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Introduction

Until recently, the plant and its controller usually formed a closed and compact sys-
tem: the controller was placed physically close to the plant and was wired to it, for the
information (measured data and control inputs) could flow seamlessly between them.
By now, this classical architecture has been fundamentally changed. In the last decade
the technological development brought several new solutions in the sensing, computing
and communication technologies: more precise, small-size sensors appeared, the com-
putational power of the low-cost, embedded computers significantly increased and the
wireless communication became the part of everyday life. With new sensors the control
systems became able to collect more precise information from the plant and the envi-
ronment. This information can then be efficiently processed on the embedded computer
and/or shared with other controlling or supervising platforms. By exploiting the ben-
efits of the wireless communication the controller can also be detached from the plant
and placed on a more suitable location, even far from the system to be controlled. (For
example, in the control of autonomous aerial vehicles, it is not necessary to install the
entire control system on the onboard computer, the most complex parts of the algorithm
(e.g. trajectory generation) can run on the ground station.)

The wireless communication makes also possible to organize the particular systems
into large, cooperative groups, which are suitable for solving complex problems beyond
the ability of the individual subsystems. One of the most promising application field of
this technology is the coordination of autonomous vehicle formations. The formations
can be built up even from unmanned aerial vehicles (UAVs), mobile robots, automati-
cally driven road vehicles or autonomous underwater vehicles (AUVs), the control tasks
are similar: guaranteeing the collision-free navigation of the formation among envi-
ronmental obstacles in order that the prescribed mission (e.g.) could be successfully
accomplished. Designing an appropriate, robust algorithm for solving this complex
control problem is a great challenge for control designers. First, the motion parameters
(position, velocity, etc.) of every vehicle have to be detected and shared with other
vehicles. Second, the future motion of the vehicles has to be designed by taking the
possible obstacles into consideration. Third, the obtained trajectories have to be pre-
cisely tracked even in the presence of modeling uncertainties and external disturbances
(e.g. wind gust in aerial navigation). In the end, the stability of the formation has to
be guaranteed for the reliable operation of the entire system to be ensured.

In the first chapter of the thesis a possible solution to this cooperative navigation
problem is proposed: a potential function based high-level controller is interconnected
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with a dynamic inversion based low-level one so that the stability of the formation could
be easily guaranteed by a passivity based external feedback. The method is tested via
simulations by solving a formation reconfiguration problem of road vehicles.

The next part of the thesis focuses on the difficulties of model predictive control
(MPC). The MPC is a well-known, classical control design method, which handles the
control problem in a more natural way than other approaches: an MPC controller
simulates at discrete time instants the dynamic model of the plant in order to find
the appropriate control input minimizing a prescribed cost function. The simulations
are launched by an on-line optimization algorithm searching for the optimal control
policy. The main advantage of this approach, which places the MPC in front of other
techniques, is the simple way it provides for constraint handling. (The constraints -
in this context - mean specific limits prescribed for the system states and/or control
inputs. For example, in the case of vehicle control the acceleration or the steering angle
can not take arbitrary large values.) Although constraints are always present in a real
control problem, only very few control methods are able to efficiently handle them.
Most algorithms can only be manually tuned for the violation of the given limits could
be avoided. In case of MPC the constraints can be easily integrated into the control
design by inserting them directly into the on-line optimization task.

Despite its benefits the MPC has not been too popular control method for years. The
execution of the optimization procedure required too much time on the earlier hardware
platforms, so the applicability of MPC was limited to slow process systems. By now, the
situation has been changed. Nowadays the embedded computers can already provide
the necessary computational power, therefore the number of potential MPC applica-
tions is continuously increasing. It is now possible to apply predictive controllers even
for extremely fast dynamics, e.g. in high-speed passenger cars. The promising future
in front of the MPC motivated us to turn our attention to this topic. In the thesis a
classical predictive algorithm is improved first in order to be more suitable for real-time
implementation. Then, this method is extended to a class of nonlinear systems. The
new algorithms are tested in time-critical applications.

In the last part of the thesis the development of constrained controllers is contin-
ued. If the system to be controlled is uncertain (i.e. the dynamic model used in control
design differs from the real plant) and disturbances (external perturbations influencing
the ’normal’ behavior) are present, robust controllers have to be designed, which remain
reliable even in the presence of these undesired effects. From the 80’s the H∞ control
is one of the most successful solutions to the robust control problems. H∞ controllers
can be found in several application fields, from process systems to aerospace applica-
tions. Beside its considerable advantages, the classical H∞ theory is unable to handle
state and input constraints: the H∞ controllers can only be manually tuned for the
prescribed constraints to be satisfied. Since there is an increasing need for constrained
robust controllers, the H∞ theory is extended in the end of the thesis to discrete-time,
constrained problems.

The dissertation is organized as follows. After the list of notations the most impor-
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tant notions and theorems are summarized. The three theses are discussed in chapters
2,3 and 4, respectively. Each chapter starts with an introduction presenting the most
recent results in the topic of the thesis. At the end of the chapters the contributions are
summarized and the most important conclusions are drawn. The possible directions of
the future research are also assigned there. The auxiliary materials are collected in the
appendix.

In the dissertation the own publications are separated from the other cited papers by
using different citation formats. The own publications are cited by indicating the initials
of the authors and the year, e.g. [PKB09b], while other works are simply ordered, e.g.
[32].
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CONTENTS

Notations

Chapter 1: Formation control based on dynamic inversion and passivity

x, y - position of the vehicle on the 2D plane
v, β, r, ψ - velocity, sideslip ange, yaw-rate and orientation of the vehicle
cf , cr - left and right cornering stiffness
lf , lr - distance of the center of mass from the front and rear axles
m,J - mass and inertia of the vehicle
δ, α - control inputs: steering angle, acceleration
qK , qK0 - position vector in coordinate frame K and K0

x1, x2, x3 - state variables of the vehicle in coordinate frame K
z1, z2, z3 - transformed state variables, used to construct the dynamic inverse

z1 = position, z2 = velocity, z3 = x3

Jxi
- Jacobian matrix ∂h

∂xi

uc - vector of control inputs [δ, α]
v, w - external control inputs
ζ1 - [z1

1 , . . . , z
N
1 ] where N is the number of vehicles in the formation

ζ2 - [z1
2 , . . . , z

N
2 ] where N is the number of vehicles in the formation

ε3 - [e13, . . . , e
N
3 ] vector of approximation errors ei3 = zi3 − zi3c

V (ζ1) - artificial potential function
V(ζ1, ζ2) - the total energy of the point-mass system
W(ε3) - quadratic Lyapunov function for the error dynamics
µ(x) - R → R+ scaling function used in the construction of the potential

function

Chapter 2: Robust model predictive control for uncertain LPV systems

nx, nu, ny - dimension of the system: number of states, inputs and outputs
Ω - set of possible system matrices [Ak, Bk]
co{·} - convex hull
∆k - block-diagonal uncertainty matrix
J∞
k - infinite horizon cost function, evaluated at time instant k
xk+i|k, uk+i|k - the predicted value of state and control input at time k + i.

(The prediction is based on the state measurement xk = xk|k)
V (xk) - quadratic, upper-bounding function for the cost J∞

k
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Fk - feedback gain computed at time k
F̃i - control gain of the modified algorithm, applied at time i
M - number of sampling time instants elapsed between two consecutive

control gain updates
Θ - the parameter space, i.e. ρk ∈ Θ ∀k
{Pi}Ki=1 - polytopic partition of Θ, i.e. Θ =

⋃K
i=1 Pi

pij - i ∈ {1 . . .K}, j ∈ {1 . . . ki} corner points of polytope Pi
Fkij - control gain computed at time k and applied if ρk−1 ∈ Pi

and ρk ∈ Pj
S - adjacency set S = {(i, j) | ρk−1 ∈ Pi, ρk ∈ Pj is possible for some k}
N,TPC - state variables of the primary circuit dynamics:
TPR, TSG neutron flux and temperatures at primary circuit, pressurizer and

steam generator, respectively)
mPR - mass flow rate

Chapter 3: Interpolation based constrained H∞ control for discrete-time
LPV systems

nx, nu, ny - dimension of the system: number of states, inputs and outputs
L - number of LTI systems in the polytopic representation
δ,∆ - scheduling variable ind its domain:

δ ∈ ∆, ∆ = {δ = [δ1, . . . , δL] | δi ∈ R+,
∑L

i=1 δ
i = 1}

S, Ŝ - maximal disturbance-invariant (d-invariant) set and its outer
approximation

AP , bP - hyperplane representation of polytope P , i.e. P = {x | APx ≤ bP }
(K, γ) - state feedback controller and the induced ℓ2 gain it produces
Σ - the extended system
x̂, ẑ, x̂i - the state and the output of the extended system and

the i-th partition of x̂
m - number of controllers used in the interpolation
Πx -

[
Inx×nx . . . Inx×nx

]
∈ Rnx×mnx

Πu -
[
Inu×nu . . . Inu×nu

]
∈ Rnu×mnu
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Chapter 1

Basic notions

1.1 System classes and the problems of control

The closed loop structure used generally in control theory is depicted in Figure 1.1. P
denotes the (nominal) plant to be controlled, K is the controller and ∆ is the family of
possible uncertainty models.

Depending on the complexity and structure of P different system classes exist. The
most common model structures are collected in the following list (the dynamics are
given in discrete-time, but their continuous counterparts can also be similarly defined):

1. Linear Time Invariant (LTI): xk+1 = Axk +Buk; yk = Cxk +Duk

2. Linear Time Variant (LTV): xk+1 = Akxk +Bkuk; yk = Ckxk +Dkuk

3. Linear Parameter Varying (LPV): xk+1 = A(ρk)xk + B(ρk)uk; yk = C(ρk)xk +
D(ρk)uk, where ρk = [ρ1k, . . . , ρpk] ∈ Rp is a time varying parameter. If the
system matrices are affine functions of the parameters, i.e. A(ρk) = A0 +ρ1kA1 +
. . . , ρpkAp, etc. and the bounds ρ

i
≤ ρik ≤ ρi are known and finite, the LPV

system can be equivalently rewritten in polytopic form [73]: xk+1 = Akxk +
Bkuk; yk = Ckxk +Dkuk, where [Ak, Bk] ∈ co{[A1, B1], . . . , [A2p , B2p ]}.

4. Piecewise Affine (PWA): The domain X of the states are partitioned into dis-
junct sets X1, . . . , Xn, over which different linear affine systems are defined: xk ∈
Xi ⇒ xk+1 = Aixk +Biuk + fi.

5. Nonlinear Model: xk+1 = f(xk) + g(xk)uk, yk = h(xk) (input affine) or xk+1 =
f(xk, uk), yk = h(xk, uk) (general form).

The uncertainty ∆ is a family of (unknown) dynamical systems belonging to any of
the system classes above. In general the uncertainty is represented by an LTV, LPV or
a general nonlinear model, or characterized simply as a set of LTI systems.

This thesis focuses mainly on LPV systems, since the linear structure with time
varying parameters is able to model nonlinear dynamics (exact or approximate) while
preserving many useful properties of linear systems. This is a reason why LPV modelling
is favored and widely used in control design: ([89], [40], [48], [69]).
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CHAPTER 1. BASIC NOTIONS

In the possession of the nominal plant and the uncertainty the controller K can
be designed to solve the prescribed control problem. The control tasks are various in
general, but most of them can be casted to the following common problems: the robust
stabilization of the plant (the stabilization of P for all possible uncertainty models),
the attenuation of the effect of some external disturbance d on a predefined output y
(see Figure 1.1) and the tracking of the reference signal r by forcing the tracking error
e = r − y1 to tend to zero.

One possible method to solve these problems is based on rewriting them as a set
of performance criterions defined between the generalized disturbance inputs w and
performance outputs z ([90]). The performance is defined as an induced norm, the ratio
between the norm of w and z, i.e.

γ =
‖z‖p
‖w‖q

(1.1)

where p, q are arbitrary norms in continuous or discrete time, e.g.:

‖z(t)‖1 =

∫ ∞

a

|z(t)| ‖z(k)‖1 =
∞∑

k=a

|z(k)|

‖z(t)‖2 =

√
∫ ∞

a

z(t)T z(t) dt ‖z(k)‖2 =

√
√
√
√

∞∑

k=a

z(k)T z(k)

‖z(t)‖∞ = ess sup
t

|z(t)| ‖z(k)‖∞ = sup
k

|z(k)| (1.2)

(provided that the norms above are finite). Typically a = 0 or a = ∞ depending on
the domain over which the norms are defined. The controller K is then designed to
minimize γ1. It is easy to see, this can solve, at least, the disturbance attenuation and
reference tracking problems, since K attenuates the effect of the inputs d and r on the
outputs y and e. For robust stabilization the small gain theorem (see e.g. in [90],[85] or
in the next section) can be applied. By means of this theorem if p = q = 2 and for the
uncertaint system ‖y∆‖2

‖u∆‖2
≤ 1

γ∗
also holds with some γ∗ > 0 then the closed loop system

is robustly stable if γ < γ∗.
If p = q = 2 and P is LTI, then the induced L2 norm γ is equal to the H∞ operator

norm of Hwz(jω), the frequency domain transfer function between w and z. By defini-
tion the H∞ norm is computed as follows:

‖Hwz(jω)‖∞ = ess sup
ω∈R

σ̄|Hwz(jω)| (1.3)

The controller minimizing the induced L2 (or ℓ2 norm in discrete-time) is called H∞ control-
ler. This name is often used in the literature even if the system differs from linear time
invariant.

1This is, of course, an oversimplification of the controller design and highlights only its most impor-
tant features. There exist several books discussing the controller synthesis in details: e.g. [90], [85],
[32], [26]
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1.2. DYNAMIC INVERSION

Figure 1.1: The general closed-loop structure with nominal plant P , controller K and
uncertainty ∆

1.2 Dynamic inversion

The dynamic inverse of a nonlinear, input affine system

ẋ = f(x) + g(x)u

y = h(x) (1.4)

is a dynamical system transforming in a feedback loop the dynamics above into a chain of
integrators. To construct the dynamic inverse the notion of relative degree has to be in-
troduced. For simplicity, restrict ourselves to single-input, single-output case. The rela-
tive degree tells how many times the output has to be derived for the control input to ap-
pear on the right side of the equation. If the relative degree of (1.4) is r (r > 0), then one
can apply the nonlinear transformation T (x) = [y = h(x), Lfh(x), . . . , L

r
fh(x), r(x)]

T

to the plant. (The function r(x) is arbitrary, it is chosen to satisfy the necessary rank
conditions [32]). The transformed dynamics can be given as follows:

ξ̇i = ξi+1 i = 1 . . . r − 1 (1.5)

ξ̇r = b(ξ, η) + a(ξ, η)u (1.6)

η̇ = p(ξ, η) + q(ξ, η)u (1.7)

11



CHAPTER 1. BASIC NOTIONS

If η̇ = p(ξ, η) is stable then the dynamic inverse can be constructed as follows:

u =
−b(ξ, η̂) + w

a(ξ, η̂)

˙̂η = p(ξ, η̂) + q(ξ, η̂)
−b(ξ, η̂) + w

a(ξ, η̂)

If the convergence of η̂ to η can also be guaranteed the inverse can be applied to
construct the requested controller for (1.4). Further details on dynamic inversion and
its applications can be found e.g. in [76], [23], [78], [79].

1.3 Dissipative systems

Based on [85] the elementary properties of dissipative systems are summarized in this
section, which are essential to discuss the formation control problem in the next chapter.

We consider the systems of the form

ẋ = f(x, u)
y = h(x, u)

x ∈ X ⊂ Rn, u ∈ U ⊂ Rm

y ∈ Y ⊂ Rp (Σ)

Definition 1.1 (dissipative systems) The state space system Σ is dissipative with
respect to a given supply rate s : U × Y → R if there exists a function S : X → R+,
called storage function, such that the following so called dissipation inequality holds for
all x0 ∈ X, all t1 ≥ t0 and all input functions u

S(x(t1)) ≤ S(x(t0)) +

∫ t1

t0

s(u(t), y(t))dt (1.8)

or equivalently if S(x) ∈ C1 (continuously differentiable)

Ṡ(x) = Sx(x)f(x, u) ≤ s(u, h(x, u)) (1.9)

Definition 1.2 (passivity,strict passivity, L2 gain,...) The state space system Σ
with U = Y = Rm

a) is passive if it is dissipative with respect to the supply rate s(u, y) = yTu.

b) is strictly input passive if there exists δ > 0 s.t. Σ is dissipative with respect to
s(u, y) = yTu− δ‖u‖2.

c) is strictly output passive if there exists ǫ > 0 s.t. Σ is dissipative with respect to
s(u, y) = yTu− ǫ‖y‖2.

d) has L2 gain ≤ γ if it is dissipative with respect to s(u, y) = γ2‖u‖2 − ‖y‖2. (This
definition is also valid for systems with Y = Rp 6= U). The L2 gain of Σ is γ(Σ) =
inf{γ | Σ has L2 gain ≤ γ}.
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1.4. LINEAR MATRIX INEQUALITIES

Lemma 1.1 [85] If Σ is strictly output passive, then it has finite L2 gain.

Proof. Since Σ is strictly output passive, there exists ε > 0 and S ≥ s.t. Ṡ ≤ uT y−ε‖y‖2

(where we have assumed, for simplicity, that S is differentiable). Therefore

εyT y ≤ uT y − Ṡ ≤ uT y +
1

2
(

1√
ε
u−

√
εy)T (

1√
ε
u−

√
εy) − Ṡ =

1

2ε
uTu+

ε

2
yT y − Ṡ

(1.10)

thus

2Ṡ

ε
≤ 1

ε2
uTu− yT y (1.11)

i.e. the system has finite L2 gain γ = 1
ε
.

The following theorem gives an useful interpretation for small-gain theorem:

Theorem 1.1 [85]Let Σ1 and Σ2 be two nonlinear systems in the form of Σ. Sup-
pose they have finite L2 gain, γ1 and γ2 respectively, and let S1 and S2 be the storage
functions:

Ṡ1 ≤ γ2
1u

T
1 u1 − yT1 y1 and Ṡ2 ≤ γ2

2u
T
2 u2 − yT2 y2 (1.12)

Assume both Σ1 and Σ2 are zero state detectable, i.e. yi ≡ 0 implies limt→∞ xi(t) → 0,
i = 1, 2. If in this case, γ1 · γ2 < 1 also holds then the feedback interconnection of Σ1

and Σ2 defined by the rules u1 = −y2, u2 = y1 is globally asymptotically stable.

Proof. For proof see [85]

1.4 Linear Matrix Inequalities

The Linear Matrix Inequalities (LMI) are powerful tools to formalize the most numerical
problems in system analysis and control design. Moreover, the LMI-s are numerically
tractable, since they can be solved by convex optimization, for which, efficient algo-
rithms exists. This latter makes them unique tools on numerous fields of system and
control theory. The following small tutorial on LMI-s is based mainly on [73] and [9].

Definition 1.3 (LMI) The linear matrix inequality is an expression of the form

F (x) := F0 + x1F1 + . . .+ xmFm > 0 (1.13)

where F0, . . . , Fm are real symmetric matrices Fi = F Ti ∈ Rn×n, i = 1, ...,m.

The most important property of linear matrix inequalities is the fact that (1.13) defines
a convex constraint on x, i.e. the set {x|F (x) > 0} is convex.

Sometimes we have nonlinear matrix inequalities, which in some cases can be rewrit-
ten to a set of LMI-s by applying Schur complements:
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Lemma 1.2 Let an affine mapping F (x) be partitioned as

F (x) =

[
Q(x) S(x)
S(x)T R(x)

]

(1.14)

then the LMI F (x) > 0 is equivalent to

R(x) > 0, Q(x) − S(x)R(x)−1S(x)T > 0

or Q(x) > 0, R(x) − S(x)TQ(x)−1S(x) > 0 (1.15)

One can often encounter a problem that some quadratic form has to be negative
whenever some other quadratic forms are all negative. This constraint can be formalized
by LMI-s as well:

Theorem 1.2 (S-procedure) Let T0, . . . , Tp ∈ Rn×n be symmetric matrices. Con-
sider the following condition:

xTT0x > 0 for all x 6= 0 s.t. xTTix ≥ 0, i = 1, . . . , p (1.16)

If there exists τ1 ≥ 0, . . . , τp ≥ 0 s.t. T0 −
∑p

i=1 τ1Ti > 0 then (1.16) holds.

1.5 Model Predictive Control

The model predictive control (MPC) is an optimization based control method, where
assuming discrete-time case, a sequence of possible control moves are designed in each
time instant so that they minimize a predefined cost function. The cost depends on the
future states of the system, which are predicted by using an appropriate dynamic model
of the plant. After having determined the optimal input sequence, its first element is
applied to the plant. In the next time instant the procedure is repeated.

To formulate the steps of the MPC design let the discrete-time system to be con-
trolled be given in the following general form:

xk+1 = F (xk, uk) (1.17)

(If one wants to omit the time dependence one may write x+ = F (x, u), where ()+
denotes "the value in the next time instant".) Assuming that the state xk is known,
the following optimization problem is solved at each time instant k:

arg min
U,K

J(Xk, Uk) (1.18a)

subject to

xk+i+1|k = F (xk+i|k, ui) (1.18b)

H(Xk, U) ≤ 0 (1.18c)

xk|k = xk (1.18d)

14
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where Uk = u0, u1, ..., uN−1, Xk = xk|k, xk+1|k, ..., xk+M−1|k, J is an arbitrary cost
function, xk+i|k is the predicted state at time k + i computed from the kth state mea-
surement andN andM denote the control and prediction horizons, respectively. The in-
equality (1.18c) represents the state and input constraints H(Xk, U) = [h(xk|k, u0), . . . ,
h(xk+N−1|k, uN−1)] that have to be satisfied during control. After having determined
the optimal value U∗

k , its first element u∗
k|k is applied to the plant, i.e. uk = u∗

k|k.
The model predictive controller is expected to provide stability and feasibility. The

latter means that the non-emptiness of the set {U | H(Xℓ, U) ≤ 0} has to be ensured
for all ℓ > k. Both the feasibility and the stability can be guaranteed by extending the
control policy to infinite horizon:

uk+N+i = K(xk+N+i), ∀i > 0 (1.19)

where K(x) is a state feedback controller, which is updated on-line (see the optimization
(1.18)) or fixed a priori. If the closed loop system x+ = F (x,K(x)) has a nonempty in-
variant set E = {x|F (x,K(x)) ∈ E} satisfying the constraints (x ∈ E ⇒ h(x,K(x)) ≤ 0)
and the control sequence a Uk is designed so that uk+N−1 ∈ E , the feasibility immedi-
ately follows. For stability it is enough to find a positive definite function V (x), which
decreases as time tends to infinity. An appropriate function of this property can be
constructed from the optimal cost function J∗(xk) = J(xk, U

∗
k ). For the more detailed

theoretical background see e.g. [67], [50], [45] or [41].
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Chapter 2

Formation control based on

dynamic inversion and passivity

2.1 Introduction

In the last years the increased computational capabilities of computer systems and
the rapid development of the communication and sensor technologies have increased
the interest in highly automated unmanned vehicles, which are able to cooperate with
other vehicles and are able to perform, in the presence of uncertainties, disturbances
and faults, complex tasks beyond the ability of the individual vehicles. This general
concept has been realized in multiple applications [20]:

Unmanned Aerial Vehicles (UAV-s) are being developed for both commercial and
military use. Beside the elementary maneuvers such as takeoff, free flight and landing
the automated airplanes have to perform various cooperative tasks. For example, they
have to keep tight formation in order to reduce the aerodynamic drag or they have to
navigate among unforeseen threats in a battlefield environment [27], [8].

In order to facilitate the oceanographic sampling or minesweeping Autonomous Un-
derwater Vehicles (AUV-s) are constructed. The coordination of these vehicles is highly
demanding due to the limited communication possibilities and the numerous design
constraints such as power limitation and uncertainties, disturbances in the sea environ-
ment.

