on 
this user interface. The little graphs show the output and input signals of the channels of 
the DAQ card, the measured primary and secondary voltage values, the estimated H(t) and 
B(t) values and the rectified B(t) values can be seen on the front panel. The measured and 
filtered H(t)–B(t) diagram has been visualized on the graph at the bottom of the user 
interface. 

 
The mechanical stress has been varied from a value of 0 MPa to 136.66 MPa in 10 

steps. At each step the magnetic measurement has been carried out with sinusoidal and 
triangular waves. After demagnetizing the sheet the excitation produced 30 first order 
reversal loops with changing the primary current. The excitation yields five periods at each 
amplitude to stabilize the hysteresis loops [66]. 

 
It results in the major loop with 29 minor loops, which is needed to the installation of a 

stress-dependent model, to develop. At each steps, the measurement frequency has been 
selected 1 Hz, 2 Hz, 5 Hz, 10 Hz, 20 Hz and 50Hz. This measurement has been realized 
with 1, 2 and 3 stacked sheets. 
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Fig. 2.21. The user interface of the magnetic hysteresis measurement software 

 
The front panel of the excitation signal generator can be seen in the Fig.2.20. Sinusoidal 

and triangular periodic signal can be produced by the program, with arbitrary number of 
the periods with same amplitude. It is able to generate the excitation signal of the first 
order and the second order reversal loops. The program allows generating the excitation 
signal of the demagnetization before the measuring procedure. 
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Fig. 2.22. The front panel of the excitation software 

 
With the filtering software it is able to smooth the measured signal, and a subset of the 

measured elements can be taken. The user interface of the filtering program is shown in 
Fig.2.21. On the front panel the original and the filtered measured signals are visualized 
[137]. 

 

 
Fig. 2.23. The front panel of the filtering software 

 
The interesting parts of the software’s graphical codes are plotted in the Appendix  

Fig. A 1. 1-4. 
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2.4 The results of the measurements  
 
On the basis of the measurements the magnetic behavior of the material has been 

analyzed. The measurements have shown that the magnetic behavior of iron under applied 
stress is a quite complex phenomenon, and the magnetic properties are very sensitive to 
mechanical stress. 

 
Table 2.2-6 are shown the performed measurement and all the results can be seen in the 

Appendix A.2-A.7. 
 

Table 2.2.  The fulfilled measurements with the modified Epstein frame in the rolling direction  
with 1 winded plate 

0 MPa 34.16 MPa 68.33 MPa 102.49 MPa 136.66 MPa Frequency \ 
Stress, 

Excitation sin triang sin triang sin triang sin triang sin triang 

1 Hz + + + + + + + + + + 
2 Hz + + + + + + + + + + 
5 Hz + + + + + + + + + + 
10 Hz + + + + + + + + + + 
20 Hz + + + + + + + + + + 

 
 

Table 2.3.  The fulfilled measurements with the tensile screw system in the rolling direction  
with 1 winded plate 

0 MPa 34.16 MPa 68.33 MPa 102.49 MPa 136.66 MPa Frequency \ 
Stress, 

Excitation sin triang sin triang sin triang sin triang sin triang 

1 Hz + – + – + – + – + – 
2 Hz + – + – + – + – + – 
5 Hz + – + – + – + – + – 
10 Hz + – + – + – + – + – 
20 Hz + – + – + – + – + – 

 
 

Table 2.4.  The fulfilled measurements with sinusoidal excitation in the rolling direction with 2 winded plates 

0 MPa 68.33 MPa 136.66 MPa Frequency \ 
Stress, 

Apparatus Epstein Screw Epstein Screw Epstein Screw 

1 Hz + + + + + + 
2 Hz + + + + + + 
5 Hz + + + + + + 
10 Hz + + + + + + 
20 Hz + + + + + + 
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Table 2.5.  The fulfilled measurements with sinusoidal excitation in the rolling direction with 3 winded plates 

0 MPa 68.33 MPa 136.66 MPa Frequency \ 
Stress, 

Apparatus Epstein Screw Epstein Screw Epstein Screw 

1 Hz + + + + + + 
2 Hz + + + + + + 
5 Hz + + + + + + 
10 Hz + + + + + + 
20 Hz + + + + + + 

 
Table 2.6.  The fulfilled measurements with sinusoidal excitation in the transverse direction with 1 winded 

plate 

0 MPa 68.33 MPa 136.66 MPa Frequency \ 
Stress, 

Apparatus Epstein Screw Epstein Screw Epstein Screw 

1 Hz + + + + + + 
2 Hz + + + + + + 
5 Hz + + + + + + 
10 Hz + + + + + + 
20 Hz + + + + + + 

 
The goal of the measurements is to study the effects of the changing of the excitation 

frequency and the effects of the external mechanical stress on the magnetic properties of 
the material with applying different shape of the excitation signal. 

 
The measurement proved, that the increase of the measurement frequency increases the 

energy loss per cycle, increases the coercive field Hc, so the width of the hysteresis loop is 
growing. The reason of this behavior is that the eddy currents at higher frequency cause 
higher classical loss and the turning of the domains results in higher hysteresis and excess 
loss [117]. The measurements with the screw system and the modified Epstein frame 
produced sufficiently similar results. At each apparatus the flux lines are closed, however 
at the screw system the yoke is the structure from different material with slightly different 
magnetic properties, meanwhile the modified Epstein frame has a yoke from the same 
material with a known size in the middle. Consequently, the results of the measurement 
with the modified Epstein frame are more accurate. Although, the differences between the 
measured values are not so much. The hysteresis loops of the measurements with the two 
apparatus versus the measurement frequency without stress effects can be seen in Fig.2.22 
and Fig.2.23. The comparison of the coercive field Hc values and the energy losses Wm are 
shown in Fig.2.24 and Fig.2.25.  

 
Compared to the 1 Hz measurement frequency the increase of the frequency increases 

the coercive field Hc with 53-480% at different frequencies. By increasing the frequency 
the energy loss is strongly increased. The changing of energy losses is approximately 
proportional to the changing of the coercive field Hc. These can be seen in Fig.2.26 and 
Fig.2.27. The coercive field values are very close to each other at each excitation 
frequency. Fig.2.28 shows the difference between the coercive field values at each 
frequency ∆Hc, where the differences are given in percent and it can be expressed as 
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Fig.2.29 shows the difference between the energy losses at each frequency ∆Wm, where 
the differences are given in percent and it can be expressed as 
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W  [%], (2.12) 

where Wmmax is the maximum energy loss of the five measured curve at the given 
frequency with the same stress value or at the given stress value with the same frequency. 
The energy loss difference ∆Wm between the sinusoidal and the triangular excitation is 
approximately 0.5-10%. 

 

             
Fig. 2.24. Measured hysteresis loops versus 

the measurement frequency at 0 MPa stress
(measured by the tensile screw system) 

Fig. 2.25. Measured hysteresis loops versus 
the measurement frequency at 0 MPa 

stress 
(measured by the modified Epstein frame)

             
Fig. 2.26. Coercive field Hc values versus the 

measurement frequency at 0 MPa tensile 
stress  

Fig. 2.27. Energy losses versus the 
measurement frequency at 0 MPa tensile 

stress 
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Fig. 2.28. The changing of the coercive field 

Hc values versus the measurement 
frequency at 0 MPa tensile stress  

Fig. 2.29. The changing of the energy losses 
versus the measurement frequency at 0 

MPa tensile stress 

             
Fig. 2.30. The difference of the coercive field 

Hc values versus the measurement 
frequency at 0 MPa tensile stress 

Fig. 2.31. The difference of the energy losses 
versus the measurement frequency at 0 

MPa tensile stress 

 
Furthermore, carrying out the measurements with triangular waves results in higher 

magnetization than with sinusoidal waves. In the comparisons the periodic time (PT) of the 
triangular waves equals with the periodic time of the sinusoidal waves at the given 
measurement frequency (MF), that means PTtriang = 1/MFsin. The triangular waves lead to 
lower energy loss per cycle and lower coercive field. The main reason of these effects is 
that a sine wave is steeper in the region of changing sign than the triangular one. Thus the 
rate of flux density changes in the vicinity of the coercive point is higher for sinusoidal 
excitation. The difference increased by increasing the measurement frequency [135]. Those 
phenomena can be seen in Fig.2.30, Fig.2.31 and Fig.2.32. 

 
The tensile stress has significant effect to the shape of the hysteresis loop and to the 

energy losses of the curve. The increase of the tension yields increased magnetization, and 
magnetic flux density for the same applied field strength. By increasing the tension the Hc 
coercive field is decreased and the energy loss is decreased. The measurements of former 
researchers in this field have the similar results [52, 112, 116]. 
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Fig. 2.32. Hysteresis loops at 0 MPa stress at 

1 and 10 Hz measurement frequency with 
sinusoidal and at triangular excitation with 

periodic time 1s and 0.1 s 
(measured by the Epstein frame) 

Fig. 2.33. Coercive field Hc values versus 
measurement frequency at 0 MPa stress 
with sinusoidal and triangular excitation 

where PTtriang = 1/MFsin 
(measured by the tensile screw system) 

 
Fig. 2.34. Energy losses versus measurement frequency at 0 MPa stress with sinusoidal and 

triangular excitation where PTtriang = 1/MFsin 
(measured by the tensile screw system) 

 
The measurements proved, that the effect of the applied stress is observable at any 

measurement frequency. Fig.2.33 and Fig.2.34 show the hysteresis curves at different 
measurement frequencies with sinusoidal excitation. By increasing the tension the energy 
losses and the coercive fields are decreased in exponential scale for all of the measurement 
frequencies, as it is plotted in Fig.2.35, Fig.2.36, Fig.2.37 and Fig.2.38. The changing rates 
of the energy losses are approximately 25-48% at the maximum applied stress of 
σ=136.66 MPa. The ∆Hc values are very small at all frequencies and it is getting higher by 
applying mechanical tension according to (2.11). Furthermore the average values of the 
∆Wm decreased by applying mechanical tension according to (2.12). These phenomena can 
be seen in Fig.2.39, Fig.2.40, Fig.2.41 and Fig.2.42. 
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Fig. 2.35. Hysteresis loops versus the stress 
at 2 Hz measurement frequency 

(measured by the tensile screw system) 

Fig. 2.36. Hysteresis loops versus the stress 
at 20 Hz measurement frequency 

(measured by the modified Epstein frame) 

             

Fig. 2.37. Coercive field Hc values versus the 
tensile stress at 2 Hz measurement 

frequency 

Fig. 2.38. Coercive field Hc values versus the 
tensile stress at 20 Hz measurement 

frequency 

             

Fig. 2.39. Energy losses versus the tensile 
stress at 2 Hz measurement frequency 

Fig. 2.40. Energy losses versus the tensile 
stress at 20 Hz measurement frequency 
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Fig. 2.41. The difference of the coercive field 
Hc values versus the tensile stress at 2 Hz 

measurement frequency 

Fig. 2.42. The difference of the coercive 
field Hc values versus the tensile stress at 

20 Hz measurement frequency 

             

Fig. 2.43. The difference of the energy losses 
versus the tensile stress at 2 Hz 

measurement frequency  

Fig. 2.44. The difference of the energy losses 
versus the tensile stress at 20 Hz 

measurement frequency 

 
The comparison of the coercive fields and the energy losses versus the applied stress at 

all measurement frequency is plotted in Fig.2.43 and Fig.2.44. 
 
The measurements proved, that the effect of the applied external stress is influenced at 

all measurement frequencies. At lower frequencies the decreasing of the losses can reach 
the 48 % at higher tensile stress, meanwhile at higher frequencies the energy loss can 
decrease with about 28-30 % [130]. The measured hysteresis loops can be seen in Fig.2.45 
and Fig.2.46. The coercive fields and the energy losses decrease by increasing the tensile 
stress and increase by increasing the measurement frequency as it is plotted in Fig.2.47, 
Fig.2.48, Fig.2.49 and Fig.2.50. The differences of the coercive field values and the energy 
losses in percent compared to the values at 1 Hz are shown in Fig.2.51, Fig.2.52, Fig.2.53 
and Fig.2.54. 
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Fig. 2.45. The coercive field versus the 

applied tensile stress at different 
measurement frequencies  

(measured by the modified Epstein frame) 

Fig. 2.46. The energy losses versus the 
applied tensile stress at different 

measurement frequencies  
(measured by the modified Epstein frame)

             
Fig. 2.47. Measured hysteresis loops versus 

the measurement frequency at 0 MPa stress
(measured by the modified Epstein frame) 

Fig. 2.48. Measured hysteresis loops versus 
the measurement frequency at 68.33 MPa stress

(measured by the modified Epstein frame) 

             
Fig. 2.49. Coercive field Hc values versus the 

measurement frequency at 0 MPa tensile 
stress  

Fig. 2.50. Coercive field Hc values versus the 
measurement frequency at 68.33 MPa 

tensile stress 
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Fig. 2.51. Energy losses versus the 

measurement frequency at 0 MPa tensile 
stress 

Fig. 2.52. Energy losses versus the 
measurement frequency at 68.33 MPa 

tensile stress 

             
Fig. 2.53. The changing of the coercive field 

Hc values versus the measurement 
frequency at 0 MPa tensile stress  

Fig. 2.54. The changing of the coercive field 
Hc values versus the measurement 

frequency at 68.33 MPa tensile stress 

             
Fig. 2.55. The changing of the energy losses 

versus the measurement frequency at 0 
MPa tensile stress  

Fig. 2.56. The changing of the energy losses 
versus the measurement frequency at 

68.33 MPa tensile stress 
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The effect of the stress is independent of the shape of the excitation curve. The shape of 
the loop and the energy loss at the triangular excitation changed in the same way like at the 
sinusoidal excitation. This phenomenon can be seen in Fig.2.55, Fig.2.56 and Fig.2.57. 
The energy losses of the loops with different excitation versus stress at 5 Hz measurement 
frequencies or at 0.2 s periodic time are shown in Fig.2.58. 

 

             

Fig. 2.57. Hysteresis loops at 0 MPa stress at 
5 Hz measurement frequency with 

sinusoidal and triangular excitation with 
periodic time 0.2 s 

(measured by the modified Epstein frame) 

Fig. 2.58. Hysteresis loops at 136.66 MPa 
stress at 5 Hz measurement frequency with 

sinusoidal and triangular excitation with 
periodic time 0.2 s 

 (measured by the modified Epstein frame)

             

Fig. 2.59. The coercive fields Hc versus the 
stress at 5 Hz measurement frequency with 

sinusoidal and triangular excitation with 
periodic time 0.2 s 

(measured by the modified Epstein frame) 

Fig. 2.60. Energy losses versus stress at 5 Hz 
measurement frequency with sinusoidal 

and triangular excitation with periodic time 
0.2 s 

(measured by the modified Epstein frame) 

 
The coil with different number of the laminations produced changing the shape of the 

hysteresis loop as it can be seen in the Fig.2.59 and Fig.2.60. Fig.2.61 and Fig.2.62 show, 
that the changes of the coercive fields and the energy losses are not significant. 
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Fig. 2.61. Hysteresis loops at 0 MPa stress at 
1 Hz measurement frequency with 

sinusoidal excitation of 1, 2 and 3 winded 
sheets 

(measured by the tensile screw system) 

Fig. 2.62. Hysteresis loops at 0 MPa stress at 
1 Hz measurement frequency with 

sinusoidal excitation of 1, 2 and 3 winded 
sheets 

(measured by the modified Epstein frame) 

             

Fig. 2.63. Coercive fields Hc at 0 MPa stress 
at 1 Hz measurement frequency with 

sinusoidal excitation of 1, 2 and 3 winded 
sheets 

(measured by the tensile screw system) 

Fig. 2.64. Energy losses at 0 MPa stress at 1 
Hz measurement frequency with sinusoidal 

excitation of 1, 2 and 3 winded sheets 
(measured by the modified Epstein frame) 

 
The effect of the applied stress can be influenced as well with increasing the number of 

the iron sheets in the coil core. It is shown in Fig.2.63-68. 
 
