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1 Introduction

The goal of this thesis is to design general purpose, efficient algorithms for sequential pre-

diction (decision) problems. Prediction, as we understand it in this thesis, is concerned

with guessing the short term evolution of certain phenomena. Examples include forecasting

whether tomorrow will be rainy or not, or guessing the route with lowest traffic between our

home and our workplace on the following working time period. These tasks look similar at

an abstract level: one has to guess the next element of an unknown sequence using some

knowledge about the past of the sequence and other side information available. Such prob-

lems naturally arise in real-world applications from portfolio selection in financial market

through real-time optimization of websites to routing in the communication networks.

In the classical statistical theory of sequential prediction, the sequence of the elements,

so called outcomes, is assumed to be a realization of a stationary stochastic process. In such

a setup, the statistical property of the process based on past observations can be estimated

and using this estimation efficient prediction strategies can be constructed. In that case,

the performance of a prediction strategy is usually evaluated by expected value of some loss

function which measures the “distance” between the predicted value and the true outcome.

However, in a large part of this thesis we use a different viewpoint. We abandon the

assumption that the outcomes are generated by a well-behaved stochastic process and view

the sequence of the outcomes as a product of some unspecified mechanism, which could be

deterministic, stochastic or even adversarially adaptive to our own behavior. This setup

where no probabilistic assumption is made on how the sequence is generated is often referred

to as prediction of individual sequences.

In this model the goal of the algorithm is to minimize its cumulative loss, which is

accumulated from round to round (in each round one decision is made) where the loss is

scored by some fixed loss function. At the same time, without a probabilistic model it is

non-obvious how to measure the performance of the algorithm. There is no natural baseline

as in the stochastic case, and for example it is easy to see that it is not possible to minimize

the cumulative loss simultaneously for all possible sequences. To provide such a baseline

one of the possible way is to define a set of reference forecasters (prediction rules), so called

experts. Then the performance of the algorithm is evaluated relative to this set of experts,

and the goal is to perform asymptotically as well as the best expert from the reference

class matched to the observed outcome sequence off-line. The experts make their decisions

available to the algorithm before the next outcome is revealed, and based on these “pieces

of advices” the algorithm forms its own decision to keep close its cumulative loss to the

cumulative loss of the best expert.

The difference between the cumulative loss of the algorithm to that of the best expert

is called regret, as it measures how much the algorithm regrets, in hindsight, of not having

followed the advice of the best expert.

On the one hand for “small” expert classes the regret of the algorithm converges “fast”

to zero, however, the cumulative loss of the best expert may be “large”. Borrowing an

analogy from nonparametric statistics the first error criterion is called estimation error of
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the algorithm and the second one is the approximation error of the expert class. On the

other hand for “large” expert classes it is vice versa, the convergence of the regret of the

algorithm is slower, at the same time the cumulative loss of the best expert is smaller. In

most of this thesis we focus on the minimization of the regret.

The advantage of this novel technique, prediction for individual sequences is twofold.

On the one hand it is able to handle the case when the sequence of the outcomes are

generated by an adversarial mechanism. In that case one cannot assume any stationary

and probabilistic mechanism for the sequence. Indeed, that is realistic in e.g. reactive

environments where the choice of the algorithm influences the behavior of the environment

(see below for real-world problems). On the other hand it has huge increment in the field of

nonparametric statistics. Namely, one may have a probabilistic model, however, there is a

need to construct prediction with good rates, i.e., to adapt the parameters of the algorithm.

There are such adaptations: splitting, cross validation, complexity regularization, etc., but

they work well only for memoryless sequences, which restricts seriously their applicability.

Another important problem is the universally consistent prediction of ergodic sequence. The

concept of individual sequence is extremely efficient such that the choices of the parameters of

the algorithm are considered as experts, and the bounds on the performance of the combined

(aggregated) algorithm does not depend on the properties of the actual sequence, and so

these bounds result in optimal adaptation both for memoryless sequences or in universal

consistency for ergodic sequences.

The concrete interpretation of the “experts” depends on the specific application. In the

sequel some important problems which naturally cast as experts’ advice (sequential decision)

problems are shown mostly from the framework of info-communication systems.

Let us see first an example for the above mentioned adaptation from the field of pattern

recognition. We have a k-NN (Nearest Neighbor) classifier and our goal is to find the best

value of the number of k. In that case each expert can run a k-NN classifier with different

values of k. Another typical choice of the number of the neighbors is: ckn
1/(d+2), where d is

the dimension of the samples. In that case each expert can use different parameters ck.

Second, let us see some examples from info-communication systems. In these problems,

the parameters of the networks and protocols are needed to be well tuned to ensure that the

networks operate at the desired Quality of Service (QoS) level. For instance, the class of the

experts can be some Transmission Control Protocol (TCP) variants that may use different

parameter settings and the algorithm competes with the TCP variant which has the best

parameters in hindsight. In particular, this setup is reasonable when the TCP variant has

to provide good performance in a heterogeneous environment or in case of delay based TCP

variants, like TCP Vegas and FAST TCP, whose performance are ultra-sensitive to the value

of the parameters controlling the number of backlogged packets in the buffers of the routers

on the path. These parameters are responsible for the long run performance of the flow (as

throughput and fairness) and since Vegas and FAST keep these parameters constant, they

cannot adapt well to the current characteristics of the network.

Another extensively studied issue is the estimation of the available bandwidth in high

speed networks where the previously developed TCP variants (e.g: Reno) do not provide
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good utilization of the link or they may find available bandwidth too slowly. In that case

each bandwidth estimation technique or protocol can be considered as an expert.

This approach also could be used for modeling the bidding strategy of participants of an

auction. In Dynamic Spectrum Access networks where the allocation of the spectrum is

based on an auction mechanism (e.g: English or Vickrey auction) the set of experts contains

some fixed price or more complex bidding strategies and the goal of the algorithm is that its

expense do not exceed too much the costs of the best bidding strategy.

Other interesting applications are in adaptive routing, which is of great importance in the

maintenance of packet switched communication networks. A sufficiently flexible algorithm

can yield increased QoS, such as reduced packet loss ratio or delay, even in case of link failures

or substantially varying traffic scenarios. These algorithms require constant monitoring of

the network state, and the measured information is combined to update the routing tables.

Such combination can be done, for instance, with a combination of the experts’ advice. More

precisely, for each packet the routing algorithm has to choose an expert (path) from source

to destination on which the packet is to be sent. The loss corresponding to the decision is

the value of the QoS parameter we wish to optimize, such as the delay, or the number of

hops on the path, or the packet loss ratio due to insufficient buffer size.

