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1 Introduction

Real time applications in today and future heterogeneous networking environment require simple
and efficient Quality of Service (QoS) provisioning. The expected traffic (packet) loss ratio at
network nodes or a network of nodes is one of the key QoS parameters which should always
be considered and controlled in almost all kind of traffic. Traffic management functions (like
connection admission control, packet scheduling algorithms) and network designing methods [1]
strongly rely on loss performance analysis.

The approximation of the buffer overflow or buffer saturation probability in queueing models
of network nodes is often proposed as a Quality of Service measure and identified as a possible
estimation of traffic loss ratio [2, 3, 4, 5, 6, 7]. In numerous queueing theoretical studies the
buffer saturation probability (in infinite buffer systems) is analysed [8, 9, 10, 11, 12, 13, 4, 5, 6, 7]
and its estimates are promoted as built-in elements in Quality of Service architectures. This
measure quantifies the fraction of time during which the buffer occupancy exceeds a certain
threshold, and bounds from above the fraction of time during the finite buffer (with the size of
the threshold) is full.1

Curiously enough, in these works the loss processes are rarely analysed directly and the
direct (definition based) estimation of loss ratio is usually not in the main focus. For example,
buffer overflow probability has been widely studied in the framework of large deviations, both
in continuous and discrete time queueing systems [8, 9, 10, 11, 12, 13], however, according to
my best knowledge, in-depth loss performance analysis can be found only in [14, 15, 16]. In
bufferless fluid flow multiplexing framework the loss ratio has been analysed, for example in
[17, J1]. Although the buffer overflow probability is frequently used for loss ratio estimation
[2, 3, 5, 6, 7], nevertheless, it is shown in [4], that the ratio of the Workload Loss Ratio (WLR)
and the buffer saturation probability can be arbitrary under certain circumstances.

During the past few years significant attention has been paid for buffer overflow probability
estimation within the framework of the deterministic network calculus [18], which takes an
envelope approach to describe arrivals and services for the quantification of resource requirements
in the network. As a results of this work, more general stochastic bounds were proposed in case
of regulated inputs2 and general service curve network elements3 in [5, 6, 7]. In [6, 7] a long run
loss ratio bound has also been presented, which is based on the buffer saturation probability
approximations, hence we call it indirect bound. These bounds were deduced with the extension
of the deterministic network calculus to a probabilistic setting (so called statistical or stochastic
network calculus) by applying the results of statistical multiplexing to the deterministic traffic
descriptors. The problem of these closed form bounds is, that they assign different formulae for
the case when the system is fed with inputs of the same characteristics (so called homogeneous
case), and for the case when the properties of the inputs are different (heterogeneous case).

The deterministic network calculus is a powerful and expressive tool for describing the prop-
erties of communication networks; however, its worst-case system view cannot take the effects of
the statistical multiplexing into consideration. This fact usually leads to the overestimation of
the resource requirements of multiplexed traffic sources. In order to benefit from the statistical

1Such measures are usually referred to as resource based measures or time-blocking, because they express the
probability that a resource (like buffer) is blocked.

2We may imagine regulated inputs as any kind of inputs that are shaped by a general traffic shaper e.g., a
token bucket controller. See Figure 1. Traffic shaping is frequently used in QoS architectures e.g., in DiffServ
[19].

3Almost every realistic network element (constant rate server, rate-latency server, static priority scheduler,
GPS (General Processor Sharing) scheduler, etc.) can be described as a service curve network element [18]. See
Figure 1.
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multiplexing several probabilistic extensions of the deterministic network calculus have been
elaborated in the past few years [6, 20, 21, 22, 23, 24]. The common property of these studies
is, that they assign a bound on the violation probability that the incoming traffic exceeds its
statistical envelope. For example, in [24] we found assumptions that the inputs have stochasti-
cally bounded burstiness, in [22] the authors assume that the moment generating functions of
the inputs are exponentially bounded. This property makes the estimation of the the overflow
type quantities much easier as it is shown in [25]; however, such extensions are not suitable for
the direct estimation of the workload loss. Note that probabilistic extensions of the network
calculus are usually referred as statistical network calculus.

Within my dissertation, the question of buffer saturation probability approximation and
workload loss ratio estimation is analysed in general buffered systems. A simplified scheme of a
buffered system is shown in Figure 1. We have input sources denoted by αi, which emit traffic
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Figure 1: A general buffered system (left) and the arrival curve α(t) of a token bucket controller
and the service curve β(t) of a rate latency server (right).

into an input queue connected to the server β. The event of buffer overflow occurs when the
traffic emitted from the input sources is too large to be served and also to fit into the buffer.
The overflown bits are usually lost.

