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Preface
Studying electronic properties of matter on microscopic scale is the most important subject of condensed matter and solid state physics. Somewhat over
a hundred years ago Drude developed the first theory of metals. In spite of its
remarkable simplicity it turned out to be very successful in elucidating transport properties of simple metals. The model was later refined by Lorentz who
first applied statistics, the Maxwell-Boltzmann statistics to electrons. The real
breakthrough in metal physics, however, happened with the birth of quantum
mechanics in the nineteen twenties. Soon it became clear that it is not the
classic statistics but the Fermi-Dirac distribution that applies to spin onehalf electrons. Based on this discovery Sommerfeld created the first quantum
theory of metals that was able to account for quantum effects at very low
temperatures and gave almost quantitatively correct results in many cases.
But from theoretical point of view the model was far from being satisfactory
because it treated the electrons as neutral particles and completely ignored
the otherwise inevitable long range Coulomb interaction. Therefore it was actually quite surprising that even so Sommerfeld’s model was very efficient for
a large number of metals, even for ones with complicated Fermi surfaces. This
tantalising discrepancy regarding the effect of correlations between electrons
was later resolved by Landau and his theory of Fermi liquids. This is where a
new fascinating chapter of condensed matter physics is born.
Landau’s Fermi liquid theory is the theory of interacting normal Fermi
systems [1]. In three dimensions, provided that no symmetry breaking longrange order occurs, with a few phenomenological constants it was capable of
explaining quantitatively a wealth of physical phenomena. The theory itself
is based on the quasiparticle concept, that assumes that the low lying excited
states of a strongly interacting Fermi system can be described as those of a
weakly interacting gas of fermionic quasiparticles. An essential part of the
strong two particle interaction can be transformed to renormalize the individual particles. A very nice example of this is realized in heavy fermion metals
(e.g. compounds of uranium or cerium), where the electron-electron interaction leads to highly enhanced effective mass. In certain cases it is orders of
magnitude larger than the bare electron mass or the renormalization due to
periodic potential. The residual interaction in turn remains and accounts for
1
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quasiparticle scattering. In fact, the quasiparticles are well defined only in the
vicinity of the Fermi surface and at very low temperatures where the scattering
rate is sufficiently small. According to Landau’s original approach the residual
interaction is expressed by the so-called Landau parameters Fl , which are to
be fitted to experiments. With the development of many-body techniques, it
soon became clear that the phenomenological Landau parameters are closely
related to the full vertex function of two particle scattering and perturbation
theory provides a systematic method to calculate it directly from microscopic
quantities. As we have already mentioned, the picture of a Fermi liquid is valid
only when the system remains in “normal” state, that is to say as lowering the
temperature no instabilities towards phase transitions occur. The necessary
stability conditions of a Fermi liquid against long wavelength oscillations of the
Fermi surface are conveniently expressed with the aforementioned Landau parameters as Fl > −(2l + 1). This is the Pomeranchuk instability. There could,
however, be cases when the system is unstable against short wavelength (spin)
density oscillations or the formation of particle-particle pairs. The former
leads in quasi-one dimension to the development of either a static spin density
wave (SDW) or charge density wave (CDW) [2], whereas the latter results in
singlet or triplet superconductivity (SC) [3, 4]. The investigation of these and
other exotic ground states is perhaps the most fundamental goal of modern
low temperature solid state physics. It constitutes a great challenge for both
theory and experiments because of the ever-growing and extreme diversity of
this field of symmetry breaking ground states.
Since the discovery of heavy fermion superconductors in 1979 [5], organic
superconductors in 1980 [6] and high-temperature superconductors in 1986
[7] it turned out that most of these superconductors cannot be described by
the conventional s-wave theory of superconductivity by Bardeen, Cooper and
Schrieffer (BCS) [3]. However, these superconductors are unconventional or
nodal which means that the single particle gap ∆(k) is momentum dependent and takes different values on different points of the Fermi surface. This
property alone would not necessarily lead to truly unconventional behavior
because an anisotropic s-wave pairing state for example exhibits momentum
dependence as well. What makes a pairing state uniquely unconventional is
the fact that the average of the gap over the Fermi surface vanishes and at the
same time exhibits nodes where it changes sign [8, 9]. In high-Tc superconductors (HTSC) it is now well established that the underdoped and optimally
doped regions of the phase diagram are associated with a pairing state of dwave symmetry [10, 11, 12]. The quasiparticles living around the gap nodes
have linear dispersion and are therefore often referred to as relativistic Dirac
fermions. Their gapless nature determines the low energy physics and leads to
characteristic power law dependencies in the correlation functions and thermodynamics, like for example the specific heat in magnetic field [13]. Also,
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the strongly correlated heavy fermion superconductors CeCu2 Si2 , UBe13 and
UPt3 are proposed to have extremely anisotropic order parameters with point
nodes on the Fermi surface [14], very much like that in the well-studied superfluid A-phase of 3 He. As to the quasi-one dimensional organic superconductors
(e.g. Bechgaard salts), measurements of ultrasonic attenuation and magnetic
penetration depth as well as the NMR relaxation rate strongly suggest that
the order parameter is anisotropic having lines of zeros on the Fermi surface
[15, 16, 17]. Finally, the newly discovered superconductivity in Sr2 RuO4 is,
according to NMR and thermodynamic measurements, most probably spintriplet p-wave [18].
The interest in momentum dependent unconventional order parameters is,
however, not limited only to the study of the superconducting phase of matter. Indeed, the highly controversial anomalous normal state properties of the
quasi-two dimensional cuprate superconductors have excited much interest in
the field. In the last two decades extraordinary attention has been paid to the
understanding of this so-called pseudogap phase of HTSC. Below optimal doping, but still outside the antiferromagnetic insulator phase, many experiments
have provided evidence for unusual behavior even well above the superconducting transition Tc . One of the most striking is definitely the depleted density of
states around the Fermi energy. It is related to the destruction of the Fermi
surface, which was found, amongst others, by tunneling spectroscopy [19] as
well as angle resolved photoemission (ARPES) [20, 21, 22]. One of the many
competing theories of the pseudogap phase attributes the observed physics to
a well developed phase called the d-wave density wave (dDW) [23, 24, 25]. The
dDW state is a two-dimensional commensurate unconventional charge density
wave (UCDW) with a gap function of d-wave symmetry. In stark contrast to
ordinary charge density wave (CDW), due to the vanishing momentum average of the gap over the two-dimensional (square) Fermi surface, the transition
is not accompanied by the usual long range charge modulation. However, spin
susceptibility for example or other thermodynamic quantities signal the robustness of the second order phase transition. This feature makes the system
rather intriguing, because in conventional x-ray measurements the satellites
signalling the development of the new periodicity do not occur, the ordering
in this sense remains hidden [23]. Besides, the dDW phase is characterized by
circulating charge currents flowing around each plaquette of the square lattice,
alternatively clockwise and anticlockwise thereby breaking both translational
and time reversal symmetries. The current leads to small magnetic moments
pointing perpendicular to the plane in an Ising-like manner. The state therefore represents an orbital antiferromagnet (OAF), which can be detected by
neutron scattering [26, 27] or with the use of circular polarized photons in
ARPES [28]. In fact, the possible existence of this novel phase that could
be relevant to copper-oxide materials was first pointed out by Affleck and
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Marston [29] in a numeric study of the extended two-dimensional Hubbard
model. A similar analysis in the continuum limit by Schulz [30] soon revealed
the existence of another symmetry breaking state that is similar in nature to
OAF but instead of charge currents it exhibits alternating spin currents around
each elementary plaquette. This state is an unconventional spin density wave
(USDW), though originally named as the spin nematic phase because of close
resemblance to certain spin systems with exchange interactions. The spin nematic phase has zero local spin density and is characterized by a global spin
quantization axis which breaks spin rotational symmetry. A detailed study of
this unconventional electron-hole condensate of spin triplet has been carried
out by Nersesyan et al. [31] including the effect of a static magnetic field and
the resulting Landau quantization.
So far we have seen that momentum dependent order parameters of higher
angular momentum are indeed playing an important role in the quest for the
microscopic origin of the pairing state in unconventional superconductors and
the pseudogap phase of HTSC. In fact, a wavevector dependent gap in an
electron-hole condensate was first introduced in the context of the excitonic
insulator [32]. Since then its relevance has been emphasized in literature several times, for example in the description of the quasi-two dimensional transition metal dichalcogenides (e.g. 2H-TaSe2 or 2H-NbSe2 ), in which a highly
anisotropic CDW gap function was found by ARPES. For these systems an
f -wave UCDW scenario was proposed lately [33], that provides a unified and
consistent picture of the charge density wave phase and even superconductivity at very low temperature. Further important examples are the pseudogap
phase of the quasi-one dimensional CDW material (TaSe4 )2 I [34, 35, 36] and
the uranium based heavy electron metals, that have long been suspected of
possibly having wavevector dependent SDW gap on a three-dimensional nested
Fermi surface [37]. Especially it is the case in the highly controversial URu2 Si2
with its puzzling micromagnetic phase found by magnetic x-ray diffraction
[38]. This material possesses a rather sharp second order “antiferromagnetic”
phase transition at a Neel temperature of TN = 17.5K. However, the induced
staggered magnetic moment, which is roughly 0.04µB , is way too small to be
consistent with the entropy reduction and specific heat measurements. Since
the discovery in 1990 by Isaacs et al. [38], many theoretical proposals have been
put forward in order to elucidate the underlying magnetic ordering. Amongst
others Chandra et al. [39, 40] proposed that the micromagnetism is due to an
incommensurate orbital antiferromagnet setting in at TN with charge currents
circulating between uranium ions. A completely different scenario attributes
the observed thermodynamics and the extremely small magnetic moment to
a commensurate USDW of d-wave symmetry [41]. This proposal was later
extended to incorporate the interaction of USDW with randomly distributed
magnetic impurities and a remarkable agreement with neutron scattering data
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was achieved [42, 43], further corroborating the USDW scenario.
Perhaps, one of the most likely candidate for possessing some kind of CDW
of unconventional type is the organic conductor α-(BEDT-TTF)2 KHg(SCN)4 ,
or shortly α-(ET)2 . This salt is one particular member of the family α-(BEDTTTF)2 MHg(SCN)4 , where (M=K, Rb, Tl). The common feature of these compounds, that stimulated extensive experimental studies from the early nineties,
is that they all enter a peculiar and as yet still elusive low temperature phase
(LTP) below Tc = 8-10K [44, 45, 46, 47, 48, 49]. According to a wealth of experimental data and numerical band structure calculations their Fermi surface
consists of a quasi-one dimensional part facilitating density wave instability
and also a quasi-two dimensional warped cylinder-like part. The B − T phase
diagram suggests CDW for LTP that arises from electrons living on the quasione dimensional open Fermi sheets. Moreover, it was found that an applied
pressure leads to a deterioration of the nesting condition and hence suppresses
the presumed DW ground state, just like the external B field (Pauli paramagnetism) does. On the other hand, magnetic susceptibility measurements
indicate strong anisotropy of the spin space, which in turn is a characteristic
feature of magnetically ordered systems in general like SDW or an antiferromagnet. In addition to that, what makes the situation even more obscure, is
that electric conductivity measurements in the highly conducting plane signal non-ohmic (non-linear) conductivity above a critical threshold, which is
inherently related to the sliding density wave, either CDW or SDW. But neither x-ray satellites nor NMR signs of a long range order below Tc have been
observed. Given these facts it is now not surprising that in spite of all the
numerous efforts done in this field the nature of LTP appears still to be unsettled and a decisive and consistent conventional density wave theory is rather
unlikely to emerge. In parallel to these, from the late nineties, a development
of the theory of quasi-one dimensional unconventional spin and charge density
waves (UDW) has started [50]. For further developments on UDW physics the
Reader may consult Ref. [51] and references therein. Very recently the experimental findings of the works cited above on the LTP of α-(ET)2 have been
explained remarkably well by a quasi-one dimensional UCDW, including the
threshold electric field [52, 53, 54] the angular dependent magnetoresistance
[55, 56] and the magnetothermopower and Nernst effect [57].
In light of all what has been said so far we find that the study of unconventional condensates of solid state physics is indeed a very promising enterprise
and is in the centre of the present condensed matter research. This thesis,
first and foremost, considers quasi-one dimensional UDW condensates and its
primary object is to open new directions in UDW research. In the course of
this theoretical study four topics will be investigated in depth. The thesis is
organized as follows: in the four main chapters the electronic Raman scattering (Chapter 1), the electron-phonon interaction (Chapter 2), the effect of a
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single impurity embedded in UDW host (Chapter 3) and the impurity scattering at finite concentration (Chapter 4) are studied. At the beginning of each
chapter a literary overview of the specific research field is given followed by
the detailed presentation of the new results from which the most significant
ones are briefly summarized at the end of the chapter.

Chapter 1
Electronic Raman scattering in
unconventional density wave
Elastic and inelastic scattering of particles in solids can provide a wealth of
detailed information about the structure and elementary excitations of matter.
For example it is known for quite a long time that high energy x-ray photons
are perfectly suitable for the exploration of crystal structure, whereas application of low energy thermal neutrons is appropriate for investigating dynamic
properties of the vibrating lattice, the collective excitations known as phonons.
As to the study of electronic properties, it is the inelastic scattering of light,
especially in the optical regime, that suits the problem. This second order
process of light scattering is called electronic Raman scattering.
The interest in electronic Raman scattering has grown tremendously with
the discovery of superconductivity. After the birth of BCS theory by Bardeen,
Cooper and Schrieffer [3] there have soon appeared experimental studies on
superconductors with the primary object to directly measure the energy gap
∆. At very low temperatures the presence of the gap in the electronic energy
spectrum leads to the absence of absorption of radiation having frequency less
then the threshold 2∆, that is needed to break up a Cooper pair. Therefore,
measuring the onset of absorption would in principle yield the gap. These
very early experiments were, however, unsuccessful. The fundamental difficulty of the measurement lies to a great extent in the extremely small amount
of scattering, which is associated with the fact that the skin effect enables the
light to penetrate only into a very thin surface layer of the sample (∼10−5 cm).
Further, the experimental resolution available at that time was also not sufficient enough. Nevertheless, the lack of experimental data did not hamper the
proposals of various theoretical predictions [58, 59, 60, 61]. The earliest theory
of Ref. [58] by Abrikosov and Fal’kovskii considered a spherically symmetric
superconductor without Coulomb effects. In this case, however, it soon turns
out that the light couples directly to the superconducting density fluctuations.
7
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In order to maintain gauge invariance it is also necessary to take vertex corrections into account, those that arise from the residual interaction in the zero
sound channel. This leads to the appearance of the collective phase excitation
of the superconductor known as the Bogoliubov-Anderson mode. Because of
its acoustic nature [62], it would dominate the low frequency Raman spectrum
of a neutral superconductor. However, as superconductors are charged Fermi
systems, the inevitable long range Coulomb forces push this mode up to high
energy and it becomes the plasma oscillation. Therefore, later in a separate
publication the Coulomb effects as well as the anisotropy of the band structure
(which is rather plausible in solids) have also been accounted for [59]. What
is common in these theories is that they all neglected possible gap anisotropy
and they were made in the limit of large wave vector transfer, q ≫ ξ0−1 , with
ξ0 = vF /∆ being the superconducting coherence length. In this limit the
calculations predicted that at zero temperature the Raman intensity would
discontinuously turn on at ω = 2∆ to a value above that of a normal metal
and for increasing energy transfer it would rise [63] but gradually approach
the normal metal value from above [58, 61].
The first clear evidence of Raman scattering by gap excitations in conventional superconductors like 2H-NbSe2 , Nb3 Sn or V3 Si appeared in the early
eighties, see Refs. [64, 65] and references therein. Theses compounds, similarly to the later discovered high temperature cuprate superconductors, are
characterized by the small q limit, i.e. the optical penetration depth δ ∼ q −1
is much larger then ξ0 . In this limit, according to BCS theory, a perfectly
isotropic clean superconductor would exhibit a very sharp onset of absorption
at ω = 2∆ with square root singularity [64, 65]. The necessity of this singular
behavior can be easily understood with the aid of BCS theory: light scattering
in a Raman experiment is a second order process in vector potential, hence
does not break time reversal symmetry. This results in type-I coherence factor
in the expression of scattering intensity leading indeed to the aforementioned
singularity. The lineshape of the Raman susceptibility thus qualitatively differs from that of optical conductivity, which in contrast exhibits a linear edge
at ω & 2∆. Though both arise from interaction of electrons with electromagnetic radiation, the optical conductivity is intimately related to the absorption
of light, which is a first order process breaking time reversal symmetry and as
such results in type-II coherence factor instead. The fact that the singularity
in Raman experiments appears as a rather broad peak can be attributed to either gap anisotropy [64, 65] or final state interactions between the excited pair
of quasiparticles [65, 66]. Differentiation between the two scenarios is not a
trivial task. In principle, vertex corrections can lead to either attractive or repulsive (final state) interaction and so to bound states below but very close to
2∆ [66]. At the same time the continuum above this threshold is renormalized
as well. Most importantly the square root singularity is removed. Neverthe-
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less, because of Lorentzian broadening due to finite experimental resolution
and possible lifetime effects of quasiparticles, the very fine and subtle details
of the Raman spectrum around 2∆ are smoothed out and the final result is
very much like as it has been caused by gap anisotropy.
It is not just the field of conventional superconductors where electronic Raman scattering is of particular interest. It was argued that the other collective
mode of a superconductor, the amplitude excitation of the order parameter
couples to the CDW phonon and so is accessible in Raman experiment in
charge density wave superconductors [62]. To explore this possibility in depth,
charge density wave superconductors like NbSe2 have been studied too [67].
Polarized optical reflectivity measurements in the far infrared region as well
as Raman scattering measurements have contributed to the understanding of
collective phenomena in conventional charge density waves with constant gap
[68, 69]. Further, since the discovery of high temperature superconductivity
in cuprates in 1986 [7], Raman scattering measurements became of crucial
importance in the quest for the microscopic origin of pairing, because they
offer a unique opportunity to obtain symmetry dependent material information. By altering the polarizations of both the incident and scattered light, one
can selectively examine certain quantities that are dependent on a particular
symmetry of the point group of the crystal [70]. The experimental data have
shown a rich polarization dependence [71]. In order to understand the related
physics in more detail, theoretical calculations of Raman scattering in unconventional superconductors have appeared with emphasis on the effect of the
strongly k dependent energy gaps and nodes [70, 72], non-magnetic impurity
scattering [70, 73] and the effect of pseudogap in underdoped samples [70, 74].
In this chapter we consider electronic Raman scattering in quasi-one dimensional conductors with unconventional density wave ground state. The
plan is as follows: in Section 1.1 the formalism is presented, with special attention on density wave materials. In Section 1.2 we explore the quasiparticle
Raman lineshapes. We investigate the different symmetry components of the
vertex and study the effect of imperfect nesting as well as the effect of a small
external magnetic field. Section 1.3 is devoted to the calculation of fluctuation
effects in random phase approximation (RPA), while Section 1.4 contains our
conclusions.

1.1

Electronic Raman Scattering

Light coupling to electrons via vector potential A can be treated in secondorder perturbation theory. The intensity of scattered light in a Raman exper-
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iment can be expressed as [65]
dσ
ωf
= r02 V S(q, ω),
dωdΩ
ωi

(1.1)

where r0 = e2 /(mc2 ) is the classical Thomson radius of an electron, V is the
volume of the sample and ωi , qi and ωf , qf are the energies and momenta of the
photon in the initial and final states (before and after scattering), respectively.1
Furthermore the energy and momentum transfer to the material are ω =
ωi − ωf and q = qi − qf . The generalized structure factor S is related to the
Raman response through the fluctuation-dissipation theorem
S(q, ω) =

−1
1
1 − e−βω
Imχ(q, ω).
π

(1.2)

The Raman susceptibility of electrons measures “effective density” fluctuations
∞

i
dt eiωt Θ(t)h[γ(t), γ + ]i,
V
−∞
X
γ(k)a+
γ=
k,σ ak+q,σ ,

χ(q, ω) =

Z

(1.3a)
(1.3b)

k,σ

and since we are interested in the q → 0 behavior, we neglected the q dependence of the vertex γ(k).2 The operator γ is indeed reminiscent of the Fourier
transform of the density n(q) and in the γ(k) → 1 formal limit it becomes
precisely that. Here a+
k,σ (ak,σ ) is the creation (annihilation) operator of a
Bloch electron with momentum k and spin σ in the single conduction band
ǫ(k) = −2ta cos(akx ) − 2tb cos(bky ) − 2tc cos(ckz ) − µ.

