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Abstract 
Breast cancer is the most common form of cancer among women. According to statistics, 
one woman out of eight will develop breast cancer in her lifetime. Since the cause of 
breast cancer is unknown, early detection is very important. If detected early, the five-
year survival rate exceeds 95%. 

Mammography is one of the most effective ways to detect breast cancer. A mammogram 
is an x-ray picture of the breast, which is used to detect tumors and cysts and help 
differentiate benign (non cancerous) and malignant (cancerous) disease. The success of 
treatment depends on early detection and mammography can show changes in the 
breasts well earlier than any other method. 

Screening mammograms are now analyzed by doctors, but this could be done with the 
aid of a computer system. Screening mammography should be performed on every 
woman over 40. The analysis of this huge amount of images takes very long time and 
can also produce errors due to the length and monotony of the process. A system which 
could preprocess the images – filter out normal ones or draw attention to the suspicious 
ones – would be extremely useful. It could save time and could help avoid false 
diagnoses. 

A Medical Decision Support System for Mammography is being developed in cooperation 
with radiologists in the Budapest University of Technology. In the system several 
detection algorithms are working parallel to each other, looking for different kinds of 
abnormalities. One of the algorithms in the system uses decision tree classifiers to 
classify the tissue samples based on specific features extracted from the mammogram. 

Many applications – for e.g. most Medical Decision Support Systems – require not only 
the cases or samples to be classified, but a classification certainty value is required in 
addition to the predicted class label indicating the strength of the diagnosis. 

The first part of this Thesis proposes a novel general extension to the decision tree 
framework to handle classification uncertainty. It involves distance calculation to the 
relevant decision boundary, class density estimation, correct classification probability 
and confidence estimation. The method is not restricted to axis-parallel trees; it is 
applicable to trees that utilize oblique hyperplanes to cluster the input space also and it 
is not restricted to the Euclidian distance metric. 

In the second part of the Thesis it is shown that these classification confidence values – 
provided by individual classification trees – can be integrated to derive a consensus 
decision. The proposed combination scheme – classification confidence weighted 
majority voting – possesses attractive features compared to previous approaches. There 
is no need for an auxiliary combiner or weighting network, the weights are adaptively 
provided by the individual tree classifiers in the ensemble, new classifiers can be added 
dynamically without the need of any retraining or modification to the existing system. 

The last major part of the Thesis evaluates the detailed approaches in the context of a 
real world application: computer aided mammographic image analysis. More than 1400 
images are processed to provide a decent evaluation. The purpose of this chapter is to 
prove the effectiveness of the proposed methods and not to create a state of the art 
mammographic image analyzer. 
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Kivonat (Abstract in Hungarian) 
A nık daganatos megbetegedései között az egyik leggyakoribb az emlırák. Statisztika 
szerint minden nyolcadik nıben élete során kifejlıdik ez a nemkívánatos betegség. Mivel 
az emlırák oka mindmáig ismeretlen, a korai felismerés döntı fontosságú. Korai 
felismerés esetén az öt éves túlélés esélye 95% körüli. 

A mammográfia az egyik legmegbízhatóbb módszer az emlırák detektálására. Egy 
mammogram a mellrıl készült röntgenfelvétel, aminek célja, hogy felfedje a tumorok és 
ciszták jelenlétét és segítsen eldönteni, hogy azok jó vagy rosszindulatúak. A kezelés 
sikere a korai felismerésen múlik és a mammográfia minden más módszernél korábban 
képes jelezni az eltéréseket. 

Mammográfiás szőrésen készített felvételeket orvosok diagnosztizálják, de ez 
számítógépes segítséggel is történhetne. Egy mammográfiás szőrés (ami minden nıt 
érintene 40 év fölött) óriási mennyiségő felvételt jelent. Minden egyes felvétel értékelése 
nagyon sokáig tart és a folyamat hossza és monotonitása miatt hibákhoz vezethet. Egy 
rendszer, amely átnézné a felvételeket – kiszőrné a biztos negatívakat és felhívná a 
figyelmet a gyanúsakra – nagyon hasznos lenne. Ez rengeteg idıt takarítana meg és 
segítene elkerülni a téves diagnózisokat. 

Egy a mammogrammok szőrésére szolgáló orvosi döntéstámogató rendszer jelenleg is 
fejlesztés alatt áll a Budapesti Mőszaki és Gazdaságtudományi Egyetem Méréstechnika 
és Információs Rendszerek Tanszékén. A rendszerben több eltérı megközelítéső 
algoritmus dolgozik egymással párhuzamban, különféle elváltozások után kutatva. Az 
egyik algoritmus döntési fákat használ a szövetminták osztályozására, az emlı 
textúrájából számított jellemzık alapján. 

Több alkalmazás – mint például bizonyos orvosi döntéstámogató rendszerek – 
megköveteli, hogy az osztályozott minták mellé az algoritmusok egy bizonyossági 
mértéket is szolgáltassanak, azt jelezve, hogy mennyire biztosak a diagnózisban. 

A disszertáció elsı része bemutat egy új módszert, mely kibıvíti a döntési fák 
lehetıségeit lehetıvé téve a számukra, hogy kezeljék a döntési bizonytalanságot. A 
módszer alapja a döntési határfelülettıl való távolság számítás, denzitás becslés, 
osztályozási valószínőség és konfidencia becslés. A módszer nem korlátozódik tengely 
merıleges fákra, általános hypersíkokat alkalmazó döntési fákkal is használható, 
valamint a távolságok számítása során nem korlátozódik az Euklideszi távolság 
mértékre. 

A disszertáció második része bemutatja, hogy ezen osztályozási konfidencia értékek – 
amit az egyes döntési fák biztosítanak – hatékonyan felhasználhatók osztályozó 
rendszerek kialakítására. A javasolt struktúra – osztályozási konfidenciával súlyozott 
többségi szavazás – jelentıs elınyökkel rendelkezik a korábbi megközelítésekhez 
képest. Nincs szükség külsı súlyozó hálózatra, a súlyokat az együttesben résztvevı 
döntési fák biztosítják adaptívan. Ezáltal a meglévı rendszer újratanítása, illetve 
módosítása nélkül adhatók új osztályozók a rendszerhez. 

Az utolsó nagy része a disszertációnak egy valós példán – mammogramok számítógépes 
diagnosztikája során – mutatja be a részletezett megközelítést. A tesztelés több mint 
1400 képen történt a megbízható kiértékelés érdekében. A fejezet célja, hogy bizonyítsa 
a javasolt módszerek alkalmazhatóságát, hatékonyságát, nem pedig az, hogy egy minél 
jobb mammográfiás képfeldolgozó rendszer szülessen. 
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Glossary of Symbols 

t  Decision tree node 

kji ,,  Indices 

jC  Class label 

P  Probability 

p  Probability density 

I  Node impurity 

rR,  Error rate 

tT  Decision tree branch starting at node t 

α  Cost complexity parameter in MCC pruning 

p̂  
Estimated correct classification probability, classifier 
accuracy 

BA,  Data matrices 

ew,x,  Vectors 

in  Number of samples from class i  

N  Total number of samples 

Ε  Covariance matrix 

d  Distance from the decision boundary 

f̂  Density function 

Z  Input pattern, which is to be classified 

iw  Weight during voting 

)(xiΦ  Weight, lower classification confidence during voting 
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Abbreviations 

AID Automatic Interaction Detection 

BUTE Budapest University of Technology and Economics 

CAD Computer Aided Diagnosis 

CART Classification and Regression Trees 

CHAID Chi-squared Automatic Detection 

DDSM Digital Database for Screening Mammography 

DSS Decision Support System 

FN False Negative 

FP False Positive 

GDI Gini Diversity Index 

IT Information Technology 

MCC Minimal Cost Complexity 

MLO Mediolateral-oblique 

MSM-T Multisurface Method Tree 

MSMT-MC Multisurface Method Tree Multicategory 

OC1 Oblique Classifier 1 

PET Probability Estimation Tree 

THAID Theta Automatic Interaction Detection 

TN True Negative 

TP True Positive 
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In the first two years as a PhD student I was working on the mentioned medical decision 
support system. I spent the next two years clarifying, detailing and publishing my 
results. The theoretical results explained in this Thesis are coming from the solution of 
problems encountered during my research in the field. I started to write this Thesis in 
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Structure of the Thesis 
The Thesis is divided into four main chapters. Although each chapter builds upon the 
foundations of the preceding chapters, they are organized such a way to allow an 
experienced reader to read or use them independently. In every chapter illustrative 
examples and simulations are used to help in the understanding of the concepts. 

The first chapter provides an introduction to the field of mammography, decision support 
systems and decision trees. This chapter lays down the foundations that are used 
throughout the entire Thesis. 

The second chapter deals with the extension of the original decision tree framework to 
handle classification uncertainty. The proposed method involves distance calculation to 
the relevant decision boundary, kernel density estimation, correct classification 
probability estimation and confidence estimation. The extended trees are able to provide 
a classification confidence value attached to the predicted class label. 

In the third chapter the classification confidence (explained in chapter 2) is utilized to 
form decision tree forests of the individual classifiers. In this classifier ensemble the final 
decision is the result of the weighted voting of the corresponding decision tree outputs, 
where the weights are provided by the trees themselves extended with the proposed 
(classification confidence calculation) method explained in chapter 2. 

The fourth chapter is a real world application of the proposed methods. Decision trees 
are trained on mammographic masses and a classifier ensemble is formed to analyze 
mammographic images. The methods are evaluated using a great number of both 
positive and negative images. 

Chapter five summarizes the new scientific results, and chapter six lists my publications. 
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1 Introduction 
In the first part of this chapter mammography is introduced, with emphasis on its 
importance in the early detection of breast cancer, which is one of the most common 
forms of cancer among women. The concept of Computer Aided Mammography (CAD) is 
also introduced from an IT perspective. 

The second half of the chapter details the basic concepts of the decision or classification 
trees, which are used in many decision support systems (DSS). The forthcoming 
chapters build upon foundations described in this introductory section. 

1.1 Mammography 
Breast cancer is one of the most common form of cancer among women. Every 8th 
woman suffers from this disease at least once in her lifetime [1]. Since the cause of 
breast cancer is unknown, its early detection is very important. If detected early, the 
five-year survival rate exceeds 95% [2]. Diseases of the female breast are most 
common in the European countries and among the white population of the United States 
[2]. Breast cancer is one of the tumors, which surgical and oncological treatment has 
made revolutionary achievements in the latter decade – thanks to the prospective 
studies of high number of patients. Stages and histological abnormalities that can be 
considered as pre-cancer stadiums are becoming clearer, and must be followed with 
attention. 

Mammography is a medical imaging technique that utilizes X-Rays to reveal the internal 
structure of the breast. Currently mammography (X-ray examination of the breast) is 
the most efficient method for early detection. It is capable of detecting breast cancer in 
its earliest most treatable stages – when it is too small to be detected by any other 
method [3]. 

1.1.1 Occurrence Rate and Risk Factors 

Breast cancer is the most common malignant tumor in women, even more frequent as 
lung cancer. The risk of developing breast cancer is increasing with the age of the 
patient. The mean age of women having breast cancer is 60-61 years, but it can appear 
much earlier, between the age of 30 and 40 as well [4]. 

In 1999 approximately 178000 new breast cancer patients and 43000 deaths caused by 
breast cancer were reported. These days in Hungary we must face approximately 5000 
new breast cancer cases; in 1999 2356 women and 3 men died in this disease. 
Conversely: every day 7 women died because of breast cancer in Hungary. In spite of 
the reduction of the prevalence and mortality of breast cancer, the American Cancer 
Society predicts that one woman out of eight develops this disease [5]. Table 1.1 shows 
the risk of developing breast cancer at different ages. This table is calculated from 2005 
and 2006 data. 

Those women, whose mother or sister suffered from breast cancer have a 3-4 times 
higher risk to develop this disease. However, more than 90% of patients with breast 
tumor have no female relative with malignant illness in the family. 
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Table 1.1. The lifetime risk of developing breast cancer [6]. 

If current age is 
The probability of developing brast 
cancer in the next 10 years is: 

or 1 in 

20 0.05% 1985 

30 0.44% 229 

40 1.46% 68 

50 2.73% 37 

60 3.82% 26 

70 4.14 24 

Lifetime risk 13.22% 8 

1.1.2 Early Detection 

Numerous physical and mammographic screening examinations were obtained on 
women without symptoms. These programs find usually 10 cancers in 1000 women 
when examining women over 50 years, and 2 cancers in 1000 when examining women 
under 50 years. 

Metastasis usually affects the regional lymph nodes, which become palpable. Detecting 
breast cancer before it involves the axillary lymph nodes improves the predictions, 95% 
of these patients survive more than 5 years [7]. 

Both physical and mammographic examinations are essential parts of the screening, 
because 35-50% of early breast cancers can be detected only by mammography, and 
the other 40% can be found only by proper physical examination. The smallest palpable 
lesion is approximately 1 cm, mammography finds lesions smaller than 0.5 cm. Survival 
rate is much higher in women that have breast cancer detected by mammography to 
women whose tumor was found by palpation. Benefits from screening are not lowered by 
the risk from the frequent radiological examination, X-ray dose is only a fraction than 20 
years before [8]. 

One-third of the lesions detected by mammographic screening turn out to be malignant 
by the biopsy. The sensitivity of mammography varies between 60 and 90%. Sensitivity 
depends on several factors, like the age of the patient (density of the breast), size of the 
tumor, localization in the breast tissue, and mammographic picture. Mammography is 
less sensitive for young, tough breast tissue than for the fatty breast tissue of elder 
women, whose mammography detects the cancer with 90% success rate. Smaller breast 
cancers without calcification are hard to detect, especially in denser breast tissues [1]. 

It is controversial, whether mammographic screening is necessary under the age of 50. 
Between 40 and 50 years the potential damaging effects of the X-ray and the role in the 
early detection of mammography should be evaluated. Positive results are indisputable 
in the screening of women between 50 – 69 as confirmed by clinical studies. Efficacy of 
screening of elder women – above 70 years – is uncertain, because of the low number of 
examinations. The recommendations of the National Cancer Advisory Board say that 
women with average risk factors should be screened with mammography every 1-2 
years, in cases of women with high risk factors the time of the first screening must be 
decided individually [9]. 
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1.1.3 Mammogram Types and Abnormalities 

In a mammographic session usually two images are taken of both breasts: one from 
above (CC, cranial-caudal) and one from an oblique view (MLO, mediolateral-oblique), 
see Figure 1.1. 

 
Figure 1.1. Illustration showing the oblique (MLO) view, and the cranial-caudal (CC) view [10]. 

Radiologists typically notice suspicious-looking structures in one view and then verify 
their suspicion by checking the corresponding area of the other view of the same breast. 

  
Figure 1.2. Sample mammogram showing the oblique (MLO) view, and the cranial-caudal (CC) view of the 

breast. 

The most important mammographic symptoms of breast cancer are: microcalcifications 
(a group of small white calcium spots), masses (usually approximately round object 
brighter than its surrounding tissue) and architectural distortions: 

• Calcifications. Small white calcium dots organized in a cluster (Figure 1.3). In 30 
– 50% of the cases microcalcifications can be detected in the inner parts of the 
malignant tumors. Microcalcifications are fine, dust-like, pinprick particles in 
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groups, which appear in cancer or in pre-cancer stadiums. In duct cancers 
microcalcifications can be seen also without tumor masses, they are arranged 
tree-shaped according to the ducts or distributed in the whole breast. 

  
Figure 1.3. Typical benign and malignant microcalcifications [11]. 

• Mass lesions. A denser, hence whiter appearing region in the images (Figure 1.4). 
Tumors are always denser than their environment, the lesion is distinct from the 
healthy breast or fat tissue. The malignant tumor is often inhomogenous, the 
central parts are usually denser than the peripheries. Its shape is mostly 
irregular, its edge is blind – in contrast to the benign tumor. In case of a special 
reaction in the tumor the edges can be spiky, spiculated. When the growth is 
limited to a part of the tumor, the picture of a “comet trail” appears. The shape of 
the benign tumor is rounded, or lobed, its edges are clear, sharp and it is 
surrounded by an apparent safety zone. 

  
Figure 1.4. A typical benign and malignant mass [11]. 

• Architectural distortion. The normal architecture of the breast is distorted with no 
definite mass visible. 

Both microcalcifications and masses can be benign and cancerous also and the two main 
groups can be further divided into subgroups [12]. 

1.2 CAD Mammography 
If a global screening were done, a huge number of mammograms (approximately one 
million images every year in Hungary) would require diagnostics. The main goal is to 
create a tool that can ease the work of radiologists by drawing attention to the 
suspicious images and in the same time filtering out the true negative cases. Such 
Medical Decision Support System for Mammography is being developed in cooperation 
with radiologists in the Budapest University of Technology and Economics [13] – [15]. 

In the system several detection algorithms are working parallel to each other, looking for 
different kinds of abnormalities (e.g. microcalfications, masses) or different kinds of 
features to detect the same type of abnormality (see Figure 1.5). 
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Figure 1.5. High level schematic of the Medical Decision Support System for Mammography. 

Since markings (spots showing the location of an abnormality) created by the detection 
algorithms cannot be 100% certain, a confidence value was introduced to the system. 
Each marking is accompanied by this value, showing the diagnoses certainty. The higher 
this value, the more possible is that the marking is a true abnormality. This value is also 
used by post-processing algorithms to filter out the most likely false positive markers 
(the ones with the lowest confidence value). Each algorithm must produce this 
confidence value, although they do in different ways. 

One of the methods uses decision trees to classify a certain number of features at 
specific locations of the image [16] – [19]. Since the input mammograms are around 
12M pixel images, speed has great importance. Relatively slow algorithms are not 
preferred, because the analysis of the images, training and exhaustive testing of the 
system might demand prohibitively long time. Decision trees are one of fastest classifier 
systems. They possess a simple architecture, and the growth process or training can also 
be conducted effectively even in high input dimensions. Other favorable properties, like 
the clearly defined decision boundary, makes the decision tree classifier the ideal 
foundation for the work explained in this thesis. 

The result of the classification can be normal tissue or abnormality. If the features are 
classified as abnormal tissue a marking is generated. To generate the confidence value 
attached to the predicted class label the original decision tree algorithm was modified to 
handle classification uncertainty. This extension is described in chapter 2 (Uncertainty 
Estimation Using Decision Tree Classifiers), but first the concepts of decision 
(classification) trees are presented. 

This Thesis builds upon the foundations of the decision tree framework and proposes 
new extensions to the trees. The new algorithms work on the final trees, no modification 
is required to tree growing process; therefore the next chapter only introduces the most 
common concepts and methods (for example Minimum Cost Complexity pruning, Gini 
Diversity Index, etc.) to build decision trees that are the foundations of further 
improvements explained in the latter chapters. The new algorithms – as it will be shown 
– are capable of working with any kind of decision tree that utilize hyperplanes to cluster 
the input space. 
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1.3 Decision Trees 
Decision trees can be used to predict values (regression tree) or classify cases 
(classification tree). In the application of decision making, classification is the main task; 
therefore this discussion is restricted to classification trees. Classification trees are used 
to predict the class membership of cases or objects. The output of the tree is a 
categorical variable (class) dependent on one or more predictor variables. These 
predictor variables are the tree’s input variables, measurements characteristic to the 
case or object, which is to be classified. 

Decision tree methods use supervised learning to recursively divide the observations into 
subcategories in such a way that these subcategories differ from each other as much as 
possible while each subcategory is as homogenous as possible. These building algorithms 
are top-down greedy algorithms. At every iteration step they search for a locally optimal 
minimum according to a specific criterion. 

The outcome of a decision tree building algorithm is a directional graph connecting 
nodes. Each node of the graph represents a set of observations. There are two kinds of 
nodes: “terminal” and “non terminal”. Non terminal nodes are also referred as “internal” 
nodes. These nodes incorporate a “splitting rule”, which is used to split the observations 
into two or more subcategories. It has been shown that using only two-way or binary 
splits instead of n-way splits does not limit the tree’s representation power [20]. For the 
sake of simplicity this discussion is limited to decision trees using binary splits only, 
however the new results and algorithms developed are applicable to trees with 
multivariate splits also. Terminal nodes are also referred as “leaf” nodes. These nodes 
represent the dependent variable – for example – the predicted class of the observations 
(Figure 1.6). 

Classification Tree

X1 < 0.5174

1

X2 < 0.35585

X1 < 0.55825

2 1

2

leaf nodes &
class labels

internal nodes &
splitting rules

 
Figure 1.6. Sample classification tree with three univariate splits and two classes. 

The Origin of Decision Tree Classifiers 

The origin of decision trees dates back to 1963, when the AID (Automatic Interaction 
Detection) program [21][22] was developed at the Institute for Social Research, 
University of Michigan, by Morgan and Sonquist. They proposed a method for fitting 
trees to predict a quantitative variable. The AID algorithm created regression trees. A 
modification to the AID was the THAID algorithm [23] in 1973 by Morgan and Messenger 
which handled nominal or categorical responses. The THAID program created 
classification trees. Now several decision tree approaches exist, e.g.: CART, ID3 [24], 
C4.5 [25], C5, THAID CHAID, TREEDISC, etc. 
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One the most frequently used decision tree framework – upon which many approaches 
are based – is the Classification and Regression Trees (CART, 1984) [26] developed by 
Breiman et al. Their work is based on the original ideas of the AID and the THAID 
algorithms. The CART framework is used as basis for the enhancements proposed in this 
discussion. 

Axis-parallel and Oblique Trees 

Two main types of decision tree classifiers – that use hyperplanes as decisions – can be 
distinguished: the axis-parallel trees and the oblique trees. An axis parallel tree 
classifier’s hyperplanes are parallel to the axes, while an oblique tree classifier’s are not. 
The word “oblique” is used on purpose instead of “multivariate”, because multivariate 
includes non-linear combinations of the variables. The scope of this discussion is limited 
to trees containing linear tests only. In this sense oblique trees use hyperplanes as 
separator surfaces. It is evident that the family of multivariate trees includes the family 
of oblique trees. Axis-parallel trees use hyperplanes where the coefficients are all zero 
but one, which will form the univariate test in the tree’s node. Figure 1.7 shows a sample 
dataset and the separator surfaces of the two kinds of decision trees: axis-parallel and 
oblique. 

 

 

Class A

Class B
Induced Decision Hyperplanes

 

 

 

Class A

Class B
Induced Decision Hyperplanes

 
Figure 1.7. Decision hyperplanes induced by an axis parallel tree (left) and an oblique tree (right). 

There are various ways to grow a decision tree. Several options exist to implement the 
splitting rule or the selection of the right sized tree. In the following sections two 
algorithms (one axis-parallel and one oblique tree building) will be discussed. In the later 
chapters these algorithms were used as basis for the further work. 

1.3.1 Axis-Parallel Trees, CART 

From the axis-parallel tree building methods the CART algorithm [26] was used as a 
basis for further development because of its extensive literature and favorable properties 
e.g. easy interpretability and effectiveness. Every decision tree framework is built on two 
basic building blocks: 

• determining the splitting rule at the tree’s nodes 

• determining the right sized tree. 

Univariate Splitting Rule, Gini Diversity Index 

A splitting rule deals with observations reaching that specific node. It is used to divide 
that group of observations into subgroups. A two-way binary (smaller / bigger) split 
works on one variable. At each node a single variable is tested if bigger or smaller than a 
certain threshold value. This threshold is determined to divide the samples into 
subgroups according to an optimality criterion. In the CART framework this optimality 
criterion is an impurity measure, which is defined to measure the homogeneousness of 
the node. The best split is the one that creates the purest nodes. Given a node t with 
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estimated class probabilities )|( tCP j , cNj ...1= , where cN  is the number of classes, a 

measure of node impurity for given t  

)]|(),...,|([)( 1 tCPtCPftI
cN=  (1.1) 

is defined and a search is made to find the split that most reduces the impurity. This 
split maximizes the impurity gain 

)()()()( RRLL tIPtIPtItI −−=∆ , (1.2) 

where LP  and RP  is portion of observations falling to left or right child node ( Lt , Rt ) 

according to split. To measure node impurity the Gini diversity index (GDI) [26] was 
adopted, which has the form 

∑∑=
j k

kj tCPtCPtI )|()|()( , kj ≠  
(1.3) 

and can be rewritten as 

∑∑ ∑ −=−=
j

j
j j

jj tCPtCPtCPtI )|(1)|())|(()( 222 . 
(1.4) 

The Gini index ensures that for any split s the impurity cannot increase: 0),( ≥∆ tsI . 

Determining the Right Sized Tree, Cost Complexity Pruning 

In general, bigger trees having more splits, give better classification rate on the training 
data. However they tend to overfit, giving worse classification rates on the test data. To 
determine the right sized tree – that gives the best error rate ( R ) on the test data and 
avoids overfitting – there are two options. The first is to stop splitting according to a 
certain criterion, like a certain impurity decrease. However according Breiman’s [26] and 
other authors’ experiments this is not recommended. The better way to determine the 
right sized tree is to grow a tree that is much too large and “prune” it upwards iteratively 
until we reach the root node. After this, test sample error estimates (R ) are used to 
select best subtree that has minimal error on the test data. One of the most widespread 
used pruning algorithm is the Minimal Cost Complexity pruning [26] (MCC).  