The application of inter-vehicle communication and cooperation may provide solu-
tion also to the problems of everyday traffic. On the automated highway systems (AHS)
the vehicles are fully automated and are controlled by the hierarchical control system
distributed among the onboard computers of the vehicles and the external control units
installed on the highway. Since all vehicle maneuvers are controlled the travel can be
optimally managed, whereby the throughput of the highway, the safety and the effi-
ciency of the traffic can be highly increased ([86],[31], [1]).

Although the application fields listed above are very different, in the control design
several common points can be found. The control of autonomous vehicle groups is gen-
erally hierarchical, where the components on the lower levels are local, in the sense that
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they depend on the particular - and generally nonlinear - vehicle dynamics. (As an
example see e.g. REF [3]). These local controllers modify the original vehicle dynamics
so that the dynamic behavior of the closed loop can be modelled by a more simpler - e.g.
linear - system. This simple model, which can even be the same for different vehicles,
is then used in the design of the higher-level control components, where the prescribed
cooperative tasks are taken into consideration. Due to this decoupling the complex,
task-dependent control problems have to be solved for simplified vehicle models only,
and the controllers obtained will be independent from the real vehicle dynamics. For
the design of the high-level cooperative control several methods exist, depending on
the prescribed task, the number of vehicles and the design constraints to be satisfied.
From these methods two approaches have proven to be generally applicable: the model
predictive control ([35],[70],[75],[74]) and the methods based on artificial potential func-
tions ([56], [55],[52],[82]). Both have advantages and disadvantages too.

The methods based on artificial potential functions construct a special potential en-
ergy function, which takes its minimum if the the cooperative problem is solved. Starting
from an arbitrary initial state the controller then tries to steer the system along the gra-
dient of the potential function until the energy reaches its minimum. Since the gradient
of the potential function is available analytically the computation time of the control
input is insignificant, consequently the method can be applied in real-time. Moreover
the gradient can be computed parallel on every vehicle (in the possession of the state
variables of other vehicles), thus the method provides decentralized control scheme.
Beside these obvious advantages the artificial potential functions have significant disad-
vantages too. Apart from some very simple cases it is generally impossible to construct
appropriate potential function, which has minimum only at the desired configuration
[71],[37]. Due to local minima the method may get stacked before reaching the goal. In
a real application there are constraints defined on the states and control inputs, which
may not be violated during control. In a potential function based control it is generally
hard to take these constraints into consideration [35].
Nevertheless, the artificial potential functions are applicable well to such problems,
where the number of vehicles is extremely large and the dynamic model of each vehicle
is simple: flocking motion of interacting dynamic agents ([52],[53],[57],[80],[81]) or co-
ordination of mobile sensor networks ([54],[51]).

The second general approach in cooperative control design is the model predictive
control presented in the preliminary. In this framework the future trajectories of the
vehicles are simulated and optimized at each discrete time step over a finite horizon.
Since the constraints can be easily taken into the optimization procedure the MPC is
able to generate feasible control inputs and state trajectories. However the computa-
tion time can be impracticably large, which may make the applicability of the method
doubtful. Since the future trajectory of an individual vehicle depends on the future tra-
jectories of the other vehicles, the decentralization of the computations is not as trivial
as in the case of artificial potential functions. In general the MPC is worth using if the
cooperative task is complex and there are hard constraints prescribed.
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In this chapter we concentrate on the methods based on artificial potential func-
tions. Instead of proposing methods for the construction of potential functions we deal
with the stability properties of the controlled system. As it has already been mentioned
the cooperative control is only the high-level of the hierarchical control structure, that
is additionally completed with the low-level controller. It is also clear that the stability
and the dynamic properties of the entire hierarchically controlled formation is a key
issue in the controller design. Despite of this, the cooperative control literature con-
centrates mainly on the construction of a potential function and does not analyze the
dynamic properties of the coupled system. Therefore in this thesis we propose a hierar-
chical formation stabilization method comprising an arbitrary potential function based
high-level controller and a dynamic inversion based low-level controller, which can be
completed with a passivity based external feedback so that an appropriate Lyapunov
function can be constructed to prove the stability of the entire formation.

Although the control concept is generally applicable, the design procedure will be
illustrated on the single-track vehicle dynamics, in order to facilitate the presentation
and the understanding of all details of the proposed method.

The chapter is organized as follows. In subsections 2.2.1-2.2.2 the vehicle model is
presented and the necessary coordinate transformations are derived. In subsection 2.2.3
the dynamic inverse of the vehicle is constructed and the stability of the zero dynamics
is proved. Based upon the results of section 2.2 we build up in section 2.3 the hierar-
chical control structure and design the external stabilizing feedback. In section 2.4 the
robustness of the control structure is analyzed. Section 2.5 presents an example for the
control design and in section 2.6 the most important conclusions are drawn.

The novel contributions of the chapter are as follows. The proof of the stability of
the zero dynamics in subsection 2.2.3, the hierarchical control framework with external
stabilizing feedback in section 2.3 and the robustness analysis of the controlled system
in section 2.4.
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2.2 Vehicle models for cooperative control

This section presents the dynamic model of the vehicle and derives the elementary co-
ordinate transformations that are necessary to formalize the formation control problem.

2.2.1 Simplified single-track model of road vehicles [36, 68]

The simplified single-track model of a four-wheeled vehicle can be given in the following
form [36],[68]:

ẋ = v cos(β + ψ) = v cosφ (2.1a)

ẏ = v sin(β + ψ) = v sinφ (2.1b)

φ̇ = β̇ + ψ̇ =
a11

v
β +

a12

v2
r +

b1
v
δ (2.1c)

β̇ =
a11

v
β + (

a12

v2
− 1)r +

b1
v
δ (2.1d)

ṙ = a21β +
a22

v
r + b2δ (2.1e)

v̇ = α (2.1f)

where (x, y) denotes the position of the vehicle on the 2D plane in a fixed coordinate
frame K0 and v, β, r, ψ are the velocity, slideslip angle, yaw-rate and orientation respec-
tively (see Figure 2.1). The control inputs are the steering angle (δ) and acceleration
(α). As outputs the position coordinates x and y were chosen, both are are supposed
to be measured by appropriate inertial and/or GPS sensors. The remaining parameters
of the model are constant and can be calculated as follows.

a11 = −cf + cr
m

a12 =
crlr − cf lf

m

a21 =
crlr − cf lf

J
a22 = −

crl
2
r + cf l

2
f

J

b1 =
cf
m

b2 =
cf lf
J

(2.2)

where m is the mass of the vehicle, cr, cf are the rear and front cornering stiffness, J
is the inertia, lr, lf are the distances of the center of mass from the rear and front axle.
This single-track dynamics describes well the vehicle motion in case of normal operation
i.e. when the lateral acceleration is smaller than 4 m

s2
.

2.2.2 Coordinate transformations [19, 77]

In general the vehicle formations are formed and stabilized during motion, while the
vehicle group is tracking a prescribed trajectory. The formation control problem can
be formalized more conveniently if the dynamics of the vehicles are expressed relative
to this common trajectory, namely if they are rewritten in a moving coordinate frame
attached to the trajectory curve [19], [77]. For this, let first the following notations for
the vectors of position and velocity be introduced (see Figure 2.1):

qK0 =

[
x
y

]

and q̇K0 =

[
ẋ
ẏ

]

=

[
v cosφ
v sinφ

]

(2.3)
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Figure 2.1: Vehicle model and its parameters

where the index of q indicates that the vector is defined in the fixed coordinate frame
K0. Let P be an arbitrary point moving along the 2D curve of the trajectory. The
motion of P is assumed to be parameterized by a continuous function s(t) : R → R
defined as follows:

ṗ =

[
ẋP (t)
ẏP (t)

]

=

[
ṡ cosϕ(s)
ṡ sinϕ(s)

]

(2.4)

where the vector p points to P as it can be seen in Figure 2.1. Let K be a moving
coordinate system fixed to the point P and let it be defined so that one of its axis is
tangent to the trajectory curve. We intend to express the position qK , velocity q̇K and
the related dynamic equations of the vehicle in the moving frame K. If R denotes the
linear transformation from K to K0, i.e.

R =

[
cosϕ(s) − sinϕ(s)
sinϕ(s) cosϕ(s)

]

(2.5)

then by applying the rules of derivations in moving coordinate frame (Appendix A.,
[42]) the following equations can be obtained [77]:

qK = R−1qK0 −R−1p

q̇K = R−1q̇K0 −R−1ṗ−R−1ṘqK (2.6)

Introducing qK =

[
s1
y1

]

and substituting (2.4) and (2.5) into (2.6) it can be obtained

that

q̇K =

[
ṡ1
ẏ1

]

=

[
v cos(φ− ϕ) − ṡ(1 − dϕ

ds
y1)

v sin(φ− ϕ) − dϕ
ds
ṡs1

]

(2.7)
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Substituting θ = φ−ϕ, c(s) = ∂ϕ(s)
∂s

and completing the equations above with the single
track vehicle dynamics (2.8) we get the equations of motion in K as follows:

ṡ1 = v cos θ − ṡ(1 − c(s)y1) (2.8a)

ẏ1 = v sin θ − c(s)ṡs1 (2.8b)

θ̇ = φ̇− ϕ̇ =
a11

v
β +

a12

v2
r − c(s)ṡ+

b1
v
δ (2.8c)

v̇ = α (2.8d)

β̇ =
a11

v
β + (

a12

v2
− 1)r +

b1
v
δ (2.8e)

ṙ = a21β +
a22

v
r + b2δ (2.8f)

By introducing new input and state variables and

x1 =

[
s1
y1

]

x2 =

[
θ
v

]

x3 =

[
β
r

]

u =

[
δ
α

]

(2.9)

the dynamics above can be rewritten in the following more compact form:

ẋ1 = h(x1, x2, t)

ẋ2 = A2(ρ)x3 +B2(ρ)u+ f(t)

ẋ3 = A3(ρ)x3 +B3(ρ)u (2.10)

where ρ is the vector comprising the time varying parameters of the matrices above, i.e.
ρ =

[
1/v 1/v2

]
.

2.2.3 Dynamic inverse of the vehicle model

The linearizing controller discussed in the next section is based on the dynamic inverse
of system (2.10), which is going to be derived here. (The detailed discussion of inversion
can be found e.g. in [76], [78], [32], [23]). For this, let the following state transformation
be introduced:

Φ :





x1 = y
x2

x3



 7→





z1 = x1 = y
z2 = ẋ1 = h(x1, x2)
z3 = x3



 (2.11)

In the new coordinates the system dynamics reads as

y = z1 (2.12a)

ż1 = z2 (2.12b)

ż2 =
∂h

∂x1
ẋ1 +

∂h

∂x2
ẋ2 +

dh

dt
=

= Jx1z2 + Jx2A2z3 + Jx2f(t) + Jt + Jx2B2u (2.12c)

ż3 = A3z3 +B3u (2.12d)
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where

Jx2 =
∂h

∂x2
=

[
−v sin θ cos θ
v cos θ sin θ

]

(2.13)

and Jx1 = ∂h
∂x1

and Jt = dh
dt

. The dynamic inverse of (2.12) can be obtained by inverting
equation (2.12c) and substituting the resulted control input into (2.12d). Performing
these calculations we get the inverse as follows:

u = B−1
2 J−1

x2
(−Jx1z2 − Jx2A2z3 − Jx2f(t) − Jt)

ż3 = A3z3 +B3u =

= A3z3 −B3B
−1
2 J−1

x2
Jx1z2 −B3B

−1
2 A2z3 −B3B

−1
2 f(t) −B3B

−1
2 J−1

x2
Jt

= (A3 −B3B
−1
2 A2)z3 + u∗ (2.14)

For the applicability of the inverse system the stability of its internal dynamics

ż3 = (A3 −B3B
−1
2 A2)z3 (2.15)

is essential. To construct an appropriate Lyapunov function for (2.15) we examine the
elements of the matrix A3 −B3B

−1
2 A2:

A3 −B3B
−1
2 A2 =

[
0 −1

a21 − b2a11
b1

1
v

(

a22 − b2a12
b1

)

]

=

[
0 −1
A B/v

]

(2.16)

Since cr, J, v > 0, then

A = a21 −
b2a11

b1
=
cr
J

(lr + lf ) > 0

B

v
=

1

v

(

a22 −
b2a12

b1

)

= −crlr
Jv

(lr + lf ) < 0

(2.17)

always hold, thus the quadratic function

Vzd(β, r) =
1

2

(
Aβ2 + r2

)
(2.18)

is positive definite and its time-derivative is negative semidefinite over all trajectories
of (2.15):

Vzd(β, r) ≥ 0

Vzd(β, r) = 0 ⇒ (β, r) = (0, 0)

V̇zd(β, r) =
B

v
r2 < 0 (2.19)

Therefore, by LaSalle’s theorem (e.g. [85]), the trajectories of dynamics (2.15) converge
to the maximal invariant subset of Ω = {(β, r) | V̇zd = 0}. By examining the dynamics
we can observe that the maximal invariant subset of Ω contains only the origin, i.e.
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the state (β, r) = (0, 0). Therefore the zero dynamics is asymptotically stable and the
stability is independent from the parameters and the velocity [PSBH04].

Of course, Vzd is not a unique Lyapunov function. In particular cases other quadratic
Lyapunov functions can also be found. For this, consider the dynamics (2.15) as a
linear parameter varying (LPV) system with parameter 1/v. Then, exploiting that v
is generally bounded i.e. v ∈ [vmin, vmax] we can search for a constant positive definite
matrix P such that the quadratic function [β, r]P [β, r]T will be a Lyapunov function
on the entire parameter range [1/vmax, 1/vmin]. It is well-known [73] that this problem
is equivalent to a feasibility problem of a linear matrix inequality (LMI), which is easy
to handle numerically.

Remark. 2.1 Note that the internal dynamics (2.15) would be the zero dynamics of the
system (the forced dynamics in case of zero outputs) if the zero dynamics existed. But,
in our case s ≡ 0 involves v = 0, which results in ρ = ∞.

2.3 Hierarchical passivity based control

As we have mentioned, our aim is to perform complex cooperative tasks (formation
stabilization, trajectory tracking, etc.) with vehicles having nonlinear dynamics (2.10).
To simplify this problem a hierarchical control framework is proposed in this section.
The control structure will consist of two levels: the dynamic inversion based low-level
controller linearizes – at least partially – the nonlinear vehicle dynamics. After the
linearization the vehicle can be considered as a simple double integrator, for which
the high-level formation controller can be easily designed. In order to have a Lyapunov
function proving the stability of the entire closed-loop system a passivity based external
feedback will also be constructed. The structure of the hierarchical controller can be
found in Figure 2.2. Although the control concept is general, the design procedure will
be illustrated on the single-track vehicle dynamics, in order to facilitate the presentation
and the understanding of all details of the proposed method.

2.3.1 Dynamic inversion based low-level controller design

The low-level part of the hierarchical control framework is based on the dynamic inverse
constructed in section 2.2.3. Assuming that z1 and z2 are available for measurement
the following dynamical controller can be derived from (2.14):

uc = B−1
2 J−1

x2
(−Jx1z2 − Jx2A2z3c − Jx2f(t) − Jt + v)

ż3c = A3z3c +B3u− w =

= A3z3c −B3B
−1
2 J−1

x2
Jx1z2 −B3B

−1
2 A2z3c −B3B

−1
2 f(t)

−B3B
−1
2 J−1

x2
Jt +B3B

−1
2 Jx2v − w

= (A3 −B3B
−1
2 A2)z3c + u∗c − w (2.20)

where v and w are additional control inputs defined later and z3c is the inner state of the
controller used to estimate the unmeasured state z3. The controller above transforms
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Figure 2.2: The passivity based, hierarchical control structure.

the original vehicle dynamics into the following partially linear closed-loop system:

ż1 = z2

ż2 = v + Jx2A2(z3 − z3c)

ż3 − ż3c = A3(z3 − z3c) + w (2.21)

which, apart from the dynamics of the approximation error e3 = z3 − z3c, is equivalent
to a double-integrator. The nonlinearity is caused by the parameter-dependence of
matrices A2, A3 and state dependence of Jx2 . The controller (2.20) is applicable only if
the following conditions are satisfied:

1. The internal dynamics ż3c = (A3 −B3B
−1
2 A2)z3c is stable.

2. u∗c is bounded.

3. z3(t) − z3c(t) tends to zero as t tends to infinity.

The first two conditions are necessary for uc to be bounded, the third guarantees perfect
state estimation. We have already proved in subsection 2.2.3 that condition 1. always
holds irrespective of the vehicle parameters. Since u∗c depends only on z1 and z2 it
is always bounded if condition 3 holds and the linear subsystem ż1 = z2, ż2 = v is
stabilized by an appropriate feedback v = vc(z1, z2). For the satisfaction of condition
3. the following assumption is made:

Assumption 2.1 The system ė3 = Ā3e3 with Ā3 = A3 or Ā3 = A3 +K, K =

[
0 k1

0 k2

]

is quadratically stable and W (e3, ρ) = eT3W (ρ)e3 is an appropriate Lyapunov function.
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The matrix K in the assumption is a stabilizing feedback comprised in the additional
control input w. Its special structure is motivated by the fact that from the two state
variables in z3 the yaw-rate can be well measured, so its estimation error can be fed
back to stabilize the error dynamics ([PB04]). It is clear that if Assumption 2.1 holds
then so does condition 3.

2.3.2 High-level formation control design

The goal of the high-level controller is to solve the formation control problem, i.e. to
steer the group of vehicles into a prescribed spatial formation, while the entire group
follows a predefined trajectory. This problem class comprises several special cooperative
control problems, e.g. geometric formation shaping, obstacle avoidance or coordinated
collective motion of high number of vehicles called ’flocking’ ([57],[52],[80],[81]). Since
the low-level controller has already linearized the dynamics, the high-level controller
can be implemented as if the vehicles had double integrator dynamics. Depending on
what the vehicles have to do various controllers can be designed at this level. We now
concentrate on the problems, which can be solved by using artificial potential functions.
In these cases the vehicles are considered as simple point masses and an artificial poten-
tial field is constructed, which has minimum at the desired configuration. The potential
function determining this potential field is then used to compute the total energy of the
point mass system. The energy function serves then as a control Lyapunov function
from which the formation stabilizing controller can be derived.

To formalize the concept above let us assume that there is a formation control
problem prescribed for a group of N vehicles. Suppose that this problem can be solved
by using artificial potential function, i.e. there exists an artificial potential function
V (ζ1), ζ1 = [z1

1 , z
2
1 , . . . , z

N
1 ] so that V (ζ1) has global minimum at the prescribed spatial

formation. Consider now, the total energy of the point-mass system:

V(ζ1, ζ2) = V (ζ1) +
1

2
‖ζ2‖2 (2.22)

where ζ2 = [z1
2 , z

2
2 , . . . , z

N
2 ] Let the control input vc be chosen as follows

vc(ζ1, ζ2) = −∂V (ζ1)

∂ζ1
− kζ2 k > 0 (2.23)

i.e.

vic = −∂V (z1
1 , z

2
1 , . . . , z

N
1 )

∂zi1
− kzi2 (2.24)

It can be easily checked that this feedback stabilizes the formation by rendering the
time derivative of V(ζ1, ζ2) negative:

V̇(ζ1, ζ2) =
∂V

∂ζ1
ζ2 − ζT2

∂V

∂ζ1
− kζT2 ζ2 = −k‖ζ2‖2 ≤ 0 (2.25)

In order to calculate (2.24) every vehicle has to know the position and velocity of the
others. This information has to be shared via appropriate communication channels.
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2.3.3 Passivity based external feedback design

Now, being in possession of the high-level and the low-level controllers we can build up
the hierarchical control structure. For this, let us substitute vc(ζ1, ζ2) into (2.21) to get
the coupled vehicle dynamics:

ζ̇1 = ζ2

ζ̇2 = vc(ζ1, ζ2) + A2ε3

ε̇3 = A3ε3 + ω (2.26)

where A2 = diag(J1
x1
2
A1

2, . . . , J
N
xN
2
AN2 ), A3 = diag(Ā1

3, . . . , Ā
N
3 ), ε3 = [e13, . . . , e

N
3 ] and

ω = [w1, . . . , wN ]. Notice that the equations (2.26) realizes a partial interconnection of
the following two subsystems

1. ε̇3 = A3ε3 + w 2. ζ̇1 = ζ2
ζ̇2 = vc(ζ1, ζ2)

Our aim is to choose the external control input w in such a way that a Lyapunov
function can be constructed for the entire controlled system. We solve this problem by
using passivity-based technique in the following way [PB05], [Pén08a]: first new inputs
and outputs are chosen for the subsystems with respect to which they will be passive.
Then the control input w is set so that the dynamics (2.26) realizes a negative feedback
interconnection of the subsystems, which consequently will be asymptotically stable
[85].

Since Subsystem 2 is asymptotically stable with Lyapunov function V(ζ1, ζ2), then
by calculating the time derivative of V we get hints for the choice of input u2 and output
y2:

dV
dt

=
∂V(ζ1, ζ2)

∂ζ1
ζ2 +

∂V(ζ1, ζ2)

∂ζ2
vc

︸ ︷︷ ︸

<0

+
∂V(ζ1, ζ2)

∂ζ2
A2

︸ ︷︷ ︸

yT
2

ε3
︸︷︷︸

u2

= −k‖ζ2‖2 + yT2 u2 ≤ yT2 u2

(2.27)

i.e. the subsystem 2 is passive with storage function V. A similar input/output selection
procedure can be carried out for the subsystem 1 by introducing the Lyapunov function
W(ε3) = 1

2ε
T
3 Wε3, W = diag(W 1, . . . ,WN ):

dW(ε3)

dt
= εT3 WA3ε3

︸ ︷︷ ︸

<0

+ εT3
︸︷︷︸

yT
1

Wω
︸︷︷︸

u1

≤ −λ∗‖ε3‖2 + yT1 u1 ≤ yT1 u1

where λ∗ =
1

2
min
ρ
λ(−WA3(ρ) −A3(ρ)

TW) > 0 (2.28)

and λ(·) denotes the smallest eigenvalue of its matrix argument. So, the subsystem 1
is also passive with respect to the chosen input u1 and output y1 with storage function
W(e3).
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Notice that the partial interconnection of subsystem 1 and 2, coming from the
original structure (2.26), can be expressed by the following relation u2 = y1. (The
interconnected structure is depicted in Figure 2.3) In order to achieve the negative
feedback interconnection we have to set u1 = −y2 as it can be seen in Figure 2.3. This
means that the external control input ω has to be chosen as follows

ω = −W−1AT
2

∂V(ζ1, ζ2)

∂ζ2
= −W−1AT

2 ζ2 or wi = −(W i)−1AT2 (J ix2
)T zi2 (2.29)

To prove the asymptotic stability of the entire system we prove first that the intercon-
nected system is passive with storage function S(ζ1, ζ2, ε3) = V(ζ1, ζ2)+W(ε3) and then
we will see that this function can serve as Lyapunov function in our special case. Let
us introduce two new, external inputs denoted by ue1 and ue2 respectively according to
Figure 2.3. By calculating the time-derivative of S(ζ1, ζ2, ε3)

Ṡ(ζ1, ζ2, ε3) =
d

dt
{V(ζ1, ζ2) + W(ε3)} =

∂V
∂ζ1

ζ2 +
∂V
∂ζ2

vc
︸ ︷︷ ︸

<0

+ εT3 WA3ε3
︸ ︷︷ ︸

<0

+yT2 u2e + yT1 u1e ≤
[
yT1 yT2

]
[
u1e

u2e

]

(2.30)

we can see that the interconnected system is passive with respect to input

[
u1e

u2e

]

and

output

[
y1

y2

]

with storage function S(ζ1, ζ2, ε3). In our case the external inputs ue1

and ue2 are 0 thus V̇(ζ1, ζ2) + Ẇ(ε3) ≤ 0. Consequently the positive definite function
V(ζ1, ζ2) + W(ε3) is an appropriate Lyapunov function candidate for the coupled dy-
namics (2.26). In order to prove that S is a valid Lyapunov function we can apply
LaSalle’s theorem. Since Ṡ ≤ 0 the trajectories of system (2.26) will converge to the
maximal invariant subset of Ω = {(ζ1, ζ2, ε3) | Ṡ(ζ1, ζ2, ε3) = 0}. By examining the dy-
namics (2.26) we can easily see that Ω contains only the origin. Thus, the trajectories
of the system tend to zeros as t tends to infinity. This proves that the system is globally
asymptotically stable with Lyapunov function S.