(1.4)

Our system is based on an orthorhombic lattice with one atom per unit cell
and lattice constants a, b and c towards directions x, y and z, respectively.
The dispersion is highly anisotropic (ta ≫ tb , tc ) as in many materials, like
Bechgaard salts. This facilitates nesting and the development of density waves
of different kinds. Henceforth, the most conducting crystal axis x will often
be called the chain direction. The strength of scattering is determined by the
momentum dependent function γ(k) called the Raman vertex


1 X hk|ef p|bkihbk|ei p|ki hk|ei p|bkihbk|ef p|ki
γ(k) = ei ef +
+
, (1.5)
m b
ǫ(k) − ǫb (k) + ωi
ǫ(k) − ǫb (k) − ωf
1

In the whole thesis we use units where kB = ~ = 1.
More precisely, the wavenumbers characterizing the photon in a Raman experiment are
usually orders of magnitude smaller than the characteristic Fermi wavenumber of electrons
kF . Therefore their effect in the vertex is negligible, the relevant q dependence comes from
the Green’s function.
2
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where b stands for the band index of the electron excited out of the conduction band, and the corresponding states are |bki and |ki. In addition, the
polarization vectors of the incoming and scattered light are denoted by ei
and ef . If the light frequencies can be neglected in comparison to the optical band gap the Raman vertex is simply related to the inverse mass tensor
γαβ (k) = m∂ 2 ǫ(k)/∂kα ∂kβ through the relation
X
γ(k) =
eαi γαβ (k)eβf ,
(1.6)
α,β

which is known as the effective mass approximation.
The time evolution in Eq. (1.3a) is governed by the total (interacting)
Hamiltonian H of electrons. Moreover, the expectation value is taken with
respect to that as well. In our one band lattice model it reads
X
1 X
+
ǫ(k)a+
a
+
H=
(1.7)
Ṽσσ′ (k, k′ , q)a+
k,σ
k,σ
k+q,σ ak,σ ak′ −q,σ′ ak′ ,σ′ ,
2V
′
k,σ
k,k ,q
σ,σ′

where Ṽ is the mutual interaction between particles and its dependence on incoming electron momenta originates from second quantization on Bloch basis.
The mean-field theory of this Hamiltonian in quasi-one dimensional conductors favoring density wave ground state has been worked out in Ref. [50] with
special emphasis on unconventional ordering. For further developments on the
field of unconventional density waves the Reader may consult Ref. [51] and
references therein. Decoupling the four operators in Eq. (1.7) within meanfield theory and neglecting fluctuations an effective quadratic Hamiltonian is
obtained [2, 50]
X
Ψ+ (k)(ξ(k)ρ3 + ∆′ (k)ρ1 − ∆′′ (k)ρ2 )Ψ(k),
(1.8)
H0 =
k

where ρi (i = 1, 2, 3) stand for the Pauli matrices acting on the space of
left- and right-going electrons.3 The four component spinor operator Ψ(k) is
3

As is well-known, they are


0 1
ρ1 =
,
1 0

ρ2 =



0 −i
,
i 0

ρ3 =


1
0


0
.
−1

The respective Pauli matrices acting on spin space will be denoted by σi . The unit matrices
in these spaces are often written in the literature as ρ0 and σ0 , we however omit their
notation for brevity. In view of this, whenever four component spinors shall be used, as for
example in Eq. (1.8), ρi mean actually the four-by-four matrix of the direct products σ0 ρi .
For example


0 −iρ1
σ2 ρ1 =
.
iρ1
0

12
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defined by
+
+
+
Ψ+ (k) = (a+
k↑ , ak−Q↑ , ak↓ , ak−Q↓ ),

(1.9)

with Q = (2kF , π/b, π/c) being the best nesting vector. Furthermore, the
linearized electron spectrum in kx around kF (µ = −2ta cos(akF )) is
ξ(k) = vF (kx − kF ) − 2tb cos(bky ) − 2tc cos(ckz ),

(1.10)

and ∆(k) = ∆′ (k) + i∆′′ (k) is the decomposition of the order parameter into
real and imaginary parts. Strictly speaking, Eq. (1.8) is valid only in charge
density wave where ∆(k) is independent of spin as the spin degree of freedom
is irrelevant from the phase transition’s point of view. In spin density wave,
however, the order parameter changes sign for spin flip and thus ρ1,2 have to
be replaced by σ3 ρ1,2 .
Now, following standard methods we evaluate the retarded susceptibility of
the effective density with analytical continuation from the Fourier transform of
the corresponding (imaginary) time ordered response χ(q, τ ) = −hTτ γ(τ )γ + i.
To this end we utilize the single particle thermal Green’s function, which, in
Nambu’s notation, is defined as [75, 76]
Z β
G(k, iωn ) = −
dτ hTτ Ψ(k, τ )Ψ+ (k)iH eiωn τ .
(1.11)
0

With the mean-field Hamiltonian at hand, without fluctuations in a charge
density wave one readily finds G−1 (k, iωn ) = iωn −ξ(k)ρ3 −∆′ (k)ρ1 +∆′′ (k)ρ2 ,
or performing the inverse explicitly
G(k, iωn ) = −

iωn + ξ(k)ρ3 + ∆′ (k)ρ1 − ∆′′ (k)ρ2
.
ωn2 + ξ(k)2 + |∆(k)|2

(1.12)

For spin density wave ρ1,2 has to be replaced by σ3 ρ1,2 . We note at this
point that in what follows we will assume a real order parameter, because in
the absence of impurities and thus pinning its phase is unrestricted due to
incommensurability and may be chosen to be zero for convenience. As to the
k dependence, the order parameter is either independent of the momentum,
which is the case of conventional density wave, or it can have four different
types of wavevector dependence [∆ cos(bky ), ∆ sin(bky ), ∆ cos(ckz ), ∆ sin(ckz )]
as discussed in detail in Ref. [50]. Henceforth, without the loss of generality
we can assume a ky dependent gap, because the two perpendicular directions
are equivalent in our model.

1.2

Quasiparticle contribution

Making use of the anisotropic nearest neighbor tight-binding band structure
of Eq. (1.4) and Eq. (1.6) relating it to the vertex, the Raman tensor becomes
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Figure 1.1: One bubble diagram of Raman susceptibility without interaction
where the lines denote electron Green’s functions.
diagonal with the same cosine functions being in the diagonal that appear in
ǫ(k). Since the band structure belongs to the completely symmetric irreducible
representation Ag of the pointgroup of the lattice D2h , it follows that this is
similarly true for every component of the vertex γ(k). Our model is therefore only capable of describing Raman spectra belonging to the Ag symmetry
channel, i.e. spectra measured in x − x, y − y and z − z scattering geometries.
In order to generalize the present treatment to incorporate the possibility of
scattering effects with perpendicular polarizations, for instance the x−y geometry, non-vanishing offdiagonal components of the Raman tensor are needed.
In particular, in case of x − y geometry the inclusion of a second nearest neighbor hopping term in the a − b plane can account for finite absorption. It can
be readily shown that in an orthorhombic lattice the spectrum obtained in the
x − y geometry belongs to the B1g representation. We return to this point at
the end of this section.

1.2.1

Raman spectra with Ag symmetry

Coming back to the Green’s function in Eq. (1.12), the quasiparticle contribution to the Raman susceptibility χ = h[γ, γ]i0 can be written as the sum of
three terms corresponding to the three different polarization directions [77]
χ(q, iν → ω) = −

1 X
Tr(ΓG(k, iωm )ΓG(k + q, iωn + iν))
βV

x

k,ωn
y

(1.13)

z

=χ +χ +χ ,

where Γ(k) is a four by four diagonal matrix
2Γ = γ(k) + γ(k − Q) + [γ(k) − γ(k − Q)]ρ3 .

(1.14)

Equation (1.13) corresponds to a single bubble diagram with self energy corrections due to the order parameter of the condensate. A diagrammatic representation of this one bubble susceptibility is depicted in Fig. 1.1. For simplicity,
we shall limit our analysis to q = (qx , 0, 0), i.e. wavevector pointing in the
quasi-one-dimensional direction. For the retarded correlation functions we get
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x

χ (ζ, ω) =

2N0 γx2


ζ2
(2ta cos(akF ))2 2
(1 − 4∆2 F2 )
2
ζ −ω


4∆2 ω 4
2
2
2
+ ω F2 − 2
F4
, (1.15a)
+∆
N0 Vc P
(ω − ζ 2 )2



8ω 2∆2
ζ2
1−
(F2 − F4 ) ,
=
− ω2
ζ2


8ω 2∆2
ζ2
y
2 2
1−
F4 ,
χcos (ζ, ω) = 4N0 γy tb 2
ζ − ω2
ζ2


4ω 2∆2
ζ2
z
2 2
1−
F2 ,
χ (ζ, ω) = 4N0 γz tc 2
ζ − ω2
ζ2
χysin (ζ, ω)

4N0 γy2 t2b 2
ζ

(1.15b)
(1.15c)
(1.15d)

where N0 = 1/(πvF bc) is the density of states at the Fermi energy in the
normal state per spin per unit volume, Vc = abc is the cell volume, ζ = vF qx
and γx = ma2 (exi exf ), γy = mb2 (eyi eyf ), γz = mc2 (ezi ezf ). Furthermore, P is the
relevant coupling responsible for the density wave formation (its detailed form
can be found in Ref. [50]) and
2

2

Fn = (ζ − ω )

Z

∞

dx

0

Z

2π

0

2

dy
tanh
2π



βx
2



N
sinn (y)
Re p
, (1.16a)
D
x2 − ∆2 sin2 (y)

N = (ζ − ω 2)2 − 4x2 (ζ 2 + ω 2 ) + 4∆2 ζ 2 sin2 (y),
D = N 2 − 64x2 ω 2 ζ 2(x2 − ∆2 sin2 (y)),

(1.16b)
(1.16c)

is the function that shows up in the correlation functions of conventional density waves with constant gap [78], as well as in the unconventional case [79].
Note that there are two distinct response functions associated with the y − y
scattering geometry depending on the actual wavevector dependence of the
gap. This is because the “interference” of the cosine vertex with the gap under the momentum integral of Eq. (1.13) is different for a gap function with
sine than for one with cosine.
Since the momentum transfer of scattered light is small compared to the
Fermi wavevector, we are only interested in the long wavelength limit. Taking the imaginary part of the susceptibilities according to Eq. (1.2), at zero
temperature we find for conventional density wave
√
π
Re x2 − 1,
2x
1
2 2 2π
,
= 2N0 γy,z
tb,c Re √
x
x2 − 1

Imχxconv = 2N0 γx2 ∆2

(1.17a)

Imχy,z
conv

(1.17b)
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Figure 1.2: Raman spectrum of UDW for x−x polarization (left panel) and z−
z polarization (right panel) at T = 0. Insets: the same spectra in conventional
DW.
whilst in UDW we get
2N0 γx2 ∆2
Imχ =
3x
x



2(x2 − 1)K(x) − (x2 − 2)E(x),
x < 1,
2
2
x(x − 1)K(1/x) − x(x − 2)E(1/x), x ≥ 1,
(1.18a)

Imχysin

8N0 γy2 t2b
=
3x



(1 − x2 )K(x) − (1 − 2x2 )E(x),
x < 1,
2
2
2x(1 − x )K(1/x) − x(1 − 2x )E(1/x), x ≥ 1,
(1.18b)

Imχycos

8N0 γy2 t2b
=
3x



(x2 + 2)K(x) − 2(x2 + 1)E(x),
x < 1,
x(2x2 + 1)K(1/x) − 2x(x2 + 1)E(1/x), x ≥ 1,
(1.18c)

4N0 γz2 t2c
Imχ =
x



K(x) − E(x),
x < 1,
x(K(1/x) − E(1/x)), x ≥ 1,

z

(1.18d)

where x = ω/(2∆) and K(x) and E(x) are the complete elliptic integrals of
the first and second kind, respectively. The response functions for finite T are
obtained simply by multiplying Eqs. (1.17) and (1.18) by tanh(ω/4T ). The
spectra are shown in Figs. 1.2 and 1.3.
In conventional density wave, due to equivalence of the b and c crystal
directions, not surprisingly we obtain the same results for y − y and z − z
polarizations showing the usual inverse square root divergence at the optical
threshold 2∆. These lineshapes are almost identical to that of the optical
conductivity, which exhibits the same singularity but instead of ω −2 it falls of
with ω −3 at high frequencies [80]. As opposed to this, for chain polarization
the divergent peak is suppressed and transformed to a square root edge at the
same threshold due to the vanishing vertex on the Fermi surface.
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Figure 1.3: Raman spectrum of UDW for y − y polarization with ∆(k) =
∆ sin(bky ) (left panel) and with ∆(k) = ∆ cos(bky ) (right panel). Insets: the
same spectra in conventional DW.
In stark contrast to ordinary density waves with constant gap, in UDW
there are line nodes on the Fermi surface, giving rise to arbitrarily small energy single particle excitations. It follows at once that the intensity is finite
for frequencies smaller than the maximum optical gap 2∆. Furthermore, in
y − y geometry the interplay between the cosinusoidal vertex and the order
parameter results in two qualitatively different lineshapes, see Fig. 1.3. The
singularities in UDW spectra are of logarithmic type and are caused by Van
Hove singularities in the quasiparticle density of states [50]. However, this
peak in the left panel of Fig. 1.3 is suppressed because of the zero vertex at
the gap maximum.
All these features of light scattering intensities make the Raman experiment
a relevant and fruitful probe in identifying the magnitude and symmetry of the
energy gap. Similar analysis has contributed to the establishment of d-wave
nature of the order parameter in high temperature superconductors [72].

1.2.2

Raman spectra with B1g , B2g and B3g symmetries

We have already pointed out in the beginning of this section that the choice of
the nearest neighbor tight-binding band structure for the one particle energies
is only sufficient to describe the Raman response in the Ag symmetry channel.
Now we extend the previous analysis with the inclusion of second nearest
neighbor hopping terms in the a−b, a−c and b−c crystal planes, respectively.
Namely, we add to ǫ(k) the following
4txy cos(akx ) cos(bky ) + 4txz cos(akx ) cos(ckz ) + 4tyz cos(bky ) cos(ckz ). (1.19)
This extension on one hand can be considered as the simplest natural and
physically motivated step towards the treatment of more realistic band struc-
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ture, on the other hand it is sufficient to explain the Raman spectra measured
with perpendicular polarizations that belong to the other three (gerade) irreducible representation of the pointgroup. The first term of Eq. (1.19) for
example will clearly give nonzero offdiagonal component in the Raman tensor
(γxy ∼ sin(akx ) sin(bky )). This function of the wavevector is the most simple
basis function of the representation B1g of D2h . Similarly, the second and third
terms yield non-vanishing contributions in the other two offdiagonal positions
of the tensor, and the corresponding functions belong to the remaining two
representations B2g and B3g , respectively.
Now, making use of the formalism and notations introduced in the previous
subsection the Raman spectra in x − y geometry are [77]

ζ2
B1g
2
χsin (ζ, ω) = 4N0 γxy αt2xy 2
(1 − 8∆2 F4 )
ζ − ω2


4∆2 ω 4
1
2
2
+ ω F4 − 2
F6
, (1.20a)
+ 2βxy ∆
N0 Vc P
(ω − ζ 2)2
and

ζ2
(1 − 8∆2 (F2 − F4 ))
ζ 2 − ω2


4∆2 ω 4
1
2
2
+ ω (F2 − F4 ) − 2
(F4 − F6 )
, (1.20b)
+ 2βxy ∆
N0 Vc P
(ω − ζ 2 )2

1g
χB
cos (ζ, ω)

=

2
4N0 γxy



αt2xy

where α = 4 sin2 (akF ), βxy = (txy /ta )2 cot2 (akF ) and γxy = mab. In x − z
geometry we have

ζ2
B2g
2
(1 − 4∆2 F2 )
χ (ζ, ω) = 4N0 γxz αt2xz 2
ζ − ω2


4∆2 ω 4
2
2
2
+ ω F2 − 2
F4
, (1.21)
+ βxz ∆
N0 Vc P
(ω − ζ 2 )2

where βxz = (txz /ta )2 cot2 (akF ) and γxz = mac. Finally, in y − z polarization

ζ2
2
1
−
8∆
F
,
4
ζ 2 − ω2

ζ2
2 2
2
3g
χB
1
−
8∆
(F
−
F
)
,
2
4
cos (ζ, ω) = 8N0 γyz tyz 2
ζ − ω2
B

2 2
χsin3g (ζ, ω) = 8N0 γyz
tyz

(1.22a)
(1.22b)

where γyz = mbc. In the long wavelength limit as ζ tends to zero χB3g vanishes,
whereas χB1g and χB2g remain finite. At zero temperature the imaginary parts
needed for the light scattering intensity read
 −1
1
x (−8 + 7x2 + x4 )K(x) + x−1 (8 − 3x2 − 2x4 )E(x), x < 1,
B1g
Imχsin ∼
15 (−4 + 2x2 + 2x4 )K(1/x) + (8 − 3x2 − 2x4 )E(1/x), x ≥ 1,
(1.23a)
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Figure 1.4: Raman spectrum of UDW for x − y polarization with ∆(k) =
∆ sin(bky ) (left panel) and with ∆(k) = ∆ cos(bky ) (right panel). Insets: the
same spectra in conventional DW.
1g
ImχB
cos

B2g

Imχ

1
∼
15



x−1 (−2 + 3x2 − x4 )K(x) + x−1 (2 − 2x2 + 2x4 )E(x), x < 1,
(−1 + 3x2 − 2x4 )K(1/x) + (2 − 2x2 + 2x4 )E(1/x), x ≥ 1,
(1.23b)

1
∼
3x



2(x2 − 1)K(x) − (x2 − 2)E(x),
x < 1,
2
2
x(x − 1)K(1/x) − x(x − 2)E(1/x), x ≥ 1,

(1.23c)

where x = ω/(2∆). The spectrum of the latter is, apart from numerical
factors, precisely that of χx shown in the left panel of Fig. 1.2, therefore it is
not presented here again. In the case of B1g the lineshapes are not exactly that
of χx but quite similar. They are in Fig. 1.4 together with the conventional
results.
The above considerations indicate, that assuming a more realistic band
structure would not significantly alter the Raman lineshapes obtained in this
section.

1.2.3

Effect of imperfect nesting

Up to this point the quasi-one dimensional conductor we have been considering
exhibits perfect nesting. Perfect nesting of a band structure means that there
exists a wave vector Q (called the nesting vector) for which
ǫ(k) + ǫ(k − Q) = 0

(1.24)

holds for every k on an extended portion of the Fermi surface. In quasi-one
and strictly one dimensional systems the band structure is usually linearized
around the Fermi surface, which is a reasonable approximation as long as the
low energy behavior is concerned. The phase transition to a density wave
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ground state opens a gap ∆ at the Fermi surface, whose order of magnitude
is much smaller than the bandwidth. As we are interested in the frequency
dependence of light scattering intensity on an energy scale of order ∆, the
linearization in Eq. (1.10) is therefore completely justified. However, when
obtaining ξ(k) we have regarded the Fermi surface as consisting of two perfectly
parallel sheets located at ±kF , which indeed exhibits perfect nesting with a
separation of 2kF .
A better representation of the wavy Fermi sheets is obtained if we take
into account the effect of finite perpendicular couplings. For example the
Fermi sheet of right-going electrons reads

cos(bky ) tb
akx = akF +
+ O (tb /ta )2 ,
(1.25)
sin(akF ) ta
where we have assumed that tb ≫ tc , hence the effect of tc is negligible. Taking
into account the second term in this expansion, we get a better approximation
of the kinetic energy: ǫ(k) = ξ(k) + η(k), where
η(k) = ǫ0 cos(2bky ),
cos(akF ) t2b
.
ǫ0 = − 2
sin (akF ) 2ta

(1.26a)
(1.26b)

The energy ǫ0 is called the imperfect nesting parameter. The effect of imperfect
nesting on the properties of conventional charge and spin density waves has
been studied quite extensively over the years [81, 82, 83]. Recently the analysis has been extended to unconventional density waves as well, with special
emphasis on thermodynamics, optical conductivity and the threshold electric
field [54, 84]. In this subsection we present results for the quasiparticle Raman
susceptibility, modified by the presence of imperfect nesting.
In what follows the real order parameter is assumed to depend on the
wave vector as ∆(k) = ∆ sin(bky ) or ∆ cos(bky ). This model, where the gap
and the imperfect nesting depends on the same wave vector component, is
known as the 2D model, because only two dimensions of momentum space are
involved essentially in the calculations.4 Perhaps the most intriguing property
of this model is that the chemical potential does not remain constant under
the density wave formation [84]. Its shift is given by
∆(T, ǫ0 )2
δµ = ǫ0 Θ[∆(T, ǫ0 ) − 2ǫ0 ] +
Θ[2ǫ0 − ∆(T, ǫ0 )].
4ǫ0

(1.27)

With all this, the single particle Green’s function defined in Section 1.1 can
be readily generalized for imperfect nesting as
G−1 (k, iωn ) = i(ωn + i(η(k) − δµ)) − ξ(k)ρ3 − ∆(k)(σ3 )ρ1 .
4

(1.28)

There also exists a 3D model with a gap depending on kz as ∆(k) = ∆ sin(ckz ) or
∆ cos(ckz ), for details see Ref. [54].
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Figure 1.5: Zero temperature Raman spectra of UDW in x − x (left panel) and
z − z (right panel) polarizations, where ǫ0 /∆00 = 0-0.5 (solid), 0.6 (dashed),
0.7 (dotted) and 0.8 (dashed-dotted). Here ∆00 = ∆(T = 0, ǫ0 = 0).
Having the Green’s function at hand we are ready to perform the calculation
of bubble diagram of the Raman susceptibility once again, just as we did in
Eq. (1.13). Equation (1.28) shows that the effect of finite ǫ0 can be incorporated into the theory by assigning the Matsubara frequencies an imaginary
part. With this observation it is not so hard to see that the only modification in the long wavelength response function h[γ, γ]i0(ζ = 0, ω) occurs in the
integrand of Eq. (1.16a), namely tanh(βx/2) has to be replaced by




1
1
β(x + η(k) − δµ)
β(x − η(k) + δµ)
+ tanh
.
(1.29)
tanh
2
2
2
2
Now, the imaginary parts of the response functions can be expressed in closed
form with the help of incomplete elliptic integrals much the same way as
in Eq. (1.18), though the formulas in this case are a bit more lengthy. We
omit showing them here as there is no instructive benefit in seeing the detailed expressions. Nevertheless, the lineshapes might be of interest which are
therefore shown in Figs. 1.5 and 1.6 at zero temperature and for several different values of ǫ0 . As mentioned already, the complete thermodynamics with
phase diagram and the ǫ0 dependence of the order parameter can be found in
Ref. [84]. When plotting the spectra, we have only made use of the function
∆(T = 0, ǫ0 ), which is the solution of the zero temperature gap equation. It
turns out that as long as 2ǫ0 < ∆00 = ∆(0, 0) there is no change in the zero
temperature order parameter and ∆00 constitutes the stable solution. However, √
above this threshold the gap starts to decrease and at a critical value of
ǫ0 = e∆00 /2 ≈ 0.82∆00 the gap vanishes continuously. This is the reason why
the solid curves in Figs. 1.5 and 1.6, already familiar from Subsection 1.2.1,
are associated with the region ǫ0 /∆00 = 0-0.5.
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Figure 1.6: Zero temperature Raman spectra of UDW in y−y polarization with
∆(k) = ∆ sin(bky ) (left panel) and ∆ cos(bky ) (right panel), where ǫ0 /∆00 = 00.5 (solid), 0.6 (dashed), 0.7 (dotted) and 0.8 (dashed-dotted). Here ∆00 =
∆(T = 0, ǫ0 = 0).
An interesting consequence of imperfect nesting is that the logarithmic singularities disappear and transform into a double cusp-like feature. In addition
to that, a finite optical gap can be observed in the spectra as well. This structure however evolves only if 2ǫ0 > ∆00 . The positions of the cusps themselves
are

∆ p
2
2
2(2ǫ0 ) − ∆ + ∆ ,
ω1 =
(1.30a)
2ǫ0
!
 2
∆
,
(1.30b)
ω2 = 2ǫ0 1 +
2ǫ0
where ω1 < ω2 , whilst the gap is
G=


∆ p
2(2ǫ0 )2 − ∆2 − ∆ .
2ǫ0

(1.31)

Here we have used the notation ∆ = ∆(0, ǫ0 ) for better readability. These
clear cut features are strongly related to the single particle density of states
and characterize the possible quasielectron-quasihole pair excitations. Not
surprisingly, the very same features were found in the optical conductivity
[84].