2 Research Objectives

The performance of any algorithm obviously depends on how much information is available

to the algorithm (the decision maker) about the experts’ and its own performance. Many

times only partial information is available to the algorithm, this is the so called partial

monitoring setting. For example, in case of adaptive routing, it is not feasible to assume

that the algorithm knows the delays of each route in the network in each moment. It is more

natural to assume that the algorithm has only information about the delay of the route the

packet is sent on, and no information is available about the delay it would have suffered

had it chosen a different route (e.g., this feedback is available through acknowledgments).

Another example when the decision maker has the option to query the delays at a certain

moments, e.g., with flooding.

Both full information (when the performance of each expert is available for the algo-

rithm) and partial monitoring problems are well-studied in case when the experts class is

“small” and the loss function is bounded. In these settings good convergence rates and also

consistency results are considered. The extensions of these results to “large” expert classes

or to unbounded loss functions are important open-questions, but unfortunately usually they

make difficulties. Concerning the unbounded loss function, in most cases, one assumes that

the loss is bounded, and such a bound is known in advance, during the design of the algo-

rithm, which is not acceptable in case of many applications. For instance, in case of adaptive

routing, the algorithm has no information about the maximum value of the delay.

Question 1. Is it possible to construct an algorithm whose performance achieves asymptot-

ically the performance of the best expert (consistency) if the bound of the loss is unknown
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when only partial information is available for the algorithm?

For a general class of experts the computational complexity of the expert algorithms

available in the literature usually grows linearly with time and with the number of the

experts. This complexity may be prohibitive for large classes of experts, e.g., when an

expert is a route in a network (the number of such routes is typically exponential in the size

of the network). Moreover, in case of partial monitoring the known performance bounds

and consistency results become useless if the number of the experts is large because their

typically polynomially dependence on the number of the experts.

Question 2. Do consistent algorithms exist with low time and space complexity if the

number of the experts is large under partial monitoring?

One may wonder whether it is possible to improve the statements for individual sequences

if we have some assumptions about the behavior of the outcome sequences (e.g., this is the

case in routing problem when the delays on the links are realizations of stationary and

ergodic processes). For example, if the outcome sequence is a realization of a stationary

and ergodic process then it has shown that in some sense a “stronger” form of consistency

which guarantees that the algorithm’s asymptotic performance coincides with not only the

the performance of the best expert but also a well-defined theoretical maximum which can

be achieved in full knowledge of the distribution of the entire process, is achievable. How-

ever, some important problems motivated by applications like unbounded losses and partial

information cases are not touched.

Question 3. If we have some stochastic assumptions about the behavior of the outcome

sequence is it possible to improve the performance of the algorithm in case of unbounded

losses or in case when only partial information is available?

Most of the material in this thesis is devoted to provide answers to these and related

questions.

3 Background

In the decision game at each time instant t = 1, 2, . . . , n, an action at ∈ A is made by the

forecaster, where A denotes the action space. Then, based on the state of the environment

yt ∈ Y , where Y is some state space, the decision maker suffers some loss ℓ(at, yt) with

nonnegative loss function ℓ : A×Y → R (A may be different from Y). The action at time t

may depend on all previous actions a1, . . . , at−1, and on all the information available to the

decision maker about the past behavior of the environment. This information, for example,

may consist of the past environment states y1, . . . , yt−1; however, the decision maker may

not be able to observe the state of the environment. The goal of the decision maker is to

minimize

L̂n =
n∑

t=1

ℓ(at, yt)

the cumulative loss of the algorithm on the long run, that is, to minimize lim supn→∞
1
n
L̂n .
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Since no probabilistic assumption is made on how the sequence {yt} is generated, it is not

possible to minimize the cumulative loss of the algorithm simultaneously for all y1, . . . , yn

sequence. For predicting individual sequences, a possible problem formulation is that we

evaluate the performance of the algorithm with respect to a reference class of prediction

rules, called experts such that the goal of the algorithm is to perform as well as the best

expert. Formally, given N experts, at each time instant t, for every i = 1, . . . , N , expert i

chooses its action fi,t ∈ A and suffers loss ℓ(fi,t, yt). The decision maker is allowed to make

its own decision at using the experts’ advice f1,t, . . . , fN,t, however, without knowing the

experts’ loss in advance.

Formally, the sequential prediction problem is given below:

Sequential prediction problem

Parameters: number N of experts, state space Y , action space A, non-

negative loss function ℓ : A× Y → R, number n of rounds.

At time instants t = 1, . . . , n,

(1) each expert i forms its action fi,t ∈ A, i = 1, . . . , N ;

(2) the decision maker observes some information on the actions of the

experts and forms it own prediction at ∈ A;

(3) the state of the environment yt ∈ Y may or may not be revealed;

(4) the decision maker incurs loss ℓ(at, yt) and each expert i incurs loss

ℓ(fi,t, yt).

The cumulative loss of expert i up to time n is

Li,n =
n∑

t=1

ℓ(fi,t, t) .

Then the goal of the learning algorithm is to combine the experts’ decisions such that the

normalized regret, defined as
1

n

(
L̂n − min

i=1,...,N
Li,n

)
,

the difference between the average loss of the algorithm and that of the best expert, be

universally small for all possible sequences of {yt}.
If the action space is convex (in this case obviously an infinite action space is required),

then the decision maker can combine the advice of the experts according to a distribution

{pi,t} as follows:

at =
N∑

i=1

pi,tfi,t . (1)

If the loss function ℓ(·, ·) is convex in its first argument, then such deterministic algorithms

can be applied (see e.g. Cesa-Bianchi and Lugosi [8]).
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However, if the action space is finite, excluding such simple situations when, for example,

the loss of the experts are the same, no deterministic algorithm can perform well for all

possible sequence {yt}. This is because for each deterministic algorithm one can construct

a “bad” sequence on which the algorithm performs poorly, but the best expert does not.

Therefore, in case of finite action space we consider randomized algorithms. That is, for each

t, It is a random variable, as well as the cumulative loss of the randomized algorithm L̂n. In

that case without loss of generality we may assume that the decision maker always follows

the advice of one of the randomly chosen experts, that is, at = fIt,t for some It ∈ {1, . . . , N}.
Therefore, we can assume that the decision of the decision maker is to choose an expert It

and follow its decision fIt,t. For convenience we use the notations ℓi,t instead of ℓ(fi,t, yt)

and ℓIt,t instead of ℓ(fIt,t, yt). Now recall the definition of the cumulative loss of the decision

maker up to time n that is

L̂n =
n∑

t=1

ℓIt,t

and the cumulative loss of expert i is

Li,n =
n∑

t=1

ℓi,t .