In MCC pruning a cost-complexity measure is introduced: 

||)()( ttt TTRTR αα += , (1.5) 

where α  is the cost-complexity parameter (real number), tT  is the subbranch starting 

at node t  (if t=1, than TT =1 the original tree), || tT  is the number of terminal nodes on 

the subbranch tT  and )( tTR  is the error estimate of subbranch tT . The higher the value 

of the α  parameter the greater the cost of more complicated trees. In this sense the 
tree complexity is defined by the number of its terminal or leaf nodes. To get a series of 
pruned subtrees we start from the original tree and we perform a “weakest-link cutting”. 
This is done in the following way: 

set 

αα += })({})({ tRtR  (1.6) 
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for a node }{ t , and set )( tTRα  by formula (1.5) for a subbranch tT  starting at node t . 

As long as })({)( tRTR t αα <  the branch tT  has a smaller cost-complexity than the single 

node }{ t . In other words it is “worth” to keep this node expanded. At an increasing value 

of α , at a critical point, the two cost-complexities will become equal and than keeping 
only a single node }{ t  instead of an expanded branch tT  is more preferable. To find this 

critical α , the following expression must be evaluated: 

-1||

)(})({

t

t

T

TRtR −
=α . (1.7) 

This critical α  value has to be calculated for all internal nodes of the tree, and than the 
smallest is the “weakest-link”. This means that this node is the one that – if we increase 
α  – has to be “closed” to get better cost-complexity value for the entire tree T . Closing 

means to prune the tree at that location, to replace the branch tT  with the single node 

t . 

Using this method we get a series of smaller and smaller subtrees according to the 
increasing value of α . To select the best tree we can use test-validation or cross-
validation error estimates [26]. Figure 1.8 shows the selection of the optimal tree size 
using test-validation. In this sense the best tree is the smallest one that has minimal 
test-validation (or test sample) error. 
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Figure 1.8. The best tree is the one that has minimal test-validation error. Resubstitution error means the 

error on the learning data. 
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If the validation error curve becomes flat it might make sense not to select tree with 
minimal error, instead select the smallest tree within 1, 2or SE3  error [26] around the 
minimum: 

N

pp
SE

)ˆ1(ˆ −= , (1.8) 

where N  is the number of the test samples and 
N

p
samples classifiedcorrectly  #

ˆ =  is the 

maximum-likelihood [27] estimated classification accuracy measured on the test set. 
This way much smaller trees can be obtained in the cost of insignificant increase in the 
error rate. 

1.3.2 Oblique Trees, MSM-T 

Trees produced by the CART or other axis-parallel tree building methods (e.g. C4.5 [25]) 
have some favorable properties. They are easy to interpret and can be used to classify 
data very quickly. Another good property is that the decision boundary can be easily 
identified. They are proved to be a very successful tool in data mining and classification 
applications, however the fact that they are limited to axis-parallel separating planes 
(one feature is tested at a node) limits their effectiveness in domains where oblique 
splits (combinations of features are tested at a node) may lead to much simpler trees 
and better accuracy. 

Now there are several algorithms that propose solutions for building oblique decision 
trees. In 1984 Breiman et al. [26] proposed a method to induce oblique decision trees 
with linear combinations. Their work was further improved by Murthy et al. in 1994 [28]. 
They developed the OC1 algorithm (based on CART) that adds randomization to avoid 
local minima. These methods used heuristics to find the decision boundary. 

Finding the optimal decision boundary poses difficult challenges, and is a subject of 
mathematical-programming community since 1960s [29]-[39]. Bennett (1992) proposed 
a framework called Multisurface Method Tree (MSM-T) [34][35] which is a variant of the 
Multisurface Method [30][35]. This is one of the most widely used and documented 
method. It is going to be briefly introduced as it will be used by the demonstrative 
examples through the following sections. 

The main difference of MSM-T to conventional axis-parallel methods is that it generates 
a sequence of oblique hyperplanes in the nodes (instead of one dimensional axis-parallel 
splits). These planes minimize the average distance to the misclassified points and the 
set of the generated hyperplanes can be viewed as a decision tree. 

Oblique trees generated by the original MSM-T method are limited to two class 
classification problems. 

Oblique Splitting Rule for Two Class Classification 

In the MSM-T method at every node a hyperplane is generated. Let the two class n-
dimensional data points represented by matrices A  (m x n) and B (k x n). When the 
points in A  and B  are separable by a hyperplane, than a “dead zone” exists between 
them [35]: 

}11|{ +<<− γγ wxx T  (1.9) 

surrounding the separating plane: 
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γ=wxT , (1.10) 

which contains no points from neither set (the numbers +1 and -1 can be replaced by 
any positive and negative numbers, however rescaling will give back +1 and -1). Thus, if 
the sets A  and B  are linearly separable, the following inequalities hold: 

 

)1( +≥ γeAw , 

)1( −≤ γeBw , 
(1.11) 

where nR∈w  is the normal to the separating plane, 
wwT

γ
 is the hyperplanes’s distance 

to the origin and e  is a vector of ones of appropriate dimension. However the two 
classes are usually not separable and the inequalities (1.11) do not hold. Therefore the 
following linear program [36] tries to satisfy them as much as possible by minimizing the 
average distance of the misclassified points to the decision boundary. 

minimize 

km

TT zeye + , 

subject to eeyAw +≥+ γ , 

 eezBw −≤− γ , 

 0, ≥zy . 

(1.12) 

 

The defined linear program (1.12) will generate a strict separating plane if the sets A  

and B  are separable (in which case 0=y  and 0=z ). If the sets are not separable it 

will generate a hyperplane that minimizes the average distance of the misclassified 
points to the decision boundary. 

Once a plane is obtained, the same procedure can be applied to the resulting halfspaces 
until every newly created polyhedral region of the input space contains roughly only 
class A  or class B  points. 

The recursive splitting of the input space goes until a desired homogeneity is reached in 
the generated regions. This homogeneity can be measured by various measures like the 
Gini diversity index (see above, in chapter 1.3.1, [26]) or the average distance of the 
misclassified points to the decision boundary. 

Figure 1.9 shows an axis-parallel split and an oblique split. The axis-parallel split was 
generated to maximize the impurity gain according to the Gini Diversity Index, see (1.2) 
and (1.4). The oblique split was generated to minimize the average distance of the 
misclassified points to the decision boundary according to formula (1.12). 

Determining the Right Sized Oblique Tree 

Basically what was told for axis-parallel trees is true for oblique trees, the optimal tree 
size in the examples for the applications in this discussion is determined using Minimal 
Cost Complexity pruning (see above, in chapter 1.3.1, [26]): first overfit the tree and 
than use MCC to prune the tree. 
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The following figure demonstrates an axis-parallel split, generated using the CART 
algorithm, and an oblique split, generated using the MSM-T algorithm Figure 1.9). 
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Figure 1.9. An axis parallel hyperplane (univariate split) that maximizes the impurity gain according to the 
Gini Diversity Index and an oblique hyperplane generated by the linear program (1.12) to minimize the 

average distance of the misclassified points to the decision boundary. 

1.3.3 Further Improvements to Decision Trees 

There are numerous improvements in the literature that address decision tree building. 
Many of these improvements seek to find optimal hyperplanes according to various 
criteria. W. N. Street (2005) proposed the use of nonlinear programming to find optimal 
separators according to the orthogonality measure [38] introduced by Fayyad and Irani 
earlier (1992) [33]. This method creates oblique trees for n-class classification problems. 
Another approach to extend the two-class limitation of standard linear programming 
approaches was proposed by Bennett and Mangasarian to extend the linear 
programming approaches to multicategory separation (MSMT-MC) [31] 

A very big portion of the improvements aim to improve the class probability estimates of 
decision trees. This topic is addressed in the next chapter: Uncertainty Estimation Using 
Decision Tree Classifiers. 
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2 Uncertainty Estimation Using Decision Tree Classi fiers 
In classification problems the main goal is to create a classifier that classifies the input 
samples as accurately as possible. However in many scenarios the classification is 
required to be characterized or measured, indicating its reliability. This measurement 
can be conducted by an external component – working separately from the classifiers –, 
or by the classifiers themselves. 

In the next section (2.1) the theoretical basis of the most widespread used and accepted 
methods are discussed that are used to measure classification reliability, with special 
emphasis on decision trees. Although some of the methods explained in the section are 
general approaches, they are evaluated from the view of decision trees. 

After the theoretical overview, a novel method is proposed to extend the decision tree 
framework to handle classification uncertainty. Using the proposed method the decision 
trees are able to attach a unique reliability measure in addition to the class label to every 
input sample. The method is based on distance calculation to the relevant decision 
boundary and classification probability estimation. 

Distance to the relevant decision boundary (chapter 2.2) is obtained through the solution 
of a quadratic program, where the constraints are defined by the decision tree’s 
hyperplanes. This approach to obtain the distance to the relevant decision boundary 
induces the following benefits, compared to previous approaches: 

• The method is not limited to axis-parallel trees; it can also be applied to oblique 
trees (see chapter 2.2.1). 

• The method is not limited to distance metrics with invariant minimal distance 
projections, since it allows the use of distance metrics, such as the widely used 
Mahalanobis metric, where the minimal distance projections are not invariant to 
the selection of the metric (see chapter 2.2.2). 

Using the calculated distance values kernel density estimation is applied to calculate 
class densities at the trees’ leaves (chapter 2.3) and using the Bayes rule the correct 
classification probability is derived (chapter 2.4). In chapter 2.5 a further approach is 
proposed to estimate classification confidence values in addition to the correct 
classification probabilities. 

In chapter 2.6 the proposed system is demonstrated on two synthetic datasets (puzzle, 
ring), and on one real world dataset (Breast Cancer Wisconsin). The results and benefits 
– along with the possible future research targets – are discussed in chapter 2.7. 

2.1 Classifier Performance and Theoretical Framewor k 
Every classifier system can be modeled as a black box whose output is a canonical 
variable – dependent on the input variables – that represents the class of the input 
sample. 

A classification or decision tree is a classifier system that defines a sequence of tests that 
divide the input space into a certain number of sections. These sections have their class 
labels according to the leaf of the tree that defines the actual section. If the input vector 
of the predictor variables falls into a section, the corresponding class label is returned. 

Classifier systems are most often evaluated in the machine learning literature based on 
their average misclassification (or error) rate: 

set test in the points #

classifiedy incorrectl points #
ˆ =r . (2.1) 
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Classifiers that classify samples more correctly, have smaller misclassification rate, 
hence perform better, have better accuracy= p̂ = r̂1− . This misclassification rate is 

usually measured on a test set, which is a global measure of uncertainty of the 
classification is the same for every sample in the whole input space. 

Receiver Operating Characteristics (ROC) Curve Analysis 

Many applications – such as medical decision support systems – require not only the 
cases to be classified, they must be ranked or compared to each other. The original idea 
to rank the cases is to look at their class membership probabilities. In this sense a 
classifier must not only classify a case it must also provide class probability estimates (or 
other certainty information that can be used for ranking purposes). 

It has been shown [42] that the Area Under the ROC (Receiver Operating 
Characteristics) Curve (AUC) of a classifier system measures its ranking performance 
[40] – [44]. It is now a widely used measure to compare classifiers. The original form of 
the ROC analysis was developed for binary (two class) classification problems. Although 
many extensions have been developed to overcome this shortcoming, and allow the 
investigation of multi class classifiers [40], this discussion investigates only binary 
classification problems. The following section describes the basics of ROC analysis, as it 
is mandatory for the further understanding of this work. 

Table 2.1. The structure of the confusion matrix. 

  Observed 

  Positive Negative 

Positive True Positive (TP ) False Positive ( FP ) 

Predicted 

Negative False Negative ( FN ) True Negative (TN ) 

In the context of ROC analysis a binary classifier classifies the cases into positive and 
negative classes. According to this, four types of outcomes may occur: true positive, true 
negative, false positive, false negative. These classification options are described by the 
confusion matrix. 

A ROC curve can be drawn for any classifier that provides some kind of ranking 
information (e.g. class probability estimates) that can be used to sort the cases 
classified. It is created when a classifier’s true positive rate ( tpr ) is plotted against its 
false positive rate ( fpr ) (2.2) at certain thresholds of the ranking value. This threshold 
determines which cases are to be classified as positive. The tpr  and fpr  can be derived 
from the confusion matrix: 

FNTP

TP
tpr

+
= , 

FPTN

FP
fpr

+
= . 

(2.2) 

The accuracy can also be derived from the confusion matrix: 

FNFPTNTP

TNTP
p

+++
+== ˆaccuracy . (2.3) 
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A ROC graph can be divided into certain regions. The diagonal line connecting the 
bottom left corner to the top right corner denotes random classification performance. A 
classifier on this line would generate an equal ratio of true positive and false positive 
responses. Classifiers normally occupy the top of graph, the region above the diagonal, 
producing more true positives than false positives. A “top of the line” classifier would 
occupy the region in the top left corner, with very high true positive rate (ideally one) 
and very low false positive rate (ideally zero). Another two regions are usually 
distinguished: the conservative region and the liberal region. The conservative region is 
located to left bottom of the random performance line. A classifier in that region is said 
to be conservative in the sense it produces few false positives. Classifiers located in the 
liberal region (in the top) are said to be liberal in the sense they produce more false 
positive alarms, but reach a higher true positive rate. They tend towards classifying 
cases to be positive more easily (Figure 2.1). 

However ROC curves can be used to compare classifiers, its true advantage is that it can 
be used to characterize the (ranking) performance of a single classifier model. The only 
requirement is that the investigated classifier has to attach some kind of ranking 
information value, e.g. classification probability or confidence to the classified samples 
additionally to the class labels. 
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Figure 2.1. The ROC space regions. 

Probability Estimation Trees (PETs) 

Decision trees are one of the most widely used classification models. They posses 
attractive features, such as good accuracy, comprehensibility and high efficiency in high 
dimensions and on large datasets. Despite all of these favorable properties the standard 
form of decision tree classifiers do not provide ranking information, while other classifier 
models, like neural networks or density estimator based classifiers do. 
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There are numerous approaches to extend the decision tree framework to provide 
ranking information [45] – [53]. The very obvious approach to turn decision trees into 
probability estimators by using the absolute class frequencies at every leaf: 

N

n
p i

i = , (2.4) 

where in  is the number of the observed samples of class i  at a leaf and ∑=
i

inN  is the 

total number of samples falling from the test set to the leaf. Although this simple 
transformation turns a decision tree into a probability estimator tree, the probability 
estimates will be poor compared to more advanced approaches [45]. 

Approaches that aim to turn decision trees into PETs can be categorized into two groups: 

1. The first bunch of methods alters the growth process of the tree to make 
them more suitable for probability estimation [46][49]. They define different 
splitting criteria, or pruning techniques. 

1. The second group of approaches try to obtain better probability estimates 
without altering the tree. 

Since in this Thesis new methods are proposed that help to obtain better probability 
estimates using already grown trees, this second group of algorithms are in focus of this 
discussion. Three approaches will be addressed: smoothing techniques, geometric 
ranking, density estimation at the leafs. The first approach is one of the most commonly 
used algorithms to obtain better probability estimates from decision trees. The second 
two approaches are currently research targets in the literature and the proposed system 
in this chapter shares common aspects with them. 

One way to improve the probability estimates provided by decision trees is the use of 
smoothing techniques, which is one of the most widely used methods to create PETs 
[46][47]. Mostly the Laplace smoothing correction is used, where the class probability 
estimates take the form of: 

c

i
i NN

n
P

+
+

=
1

, (2.5) 

where cN  is the number of classes. The use of Laplace-correction incorporates a 
cN

1
 a 

priori probability for all classes into the probability estimation (with zero examples all the 

class probabilities will equal 
cN

1
), which “pulls” the estimated class probabilities towards 

cN

1
. Another common smoothing technique is the m-correction: 

mN

iPmn
P i

i +
⋅+

=
)(
, (2.6) 

where )(iP  is the expected probability of the i th class – mostly considered to be 

uniform: 
cN

1
 – and m  is a smoothing parameter. If cNm =  than the m-correction 
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simplifies to the Laplace-correction. Since these smoothing techniques use the estimated 
class probabilities at the leafs (without any further knowledge about the probability 
distribution), they give the same probability estimates for every instance falling to the 
same leaf of the decision tree. 

The other two approaches try to estimate conditional class probabilities, considering the 
location of input samples at the leafs. 

Smyth et al. (1995) [50] proposed the use of kernel density estimation at the leafs of 
the decision tree to provide probability estimates. They used trees with larger leafs 
containing more sample points. The major drawback of this approach is that it inherits 
the main disadvantage of the kernel density estimator, referred as the “curse-of-
dimensionality”, which might render the method useless in high dimensions or without a 
huge number of test samples. To appropriately estimate the class densities enormous 
number of samples would be required. Chapter 2.7 will provide a discussion on the 
“curse-of-dimensionality”. 

Alvarez et al. (2004) [51] – [53] proposed a geometric ranking method that is based on 
the distance calculation of the input sample to the decision boundary induced by the 
decision tree. The input sample is projected onto every leaf with different class label of 
the current sample’s one and this minimal distance projection provides the sample’s 
distance to the decision boundary. This distance is calculated for every input sample and 
using this information the samples are ranked (samples with higher distance values are 
the better ones). This assumption is based on the hypothesis that the classification 
certainty is increasing with the distance from the decision boundary. Later in 2007 
Alvarez et al. [54] combined the geometric ranking method with the kernel density 
estimation to provide class probability estimates and in the same time avoiding the 
“curse-of-dimensionality” coming from the nature of kernel density estimators. They 
showed that geometric ranking combined with kernel density estimation can outperform 
other methods of probability estimation [54]. 

Their geometric ranking method is limited to axis-parallel decision trees and distance 
metrics that keep the minimal distance projections invariant (meaning that the 
projection point is the same, only the distance value changes, which is not true for 
example in the case of the Mahalanobis distance metric, see later in chapter 2.2 Distance 
from the Induced Decision Boundaries). They also proposed a way to get local density 
estimates (not only global estimates using all the test samples), but instead of using the 
density estimates on the samples’ distances in the leafs of the tree, they used density 
estimates on the samples distance around decision hyperplanes. Their reason was to 
avoid the deviations in the density estimates near the decision boundary (see later in 
2.3.1). Using this method they also managed to avoid the artificial symmetries 
introduced by leaf density estimates for simpler axis-parallel trees with only a few and 
simple leafs (in this context simple means only a few separators are included, e.g. four). 
These artificial symmetries are coming from the fact that a point inside a leaf can be 
anywhere in the leaf’s region at a specific distance from the decision boundary. This 
results in a ranking value that is the same for every point located at the same distance, 
independent of their position inside the leaf. However these artificial symmetries – as 
they noted – cannot be avoided when the leafs include several (oblique) separators, 
which can more easily happen with oblique trees. 

2.2 Distance from the Induced Decision Boundaries 
From now on in this chapter a novel method is proposed to extend the decision tree 
framework in order to provide unique certainty information to all the samples classified. 
The method is based on distance calculation to the decision boundary and density 
estimation based on the distances. The solution proposed here is applicable to any kind 
of decision trees, whose decisions at its nodes are linear inequalities defined by 
hyperplanes in the form of: 
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bT ≤xw , (2.7) 

where nR∈wx, , 0≠w  and Rb ∈ . The hyperplane }|{ bT =xwx  can be interpreted as 

the set of points whose inner product is constant to a given vector w , which is normal to 
the hyperplane. The constant b  determines the offset of the hyperplane from the origin. 

If 1=iw  and 0=jw  where mj ...1=  and ji ≠  then the hyperplane is parallel to the 

axes. A decision tree using hyperplanes parallel to the axes is an axis-parallel one, which 
contains univariate tests. If the hyperplanes are not parallel to the axes the tree is an 
oblique decision tree. 
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Figure 2.2. The separator hyperplane bT =xw  defines two halfspaces: bT ≥xw  (extending in the 

direction w ) and bT ≤xw  (extending in the direction w− ). The vector w  is normal to the hyperplane 

bT =xw  and it is the outward normal of the halfspace bT ≤xw . The two halfspaces represent the two 
class regions. 

Most decision tree building algorithms define hyperplanes (either axis-parallel or oblique) 
at the nodes of the tree. Each of these hyperplanes split the input space into two convex 
halfspaces [55]. Every leaf of the decision tree is an intersection of these halfspaces that 
define a region in the input space, a polyhedron. A polyhedron is defined as the solution 
set of a finite number of inequalities that form the decisions of the tree along the 
decision making path from the root node to leaf node as illustrated in the following 
figure. 
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Figure 2.3. The defined polyhedron and defining path of the tree. 

A polyhedron is the intersection of convex halfspaces, hence a convex set [55]. The 
definition of the set consists of linear constraints (linear inequalities), which are in the 
nodes of the tree along the path from the root node to the leaf node: 

}|{ j
T
j bP ≤= xwx , mj ...1= . (2.8) 

The leafs of the decision tree cover the complete input space with polyhedrons. Each of 
these polyhedrons represents a region with an assigned class label, which is returned if 
the input point falls into that particular cell. 

Distance from sections – leafs of the tree – of the input space can be measured solving a 
set of constrained quadratic programs [55] – [57], which is a special case of convex 
optimization problems. A convex optimization problem [55] is given as 

minimize )(0 xf  

subject to 0)( ≤xif , mi ...1=  

 
i

T
i b=xa , pi ...1=  

(2.9) 

 

where mff ,...,0  are convex functions. A convex optimization problem is called a 

quadratic program if the objective function (convex) quadratic, and the constraint 
functions are affine [55]. A quadratic program can be expressed in the form 

minimize rf ++= xqRxx TT
2
1

0  

subject to bAx ≤  

 hGx = , 

(2.10) 

 

where nS+∈R , nmR ×∈G , and npR ×∈A . In a quadratic program, a convex quadratic 

function is minimized over a polyhedron. 

2.2.1 Euclidean Distance from the Decision Boundary  

Each leaf of the decision tree has a corresponding class label, which is assigned to the 
input samples, which "end up" in that leaf. We want to measure the shortest distance to 
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the closest section – leaf – with a different class label. This problem could be tackled by 
solving a set of linearly constrained quadratic programs, one for each leaf of different 
class labels. An input point's ( s ) (Euclidean) distance from an another leaf (polyhedron 

defined by a set of inequalities) }|{ bAxx ≤=P  in nR  is defined as 

}|||inf{||),( 2 PPdist ∈−= xsxs . To find the distance of s  from P , the following 

quadratic program must be solved 

minimize 2
22

1
0 ||||][][ sxsxEsx −=−−= Tf  

subject to bAx ≤ , 

(2.11) 

 

where s  is constant (input point’s coordinates), E  is the identity matrix of appropriate 
dimension. The matrix A  and the vector b  is built from the constraints collected from 
the tree’s decision nodes on the path from the root node to leaf node: 
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Figure 2.4. Decision making path from the top root node to the leaf P. The constraints for the optimization 
problem are collected during the decision making path. 

For the application in this work the optimization problem is solved using the CVX 
modeling framework for MATLAB. CVX supports a particular approach to convex 
optimization named disciplined convex programming implementing it’s principles. This 
methodology was introduced by Michael Grant, Stephen Boyd, Yinyu Ye [55] – [57]. 
Under this approach, convex functions and sets are built up from a small set of rules 
from convex analysis, starting from a base library of convex functions and sets. 
Constraints and objectives that are expressed using these rules are automatically 
transformed to a canonical form and solved. The CVX system defines a specification 
language that allows the disciplined convex programs to be formulated in their natural 
mathematical form. More information of using the CVX package can found in Convex 
Optimization by Stephen Boyd and Lieven Vandenberghe (2004) [55]. 

The proposed quadratic program that calculates the distance between an input point and 
a polyhedron – which is indeed a leaf of the decision tree – is illustrated in the following 
Figure 2.5. 
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Figure 2.5. The distance between the sample point s  and the polyhedron P  – which is the distance between 

s  (input point) and 0x  (the minimal distance projection) – is the result of the optimization problem. 

Each leaf of the decision tree defines a polyhedron covering a region of the input space. 
As mentioned above to get the distance from the decision boundary; the distance from 
every leaf of different class label must be calculated. Distances to leafs with the same 
class label do not count because they belong to the same region of the space and they 
do not pose a misclassification threat. Two different leafs with the same class label can 
be neighbors in the input space, but there is no relevant decision boundary between 
them. 

The following example (Figure 2.6) and (Figure 2.7) demonstrates the distance 
calculation from the decision boundary induced by an oblique decision tree in two 
dimensions with two class labels. Since the tree has ten leafs, the input space is covered 
with ten polyhedrons. 
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Decision Tree

2; 0.22766    -0.97374*x < -0.65171; 1
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1; 0.98673     0.16237*x < 0.3694; 3
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1; -0.15811     0.98742*x < 0.2243; 5
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2; -0.97081    -0.23986*x < -0.48375; 7

2; 0.98424     0.17684*x < 0.74161; 8

1; 0.564     0.82578*x < 1.0212; 9
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Figure 2.6. Left: an oblique decision tree with ten leafs and two class labels in two dimensions. Right: The 

hyperplanes defined by the tree define polyhedrons that divide the input space into ten regions. 
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Figure 2.7. Left: distance from the decision boundary. Right: the solid lines are the contours of the distance 

from the decision boundary. The dotted lines represent the actual decision boundary formed by the 
hyperplanes. 