1.2.4

Effect of magnetic field

To end this section about the quasiparticle Raman susceptibility, we finally
explore the effect of a static external magnetic field on the Raman lineshapes
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Figure 1.7: Raman spectra of UCDW in x − x (left panel) and z − z (right
panel) polarizations for h = 0.3∆00 , where T /Tc0 = 0 (solid), 0.25 (dashed),
0.5 (dotted) and 0.75 (dashed-dotted). Here ∆00 = ∆(T = 0, h = 0) and Tc0
is the transition temperature at zero field.
obtained in Subsection 1.2.1. The effect of Pauli paramagnetism on unconventional charge density wave has already been studied extensively by Dóra
et al. in Ref. [53]. Here the phase diagram, thermodynamics, threshold electric
field and the optical conductivity in magnetic field were discussed in detail.
The subject of this subsection is to complement their analysis with the Raman
response of UCDW.
The Zeeman splitting of energy levels can be readily incorporated into the
theory through the Green’s function, where the Matsubara frequencies acquire
a finite imaginary part as ωn → ωn + ihσ3 , with h = µB H. This effect of the
field is very similar to that of imperfect nesting, see Subsection 1.2.3.5 Hence,
it is rather plausible that the only modification in the Raman susceptibilities
occurs in the integrand of Eq. (1.16a) as




1
1
β(x + h)
β(x − h)
+ tanh
,
(1.32)
tanh
2
2
2
2
which is the precise analogue of Eq. (1.29). Given the simplicity of this result,
the explicit appearance of h in the response function can be separated
Imh[γ, γ]i0 (h, ω) =

1 − tanh2 (h/2T )
Imh[γ, γ]i0 (0, ω),
1 − tanh2 (ω/4T ) tanh2 (h/2T )

(1.33)

where the functional form of the susceptibility on the right hand side is exactly
the same as that obtained in Subsection 1.2.1, though h still enters implicitly
5

Note that there is no renormalization in chemical potential because the density of states
retains its particle-hole symmetry [53].
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Figure 1.8: Raman spectra of UCDW in y − y polarization with ∆(k) =
∆ sin(bky ) (left panel) and ∆ cos(bky ) (right panel). Furthermore, h = 0.3∆00
and T /Tc0 = 0 (solid), 0.25 (dashed), 0.5 (dotted) and 0.75 (dashed-dotted).
Here ∆00 = ∆(T = 0, h = 0) and Tc0 is the transition temperature at zero
field.
through ∆(T, h). At zero temperature and at finite field the prefactor simplifies
to Θ(ω − 2h), that is to say a clean optical gap develops. This is indeed
the expected behavior as the optical transfer from occupied to empty states
requires a minimum of 2h energy. This and other features of the spectra are
shown in Figs. 1.7 and 1.8 at different temperatures, where a fixed value of
h = 0.3∆00 was used. Here ∆00 = ∆(T = 0, h = 0) and when plotting the
figures we have relied on the concrete temperature and field dependence of the
gap [53]. All temperature values as well as the fixed field is within the phase
boundary of UCDW.
The results of this subsection, especially the qualitative features of Raman
lineshapes, are in perfect accordance with the results on quasiparticle optical
conductivity [53], as both carry the same information on the possible particlehole type excitations of the condensate.

1.3

Electron-electron interaction, RPA series

The previous section dealt with the Raman response function in the one bubble
approximation, i.e. the effect of interaction is taken into account in the self
energy only. Now we turn our attention to the residual interaction at the
RPA level, since its short and long wavelength components may give rise to
collective modes and Coulomb screening, respectively.
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1.3.1

Collective excitations in the Raman response6

Following Ref. [79], the short wavelength component of electron-electron interaction favoring a sinusoidal gap in the ky direction is given by

N
Ṽσσ′ (k, k′ , q) = δ−σ,σ′ 2Jy sin(bky ) sin(b(ky′ − qy )) − 2Fy sin(bky ) sin(bky′ )
V
(1.34)
+ δσ,σ′ (Jy − Vy ) sin(bky ) sin(b(ky′ − qy )).
The whole interaction responsible for density wave formation and the couplings (J, F, V, . . . ) can be found in Ref. [50]. Here we shall continue with the
assumption we made in Section 1.2, namely that as we enter the low temperature phase, a gap varying in the ky direction opens up first and persists
all the way down to zero temperature. Moreover we fix its functional form
to be sinusoidal. All the calculations we present here can also be done with
cosinusoidal gap without any relevant changes.
In the small momentumtransfer limit using the spinor introduced in
Eq. (1.9), the interaction operator corresponding to the matrix element of
Eq. (1.34) can be recast as
Hint = −

Pi X +
Ψ (k + q)Ai (k)Ψ(k)Ψ+ (k′ − q)Ai (k′ )Ψ(k′ ),
4
′

(1.35)

k,k ,q

where i = c, s for unconventional charge and spin density wave, respectively.
Besides, Ac = ρ1 sin(bky ), As = σ3 ρ1 sin(bky ) and the detailed form of the
relevant couplings Pc and Ps are given in Ref. [50]. With all this, the autocorrelation function of “effective density” in RPA reads [77]
Pi Vc
h[γ, Ai]i0 h[Ai , γ]i,
4
Pi Vc
h[Ai , Ai ]i0 h[Ai , γ]i,
h[Ai , γ]i = h[Ai , γ]i0 +
4
h[γ, γ]i = h[γ, γ]i0 +

(1.36a)
(1.36b)

where the zero subscript denotes one bubble results and h[γ, γ]i0 is already
given in Eq. (1.13). In addition, similar calculations lead to


2
2
2
2
h[Ai , Ai ]i0 (ζ, ω) = 2N0
+ (ω − ζ )F2 − 4∆ F4 ,
(1.37a)
N0 Vc Pi


4∆2 ω 2
2
2
+ ω F2 − 2
F4 .
(1.37b)
h[γ, Ai ]i0 (ζ, ω) = 2N0 γx ∆
N0 Vc Pi
ω − ζ2
It is readily seen from Eq. (1.37b) that the contributions of y − y and z − z
scattering geometries do not appear, meaning that the interaction allows the
6

The collective modes supported by the order parameter will be studied in more detail
in Section 2.2 of Chapter 2.
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Figure 1.9: RPA diagrams of the Raman susceptibility. The wiggly line denotes
the interaction Pi Vc /4 and the dots in internal vertices represent Ai . External
vertices, though not shown explicitly, include the Raman vertex Γ.
development of only one Dyson series, the one which dresses the chain polarized response. That is to say, taking into account the collective degrees
of freedom, the fluctuation of phase and amplitude of the order parameter,
only this spectrum gets renormalized while the former ones with polarizations aligned perpendicular to the quasi-one dimensional direction retain their
single-particle form. This situation is very much similar to the dc or optical conductivity of density waves, where the phase mode contributes only to
the conductivity in the quasi-one dimensional direction [79, 80]. Solving the
coupled RPA equations in Eq. (1.36) we find
Pi Vc
h[γ, Ai ]i20
h[γ, γ]i = h[γ, γ]i0 +
.
4 1 − Pi4Vc h[Ai , Ai ]i0

(1.38)

From this the Raman intensity χ = h[γ, γ]i is obtained as
Imχx (ω) = 8N0 γx2 (∆/λ)2

ω 2 F2′′ − 4∆2 F4′′
,
|ω 2 F2 − 4∆2 F4 |2

(1.39)

where λ = N0 Vc Pi is the dimensionless coupling. The plot is shown in the
right panel of Fig. 1.10 at zero temperature. The nature of the collective mode
can be explored as usual by looking at the poles of the response function in
Eq. (1.38). With Eq. (1.37a) the task is reduced to finding the roots of
(ω 2 − ζ 2 )F2 − 4∆2 F4 = 0.

(1.40)

We note here that a similar expression ((ω 2 − ζ 2)F2 = 0) appears when considering the density-density correlator of (U)DW [79], from which one obtains
for both conventional and unconventional density wave the well-known gapless
phason dispersion ω 2 = ζ 2 . In our case, for conventional density wave where
F2 = F4 (in Eq. (1.16a) sin(y) has to be replaced with 1, because neither the
interaction nor the order parameter depends on wavenumber) we reobtain the
gapped dispersion of the amplitude excitation ω 2 = (2∆)2 + ζ 2 [80]. This is in
accordance with previous findings, because the amplitude mode is known to
couple to the “effective density” and thus it is accessible in Raman experiment
[2, 68, 69].
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Imχx (ω)/2N0γx2 (∆/λ)2
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Figure 1.10: Left panel: the real (solid) and imaginary (dashed-dotted) parts
of ω 2F2 − 4∆2 F4 at ζ = 0 and T = 0. Right panel: RPA Raman spectrum of
UDW for chain-polarized scattering geometry at T = 0. Inset: the same RPA
spectrum in conventional DW.
Now turning our attention to unconventional ordering and remembering
the result of the conventional case, we look for the root on the real frequency
axis around 2∆. To this end, after analytic continuation of the functions Fn ,
we plot the left hand side of Eq. (1.40) versus frequency in the ζ → 0 limit,
see the left panel of Fig. 1.10. It is clear that (unlike what is found in Ref. [85]
for a d-density wave) there is no zero in either the real or the imaginary part
at 2∆, or at any other real frequency. There is no indication that there would
be a root for complex frequency either. It follows that in contrast to ordinary
density waves with constant gap, in UDW, although the Raman intensity
shows considerable renormalization due to electron-electron interaction, there
is no clear particle-like mode with infinite lifetime with which we could identify
the peak around ω = 2∆. We can say, however, that the Raman vertex couples
to the amplitude mode, which is overdamped because of particle-hole breaking
into the broad continuum of low energy excitations.

1.3.2

Coulomb screening

In the case when light produces charge fluctuation in the electron gas, the coupling to the long-range Coulomb forces reduces the scattering rate. Therefore
it is useful to treat these forces separately. In the usual RPA approach the
screened Raman susceptibility reads as
h[γ, γ]i = h[γ, γ]i0 − h[γ, 1]i0 (V − V h[1, 1]i0V + . . .) h[1, γ]i0,

(1.41)

where V = 4πe2 /q 2 is the Coulomb potential, h[γ, γ]i0 is already calculated in
Eq. (1.13) and h[1, 1]i0 is the quasiparticle density-density correlation function
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of Ref. [79].7 The respective diagrammatic form of this equation is exactly
the same as that depicted in Fig. 1.9, only the internal wiggly line has to be
reinterpreted as V and the internal vertices as the unit matrix. The term
in the parentheses is nothing else but the screened interaction leading to the
plasmon mode [86], which however does not affect the low energy behavior.
Furthermore, the non-diagonal susceptibility is
h[γ, 1]i0 (ζ, ω) = −N0 γx (ω − 4ta cos(akF ))

ζ2
(1 − 4∆2 F2 ).
ζ 2 − ω2

(1.42)

Equation (1.42) shows, that similarly to the previous subsection dealing with
the short wavelength component of the interaction, here again only one component of the whole Raman vertex survives, namely the x − x component. It
means that in principle only this spectrum can be screened by Coulomb forces.
Nevertheless, as both h[1, 1]i0 and h[γ, 1]i0 are quadratic in momentum in the
long wavelength limit, the coupling between these quantities is thus not that
strong to modify the zeroth order term of Eq. (1.41). The above calculations
therefore lead us to the conclusion that the Raman response is not affected
even if we take into account Coulomb screening in RPA. This is due to the
vanishing average of the Raman vertex on the Fermi surface.

1.4

Conclusion

In this chapter we have investigated theoretically the electronic Raman scattering in pure quasi-one dimensional interacting electron systems with density
wave ground state. Mean field treatment of conventional as well as unconventional density waves has been applied in order to determine the inelastic light
scattering intensities in various scattering geometries. We have found distinct,
characteristic lineshapes especially in the unconventional situation, depending
on the interplay of the particular momentum dependence of the density wave
order parameter and the Raman vertex function.
We have also investigated the effect of finite imperfect nesting as well as
the effect of a small external magnetic field. Both result in more structured
Raman lineshapes and can even lead to clean optical gaps in certain limits.
Our findings regarding the qualitative features of the quasiparticle Raman lineshapes were found to be in precise agreement with those obtained previously
for optical conductivity. It should indeed be the case as both correlation functions contain relevant information about possible single particle excitations.
We thus conclude that the Raman experiment could serve as a valuable tool
in identifying materials supporting unconventional density wave ground state
and in specifying their particular gap structure.
7

It is also given in Chapter 2 in Eq. (2.46).
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As to the effect of electron-electron interaction, we have gone beyond the
quasiparticle approximation. We have taken into account the residual interaction at the level of random phase approximation. In our approach we have
considered the long and short wavelength components of the interaction separately: the Coulomb screening was found ineffective due to the negligible
coupling of density fluctuations to the Raman vertex in our nearest neighbor
tight-binding model. Collective contributions to the Raman response on the
other hand appear only in the x − x scattering geometry, when light polarized
in the quasi-one dimensional direction. This is due to the coupling to the
amplitude mode of the condensate. This mode was found to be heavily overdamped in the unconventional case even in the long wavelength limit because
decay to low energy particle-hole excitations is possible.

Chapter 2
Unconventional charge density
wave arising from
electron-phonon interaction
Charge density waves and related phenomena in low dimensional systems have
been investigated quite extensively over the past fifty years [2]. According to
Peierls’s general theorem, all one-dimensional metallic system will undergo a
structural distortion to lower their symmetry and end up being a semiconductor. Semiconductor, because in the low temperature charge density wave
phase a finite gap of BCS type opens at the Fermi energy, thereby erasing
the Fermi surface of single particle excitations. The modulation of the ionic
lattice can in turn be thought of as a condensed phonon state [87]. In an early
paper [88] Fröhlich proposed, that though the electronic subsystem alone is
insulating at zero temperature, the combined electron-lattice structure, if incommensurate, exhibits dc conductivity. In fact, because of the phase degree of
freedom, a displacement of the condensate costs no energy resulting in infinite
conductivity. This led Fröhlich to interpret the phenomenon as superconductivity. The continuum model of conduction electrons interacting with long
wavelength acoustic phonons has been further analysed by many authors. In
1974, in a seminal paper [80] Lee, Rice and Anderson (LRA) investigated the
effect of fluctuations of the order parameter on the electromagnetic response.
They found indeed, that the gapless phase fluctuations, being infrared active,
lead to a collective motion that is current carrying [69], whereas the CDW
amplitude mode was found to be Raman active [68, 89]. In order to avoid misunderstanding we shall note here that it soon became evident that the infinite
conductivity of a charge density wave has nothing to do with superconductivity and the two types of ground states are essentially different. A deciding
factor for example resides in their distinct electromagnetic responses in the
presence of impurity scattering: in a superconductor there is always a Dirac
29
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delta peak in the optical conductivity at zero frequency, and the stronger the
impurity scattering is the larger the spectral weight of this peak is transferred
to finite frequencies. On the other hand, the collective charge transport in
charge density wave is rather sensitive to impurities and lattice defects as they
can introduce a gap in the originally massless phason dispersion [80]. This in
turn results in a pinned condensate and the Dirac delta contribution disappears as soon as any finite impurity concentration is present and the whole
spectral weight is shifted to the vicinity of the pinning frequency. Also, commensurability and three-dimensional ordering due to interchain coupling can
lead to the pinning effect. This has been investigated in a nice paper by Kurihara with infinite order perturbation theory [90], and later, in a sequence of
papers by Fukuyama and co-workers in the weak as well as in the strong pinning limit [91, 92, 93]. The pinning mechanism can be found in spin density
waves as well, as there also exists a translational mode. In this case randomly
distributed magnetic impurities act as the pinning centers, though, ordinary
impurities can also pin down an SDW, but only (at least) in second order of
the impurity potential [78, 94, 95].
It is not just the nesting alone, that is capable of driving an electronic
system into a charge density wave ground state. Rice and Scott showed [96]
that a two-dimensional energy band with saddle points right at the Fermi surface is unstable against charge density wave formation. In this model large
areas of the Fermi surface are not truncated and indeed the low temperature
state may well be a better metal than the high temperature phase. Because
of the reduction of the resistivity, this model was initially proposed to apply for the two-dimensional transition metal dichalcogenides like 2H-TaSe2 or
2H-NbSe2 [96]. Later, as the experimental techniques have been perfected,
especially with the advent of high temperature superconductors, Castro Neto
[33] put forward an alternative theory, which could elucidate on a microscopic
basis both the charge density wave and superconducting instabilities. With a
proposal of an f -wave (gapless) unconventional charge density wave, originating from electron-phonon coupling with significant dependence on the electron
momentum, the theory was able to explain available experimental data very
well, including angle resolved photoemission (ARPES).
Unconventional density waves have also excited much interest in the superconductor community, because the anomalous normal state (pseudogap)
of underdoped cuprates is presumably a d-wave density wave [23], which is a
kind of two-dimensional unconventional charge density wave. Moreover, the
importance of a momentum dependent electron-phonon coupling has been further corroborated by recent calculations of the electronic spectral function in
a d-wave superconductor by Devereaux et al. [97].
In spite of all what has been said so far, the natural place of occurrence
of density waves is still the one-, or more precisely the quasi-one dimension.
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Perhaps, one of the most likely candidate for possessing some kind of CDW
of unconventional type is the organic conductor α-(BEDT-TTF)2 KHg(SCN)4 .
This salt has been investigated experimentally extensively in the past few
years [44, 45, 46, 47, 48, 49]. Recently, these experimental findings have been
explained rather well with an UCDW theory in a sequence of papers by Dóra
et al., including the threshold electric field [52, 53, 54], the angular dependent
magnetoresistance [55, 56], and the magnetothermopower and Nernst effect
[57].
In this chapter we study the development and optical properties of an
unconventional charge density wave in quasi-one dimension without direct
electron-electron interaction. The low dimensionality, via nesting, would in
principle facilitate the emergence of density waves of any kind. The necessary
effective interparticle attraction, however, that singles out charge sector instead of spin, will be provided by phonon-exchange. In Section 2.1 we present
the model and develop its mean field theory. Section 2.2 is devoted to the study
of collective phenomena: we consider possible collective excitations related to
the order parameter. The optical properties are analysed in Section 2.3, where
we primarily focus on the effect of phase fluctuations and the effective mass of
collective motion. Finally, in Section 2.4 we summarize the achievements.