The most well-known methods to calculate the value of pi,t use “weighted average deci-

sion”-type algorithms, where at time instant t an expert i is chosen with probability that

increases with the past performance of the expert. That is, P(It = i) (pi,t) is proportional to

r(Li,t−1), where r is a non-increasing function and we used the notation introduced in the

previous section. The most popular choice of r is r(x) = e−ηx, leading to the exponentially

weighted average prediction, where η > 0 is tuning parameter. In that case the probability

that choosing action i at round t ≥ 2

pi,t =
e−ηLi,t−1

∑N
j=1 e−ηLj,t−1

for i = 1, . . . , N .

The maximum difference between the average loss of the above defined algorithm and

average loss of the best expert is O(
√

ln N/n) was proved by Littlestone and Warmuth [23].

For non-randomized prediction, that is, when the decisions of the algorithm is a convex

combination of the expert advice according (p1,t, p2,t, . . . , pN,t) at time t (see (1)), the upper

regret bound has the same rate of convergence.

In certain situations the decision maker has only limited knowledge about the losses of

all possible actions; this is the partial information setting. For example, in the so called

multi-armed bandit (MAB) problem the algorithm has only information on the loss of the

chosen expert, and no information is available about the loss it would have suffered had it

made a different decision (see, e.g., Auer et al. [4], who gave an algorithm whose average

loss exceeds that of the best expert at most by an amount proportional to
√

N ln N/n).

Another example is label efficient (LE) prediction, where it is expensive to obtain the losses

of the experts, and therefore the algorithm has the option to query this information (see
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Cesa-Bianchi et. al [9]). Cesa-Bianchi, Lugosi, and Stoltz [9] shows that in this case, if the

decision maker can query the losses m times during a period of length n, then it can achieve

O(
√

ln N/m) average excess loss relative to the best expert.

Cesa-Bianchi et. al. [10] studied second-order bounds for exponentially weighted aver-

age forecaster and they analyzed the expected regret of the algorithm in full information

case when the bound of the loss function is unknown. Poland and Hutter [28] dealt with

unbounded losses in bandit setting and an algorithm was presented based on the follow the

perturbed leader method which regret bound is between O(n−1/10) and O(n−1/3) depending

on some conditions.

4 New results

Thesis 1: Introduced an algorithm (Green algorithm) for on-line prediction in case of

partial monitoring and unbounded loss functions. Proved the Hannan consistency of the

Green algorithm and given an upper bound on the regret of the algorithm, whose bound

improves the earlier results and generalizes that to a bigger class of partial information cases.

[C1], [T1]

Let us assume that the action space is finite, therefore we consider algorithms that

follow the advice of one of the experts, that is, fIt,t for some It, where It ∈ {1, . . . , N} is a

random variable. The performance of the algorithm is measured by its normalized regret,
1
n

(
L̂n − mini Li,n

)
. An algorithm is Hannan consistent [20], if

lim sup
n→∞

1

n

(
L̂n − min

i
Li,n

)
≤ 0 a.s.

To handle “together” the partial monitoring cases (LE, MAB) a combination of the label

efficient and the multi-armed bandit problems (LE+MAB) is introduced by Ottucsák and

György [T2]. This combination was motivated by the routing problem in Cognitive Packet

Networks described in details in Thesis 2.B. In this combined problem, the algorithm learns

its own loss only if it chooses to query it (which is allowed only for a limited number of

times), and it cannot obtain information on the performance of any other action. In that

case the algorithm queries with probability εt only about the loss of the chosen expert, ℓIt,t.

In the sequel, we focus on LE+MAB problem because all of the other partial monitoring

problems mentioned above are “easier”: if an algorithm is Hannan consistent for problem

LE+MAB, then it is Hannan consistent for the other cases, too.

Thesis 1.A: Introduced an algorithm (Green algorithm) for on-line prediction and proved

the Hannan consistency in case of combination of the label efficient and the multi-armed

bandit problems when the loss function is not necessary bounded.

The Green algorithm for LE+MAB problem in case of not necessary bounded loss

function is given below:
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Green Algorithm

Parameters: η1, η2, . . . > 0, ε1, ε2, . . . > 0 and γ1, γ2, . . . ≥ 0.

Initialization: L̃i,0 = 0 for all i = 1, . . . , N .

For each round t = 1, 2, . . .

(1) Calculate the probability distribution

pi,t =
e−ηt

eLi,t−1

∑N
i=1 e−ηt

eLi,t−1

i = 1, . . . , N .

(2) Calculate the modified probabilities

p̃i,t =

{
0 if pi,t < γt,

ct · pi,t if pi,t ≥ γt,

where ct = 1/
∑

pi,t≥γt
pi,t .

(3) Select an action It ∈ {1, . . . , N} according to p̃t = (p̃1,t, . . . , p̃N,t).

(4) Draw a Bernoulli random variable St such that P(St = 1) = εt.

(5) Compute the estimated loss for all i = 1, . . . , N

ℓ̃i,t =

{
ℓi,t

epi,tεt
if It = i and St = 1;

0 otherwise.

(6) For all i = 1, . . . , N update the cumulative estimated loss

L̃i,t = L̃i,t−1 + ℓ̃i,t.

In the next theorem we show the sufficient conditions of Hannan consistency under partial

monitoring for Green algorithm when the bound of the loss is unknown in advance, or when

the loss is unbounded.

Theorem 1.1 (Allenberg, Auer, Györfi and Ottucsák [C1]) Green Algorithm is run

for the combination of the label efficient and multi armed bandit problem. Assume that there

exists constants c < ∞ and 0 ≤ ν < 1 such that for each n

max
1≤i≤N

1

n

n∑

t=1

ℓ2
i,t < cnν .

For some constant ρ > 0 choose the parameters of the algorithm as:

γt = t−α/N ; (ν + ρ)/2 ≤ α ≤ 1,

ηt = t−1+δ; 0 < δ ≤ 1 − ν − α − β − ρ

and

εt = ε0t
−β; 0 < ε0 ≤ 1 and 0 ≤ β ≤ 1 − ν − α − δ − ρ.

Then Green Algorithm is Hannan consistent.
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Thesis 1.B: Proved the convergence rate of the Green algorithm in case of the combina-

tion of the label efficient and the multi-armed bandit problems when the loss function is not

necessary bounded.