2.2.2 Mahalanobis Distance from the Decision Bounda ry 

Using the method proposed above – to calculate the distance from the decision boundary 
induced by a decision tree – allows us to use different distance metrics rather than the 
Euclidean metric, such as the Mahalanobis metric. These metrics are not limited to those 
where the minimal distance projection is invariant. This means that the minimal distance 
point in a polyhedron to a point s , which is the minimal distance projection of s  to P , is 
different for the Euclidean and the Mahalanobis metric. The Mahalanobis distance was 
introduced by P. C. Mahalanobis [60][44]. It differs from the Euclidean distance in that it 
takes into account the correlations between the input variables, and is scale invariant. 
The Mahalanobis distance among two random vectors x  and y  with the same 

distribution and the covariance matrix Σ : 

)()(),( 1 yxΣyxyx −−= −Tdist . (2.12) 

The data in the following figure – 1X  and 2X  – show strong correlation. The 

Mahalanobis distance contour levels are illustrated as ellipsoids around the mean value. 
The two arrows show the eigenvectors – 1v  and 2v  – of the covariance matrix. The 

eigenvalues corresponding to the vectors are: 1λ =1.82 and 2λ =0.18. Since 1λ  is far 

greater than 2λ , the distance in the direction 1v  is elongated. This means “we have to 
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go farther in the direction 1v ” in Euclidean sense to reach same Mahalanobis distance as 

if “we went in the direction 2v ”. 
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Figure 2.8. Mahalanobis distance contour levels around the mean value of the data. 

If the covariance matrix is the identity matrix the Mahalanobis distance reduces to the 
Euclidean distance. In this case the distance contours in the figure (Figure 2.8) would 
look like circles. 

If the covariance matrix is diagonal the Mahalanobis distance is the normalized Euclidean 
distance between the vectors: 

∑
−

==
i i

ii yx
distd

2

2)(
),(

σ
yx , (2.13) 

where iσ  is the standard deviation of the i th variable in the vector x  or y . In this case 
the distance contours would look like ellipsoids with axes parallel to the coordinate axes. 

Using the Mahalanobis distance as a distance metric when calculating the classification 
certainty comes from the hypothesis that in directions of greater deviation greater 
Euclidean distance is required for the same certainty of the classification. This is 
illustrated in the following figure (Figure 2.9). The “square class” data points show 
greater deviation in the horizontal axis than in the vertical axis. This indicates that we 
need a greater distance from decision boundaries in that direction for the same 
certainty. 
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Figure 2.9. Two class classification and a decision tree defining four hyperplanes (solid lines). Distance is 
calculated from the decision boundary and the contour levels are illustrated with dotted lines. Euclidean 

distance to the left, Mahalanobis distance to the right. 

Using Mahalanobis distance means that in greater deviation directions (in this case the 
horizontal axis) the distance from the decision boundaries will raise slower than in lower 
deviation directions (in this case the vertical axis). Figure 2.9 illustrates that the use of 
the Mahalanobis distance results in more concentrated contour lines in the center. 
Another difference is that in Mahalanobis sense there is only one point that has maximal 
distance from the decision boundary, while in Euclidean sense more points (a central 
horizontal line) is at maximal distance from the decision boundaries. Figure 2.10 shows 
that the gradient of the distance function is smaller along the horizontal axis than the 
vertical axis using Mahalanobis distance instead of Euclidean distance. Using Euclidean 
distance the gradient is the same in both – in fact all the – directions. 

 
Figure 2.10. Distance levels from the decision boundary. Euclidean to the left, Mahalanobis to the right. 

However the method proposed above to calculate the shortest distance to the decision 
boundary allows the use of the Mahalanobis distance metric, it requires a covariance 
matrix. There are different options for choosing or determining the matrix, each with its 
own explanation and hypothesis. Possible choices might be: 

• During the tree building process estimate a global covariance matrix from the 
training data, including all the data from different classes. When calculating an 
input sample's distance from the decision boundary use this global covariance 
matrix. 

• During the tree building process estimate a different covariance matrix from the 
training data for each input class. When calculating an input sample’s distance 
from the decision boundary, first use the tree to classify the sample, and than use 
the corresponding covariance matrix that belongs to that particular class to 
calculate the distance. 
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• After the tree building process estimate a locally global covariance matrix for 
each of the tree’s leafs. Local in the sense that only samples reaching that special 
leaf are taken into account, global in the sense that the samples from all classes 
reaching that special leaf are taken into account. When calculating an input 
sample’s distance from the decision boundary first determine the leaf that it 
belongs to, and than use the covariance matrix belonging to that particular leaf. 

• After the tree building process estimate a local covariance matrix for each class at 
each of the tree’s leafs. When calculating an input sample’s distance from the 
decision boundary determine the leaf, and the class and than use the appropriate 
covariance matrix. 

It is the subject of further research which method to use, but “it seems” that there is no 
global optimum, each approach can be superior to the others in certain conditions, it 
depends on the structure of the data and tree itself. In the example above the second 
method was used, at the tree building different covariances were estimated for the two 
different class data. 

2.3 True / False Classification Conditional Probabi lity Estimates 
Based on Distance from Decision Boundary Using Kern el 
Density Estimation 

The previously proposed algorithm provides us the distance values from the decision 
boundary for the input samples. It is a natural hypothesis to assume that the samples 
farther away from the decision boundary are classified with greater confidence in 
contrary to those that are close to the decision boundary also noted by Alvarez [51] – 
[54]. In other words the majority of the classification errors are expected to occur 
around the proximity of the classification boundary. With the distance values a set of 
cases can be ranked to evaluate classification confidence. However we are interested in 
a unique classification confidence value attached to each individual input sample. 

To get true / false classification probability estimates, one can use a set of training 
samples and density estimation [58][59][61] to approximate the probability density of 
the true and false classification based on the sample’s distance calculated from the 
decision boundary [36][54]. The oldest and simplest density estimator is the histogram 
[58]. The basic idea is to count the observations falling into predefined intervals (bins, 
B ) with origin 0x . Define the bins of the histogram  

Ζ∈+++= mhmxmhxhxBm  ],)1(,[),( 000 . (2.14) 

The histogram is then defined by: 
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Where n  is number of samples. 

The following figure (Figure 2.11) shows the correctly and misclassified (true and false 
classification) samples distance histogram of a decision tree classifier. It can be seen 
that the majority of the misclassified samples are in the close proximity of the decision 
boundary. However it can also be noted that there is also a number of correctly classified 
points. 
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Figure 2.11. Correctly (left) classified and misclassified (right) samples distance histogram. Input points 

misclassified are close to the decision boundary while correctly classified points cover a greater distance range. 

There are four major difficulties with histograms that prohibit us to extract reliable 
classification certainty information. These are: 

• the selection of binwidth h  strongly affects the shape, 

• the selection of the origin 0x  also influences the shape, 

• observations are replaced by a single value, which results in loss of information 

• while the underlying distribution is assumed to be smooth, the histogram is 
discrete valued. 

Avoiding the need to select 0x  the naive estimator [58] was introduced. By definition if a 

random variable X  has a density f  then the probability density: 
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where )( hxXhxP +<<−  is estimated by the proportion of samples falling into the 

interval ],[ hxhx +− . This gives the form of the naive estimator: 
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The naive estimate is in fact a special histogram estimate with bandwidth h  where every 
observation falls into the center of a bin. However the need to determine the bin centers 
are eliminated, the naive estimator still gives a stepwise function and the bandwidth h  
must be determined. 
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The Kernel Density Estimator 

To get a smooth density estimate the naive estimator can be generalized by replacing 
the weight function w  by a kernel function K which satisfies the following condition: 

∫
+∞

∞−

= 1)( dxxK . (2.20) 

Than the kernel estimator [58] is then defined by: 
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where h  is the window width (also called smoothing parameter or bandwidth). Most 
often the kernel function is a symmetric probability density function, like the normal 
density with zero mean and unit variance. This is called the Gaussian Kernel: 
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This gives the kernel density estimator the form of: 
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The kernel density estimators give smooth estimates, however the estimate’s shape still 
depends on selection of the kernel function and the window width h . 

Selection of the Bandwidth 

There are several density estimation methods. One of the most widely used and simplest 
is Silverman’s rule of thumb [58][62]. The idea is to choose h to minimize the difference 
to some reference distribution. For the Gaussian kernel and the normal reference 
distribution, the rule of thumb is to choose: 
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This selection for h  will minimize the squared distance between the estimator and the 
true density (assuming that it is the normal distribution). 

The following figure (Figure 2.12) demonstrates the Kernel density estimation using 
Gaussian kernel. 
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Figure 2.12. Kernel density estimation using Gaussian kernel. Data points at specific distances are marked as 

red dots on the horizontal axis. 

Using kernel density estimation we are able to get the classification (or class) conditional 
density estimates according to the distance from the decision boundary. 

Dealing with the Boundary Conditions in the Density Estimates 

In the case of the current application the domain of density to be estimated is not the 
whole real line, but the ],0[ d  interval, since the distance from the decision boundary can 

not be less than zero and cannot be bigger than region’s diameter defined by the actual 

leaf (in case of open leafs ∞=d ). There are several ways for ensuring that )(ˆ xf  is zero 

for 0<x . Dealing with the boundary conditions we have several options [58]. We can 

set )(ˆ xf  is zero for x < 0 or we can transform the data by takings it’s logarithm, 

estimating the density ĝ  and than transforming back using: 

))(log(ˆ
1

)(ˆ xg
x

xf = , (2.26) 

for 0>x . 

What is common in these techniques that estimates will fluctuate or drop near the zero 
boundary Figure 2.13. 
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Figure 2.13. Different ways to handle boundary conditions. Left: kernel density estimation using Gaussian 

kernel, and setting )(ˆ xf  zero for all x < 0. Right: kernel density estimation transforming the data by taking 

the logarithms, estimating the density and transforming back. 

There is a certain property which is very desirable in this case – to get classification 

certainty values –, which is to ensure 0)0(ˆ =+′f . This eliminates the fluctuations near 

the decision boundary in the density estimates. This will result in more robust density 

estimates, and will provide more reliable classification certainty information. 0)0(ˆ =+′f  

can be obtained using the reflection technique [58]. The reflection technique mirrors the 

data points to the boundary – this case 0 – and estimates the density )(* xf  from these 

n2  data points. The estimate based on the original data is: 
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Figure 2.14. Mirroring the data points and estimating the density, than setting )(ˆ xf  zero x < 0 and 2 )(ˆ xf  

zero x ≥  0. This is the reflection technique method that provides 0)0(ˆ ' =+f . 

Figure 2.14 shows that density estimates obtained using the reflection technique 
eliminates the drop or fluctuations near the decision boundary as seen in the previous 
figure (Figure 2.13). 

The proposed method presented in this discussion – uncertainty using decision tree 
classifiers – uses the Gaussian kernel, and the rule of thumb for selecting the window 
width, and the reflection method to handle the boundary conditions. 

Using the methods explained above in the current chapter the following figure (Figure 
2.15) demonstrates the correct and false conditional classification density estimation of a 
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sample decision tree. The decision tree and the data used here is the same as for the 
histogram (Figure 2.11) but unlike that, this density estimate – obtained by equation 
(2.27)– is smooth. 
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Figure 2.15. Density estimation of the true and false conditional classification probability density (multiplied 

by the appropriate a priori probabilities). 

2.3.1 Local Class Conditional Probability Estimates  Based on Distance from 
Decision Boundary 

In the previous chapter density estimates were created for the true and false 
classification probabilities of the decision tree. These density estimates are global density 
estimates in the way that they do not incorporate any local classification information. 
The distance from the decision boundary was measured for the whole sample set, and 
the density estimates were constructed. 

Decision trees divide the input space into non-overlapping regions – polyhedrons – and 
these regions not necessarily provide the same classification performance. There can be 
homogeneous regions where most of the points belong to the same class, and there can 
be heterogeneous regions where the misclassification rate is higher. 

We can get probability density estimates of the different classes falling in each particular 
leaf of the tree, hence in a particular region in the input space. The algorithm is the 
same but the class conditional densities – from which the true and false classification 
probabilities are derived– are estimated for each leaf of the decision tree. When an input 
sample is classified, the corresponding leaf’s densities are used to determine a 
classification certainty. 

While in the previous chapter true and false classification densities were calculated, here 
class density estimates are used. The two calculations give similar results, since decision 
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trees assign the same class label for all samples falling into the same leaf. This class is 
usually the one that outnumbers the others (assuming similar misclassification cost for 
each class). The density of this class relates to the true classification density, while the 
sum of the other class densities (multiplied by the appropriate a priori values, otherwise 
the sum of class densities will not equal to one) relates to the false classification density 
in the particular leaf. Using class densities instead of true and false classification 
densities gives better understanding of the performance of the tree. It provides 
information about the structure of each leaf – beyond its classification performance – 
seeing the distribution of the data belonging to different classes. Additionally to the 
classification certainty, information on the nature of the classification error can be 
obtained, e.g. if there is a misclassification what is the most probable true class of the 
data. This can happen for example if in a leaf at a certain distance, the class density 
values (multiplied by the appropriate a priori probabilities, and assuming three classes, 
A, B and C) are 0.7, 0.25 and 0.05. This means that the class returned back by the 
decision tree for the data point is A. Additionally in case of misclassification at this 
distance one might conclude that the true class is more probable to be B rather than C. 
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Figure 2.16. Top: two dimensional input space with two classes. The decision tree divides the space into nine 
regions. Bottom: class density estimates for the two regions marked in the figure. The first region is more 
homogeneous than the second one. The densities are multiplied by the appropriate a priori probabilities. 

 

Figure 2.16 shows a sample dataset divided into 9 regions by a decision tree. The 
different regions provide different classification accuracy and characteristics. 
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Two regions are marked in the figure and the class-conditional probability densities are 
shown. These densities are multiplied by the a priori probabilities – which are data 
estimated – of the classes at the particular leaf. It can be seen in the figure that the 
region in the middle provide inferior classification performance compared to the region to 
the right. It has the class-conditional probability densities “closer to each other” which 
results in increased uncertainty (if the class-conditional densities equal at a certain 
distance it means both classes are equally probable). The region to the right has a 
greater classification confidence because class B’s density is far bigger than class A’s at 
all distances. 

2.4 Distance Conditional Classification Probability  Based on 
Bayesian Computation 

Since we have got the (conditional) class probability density estimates (for each leaf), 
now the conditional probability of the class of the input sample – based on its distance 
from the decision boundary – can be computed with a Bayesian computation [61]: 
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where )( iCP  is each class’s a priori probability and )|( iCdp  is the class-conditional 

probability density of measuring d  distance if the input sample is of class iC . A priori 

probabilities are data estimated from the training samples: 
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This Bayes formula can be easily adapted to true (correct) and false classification 
probabilities. Independent of the number of classes, the misclassification rate can be 
determined for a training set by counting the points correctly classified and incorrectly 
classified. In this case two classes are derived (from all the classes) when the 
performance of the decision tree is measured. One class contains the correctly classified 
points and the other contains the incorrectly classified points. We can estimate priors for 
these from the training data. The Bayes formula then reduces to the form: 

)false(*)false|()true(*)true|(

)true(*)true|(
)|true(

PdpPdp

Pdp
dP

+
= , (2.30) 

where  
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)true( =P , 

)true(1false)( PP −= . 

(2.31) 

d  is the input point's distance from it's relevant decision boundary, )true|(dp  and 

)false|(dp  are the conditional density estimates of the correct and false classification. 
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)|true( dP  can be calculated globally (using all the input samples' distances) or locally 

for every leaf of the tree (using separate data at each leaf). This way more accurate 
classification certainty information can be obtained. 

The following figure (Figure 2.17) shows the true and false classification densities 
(multiplied with the appropriate priors for the true and false classification from formula 
(2.31)) and the calculated Bayes probability of the correct (true) classification. 
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Figure 2.17. True and false classification probability and the Bayes probability of correct classification. 

The conditional Bayes probability of the true classification is increasing with the distance, 
since samples at greater distance are more likely to be classified correctly. It can be 
seen in the figure that for this dataset misclassifications are likely to occur near the 
classifier’s decision boundary, which is a natural hypothesis about classifier systems. 

2.5 Confidence Intervals for the Distance Condition al 
Classification Probability 

When evaluating the performance of classifiers we are curious about the error 
(misclassification) rate or the true (correct) classification rate. If a classifier’s true 
(correct), but unknown, classification rate is p  and if k  of the n  test samples are 

correctly classified, than k  has the binomial distribution: 
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The fraction of the test samples correctly classified is the maximum-likelihood estimate 
for p : 

n

k
p =ˆ . (2.33) 

For the binomial proportion p  confidence intervals can be calculated using the F 

distribution [63]. Define the 100(1-α )% confidence interval for p  as (φ ,ψ ). 

The lower bound can be calculated as: 
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The higher bound can be calculated as: 
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The width of the confidence interval is a function of n , k , and α . The significance level 
α  depends on our choice. The smaller we choose, the wider the confidence interval will 
be. n  is the number of the test samples. Increasing n  will narrow the confidence 
interval. k  is the number of samples correctly classified, it depends on n  and follows a 
binomial distribution. k  characterizes the classifier, the closer it gets to n , the better 
the classifier performs. The confidence interval also narrows as k  approaches n  or 0. It 
is the widest if 5.0ˆ =p . 

The following figure (Figure 2.18) shows various confidence intervals for p . 
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Figure 2.18. 95% confidence intervals for 
n

k
p =ˆ  at increasing number of test samples. The true confidence 

interval of the true classification probability ( p ) is plotted against the estimated classification probability 

( p̂ ). Increasing n will narrow the confidence interval. It can also be noted that for a specific n the interval is 

the widest at 5.0ˆ =p . 

The following figure (Figure 2.19) shows the 95% confidence interval for a classifier 
whose empirical classification performance p̂  equals 0.9, meaning it classifies 90% of 

the test samples correctly. 
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Figure 2.19. 95% confidence for a classifier whose empirical classification performance 9.0ˆ =p  at an 

increasing number of test samples. The confidence interval of the true classification probability ( p ) is plotted 

against the number of data samples n . 

Confidence intervals for the Bayes classification probabilities for each test sample can 
also be constructed. The method proposed in this paper provides the empirical 
classification performance p̂ , but this classification probability is a function of the 

distance from the decision boundary: )(ˆ dp . To calculate the confidence interval at any 

distance, an approximation of the number of test samples n  must be obtained at the 
distance d . This is a problem, because d  is a continuous variable, and since only a 
limited number of test samples are available, for most of the values of d  the number of 
samples will most probably equal 0. Recalling (2.17) and (2.21) )(dn  can be 

approximated from the densities: 
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Using the formula (2.36) the number of approximated test points )(dn  at every distance 

d  for the conditional true classification probability in Figure 2.17: 
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Figure 2.20. Approximation of the number of samples – from the densities – used for calculating the 

confidence intervals at distance d . 

Figure 2.20 shows the approximated number of test samples – of the data used to create 
(Figure 2.17) – for every distance value of d . It can bee seen that )(dn  slightly starts 

to increase from the decision boundary, reaches its maximum around d =0.05 and than 
it starts to drop. 

The approximated number of test samples )(dn  may provide information about the 

separation ability of the decision tree. If )(dn  were close to zero at small distances, it 

would indicate that there are very few points near the decision boundary resulting in a 
good separation power. If )(dn  is high around the decision boundary it indicates that the 

tree is not able to completely separate the data points with different classes. It can be 
considered as a hint of poorer classification performance. 

Using )(dn  now it is possible to construct confidence intervals for every approximated 

classification performance p̂  at every distance d . 
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Figure 2.21. 95% confidence intervals for the classification certainty of a sample decision tree for every input 

sample at distance d  from the decision boundary. 

Figure 2.21 shows the 95% confidence interval for a sample decision tree. It can be seen 
in the figure that the confidence interval narrows as we move farther from the decision 
boundary because of the number of test samples at those distances increases and 
hypothetical probability of the correct classification also increases. At a certain distance – 
around d =0.06 – the confidence interval starts to widen (the lower confidence bound 
drops). Its explanation is that the hypothetical probability of the correct classification 
reaches its maximum at one ( 1ˆ =p ), and the number of test samples are decreasing 

with the distance from around d =0.05. When the lower confidence interval becomes a 
step function, it indicates that the test samples at those distances are very low. 

Classification Certainty 

What is indeed defined as classification certainty provided by the algorithms proposed in 
this Thesis depends on the user’s choice. Possible options are: 

• Use the calculated distance decision boundary directly. This approach might be 
useful in multicategory classification where the misclassification into different 
class regions have different misclassification costs. 

• The Bayesian probability of the correct classification )(ˆ dp  can be used provided 

by formula (2.30). This selection sets the classification certainty for the average 
misclassification rate at d . 

• Other option is to choose the lower bound of the confidence interval as the 
classification certainty. This is a more “conservative” way of defining classification 
certainty. The background idea is that if we use for example the 95% confidence 
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bound (lower) as the classification certainty we probably underestimate the 
correct classification probability. 

• Another choice is to use the lower bound of the measured classification certainty 
but do not allow it to decrease in some “open” leaves because of the fall in the 
number of the test points as ∞→d . This assumes that we incorporate 
information about data and the classifier saying that outliers are not anticipated. 
This approach is to be handled with caution and only applicable in cases where 
misclassifications only occur near the decision boundary. If this is not the case it 
can easily happen that at a considerable big distance from the decision boundary 
from a very few number of test points only one or two points are misclassified. 
This case the estimated misclassification (or true classification) rate will possess 
great variance and for this reason the confidence intervals should not be 
neglected. 

2.6 Application and Results 
The proposed method – to extend the original decision tree framework to handle 
classification uncertainty – is evaluated in two ways: 

• One possible application of the proposed framework is to calculate certainty 
values (this case conditional true classification probabilities) for every input 
sample and reject the ones that have lower values than a predefined certainty 
threshold, hence increasing the accuracy on the remaining data. This might be a 
realistic application for example in medical diagnosis, because the uncertain cases 
must be further investigated. It is shown in the following examples that using 
classification certainty to reject risky cases can significantly increase accuracy on 
the remaining data. 

• ROC (Receiver Operating Curve) analysis is conducted on the certainty values to 
evaluate the ranking ability of the classifier. In this application classification 
certainty values are calculated for every input sample. Then to turn these values 
into ranking numbers one class’ certainty values are subtracted from one. This 
way (assuming a nearly optimal classifier) one class’ (the class of interest, the 
positive class) ranking values will be closer to one, and the other class’ (negative 
class) ranking values will be closer to zero. It is shown in the following examples 
that ROC curves obtained from the classification values are almost always 
dominating ROC curves obtained from one of the most widespread used 
probability estimation methods for decision trees, which is the Laplace corrected 
probability estimates. This way the classifiers possess better ranking ability. 

The results are presented through three examples: 

• Synthetic two dimensional data classification using axis-parallel tree (CART). 

• Synthetic two dimensional data classification using oblique tree (MSM-T). 

• Real world nine dimensional data – downloaded from the UCI Machine Learning 
Repository [64] – classification using axis-parallel tree (CART). 

Further uses of the certainty values are examined in the next chapter, which includes the 
use of classification certainty values in the voting system for combining an ensemble of 
classifiers. 

2.6.1 Test Results on Two Dimensional, Synthetic Da ta, Axis-parallel Tree 

The Input Data 

The algorithm is first demonstrated on a two dimensional, synthetic dataset. The input 
data (and the decision boundaries of the classifier tree) is shown in the following figure 
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(Figure 2.22). The input points are marked with red squares and blue dots according to 
their class label. In this experiment axis-parallel tree is used. 

There were N =1354 data points in the sample dataset, containing roughly equal 
number of class A  and class B  members. 948 were used as training samples to grow 
the decision tree and estimating classification probabilities. The remaining 407 were used 
for testing. 

In the experiment the tree misclassifies 53 samples out of the 407. This gives 13% 
misclassification error rate or 87% classification accuracy. 
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Figure 2.22. Synthetic two dimensional test dataset and the separator hyperplanes. 

Classification Certainty Analysis 

To visualize the tree’s confidence in the input space, after the tree is grown and the 
misclassification profiles are estimated the input space is covered with a grid and the 
conditional classification probabilities in function of the distance from the decision 
boundaries are calculated in the grid’s points using the algorithm presented in this 
chapter. Figure 2.23 shows the classification certainty values at the grids points. The 
darker areas around the decision boundary indicate lower classification confidence. As 
we move away from the decision boundary the certainty of the classification increases. 

We can use the classification certainty values in the evaluation of the data. We can say 
that we only accept classification labels from the tree that have greater confidence than 
a predefined threshold. 
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Figure 2.23. Classification certainty values at the grid’s points. The darker areas around the decision 

boundary indicate lower confidence in the classification. The colorbar to right map the grayscale levels to 
conditional classification probabilities. 

Using the introduced algorithm we calculate the certainty value (the conditional 
classification probability) for each test point. We determine a certainty threshold such 
that if the certainty for a given input point is smaller than this threshold the tree rejects 
the classification. For this application two thresholds are defined to keep 95% and 78% 
percent of the correctly classified samples, but rejecting 38% and 79% of the 
misclassified samples (Figure 2.24). This results in increased classification accuracy ratio 
on the samples classified by the tree: 91.1% and 96.1%. The misclassification rates are 
8.9% and 3.9%. What happens is that the tree “rejects” the risky cases saying that the 
classification would be uncertain. 

Table 2.2 summarizes the results of the two dimensional synthetic data experiment. 