2.1
2.1.1

The model
The coupling and the order parameter

Let us start by considering the Hamiltonian of an interacting electron-phonon
system in a quasi-one dimensional conductor
H=

X
k,σ

ǫ(k)a+
k,σ ak,σ +

X

ωλ (q)b+
q,λ bq,λ

q,λ

1 X
+
+√
gλ (k, q)a+
k+q,σ ak,σ (bq,λ + b−q,λ ), (2.1)
N k,q,λ,σ

where the one particle energy ǫ(k) of an electron is given by Eq. (1.4). In
addition bq,λ denotes the annihilation operator of a free phonon with energy
ωλ (q), momentum q and polarization λ. The lattice we are dealing with is
a simple lattice with one atom per unit cell. In the Hamiltonian above all
three acoustic phonon branches have been taken into account. The interaction
matrix element is given by
Z
N
∗
d3 r ψk+q
(r)eλ (q)[−∇Uat (r)]ψk (r),
(2.2)
gλ (k, q) = p
2Mωλ (q)
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with Uat being the atomic potential, N is the number of unit cells in the sample,
and eλ (q) denotes the polarization vector of unit length of mode (q, λ). From
the hermiticity of the interaction part of the Hamiltonian, it follows at once
gλ∗ (k + q, −q) = gλ (k, q),

(2.3)

which we will make use of repeatedly in this chapter. The k dependence of
the coupling, coming from second quantization on Bloch-basis ψk (r), turns
out to be crucial in order to form an unconventional charge density wave
(UCDW). Indeed, it is clear from Eq. (2.2), that choosing plane waves for the
one electron basis, one ends up with the well-known Fröchlich model [80, 88]
of conventional charge density wave (CDW) with coupling simplified to the
Fourier component of the atomic potential. This approximation (often termed
the continuum limit) would therefore lack any kind of unconventionality. Of
course we know that the Fröhlich Hamiltonian accounts for the scattering of
conduction electrons on long wavelength longitudinal acoustic phonons. For
our purposes, however, we shall retain full periodicity of the lattice in the
Bloch functions, because the relevant scattering processes involve momentum
transfer of order |Q| ≈ 2kF , which corresponds to phonons with wavelength
comparable to atomic distances.
Let us now proceed with the mean field treatment of the Hamiltonian.
We introduce the phononic operator φλ (q) = bq,λ + b+
−q,λ . Within mean field
theory, the operator is replaced by its expectation value hφλ(q)i, which differs
from zero only if q = ±Q, with Q = (2kF , π/b, π/c) being the best nesting
vector. With this, the electronic part of Eq. (2.1) simplifies to
X
H0 =
Ψ+ (k)(ξ(k)ρ3 + ∆′ (k)ρ1 − ∆′′ (k)ρ2 )Ψ(k),
(2.4)
k

which is just the one we have already encountered in Chapter 1, see Eq. (1.8).
The order parameter itself is found to be
1 X
hφλ (Q)igλ∗ (k, −Q).
∆(k) = √
N λ

(2.5)

Now the diagonalization of Eq. (2.4) is straightforward:
for the excitation
p
2
energies we have E± (k) = ±E(k), where E(k) = ξ(k) + |∆(k)|2 . This is
the usual two band quasiparticle spectrum known for example from the theory
of unconventional spin-, and charge density waves driven by purely electronic
correlations [50]. The thermodynamics of the system in the low temperature
phase is determined solely by the momentum dependence of E(k), and the
possible node structure (line or point nodes) on the Fermi surface, if there
are any. Thus, in the followings, we explore the momentum dependence of
the order parameter. Making use of the Bloch-Wannier transformation for
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√ P
the electronic wave functions, ψk (r) = 1/ N R eikR ϕ(r − R), we change
representation in Eq. (2.2) to Wannier basis and obtain
X
gλ∗ (k, −Q) = cλ
Aλ (R)e−ikR ,
(2.6)
R

where
Aλ (R) = eλ (Q)

Z

d3 r ϕ(r)

X
R′

iQR′

e

!

[−∇Uat (r − R′ )] ϕ∗ (r − R),

(2.7)

and cλ = [2Mωλ (Q)]−1/2 . Equation (2.6) is clearly a Fourier expansion of the
coupling in Brillouin zone harmonics, with coefficients being overlap integrals
of Wannier orbitals localized on different sites. Since our system is a tightbinding solid [see Eq. (1.4)], these are considered to be exponentially small
if the spacing is large between the two orbitals. Therefore it is a reasonable
approximation to keep only the on-site (R = 0) and the nearest neighbor
terms (R = ±a, ±b, ±c) in the expansion. Indeed, as is easily seen from
Eqs. (2.5) and (2.6), in order to keep the possibility of an UCDW formation
with momentum dependent order parameter, one has to go beyond the on-site
term. This situation is similar to the development of a CDW in an interacting
electron system: in the Hubbard model the interaction U < 0 is not able
to drive the system into an unconventional charge density wave ground state
either, and one has to include two center exchange integrals as well to facilitate
an unconventional ordering [41, 50, 98]. With all this
gλ∗ (k, −Q) = g0λ + g1λ cos(bky ) + g2λ sin(bky ) + g3λ cos(ckz ) + g4λ sin(ckz ), (2.8)
where we have set kx = kF , since the relevant k dependence of both the
coupling and the gap is confined to a narrow region near the Fermi sheet at
+kF . So, the coefficients are given by
g0λ = cλ [Aλ (0) + Aλ (a)e−ikF a + Aλ (−a)eikF a ],

(2.9a)

g1λ = cλ [Aλ (b) + Aλ (−b)],

(2.9b)

g2λ
g3λ
g4λ

(2.9c)

= −icλ [Aλ (b) − Aλ (−b)],
= cλ [Aλ (c) + Aλ (−c)],

(2.9d)

= −icλ [Aλ (c) − Aλ (−c)].

(2.9e)

Consequently, the gap is
∆(k) = ∆0 + ∆1 cos(bky ) + ∆2 sin(bky ) + ∆3 cos(ckz ) + ∆4 sin(ckz ), (2.10)
with

1 X
hφλ (Q)igiλ,
∆i = √
N λ

i = 0, . . . , 4.

(2.11)
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We note here that the couplings g0λ, that determine the momentum independent part of the order parameter, are not necessarily much larger than the
others favoring the k dependence. Equation (2.7) shows that the main contribution to Aλ (0), the on-site contribution, should come from the vicinity of
the origin where the Wannier-orbitals are strongly localized. However, since
the squared wavefunction is even1 whereas the force-field is odd, the whole
integrand is odd too, leading to a presumably small result.
The structure of the gap function in Eq. (2.10) makes it clear, that there
are line nodes on the Fermi surface in any of the latter four unconventional
cases (e.g. ∆2 sin(bky ) = 0, kz varies freely). The quasiparticles around these
nodes, often termed nodal in superconductor terminology, determine the nature of thermodynamics. Since the gap function itself is the same as the one
in quasi-one dimensional electronic UDWs [50], the thermodynamics of a onecomponent (with only one type of gap amplitude being finite among the four
possible unconventional cases, e.g. ∆(k) = ∆2 sin(bky )) phononic UCDW is
therefore identical to those of either an electronic UDW, or, in spite of the
different topology of their Fermi surfaces, a d-wave superconductor [99].

2.1.2

The gap equation

Now we shall proceed with the derivation of the self-consistency condition for
the order parameter, known as the gap equation. Consider the equation of
motion of the phonon operator φλ (Q) introduced in the previous subsection
−
with

d2
φλ (Q) = ωλ (Q)2 φλ (Q) + 2ωλ (Q)Bλ (−Q),
dt2

λ = 1, 2, 3,

1 X
gλ (k, −Q)a+
Bλ (−Q) = √
k−Q,σ ak,σ .
N k,σ

(2.12)

(2.13)

Taking the expectation value of Eq. (2.12) over the full Hilbert space, the
anomalous electron-hole expectation value in Eq. (2.13) can be easily calculated in the low temperature phase to yield
hBλ (−Q)i =
where
χλλ′ = −
1

X
λ′

χλλ′ hφλ′ i,

1 X
tanh(βE(k)/2)
gλ (k, −Q)gλ∗′ (k, −Q)
.
N k,σ
2E(k)

(2.14)

(2.15)

The Wannier-orbitals are assumed to be eigenfunctions of parity, as in Ref. [50].
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In obtaining this, Eq. (2.5) has been used as well.2 As the matrix χλλ′ is
clearly not diagonal, the equations for the modes with different λs are thus
coupled together. This can be easily understood: although there is no direct
interaction between phonons, the electron system due to its coupling to all
branches acts as a medium, and mediates an effective phonon-phonon interaction.3 Applying the ansatz hφλ(t)i = hφλ (0)ie−iΩt to Eq. (2.12) averaged
over the full Hilbert space, the eigenfrequencies Ω2µ (µ = 1, 2, 3) of the new,
effectively noninteracting collective excitations of the lattice are obtained from
the following eigenvalue problem
X
Ω2 hφλ i =
λ = 1, 2, 3.
(2.16)
[ωλ2 δλλ′ + 2ωλ χλλ′ ]hφλ′ i,
λ′

Due to the temperature dependence of χλλ′ , the matrix in square brackets
may develop a zero eigenvalue signalling a giant Kohn anomaly at sufficiently
low T . Where this takes place, defines the critical temperature Tc of the
charge density wave instability. The gap equation is essentially equivalent to
the softening condition of any of the three new modes below the transition
(Ω(T < Tc ) = 0)
0=

X
λ′

[ωλ δλλ′ + 2χλλ′ ]hφλ′ i,

λ = 1, 2, 3.

Adding up these equations, straightforward algebra leads to [100]


′
1 X
βE(k′ )
′ ∆(k )
∆(k) =
,
P (k, k )
tanh
N ′
2E(k′ )
2
k
X 4
gλ∗ (k, −Q)gλ (k′ , −Q),
P (k, k′) =
ω
(Q)
λ
λ

(2.17)

(2.18a)
(2.18b)

which is nothing else but the familiar gap equation for ∆(k) [50, 101]. Once
this is solved,4 comparing Eqs. (2.18a) and (2.18b) with Eq. (2.5) yields the
2

In the high-temperature metallic phase, where the anomalous (Gor’kov-type) expectation value ha+
k−Q,σ ak,σ i vanishes, a different method is necessary. Namely, one has to apply
linear response theory in order to obtain the finite expectation value of Eq. (2.14). Indeed, it
is precisely Bλ (−Q) that couples to the external field φλ (−Q) in the Hamiltonian. With the
aid of Kubo-formula we find the static susceptibility the same as that given by Eq. (2.15),
with E(k) replaced by ξ(k). In diagrammatic language, it is nothing else but the self-energy
of the phonon, χλλ′ = Σλλ′ (Q, ω = 0).
3
Of course, the opposite of this statement is true as well: the phonon-exchange leads
to an attractive interaction between electrons that drives the system into a charge density
wave ground state. We are not interested in superconductivity for the moment.
4
At this point, it is worth noting that the kernel of the gap equation is the matrix element
of the effective electron-electron interaction, and could have also been derived with the use
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soft mode amplitude
2 X
∆(k)
1
gλ (k, −Q)
tanh
hφλ (Q)i = √
E(k)
N ωλ (Q) k



βE(k)
2



.

(2.19)

Before we go on to the next subsection dealing with the solution of
Eq. (2.18a), we find it necessary and instructive to summarize what the theory
has provided us with so far. Up to this point our calculations have been completely general in the sense, that no assumptions were made on the particular
form of the electron-phonon coupling. The primary formula in Eq. (2.5) shows
that the momentum dependence of the gap stems solely from the coupling. If
it is unconventional, then its average value over the Fermi surface vanishes,
leading to spatially homogeneous density of electronic charge. This state of affairs might remind one to the similar result found in unconventional spin-, and
charge density waves governed purely by electronic correlations [51]. Although
there are similarities in many aspects between the two types of condensates,
there is one point that is completely different in nature in the phononic UCDW
and must be emphasized by all means. Namely, though there is no spatial
modulation of electronic density at all, the Peierls distortion of the underlying
lattice is still present (note the finite soft mode amplitude in Eq. (2.19)), which
could be detected by usual means like x-ray scattering. This feature is to be
contrasted with that of an electronic DW, either spin or charge, where the
density wave instability is caused purely by the electron-electron interaction,
and the lattice is not affected at all. Further, if the system favours an unconventional ground state, then there is no modulation either in spin or charge.
Thus, these systems are often referred to as “systems with hidden order” [23],
and are consequently promising candidates for phase transitions where robust
thermodynamic signals are seen without any order parameter.
On the other hand, the static deformation of the lattice is a characteristic
feature of conventional CDW with constant gap [2], and it is always accompanied by electronic charge oscillation. Now we face a different situation, namely:
in phononic UCDW these two phenomena need not go together.
Regarding all these, we conclude that the notion “hidden order” might
not be applicable to the phononic UCDW, because as entering the low temperature phase a new periodicity with wavevector Q develops. Nevertheless,
of a Schrieffer-Wolf transformation of the initial Hamiltonian. In addition, one can deduce
the very same gap equation by minimizing the thermodynamic potential
Ω(µ, T ; {hφλ i}) =

2 X
1X
ωλ (Q)|hφλ i|2 −
ln(1 + e−αβE(k) )
2
β
λ

k,α=±

with respect to its undetermined variables, hφλ i. Here, the first term is the elastic strain energy of the distorted lattice, whereas the second term describes the noninteracting fermionic
particles.
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the model exhibits all peculiar properties of the aforementioned UCDW that
were applied to explain the experimental findings measured on α-(BEDTTTF)2 KHg(SCN)4 [52, 53, 54, 55, 56, 57]. Moreover, the extra feature of
distorted lattice might give an explanation to a recent x-ray study performed
on this salt [49], in which enhanced structural modulation is found below
T ∼ 10K, suggesting a coupling to electronic degrees of freedom.

2.1.3

Competing phases in the ground state

In this subsection we focus on the solution of the gap equation. The knowledge
of the explicit momentum and temperature dependence of ∆(k) is essential for
further investigations. So far the calculation is completely general within the
frames of the Hamiltonian in Eq. (2.1). In the forthcoming analysis, however,
we keep only the longitudinal term of interaction in Eq. (2.18b), which is
considered to be the strongest component, and neglect coupling to transverse
phonons. With this, the kernel simplifies to P (k, k′ ) = 4ω(Q)−1 g ∗(k)g(k′ ).
The immediate consequence of factorization, that follows right from the gap
equation and from the explicit form of the coupling in Eq. (2.8), is
∆i (T )
gi
= ,
∆j (T )
gj

i, j = 0, . . . , 4.

(2.20)

This relation fixes the ratios of the different gap amplitudes to a given, temperature independent value. It follows at once that there is only one Tc , where
each types of phases (with gi 6= 0) simultaneously open. In this respect, “competition” takes place between the different symmetry species of the very same
charge density wave condensate. Accordingly, the solution of Eq. (2.20) is
simply ∆i (T ) = gi h(T ), where h is a dimensionless function of order unity
determined by
X
|g(k)|2
2
p
tanh
1=
ω(Q)N k
ξ(k)2 + h2 |g(k)|2

!
p
ξ(k)2 + h2 |g(k)|2
.
2T

(2.21)

The transition temperature is obtained from this as
Tc =

2γ
vF kF e−1/λ0 ,
π

(2.22)

where λ0 = 2N0 Vc h|g|2i/ω(Q) is the dimensionless coupling constant and h. . . i
denotes the Fermi surface average. Equation (2.21) implies that the temperature dependence of h is of the BCS type. Furthermore, at zero temperature
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and around Tc we have


π
h|g|2 ln(Tc−1 |g|)i
h(0) = exp −
,
γ
h|g|2i
s
s
r
8
h|g|2i
T
1− .
h(T ) = πTc
4
7ζ(3) h|g| i
Tc

(2.23a)
(2.23b)

In order to find the leading correction at small temperatures, we consider
the case where only g0 and g2 are set to nonzero, real and positive values
in Eq. (2.8). This restricted choice of the parameters is sufficient and simple enough to present results for a coexisting CDW+UCDW phase. In this
manner, the order parameter takes the form
∆(k) = ∆0 + ∆2 sin(bky ),

(2.24)

where the gap amplitudes are both positive.5 With all this, for T ≪ Tc we
find
 3
h(T )
3ζ(3)
T
√
=1−
,
(2.25a)
2
2
h(0)
∆2
(1 + 2u ) 1 − u
if u < 1. In addition, if u = 1 it reads
√ !  5/2


T
ζ(5/2)
h(T )
2
1
1−
=1− √ K √
,
h(0)
3 π
4
∆2
2

(2.25b)

and finally for u > 1 we obtain


h(T )
∆0 − ∆2
(u − 1)3/2 T
exp −
,
=1−2
h(0)
1 + 2u2 ∆2
T

(2.25c)

where u = g0 /g2 and ∆i = gi h(0). Equation (2.25a) corresponds to line nodes
on the Fermi surface, in the vicinity of which the excitation energy vanishes
linearly [50, 99]. As opposed to this, Eq. (2.25c) accounts for the exponential freezing out at sufficiently low temperature, where the thermodynamic
quantities exhibit activated behavior.6
5

We have omitted here the overall phase of the gap, or alternatively, set it to zero. This
phase degree of freedom results from incommensurability and will be particularly important
in the description of collective motion. We will come back to this point in Section 2.3. We
shall also note here in passing, that since the coupling amplitudes can be complex as well,
it is even possible that there is a relative phase between ∆0 and ∆2 . It would lead to an
optical gap in the density of states, but this case is beyond the scope of our investigation.
It is intriguing that the complexity of the very same gap function (with a relative phase of
π/2) can account for a number of peculiar properties observed in (TaSe4 )2 I [36].
6
For completeness we note that the marginal value of u = 1 (physically very unlikely)
results in fractional temperature exponent. There is a line node on the Fermi surface, but
the excitation energy vanishes quadratically in its neighborhood on the Fermi surface, and
linearly perpendicular to it.
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Figure 2.1: The quasiparticle density of states for ∆0 /∆2 = 0, 0.6, and 1.3.
Equation (2.5) in√conjunction with the relation ∆(k) = h(T )g ∗(k) imply that hφ(Q)i = Nh(T ) for the longitudinal phonons. Consequently,
the Q Fourier component of the displacement can be written as u(Q) ∼
hφ(Q)i e(Q) ∼ h(T ). In principle, this Peierls distortion of ions could probably be seen by x-rays, even if the surrounding electronic condensate is purely
unconventional. As we have already pointed out in the preceding subsection,
the ionic distortion and the screening charge modulation in electronic density
need not go together. It is the microscopic coupling g0 alone [see Eq. (2.9a)],
that accounts for this possible screening effect. If it is finite (it surely is), then
screening with the same momentum will certainly develop.

2.1.4

Density of states

The quasiparticle density of states in the coexisting phase is
Z 2π
|ω|
dy
N(ω)
=
Re p
2
N0
2π
ω − |∆0 + ∆2 sin(y)|2
0
s
!)
(
2
|ω|∆2
|ω|
= Re p
,
K 2
π
(|ω| + ∆2 )2 − ∆20
(|ω| + ∆2 )2 − ∆20

(2.26)

where K(z) is the complete elliptic integral of the first kind.7 The energy
dependence of N(ω) is shown in Fig. 2.1 for different values of ∆0 /∆2 . It is
7

Explicitly taking the real part one finds

 r
x
N (ω)
2
x
,
= p
K 2
N0
π (x + 1)2 − u2
(x + 1)2 − u2
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easy to see, that a true optical gap G = 2(∆0 − ∆2 ) opens at the Fermi energy
only if ∆0 > ∆2 . The positions of the logarithmically divergent peaks are
given by
|ωpeak | = Θ(∆2 − ∆0 )|∆0 ± ∆2 | + Θ(∆0 − ∆2 )(∆0 + ∆2 ).

(2.27)

One can also check with ease, that if ∆0 = 0, the density of states simplifies
to the well-known result of a single component UDW [50], and obviously the
∆2 = 0 limit yields the conventional BCS result.

2.2

Collective excitations

So far we have developed the mean field theory of UCDW arising from phononexchange in quasi-one dimensional conductor. In doing this, as is usual in mean
field theories, we have neglected fluctuations of the order parameter. This approach is physically reasonable only as long as the exploration of the new
quasiparticle excitations is the primary object. As to our model Hamiltonian,
with the introduction of the order parameter in Eq. (2.5), we were able to integrate the phonons out and as such determine the new fermionic quasiparticles
with energies ±E(k). In other words, the interaction part of the Hamiltonian
(on mean field level, when taken into account on average), leads to self-energy
correction of electrons.
We know, however, that the full interaction provides further corrections,
which will be particularly important in the calculation of correlation functions
such as complex conductivity. In order to account for this effect of electronphonon scattering, one has to reintroduce the residual interaction, that we
have neglected up to now by implication. On one hand this accounts for the
renormalization of long wavelength phonons which results in modified elastic
properties (e.g. sound velocity). On the other hand it allows for fluctuation
effects of the order parameter.
The order parameter itself was found to be a complex, two-component object with amplitude and phase. The amplitude is precisely determined by the
minimum of free energy via the gap equation, whereas (in pure and incommensurate sample) the phase remains unrestricted [50, 87]. Hence, the total
energy is invariant under a change of phase (displacement of the condensate as
if x > 1 + u, and if x < |1 − u| but u < 1. For u > 1 the density of states possesses a clean
gap. In the intermediate region, that is if |1 − u| < x < 1 + u, we obtain
!
r
√
N (ω)
1 (x + 1)2 − u2
x
,
=
K
N0
π
2
x
where x = |ω|/∆2 and u = ∆0 /∆2 .
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a whole), leading to the existence of a Goldstone boson with acoustic dispersion. This mode is called in density wave terminology the phase mode [79, 80].
Ideally it is massless, but extended impurities or lattice defects can introduce
a finite gap in its spectrum. There also exists a massive mode corresponding
to fluctuation of the amplitude [80, 102]. These collective modes can be found
in any system which undergoes a condensation into a state described by a
two-component order parameter. In s-wave superconductor for example the
phase mode (Bogoliubov-Anderson mode) is related to the gauge invariance of
the full Hamiltonian [62, 76], while in spin density wave the analogue of this
massless collective excitation is the spin-wave mode [79]. In systems where
the order parameter has an internal structure like the A-phase of 3 He or the
triplet superconductor Sr2 RuO4 , these modes are complemented with more,
exotic collective excitations [103, 104, 105].
In this section, following the pioneering work of Lee, Rice and Anderson [80], we study the collective modes supported by the order parameter in
quasi-one dimensional unconventional charge density wave within mean field
approximation (RPA). Though a similar analysis has been already carried
out in electronic UDW [79], in unconventional condensate facilitated by retarded electron-phonon interaction, this question is still waiting to be answered
[106, 107]. In Fröhlich’s model the coupling of the conduction electrons to the
underlying lattice introduces an effective mass in the collective motion, the
sliding of the density wave [80, 102]. This is well-known in conventional CDW
and is also expected to appear in phononic UCDW. The broad continuum
of single particle excitations, extending down to zero frequency due to nodal
structure, however, leads to damped modes due to particle-hole breaking. Similar findings have been reported also in gapless d-wave superconductor [108].
In particular, the massive amplitude excitation becomes heavily overdamped
at any wavelength, as we will see shortly, in stark contrast to ordinary density
waves.
The residual interaction in Nambu space reads
1 Xn
g1 Ψ+ (k + q)Ψ(k)φ̃(q) + g3 Ψ+ (k + q)ρ3 Ψ(k)φ̃(q)
H′ = √
N k,q

o
+g− Ψ+ (k + q)ρ− Ψ(k)φ̃(q − Q) + g+ Ψ+ (k + q)ρ+ Ψ(k)φ̃(q + Q) , (2.28)

where φ̃ = φ −hφi is the deviation from the mean field value, ρ± = (ρ1 ±iρ2 )/2
and the different couplings are
g1 =[g(k, q) + g(k − Q, q)]/2,
g3 =[g(k, q) − g(k − Q, q)]/2,

(2.29a)
(2.29b)
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g− =g(k, q − Q),
g+ =g(k − Q, q + Q).