2.4 Robustness properties of the controlled system

In the possession of the Lyapunov function V(ζ1, ζ2)+W(ε3) we can determine a class of
perturbation models, against which, the stability of the hierarchically controlled system
is preserved [Pén08a], [Pén08b]. For this, let the disturbances δ1, δ2 be added to the
dynamic equations (2.10) as follows:

ẋ1 = h(x1, x2, t)

ẋ2 = A2(ρ)x3 +B2(ρ)u+ f(t) + δ1

ẋ3 = A3(ρ)x3 +B3(ρ)u+ δ2 (2.31)
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ζ̇1 = ζ2
ζ̇2 = vc(ζ1, ζ2) + A2u2

y2 = AT
2

∂V
∂ζ2

T

ε̇3 = A3ε3 + W−1u1

y1 = ε3

�

--ue1

ue2

y1

u2y2

u1

6–

�

Figure 2.3: Interconnection of passive subsystems

By applying the state transformation and control input (2.23) to the group of N vehicles
above, the coupled dynamics (2.26) of the controlled system can be given by

ζ̇1 = ζ2

ζ̇2 = vc(ζ1, ζ2) + A2ε3 + Jd1

ε̇3 = A3ε3 + ω + d2 (2.32)

where d1 = [δ11, . . . , δ
N
1 ], d2 = [δ12, . . . , δ

N
2 ] and J = diag(J1

x1
2
, . . . , JN

xN
2

). Calculate, now,

the time derivative of the Lyapunov function V(ζ1, ζ2) + W(ε3):

d

dt
{V(ζ1, ζ2) + W(ε3)} = −k‖ζ2‖2 − λ∗‖ε3‖2 + ζT2 Jd1 + εT3Wd2

≤ −α
[
ζT2 εT3

]

︸ ︷︷ ︸

yT

[
ζ2
ε3

]

︸︷︷︸

y

+
[
ζT2 εT3

]

︸ ︷︷ ︸

yT

[
Jd1
Wd2

]

︸ ︷︷ ︸

u

(2.33)

where α = min(k, λ∗). It can be seen that the controlled system is strictly output passive

with respect to output y =
[
ζT2 εT3

]
and input u =

[
(Jd1)

T (Wd2)
T
]T

. We know
from Lemma 1.1 that all strictly output passive systems have finite L2 gain. In our case
the L2 gain is 1

α
, i.e.:

2Ṡ

α
=

1

α2
uTu− yT y (2.34)

We are interested in the L2 gain between the output and the disturbance, so we substi-

tute u =

[
Jd1
Wd2

]

back into (2.34):

2Ṡ

α
=

1

α2
dT

[
J

W

]T [
J

W

]

d− yT y ≤ γ2

α2
dTd− yT y (2.35)
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ζ̇1 = ζ2
ζ̇2 = vc(ζ1, ζ2) + A2ε3 + Jd1

ε̇3 = A3ε3 + ω + d2

∆-

¾

[
d1

d2

]

[
ζ2
ε3

]

Figure 2.4: The hierarchically controlled system completed with perturbation ∆

where γ2 is the greatest eigenvalue of the positive definite matrix diag(J,W )Tdiag(J,W ).
Since J is determined by (2.13) it can be easily checked that

γ2 = max
{
1, v2

1, . . . , v
2
N , λ

2
1,max, . . . , λ

2
N,max

}
(2.36)

where d =
[
dT1 dT2

]T
and λi,max is the maximal eigenvalue of Wi.

Suppose that the modelling uncertainties can be represented by a nonlinear sys-
tem ∆ interconnected with (2.32) according to Figure 2.4. By small gain theorem,
if ∆ has finite L2 gain γ∆ so that γ∆

γ
α
< 1 and ∆ is zero state detectable then

hierarchically controlled system remains globally stable even in the presence of un-
certainty. (The zero state detectability of the controlled system (2.32), that is also
necessary to apply the small gain theorem, follows from the fact that the invariant sub-
set Ω = {(ζ1, ζ2, ε3) | Ṡ(ζ1, ζ2, ε3) = 0}, examined in the previous section contains only
the origin.)

2.5 Formation control of road vehicles

As an illustrative example for the presented method we solve in this section a formation
reconfiguration problem with five road vehicles. In the beginning the vehicles are in
a column formation that is perpendicular to the trajectory. Then they are ordered
to change their formation. The new formation is a line, which is tangential to the
trajectory (according to fig. 2.5). Of course, during the reconfiguration the vehicles
must not collide and the entire group has to track a prescribed trajectory.
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2.5.1 High-level control design

To solve the given problem by using the presented hierarchical control concept we have
to find first an appropriate potential function. If the positions of the vehicles in the new
configuration is defined a-priori, and is given by the vectors ri, i = 1...5, the following
potential function candidate can be constructed:

V (ζ1) = kV ·
N∑

i=1



µ(‖ζi1 − ri‖) +
∑

j,j 6=i

µ(d− ‖ζi1 − ζj1‖)



 (2.37)

where d denotes the prescribed inter-vehicle distance, kV is a scaling factor and µ(·) :
R → R+ is an appropriate continuous scaling function satisfying the following condi-
tions: µ(x) = 0 if x ≤ 0 and µ′(x) > 0 if x > 0. In our simulations µ is defined as
follows:

µ(x) =







0 if x < 0
1
2mx

2 if 0 ≤ x ≤ M
m

Mx− 1
2
M2

m
if M

m
< x

(2.38)

The first term in V takes its minimum if the vehicles reach their prescribed position
inside the formation. The second term penalizes the small inter-vehicle distances to
force collision avoidance. By using V the high level control input vc was calculated by
using the formula (2.23).

The trajectory curve used in the simulation (Figure 2.5) is a cubic spline on reference
points

[
0 75 190 300 350 650
75 75 −40 −40 20 20

]

(2.39)

Along the curve a constant reference velocity vs = 13m
s

was prescribed for the entire
formation. More precisely, the origin of the moving reference frame K was computed
by:

s(t) = vst+ s0 ṡ(t) = vs (2.40)

where the position offset s0 was 5m. The remaining parameters of the trajectory (ϕ(s(t))
and its derivatives) were computed at each simulation time step by evaluating the spline
function.

The vehicles were started from the following initial state:

s1(0) =
[
0 0 0 0 0

]
y1(0) =

[
20 10 0 −10 −20

]

θ(0) =
[
0 −0.1 0.1 0 0.1

]
v(0) =

[
17 14 15 16 13

]

β(0) =
[
0 0 0 0 0

]
r(0) =

[
0 0 0.1 0.1 0

]
(2.41)

βc(0) =
[
0 0 0 0 0

]
rc(0) =

[
0 0 0 0 0

]

where z3c(0) =

[
βc(0)
rc(0)

]

(2.42)
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Figure 2.5: Intended formation and scaling function µ(·). The dash-dotted lines connect
each vehicle with its prescribed position

The target positions of the vehicles inside the formation were chosen according to the
configuration depicted in fig. 2.5:

s1d =
[
10 20 0 −20 −10

]
y1d =

[
0 0 0 0 0

]
(2.43)

where the inter vehicle distance was d = 10m.

2.5.2 Low-level control design

The vehicles in the formation have the following identical modelling parameters obtained
by identifying a heavy-duty vehicle: [68]:

a11 = −147.1481 a12 = 0.0645 a21 = 0.0123
a22 = −147.1494 b1 = 66.2026 b2 = 31.9835

(2.44)

If 1 ≤ v ≤ 25 we found - via solving the appropriate LMI - the following Lyapunov
function

W = eT3

[
246.7608 −4.7350
−4.7350 247.7231

]

e3 ∀i (2.45)

proving the quadratic stability of the estimation error dynamics ė3 = A3e3. Thus, in
our case, there is no need for additional stabilizing feedback (K = 0).
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Suppose now that the vehicle dynamics is uncertain and the uncertainty can be
modelled by an appropriate dynamical system connected to the nominal vehicle model
according to Figure 2.4. In order to get some quantitative measurement on the robust-
ness we have to determine the maximal L2 gain γ∆ of the potential disturbance models
∆ that satisfies the small gain condition formulated in section 2.4. It can be easily
checked, that in our case

α = min(k, λ∗) = k = 1 (2.46)

γ2 = max
{
1, v2

1, . . . , v
2
N , λ

2
1,max, . . . , λ

2
N,max

}

= max
{
λ2

1,max, . . . , λ
2
N,max

}
= 2522 (2.47)

This means that, if the L2 gain of the disturbance model satisfies the relation γ∆ ≤
1/252 ≈ 0.004 the cooperative system remains globally stable by means of the results
of section 2.4.

The simulation results in case of controller parameters M = 4, m = 0.1, k = 1,
kV = 4 can be seen in Figures 2.6-2.11. The vehicles follow the prescribed trajectory
while they are driving to the prescribed formation. Since by means of section 2.3
the closed-loop system is globally asymptotically stable and the potential function is
constructed so that the system is centered around the prescribed formation, the control
inputs w and vc tend to zero as the aimed formation is reached. This can be seen
in Figures 2.7. Considering that the high-level control input (2.23) points towards the
negative gradient of the potential function, V is expected to decrease during the control.
The simulation verifies this expectation, since V – plotted in figure 2.8 – converges to
zero as the vehicles approach the prescribed formation. By examining Figure 2.8 one
can easily check that the control inputs uc = [δ, α] generated by (2.20) remain in the
realizable range. Figure 2.9 depicts the minimal inter-vehicle distance measured during
the simulation. The figure shows that every car moved far enough from the others,
so no collision occurred. To give a complete picture on the simulation the inner state
variables θ, v, β, r are also plotted in Figures 2.10 and 2.11.

2.6 Conclusions

A hierarchical, dynamic inverse and passivity based control structure has been proposed
for the stabilization of vehicle formation. The control structure contains a dynamic
inversion based low-level controller, which linearizes, at least partially the nonlinear
vehicle dynamics. We have shown that the internal dynamics of the inverse system is
globally stable, irrespective of the physical parameters, thus the inversion based con-
troller can always be constructed. After linearizing the vehicle dynamics the formation
control can be designed by using an arbitrary method based artificial potential func-
tions. In order to guarantee the stability of the entire formation and to obtain an
appropriate Lyapunov function we have designed an external feedback by exploiting
the passivity property of the coupled controlled system. At the end of the chapter we
have examined the robustness properties of the control structure by giving a class of
perturbation models, against which, the system remains globally stable.
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Figure 2.6: Simulation results. The motion of the vehicles along the prescribed trajec-
tory.
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Figure 2.7: Control inputs w, vc and the values of the potential function V .

In this chapter we have solved the formation control problem in the unconstrained
case, although constraints on states and inputs are often prescribed in real applications.
In the example above, the control inputs could be kept in an acceptable range by appro-
priately scaling the potential function via k,M,m and modifying the scaling factor kV .
However it is important to note that avoiding saturation in case of dynamic inversion
based control is hard problem in general [59], [60] which is currently under intensive
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Figure 2.8: Control inputs δ, α
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Figure 2.9: Minimal inter-vehicle distance
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Figure 2.10: State variables θ, v of the vehicles in simulation.
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Figure 2.11: State variables β, r of the vehicles in simulation.

research. Our research can be continued in this direction.

The contribution of this chapter can be summarized in the following thesis: A hier-
archical, formation stabilization control framework is proposed for autonomous vehicle

36



2.6. CONCLUSIONS

groups. The controller consists of an artificial potential function based high-level and a
dynamic inversion based low-level controllers and applies passivity based external feed-
back to ensure the existence of a Lyapunov function proving the global stability and the
robustness of the entire, interconnected system. (Thesis 1). Own publications related
to the chapter and thesis: [PSBH04], [PB04], [PB05], [PB06], [Pén08a], [Pén08b].
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Chapter 3

Robust model predictive control for

uncertain LPV systems

3.1 Introduction

The model predictive control is a popular tool for solving constrained control prob-
lems. The MPC provides optimal solution (with respect to a prescribed cost function)
and handles the constraints in natural way as it inserts them directly into the on-line
optimization (1.18) producing the actual control input.

Like other control methods, MPC has limitations as well. Although the rapid de-
velopment of computer architectures made it possible to execute complex numerical
methods efficiently and fast, the computational time required for the on-line optimiza-
tion is sometimes unacceptable high. Namely, if the time taken by the calculation of the
control input is commensurable with the sampling time the MPC can not be applied
to the plant. In this case "some trick" has to be applied: if the system is LTI or LPV
and the control input is constructed in state feedback form (u = Fx) we can decrease
the frequency of the control gain update in order to gain more time for computation
([PB07], [PS08]). Sometimes, it is also possible to pre-compute off-line a large set of
feedback gains, from which we have only to select one during the control ([88], [18]).
The controller interpolation, presented in the next chapter, is also a suitable method to
decrease the computation time. In some simple cases (small, LTI or PWA systems) the
MPC controller can be designed off-line, in explicit form, as a piecewise linear function
of the states ([4],[5]). If none of these methods can be applied (because e.g. the plant
is highly nonlinear) an appropriate computer architecture has to be chosen, on which,
the on-line optimization can be efficiently implemented. In [6], [7], for example, a non-
linear MPC was applied to control fast vehicle maneuvers. The algorithm was then
implemented on an embedded architecture and was successfully tested on a real car.

The second key point, which determines the applicability of predictive control is the
complexity of the system to be controlled. It is clear that the power of the MPC can
be fully exploited only if the system is linear, piecewise linear or affine. In these cases
the predicted future states can be determined in one step (they are functions of the
current state and future control inputs) and can be inserted easily into the optimization
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task. Otherwise, the prediction requires an iterative procedure, which is more difficult
to perform and to incorporate into the optimization. The situation is more complex
if the system to be controlled is parameter varying, even if it is linear (LPV). In the
latter case the linear dynamics depends on time varying, external parameters, the future
trajectories of which are not known a priori. If all linear systems, obtained by fixing
the parameters at all their possible values, constitute a convex set, then the predictive
control policy can be designed to be valid (to provide stability, feasibility, optimality
and constraint satisfaction) for all systems in the set ([39]). If the set of possible linear
systems is too large, then the prediction of the future behavior of the parameters can
not be avoided.

Before the design of the predictive control the originally continuous dynamics have
to be discretized. If the system differs from linear time invariant (LTI) there is no ad-
equate, unique discretization method. Considering only the class of LPV systems sev-
eral methods available to construct a discrete model: some give good approximation,
preserve stability, but increase the complexity of the parameter dependence. Others
preserve the structure, but give less accurate approximation and loos the stability ([84],
[83]). Therefore in the control design it is important to take the properties and possi-
ble imperfections of the discretization method into consideration in order to obtain a
practically applicable controller.

In this chapter the MPC design framework is extended by taking the three difficul-
ties of the applicability (computational burden, plant nonlinearity and discretization)
into consideration. Two methods will be presented for discrete-time parameter varying
systems, both are extensions of the MPC procedure proposed originally by Kothare et.
al. in [39]. The first result is an implementation issue, which makes the original MPC
framework applicable in real-time. The presented algorithm decreases the frequency
of the control gain update (decreases the number of on-line optimization) in order to
provide more time for computation. The second method extends the MPC framework
for a class of uncertain LPV systems, which depend nonlinearly on the time varying
parameter. The LPV system to be controlled is represented in a piecewise polytopic for-
mat, which is constructed by taking the properties of the applied discretization method
into consideration.

The chapter is organized as follows. In section 3.2 the original MPC framework
of Kothare et.al [39] is presented. In the subsequent two sections the new improved
algorithms are presented. The chapter is then closed with case studies (section 3.5) and
the conclusion.

3.2 Model predictive control by using linear matrix in-

equalities [39]

In this section the model predictive control method proposed by Kothare et.al in [39]
is presented. This algorithm will then be extended and improved in the subsequent
sections.
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3.2.1 System models

The method presented here can be applied to control nonlinear polytopic systems and
linear systems with structured feedback uncertainty. The systems of both types can be
given in the following common form:

xk+1 = Akxk +Bkuk

yk = Cxk
[
Ak Bk

]
∈ Ω (3.1)

where uk ∈ Rnu is the control input, yk ∈ Rny is the output and xk ∈ Rnx is the
state vector of the plant. Throughout this chapter xk is assumed to be available for
measurement at each sampling instant k.

Polytopic uncertainty

In this system model the set Ω in (3.1) is a polytope:

Ω = Co{[A1, B1] , ..., [An, Bn]} i.e.

Ak =
n∑

i=1

λiAi Bk =
∑n

i=1 λiBi with
n∑

i=1

λi = 1 (3.2)

The polytopic model (3.2) can model nonlinear dynamics or uncertainty in the system.

Linear system with structured feedback uncertainty

Consider the following discrete-time, linear, time invariant system with uncertainty
placed in the feedback loop:

xk+1 = Axk +Buk +Bppk

y(k) = Cxk

q(k) = Cqxk +Dquuk

pk = ∆kq(k) (3.3)

This can be rewritten in more compact form as follows:

xk+1 = (A+Bp∆kCq)xk + (B +Bp∆kDqu)uk (3.4)

where pk ∈ Rnp and ∆k represents an arbitrary, time varying, block diagonal matrix

∆k =








∆1
k

∆2
k

. . .
∆r
k







, ∆i

k ∈ Rni × Rni

with the following property: ‖∆i
k‖2 ≤ 1, ∀i, k. ∆k models all uncertainties in the

system. It can be easily seen that (3.3) is equivalent to (3.1) with

Ω =
{[
A+Bp∆Cq B +Bp∆Dqu

]}
(3.5)
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3.2.2 The control method proposed by Kothare et.al

The control problem to be solved is the robust regulation, i.e. steering the state of the
system given either by (3.3) or by (3.2) to the origin from an arbitrary initial value
x0 so that the states, the control inputs and system outputs minimize a quadratic cost
function and are subject to hard constraints. The unconstrained MPC solution involves
the following min-max optimization problem [39]:

min
uk+i|k,i=0,1,...,m

max
∆k+i,i≥0

J∞
k ,

J∞
k =

∞∑

i=0

(

xTk+i|kQ1xk+i|k + uTk+i|kRuk+i|k

)

(3.6)

where J∞
k is a prescribed infinite horizon cost function and xk+i|k, uk+i|k denote the

predicted state and control action at time instant k + i, both are based on the state
measurement xk = xk|k. This optimization has to be performed at each sampling instant
with the actual state measurements to obtain the next control input. Since this problem
is computationally demanding, the following idea has been applied: if it is possible to
find a quadratic function V (xk) = xTk Pkxk, which gives an upper bound on the robust
performance objective J∞

k , the min-max problem can be replaced by a minimization of
this quadratic function over the sequences of possible control moves. This can be easily
solved by using linear matrix inequalities [73]. For V (xk) to be an upper bound it has
to satisfy the following inequality [39]:

V (xk+i+1|k) − V (xk+i|k) ≤ −
(

xTk+i|kQ1xk+i|k + uTk+i|kRuk+i|k

)

(3.7)

Since in this case

−V (xk) ≤ −J∞
k ⇒ max

‖∆k+i‖2≤1,i≥0
J∞
k ≤ V (xk) (3.8)

holds. Using this upper bound, (3.6) can be replaced by the following simpler problem:

min
uk+i|k,i=0,1,...,m

max
‖∆k+i‖2<1,i≥0

J∞
k ≤ min

uk+i|k,i=0,1,...
V (xk) = min

uk+i|k,i=0,1,...
xTk Pkxk (3.9)

The the solution of this problem can be obtained by applying the next theorem [39]:

Theorem 3.1 (Algorithm A) Let Ω be defined by (3.2). If uk+i|k is chosen to be
uk+i|k = Fkxk+i|k the solution (Fk, Pk) of the optimization problem (3.9) can be obtained
in the following form:

Fk = Y Q−1, Pk = γQ−1 (3.10a)

where Q > 0, γ > 0, Y are the solutions of the following linear objective minimization
problem:

min
Q,Y

γ (3.10b)
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subject to

[
1 xTk
xk Q

]

≥ 0 (3.10c)

and








Q QAT + Y TBT QQ
1
2
1 Y TR

1
2

AQ+BY Q 0 0

Q
1
2
1Q 0 γI 0

R
1
2Y 0 0 γI









≥ 0 (3.10d)

for all [A,B] ∈ {[A(1), B(1)], . . . , [An, Bn]}, i.e. [A,B] goes over the corner points of
the convex set Ω.

(Algorithm B) If Ω is defined by (3.3) the solution (Fk, Pk) of (3.9) can be obtained
in the following form:

Fk = Y Q−1, Pk = γQ−1 (3.11a)

where Q > 0, γ > 0, Y are the solutions of the following linear objective minimization
problem:

min
Q,Y,λ1,...,λr

γ (3.11b)

subject to

[
1 xTk
xk Q

]

≥ 0 (3.11c)

and










Q Y TR
1
2 QQ

1
2
1 QCTq + Y TDT

qu QAT + Y TBT

R
1
2Y γI 0 0 0

Q
1
2
1Q 0 γI 0 0

CqQ+DquY 0 0 Λ 0
AQ+BY 0 0 0 Q−BpΛB

T
p











≥ 0

Λ = diag(λ1In1 , λ2In2 , . . . , λrInr) > 0 (3.11d)

Proof. The details of the proof can be found in [39] and in Appendix B.1.

If there are constraints prescribed for the input and/or output, they can be easily taken
into consideration by expressing them as LMIs and attaching them to the constraints
(3.10c-d) or (3.11c-d) in the optimization problem above.
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Theorem 3.2 (Input, output constraints) The control inputs uk+i|k, i ≥ 0 in case
of both system models (3.3) and (3.2) satisfy the Euclidean norm constraint ‖uk+i|k‖2 ≤
umax if the solution (Fk, Pk) of (3.10) or (3.11) satisfies the following additional LMI:

[
u2
maxI Y
Y T Q

]

≥ 0 (3.12)

The Euclidean norm output constraints ‖y(k + i|k)‖2 ≤ ymax are satisfied if the linear
matrix inequality

[
Q (AjQ+BjY )TCT

C(AjQ+BjY ) y2
maxI

]

≥ 0

j = 1, ..., L, l = 1...ny (3.13)

holds for plant model (3.2) and the LMI





y2
maxQ (CqQ+DquY )T (AQ+BY )TCT

CqQ+DquY T−1 0
C(AQ+BY ) 0 I − CBpT

−1BT
p C

T



 ≥ 0 (3.14)

holds for plant model (3.3), respectively.

Proof. The proof of this and the next theorem is based mainly on the invariance of the
ellipsoidal set E = {z|zTQ−1z ≤ 1}. Since every trajectory starting inside E remains
inside it, the conditions of the different properties such as feasibility, stability, constraint
satisfaction have to hold only over E . The details of the proof can be found in Appendix
B.2.

Remark. 3.1 The componentwise peak bound constraints, |uj,k+i|k| ≤ uj,max, j = 1..nu
and |yj,k+i|k| ≤ yj,max, j = 1 . . . ny can also be expressed by LMIs in similar way as the
Euclidean norm constraints. For inputs, LMI (3.12) has to be replaced by

[
X Y
Y T Q

]

≥ 0 (3.15)

whereX is a diagonal matrix, withXjj ≤ u2
j,max. To satisfy the output constraints LMI-

s (3.13) and (3.11) have to be repeated as many times as many outputs are constrained
and the matrix C in them has to be replaced by Cl, where Cl is the l-th row of C. For
further details and proof see e.g. [39] and [9].

The feasibility of the solution and the robust stability of the controlled system is
proved in the following theorem.

Theorem 3.3 If at any time k there exists Q,Y, γ solving the problem (3.10) or (3.11)
and satisfying constraints (3.12) and/or (3.13) or (3.14) then the control policy calcu-
lated by using the feedback gain Fk will

• be feasible for all times t > k
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• robustly stabilize the system

• satisfy the prescribed state and input constraints for all times t > k.

Proof. For proof see Appendix B.3.