Table 2.2. The effect of the certainty threshold value on the misclassification rate or classification certainty. 
The original classification accuracy was 87%. 

Percent of misclassified points 
rejected 

Percent of correctly classified 
points kept 

Classification accuracy / increase 
compared to original 

38% 95% 91.1% / 4.1% 

79% 78% 96.1% / 9.1% 
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Figure 2.24. Defining the threshold value to keep 95% and 78% of the correctly classified samples and 

rejecting 38% and 79% of the misclassified cases. This way classification performance increases from 87% to 
91.1% and 96.1% respectively. 

Receiver Operating Curve Analysis 

The receiver operating curves obtained using the probability estimates from Laplace 
correction method and the proposed method are shown in the following figure (Figure 
2.25). 

The proposed method’s ROC curve dominates the ROC curve from the Laplace corrected 
probability estimates. This way the decision tree extended with the proposed method are 
able to provide better ranking information. 

The proposed method’s ROC curve is also smoother, since it provides unique certainty 
values to each individual input sample in contrary to the Laplace correction’s (that is 
based on the leaf probability estimates, see in the beginning of this chapter, Probability 
Estimation Trees). 
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Figure 2.25. Receiver operating curves obtained using probability estimates from Laplace correction method 

and from the proposed method. The proposed method’s ROC curve dominates the Laplace correction’s. 

2.6.2 Test Results on Two Dimensional, Synthetic Da ta, Oblique Tree 

The Input Data 

The input data (and the decision boundaries of the classifier tree) is shown in the 
following figure (Figure 2.26). The input points are marked with red squares and blue 
dots according to their class label. In this experiment an oblique tree is used for 
classification and probability estimation. 

There were N =954 data points in the sample dataset, containing roughly equal number 
of class A  and class B  members. 477 were used as training samples to grow the 
decision tree and estimating classification probabilities. The remaining 478 were used for 
testing. 

In the experiment the tree misclassifies 73 samples out of the 478. This gives 15.3% 
misclassification error rate or 84.7% classification accuracy. 
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Figure 2.26. Synthetic two dimensional test dataset and the separator hyperplanes. This case oblique tree is 

used with 17 splits. 

Classification Certainty Analysis 

For this test the thresholds are defined to keep 95% and 76% of the correctly classified 
samples, but rejecting 49% and 82% percent of the misclassified samples (Figure 2.27). 
This results in increased classification accuracy ratio on the samples classified by the 
tree: 91.2% and 95.9%. The misclassification rates are 8.8% and 4.1%. 
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Figure 2.27. Defining the threshold value to keep 95% and 76% of the correctly classified samples and 

rejecting 49% and 82% of the misclassified cases. This way classification performance increases from 87% to 
91.2% and 95.9%. 

Table 2.3 summarizes the results of the two dimensional synthetic data experiment 
using oblique decision tree. 

Table 2.3. The effect of the certainty threshold value on the misclassification rate or classification certainty. 
The original classification accuracy was 84.7%. 

Percent of misclassified points 
rejected 

Percent of correctly classified 
points kept 

Classification accuracy / increase 
compared to original 

49% 95% 91.2% / 6.4% 

82% 76% 95.9% / 11.2% 

Receiver Operating Curve Analysis 

The receiver operating curves obtained using the probability estimates from Laplace 
correction method and the proposed method are shown in the following figure (Figure 
2.28). 

The proposed method’s ROC curve almost always dominates the ROC curve from the 
Laplace corrected probability estimates. This way the decision tree with the proposed 
method are able to provide better ranking information. 
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Figure 2.28. Receiver operating curves obtained using probability estimates from Laplace correction method 
and from the proposed method. The proposed method’s ROC curve almost always dominates the Laplace 

correction’s. 

2.6.3 Test Results on Nine Dimensional Breast Cance r Data 

The Input Data 

In this example the algorithm is demonstrated on a nine dimensional dataset. This 
dataset is the “breast-cancer-wisconsin” dataset downloaded from the UCI Machine 
Learning Repository [64]. 

The database contained N =699 data points and two classes. 349 out of the 699 data 
points were used as training samples to grow the tree, and 350 were used for estimating 
the misclassification probabilities. 

In the experiment the tree misclassifies 20 points out of the 350, which gives 5.7% 
average misclassification rate or 94.3% classification accuracy. 

Classification Certainty Analysis 

At first the certainty threshold is determined to keep 99.1% of the correctly classified 
samples. This case the tree rejects 35% of the misclassified points and the 
misclassification rate reduces to 3.8% (96.2% classification accuracy). 

In the second and third experiment certainty threshold is determined to keep 97% and 
91% percent of the correctly classified samples. This case the tree rejects 45% and 55% 
of the misclassified cases and the misclassification rate reduces to 3.3% and 2.9% (and 
the classification accuracy increases to 96.7% and 97.1%). 
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Figure 2.29. Defining the threshold value to keep 99.1%, 97% and 91% of the input samples and rejecting 
35%, 45% and 55% of the misclassified cases. This way classification performance increases from 94.3% to 

96.2%, 96.7% and 97.1%. 

Table 2.4 summarizes the results of the nine dimensional data experiment. 

Table 2.4. The effect of the certainty threshold value on the misclassification rate or classification certainty. 
original classification accuracy was 95%. 

Percent of misclassified points 
rejected 

Percent of correctly classified 
points kept 

Classification accuracy / increase 
compared to original 

35% 99.1% 96.2% / 1.9% 

45% 97% 96.7% / 2.4% 

55% 91% 97.1% / 2.8% 

Receiver Operating Curve Analysis 

The receiver operating curves obtained using the probability estimates from Laplace 
correction method and the proposed method are shown in the following figure (Figure 
2.24). 

The proposed method’s ROC curve dominates the ROC curve from the Laplace corrected 
probability estimates. This way the decision tree with the proposed method are able to 
provide better ranking information. 
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Figure 2.30. Receiver operating curves obtained using probability estimates from Laplace correction method 

and from the proposed method. The proposed method’s ROC curve dominates the Laplace correction’s. 

2.7 Conclusions, Remarks and Future Research Target s 
A novel method was presented in this chapter to extend the decision tree framework. 
The proposed extension gives the possibility to determine classification certainty. 

The method proposed takes advantage of the clear structure of the decision trees and 
the explicitly defined decision boundaries. The method consists of four main parts: 

1) Distance calculation from the relevant decision boundary. 

2) True / false conditional density of class-conditional density estimation. 

3) Bayesian computation to get the estimated conditional classification probability. 

4) Calculating conditional confidence bounds for the estimated conditional 
classification probabilities. 

The most important novel properties of the proposed framework are summarized below: 

Distance Calculation from the Decision Surface Using Different Metrics 

The new method introduced (distance calculation through quadratic optimization) is 
applicable to any kind of classifier that uses hyperplanes as separator surfaces. 
Examples were given for distance calculation using oblique decision trees also, proving 
that it is not restricted to axis-parallel decision surfaces. The algorithm also allows to 
find minimum distance projections with different distance metrics than the Euclidean 
such as the Mahalanobis metric. 
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Density Estimation, Curse of Dimensionality and Handling Boundary 
Conditions 

After calculating the distance the method uses kernel density estimation to estimate the 
true / false classification conditional probabilities (or class conditional probabilities). The 
distance information from the decision boundary eliminates the problem referred as 
“curse-of-dimensionality” of which most density estimator greatly suffer. 

Kernel density estimation is a nonparametric density estimation technique, meaning we 
are estimating the shape of the density from the sample data points. Determining kernel 
density estimates demands severe computational and storage cost that renders them 
unusable at high dimensions. The two main problems coming from the curse-of-
dimensionality: 

• The computational complexity of calculating the kernel density estimate is 
)( QT NNO , where TN  is the number of training points and QN  is the number of 

query points where the kernel densities are estimated. To simplify assume that 
we have the same number of data points and query points N . Than the 

complexity reduces to )( 2NO , which is pretty easy to solve: we have to sum the 

kernel values at each query point to get the density values. The difficulty comes 
with dimensions in the input space. For good density estimates dense samples 
are needed. For the “same density” in d  dimensions as in one dimension we 

need exponentially more samples: d
TN . This is also true for the query points. To 

attain the same accuracy we need d
QN  query points. This means that the 

complexity of the density estimation problem increases exponentially with the 
dimension of the input space causing severe computational requirements. Again if 
the number of sample data points and the number of query points are equal, then 

the complexity is )( 2d

NO . Silverman provides a table illustrating the difficulty of 

kernel density estimation in higher dimensions. To estimate the density with 
given accuracy the required sample size is exponentially increasing with the 
dimensionality [58]. 

• Another problem directly related to the curse-of-dimensionality is the storage 
requirements of the calculated density values. If we are storing QN  density 

values in one dimension to maintain the same accuracy we need to store d
QN  

density values in d  dimensions. 

Combining the distance calculation techniques and the kernel density estimation the 
input data points (regardless of dimension) can be mapped into a one dimensional space 
where the only dimension of a data point is its calculated distance from the relevant 
decision boundary. This way we only have to use one dimensional kernel density 
estimates, hence avoiding the severe computational and storage requirements. This 
technique also smoothes the estimate during the projection by mapping the data into 
one dimension, however introduces artificial symmetries coming from the fact that the 
points in the same distance will get same certainty value. 

A scenario was also proposed to handle the zero distance boundary conditions. The 
application of the reflection technique eliminates the steep rises and drops in the 

densities ensuring 0)0(ˆ ' =+f . This is a very favorable property, because it produces 

robust class density estimates and conditional classification probabilities. The method to 
get local leaf density estimates is applicable no matter how complicated the leaf 
structure or how many hyperplanes define the leafs. 
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Confidence Intervals 

A solution was proposed to provide confidence interval for the conditional classification 
probabilities. The method is based on the fact that any classifier can be modeled as a 
black box where the success rate has the form of the binomial distribution. In the 
proposed framework this success rate is the function of the distance from the decision 
boundary. For the calculation of the confidence intervals of the conditional classification 
probabilities, at given distances, the number of test points, at the specific distances, 
must be measured. The number of test points at a specific distance is approximated 
from the densities using formula (2.36). 

Evaluations 

The algorithm proposed was tested on three sample datasets. First a certainty threshold 
was determined to filter out the “risky” classifications with low certainty values. Results 
indicate that the proposed algorithm can significantly reduce the misclassification error, 
in the cost of rejecting a portion of the input points, considering them as “risky” points. 
Second ROC analysis was conducted. The proposed method produced ROC curves that 
not only dominate the ones obtained from the Laplace corrected probability estimates, 
but they also allow a smoother true positive / false positive ratio selection, since it 
provides unique certainty values to each individual input sample in contrary to the 
Laplace correction (it is based on the leaf probability estimates approximated using the 
learning samples). 

Future Work and Research Targets 

• Investigate the case of other distance metrics that Euclidean and the 
Mahalanobis. Selection of the covariance matrix (global, leaf local, class local, 
etc.) when calculating the Mahalanobis distance (see chapter 2.2.2). 

• Determining the optimal bandwidth for the kernel density estimator (see chapter 
2.3) and shape of the kernel. Evaluating other density estimation techniques, e.g. 
the nearest-neighbor estimator. 

• Defining classification certainty (distance, classification probability, class density, 
classification confidence) (see chapter 0) for certain applications. 

• The proposed algorithm was presented on two class examples, however there is 
no limitation on the number of classes. In multicategory classification the input 
sample’s distance to all of the other class regions can be measured. If the 
misclassification into these different areas has different consequences it is an 
interesting research area to incorporate this information into the classification 
certainty. 

• In the presented examples the key parameter when using the method is the 
value of the classification certainty threshold. This parameter controls the balance 
between the rejection rate and the classification certainty. In the demonstrative 
examples above this threshold was determined manually. Finding a method to 
automatically determine this threshold, which is optimal in certain means, can be 
a research topic. 

Summary of New Scientific Results 

New scientific results of the new proposed algorithm are briefly summarized in chapter 5 
(Summary of New Scientific Results). 
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3 Classifier Combination Based on Classification 
Confidence 

In classification problems the ultimate goal is to create a classifier or classifier system 
that achieves the best performance for the application at hand. The traditional approach 
was to create or train different kind of classifiers (or the same kind with different 
parameters) and select the one that performs the best. During the evaluation of the 
trained classifiers for the same classification task it has been observed that however 
they provide different accuracies, the set of patterns misclassified might not necessarily 
be the same or even overlap [65]. This suggested that different classifiers provide 
different information about the patterns to be classified, which if somehow could be 
integrated, a classifier system could be created that outperforms the best individual 
classifier in the trained classifier set. 

In the following section (3.1) the theoretical basis of the most widespread used and 
accepted methods are discussed that are applied to classifier ensembles. 

In chapter 3.2, a novel approach (classification confidence weighted majority voting) is 
proposed to combine individual (decision tree) classifiers to form a classifier ensemble. 
The method is based on the sum and the majority vote rule (explained later), and is 
derived using the results (to calculate classification confidence) of the previous chapters 
(2). 

To evaluate the new combination scheme it is compared to two accepted and widely 
used combination schemes (that follow different approaches): 

• The Mixture of Experts Structure (MOE), and 

• Bagging. 

It is evident that the proposed system could be compared to several other combination 
schemes also; however the comparison by itself would pose a significant research task. 
In this work the comparison to the ensemble designs are made considering two aspects: 

• Whether the competence of the classifiers are only located into a subregion in the 
input space or they operate in the same whole input space. 

• The classifiers are combined using fixed weights during the aggregation of the 
results, or they are taken into account with different weights. 

One option to create classifier ensembles is the decomposition of the training data into – 
not necessarily separate – subsets. During training for every subset a unique classifier is 
trained. In the classification process an input point is classified using all the classifiers 
and the results of the individual experts are aggregated according to specific rules. Such 
classifier system is the Mixture of Experts structure (MOE) [69], evaluated later in 
chapter 3.3. The proposed method is first compared to the MOE structure as they share 
common properties, and the improvements of the proposed method over the MOE 
structure are emphasized. Using the MOE structure classifiers are usually operate in 
different input space regions, and they get different weights during the aggregation 
process. 

Next the system is compared to bagging [68], which is another way to form classifier 
systems by creating bootstrap replicates of the training data, which is evaluated later in 
chapter 3.4. During bagging classifiers are combined using fixed weights, and they 
operate in the same whole input space region. 

Of course several other designs could be considered, e.g. the boosting solution, where 
the classifiers are working in the same input space region (like the MOE) and they get 
fixed weights during the aggregation process (like the bagging). 
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3.1 Classifier Combination Strategies and Theoretic al Framework 
There are numerous ways to combine classifiers. If only class labels are available 
majority voting is the most common used option. If ranking information is provided, that 
can be used to derive a decision. If class membership probabilities are available than 
several options are available. 

When combining classifiers one of the main issues is that the classifiers should be as 
different as possible, but as accurate as possible. Among other options this can be 
achieved by using different training sets for the same kind of classifiers, using the same 
training data for different kind of classifiers. 

The key concept behind classifier ensembles is combining experts that should not be 
correlated in the misclassifications [65][68]. The idea is that the majority of the correct 
classifications will be more dominant in the consensus decision, suppressing 
misclassifications. However the task of creating classifiers with zero misclassification 
correlation might be impossible to fulfill, there are basically two ways to reduce the 
overlapping in the misclassifications through combination of classifiers [65]: 

1) Using different features for the classifiers to obtain different representations of 
the data. 

2) Using different classification principles, training rules or training data for each of 
the individual classifiers. 

Using different representations of an object by creating different feature vectors for 
every classifier for every single measurement will often decrease the correlations 
between the input vectors, since there is almost always less correlation between the 
input vectors using different representations than when using the same set of features 
[65]. This means that the feature vectors can be unique to every classifier. This allows 
the possibility of using different features for different classifiers in the ensemble, 
regarding a single measurement. Every classifier makes a different model of the input 
data, hence creates a different estimate of the a posteriori class probabilities, since the 
classifiers are not operating in the same measurement space. This is should be especially 
to be true around the decision boundaries. Different features of a class are likely to “turn 
into” another class’s features differently. There are features that separate better, there 
are that separate worse, but produce different misclassifications. One application is for 
example the detection of lesions in an X-ray image, where the different classifiers in the 
ensemble can use different features. This is discussed in chapter 4 (Real World 
Application of the Presented Algorithms in the Case of Mammography). 

Using different classification, training principles or training data is another three methods 
to create classifier ensembles that reduce the correlations in misclassification. This way 
the classifiers – using the same input vector but different classifier parameters – 
estimate the same a posteriori class probability. Following this approach the goal is to 
create the most accurate classifiers that use the same input features, but their 
misclassification responses are as independent as possible. One way to do this is the 
Mixture of Experts (MOE) structure (explained later in chapter 3.3) another the Bagging 
procedure (explained later in chapter 3.4). Further example of such designs can be for 
example decision tree forests, where the trees use the same inputs but have different 
splits or a set of neural networks having the same architecture, but with different 
weights. 

The discussion of classifier ensembles here is not limited to classifiers where they share 
a common representation of the input pattern. In this more general approach, each 
classifier uses its own representation of the input pattern. The proposed classification 
scheme – classification confidence weighted majority voting (chapter 3.2) – is based on 
the assumptions and results of this framework (explained in the next section). However 
it is shown later (chapter 3.3 and 3.4) that the method is also effective when the 
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classifiers or experts in the system use the same input features (the same 
representation of the input data). 

Combining the Classifiers with Different Data Representations Using the 
Bayes Rule 

Define a pattern recognition problem where a pattern Z  belongs to one of the 
),...,( 1 mCC  classes. Assume that we have R  classifiers, each using an input (feature, 

measurement) vector ix  to classify the input sample. )( kCP  represents the a priori 

probability of the classes and )|( kii Cp x  stands for the conditional probability density of 

the feature vector for the kC th class and the i th classifier in the input space. It can be 

viewed as if )|( kii Cp x  corresponds to the i th classifier representation of the input 
pattern. 

 Following the Bayes rule, a pattern Z  should be classified as jC  – given the 

input vectors ix , Ri ,...,1=  – according to the rule:  

assign jCZ → , if 

)|(max)|( ,...,11,...,1 Rk
m
kRj CPCP xxxx == . 

(3.1) 

 

From eq. (3.1) several classifier combination rules can be derived [65] (assuming that 
the )|( kii Cp x  data representations of the classifiers are conditionally independent, 

which for most of the applications provides an adequate approximation [65]). These 
derived classifier combinations are now widely applied, and since they are used as a 
basis for the certainty weighted voting combination scheme (which will be introduced in 
this chapter), they are summarized in the following pages. A detailed discussion on the 
rules can be found in [65]-[67]. 

Product Rule 

During the product rule the a posteriori class probabilities are multiplied together. It is 
the most sensitive combination rule in the means that a single sufficiently small class 
probability can be enough to suppress to infinite amount of bigger ones. This is a rather 
undesirable implication, since one bad classifier can significantly corrupt the entire 
classifier system. 

To formulate the product rule in terms of a posteriori class probabilities: 

assign jCZ → , if 

=∏
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i
ijj

R CPCP
1

)1( )|()( x ∏
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−−
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i
ikk
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)1(
1 )|()(max x . 

(3.2) 

 

The product rule under the assumption of equal priors simplifies to: 

assign jCZ → , if 

∏∏
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=
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=
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i
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)|(max)|( xx . 

(3.3) 
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Sum Rule 

During the sum rule the a posteriori class probabilities are summed together. The sum 
rule was developed under the assumption that the a posteriori probabilities provided by 
the respective classifiers will not deviate significantly from the a priori class probabilities. 
Such assumption is most probably unrealistic for many applications. However it has been 
shown that the approximation errors introduced during the derivation of the sum rule are 
compensated by its low sensitivity of approximation to estimation errors [65]. 

A comparative study has shown [65] that the sum rule usually outperforms other 
combination methods. As a result several other classifier rules are developed from it like 
the majority vote rule, or the max rule. The combination scheme proposed in this thesis 
in chapter 3.2 – classification confidence weighted majority voting – is also built upon its 
foundations. 

To formulate the sum rule in terms of a posteriori class probabilities: 

assign jCZ → , if 
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(3.4) 

 

The sum rule under the assumption of equal priors simplifies to: 

assign jCZ → , if 
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(3.5) 

 

Max Rule 

The max rule is derived from the sum rule, when the sum of the a posteriori probabilities 
are approximated by the maximum of the probabilities. 

To formulate the max rule in terms of a posteriori class probabilities: 

assign jCZ → , if 

[ ])|(max )()1(max)|(max )()1( R
1i1k

R
1i ikk

m
ijj CPRCPRCPRCPR xx === +−=+− . 

(3.6) 

 

The max rule under the assumption of equal priors simplifies to: 

assign jCZ → , if 

)|(maxmax)|(max R
1i1k

R
1i ik

m
ij CPCP xx === = . 

(3.7) 

 

Min Rule 

The min rules is derived from the product rule, when the product of the a posteriori 
probabilities are approximated by the minimum of the probabilities. 

 

 



3. Classifier Combination Based on Classification Confidence – 3.2. Combining Decision Tree Classifiers Using 
Classification Confidence 

 

 

 

55 

To formulate the min rule in terms of a posteriori class probabilities: 

assign jCZ → , if 

)|(min)(max)|(min)( 1
)1(

11
)1(

ik
R
ik

Rm
kij

R
ij

R CPCPCPCP xx =
−−

==
−− = . 

(3.8) 

 

The min rule under the assumption of equal priors simplifies to: 

assign jCZ → , if 

)|(minmax)|(min 111 ik
R
i

m
kij

R
i CPCP xx === = . 

(3.9) 

 

Majority Vote Rule 

One of the most common and widespread used classifier combination scheme is the 
majority vote rule. It is derived from the sum rule under the assumption of equal priors 
and by quantizing the a posteriori probabilities according to eq. (3.11). Using the 
majority vote rule for each class jC  the sum in eq. (3.10) counts the votes from the 

individual classifiers. The class which receives the largest number of votes is selected as 
final classification. 

To formulate the majority vote rule: 

assign jCZ → , if 
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(3.10) 

 

where 

if )|(max)|( 1 il
m
lik CPCP xx == , 





=∆
0

1
ki  

otherwise. 

(3.11) 

 

The majority vote rule possess’ several favorable properties that lead to its widespread 
application in various fields. These properties include: 

• The combination formula (3.11) does not take into account the a priori 
probabilities, which is unknown for a wide range of problems. 

• The a posteriori probabilities do not need to be known for the classifiers. For the 
rule only the classification output must be available. 

• The rule was derived from the sum rule, hence inheriting its low sensitivity to 
estimation errors of the a posteriori probabilities by the individual classifiers. 

3.2 Combining Decision Tree Classifiers Using Class ification 
Confidence 

One of the most widespread and routinely used method to combine classifier outputs – 
votes on the possible classes – is the majority vote rule. This system requires and also 
assumes the least information about the classifiers or the data. Only the classification 
outputs are used to form the consensus decision. However if we have additional 
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knowledge about the classifiers or the data we can incorporate it into the combiner 
scheme to increase the overall system’s accuracy. Basically two level of information 
might be available that can be added to the classifier combining scheme to improve it’s 
accuracy: 

• A priori class probabilities )( iCP , and 

• A posteriori class probabilities )|( xiCP . 

The a priori class probability )( iCP  is the probability that a random example will belong 

to class iC . If we were forced to classify a pattern without being allowed to obtain any 

information about it, the best we could do is to sign it to the class having the highest a 
priori probability. The posterior class probability )|( xiCP  denotes the probability of a 

class iC  given that the observed pattern is x . 

A priori class probabilities are represented by the trained classifier structures. This 
means for example using a method to grow a classifier for data where class 1C  has a 

prior class probability of 0.9 and class 2C  has a prior class probability of 0.1 will result in 

a classifier that will classify most of the points (coming from the same distribution like 
the training set) to class one. In fact the simplest classifier’s (which does nothing but 
returns the same class for every input sample) accuracy is the prior probability of the 
most frequent class (assuming equal misclassification costs). In this case the classifier 
captures no information at all about the training data. 

There are different kinds of classifier systems. Some are only designed to provide the 
predicted class labels to the input patterns, but do this as efficiently as possible. These 
are designed directly to minimize the number of misclassifications. The way 
misclassifications are minimized, depends on the misclassification costs, which in the 
equal case (where each class’s misclassification has the same cost) is the total number 
of misclassifications. Other classifiers are designed to provide some kind of additional 
information attached to the classification, usually the estimated a posteriori class 
probability of the predicted class. Classifiers providing the )|( xiCP  a posteriori class 

probabilities are probability estimator models (see chapter 2 for a discussion on 
probability estimation trees). During the design of probability estimator models the goal 
is to approximate the a posteriori class probabilities as accurately as possible. In this 
case the final class of the input pattern is derived from the a posterior probabilities, 
where several choices are available, depending on the definition of error rate, which is 
always to be minimized. For example assuming equal misclassification costs again, the 
output is the class that has maximum a posteriori class probability. It is obvious that a 
classifier, which can provide the )|( xiCP  a posterior class probability contains more 

information about the underlying data structure. 