The tool for this analysis is the network calculus for two very good reasons. Most of the other
kind of bounds can be applied for constant rate servers only. My statements are formed for more
general queueing systems that can be described by a so called service curve property. The service
curve property as defined in deterministic network calculus [18], with service curve β means, that
at any time t, the observed output traffic in [0, t] is at least equal to A(s)+β(t−s) for some s in
[0, t], where A(s) is the total input traffic in [0, s]. Using this definition, I derive new formulae
that can be used for a much larger set of network elements, rather than for constant rate servers
only. The novel results also exploit the greatest advantage of deterministic network calculus,
which is the applicability of the per node results to the concatenation of several nodes4. It is
worth mentioning that no other network analysis tool disposes of this very useful and powerful
property.

My thesis contains the most important results of my research work in the area of buffer
overflow probability and workload loss ratio approximation. The theorems form the following
three Theses:

4In the terminology of network calculus a network of nodes can be considered as a single node which can be
described by an end-to-end (network) service curve. The network service curve takes into account the interaction
between the nodes.
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• Theses 1: A Novel Stochastic Extension of Network Calculus for Workload Loss Exami-
nations

• Theses 2: Buffer Overflow Bounds in Network Elements, Multiplexing Independent Regu-
lated Inputs

• Theses 3: Direct and Indirect Bounds on the Workload Loss Ratio in General Buffered
Systems

2 Research Objectives

The objective of Theses 2 was to eliminate the undesirable property of the existing deterministic
network calculus based buffer overflow bounds, namely, that they assign different formulae for the
case when the system is fed with inputs with the same characteristics (so called homogeneous
case), and for the case when the properties of the inputs are different (heterogeneous case).
Deducing universal bounds that cover both cases was in the scope of my research. In case
of Theses 3 my motivation was the lack of definition based workload loss bounding methods.
Besides the derivation of universal indirect WLR bounds from the results of Theses 2, my
objective was also to give a framework for definition based workload loss approximations. The
complicated bounds of Theses 3 indicate that the workload loss ratio bounds cannot be deduced
from the current stochastic versions of network calculus in a straightforward manner. The
emerging technical difficulties urged me to compose the problem in a more natural way. In the
case of Theses 1 my objective was to define a novel stochastic extension of the network calculus,
which is designed for definition based workload loss estimation.

3 Methodology

Since my dissertation consist of closed form upper bounds on the buffer overflow probability and
the workload loss ratio, the mathematical analysis is the main approach to the problem. How-
ever, for the numerical comparison of the novel bounds the simulation of the investigated systems
is also achieved, and the results of the mathematical analysis and simulation are compared.

4 Notations and assumptions

In my dissertation the following notations are used: Ai(s, t] denotes the number of bits arrived
to a node from flow i and Di(s, t] the output of flow i from the node within the interval (s,t].
If Ai(t) and Di(t) are used that will mean Ai(0, t] and Di(0, t], respectively. If a node has a
collection of I inputs I, AI(t) =

∑I
i=1 Ai(t), and DI(t) =

∑I
i=1 Di(t). The backlog at time t is

given by B(t) = A(t) − D(t) and the delay at time t is given by W (t) = inf{d ≥ 0 : A(t − d) ≤
D(t)}. In a network context let denote by AN (t) and DN (t) the arrivals and departures at
node N . Subscripts and superscripts are dropped whenever possible to simplify the notation.
The notation v(f, g) = supt≥0{f(t) − g(t)} stands for the maximal vertical, and the notation
h(f, g) = supt≥0{inf{u ≥ 0 : f(t) ≤ g(t + u)}} for the maximal horizontal deviation between f

and g. Let ᾱ =
∑I

i=1 ᾱi, where limu→∞ Ai(0, u]/u ≤ limu→∞ αi(u)/u = ᾱi, and α =
∑I

i=0 αi

is the aggregate arrival curve of the inputs5. Let γ1, γ2, ..., γI positive reals with
∑I

i=1 γi ≤ 1

5See section 4.1 for the definition of the arrival curve.
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be defined for inputs 1, 2, ..., I respectively. Finally, let define the positive part operator as
(expr)+ = max[expr, 0].

For the proper understanding of the results and the assumptions, the following short overview
of deterministic network calculus is unavoidable.