Remark. 3.2 In some applications beside the input constraints we have bounds also
for the change of the control input ∆uk = uk − uk−1, i.e. either ‖∆uk‖ ≤ ∆umax or
|∆uk,i| ≤ ∆umax,i has to be satisfied. This can be achieved by considering ∆uk as a new
control input, augmenting the system with the dynamic equation of uk and handling
the input constraints in the same way as output constraints:

[
xk+1

uk

]

=

[
Ak Bk
0 I

] [
xk
uk−1

]

+

[
Bk
I

]

∆uk

ỹk =
[
Ck I

]
[
xk
uk

]

‖uk‖ ≤ umax ∧ ‖yk‖ ≤ ymax ⇐ ‖ỹk‖ ≤ min{umax, ymax}
|yk,i| ≤ ymax,i and |uk,j | ≤ umax,j ⇔ ‖ỹk,i‖ ≤ ymax,i ∧ ‖ỹk,j‖ ≤ umax,j−ny

∀i = 1 . . . ny, j = ny + 1 . . . ny + nu (3.16)

Remark. 3.3 The main criticism of the presented MPC algorithm is its conservatism
originating from the ellipsoidal invariant sets it applies. It is well known that an el-
lipsoidal invariant set is a conservative approximation of the true invariant set [62].
In many practical applications the LMI-s therefore, prescribe unnecessarily stringent
constraints, i.e. the same feedback gain would be feasible over a larger set than that
these LMI-s allow. On the other hand the ellipsoidal invariant set is easy to compute,
and as it is determined from the upper bounding function it can be determined on-line,
together with the feedback gain. To construct a better, e.g. polyhedral estimation of
the invariant set a more complex task has to be executed, which can not be performed
on-line and requires the feedback gain to be pre-computed ([62],[63]).

Remark. 3.4 Comparing the method above with the general MPC framework presented
in Section 1.5, one can easily see that the control policy uk+i|k = Fkxk+i|k is the same
as the one produced by the optimization (1.18) if N = 0 and K = Fk.

3.3 Practical improvements providing real-time applicabil-
ity

The MPC procedure presented above assumes that the control gain Fk is available at
the same time instant k, when the measurement xk is taken. This means that the
computation time of Fk (the time needed to solve the optimization problem above) is
neglected, or assumed to be negligible compared to the sampling time Ts. This is a
strict requirement, which can be satisfied only by systems with very slow dynamics.
(For example the reactor dynamics in the numerical example in section 3.5.1 is sampled
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with Ts = 1sec, while the solution of the LMI-s (3.10) and (3.12), (3.13) takes minimum
0.7 sec maximum 1.02 sec, depending on the actual state measurement xk).

The paper [88] and its refinement [18] provide one possible solution to this problem.
The solution is based on the pre-computation of the feedback gains. A set of feedback
gains is determined off-line and stored in the computer. During control one of them
is selected at each time instant by a simple bisection algorithm. Due to the limited
number of precomputed controllers the flexibility and the region of applicability of the
off-line method is generally smaller than that of the on-line algorithm. As [18] points
out, these properties can be improved only by on-line computation.

3.3.1 Multirate control and controller gain update

Motivated by these experiences, we modify instead the original on-line procedure to be
applicable in real-time. Since the new control gain can not be determined in 1 sample
time, we update it at each ℓth time instant, where ℓ is chosen so that ℓ · Ts is enough to
compute the next controller. The control policy is then as follows:

F̃i = Fk−ℓ if i− k ≤ ℓ (3.17)

i = k, ..., k +M − 1, k = n · ℓ, n ∈ N+ (3.18)

After measuring xk at the step k there are ℓ time steps (ℓ ·Ts sec) to determine the new
control input Fk. During this time the system is controlled by the previous controller
Fk−ℓ.

Note that, while Fk is being computed, the previous controller Fk−ℓ may steer the
state of the system outside the invariant set of Fk. (Fk and its invariant set are based on
xk, but Fk is applied first for xk+ℓ). Since the feasibility and constraint satisfaction of
the control policy are based on the invariant set, these properties can not be guaranteed
any more. To make the method applicable we have to ensure that the invariant set
generated by Fk becomes invariant also for Fk−ℓ. In case of polytopic system model1

(3.2) this can be achieved by satisfying the LMI constraints (3.10d) (3.12) and (3.13)
not only with the actual Fk, but also with the previous control gain Fk−ℓ. For this,
these LMI-s have to be replaced by the new LMI-s (3.19c), (3.19d) and (3.19e) and the
following optimization problem has to be solved:

min
Q,Y

γ (3.19a)

subject to

[
1 xTk
xk Q

]

≥ 0 (3.19b)

1The idea can be extended to the uncertain linear models (3.3) as well. This can be easily done by
using the same procedure as presented here for polytopic systems.
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LMIs (3.10d) and






Q QAT
j + QF̄ T BT

j QQ
1

2

1 QF̄ T R
1

2

AjQ + BjF̄
T Q Q 0 0

Q
1

2

1 Q 0 γI 0

R
1

2 F̄Q 0 0 γI






≥ 0, j = 1..L (3.19c)

LMIs (3.12) and
[
u2

maxI F̄Q
QF̄ T Q

]

≥ 0 (3.19d)

LMIs (3.13) and
[

Q (AjQ+BjF̄Q)TCTl
C(AjQ+BjF̄Q) y2

l,maxI

]

≥ 0 (3.19e)

where F = Y Q−1 = Fk, P = Q−1 = Pk, F̄ = Fk−ℓ. The modified control problem,
therefore, can be handled in the same way as the original one, except that it involves
more LMI constraints.

The next theorem proves that the new control policy preserves the properties of stability,
feasibility and constraint satisfaction.

Theorem 3.4 (a) The control gain Fk defines a feasible control policy for all time
t > k.

(b) The control law obtained by using the modified MPC algorithm stabilizes the closed
loop system, and satisfies the input and state constraints.

Proof. Since every LMI constraint in the optimization holds for Fk and Fk−ℓ, it is easy
to see that the set E = {z|zTQ−1

k z ≤ 1} remains invariant and the upper bounding
function V remains decreasing under both Fk and Fk−ℓ. Moreover (3.19d) and (3.19e)
imply that the constraints are also satisfied inside E irrespective of the control gain
(Fk or Fk−ℓ) applied. This consequently implies the stability, feasibility and constraint
satisfaction of the modified control policy.

Remark. 3.5 Although (3.19c), (3.19d) and (3.19e) contain more LMI-s than (3.10d)
(3.12) and (3.13), the number of decision variables is the same in the two optimization
problem. It will be shown by simulations that therefore the modified control policy does
not require significantly more computation time than the original one.

3.3.2 A smooth transition policy

The frequency of the controller update can be freely decreased until the performance of
the control starts significantly degrading. If a time interval M between two controller
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updates is chosen to be much larger than the time needed for computation, i.e. M ≫ ℓ
the following control policy is recommended:

F̃i = Fk−M if i− k ≤ ℓ

F̃i = Fk−M +
i− k − ℓ

M − ℓ
(Fk − Fk−M ) if i− k > ℓ

i = k, ..., k +M − 1, k = n ·M, n ∈ N+ (3.20)

After measuring xk at the step k there are again ℓ time steps to determine the new
control input Fk. During this time the system is controlled as before, by the previous
controller Fk−M . Having determined Fk we give it to the plant step by step, according
to the interpolating rule above. It is also possible to change at time k + ℓ immediately
to Fk, but this may cause undesired oscillation in certain state dependent variables,
which are sensitive to the abrupt gain change (the greater M , the greater the change
in F ). (For example, see the variable mPR in the reactor control in Section 3.5.1). Of
course, the change of the control input can also be constrained (see Remark 3.2), but
due to the ellipsoidal invariant sets this would further increase the conservatism of the
method. The linear interpolation is a much simpler solution.

The use of infrequent controller update makes it possible to implement the MPC
more efficiently on the controller hardware. High computational power is required only
at the M -th time steps, when the optimization (3.19) is solved. In other sampling
instants a much simpler (low-level) computing hardware is enough to realize the inter-
polation (3.20). Therefore the modified algorithm can be implemented on a computer
architecture depicted in Figure 3.1. When there is no need for the high capacity com-
puter, it can be used to solve other tasks related to the plant.

It is important to note, if the control gain Fk in (3.20) is computed by algorithm
(3.19), the stability, feasibility and constraint satisfaction of the modified control policy
(3.20) are ensured. This is because (3.19c), (3.19d) and (3.19e) guarantee the necessary
LMI constraints to be satisfied for both Fk and Fk−M and consequently for all their
convex combinations, so also for F̄i in (3.20).

Figure 3.1: Hardware architecture realizing the modified control policy
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3.4 Model predictive control for a class of uncertain LPV

systems

3.4.1 Piecewise polytopic LPV systems with uncertainty

As a further proposed improvement, the LMI based MPC framework is extended in this
section to a class of uncertain parameter varying systems. The uncertainty is assumed
to be placed in the feedback loop in the same way as in (3.3). Let the system to be
controlled be given in the following form:

xk+1 = A(ρk)xk +B(ρk)uk +Bppk

yk = Cxk

qk = Cqxk +Dquuk

pk = ∆kqk (3.21a)

where ρk ∈ Θ, uk ∈ Rnu , xk ∈ Rnx , yk ∈ Rny , ∆k = diag(∆1
k, . . . ,∆

r
k), ‖∆i

k‖2 ≤ 1,
dim∆i

k = ni as before, and A(ρk), B(ρk), C(ρk) are assumed to be piecewise linear
functions of ρk, i.e.:

if ρk ∈ Pi ∧ ρk =

ki∑

j=1

λkijpij ,

ki∑

j=1

λkij = 1

⇓

A(ρk) =

ki∑

j=1

λkijA(pij), B(ρk) =

ki∑

j=1

λkijB(pij) (3.21b)

where {Pi}Ki=1 is the polytopic partition of Θ, i.e. Pis are disjoint convex polytopes
with corner points pij , i ∈ {1 . . .K}, j ∈ {1 . . . ki} and Θ =

⋃K
i=1 Pi. It is clear that, if

ρk ∈ Pi then:

[A(ρk), B(ρk)] ∈ Ωi
.
= co{[Ai,1, Bi,1], . . . , [Ai,ki , Bi,ki ]}, Ai,j = A(pij) (3.22)

The set Ω of all possible system matrices is, therefore

Ω =
{[
A(ρ) +Bp∆Cq B(ρ) +Bp∆Dqu

]}
, ρ ∈ Θ (3.23)

A system in the form of (3.21a) can be obtained for example, by discretizing a continuous
LPV system depending nonlinearly on the parameter. To show this, let ẋ = Ac(ρ)x +
Bc(ρ)u be a system to be discretized and assume that Ac, Bc are nonlinear matrix
functions of the parameter ρ. Let ρ ∈ Θ. One of the preferred discretization method
for LPV systems is the complete state space (CSS) discretization algorithm. In this
method the time varying parameter is measured at every time instant k · Ts, it is then
fixed and the LTI system obtained is discretized by assuming zero order hold (ZOH) on
the input, i.e.:

Acss(ρk) = eAc(ρ(k·Ts))Ts Bcss(ρk) =

∫ Ts

0
eAτBc(ρ(k · Ts))dτ (3.24)
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The state vector at the next (k + 1) · Ts-th time instant is then approximated by using
this local LTI model:

xk+1 = Acss(ρk)xk +Bcss(ρk)uk (3.25)

The main advantage of the CSS method is its property of preserving in general the
stability of the original system. Moreover it provides in general better discrete-time
approximation than other algorithms ([84],[83]). On the other hand, the application of
matrix powers makes the discrete-time model highly nonlinear in the parameter, even
if the dependence is originally linear in the continuous model. Due to this complexity
the discrete-time system is hardly applicable for controller design. To obtain a better
model, it is proposed to approximate (3.24) by a piecewise polytopic model. In this
way the advantages of the CSS method can be preserved, while the discretized model
becomes more suitable for controller synthesis. The steps of the modified discretization
method are as follows:

1. At first, the parameter space Θ is partitioned and the set of polytopes {Pi} is con-
structed.

2. at each corner points pij of every polytope Pi a linear, discrete time model is com-
puted by discretizing the continuous linear system ẋ = Ac(pij)x+Bc(pij)u, i.e.:

A(pij) = eAc(pij)Ts B(pij) =

∫ Ts

0
eAτBc(pij)dτ (3.26)

where Ts is the sampling time.

3. if at time k · Ts the parameter ρk = ρ(k · Ts) is inside a polytope Pi the dynamics
of state and output of the continuous system is approximated in discrete-time as
follows:

xk+1 = A(ρk)xk +B(ρk)uk

A(ρk) =

ki∑

j=1

λkijA(pij) B(ρk) =

ki∑

j=1

λkijB(pij)

ρk =

ki∑

j=1

λkijpij

ki∑

j=1

λkij = 1 (3.27)

which has the same structure as (3.21).

4. the modelling uncertainties (including the approximation error caused by the dis-
cretization) can be taken into consideration by setting appropriately the uncertainty
model Bp, Cq, Dqu in (3.21a). Of course, the accuracy of the discrete-time model can
be increased by refining the partitioning {Pi} of the parameter space Θ.

50



3.4. MODEL PREDICTIVE CONTROL FOR A CLASS OF UNCERTAIN LPV
SYSTEMS

Figure 3.2: Partitioning of the parameter space Θ ⊂ R2. In the presented case P1 =
co{p11, p12, p13, p14}, p11 = pa, p12 = pb, p13 = pc, p14 = pd, etc. Since ρk−1 ∈ P1 and
ρk ∈ P3 then uk = Fk13xk and the upper bound of the quadratic cost is V1(xk) = xTk P1xk

3.4.2 Robust regulation method

Our aim is to adapt the method (3.11) to the robust regulation problem of the LPV
system (3.21a). Let the cost function J∞

k be defined again by (3.6). The basic idea
behind the solution is the same as before: a quadratic, positive definite upper bounding
function is constructed and the min-max optimization problem (3.6) is reduced to a
minimization of the bounding function. In the presented framework parameter depen-
dent, piecewise quadratic upper bounding function is used, which is constructed in the
following way:

if ρk−1 ∈ Pi ⇒ V (xk) = xTk Pkixk (3.28)

i.e. the index of the polytope containing the parameter at a given time instant, assigns
the bounding function to be applied. This construction makes it possible to apply
parameter dependent control policy :

if ρk−1 ∈ Pi ∧ ρk ∈ Pj ⇒ uk = Fkijxk (3.29)

where the feedback gains Fkij (together with the quadratic functions xTPkix are updated
at each time instant k). It is useful to introduce an adjacency set containing all ordered
(i, j) pairs of partition indices, which have the following property: it is possible for the
parameter ρ to be in Pi and then in Pj in two consecutive time instants, i.e.

S = {(i, j) | ρk−1 ∈ Pi, ρk ∈ Pj is possible for some k} (3.30)
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By the definition (3.29) of the control policy the number of feedback gains Fij to be
constructed on-line is equal to the number of elements in S. In the worst case |S| = 2K ,
but for a real systems this number takes much less value in general (see the example in
Section 3.5.2).

In the literature several refinements and improvements of algorithms (3.10) and
(3.11) exist. Before going on we look over the existing approaches and show the key
points in which our approach differs from them. First, the original algorithm applies
constant, quadratic bounding function (since in V (xk) = xTk Pkxk the matrix Pk is con-
stant). Cuzzola et.al in [16] proposes to construct the bounding function as a convex
combination of quadratic functions. Since every linear system in Ω involves one bound-
ing function Vi and all Vi-s appears always in the convex combination, the number of
the LMIs to be solved is exponentially growing as the number of linear systems in Ω
increases (see the correction of the paper in [47]). In our case, the computational com-
plexity (the number of LMI constraints) is determined by the number of index pairs in
the set S . Considering that in most applications the number of elements in S is much
less than 2K , the computational burden in our case is much less than in the case of
algorithm [16]. Moreover our method can handle uncertainty, while [16] does not.

Papers [44], [10] and [61] propose to keep the control input uk|k ([44]) or the control
input sequence uk|k, . . . uk+Nu|k ([10], [61]) as a free parameter, which is determined
directly, together with the feedback gain Fk. The state feedback policy Fkx is applied
only after Nu time instants. (This is equivalent to setting N = Nu instead of N = 0
(Remark 3.4) in the general MPC procedure of Section 1.5.) This method adds further
degrees of freedom to the control design, so it decreases the possible conservatism of
the original method. In contrast to our approach, this idea does not expand the class
of systems for which the LMI based MPC framework works. At the same time, it is
possible to use this idea to improve our method, as well.

Also in [61] the original control framework is extended to linear parameter varying
systems. The bounding function V is constant but the feedback gain matrix Fk is
parameter dependent. The algorithm requires to know upper and lower bounds for the
parameter change, i.e. the method works only if the parameters vary slowly. Since the
set S in our case can contain index pairs of polytopic regions lying far from each other
on the parameter space, our algorithm is not restricted to slowly varying dynamics.
Moreover, the algorithm of Park et. al can be applied only if the LPV system is affine
in the parameters. In our algorithm, the affinity of the parameters (or more precisely
the polytopic dependence, which is equivalent to affinity (section 1.1)) is required only
inside one polytopic partition. Since it uses a set of partitions, our method can handle
non-affine parameter dependence as well.

Further improvements of the original procedure are presented in [11], [12]. These
papers apply norm-bounded, LFT representation for the LPV systems, i.e. the LPV
structure is defined as an LTI system augmented with a parameter dependent feedback
uncertainty [73],[9]. Since this approach defines the parameter dependence in a way that
differs from our interpretation, the characterization of the control policy also differs from
ours.

An algorithm close to our results has been proposed in [43]. It uses similar framework
than the ours, but it works only for PWA (and not pievewise polytopic) systems without
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uncertainty. Our method can be considered as an extension of this method.
Now we can go on to the controller construction. The main result is summarized in the
following theorem:

Theorem 3.5 Suppose at time k ρk−1 ∈ Pℓ and there exists Qi > 0, Gj > 0, Yij , γ > 0
solving the linear objective optimization problem

min
Qi,Gj ,Y,Λij

γ (3.31a)

subject to

[
1 xTk
xk Qℓ

]

≥ 0 where ρk−1 ∈ Pℓ (3.31b)

and
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ij R

1
2 GjQ

1
2
1 GjC

T
q + Y T

ij D
T
qu GjA

T + Y T
ij B

T

R
1
2Yij γI 0 0 0

Q
1
2
1Gj 0 γI 0 0

CqGj +DquYij 0 0 Λij 0
AGj +BYij 0 0 0 Qj −BpΛijB

T
p











≥ 0

λijh ∈ R, Λij = diag(λij1In1 , λij2In2 , . . . , λijrInr) > 0 (3.31c)

for all [A,B] ∈ Ωj and (i, j) ∈ S. Then the solution (Fkij , Pki) of the optimization
problem (3.9) can be given as follows:

Fkij = YijG
−1
j Pki = γQ−1

i (3.32)

Proof. The proof is based on the same reasoning as the proof of Theorem 3.1. For
V (xk) to be a decreasing upper bounding function it has to satisfy the relation (3.7):

V (xk+l+1|k) − V (xk+l|k) ≤ −
(

xTk+l|kQ1xk+l|k + uTk+l|kRuk+l|k

)

(3.33)

where xk+l|k is the estimated state of the system at the k + l-th time instant, provided
that the control gain set {Fkij} computed at time k remains valid over the entire horizon.
In our case (3.33) reads as

xk+l+1|kPkjxk+l+1|k − xk+l|kPkixk+l|k ≤ −xTk+l|kQ1xk+l|k − uTk+l|kRuk+l|k

∀l ≥ 0, (i, j) ∈ S (3.34)

If the system dynamics (3.21a) is substituted into (3.34) the inequality obtained can
be expressed as an LMI:





(A(ρk) +B(ρk)Fkij)
TPkj(A(ρk) +B(ρk)Fkij) (A(ρk) +B(ρk)Fkij)

TPkjBp
−Pki + F TkijRFkij +Q1

BT
p Pkj(A(ρk) +B(ρk)Fkij) BT

p PkjBp





︸ ︷︷ ︸

A

≤ 0
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By exploiting ‖∆j
k‖2 ≤ 1 and using the S-procedure (Theorem 1.2) in the same way as

in the proof of Theorem 3.1 we can see that the inequality above is equivalent to the
following LMI:





(A+BFij)
TPj(A+BFij) − Pi + F TijRFij (A+BFij)

TPjBp
+Q1 + (Cq +DquFij)

TΛ′
ij(Cq +DquFij)

BT
p P (A+BFij) BT

p PjBp − Λ′
ij



 ≤ 0 (3.35)

where Λij = diag(λ′ij1In1 , λ
′
ij2In2 , . . . , λ

′
ijrInr) > 0 and [A,B] ∈ Ωj . (The time index

k and the dependence of the system matrices on ρk has been omitted for simplicity.)

Let Pi = γQ−1
i , Pj = γQ−1

j and multiply the inequality from left by

[
GTj

I

]

and by
[
Gj

I

]

from the right to get

γ






GT
j Q

−1

i Gj −
[

(GT
j A

T + Y T
ij B

T )Q−1

j (AGj +BYij) + 1

γ
Y T

ij RYij

+ 1

γ
GT

j Q1Gj + (GT
j C

T
q + Y T

ij D
T
qu) 1

γ
Λ′(CqGj +DquYij)

]

−BT
p Q

−1

j (AGj +BYij)

−(GTj A
T + Y T

ij B
T )Q−1

j Bp
−BT

p Q
−1
j Bp + 1

γ
Λ′

]

≥ 0

(3.36)

where Gj is an arbitrary, invertible matrix variable and Yij = FijGj . Applying the
lemma of Schur complements (Lemma 1.2) it can be shown that the inequality above is
equivalent to the following two LMI-s

1

γ
Λ′
ij −BT

p Q
−1
j Bp ≥ 0 (3.37a)

GTj QiGj −
[

(GjA
T + Y T

ij B
T )Q−1

j (AGj +BYij) +
1

γ
Y T
ij RYij +

1

γ
GTj Q1Gj+

(GTj C
T
q + Y T

ij D
T
qu)

1

γ
Λ′
ij(CqQ+DquYij)

]

−(GTj A
T + Y T

ij B
T )Q−1

j Bp

[
1

γ
Λ′
ij −BT

p Q
−1
j Bp

]−1

BT
p Q

−1
j (AGj +BYij) ≥ 0

(3.37b)

Note that LMI (3.37b) above is the same as:

GTj QiGj −
[

1

γ
Y T
ij RYij +

1

γ
GTj Q1Gj + (GTj C

T
q + Y T

ij D
T
qu)

1

γ
Λ′
ij(CqGj +DquYij)

]

−(GTj A
T + Y T

ij B
T )

[

Q−1
j +Q−1

j Bp(
1

γ
Λ′
ij −BT

p Q
−1
j Bp)

−1BT
p Q

−1
j

]

︸ ︷︷ ︸

=[Qj−BpγΛ
′−1
ij BpT ]

−1

(AGj +BYij) ≥ 0

(3.38)
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where the equality applied for the inner term is a consequence of the matrix inverse
lemma (see for example [90]). The LMI (3.38) can be rewritten as follows:

GTj QiGj −
[

Y T
ij R

1
2 GTj Q

1
2
1 GTj C

T
q + Y T

ij D
T
qu GTj A

T + Y T
ij B

T

]

·







1
γ
I

1
γ
I

1
γ
Λ′
ij

(Qj −BpγΛ
′−1
ij BT

p )−1








︸ ︷︷ ︸

Ω








R
1
2Yij

Q
1
2
1Gj

CqGj +DquYij
AGj +BYij







≥ 0 (3.39)

Applying Schur complements to the LMI above it turns out to be equivalent to the
matrix inequality











GTj QiGj Y T
ij R

1
2 GTj Q

1
2
1 GTj C

T
q + Y T

ij D
T
qu GTj A

T + Y T
ij B

T

R
1
2Yij γI

Q
1
2
1Gj γI

CqGj +DquYij γΛ′−1
ij

AGj +BYij Qj −BpγΛ
′−1
ij BT

p











≥ 0 (3.40)

provided that Ω > 0 (Note that Ω > 0 holds if (3.37a) holds). To eliminate the nonlinear
term from the element (1, 1) we apply the following simple trick [17]:

(GTj −Qi)Q
−1
i (Gj −Qi) > 0

⇓
GTj Q

−1
i Gj > GTj +Gj −Qi (3.41)

i.e. GTj +Gj−Qi > 0 implies GTj Q
−1
i Gj . Thus the entry (1, 1) of (3.40) can be replaced

by the linear GTj +Gj−Qi term. By using the notations Λij = γΛ′−1
ij the LMI obtained

is the same as (3.31c), that we intend to prove. Since LMI (3.37a) is contained in (3.40)
thus only LMI (3.40) has to be actually solved. �

The constraints on inputs and outputs can also be taken into consideration:

Proposition 3.1 (Input, output constraints) The control inputs uk+l|k, l ≥ 0 sat-
isfy the Euclidean norm constraints ‖uk+l|k‖2 ≤ umax if the solution (Fkij , Pki) of the
optimization problem (3.9) satisfies the LMI

[
GTj +Gj −Qi Y T

ij

Yij u2
maxI

]

> 0 ∀(i, j) ∈ S (3.42)

Similarly, the outputs yk+l|k, l ≥ 0 satisfy the Euclidean norm constraint ‖yk+l|k‖2 ≤
ymax if (Fkij , Pki) satisfies the LMI





y2
maxQi (CqQi +DquYij)

T (AQi +BYij)
TCT

CqQi +DquYij T−1 0
C(AQi +BYij) 0 I − CBpT

−1BT
p C

T



 ≥ 0 (3.43)

for all (i, j) ∈ S, [A,B] ∈ Ωj and for some T = diag(t1In1 , . . . , trInr) ≥ 0.
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Proof. If ρk−1 ∈ Pℓ then by LMI (3.31b) xTk Pkℓxk ≤ γ. It follows from (3.34) that
V (xk+l+1|k) − V (xk+l|k) ≤ −(xT

k+l|kQ1xk+l|k + uT
k+l|kRuk+l|k) ≤ 0 for all (i, j) ∈ S and

for all xk+l+1|k = (A + BFkij)xk+l|k, where [A,B] ∈ Ωj . If l = 0 and ρk ∈ Pℓ+ this
means that xT

k+1|kPkℓ+xk+1|k ≤ xTk Pkℓxk ≤ γ. This can be continued for l = 1, 2, . . ..
Consequently the trajectory xk+l|k of the controlled system will run inside the union of
the ellipsoids Eki = xTPkix ≤ γ, i.e. this non-convex set is invariant for the closed loop
system. Using this observation the constraints on the control inputs can be formulated
by matrix inequalities as follows:

‖uk+l|k‖2
2 = ‖YijG−1

j xk+l|k‖2
2 ≤ max

z,zTQ−1
i z≤1

‖YijG−1
j z‖2

2

= max
z,zTQ−1

i z≤1
‖YijG−1

j Q
1
2
i Q

− 1
2

i z‖2
2

= λmax(Q
1
2
i G

−T
j Y T

ij YijG
−1
j Q

1
2
i ) (3.44)

The constraint is satisfied if λmax(Q
1
2
i G

−T
j Y T

ij YijG
−1
j Q

1
2
i ) ≤ u2

max, i.e.