I have performed measurement in transverse direction using laminations with the same 

material cut perpendicular to the rolling direction. The experimental results in the 
transverse direction with the screw system and the modified Epstein frame are very similar 
as it can be seen in Fig.2.69, Fig.2.70, Fig.2.71 and Fig.2.72. 
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Fig. 2.65. Measured hysteresis loops versus 

the tensile stress at 2 Hz measurement 
frequency with 2 winded laminations 

(measured by the modified Epstein frame) 

Fig. 2.66. Measured hysteresis loops versus 
the tensile stress at 2 Hz measurement 
frequency with 3 winded laminations 

(measured by the modified Epstein frame) 

             
Fig. 2.67. Coercive field Hc values versus the 

tensile stress at 2 Hz measurement 
frequency with 2 winded laminations 

Fig. 2.68. Coercive field Hc values versus the 
tensile stress at 2 Hz measurement 

frequency with 3 winded laminations 

             
Fig. 2.69. Energy losses versus the tensile 
stress at 2 Hz measurement frequency with 

2 winded laminations 

Fig. 2.70. Energy losses versus the tensile 
stress at 2 Hz measurement frequency with 

3 winded laminations 
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Fig. 2.71. The measured loops with the two 
apparatus at 1 Hz measurement frequency 

at 68.33 MPa stress value in transverse 
direction 

Fig. 2.72. Hysteresis loops versus the tensile 
stress at 1 Hz measurement frequency in 

transverse direction 
(measured by the modified Epstein frame)

             

Fig. 2.73. Coercive field Hc values versus the 
tensile stress at 1 Hz measurement 

frequency 

Fig. 2.74. Energy losses versus the tensile 
stress at 1 Hz measurement frequency 

 
The measurements gave the similar results as in the rolling direction by using tensile 

stress, namely the growth of the measurement frequency increases the area of the 
hysteresis loop, increases the energy loss, and the growth of the tensile stress changes the 
shape of the curve and decreases the energy loss, however not to a so great extent. These 
main results can be seen in Fig.2.73, Fig.2.74 and Fig.2.75. 

 
 

 36 



 
Attila Sipeky, PhD Theses  2009 

 
Fig. 2.75. Hysteresis loops versus the measurement frequency at 0 MPa stress  

in the transverse direction 
(measured by the tensile screw system) 

             

Fig. 2.76. Coercive field Hc values versus the 
measurement frequency at 0 MPa stress 

in the transverse direction 
(measured by the tensile screw system) 

Fig. 2.77. Energy losses versus the 
measurement frequency at 0 MPa stress 

in the transverse direction 
 (measured by the tensile screw system) 

 
To summarize, the applied mechanical stress has a significant effect on the magnetic 

behavior of the magnetostrictive materials. In general, this effect of unidirectional stress on 
magnetization depends on the magnetostriction of the material. However the magnetic 
behavior of iron under applied mechanical stress is a quite complicated phenomenon, it is 
inadmissible to neglect this influence. It yields changes on the shape of the characteristic 
and on the energy losses of the magnetic material. 
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2.5 New scientific results 
 
Thesis I. 
 
With the developed and realized two magnetic measurement systems, I could consider the 
mechanical stress effects on the studied iron probe. With the developed measurement 
process I could collect, handle and store the magnetic and the mechanical measured data 
independently. By the measurement of grain-oriented Fe-(3.1 wt%)Si electrical steel I have 
obtained a large number of data that characterizes systematically the mechanical stress 
dependent magnetic behavior of the investigated material, and the data are suitable to 
initialize the developed mechanical stress dependent magnetic hysteresis model. On the 
basis of the measurement data I can state that the application of the mechanical load with 
the 40% of the yield point of the investigated material can decrease the magnetic energy 
losses with 30% as well [126, 127, 130, 135, 137]. 
 
 
In detail: 
 

- I have developed and realized two magnetic measurement systems with 
consideration to the mechanical stress effects. The tensile screw system is able to 
apply high tensile stress. It is a strong construction, where the mechanical force 
value can be set accurately. The modified Epstein-frame with the load cell is very 
sensitive for the stress effects. It is able to measure the magnetostrictive forces of 
the winded plates. The modified Epstein-frame is suitable applying tensile and 
compressive force as well. 

 
- I have developed a measuring process to measure the magnetic and the mechanical 

properties on separated computers. Catman Express software collects the values of 
the mechanical stress, and my private programs developed in LabVIEW 
environment handle the excitation signal, the data acquisition, the data processing, 
filtering and storage. 

 
- I accomplished measurements with grain-oriented Fe-Si electrical steel sheets. 

After analyzing results and comparing with observations can be found in literature I 
can state, that the mechanical tension promotes the magnetization, decreases the 
energy loss by the ferromagnetic material with positive magnetostriction. 
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3 Stress dependent magnetic hysteresis model 
 
The goal of my research presented in this chapter is to develop a stress dependent 

magnetic scalar hysteresis model and a stress dependent magnetic isotropic and anisotropic 
vector hysteresis models for the representation of the effects of the mechanical stress on 
the magnetic characteristic. In my research, I have developed a method for the installation 
of the parameters according to the measured results, and I prove the accuracy of the scalar 
models by comparing with the measurement results. The behavior of the developed scalar 
and vector hysteresis models are presented as well. 

 
 

3.1 Literature overview 
 
In this chapter I briefly summarize the mathematical models of the magnetic hysteresis 

emphasizing the Preisach-type models, which have a great importance in the team of the 
researchers in this field. I describe the operation and the possibilities of the identification 
of the scalar Preisach model, and I introduce the vector Preisach model from the literature. 
In this chapter, I want to discuss the main directions and results of the magnetic modeling 
with consideration of applied mechanical stress. 

 
 

3.1.1 Mathematical models of hysteresis 
 
Hysteresis occurs in so many different fields. The study of its effects has followed 

byseveral variations of directions [60, 66, 102, 147, 148, 149, 153]. Most of the models 
have been proposed for determined physical systems and later they have been generalized 
to model hysteresis in other systems. Over the years there have been developed several 
mathematical models, including Prandtl-Ishlinskii model [153], the Duhem model [66], the 
Preisach model [114], the Stoner-Wohlfarth model [139], Jiles-Atherton model [68], neural 
network model [86], etc. The introduction of these and additional models are described in 
various monographs. These can be found, for instance, monographs by Brokate and 
Sprekels [29], Bertotti [13], Della Torre [40], Mayergoyz [102], Visintin [153], Jiles and 
Atherthon [68], Iványi [66] and Kuczmann [86]. 

 
By modeling the behavior of ferromagnetic materials the Jiles-Atherton model [66, 70] 

is based on mesoscopic formulation for multi-domain materials, where the energy loss 
denied to the domain wall motion yields hysteresis phenomenon. The microscopic Stoner-
Wohlfarth model [31, 66, 102, 140] introduces non-interacting single domain particle with 
uniaxial anisotropy disregarding the domain walls. In that case the anisotropic orientation 
of the magnetic domains results in the hysteresis. 

 
The Preisach model [114] and the Stoner-Wohlfarth model [139] have received much 

more attention in recent years. The Preisach model is dominated to simulate scalar 
hysteresis modeling. It is a scalar model at its most basic level. Although the Stoner-
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Wohlfarth model is very popular in vector hysteresis modeling, there are various extension 
of the Preisach model to the vector case. The most remarkable are the continuous extension 
developed by Mayergoyz [102] and the coupled-hysteron extension produced by Della 
Torre [40]. Hybrid models combining the Preisach model with the Stoner-Wohlfarth model 
have also been introduced to vector hysteresis modeling [108, 140]. 

 
Ferenc Preisach introduced originally the Preisach model in 1935 [114] as a 

mathematical model for hysteresis in ferromagnetic materials. The model based on his 
understanding of the physics of magnetism. Namely, the magnetic materials are made up 
of little magnetic particles with relay characteristics; they are the so-called hysterons, 
which have a magnetic moment depending on the history of the applied magnetic field. 
Many researchers have come to view the model in a phenomenological sense since its 
introduction. For this purpose variations of the Preisach operator have been applied as 
empirical models of hysteresis in a large number of physical systems. Although the 
Preisach model was introduced in 1935, exact mathematical treatment has not been existed 
until 1970’s, when a group of Russian mathematicians completed it [80]. Since then there 
are several monographs with detailed treatments of the mathematical theory of the Preisach 
model [3, 13, 29, 68, 156]. Although nowadays the magnetic researches demonstrates that 
the Preisach model much more complete model. Taking the statistical approach of the 
material-model used in the engineering practice into consideration, as a macroscopic 
model, the Preisach model represents accurately some microscopic behavior as well. 
Namely, the model can be considered as a mezoscopic model. 

 
 

3.1.2 The classical scalar Preisach model  
 
The classical Preisach model assumes that the ferromagnetic material consists of 

elementary interacting domains. Each domain can be represented as rectangular elementary 
hysteresis operator with two statistically distributed parameters, the coercive field of the 
free magnetic particles hc, and interaction field hm, representing the interactions of the 
neighboring domains. The relay model of the magnetic domain can be seen in Fig. 3.1. 

 
Fig. 3.1. Behavior of the elementary hysteresis operator 

 40 



 
Attila Sipeky, PhD Theses  2009 

The elementary hysteresis operators have the switching fields α and β where the 
magnetization jumps up from –Ms = –1 to +Ms = 1 and jumps down from +Ms to –Ms 
respectively. The switching fields α and β can be characterized as 

cmcm hhhh +=+= βα , . (3.1) 

Their coercive field and interaction field can also define the operators as 

2
,

2
βαβα +

=
−

= mc hh . (3.2) 

From the negative saturation value of the magnetization –Ms, where the magnetic field 
has the value of –Hmax, up to positive saturation Ms with Hmax the shift of the rectangular 
hysteresis operators moves between the positions of h maxm H±= . The concept of the 
model is that the domains can be described by uniquely defined upper and lower switching 
fields, namely the domains can bee represented by the probability density function of their 
distribution over the plane of these switching field P(α,β). The Preisach triangle in the 
plane of the switching field is shown in Fig. 3.2. 

 
Fig. 3.2. The Preisach triangle in the plane of the switching field 

 
The staircase line L(t) represents the prehistory of the material. Increasing the magnetic 

field intensity, the staircase line moves from left to right, and decreasing the field intensity, 
the staircase line moves from top to bottom on the Preisach triangle with switching the 
elementary operators. A staircase line can divide the Preisach triangle into two parts, one 
part where all operators are switched up and one where all operators are switched down 
[102, 66, 58]. 

 
According to the Preisach triangle the magnetization M(t) can be calculated by the 

expression, 
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∫ ∫∫ ∫
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where P(α,β) is the Preisach distribution function. 
 

Introduction the elementary hysteresis operator γ  with the switching fields α, β,  
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the magnetization M(t) can be determined as the expected value the particle magnetization 
with respect to the distribution of their elementary magnetization the switching fields  
[2, 36, 43, 77], 

∫ ∫
≥

=
βα

βαβαγβα dd)(),(),()( tHPtM , (3.5) 

where H(t) is the applied magnetic field, the input of the model. 
 

The classical scalar Preisach model basically describes the irreversible magnetization 
processes. However for a realistic material, the reversible part of the magnetization process 
must be a single valued nonlinear function of the applied magnetic field. The generalized 
Preisach model regards the reversible part of the magnetization process as well [39, 98]. 
The classical model cannot present some important phenomena, namely the 
noncongruency [66, 74, 102] and the accommodation [37, 66, 102]. The classical Preisach 
diagram is congruent, which means, that minor loops between two identical values of the 
applied field has the same output values independently from the prehistory of the material. 
The moving model [66, 109, 145, 146] and the product model [66, 75, 76] can rectify this 
inaccuracy. 
 

The moving model modifies the classical model with a feedback which changes the 
actual value of the interaction field hm by a term proportional to the magnetization, δM, 
where δ is the fitting parameter with a small positive value. In the product model, the rate 
of change of magnetization with respect to the applied field dM/dH is described by a 
Preisach-like integral equation multiplied by a function R(M) [75, 76]. Accommodation of 
a loop means that, many cycles for a minor hysteresis loop are needed to stabilize until 
equilibrium is reached. The moving model and the product model also can fulfill this 
property. The classical Preisach model cannot present the phenomenon of the 
accommodation, because the minor loop closes at the starting position (H; M). This results 
in the wiping out property of the model. 

 
The models above simulate the static hysteresis characteristic, the time rate of the input 

and output variables have no influence on the loops. By he dynamic Preisach models the 
time rate of the magnetization cams into the variables of the distribution function  
P(α, β, dM/dt) [97, 102]. 
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3.1.3 The identification procedure of the Preisach model 
 
As it is known, a large number the procedures are developed identifying the hysteresis 

characteristics according the measured data [35, 66, 78, 102, 140]. 
 
The Everett function can be constructed from the measured data directly. The discrete 

Everett plane can be calculated from the measured first order reversal curves at low 
frequency, for this reason it results in a good approximation, which can be described as 

2
)( αβαβα

MM
,E

−
= , (3.6) 

where Mα is a reversal point in the major hysteresis loop corresponding to the magnetic 
field intensity α, and Mα,β is the value of magnetization in a reversal curve starting from 
the point (α, Mα), when the magnetic field intensity changes into β. The given points on 
the hysteresis loop are plotted in Fig. 3.3. 

 
Fig. 3.3. A first order reversal hysteresis loop with the points to calculate the Everett function 

 
The differentiation of the Everett function results in the distribution function 

βα
βαβα

∂∂
∂

=
),E(,P

2
)( , (3.7) 

otherwise, the Everett function can be estimated from the integration of the distribution 
function 
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∫ ∫
≥

=
βα

βαβαβα 'd'd)','()( P,E . (3.8) 

where α’ and β’ represents the values from –1 to α and –1 to β respectively. 
 
For example an Everett function and the corresponding distribution function can be seen 

in Fig. 3.4. 

      
Fig. 3.4. An example Everett function and the corresponding distribution function 

 
The magnetization can be calculated with the Everett function as 

{∑
=

−+=
n

k
kkkk m,ME-m,ME,EM

1
100 )()(2)( βα }, (3.9) 

where  and { }  are the increasing and the decreasing sequences of the 
magnetic field intensity applied to the specimen and stored by using the staircase line L(t). 
The initial values are α

{ }n
kkM 1=

n
kkm 1=

0= 1, β0= –1 [85, 96, 109]. 
 
The analytical identification is the other way to determine the distribution function. 

Certain method of the identification is the power series evaluation of the Everett integral. 
Mayergoyz proposed [102, 141] a power series expansion of the Everett integral over the 
discrete points of the Preisach triangles  

2
54

2
3210)( βαβαβαβα CCCCCC,E +++++= . (3.10) 

Other possibility is the selection of a suitable mathematical 2D distribution function. 
Different distribution function can result in different accuracy of the calculation. The most 
popular is the Gaussian distribution function [41, 42, 76], and its modifications, for 
example Gauss-Lorentzian distribution function [56], or Lognormal-Gaussian distribution 
function [63], etc. 
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3.1.4 Vector Preisach models 
 
The magnetic design of electrical devices requires the consideration of the vector 

properties of the magnetization. For that reason, the attention of the researchers in this field 
turns to the mathematical models of the vector hysteresis. The first and widely used vector 
model has been developed by Mayergoyz [101]. After this publication several idea has 
been born with the modification and identification of the model [38, 99, 100, 155]. 

 
The vector model is an extension of the classical scalar Preisach model. The scalar 

Preisach models are the main building blocks for the vector model, which is constructed as 
a superposition of the scalar models of the 2D plane. In 2D the magnetization vector M can 
be described with the following equation: 

ϕ
π

π
ϕϕ d

2/

2/
∫

−

= MeM , (3.11) 

where Mϕ = H{Hϕ} is the scalar magnetization in the given direction eϕ . The hysteresis 
characteristic H{·} changes with the polar angle ϕ if the magnetic material has anisotropy, 
however in isotropic case it is independent of ϕ  [23, 104, 118, 119]. 

 
 

3.1.5 Stress dependent magnetic hysteresis models 
 
Since the effects of the mechanical stress on the magnetic properties has been 

recognized [27, 31] many researcher interested in the measurement [32, 49, 72] and 
modeling [15, 71] of this phenomenon. However, most of the studies deal with the 
measurement and the analysis of the measurement results, there exists only some 
mathematical model of this phenomenon. Most of them are concentrated to the effects of 
the magnetostriction as a coupled phenomenon of the magnetization [10, 14, 93, 143]. 

 
Meanwhile other researchers were developed models to represent the effects of the 

forces induced by the magnetization process [7, 8, 59, 120]. In the literature most of 
specific materials have been investigated by experiments [11, 91, 154], and they have been 
modeled in different way. 