(2.29c)
(2.29d)

The first (last) two terms in Eq. (2.28) describe forward (backward) scattering
processes. In case of backscattering the momentumtransfer is approximately
±Q and the small q correction can be safely ignored [80]. With this, the last
term for example becomes Ψ+ (k + q)ρ+ δ∆(k)Ψ(k), where we have introduced
√
the fluctuation operator of the order parameter δ∆(k) = g ∗ (k, −Q)φ̃(Q)/ N ,
[see also Eq. (2.5)]. This form clearly explains why the last two terms of H ′
correspond to fluctuations of the gap.
The retarded phonon Green’s function is
Z ∞
Dmn (q, ω) = −i
dt eiωt h[φ̃(mQ + q, t), φ̃+ (nQ + q)]i,
(2.30)
0

where the indices m, n = ± and ω is understood as ω +i0. Without interaction
0
it is readily obtained as Dmn
(q, ω) = δmn D 0 (ω), where
D 0 (ω) =

ω2

2ω(Q)
.
− ω 2 (Q)

(2.31)

The electron-phonon interaction leads to a renormalization of the bare phonon
frequencies [1]: a phonon can be absorbed and transformed into an electronhole pair, then later recreated as the pair annihilates itself. This multiple
scattering results in self-energy corrections of the phonon. To determine this
self-energy quantitatively, we also need the electronic Green’s function, which
we already have from Eq. (1.12). With all this, the coupled RPA equations
for the phonon propagator are found to be
D++ = D 0 − D 0 Π0+− D++ − D 0 Π0++ D−+ ,
D−+ =
− D 0 Π0−+ D−+ − D 0 Π0−− D++ ,

(2.32a)
(2.32b)

where the self-energies are
Π0±∓ (ζ, iν → ω) = −

and similarly

1 X
|g(k)|2Tr(ρ± G(k, iωn )ρ∓ G(k + q, iωn + iν))
βN k,ω
n


ω(Q) N0 Vc  2
2
=
+
(ω
−
ζ
)f
−
2f
,
4
2
4h2
Π0±± (ζ, iν → ω) = −

N0 Vc
f4 .
2h2

(2.33)

(2.34)
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gρn

Figure 2.2: Diagrammatic representation of the phonon self-energy, where the
lines denote electron Green’s functions G. In the vertices g stands for the
electron-phonon coupling and m, n = ±.
A typical bubble diagram corresponding to the zeroth order Π0 self-energies is
depicted in Fig. 2.2. Here ζ = vF qx , and for simplicity we shall again (just as
we did in Chapter 1) limit our analysis to q = (qx , 0, 0). In addition
 
Z ∞ Z 2π
|∆(y)|2
βx N
dy
2
2
, (2.35a)
tanh
Re p
f = 4(ζ − ω )
dx
2π
2 D
x2 − |∆(y)|2
0
0

where

N = (ζ 2 − ω 2 )2 − 4x2 (ζ 2 + ω 2 ) + 4ζ 2 |∆(y)|2,
D = N 2 − 64x2 ω 2 ζ 2(x2 − |∆(y)|2).

(2.35b)
(2.35c)

We have already encountered this quantity in Chapter 1, where single component gap functions (∆ sin y and ∆ cos y) were used. In this chapter, however,
we study multicomponent gap functions as well and Eq. (1.16a) has been
slightly modified to account for this too. In particular ∆(y) = ∆0 + ∆2 sin(y).
Finally, f4 differs from f only in the integrand: there is an extra |∆(y)|2 factor
in the numerator of the density-of-states-like term.8
Putting all these expressions together, the poles of D(ζ, ω), representing
collective modes of the condensate, can be calculated from 1/det(D) = 0.
Writing it out explicitly



−1
−1
D 0 + Π0+− − Π0++ D 0 + Π0+− + Π0++ = 0.
(2.36)
Before we shall go on with the analysis of this equation in phononic UCDW,
it is rather instructive to examine it in certain limiting cases. Let us first
study a conventional CDW with constant gap ∆. In this case the first term of
Eq. (2.36) yields ω 2 + λ(ω 2 − ζ 2)f = 0. From this, the pole follows at once
ω2 =

m 2
ζ ,
m∗

(2.37)

which is the well-known phase mode with effective mass m∗ /m = 1 + λ−1 fs−1
[80]. Here, λ = λ0 ω 2(Q)/(2∆)2 is the renormalized temperature dependent
8

We note that the angle integral (which is a Fermi surface average) can be performed for
both f [79] and f4 . For the latter, see Appendix B.
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coupling [see also Eq. (2.22)] and fs = limζ→0 limω→0 f is the static condensate
fraction [78, 102]. At zero temperature fs = 1 and we reobtain the result that
formed the cornerstone of LRA [80]. Note that the phase mode is undamped
for ζ small, because the imaginary part of f vanishes for ω < 2∆. From a
more physical point of view, the particle-hole breaking is forbidden because
the continuum of single particle excitations is bounded from below by 2∆.
If, however, the density wave instability is brought about by purely electronic
correlations, like for example in the attractive Hubbard model, there is no mass
renormalization associated with lattice distortion [79]. Indeed, a formal limit
(ω(Q) → ∞) in the first term of Eq. (2.36), which results in a non-retarded
interaction, leads to
(ω 2 − ζ 2)f = 0.
(2.38)
After all this, it is not surprising that the second term of Eq. (2.36) accounts
for the amplitude fluctuations of the order parameter. In a conventional DW
the functions f and f4 simplify considerably (sin(y) → 1) and become equal.
Hence, in a coupled electron-phonon system with retarded interaction the dispersion of amplitudon in the adiabatic limit (ω, ζ ≪ ∆) is
ω2 =

m
[(2∆)2 + ζ 2],
∗
m

(2.39)

where, instead of fs , the dynamic condensate density fd = limω→0 limζ→0 f
shows up in the effective mass. On the other hand, for non-retarded electronelectron interaction, no mass renormalization occurs
[ω 2 − ζ 2 − (2∆)2 ]f = 0.

(2.40)

In the long wavelength limit the amplitude mode is undamped as well in both
cases, in agreement with similar results found in s-wave superconductor [62].
Wrapping up our discussion on collective excitations, we now explore the
corresponding modes of phononic UCDW. The phase mode is the same as
that in Eq. (2.37), except here, due to the momentum dependence of the gap,
λ = λ0 ω 2 (Q)/h|2∆|2i. Though the continuum of single particle excitations
may extend down to zero energy (see Fig. 2.1), due to the acoustic dispersion
of the mode, in the long wavelength limit the phase fluctuations are undamped.
As opposed to this, in a gapless DW the massive amplitude mode is expected
to be overdamped [77]. In the non-retarded case Eq. (2.36) yields
(ω 2 − ζ 2)f − 4f4 = 0,

(2.41)

that we have already encountered and analysed in Chapter 1. There we concluded, that there is a somewhat ill-defined excitation starting at ω = 2∆ at
ζ = 0. Ill-defined, because it is not an exact solution: neither the real nor
the imaginary part of the left hand side vanishes there, though the relevant
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susceptibilities like Raman exhibits an unambiguous maximum. In phononic
UCDW the corresponding equation to be solved reads
ω 2 + λ[(ω 2 − ζ 2 )f − 4f4 ] = 0.

(2.42)

Its solution is rather complicated at finite temperature and at arbitrary wavelength ζ, and requires numerical methods. Nevertheless, at T = 0 in nodal
UDW (for simplicity we take u = 0, that is ∆(k) = ∆ sin(bky )) a detailed
analysis9 of the functions f and f4 yields


√
λ
1 2
2
2
ω =
( 2∆) + ζ ,
(2.43)
1 + λ/3
3
where the prefactor is approximately m/m∗ (T = 0), since λ ≪ 1 (weak coupling limit).
It is interesting to see, that the effect of the unconventional electronic condensate (with homogeneous density) is to soften the amplitude mode compared
to that of an ordinary CDW. This is indeed a rather intriguing result. In order
to affirm the correctness of the calculation, we now present another short and
independent derivation, at least in the long wavelength limit. In footnote 4 we
have mentioned that the stable equilibrium order parameter (φ0 ) can equally
be derived from the free energy, as it is done commonly in Landau theory
of second order phase transitions. Expanding it around its minimum up to
second order and exploiting the gap equation we find


1 ∂2Ω
Ω − Ω0 =
(φ − φ0 )2 .
(2.44)
2 ∂φ2 0
This quadratic approximation of the potential allows one to map the problem
(at least qualitatively) to a harmonic oscillator. Thus, the eigenfrequency of
the mode is essentially: ω 2 ∼ ∂ 2 Ω/∂φ2 . At zero temperature the derivative
can be easily obtained as
 2 
∂ Ω
= 4λω −1(Q) lim lim f4 .
(2.45)
ω→0 ζ→0
∂φ2 0
9

In the adiabatic limit a careful expansion in the small parameters ω/∆ and ζ/∆ gives
p
π Re ζ 2 − ω 2
f =1−
+ ...,
8
∆
1 1 ζ 2 − ω2
+ ....
∆−2 f4 = −
2 6 ∆2

Considering Eq. (2.42), it is sufficient to retain the first term of f only, and this leads to
Eq. (2.43). Since λ ≪ 1, the solution itself is much smaller than ∆, and this justifies the
use of the expansions above. Note
√ that the same expansion in case of Eq. (2.41) would lead
to an incorrect solution ω 2 = 3[( 2∆)2 + ζ 2 /3]. This violates self-consistency, because it is
of the order of ∆ and as such it is way beyond the adiabatic region.
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Finally, making use of the expansion in footnote 9, the right
side simpli√ hand
−1
2
−1
2
fies to λω (Q)(2∆) in conventional CDW and λω (Q)( 2∆) in phononic
UCDW.

2.3

Correlation functions

In this section we calculate the frequency dependent conductivity of the model
introduced in subsection 2.1.3, namely that of the coexisting CDW+UCDW
with ∆(k) = ∆0 + ∆2 sin(bky ). The phase fluctuations are known to couple
to the applied electric field and thus strongly affect the current response. In
fact, this effect of the phase mode is so strong, that it results in infinite dc
conductivity, which led Fröhlich to interpret this collective phenomenon as
superconductivity [88]. The rigorous derivation appeared later in Ref. [80],
which indeed confirmed this remarkable characteristic of sliding charge density
wave.
The outline is as follows: we start with the evaluation of the quasiparticle
contribution of the density response function. We do this, because we are
interested in the optical conductivity in the chain direction, which can be
determined from this via charge conservation. Then, we incorporate the effect
of fluctuations on the level of random phase approximation, which enables us
to uncover the peculiar collective motion.

2.3.1

Single particle conductivity

With the electronic Green’s function at hand [see Eq. (1.12)], the density
correlator without interaction is [79]
Π011 (ζ, iν → ω) = −

1 X
Tr(G(k, iωn )G(k + q, iωn + iν))
βN k,ω
n

ζ2
= 2N0 Vc 2
(1 − f ),
ζ − ω2

(2.46)

where the first term is the metallic result exhibiting a pole of a single particle
(electron-hole) excitation, whilst the second accounts for quasiparticles. It is
interesting to see, that in conventional DW, where a constant gap of size 2∆
opens up at the Fermi surface, these acoustic excitations (correctly) cancel: an
expansion yields f (ω → ζ) = 1 − const(ζ 2 − ω 2 ) [102]. On the other hand, in
gapless UDW, the expansion obtained in footnote 9 yields a critical continuum
above the undamped mode of the density fluctuation. This is a realization of
the result found by Sachdev and Zwerger [109, 110] in two dimensional systems,
whose ground state possess an acoustic mode.
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Making use of continuity equation, the one bubble contribution to the conductivity is σ(ζ, ω) = ne2 m−1 iω(ω 2 − ζ 2 )−1 (1 − f ), where n/m = 2N0 vF2 and
n is the particle density. Furthermore, in the long wavelength limit and performing the analytic continuation to real frequencies, the real and imaginary
parts of the optical conductivity (σ = σ1 + iσ2 ) are
σ1 = Dc δ(ω) + (ne2 /m)ω −1 f0′′ ,
σ2 = (ne2 /m)ω −1 (1 − f0′ ).

(2.47a)
(2.47b)

Here, f0 = limζ→0 f = f0′ + if0′′ is the decomposition of f0 (ω) into real and
imaginary parts and Dc = (ne2 π/m)[1 − f0 (ω = 0)] is the Drude weight. Note
that Dc > 0 only at finite temperature, thus in the ground state there is no
dc conductance. For that collective effects are necessary. The regular part of
σ1 can be calculated explicitly within our model, since f0′′ has a closed form if
both gap amplitudes are real
f0′′

 ω  Re{C(x, u)}
= tanh
,
4T
4x

(2.48)

where
1
C(x, u) = p
(x + 1)2 − u2



 r
2[(u + 1) + x ]K 2
2

2

x
(x + 1)2 − u2




 r
x
− 2[(x + 1) − u ]E 2
(x + 1)2 − u2


r
2x
x
−4u(u − x + 1)Π
. (2.49)
,2
x+u+1
(x + 1)2 − u2
2

2

Here x = |ω|/(2∆2), u = ∆0 /∆2 and Π(n, z) is the complete elliptic integrals of the third kind. The imaginary part σ2 is evaluated numerically with
Kramers-Kronig transformation. The frequency dependence of both quantities are shown in Fig. 2.3 for different values of ∆0 /∆2 , including the case of
∆0 = 0, which is simply the one component UCDW limit [50]. It is interesting
to see from Fig. 2.3, that whatever small ∆2 is, in the ∆0 > ∆2 regime the
sharp onset of absorption with square root divergence at the gap edge known
for conventional DW disappeared. The size of the gap is G = 2(∆0 − ∆2 ), that
has been mentioned already along with the single particle density of states (see
also Fig. 2.1). In addition, the peaks of logarithmic type are apparently located at 2ωpeak , where ωpeak is the corresponding singular point in the density
of states shown in Eq. (2.27).
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Figure 2.3: The real (imaginary) part of the one bubble optical conductivity is
shown in the left (right) panel at zero temperature in the quasi-one dimensional
direction for ∆0 /∆2 = 0, 0.6 and 1.3.

2.3.2

Conductivity with collective contribution

The coupled RPA equations for the density-density response function Π11 =
h[n, n]i are [107]
Π11 = Π011 − Π01+ D 0 Π−1 − Π01− D 0 Π+1 ,
Π+1 = Π0+1 − Π0+− D 0 Π+1 − Π0++ D 0 Π−1 ,
Π−1 = Π0−1 − Π0−+ D 0 Π−1 − Π0−− D 0 Π+1 ,

(2.50a)
(2.50b)
(2.50c)

where
Π01± (ζ, iν → ω) = ±

N0 Vc
ζf,
2h

(2.51)

and for the other bare bubbles see Eqs. (2.33), (2.34) and (2.46).10 After some
algebra one finds
Π11

ζ2
= 2N0 Vc 2
ζ − ω2


1−

f ω2
ω 2 + λf (ω 2 − ζ 2 )



.

(2.52)

For non-retarded potential this simplifies correctly to the metallic formula,
though the pole here is that of the zero sound [79]. Now, σ is found as
σ(ω) = −
10

ne2 1 
m
1 − f0 + f0 ∗ ,
m iω
m

(2.53)

We note that an alternative
representation can be given with use of the phonon Green’s
P
function: Π11 = Π011 + m,n=± Π01m Dmn Π0n1 .
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Figure 2.4: The real (imaginary) part of optical conductivity is shown in the
left (right) panel at zero temperature within RPA, and λ = 1.1. ∆0 /∆2 is
fixed to the same values as in Fig. 2.3, that are 0, 0.6 and 1.3.
where m∗ (ω)/m = 1 + λ−1 f0−1 (ω) is the frequency dependent effective mass
[111]. Again, analytic continuation gives
ne2
f0′′
σ1 = Dc δ(ω) +
,
m ω|1 + λf0 |2


ne2 1
f0′ + λ|f0 |2
σ2 =
1−
,
m ω
|1 + λf0 |2

(2.54a)
(2.54b)

where Dc = (ne2 π/m)[1 − λ−1 m/m∗ (ω = 0)]. Both σ1 and σ2 are shown
in Fig. 2.4 at zero temperature for different values of ∆0 /∆2 . There is one
interesting feature that cannot be seen properly from the figure. As f0′′ has
logarithmic singularities at frequencies ω = 2ωpeak and as f0′ is bounded, this
implies that the regular part of σ1 vanishes in an inverse logarithmic manner
at the same points. Since the logarithmic singularity is very weak, the plots
cannot really resolve this kind of behavior around the zeros. Nevertheless, as
the coupling increases, the feature becomes more and more apparent. The
way the RPA result relates to the quasiparticle contribution shown in Fig. 2.3
can be contrasted to that found in conventional CDW [80]. There the familiar
square root singularity at the gap edge 2∆ is suppressed and transformed to
a square root edge by the collective contributions. In our phononic UCDW,
however, the absorption is finite for the whole energy range, unless ∆0 > ∆2 ,
where a clean optical gap develops in the spectrum.
The static effective mass versus reduced temperature in the CDW+UCDW
state can be seen in Fig. 2.5. We have also plotted the effective mass of
a conventional CDW for comparison. Looking at the figure, an interesting
feature of the phononic UCDW can be established: as long as g0 is smaller than
g2 , that is the system possesses small energy Dirac fermions around the nodes
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Figure 2.5: The static effective mass versus reduced temperature for both
conventional CDW and the CDW+UCDW state with λ = 0.4. In the latter
case, we present results for g0 /g2 = 0, 0.6 and 1.3 with g2 /Tc = 0.7. The CDW
result is plotted for comparison, where we used g2 = 0 and g0 /Tc = 0.7. For
each curve m∗ (T = 0)/m = 3.5.
of ∆(k), the effective mass increases linearly in temperature. Analytically, for
T ≪ Tc it looks
 ∗
2h2 (0)
ln 2 T
m
√
=
,
(2.55)
δ
m
ω(Q)N0 Vc 1 − u2 ∆2
where m∗ (T = 0)/m = 1 + 2h2 (0)/(ω(Q)N0Vc ). Further, it is a nonmonotonic
function of temperature, which is not the case in ordinary CDW: there it
decreases in a monotonic fashion as we approach Tc from below [112].

2.3.3

Sound velocity

The phase velocity of the long wavelength acoustic waves in an elastic medium
is known as the sound velocity. In the quantum mechanical description of lattice vibrations it is most easily obtained from the gradient of the phonon
dispersion. As to our model Hamiltonian in Eq. (2.1), the phonon gas is coupled to conduction electrons, which results in the renormalization of phonons
as well as the sound velocity [1]. In this case the relevant interaction is given
by the first two terms of Eq. (2.28), and standard field theoretical methods
yield
q
(2.56)
c = c0 1 − g 2 lim Π11 (ζ, ω = 0).
ζ→0

Here c0 is the bare sound velocity, Π11 is the retarded density correlator dressed
by phase fluctuations [see Eq. (2.52)], and g 2 is the respective electron-phonon
coupling in the long wavelength limit: g 2 = 9(c0 M)−1 [Vc−1 Uat (q = 0)]2 . In
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obtaining this, Eqs. (2.29a) and (2.29b) were used. Though the formula above
accounts for the change, it is rather small and is not of particular interest
because it is already present in the metallic phase.
This chapter is dedicated to the study of pure (U)CDW condensates. In
real systems, however, impurities are always present and induce a finite gap
in the phason spectrum. If this pinning effect is taken into account (even
inp
a quasi-phenomenological description [79, 111]), Eq. (2.56) becomes c =
c0 1 − 2g 2N0 Vc (1 − fs ). Since the static condensate fraction fs increases as
the temperature decreases, we predict increasing sound velocity by lowering
the temperature below its critical value Tc .