Q
1
2
i G

−T
j Y T

ij YijG
−1
j Q

1
2
i ≤ u2

maxI (3.45)

which is equivalent to

GTj Q
−1
i Gj −

1

u2
max

Y T
ij Yij ≥ 0 (3.46)

Applying the lemma of Schur complements and using the inequality (3.41) it can be
checked that the inequalities above are equivalent to the LMIs (3.42)

The proof of output constraints is similar to the proof of Theorem 3.2. Consider
first the following set of equalities for all (i, j) ∈ S and [A,B] ∈ Ωj :

max
l≥1

‖yk+l|k‖2 = max
l≥0

‖C(A+BFij)xk+l|k + CBppk+l|k‖2

≤ max
z,zTQ−1

i z
‖C(A+BFij)z + CBppk+l|k‖2, l ≥ 0

= max
zT z≤1

‖C(A+BFij)Q
1
2
i z + CBppk+l|k‖2, l ≥ 0 (3.47)

We want ‖C(A+BFij)Q
1
2
i z + CBppk+l|k‖2 ≤ ymax for all pk+l|k,z satisfying

(pk+l|k)
T
s (pk+l|k)s ≤ zTQ

1
2
i (Cq,s +Dqu,sFij)

T (Cq,s +Dqu,sFij)Q
1
2 z (3.48)

where the index s denotes the s-th element of a vector or s-th row of a matrix. By
applying the S-procedure in the same way as in the proof of Theorem 3.14 the LMI
(3.43) follows. �

Now we can state the following theorem on the robust stability and feasibility of the
proposed method:
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Theorem 3.6 If at time k there exist Qi > 0, Yij , γ > 0 solving the problem (3.31) with
constraints (3.42) and (3.43) then the control policy computed by using the feedback gain
Fkij will

• be feasible for all times t > k

• robustly stabilize the system

• satisfy the prescribed state and input constraints.

Proof. For feasibility we have to prove that the control gain set {Fkij} computed at
time k produces feasible control sequence for all times t > k. The only one LMI that
depends on the actual state vector is the LMI (3.31b) so it is enough to show that this
inequality remains valid for all xk+l|k+l. This in turn follows from the invariance of
⋃

i Eki and from the fact that xT
k+1|kPkℓ+xk+1|k ≤ γ holds for all [A,B] ∈ Ωℓ if ρk ∈ Pℓ+ .

(The proof goes in the same way as the proof of Theorem 3.3).
Using the feasibility property and the reasoning of section B.3 the robust stability
and constraint satisfaction can also be easily proved. �

Remark. 3.6 If the on-line computation (3.31) was too time consuming for real-time
application, the controller can be implemented off-line by using the the same method
as [88] and [18]. Also, the method presented in the previous section can be adapted to
the system class (3.21) and algorithm (3.31) (with (3.42)).

3.5 Case studies

Two case studies with practical significance ([PSB07], [PB07], [PS08]) are presented
here to illustrate the feasibility and usefullness of the improved robust model predictive
control methods.

3.5.1 Control of a pressurized nuclear power plant

This section present a successful application of the modified MPC control framework
presented in Section 3.3. The system to be controlled is the primary circuit of the
pressurized water Nuclear Power Plant working in Paks ([58], [21]) . The system model
and the motivation behind the control design can be found in Appendix C. By (C.10)
the dynamics can be given in the form of (3.2), i.e.

xk+1 = Akxk +Bkuk [Ak, Bk] ∈ co{[A1, B1], . . . , [A5, B5]} (3.49)

where x = [N−N̄ , TPC−T̄PC , TSG−T̄SG, TPR−T̄PR]T , u = [ν−ν̄,Wheat,PR−W̄heat,PR]T

are the centered input variables. The predictive controller was tested on an identified
model of the plant, which had to perform a load increase operation, i.e. the state of
the plant had to be steered to an operating point belonging to a higher neutron flux.
The dynamics was sampled with Ts = 1s. (Although the dynamics of the temperatures
(state variables x2, x3, x4) would tolerate higher sampling time, the faster dynamics of
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the neutron flux (state x1) makes it necessary to use Ts = 1s. (The eigenvalues of the
linearized, continuous model are 0,−0.001,−0.05, 0.4096))

After the discretization presented in Appendix C the model was centered around
the operating point at

N̄ = 100% T̄PR = 599K (3.50)

The remaining two state variables were determined by substituting N̄ , T̄PR into (C.1a)-
(C.1c) and solving the equations for 0. The steady-state values obtained for TPC , TSG
and for the control inputs were as follows:

T̄PC = 553.7398 T̄SG = 530.3435 ū1 = 4.5312 ū2 = 1.6823 (3.51)

The simulations were started from the initial condition

N̄(0) = 85% T̄PC(0) = 548.9398 T̄SG(0) = 529.3435 TPR(0) = 598.92 (3.52)

which are equivalent in the centered model to the following initial state:

x(0) =
[
−15.0000 −4.8 −1.0 −0.08

]T
(3.53)

Since we have constraints prescribed for N and TPR, these two state variables are chosen
as outputs, i.e.:

C =

[
1 0 0 0
0 0 0 1

]

(3.54)

The constraints are as follows:

−10 ≤ x1 ≤ 10 (N̄ − 10 ≤ N ≤ N̄ + 10)

−1 ≤ x4 ≤ 1 (T̄PR − 1 ≤ TPR ≤ T̄PR + 1) (3.55)

The control inputs have to be always in a physically realizable range. This means for
Wheat,PR to be between 0 and 3.6 and for ν to be between −15 and 15. Since in the
MPC framework the limits have to be symmetric to 0 the following constraints are used:

−10 ≤ u1 ≤ 10

−ū2 ≤ u2 ≤ ū2 (0 ≤Wheat,PR ≤ 3.3646) (3.56)

Let the weighting matrices in the cost function be Q1 = diag(0.1, 0.1, 0.1, 0.01), R =
diag(0.01, 0.01). In the simulations the feedback gain was updated at every 2s (ℓ = 2),
i.e. 2s was allocated for the computation.

Four simulations were performed. First, the original control method (3.10) (with
(3.13),(3.12)) was applied to compare its performance with the results of the modified
algorithms. Second, the control policy (3.18) was implemented with ℓ = 2, since on
our computer ℓ · Ts = 2 s is enough to compute the control gain. In the end, M and ℓ
were chosen to be M = 20, ℓ = 2 (see Subsection 3.3.2) and the control policy (3.20)
was implemented with and without using the linear interpolation. Except the first one,
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the control gain was computed in all cases by algorithm (3.19). The simulations were
performed in MATLAB/SIMULINK by using LMI Control Toolbox. The results can
be seen in Figures 3.3, 3.4 and 3.5.

All controllers solved the prescribed control problem: the settling time of the neu-
tron flux is acceptably small (less than the prescribed 2500s (see section C.4)), the states
and the control inputs satisfy the prescribed constraints. The modifications in the con-
troller update did not cause significantly degradation in the performance: the modified
controllers provided almost as good results as the original one. On the other hand, the
beneficial effect of the linear interpolation is remarkable. In the last simulations, when
the controller was updated only at each 20-th second, the abrupt change in the control
gain (Fk−M was replaced by Fk immediately at time step k + ℓ) resulted in high oscil-
lation in the variable mPR. The variable mPR defined by (C.2) is a linear combination
of the uncentered states: the high values of the state variables are summed up with
similar weights, but different signs. Therefore mPR takes relatively small values and is
very sensitive to the changes of the state trajectories. Every change in the control gain
perturbs the state dynamics, which results in the oscillation of mPR. This undesired
effect could be successfully attenuated by the linear interpolation.

Based on the simulation results we can conclude that relatively rare (M ·Ts = 20 s)
update is enough for the controller to provide acceptable performance. Therefore, the
control policy (3.20) is applicable for the reactor and can be implemented in a computer
architecture depicted in Figure 3.1.

To examine how the controller update frequency influences the performance, 5 simu-
lations have been made with different values of M and the settling times of the neutron
flux are compared in Figure 3.6. It can be seen that the greater the M , the longer the
time needed for the reference value to be reached. From the reactor’s point of view, the
settling time greater than 2500s is not acceptable (see the prescribed control goals in
section C.4), therefore the time between two consecutive controller updates can not be
longer than 30s (M = 30).

It is also important to compare the computation times. The original method (algo-
rithm (3.10) with (3.13), (3.12)) requires minimum 0.7s, maximum 1.02s – depending
on the initial state xk from which the LMI optimization starts – and averagely 0.8s
on an Intel P4 processor running with 2.4 GHz. The more complex algorithm (3.19)
takes minimum 1.1s, maximum 1.4s and averagely 1.2sec on the same computer. The
allocated time ℓ ·Ts = 2s is therefore enough for computation. These results prove that
the controller can be implemented in real-time, even on the real power plant.
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Figure 3.3: Simulation I and II. The plant is controlled by the original (3.10) and the
modified control policy (3.18)

.
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Figure 3.4: Simulation III. and IV. The plant is controlled by the control policy (3.20).
In the first case no interpolation was used (abrupt change), while in the second case the
control gain was interpolated (interpolation) between two update periods.
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Figure 3.5: Highlighted interval of the control inputs in simulations III. and IV.
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Figure 3.6: The trajectory of the neutron flux in case of different values of M .

3.5.2 Velocity reference tracking control for road vehicles

In this section the extended MPC algorithm is applied to solve a control problem related
to autonomous road vehicles. The vehicle is modeled by the single-track dynamics
presented in section 2.2. The aim is to solve the robust, velocity tracking problem, i.e.
the controller has to ensure the precise tracking of a given velocity reference signal,
while the system is uncertain and the control input is subject to hard constraints. The
vehicle model is the same as in chapter 2, i.e.

β̇ + ψ̇ =
a11

v
β +

a12

v2
r +

b1
v
δ

β̇ =
a11

v
β +

(a12

v2
− 1

)

r +
b1
v
δ

ṙ = a21β +
a22

v
r + b2δ

y = β + ψ (3.57)

where the definition of the state variables and the computation of the model parameters
a11, a12, a21, a22, b1, b2 can be found in section 2.2. We assume that m, lr, lf from the
physical parameters are known precisely but cr, cf , J can differ from the nominal value
even by 10%. Numerically this means that

m = 10344, lf = 2.53, lr = 2.07

cf = 6.848 · 105 · (1 + δcf )

cr = 8.373 · 105 · (1 + δcr), J = 54170 · (1 + δJ)

−0.1 ≤ δcf , δcr , δJ ≤ 0.1
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Rewriting the vehicle dynamics in the usual matrix form

ẋ = Acx+Bcu

x = [β + ψ, β, r]T

Ac =





0 a11
v

a12
v2

0 a11
v

a12
v2

− 1
0 a21

a22
v



Bc =





b1
v
b1
v

b2



 (3.58)

it can be seen that the equations above describe a linear parameter varying system,
where the one, single parameter v forms the two affine parameters 1/v, 1/v2 of the sys-
tem.

The control problem was formulated as follows: the vehicle has to make 180◦ and
90◦ turns (prescribed via the output reference yref ), while its velocity is changing be-
tween 8m

s
and 19.5m

s
according to Figure 3.7/a. The controller has to provide precise

tracking while the control input is subject to the hard constraint |δ| ≤ 0.6981(= 40◦).

If the continuous dynamics is discretized (with sampling time Ts = 0.1sec) by the
CSS method presented in Section 3.4.1 one can check that all entries of the matrices in
the discrete model will depend nonlinearly on the parameter v. This means almost as
many affine parameters as the number of the matrix entries in the model, more precisely
9. Using this model we have tried to solve the control problem above. For this, the
9-parameter model was rewritten into the form of (3.2) and then (3.10) was applied.
(No uncertainty was taken into consideration, because the algorithm can not handle
uncertainties.) Embedding the nonlinear dynamics into one ’large’ polytope resulted
that the LMI-s were feasible only in a small neighborhood of the origin. This means
that the prescribed reference tracking could not be performed.

To use our algorithm it was assumed that 4 ≤ v ≤ 20 and the parameter space was
partitioned in the following way:

Pi = {v | v̄i ≤ v ≤ v̄i+1} v̄ =
[
4 7 10 13 16 20

]
(3.59)

Since the acceleration of a road vehicle is always smaller than 30m
s2

, i.e. the velocity can
jump only one partition under one sampling period, thus (3.59) involves the following
adjacency set

S = {(1, 1); (1, 2); . . . (i, i); (i, i− 1); (i, i+ 1); . . . (5, 4); (5, 5)}, i = 2, 3, 4 (3.60)

(Note that the number of partitions is K = 5, which means in worst case 2K = 32
adjacent polytopes on the parameter space. In our case |S| is only 13.)

The matrices Bp, Cq, Dqu were set so that the uncertainty model [Bp∆Cq, Bp∆Dqu]
covers as precisely as possible the difference between the real plant and the discretized,
nominal model. The difference is caused by the parametric uncertainty (cr, cl, J) and
the inaccuracy of the discretization. In our case Bp, Cq, Dqu were set as follows:

Bp = diag([0.2 0.2 1.0]), Cq = diag([0 0.5 0.1]), Dqu = [0.3 0 0]T ; (3.61)
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The system was started from the initial state x0 = [0 0.01 0.1]. The reference signal
yref , the control input δ, the output y and the deviations δcr , δcl , δJ of the physical
parameters can be seen in Figure 3.7. The reference signal was chosen to be piecewise
constant in order that the dynamic properties of the controlled system can be examined.
At each time instant 13 control gains were calculated by using algorithm (3.31) and the
control policy (3.29) was applied. Since we have K = 5 partitions and |S| = 13,
the constraint (3.31b) involves 28 matrix inequalities. (The same subproblem in the
algorithm of Cuzzola et.al. [16] (without uncertainty) would require the simultaneous
satisfaction of 2K+1 = 64 LMI-s.)

It can be seen that our controller solved the prescribed control problem with accept-
able settling time and the control input reached, but never violated the constraints.

3.6 Conclusions

In this chapter the LMI based MPC framework proposed by Kothare et.al. in [39] has
been improved. The first result is practical ingredient, which makes the original method
applicable in real-time. New LMI constraints have been added to the original constraint
set in order to ensure the stability, feasibility and constraint satisfaction even if the time
required for the on-line computation is larger than the sampling time.

The second improvement extends the original framework for a class of uncertain,
LPV systems. The LPV system is represented in piecewise polytopic format, which fits
well to the discretization procedure mostly applied for LPV systems. By following a
similar design procedure than the original method, new LMI conditions are derived to
ensure the stability, feasibility and constraint satisfaction.

The applicability of the proposed algorithms were proved by case studies, on the
control of the primary circuit of the Paks Nuclear Power Plant and on the control of an
autonomous road vehicle.

In the future the research can be directed towards exploring in more details the
properties of the different discretization algorithms and developing methods for incor-
porating their features in the controller synthesis. The presented algorithm and the
results of Toth et.al. in LPV discretization ([84], [83]) provide a good starting point to
these researches.

The contribution of this chapter can be summarized in the following thesis: a) A
linear matrix inequality based model predictive control is elaborated for discrete-time
LPV systems with the aim of real-time implementation. The original design procedure
is completed with further LMI constraints guaranteeing the stability, feasibility and con-
straint satisfaction even if the time required for the on-line computation is larger than
the sampling time. b) Based on the algorithms elaborated so far for uncertain linear
time invariant systems the LMI-based model predictive control framework is extended to
uncertain, pecewise polytopic LPV models. By following a similar design procedure than
the original method, new LMI conditions are derived to ensure the stability, feasibility
and constraint satisfaction. (Thesis 2.) Own publications related to the chapter and
thesis: [PSB07], [PB07], [PS08].
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Figure 3.7: Vehicle velocity tracking control. The parameters v, δJ , δcr , δcl and the
simulation results.
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Chapter 4

Interpolation based constrained

H∞ control for discrete-time LPV

systems

4.1 Introduction

Nowadays, the computational power provided by the continuously developing computer
architectures made the implementation of computationally demandant and highly so-
phisticated control systems possible [6],[45]. More and more complex control task can
be solved in real-time, but the realization of constrained and optimal nonlinear control
loops is not trivial [29]. The thesis considers the constrained H∞ control problem for
a special class of nonlinear systems. The aim of the control synthesis is to minimize
the induced ℓ2 gain between the generalized deterministic disturbance input (w) and
the performance output (z). The state x of the system and the control input u(x) are
subject to hard constraints x ∈ X,u(x) ∈ U with apriori chosen sets of the signals X
and U .

The stabilizing state feedback control policy u(x) solves a constrained H∞ problem
if either of the following conditions are fulfilled:

(C1) u(x) is defined so that x ∈ X, u(x) ∈ U and there exists a positive definite storage
function V (·) > 0 satisfying the dissipation inequality zT z − γ2wTw + V (x+) ≤
V (x). (x+ is the successor of x)

(C2) u(x) = u0, where [u0, . . . , uN−1] = u, u = arg minu∈UN ,x∈XN maxw∈WN

∑N−1
k=0 z

T
k zk−

γ2wTk wk+V (xN ), xN ∈ Xf and x = [x1, . . . , xN ], w = [w1, . . . , wN ], and V (·) > 0
is a storage function of the unconstrained H∞ problem and Xf is a terminal set
chosen appropriately ([50]).

The first one is the passivity based condition, while the second one considers the
H∞ problem as a special case of the zero sum differential games [28]. Depending on
which condition is applied, different formulations of the solution can be derived.

A receding horizon control (RHC) structure is obtained whenever applying (C2).
The min-max optimization is performed at each time instant in a predictive manner;
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always with fresh data and only the first control input is applied [15], [46].
For nonlinear systems [29] proves (using (C1)) a necessary and sufficient condition

for the solvability of the constrained H∞ problem if Euclidean norm input constraints
are present. In this case, the controller can be given in a closed, nonlinear state feedback
form. Unfortunately, to satisfy the given conditions, one has to solve nonlinear matrix
inequalities.

Efficient solutions exist only for linear time invariant systems [5]. In the linear case,
the RHC controller can be implemented by decreasing the complexity of the on-line
optimization, see e.g. [34]. Furthermore, [25] proved that the min-max optimization
can be rewritten to an equivalent convex optimization problem and can be solved by
QP (quadratic programming), SOCP (second order cone programming) or SDP (semi-
definite program) methods. For linear time invariant system, an explicit solution is
available (see e.g. [2, 49]). In [49] dynamic programming is applied to obtain an explicit
solution to the problem (C2). The control policy u(x) is given in a piecewise affine form
defined over a polyhedral subset of the states. These results can hardly be extended to
nonlinear systems.

Instead of the generic formulation of a nonlinear plant, the system can be casted
to parametrically varying, i.e. the coefficient matrices are parameter dependent but
preserving the linear dependency in sense of the states and control inputs (see Chapter
1). In constrained H∞ control, the LPV structure gives a chance to extend the efficient
algorithms developed for LTI systems to the nonlinear case with special care. In [14] a
(C1) type structure is proposed by a model predictive H∞ controller for LPV systems.
V (x) has been chosen to be quadratic, the feedback is supposed to be a linear state
feedback one, u(x) = Kx. Thus, (C1) could be given by a linear matrix inequality
(LMI) solving a convex optimization problem. The constraint handling (driven back to
LMI) is a very conservative estimation of the robust invariant set. The LMIs generated
by the constraints can be satisfied only for states that are very close to the origin.
This conservativeness strongly limits the applicability of the method. [13] suggests an
application oriented form of the LMI H∞ based solution for parameter varying systems.

There is room to improve constrained H∞ control methods, because existing meth-
ods for parameter dependent systems may either be time consuming (RHC), difficult to
solve (non-convex optimization, nonlinear matrix inequalities) or result in too conser-
vative (LMI based) solutions. On the other hand, [62], [64] and [72] show the compu-
tational of a valuable measure of the constrained H∞ controllers, the robust invariant
sets for LPV systems.

To overcome the difficultly tractable aspects of the mentioned methods, the thesis
offers an interpolation based control design for LPV systems. The motivation of the
present work is to eliminate the drawbacks of the existing constrained methods.

The developed technique consists of two main steps.

1. Off-line step. Since, our method interpolates among linear feedback gains u(x) =
Kx, these controllers have to be synthetized prior to the application. Conse-
quently no online computation of the controller gain is required.

2. On-line step. The algorithm can be implemented so that the linear interpolation
of the pre-computed controllers is the only numerical computation that has to be
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performed on-line. For the price of higher computation time a better performance
can be achieved and the assumption of the measurability of the scheduling pa-
rameter can be dropped. It is also possible to increase the performance (decrease
the induced ℓ2 norm) on-line, provided that the necessary computational power
is available.

The freedom injected into the method comes from the interconnected structure
of the designed controllers, namely an interpolation problem is solved in order
to guarantee the constrained control problem dissolving the conservativeness of a
single state feedback solution. By changing the structure, i.e. re-partitioning the
controller the disturbance level can be modified.

The algorithms presented here are extensions of the results published in [64], [72],
[62], [63]. These papers propose efficient methods for the invariance set computation
and for the construction of the interpolation based controller, but they focus only on
the disturbance-free case and solve an LQ-like, constrained optimal control problem.
In this paper the LPV system is completed with additive disturbance and the original
methods are extended to the constrained H∞ control problem.