 
Despite the importance of the coupled magneto-mechanical phenomenon there are a few 

well-defined and generally useful model with consideration of the applied mechanical 
stress effects in the literature. In my research after analyzing the measured data, I want to 
develop a stress dependent scalar magnetic model, to present the effects of the mechanical 
load on the magnetic properties of the investigated specimen. I would like to introduce an 
installation method to set the parameters of the developed model according to the results of 
the measurement. I want to extend the scalar model to simulate the magnetic behavior of 
the specimen under external mechanical stress in the vector field. I intend to generate the 
stress dependent isotropic and anisotropic magnetic vector model, which is accurate 
enough to implement the numerical simulation of magnetic fields. 
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3.2 Development of a stress and rate dependent measurement based 

magnetic scalar hysteresis model 
 
In my research I have developed an experimentally identified stress and rate dependent 

hysteresis model for magnetic materials with respect to the mechanical interaction. I have 
realized the installation process in three steps as it is described below. The results of the 
measurements versus the stress and the measurement frequency were the base of the model 
identification [134]. 

 
The goal is to determine the Everett surface at a given frequency and stress value. These 

values are, for example, measurement frequency 6 Hz and stress value 115.66 MPa. I have 
realized control measurements at 1 Hz 115.66 MPa and 6 Hz 115.66 MPa to have the 
opportunity to check the accuracy of the model calculation. 

 
The first step is the determination of the Everett functions from the measured results. 

Memorizing the direction of the magnetization, the Everett integral can be expressed with 
the formula (3.8). To develop the model I have applied 25 hysteresis loops in this process 
at 1 Hz, 2 Hz, 5 Hz, 10 Hz and 20 Hz. At each frequency I have measured the magnetic 
curves under the tensile stress value of 0 MPa, 34.16 MPa, 68.33 MPa, 102.49 MPa, 
136.66 MPa. It resulted in 5x5 Everett surfaces. I have stored the values of the Everett 
function as discrete points in a two dimensional array. For example the Everett surfaces at 
1 Hz measurement frequency can be seen in Fig. 3.5. 

 

 
Fig. 3.5. Everett surfaces versus stress at 1 Hz measurement frequency 

 
After that the second step is the interpolation between the 5x5 arrays to generate the 

new array of the Everett surface at the given measurement frequency and stress value. I 
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have solved the assignment with 2D spline interpolation technique, although there are 
many possibilities of the interpolation techniques as well. The scheme of the 2D 
interpolation can be seen in Fig. 3.6. 

 
Fig. 3.6. Two dimensional interpolation between the Everett surfaces 

 
I have implemented the interpolation between the cells of the arrays in the same 

position. The 2D interpolation has been realized with 1D interpolations between the arrays 
versus the stress value at all measurement frequencies. The schematic picture of this 
process at a given measurement frequency can be seen in Fig. 3.7. The interpolations have 
been resulted 5 Everett surfaces at the optional stress value versus the measurement 
frequency. 

 

 
Fig. 3.7. Interpolation between Everett surfaces at 1 Hz measurement frequency 

 47 



 
Attila Sipeky, PhD Theses  2009 

In this point, an inspecting comparison with the measured data has been performed The 
comparison of the measurement and the simulation with the developed model 
reconstructed from the Everett surface can be seen in Fig. 3.8, where the measurement 
frequency was 1 Hz and the interpolated tensile stress value was 115.66 MPa. 

 
To investigate the correctness of the simulation the error has been estimated with the 

following expression of the mean squared relative error (MSE), 

∑
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1  (3.12) 

where  is the ii
mB th measured value of the magnetic flux density, and  is the ii

cB th computed 
and Bmax is the maximum value of the magnetic flux density in the hysteresis loop, and n is 
the value of the measured and simulated points. The maximum value of the error was 
0.48%, and the MSE was 0.025% as it can be seen in Fig. 3.9. 

 

       

Fig. 3.8. Hysteresis loops at 115.66 MPa 
stress at 1 Hz measurement frequency 

Fig. 3.9. Error of the simulation at 115.66 
MPa stress at 1 Hz measurement frequency

 
The average error is rather small, however both in the ascending and descending part of 

the magnetization process the maximum of the error value appears near by the saturation. 
 
As a part of the 2D interpolation, I have solved the interpolation between the 

measurement frequencies at the given mechanical stress value (in this case at 115.66 MPa) 
to produce the Everett surface at the optional frequency (in this case at 6 Hz) [131]. With 
this step I have received a new array to represent the Everett-surface of the stress and 
frequency dependent magnetic properties. The stress and rate dependent scalar Preisach-
type magnetic model can simulate with the new Everett surface and it results in a magnetic 
hysteresis characteristic with respect to the required mechanical stress and measurement 
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frequency value. In this example the result of the simulation at 6 Hz measurement 
frequency and 115.66 MPa stress value can be seen in Fig. 3.10. The maximum value of 
the error was 0.76%, and the MSE estimated from the equation (3.12) is 0.17% as it can be 
seen in Fig. 3.11.  

 

       

Fig. 3.10. Hysteresis loops at 115.66 MPa 
stress at 6 Hz measurement frequency 

Fig. 3.11. Error of the simulation at 115.66 MPa 
stress at 6 Hz measurement frequency 

 
The approximated error is rather small, consequently the method is appropriate to 

represent a stress and rate dependent scalar magnetic behavior in the measured interval 
[123]. The disadvantage of the model is, that the extension of the model to the vector field 
requires high computational demand. For this reason I want to develop a model, where the 
stress dependency of the magnetic hysteresis characteristic can be calculated commonly. 

 
 

3.3 Development of an analytical stress dependent magnetic scalar 
hysteresis model 

 
The previous model is a bit time consuming method to apply it in the field computation. 

Therefore the purpose of my research is to develop an analytical stress dependent magnetic 
hysteresis model, which yields a more convenient model to implement the FEM 
simulation. 

 
According to the results of the measurements, I have developed a magnetic Preisach-

type scalar hysteresis model with analytical identification, including the mechanical stress 
effects as well. In the developed new model the Preisach distribution function, ( )σβα ,,P  
contains the stress value, respectively 
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∫ ∫
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where ( )σβα ,,P  is the new, stress dependent distribution function, σ is the value of the 
mechanical stress, γ (α,β) is the elementary hysteresis operator with the switching fields α, 
β, and H(t) is the applied magnetic field, while M(t) is the magnetization. 

 
First of all I have extended the ( )βα ,GP  Gaussian-type distribution function [66, 102] 

to ( )σβα ,,GP , and it can be expressed by the following equation 
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where a, b, c, d and e, f, g, h are free parameters to fit the model by the measured data. 
 

I have developed an identification procedure for the model parameters according to the 
measured data. In this method the optimal parameter values are designated with coarse 
estimation, and in the area of the designated parameters the values have been refined. I 
have solved the optimization assignment with an algorithm that finds the values of the 
parameters at the minimal value of the mean squared error between the measured and the 
simulated curves. 

 
I have realized the identification in two steps. At first, the set the parameters a, b, c, d 

have to be determined with the abovementioned identification procedure. I have solved it 
by using σ=0 MPa stress value. The parameters e, f, g, h are the multiplier factor of the 
stress value, namely in the case of σ=0 MPa stress value it is not required to consider the 
values of these parameters. It is the optimization problem to fit the Preisach model with the 
parameters of the ( )βα ,GP

(

 Gaussian distribution function to the measured hysteresis 
curve. I have tested the method with the data measured at 1 Hz excitation frequency. The 
calculated parameter values are a=-0.71, b=-0.64, c=-0.3, d=0. The second step is to 
determine the parameters e, f, g, h at σ ≠0 MPa stress value. I have accomplished the 
installation of the )σβα ,,GP  for σ =136.66 MPa stress value with the adjusted 
parameters a, b, c, d. This optimization problem has been solved with the developed 
method like in the first step. The calculated parameter values are e=-0.003, f=0.0028, 
g=0.001, h=0. 

 
After adjusting the parameters of the ( )σβα ,,GP  distribution function, an optional σ 

stress value can be chosen. Fig. 3.12 shows the result of the simulation with the calculated 
parameters and the comparison with the measured data under σ =115.66 MPa stress value 
at 1 Hz excitation frequency. 
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The Mean Squared Errors (MSE), according the equation (3.12), of the model are about 
0.03%-0.06% at different σ stress values. The error of the simulation under 115.66 MPa 
stress load at 1 Hz measurement frequency can be seen in Fig. 3.13. The MSE values 
versus the measurement frequency and versus the tensile stress can be seen in Table 3.1. 

 

       

Fig. 3.12. Hysteresis loops with PG under 
115.66 MPa stress load at 1 Hz 

measurement frequency  

Fig. 3.13. Error of the simulation with PG under 
115.66 MPa stress load at 1 Hz 

measurement frequency 

 
Table 3.1. Comparison of the measurement results with the simulation results by using the 

distribution function PG 

Measurement frequencies Maximum Error [%] 
/ MSE [%] 1 Hz 2 Hz 5 Hz 10 Hz 20 Hz 

0 MPa 0.62 / 0.031 0.64 / 0.032 0.65 / 0.041 0.64 / 0.039 0.72 / 0.045
34.16 MPa 0.66 / 0.032 0.67 / 0.036 0.65 / 0.043 0.69 / 0.045 0.72 / 0.046
68.33 MPa 0.65 / 0.032 0.69 / 0.037 0.67 / 0.047 0.68 / 0.051 0.76 / 0.050

102.49 MPa 0.68 / 0.033 0.72 / 0.036 0.68 / 0.047 0.73 / 0.053 0.80 / 0.054
115.66 MPa 0.71 / 0.035 0.74 / 0.038 0.71 / 0.048 0.73 / 0.054 0.79 / 0.059St

re
ss

 v
al

ue
s 

136.66 MPa 0.71 / 0.036 0.75 / 0.040 0.72 / 0.051 0.75 / 0.056 0.81 / 0.061
 
The maximum and the mean squared error of this and the previous model are the similar 

at the investigated excitation frequencies and mechanical stress values, although the 
identification procedure of the analytical model does not require so many computational 
time. 

 
By using Gauss-Lorentzian distribution function at σ =0 MPa stress value the model fits 

with better accuracy as it can be read in the literature [57]. For this reason I have adapted 
the Gauss-Lorentzian distribution function at σ ≠0 MPa stress value. The reconstructed 
Gauss-Lorentzian distribution function ( )σβα ,,GLP  can be expressed with the following 
equation: 
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where a, b, c, d, e, f, g are the stress independent and h, i, j, k, l, m, n are the stress 
dependent free parameters to fit the model to the measured data. 
 

The Gauss-Lorentzian distribution function at σ =0 MPa stress value ( )βα ,GLP  is the 
base of the stress dependent P . I have realized the installation in two steps in the same 
way as in the case of the 

GL

)( σβα ,,GP . The first step is to set the first 7 parameters. I have 
solved it with the installation by σ =0 MPa stress value with the same algorithm as the 
stress dependent Gaussian distribution function. After that I have accomplished the 
installation of ( )σβα ,,GLP  for σ ≠0 MPa, in the example σ =136.66 MPa stress value by 
adjusting the second 7 parameters. Fig. 3.14 shows a result of the identification procedure 
for an optional σ stress value. This stress value was 115.66 MPa at 1 Hz measurement 
frequency to have an opportunity to compare the results with the previous method. The 
mean squared error of the simulation with using PGL can be seen in Fig. 3.15. The accuracy 
of the model is about 0.02%-0.05% (MSE). The error value depends on the σ stress value. 

 

       

Fig. 3.14. Hysteresis loops with PGL under 
115.66 MPa stress load at 1 Hz 

measurement frequency  

Fig. 3.15. Error of the simulation with PGL 
under 115.66 MPa stress load at 1 Hz 

measurement frequency 

The MSE values versus the measurement frequency and versus the tensile stress can be 
seen in Table 3.2. 
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Table 3.2. Comparison of the measurement results with the simulation results by using the PGL 
distribution function 

Measurement frequencies Maximum Error [%] 
/ MSE [%] 1 Hz 2 Hz 5 Hz 10 Hz 20 Hz 

0 MPa 0.55 / 0.022 0.59 / 0.027 0.61 / 0.031 0.63 / 0.034 0.70 / 0.041
34.16 MPa 0.57 / 0.024 0.62 / 0.028 0.62 / 0.033 0.67 / 0.038 0.72 / 0.046
68.33 MPa 0.60 / 0.025 0.62 / 0.031 0.64 / 0.036 0.68 / 0.038 0.73 / 0.044

102.49 MPa 0.62 / 0.027 0.65 / 0.032 0.67 / 0.035 0.71 / 0.042 0.76 / 0.046
115.66 MPa 0.63 / 0.029 0.64 / 0.035 0.68 / 0.038 0.71 / 0.045 0.75 / 0.049St

re
ss

 v
al

ue
s 

136.66 MPa 0.62 / 0.031 0.67 / 0.036 0.66 / 0.040 0.74 / 0.044 0.75 / 0.050
 
At the plotted example at 1 Hz excitation frequency and 115.66 MPa stress value the 

maximum error is 0.63% with the distribution function PGL and 0.71% with using PG. And 
the MSE is 0.035% and 0.029% respectively. The difference is very small, the accuracy of 
the model with PGL is slightly better than with PG, but the identification procedure is much 
more time-consuming. Consequently, I have preferred the model with applying PG to 
extend the stress dependent magnetic scalar hysteresis model into the vector field [129]. 

 
 

3.4 Development of the stress dependent magnetic vector hysteresis 
model 

 
I have developed stress dependent isotropic and anisotropic magnetic vector hysteresis 

model with using the developed stress dependent Preisach-type magnetic scalar hysteresis 
model with using the ( )σβα ,,GP  distribution function. The stress dependent vector model 
has been constructed as a superposition of the scalar models. The vector model can be 
expressed as 

( ) ( ) ( ) ( )( )∫ ∫
= =

⋅=
π

ϕ

π

θ

θϕθϕθϕθ
2

0

2

0

ddsin,,   tMt r HrrM , (3.16) 

where ( ) (( t, Hr ⋅ ))ϕθrM  is the scalar model of the particular direction 

( ) ( )∫∫
≥

=
βα

βαβαγϕθσβα ddHPM rrr   ,,,,, , (3.17) 

and ( ) (tH r Hr ⋅= )ϕθ ,  is the component of the input vector, while ),,,,( ϕθσβαrP  is the 
stress dependent particular distribution function in the selected direction. For isotropic 
media the Preisach distribution function ),,,,( ϕθσβαrP  does not vary with θ and ϕ, but 
in anisotropic case the distribution function allows the changing of θ  and ϕ . 
 

In 2D case at θ = π/2 the computation can be realized with finite number of directions, 
with finite number of scalar models with respect to ϕ  [84, 102]. In my study I have applied 
12 directions. In 2D case the projections of the magnetic field strength are determined in 
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each direction as it can be seen in Fig. 3.16. The magnetizations are computed in the 
specified directions by stress dependent scalar Preisach models with ( )σβα ,,GP . The 
vector sum of the magnetizations represents the output of the vector model. Fig. 3.17 
shows an example for constructing the vector model with 6 scalar hysteresis models. 

        

Fig. 3.16. The projections of the magnetic 
field strength 

Fig. 3.17. The vector sum of the 
magnetizations in different directions 

 
To specify the property of the developed vector model the simulation has been started 

with magnetized to saturation in one direction, then rotated from 0 to 360 degree to 
saturate the scalar models in each direction to set the initial state. After that, the excitation 
has been reduced to a given value, and started the rotation with the constant magnetic field 
strength [55, 133]. 

 
Fig. 3.18 shows the relationship between the magnetic field strength and the magnetic 

flux density by linking the point-pairs belonging together in isotropic case, occurring at the 
same instant of time on the figure. The magnetic field strength is plotted in normalized 
form, and the magnetic flux density values are presented as the ratio to its normalized 
saturated value. In Fig. 3.18 the magnetic field strength has been adjusted to Hmax/25, 
Hmax/5 and 2Hmax/5 under σ=0 MPa, and σ=136.66 MPa stress values at 1 Hz measurement 
frequency. In this isotropic case the scalar models has the same distribution function in 
each direction. 