The following corollary of the above theorem allows to reveal not only the assumptions

for the consistency but also the rate of the convergence.

Corollary 1.1 (Allenberg, Auer, Györfi and Ottucsák [C1]) Under the assumptions

of Theorem 1.1 the rate of the convergence of the algorithm is

1

n

(
L̂n − min

i
Li,n

)
≤ O(nν/2−1/2) a.s.

in the FI and the LE cases with optimal choice of the parameters and in the MAB and the

LE+MAB cases it is

1

n

(
L̂n − min

i
Li,n

)
≤ O(nν/2−1/3) a.s.

With a slight modification of the Green algorithm even faster convergence rate can be

achieved for bounded loss function, see Auer and Ottucsák [T1] and Section 3.5 in the thesis.

Thesis 2: Introduced efficient algorithms for different variant of the shortest path prob-

lem under partial monitoring. Proved their convergence rate and bounded their complexity.

[J1],[C2],[J3]

In many applications on the one hand the number of the experts N is large, and on the

other hand the set of experts has a certain structure that may be exploited to construct

efficient on-line decision algorithms. The construction of such algorithms has been of great

interest in computational learning theory. A partial list of works dealing with this problem

includes Herbster and Warmuth [21], Vovk [31], Bousquet and Warmuth [7], Helmbold and

Schapire [29], Takimoto and Warmuth [30], Kalai and Vempala [22], György, Linder, and

Lugosi [16, 17, 18]. For a more complete survey, we refer to Cesa-Bianchi and Lugosi [8,

Chapter 5].

We study the on-line shortest path problem, a representative example of structured expert

classes that has received attention in the literature for its many applications, including,

among others, routing in communication networks (see, e.g., Takimoto and Warmuth [30],

Awerbuch et al. [5], or György and Ottucsák [J1]), and adaptive quantizer design in zero-

delay lossy source coding (see, György, Linder, and Lugosi [16, 17, 19]).

Efficient solutions, with time and space complexity proportional to the number of edges

rather than to the number of paths (the latter typically being exponential in the number of

edges), have been given in the full information case, where in each round the delay (weight)

of all the edges are revealed after a path has been chosen (see, for example, Mohri [25],

Takimoto and Warmuth [30], Kalai and Vempala [22], and György, Linder, and Lugosi [18]).

In the bandit setting only the weights of the edges or just the sum of the weights of

the edges composing the chosen path are revealed to the decision maker. If one applies the
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general bandit algorithm of Auer et al. [3], the resulting bound will be too large to be of

practical use because of its square-root-type dependence on the number of paths N . On the

other hand, using the special graph structure in the problem, Awerbuch and Kleinberg [6] and

McMahan and Blum [24] managed to get rid of the exponential dependence on the number

of edges in the performance bound by extending the follow-the-perturbed-leader algorithm

of Hannan [20] and the exponentially weighted average predictor, to the generalization of

the multi-armed bandit setting for shortest paths, when only the sum of the weights of the

edges is available for the algorithm. However, the dependence of the bounds obtained in [6]

and [24] on the number of rounds n is significantly worse than the O(1/
√

n) bound of Auer

et al. [3]. Awerbuch and Kleinberg [6] consider the model of “non-oblivious” adversaries for

shortest path (i.e., the losses assigned to the edges can depend on the previous actions of

the forecaster) and prove an O(n−1/3) bound for the expected per-round regret. McMahan

and Blum [24] give a simpler algorithm than in [6] however obtain a bound of the order of

O(n−1/4) for the expected regret.

Formally, consider a finite directed acyclic graph with a set of edges E = {e1, . . . , e|E|}
and a set of vertices V . Thus, each edge e ∈ E is an ordered pair of vertices (v1, v2). Let u and

v be two distinguished vertices in V . A path from u to v is a sequence of edges e(1), . . . , e(k)

such that e(1) = (u, v1), e(j) = (vj−1, vj) for all j = 2, . . . , k − 1, and e(k) = (vk−1, v). Let

P = {i1, . . . , iN} denote the set of all such paths. For simplicity, we assume that every edge

in E is on some path from u to v and every vertex in V is an endpoint of an edge. Finally,

let K be the length of the longest path between u and v.

In each round t = 1, . . . , n of the decision game, the decision maker chooses a path I t

among all paths from u to v. Then a loss ℓe,t is assigned to each edge e ∈ E. We write e ∈ i

if the edge e ∈ E belongs to the path i ∈ P, and with a slight abuse of notation the loss of

a path i at time slot t is also represented by ℓi,t. Then ℓi,t is given as

ℓi,t =
∑

e∈i

ℓe,t

and therefore the cumulative loss of each path i and the cumulative loss of the algorithm are

Li,t =
t∑

s=1

ℓi,s =
∑

e∈i

t∑

s=1

ℓe,s and L̂t =
t∑

s=1

ℓIs,s =
t∑

s=1

∑

e∈Is

ℓe,s .

We study the normalized regret of the algorithm

1

n

(
L̂n − min

i∈P
Li,n

)

where the minimum is taken over all paths i from u to v.

Formally, the on-line shortest path problem in the multi-armed bandit setting is described

as follows: at each time instance t = 1, . . . , n, the decision maker randomly picks a path

I t ∈ P form u to v. Then the environment assigns loss ℓe,t to each edge e ∈ E, and the

decision maker suffers loss ℓIt,t =
∑

e∈It
ℓe,t. In the first case the losses ℓe,t are revealed

for all e ∈ I t, in the restricted case only ℓIt,t is revealed. Note that in both cases ℓe,t may
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depend on I1, . . . , I t−1, the earlier choices of the decision maker. In the sequel assume that

ℓe,t ∈ [0, 1].

Thesis 2.A: Introduced a low time and space complexity algorithm for shortest path problem

in case of multi-armed bandit setting and proved its convergence rate.

Now we describe a variant of the bandit algorithm of Auer et al. [3] which achieves the

desired performance (O(n−1/2) convergence rate) for the shortest path problem. The new

algorithm uses the fact that when the losses of the edges of the chosen path are revealed,

then this also provides some information about the losses of each path sharing common edges

with the chosen path.

For each edge e ∈ E, and t = 1, 2, . . ., introduce the gain ge,t = 1− ℓe,t, and for each path

i ∈ P, let the gain be the sum of the gains of the edges on the path, that is, gi,t =
∑

e∈i
ge,t .