The chapter is organized as follows. First, the problem is formulated and the solution
is outlined. In section 4.3 an efficient algorithm is proposed for the computation of the
maximal d-invariant set. The interpolation based control scheme is presented in sections
4.4, 4.5 and 4.6. The algorithm is tested by a numerical simulations in section 4.7. In
section 4.8 the results are summarized and the most important conclusions are drawn.

4.2 Problem formulation

Let a discrete-time, linear parameter-varying (LPV) system be given in polytopic1 form
by

x+ = A(δ)x+B1(δ)w +B2(δ)u

z = C(δ)x+D1(δ)w +D2(δ)u (4.1)

where x ∈ Rnx , u ∈ Rnu , z ∈ Rnz and w ∈ Rnw are the states, control input, perfor-
mance output and the disturbance signals respectively. (x+ denotes the successor of x).
The polytopic representation of the model is written as

δ ∈ ∆, ∆ = {δ = [δ1, . . . , δL] | δi ∈ R+,
L∑

i=1

δi = 1}

[A(δ), B1(δ), B2(δ), C(δ), D1(δ), D2(δ)] =
L∑

i=1

δi · [Ai, B1i, B2i, Ci, D1i, D2i] (4.2)

with matrices known Ai, B1i, B2i, Ci, D1i, D2i of appropriate dimension. It is assumed
that the state x and the parameter vector δ are measured at each time instant. Assume

1Any linear parameter varying system, that is affine in its scheduling parameters can be equivalently
rewritten to polytopic form. For the details see 1.1 or [73].
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w ∈ W and the state and control input are subject to constraints: x ∈ X, u ∈ U .
The sets X,U,W are closed, convex and contain the origin in their interior. In order to
formulate the control problem itself the notion of the disturbance invariant (d-invariant)
set has to be recalled [38].

Definition 4.1 (d-invarinat set, maximal) The set S ⊆ X is a d-invariant set gen-
erated by the stabilizing state-feedback controller2 u(x) if S is the d-invariance set of
the closed loop system A(δ)x + B2(δ)u(x) + B1(δ)w, i.e. x ∈ S implies u(x) ∈ U and
A(δ)x+B2(δ)u(x) +B1(δ)w ∈ S for all w ∈W . The largest (maximal) d-invariant set
is denoted by S. By definition S ⊆ S holds for all d-invariant sets S.

The control problem can now be formulated as follows:

Problem 1. (constrained H∞ ) Let 0 < γ∗be a given predefined performance level.
Find a stabilizing state feedback control policy u = u(x) for system (4.1) so that

(i) there exists a positive definite storage function V (x, δ) : Rnx × Rnδ → R+,
V (0, δ) = 0 and a positive scalar γ < γ∗ s.t. the state x and output z of the
closed-loop system x+ = A(δ)x + B2(δ)u(x) + B1(δ)w, z = C(δ)x +D1(δ)w sat-
isfy the dissipation inequality

zT z − γ2wTw + V (x+, δ+) ≤ V (x, δ) (4.3)

for all possible disturbance sequences [w0, w1, . . .] :
∑∞

i=0w
T
i wi <∞.

(ii) u(x) generates a nonempty (and practically ’large’) d-invariant set S.

Condition (i) is the generic formulation of the unconstrained H∞ control problem. Satis-
fying (4.3) assures that the induced ℓ2 norm between w and z is less than γ (respectively
γ∗). The set S defined by (ii) has to contain the initial state x0 for the constraint to
be satisfied along the entire future state trajectory. Therefore, S can be considered as
the region of applicability of the controller u(x). S is obviously required to be as large
as possible.

In the proposed algorithm the control input u(x) is computed by interpolation among
a set of unconstrained and constant state feedback controllers ui(x) = Kix. The storage
function is chosen to be parameter independent and quadratic V (x) = xTPx, P > 0,
as well. The selection of the linear feedbacks seems too conservative, but they have
considerable advantages compared to the nonlinear control policies. First, they can
be computed efficiently by rewriting (4.3) to linear matrix inequalities [33] and solving
them by convex programming [73]. Second, there are powerful algorithms available for
the approximation of the maximal d-invariant set (see section 4.3).

One single state feedback can not provide, of course, satisfactory result. There
is namely a trade-off between the performance and the region of applicability. The
controller providing low γ has generally large feedback gain, thus – due to the input
constraints – generates small, or even empty, d-invariant set.

To overcome this trade-off, the set of acceptable controllers (that have γ smaller than
γ∗) is augmented with an unacceptable one, which has ’large’ maximal d-invariant set.

2In the chapter we restrict ourselves to parameter independent controllers.
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Interpolation is performed then, to generate u(x) so that the overall performance stays
acceptable (smaller than the predefined level), while the d-invariant set generated by
the controller is much larger than the one that could be achieved by a single feedback.

4.3 Maximal disturbance invariant set of LPV systems

As it was previously mentioned, the d-invariant sets of the closed-loop system play a
key role in the determination of the region of applicability of the applied control policy.
At the same time, the exact computation of these sets is generally a complex problem,
even if the system is linear time invariant [38][24],[66]. For the construction of the
maximal invariant set of a polytopic system [62] provides a computationally efficient
method, but it focuses only on the disturbance free case. Revising and extending the
earlier results this section proposes an efficient algorithm for the approximation of the
maximal d-invariant set of system (4.1), generated by a parameter-independent state
feedback controller u(x) = Kx.

The invariant set algorithm proposed by [62] is adjusted to this problem. For this,
assume that the constraints x ∈ X and Kx ∈ U are expressed by one linear constraint
set ASx ≤ bS , where each row of [AS , bS ] corresponds to a linear constraint of the form
aTx ≤ b. Consider now the sequence of sets S0, S1, S2, . . . defined as follows: S0 =
{x |ASx ≤ bS}, St = {x ∈ St−1 | (A(δ) +B2(δ)K)x+B1(δ)w ∈ St−1, ∀w ∈ W, δ ∈ ∆},
t > 0. If S0 is a polytope then St and Si ⊆ Si−1 are polytopes as well. The following
lemma proves the convergence of the approximation towards S.

Lemma 4.1 (convergence to S) If the sequence of sets S0 = {x |ASx ≤ bS}, St =
{x ∈ St−1 | (A(δ) + B2(δ)K)x + B1(δ)w ∈ St−1, ∀w ∈ W, δ ∈ ∆} is convergent 3 then
limt→∞ St = S

Proof. (The proof is similar to the proof in [62].) The lemma is proved by showing that
S∗ = limt→∞ St is a d-invariant set and contains S. Since by construction S∗ =

⋂∞
t=0 St,

so S∗ is d-invariant. Suppose now S * S∗. This means that there exists j s.t. S ⊆ Sj−1,
but S * Sj . Since S is d-invariant, for all x ∈ S (A(ρ) + B2(ρ))x + B1(δ)w ∈ Sj−1.
This implies that S ⊆ Sj , which contradicts the assumption. �

The algorithm constructing the outer approximation of the maximal d-invariant set can
be given as follows:

Algorithm 1. (Outer approximation of the maximal d-invariant set)
1. Initialize cmax = 0, S0 = {x|AS0x ≤ bS0}, AS0 = AS , bS0 = bS, t = 1

2. Set M = [],m = []

3. Perform the following steps while j is not larger than the number of rows in ASt−1

(a) Take the jth inequality aTx ≤ b

3Set convergence is defined according to [38]/Theorem 4.1, i.e. Ft → F if for every ǫ > 0 there
exists t s.t. F ⊂ Ft + ǫB, where B is a unit ball.
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(b) Check whether there exists x ∈ St−1,w ∈ W and δ s.t. (A(δ) + B2(δ)K)x+
B1(δ)w /∈ St−1. For this, compute for each triplet (Ai, B1i, B2i), i = 1 . . . L

ci = max
w∈W,x∈St−1

aT [(Ai +B2iK)x+B1iw] − b

(x∗i , w
∗
i ) = arg max

w∈W, x∈St−1

aT [(Ai +B2iK)x+B1iw] − b (4.4)

If for any i, ci > 0 save the inequality aT (Ai + B2iK)x ≤ b− aTB1iw
∗
i , i.e.

let

M =

[
M

aT (Ai +B2iK)

]

m =

[
m

b− aTB1iw
∗
i

]

(c) let cmax = max(cmax, c1, . . . , cL)

4. let ASt =

[
ASt−1

M

]

, bSt =

[
bSt−1

m

]

and St = {x |AStx ≤ bSt}.

5. [ASt , bSt ] = reduce(ASt , bSt)

6. if cmax < ǫ then let Ŝ = St and stop, else t := t+ 1 and go to step 2

The algorithm assumes first, that the set {x |ASx ≤ bS} generated from the constraints
is equal to a d-invariant set. Afterwards, by going through each constraint it checks
whether there exist an x ∈ S that violates the constraint, i.e. whether there exists an
x ∈ S and w s.t. (A(δ) + B2(δ)K)x + B1(δ)w /∈ S. In this case a new constraint is
added to the existing set of rules. Involving more and more constraints, an outer ap-
proximation is given for the maximal d-invariant set. By increasing the number of the
rules, the invariant set candidate becomes smaller and smaller till it covers the maximal
set with the predefined precision ǫ.

The presented algorithm can not construct in general the maximal d-invariant set in
finite steps. This makes it necessary to apply a terminal condition cmax < ǫ, where the
variable cmax measures the ’difference’ between two consecutive invariant set candidates.
If cmax is acceptably small the computation stops.

Since the algorithm only adds and never removes constraints it is worth revising oc-
casionally the constraint set and removing the redundant constraints. This can be
performed in a straightforward way by linear programming. The details can be found
in [62]. The constraint set reduction is indicated in the algorithm above by calling the
reduce() function in step 5.

To check the propriety of the proposed algorithm, the following lemma is proved:

Lemma 4.2 Let St be a set computed from St−1 by performing steps 3 and 4 of Algo-
rithm 1. Then St ⊆ St−1 and St = {x ∈ St−1 | (A(δ) +B2(δ)K)x+B1(δ)w ∈ St−1}.
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Proof. The first part of the statement is obvious. For the second part, consider an
inequality aTx ≤ b from [ASt−1 bSt−1 ]. Let x̃ ∈ St−1 be an arbitrary vector satisfying
all of the new inequalities that (a, b) involves, i.e. aT (Ai +B2iK)x̃+ aTB1iw

∗
i − b ≤ 0,

for all i = 1 . . . L. If the lemma above does not hold there may exist w̃ ∈ W and
δ = [δ1, . . . , δL] so that

aT [(A(δ) +B2(δ)K)x̃+B1(δ)w̃] − b > 0 (4.5)

This is equivalent to
∑L

j=1 δ
j
[
aT (Aj +B2jK)x̃+ aTB1jw̃ − b

]
> 0. Since δj ≥ 0,

there must be an index i, s.t. [aT (Ai + B2iK)x̃ + aTB1iw̃ − b] > 0. Since w∗
i =

arg maxw∈W aTB1iw, therefore

aT (Ai +B2iK)x̃+ aTB1iw̃ − b ≤ aT (Ai +B2iK)x̃+ aTB1iw
∗
i − b ≤ 0 (4.6)

which contradicts (4.5). �

The execution steps of the algorithm are demonstrated in Figure 4.1, where the maximal
invariant set generated by controller Kb (from Example 1 in Section 4.7) is constructed.
The algorithm starts from S0 and terminates after 5 steps with the maximal d-invariant
set S4 = Sb.
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Figure 4.1: Construction of the maximal d-invariant set Sb of controller Kb. The sets
S0 at step 1, S1 at step 2,. . . , S4 = Sb at step 5 are plotted. The controllers are defined
in Example 2 in Section 4.7.
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4.4 The extended system

This section introduces the extended system, which is needed to derive the interpolation
based control algorithm.

Suppose m different unconstrained H∞ controllers have already been designed for
the system (4.1). Let they be given by the following ordered pairs:

(K1, γ1), (K2, γ2), . . . , (Km, γm) (4.7)

where γi is the induced ℓ2 gain provided by the state feedback control u = Kix. The
ordering is according to γ, i.e. 0 < γ1 ≤ γ2 ≤ . . . ≤ γm−1 ≤ γ∗ ≪ γm < ∞. (Note that
the last controller can not be used in itself since the performance it provides is worse
than the acceptable level.) Consider now the extended system constructed from the m
closed loop dynamics formed by the m controllers:

Σ :





x̂1
+
...
x̂m+




 =






A(δ) +B2(δ)K1

. . .
A(δ) +B2(δ)Km











x̂1
k
...
x̂mk




 +






B1(δ)/m
...

B1(δ)/m




 ŵ

ẑ = [C(δ) +D2(δ)K1, . . . , C(δ) +D2(δ)Km]






x̂1
k
...
x̂mk




 +D1(δ)ŵ

where x̂i ∈ Rnx . The upper index i denotes that the vector is the i-th partition in the
state vector of system Σm. The following lemma can be easily checked:

Lemma 4.3 (I/O equivalence) The original (4.1) and the extended Σ system are
input-output equivalent, i.e. [ŵ0, ŵ1, . . . , ŵk−1] ≡ [w0, w1, . . . , wk−1] ⇒ [ẑ1, ẑ2, . . . , ẑk] ≡
[z1, z2, . . . , zk] if x0 =

∑m
i=1 x̂

i
0 and u =

∑m
i=1Kix̂

i. Moreover, if ui = Kix is stabilizing,
the control policy u =

∑m
i=1Kix̂

i is stabilizing as well.

Proof. Applying the control input u0 =
∑m

i=1Kix̂
i
0 to (4.1) and using x0 =

∑m
i=1 x̂

i
0

and w0 = ŵ0 we get

x1 = A(δ0)x0 +B2(δ0)
m∑

i=1

Kix̂
i
0 +B1(δ0)w0

=
m∑

i=1

(

(A(δ0) +B2(δ0)Ki)x̂
i
0 +

B1(δ0)

m
ŵ0

)

=
m∑

i=1

x̂i1

z0 = C(δ0)x0 +D2(δ0)

m∑

i=1

Kix̂
i
0 +D1(δ0)w0

=
m∑

i=1

(C(δ0) +D2(δ0)Ki)x̂
i
0 +D1(δ0)ŵ0 = ẑ0 (4.8)

Repeating the computation above for time instants k > 0 completes the proof. The sta-
bilizing property of the interpolating controller follows from the stability of subsystems
A(δ) +B2(δ)Ki. �
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Lemma 4.3 asserts that if system (4.1) is controlled by

u =
m∑

i=1

Kix̂
i (4.9)

then its output is equal to the output of the extended system, i.e. the input-output
properties (e.g. the induced ℓ2 gain) of the closed loop system can be determined from
the behavior of the extended system. By exploiting the equivalence, it can be shown in
the rest of the section that the partitioning (x̂1

0, . . . , x̂
m
0 ) of the initial state x0 can be

chosen so that the control policy (4.9) solves Problem 1. First, the following lemma is
proved:

Lemma 4.4 (ℓ2 gain of Σ) The system Σ has finite ℓ2 gain γ̂ ≤
√

∑m
i=1

γ2
i

m
(between

ŵ and ẑ).

Proof. It is proved that there exists a positive definite function V̂ : Rm·nx → R+ and a
positive constant γ̂ for system Σ s.t. the dissipation inequality

ẑT ẑ − γ̂2
mŵ

T ŵ + V̂ (x̂1
+, . . . , x̂

m
+ ) ≤ V̂ (x̂1, . . . , x̂m) (4.10)

is satisfied. For this, consider the subsystems:

x̂i+ = (A(δ) +B2(δ)Ki)x̂
i +B1(δ)

ŵ

m

ẑi = (C(δ) +D2(δ)Ki)x̂
i +D1(δ)

ŵ

m
(4.11)

which have the property ẑ =
∑m

i=1 ẑ
i. Since Ki is a H∞ controller, the subsystem above

has ℓ2 gain γi, therefore the inequality

(ẑi)T ẑi − γ2
i

m2
ŵT ŵ + Vi(x̂

i
+) ≤ Vi(x̂

i) (4.12)

holds for all ŵ ∈W , with appropriate storage function Vi. Summing up the inequalities
above and multiplying the result by m the following relation is obtained

m
m∑

i=1

(ẑi)T ẑi −
m∑

i=1

γ2
i

m
ŵT ŵ +m

m∑

i=1

Vi(x̂
i
+) ≤ m

m∑

i=1

Vi(x̂
i) (4.13)

Consider now the following inequality defined over arbitrary vectors v1, v2, . . . , vm

(v1 + . . .+ vm)T (v1 + . . .+ vm)≤ m(v′1v1 + . . .+ v′mvm) (4.14)

(this follows from the inequality 0 ≤ Σi<j(vi − vj)
T (vi − vj).) Substituting vi = ẑi into

(4.14) the following lower bound can be calculated for (4.13):

ẑT ẑ −
m∑

i=1

γ2
i

m
ŵT ŵ +m

m∑

i=1

Vi(x̂
i
+)

≤ m
m∑

i=1

(
ẑi

)T
ẑi −

m∑

i=1

γ2
i

m
ŵT ŵ +m

m∑

i=1

Vi(x̂
i
+)

≤ m

m∑

i=1

Vi(x̂
i) (4.15)
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Note that (4.15) is the same as (4.10) with γ̂2 =
∑m

i=1
γ2

i

m
and V̂ (x̂1, . . . , x̂m) =

m
∑m

i=1 Vi(x̂
i). �

Remark. 4.1 The performance value
√

∑m
i=1

γ2
i

m
is only an upper bound in general for

the real ℓ2 gain. A better approximation can be found by setting V̂ (x̂) = x̂T P̂ x̂,
substituting the system dynamics Σ into (4.10) and rewriting the inequality obtained
into an equivalent linear matrix inequality, which is then solved for variables P̂ and γ̂
by convex programming ([33, 73]).

Remark. 4.2 It can be easily checked that the number m of the controllers and the

controllers themselves in (4.7) can be chosen so that γ̂ =

√
∑m

i=1
γ2

i

m
≤ γ∗ holds even

if γm ≫ γ∗. This means that a set of ’proper’ controllers (having ℓ2 gain ≤ γ∗) can
be completed with an ’auxiliary’ controller, which does not satisfy the performance
specification.

By Lemma 4.4 we have proved that the control policy (4.9) solves Part (i) of Problem
1. To satisfy Part (ii) a nonempty d-invariant set has to be computed for the controlled
closed loop system

x+ = A(δ)x+B2(δ)

m∑

i=1

Kix̂
i +B1(δ)w

z = C(δ)x+D2(δ)
m∑

i=1

Kix̂
i +D1(δ)w (4.16)

An efficient algorithm for the construction of this set is proposed in the next section,
where the the interpolation based control algorithm is also derived.

4.5 The interpolation based controller

Lemma 4.5 (d-invariance under interpolation) Let Ŝ be the maximal d-invariant
set of the extended system Σ, satisfying the following constraints

Πxx̂ ∈ X ΠuK̂x̂ ∈ U (4.17a)

x̂i ∈ λX Kix̂
i ∈ λU (4.17b)

for all x̂ = [x̂1, . . . , x̂m] ∈ Ŝ, x̂i ∈ Rnx

where

Πx =
[
Inx×nx . . . Inx×nx

]
∈ Rnx×mnx

Πu =
[
Inu×nu . . . Inu×nu

]
∈ Rnu×mnu

K̂ = diag(K1, . . . ,Km). (4.18)

Then the set S = {x ∈ Rnx |x = Πxx̂, x̂ ∈ Ŝ} is a d-invariant set of the closed loop
system (4.16).
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Proof. By the construction of the interpolating controller (4.9) the relation xk = Πxx̂k
holds between the trajectories of the extended and the controlled system (4.16), (pro-
vided that x0 =

∑m
i=1 x̂

i). Moreover, by definition
∑m

i=1Kix̂
i
k = ΠuK̂x̂k. Therefore,

if the trajectory of the extended system satisfies (4.17a), the corresponding trajectory
of the controlled system (4.16) satisfies the original constraints x ∈ X,u ∈ U . Further-

more, by the construction of S the trajectory xk stays in S if x̂k runs inside Ŝ. Thus S
is d-invariant. Constraints (4.17b) (with the free parameter λ ≥ 1) are rather technical,
since (4.17a) in itself does not define closed set over Rmnx . �

To apply Lemma 4.5 one has to construct the maximal d-invariant set Ŝ. This is not
difficult by using Algorithm 1. with system Σ and constraints (4.17a), (4.17b). Note
that these constraints are linear, since X,U are convex polytopes.

The size of the d-invariant set S is of course, influenced by the size of the d-invariant
sets generated by the controllers K1, . . . ,Km. It will be shown via numerical examples
in the next section, if the ’auxiliary’ Km controller is appropriately chosen (with ’large’
d-invariant set) the set S becomes significantly larger than the maximal d-invariant set
generated by any single ’proper’, linear state feedback controller.

The interpolation based control algorithm can now be summarized as follows:

Algorithm 2. (Interpolation based control)
The initial state x0 is given and the positive definite matrix P̂ defining the storage

function V̂ (x̂1, . . . , x̂m) = x̂T P̂ x̂ has already been computed either by Lemma 4.4 or by

Remark 4.1 Let the polytopic d-invariant set Ŝ be defined by linear inequalities (A
Ŝ
, b
Ŝ
),

i.e. x̂ ∈ Ŝ ⇔ A
Ŝ
x̂ ≤ b

Ŝ
.

1. Let

x̂0 := arg min
x̂∈Rmnx

x̂T P̂ x̂

w.r.t. A
Ŝ
x̂ ≤ b

Ŝ
and x0 = Πxx̂ (4.19)

If the optimization is not feasible, i.e. x0 /∈ S, our algorithm can not give feasible
solution. Thus ⇒ STOP.

2. Let k=0

3. Measure xk, δk. Perform either of the following steps:

(a)

vk−1 ,
1

m
B1(δk−1)wk−1

=
1

m
[xk −A(δk−1)xk−1 −B2(δk−1)uk−1]

x̂ik = (A(δk−1) +B2(δk−1)Ki)x̂
i
k−1 + vk−1

(4.20)
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(b)

x̂k := arg min
x̂∈Rmnx

x̂T P̂ x̂

w.r.t. A
Ŝ
x̂ ≤ b

Ŝ
and xk = Πxx̂

x̂k := [x̂1
k, . . . , x̂

m
k ] (4.21)

4. uk =
∑m

i=1Kix̂
i
k

5. k := k + 1, go to step 3

In step 1 the initial state x̂0 of the extended system is computed so that it satisfies

x̂0 ∈ Ŝ and
∑m

i=1 x̂
i
0 = x0. (This step is feasible only if x0 ∈ S.) From the infinitely

many solutions for x̂0 that is chosen, which minimizes the storage function. Step 3 can
be executed in two different ways. Step a) computes simply the next state of Σ by
using the measurements xk, δk−1 and the previous state x̂k−1. Step b) repartitions the
state xk by minimizing again the storage function V̂ . With the new state the dissipation
inequality remains valid, but the performance improves. If the algorithm is applied with
step a) no on-line computation is needed (except at time 0/step 1). With step b) one
achieves better performance for the price of higher computation time. Furthermore, to
compute step 3/b there is no need to know the scheduling parameter δ. This is useful,
when the system (4.1) models an uncertain linear time invariant system, where the
uncertainty δ is not known.

Remark. 4.3 It is possible to use the interpolation based control with only two con-
trollers. In this case one controller has to satisfy the performance condition (its induced
ℓ2 gain ≤ γ∗) while the second has to generate large d-invariant set. In the construction
of the interpolating control and in the extended system the ’good’ controller has to be

repeated m− 1 times where m is chosen so that γ̂ =

√
∑m

i=1
γ2

i

m
≤ γ∗ holds.

4.6 On-line performance improvement

It has been proved, that the interpolation based controller (4.9) is able to solve Problem
1. Since the interpolation scheme, with the control structure, is fixed at time 0 (by
partitioning), the performance of the control does not change later. Thus, the induced
ℓ2 gain remains γ̂ on the entire infinite horizon.