A classifier formed using the information in the input variables x  of the training data 
partitions the input space into (as homogeneous as possible) regions, each with an 
individual class label. This way the classifier using the additional information in the 
observation can improve the most basic classification accuracy (the prior class 
probability) and provide a better performance through the a posteriori class probabilities. 
The Bayes rule allows us to formulate the conversion between the a priori )( iCP  and a 

posteriori )|( xiCP  probabilities using the likelihood )|( iCp x  of iC  with respect to the 

probability of the observed sample x : 
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The Bayes formula can be expressed informally as: 

evidence

priorlikelihood
posterior

  ×= . (3.14) 

Examining the formula, it can be easily noted that the posterior probabilities depend on 
the likelihood and the a priori probabilities, while )(xp  is only a normalization factor to 

ensure that the sum of the posterior probabilities equal to one. The likelihood, which is 
the class conditional probability density, shows the probability density of measuring a 
particular feature vector x  given that the pattern belongs to class iC . 

For any observation x  the probability of misclassification (assuming two classes): 





=
. decide  weif     )|(

 decide  weif     )|(
)|(
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errorP

x

x
x  (3.15) 

For a given observation x  the probability of misclassification can be minimized by 
deciding the class that has a higher a posteriori probability: 1C  if )|()|( 21 xx CPCP >  

and 2C  otherwise. The average error can be expressed in the form: 

∫ ∫
+∞

∞−

+∞

∞−

== dxxpxerrorPdxxerrorPerrorP )()|(),()( . (3.16) 

The goal of classifiers, that provide classification probabilities, is to estimate the a 
posteriori class probabilities )|( xiCP  (which are conditional on the observed input 

pattern x ) in the input space as accurate as the classifier structure allows. In the normal 
scenario a classifier’s accuracy should not be less than the most frequent class’s overall 
a priori probability but can not be better than the accuracy calculated from the a 
posteriori class probabilities in any case. The best error rate the classifier can attain is 
the Bayes error, which comes from the overlapping of the class distributions in the input 
space. 

Standard decision tree models are designed to partition the input space using decision 
boundaries and mark them with a class label. If an input pattern falls into a certain 
region, the corresponding class assigned to the particular leaf is returned. These 
traditional models are limited only to provide rough probability estimates (see chapter 
2). 

Also in chapter 2 a method was introduced to calculate correct )|( dtrueP  and false 

)|( derrorP  classification probabilities (derived from the a posteriori class probabilities) 

for every input sample – that is located to d  distance from the relevant decision 
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boundary – the decision tree classifies. The distance is measured – through the solution 
of a set of quadratic programs – and then classification probabilities are calculated using 
the Bayes rule. The class conditional probability densities are obtained from a set of pre 
stored profiles characteristic to the tree and the training data. Figure 3.1 illustrates the 
stored class conditional probability density profiles for a particular leaf of a decision tree. 
One class dominates the leaf, the other classes sum up the probability of error or 
misclassification. 
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Figure 3.1. The true and false a classification density profiles for a given leaf of a decision tree. One class 

dominates the region defined by the leaf, and it defines )|( dtruep  probability density. Close to the decision 

boundary (around small distances) there are other classes that add up the )|( derrorp  probability density. 

The source of the misclassifications in this leaf is the shaded area under )|( derrorp . 

The a posteriori probabilities that are provided by a classifier or probability estimator 
allow us not only to decide the class that minimizes the probability of misclassification, 
but it also provides information about the certainty of the classification. If the a 
posteriori class probabilities (or the respective calculated true and false classification 
probabilities) are close to each other, the output possesses high uncertainty. This is the 
reasoning behind all classifier combiner systems that incorporate the a posteriori class 
probabilities into the voting process. 

The proposed method not only turns standard decision tree models into probability 
estimator trees, but it also gives a method to calculate a confidence interval to the 
derived correct (true) classification probability. This way it provides more information 
about the certainty of the classification, since the confidence interval is a function of the 
number of data samples in addition to the estimated correct classification probability 
(see chapter 2.5). It is shown in the following chapters that the proposed combination 
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scheme using this information in the voting system, possesses superior properties 
compared to previous approaches. 

Besides the ultimate goal of classifiers – to attain the best possible accuracy according to 
some criteria – there is another desired property that (usually) contradicts with this goal, 
which is classifier complexity, both in storage and computational aspect. Classifier 
systems aim to capture the most relevant characteristics of the training data and store it 
in the classifier structure. This structure also allows the retrieval of the information 
during the classification process. Not considering the case of overtraining, the more 
information the classifier contains about the input pattern, the more complicated it gets. 
It will require more storage space and the classification process will require more 
computational power. Good classifier systems are able to maintain a reasonable system 
and computational complexity, while providing adequate accuracy. It is shown in the 
following sections that once the individual votes are available with the required certainty 
information (see chapter 2), the proposed combination scheme only increases the 
complexity of the voting process (over majority voting) by a minimal amount. This 
means that a weighted sum must be done instead of a regular sum, and there is no need 
of any auxiliary weighting network or combiner system. 

Weighted Voting Systems 

Majority voting is the most common way classifiers are combined. It’s simple and uses 
only class values (or the votes). When creating classifier ensembles or voting systems it 
is not a new idea to weigh the votes according to their certainty. Weighted majority 
voting is a natural extension of majority voting, however providing a correct weight to 
the classes or votes is not a straightforward task. 

Using weighted majority voting the final decision is derived from the individual votes and 
their corresponding weights: 

assign jCZ → , if 
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where 

if the i th classifier votes for class k  
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(3.18) 

 

and iw  is the weight of the i th classifier in the system. 

Define the vector 
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as the class output vector of classifier i . In the class output vector all items equal to 
zero except the one whose index represents the actual class vote of the classifier. 

It is natural assumption to trust a classifier more if it usually performs better, e.g. has a 
better overall classification rate, accuracy. 

 
Figure 3.2. The most simple weighted majority voting scheme. Every individual classifier has a fixed attached 

weight that is used during derivation of final classification. 

The basic form of weighted majority voting, illustrated in Figure 3.2, uses a fixed weight 
attached to every classifier. These fixed weights are determined preliminary to the 
classification, after the training of the individual classifiers. Each weight represents the 
reliability of the classifier in the system, the higher the weight the more confidence is 
given to the particular classifier’s vote. Such weights can be derived from the classifiers 
average accuracy. A modified version of this fixed weight design is the class-wise 
weighted majority voting, where classifier weights are different for different classes. That 
system introduces some flexibility by allowing the weights to be chosen adaptively – 
from a finite, predetermined set – based on the predicted class. These kind of weights 
can be derived from the classifiers’ error rate or accuracy for the different classes. 

A more advanced version of the weighted majority voting system is when the weights 
are adaptively changing according to the input sample. To adjust the weights two 
options are available: 

• Weights are set by a separate weighting network independent of the individual 
classifiers, or 

• Weights are set by the individual classifiers. 

In the case when the weights are set by an independent gating network a separate 
module is required in the voting structure, which also accepts the input sample and sets 
the classifier weights accordingly. The main drawback of this architecture is the need to 
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form or train this gating network. Such system is the Mixture of Experts (MOE) structure, 
which is covered in detail in chapter 3.3 where it is compared to the proposed system. 

The proposed method in this thesis to combine decision tree classifiers follows the other 
line, when the weights are set by the individual classifiers themselves. This requires the 
classifiers to provide some kind of confidence in the classification which can be mapped 
to a weight in the combiner. 

The New Proposed Classification Confidence Weighted Majority Voting 
System 

In the previous chapter (2) a method was proposed to calculate a confidence interval in 
addition to the correct classification probability. These values represent the classifiers 
certainty in the classification, and is unique to every input sample, based on its distance 
from the decision boundary and the data density. Using these values every classifier can 
set its own weight according to its confidence in the classification. This way the weights 
attached to the individual classifiers are adaptively changing according to the input 
sample. For every input sample those classifiers that have a high confidence in the 
classification will set their weights high, and those classifiers that have only a low 
confidence in the classification will set their weights low. The ensemble architecture – 
using decision tree classifiers extended with the method introduced – is illustrated in 
Figure 3.3. 

 
Figure 3.3. The proposed weighted majority voting scheme. The weights are set adaptively by the individual 
extended decision tree classifiers that provide a classification certainty value using the method described in the 

previous chapter. 
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The lower classification confidence value calculated for every input sample – discussed in 
the previous sections (2.5) – can be used to form classifier ensembles containing 
decision trees that provide this value in addition to the predicted class. The proposed 
algorithm consists of five steps: 

I. Classify every input sample 
using all the decision trees.

II. Calculate the input sample's 
distance from every classifier's 
relevant decision boundary.

III. Using the distance from the 
decision boundaries and data 

densities, get the lower 
classification confidence value for 

every classifier.

IV. Use the lower classification 
confidence value to weigh the 

classifiers output, and do weighted 
majority voting.
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Figure 3.4. The proposed algorithm to combine the extended decision tree classifiers to form an ensemble. 
The final class is based on the individual classifiers predicted class and their confidence in the classification, 

which is based on the input samples distance from the decision boundary. 
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The final output class is determined by the formula: 

assign jCZ → , if 
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where 

if the i th classifier votes for class k  





=∆
0

1
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otherwise. 

(3.21) 

 

and )(xiΦ  is the weight of the i th classifier in the system. )(xiΦ  represents the i th 
classifier’s lower correct classification confidence. It is a certainty value, attached to the 
output class by the classifier itself, meaning that the probability of the correct 
classification for a specific input sample should not be less (at a given confidence level). 
The confidence level is set preliminary before inducing the trees and estimating the 
misclassification profiles. If not stated otherwise, the 95% confidence level is used 
during the Thesis. 

Step five is necessary to ensure the classification of input points far from every classifier 
decision boundary, where no training data were available. In this case all confidences 
would be zero (or in fact near zero) and no final output class could be created. The 
hypothesis behind this step is that points far from every classifier could be best classified 
by the closest one. 

An Illustrative Example 

The method is illustrated using two – two dimensional – separate datasets, a puzzle and 
a ring (Figure 3.5). These two datasets are located in different input space regions. For 
each dataset a unique decision tree was trained and the distance conditional confidence 
profiles were estimated for the estimated correct classification probability – as described 
in the previous sections – characteristic to the classifiers. 
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Figure 3.5. Two decision tree classifiers individually trained for the puzzle and ring dataset. The two datasets 

are located in different spatial location as shown in the figure. 

Figure 3.6 shows the confidence values of the classifiers in the input space. It can be 
seen in the figure that the confidence drops in the proximity of the decision boundaries 
and at far distances from the classifiers where only a few training points were available. 

Figure 3.7 illustrates the confidence values in a grayscale image. The brighter areas 
represent regions in the input space where at least one of the two decision tree 
classifiers confidence in the classification is high. The darker areas around the decision 
boundaries and far form each classifier system represent regions where classifications 
are uncertain. 

Figure 3.8 shows how the input space is segmented using the proposed classifier 
system. 

Figure 3.9 shows the final aggregated output of the created classifier system for the test 
data. Misclassifications – marked with diamonds – occur at two locations: 

1. Around the boundaries of each classifier system. 

2. Where the classification confidence of the two classifiers are around equal. 

The proposed method is applicable to both cases whether the classifier regions overlap 
or not. Both scenarios will be evaluated in the following sections. 
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Figure 3.6. The classification confidences of the two decision tree classifiers. The confidences drop in the 

proximity of the decision boundaries and at greater distances where there were few training points during the 
tree growth process. 

 

 

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 
Figure 3.7. The maximum of the two classification confidences (of the two decision trees) are illustrated in 

grayscale image. Misclassifications are likely to occur in the darker areas where the classification is “uncertain”. 
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Figure 3.8. The combined result of the classifier system using two decision trees and classification confidence 

weighted voting.  

0 0.2 0.4 0.6 0.8 1 1.2 1.4 1.6
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 

 

Class A

Class B
Misclassification

 
Figure 3.9. Combining two decision tree classifiers using classification confidence weighted voting. The two 

decision trees were separately trained for the puzzle and the ring dataset. The diamonds in the figure 
represent the misclassifications. 



3. Classifier Combination Based on Classification Confidence – 3.2. Combining Decision Tree Classifiers Using 
Classification Confidence 

 

 

 

67 

Why Classification Accuracy is Inappropriate to Form the Weights of the 
Classifiers During the Combination of Votes 

In the algorithm the lower classification confidence is used as the weights of the voting 
system. It might also be a natural assumption to use the correct classification 
probability. The reasoning behind the presented approach is that using the confidence 
value instead of the correct classification probability eliminates the following difficulties: 

• At a certain distance the confidence value is a function of the number of data 
samples that were available during training. This value incorporates more 
information than the correct classification probability. If more training samples 
are available, the confidence value will be more closer to the correct classification 
probability. If only a few samples are available at a specific distance, the lower 
classification confidence will be lower, which means that the estimated correct 
classification probability is not “that reliable”. 

• At higher distances from the decision boundary the estimated correct 
classification probability is likely to be one. This is a natural assumption, because 
decision boundaries are put between samples with different classes. Consider the 
scenario when two classifiers are combined and each operates in a different input 
space region. If an input sample falls into the region of one of the classifiers 
(denote it classifier A), while the other classifier (classifier B) has a far region of 
operation, the following will occur. Classifier B will estimate classification 
probability of nearly one, because the sample is far away from all its decision 
boundaries, classifier A – whose region the sample fell – will estimate a correct 
classification probably much less than one. The problem is that during voting 
classifier B will suppress classifier A – whose region the data sample fell close –, 
however its correct classification probability is totally unreliable, because it did 
not have any training data samples at this distance. Using confidence values this 
difficulty can be overcome, because if the data samples are low during training 
the calculated lower confidence value will depart from the estimated correct 
classification value as expected. 
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Figure 3.10. Left: the estimated correct classification probability of the two decision tree classifiers. The 
probabilities are lowest in the proximity of the decision boundaries and quickly increasing to one, as the 

distance grows. Right: the minimum of the two correct classification probabilities (of the two decision trees). 

Comparing Figure 3.10 to Figure 3.6 and Figure 3.7 it can be seen that the estimated 
correct classification probability only drop in the proximity of the decision boundaries 
while the lower confidence also drops at greater distance where the number of training 
samples were low. This way – during voting – the classifiers operate in their “competitive 
region” and don’t interfere with classifiers in other regions of the input space. 

If the correct classification probability were used in the voting system to form the 
weights, such “region of competence” information would be lost from the system, and 



3. Classifier Combination Based on Classification Confidence – 3.2. Combining Decision Tree Classifiers Using 
Classification Confidence 

 

 

 

68 

the classifiers would influence the outcome no matter that they are competent or not in 
the particular region. This case is illustrated in Figure 3.11, where a huge number of 
misclassifications occur. What happens here is that near the puzzle’s decision boundary 
and inside the ring the classifiers actually competent in the region posses an estimated 
correct classification probability of less than one (because the decision surface is near, 
misclassification may occur) and the other classifiers estimated correct classification 
probability is one (since it is far away from it’s decision boundary). This way the 
classifiers corrupt each others domain by making false votes with maximum certainty. 
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Figure 3.11. Combining two decision tree classifiers using the estimated correct classification value to adjust 

the weights in the voting system. The diamonds in the figure represent the misclassifications. 

The Problem with Decision Boundaries that Extend Outside the Region 
of Competence 

Classifiers are trained on training data, hence they are supposed to operate in that 
particular input region the training data occupies (region of competence). The proposed 
method that enables classifiers to calculate the classification confidence for every input 
sample x  is a self-calculated value that the classifier provides to state how certain is the 
predicted classification. This value is a function of the number of training points available 
and the achieved accuracy of the classifier at a specific distance from the decision 
boundary. 

This value has a correct, interpretable meaning in the region of competence of the 
classifiers. However classifier decision boundaries might extend outside from the region 
of competence and in that case this classification confidence value looses it’s meaning. 
This phenomenon is coming from the fact that this value is function of the classifier 
accuracy and the available training data points only through a one dimensional 
projection onto the decision boundary. Classifier decision boundaries that extend outside 
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the region of competence of the classifier can induce false classification certainties in 
regions where were no training data points at all. 

 

 

-0.2 0 0.2 0.4 0.6 0.8 1 1.2

-0.4

-0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4 Distance contours

Class A
Class B

Decision boundary extending outside
the region of competence

 
Figure 3.12. The puzzle problem and the decision boundary of a decision tree. The decision boundary extends 

outside the area of the training data. 

Figure 3.12 shows the puzzle classification problem and the decision boundary of a 
decision tree. The decision boundary extends outside the region of the training samples. 
This means that for input samples that fall far away from the training samples, but close 
to the decision boundary would get a small calculated distance value (Figure 3.14, left 
image). Since classification confidence depends on the calculated distances, these 
samples would be classified with high confidence (Figure 3.15, left image), although they 
are outliers. There were no training data in their region, therefore classification from a 
tree that was grown in a different region should not be trusted. 
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Figure 3.13. Artificial region of competence boundary induced around the training data. If an input sample 
falls outside this boundary than the sample’s distance from the decision boundary is defined as the maximum 

distance from decision boundary and from the region of competence boundary. 

We can overcome the problem of extending decision boundaries with a correction after 
the distance from the decision boundary is calculated. In this solution an artificial 
decision boundary (called region of competence boundary, see Figure 3.14) is created 
around the training data during training. Later when the distance of an input sample is 
calculated from the decision boundaries, the corrected distance is defined as the 
maximum of the distance from the real decision boundaries and the distance from the 
artificially induced region of competence boundary: 

)}boundary competence ofregion ,();boundarydecision ,(max{)( xxx ddd = . (3.22) 

This solution overcomes the problem induced by the decision boundaries that extend 
outside the region of the training data used to form the classifier. Data samples that fall 
far from the training samples, but close to an extending decision boundary will get high 
distance values (Figure 3.14, right image) and low classification confidences (Figure 
3.15, right image), thanks to the correction to the distance value by equation (3.22). 

This solution is a simple, although effective approach, defining a rectangular box around 
the training data to define the region of competence of the classifier. However it is 
possible that using a more sophisticated method to define the region of competence 
(e.g. using the convex hull of the training data or taking into account the outliers) might 
provide better result. This area is subject to further research. 
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Figure 3.14. Distance from the decision boundary without and with the proposed distance correction. 

-0.4 -0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4

-0.5

0

0.5

1

1.5

0

0.2

0.4

0.6

0.8

1

 
-0.4 -0.2 0 0.2 0.4 0.6 0.8 1 1.2 1.4

-0.5

0

0.5

1

1.5

0

0.2

0.4

0.6

0.8

1

 
Figure 3.15. Classification confidence without and with the proposed distance correction. 

3.3 Comparison to Mixture of Experts 
In this experiment the proposed method to combine decision tree classifiers is compared 
to the Mixture of Experts (MOE) structure [69][70]. In the MOE structure a gating 
network is used to weigh the output of the different experts according to the input 
sample. The MOE structure can be applied to regression as well as classification 
problems. In this thesis only the classifier experts are considered, since the purpose of 
this chapter is to provide a comparison to the proposed classifier combination scheme. 

The goal of the MOE structure is to emphasize the local competence of experts – in this 
context classifiers – providing superiority in local decision making. The MOE structure 
system implicitly decomposes the data and uses individual experts on the subgroups. In 
the following sections the most important aspects of the MOE structure are discussed, in 
a detail that is required to compare it to the proposed classifiers system in this thesis. 
Detailed discussion on the MOE structure can be found in [69] and [70]. 

The MOE Structure 

The MOE structure consists of n  “expert networks” and a “gating network”. These 
networks are trained simultaneously to split the input space into sub regions where 
individual experts can specialize. 
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Figure 3.16. The mixture of experts structure consists of n  component classifiers (experts). For each input 

pattern x , the outputs of the individual experts nµµ  ... 1  are weighted by a gating network ngg  ... 1 . 

To each expert we associate a probabilistic model that relates the input vector x  to the 
output value (in classification case a class) Cy ∈ : 

),|( iyP θx , ni ...1= . (3.23) 

The output for the i th expert ( iµ ) is the location parameter for the i th probability 

density. If the associated probability densities ),|( iyP θx  are Gaussian – which is 

assumed in the MOE framework – the location parameter is the mean. 

In the original form the experts in the system are generalized linear, which means they 
are linear in the parameters with a single output nonlinearity: 

)( xθ ii f=µ . (3.24) 

Further information on such approaches, where the experts and gating networks are 
nonlinear in the parameters, is available in references [69] and [70]. 

The gating network is also generalized linear. If an intermediate variable is defined as 

xvT
ii =ξ , (3.25) 

where iv  is a weight vector, than the i th output of the gating network is the “softmax” 

function of iξ : 
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where ig  is always positive and satisfies that 

∑ =
i

ig 1),( vx , (3.27) 

for any x  and v . 

The ig s partition the input space into “competence” regions, hence define in which area 

which experts can be trusted. The final output of the MOE structure is the weighted sum 
of the individual expert’s output: 

k
k

kg µµ ∑= . (3.28) 

According to the probability model for an input vector x  an expert i  is selected with 
probability ),()|( vxx igiP = . This way the total probability of observing y  is given by 
the following mixture density: 
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To train the MOE structure a training set }...1),,{( )()( NtyT tt == x  is assumed to be 

observed as an independent set from this mixture density. The total probability of the 

training set, for a set of input vectors N
t

t
1

)( }{ =x , is given by the likelihood function: 
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(3.30) 

 

According to (3.30) the training of the MOE structure is a maximization problem, where 
we are looking for the parameters v  and iθ s that maximize the likelihood function L , 

or, because of practical reasons, the log likelihood function )ln(Ll = : 

∑ ∑
= =

=
N

t

n

i
i

tt
i yPgTl

1 1

)()( ),|(),(ln),,( θxvxθv , (3.31) 

where ],...,,[ 21 nθθθθ = . 

Given the probability model (3.27) the expected value of the output is given as 
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The maximization problem of the likelihood function usually involves some sort of 
numerical optimization technique as it is a nonlinear function of the parameters. The 
estimation of the maximum can be done e.g. with a gradient technique or using the 
Expectation Maximization technique [69][70]. 

In the following chapter an illustrative – two class, two dimensional – case is presented 
to highlight the similarities and differences between the MOE structure and the proposed 
voting system. During the comparison the MOE structure is using two pre trained 
decision tree classifiers as experts, the same ones that are used in the proposed voting 
system to allow a comparability. Since the classifiers (experts) are already formed in the 
system, only the gating network is trained to maximize the log likelihood function using 
a gradient decent algorithm [70]. Since this thesis deals with the architecture of the 
classifier (or expert) combiner architecture, the training of the MOE structure is not 
detailed. Further information on the topic can be found in the given references. 

3.3.1 Comparison Results on Two Class, Two Dimensio nal, Synthetic Data 

During the comparison the same two datasets – the puzzle and the ring – are used as in 
the previous chapter, where the classification weighted voting scheme was introduced 
(3.2). 

Figure 3.17 (to the left) shows the same puzzle–ring dataset classification problem. The 
same way two decision trees were trained for each dataset. The gating network of the 
MOE structure were trained using data from both dataset. The right figure shows the 
resulting trained gating functions in the input space. The gating functions smoothly 
partition the input space into two regions – according to the competence of the 
classifiers – as expected. The output of the MOE structure is the weighted output – 
according to the gating network – of the classifiers or experts in the structure. In this 
example the output is the classifier that has greater weight, since there are only two 
classifiers. The classifier selection boundary (where the gating weigh functions are equal) 
is marked with a solid line in the left image. 

Figure 3.18 shows the proposed new self predicted classification confidence of the 
decision trees (to the left), and the gating functions of the MOE structure (to the right). 
The classification confidence, which is used to form the weights in the proposed voting 
system, can be considered as gating functions similar as the MOE’s. They share the 
same purpose, to define the competence of the classifiers for a particular input pattern 
x . 

It can be seen that similar results can be achieved – with the proposed method – to the 
MOE structure. The two classifier selection boundaries from the different methods (the 
proposed and the MOE) are similar. However there are major benefits of the proposed 
classification confidence based weighted voting scheme over the MOE structure: 

1) The proposed method does not require a gating network. The classification 
confidence, that act as a gating value- is calculated by the individual classifiers 
themselves. It is a natural consequence that there is no need to train this 
network. 

2) The proposed method provides confidence values at far better resolution inside 
the regions of the classifiers forming the ensemble. The weights of the proposed 
system incorporate direct and detailed information about the performance of the 
classifiers in their competitive region. This especially true around the decision 
boundaries of the classifiers, where the confidence drops in contrast to the MOE 
structure. This way the proposed system can provide valuable classification 
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certainty information attached to the predicted class inside the competitive 
regions also, where the MOE would only give a gating value of one. 

3) If a new classifier (or expert) is added to the structure the MOE system needs to 
be retrained. On the contrary the proposed system allows to us to dynamically 
add and remove classifiers, without the need to retrain anything. The only 
requirement that the new classifier must also supply it’s classification confidence 
value attached to the predicted class, since it will be used in the derivation of the 
final decision. 

In this example the major benefits of the proposed method was illustrated over the MOE 
structure to combine classifiers. It must also be noted that however the proposed 
method has favorable properties, it is only applicable to classifiers that provide the 
classification confidence value attached to their class prediction. In the presented 
examples decision tree classifiers are used, since the first part of this thesis deals with 
the extension of decision tree like classifiers to provide this classification confidence 
value to every input pattern x . 
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Figure 3.17. Combining the two decision tree classifiers using the Mixture of Experts structure. The left figure 
represents the input space and the classifier separator boundary is marked with a green solid line. The right 

figure shows the weight functions for the two classifiers in the input space. 
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Figure 3.18. Left: Self predicted classification confidence by the decision trees (using the proposed methods). 