 
In the isotropic case the parameters of ),,,,( ϕθσβαrP  in each directions are a=-0.71, 

b=-0.64, c=-0.3, d=0, e=0, f=0, g=0, h=0 under σ=0 MPa stress value and a=-0.71,  
b=-0.64, c=-0.3, d=0, e=-0.0035, f=0.0031, g=0.0011, h=0 under σ=136.66 MPa stress 
value. 
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 a) σ=0 MPa, H=1/25 Hmax b) σ=136.66 MPa, H=1/25 Hmax 

    
 c) σ=0 MPa, H=1/5 Hmax d) σ=136.66 MPa, H=1/5 Hmax 

    
 e) σ=0 MPa, H=2/5 Hmax f) σ=136.66 MPa, H=2/5 Hmax 

Fig. 3.18. 2D isotropic vector hysteresis under 0 MPa and 136.66 MPa stress load at 1 Hz measurement 
frequency with normalized magnetization field strength value of 1/25 Hmax, 1/5 Hmax and 2/5 Hmax, 

external curves are the H-curves, internal curves are the B-curves 
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The effects of the stress on the magnetic properties have also been presented in 
Fig. 3.18, namely the same magnetic excitation with mechanical stress results in lower 
magnetization at higher magnetic field. The increase of the mechanical stress value 
decreases the remnant magnetization, furthermore the magnetic domains can more easily 
change their direction of polarization at lower magnetic field [94, 95, 132]. 

 
An important behavior of the model can be seen at rotational magnetization procedure 

with uniformly decreasing excitation magnitude in Fig. 3.19 and Fig. 3.20. After the 
saturation magnetization starting from relatively higher magnetic field there is not remnant 
magnetization; on the other hand starting from lower magnetic field the demagnetization is 
not perfect, there is remnant magnetization. The same properties can be observed in 
Fig. 3.18 b. This phenomenon can be explained, i.e. the very low magnetic field cannot 
turn the domains of the material [127]. The results of the rotational magnetization 
procedure have been displayed in Fig. 3.19 and Fig. 3.20. 

 

  
Fig. 3.19. Rotational magnetization procedure 

starting from 2/5 Hmax field strength value, 
the external red curve is the H-curve, the 

internal blue curve is the B-curves 

Fig. 3.20. Rotational magnetization procedure 
starting from 1/10 Hmax field strength value, 

the external red curve is the H-curve, the 
internal blue curve is the B-curves 

 
The developed stress dependent vector model can represent also the anisotropic 

magnetic behavior of the investigated material with applying different distribution 
functions in the rolling and the transverse direction. A linear interpolation function 
transforms the surface of the distribution function from the easy axis to the hard axis, and 
then from the hard axis to the easy axis with respect to the angle of the magnetization 
vector [54, 127]. Fig. 3.21 shows the difference between the isotropic and anisotropic 
behavior. In the anisotropic case the parameters of ),,,,( ϕθσβαrP  in the rolling direction 
are a=-0.71, b=-0.64, c=-0.3, d=0, e=0.0035, f=0.0031, g=0.0011, h=0 and in the 
transverse direction these parameters are a=-0.11, b=-0.89, c=-0.2, d=0, e=-0.002, 
f=0.0025, g=0.001, h=0 under σ=136.66 MPa stress value, as it can be seen in Fig. 3.21. 
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 a) σ=136.66 MPa, H=1/25 Hmax b) σ=136.66 MPa, H=1/25 Hmax 

    
 c) σ=136.66 MPa, H=1/5 Hmax d) σ=136.66 MPa, H=1/5 Hmax 

    
 e) σ=136.66 MPa, H=2/5 Hmax f) σ=136.66 MPa, H=2/5 Hmax 

Fig. 3.21. 2D anisotropic (a, c, e) and isotropic (b, d, f) vector hysteresis under 136.66 MPa stress load 
at 1 Hz measurement frequency with normalized magnetization field strength value of 1/25 Hmax, 

1/5 Hmax and 2/5 Hmax, external curves are the H-curves, internal curves are the B-curves 
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With anisotropic model the same excitation causes different magnetization in different 
directions. The anisotropy changes the dynamic of the model, near the hard axis the time 
delay increases, and at the easy axis the time delay decreases [122]. At lower excitation the 
magnetic polarization cannot change due to the properties of the hard axis, where the 
polarization change requires higher energy investment, namely it needs higher magnetic 
field intensity in the given direction. 

 

 
3.5 New scientific results 
 

Thesis II. 
 
To simulate the stress dependent magnetic hysteresis characteristic I have developed two 
new models, an experimentally installed interpolation based and an analytical based 
model, identified using measured data. First, I have developed a model based on an 
interpolation technique to represent the stress and frequency dependence of the magnetic 
hysteresis, determined from the Everett surfaces by the measurement results. Second, I 
have completed the well-known Gaussian and the Gauss-Lorentzian distribution functions 
and their identifications with the tensile stress effect to realize an analytical based stress 
dependent magnetic hysteresis model. I have developed a stress dependent isotropic and 
anisotropic magnetic vector hysteresis model as an extension of the analytical based stress 
dependent scalar hysteresis model with the Gauss-type distribution function [122, 123, 
128, 129, 131, 132, 133, 134]. 
 
In detail: 
 

- I have developed an experimental stress and rate dependent magnetic scalar 
hysteresis model. It shows good accuracy in the identification process, however it 
needs measurement data in large quantities to calculate the Everett functions, and 
increased computational demand to realize the interpolations. 

 

- I have developed an analytical stress dependent magnetic scalar hysteresis model. I 
have extended the Gauss-type and the Gauss-Lorentz-type distribution function for 
the simulation of the stress dependent magnetic behavior. I have accomplished the 
identification procedure for each model and I have performed comparison between 
the measured data and the results of the simulations. Both presented good accuracy, 
although the identification process of the model with the Gauss-Lorentz-type 
distribution function is much more time-consuming.  

 

- I have developed a stress dependent isotropic and anisotropic magnetic vector 
hysteresis model based on the developed scalar model. According to the accuracy 
and the time-demand of the calculation I have prefered the analytical stress 
dependent scalar magnetic model with PG distribution function to develop a stress 
dependent magnetic vector hysteresis model. I have tested and analyzed the vector 
model at different strength of the excitation and at the rotational magnetization 
procedure. The model can represent two and three dimensional isotropic and 
anisotropic stress dependent magnetic behavior, however it has been tested in two 
dimensions only. 
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4 Magnetic field computation with FEM modeling 
 
The goal of my research is to introduce the implementation of the previously developed 

mechanical stress dependent magnetic hysteresis characteristic into the numerical field 
analysis to represent the interaction between the electromagnetic eddy current field and the 
mechanical load on the specimen. The numerical field analysis is realized with COMSOL 
Multiphysics environment combined with the MATLAB environment. I developed a 
method of the implementation through a 2D model of the modified Epstein frame and I 
present the results of the simulation emphasizing the mechanical aspect of the solution. 

 
 

4.1 Literature overview 
 
In this section I briefly summarize the magnetic field calculation assignment and the 

finite element method as a possible technique to determine the solution of the partial 
differential equations of the magnetic field. I introduce the COMSOL Multiphysics 
environment, which allows designing, modeling and solving physical problems. In this 
case electromagnetic field calculations, where finally I implement the electromagnetic 
force calculation proving the possibilities of the magnetoelastic coupling. 

 
 

4.1.1 The magnetic field calculation 
 
The electromagnetic field calculation assignment can be described for the magnetic 

field intensity H and the magnetic flux density B by differential equations derived from 
Maxwell’s equations under prescribed boundary conditions. The mathematical expressions 
are the collection of partial differential equations for the electromagnetic field intensities E 
and H as well as for the flux densities B and D. The electric current density J and the 
electric charge density ρ are the source of the electromagnetic field [85, 121].  
Fig 4.1 represents the structure of an eddy current field assignment [83].  

 
Fig. 4.1. The structure of an eddy current field assignment 
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The figure represents an arrangement, where Ωc is the ferromagnetic specimen with 
hysteretic characteristic surrounded with the non-conducting material Ωn. The specimen 
has a conductivity of σc, and the permeability µr symbolize the behavior of the material in 
linear case, and H{⋅} describes the hysteretic characteristic of the material. The non-
conducting material is air in this case. 

 
Maxwell’s equations describe the relations between the electric and magnetic fields in 

the eddy current free region Ωn as [50, 65, 83] 

0JH =×∇ , in Ωn, (4.1) 

0=⋅∇ B , in Ωn, (4.2) 

HB 0µ= , in Ωn, (4.3) 

BH 0ν= , in Ωn, (4.4) 

where J0 is the current density of the excitation coils. The µ0 symbolizes the permeability 
of the non-conducting material. 

 
In the eddy current region Ωc Maxwell’s equations can be written in differential form as 

[50, 65, 83] 

JH =×∇ , in Ωc, (4.5) 

t∂
∂

−=×∇
BE , in Ωc, (4.6) 

0=⋅∇ B , in Ωc, (4.7) 

{ }



=
,
,0

H
H

B
H

rµµ
 (4.8) in magnetically linear media, Ωc, 

in magnetically nonlinear media, Ωc, 

{ }



= − ,
,

1
0

B
B

H
H

rνν
 (4.9) 
in magnetically linear media, Ωc, 
in magnetically nonlinear media, Ωc, 

EJ cσ= , in Ωc. (4.10) 

In this case the displacement current ∂D/∂t is neglected, because at low frequencies 
t∂∂>> /DJ . 

 
A current excitation i(t) has been placed into the nonconducting region Ωn. The eddy 

current distribution σcE is unknown in the conducting magnetic material Ωc (the magnetic 
field induced by eddy currents is denoted by He in Fig. 4.1). 

 
Static and ’quasi-static’ Maxwell’s equations are suitable both in eddy current free 

region Ωn and in eddy current region Ωc. These two regions are coupled through the 
interface Γnc. Γn and ΓB can be the boundaries of the eddy current free region, the eddy 
current region is bounded by Γc, where the tangential component of the magnetic field 
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intensity follows from the known surface current density K. The boundary Γc usually 
defines a symmetry plane, where the tangential component of the magnetic field intensity 
equals to zero. In the case of K = 0 the Γn represents a symmetry plane in general, where 
the tangential component of the magnetic field intensity disappears. The boundary ΓB is the 
closing boundary of the assignment region, where the normal component of the magnetic 
flux density is described by a term b or disappears. The boundary Γc usually defines a 
symmetry plane, where the tangential component of the magnetic field intensity equals 
zero. 

 
Assuming that the normal component of the magnetic flux density is known on the 

boundary ΓB, the boundary conditions can be formulated as [83] 

B · n = −b, or B · n = 0, on ΓB, (4.11) 

Γn is a symmetry plane, where K is the surface current density, and it determines the 
continuity of the tangential component of the H as 

H × n = K, or H × n = 0, on Γn, (4.12) 

The description of the boundary conditions on Γc follows from the symmetry of the 
interface as 

H × n = 0, on Γc, (4.13) 

where n is the outer normal unit vector of the assignment region. Due to the continuity of 
the field properties the following conditions can be describe along the interface between 
the conducting and non-conducting region Γnc  

Hc × nc +Hn × nn = 0, on Γnc, (4.14) 

Bc · nc + Bn · nn = 0, on Γnc, (4.15) 

where nn, nc, Hn, Hc, Bn and Bc are the outer normal unit vectors of the non-conducting and 
conducting region, and the magnetic field intensity and the magnetic flux density vectors in 
the appropriate region on the boundary, respectively, where nn = − nc along Γnc [83]. 

 
The initial conditions can be described as [83] 

Bn(t = 0, r) = Bn,0(r), in Ωn, and Bc(t = 0, r) = Bc,0(r), in Ωc. (4.16) 

As it can be derived from the equations (4.13) and (4.5) the normal component of the 
eddy current density is vanishing on the boundary Γc 

J · n = 0, on Γc. (4.17) 

 
Many researchers deal with the basic equations of the electromagnetic fields and their 

solutions based on different potential formulation. In the eddy current region two potential 
functions can be used, either a current vector potential T or the magnetic vector potential 
A. The current vector potential T can be coupled with the reduced magnetic scalar potential 
φm.  
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The magnetic vector potential A can be coupled with the electric scalar potential V as it 
is described with the following equations [65, 83]: 

AB ×∇= , (4.18) 

V∇−
∂
∂

−=
t
AE . (4.19) 

The A,V - A potential formulation has a possibility to determine the solution of the 
electromagnetic field calculation in eddy current field, namely [65, 83] 

( ) ( ) 0=∇+
∂
∂

+⋅∇∇−×∇×∇ Vcc σσνν
t
ΑΑΑ , in Ωc. (4.20) 

0
t

=





 ∇+

∂
∂

⋅∇− Vc
Aσ , in Ωc. (4.21) 

( ) ( ) 0JΑΑ =⋅∇∇−×∇×∇ νν , in Ωn. (4.22) 

 
For the introduced potential functions the boundary conditions can be transform as 

follows. The boundary conditions at the boundaries of the air region ΓB, which is the end 
of the nonconducting material [65, 83] 

( ) 0=⋅×∇ nA , on ΓB, (4.23) 

The boundary conditions determining the continuity of the tangential component of H 
on the symmetry plane Γn can be described 

( ) KnA =××∇ν , on Γn, (4.24) 

where n is the outer normal unit vector of Γn. 
 
The following equations present the interface conditions on Γnc [65, 83] 

( ) ( )
n  ncc  nc ΩΓΩΓ νν

∈∈
××∇=××∇ nAnA , (4.25) 

( ) ( )
n  ncc  nc ΩΓΩΓ ∈∈

⋅×∇=⋅×∇ nAnA , (4.26) 

 
The numerical analysis of electromagnetic field problem results in an approximate 

solution of the partial differential equations derived from Maxwell’s equations. Several 
methods are known to solve these partial differential equations based on the weighted 
residual method [83]. Well known methods and forms are, for instance, the direct form of 
the weighted residual method, e.g. the so called finite difference method [65, 103, 162], the 
classical Galerkin technique [65], the weak forms of the weighted residual method [67], 
i.e. the finite element method [19, 22, 85, 111, 161] and the global element method [65], 
the indirect forms like the boundary element method [28], and the integral equation method 
[162]. Fig. 4.2. summarizes the forms of the weighted residual methods.  
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By integral equation method the original boundary value problems for Maxwell's 
equations can be reformulated as integral equations over the boundary interfaces of 
homogeneous domains. In the case of inhomogeneous object, the integral equations over 
the entire volume of the object have to be considered. Although the integral equations are 
flexible and efficient method for solving various electromagnetic problems, the additional 
numerical difficulties arise from the singular integral kernels [162]. 

 
The finite element method (FEM) is a widely used technique to approximate the 

solution of the partial differential equations. The basic idea of FEM is to divide the 
complex problem into finite number of small finite elements for easier approximation. The 
small elements have a given shape, for instance triangles in 2D or tetrahedra in 3D 
assignment. The scalar potential functions can be calculated by nodal shape functions, and 
the vector potential functions can be approximated by nodal or edge shape functions. The 
shape functions are continuous polynomial function on a local finite element [85]. 

 

 
Fig. 4.2. The summary scheme of the weighted residual methods 

 
The finite element method originally developed for structure design and analysis, and 

the method is usually based on nodal elements [160]. Simply applying nodal elements in 
non-linearity to solve Maxwell equations can result in inaccuracy or non-convergency. To 
avoid this problems using edge elements to approximate vector potential functions is the 
reasonable way [17, 21]. 

 
 

Nodal and edge basis functions 
 
The scalar potentials can be approximated by nodal basis functions Ni (i = 1, 2, … , K) 

and the vector potentials can be approched either by nodal Ni (i = 1, 2, … , K) or  
vector edge basis functions Wi (i = 1, 2, … , L), where K is the number of nodes and L is 
the number of edges in the finite element mesh. The sum of all nodal basis functions is 1 
[16], 
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1
1

=∑
=

K

i
iN . (4.27) 

It follows from this that the sum of their gradient is zero, i.e. 

0
1

=∇∑
=

K

i
iN . (4.28) 

It indicates that the maximum numbers of linearly independent gradients of the nodal 
basis functions are K − 1 [16]. 

 
On the other hand, the gradients of the nodal shape functions are in the function space 

spanned by the edge basis functions, 

∑
=

=∇
L

j
jiji cN

1
W ,   i = 1, 2, … , K − 1, (4.29) 

where 

0
1

2 >∑
=

L

j
ijc ,   i = 1, 2, … , K − 1. (4.30) 

Taking the curl of each of the equations in (4.29) results in 

0=×∇∑
=

L

j
jijc

1
W ,   i = 1, 2, … , K − 1. (4.31) 

This means that the maximum number of linearly independent curls of the edge basis 
functions are K − ( L − 1 ) [18]. 