In the section it is shown that the performance of the control can be improved (the
induced ℓ2 gain can be decreased) by modifying the control structure on-line.

Construct first, m extended systems Σ1,Σ2, . . . ,Σm from the closed loop dynamics
formed by the first m controllers. These systems define m different interpolating con-
trollers un(x) =

∑n
i=1Kix, n ∈ {1, 2, . . . ,m}. By Lemma 4.4 Σ1,Σ2, . . . ,Σm have finite

ℓ2 gains and by construction they preserve the original ordering: γ̂1 ≤ γ̂2 ≤ . . . ≤ γ̂m.

Moreover, the m extended systems generate m d-invariant sets Ŝ1, Ŝ2, . . . , Ŝm and in-
volve m storage functions V̂1, . . . , V̂m, Vi : Rm·nx → R+. The d-invariant sets of the orig-
inal system under the different interpolating controllers are denoted by S1, S2, . . . , Sm.
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The control starts then as before: the initial state is partitioned according to (4.19)
and the system is controlled by um(x) =

∑m
i=1Kix

m,i. The induced ℓ2 gain of the
closed loop is of course γ̂m. When the trajectory enters later into a d-invariant set of
the next – the (m−1)-th – controller um−1(x) then the state is repartitioned among the
first m− 1 controllers, i.e. the m-th controller is dropped. Since from this time instant
the closed loop system is I/O equivalent to the extended system Σm−1 and γ̂m−1 < γ̂m
thus the performance is improved. When the trajectory enters into the next d-invariant
set this procedure can be repeated. In the end, only one (the best) controller remains.
The next theorem tells how this repartitioning has to be correctly performed.

Lemma 4.6 (performance update) Assume r ≤ m controllers4 are active currently,
(i.e. the last control input was computed by uk−1 =

∑r
i=1Kix̂

r,i
k−1). If at the current

time k xk ∈ Sr−1 and there exists a partitioning x̂r−1
k = [x̂r−1,1

k , . . . , x̂r−1,r−1
k ] s.t.

∑r−1
i=1 x̂

r−1,i
k = xk

V̂r−1(x̂
r−1,1
k , . . . , x̂r−1,r−1

k ) ≤ V̂r(x̂
r,1
k , . . . , x̂r,rk ) (4.22)

then the control input uℓ =
∑r−1

i=1 Kix̂
r−1,i
ℓ , ℓ ≥ k produces from step k a closed loop

system, which has induced ℓ2 gain γ̂r−1 and has trajectories running inside the set Sr−1.
The performance of the entire control (computed from time 0) is at most γ̂m.

Proof. Only the last statement is checked, i.e. the ℓ2 gain is at most γ̂m. Before time
k the dissipation inequalities hold with V̂r and γ̂r:

zT0 z0 − γ̂2
mw

T
0 w0 + V̂m(x̂m1 ) ≤ V̂m(x̂m0 )

...

zTk−2zk−2 − γ̂2
rw

T
k−2wk−2 + V̂n(x̂

r
k−1) ≤ V̂r(x̂

r
k−2)

zTk−1zk−1 − γ̂2
rw

T
k−1wk−1 + V̂r(x̂

r
k) ≤ V̂r(x̂

r
k−1) (4.23)

at time k:

zTk zk − γ̂2
rw

T
k wk + V̂r−1(x̂

r−1
k+1) ≤

zTk zk − γ̂2
r−1w

T
k wk + V̂r−1(x̂

r−1
k+1) ≤ V̂r−1(x̂

r−1
k ) ≤ V̂r(x̂

r
k)

(4.24)

The leftmost inequality in (4.24) holds because γ̂r−1 ≤ γ̂r, the middle one holds, since
Σr−1 has ℓ2 gain γ̂r−1 and the rightmost inequality holds due to (4.22). Summing up
the inequalities (4.23) and (4.24) from 0 to a sufficiently large N we get that

N∑

i=0

zT z − γ̂2
m

N∑

i=0

wTw ≤ V̂m(x̂m0 ) − V̂1(x̂
1
N+1) (4.25)

Since (4.9) is stabilizing V̂1(x̂
1
N+1) → 0 as N → ∞. Therefore the ℓ2 gain of the closed

loop system is not worse than γ̂m, the performance of the first control policy. �

4Of course the system starts with r = m at time 0
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Conditions (4.22) can be easily checked and the new state partitioning can be ob-
tained by solving at time k the following optimization problem:

x̂r−1
k := arg min

x̂∈R(r−1)·nx

x̂T P̂r−1x̂

w.r.t. A
Ŝr−1

x̂ ≤ b
Ŝr−1

and xk = Πr−1
x x̂

x̂r−1
k := [x̂r−1,1

k , . . . , x̂r−1,r−1
k ] (4.26)

where Πr−1
x = [Inx , . . . , Inx ] ∈ Rnx×(r−1)nx , V̂r−1(x) = xT P̂r−1x. If (4.26) is feasible the

controller can be updated.

4.7 Numerical examples

In the section two numerical examples will be presented. The first one is a simple,
unstable LPV system, which has been constructed to demonstrate the properties of the
presented algorithm. The second one is a real system, the pressurizer subsystem of a
pressurized water nuclear power plant, working in Paks, Hungary.

4.7.1 Example 1: The industrial pressurizer

In this section a constrained H∞ controller will be designed for the pressurizer subsystem
presented in Appendix D. By using the results of Appendix D the LPV model of the
plant can be written as follows:

x+ = A(δ)x+B2(δ)u+B1(δ)w

z = Cx (4.27)

where the parameter dependent matrices A(δ), B2(δ), B1(δ) are defined by equations
(D.3). The parameter δ is assumed to be available for measurement and w denotes the
unknown disturbance taking values from the following polytope (see Appendix D):

W = {w |







+1 0
−1 0
0 +1
0 −1






w ≤







70
70

1.5 · 104

1.5 · 104






} (4.28)

For the states and the control input the following constraints are prescribed (see section
D):

X = {x |







+1 0
−1 0
0 +1
0 −1






w ≤







1
1
2
2






}, U = [−1.7 1.7] (4.29)

where the constraint on x2 is rather technical, defined only for X to be closed.
The aim of the control is to stabilize the operating point, attenuate the effect of

the disturbance on the output while the states and the control input satisfy the hard
constraints above.
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The first constraint, which allows at most 1◦C change in the water temperature
is especially hard to satisfy with classical controllers. Most controllers (including the
hysteresis based switching controller, designed originally for the plant) provide either
overshoot in T or too high settling time (≈ 2.5 · 104 sec).

To formulate the performance requirement the output is weighted with a constant
term Wz = 103, i.e. C = [103 0] has been chosen as an output matrix in (4.27). This
means that if the induced ℓ2 gain between w and z is smaller than γ∗ = 1 then the
disturbance attenuation on the performance output is approximately 99.9%

The design of an H∞ controller with the given performance requirements for system
(4.27) is not difficult. The problem is in general with the constraints and the region
of applicability of the controller. Two alternate H∞ controllers Ka and Kb have been
designed independently with the following performance list:

γa,b =
[
0.11887 3.1712

]
(4.30)

The first controller satisfies the performance requirement γa < γ∗, while the second one
does not. On the other hand, the maximal d-invariant set associated to Kb is much
larger than the set that corresponds to Ka.

An extended system is constructed by repeating the Ka controller 5 times, i.e.
K1 = K2 = . . .K5 = Ka and using Kb as K6. The ℓ2 gain computed by Remark 4.1 is
γ̂8 = 0.5957(< γ∗ = 1).

The invariant sets of interest are depicted in Figure 4.2. The largest set Sb(= S6)
is the maximal d-invariant set generated by controller Kb(= K6). Sa(= Si, i ≤ 5)
is contained in Sb as well. The d-invariant set S (the region of applicability) of the
interpolation based controller has been determined by using Lemma 4.5 with λ = 2 and
is drawn by bold line.

Furthermore, a constant Kc controller has been designed to assure approximately
the same performance as the interpolating controller (γc = 0.5806) over the largest
possible domain. Kc gives a maximal domain of applicability (Sc) that can be achieved
by a single constrained H∞ controller. The set S is much larger than the set Sc.

In the simulation 3 controller configurations have been tested. The first (Type1) uses
Algorithm 2. with step 3/a without on-line performance update. The second (Type2)
uses step 3/b, with no performance update as well. The third (Type3) applies also step
3/b, but it improves the performance on-line, according to Section 4.6.

The system was started from x0 = [−1 −1]. The trajectory of the parameter δ and
the disturbance applied on the system are plotted in Figures 4.3. In the real system the
mass of the water and consequently the scheduling parameter δ changes much slower
than in the simulation (Figure 4.3/c). These faster dynamics has been chosen only for
demonstrative purposes.

The first simulation was performed with Type1, Type2 and Type3 controllers. The
simulation results can be seen in Figure 4.4, the control inputs are depicted in Figure
4.5. By construction, the Type3 controller is the same as Type2 in the first period of
the simulation. But at the 250-th time step the trajectory enters into Sa and V̂5 =
V̂1 = 973.61 is smaller than ≤ V̂6 = 11091.62, which makes it possible to change to Ka.
From this step the performance of the control is γ̂1 = γa = 0.11887. Comparing the
simulation results we found that
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Figure 4.2: The maximal d-invariant sets generated by the controllers Ka,Kb,Kc and
the region of applicability S of the interpolating controller in the pressurizer example.
The points of the trajectory generated by controller Type-2 are denoted by ∗.
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Figure 4.3: The disturbance (w) and parameter (δ) applied during the simulation of the
pressurizer.
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Figure 4.4: Simulation results with controllers Type1, Type2 and Type3.

• Type1 produced the slowest settling time, but requires less computation time
(1.7 · 10−4 sec/step) than the others

• Type2 was between Type2 and Type3: provided better performance and settling
time than Type2 and required less computational time (1.5 · 10−2 sec/step) than
Type3,

• Type3 provided the best performance but requires the highest computation time
(1.6 · 10−2 sec/step).

(The computation times were measured under MATLAB on a AMD 4000+ 2.0 GHz
processor.)

In Figure 4.6 the performance of the single state feedback controllers Ka and Kb

is compared with the performance of the Type2 controller. It can be seen that Ka

provides very good performance, but it violates the input constraint, since u0 = 90.4,
and for all k < 60, uk ≥ 1.7 (see Figure 4.5). Controller Kb satisfies the constraints but
its performance is much worse than the performance of Type1 and Ka controllers.

Comparing the simulation results to the results produced by a robust MPC in [65],
one can check that the interpolation based controller not only attenuates the distur-
bance, but provides smaller settling time while ensuring the constraint satisfaction over
a practically large region. The example illustrates that our controller can exploit the
entire control input range, e.g. in the first period of simulation the control input reaches
u = 1.7, the highest possible control input value.
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Figure 4.5: Control input in case of controllers Type1, Type2, Type3, Ka and Kb.
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Figure 4.6: Simulation results with controllers Ka, Type2 and Kb.
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4.7.2 Example 2: Unstable plant

The pressurizer subsystem investigated in the previous section was an open-loop stable
plant. To demonstrate that the open-loop stability is not necessary for the applicability
of our algorithm, we repeat now the design procedures of controllers Type1, Type2 and
Type3 with the following unstable plant:

x+ = [A1δ
1 +A2δ

2]x+B1w + [B21δ
1 +B22δ

2]u

z = [C1δ
1 + C2δ

2]x+ [D11δ
1 +D12δ

2]w (4.31)

where δ1 + δ2 = 1 and

A1 =

[
0.8 0.1
0.3 1.2

]

, A2 =

[
1.1 0.2
0.1 0.8

]

, B1 =

[
0.15
1

]

B21 =

[
0.1
1

]

, B22 =

[
0.2
1.5

]

C1 =
[
0.6 0.3

]
, C2 =

[
0.7 0.3

]
, D11 = −0.3, D12 = 0.3 (4.32)

(The open-loop instability follows from the property that there exists a subset ∆′ of
the interval [0, 1] s.t. if δ ∈ ∆′ then the LTI system defined by (4.31) has eigenvalues
outside the unit disc.) Let the polytopes X,U,W be given as follows

X = {x |







+1 0
−1 0
0 +1
0 −1






x ≤ 5}, U =

[
−1 1

]
, W =

[
−0.3 0.3

]
(4.33)

The prescribed performance level is γ∗ = 1. Two alternate H∞ controllers Ka and Kb

have been designed independently, with the following performance list:

γa,b =
[
0.6093 2.0646

]
(4.34)

The first controller satisfies the performance requirement γa < γ∗, while the second one
does not. On the other hand, the maximal d-invariant set associated to Kb is much
larger than the set that corresponds to Ka.

An extended system is constructed by repeating the Ka controller 7 times, i.e.
K1 = K2 = . . .K7 = Ka and using Kb as K8. The ℓ2 gain computed by Lemma 4.4

is
√

∑8
i=1

γ2
i

8 = 0.9261. The gain according to Remark 4.1 has been reevaluated and
obtained γ̂8 = 0.7721(< γ∗ = 1).

The invariant sets of interest are depicted in Figure 4.7. The largest set Sb(= S8)
is the maximal d-invariant set generated by controller Kb(= K8). Sa(= Si, i ≤ 7)
is contained in Sb as well. The d-invariant set S (the region of applicability) of the
interpolation based controller has been determined by using Lemma 4.5 with λ = 15
and is drawn by bold line.

As well as in the previous example, a constant Kc controller has also been designed
to assure (over the largest possible domain) approximately the same performance as the
interpolating controller (γc = 0.7763). The set S is again much larger than the set Sc.
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Figure 4.7: The maximal d-invariant sets generated by the controllers Ka,Kb,Kc and
the region of applicability S of the interpolating controller in Example 2.

The simulation was started from x0 = [−4.4 2.6]. The parameter δ1 is given as a
signal with an amplitude 0.5 and a time period 60, shifted between 0 and 1 (Figure 4.11)
δ2 = 1−δ1. The control inputs, system outputs in case of controllers Type1, Type2 and
Type3 can be seen in Figures 4.8, 4.9 and 4.10, respectively. It can be seen that every
controller provided satisfactory results: in this example, significant differences can not
be detected among them. By comparing the time elapsed during the computations, we
got similar ordering as in the previous example:

• Type1 required the smallest computation time: 2.9 · 10−4 sec/step

• Type2 was between Type1 and Type3 with computation time 2.6 · 10−3 sec/step,

• Type3 took the most time: 3.1 · 10−3 sec/step.

(The computation times were measured under MATLAB on an AMD 4000+ 2.0GHz
processor.)

Figure 4.12 shows the values of the storage function under the 3 controller config-
urations. It is worth comparing the results produced by controllers Type1 and Type3.
In the first 6 steps the values and the control inputs coincide. At the 7th step the
trajectory enters into Sc, which makes it possible to change to Ka. From this step the
performance of the control is γ̂1 = γa = 0.6093. The improvement in this example is not
too significant, since the interpolating controller provides a similar good performance
(γ̂8 = 0.7721) as well.
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Figure 4.8: The system output z, the disturbance w (dotted), the applied control input
u under Type1 controller.
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Figure 4.9: The system output z, the disturbance w (dotted), the applied control input
u under Type2 controller.
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Figure 4.10: The system output z, the disturbance w (dotted), the applied control input
u under Type3 controller.

4.8 Conclusions

A novel constrained H∞ control design method has been developed for discrete-time
LPV systems. By applying a set of appropriately chosen linear feedback controllers, an
extended system is defined, which is input-output equivalent to the original closed-loop
dynamics. It has been proved that the linear controllers can be chosen so that the
extended system satisfies the performance requirement. This ensures the applicability
of the interpolation-based controller. The domain over which the the new controller
is applicable has been determined from the maximal d-invariant set of the extended
system. For the construction of the d-invariant set an efficient, generally applicable
algorithm is proposed. It was shown that the region of applicability of the interpolation-
based controller is much larger, than of any single state feedback.

The proposed controller is less conservative in constraint handling compared to other
methods using approximation of the level sets of the storage function. The applicability
of the method is tested and demonstrated on numerical examples. In contrast to other
nonlinear or LPV MPC based approaches, the presented method does not necessarily
require on-line optimization, therefore it can be used in real-time.
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0.5

1

 

 

δ1

Figure 4.11: The scheduling parameter δ1 in Example 2. (δ2 = 1 − δ1)
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Figure 4.12: The values of the storage function in Example 2.

Although, the results are derived for constant state feedback controllers, part of the
statements remain valid if parameter dependent Ki(ρ) gains are applied in the interpola-
tion. In the paper the polytopic LPV system (4.1) is assumed to be perfectly known, no
uncertainty is considered. Further research has to be carry on the robustness aspects of
the proposed method and to extend the results for output feedback, dynamic controllers.

The contribution of this chapter can be summarized in the following thesis: An
efficient algorithm based on linear programming is proposed for the outer approximation
of the disturbance invariant set generated by a discrete-time LPV system under a con-
stant, state feedback controller. Based on this result an interpolation-based constraint
H∞ state feedback control structure is constructed, which can be applied over a much
larger domain than any other single control policy (Thesis 3). Own publications related
to the chapter and thesis: [PKBV08], [PKB09b], [PKB09a].
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Appendix A

Derivations in moving coordinate

frame

i

j
k

i�
j�

k�

P

p

r
K

K�
Figure A.1:

Consider the figure above. Let the coordinate system K0 be fixed and let the coordinate
system K be attached to the moving point P . Assume that the vectors r,p and ρ are
expressed in K0 and K respectively. Let the homogenous transformation between K

and K0 be denoted by T , i.e. T =

[
A p
0T 1

]

.

We are interested in the vectors of velocity and acceleration of the point P expressed
in the moving frame K.

It can be easily seen that the position, velocity and acceleration of P in K0 can be given
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as follows:

r = A̺+ p (A.1)

ṙ = Ȧ̺+A ˙̺ + ṗ (A.2)

r̈ = A ¨̺+ 2Ȧ ˙̺ + Ä̺+ p̈ (A.3)

In K the vectors above can be rewritten as:

A−1r = ̺+A−1p (A.4)

A−1ṙ = ˙̺ +A−1Ȧ̺+A−1ṗ (A.5)

A−1r̈ = ¨̺+ 2A−1Ȧ ˙̺ +A−1Ä̺+A−1p̈ (A.6)

Let the vectors of velocity, acceleration, angular velocity and angular acceleration of
K be denoted by vK , aK , ωK , εK or by vK0 , aK0 , ωK0 , εK0 depending on the coordinate
system they are expressed in. For these vectors the following relations can be derived
(the details can be found in [42]):

1. vK = A−1vK0 = A−1ṗ

2. aK = A−1aK0 = A−1p̈

3. [ωK×] = A−1Ȧ

4. [εK×] = ˙[ωK×] = ˙(A−1)Ȧ + A−1Ä = −A−1ȦA−1Ȧ + A−1Ä = −[ωK×][ωK×] +
A−1Ä

where [n×] denotes the cross product matrix of the vector n, i.e. [n×]m = n × m.
Using the equations above the velocity (v)and acceleration (a) of P can be determined
as follows:

v = A−1ṙ = vK + ωK × ̺+ ˙̺ (A.7)

a = A−1r̈ = aK + εK × ̺+ ωK × (ωK × ̺) + ¨̺+ 2ωK × ˙̺ (A.8)
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Appendix B

Proofs of Theorems

B.1 Proof of Theorem 3.1

Proof. (Algorithm A) Substituting V (xk) = xTk Pkxk into (3.7) it can be written as

xk+i+1|kPkxk+i+1|k − xk+i|kPkxk+i|k ≤ −xTk+i|kQ1xk+i|k − uTk+i|kRuk+i|k ∀i ≥ 0(B.1)

where xk+i|k is the estimated state of the system at the k+ i-th time instant, provided
that the control gain Fk computed at time k remains valid over the entire horizon.
Substituting (3.2) and uk = Fkxk into (B.1), multiplying the inequality by Q > 0
from left and right, defining P = γQ−1, Y = FQ and, at the end, applying the Schur
decomposition, the inequality (B.1) can be expressed as a linear matrix inequality:








Q QATk+i + Y TBk+i QQ
1
2
1 Y TR

1
2

∗ Q 0 0
∗ ∗ γI 0
∗ ∗ ∗ γI







≥ 0 (B.2)

Since [Ak+i, Bk+i] ∈ Ω, Ω = co{[A1, B1], . . . , [An, Bn]} the LMI (B.2) is satisfied for all
possible [Ak+i, Bk+i] pairs if it holds for all corner points of Ω, i.e.








Q Q(Ai)T + Y TBi QQ
1
2
1 Y TR

1
2

∗ Q 0 0
∗ ∗ γI 0
∗ ∗ ∗ γI







≥ 0 (B.3)

which is what we intended to prove.

(Algorithm B) Substituting (3.3) and uk = Fkxk into (B.1), it can be expressed by
the following LMI:

[
(A+BF )TP (A+BF ) − P + F TRF +Q1 (A+BF )TPBp

BT
p P (A+BF ) BT

p PBp

]

︸ ︷︷ ︸

A

≤ 0 (B.4)
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where the index k of Fk, Pk has been omitted. It follows from ‖∆j
k‖2 ≤ 1 that

pTk diag(0, 0, ..., Inj
, ..., 0)pk = pTk,jpk,j ≤ xTk (Cq,j +Dqu,jF )T (Cq,j +Dqu,jF )xk (B.5)

holds for all pk, xk and j = 1, ..., r. These inequalities can be written as:

[
xTk pTk

]
diag((Cq,j +Dqu,jF )T (Cq,j +Dqu,jF ), 0∑j−1

1 ni
,−Inj

, 0∑r
j+1 ni

)
︸ ︷︷ ︸

Bj

[
xk
pk

]

≥ 0(B.6)

We need −sTAs ≥ 0 whenever sTBjs ≥ 0, j = 1...r. Due to the S-procedure, this holds
if

−A−
r∑

i=1

λ′jBj ≥ 0 (B.7)

i.e the LMI





(A+BF )TP (A+BF ) − P + F TRF (A+BF )TPBp
+Q1 + (Cq +DquF )TΛ′(Cq +DquF )

BT
p P (A+BF ) BT

p PBp − Λ′



 ≤ 0 (B.8)

is satisfied with Λ = diag(λ′1In1 , λ
′
2In2 , . . . , λ

′
rInr) > 0. Let P = γQ−1 and multiply the

inequality from left and right by the positive definite matrix

[
Q

I

]

to get

γ







Q−
[

(QAT + Y TBT )Q−1(AQ+BY ) + 1
γ
Y TRY −(QAT + Y TBT )Q−1Bp

+ 1
γ
QQ1Q+ (QCTq + Y TDT

qu)
1
γ
Λ′(CqQ+DquY )

]

−BT
p Q

−1(AQ+BY ) −BT
p Q

−1Bp + 1
γ
Λ′






≥ 0(B.9)

where Y = FQ. Applying the lemma of Schur complements ([73] or section 1.2) it can
be shown that the inequality above is equivalent to the following two LMI-s

1

γ
Λ′ −BT

p Q
−1Bp ≥ 0 (B.10a)

Q−
[

(QAT + Y TBT )Q−1(AQ+BY ) +
1

γ
Y TRY+

1

γ
QQ1Q+ (QCTq + Y TDT

qu)
1

γ
Λ′(CqQ+DquY )

]

−(QAT + Y TBT )Q−1Bp

[
1

γ
Λ′ −BT

p Q
−1Bp

]−1

BT
p Q

−1(AQ+BY ) ≥ 0

(B.10b)
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Note that the LMI (B.10b) is the same as:

Q−
[

1

γ
Y TRY +

1

γ
QQ1Q+ (QCTq + Y TDT

qu)
1

γ
Λ′(CqQ+DquY )

]

−(QAT + Y TBT )

[

Q−1 +Q−1Bp(
1

γ
Λ′ −BT

p Q
−1Bp)

−1BT
p Q

−1

]

︸ ︷︷ ︸

=[Q−BpγΛ′−1BpT ]−1

(AQ+BY ) ≥ 0(B.11)

where the equality applied for the inner term is a consequence of the matrix inverse
lemma (for example [90]). After some further manipulations (B.11) can be rewritten as
follows:

Q−
[

Y TR
1
2 QQ

1
2
1 QCTq + Y TDT

qu QAT + Y TBT

]

·







1
γ
I

1
γ
I

1
γ
Λ′

(Q−BpγΛ
′−1BT

p )−1








︸ ︷︷ ︸

Ω








R
1
2Y

Q
1
2
1Q

CqQ+DquY
AQ+BY








≥ 0 (B.12)

Applying Schur complements to the LMI above it turns out to be equivalent to the
matrix inequality











Q Y TR
1
2 QQ

1
2
1 QCTq + Y TDT

qu QAT + Y TBT

R
1
2Y γI

Q
1
2
1Q γI

CqQ+DquY γΛ′−1

AQ+BY Q−BpγΛ
′−1BT

p











≥ 0 (B.13)

provided that Ω > 0. By using the notations Λ = γΛ′−1 the LMI (B.13) is the same
as (3.11d), that we intend to prove. The only difference between the statement of the
theorem and the results obtained is the two more LMI-s: Ω > 0 and (B.10a), which
also have to be satisfied together with (B.13). Applying Schur complement to (B.10a)
we can see it is equivalent to either of the following LMIs:

[ 1
γ
Λ′ BT

p

Bp Q

]

≥ 0 or

[
Q Bp
BT
p

1
γ
Λ′

]

≥ 0 (B.14)

where the second one is the same as

Q−BpγΛ
′−1BT

p ≥ 0 (B.15)

(provided that 1
γ
Λ′ ≥ 0, which always holds). Note that, if (B.15) holds then Ω > 0

is also satisfied. But (B.15) is contained in (B.13), since it is in its main diagonal.
Consequently, only LMI (B.13) (i.e. (3.11d)) has to be actually solved.
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B.2 Proof of Theorem 3.2

To prove the theorem we will show first, that the ellipsoid E = {z|zTPz ≤ γ} =
{z|zTQ−1z ≤ 1} is invariant and then we prove that the inequalities (3.12), (3.13) and
(3.14) guarantee the satisfaction of input and output constraints inside E . For this, note
that (3.10d) (or (3.11d)) implies (3.7). Thus,

xTk+i+1|kPkxk+i+1|k − xTk+i|kPkxk+i|k ≤ −xTk+i|kQ1xk+i|k − uTk+i|kRuk+i|k < 0 (B.16)

i.e.

xTk+i+1|kPkxk+i+1|k < xTk+i|kPkxk+i|k (B.17)

Since xT
k|kPkxk|k ≤ γ (due to (3.10c) (or (3.11c))), the inequality

xTk+i|kPkxk+i|k ≤ γ (B.18)

holds for all i. This means that the predicted future states of the system will remain in
the ellipse E = {z|zTPkz ≤ γ} = {z|zTQ−1z ≤ 1}, i.e. E is invariant.
Now we can check the constraints.