4.1 Deterministic network calculus

In the deterministic network calculus the characteristics of the input sources are described
in terms of arrival curves, and the offered service from the nodes are given by the so called
service curves. In the followings the exact definitions of these notions are recalled from [18].
Let f ⊗ g(t) = inf0≤s≤t{f(t − s) + g(s)} denote the min-plus convolution and f ⊘ g(t) =
sup0≤u{f(t + u) − g(u)} the min-plus deconvolution of functions f and g as it is defined in the
min-plus algebra [26] [18].

Definition 1 (Arrival curve [18]) We say that a given arrival process A(t)6 has α as an
arrival curve if for all s and t:

A(t) − A(s) ≤ α(t − s). (1)

We also say that A(t) is constrained or regulated by α.

Definition 2 (Service curve [18]) Consider a node N and a flow through N with input and
output functions A(t) and D(t) respectively. We say that N offers to the flow a service curve β
if and only if

D(t) ≥ A ⊗ β(t). (2)

Figure 1 indicates a token bucket arrival and a rate-latency service curve for illustration.
Several bounds on some important system characteristics can be immediately determined from
these envelope functions such as the worst-case backlog (B(t) ≤ v(α, β)), the worst case delay
(W (t) ≤ h(α, β)), or an envelope function for the output (α∗ = α ⊘ β).

The greatest advantage of the deterministic network calculus is the applicability of the per
node results to the concatenation of several nodes. This happens through the definition of the
network service curve which expresses the offered service from a network of nodes. The usage of
the end-to-end (network) service curve can provide much better results in performance bounds,
than that of analysing the nodes in isolation and simply sum up the per node bounds. If the
hth node within the route (h = 1, 2, ..., H) of nodes offers to a flow a service curve βh, then the
network service curve can be expressed as βnet = β1 ⊗ β2 ⊗ ... ⊗ βH .

The assumptions of my theorems are the subset of the followings:

• (A1) The arrivals at each node are independent.

• (A1m) There is a somewhat limited independence7 between the arrivals.

• (A2) The inputs can be described by an arrival curve.

• (A3) We can extract an upper bound on the expected value of the arriving bits, from the
arrival curves.

• (A4) The arrival and departure processes are stationary and ergodic.

6Without loss of generality we consider a fluid-like bit-processing system, since it can be shown, that the result
can be applied for systems with rougher granularity (cells, packets).

7see Theses 2
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• (A5) The server can be described by a service curve.

• (A6) The aggregate service curve of the server is greater than the aggregate arrival curve
of the inputs from time instant t.

• (A7) β is super-additive.

From these, (A2) and (A5) contain the definition of the arrival and service curve, and give
a framework to handle the network element with network calculus. Since the inputs are traffic
aggregates (A1) is a reasonable assumption. (A3) and (A6) are some kind of stability conditions,
and almost hold to all realistic network nodes. Assumption (A4) ensures that the distribution
of the queue length (Q(t)) can reach its steady state and become independent from t. The
threshold in (A6) can be considered as an upper bound on the busy period.

5 New Results

Theses 1: A Novel Stochastic Extension of Network Calculus for Workload Loss
Examinations

Within these Theses, a novel probabilistic extension of the deterministic network calculus
is proposed which gives a framework for direct workload loss approximations [J2] [C7]. If the
system is stationary and ergodic the following definition can be used for the WLR:

WLR =
E[number of lost bits]

E[number of bits arriving]
. (3)

I set out from the definition of the workload loss ratio (3), and based on this, a novel calculus
is defined which is suitable for packet loss examinations. The mathematical background of my
novel calculus is the min-plus algebra [26] [18] such as the deterministic network calculus, which
ensures that the per-node results can be easily extended to end-to-end bounds. This is a very
valuable property of this novel theory since most of the existing stochastic extensions of network
calculus sacrifice the end-to-end results for the production of closer per-node results.

A novel statistical network calculus for workload loss estimations

First, the effective w-arrival curve and the effective w-service curve are defined for describing
the inputs and the service, than I prove fundamental per-node statements for the backlog, delay
and the effective w-arrival curve of the output traffic, and finally it is shown, that the per-node
results can be extended to a network of nodes with the definition of the effective network w-
service curve. The connection between the effective w-arrival curve and effective bandwidth
[27], which is a widely used measure of resource usage, is also pointed out. For the theorems we
assume only the stationarity and ergodicity (A4) of the input and output processes.