These classification confidences are used to form weights in the proposed classification combiner scheme. 
Right: The gating functions of the MOE structure. These functions are used as weights in the combination of 

the individual expert outputs in the MOE structure. 

3.4 Comparison to Bagging 
The proposed method to combine decision tree classifiers is now evaluated during 
bagging, which is a common way of creating classifier ensembles from the same training 
data [68]. Multiple classifiers are created using the bootstrap replicates of the original 
training set. In case of canonical outputs plurality voting is used to form the aggregated 
class prediction. It has been shown that bagging – although being a simple method – 
can give substantial classification accuracy improvement, however the key element is 
the instability of the predictors. This means bagging performs best if the classifiers 
trained on different bootstrap samples are different. During bagging the trained 
classifiers operate in the same input space region and using the same set input features. 

Bagging 

The name bagging is derived from “bootstrap aggregation”. A bootstrap [61] dataset can 
be created by randomly selecting n  points from a dataset (containing also n  points), 
with replacement. This process is repeated B  times to yield B  bootstrap datasets, 
which are treated as independent datasets. 

During bagging B  bootstrap datasets BL j  ... 1=  are created from the learning set L  

and each of these sets are used to create a unique component classifier 
jLϕ . During 

classification the output of the component classifiers is: 

)()( xx
jLjy ϕ= . (3.33) 

The final classification decision y  is defined by majority (plurality) voting. Let 

})(,{# ijN
jLi == xϕ , (3.34) 

the number votes for the i th class, and use 

ii Ny maxarg)( =x . (3.35) 

The nature of the bagging process produces classifiers of the same kind that only differ 
in their parameter values. These differences come from the fact that the bootstrap 
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replicates of the learning data are most likely to be different. If “little” changes in the 
training data result in significantly different classifiers, than the classifier learning 
algorithm is unstable [61][68]. Some methods like decision trees – trained by a greedy 
algorithm (see chapter 1.3) – or neural nets are proven to be unstable [61][68]. The 
replacement of a single point in the training set might, but not necessarily, lead to a 
totally different classifier structure. Other systems like for example k -nearest neighbor 
methods are stable [61]. This case the replacement of parts of the training data is less 
likely to lead to a different classifier structure. 

A critical factor, whether bagging will improve accuracy, is the stability of the learning 
algorithm creating the ϕ  component classifiers. Bagging works well if small changes in 

the learning data iL  leads to relatively big changes in the component classifiers 
iLϕ . In 

this case it effectively averages over the discontinuities. 

It has been proven – both theoretically and experimentally – that bagging can increase 
the accuracy of unstable classifiers, however it can cause a slight drop in the 
performance of stable classifiers [68]. 

So far stability was only discussed from the view of the classifier system. However it 
must also be noted that the stability of a classifier training procedure also depends on 
the nature of training data. “Good” training data can “pull” unstable classifier training 
procedures towards stability, and “bad” training data can “push” stable classifier training 
procedures towards instability. 

The ultimate goal of the bagging procedure is to stabilize the training procedure of 
unstable classifiers. 

Experiments 

In this experiment the plurality voting is compared to the certainty weighted voting 
(explained in chapters 3.2) during the aggregation process. The aim of this experiment 
is to show that the proposed system to combine classifier structures is also effective 
when the classifiers are using exactly the same input features and the datasets highly 
overlap, which is exactly the case during bagging. 

During the experiments bootstrap aggregates are created from the training data, and 
decision tree classifiers are trained for every dataset. The final output of the classifier 
ensembles are combined both using majority voting (usual way of combining bagged 
classifiers), and the proposed classification confidence weighted majority voting. Results 
are compared and presented on three datasets. Two from the three datasets were 
artificially created – the puzzle and the ring as shown previously (see chapters 2.6.1 and 
2.6.2) – and the third – the Breast Cancer Wisconsin database – was downloaded from 
the UCI Machine Learning Repository (see chapter 2.6.3). 

For every test 21 bootstrap classifiers were created and the results of the voting 
schemes are evaluated using 3, 5, 7, …, 21 classifiers. The classifier trees were selected 
randomly for a certain evaluations. The presented results are averaged over 100 
repetitions. 

It can be seen in the figures and tables that the certainty weighted majority voting 
method's error rate is always lower than majority voting's, however classification 
accuracy improvement is not significant. It is also a favorable property of the proposed 
system – as previously highlighted – that an interpretable confidence value is attached 
to the predicted class, which is a valuable addition. 

It must also be noted in the figures that the error rate is not monotonically decreasing 
with the number of bagged classifiers used. This phenomenon can be traced back to lack 
instability of the classifiers and it shows that the proposed system is also effective when 
the classifiers are not independent but highly correlated in their outputs. 
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During the comparison of the accuracy values a significance test could be performed to 
evaluate the improvement in accuracy using the proposed system. However it is omitted 
because the purpose of this experiment is not to show that the use of classification 
confidence majority voting can improve the accuracy of bagged classifier ensembles, but 
to show that the proposed combination scheme is also applicable when the classifiers are 
highly correlated, operate on the same feature set and in the same input region. 

3.4.1 Comparison Results on Two Dimensional, Synthe tic Data, Puzzle 

Figure 3.19 shows the misclassification error (to the left) and the improvement of the 
certainty weighted majority voting method over the majority voting method at an 
increasing number (1 to 21) of bootstrap classifiers for the puzzle dataset. 
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Figure 3.19. Comparison of majority voting and certainty weighted voting of bagged classifiers on the puzzle 

dataset. 

The proposed voting system’s error rate (dashed line) is always lower that the majority 
voting’s (solid line). The classification improvement results, of using the proposed voting 
system instead of majority voting on the puzzle dataset during bagging, are summarized 
in the following table (Table 3.1): 

Table 3.1. Misclassification error improvement using certainty weighted voting over majority voting during 
bagging on the puzzle dataset. 

# of trees 1 3 5 7 9 11 13 

Classification 
improvement 

[%] 

0 0 0.3 0.96 0.93 1.31 1.51 

 

# of trees 15 17 19 21 

Classification 
improvement 

[%] 

1.78 2.07 2.48 3.39 

3.4.2 Comparison Results on Two Dimensional, Synthe tic Data, Ring 

Figure 3.20 shows the misclassification error (to the left) and the improvement of the 
certainty weighted majority voting method over the majority voting method at an 
increasing number (1 to 21) of bootstrap classifiers for the ring dataset. 
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Figure 3.20. Comparison of majority voting and certainty weighted voting of bagged classifiers on the Ring 

dataset. 

The proposed voting system’s error rate (dashed line) is always lower that the majority 
voting’s (solid line). The classification improvement results, of using the proposed voting 
system instead of majority voting on the puzzle dataset during bagging, are summarized 
in the following table (Table 3.2): 

Table 3.2. Misclassification error improvement using certainty weighted voting over majority voting during 
bagging on the ring dataset. 

# of trees 1 3 5 7 9 11 13 

Classification 
improvement 

[%] 

0 0 0.01 0.01 0.05 0.09 0.17 

 

# of trees 15 17 19 21 

Classification 
improvement 

[%] 

0.24 0.3 0.33 0.63 

3.4.3 Comparison Results on Nine Dimensional Data, Breast Cancer Wisconsin 

Figure 3.21 shows the misclassification error (to the left) and the improvement of the 
certainty weighted majority voting method over the majority voting method at an 
increasing number (1 to 21) of bootstrap classifiers for the Breast Cancer Wisconsin 
dataset. 
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Figure 3.21. Comparison of majority voting and certainty weighted voting of bagged classifiers on the Breast 

Cancer Wisconsin dataset. 

The proposed voting system’s error rate (dashed line) is always lower that the majority 
voting’s (solid line). The classification improvement results, of using the proposed voting 
system instead of majority voting on the puzzle dataset during bagging, are summarized 
in the following table (Table 3.3): 

Table 3.3. Misclassification error improvement using certainty weighted voting over majority voting during 
bagging on the Breast Cancer Wisconsin dataset. 

# of trees 1 3 5 7 9 11 13 

Classification 
improvement 

[%] 

0 0 0 0 0.04 0.17 0.3 

 

# of trees 15 17 19 21 

Classification 
improvement 

[%] 

0.51 0.61 0.57 0.29 

3.5 Conclusions, Remarks and Future Research Target s 
In this section of the Thesis a novel method was introduced to combine decision tree 
classifiers that can provide a classification confidence value attached to their predicted 
classification. This classification confidence value has to obey certain rules explained in 
chapter 1. It is a function of the predicted accuracy and the number of training samples 
that were available during training at a specific location in the input space. The proposed 
method to combine this kind of classifiers is derived from the majority vote rule by 
forming weights from the classification confidence value. 

The proposed voting scheme adaptively weights the classifiers in the ensemble according 
to their predicted classification confidence, hence creating an input dependent, adaptive, 
self organized combiner architecture: 

• Input dependent: every classifier predicts its own classification confidence, which 
is based on the input sample’s distance from the decision boundary, hence unique 
to every input sample at different distances. 

• Adaptive: since the weights during the combination of the predicted classes are 
formed from the classification confidences of the classifiers in the ensemble, and 
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these classification confidences are dependent on the input pattern, it is clear that 
the voting weights will also be the function of the input sample. 

• Self organized: again, voting weights are formed from classification confidences 
provided by the classifiers in the ensemble. As highlighted in chapter 3.3 this 
architecture does not require a separate combiner network or logic. There is no 
need to train or form this network (or logic), and the architecture also allows us 
to add new classifiers to (or remove from) the ensemble dynamically without the 
need to retrain or reform this kind of combiner logic. If a new classifier is inserted 
into the ensemble no modification is required to any of the components in the 
system. 

The proposed classification certainty weighted majority voting was compared to two 
widespread used methods to create classifier ensembles: 

• the Mixture of Experts structure (MOE), and 

• Bagging. 

These two methods follow different approaches to create and combine classifier 
ensembles. The MOE structure is developed to partition the data in the input space and 
assign classifiers to these regions. If an input sample is classified, the classifier(s) that 
are most competent in the region get the highest weight in the final voting process. This 
is accomplished by the use of a separate gating network that assigns the weights to the 
classifiers according to input pattern. 

The bagging approach follows a different path. From the same training dataset bootstrap 
replicates are created and the classifiers are trained on these replicated datasets. In this 
case every classifier operates in the same input space region and majority voting is used 
to derive final classification. 

During the comparisons it was shown that the proposed method is applicable in both 
cases, whether there is overlapping between the classifiers or not. It was shown that the 
proposed method can mimic the MOE structure in behavior, because the provided 
classification confidence values can be regarded as gating functions that partition the 
input space. During the comparison to bagging it was shown that when the classifier 
outputs are highly correlated and the classifiers occupy the same input region, the 
method is still applicable. These evaluations show that the proposed classifier combiner 
scheme can be effectively applied without the need to check the independence or the 
overlapping of the classifiers. 

Future Work and Research Targets 

• Investigate further options to deal with the decision boundaries that extend 
outside the region of competence. In the current thesis a solution was proposed, 
which involved “boxing” the classifier into the input region – using a rectangular 
box – occupied by the training data. It is easily possible that a better solution can 
be found by e.g. calculating the convex hull of the input data, and using that as a 
minimum distance boundary. The case of outliers was also not investigated in the 
current approach. This way a single outlier might drastically influence extent of 
this box around the classifier. 

• Investigate more complex voting schemes. In the current implementation 
weighted majority voting is used on the predicted classes having the highest 
classification confidence values. The decision trees can be easily modified to 
output the other class densities or classification confidences also along with the 
predicted class’ one, resulting in a neural net like classifier. It is possible that 
incorporating this information into the voting process reliability of the final 
decision can be increased. 
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Summary of New Scientific Results 

New scientific results of the new proposed algorithm are briefly summarized in chapter 5 
(Summary of New Scientific Results). 
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4 Real World Application of the Presented Algorithm s in 
the Case of Mammography 

In this chapter the proposed methods in this Thesis are evaluated in a real world 
example, in the case of mammographic image analysis. A sample application is used to 
show the benefits of applying decision trees extended with the proposed classification 
confidence calculation method (chapter 2) to classify regions of the input mammogram. 
Every region is classified using a set of decision trees, whose results are aggregated 
using the proposed classification confidence weighted voting combination scheme 
(chapter 3). 

Parts of the system explained in this chapter are contained in the Medical Decision 
Support System for Mammography being developed in cooperation with radiologists in 
the Budapest University of Technology and Economics [13] – [15]. Results shown here 
should not and cannot be compared to complete mammographic analyzer systems for 
the following reasons: 

• The purpose of this chapter is to evaluate and prove the applicability of the 
general theoretical results of this thesis and not to attain the best possible true 
positive or false positive rate on mammograms. The system in this chapter lack 
certain preprocessing and post processing steps that could significantly increase 
the system’s performance and which are included in complete analyzer systems. 

• Commercially available systems like the Second Look or R2 are confidential, 
information on them is very limited. It can be stated generally that comparing to 
other systems, e.g. the Analogic Mammogram Diagnostic Workstation [71]-[73], 
where information on the architecture can be accessed would also be 
inappropriate without having the exact same test images, test rules. 

At first the architecture of the classifier system is explained. Then, the output of the 
single decision trees are explained, along with the aggregated output of the decision tree 
forest. In the end of the chapter, the classifier system is evaluated on more than 800 
positive and more than 600 negative images. 

4.1 Architecture of the Classification System 
The efficiency of mammography during mass detection is based on the success of 
separating the different types of tissues. Texture analysis [74] allows us to segment the 
image and classify the segmented regions. These regions can be used as a part of a CAD 
(Computer Aided Diagnosis) or can produce parameters for a subsequent method. 

The algorithm used in this system calculates various texture features in a particular 
window (this window is sliding through the entire image) to create the feature vector. In 
the current implementation the feature vector contains 17 texture parameters. Four are 
based on the histogram [74][75] four on the co-occurrence matrix [76], four on gray 
level run length [74], and the last five on gray level differences histogram [74] (Table 
4.1). The feature vector of the pixels in the sliding window is passed to a set of decision 
trees, which will classify the actual image segment (in which the feature vector is 
determined). For every window position a new feature vector is calculated. 

The decision trees are automatically generated from a set of training images. These 
training images contain a mass and some surrounding background tissue. From each 
training image a separate decision tree is generated using the CART (Classification and 
Regression Trees) algorithm extended with the proposed method to handle classification 
uncertainty explained in chapter 2. Training images are first divided into smaller parts 
according to the (sliding) sample window size. The texture features mentioned above are 
calculated for these blocks of the original training image. For example if the original 
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training image was divided into 100 parts, we get 100 feature vectors, each containing 
17 texture parameters. For each feature vector we have the class label from the original 
mask provided by physicians (mass or normal tissue). These feature vectors are used as 
training data for the decision trees. The tree growing process chooses the optimal test, 
based on the Gini diversity index criterion (see chapter 1.3.1), to classify the actual 
image segment. Tests are made on the feature vector parameters. Each tree node uses 
one of one test (only one parameter is tested in a node). The optimal tree size is 
estimated using ten-fold cross-validation, minimal cost-complexity pruning and 1SE rule 
to prevent overfitting (see Figure 4.1, Figure 4.2 and chapter 1.3.1). 

  

Figure 4.1. Training image and the original mask (provided by physicians) covering the lesion. 
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Figure 4.2. The cross-validation estimated optimal tree size is with 12 terminal nodes for the patch shown in 
the previous figure.  
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Table 4.1. Used texture features and their references. 

Feature Group Feature Reference 

Histogram features 

Mean 

Variance 

Skewness 

Kurtosis 

[74][75] 

Co-occurrence matrix 
features 

Variance 

Contrast 

Homogeneity 

Correlation 

[76] 

Gray level run length 
features 

Short-run emphasis 

Long-run emphasis 

Gray-level distribution 

Run-length distribution 

[74] 

Gray level differences 
features 

Mean 

Variance 

Contrast 

Skewness 

Kurtosis 

[74] 

The differences between training images will cause the decision trees to be different. 
Different trees can use different texture features to classify the image regions according 
to their training sample. Every tree gets the same 17 dimensional feature vector as an 
input, but the different trees can contain tests for different variables. 

After the training finished, the unknown input image (to be classified) is segmented 
using all the decision trees. The output is a vote-board where each image segment will 
have a vote value representing the image region’s conspicuousness. Every decision tree 
assigns a vote (-1 or +1), whether the classified sample is a background tissue or a 
mass. Adding these votes together (with weights in the case of the classification 
confidence weighted voting) forms the vote-boards. In the normal scenario if a region 
has a vote value less than zero, that region would be classified as background tissue, 
otherwise as mass. With the adjustment of the classification threshold of the system (in 
the normal case zero) one can set the sensitivity of the classifier architecture. If the 
threshold is reduced, the sensitivity increases, the classifier will tend to mark more mass 
candidates. Of course this sensitivity increase will result in more false positive markings, 
which means the reduction of specificity. According to these assumptions the vote-board 
can be viewed as a conspicuousness map: increasing vote value indicates higher true 
mass tissue probability. 

Note: In the following images the vote-boards are normalized into the 0-255 brightness 
regions to help visualizing the results. This means that a dark region would correspond 
to background tissue, the bright regions correspond to masses and the regions with 
medium brightness belong to an “uncertain” category, where the classifier system was 
unable to create a consensus decision. 
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The higher the vote value of the image segment the greater the probability that the 
actual image region belongs to a mass (as shown in Figure 4.3). 

      

Figure 4.3. Sample mammogram and the resulting vote-board. The mass region inside the breast has a 
higher vote value. 

In Figure 4.4 the architecture of the classifier system is illustrated. Training images – 
individual masses – are used to train a decision tree forest, with the proposed method in 
this thesis. Every input image is classified using all the decision trees, votes are added 
together (with the corresponding weights) to create the output vote-board. 

 
Figure 4.4. The proposed classification system architecture. The shaded area indicates the training process. 
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4.2 Explaining the Outputs of the Individual Decisi on Trees 
In these experiments the power of the single decision trees extended with the proposed 
probability density and confidence calculation method (see chapter 2, Uncertainty 
Estimation Using Decision Tree Classifiers) is demonstrated. The purpose of this 
evaluation is to visualize the uncertainty attached to the classified samples (this case 
image regions containing masses as seen in Figure 4.5) on a real world example. 

  
Figure 4.5. Sample mammogram region with a mass inside. The image to the right shows the reference mask 

provided by physicians. 

Figure 4.6 shows output classification by a decision tree trained on data from the same 
image (Figure 4.6). The decision tree classifies the image with acceptable accuracy, with 
a few errors. However the classified image does not contain any information regarding 
the certainty of the classification. 

 
Figure 4.6. Classification output of the pruned decision tree trained on the example seen in Figure 4.6. 



4. Real World Application of the Presented Algorithms in the Case of Mammography – 4.3. Explaining the 
Output of the Decision Tree Forest 

 

 

 

88 

Figure 4.7 and Figure 4.8 illustrate the classification certainty provided by the extended 
decision trees. The first figure shows the probability of the correct classification while the 
second shows the confidence of the correct classification associated to the input sample 
classified. 

 
Figure 4.7. The associated probabilities of the correct classification (2D and 3D demonstration). 

 
Figure 4.8. The associated confidences of the correct classification (2D and 3D demonstration). 

It can be seen that classifying the mass, the associated probabilities of the correct 
classification (Figure 4.7) are almost always close to one, while the associated 
classification confidence values drop in the mass – background tissue gradient region 
(Figure 4.8). This is a desired property, because the classifier can tell that it is 
unconfident in the classification, which is totally understandable in this case, since there 
exist no definite border between the mass the background tissue. This kind of 
uncertainty is not provided by the probability of the correct classification, as can be seen 
in Figure 4.7. 

4.3 Explaining the Output of the Decision Tree Fore st 
In this section the output of the decision tree forest is illustrated on one whole 
mammogram (Figure 4.9). The image is segmented using 100 decision trees, and the 
output vote board is created using conventional majority voting and the proposed 
classification confidence weighted voting. 
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Figure 4.9. Sample mammogram and the reference mask of the mass marked by physicians. 
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Figure 4.10. Vote-boards created using majority voting (left) and classification confidence weighted majority 

voting (right) with the proposed classification system. 

In Figure 4.10 it can be seen that the vote-board produced by using the classification 
confidence weighted majority voting produces better results that can be explained by the 
following points: 

• The suspicious regions are clearer to identify. These regions are brighter and their 
contour is more definite, while non suspicious regions are darker. This effect can 
be seen in Figure 4.10 in the area marked by the red rectangle. This difference in 
the vote board’s contrast lead to the classification improvements explained in 
chapter 4.4 and 4.5. 

• The contour of the breast is marked as a “medium” conspicuous region (see the 
area marked by the blue ellipsis in Figure 4.10). In the vote-board produced by 
simple majority voting this region is not marked at all. This behavior is 
understandable, since classifiers were not trained with image samples from the 
border of the breast where a strong gradient is affecting the textures. These input 
samples were unknown for the classifiers, so they were marked with very little 
confidence, resulting in a “don’t know region”. It is a desired behavior, because 
masses are likely to be found in these image regions with an increased 
probability. In the vote-board produced by majority voting, these image samples 
are outliers and they are marked as background tissue. 
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4.4 Results on Positive Images 
Results are evaluated on the DDSM database volumes [77]. Every image in a volume 
that contains a mass is classified using the proposed classification system. To evaluate 
the proposed extensions and methods two outputs are created using the explained 
classification architecture: one using conventional majority voting, and one using the 
proposed classification confidence weighted voting. 

Evaluations aim to highlight the effectiveness of the proposed methods, and to prove the 
applicability of the proposed classification scheme. 

To evaluate the results of the classification system, the produced vote boards (see 
Figure 4.11) are thresholded from top to bottom, and the connected regions above the 
threshold are counted at every threshold. This procedure is repeated until a hit is done in 
the image mask provided by physicians (see Figure 4.12). In the optimal case the first 
located region falls into the mass marked by the provided reference mask. In that case a 
true positive hit is counted. If there were other regions hit before, those are counted as 
false positives. 

For better readability all the vote boards displayed in the figures are normalized into the 
0-255 brightness interval. 

 
Figure 4.11. Vote-board or classification confidence map. 
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Figure 4.12. Thresholding the classification confidence map, provided by the individual classifiers. 

Table 4.2 shows the results from various DDSM image volumes. The image level results 
are shown in the Appendix section. 

Table 4.2. Results from DDSM volumes Cancer 01 – 10. 

DDSM 
Volume 

# Images Majority Voting Classification Weighted 
Voting 

  # False 
Positives 

TP Hit Ratio at 
Highest 

Confidence / 
Probability 
Marking 

# False 
Positives 

TP Hit 
Ratio at 
Highest 

Confidence 
/ 

Probability 
Marking 

Cancer 01 104 18 0,86 8 0,93 

Cancer 02 141 24 0,88 10 0,92 

Cancer 03 48 8 0,86 2 0,92 

Cancer 04 32 3 0,90 3 0,90 

Cancer 04 139 18 0,91 7 0,95 

Cancer 06 50 4 0,92 1 0,98 

Cancer 07 53 9 0,94 2 0,96 

Cancer 08 57 11 0,84 2 0,96 

Cancer 09 149 27 0,86 6 0,96 

Cancer 10 56 10 0,86 0 1 
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The better the system performs, the fewer false positive markings are made in the 
mammograms. The number of false positives generated by the algorithms and the true 
positive hit ratio at the highest confidence (confidence weighted voting) / probability 
marking is plotted in Figure 4.13. 
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Figure 4.13. Plotting the results from Table 4.2. 

The system is evaluated on 10 DDSM image volumes, total of 829 images. The results 
show that the use of the proposed classification confidence weighted voting system 
instead of combining the decision tree classifiers with conventional majority voting 
results in a 6.6% true positive hit ratio increase (image level) if only the most suspicious 
region is marked in the vote-boards as the mass candidate (see Table 4.3). From 
another point of view, the proposed method can cause a 68% (132 false positive 
markings with majority voting and 41 false positive markings with confidence weighted 
voting) percent decrease in the number of the false positive markings, if all the 
connected markings are counted in every vote board until the threshold is reduced as 
much to mark the real mass (see Table 4.3). 

Table 4.3. Summarized results of 10 DDSM volumes. Number of images: 829. 

 Majority 
Voting 

Classification 
Weighted 
Voting 

Improvement 

# False 
Positives 

132 42 68,4% 

TP Hit 
Ratio at 
Highest 

Confidence 
/ 

Probability 
Marking 

88,4% 95,0% 6,6% 

Comparing the results on mass detection to previously published ones [78][79], it can 
be stated that performance results in the literature vary in a very wide range. There are 
methods with 100% TP rate (with 0.2 FP markings per image) and also with 60% TP rate 
(with 3 FP markings per image). However comparing these results correctly is difficult. 
Publications usually do not give a detailed explanation on the dataset used and how the 
proposed method was evaluated. Generally the best systems perform at around 90% TP 
rate and generate around 1-2-3 FP / images. 
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4.5 Results on Negative Images 
The system is evaluated on 2 normal DDSM image volumes, total of 611 negative 
images. At first an average confidence threshold was determined for both the majority 
voting and for the confidence weighted voting on the vote boards of the 829 positive 
images. These average thresholds are calculated (averaged) from the individual image 
thresholds at the confidence / probability level where the actual mass can be found (see 
Figure 4.11 and Figure 4.12). These thresholds (one for the majority voting and one for 
the confidence weighted voting) are used on the negative image vote boards. After the 
thresholding the connected regions are counted, giving the number of false positives / 
image. The better the algorithms perform the less false positive markings they produce. 
Table 4.4 shows the cumulated results for the 2 DDSM volumes, image level results can 
be found in the Appendix section. 