 
 

Shape functions in 2D FEM 
 
Two dimensional linear shape functions can be introduced by using the so called 

barycentric coordinate system in a triangle [21, 83]. The area of a triangle is defined by A∆, 
and it can be calculated as 

33

22

11

1
1
1

2
1

yx
yx
yx

A =∆ , (4.32) 

where (x1, y1), (x2, y2) and (x3, y3) are the coordinates of the nodes of the triangle in the 
global coordinate system built in the anticlockwise direction. The area functions of a given 
point inside the triangle with coordinates (x, y) can be seen in Fig. 4.3, and it can be 
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calculated as 
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yx
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1,

1
1
1

2
1,

1
1
1

2
1

22

11

3

33

11

2

33

221 === ∆∆∆  , (4.33) 

where A∆1, A∆2, A∆3 are depending on the coordinates x and y. 
 

 
Fig. 4.3. The area function of a triangle 

 
Li = Li(x, y) are the barycentric coordinates described by the area functions of the 

triangle as 

∆
∆

= i
iL ,   i = 1,2,3. (4.34) 

Ni = Ni(x, y) are the three linear shape functions defined as 

ii LN = ,   i = 1,2,3. (4.35) 

The shape function Ni is equal to 1 on the ith node of the triangle, and it is equal to zero 
on the other two nodes. The three shape functions are linearly independent, namely 
(A∆1+A∆2+A∆3)/A∆ = 1. The linear shape function N1 is shown in Fig. 4.4. N2 and N3 are the 
same as N1 with rotation to a corresponding node. 

 
Applying the magnetic vector potential formulation A, the magnetic flux density B is 

constant within a triangle, as it can be obtained from the first order approximation by  
B = ∇ × A, and so it causes less accurate solution. Consequently higher order 
approximations are studied. 
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Fig. 4.4. The linear shape function N1 

 
Higher order shape functions can also be created by using the barycentric coordinates 

L1, L2, and L3 [73, 83].  
 
The elements of a polynomial at the given order can be generated by Pascal’s triangle. 

This polynomial determines the number of the elements m, which is the number of the 
coefficients have to be expressed as well [83], 

( )( )
2

21 ++
=

nnm . (4.36) 

The interpolation function of order n can be built as 

( ) ( ) ( 321 LPLPLPN n
K

n
J

n
Ii = ) , (4.37) 

where I + J + K = n, and the integers I, J and K label the nodes within the triangle. It results 
in a numbering scheme presented in Fig. 4.5. 

 
Fig. 4.5. Numbering scheme for quadratic element, where n = 2 
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The former Lagrangean polynomials can be described as [83] 
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and as definition 

10 =nP . (4.41) 

In the case of n=2, m=6, and the scalar shape functions are 

( ) ( ) ( ) ( )12 113
2

02
2

01
2

21 −== LLLPLPLPN , (4.42) 

( ) ( ) ( ) ( )222

( ) ( ) ( )

12 223022102 −== LLLPLPLPN , (4.43) 

( )222

222

( ) ( ) ( )222

( ) ( ) ( )222

12 333220103 −== LLLPLPLPN , (4.44) 

( ) ( ) ( ) 213021114 4 LLLPLPLPN == , (4.45) 

323121105 4 LLLPLPLPN == , (4.46) 

313120116 4 LLLPLPLPN == . (4.47) 

Fig. 4.6 represents the shape functions N1, and N4. The shape functions N2, and N3 are 
the same as N1, furthermore N5, and N6 are the same as N4, whereas they are rotated to the 
corresponding nodes. 

 
The application of vector shape functions in static and eddy current field problems is 

more and more popular, because of their advantages. Vector shape functions are associated 
to the edges of the FEM mesh, therefore they are usually called edge shape functions [83]. 

 
The COMSOL Multiphysics environment uses vector shape functions built up from 

Lagrange polynomials, and n = 0, n = 1, and n = 2 are named as linear, quadratic, and 
cubic vector shape functions [73, 83, 158]. 
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Fig. 4.6. The 2D quadratic shape functions N1(x, y) and N4(x, y) 

 
The vector function 

ijjiij LL-LLw ∇∇= , (4.48) 

is used to construct the edge shape functions. The edges of a finite element are pointing 
from node i to node j, as it can be seen in Fig. 4.7. 

 

 
Fig. 4.7. The definition of edges of the triangular finite element 

At higher order vector shape functions the interpolation points have been shifted inside 
the triangle, namely the ‘large’, global triangle is divided into ‘small’, local triangles. The 
so called global numbering denoted by (I, J, K) is effective on the ‘large’ triangle, and the 
local numbering means the numbering scheme with the real order (i, j, k) is defined over 
the ‘small’ triangle. 

 
The vector function wab (4.48) associated to the edge pointing from node a to node b 

can be multiplied by the Lagrange polynomials as [73] 

( ) ( ) ( ) ab
n

k
n
j

n
i

K J I
ab

K J I
ab wlPlPlPα 321=W , (4.49) 
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where n is the order of polynomials, and the integers i, j and k satisfy i+j+k = n. In the case 
of n = 0, the basic vector shape functions can be, because ( ) 10 =⋅mP

K

, moreover if α can be 

obtained as the length of the appropriate edge, la, then α  is the normalizing factor. The 
barycentric coordinates in the small triangles are l

 J I
ab

1, l2, and l3. I, J, K can be transformed 
into i, j, k as [83], 

i = I − 1,   j = J − 1,   k = K,   on the edge {1, 2}, (4.50) 

i = I,   j = J − 1,   k = K − 1,   on the edge {2, 3}, (4.51) 

i = I − 1,   j = J,   k = K − 1,   on the edge {3, 1}. (4.52) 

The relation between the barycentric coordinate of the ‘small’ and the ‘large’ triangles 
can be described as [83] 

nn
nLl

nn
nLl

n
nLl 12,12,2

332211 −
+

=−
+

=
+

= , (4.53) 

where Li can be calculated by (4.34). 
 
Substituting these relations into the equation (4.49), the following formula can be 

written (for instance {ab} = {23}): 
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 +

= −−W , (4.54) 

and the Lagrange polynomials can be described as [83] 
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Consequently the second order shape function can be expressed as the follows [83]. The 
functions on the edge {1, 2} can be described as 

( )( ) 1211
310
12

310
121 2414

2
1 wLLα −−== WW , (4.58) 

( )( )220220
122112122 1414 wLLα −−== WW , (4.59) 

( )( ) 1222
130
12

130
123 2414

2
wLLα −−== WW 1

( )211211

( )121121

, (4.60) 

123112124 414 wLLα −== WW , (4.61) 

123212125 414 wLLα −== WW , (4.62) 

the functions on the edge {2, 3} can be formulated as 

( )( ) 2322
031
23

031
236 2414

2
wLLα −−== WW 1

( )( )022022

, (4.63) 

233223237 1414 wLLα −−== WW , (4.64) 

( )( ) 2333
013
23

013
238 2414

2
wLLα −−== WW 1

( )121121

( )112112

, (4.65) 

232123239 144 wLLα −== WW , (4.66) 

2331232310 144 wLLα −== WW , (4.67) 

the functions on the edge {3, 1} can be determined as 

( )( ) 3133
103
31

103
3111 2414

2
wLLα −−== WW 1

( )( )202202

, (4.68) 

3131313112 1414 wLLα −−== WW , (4.69) 
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( )( ) 3111
301
31

301
3113 2414

2
wLLα −−== WW 1

( )112112

( )211211

, (4.70) 

3132313114 144 wLLα −== WW , (4.71) 

3112313115 144 wLLα −== WW . (4.72) 

 
 

4.1.2 COMSOL Multiphysics 
 
The applied environment for solving the FEM problem was the COMSOL Multiphysics 

developed for designing, optimizing and simulating scientific phenomena. The COMSOL 
environment allows to study, to teach, and to perform research in all science-related topics. 
Built on a unique multiphysics-modeling foundation with intuitive equation-based 
interfaces [158]. 

 
The ability to optional couple electrostatic, magnetostatic, and quasi-static applications 

with nonlinear partial differential equations (PDEs), to create advanced material models, 
makes the AC/DC module a unique tool for sophisticated research modeling. One strength 
of the environment is the unlimited multiphysics couplings possibility, which allows to 
couple any other application or PDE system to the AC/DC and static applications, such as 
for inductive heating, rotating machinery, plasma modeling, semiconductor fabrication, 
loudspeakers and microphones. 

 
The other advantage is the flexible material definitions, equation-based modeling as 

well as the abilities of the modules to handle functions allows for arbitrary material 
property definition. Another benefit is the interface to circuits, tools for the import of 
SPICE files enables the optimization of circuit models using complete finite element 
models of components. And finally, important strengths of the environment are the 
advanced post-processing, the electromagnetic force and torque computations, the 
extraction of lumped parameter matrices (capacitance, impedance, admittance, resistance) 
[158]. 

 
General system requirements of the COMSOL 

 
The actual disk space needed varies with the size of the partition and the optional 

installation of online help files. It is recommended at least 1 GB of memory. The solutions 
of a few examples in the Model Library require actually more than 1 GB of memory and 
some even a 64-bit platform. Floating network licenses are supported on various networks 
of Windows, Linux, Sun, and Mac computers. Both the license manager and the COMSOL 
application can run on either Windows, Linux, Sun, or Mac, and a single computer can run 
both of them. 

 
The supported 32-bit Windows operating systems are needed Pentium III or later 

platform with OpenGL 1.1 from Microsoft or an accelerator that supports OpenGL 1.1, or 
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DirectX version 8.0 or later. The graphics card should have at least 32 MB of memory 
[33]. 

 
 

4.1.3 Magnetic forces – magnetoelastic coupling 
 
It is important to survey the terminology belongs to this subject before speaking about 

coupling. There are some physical phenomena inside the material that control the behavior 
of the material under external influences such as mechanical stress, magnetic field, 
temperature field, etc. The reaction of the material to different effects can be measured 
separately and constitutive rules can be accomplished. The effect of the interactions 
between different phenomena can also be measured. 

 
If the modeling is taken into consideration, the different physical phenomena 

determining the behavior of the material can be modeled as uncoupled, or as coupled 
magnetoelastic problem at different levels depending on the goals and objectives of the 
models. The coupling can be local or global. In one respect, the local coupling denotes 
coupled equations of the material, and on the other hand, the global coupling denotes 
coupled field solutions, with or without coupled constitutive equations. Moreover, the 
coupling can be direct or indirect as it is described below [106]. 

 
The indirect coupling 

 
The title means that the magnetic, mechanical or other properties of the material are not 

directly related to each other. The reason for this can be, that the exact relations between 
these properties are not known, or the dependence of them is so small that it can be 
ignored. If the coupling between the properties of the materials is ignored a coupling 
between different fields is still needed. This kind of coupling method can be either weak or 
strong [9]. 

 
The weak coupling 

 
One possibility of the indirect coupling is the so-called weak coupling. It means that the 

solution of one field on the other has only unidirectional effect. The weak coupling in 
magnetoelastic problems means the influence of the magnetic field on the elastic field 
through magnetic forces without any effect on the properties of the material. The magnetic 
forces are estimated as a mechanical load in the elastic field analysis. If so, there is no 
feedback of the elastic field on the magnetic field or on the magnetic properties of the 
material. This solution is commonly used in the conventional design of electrical machines 
and apparatus [9]. 

 
Weak coupling is not suitable for assignment with very strict requirements such as the 

analysis of the acoustic noises and vibrations, the analysis of the effect of magnetostriction 
or the effect of geometrical changes due to elastic displacement. 
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The generally used implementation of the weak coupling is that the first step is solving 
the magnetic field problem with a computer procedure, and the second step is using a force 
calculation method from the solution of the magnetic field by another computer procedure 
that performs the elastic or mechanical analysis [9]. The schematic draft of the weak 
coupling method can be seen in Fig. 4.8. 

 

 
Fig. 4.8. The schematic draft of the weak coupling method 

The strong coupling 
 
The indirect coupling can be implemented as strong coupling as well. In the case of 

strong coupling, the effect of the elastic field on the magnetic field is also taken into 
account. This type of analysis is significant if the mechanical stress in the apparatus is high 
enough to change the magnetic properties of the material. The elastic displacement field 
can also change the geometry of the specimen and influence the solution of the magnetic 
field. 

 
The strong coupling needs an iterative procedure to yield feedback effect by using either 

the same computer procedure or different codes to solve the magnetic and elastic field  
[9, 120]. The schematic diagram of the strong coupling method is shown in Fig. 4.9. 

 
The strong coupling method makes it possible to account for both geometrical changes, 

magnetostriction, and applying external forces [120]. 
 

The direct coupling 
 
The direct coupling usually requires the knowledge of the interaction between different 

phenomena controlling the behavior of the material. And also needs the knowledge of the 
interaction between the studied fields. The strong coupling in magnetoelastic models needs 
constitutive equations that couple the magnetic and the elastic properties of the material. 
The equations determine the relations between the magnetic field intensity H, the magnetic 
flux density B, the elastic stress σ  and the elastic strain ε  [9, 14]. 
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Fig. 4.9. The schematic draft of the strong coupling method 

 
The relations need complex measurements for the determination of the material 

dependent parameters. The relation between the nodal magnetic vector potential and elastic 
nodal displacement is also required to accomplish analysis. The relations can be explicit or 
implicit. The explicit case can only be used by very simple geometry. Consequently, the 
implicit case can be applied usefully [9, 14]. The schematic diagram of the direct coupling 
method can be seen in Fig. 4.10. 

 

 
Fig. 4.10. The schematic draft of the direct coupling method 

 
 

4.2 Magnetic force calculation 
 
The magnetic force F can be calculated from the magnetic energy W as  

u
F

∂
∂

−=
W , (4.73) 

where u is the vector of virtual displacements in the considered coordinate system and the 
magnetic energy can be estimated as 
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∫ ∫
Ω











⋅= ΩddW

B

0

BH , (4.74) 

H is the magnetic field intensity and B is the magnetic flux density vector. These virtual 
displacements result in flux-conservation [9, 105]. 

 
This condition is granted in finite element (FE) analysis by keeping the nodal values of 

the magnetic vector potential constant while estimating the derivative of the magnetic 
energy. Appling this method to one element e of a FE mesh with the area Ωe  and using u 
as the virtual displacement of the nodes of that element, the contribution of one element to 
nodal forces can be got as 

∫ ∫
Ω











⋅

∂
∂

−=
e

e

B

e dd Ω
0

BH
u

F . (4.75) 

For the sake of easier solution, the reference element with the area Ω ’ can be 
introduced , where the differentiation with respect to virtual displacements can be 
interchanged with the integration [6, 151] 
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 (4.76) 

where Jm is the Jacobian matrix of the coordinate transformation, the index term m 
symbolizes the mechanical quantity, and det(Jm) is the determinant of the Jm matrix [9]. It 
represents that the contributions of one element (e) to the nodal force at node i are 

i

e
i xe

W
u

F
∂
∂

−= , (4.77) 

i

e
iy e

W
v

F
∂
∂

−= . (4.78) 

where u and v is the vector of virtual displacements in the x and y direction in the 
considered coordinate system. 
 

The Jacobian matrix is given by 
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where n is the number of nodes in the element, N is the shape functions, x’  and y’ are the 
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coordinates in the reference frame. 
 
The determinant of the Jacobian matrix can be written as 

( ) 21122211det mmmmm JJJJ −=J . (4.80) 

The derivative of the determinant with respect to virtual displacements, that is 
equivalent with the derivative with respect to nodal coordinates x = x0 + u,  y = y0 + v, can 
be given as 
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The flux density B can be calculated from the magnetic vector potential A as 
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To calculate the magnetic force, the Maxwell stress tensor can be used. The Maxwell 
stress tensor can be written in Cartesian coordinate system as 
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where µ0 is the magnetic permeability of the vacuum [9]. 
 
The mechanical stress can be written with the product of the total strain εm and the 

elasticity matrix Dm as 

mmεDσ = . (4.84) 

In the case of unidirectional stress elasticity matrix Dm can be substitute for the in-plane 
elasticity matrix Dmp [159]. 
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where Em is the modulus of elasticity or Young modulus and  

allongitudin m

lateral m
m ε

εν −= , (4.86) 

is the Poisson ratio. 
 