Thesis 1.1 (Definition of the effective w-arrival and w-service curve [J2]) I propose to
define Zϕ as the effective w-arrival curve of the flow with arrival process A if for all t and τ and
ϕ ≥ 0:

E[(A(t + τ) − A(t) − Zϕ(τ))+] ≤ ϕ. (4)

Let T < ∞ be an upper bound on the busy period of a node. For an input with arrival process A
a node offers an effective w-service curve Sϕs if for all t ≥ 0:

E[( inf
0≤s≤T

{A(t − s) + Sϕs(s)} − D(t))+] ≤ ϕs (5)
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Note, that by letting ϕ and ϕs to zero the arrival and service curves of the deterministic
network calculus can be recovered.

Within the framework of the following thesis I formalise stochastic bounds on some fun-
damental system characteristics like backlog, delay and output traffic envelope, with min-plus
calculus operations on effective w-arrival curves and effective w-service curves.

Thesis 1.2 (Backlog bound [J2]) I proved that Zϕ ⊘ Sϕs(0) is a probabilistic bound on the
backlog, in the sense that, for all t ≥ 0,

E[(B(t) − Zϕ ⊘ Sϕs(0))+] ≤ Tϕ + ϕs. (6)

The alert reader may notice that the left hand side of (6) expresses the expected value of
the number of bits above a certain buffer level Zϕ ⊘ Sϕs(0) in an infinite buffer system. In
other words, if we imagine a buffered system with a buffer size Zϕ ⊘Sϕs(0) the statement in (6)
establishes an upper bound on the loss rate8. Dividing this loss rate with the expected value of
the bits arriving to the node gives an upper bound on the workload loss ratio.

Thesis 1.3 (W-arrival curve for the output [J2]) I showed that the function Zϕ ⊘ Sϕs is
an effective w-arrival curve for the output traffic from the node in the sense that:

E[(D(t + τ) − D(t) − Zϕ ⊘ Sϕs(τ))+] ≤ Tϕ + ϕs. (7)

Thesis 1.4 (Delay bound [J2]) I proved that if d : Zϕ(τ − d) ≤ Sϕs(τ) (d is considered as a
delay threshold) for all τ then:

E[A(t − d) − D(t)] ≤ Tϕ + ϕs. (8)

One can notice that Thesis 1.4 establishes a bound on the expected value of the number of
bits that suffers from a delay larger than d. In order to establish end-to-end bounds from the
single node results I’m going to express the effective w-service curve of a network of nodes. In
the following thesis the effective w-service curve of two concatenated nodes is given. Let AN

mean the arrival process at node N .

Thesis 1.5 (Concatenation of nodes [J2]) Assume that a flow traverses nodes N1 and N2

in sequence. If E[(AN1⊗Sϕ1

N1(t)−AN2(t))+] ≤ ϕ1 and E[(AN2⊗Sϕ2

N2(t)−DN2(t))+] ≤ ϕ2, then

E[(AN1 ⊗ Sϕ1

N1 ⊗ Sϕ2

N2(t) − DN2(t))+] ≤ Tϕ1 + ϕ2, (9)

which means, that Sϕ1

N1 ⊗Sϕ2

N2 is an effective w-service curve for the system which consists of the
concatenation of these two nodes with Tϕ1 + ϕ2 parameter.

The application of Thesis 1.5 iteratively to a network of nodes gives the following corollary.

Thesis 1.6 (Effective network w-service curve [J2]) I proved that if the service offered at
each node h = 1, ..., H on the path of a flow is given by an effective w-service curve Sϕsh

h , then
an effective network w-service curve Sϕω

net for the flow is given by:

Sϕω

net = Sϕs1
1 ⊗ Sϕs2

2 ⊗ ... ⊗ SϕsH

H (10)

with a parameter:

ϕω = ϕsH +
H−1
∑

h=1

Thϕsh. (11)

8It is proven (e.g. in [4] and [15]) that the expected value of the number of lost bits in a finite buffer system,
can be bounded from above by the number of packets overflown (when the queue size exceeds a certain buffer
threshold) in the system with infinite buffer.
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The effective w-arrival curve and the effective bandwidth

The theory of effective bandwidth [27] defines a framework for service provisioning, which
describes the minimum bandwidth requirement of a traffic source in terms of the effective band-
width, which is a probabilistic quantity between the average and peak rate of the input source.
This concept provides a measure of resource usage which takes proper account of the varying
statistical characteristics and QoS requirements of traffic sources. A widely referenced definition
of effective bandwidth is the following.

Definition 3 (Effective bandwidth [27]) The effective bandwidth of the source with arrival
process A(t) is defined as:

αe(s, τ) = sup
t≥0

{

1

st
log E[es(A(t+τ)−A(t))]

}

, 0 < s, τ < ∞. (12)

The following thesis realtes the effective w-arrival curve and the effective bandwidth.