A main feature of the algorithm is that the gains are estimated for each edge and not for

each path. This modification results in an improved upper bound on the performance with

the number of edges in place of the number of paths. Moreover, using dynamic programming

as in Takimoto and Warmuth [30], the algorithm can be computed efficiently. Another

important ingredient of the algorithm is that one needs to make sure that every edge is

sampled sufficiently often. To this end, we introduce a set C of covering paths with the

property that for each edge e ∈ E there is a path i ∈ C such that e ∈ C. Observe that one

can always find such a covering set of cardinality |C| ≤ |E|.
The main result of Thesis 2 is the following performance bound for the shortest-path

bandit algorithm (see next page). It states that the per round regret of the algorithm, after

n rounds of play, is, roughly, of the order of K
√

|E| ln N/n, where |E| is the number of edges

of the graph, K is the length of the paths, and N is the number of paths.

Theorem 2.1 (György and Ottucsák [J1], György, Linder and Ottucsák [C2]) In

case of shortest path problem in multi-armed bandit setting the performance of the suggested

algorithm defined above with optimized parameter and for any δ ∈ (0, 1) can be bounded with

probability at least 1 − δ as

1

n

(
L̂n − min

i∈P
Li,n

)
≤ 2

√
K

n

(
√

4K|C| ln N +

√
|E| ln |E|

δ

)
.

for all n ≥ max
{

K
|E| ln

|E|
δ

, 4|C| ln N
}
.

The following statement shows that the algorithm is complexity feasible.

Theorem 2.2 (György, Linder and Ottucsák [C2]) The proposed algorithm can be im-

plemented efficiently with time complexity O(n|E|) and space complexity O(|E|).
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A BANDIT ALGORITHM FOR SHORTEST PATHS

Parameters: real numbers β > 0, 0 < η, γ < 1.

Initialization: Set we,0 = 1 for each e ∈ E, w̄i,0 = 1 for each i ∈ P, and

W 0 = N . For each round t = 1, 2, . . .

(1) Choose a path I t at random according to the distribution pt on P ,

defined by

pi,t =





(1 − γ)
w̄i,t−1

W t−1
+ γ

|C| if i ∈ C
(1 − γ)

w̄i,t−1

W t−1
if i 6∈ C.

(2) Compute the probability of choosing each edge e as

qe,t =
∑

i:e∈i

pi,t = (1 − γ)

∑
i:e∈i

w̄i,t−1

W t−1

+ γ
|{i ∈ C : e ∈ i}|

|C| .

(3) Calculate the estimated gains

g′
e,t =

{
ge,t+β

qe,t
if e ∈ I t

β
qe,t

otherwise.

(4) Compute the updated weights

we,t = we,t−1e
ηg′e,t

w̄i,t =
∏

e∈i

we,t = w̄i,t−1e
ηg′

i,t

where g′
i,t =

∑
e∈i

g′
e,t, and the sum of the total weights of the paths

W t =
∑

i∈P
w̄i,t.

Thesis 2.B: Introduced a low time and space complexity algorithm for shortest path problem

in case of label-efficient and multi-armed bandit setting and proved its convergence rate.

The following theorem is an extension of Theorem 2.1 to LE+MAB case which is moti-

vated by an application to a particular packet switched network model. This model, called

the Cognitive Packet Network (CPN), was introduced by Gelenbe et al. [12, 13].

CPN is a specific autonomic technique that offers adaptive routing as a way to better

QoS to users; it is oriented toward to use of self-awareness in the network and is based on

strictly automatic defense without human intervention.

In these networks a particular type of packets, called smart packets, are used to explore

the network (e.g., the delay of the chosen path). These packets do not carry any useful data;

they are merely used for exploring the network. The other type of packets are the data

packets, which do not collect any information about their paths. The task of the decision

maker is to send packets from the source to the destination over routes with minimum average

12



transmission delay. In this scenario, smart packets are used to query the delay of the chosen

path. However, as these packets do not transport information, there is a trade-off between

the number of queries and the usage of the network. If data packets are on the average α

times larger than smart packets (note that typically α ≫ 1) and ε is the proportion of time

instances when smart packets are used to explore the network, then ε/(ε + α(1 − ε)) is the

proportion of the bandwidth sacrificed for well informed routing decisions.

The CPN model is implemented and integrated into Linux kernel 2.2.x and it is the

object of the US Patent No. 6804201. The performance of the CPN is extensively studied

experimentally in a test-bed (with 80 nodes) [11] in Imperial College. These experimental

measurements are focused on the techniques using genetic algorithm [14] and neural net-

work [12] to choose the next route. However, these papers do not touch on the theoretical

optimality of the proposed methods.

The algorithm differs from our bandit algorithm of the previous section only in step (3).

The modified step is given below

MODIFIED STEP FOR THE LABEL EFFICIENT BANDIT

ALGORITHM FOR SHORTEST PATHS

(3’) Draw a Bernoulli random variable St with P(St = 1) = ε, and com-

pute the estimated gains

g′
e,t =

{
ge,t+β

εqe,t
St if e ∈ I t

β
εqe,t

St if e /∈ I t .

The performance of the algorithm is analyzed in the next theorem.

Theorem 2.3 (György, Linder and Ottucsák [C2], György, Linder, Lugosi and

Ottucsák [J3]) For any δ ∈ (0, 1) and ε ∈ (0, 1] and optimized parameters the performance

of the algorithm defined above can be bounded, with probability at least 1 − δ as

1

n

(
L̂n − min

i∈P

n∑

t=1

ℓi,t

)
≤ 27K

2

√
|E| ln 2N

δ

nε
.

for all

n ≥ 1

ε
max

{
K2 ln2(2|E|/δ)

|E| ln N
,
|E| ln(2|E|/δ)

K
, 4|C| ln N

}
.

Furthermore, the proposed algorithm can be implemented efficiently with time complexity

O(n|E|) and space complexity O(|E|).

Thesis 2.C: Introduced a low time and space complexity algorithm for shortest path problem

in case of restricted multi-armed bandit setting and proved its convergence rate.

In this sub-thesis we consider the situation where the algorithm receives information

only about the performance of the whole chosen path, but the individual edge losses are not

13



available. That is, the algorithm has access to the sum ℓIt,t of losses over the chosen path

I t but not to the losses {ℓe,t}e∈It
of the edges belonging to I t.

This is the problem formulation considered by McMahan and Blum [24] and Awerbuch

and Kleinberg [6]. McMahan and Blum provided a relatively simple algorithm whose regret

is at most of the order of n−1/4, while Awerbuch and Kleinberg gave a more complex algo-

rithm to achieve O(n−1/3) regret. We combine the strengths of these papers, and propose a

simple algorithm with regret at most of the order of n−1/3. Moreover, our bound holds with

high probability, while the above-mentioned papers prove bounds for the expected regret

only. The algorithm alternates between choosing a path from a “basis” B to obtain unbi-

ased estimates of the loss (exploration step), and choosing a path according to exponential

weighting based on these estimates.