The stress and strain components can be described on vector form with the three stress 
(2 normal and a shear stress) and strain components in column vectors as 
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where  and v , τ  is the shear stress and γj

n
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m is the angle distortion. 

Utilizing the former equations the following formulas can be written [9] 
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The calculations realize strong magnetoelastic coupling in the eddy current field 
assignment. 
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4.3 Magnetic field computation of the modified Epstein frame 
 
In this chapter I present the implementation of the developed stress dependent Preisach-

type anisotropic magnetic vector model into the FEM. I introduce the results of the 
calculation with FEM of the modified Epstein frame’s two-dimensional model. 

 
Maxwell’s equations represent the magnetic behavior of the magnetic material. The Fe-

Si laminations of the modified Epstein frame were calculated both linear and hysteretic 
media. In this case I tested the time-varying eddy current field with the developed stress 
dependent Preisach-type magnetic model. The A,V - A potential formulation have been 
applied for the calculation. 

 
The 2D arrangement can bee seen in Fig. 4.11, where the size of the yoke is 300 mm in 

x and y directions, the width of the laminations are 50 mm. Ωc is the region of the Fe-Si 
yoke, which is the region of eddy currents. Air is around the yoke, it has Ωn current-free 
region bounded by the far artificial boundary ΓB (in this case, the radius of the air field 
around the yoke is R=1.5 m). The interface between the yoke and the air is denoted by Γnc. 
The specimen contains a closed yoke made of Fe-Si steal with excitation coils under a 
given waveform of current and under a given mechanical stress value. First, the 
characteristic of the yoke’s material is linear, and then the hysteresis characteristic of the 
magnetic material has been taken into consideration. 

 
Fig. 4.11. The scheme of the modified Epstein frame in 2D 
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4.3.1 Linear media with eddy current field 
 

The closed iron yoke made of linear and conducting magnetic material with relative 
permeability µr = 1000 H/m and conductivity σc = 2.083⋅106 S/m is placed into air. The 
excitation is a sinusoidal time dependent current flowing, i(t) = Imsin(ωt), in the coil. 
 

The magnetic flux density B can be described by the curl of the magnetic vector 
potential A in both the conducting and non-conducting material as [65, 83] 

AB ×∇= . (4.91) 

The Faraday’s law (4.6) can be defined by the equation (4.91) as 

AE ×∇
∂
∂

−=×∇
t

, (4.92) 

that is 

0=







∂
∂

+×∇
t
AE . (4.93) 

The vector field 
t∂

∂
+

AE  can be described with the electric scalar potential V 

V−∇=
∂
∂

+
t
AE . (4.94) 

The potentials can define the electric field intensity as 

V∇−
∂
∂

−=
t
AE . (4.95) 

In the conducting material starting from ∇ ⋅ J = 0, the divergence of the current density 
J can be described as 

( ) 0
t

=













 ∇−

∂
∂

−⋅∇=⋅∇=⋅∇ Vcc
AEJ σσ . (4.96) 

That means 

0
t

=





 ∇+

∂
∂

⋅∇− Vc
Aσ , in Ωc. (4.97) 

For the vector potential A the following formulation can be derived by using the 
equations (4.1), (4.4), (4.10) and (4.91) 

( ) ( ) EΑΑ cσνν =⋅∇∇−×∇×∇ , in Ωc. (4.98) 

 
In this 2D case A=Az(x,y)ez, accordingly 0≡⋅∇ Α  valid in the whole conducting region, 

in Ωc. Substituting equation (4.95) into (4.98) results in 
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( ) 0
t cc =∇+

∂
∂

+×∇×∇ Vσσν ΑΑ , in Ωc. (4.99) 

In the non-conducting material the formulation below can be given 

( ) 00 JΑ =×∇×∇ ν , in Ωn. (4.100) 

 
Consequently the differential equations of the assignment have to be solve are (4.97), 

(4.99) and (4.100). With applying Lorentz gauge the electric scalar potential 0≡V , 
therefore , and transforming the equation (4.97) the following formula can be 
obtained 

0=∆V

0
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 ∆+
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⋅∇− Vc
Aσ , in Ωc, (4.101) 

where 0
t

=
∂
∂

⋅∇
A  and ∆ , the equation is identically zero. Thus two equations remain 

to be solved, namely 

0=V

( ) 0
t

=
∂
∂

+×∇×∇
ΑΑ cσν , in Ωc, (4.102) 

( ) 00 JΑ =×∇×∇ ν , in Ωn. (4.103) 

 
The applied boundary conditions are the follows at boundaries of the air region ΓB, 

which is the border of the non-conducting material, i.e.  

( ) 0=⋅=⋅×∇ nBnA , on ΓB, (4.104) 

where n is the outer normal unit vector of ΓB. 
 
The following equations describe the interface conditions on the border of the yoke and 

air Γnc 

( ) ( )
n  nctc  nct HH ΩΓΩΓ νν

∈∈
=×=××∇==×=××∇ nHnAnHnA , (4.105) 

( ) ( )
n  ncnc  ncn BB ΩΓΩΓ ∈∈

=⋅=⋅×∇==⋅=⋅×∇ nBnAnBnA , (4.106) 

 
 

4.3.2 The A,V - A formulation in hysteretic media 
 
In nonlinear media the relationship between the magnetic flux density B and the 

magnetic field intensity H contains hysteretic behaviors, 

B = H{H}, (4.107) 

The investigation of the electromagnetic field problems in hysteretic material needs 
special methods of handling the nonlinearity. The fixed-point technique (FP) results in 
great advantages [26, 62]. The FP technique is based on the decomposition of a hysteretic 
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relationship H {⋅}, into a linear and a residual of nonlinearity R, 

B = µFPH + R, (4.108) 

where the residual R is iteratively computed in every time step, starting from an optional 
initial value. The constant µFP is the ideal value of the permeability, calculated as the 
average of the minimum and the maximum slopes of the hysteresis curve H{⋅},  
µFP = (µmax + µmin)/2 [85, 119]. 

 
In the iterative scheme the new residual Rn+1, at the (n+1)th time step, is calculated as 

the difference between the magnetic flux density in hysteretic and in linear media. That 
means 

Rn+1 = H {H n+1} − µFPH n+1, (4.109) 

It is known as the polarization method [46, 85, 119]. 
 
This method can be applied when the field solution gives directly the values of the 

magnetic field intensity. The former method resulted in the magnetic flux density B. In this 
case it is able to calculate magnetic field H from the inverse characteristic of B 

H = H  -1{B}, (4.110) 

With the division of the equation (4.108) by µFP 

RHB
FPFP µµ
11

+= , (4.111) 

and substituting νFP=1/µFP into (4.111) 

H = νFPB − νFP R, (4.112) 

where changing −νFP R by I 

H = νFPB + I. (4.113) 

 
The former equation contains the residual nonlinearity I of the magnetic field. In the 

iterative scheme the new residual In+1, at the (n+1)th time step, is calculated as the 
difference between the magnetic field values in hysteretic and in linear media [25]. That 
means 

In+1 = H  -1{B n+1} − νFPB n+1. (4.114) 

 
The hysteretic relationship between H and B can be calculated by different type of 

hysteresis models. The static Preisach models allow to define inverse hysteretic 
relationship, however with applying dynamic and vector Preisach models it is very difficult 
to present this inverse behavior. With substitution (4.110) and (4.107) into (4.114) it is 
possible to calculate In+1 directly with any type of Preisach model, 

In+1 = H n+1 − νFP H{H n+1}, (4.115) 

where the magnetic field intensity H n+1 is calculated as 

 81 



 
Attila Sipeky, PhD Theses  2009 

H n+1 = νFPB n+1 + In. (4.116) 

 
In 2D assignment the main task is to solve the following equations  

( ) 0=×∇+
∂
∂

+×∇×∇ ΙΑΑ
tcFP σν , in Ωc, (4.117) 

( ) 00 JΑ =×∇×∇ ν , in Ωn. (4.118) 

where the interface conditions on the boundary of the yoke and air Γnc 

( ) ( )
n  ncnc  nccFP ΩΓΩΓ νν

∈∈
××∇=×+×∇ nAnIA 0 , (4.119) 

( ) ( )
n  ncnc  ncc ΩΓΩΓ ∈∈

⋅×∇=⋅×∇ nAnA , (4.120) 

 
The boundary conditions in the air region ΓB are the same like in the linear media. 
 
Ensuring the essential Dirichlet-type boundary conditions for the tangential component 

of the A along the surface Γnc and with respect to the automatic satisfaction of the natural 
boundary conditions prescribed for the normal component of the B, the weak forms of the 
equations have to be solved can be described as 

0dd
t

d =Ω⋅×∇+Ω
∂
∂

⋅+Ω×∇⋅×∇ ∫∫∫
ΩΩΩ

ΙWΑWΑW cFP σν , in Ωc, (4.121) 

0dd 0 =Ω⋅−Ω×∇⋅×∇ ∫∫
ΩΩ

JWΑWν , in Ωn, (4.122) 

where W is the weighting function [136]. 
 
 

4.3.3 The fixed-point iteration method 
 
The system of nonlinear equations generally can be solved by iterative methods. One of 

them is a fixed-point method, which is a widely used method in the electromagnetic field 
computation. The initial conditions have to represent the demagnetized state, namely the 
magnetic field intensity H, the magnetic flux density B equal to zero in all elements. 
During the iteration the time, t does not change.  

 
The nonlinear iteration can be summarized briefly as follows. The iteration can be 

started by an optional value of I0, for instance I0 = 0. The assignments in the nth iteration 
step (n > 0) in the i-th time step (ti) are, 

 
- to generate and solve the above described system of linear equations in vector 

form (Kxj = bj, where K is the constant system matrix, bj is the right hand side of 
the assembled equations, the vector xj contains the unknown potentials, i.e. 

. An applicable and widely used solution of the system of [ TIAAx &=j ]
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linear equations is a Crank-Nicolson method, where the weighted values from the 
previous and the actual time step take part in the calculation. However it is an 
unconditionally stable solution, in this case the COMSOL solver has been used), 

 
- to calculate the magnetic flux density Bn from the potential A with respect to In-1,  

 

- to calculate the magnetic force with the equations i
ei

xe
W
u

F
∂
∂

−= , i
ei

ye
W
v

F
∂
∂

−= , 

 
- to compute the mechanical stress due to magnetic forces σM and complement it 

with the stress from the external forces as 

SM ∂
∂

+= ExternalFσσ , (4.123) 

where S is the cross section area of the specimen, 
- to estimate the magnetic field intensity Hn by applying the stress dependent 

hysteresis model,  

Hn = νFPBn + In-1, (4.124) 

where  

In-1 = H n-1 − νFP H{H n-1, σ}, (4.125) 

 
- to update the nonlinear residual term by using the magnetic flux density and 

magnetic field intensity 

In = H n − νFP H{H n, σ}, (4.126) 

 
- to repeat the former steps until convergence. The criterion can be formulated as  

||In − In-1|| < ε, (4.127) 

where ε is a small positive real number. In this experiment ε = 10-4 has been 
applied. The iteration step is convergent, if this condition is fulfilled.  

 
In the case of convergent iteration step the time variant t can be increased ti+1 = ti + ∆t, 

and the next time step can be calculated. The scheme of the complete solution can be seen 
in Fig. 4.12. 

 
 

4.3.4 The results of the simulations 
 
In this solution, the hysteretic relation H{H, σ} is computed with the stress dependent 

Preisach-type anisotropic magnetic vector hysteresis model with consideration into the 
mechanical stress value of the yoke’s laminations. The simulated arrangement can be seen 
in Fig. 4.13. 
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Fig. 4.12. The sheme of the complete solution of the assignment 
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In the example the number of the mesh elements is 9232, the number of the mesh points 
is 4641, the number of the boundary elements is 712, the number of the degrees of freedom 
is 54684. However it is not so large assignment, the average number of the iterations is 167 
in every time step. 

 
Fig. 4.14 presents the results of the simulation at 1 Hz measurement frequency at 0 MPa 

external stress value. It can be seen the magnetic field intensity with streamline plot, and 
the magnetic flux density of the yoke with arrow plot [125]. The upper part of the 
arrangement has been emphasized, because the most interesting phenomenon appears near 
by the electromagnetic excitation and near by the mechanical load. 

 
Fig. 4.13. The FEM structure of the simulated arrangement 

 
With the application of the 136.66 MPa external stress value at 1 Hz excitation 

frequency, the tensile stress distribution on the plates and the external tensile force with 
arrow plot can be seen in Fig. 4.15. 

 
In this solution the deformation of the plates also can be introduced. The tensile stress 

distribution with deformation scaled 300 times, and the external forces plotted with arrows 
are shown in Fig. 4.16. In Fig. 4.17 the shear stress distribution can be seen with the 
deformation and the external forces. The black line is the original and the green line is the 
deformed contour of the frame. 
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Fig. 4.14. Magnetic field intensity and the magnetic flux density of the yoke at 1 Hz measurement 

frequency at 0 MPa external stress value 

 
Fig. 4.15. The tensile stress distribution on the plates and the external forces with arrow plot 
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Fig. 4.16. The tensile stress distribution on the plates with deformation in 300 times scale and the 

external forces with arrow plot 

 
Fig. 4.17. The shear stress distribution on the plates with deformation in 300 times scale and the 

external forces with arrow plot 

 
The post-processing part of the COMSOL environment gives several opportunities to 

visualize the results of the computation. For instance, the displacement of the elements at 
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the horizontal direction, which represents the strain in this direction, can be introduced by 
the surface plot, and the magnetization of the yoke is displayed by arrow plot in the  
Fig. 4.18. Fig. 4.19 shows the vertical displacement of the elements by the surface plot and 
the magnetic flux density by the streamline plot. 

 
Fig. 4.18. The x-displacement presented by surface plot, the deformation in 300 times scale and the 

magnetization of the frame with arrow plot 

 
Fig. 4.19. The y-displacement presented by surface plot, the deformation in 300 times scale and the 

magnetic flux density of the frame 
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The total displacement can be represent also by the surface plot, as well as by the 
contour plot, and by arrows either on the boundaries or in the subdomain as it can be seen 
in the Fig. 4.20, and Fig. 4.21. 

 
Fig. 4.20. The total displacement displayed by the surface plot and arrows on the boundary and the 

deformation in 300 times scale 

 
Fig. 4.21. The total displacement displayed by the contour plot and arrows in the subdomain and the 

deformation in 300 times scale 
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Fig. 4.22 shows the deformation, the stress distribution, the magnetization and the 
magnetic flux density at 1 Hz excitation frequency at 136.66 MPa tensile stress value, and 
Fig. 4.23 presents the results at 68.33 MPa external stress value. 

 
Fig. 4.22. The magnetization, the magnetic flux density, the deformation in 300 times scale and the 

stress distribution at 136.66 MPa stress value, at 1 Hz excitation frequency 

 
Fig. 4.23. The magnetization, the magnetic flux density, the deformation in 300 times scale and the 

stress distribution at 68.33 MPa stress value, at 1 Hz excitation frequency 
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Fig. 4.24 presents the results of the simulation at 1 Hz measurement frequency at 
136.66 MPa external stress value. It is displayed the magnetic field intensity with 
streamline plot, and the magnetic flux density of the yoke with arrow plot. 

 
Fig. 4.24. The deformation in 300 times scale at 136.66 MPa tensile stress, the magnetic field 

intensity and the magnetic flux density of the yoke 

 
In this assignment three elements were investigated on the frame. These elements can 

be seen in Fig. 4.25. The blue element takes place on the horizontal lamination, where the 
direction of the magnetization is parallel with the direction of the tensile stress. The green 
element is on the vertical sheet, where the direction of the magnetization is normal with the 
direction of the tensile stress, this is a non-stressed area. And the red element is located in 
the intermediate area, where the direction of the magnetization changes. 

 
Fig. 4.25. The three investigated elements 
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The normalized excitation curve for an expiration part of the demagnetization procedure 
can be seen in Fig. 4.26. The projections of the magnetic characteristic at x and y 
directions in the investigated elements are presented in Fig. 4.27. Hmax is the maximum 
value of the magnetic field intensity H, where the magnetic flux density B saturated, and Bs 
is the saturation value of the magnetic flux density B. It can be seen easily that the 
mechanical stress changes the magnetic characteristic of the material [124]. 