Table 4.4. Results from DDSM volumes Normal 01 – 02. 

DDSM 
Volume 

# Images Majority Voting Classification Weighted 
Voting 

  # False 
Positives 

Average False 
Positives / 
Image 

# False 
Positives 

Average 
False 

Positives / 
Image 

Normal 01 302 2401 7,95 2231 7,39 

Normal 02 309 2036 6,59 1872 6,06 

The results show that the use of the proposed classification confidence weighted voting 
system instead of combining the decision tree classifiers with conventional majority 
voting results in a 7.5% false positive hit ratio decrease (image level) (see Table 4.5). 

Table 4.5. Summarized results of 2 normal DDSM volumes. Number of images: 611. 

 Majority 
Voting 

Classification 
Weighted 
Voting 

# False 
Positives 

4437 4103 

Average 
False 

Positives / 
Image 

7,26 6,72 

As stated in the previous section (Results on Positive Images) results are difficult to 
compare in the literature, but it can be said generally that the best methods can achieve 
around 1-2-3 FP / image rate. This value is much less than the results shown in this 
section (around 7 FP / image). The reason behind this is that the evaluations in this 
chapter are aimed at comparing the voting sub system and results in the literature are 
results form complete mass detector systems. These complete systems usually include a 
post processing step after the classification routines, where the main goal is to sort out 
the majority of the false positive markings. 
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4.6 Conclusions, Remarks 
In this chapter the proposed theoretical approach to handle classification uncertainty was 
evaluated in the case of mammographic image analysis. A decision tree forest was 
created from decision trees that are extended with the proposed method to provide a 
classification confidence value to every sample they classify. The final decision is derived 
from the decision tree outputs using the proposed classification confidence weighted 
voting. 

The system was evaluated on more than 800 positive and more than 600 negative 
images. A specific evaluation method is detailed and the proposed approaches are 
compared to the most common voting system (especially in the case of decision trees, 
where only classification information is available), majority voting. The results are 
evaluated both qualitatively and quantitatively. Qualitative results are justified by the 
quantitative results, that show significant improvement over the standard and 
widespread used approach, majority voting. 

In this section parts of a complete mammographic image analyzer system – classifier 
and voting – is evaluated. This analysis should not be compared to complete 
mammographic image analyzers that utilize additional components missing from this 
analysis. These components are for example preprocessing, post processing, joint 
analysis of the images, etc. These components can significantly affect the system’s final 
results. The goal of the evaluation is to demonstrate the applicability and effectiveness 
the proposed approaches of this Thesis. It is obvious that the proposed system can be 
further improved with the use of the mentioned additional system parts to achieve better 
results if the ultimate goal is to classify mammograms. 
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5 Summary of New Scientific Results 
The first Thesis group introduces a novel way to provide more accurate classification 
probability estimates using decision tree classifiers. The method is based on distance 
calculation from the decision boundary. The second Thesis group proposes a new way to 
combine decision tree like classifiers using the results of the first Thesis. 

1. Thesis group: I have proposed a novel way to provide more accurate 
classification probability estimates based on the input sample’s distance 
from the relevant classification boundary induced by decision tree 
classifiers. Parts of the Thesis group appeared in publications [p 1][p 2][p 
4][p 8][p 9][p 11][p 13][p 15][p 16]. 

1.1. I have formulated a problem that could be solved by a quadratic program to 
calculate the input sample’s distance from decision boundary of decision tree 
classifiers. The method is not limited to axis-parallel trees, it can be applied to 
any kind of decision trees (or classifiers) that use hyperplanes to cluster the 
input space. 

1.2. I have shown that the method – to calculate the distance from the decision 
boundary using a quadratic program– can be used with different distance metrics 
in addition to the Euclidean metric, where the minimal distance projections are 
not invariant to selection of the metric. I have demonstrated the use of the 
Mahalanobis metric. 

1.3. To get probability estimates, kernel density estimation is applied using the 
distances from the relevant decision boundary. I have recommended a way to 
handle the zero distance boundary conditions near the classification boundaries. 

2. Thesis group: I have developed a method to provide classification 
confidence interval to the distance conditional classification probability, 
provided by the first Thesis, and I have shown that this classification 
confidence can be effectively used to combine classifiers into a classifier 
ensemble. Parts of the Thesis group appeared in publications [p 1][p 2][p 
8][p 9][p 11][p 13][p 15][p 17]. 

2.1. I have developed a method to provide confidence interval to the distance 
conditional classification probability. 

2.2. I have provided a new adaptive way to combine decision tree classifiers using 
the classification confidence value into classifier ensembles. The resulting 
combination scheme, classification confidence weighted majority voting, can be 
regarded as an extension of majority voting. 

2.3. I provided a solution to deal with the case of decision boundaries extending 
outside the region of the training data during the combination of the classifiers. 
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8 Appendix 

8.1 DDSM Volume “Cancer 01” Results 
Table 8.1. Results on Mammograms from DDSM Volume “Cancer 01”. 
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c01034rc 1 2 1 0 
c01034rm  1 1 1 1 
c01035rc 1 1 1 1 
c01035rm  1 1 1 1 
c01036lc 2 1 0 1 
c01036lm 1 1 1 1 
c01038lm 1 1 1 1 
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c01061rm  1 1 1 1 
c01062lc 1 1 1 1 
c01062lm 1 1 1 1 
c01064lc 1 1 1 1 
c01064lm 1 1 1 1 
c01065lc 1 1 1 1 
c01065lm 1 1 1 1 
c01067rc 1 1 1 1 
c01067rm  1 1 1 1 
c01068rc 1 1 1 1 
c01068rm  1 1 1 1 
c01069lc 1 1 1 1 
c01069lm 1 1 1 1 
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8.2 DDSM Volume “Cancer 02” Results 
Table 8.2. Results on Mammograms from DDSM Volume “Cancer 02”. 
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c02001lc 1 1 1 1 
c02001lm 1 1 1 1 
c02002rc 1 1 1 1 
c02002rm  1 1 1 1 
c02003lc 1 1 1 1 
c02003lm 1 1 1 1 
c02004lc 1 2 1 0 
c02004lm 1 1 1 1 
c02004rc 1 1 1 1 
c02005lc 1 1 1 1 
c02005lm 1 1 1 1 
c02006lc 4 1 0 1 
c02006lm 1 1 1 1 
c02007rc 2 1 0 1 
c02007rm  1 1 1 1 
c02008rc 1 1 1 1 
c02008rm  1 1 1 1 
c02009rc 1 2 1 0 

c02009rm  1 1 1 1 
c02011lc 1 1 1 1 
c02011lm 1 1 1 1 
c02012lc 1 1 1 1 
c02012lm 1 1 1 1 
c02013lc 1 1 1 1 
c02013lm 1 1 1 1 
c02014rc 2 1 0 1 
c02014rm  1 1 1 1 
c02015lc 1 1 1 1 
c02015lm 1 1 1 1 
c02016rc 1 1 1 1 
c02016rm  2 1 0 1 
c02018lm 1 1 1 1 
c02019lc 1 1 1 1 
c02019lm 1 1 1 1 
c02020rm  1 2 1 0 
c02021lc 1 1 1 1 
c02021lm 1 1 1 1 
c02022rc 1 1 1 1 
c02022rm  5 2 0 0 
c02023rc 1 1 1 1 
c02025lc 1 1 1 1 
c02025lm 1 1 1 1 
c02026rc 1 1 1 1 
c02026rm  1 1 1 1 
c02027lc 1 1 1 1 
c02027lm 1 1 1 1 
c02029lc 1 1 1 1 
c02029lm 1 1 1 1 
c02029rc 1 1 1 1 
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c02029rm  1 1 1 1 
c02030lc 1 1 1 1 
c02030lm 1 1 1 1 
c02031lm 1 1 1 1 
c02032rc 1 1 1 1 
c02032rm  1 1 1 1 
c02033rc 1 2 1 0 
c02033rm  1 1 1 1 
c02034lc 1 1 1 1 
c02034lm 1 1 1 1 
c02036lm 4 1 0 1 
c02037rc 1 1 1 1 
c02037rm  1 1 1 1 
c02038lc 2 1 0 1 
c02039lc 1 1 1 1 
c02039lm 1 1 1 1 
c02040rc 1 2 1 0 
c02040rm  2 1 0 1 
c02041rc 1 1 1 1 
c02041rm  1 1 1 1 
c02043lc 1 1 1 1 
c02043lm 1 1 1 1 
c02044lc 2 1 0 1 
c02044lm 2 2 0 0 
c02045lc 1 1 1 1 
c02045lm 1 1 1 1 
c02046lc 1 1 1 1 
c02046lm 1 1 1 1 
c02047rc 1 1 1 1 
c02047rm  1 1 1 1 
c02049lc 1 1 1 1 

c02049lm 1 2 1 0 
c02050lc 1 1 1 1 
c02050lm 1 1 1 1 
c02052lc 1 1 1 1 
c02053rc 1 1 1 1 
c02053rm  1 1 1 1 
c02055rc 2 1 0 1 
c02055rm  1 1 1 1 
c02056rc 1 1 1 1 
c02056rm  1 1 1 1 
c02057lc 1 1 1 1 
c02057lm 1 1 1 1 
c02058rc 1 1 1 1 
c02058rm  1 1 1 1 
c02060rc 1 1 1 1 
c02060rm  1 1 1 1 
c02061lc 1 1 1 1 
c02061lm 1 1 1 1 
c02061rc 1 1 1 1 
c02061rm  2 1 0 1 
c02062rc 1 1 1 1 
c02063lc 2 1 0 1 
c02063lm 1 1 1 1 
c02064rc 1 1 1 1 
c02064rm  1 1 1 1 
c02065lc 1 1 1 1 
c02065lm 1 1 1 1 
c02066lc 1 1 1 1 
c02067lc 1 1 1 1 
c02067lm 1 2 1 0 
c02068lc 1 1 1 1 
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c02068lm 1 1 1 1 
c02069rm  1 1 1 1 
c02070lc 1 1 1 1 
c02071lc 1 1 1 1 
c02071lm 3 1 0 1 
c02073rc 1 1 1 1 
c02073rm  2 1 0 1 
c02074lm 1 1 1 1 
c02075lc 1 2 1 0 
c02075lm 1 1 1 1 
c02076lc 1 1 1 1 
c02076lm 1 1 1 1 
c02077lc 1 1 1 1 
c02077lm 1 1 1 1 
c02078rc 1 1 1 1 
c02078rm  1 1 1 1 
c02079lc 1 1 1 1 
c02079lm 1 1 1 1 
c02081rm  1 1 1 1 
c02082lc 1 1 1 1 
c02082lm 1 1 1 1 
c02083lm 1 1 1 1 
c02084lc 1 1 1 1 
c02084lm 1 1 1 1 
c02086rc 1 1 1 1 
c02086rm  1 1 1 1 
c02087rc 1 1 1 1 
c02087rm  2 1 0 1 
c02088lc 2 2 0 0 
c02088lm 1 1 1 1 
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8.3 DDSM Volume “Cancer 03” Results 
Table 8.3. Results on Mammograms from DDSM Volume “Cancer 03”. 
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c03004lc 1 1 1 1 
c03004lm 1 1 1 1 
c03006lc 1 1 1 1 
c03006lm 1 1 1 1 
c03007rc 1 1 1 1 
c03008rc 1 1 1 1 
c03009rc 1 1 1 1 
c03010lc 1 1 1 1 
c03010lm 1 1 1 1 
c03011rc 1 1 1 1 
c03012lc 1 1 1 1 
c03014lc 1 1 1 1 
c03017lc 1 2 1 0 
c03017lm 1 1 1 1 
c03018rc 1 1 1 1 
c03018rm  1 1 1 1 
c03022lc 1 1 1 1 
c03024lc 1 1 1 1 

c03024lm 1 1 1 1 
c03030rc 3 1 0 1 
c03030rm  1 1 1 1 
c03031lc 2 1 0 1 
c03031lm 1 1 1 1 
c03033lc 1 1 1 1 
c03033lm 1 1 1 1 
c03034rm  1 1 1 1 
c03041rc 1 1 1 1 
c03043rc 1 1 1 1 
c03043rm  1 1 1 1 
c03046lc 1 1 1 1 
c03046lm 1 1 1 1 
c03047lc 1 1 1 1 
c03048rc 3 1 0 1 
c03049rc 1 2 1 0 
c03049rm  1 1 1 1 
c03050rc 1 1 1 1 
c03052lc 3 1 0 1 
c03053lc 1 1 1 1 
c03053rc 1 1 1 1 
c03055lc 1 1 1 1 
c03055lm 1 1 1 1 
c03057lm 1 1 1 1 
c03059rc 1 1 1 1 
c03059rm  1 1 1 1 
c03061lc 1 1 1 1 
c03061lm 1 1 1 1 
c03062rc 2 1 0 1 
c03062rm  1 1 1 1 
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8.4 DDSM Volume “Cancer 04” Results 
Table 8.4. Results on Mammograms from DDSM Volume “Cancer 04”. 
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c04002rc 1 1 1 1 
c04003lc 1 1 1 1 
c04003lm 1 1 1 1 
c04004rc 1 1 1 1 
c04005lc 1 1 1 1 
c04005lm 1 1 1 1 
c04005rc 1 1 1 1 
c04005rm  1 1 1 1 
c04007lc 1 1 1 1 
c04007lm 1 1 1 1 
c04008rc 1 1 1 1 
c04010rc 2 1 0 1 
c04010rm  1 1 1 1 
c04012lc 1 1 1 1 
c04012lm 1 1 1 1 
c04014rc 2 2 0 0 
c04014rm  1 1 1 1 
c04015rc 1 1 1 1 

c04017lc 1 1 1 1 
c04018lc 1 1 1 1 
c04020rc 1 1 1 1 
c04020rm  1 1 1 1 
c04021lc 1 1 1 1 
c04021lm 1 1 1 1 
c04024rc 1 2 1 0 
c04024rm  1 1 1 1 
c04027lc 1 1 1 1 
c04027lm 1 1 1 1 
c04028lc 1 1 1 1 
c04028lm 1 1 1 1 
c04029lc 2 2 0 0 
c04029lm 1 1 1 1 
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8.5 DDSM Volume “Cancer 05” Results 
Table 8.5. Results on Mammograms from DDSM Volume “Cancer 05”. 
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c05001rc 1 1 1 1 
c05001rm  1 1 1 1 
c05002rc 1 1 1 1 
c05002rm  1 1 1 1 
c05003rc 1 1 1 1 
c05003rm  1 1 1 1 
c05004rc 1 1 1 1 
c05004rm  1 1 1 1 
c05006rc 1 1 1 1 
c05006rm  2 1 0 1 
c05007rc 1 1 1 1 
c05007rm  1 1 1 1 
c05008rm  1 1 1 1 
c05009rc 3 1 0 1 
c05009rm  1 1 1 1 
c05010lc 1 1 1 1 
c05010lm 1 2 1 0 
c05011lc 1 1 1 1 

c05011lm 1 1 1 1 
c05012rc 1 1 1 1 
c05012rm  1 1 1 1 
c05014lc 2 1 0 1 
c05014lm 5 2 0 0 
c05014rc 1 1 1 1 
c05014rm  1 1 1 1 
c05015lc 1 1 1 1 
c05015lm 1 1 1 1 
c05016rc 1 1 1 1 
c05016rm  1 1 1 1 
c05017lc 1 1 1 1 
c05017lm 1 1 1 1 
c05018rc 1 2 1 0 
c05018rm  1 1 1 1 
c05021rc 2 1 0 1 
c05021rm  2 2 0 0 
c05022lc 1 1 1 1 
c05022lm 1 1 1 1 
c05023rc 1 1 1 1 
c05023rm  1 1 1 1 
c05024rc 1 1 1 1 
c05024rm  1 1 1 1 
c05025rc 1 1 1 1 
c05025rm  1 1 1 1 
c05026lc 1 1 1 1 
c05026lm 1 1 1 1 
c05027lm 2 1 0 1 
c05028rc 1 1 1 1 
c05028rm  1 1 1 1 
c05029lc 1 1 1 1 
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c05029lm 1 1 1 1 
c05030lc 1 2 1 0 
c05030lm 1 1 1 1 
c05031rc 1 1 1 1 
c05031rm  1 2 1 0 
c05032lm 1 1 1 1 
c05033lc 1 1 1 1 
c05033lm 1 1 1 1 
c05034lc 1 1 1 1 
c05034lm 1 1 1 1 
c05036rc 1 1 1 1 
c05038lc 1 1 1 1 
c05038lm 1 1 1 1 
c05039lm 1 1 1 1 
c05041lc 1 1 1 1 
c05041lm 1 1 1 1 
c05042rc 1 1 1 1 
c05042rm  1 1 1 1 
c05043lc 1 1 1 1 
c05043lm 1 1 1 1 
c05044lc 1 1 1 1 
c05044lm 1 1 1 1 
c05045rc 1 1 1 1 
c05045rm  1 1 1 1 
c05046lc 1 1 1 1 
c05046lm 1 1 1 1 
c05047rc 1 1 1 1 
c05047rm  1 1 1 1 
c05048rc 1 2 1 0 
c05048rm  1 1 1 1 
c05049rc 1 1 1 1 

c05049rm  1 1 1 1 
c05050rc 1 1 1 1 
c05050rm  1 1 1 1 
c05051lc 1 1 1 1 
c05051lm 1 1 1 1 
c05052lc 1 1 1 1 
c05052lm 1 1 1 1 
c05053rc 1 1 1 1 
c05053rm  1 1 1 1 
c05054rc 1 1 1 1 
c05054rm  1 1 1 1 
c05055lc 1 1 1 1 
c05055lm 1 1 1 1 
c05056rc 1 1 1 1 
c05056rm  1 1 1 1 
c05058rc 1 1 1 1 
c05058rm  1 1 1 1 
c05059lc 1 1 1 1 
c05059lm 1 1 1 1 
c05060rc 3 1 0 1 
c05060rm  1 1 1 1 
c05064rc 1 1 1 1 
c05064rm  1 1 1 1 
c05065rc 1 1 1 1 
c05065rm  1 1 1 1 
c05067lc 2 1 0 1 
c05067lm 2 1 0 1 
c05068lc 1 1 1 1 
c05068lm 1 1 1 1 
c05069lc 1 1 1 1 
c05069lm 1 1 1 1 
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c05070lc 1 1 1 1 
c05070lm 1 1 1 1 
c05071rc 2 1 0 1 
c05071rm  1 1 1 1 
c05072rc 1 1 1 1 
c05072rm  1 1 1 1 
c05073lc 1 1 1 1 
c05073lm 1 1 1 1 
c05073rc 1 1 1 1 
c05073rm  1 1 1 1 
c05074lc 1 1 1 1 
c05074lm 1 1 1 1 
c05074rc 1 1 1 1 
c05074rm  1 1 1 1 
c05077lc 1 1 1 1 
c05077lm 1 1 1 1 
c05078lc 1 1 1 1 
c05078lm 1 1 1 1 
c05079lc 1 1 1 1 
c05079lm 1 1 1 1 
c05080lc 1 1 1 1 
c05080lm 1 1 1 1 
c05081rm  3 1 0 1 
c05082lc 1 1 1 1 
c05083lc 1 1 1 1 
c05083lm 1 1 1 1 
c05083rc 1 1 1 1 
c05083rm  1 1 1 1 
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8.6 DDSM Volume “Cancer 06” Results 
Table 8.6. Results on Mammograms from DDSM Volume “Cancer 06”. 
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c06002lc 1 1 1 1 
c06002lm 2 1 0 1 
c06003lc 1 2 1 0 
c06003lm 1 1 1 1 
c06006lc 1 1 1 1 
c06006lm 2 1 0 1 
c06007lc 1 1 1 1 
c06007lm 1 1 1 1 
c06014lc 1 1 1 1 
c06014lm 1 1 1 1 
c06016rc 1 1 1 1 
c06016rm  1 1 1 1 
c06019rc 1 1 1 1 
c06022lc 1 1 1 1 
c06022lm 1 1 1 1 
c06023lc 1 1 1 1 
c06024lc 1 1 1 1 
c06025lc 1 1 1 1 

c06025lm 2 1 0 1 
c06027rm  1 1 1 1 
c06028rc 1 1 1 1 
c06028rm  1 1 1 1 
c06029rc 1 1 1 1 
c06029rm  1 1 1 1 
c06030lc 1 1 1 1 
c06031lc 1 1 1 1 
c06031lm 1 1 1 1 
c06033lc 1 1 1 1 
c06033lm 1 1 1 1 
c06034lc 1 1 1 1 
c06034lm 1 1 1 1 
c06035lc 1 1 1 1 
c06035lm 1 1 1 1 
c06036lc 1 1 1 1 
c06036lm 1 1 1 1 
c06037lc 1 1 1 1 
c06037lm 1 1 1 1 
c06040rc 1 1 1 1 
c06042rc 1 1 1 1 
c06042rm  1 1 1 1 
c06045rc 1 1 1 1 
c06045rm  1 1 1 1 
c06047lc 1 1 1 1 
c06047lm 1 1 1 1 
c06048lc 2 1 0 1 
c06054lc 1 1 1 1 
c06055lc 1 1 1 1 
c06055lm 1 1 1 1 
c06056lc 1 1 1 1 
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c06056lm 1 1 1 1 
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8.7 DDSM Volume “Cancer 07” Results 
Table 8.7. Results on Mammograms from DDSM Volume “Cancer 07”. 
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c07001lc 1 1 1 1 
c07001lm 1 1 1 1 
c07002lc 2 1 0 1 
c07003rc 1 1 1 1 
c07003rm  1 1 1 1 
c07004rc 1 1 1 1 
c07004rm  1 2 1 0 
c07007lc 1 1 1 1 
c07008rc 1 1 1 1 
c07009lc 1 1 1 1 
c07009lm 1 1 1 1 
c07010lc 1 1 1 1 
c07010lm 1 1 1 1 
c07011lc 1 1 1 1 
c07011lm 1 1 1 1 
c07013lc 1 1 1 1 
c07014lc 1 1 1 1 
c07015rc 1 1 1 1 

c07016rc 1 1 1 1 
c07017rc 1 1 1 1 
c07017rm  1 1 1 1 
c07018lc 1 1 1 1 
c07018lm 1 1 1 1 
c07019lc 1 1 1 1 
c07022lc 1 1 1 1 
c07023lc 1 1 1 1 
c07023lm 1 1 1 1 
c07024rc 1 1 1 1 
c07024rm  1 1 1 1 
c07028lc 1 1 1 1 
c07028lm 2 1 0 1 
c07030rc 1 1 1 1 
c07032lc 1 2 1 0 
c07033rc 1 1 1 1 
c07033rm  1 1 1 1 
c07035lc 1 1 1 1 
c07035lm 1 1 1 1 
c07037lc 1 1 1 1 
c07037lm 1 1 1 1 
c07038lm 1 1 1 1 
c07039rc 1 1 1 1 
c07041lc 8 1 0 1 
c07041lm 1 1 1 1 
c07044lc 1 1 1 1 
c07045rc 1 1 1 1 
c07045rm  1 1 1 1 
c07048rc 1 1 1 1 
c07049lc 1 1 1 1 
c07049lm 1 1 1 1 
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c07050rc 1 1 1 1 
c07051lc 1 1 1 1 
c07052rc 1 1 1 1 
c07052rm  1 1 1 1 
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8.8 DDSM Volume “Cancer 08” Results 
Table 8.8. Results on Mammograms from DDSM Volume “Cancer 08”. 
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c08001rc 1 1 1 1 
c08001rm  1 1 1 1 
c08002lc 1 1 1 1 
c08002lm 1 1 1 1 
c08002rc 1 2 1 0 
c08003lc 1 1 1 1 
c08006rc 1 1 1 1 
c08006rm  1 1 1 1 
c08007lc 2 1 0 1 
c08008rc 1 1 1 1 
c08013rc 1 1 1 1 
c08013rm  1 1 1 1 
c08014rc 1 1 1 1 
c08014rm  1 1 1 1 
c08015lc 1 1 1 1 
c08017rc 1 1 1 1 
c08019lm 1 1 1 1 
c08022rc 2 2 0 0 