One can choose a subset of P that forms a basis, that is, a collection of b paths which

are linearly independent and each path in P can be expressed as a linear combination of

the paths in the basis. We denote by B the b × |E| matrix whose rows b
1, . . . , bb represent

the paths in the basis. Let B
+ denote the the Moore-Penrose inverse of B defined by

B
+ = B

T (BB
T )−1, where B

T denotes the transpose of B and BB
T is invertible since the

rows of B are linearly independent. (Note that B
+ = B

−1 if b = |E|).
If α

(i,B)

b
1 , . . . , α

(i,B)

b
b are the coefficients in the linear combination of the basis paths ex-

pressing path i ∈ P, that is, i =
∑b

j=1 α
(i,B)

b
j b

j, then the loss of path i ∈ P at time t is given

by

ℓi,t =
b∑

j=1

α
(i,B)

b
j ℓ

b
j ,t .

For the algorithm we need an upper bound on the magnitude of the coefficients α
(i,B)

b
j .

For this, we invoke the definition of a barycentric spanner from [6]: the basis B is called a C-

barycentric spanner if |α(i,B)

b
j | ≤ C for all i ∈ P and j = 1, . . . , b. It is shown in [J3] that for

a directed acyclic graph, the set of paths P between two dedicated nodes has a 1-barycentric

spanner. Moreover an efficient algorithm is given to find 2-barycentric spanner.

The performance of the algorithm (see next page) is analyzed in the next theorem.

Theorem 2.4 (György, Linder, Lugosi and Ottucsák [J3]) Let K denote the length

of the longest path in the graph. For any δ ∈ (0, 1), parameters 0 < ε ≤ 1
K

and η > 0

satisfying η ≤ ε2, and n ≥ 8b
ε2 ln 4bN

δ
, the performance of the algorithm defined above can be

bounded, with probability at least 1 − δ, as

L̂n − min
i∈P

Li,n ≤ K


ηb

ε
Kn +

√
n

2
ln

4

δ
+ nε +

√
2nε ln 4

δ

K
+

16

3
b

√
2n

b

ε
ln

4bN

δ


+

ln N

η

In particular, choosing

ε =

(
Kb

n
ln

4bN

δ

)1/3

and η = ε2

we obtain

L̂n − min
i∈P

Li,n ≤ 9.1K2b (Kb ln(4bN/δ))1/3 n2/3 .
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A BANDIT ALGORITHM FOR THE RESTRICTED SHORTEST

PATH PROBLEM

Parameters: 0 < ε, η ≤ 1.

Initialization: Set we,0 = 1 for each e ∈ E, w̄i,0 = 1 for each i ∈ P,

W 0 = N . Fix a basis B, which is a 2-barycentric spanner. For each round

t = 1, 2, . . .

(1) Draw a Bernoulli random variable St such that P(St = 1) = ε;

(2) If St = 1, then choose the path I t uniformly from the basis B. If

St = 0, then choose I t according to the distribution {pi,t}, defined

by

pi,t =
w̄i,t−1

W t−1

.

(3) Calculate the estimated loss of all edges according to

ℓ̃
(E)

t = B
+
ℓ̃

(B)

t ,

where ℓ̃
(E)

t = {ℓ̃(E)
e,t }e∈E, and ℓ̃

(B)

t = (ℓ̃
(B)

b
1,t

, . . . , ℓ̃
(B)

b
b,t

) is the vector of

the estimated losses

ℓ̃
b

j ,t =
St

ε
ℓ
b

j ,tI{It=b
j}b

for j = 1, . . . , b.

(4) Compute the updated weights

we,t = we,t−1e
−ηℓ̃e,t ,

w̄i,t =
∏

e∈i

we,t = w̄i,t−1e
−η

P
e∈i

ℓ̃e,t ,

and the sum of the total weights of the paths

W t =
∑

i∈P
w̄i,t .

Thesis 3: Introduced on-line prediction algorithms, and proved their consistency in case

of stationary and ergodic processes for unbounded losses and in case of noisy observations.

[J2], [C3]

In this part of the thesis we study the problem of sequential prediction in case of stationary

and ergodic environment. First we analyze the case when the outcomes form an unbounded

real valued sequence.
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At each time instant t = 1, 2, . . ., the predictor is asked to guess the value of the next

outcome yt of a sequence of real numbers y1, y2, . . . with knowledge of the pasts yt−1
1 =

(y1, . . . , yt−1) (where y0
1 denotes the empty string) and the side information vectors xt

1 =

(x1, . . . , xt), where xt ∈ R
d . Thus, the predictor’s estimate, at time t, is based on the value

of xt
1 and yt−1

1 . A prediction strategy is a sequence g = {gt}∞t=1 of functions

gt : (Rd)t × R
t−1 → R

so that the prediction formed at time t is gt(x
t
1, y

t−1
1 ). An example for this problem would

be the demodulation (decoding), when Yt is the binary input and Xt is the binary output of

the channel.

Assume that (x1, y1), (x2, y2), . . . are realizations of the random var. (X1, Y1), (X2, Y2), . . .

such that {(Xn, Yn)}∞−∞ is a jointly stationary and ergodic process.

After n time instants, the normalized cumulative prediction error is

Ln(g) =
1

n

n∑

t=1

ℓ(gt(X
t
1, Y

t−1
1 ), Yt) =

1

n

n∑

t=1

(gt(X
t
1, Y

t−1
1 ) − Yt)

2,

where ℓ : R × R → R now denotes the square loss.

The results in the sequel are given in an autoregressive framework, that is, the value Yt

is predicted based on the past observations (X t
1 and Y t−1

1 ). The fundamental limit for the

predictability of the sequence was determined based on a result of Algoet [2], who showed

that for any prediction strategy g and stationary ergodic process {(Xn, Yn)}∞−∞,

lim inf
n→∞

Ln(g) ≥ L∗ almost surely,

where

L∗ = E

{(
Y0 − E

[
Y0

∣∣X0
−∞, Y −1

−∞
])2}

is the minimal mean squared error of any prediction for the value of Y0 based on the infinite

past X0
−∞, Y −1

−∞. This lower bound gives sense to the following definition:

Definition 3.1 A prediction strategy g is called universally consistent with respect to a class

C of stationary and ergodic processes {(Xn, Yn)}∞−∞, if for each process in the class,

lim
n→∞

Ln(g) = L∗ almost surely.