 
Fig. 4.26. The normalized excitation curve for a part of the demagnetization  

(The investigated excitation frequency was 1 Hz.) 

 
I have calculated the sum of the magnetic flux density B across the simulated specimen. 

Fig. 4.28 shows the position of the calculation on the yoke. Fig. 4.29 presents the 
computed hysteresis curves at 1 and 10 Hz measurement frequencies with sinusoidal 
excitation at 136.66 MPa tensile stress value. I have realized comparison between the 
measured and the computed hysteresis curves as it can be seen in Fig. 4.30 and Fig. 4.32. 
Fig. 4.31 and Fig. 4.33 show the calculated error values between the measured and 
simulated curves. At 1 Hz measurement frequency at 136.66 MPa tensile stress value the 
mean squared error (3.12) is 1.08 %, although the maximum of the error exceeds 6.5%. 
The calculated error is a little bit higher at 10 Hz measurement frequency due to the higher 
eddy currents. In this case the value of the mean squared error is 4.97 %.  

 
The reason of these inaccuracies arises from the recalculation of the eddy currents. The 

measurements have been made on the thin grain-oriented plates contains a low value of 
eddy currents. These measured data specify the developed stress dependent anisotropic 
Preisach-type vector model implemented into FEM. The FEM computation also contains 
the calculation of the eddy currents derived from Maxwell’s equations. This kind of error 
cannot be eliminated, because of the natural properties of the magnetic materials. 
Nevertheless, the values of the errors are acceptable to simulate the magnetic properties of 
the specimen under higher mechanical tensile stress. 
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a) Hysteresis loops of the blue element in the  

x direction 
b) Hysteresis loops of the blue element in the  

y direction 

          
c) Hysteresis loops of the red element in the  

x direction 
d) Hysteresis loops of the red element in the  

y direction 

          
e) Hysteresis loop of the green element in the  

x direction 
f) Hysteresis loop of the green element in the  

y direction 

Fig. 4.27. The scalar projections in the studied elements at 1 Hz excitation frequency at 0 MPa 
(blue curves) and 136.66 MPa (red curves) tensile stress 
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Fig. 4.28. Along the red line has been 

calculated the sum of the magnetic flux 
density B  

Fig. 4.29. The calculated hysteresis 
characteristics along the red line at 1 and 

10 Hz measurement frequencies  
at 136.66 MPa stress value 

        
Fig. 4.30. Comparison of the measured and 

the simulated hysteresis  
at 1 Hz measurement frequency  

at 136.66 MPa stress value  

Fig. 4.31. The calculated error between the 
measured and the simulated curves  

at 1 Hz measurement frequency  
at 136.66 MPa stress value 

        
Fig. 4.32. Comparison of the measured and 

the simulated hysteresis  
at 10 Hz measurement frequency  

at 136.66 MPa stress value  

Fig. 4.33. The calculated error between the 
measured and the simulated curves  
at 10 Hz measurement frequency  

at 136.66 MPa stress value 
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4.4 New scientific results 
 
Thesis III. 

 
To represent the effects of the mechanical load on the electromagnetic properties of the 

ferromagnetic material of the specimen in the eddy current field I have implemented the 
developed stress dependent anisotropic magnetic vector hysteresis model to the numerical 
field analysis with the finite element method. I have accomplished strong magnetoelastic 
coupling for the stress dependent magnetic hysteresis, and implemented the developed 
model with the polarization method to handle the hysteretic relation between the magnetic 
flux density B and the magnetic field intensity H, and I have solved the system of the 
equations by the fixed-point iteration technique. I have compared the measured and 
simulated magnetic hysteresis curves on the specimen, and I have found less the 5% 
differences between the measured and simulated data [124, 125, 136]. 
 
 
In detail: 
 

- I have formulated the required equations for the simulation from Maxwell’s 
equations. I have defined the boundary conditions on the border of the assignment. 
I have determined the required mechanical equations for accomplish the strong 
magnetoelastic coupling for the stress dependent magnetic hysteresis. 

 
- I have implemented the developed stress dependent anisotropic magnetic vector 

hysteresis model to the numerical field analysis with the finite element method in 
the eddy current field. I have applied the A-V, A potential formulations for the 
approximation and I have applied the polarization method to handle the hysteretic 
relation between the magnetic flux density B and the magnetic field intensity H. I 
have solved the equation system by the fixed-point iteration technique.  

 
- I have realized comparison between the measured and the computed hysteresis 

curves. I have calculated the mean squared errors, and model is suitable to simulate 
the magnetic properties of the specimen under higher mechanical tensile stress with 
small values of the error. 
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5 Summary of the new scientific results 
 

Thesis I. 
 
With the developed and realized two magnetic measurement systems, I could consider the 
mechanical stress effects on the studied iron probe. With the developed measurement 
process I could collect, handle and store the magnetic and the mechanical measured data 
independently. By the measurement of grain-oriented Fe-(3.1 wt%)Si electrical steel I have 
obtained a large number of data that characterizes systematically the mechanical stress 
dependent magnetic behavior of the investigated material, and the data are suitable to 
initialize the developed mechanical stress dependent magnetic hysteresis model. On the 
basis of the measurement data I can state that the application of the mechanical load with 
the 40% of the yield point of the investigated material can decrease the magnetic energy 
losses with 30% as well [126, 127, 130, 135, 137]. 
 
 
In detail: 
 

- I have developed and realized two magnetic measurement systems with 
consideration to the mechanical stress effects. The tensile screw system is able to 
apply high tensile stress. It is a strong construction, where the mechanical force 
value can be set accurately. The modified Epstein-frame with the load cell is very 
sensitive for the stress effects. It is able to measure the magnetostrictive forces of 
the winded plates. The modified Epstein-frame is suitable applying tensile and 
compressive force as well. 

 
- I have developed a measuring process to measure the magnetic and the mechanical 

properties on separated computers. Catman Express software collects the values of 
the mechanical stress, and my private programs developed in LabVIEW 
environment handle the excitation signal, the data acquisition, the data processing, 
filtering and storage. 

 
- I accomplished measurements with grain-oriented Fe-Si electrical steel sheets. 

After analyzing results and comparing with observations can be found in literature I 
can state, that the mechanical tension promotes the magnetization, decreases the 
energy loss by the ferromagnetic material with positive magnetostriction. 
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Thesis II. 
 
To simulate the stress dependent magnetic hysteresis characteristic I have developed two 
new models, an experimentally installed interpolation based and an analytical based 
model, identified using measured data. First, I have developed a model based on an 
interpolation technique to represent the stress and frequency dependence of the magnetic 
hysteresis, determined from the Everett surfaces by the measurement results. Second, I 
have completed the well-known Gaussian and the Gauss-Lorentzian distribution functions 
and their identifications with the tensile stress effect to realize an analytical based stress 
dependent magnetic hysteresis model. I have developed a stress dependent isotropic and 
anisotropic magnetic vector hysteresis model as an extension of the analytical based stress 
dependent scalar hysteresis model with the Gauss-type distribution function [122, 123, 
128, 129, 131, 132, 133, 134]. 
 
 
In detail: 
 

- I have developed an experimental stress and rate dependent magnetic scalar 
hysteresis model. It shows good accuracy in the identification process, however it 
needs measurement data in large quantities to calculate the Everett functions, and 
increased computational demand to realize the interpolations. 

 
- I have developed an analytical stress dependent magnetic scalar hysteresis model. I 

have extended the Gauss-type and the Gauss-Lorentz-type distribution function for 
the simulation of the stress dependent magnetic behavior. I have accomplished the 
identification procedure for each model and I have performed comparison between 
the measured data and the results of the simulations. Both presented good accuracy, 
although the identification process of the model with the Gauss-Lorentz-type 
distribution function is much more time-consuming.  

 
- I have developed a stress dependent isotropic and anisotropic magnetic vector 

hysteresis model based on the developed scalar model. According to the accuracy 
and the time-demand of the calculation I have prefered the analytical stress 
dependent scalar magnetic model with PG distribution function to develop a stress 
dependent magnetic vector hysteresis model. I have tested and analyzed the vector 
model at different strength of the excitation and at the rotational magnetization 
procedure. The model can represent two and three dimensional isotropic and 
anisotropic stress dependent magnetic behavior, however it has been tested in two 
dimensions only. 
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Thesis III. 
 
To represent the effects of the mechanical load on the electromagnetic properties of the 

ferromagnetic material of the specimen in the eddy current field I have implemented the 
developed stress dependent anisotropic magnetic vector hysteresis model to the numerical 
field analysis with the finite element method. I have accomplished strong magnetoelastic 
coupling for the stress dependent magnetic hysteresis, and implemented the developed 
model with the polarization method to handle the hysteretic relation between the magnetic 
flux density B and the magnetic field intensity H, and I have solved the system of the 
equations by the fixed-point iteration technique. I have compared the measured and 
simulated magnetic hysteresis curves on the specimen, and I have found less the 5% 
differences between the measured and simulated data [124, 125, 136]. 
 
 
In detail: 
 

- I have formulated the required equations for the simulation from Maxwell’s 
equations. I have defined the boundary conditions on the border of the assignment. 
I have determined the required mechanical equations for accomplish the strong 
magnetoelastic coupling for the stress dependent magnetic hysteresis. 

 
- I have implemented the developed stress dependent anisotropic magnetic vector 

hysteresis model to the numerical field analysis with the finite element method in 
the eddy current field. I have applied the A-V, A potential formulations for the 
approximation and I have applied the polarization method to handle the hysteretic 
relation between the magnetic flux density B and the magnetic field intensity H. I 
have solved the equation system by the fixed-point iteration technique.  

 
- I have realized comparison between the measured and the computed hysteresis 

curves. I have calculated the mean squared errors, and model is suitable to simulate 
the magnetic properties of the specimen under higher mechanical tensile stress with 
small values of the error. 
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6 Future research work 
 
I introduced the developed measurement apparatuses and method in this research work 

for external static mechanical load to analyze the effects of the mechanical tensile stress on 
the magnetic properties of the investigated specimen, although both of the apparatuses are 
able to measure the magnetic characteristic under dynamic mechanical load. I intend to 
study the magnetic behavior of the investigated laminations under dynamically changing 
mechanical tensile stress, although it is need some modification to solve the automatism of 
the mechanical load. 

 
The developed scalar magnetic model contains the static value of the mechanical stress. 

To simulate the influence of the dynamically changing mechanical load it is required to 
adapt the developed model. The adaptation of the theoretical model is a refinement of the 
developed model, however the realization of the model is a much more complicated 
assignment, due to the expansion of the required computational capacity. 

 
In the research work there has been developed the implementation of the introduced 

stress dependent magnetic vector hysteresis model into the electromagnetic field 
computation. Although the presented example was a two-dimensional model of the 
modified Epstein frame loaded with external mechanical stress, it is possible to realize the 
three-dimensional implementation of the model as well, however it induces computational 
capacity problems. For more accurate simulation a computer grid system or the parallel 
computing technique can be applied, with its new scientific problems of managing the 
partitioning the programs and the managing the computers. 
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Appendix 
 

A. 1 The software codes of the measurement and the post processing 
 

 
Fig. A 1.1. The diagram panel of the excitation software 

 

 
Fig. A 1.2. The visualization of the measured curves in the filtering software 
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Fig. A 1.3. Taking a subset of the measured elements in the filtering software 

 

 
Fig. A 1.4. The error calculation in the initializing software 
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A. 2 Measured hysteresis loops excited with sinusoidal waves versus the 
tensile stress with one winded lamination 

 

             
Fig. A 2.1. Measured hysteresis loops versus the 

tensile stress at 1 Hz measurement frequency 
(measured by the tensile screw system) 

Fig. A 2.2. Measured hysteresis loops versus the 
tensile stress at 1 Hz measurement frequency 

(measured by the modified Epstein frame) 

             
Fig. A 2.3. Coercive field Hc values versus the 
tensile stress at 1 Hz measurement frequency 

Fig. A 2.4. Energy losses versus the tensile 
stress at 1 Hz measurement frequency 

             
Fig. A 2.5. The difference of the coercive field 

Hc values versus the tensile stress at 1 Hz 
measurement frequency 

Fig. A 2.6. The difference of the energy losses 
versus the tensile stress at 1 Hz measurement 

frequency 
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Fig. A 2.7. Measured hysteresis loops versus the 

tensile stress at 2 Hz measurement frequency 
(measured by the tensile screw system) 

Fig. A 2.8. Measured hysteresis loops versus the 
tensile stress at 2 Hz measurement frequency 

(measured by the modified Epstein frame) 

             
Fig. A 2.9. Coercive field Hc values versus the 
tensile stress at 2 Hz measurement frequency 

Fig. A 2.10. Energy losses versus the tensile 
stress at 2 Hz measurement frequency 

             
Fig. A 2.11. The difference of the coercive field 

Hc values versus the tensile stress at 2 Hz 
measurement frequency 

Fig. A 2.12. The difference of the energy losses 
versus the tensile stress at 2 Hz measurement 

frequency 
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Fig. A 2.13. Measured hysteresis loops versus the 

tensile stress at 5 Hz measurement frequency 
(measured by the tensile screw system) 

Fig. A 2.14. Measured hysteresis loops versus the 
tensile stress at 5 Hz measurement frequency 

(measured by the modified Epstein frame) 

             
Fig. A 2.15. Coercive field Hc values versus the 
tensile stress at 5 Hz measurement frequency 

Fig. A 2.16. Energy losses versus the tensile 
stress at 5 Hz measurement frequency 

             
Fig. A 2.17. The difference of the coercive field 

Hc values versus the tensile stress at 5 Hz 
measurement frequency 

Fig. A 2.18. The difference of the energy losses 
versus the tensile stress at 5 Hz measurement 

frequency 
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Fig. A 2.19. Measured hysteresis loops versus the 
tensile stress at 10 Hz measurement frequency 

(measured by the tensile screw system) 

Fig. A 2.20. Measured hysteresis loops versus the 
tensile stress at 10 Hz measurement frequency 

(measured by the modified Epstein frame) 

             
Fig. A 2.21. Coercive field Hc values versus the 
tensile stress at 10 Hz measurement frequency 

Fig. A 2.22. Energy losses versus the tensile 
stress at 10 Hz measurement frequency 

             
Fig. A 2.23. The difference of the coercive field 

Hc values versus the tensile stress at 10 Hz 
measurement frequency 

Fig. A 2.24. The difference of the energy losses 
versus the tensile stress at 10 Hz measurement 

frequency 
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Fig. A 2.25. Measured hysteresis loops versus the 
tensile stress at 20 Hz measurement frequency 

(measured by the tensile screw system) 

Fig. A 2.26. Measured hysteresis loops versus the 
tensile stress at 20 Hz measurement frequency 

(measured by the modified Epstein frame) 

             
Fig. A 2.27. Coercive field Hc values versus the 
tensile stress at 20 Hz measurement frequency 

Fig. A 2.28. Energy losses versus the tensile 
stress at 20 Hz measurement frequency 

             
Fig. A 2.29. The difference of the coercive field 

Hc values versus the tensile stress at 20 Hz 
measurement frequency 

Fig. A 2.30. The difference of the energy losses 
versus the tensile stress at 20 Hz measurement 

frequency 
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A. 3 Measured hysteresis loops excited with sinusoidal waves versus the 
measurement frequency with one winded lamination 

 

             
Fig. A 3.1. Measured hysteresis loops versus the 

measurement frequency at 0 MPa stress 
(measured by the tensile screw system) 

Fig. A 3.2. Measured hysteresis loops versus the 
measurement frequency at 0 MPa stress 

(measured by the modified Epstein frame) 

             
Fig. A 3.3. Coercive field Hc values versus the 
measurement frequency at 0 MPa tensile stress  

Fig. A 3.4. Energy losses versus versus the 
measurement frequency at 0 MPa tensile stress 

             
Fig. A 3.5. The difference of the coercive field 
Hc values versus the measurement frequency at 0 

MPa tensile stress 

Fig. A 3.6. The difference of the energy losses 
versus the measurement frequency at 0 MPa 

tensile stress 

 A 8 
 



 
Attila Sipeky, PhD Theses  2009 
 

             
Fig. A 3.7. Measured hysteresis loops versus the 

measurement frequency at 34.16 MPa stress 
(measured by the tensile screw system) 

Fig. A 3.8. Measured hysteresis loops versus the 
measurement frequency at 34.16 MPa stress 
(measured by the modified Epstein frame) 