Thesis 1.7 (Effective w-arrival curves and the effective bandwidth [J2]) I proved that
the effective w-arrival curve of an input source can be expressed from it’s effective bandwidth,
according to the following equation:

Zϕ(τ) = inf
s>0

{

ταe(s, τ) −
log(ϕs)

s

}

. (13)

Since the effective bandwidth expressions of various traffic sources have been developed in the
last decade, the effective w-arrival curve for those sources can be calculated according to Thesis
1.7. Note that Thesis 1.7 connects two widely used system theories, the statistical network
calculus and the theory of effective bandwidth. For demonstration, the effective w-arrival curve
of multiplexed regulated input flows is shown on Figure 2. The w-arrival curve is normalised
by the number of flows and the per flow deterministic arrival curve is also shown for easier
interpretation. One can see that the effective w-arrival curve exploits a significant statistical
multiplexing gain.

Theses 2: Buffer Overflow Bounds in Network Elements, Multiplexing Indepen-
dent Regulated Inputs

As it was pointed out earlier the existing deterministic network calculus based stochastic
buffer overflow bounds [6, 7] identify different formulae for the homogeneous and heterogeneous
cases. This undesirable property of the existing results urged me to derive universal bounds
that cover all cases.

One of the widely used approximation techniques for bounded random variables is the Cher-
noff bounding method, which looks like this for backlog approximation [J1]:

P (Q > q) ≤ inf
θ>0

GQ(θ)

eθq
≤ inf

θ>0

ĜQ(θ)

eθq
, (14)

where GQ(θ) = E[exp(θQ)] is the moment generating function (MGF) of the buffer occupancy

Q. From (14) it can be seen, that giving a better upper bound on the MGF (ĜQ(θ)), gives a
better upper bound on the backlog as well.
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Figure 2: The statistical multiplexing gain.

The bounds within these theses are derived using a MGF (Moment Generating Function)
approximation, based on the increasing convex ordering9 (ICX) [28] of the random variables for
exploiting the statistical multiplexing gain [C2, C6]. It can be shown, that the new bounds
for the heterogeneous case incorporates the homogeneous bound as a special case, in case of
homogeneous substitution values, which means, that the two cases can be integrated into a
single formula. It is also shown, that the new bounds improve the existing ones in most cases10.

The novel bounds are derived according to two bounding techniques. The first one [29] is
based on the decomposition of the investigated network element into virtual mini-nodes, that
process one micro-flow as an input, and have a certain amount of processing capacity, usually a
fraction of the entire server capacity. The summation of the backlog in these mini-nodes gives
an approximation of the backlog within the original system. In the followings this approach is
referenced as Virtual Node Partitioning (VNP). The other way to estimate the buffer overflow
probability [30] will be named as Busy Period Partitioning (BPP), since it assigns a union
bound for the saturation probability on the time partition of the maximum possible busy period
in which the buffer overflow can occur.

Thesis 2.1 (Universal VNP bound [C1]) I proposed a universal network calculus based up-
per bound on the buffer overflow probability with the usage of the ICX based MGF approximation
and the VNP bounding method.

Assume (A1) − (A3), (A5) and that for each i ∈ I, (A4) holds for a virtual node that offers
the service curve γiβ for the arrival process Ai. If

I∗ =

⌈

∑I
i=1 v(αi, γiβ)

maxi∈I(v(αi, γiβ))

⌉

,

9Increasing convex ordering: X ≤ic Y if Ef(X) ≤ Ef(Y ) for all f : R → R that is increasing and convex.
10A deep systematic performance analysis is given in my dissertation.
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then for ᾱh(α, β) < q < v(α, β):

P (Q > q) ≤ exp

(

−I∗
q

v
ln

q

ᾱh
+ I∗

(

1 −
q

v

)

ln
v − ᾱh

v − q

)

, (15)

where for brevity v = v(α, β) and h = h(α, β).

I also induced that Thesis 2.1 improves the existing buffer saturation probability bounds.
For any K ∈ N , and any t ≥ 0, let TK(t) be the set of partitions of [0, t) in K intervals:

TK = {(t0, t1, ..., tK) : 0 = t0 ≤ t1 ≤ ... ≤ tK = t}.

Thesis 2.2 (Universal BPP bound [C1]) I have given a universal network calculus based
upper bound on the buffer overflow probability with the usage of the ICX based MGF approxi-
mation and the BPP bounding technique.