Universally consistent strategies asymptotically achieve the best possible loss for all ergodic

processes in the class.

In the ’90s Algoet [1] and Morvai, Yakowitz, and Györfi [26] proved that there exists

a prediction strategy universal with respect to the class of all bounded ergodic processes.

However, the prediction strategies exhibited in these papers are either very complex or

have an unreasonably slow rate of convergence even for well-behaved processes. Lugosi and

Györfi [15] introduced several simple prediction strategies, which are universally consistent

with respect to the class of bounded, stationary and ergodic processes.
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Thesis 3.A: Introduced an on-line prediction algorithm, and proved its consistency in case

of stationary and ergodic processes for unbounded losses.

The prediction strategy g is defined, at each time instant, as a convex combination of

elementary predictors, where the weighting coefficients depend on the past performance of

each elementary predictor.

We define an infinite array of elementary predictors h(k,l), k, l = 1, 2, . . . as follows. Let

Pl = {Al,j, j = 1, 2, . . . ,ml} be a sequence of finite partitions of R, and let Ql = {Bl,j, j =

1, 2, . . . ,m′
l} be a sequence of finite partitions of R

d. Introduce the corresponding quantizers:

Fl(y) = j, if y ∈ Al,j

and

Gl(x) = j, if x ∈ Bl,j .

With some abuse of notation, for any n and yn
1 ∈ R

n, we write Fl(y
n
1 ) for the se-

quence Fl(y1), . . . , Fl(yn), and similarly, for xn
1 ∈ (Rd)n, we write Gl(x

n
1 ) for the sequence

Gl(x1), . . . , Gl(xn).

Fix positive integers k, l, introduce the set

J (k,l)
n = {k < t < n : Gl(x

t
t−k) = Gl(x

n
n−k), Fl(y

t−1
t−k) = Fl(y

n−1
n−k)} .

Introduce the truncation function

Tn(z) =





nδ if z > nδ

z if |z| ≤ nδ

−nδ if z < −nδ,

where 0 < δ < 1/8. Define the elementary predictor h(k,l) by

h(k,l)
n (xn

1 , y
n−1
1 ) = Tn


 1

|J (k,l)
n |

∑

t∈J
(k,l)
n

yt


 ,

for n = 1, 2, . . . (0/0 is defined by 0).

That is, h
(k,l)
n quantizes the sequence xn

1 , y
n−1
1 according to the partitions Ql and Pl, and

looks for all appearances of the last seen quantized strings Gl(x
n
n−k) of length k + 1 and

Fl(y
n−1
n−k) of length k in the past. Then it predicts according to the truncation of the average

of the yt’s following the string.

The proposed prediction algorithm proceeds based on non-randomize exponential weight-

ing. Formally, let {qk,l} be a probability distribution on the set of all pairs (k, l) of positive

integers such that for all k, l, qk,l > 0. For ηt > 0, and define the weights

wk,l,t = qk,le
−ηt(t−1)Lt−1(h(k,l))

and their normalized values

pk,l,t =
wk,l,t∑∞

i,j=1 wi,j,t

.
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The prediction strategy g is defined by

gt(x
t
1, y

t−1
1 ) =

∞∑

k,l=1

pk,l,th
(k,l)
t (xt

1, y
t−1
1 ) , t = 1, 2, . . .

Theorem 3.1 (Györfi and Ottucsák [J2]) Assume that

(a) the sequences of partition Pl is nested, that is, any cell of Pl+1 is a subset of a cell of Pl,

l = 1, 2, . . .;

(b) the sequences of partition Ql is nested;

(c) the sequences of partition Pl is asymptotically fine, i.e., if

diam(A) = sup
x,y∈A

‖x − y‖

denotes the diameter of a set, then for each sphere S centered at the origin

lim
l→∞

max
j:Al,j∩S 6=∅

diam(Al,j) = 0 ;

(d) the sequences of partition Ql is asymptotically fine;

and choosing parameter of the algorithm as ηt = 1√
t
.

Then the prediction scheme g defined above is universally consistent with respect to the class

of all ergodic processes such that

E{Y 4
1 } < ∞.

Thesis 3.B: Introduced an on-line prediction algorithm, and proved its consistency in case

of stationary and ergodic processes when only noisy observations are available.

The next theorem investigates the case when the predictor has only incomplete informa-

tion. Same as earlier {(Xn, Yn)}∞−∞ is a jointly stationary and ergodic process and both Xt

and Yt are binary valued. The predictor’s estimate, at time t, is based on the value of X t−1
1

and a prediction strategy is a sequence g = {gt}∞t=1 of functions

gt : {0, 1}t−1 → R

so that the prediction formed at time t is gt(X
t−1
1 ).

After n time instants, the normalized cumulative loss for binary sequences is

L̂n(g)
def
=

1

n

n∑

t=1

ℓ(gt(X
t−1
1 ), Yt)

=
1

n

n∑

t=1

(1 − Yt)ℓ(gt(X
t−1
1 ), 0) + Ytℓ(gt(X

t−1
1 ), 1),

where ℓ : R×{0, 1} → [0, K] is a bounded loss function, which is convex in its first argument.

This model was introduced and studied in Weissman and Merhav [32, 33].
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Obviously, on the one hand this model is a special case of the previous setup (because

outcome is a binary value sequence), on the other hand it handles a more general class of

loss functions (convex losses) and takes less assumption on the amount of the information

(uses only side information).

The prediction with side information only is a delicate problem, because Yt neither in

the learning, nor in the prediction is available. In that case the fundamental limit for the

predictability of the sequence can be determined by Weissman and Merhav [33].

Under the condition that {(Xn, Yn)}∞n=−∞ is conditionally mixing in the sense that

∞∑

s=1

sup
t≥1

E
∣∣P{Yt+s = a|Yt = a,X t+s−1

1 } − P{Yt+s = a|X t+s−1
1 }

∣∣ < ∞, (2)

where a ∈ {0, 1}. Weissman and Merhav [33] proved that

lim inf
n→∞

Ln(g) ≥ R∗ , (3)

with

R∗ = E
{
(1 − Y0)ℓ(E{Y0 | X−1

−∞}, 0) + Y0ℓ(E{Y0 | X−1
−∞}, 1)

}
.