Euclidean norm input constraint:

‖uk+i|k‖2
2 = ‖Y Q−1xk+i|k‖2

2 ≤ max
z,zTQ−1z≤1

‖Y Q−1z‖2
2

= max
z,zTQ−1z≤1

‖Y Q− 1
2Q− 1

2 z‖2
2

= λmax(Q
− 1

2Y TY Q− 1
2 ) (B.19)

The constraint is satisfied if λmax(Q
− 1

2Y TY Q− 1
2 ) ≤ u2

max, i.e. Q− 1
2Y TY Q− 1

2 ≤ u2
maxI

which, by the Schur complements, is equivalent to
[
u2
maxI Y
Y T Q

]

≥ 0 (B.20)

Euclidean norm output constraint in case of polytopic system:

max ‖yk+i|k‖2 = max ‖C(Ak+i +Bk+iFk)xk+i|k‖2

≤ max
z,zTQ−1z≤1

‖C(Ak+i +Bk+iFk)Q
1
2Q− 1

2 z‖2

= σ̄
[

C(Ak+i +Bk+iFk)Q
1
2

]

(B.21)

Thus, the constraint is satisfied if σ̄
[

C(Ak+i +Bk+iFk)Q
1
2

]

≤ ymax, which, in turn, is

equivalent to the LMI
[

Q (Ak+iQ+Bk+iY )TCT

C(Ak+iQ+Bk+iY ) y2
maxI

]

≥ 0, i ≥ 0 (B.22)
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Since this LMI is affine in Ak+i, Bk+i, therefore it holds for all [Ak+i, Bk+i] ∈ Ω =
co{[A1, B1], . . . , [An, Bn]} if and only if the LMIs

[
Q (AjQ+BjY )TCT

C(AjQ+BjY ) y2
maxI

]

≥ 0, j = 1, 2, . . . , n (B.23)

are satisfied.

Euclidean norm output constraint in case of structured uncertainty: The
proof goes in a similar way as in the case above. The details can be found e.g. in [39].

B.3 Proof of Theorem 3.3

For feasibility it has to be shown that Fk computed at time k is feasible for all times
t > k. Since (3.10c) ((3.11c)) is the only LMI that explicitly depends on the measured
state, we have to prove that this LMI holds with Fk+i+1 = Fk for all i ≥ 0.

It is known from the previous proof that the invariance of ellipsoid E = {z|zTPz ≤
γ} = {z|zTQ−1z ≤ 1} implies that

xTk+i|kPkxk+i|k ≤ γ ∀i (B.24)

Moreover, this relation holds for any [Ak+i, Bk+i] ∈ Ω. Since the next measured
state xk+1 = xk+1|k+1 equals (Ak + BkFk)xk|k for some

[
Ak Bk

]
∈ Ω, xk+1 must

satisfy the inequality (B.24), i.e.

xTk+1|k+1Pkxk+1|k+1 < γ (B.25)

thus the LMI (3.10c) (and (3.11c)) holds for xk+1, i.e. Fk is feasible at time k+1. This
reasoning can be continued for time instants k + i, i > 1 to complete the proof.

For robust stability we have to show that the bounding function V (xk) is a Lyapunov
function, i.e. it decreases as k → ∞. This property is equivalent to the following
inequality:

xTk+i+1|k+i+1Pk+1xk+i+1 < xk+i|k+iPkxk+i|k+i (B.26)

It is enough to prove this relation for i = 0 only. Since Fk is feasible for all times t > k,
thus the related bounding function V (z) = zTPkz is also valid for times t > k. This
implies the following relation:

xTk+1|k+1Pk+1xk+1|k+1 ≤ xTk+1|k+1Pkxk+1|k+1 (B.27)

This is because Pk+1 is optimal whereas Pk is only feasible at time k+1. Due to (3.10d)
(and (3.11d)) the inequality (B.17) and consequently the inequality

xTk+1|kPkxk+1|k < xTk|kPkxk|k (B.28)
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hold for all [Ak+i, Bk+i] ∈ Ω. Since xk+1|k+1 = xk+1 = (Ak + BkFk)xk|k where
[
Ak Bk

]
∈ Ω, thus

xTk+1|k+1Pkxk+1|k+1 < xTk|kPkxk|k (B.29)

Combining (B.27) and (B.29) we obtain the inequality (B.26), that we intended to
prove. Repeating this reasoning for time instants k + i, i > 0 completes the proof.

The proof of constraint satisfaction follows from the feasibility and the satisfaction
of inequalities (3.12) and (3.13) ((3.14)) �.
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Appendix C

Hybrid model of the primary circuit

of the nuclear power plant

Nuclear power plants are some of the most safety critical engineering systems. Their
proper operation, control and maintenance are very important issues. In the last years
several projects have been launched with the aim of improving the control systems
of the Paks Nuclear Power Plant. The controllers working currently in Paks were
installed when the reactor was build, 25 years ago. Using the recent technological
developments and scientific results the efficiency, safety and reliability of these systems
can be significantly improved. To design better controllers we need a quite accurate and
simple model describing well the dynamic behavior of the power plant. In the sequel
the primary circuit of the Paks NPP will be investigated. By using the results of [22]
and [21] a nonlinear continuous, and then a discrete-time models will be derived. The
models are used in section 4.7.1, where a model predictive controller is designed for the
primary circuit.

C.1 Overall system description

One of the most important parts of the nuclear power plant is the primary circuit.
The goal of the primary circuit is to transfer the heat generated in the reactor to the
secondary circuit and to cool the reactor continuously.

The reactor is the main operating unit that acts primarily as an energy source. The
liquid in the primary circuit is circulated at a high speed by powerful circulation pumps,
and it is under high pressure in order to avoid boiling. The energy generated in the
reactor is transferred by the primary circuit to the liquid in the steam generator making
it boiling. The generated secondary circuit vapor is then transferred to the turbines.

Figure C.1 shows the flowsheet of the primary circuit in Paks NPP, where the
main equipments are the reactor, the steam generator(s), the main circulating pump(s),
the pressurizer and their connections are depicted. The sensors that provide on-line
measurements are also indicated in the Figure by small full rectangles. The controllers
are denoted by double rectangles, their input and output signals are shown by dashed
lines.
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Figure C.1: The flowsheet of the primary circuit
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C.2. CONTINUOUS TIME STATE-SPACE MODEL

C.2 Continuous time state-space model

The dynamic model of the process has been constructed using a systematic modeling
approach proposed in [30]. The detailed modeling and model identification procedure
has been described in [22]. The continous time state-space model of the system is the
following

dN

dt
=

β

Λ

(
ρmax − (p1v

2 + p2v + p3)
)
N + S (C.1a)

dTPC
dt

=
1

cp,PCMPC

[

cp,PCmin (TPC,I − TPC,CL) +WR − 6 ·KT,SG1(TPC − TSG) −

−Wloss,PC

]

(C.1b)

dTSG
dt

=
1

cLp,SGMSG

[

cLp,SGmSGTSG,SW − cVp,SGmSGTSG −mSGEevap,SG +

+KT,SG2(TPC − TSG) −Wloss,SG

]

(C.1c)

dTPR
dt

∣
∣
∣
∣
mPR>0

=
1

cp,PRMPR

[

cp,PCmPRTPC,HL − cp,PRmPRTPR −

−Wloss,PR +Wheat,PR

]

(C.1d)

dTPR
dt

∣
∣
∣
∣
mPR≤0

=
1

cp,PRMPR

[

−Wloss,PR +Wheat,PR

]

(C.1e)

where WR = cψN . The measurable variables and constant parameters of the model
are summarized in table C.1. The abbreviations R, PC, SG, PR refer to the reactor,
primary circuit, steam generator, and pressurizer, respectively.

The mass flow mPR (which makes the system dynamics hybrid) from the primary
circuit to the pressurizer (or backward) can be written as

mPR = −V 0
PCcφ,1

dTPC
dt

(C.2)

We assume that the variables min, TPC,I , mSG and TSG,SW are known and constant
which is an acceptable approximation of reality from a control point of view. The control
inputs are the rod position (v) and the heating power of the pressurizer (Wheat,PR) .
Instead of v we introduce ν = (p1v

2+p2v+p3)N as a new control input, since eq. (C.1a)
depends linearly on ν. This can be done, since the polynomial p(v) = p1v

2 + p2v + p3

is monotonously increasing, thus invertible: v = p−1(ν/N). The constraints prescribed
for v can be transformed into equivalent constraints prescribed for ν as follows: vmin ≤
v ≤ vmax ⇔ Nminp(vmin) ≤ ν ≤ Nminp(vmax), where p(vmin) < 0 < p(vmax) and Nmin is
a physical limit for which 0 < Nmin ≤ N always holds.

Since dTPC

dt
does not depend on mPR, equation (C.2) can be substituted into equa-

tions (C.1a)-(C.1e) without producing algebraic loop. Carrying out this simple manipu-
lation and centering the model around a predefined operating point (N̄ , T̄PC ,, T̄SG, T̄PR,
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Identifier Variable Type Identifier Parameter Unit

N R neutron flux s (p1, p2, p2) control rod parameters R
v R control rod position i ρmax maximum reactivity R
WR R reactor power o S zero neutron flux R
min PC inlet mass flow rate i cp,PC specific heat PC
TPC,I PC inlet temperature d MPC water mass PC
TPC,CL PC cold leg temperature (s) KT,SG1,2

heat transfer coefficients PC, SG
TPC,HL PC hot leg temperature (s) Tout containment temperature PC
pPR PR pressure o,(s) MSG water mass SG
TPR PR temperature s Wloss,PC heat loss PC
ℓPR PR water level o,(s) Wloss,SG heat loss SG
Wheat,PR PR heating power i cL

p,SG liquid specific heat SG
mSG SG mass flow rate d cV

p,SG vapor specific heat SG
TSG,SW SG inlet water temperature d cp,PR liquid specific heat PR
pSG SG steam pressure o Wloss,PR heat loss PR

Table C.1: Measured variables and constant parameters of the model (Notations: state,
input, otput, disturbance)

ν̄, W̄heat,PR) the dynamic model can be rewritten in the following more compact form:

ṡ = As+Bu1

ż |mPR>0 = (aTs + zpT + s2q
T )s+ azz + bu2

ż |mPR≤0 = bu2 (C.3)

mPR = mT
s s

where s = [N − N̄ , TPC − T̄PC , TSG − T̄SG], z = TPR − T̄PR,u1 = ν − ν̄, u2 =
Wheat,PR − W̄heat,PR and A,B, ax, az, p, q, b,ms are constant matrices, vectors of ap-
propriate dimensions. If the state variables s2 and z in the nonlinear terms are consid-
ered as time-varying parameters ρ1 = s2, ρ2 = z the equations above take the following
hybrid-LPV form:

ẋ|mPR>0 = (Ac,0 + ρ1Ac,1 + ρ2Ac,2)x+Bcu

= Ac(ρ)x+Bcu

ẋ|mPR≤0 = Ac,3x+Bcu

mPR = mTx (C.4)

whereAc,0, Ac,1, Ac,2, Ac,3 andBc are constant matrices, and x =
[
s z

]T
,m =

[
mT
s 0

]T
.

C.3 Discrete time model

To apply model predictive control, the continuous model of the system has to be dis-
cretized. If mPR ≤ 0 the dynamics is linear, so it can be easily transformed into
discrete-time. We have to concentrate only on the first, parameter varying subsystem.
Since the parameters ρ1 and ρ2 vary relatively slowly in time, the discretization can be
performed in the following way: at a time instant tk the parameters are fixed and the
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C.3. DISCRETE TIME MODEL

linear system obtained is discretized by computing its solution under constant input uk:

x(tk + Ts) ≈
xk+1 = Ad(k)xk +Bd(k)uk

Ad(k) = eAc(ρ(tk))Ts

Bd(k) =

∫ Ts

0
eAc(ρ(tk))(Ts−τ)Bc dτ (C.5)

Fortunately, the computation of Ad(k), Bd(k) can be simplified if the special structure
of the matrices Ac,i is exploited. By calculating the spectral decomposition of Ac(ρ)
symbolically (with parameters ρ1, ρ2) it can be seen that its eigenvalues are all distinct
and do not depend on the parameters. Thus

eAc(ρ(tk))Ts = V (ρ(tk))diag(eλi)V (ρ(tk))
−1 (C.6)

where V (ρ) = V0+ρ1V1+ρ2V2. Continuing the analysis, we can see that the eigenvectors
V (ρ) are also of special form, which enables us to express the matrices Ad(k), Bd(k) as
follows:

Ad(k) = Ad,0 + ρ1Ad,1 + ρ2Ad,2

Ad,0 = eAc,0Ts

Ad,i = e(Ac,0+Ac,i)Ts −Ad,0, i = 1, 2

Bd(k) = Bd,0 + ρ1Bd,1 + ρ2Bd,2

Bd,0 =

∫ Ts

0
eAc,0(Ts−τ)Bc dτ

Bd,i =

∫ Ts

0
e(Ac,0+Ac,i)(Ts−τ)Bc dτ −Bd,0 (C.7)

Thus, the hybrid LPV form (C.4) is preserved after the discretization:

xk+1|mPR>0 = (Ad,0 + ρ1Ad,1 + ρ2Ad,2)xk +

(Bd,0 + ρ1Bd,1 + ρ2Bd,2)uk

xk+1|mPR≤0 = Ad,3xk +Bd,3uk

mPR = mTxk (C.8)

The MPC framework applied later requires the system to be in polytopic form (3.2).
For this, we have to introduce upper and lower bounds for the parameters ρ

1
≤ ρ1 ≤ ρ1,

ρ
2
≤ ρ2 ≤ ρ2, to be able to express the dynamics in the required form.

xmPR>0
k+1 = A(k)xk +B(k)uk [A(k), B(k)] ∈ Ω

Ω = Co{[A1, B1] , ..., [A4, B4]}
Ai = Ad,0 + δi,1Ad,1 + δi,2Ad,2

Bi = Bd,0 + δi,1Bd,1 + δi,2Bd,2

δi,1 ∈ {ρ
1
, ρ1} δi,2 ∈ {ρ

2
, ρ2}

xk+1|mPR≤0 = Ad,3xk +Bd,3uk

mPR = mTxk (C.9)

103



APPENDIX C. HYBRID MODEL OF THE PRIMARY CIRCUIT OF THE
NUCLEAR POWER PLANT

Notice that, if we complete the set of corner points of Ω with the system [A5, B5] =
[Ad,3, Bd,3] the hybrid dynamics above can be embedded into the following non-hybrid
LPV system:

xk+1 = A(k)xk +B(k)uk [A(k), B(k)] ∈ Ω

Ω = Co{[A1, B1] , ..., [A4, B4] , [A5, B5]} (C.10)

where Co(·) denotes the convex hull of its arguments. This can be easily checked by
considering the following convex combinations:

A(k) =

5∑

i=1

γ1Ai, B(k) =

5∑

i=1

γiBi,

5∑

i=1

γi = 1 (C.11)

with
∑4

i=1 γi = 1, γ5 = 0 if mPR > 0 and γ1 = γ2 = γ3 = γ4 = 0, γ5 = 1 if mPR ≤ 0.

C.4 Control goals, assumptions and constraints

In the present control configuration, working now in Paks, the neutron flux and the
heating in the pressurizer are controlled separately. This performs quite well in the
neighborhood of the prescribed steady states, but during large load changes, the tem-
perature in the pressurizer usually slightly goes out of the required optimal operating
interval. Therefore, the goal of the controller design is to obtain such a controller that
- first of all - keeps all the predefined hard constraints for the state and input variables
and secondly, it produces a satisfactorily quick load change transient. More precisely,
the aim is to design an integrated controller, which steers the system from one operating
point to another, so that

• the settling time of the neutron flux N to a predefined operating point is as small
as possible (but it is always smaller than 2500s),

• the temperature change in the pressurizer is at most 1K during the transient

• the control inputs ν,Wheat,PR satisfy the given hard, physical constraints, −15 ≤
ν ≤ 15, 0 ≤ Wheat,PR ≤ 3.6 coming from the limited heating energy at the
pressurizer.
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Appendix D

The industrial pressurizer in a

nuclear power plant

Appendix C and section 3.5.1 provide a model predictive controller for the complete
primary circuit dynamics of the Paks Nuclear Power Plant. Replacing the entire control
system is however, a technically complex task. All subsystems, sensors and actuators
have to be reconfigured or reinstalled. It is much easier to update only the local con-
trollers of certain subsystems, even if the performance improvement is less than in case
of complete redesign.

In this section a discrete-time LPV model is derived for the pressurizer subsystem
of the primary circuit of the Paks Nuclear Power Plant. The aim of the modeling is to
produce a dynamical system fitting well to the H∞ control design framework presented
in chapter 4. The pressurizer has already been modeled in Appendix C as a part of
the primary circuit dynamics (see equations (C.1)). In this section a different model is
constructed, which describes better the dynamics of the pressurizer in the recent con-
figuration under the original reactor controller. The dynamic model was constructed
from the energy balance equations (see, e.g. [30]) and it was identified from actual
measurement data [87], [22].

The pressurizer subsystem has to ensure high pressure in order to prevent the coolant
of the primary circuit from boiling. The pressure has to be within a predefined range,
even in the presence of external disturbances. From a modelling point of view, the
pressurizer is a vertical tank and inside this tank there is hot water at a temperature of
about 326◦C and steam above. If the primary circuit pressure decreases, water might
start to boil. In order to prevent this, electric heaters switch on automatically in the
pressurizer. Due to the heating more steam will be generated and this leads to a pressure
increase. If the increasing pressure in the pressurizer reaches a certain limit, firstly the
heaters are turned off and then cold water is injected into the tank (if needed) to reduce
the pressure down to the predefined range [58]. The heating power of the electric heaters
can be set continuously. The state variables of the system are the temperature of the
water (computed from the directly measured pressure) and the temperature of the tank
wall (assumed to be directly measured). The control input is the heating power of the
heaters. The simplified flowsheet of the pressurizer is shown in Figure D.1. The system
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Figure D.1: Simplified flowsheet of the pressurizer

dynamics can be expressed in the standard linear parameter varying state-space form
as follows :

˙̄x = Ac(ρ)x̄+B2c(ρ)ū+B1c(ρ)d̄

Ac =

[

−m
M

− KW

cpM
KW

cpM
KW

CpW
− KW

CpW

]

, B2c =

[
WHE

cpM

0

]

, B1c =

[
m
M

0
0 1

CpW

]

(D.1)

where the state vector x̄ = [T TW ]T , the manipulable input ū is directly proportional

to the heating power, and the disturbance input vector is d̄ = [TI − Ṁ
m
T Wloss]

T . The
(performance) output of the model is the temperature of the water (which determines
the pressure), i.e. x̄1. The scheduling parameter of the model is ρ = 1

M
, where M is

the mass of the water in the pressurizer. The variables and parameters of the model
and their units of measure are collected in Table D.1.

Using the nominal (mean) value d̄∗ of the disturbance (at which Ṁ = 0) the model
is centered around an operating point x̄∗ = [327 326.61]T . Note that the operating
point is independent of the actual value of the scheduling parameter. After centering,
the model is discretized by Euler’s method with sampling time Ts = 5 sec. By assuming
that 0.5M̄ ≤M ≤ 1.5M̄ , where M̄ is the nominal value of the water’s mass, the model
is rewritten in the polytopic LPV form:

x+ = A(δ)x+B2(δ)u+B1(δ)w

z = Cx (D.2)
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T water temperature ◦C
TW tank wall temperature ◦C
cp specific heat of water J

kg◦C

m mass flow rate of water kg
s

TI inlet water temperature ◦C
M mass of water kg
CpW heat capacity of the wall J

◦C

WHE total heating power of one electric heater W
χ portion of total heating power turned on -
KW wall heat transfer coefficient W

◦C

Wloss heat loss of the system W

Table D.1: The parameters and variables of the pressurizer model

where

A1 =

[
0.9770 0.0139
0.0222 0.9778

]

A2 =

[
0.9491 0.0418
0.0222 0.9778

]

B21 = 10−2

[
0.4218

0

]

B22 = 10−2

[
1.27
0

]

B11 = 10−4

[
0.2940 0

0 −0.0007

]

B12 = 10−4

[
0.8821 0

0 −0.0007

]

(D.3)

δ = [δ1, δ2 = 1 − δ1], ρ = δ1
1

1.5M̄
+ δ2

1

0.5M̄
(D.4)

It is important to know that the mass M varies very slowly. In a control period, i.e.
while the controller stabilizes the operating point from an arbitrary initial state, the
mass can be considered to be constant. The reason while we use LPV and not LTI
model is that M takes values from a large interval (0.5M̄ ≤M ≤ 1.5M̄) and our aim is
to design a controller, that stabilizes the operating point independently from the actual
value of M .

The disturbance in the model is w = d̄ − d̄∗ = [w1, w2]
T taking values from the

following intervals:

−70 ≤ w1 ≤ 70 −1.5 · 104 ≤ w2 ≤ 1.5 · 104 (D.5)

(The numerical values has been determined from the complete physical model. The

parameter varying term Ṁ
m
T was considered by its lower and upper values.) For the

state x1 and the control input u the following constraints are prescribed:

−1 ≤ x1 ≤ 1 −1.7 ≤ u ≤ 1.7 (D.6)

Keeping x1 in the given interval is necessary for the safe operation of the primer circuit.
The constraints on u comes from the limited heating capacity of the heaters. (For
details, see [22].)
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