Assume (A1) − (A7). Then for any K ∈ N , and any s ∈ TK(τ), for q < v(α, β)

P (Q > q) ≤
K−1
∑

k=0

exp
(

−I∗k+1g(tk, tk+1)
)

, (16)

g(u, v) =























∞, if q>α(v)−β(u)

0, if q < ᾱv − β(u)
β(u)+q

α(v) ln β(u)+q
ᾱv

+
(

1 − β(u)+q

α(v)

)

ln α(v)−β(u)−q

α(v)−ᾱv
, otherwise

with

I∗k+1 =

⌈

∑I
i=1 αi(tk+1)

α̂tk+1

⌉

, (17)

and α̂tk+1
= maxi∈I αi(tk+1).

I also demonstrated that Thesis 2.2 improves the existing buffer saturation probability bounds
in most cases.

The previous results apply independent random variables to represent the backlog, for which
the increasing convex ordering based MGF bound is used. Within the framework of the following
two statements I present a method which releases the requirement of total independence among
the input flows, and gives a better estimation of the buffer overflow for inputs with limited
independence in case of homogeneous feeding. These statements are especially useful, when the
inputs are not traffic aggregates or somewhat correlated.

Definition 4 A set of random variables V exhibits s-wise independence if any subset of s or
fewer random variables from V are jointly independent, so their joint probability distribution
function is just the product of the individual distributions. The property makes sense in case of
s ≤ ||V ||.

New bound for the buffer overflow can be derived for the homogeneous case, using the bound
on the sum of variables with limited independence [31]. Let

s(I, E[Q], δ)
def
=

⌈

E[Q]δ

1 − E[Q]
I

⌉

, (18)

by definition, with 0 ≤ Q ≤ 1, δ > 0 and E[Q] denotes the expected value of Q.
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Thesis 2.3 (Homogeneous case VNP [C3]) I have given a network calculus based upper
bound on the buffer overflow probability using the VNP bounding method and the MGF approx-
imation on the sum of variables with limited independence, in case of homogeneous inputs.

Assume (A1m), (A2) − (A5), and v(α, β) < ∞, h(α, β) < ∞, αi = α1 for all i ∈ I and that
(A4) holds for a virtual node, that offers the service curve β

I
for the arrival process Ai. Then

the probability of buffer overflow for ᾱh(α, β) < q < v(α, β) is:

P (Q > q) ≤

(

I

s

)

(

ᾱh
Iv

)s

(

q/v

s

) , (19)

where for brevity v = v(α1, β/I), h = h(α, β), s = s(I, ᾱh, δ) and δ = q
ᾱh

− 1.

I showed, that the bound in Thesis 2.3 does not require the input random variables to be totally
independent, a certain level of dependence is permitted.

Thesis 2.4 (Homogeneous case BPP [C3]) I proposed a network calculus based upper bound
on the buffer overflow probability using the BPP bounding method and the MGF approximation
on the sum of variables with limited independence, in case of homogeneous feeding.

Assume (A1m) and (A2) − (A7). Then for any K ∈ N , and any ~t ∈ TK(τ), for q < v(α, β)

P (Q > q) ≤
K−1
∑

k=0

(

I

sk

)

(

ᾱtk+1

Iα1(tk+1)

)sk

( q
α1(tk+1)

sk

) , (20)

where for brevity sk = s(I, ᾱtk+1, δtk+1
) and δtk+1

= q
ᾱtk+1

− 1.

I established that in case of the BPP method, the requirement of total independence cannot be
eluded and a little degree of dependence among the input flows prevents the application of the
bound.

I have also shown, that the new bounds slightly improve the existing results.

Theses 3: Direct and Indirect Bounds on the Workload Loss Ratio in General
Buffered Systems

Within these Theses novel, conservative, direct (definition based) and indirect approxima-
tions of the workload loss ratio are presented for buffered systems with regulated inputs that
can be described by a service curve property. I proved, that estimating the traffic loss in a direct
manner using the definition (3) results in closed form bounds which perform better than the
existing indirect WLR bounds found in [6, 7]. For the construction of the new bounds only little
information is used about the input traffic (peak rates, upper bound on the mean rate of the
aggregated input flows), so they could be directly applied in traffic management functions like
call admission control (CAC) without any complex measurement or information propagation.