Similarly to Definition 3.1 we call a prediction strategy g universally consistent with

respect to a class C of stationary and ergodic processes {(Xn, Yn)}∞−∞ if for each process in

the class,

lim
n→∞

Ln(g) = R∗ almost surely.

Henceforth, we assume that the connection between Yt and Xt are characterized by an

binary memoryless channel as, e.g., binary symmetric channel or binary erasure channel. It

means that Yt is the input of the channel and Xt is the output of the channel, and based on

the past outputs X t−1
1 we want to estimate the input Yt. We suppose also that the crossover

probabilities of the channel are known for the algorithm. This assumption is indeed a realistic

one in many applications, where noisy medium is well-characterized statistically.

Then the algorithm is able to construct a random variable r̃(Xt,C) which is an efficient

estimate of original bit Yt where C is the channel matrix:

C =

[
1 − p p

q 1 − q

]
,

and 0 ≤ p, q < 1
2

are the crossover probabilities of the channel. More precisely, let

r̃(Xt,C) =
Xt − p

1 − p − q

which is a conditionally unbiased estimate of Yt respect to X t−1
1 .

As earlier the algorithm is defined, at each time instant, as a combination of simple

predictors. However, we take care that the algorithm has no access to the “clean” sequence.

We define an infinite array of elementary predictors h(k), k = 1, 2, . . . as follows. Let J
(k)
n

be the locations of the matches of the last seen binary string xn−1
n−k of length k in the past:

J (k)
n = {k < t < n : xt−1

t−k = xn−1
n−k} .
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Now define the elementary predictor h(k) by

h(k)(xn−1
1 ) = r̃

(∑
{t∈J

(k)
n } xt

|J (k)
n |

,C

)

n > k + 1, where 0/0 is defined to be 0.

Since, the predictor has no access to the “clean” sequence Yt thus to measure its own

performance (loss) it must use another type of the loss function based on Xt only. Define

the following loss function introduced by Weissman and Merhav [32]: let

ℓ̃(h(k)(X t−1
1 ), Xt)

def
= r̃(1 − Xt,C)ℓ(h(k)(X t−1

1 ), 0) + r̃(Xt,C)ℓ(h(k)(X t−1
1 ), 1) ,

which is an (conditionally) unbiased estimate of the k-th expert’s true loss. The cumulative

estimated loss of the k-th expert is given by

L̃n(h(k)) =
1

n

n∑

t=1

ℓ̃(h(k)(X t−1
1 ), Xt) .

The proposed prediction algorithm proceeds as follows: let {qk} be a probability distri-

bution on the set of all k of positive integers such that for all k, qk > 0. For ηt > 0, define

the weights

wk,t = qke
−ηt(t−1)L̃t−1(h(k))

and denote their normalized values pk,t. The prediction strategy g is defined by

gt(x
t−1
1 ) =

∞∑

k=1

pk,th
(k)(xt−1

1 ) , t = 1, 2, . . . . (4)

Theorem 3.2 (Ottucsák and Györfi[C3]) The prediction scheme g defined above is uni-

versally consistent with respect to the class of all ergodic processes satisfying (2).

In what follows we apply the same ideas to the seemingly more difficult classification (or

pattern recognition) problem. The strategy of the classifier is a sequence f = {ft}∞t=1 of

decision functions

ft : {0, 1}t−1 → {0, 1}
so that the classification formed at time t is f t(X

t−1
1 ). The normalized cumulative 0− 1 loss

for any fixed pair of sequences Xn
1 , Y n

1 is now

Rn(f) =
1

n

n∑

t=1

I{ft(X
t−1
1 ) 6=Yt}.

(2) implies (3) such that

lim inf
n→∞

Rn(f) ≥ R∗ (5)

where

R∗ = E

{
min

(
P{Y0 = 1|X−1

−∞}, P{Y0 = 0|X−1
−∞}

)}
.
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Consider the prediction scheme gt(X
t−1
1 ) (with square loss) introduced in (4), and then

introduce the corresponding classification scheme:

ft(X
t−1
1 ) =

{
1 if gt(X

t−1
1 ) > 1/2

0 otherwise.

The main result of this section is the universal consistency of this simple classification scheme:

Theorem 3.3 (Ottucsák and Györfi [C3]) The classification scheme f defined above is

universally consistent with respect to the class of all ergodic processes satisfying (2).

5 Methodology

Throughout the research I used the instruments of probability theory, nonparametric statis-

tics, information theory and computational learning theory. The proof of the Hannan consis-

tency of the algorithm was based on law of large number for martingale differences and some

techniques from information theory. In case of the algorithms for shortest path problem our

main tools were the concentration inequalities for martingale differences. For the efficient

implementations of the algorithms dynamic programming technique was used. Furthermore,

for restricted multi-armed bandit problem we used some basic results of matrix analysis.

Finally, in the results in stationary and ergodic environment the different variants of the

Ergodic theorem played an important role.

6 Applications

The algorithm for unbounded losses can fit to the parameter setting problem in delay based

TCP variants, like TCP Vegas and FAST TCP or to the bandwidth estimation problem in

TCP network. For a benchmark analysis an implementation is going to be developed in a

network simulation tool (ns2, [27]).

The routing algorithm described in Thesis 2 naturally lends itself to practical implemen-

tation and to application in CPN [13].

The result of Thesis 3.B. can be easily extended from binary sequence to sequence of

binary blocks (byte, string) and with this modification it can use for decoding or in sensor

networks, where the signals of the sensors are available for the base station only through a

“noisy channel”.
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640, July-August 2006. (in Hungarian)

[C1] C. Allenberg, P. Auer, L. Györfi, and Gy. Ottucsák. Hannan consistency in on-line

learning in case of unbounded losses under partial monitoring. In Proceedings of 17th

International Conference on Algorithmic Learning Theory, ALT 2006, Barcelona, Spain,

Oct. 2006, Lecture Notes in Artifical Intelligence 4264, pages 229–243, Springer.

[C2] A. György, T. Linder, and Gy. Ottucsák. The shortest path problem under partial

monitoring. In Proc. of 19th Annual Conference on Learning Theory, COLT 2006,

Pittsburgh, USA, June 2006, Lecture Notes in Artifical Intelligence 4005, pages 468–

482, Springer.

[C3] Gy. Ottucsák and L. Györfi. Sequential prediction of binary sequences with side infor-

mation only. In Proc. of IEEE ISIT 2007, pages 2351–2355, Nice, France, 2007.

[T1] P. Auer and Gy. Ottucsák. Bound on high-probability regret in loss-bandit game,

Preprint, 2006. http://www.szit.bme.hu/ õti/green.pdf
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