2.4

Conclusion

In this chapter we have developed the mean field theory of a quasi-one dimensional UCDW, where the density wave instability is caused purely by phonons.
As the electron-phonon coupling exhibits significant dependence on the momentum of the scattered electron, this leads to a wavevector dependent order
parameter taking different values at different points on the Fermi surface. In
particular, it turns out that the explicit form of the single particle gap is identical to that in an electronic UCDW, where, in contrary, the phonons do not
play any role in the development of the condensate. It is important to realize,
that if the system favours an unconventional ordering in the ground state, then
due to the vanishing momentum average of the order parameter the system
lacks any periodic oscillation of the electronic charge density. Though the two
types of condensates have apparently much in common (like thermodynamics
determined by nodal electrons), there is an important difference: in phononic
UCDW the underlying nuclear lattice undergoes a distortion as the system
enters the low temperature phase, clearly signalling the phase transition. For
this reason we might say that the “hidden order” reveals itself, and could be
experimentally accessible and measurable by x-ray scattering.
On the other hand, the aforementioned Peierls distortion is a key feature of
conventional CDW arising from coupling of the lattice to the electronic degrees
of freedom. Hence, we conclude that the present model of the phononic UCDW
is a natural generalization of the conventional theory to more complicated, even
k-dependent couplings.
We have studied the collective excitations of the combined electron-phonon
system. The phase mode associated with the displacement of the condensate
is found the same as in conventional CDW, though, because of the possibility
of particle-hole breaking, an undamped mode is obtained only in the long
wavelength limit. In contrast with this, the amplitude mode due to its intrinsic
gapped nature, lies well inside the continuum of single particle excitations, and
is therefore damped. We have found that an unconventional ordering in the
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electronic subsystem results in a softening of this mode.
We have calculated the optical conductivity in the quasi-one dimensional
direction and identified the effective mass. The calculations were carried out
using a multicomponent gap allowing an investigation of the effect of coexisting
conventional and unconventional orders. Consequently, the spectra are more
structured compared to the pioneering result of LRA. Although the singularities and zeros of the spectra are of logarithmic type characteristic to UDWs in
general, they exhibit the familiar property: the singularity at the maximum
optical gap is suppressed by collective contributions. In addition, there is considerable absorption for small frequencies arising from nodal excitations, which
is clearly missing in ordinary CDW. The infinite dc conductivity (Dc δ(ω)) of
the ground state manifests itself in the finite Drude weight. This Drude weight
is enhanced by phase fluctuations as spectral weight is transfered from higher
frequencies. We have also found that the effective mass is nonmonotonic in
temperature as opposed to conventional systems. These findings could serve
as valuable tools in identifying the nature of the low temperature phase.

Chapter 3
Single impurity effects in
unconventional density wave
Impurity effects in general, caused either by magnetic or non-magnetic scattering centers, are of great interest in solid state physics and have been investigated in detail from many aspects for decades. The reason for this is quite
simple. Namely, there is no perfectly clean and regular crystal in nature, there
is always some finite concentration of impurity atoms present in the substance
or crystal defects that violate translational invariance. Therefore, it is necessary to incorporate the effects of these perturbations in theoretical descriptions
of physical phenomena, in particular if comparison with experimental data is
the main purpose. But then, since the discovery of superconductivity and
the birth of BCS theory by Bardeen, Cooper and Schrieffer [3], the study of
impurity scattering has earned even more attention. It was found that even
a very small concentration of magnetic impurities in s-wave superconductor
affect the superconducting properties dramatically: due to pair-breaking they
suppress the transition temperature and the order parameter, and can even
cause gapless superconductivity [75, 113, 114, 115]. In sharp contrast to this,
non-magnetic dopant atoms have only very little effect on s-wave superconductivity [116, 117], because potential scattering does not break time reversal
symmetry (Anderson theorem [118]).
The single impurity problem in a superconductor was addressed, among
others, by Shiba [119]. As is well known, a paramagnetic impurity in a normal
metal or a superconductor brings about the Kondo effect [120], the complete
solution of which is rather difficult. Thus in Ref. [119] a single classical spin was
considered, and the main outcome of the paper is that this local perturbation
gives rise to a bound state in the energy gap. Later on, this problem has been
reconsidered within the framework of Anderson model [121], and an intragap
bound state was obtained here as well.
The study of impurity physics is, however, not limited to superconductivity
53
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only. In fact, based on the pioneering work by Abrikosov and Gor’kov [113]
(AG theory), similar investigations have been performed in the context of excitonic insulator [122] and in the density wave sector too [123, 124, 125]. It
has been pointed out by several authors that ordinary scalar impurities should
have a pair-breaking effect on the charge density wave condensate. In CDW
the potential acts with opposite signs on the two members (electron and hole)
of the pair, quite similarly to that in a superconductor, where paramagnetic
impurities act differently on the opposite spins of a singlet Cooper pair. In
this connection Schuster showed [123], that there is a mapping between the
mean-field theory of a CDW with ordinary impurities and the AG theory of
superconducting alloys with paramagnetic impurities. From this, the suppression of density wave ground state with increasing impurity concentration
follows naturally. The quantum mechanics of a local perturbation in a charge
density wave host has been studied in great detail by Tüttő and Zawadowski
[125, 126, 127], and later in extended schemes by others too [128, 129, 130].
As in a superconductor or a semiconductor, the local density of states (LDOS)
around the impurity acquires a well localized bound state in the gap regime.
We have seen so far, that impurity physics is indeed of great importance,
and we have not even mentioned semiconductor technology yet, where its great
practical significance is obviously unquestionable. With the discovery of high
temperature superconductivity in 1986 [7], with the technical improvements
and the ever increasing resolution of scanning tunneling microscopy (STM)
measurements, the field gained a real extra push. After two decades of intense
research, the case for d-wave pairing symmetry of the gap in the ground state
of hole-doped cuprates1 is now well established [10, 11, 12, 133]. It turned
out, considering the effects of impurities, that in contrast to conventional SC,
in any higher orbital momentum state, such as the d-wave state, even scalar
(non-magnetic) impurities are pair-breakers [134, 135]. Indeed, recent high
resolution STM measurements performed on Bi2 Sr2 CaCu2 O8+δ evidenced that
Zn substitution of Cu strongly suppresses superconductivity in the vicinity of
the dopant [136, 137, 138], showing that the nominally non-magnetic Zn is
a unitary scatterer. These precise experiments also confirmed the existence
of an impurity induced bound state right below the Fermi energy anticipated
for a d-wave SC [139, 140, 141]. This low energy resonance is the direct analogue of that found by Shiba in a BCS superconductor [119], though in the
d-wave case the state has finite lifetime due to the gapless nature of the underlying quasiparticle density of states. It also turned out, that this sharp
resonance feature in LDOS around a scalar impurity is not specific to nodal
superconductors only, but should be present in any model exhibiting depleted
1

With hole doping not too small to avoid antiferromagnetism. We note here in passing, that electron-doped cuprates like Nd2−x Cex CuO4 on the other hand are speculated to
possess, interestingly, a superconducting ground state of s-wave symmetry [131, 132].
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density of states around the Fermi energy [142]. In this connection the pseudogap phase of underdoped cuprates is of great importance because of the
strongly reduced density of states at the Fermi energy well above the superconducting transition temperature [21, 22].2 Many papers have been published
recently considering the effect of a local perturbation: for example in the dDW
model [23, 25, 143, 144] and in the superconducting phase fluctuation scenario
[145, 146], and impurity induced bound excitations were found in each case.3
The study of impurity scattering at finite concentration in quasi-one dimensional UDW conductors has been carried out already in both the weak
scattering Born [147], and the strong scattering unitary limit [148]. However,
to our knowledge, the single impurity problem in unconventional spin and
charge density waves has not been addressed so far. In this chapter, our main
goal is therefore to report on this subject. A quasi-one dimensional UDW is
a gapless phase [50, 51] of matter. Albeit the condensate is made up of singlet electron-hole bound pairs of momentum Q, that is completely different
compared to Cooper-pairs in, for example, d-wave superconductors, its gapless nature originating from nodal excitations results in a low energy behavior
that is essentially equivalent to that of dSC. Thus, already at this stage, we
can predict similar behavior of the local density of states around the impurity
in UDW. There is however one important distinction between these systems.
Namely, due to the obvious differences in dimensionality and the Fermi surface,
in quasi-one dimensional UDW there are two relevant scattering processes, the
forward U(0) and the backward scattering amplitude U(Q), respectively. In a
superconductor there is only one (if a delta potential is used).
In Section 3.1 we present the formalism of the T -matrix approach necessary to incorporate the interaction between impurity and conduction electrons.
Section 3.2 is devoted to the study of quasiparticle resonances in the spectral
function (LDOS). This quantity might be of particular interest because it is
measurable by STM spectroscopy. In Section 3.3 we investigate the static
charge response affected by the local perturbation, the Friedel oscillations.
Section 3.4 is dedicated to thermodynamics: we calculate the contribution of
the impurity to the thermodynamic potential and specific heat. The chapter
is closed with summary and concluding remarks in Section 3.5.

3.1

Formalism

The mean-field Hamiltonian describing pure quasi-one dimensional DW is
given by Eq. (1.8). In Chapter 1, where a Raman study was presented in
2

Overdoped Bi2 Sr2 CaCu2 O8+δ samples were reported to exhibit pseudogap too [19].
There are of course subtle differences between the results of these model calculations,
like the real space position or doping dependence, or the number of these states. We will
come back to these issues later on this chapter.
3
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a system of interacting electrons, the order parameter was related to the pair
interaction. We have encountered the same effective Hamiltonian in Chapter 2 too, where the treatment of a coupled electron-phonon system has been
performed and there the order parameter was associated with the condensed
phonon system. For our present purposes, however, we do not need to know
what triggered the density wave instability, because our calculations are based
on the effective Hamiltonian. For (U)CDW, the density wave order parameter ∆σ (k) is even, while in (U)SDW it is an odd function of spin index.
This difference, however, considering the effect of a non-magnetic impurity
without spin-flip processes, does not show up explicitly and the two types of
condensates behave the same way. In conventional DW the order parameter is constant on the Fermi surface [2], whereas in UDW it depends on the
perpendicular momentum. The precise k dependence is determined through
the gap equation by the matrix element of either the electron-electron interaction [50], or, if the phase transition is governed by phonon exchange, the
electron-phonon coupling [107].
In the presence of a local impurity the violation of translational invariance
occurs and the order parameter is no longer homogeneous in real space. A
self-consistent calculation based on the Gor’kov equation with the electronimpurity interaction included results in a spatially varying ∆(r) [119, 149],
where the deviation from the bulk value, arising from pair-breaking effect, is
confined to the vicinity of the impurity itself. The Zn substitution of Cu in
cuprates is a good example of this [138]. However, the phenomena discussed
here are not expected to be altered significantly by introducing position dependent corrections [119, 125]. Thus, we completely ignore this effect and
stick with the homogeneous solution, the momentum dependence of which is
chosen as ∆(k) = ∆eiφ sin(bky ) [50, 107]. Here the phase φ is unrestricted due
to incommensurability (no Umklapp processes).
The interaction of electrons with the single non-magnetic impurity placed
at the lattice site R is described by the Hamiltonian


+ 

1 X −iqR
ak,σ
U(0)
U(Q)e−iQR
ak+q,σ
H1 =
.
e
ak−Q,σ
U(Q)∗ eiQR
U(0)
ak+q−Q,σ
V
k,q,σ

(3.1)
Here the summation over momentum transfer q is restricted to small values,
V is the sample volume and we have neglected the small q dependence of the
matrix elements (i.e. the Fourier components of the impurity potential). This
is because we are dealing with quasi-one dimensional DW, whose Fermi surface
consists of two almost parallel sheets at the points ±kF . Consequently, two
relevant scattering amplitudes can be distinguished: the forward U(0) and the
backward scattering parameter U(±Q), respectively.4 We believe that we can
4

Since the impurity potential is real, U (Q)∗ = U (−Q) holds as usual. Furthermore, we
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capture the essence of physics with this approximation. This is indeed the
case, at least as long as only static quantities, single particle properties and
thermodynamics is concerned. Investigating the effect of pinning, and dynamic
properties such as the sliding density wave however, requires the inclusion of
the small q⊥ contribution as well [52, 53].
It is worthwhile to emphasize at this point, that the allowance for different
forward and backscattering in Eq. (3.1) constitutes a more realistic impurity physics than the usage of a somewhat artificial point-like scalar impurity
(U(r) = Uδ(r)), with U(0) = U(Q) ≡ U. Nevertheless, this restricted impurity potential with ultrashort range (often termed contact potential) is widely
used in literature concerning the single impurity problem in conventional CDW
[125, 128, 129], d-wave superconductors [139, 140], and more recently in the
context of the pseudogap phase of HTSC [142, 143, 144, 146]. We will see
shortly, however, that the generalized approach with U(0) 6= U(Q) will reveal
the true double peaked nature of the subgap resonance in UDW. These two
virtually bound states with finite lifetime correspond to the infinitely sharp
and therefore well-defined bound states found in fully gapped CDW [126, 127].
The main purpose of this chapter is to perform a detailed study on the effect
of the local perturbation on the spectral function A(r, ω), and the total electron
density n(r). These quantities are directly related to the single particle Green’s
function. In view of the change in thermodynamic potential δΩ, caused by
the interaction, we will also determine the specific heat contribution of dilute
impurities at arbitrary scattering strengths. As the interaction Hamiltonian
in Eq. (3.1) is quadratic in fermion operators, δΩ is thus related to the Green’s
function as well [125]. According to all these, our first goal is to calculate the
single particle propagator dressed by the scatterer to infinite order. The rest
can be obtained in a relatively straightforward manner. Hereafter we drop
spin indices since they are irrelevant for our discussion and for the sake of
simplicity consider spinless fermions but our conclusions apply to both USDW
and UCDW. In addition we set R = 0.5
In the usual way the electron field operator can be split into left (L) and
right (R) moving parts as Ψ(r) = ΨL (r) + ΨR (r) [125], where
1 X ikr
Ψα (r) = √
e ak ,
V k

α = R(= +1), L(= −1),

(3.2)

and the summation is restricted to |kx − αkF| < kc , where vF kc is of the order
of the bandwidth. Choosing a sharp cutoff is somewhat artificial and obviously
consider a potential with even parity in real space, thus U (Q) is chosen to be real. This is a
plausible and standard simplification [125], and should be also intuitively obvious since the
two-body interaction is inversion symmetric.
5
The appearance of R in Eq. (3.1) helps in generalising impurity scattering to finite
concentrations, that is the subject of Chapter 4.
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=

+

Figure 3.1: Diagrammatic representation of Dyson’s equation, where the thick
(thin) line denotes the dressed (bare) electron propagator G (G0 ). The cross
represents the single scattering process t.
model dependent. Nevertheless, we shall follow the treatment developed for
conventional density wave in Ref. [125], and the cutoff will be taken to infinity whenever it does not affect the essence of physics. In this respect, most
quantities we evaluate in this chapter are insensitive to the applied cutoff.
The definition of Green’s function including the effect of impurity is
′
Gαβ (r, r′ ; τ ) = −hTτ Ψα (r, τ )Ψ+
β (r )iH ,

(3.3)

where H refers to the total Hamiltonian H0 +H1 . Applying standard equationof-motion technique, Dyson’s equation can be given in a matrix form for the
Matsubara components as [125]
Gαβ (r, r′; iωn ) = G0αβ (r, r′ ; iωn ) + G0αγ (r, 0; iωn )tγδ Gδβ (0, r′ ; iωn ),

(3.4)

where tγδ = (U(0) + U(Q)ρ1 )γδ , the zero superscript stands for the bare propagator and summation is applied over indices occurring twice. A diagrammatic
representation of Eq. (3.4) is depicted in Fig. 3.1. Now the spectral function, the particle density and the change in the grand canonical potential are
explicitly given as
1 X
A(r, ω) = − Im
Gαβ (r, r; iωn → ω + i0),
π
αβ
X
n(r) =
Gαβ (r, r; τ = −0),

(3.5)
(3.6)

αβ

and finally, δΩ is calculated from the coupling constant integral as
δΩ =

Z

0

1

dλ Tr[tG(0, 0; τ = −0)λ ].

(3.7)

The diagrams contributing to this shift of the thermodynamic potential in the
linked cluster expansion are illustrated in Fig. 3.2.6
6

The infinite
be summed up exactly to
P series of+ ring diagrams shown in Fig. 3.2 can P
give δΩ = −T ωn eiωn 0 ln det[1 − tg 0 (iωn )], where g 0 = V −1 k G0 (k, iωn ) is the local
Green’s function. This is an alternative representation of Eq. (3.7). In the subsequent
analysis we find it more convenient to use the coupling constant integral.
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Figure 3.2: Ring diagrams contributing to δΩ in the linked cluster expansion.
The thin line stands for the bare Green’s function and the cross represents the
scattering on the impurity.
In the following sections we give detailed description of the quantities above
in UDW, and will compare them to those of a fully gapped conventional DW
[125, 127, 128, 129]. Besides, emphasis will be put also on the fact, that the
LDOS around the scalar impurity in UDW, in particular its intragap structure,
greatly resembles either that of dDW or dSC [141].

3.2

Local density of states

In this section we present the results for the spectral function making use of
Eq. (3.5). Dyson’s equation for G can be readily solved as
Gαβ (r, r′; iωn ) = G0αβ (r, r′ ; iωn ) + G0αγ (r, 0; iωn )Tγδ (iωn )G0δβ (0, r′ ; iωn ), (3.8)
where

Tγδ (iωn ) = [t−1 − G0 (0, 0; iωn )]−1

γδ

(3.9)

is the T -matrix. Equation (3.8) provides us the general dependence of the
Green’s function on r and r′ . In the followings, however, according to
Eqs. (3.5), (3.6) and (3.7), we consider only diagonal components (in real
space). Furthermore, in a quasi-one dimensional UDW besides the chain direction x, in which the model is continuous, perpendicular spatial dimensions are
present as well offering the possibility for momentum dependent gap [50, 51].
This is to be contrasted with the strictly one-dimensional nature of normal
CDW [130]. As the specific k dependence of the density wave order parameter was chosen to be ∆(k) ∼ sin(bky ), the relevant perpendicular direction
is y, and the model remains discrete in this variable. Consequently we take
r = (x, mb, 0), where b is the corresponding lattice constant and m is an integer
indexing parallel chains.
It is clear from the structure of the T -matrix, that while analytically continuing to real frequencies, poles can emerge at certain well defined energies
that describe bound states localized at the impurity. This phenomenon is well
understood in a normal metal for quite a long time [150]. There, the binding
energy of these states are either above the upper or below the lower edge of
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Figure 3.3: The dimensionless local density of states A(r, ω)/N0 is shown in
UDW versus energy and position measured from the scatterer for m = 0 (top
left), m = ±1 (top right), m = ±2 (bottom left) and m = ±3 (bottom right).
For the numerics N0 U(0) = 0.2, N0 U(Q) = 0.7, vF kF /∆ = vF kF /tb = 10 and
φ = π/3 were applied. The black lines on the top left figure were calculated
from kF x = nπvF kF /(ω + vF kF ) with n = 5, 6, 7 and 8 (from bottom to top).
the band. Bound states can also show up in conventional DW, though the
situation in this case is more complex because additional states can develop
in the gap as well [125, 126, 127, 128, 129]. We will see in a little while that
in UDW, though being gapless [51], localized intragap states develop near the
Fermi energy (see the region |ω| < ∆ in Figs. 3.3 and 3.4). Albeit these states
closely resemble to the corresponding results in fully gapped DW, their widths
in energy are not infinitely sharp and therefore the identification as true bound
states is not adequate. Rather we call them virtual or resonance states. In
normal metal this sort of accumulation of states in a broader energy range is
referred to as a virtual state as well [150]. On the other hand, the notion of a
resonance state is widely used in the terminology of unconventional superconductivity [139, 140], and more recently in the context of the pseudogap phase
of HTSC [142, 143, 144].
Making use of the solution of Dyson’s equation and the results obtained in
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Appendix A regarding the bare Green’s function, we numerically determined
and plotted A(r, ω) for UDW in Fig. 3.3. The four panels show the energy
and position dependence of the spectral function around the impurity. For
example the top left panel corresponds to the m = 0 chain, that is the one
where the impurity resides. The other three demonstrate the effect of the
scatterer on the neighboring chains with m = ±1, m = ±2 and m = ±3,
respectively. It is immediately clear from the figures that the presence of
the local perturbation violates particle-hole symmetry. This is a common
feature of potential scattering and is familiar in dSC [139, 140] and dDW
[143, 144] as well. In addition to that, the local electronic structure exhibits
quite similar patterns on every chain. The fine details and features of these
patterns can be nicely separated into three distinct components, each having
its own microscopic origin. These will be studied in the followings:
(i) Perhaps the most apparent flavor of the STM images in Fig. 3.3 are those
curved stripes or waves that are becoming ever denser at high energies.
They are essentially nothing else but the electronic wavefunctions and
can be obtained even in a strictly one-dimensional metal. A simple de
Broglie picture can already account for the observed periodicity along
the chain: λ = 2π/p, where p = (ω + vF kF)/vF is the momentum of
the electron with energy ω measured from the chemical potential in a
linearized band. The very same electronic waves were found in the spectral function of one-dimensional conventional CDW [130]. Namely, in
Ref. [130] the effect of open boundary on CDW was studied. Among
others it was found that the position of zeros in the STM image is determined by kF x = nπvF kF /(ω + vF kF ), with n a natural number. This
result is in complete agreement with our simple reasoning based on de
Broglie formula. Each stripe can therefore be assigned a natural number
n (see especially the top left panel with the added curves), though they
do not necessarily indicate zeros in UDW. This is because the pattern
in the present case depends (weakly) on the scattering amplitudes too,
and an exact agreement is achieved only in the limit U(0) = U(Q) → ∞
corresponding to the case of open boundary.
(ii) Another interesting feature is that there is a modulated behavior along
the chains with a much larger wavelength than λ. Namely, A(r, ω) “periodically” takes on its unperturbed value. 7 In other words it exhibits
7