             
Fig. A 3.9. Coercive field Hc values versus the 

measurement frequency at 34.16 MPa tensile stress 
Fig. A 3.10. Energy losses versus versus the 
measurement frequency at 34.16 MPa tensile 

stress 

             
Fig. A 3.11. The difference of the coercive field 
Hc values versus the measurement frequency at 

34.16 MPa tensile stress 

Fig. A 3.12. The difference of the energy losses 
versus the measurement frequency at 34.16 MPa 

tensile stress 
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Fig. A 3.13. Measured hysteresis loops versus the 

measurement frequency at 68.33 MPa stress 
(measured by the tensile screw system) 

Fig. A 3.14. Measured hysteresis loops versus the 
measurement frequency at 68.33 MPa stress 
(measured by the modified Epstein frame) 

             
Fig. A 3.15. Coercive field Hc values versus the 

measurement frequency at 68.33 MPa tensile stress 
Fig. A 3.16. Energy losses versus versus the 
measurement frequency at 68.33 MPa tensile 

stress 

             
Fig. A 3.17. The difference of the coercive field 
Hc values versus the measurement frequency at 

68.33 MPa tensile stress 

Fig. A 3.18. The difference of the energy losses 
versus the measurement frequency at 68.33 MPa 

tensile stress 
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Fig. A 3.19. Measured hysteresis loops versus the 

measurement frequency at 102.49 MPa stress 
(measured by the tensile screw system) 

Fig. A 3.20. Measured hysteresis loops versus the 
measurement frequency at 102.49 MPa stress 

(measured by the modified Epstein frame) 

             
Fig. A 3.21. Coercive field Hc values versus the 
measurement frequency at 102.49 MPa tensile 

stress  

Fig. A 3.22. Energy losses versus versus the 
measurement frequency at 102.49 MPa tensile 

stress 

             
Fig. A 3.23. The difference of the coercive field 
Hc values versus the measurement frequency at 

102.49 MPa tensile stress 

Fig. A 3.24. The difference of the energy losses 
versus the measurement frequency at 102.49 MPa 

tensile stress 
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Fig. A 3.25. Measured hysteresis loops versus the 

measurement frequency at 136.66 MPa stress 
(measured by the tensile screw system) 

Fig. A 3.26. Measured hysteresis loops versus the 
measurement frequency at 136.66 MPa stress 

(measured by the modified Epstein frame) 

             
Fig. A 3.27. Coercive field Hc values versus the 
measurement frequency at 136.66 MPa tensile 

stress  

Fig. A 3.28. Energy losses versus versus the 
measurement frequency at 136.66 MPa tensile 

stress 

             
Fig. A 3.29. The difference of the coercive field 
Hc values versus the measurement frequency at 

136.66 MPa tensile stress 

Fig. A 3.30. The difference of the energy losses 
versus the measurement frequency at 136.66 MPa 

tensile stress 
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A. 4 Measured hysteresis loops with sinusoidal and triangular excitation 
by the modified Epstein frame 

             
Fig. A 4.1. Hysteresis loops at 0 MPa stress at 1 
Hz measurement frequency with sinusoidal and at 

1s periodic time with triangular excitation 

Fig. A 4.2. Hysteresis loops at 34.16 MPa stress 
at 1 Hz measurement frequency with sinusoidal 
and at 1s periodic time with triangular excitation 

             
Fig. A 4.3. Hysteresis loops at 68.33 MPa stress 
at 1 Hz measurement frequency with sinusoidal 
and at 1s periodic time with triangular excitation 

Fig. A 4.4. Hysteresis loops at 102.49 MPa stress 
at 1 Hz measurement frequency with sinusoidal 
and at 1s periodic time with triangular excitation 

             
Fig. A 4.5. Hysteresis loops at 136.66 MPa stress 

at 1 Hz measurement frequency with sinusoidal 
and at 1s periodic time with triangular excitation 

Fig. A 4.6. The coercive fields Hc versus the stress 
at 1 Hz measurement frequency with sinusoidal and 

at 1s periodic time with triangular excitation 
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Fig. A 4.7. Hysteresis loops at 0 MPa stress at 

2 Hz measurement frequency with sinusoidal and 
at 0.5 s periodic time with triangular  

excitation 

Fig. A 4.8. Hysteresis loops at 34.16 MPa stress 
at 2 Hz measurement frequency with sinusoidal 

and at 0.5 s periodic time with triangular 
excitation 

             
Fig. A 4.9. Hysteresis loops at 68.33 MPa stress 
at 2 Hz measurement frequency with sinusoidal 

and at 0.5 s periodic time with triangular  
excitation 

Fig. A 4.10. Hysteresis loops at 102.49 MPa 
stress at 2 Hz measurement frequency with 
sinusoidal and at 0.5 s periodic time with 

triangular excitation 

             
Fig. A 4.11. Hysteresis loops at 136.66 MPa stress 

at 2 Hz measurement frequency with sinusoidal 
and at 0.5 s periodic time with triangular  

excitation 

Fig. A 4.12. The coercive fields Hc versus the 
stress at 2 Hz measurement frequency with 
sinusoidal and at 0.5 s periodic time with 

triangular excitation 
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Fig. A 4.13. Hysteresis loops at 0 MPa stress at 5 
Hz measurement frequency with sinusoidal and at 

0.2 s periodic time with triangular  
excitation 

Fig. A 4.14. Hysteresis loops at 34.16 MPa stress 
at 5 Hz measurement frequency with sinusoidal 

and at 0.2 s periodic time with triangular 
excitation 

             
Fig. A 4.15. Hysteresis loops at 68.33 MPa stress 
at 5 Hz measurement frequency with sinusoidal 

and at 0.2 s periodic time with triangular  
excitation 

Fig. A 4.16. Hysteresis loops at 102.49 MPa 
stress at 5 Hz measurement frequency with 
sinusoidal and at 0.2 s periodic time with 

triangular excitation 

             
Fig. A 4.17. Hysteresis loops at 136.66 MPa stress 

at 5 Hz measurement frequency with sinusoidal 
and at 0.2 s periodic time with triangular  

excitation 

Fig. A 4.18. The coercive fields Hc versus the 
stress at 5 Hz measurement frequency with 
sinusoidal and at 0.2 s periodic time with 

triangular excitation 
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Fig. A 4.19. Hysteresis loops at 0 MPa stress at 10 
Hz measurement frequency with sinusoidal and at 

0.1 s periodic time with triangular  
excitation 

Fig. A 4.20. Hysteresis loops at 34.16 MPa stress 
at 10 Hz measurement frequency with sinusoidal 

and at 0.1 s periodic time with triangular 
excitation 

             
Fig. A 4.21. Hysteresis loops at 68.33 MPa stress 
at 10 Hz measurement frequency with sinusoidal 

and at 0.1 s periodic time with triangular  
excitation 

Fig. A 4.22. Hysteresis loops at 102.49 MPa 
stress at 10 Hz measurement frequency with 

sinusoidal and at 0.1 s periodic time with 
triangular excitation 

             
Fig. A 4.23. Hysteresis loops at 136.66 MPa stress 
at 10 Hz measurement frequency with sinusoidal 

and at 0.1 s periodic time with triangular  
excitation 

Fig. A 4.24. The coercive fields Hc versus the 
stress at 10 Hz measurement frequency with 

sinusoidal and at 0.1 s periodic time with 
triangular excitation 
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Fig. A 4.25. Hysteresis loops at 0 MPa stress at 20 
Hz measurement frequency with sinusoidal and at 

0.05 s periodic time with triangular  
excitation 

Fig. A 4.26. Hysteresis loops at 34.16 MPa stress 
at 20 Hz measurement frequency with sinusoidal 

and at 0.05 s periodic time with triangular 
excitation 

             
Fig. A 4.27. Hysteresis loops at 68.33 MPa stress 
at 20 Hz measurement frequency with sinusoidal 

and at 0.05 s periodic time with triangular 
excitation 

Fig. A 4.28. Hysteresis loops at 102.49 MPa 
stress at 20 Hz measurement frequency with 
sinusoidal and at 0.05 s periodic time with 

triangular excitation 

             
Fig. A 4.29. Hysteresis loops at 136.66 MPa stress 
at 20 Hz measurement frequency with sinusoidal 

and at 0.05 s periodic time with triangular 
excitation 

Fig. A 4.30. The coercive fields Hc versus the 
stress at 20 Hz measurement frequency with 
sinusoidal and at 0.05 s periodic time with 

triangular excitation 
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A. 5 Measured hysteresis loops excited with sinusoidal waves versus the 
tensile stress with two winded laminations 

             
Fig. A 5.1. Measured hysteresis loops versus the 

tensile stress at 1 Hz measurement frequency 
(measured by the tensile screw system) 

Fig. A 5.2. Measured hysteresis loops versus the 
tensile stress at 1 Hz measurement frequency 

(measured by the modified Epstein frame) 

             
Fig. A 5.3. Coercive field Hc values versus the 
tensile stress at 1 Hz measurement frequency 

Fig. A 5.4. Energy losses versus the tensile 
stress at 1 Hz measurement frequency 

             
Fig. A 5.5. Measured hysteresis loops versus the 

tensile stress at 2 Hz measurement frequency 
(measured by the tensile screw system) 

Fig. A 5.6. Measured hysteresis loops versus the 
tensile stress at 2 Hz measurement frequency 

(measured by the modified Epstein frame) 
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Fig. A 5.7. Coercive field Hc values versus the 
tensile stress at 2 Hz measurement frequency 

Fig. A 5.8. Energy losses versus the tensile 
stress at 2 Hz measurement frequency 

             
Fig. A 5.9. Measured hysteresis loops versus the 

tensile stress at 5 Hz measurement frequency 
(measured by the tensile screw system) 

Fig. A 5.10. Measured hysteresis loops versus the 
tensile stress at 5 Hz measurement frequency 

(measured by the modified Epstein frame) 

             
Fig. A 5.11. Coercive field Hc values versus the 
tensile stress at 5 Hz measurement frequency 

Fig. A 5.12. Energy losses versus the tensile 
stress at 5 Hz measurement frequency 
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Fig. A 5.13. Measured hysteresis loops versus the 
tensile stress at 10 Hz measurement frequency 

(measured by the tensile screw system) 

Fig. A 5.14. Measured hysteresis loops versus the 
tensile stress at 10 Hz measurement frequency 

(measured by the modified Epstein frame) 

             
Fig. A 5.15. Coercive field Hc values versus the 
tensile stress at 10 Hz measurement frequency 

Fig. A 5.16. Energy losses versus the tensile 
stress at 10 Hz measurement frequency 

             
Fig. A 5.17. Measured hysteresis loops versus the 
tensile stress at 20 Hz measurement frequency 

(measured by the tensile screw system) 

Fig. A 5.18. Measured hysteresis loops versus the 
tensile stress at 20 Hz measurement frequency 

(measured by the modified Epstein frame) 
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Fig. A 5.19. Coercive field Hc values versus the 
tensile stress at 20 Hz measurement frequency 

Fig. A 5.20. Energy losses versus the tensile 
stress at 20 Hz measurement frequency 

 
A. 6 Measured hysteresis loops excited with sinusoidal waves versus the 

tensile stress with three winded laminations 

             
Fig. A 6.1. Measured hysteresis loops versus the 

tensile stress at 1 Hz measurement frequency 
(measured by the tensile screw system) 

Fig. A 6.2. Measured hysteresis loops versus the 
tensile stress at 1 Hz measurement frequency 

(measured by the modified Epstein frame) 

             
Fig. A 6.3. Coercive field Hc values versus the 
tensile stress at 1 Hz measurement frequency 

Fig. A 6.4. Energy losses versus the tensile 
stress at 1 Hz measurement frequency 
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Fig. A 6.5. Measured hysteresis loops versus the 

tensile stress at 2 Hz measurement frequency 
(measured by the tensile screw system) 

Fig. A 6.6. Measured hysteresis loops versus the 
tensile stress at 2 Hz measurement frequency 

(measured by the modified Epstein frame) 

             
Fig. A 6.7. Coercive field Hc values versus the 
tensile stress at 2 Hz measurement frequency 

Fig. A 6.8. Energy losses versus the tensile 
stress at 2 Hz measurement frequency 

             
Fig. A 6.9. Measured hysteresis loops versus the 

tensile stress at 5 Hz measurement frequency 
(measured by the tensile screw system) 

Fig. A 6.10. Measured hysteresis loops versus the 
tensile stress at 5 Hz measurement frequency 

(measured by the modified Epstein frame) 
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Fig. A 6.11. Coercive field Hc values versus the 
tensile stress at 5 Hz measurement frequency 

Fig. A 6.12. Energy losses versus the tensile 
stress at 5 Hz measurement frequency 

             
Fig. A 6.13. Measured hysteresis loops versus the 
tensile stress at 10 Hz measurement frequency 

(measured by the tensile screw system) 

Fig. A 6.14. Measured hysteresis loops versus the 
tensile stress at 10 Hz measurement frequency 

(measured by the modified Epstein frame) 

             
Fig. A 6.15. Coercive field Hc values versus the 
tensile stress at 10 Hz measurement frequency 

Fig. A 6.16. Energy losses versus the tensile 
stress at 10 Hz measurement frequency 
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Fig. A 6.17. Measured hysteresis loops versus the 
tensile stress at 20 Hz measurement frequency 

(measured by the tensile screw system) 

Fig. A 6.18. Measured hysteresis loops versus the 
tensile stress at 20 Hz measurement frequency 

(measured by the modified Epstein frame) 

             
Fig. A 6.19. Coercive field Hc values versus the 
tensile stress at 20 Hz measurement frequency 

Fig. A 6.20. Energy losses versus the tensile 
stress at 20 Hz measurement frequency 

 

A. 7 Measured hysteresis loops excited with sinusoidal waves versus the 
tensile stress with one winded lamination in transverse direction 

             
Fig. A 7.1. Measured hysteresis loops versus the 

tensile stress at 1 Hz measurement frequency 
(measured by the tensile screw system) 

Fig. A 7.2. Measured hysteresis loops versus the 
tensile stress at 1 Hz measurement frequency 

(measured by the modified Epstein frame) 
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Fig. A 7.3. Coercive field Hc values versus the 
tensile stress at 1 Hz measurement frequency 

Fig. A 7.4. Energy losses versus the tensile 
stress at 1 Hz measurement frequency 

             
Fig. A 7.5. Measured hysteresis loops versus the 

tensile stress at 2 Hz measurement frequency 
(measured by the tensile screw system) 

Fig. A 7.6. Measured hysteresis loops versus the 
tensile stress at 2 Hz measurement frequency 

(measured by the modified Epstein frame) 

             
Fig. A 7.7. Coercive field Hc values versus the 
tensile stress at 2 Hz measurement frequency 

Fig. A 7.8. Energy losses versus the tensile 
stress at 2 Hz measurement frequency 
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Fig. A 7.9. Measured hysteresis loops versus the 

tensile stress at 5 Hz measurement frequency 
(measured by the tensile screw system) 

Fig. A 7.10. Measured hysteresis loops versus the 
tensile stress at 5 Hz measurement frequency 

(measured by the modified Epstein frame) 

             
Fig. A 7.11. Coercive field Hc values versus the 
tensile stress at 5 Hz measurement frequency 

Fig. A 7.12. Energy losses versus the tensile 
stress at 5 Hz measurement frequency 

             
Fig. A 7.13. Measured hysteresis loops versus the 
tensile stress at 10 Hz measurement frequency 

(measured by the tensile screw system) 

Fig. A 7.14. Measured hysteresis loops versus the 
tensile stress at 10 Hz measurement frequency 

(measured by the modified Epstein frame) 
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Fig. A 7.15. Coercive field Hc values versus the 
tensile stress at 10 Hz measurement frequency 

Fig. A 7.16. Energy losses versus the tensile 
stress at 10 Hz measurement frequency 

             
Fig. A 7.17. Measured hysteresis loops versus the 
tensile stress at 20 Hz measurement frequency 

(measured by the tensile screw system) 

Fig. A 7.18. Measured hysteresis loops versus the 
tensile stress at 20 Hz measurement frequency 

(measured by the modified Epstein frame) 

             
Fig. A 7.19. Coercive field Hc values versus the 
tensile stress at 20 Hz measurement frequency 

Fig. A 7.20. Energy losses versus the tensile 
stress at 20 Hz measurement frequency 
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