Indirect bounds on the WLR

The indirect approximation of the WLR means, that the given method does not estimate
the quantity that defines the workload loss ratio, but interprets it as a product of other well
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assessable quantities, and defines upper bounds on each of these related quantities. Since the
buffer saturation probability is often identified as a possible estimation of traffic loss ratio [2,
3, 4, 5, 6, 7], I proposed indirect WLR bounds with the usage of my buffer overflow bounds
of Thesis 2.1 and 2.2. For systems that satisfy the service curve property a framework of such
bound is proposed in [6], where the WLR estimator formula is the product of the bound on the
buffer overflow probability and an additional term. The following Theorem recalls that result.

Theorem 1 ([6]) Assume (A1) − (A5), (A7) and that v(α, β) < ∞, h(α, β) < ∞. Then

WLR ≤
l̂(1)α(1)

ρ̄
P (Q > q), (21)

where ρ̄ is the intensity of the aggregate input, l̂(t) = 1 − infs≤t
β(s)+q

α(s) , and Q is the stationary
backlog of a virtual system identical to the original system, but with a buffer size sufficient to
ensure no losses.

Thesis 3.1 (Indirect WLR bounds [C4]) I derived novel universal indirect workload loss
ratio bounds by combining the buffer saturation result of Thesis 2.1 and 2.2 with inequality (21).

Since the factor l̂(t) in (21) is a hard deterministic bound on the loss ratio within any interval
of length t, the bounds produce lower performance as is it shown in the dissertation.

WLR estimation with direct formulae

This section presents the catalog of my novel WLR bounds, which estimate the loss ratio
in a direct manner according to the definition of the WLR for stationary and ergodic systems
(3). I proceed from the fact, that the expected value of the number of lost bits in a finite buffer
system can be bounded from above by the number of packets overflown in the infinite buffer
system [4]. If Q denotes the stationary backlog of the system with infinite buffer, this can be
written in a formal way as follows:

WLR ≤
E[(Q − q)+]

E[A]
, (22)

where E[A] = E[A(0, 1)] is the number of bits arriving in a unit time interval. Since my direct
WLR estimations rely on the bound on the sum of independent random variables, different
approximations can be derived by the usage of different MGF bounding methods. I start with
the increasing convex ordering based bound.

Thesis 3.2 (Direct VNP bounds [C4]) 3.2/ICX: I have given a direct, universal network
calculus based upper bound on the WLR according to the VNP bounding method with the ICX
based MGF approximation.

Assume (A1) − (A3), (A5), v(α, β) < ∞, h(α, β) < ∞ and that for each i ∈ I, (A4)
holds for a virtual node that offers the service curve γiβ for the arrival process Ai. Then for
ᾱh(α, β) < q < v(α, β),

WLR ≤

(

ᾱh

q

)
qI∗

v
(

v − ᾱh

v − q

)I∗− qI∗

v v

I∗ᾱh log
(

q
ᾱh

v−ᾱh
v−q

)h, (23)

where I∗ =
⌈

PI
i=1 v(αi,γiβ)

vmax

⌉

and vmax = maxi∈I{v(αi, γiβ)}.
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Any other estimations of the MGF can be substituted into equation (21) instead of the in-
creasing convex ordering based one. In the following, I present two results based on Hoeffding’s
inequalities [32]. The first result refers to the case, when the input flows are uniformly bounded,
the so-called homogeneous case. The second one stands for the heterogeneous case, when the
inputs are non-uniformly bounded.

3.2/HOM: I derived a direct network calculus based upper bound on the WLR according to the
VNP bounding method with Hoeffding’s inequalities for the homogeneous case. It can also be seen,

that the bound of Thesis 3.2/ICX incorporates this bound with I∗ =
PI

i=1 v(αi,γiβ)
vmax

=
Iv(α1, 1

I
β)

v(α1, 1
I
β)

= I.

3.2/HET: I proposed a direct network calculus based upper bound on the WLR according to
the VNP bounding method with Hoeffding’s inequalities for the heterogeneous case.

Assume (A1) − (A3), (A5), v(α, β) < ∞, h(α, β) < ∞, and that for each i ∈ I, (A4)
holds for a virtual node that offers the service curve γiβ for the arrival process Ai. Then for
q >

∑I
i=1 ᾱih(αi, γiβ)

WLR ≤

∑I
i=1 v(αi, γiβ)2

4(q −
∑I

i=1 ᾱihi)
∑I

i=1 ᾱihi

exp

(

−2(q −
∑I

i=1 ᾱihi)
2

∑I
i=1 v(αi, γiβ)2

)

h(α, β), (24)

where hi = h(αi, γiβ).

In the followings I derive bounds on the WLR according to the BPP [30] approach. I start
again with the increasing convex ordering based bound. For any K ∈ N , and any t ≥ 0, let TK(t)
be the set of partitions of [0, t) in K intervals: TK = {(t0, t1, ..., tK) : 0 = t0 ≤ t1 ≤ ... ≤ tK = t}.