c08022rm  1 1 1 1 
c08023rc 1 1 1 1 
c08025lc 1 1 1 1 
c08025lm 1 1 1 1 
c08026rc 1 1 1 1 
c08027rc 1 1 1 1 
c08028lm 2 1 0 1 
c08033rc 2 1 0 1 
c08033rm  1 1 1 1 
c08034lc 2 1 0 1 
c08034lm 1 1 1 1 
c08036rc 1 1 1 1 
c08036rm  1 1 1 1 
c08037lc 1 1 1 1 
c08037lm 1 1 1 1 
c08038rc 1 1 1 1 
c08038rm  1 1 1 1 
c08040rc 1 1 1 1 
c08041lc 1 1 1 1 
c08042lc 1 1 1 1 
c08043rc 2 1 0 1 
c08043rm  1 1 1 1 
c08044rc 1 1 1 1 
c08044rm  1 1 1 1 
c08045rc 3 1 0 1 
c08045rm  3 1 0 1 
c08046rc 1 1 1 1 
c08046rm  1 1 1 1 
c08047rc 1 1 1 1 
c08048lc 1 1 1 1 
c08048lm 1 1 1 1 
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c08050lc 1 1 1 1 
c08050lm 1 1 1 1 
c08051lc 2 1 0 1 
c08051lm 1 1 1 1 
c08053rc 1 1 1 1 
c08053rm  1 1 1 1 
c08054lc 1 1 1 1 
c08055lc 1 1 1 1 
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8.9 DDSM Volume “Cancer 09” Results 
Table 8.9. Results on Mammograms from DDSM Volume “Cancer 09”. 
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c09001rc 1 1 1 1 
c09001rm  2 1 0 1 
c09002lc 1 1 1 1 
c09002lm 1 1 1 1 
c09002rc 1 1 1 1 
c09002rm  1 1 1 1 
c09003lc 1 1 1 1 
c09003lm 1 1 1 1 
c09005lc 2 1 0 1 
c09005lm 2 1 0 1 
c09006lc 1 1 1 1 
c09006lm 1 1 1 1 
c09008lm 2 1 0 1 
c09008rm  1 1 1 1 
c09009lc 1 1 1 1 
c09009lm 1 1 1 1 
c09010lc 3 1 0 1 
c09010lm 1 1 1 1 

c09011rc 1 1 1 1 
c09011rm  1 2 1 0 
c09012lc 1 1 1 1 
c09012lm 1 1 1 1 
c09013lc 1 1 1 1 
c09013lm 1 1 1 1 
c09013rc 1 1 1 1 
c09013rm  1 1 1 1 
c09014lc 1 1 1 1 
c09014lm 2 1 0 1 
c09015rc 1 1 1 1 
c09015rm  1 1 1 1 
c09016lc 2 2 0 0 
c09016lm 1 1 1 1 
c09017rm  1 1 1 1 
c09018rc 1 1 1 1 
c09018rm  1 1 1 1 
c09019rc 1 1 1 1 
c09019rm  1 1 1 1 
c09020lc 2 1 0 1 
c09020lm 1 1 1 1 
c09021lc 1 1 1 1 
c09021lm 1 1 1 1 
c09021rc 1 1 1 1 
c09021rm  1 1 1 1 
c09022rc 1 1 1 1 
c09022rm  1 1 1 1 
c09023rc 1 1 1 1 
c09023rm  1 1 1 1 
c09026lc 1 1 1 1 
c09026rc 1 1 1 1 
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c09026rm  1 1 1 1 
c09028rc 1 1 1 1 
c09028rm  1 1 1 1 
c09029lc 1 1 1 1 
c09029lm 1 1 1 1 
c09031lm 2 1 0 1 
c09032rc 2 1 0 1 
c09032rm  1 1 1 1 
c09033lc 1 1 1 1 
c09033lm 1 1 1 1 
c09034lc 2 1 0 1 
c09035lc 1 1 1 1 
c09035lm 1 1 1 1 
c09036rc 1 1 1 1 
c09036rm  3 2 0 0 
c09037lc 1 1 1 1 
c09038lc 1 1 1 1 
c09038lm 1 1 1 1 
c09038rc 1 1 1 1 
c09038rm  1 1 1 1 
c09039lc 1 1 1 1 
c09039lm 3 1 0 1 
c09040rc 2 1 0 1 
c09040rm  1 1 1 1 
c09041rc 1 1 1 1 
c09042lc 1 1 1 1 
c09042lm 1 1 1 1 
c09043rc 1 2 1 0 
c09043rm  1 1 1 1 
c09044rc 1 1 1 1 
c09044rm  2 1 0 1 

c09045rc 1 1 1 1 
c09045rm  1 1 1 1 
c09046rc 1 1 1 1 
c09047rc 1 1 1 1 
c09047rm  1 1 1 1 
c09048lc 1 1 1 1 
c09048lm 1 1 1 1 
c09048rc 3 1 0 1 
c09048rm  1 1 1 1 
c09049lc 1 1 1 1 
c09049lm 1 1 1 1 
c09050rc 2 2 0 0 
c09050rm  1 1 1 1 
c09052lc 1 1 1 1 
c09052lm 1 1 1 1 
c09053rc 1 2 1 0 
c09053rm  3 1 0 1 
c09054rc 1 1 1 1 
c09054rm  1 1 1 1 
c09056lm 1 1 1 1 
c09057lc 1 1 1 1 
c09057lm 1 1 1 1 
c09058lc 1 1 1 1 
c09058lm 1 1 1 1 
c09059rc 1 1 1 1 
c09059rm  1 1 1 1 
c09060rc 1 1 1 1 
c09060rm  1 1 1 1 
c09061rc 1 1 1 1 
c09061rm  1 1 1 1 
c09064lc 2 1 0 1 
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c09064lm 2 1 0 1 
c09065lc 1 1 1 1 
c09065lm 1 1 1 1 
c09065rc 1 1 1 1 
c09065rm  1 1 1 1 
c09066rm  1 1 1 1 
c09067lm 1 1 1 1 
c09068rc 1 1 1 1 
c09068rm  1 1 1 1 
c09069rc 1 1 1 1 
c09069rm  1 1 1 1 
c09070lc 1 1 1 1 
c09070lm 1 1 1 1 
c09071lc 1 1 1 1 
c09071lm 1 1 1 1 
c09072rc 1 1 1 1 
c09072rm  1 1 1 1 
c09073rc 1 1 1 1 
c09073rm  1 1 1 1 
c09074lc 1 1 1 1 
c09074lm 1 1 1 1 
c09074rc 1 1 1 1 
c09074rm  1 1 1 1 
c09075lc 1 1 1 1 
c09075lm 1 1 1 1 
c09076lc 1 1 1 1 
c09076lm 1 1 1 1 
c09076rc 1 1 1 1 
c09076rm  1 1 1 1 
c09077lc 1 1 1 1 
c09077lm 1 1 1 1 

c09078lc 1 1 1 1 
c09078lm 1 1 1 1 
c09079rc 1 1 1 1 
c09079rm  1 1 1 1 
c09080lc 3 1 0 1 
c09080lm 1 1 1 1 
c09081lm 1 1 1 1 
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8.10 DDSM Volume “Cancer 10” Results 
Table 8.10. Results on Mammograms from DDSM Volume “Cancer 10”. 

Im
ag

e 
ID
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C

M
V
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 M
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P
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#1
 M
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P

, C
C

M
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c10001lc 1 1 1 1 
c10003rc 1 1 1 1 
c10003rm  1 1 1 1 
c10005rc 2 1 0 1 
c10005rm  1 1 1 1 
c10007rc 1 1 1 1 
c10007rm  1 1 1 1 
c10008rc 1 1 1 1 
c10009lc 1 1 1 1 
c10009lm 1 1 1 1 
c10010rc 1 1 1 1 
c10010rm  1 1 1 1 
c10012rc 1 1 1 1 
c10012rm  2 1 0 1 
c10013lc 1 1 1 1 
c10014lc 2 1 0 1 
c10014lm 2 1 0 1 
c10015rc 2 1 0 1 

c10015rm  1 1 1 1 
c10017lc 1 1 1 1 
c10017lm 1 1 1 1 
c10019lc 1 1 1 1 
c10019lm 1 1 1 1 
c10022rc 1 1 1 1 
c10023rc 1 1 1 1 
c10023rm  1 1 1 1 
c10024lc 1 1 1 1 
c10024lm 1 1 1 1 
c10030lc 1 1 1 1 
c10030lm 1 1 1 1 
c10032rc 1 1 1 1 
c10032rm  1 1 1 1 
c10034rc 1 1 1 1 
c10035rc 1 1 1 1 
c10036lc 1 1 1 1 
c10036lm 1 1 1 1 
c10036rc 1 1 1 1 
c10036rm  1 1 1 1 
c10037rc 1 1 1 1 
c10037rm  2 1 0 1 
c10038rc 1 1 1 1 
c10038rm  1 1 1 1 
c10040lc 1 1 1 1 
c10040lm 1 1 1 1 
c10041lc 1 1 1 1 
c10041lm 1 1 1 1 
c10044lc 1 1 1 1 
c10045rc 1 1 1 1 
c10045rm  1 1 1 1 
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c10046rc 4 1 0 1 
c10047rc 2 1 0 1 
c10050rc 1 1 1 1 
c10052lc 1 1 1 1 
c10052lm 1 1 1 1 
c10059rc 1 1 1 1 
c10059rm  1 1 1 1 
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8.11 DDSM Volume “Normal 
01” Results  

Table 8.11. Results on Mammograms from DDSM 
Volume “Normal 01”. 

Image ID 

FP / 
img, 
MV 

FP / 
img, 
CCMW 

n01001lc 9 4 
n01001rc 11 10 
n01002lc 9 6 
n01002rc 12 12 
n01003lc 1 1 
n01003lm 4 6 
n01003rc 5 1 
n01004lc 17 6 
n01004rc 5 5 
n01004rm 3 2 
n01005lc 0 2 
n01005rc 1 2 
n01005rm 16 13 
n01006lc 0 0 
n01006lm 2 3 
n01006rc 1 2 
n01006rm 10 4 
n01007lc 8 7 
n01007lm 7 6 
n01007rc 5 3 
n01007rm 5 8 
n01008lc 1 1 

n01008lm 3 1 
n01008rc 2 2 
n01009lc 0 0 
n01009rc 20 12 
n01009rm 8 10 
n01010lc 0 0 
n01010lm 5 4 
n01010rc 0 0 
n01010rm 17 12 
n01011lc 5 2 
n01011lm 5 7 
n01011rc 4 2 
n01011rm 3 3 
n01012lc 13 8 
n01012rc 5 5 
n01013lc 5 8 
n01013lm 12 11 
n01013rc 2 4 
n01013rm 27 17 
n01014lc 3 4 
n01014lm 1 7 
n01014rc 2 5 
n01014rm 3 2 
n01015lc 5 2 
n01015rc 17 15 
n01016lc 0 0 
n01016rc 0 0 
n01016rm 6 6 
n01017lc 8 7 
n01017rc 7 10 
n01017rm 28 22 

n01018lc 5 2 
n01018lm 2 3 
n01018rc 1 7 
n01018rm 14 14 
n01019lc 3 2 
n01019lm 12 12 
n01019rc 4 6 
n01019rm 4 4 
n01020lc 4 5 
n01020rc 12 14 
n01021lc 1 1 
n01021rc 4 2 
n01022lc 10 9 
n01022lm 5 5 
n01022rc 3 2 
n01022rm 10 5 
n01023lc 5 2 
n01023lm 5 4 
n01023rc 4 7 
n01023rm 9 5 
n01024lc 5 2 
n01024lm 6 3 
n01024rc 0 1 
n01024rm 6 1 
n01025lc 11 14 
n01025lm 3 5 
n01025rc 3 1 
n01025rm 13 20 
n01026lc 1 0 
n01026lm 11 9 
n01026rc 1 1 
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n01026rm 7 9 
n01027lc 5 10 
n01027rc 9 7 
n01028lc 6 5 
n01028lm 13 9 
n01028rc 4 9 
n01028rm 8 8 
n01029lc 2 2 
n01029lm 8 7 
n01029rc 6 8 
n01029rm 14 9 
n01030lc 12 9 
n01030lm 8 9 
n01030rc 10 8 
n01030rm 13 14 
n01031lc 17 18 
n01031rc 12 20 
n01032lc 1 2 
n01032lm 12 9 
n01032rc 8 4 
n01033lc 12 14 
n01033rc 0 0 
n01033rm 19 24 
n01034lc 11 8 
n01034rc 9 7 
n01035lc 12 19 
n01035lm 11 18 
n01035rc 6 7 
n01035rm 21 23 
n01036lc 4 5 
n01036lm 2 1 

n01036rc 2 0 
n01036rm 1 1 
n01037lc 4 2 
n01037lm 24 17 
n01037rc 8 5 
n01037rm 15 13 
n01038lc 12 11 
n01038rc 5 7 
n01039lc 6 6 
n01039lm 4 3 
n01039rc 6 8 
n01039rm 13 15 
n01040lc 0 0 
n01040rc 6 10 
n01041lc 7 16 
n01041rc 1 2 
n01041rm 11 10 
n01042lc 10 10 
n01042rc 16 8 
n01042rm 8 5 
n01043lc 9 6 
n01043lm 15 8 
n01043rc 5 16 
n01043rm 10 12 
n01044lc 9 6 
n01044rc 7 7 
n01044rm 1 1 
n01045lc 9 11 
n01045rc 12 8 
n01046lc 0 0 
n01046rc 5 4 

n01047lc 0 0 
n01047lm 4 2 
n01047rc 1 1 
n01047rm 9 5 
n01048lc 6 4 
n01048lm 11 7 
n01048rc 10 7 
n01049lc 8 5 
n01049rc 8 2 
n01050lc 8 14 
n01050lm 16 10 
n01050rc 4 7 
n01051lc 21 16 
n01051rc 10 7 
n01051rm 6 10 
n01052lc 5 6 
n01052lm 8 6 
n01052rc 5 2 
n01053lc 12 5 
n01053rc 7 5 
n01054lc 9 9 
n01054rc 6 5 
n01054rm 14 12 
n01055lc 9 5 
n01055lm 16 7 
n01055rc 11 12 
n01055rm 18 12 
n01056lc 0 0 
n01056rc 2 3 
n01056rm 1 1 
n01057lc 0 1 
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n01057lm 5 1 
n01057rc 4 6 
n01058lc 8 13 
n01058rc 15 14 
n01059lc 0 0 
n01059rc 0 0 
n01059rm 8 6 
n01060lc 12 14 
n01060lm 8 9 
n01060rc 10 11 
n01060rm 26 14 
n01061lc 9 14 
n01061lm 9 12 
n01061rc 14 17 
n01061rm 8 5 
n01062lc 5 4 
n01062lm 10 7 
n01062rc 10 5 
n01062rm 9 4 
n01063lc 14 12 
n01063lm 34 16 
n01063rc 11 12 
n01064lc 5 1 
n01064rc 2 1 
n01065lc 4 2 
n01065rc 6 12 
n01065rm 17 17 
n01066lc 3 3 
n01066lm 18 11 
n01066rc 3 5 
n01067lc 7 4 

n01067lm 14 18 
n01067rc 17 10 
n01068lc 6 3 
n01068lm 10 6 
n01068rc 5 11 
n01068rm 13 17 
n01069lc 0 3 
n01069lm 10 9 
n01069rc 11 15 
n01069rm 8 9 
n01070lc 7 9 
n01070lm 15 12 
n01070rc 6 9 
n01071lc 7 6 
n01071lm 15 19 
n01071rc 11 5 
n01072lc 1 5 
n01072rc 2 3 
n01073lc 9 5 
n01073rc 7 8 
n01074lc 12 13 
n01074lm 7 8 
n01074rc 4 4 
n01075lc 19 14 
n01075rc 9 8 
n01076lc 8 14 
n01076rc 7 12 
n01076rm 10 14 
n01077lc 1 3 
n01077lm 2 2 
n01077rc 0 0 

n01078lc 13 11 
n01078rc 9 9 
n01079lc 22 14 
n01079lm 23 22 
n01079rc 11 7 
n01079rm 30 27 
n01080lc 10 12 
n01080rc 7 13 
n01081lc 12 17 
n01081rc 3 4 
n01082lc 7 3 
n01082rc 14 7 
n01083lc 3 1 
n01083rc 7 5 
n01084lc 9 14 
n01084rc 6 5 
n01085lc 3 1 
n01085lm 1 5 
n01085rc 6 3 
n01085rm 5 9 
n01086lc 2 3 
n01086rc 14 10 
n01087lc 12 16 
n01087rc 10 12 
n01088lc 15 5 
n01088lm 5 4 
n01088rc 7 5 
n01089lc 0 0 
n01089lm 10 6 
n01089rc 1 3 
n01089rm 7 11 
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n01090lc 9 12 
n01090lm 17 15 
n01090rc 10 7 
n01090rm 16 12 
n01091lc 8 17 
n01091rc 5 4 
n01092lc 1 3 
n01092lm 12 14 
n01092rc 1 2 
n01092rm 5 8 
n01093lc 2 1 
n01093lm 11 9 
n01093rc 2 1 
n01093rm 1 3 
n01094lc 8 8 
n01094lm 1 10 
n01094rc 5 7 
n01094rm 15 11 
n01095lc 4 2 
n01095lm 24 22 
n01095rc 7 6 
n01095rm 22 15 
n01096lc 14 5 
n01096lm 9 10 
n01096rc 11 15 
n01097lc 2 6 
n01097rc 7 3 
n01098lc 16 16 
n01098rc 14 8 
n01099lc 8 3 
n01099rc 5 4 

n01099rm 5 4 
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8.12 DDSM Volume “Normal 
02” Results 

Table 8.12. Results on Mammograms from DDSM 
Volume “Normal 02”. 

Image ID 

FP / 
image, 
MV 

FP / 
image, 
CCMW 

n02001lc 8 9 
n02001rc 12 20 
n02001rm 11 9 
n02002lc 1 1 
n02002rc 6 4 
n02002rm 9 8 
n02003lc 5 4 
n02003rc 13 10 
n02003rm 6 7 
n02004lc 2 1 
n02004rc 0 0 
n02004rm 10 2 
n02005lc 5 3 
n02005lm 3 3 
n02005rc 1 1 
n02006lc 6 5 
n02006rc 3 2 
n02007lc 10 6 
n02007rc 7 5 
n02008lc 9 9 
n02008lm 6 6 
n02008rc 6 10 
n02008rm 0 3 

n02009lc 6 2 
n02009lm 10 13 
n02009rc 5 5 
n02009rm 7 4 
n02010lc 1 2 
n02010lm 2 1 
n02010rc 9 3 
n02011lc 7 11 
n02011lm 8 4 
n02011rc 4 2 
n02012lc 4 2 
n02012lm 10 5 
n02012rc 8 6 
n02013lc 6 14 
n02013lm 10 10 
n02013rc 6 5 
n02013rm 8 9 
n02014lc 4 5 
n02014lm 11 12 
n02014rc 4 2 
n02014rm 9 9 
n02015lc 0 0 
n02015lm 3 2 
n02015rc 0 0 
n02015rm 5 3 
n02016lc 0 0 
n02016lm 4 6 
n02016rc 0 0 
n02016rm 8 7 
n02017lc 16 9 
n02017lm 3 1 

n02017rc 24 10 
n02017rm 13 10 
n02018lc 4 17 
n02018rc 16 15 
n02018rm 18 18 
n02019lc 6 2 
n02019lm 10 6 
n02019rc 11 7 
n02019rm 16 9 
n02020lc 9 8 
n02020rc 9 8 
n02020rm 19 17 
n02021lc 4 4 
n02021lm 2 3 
n02021rc 20 14 
n02021rm 0 1 
n02022lc 8 7 
n02022rc 15 17 
n02022rm 33 28 
n02023lc 0 0 
n02023rc 0 1 
n02023rm 9 5 
n02024lc 8 1 
n02024lm 16 15 
n02024rc 8 15 
n02025lc 2 2 
n02025rc 3 1 
n02026lc 1 3 
n02026rc 6 4 
n02027lc 1 1 
n02027lm 1 1 
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n02027rc 3 1 
n02027rm 7 13 
n02028lc 4 2 
n02028lm 12 18 
n02028rc 7 4 
n02028rm 14 7 
n02029lc 0 0 
n02029lm 6 4 
n02029rc 11 13 
n02029rm 6 3 
n02030lc 16 12 
n02030rc 10 4 
n02031lc 2 2 
n02031lm 5 11 
n02031rc 5 5 
n02031rm 11 3 
n02032lc 8 9 
n02032lm 12 11 
n02032rc 4 4 
n02032rm 3 6 
n02033lc 2 6 
n02033rc 5 5 
n02034lc 5 6 
n02034lm 13 11 
n02034rc 21 16 
n02034rm 20 12 
n02035lc 2 1 
n02035lm 20 8 
n02035rc 5 5 
n02035rm 4 8 
n02036lc 3 3 

n02036rc 8 12 
n02037lc 1 3 
n02037lm 16 6 
n02037rc 5 4 
n02037rm 38 12 
n02038lc 1 0 
n02038lm 0 0 
n02038rc 13 15 
n02038rm 0 0 
n02039lc 0 0 
n02039lm 2 4 
n02039rc 22 19 
n02040lc 8 9 
n02040lm 9 10 
n02040rc 3 3 
n02040rm 16 16 
n02041lc 0 0 
n02041lm 1 2 
n02041rc 0 0 
n02041rm 10 6 
n02042lc 5 6 
n02042lm 4 6 
n02042rc 4 4 
n02042rm 7 3 
n02043lc 2 4 
n02043lm 0 0 
n02043rc 0 0 
n02043rm 12 11 
n02044lc 0 0 
n02044rc 1 2 
n02045lc 7 5 

n02045rc 9 13 
n02046lc 0 1 
n02046rc 0 3 
n02047lc 0 0 
n02047lm 6 11 
n02047rc 1 0 
n02048lc 0 0 
n02048rc 0 0 
n02049lc 7 3 
n02049lm 9 7 
n02049rc 4 4 
n02049rm 8 8 
n02050lc 2 3 
n02050lm 9 7 
n02050rc 8 5 
n02050rm 13 12 
n02051lc 12 15 
n02051rc 9 11 
n02052lc 10 11 
n02052rc 9 5 
n02053lc 0 0 
n02053lm 5 7 
n02053rc 0 1 
n02054lc 18 9 
n02054lm 1 3 
n02054rc 5 12 
n02054rm 22 24 
n02055lc 7 8 
n02055lm 4 4 
n02055rc 22 18 
n02055rm 19 16 
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n02056lc 1 1 
n02056lm 3 5 
n02056rc 8 3 
n02057lc 0 0 
n02057lm 7 4 
n02057rc 0 0 
n02057rm 8 7 
n02058lc 11 9 
n02058lm 5 7 
n02058rc 9 4 
n02058rm 2 4 
n02059lc 10 14 
n02059rc 17 16 
n02060lc 5 12 
n02060rc 5 8 
n02061lc 4 5 
n02061rc 3 4 
n02061rm 4 7 
n02062lc 7 7 
n02062lm 38 21 
n02062rc 3 5 
n02062rm 20 33 
n02063lc 2 1 
n02063lm 23 10 
n02063rc 6 5 
n02063rm 10 13 
n02064lc 0 0 
n02064lm 7 5 
n02064rc 0 0 
n02064rm 6 5 
n02065lc 0 0 

n02065lm 7 5 
n02065rc 10 4 
n02065rm 0 0 
n02066lc 13 10 
n02066rc 6 1 
n02066rm 17 10 
n02067lc 0 0 
n02067lm 3 1 
n02067rc 0 0 
n02068lc 2 3 
n02068rc 4 3 
n02069lc 4 4 
n02069lm 5 9 
n02069rc 4 4 
n02070lc 1 1 
n02070rc 0 0 
n02070rm 3 4 
n02071lc 12 16 
n02071rc 4 8 
n02072lc 13 11 
n02072lm 8 9 
n02072rc 8 6 
n02073lc 15 10 
n02073rc 13 13 
n02073rm 11 7 
n02074lc 0 1 
n02074rc 1 1 
n02075lc 1 2 
n02075rc 0 0 
n02076lc 4 4 
n02076lm 1 2 

n02076rc 4 3 
n02077lc 3 8 
n02077rc 12 22 
n02078lc 8 13 
n02078lm 6 7 
n02078rc 7 4 
n02078rm 0 0 
n02079lc 4 4 
n02079rc 10 5 
n02079rm 9 5 
n02080lc 0 0 
n02080lm 1 1 
n02080rc 9 12 
n02081lc 2 1 
n02081lm 6 2 
n02081rc 9 5 
n02082lc 14 16 
n02082lm 7 7 
n02082rc 11 5 
n02082rm 6 2 
n02083lc 0 0 
n02083lm 5 7 
n02083rc 5 5 
n02084lc 24 18 
n02084rc 12 12 
n02085lc 0 1 
n02085rc 0 0 
n02086lc 0 1 
n02086rc 0 0 
n02087lc 3 3 
n02087rc 1 1 
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n02088lc 0 0 
n02088rc 1 1 
n02088rm 4 4 
n02089lc 3 7 
n02089lm 8 12 
n02089rc 14 10 
n02089rm 9 11 
n02090lc 8 4 
n02090rc 3 3 
n02091lc 4 7 
n02091rc 2 4 
n02091rm 11 5 
n02092lc 2 7 
n02092lm 11 10 
n02092rc 8 12 
n02092rm 12 14 
n02093lc 1 0 
n02093lm 9 8 
n02093rc 4 4 
n02093rm 3 7 
n02094lc 1 1 
n02094rc 7 4 
n02095lc 0 0 
n02095lm 10 14 
n02095rc 4 3 
n02095rm 1 4 
n02096lc 2 6 
n02096rc 10 6 
n02097lc 0 0 
n02097lm 2 1 
n02097rc 5 9 

n02097rm 3 4 
n02098lc 2 4 
n02098lm 6 4 
n02098rc 12 9 
n02098rm 13 11 
n02099lc 0 0 
n02099rc 0 0 

 