The bulk (homogeneous) quasiparticle density of states in pure UDW is given by [50]
 
|ω| 2  ω 
2
∆
,
K
A0 (ω) = N0 Θ(∆ − |ω|)
+ N0 Θ(|ω| − ∆) K
∆ π
∆
π
ω

where N0 = 1/(πvF bc) is the normal state density of states at the Fermi level per spin and
K(z) is the complete elliptic integral of the first kind.
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Figure 3.4: Left panel: LDOS in UDW is plotted on the m = 0 chain, enlarged around the Fermi energy to better show the resonant states in the
pseudogap. The other parameters are the same as in Fig. 3.3. Right panel:
the same quantity for fixed distances from the scatterer, kF x = 0.9 (dashed),
1.8 (dashed-dotted) and 4 (solid).
a beat. This property arises from the position dependence of the bare
Green’s function, see Appendix A. One can check either from the numerics or from the analytical calculation, that on chain m whenever
Jm (2x/ξ) = 0, the LDOS is that of the unperturbed system. Here Jm (z)
is the Bessel function of the first kind and ξ = vF /tb is the characteristic lengthscale originating from finite interchain coupling. In quasi-one
dimensional density wave materials tb is usually of the order of the energy gap ∆, and this leads to a ξ that is comparable to the coherence
length ξ0 = vF /∆. In any case it is much larger than atomic distances.
This modulated behavior related to the zeros of the Bessel function is
clearly missing in strictly one-dimensional models and is specific to real
quasi-one dimensional systems, let it be either a normal metal, a CDW
or even UDW.
(iii) The most important property of the electronic structure, at least from
the UDW point of view, is definitely the low energy behavior around
the Fermi level. The subgap structure of LDOS, as shown enlarged in
Fig. 3.4, is qualitatively different from that of a fully gapped DW [125,
126, 128, 129, 130]. Namely, in UDW considerable amount of spectral
weight is accumulated in the intragap regime in the form of two virtually
bound quasiparticle states. The energies of these impurity states are
determined by the poles of the T -matrix
[1 − U± g1 (Ω± )]2 + [U± g2 (Ω± )]2 = 0,

(3.10)

where U± = U(0) ± U(Q), and g1 (g2 ) is the real (imaginary) part of
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the retarded zeroth order local Green’s function (see Appendix A). In
principle, the solutions of Eq. (3.10) are complex, indicating the resonant
nature of the virtual states. Making use of the explicit forms of g1,2 given
by Eqs. (A.8) and (A.9), the energies Ω′± and the decay rates Ω′′± are
obtained as [151]


∆
π sign(U± )
1
′
′′
Ω± ≡ Ω± − iΩ± = −
1+i
, (3.11)
N0 U± ln(4N0 |U± |)
2 ln(4N0 |U± |)
where we have assumed the impurity scattering to be close enough to the
unitary limit so that the result can be computed to logarithmic accuracy
with ln(4N0 |U± |) ≫ 1. It is only in this limit that the two bound states
are well defined with Ω′′± ≪ |Ω′± |. Note that no φ dependence occurs
because of the diagonal structure of the local Green’s function which
is related to the lack of charge modulation in UDW. It is also easy to
see, that the finite lifetime results from the finite density of states in the
subgap coming from nodal quasiparticles (A0 (ω) = −(2/π)g2 (ω) ∼ |ω|
for small ω). In contrast to this, in conventional CDW the binding
energies are purely real leading to infinitely sharp resonances and welldefined undamped states. 8 Equation (3.11) and the presence of impurity
induced quasiparticle states in the UDW gap are in precise agreement
with that found in d-wave superconductor [139, 140] and in d-density
wave [142, 143]. However, in dDW only one such impurity state has been
found which is due to the limitation of the strictly point-like impurity
8

In CDW the binding energies in the gap are obtained as
q
q
or − 1 + Ub2 < Uf < − cos(φ)Ub < 0,
ω = Ω+
if Uf > 1 + Ub2
q
q
ω = Ω−
if Uf < − 1 + Ub2
or 0 < cos(φ)Ub < Uf < 1 + Ub2 ,

or ω1,2 = Ω± if cos(φ)Ub < Uf < − cos(φ)Ub . Here
q
−4Ub Uf cos(φ) ± |1 + Ub2 − Uf2 | (1 − Ub2 + Uf2 )2 + 4Ub2 sin2 (φ)
Ω± = ∆
,
1 + 2(Ub2 + Uf2 ) + (Ub2 − Uf2 )2

(3.12)
(3.13)

(3.14)

Uf = πN0 U (0)/2, Ub = πN0 U (Q)/2 and φ is the phase of the CDW order parameter. The
relations next to the above equations cover the whole three parameter space composed of
Uf , Ub and φ. It is clear that a double delta-peak is possible only if cos(φ)Ub < 0, that is the
CDW and the Friedel oscillations are out of phase [125]. If, for example, forward scattering
is ignored, two symmetrically placed states with opposite energies are found [125, 129]. On
the other hand, if U (0) = U (Q) ≡ U , which is nothing else but the case of a delta potential,
the position of the single Dirac-delta peak is given by [126, 128, 129]


q
∆
2
2
2
(3.15)
(πN0 U ) cos(φ) + sign(U ) 1 + (πN0 U ) sin (φ) .
Ω=−
1 + (πN0 U )2
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potential applied there. Indeed, for such a potential U− = 0 and the pole
structure of the T -matrix exhibits a single resonance only. Note also, that
in d-wave superconductor and in the phase-fluctuation scenario [146] of
the pseudogap phase, a double peaked resonance is found: one state on
both positive (electron) and negative (hole) biases. This structure arises
from the particle-hole mixing, an essential feature of pairing in SC, and
has nothing to do with different forward and backscattering.

In quasi-one dimensional (U)DW systems the fine tuning of chemical potential (doping) does not play such an important role as for instance in quasi-two
dimensional dDW. It is because it leaves the nesting property unaffected, as
µ can be incorporated in kF . Consequently, the energies of the intragap resonance peaks are not affected by doping, as opposed to that found in dDW,
where it scales with µ [146]. In this respect UDW behaves much the same
way as a dSC [146]: there due to the pairing mechanism the quasiparticles
are always excited with respect to the Fermi energy, leading to impurity induced states with energy pinned almost on the Fermi surface and essentially
unaffected by µ.

3.3

Friedel oscillation

This section is devoted to the analysis of density oscillations caused by the
impurity in the Born limit. The investigation of this issue is motivated by the
findings of Ref. [125], valid in one-dimensional conventional CDW. Namely, it
was found, that at zero temperature below the coherence length ξ0 = vF /∆,
the charge density around the impurity is just the sum of the contributions
corresponding to the CDW and the Friedel oscillations. Beyond ξ0 , however, as
the necessary electron-hole pairs with energy smaller than 2∆ are not available,
Friedel oscillations essentially cannot build up. The exponential decay of the
oscillations at this lengthscale was interpreted as a tunneling effect.
Our aim in this section is to perform an analogue but finite temperature
calculation in UDW and find the total density below and beyond the coherence length. This enterprise constitutes a bit more difficult problem than the
determination of the one-dimensional T = 0 CDW response [125] because of
the following three reasons:
(i) As UDW is a quasi-one dimensional structure, the finite interchain coupling has to be taken into account as well. This introduces an additional
lengthscale ξ = vF /tb besides ξ0 and the atomic distances vF /D, b. Consequently, the Friedel oscillations will become essentially two-dimensional
(cigar shaped) and the chains with index m 6= 0 will be affected by the
impurity too.
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(ii) In contrast to fully gapped DW an UDW is characterized by a momentum
dependent order parameter and this extra k dependence makes explicit
calculation more cumbersome.
(iii) At finite temperature T the temperature itself introduces a characteristic
length: ξ1 = vF /T . Although the treatment of finite T obviously leads
to extra complications, we try to incorporate its effect. We will see
shortly that it is indeed important because it leads to qualitative changes
compared to the zero temperature results.
Since in UDW no periodic modulation of either charge or spin density
is present, we expect robust Friedel oscillations showing up below ξ0 . On
the other hand, as UDW is gapless and nodal excitations are available with
arbitrary small energy, we expect the oscillations beyond the coherence length
to exhibit power law behavior as opposed to exponential decay.

3.3.1

Normal metal

To get started, we first present the results for the density oscillations obtained
for a quasi-one dimensional normal metal in the Born limit, where T (iωn ) = t.
Using Eq. (3.6) and the Matsubara versions of the bare Green’s function (see
Appendix A), for |x| ≫ vF /D one obtains [151]
  

2x
2π|x| cos(2kFx)
m 2
n(x, m) = n0 − n0 N0 U(Q)π(−1) Jm
P
, (3.16)
ξ
ξ1
2kF|x|
where n0 = kF /(πbc) is the homogeneous density, P (z) = z sinh−1 (z) and
Jm (z) is the Bessel function of the first kind. This is a very instructive result
and it is worth stopping here for a moment and analyze it in detail. The first
thing it tells us is that in a normal metal in the Born limit only backscattering
contributes to Friedel oscillations as the forward scattering amplitude drops
out from the calculation. It is also clear from Eq. (3.16) that the different
lengthscales are factorized in the sense that they appear in different terms of
a product. The last term is the familiar Friedel oscillation with periodicity
2kF and algebraic asymptotics (∼ |x|−1 ). This behavior is known to be the
consequence of the sharp Fermi surface of normal metal at zero temperature.
In other words, from a more physical point of view, the long range oscillations
develop because it is not possible to construct a smooth function out of the
restricted set of wave vectors |k| < kF . Here, in our finite temperature result
we find that this oscillating term is modulated by a smooth envelope P (z),
that in the zero temperature limit correctly simplifies to P (z → 0) = 1. On the
other hand, at arbitrary small but finite temperature the long-range behavior
is replaced by an exponential decay according to P (z ≫ 1) ≈ 2ze−z [152]. This
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qualitative change arises from the fact that at finite temperature the Fermi
surface is smeared over a thickness T in energy and the electronic distribution
function becomes smooth and analytic.
As to the effect of impurity on the parallel chains, it has been taken into
account in Eq. (3.16) by the Bessel function. In the extreme limit of decoupled
one-dimensional chains, where tb → 0, one readily finds Jm (2x/ξ) → δm0 , indicating the fact that screening takes place on the chain only where the impurity
resides and all the others are completely unaffected. At finite interchain coupling the square of the Bessel function serves as a modulating function: due to
its quasiperiodic zeros it results in a beat in the induced charge density with
wavelength λ ≈ πξ/2, that is certainly much larger than that of the Friedel
oscillation, π/kF .

3.3.2

Conventional CDW

The corresponding formula for the impurity induced charge response in a quasione dimensional conventional CDW can also be obtained in closed form at distances larger than the atomic length scale. Below the transition temperature
the order parameter is finite, and one can easily show that in this case the
Born calculation acquires an extra contribution from forward scattering processes. However, it is small and does not exhibit the relevant 2kF periodicity
characteristic to Friedel oscillation. We therefore omit it here and concentrate
on the effect of backscattering only. With all this, the analogue of Eq. (3.16)
in CDW at zero temperature reads [151]
n(x, m) = n0 − (−1)m n1 cos(2kF x + φ)
− n0 N0 U(Q)π(−1)

m

2
Jm



 

2x
2|x| cos(2kF x)
F
, (3.17)
ξ
ξ0
2kFξ0

where
F (z) = 2K1 (z) − 2 cos2 (φ)

π
π
− zK0 (z) − z [L1 (z)K0 (z) + L0 (z)K1 (z)] . (3.18)
×
2
2

Here n1 = ∆/|g| with g being the density wave coupling constant. Furthermore
Kn (z) and Ln (z) are, respectively, the modified Bessel function of the second
kind and the Struve function. The first two terms together in Eq. (3.17) is the
usual CDW charge modulation. In pure CDW without impurity the phase φ
of the order parameter is unrestricted due to incommensurability. However,
introducing the perturbing potential the phase and thus the overall position of
the condensate gets pinned to φ(U(Q) > 0) = 0 or φ(U(Q) < 0) = π [125, 128].
In either case F (z) remains the same and within the CDW coherence length
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it simplifies to F (z ≪ 1) ≈ 2z −1 . In this region therefore the contribution of
the impurity to the density oscillations is precisely that of the normal metal.
On
other hand at distances much larger than ξ0 we have F (z ≫ 1) ≈
√ the
−3/2 −z
2πz
e , and exponential decay is obtained in agreement with Ref. [125],
see also Fig. 3.5.
Strictly speaking, Eq. (3.17) is valid only at T = 0. However, its validity
still holds for low temperatures where β∆(T ) = ξ1 /ξ0 ≫ 1. The justification of
this statement is as follows: As we have just seen, at large distances exponential
decay is obtained with characteristic length ξ0 . This behavior is very similar
to the effect of finite T in normal metal. The obvious parallelism can be
easily understood by remembering the fact that in a conventional CDW with
constant gap the Fermi surface is smeared over an energy width ∆. Thus the
electronic distribution becomes analytic even in the ground state leading to
the aforementioned exponential behavior. This result is precisely the same as
found in BCS superconductor in Ref. [152]. Raising the temperature introduces
a further exponential cutoff (∼ exp[−2π|x|/ξ1 ]), just like it did in the normal
state, that has clearly no observable effect as long as ξ1 ≫ ξ0 . The opposite
relation on the other hand would lead essentially to the normal state.
Finite interchain coupling tb results in a quasi-one dimensional CDW structure. Its effect coincides exactly with that found for normal metal because of
the same factors of Bessel functions appearing in Eqs. (3.16) and (3.17). For
details see the last paragraph of subsection 3.3.1.

3.3.3

Unconventional DW

Now we finally turn our attention to UDW and for the same reasons pointed
out in the case of CDW, we again consider the effect of the relevant backscattering only. We begin with the zero temperature case. In the ground state a
closed solution like the ones in Eqs. (3.16) and (3.17) valid for all |x| ≫ vF /D
cannot be obtained. Nevertheless, we have just seen during the calculation of
the CDW response that within the coherence length the metallic result applies. This is because at such distances only the high energy electron-hole
pair excitations contribute to density oscillations, and far from the Fermi energy a fully gapped CDW behaves the same as a normal metal. This latter
statement is equally true for an UDW as well. Therefore we conclude, that
in quasi-one dimensional UDW ground state within the coherence length the
density oscillations are the same as that of a normal metal given by the zero
temperature limit of Eq. (3.16). Note here, that in UDW due to the vanishing
average of the gap over the Fermi surface, the anomalous contribution to the
total density due to the condensate is missing, n1 = 0. On the other hand, at
large distances the small energy nodal excitations dominate the static charge
response. To make the picture whole, for |x| ≫ ξ0 asymptotic expansion to
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[n(x, 0) − n0 (x, 0)]/n0 N0 U(Q)
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Figure 3.5: The impurity induced electronic density is shown for a conventional
CDW (solid) and UDW (dashed-dotted) on the chain m = 0. It is calculated
from Eqs. (3.17) and (3.19). For plotting kFξ0 = kF ξ = 10 were applied
and n0 (x, 0) denotes the unperturbed density without impurity. The CDW
response freezes out exponentially at large distances. The UDW contribution
on the other hand is much larger which leads to the fact that the beat property
is well observable too, in the present case with kF λ ≈ πkF ξ/2 ≈ 15.
leading order yields [151]
n(x, m) − n0 = n0 N0 U(Q)(−1)m



2x π
cos(2kF x + 2φ)
2m2
2
× sin
− m
ξ
2
2kF ξ0
z (2z 2 + m2 )2



cos(2kFx)
4z
2x π
2
− m
,
− cos
ξ
2
2kF ξ0 (2z 2 + m2 )2

(3.19)

where z = |x|/ξ0. Equation (3.19) certifies our expectations about the power
law decay (∼ r −3 ) at large distances. At this point we would like to call
the attention to the following: The argumentation (about the smeared Fermi
surface leading to exponential decay) we applied in the CDW in subsection 3.3.2 is not applicable directly for UDW, though finite order parameter exists here too. In fact the UDW gap is momentum dependent and
possesses nodes. Around
p these nodes the electronic distribution function
ha+
a
i
=
(1
−
ξ(k)/
ξ(k)2 + |∆(k)|2 )/2 simplifies to the sharp step funckσ kσ
tion. At other portions of the Fermi surface, however, where |∆(k)| is close
to maximum, the distribution function is smeared out much the same way as
in normal CDW. Nevertheless, due to the nodes the distribution function remains non-analytical in momentum space leading to the observed long-range
power law decay.
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At finite temperature charge response is affected only at distances |x| ≫ ξ1 ,
where the factor exp[−2π|x|/ξ1 ] becomes dominant. But as long as β∆(T ) =
ξ1 /ξ0 ≫ 1, the power law behavior can in principle be observed in the range
ξ0 ≪ |x| ≪ ξ1 . In Fig. 3.5 the density oscillations along the m = 0 chain
are compared in a conventional CDW and in UDW. Beyond the coherence
length the CDW response is hardly observable while it is considerably larger in
UDW. Furthermore, the aforementioned beat due to finite interchain coupling
can be clearly seen too. This complex behavior signals the presence of the
nodal density wave, and seems to be more accessible in experiments than
the detection of an exponential decay in normal CDW. In the latter case of
course, clear CDW background is present too, that is certainly measurable by
other means. In UDW candidates, however, measuring Friedel oscillations for
example in STM measurements might serve as a useful tool in identifying the
low temperature phase and to reveal hidden order.

3.4

Thermodynamics

The effect of the single non-magnetic impurity on the thermodynamics can be
derived from Eq. (3.7), which gives the change in the grand canonical potential
in the presence of interaction. This equation will be utilized in this section in
order to calculate the entropy and specific heat contribution of dilute impurities. According to Eq. (3.7), we need the exact Green’s matrix at the impurity
site and at τ = −0 imaginary time. The Matsubara summation is transformed,
as usual by deforming the contour, into a frequency integration along the real
axis. This form now involves the spectral function at the impurity site, and
we get
Z
1 ∞
Gαβ (0, 0; τ < 0) =
dω f (ω)e−ωτ [A+ (ω) + αβA− (ω)],
(3.20)
4 −∞
where f (ω) is the Fermi function, A+ (ω) = A(r = 0, ω), and A− has the same
functional form as A+ , but instead of U+ it involves U− , that is
A± (ω) = −

g2
2
+2g1 (ω± )2 |∂ω g1 (ω± )|−1 δ(ω −ω± ). (3.21)
π (1 − U± g1 )2 + (U± g2 )2

Here g1,2 stand for the real and imaginary parts of the local zeroth order
Green’s function given by Eqs. (A.6) and (A.7) in Appendix A. The LDOS
right at the impurity site A(r = 0, ω) is shown in Fig. 3.6. In addition, ω±
denote the binding energies of the high energy bound states outside the band
determined from 1 − U± g1 (ω± ) = 0. This is nothing else but Eq. (3.10) for
frequencies where g2 = 0, i.e. outside the band. It provides us those poles
of the T -matrix that are located on the real frequency axis. With the aid of
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Figure 3.6: LDOS is shown at the impurity site versus energy and impurity
strength, where U+ = U(0) + U(Q).
Eqs. (A.10) and (A.11) the solution reads as ω± = D coth(1/N0 U± ). These
states are indeed very far from the Fermi level, their contribution to the low
temperature behavior is obviously negligible. Doing so and keeping only the
first term in Eq. (3.21), we are able to perform the coupling constant integral
in Eq. (3.7) analytically, and we end up with


 2
Z
(g1 + g22)U+ − g1
1 ∞
dω f (ω) arctan
δΩ = −
π −∞
g2
 2

 
2
(g1 + g2 )U− − g1
g1
+ arctan
+ 2 arctan
. (3.22)
g2
g2
It is interesting to see that there is no explicit phase dependence in this expression. The reason for this is quite simple: UDW lacks charge modulation
and thus any position of the condensate is equivalent from the impurity’s point
of view. The temperature enters this expression not only through the Fermi
function, but also through ∆(T ) appearing in g1,2 . Nevertheless, the low temperature correction to ∆(0) is small, it is of the order of T 3 [50], and thus
cannot affect the expected T linear entropy and specific heat [147, 148, 153].
A Bethe-Sommerfeld series expansion at low T finally yields the specific heat
contribution for one spin direction as
π 2 1 N0 U(0)
δCV =
T,
3 V ∆(0)

(3.23)

where 1/V is the impurity concentration in this single impurity problem. It
should be replaced by ni = Ni /V in the extreme dilute limit, where Ni is the
number of impurity atoms in the sample. Equation (3.23) shows that the T
linear contribution is due to forward scattering. Furthermore, ni N0 U(0)/∆
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plays the role of the residual density of states at the Fermi level in an impure
UDW. These findings are in accordance with Ref. [153].