Thesis 3.3 (Direct BPP bounds [C5]) 3.3/ICX: I have given a direct, universal network
calculus based upper bound on the WLR according to the BPP bounding method with with the
ICX based MGF approximation.

Assume (A1) − (A7). Then for any K ∈ N and any p ∈ TK(τ),

WLR ≤
K−1
∑

k=0

(

ᾱtk+1

β(tk) + q

)

β(tk)+q

α̂tk+1
Ψ

I∗
k+1−

β(tk)+q

α̂tk+1 ·
α̂tk+1

ᾱtk+1 log
(

Ψβ(tk)+q
ᾱtk+1

) tk+1, (25)

where Ψ =
α(tk+1)−ᾱtk+1

α(tk+1)−(β(tk)+q) , I∗k+1 =
⌈

PI
i=1 αi(tk+1)

α̂tk+1

⌉

and α̂tk+1
= maxi∈I(αi(tk+1)).

Naturally, instead of the usage of the increasing convex ordering based MGF approximation,
I may use the one in Hoeffding’s inequalities. This solution splits the problem into two parts,
into homogeneous and heterogeneous cases.

3.3/HOM: I derived a direct network calculus based upper bound on the WLR according
to the BPP bounding method with with Hoeffding’s inequalities for the homogeneous case. It

can also be seen, that Thesis 3.3/ICX incorporates this Thesis with I∗k+1 =
⌈

PI
i=1 αi(tk+1)

α̂tk+1

⌉

=
⌈

PI
i=1 α1(tk+1)
α1(tk+1)

⌉

= I.

3.3/HET: I derived a direct network calculus based upper bound on the WLR according to
the BPP bounding method with with Hoeffding’s inequalities for the heterogeneous case.

Assume (A1)− (A7). If (q > max{ᾱtk+1 − β(tk)}) then for any K ∈ N and any s ∈ TK(τ),

WLR ≤
K−1
∑

k=0

∑I
i=1 αi(tk+1)

2

4(q + β(tk) − ᾱtk+1)ᾱtk+1
exp

(

−2(q + β(tk) − ᾱtk+1)
2

∑I
i=1 αi(tk+1)2

)

tk+1. (26)

Besides the presentation of the new bounds my dissertation contains an extensive systematic
performance analysis of the results, in which I show that the direct approach gives closer bound
in most cases.
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6 Application of the Results

The increasing number of real-time Internet applications induce the preface of new services in
telecommunication networks, besides best effort. These services have to meet some Quality of
Service (QoS) requirements, which usually consist of prescriptions for QoS parameters. Thus,
the provision of QoS for packet switched networks generally means keeping the value of some
quality related parameters at a level that fulfils these prescriptions. Since a significant portion
of the Internet applications are sensitive to the loss of the packets, the approximation of the
workload loss ratio (WLR) parameter receives a significant attention.

My novel buffer overflow probability and WLR bounds require only little information about
the input traffic (peak rate, upper estimated mean rate of the aggregate) and they are expressed
in closed form so their usage do not need any optimisation. These facts ensure low computation
complexity, simplify the determination of the required input parameters and the straightforward
application of them in traffic management functions like call admission control (CAC) as well,
without any complex measurement or information propagation. Other application areas of these
novel results are network design [1], and the planning of packet scheduling algorithms. With the
usage of the new results one can answer such questions that how large buffer is needed to ensure
that the WLR stays under a specified threshold; or how large server capacity is needed. The
novel stochastic extension of network calculus in Theses 1 gives a mathematical tool to create
end-to-end loss estimations which is a key parameter in end-to-end QoS provisioning. Moreover,
Thesis 1.7 defines a meeting point between to important system theories, the network calculus
and the effective bandwidth.
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[C5] András Gulyás, József B́ıró and Zalán Heszberger. A Novel Direct Upper Approximation
for Workload Loss Ratio in General Buffered Systems. In Proceedings of NETWORKING
2005, Waterloo, Canada, May 2005. Available electronically on: Springer-Verlag GmbH,
ISSN: 0302-9743, April 2005
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[C7] András Gulyás, József B́ıró and Zalán Heszberger. A Stochastic Extension of Network
Calculus for Workload Loss Examinations. In Proceedings of IEEE International Confer-
ence on Communications ICC 2006, Istanbul, Turkey, June 2006. Available electronically
on: IEEEexplore

17
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