3.5

Conclusion

We have studied the effect of a single non-magnetic impurity in quasi-one dimensional unconventional density wave. In particular, its effect on the local
electronic states and on the Friedel oscillations were explored in great detail.
The potential scattering was treated within the T -matrix approach, with the
allowance for different forward and backward scattering. In this respect, we
extended the widely applied strictly point-like impurity picture. The impurity
induced local density of states becomes asymmetric with respect to the Fermi
energy, signalling the violation of particle-hole symmetry. We found a double
peaked quasiparticle resonance in the subgap, calculated the energy and lifetime of the virtual states, and determined the scanning tunneling microscopy
image along the neighboring chains. The double peaked nature of the virtual
states stems from the generalization for different scattering amplitudes. Indeed, for equal forward and backscattering corresponding to a delta potential,
we obtain a single impurity state in accordance with that found in quasi-two
dimensional dDW. The energies and decay rates are found the same as in dDW
or dSC, which is not surprising at all, as these systems all have a quasiparticle
density of states that is linear in energy around the Fermi level arising from
nodal excitations. The electronic states around the impurity can be studied
experimentally with STM spectroscopy. This diagnostic tool is able to resolve
both the energy and spatial dependence of the local density of states by directly measuring the tunneling conductance. To this end, we calculated the
expected STM image of an UDW as a function of energy and position.
An external perturbation like an added impurity, or a constraint on the
electronic wave functions in the form of boundary conditions, are known to
cause Friedel oscillations in the charge distribution. In pure UDW no modulation of either charge or spin is present. Therefore, robust Friedel oscillations
were expected to show up below the density wave coherence length. We found
indeed, that in this length scale the density oscillations were those of a normal
metal. This is to be contrasted with the CDW result, where the impurity
induced oscillations are superimposed on the usual CDW background. On the
other hand, contrary to the exponential decay of fully gapped CDW, beyond
the coherence length power law behavior was expected and found. It is due to
the fact, that in UDW nodal excitations (electron-hole pairs) are available at
arbitrarily small energy, thus density oscillations can build up. This algebraic
behavior at large distances signals the presence of the UDW condensate and
could be more accessible in experiments than the exponential decay of normal
CDW. In addition to that, the possibility of experimental detection is further
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supported by the fact that an UDW does not exhibit static charge density
wave background that could overwhelm the impurity contribution.
At last, we calculated the change in the grand canonical potential, the
entropy and specific heat contribution of the scalar impurity embedded in the
UDW host. The calculation was done to infinite order in the interaction.
At sufficiently low temperature forward scattering produces metallic T -linear
behavior, because it breaks particle-hole symmetry and causes finite residual
density of states at the Fermi energy.

Chapter 4
Impurity scattering in
unconventional density wave:
non-crossing approximation
In this chapter we study what happens to the unconventional density wave
ground state of quasi-one dimensional interacting electron system if finite concentration of non-magnetic impurities are introduced [153].
In Chapter 3 we reported on the single impurity problem in UDW based on
the T -matrix approach. We were primarily interested in local properties such
as the energy dependence and spatial variation of the spectral function, or the
Friedel oscillations induced by the external perturbation. These questions concerning local effects are raised naturally in such problems where translational
invariance is broken on account of disorder such as atomic scale defects or very
low concentration of randomly distributed impurity atoms, located for example
on the surface of a substance. If however, we are interested in bulk properties
of matter such as low temperature specific heat or transport properties like
complex conductivity, all the impurities present should be taken into account
in any theoretical analysis. This is usually done by diagrammatic methods [1]
with a very important additional input: the need for averaging over impurity
configurations. In any given configuration translational invariance is broken
and the impurities act as a static perturbing potential that is superimposed
on the periodic background of the perfect lattice. Averaging over impurity
positions restores translational invariance and at the same time introduces an
imaginary part of the self-energy, the damping of quasiparticles. This is crucial, as we will see, because this finite imaginary part of the self-energy (the
scattering rate) is responsible for the destruction of either superconducting
or density wave ground state of alloys [75, 153]. This is the key ingredient
that distinguishes this treatment from the T -matrix formalism of the single
impurity problem, where the poles of the Green’s function are unchanged with
73
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respect to their unperturbed values located on the real frequency axis and the
only effect of impurity are few additional poles coming from the T -matrix,
that describe the newly formed localized states.
Abrikosov and Gor’kov [113] in their seminal paper considered the effect of
uncorrelated paramagnetic impurities in conventional superconductors. Their
calculations and conclusions relied on a self-consistent second order Born approximation, in which only the first nontrivial diagram1 in the expansion of
self-energy is retained. This approach, though assumes impurities to be weak
perturbation, was a great success for it could interpret rather well the suppression and even destruction of superconductivity with increasing concentration.
It also pointed out, that one should make a clear distinction between the
energy gap ΩG in the excitation spectrum and the superconducting pair amplitude ∆, because the essential feature of superconductivity is the correlation
of electrons manifested in finite ∆, rather than the existence of a gap, for the
latter can vanish in the gapless regime [75, 113, 115] while still being a superconductor.2 Later, the AG theory was successfully reapplied in the context
of excitonic insulator [122], quasi-one dimensional conventional and unconventional density waves [123, 124, 147, 154] or anisotropic organic superconductors
like Bechgaard salts [17].
With the appearance of heavy fermion superconductors in 1979 [5] and
high-temperature superconductors in 1986 [7], or more generally with the advent of unconventional superconductivity [8, 9, 101], it turned out that not
all impurities act as weak perturbation and the Born limit might not be satisfactory in certain cases. In Chapter 3 we have already mentioned the Zn
substitution of Cu in the CuO plane of hole-doped cuprates, that is definitely
not a weak perturbation, but is in the unitary limit [134, 135, 138].3 The
unitary limit, the other extreme of impurity scattering, in both conventional
and unconventional density waves was studied by Dóra et al. in Ref. [148]. It
was found that impurities, without violating particle hole symmetry, suppress
UDW ground state and result in a dramatic increase of the residual density
of states. In addition to that a small island of localized states was found close
to the Fermi energy superimposed on the usual gapless [50, 51] quasiparticle
density of states. This band of impurity states is the equivalent to that found
first by Shiba [119, 121], though in systems with nodal excitations it is not
isolated but overlaps with the continuum [135, 148].
The previously mentioned weak and strong scattering limits of disorder
1

The second diagram in Fig. 4.2. The first order correction in Fig. 4.2 is rather trivial
because it introduces a frequency independent constant shift in the single particle energies,
thus can be incorporated in the chemical potential.
2
This result is striking because the BCS theory [3] contains only the single parameter ∆
which is at the same time the energy gap and the measure of pair correlation.
3
As opposed to this, Ni substitution for example gives rise to weak scattering [132, 155].
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Figure 4.1: A typical ladder-type diagram, a third order correction to the selfenergy is shown on the left, whereas in the middle, a fourth order rainbowtype self-energy insertion is depicted. The diagram on the right shows the
crossing of interaction lines, such diagrams are thus beyond NCA. The solid
line represents the bare electron propagator.
have received considerable attention in the literature. Nevertheless, from
the late eighties, there have also appeared systematic studies of quasiparticle scattering in anisotropic superconductors for arbitrary scattering strengths
[14, 66, 156]. These papers were published with the aim to generalize available
scattering theory to the intermediate regime and to investigate disorder effects
close to the resonant limit characteristic to heavy fermion superconductors.
The applied method is known as the self-consistent T -matrix approximation,
where, in leading order of low impurity concentration ni , the impurity averaged self-energy can be expressed as Σ = ni T . This result is well known
in normal metal [157, 158].4 Here, T is obtained from the single impurity
problem and self-consistency means that the intermediate propagators in the
Lippmann-Schwinger equation for T are the renormalized ones a la Dyson,
G−1 = (G0 )−1 − Σ. Because of self-consistency, the resulting self-energy contains all ladder- and rainbow-type diagrams of the non-crossing approximation
(NCA), see Fig. 4.1. This generalized treatment of impurity scattering has
been recently applied to the presumed d-density wave state of the pseudogap
in cuprate superconductors [159]. We shall note here in passing that one must
be very careful when applying the aforementioned simple relation between Σ
and T . Namely, its validity is limited only to normal metals and condensates
exhibiting pairing symmetry of higher orbital momentum, where the order
parameter averaged over the Fermi surface vanishes: h∆(k)i = 0.5 In stark
contrast to this, in ordinary superconductors and conventional density waves,
where the off-diagonal (Gor’kov-type) component of the local Green’s function
is finite, the applicability of the formula breaks down and one must calculate
the self-energy separately [147]. The self-consistent T -matrix approximation,
or in other words the non-crossing approximation for the single particle Green’s
function, can be safely adopted in three dimensions [1]. For two-dimensional
systems however (to which high-Tc cuprates belong) the standard procedure
4

In the usual case, a potential with ultra short range is considered enabling a complete
summation of diagrams, see e.g. Ref. [158].
5
Strictly speaking, because of the Nambu formalism [76] conventionally used in the theory
of superconductivity and density waves, Σ and T become matrices in particle-particle or
particle-hole spaces, and 2Σ = ni [TrT + ρ3 Tr(ρ3 T )] holds.
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of averaging over impurities may be complicated by the appearance of logarithmic singularities in the perturbative expansion of the self-energy. For such
systems a different non-perturbative method was developed, that, in diagrammatic language, takes into account the crossing diagrams as well and predicts
an additional logarithmic correction to the density of states at low energy:
δN(ω) ≈ ni /(2|ω| ln2 |ω/∆|) [160].
In this chapter we aim to generalize the theory of dirty quasi-one dimensional unconventional density waves to arbitrary scattering strength. Thereby
we fill the gap between the well-known weak and strong scattering limits and
provide a unified picture of impurity scattering by non-magnetic impurities.
Our results therefore cover the whole parameter space: include both the selfconsistent Born and the resonant unitary limits, and most importantly give exact results in between. To this end, we make use of the full self-energy obtained
in the non-crossing approximation, whose derivation is given in Section 4.1.
With the self-energy at hand, in Section 4.2 we develop the thermodynamics
of dirty UDW. In Section 4.3 we report on the quasiparticle density of states,
whereas Section 4.4 is devoted to the calculation of the static, long wavelength
spin susceptibility. Finally, our conclusions are given in Section 4.5.

4.1

Formalism

The interaction Hamiltonian due to disorder is given by Eq. (3.1) in the single
impurity case. For finite concentration ni of randomly distributed substitutional impurities it is readily generalized as
1 X −iqRj +
e
Ψ (k + q)U(Rj )Ψ(k),
V k,q,j


U(0)
U(Q)e−iQRj
,
U(Rj ) =
U(Q)∗ eiQRj
U(0)

H1 =

(4.1a)
(4.1b)

where Rj is the position of the jth dopant atom on the lattice (j = 1, . . . , Ni ,
ni = Ni /V ) and the spinor Ψ+ (k) was already defined in Eq. (1.9). The total
effective Hamiltonian we are considering in this chapter is H0 + H1 , where H0
is that of the pure density wave in Eq. (1.8). The thermal Green’s function,
which we will make extensive use of in this chapter, is already defined in
Eq. (1.11), but now H with which the expectation value should be taken is of
course H = H0 + H1 . The propagator for pure UCDW is [see Eq. (1.12)]
G0 (k, iωn ) = −

iωn + ξ(k)ρ3 + ∆′ (k)ρ1 − ∆′′ (k)ρ2
,
ωn2 + ξ(k)2 + |∆(k)|2

whereas in USDW ρ1,2 have to be replaced by σ3 ρ1,2 .

(4.2)

4.1. FORMALISM

77

  
+

+

+

...

Figure 4.2: Non-crossing self-energy corrections due to impurity scattering.
The solid line denotes the electron propagator G, while the dashed line is for
the electron-impurity interaction. Dashed lines coming from the same cross
represent successive scattering of the electron on the same impurity.
This chapter focuses on ordinary potential scattering. Neither spinexchange nor spin-orbit interaction is taken into account. Therefore, the spin
degree of freedom is irrelevant in our discussion and our results apply to both
unconventional spin-, and charge-density waves. Furthermore, we choose the
momentum dependence of the order parameter appearing in the zeroth order
Green’s function as ∆(k) = ∆eiφ sin(bky ), where the phase φ is unrestricted
due to incommensurability. Though the impurities we shall shortly introduce
in the system are able to pin down the phase [52, 53], performing the usual
impurity average restores translational invariance and consequently the phase
degree of freedom. Thus, for brevity we fix the phase to be φ = 0 and without
the loss of generality consider a real order parameter. As to the specific k
dependence, had we chosen a gap with cosine function or a gap depending on
the z component of the wave vector, our results would not alter.
Let us now turn our attention to the self-energy Σ(k, iωn ). In diagrammatic
language, the non-crossing approximation retains only those diagrams where
no two interaction lines cross each other. A simple subset of such diagrams are
usually referred to as the ladder-type diagrams describing successive scattering
processes on the same and single impurity atom. In case the particle lines
appearing in these diagrams are not the bare G0 but the dressed propagators
G, then all the rainbow-type diagrams are included as well, and the NCA
becomes full and self-consistent, see Fig. 4.2. The coupled equations valid for
UDW are [147]
G(k, iωn )−1 = G0 (k, iωn )−1 − Σ,
(4.3a)
U(0) − g(U(0)2 − |U(Q)|2 )
,
(4.3b)
Σ = ni
1 − 2gU(0) + g 2 (U(0)2 − |U(Q)|2 )
P
where g = V −1 k G(k, iωn ). According to the ignorance of small q dependence of scattering amplitudes the self-energy turns out to be momentum
independent Σ(k, iωn ) = Σ(iωn ). We shall note here that the impurity concentration should be small enough in order for the NCA to be applicable and
reliable. Quantitatively it means that the self-energy should be much smaller
than the bandwidth W = 2vF kF , otherwise the contribution of crossing diagrams cannot be neglected and retaining the non-crossing class of diagrams
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only becomes inadequate. Moreover, at large enough concentration the standard independent average over impurity positions breaks down (for the impurity average performed on Σ, see Ref. [147]). We will see shortly however, that
because of pair-breaking, we have a natural limit on ni which is of the order
of 1%. Staying in this region of concentrations should be within the bounds.
The ansatz-solution G of the closed pair of equations above reads as
G(k, iωn ) = −

iω̃n + ξ(k)ρ3 + ∆(k)ρ1
,
ω̃n2 + ξ(k)2 + ∆(k)2

(4.4)

where, in contrast to conventional systems with constant gap, only the Matsubara frequency gets renormalized [147, 148]. The order parameter remains
unaffected due to the unconventional nature of the gap with vanishing Fermi
surface average. This is known also for quasi-one dimensional superconductors
[17]. With the aid of the explicit expression in Eq. (4.4), g is calculated easily,
and the renormalization condition for the Matsubara frequency follows as
iω̃n = iωn + δµ − Σ,
g = −N0 p

iω̃n
K
ω̃n2 + ∆2

(4.5a)
∆
p
ω̃n2 + ∆2

!

,

(4.5b)

where we have introduced a shift in the chemical potential δµ by hand in
Eq. (4.5a). This we need in order to keep the particle number conserved in
the system, since the presence of impurities on a macroscopic scale causes
the particles to either flow in or out of the system depending on the sign
and magnitude of the forward and backward scattering parameters. In the
second order Born approximation [124, 147] the self-energy simplifies to Σ =
ni U(0) + ni g(U(0)2 + |U(Q)|2 ), and δµ = ni U(0).6 On the other hand, for
strong scattering [134, 148], we have Σ = −ni /g and δµ = 0.

4.2

Thermodynamics of impure UDW

4.2.1

Gap equation and critical temperature

Using the off-diagonal component of the Green’s function in Eq. (4.4), the gap
equation determining the temperature dependence of the order parameter in
the impure system reads as
∆=

PT X
∆ sin(bky )2
,
N k,ω ω̃n2 + ξ(k)2 + ∆2 sin(bky )2

(4.6)

n

6

This finite δµ serves to precisely cancel the constant term in Σ, thereby conserving
particle number. This is the reason why the self-energy in the Born approximation is
generally written as Σ ∼ ni gU 2 [113, 122, 124].
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where N denotes the number of lattice sites. The effective coupling P favoring
the sine dependence of ∆(k), and a factor of sin(bky ) in the numerator comes
from the kernel of electron-electron interaction, may it be either direct [50] or
indirect, mediated by phonon-exchange [107]. Now we derive the equation for
the transition temperature Tc . Following Ref. [124], we reformulate Eq. (4.6)
as
( p   
)
 
 
2
X
4
ω̃
T
i∆
π
i∆
n
ln
=T
−K
−
,
(4.7)
E
2
Tc0
∆
ω̃n
ω̃n
|ωn |
ω
n

where Tc0 is the transition temperature of the pure UDW [50]. We note that
the basic Eqs. (4.3b) and (4.5), relating the renormalized frequency to the
bare frequency, provide an unphysical solution as well. The physically correct
solution, that involves the right analytic properties of the retarded Green’s
function, is chosen as sign(Re ω̃n ) = sign(ωn ). Near the transition temperature
Tc , where ∆ is small, we can expand the right hand side of Eq. (4.7) to obtain
the celebrated Abrikosov-Gor’kov (AG) formula
 


 
Tc
1
Σ′0 − δµ
1
|Σ′′0 |
− ln
= Re ψ
+i
+ψ
,
(4.8)
+
Tc0
2 2πTc
2πTc
2
where ψ(z) is the digamma function and Σ(∆ = 0) = Σ′0 +iΣ′′0 is the decomposition of the normal state scattering rate into real and imaginary parts. They
read as
Σ′0 = 4ni U(0)D −1 [4 + N02 π 2 (U(0)2 − |U(Q)|2 )],
Σ′′0 = − 2π sign(ωn )ni N0 D −1
× [4(U(0)2 + |U(Q)|2 ) + π 2 N02 (U(0)2 − |U(Q)|2 )2 ],

(4.9a)
(4.9b)

where
D = (4 + N02 π 2 (U(0) + |U(Q)|)2 )(4 + N02 π 2 (U(0) − |U(Q)|)2 ).

(4.9c)

Up to this point the shift in chemical potential played the role of a constant
parameter, the value of which is determined by particle conservation via the
integrated density of states. However, the analysis of the one particle density
of states is the subject of Section 4.3, therefore we anticipate here the result
δµ = Σ′0 .

(4.10)

This could have been presumed also from the AG formula in Eq. (4.8), because
in the Born and resonant limits the argument of ψ is purely real [147, 148].
Note that Eq. (4.10) is valid in a metal as well, because Σ0 is the normal state
self-energy. In Fig. 4.3 we plot δµ as a function of scattering parameters. Now
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Figure 4.3: The shift in chemical potential due to impurity scattering as a
function of dimensionless scattering amplitudes.
it is clear, either from the figure or from Eq. (4.9a), that it is the presence of
finite forward scattering that results in the violation of particle-hole symmetry.
With all this we arrive to the final form [153]


 
 
1
1
Γ
Tc
=ψ
+ψ
,
(4.11)
+
− ln
Tc0
2 2πTc
2
where we have introduced the normal state scattering rate Γ = |Σ′′0 | [14]. We
see now, and shall point it out, that the AG formula is valid for arbitrary
strength of impurity scattering, and its applicability is not limited for the case
of weak or strong scatterers only. The general form of Γ simplifies to the correct expression (Γ1 + Γ2 )/2 in the Born limit, where Γ1 = πni N0 U(0)2 and
Γ2 = πni N0 |U(Q)|2 are the forward and backward scattering rates, respectively [147]. On the other hand, it gives back the result 2ni /(πN0 ) known
for strong scatterers√[148]. Its critical value, where Tc vanishes, is given by
Γc = πTc0 /(2γ) = e∆00 /4, with γ = 1.781 being the Euler constant and
∆00 stands for the pure zero temperature order parameter. One can easily see
that Γ is bounded as a function of the forward and backward scattering parameters, but scales with ni . Consequently, this enables us to define a critical
impurity concentration nc = π 2 N0 Tc0 /(4γ), below which (ni < nc ) the values
of |U(0)| and |U(Q)| can be arbitrary, thereby including the Born and unitary limits as well, but above which (ni > nc ) the amplitudes are constrained
into a finite region in the |U(0)| − |U(Q)| plane around the origin. This is
because otherwise the strength of the impurity scattering completely destroys
the density wave condensate even at zero temperature. In the latter case apparently, only the Born limit is accessible. In Fig. 4.4 we show these regions
and the corresponding confining contours of Γ/Γc . Using the parameters of

4.2. THERMODYNAMICS OF IMPURE UDW

81

2

1.15
N0 |U(Q)|

1.5

1.33
1

2.08
2.56

1.33

1.15

0.5

4.76
0
0

0.5

1

1.5

2

N0 |U(0)|
Figure 4.4: Contour plot of the scattering rate Γ/Γc = 1 in the |U(0)| −|U(Q)|
plane for ni /nc = 1.15, 1.33, 2.08, 2.56 and 4.76. For example in the case of
ni = 2.56nc the variation of the scattering parameters is restricted to the
region inside the dotted contour.
α-(BEDT-TTF)2 KHg(SCN)4 , namely Tc = 10K, vF = 6 × 104m/s [56] and lattice constant in the chain direction a = 10−9 m [161], the critical concentration
is estimated as nc = 0.01. Close to Γc the transition temperature vanishes like
[17]
√
 
6 1 Γc
Tc
2
.
(4.12)
=
ln
Tc0
2γ
Γ

4.2.2

Order parameter close to zero temperature

Next, we proceed with the analysis of the zero temperature gap maximum.
For brevity, in this paragraph ∆ = ∆(T = 0). Similar calculations that lead
to Eq. (4.7) [122, 124] give in our case
π
ln
2



∆
∆00



=

Z

∞

−∞

  
 ω 
dω
ω̃
F
−F
,
∆
∆
∆

(4.13)

where ω and ω̃ are, respectively, the bare and the renormalized Matsubara
frequencies (we omitted the subscript n), and
√
F (z) = 1 + z 2 E



1
√
1 + z2



z2
K
−√
1 + z2



1
√
1 + z2



.

(4.14)
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The expression on the right hand side of Eq. (4.13), though is not adapted well
for the numerical solution, is however convenient for further analytical calculations. Namely, it enables us to determine the behavior of the order parameter
close to the critical scattering rate Γc . As the transition temperature and the
gap maximum are closely related quantities, we expect similar tendency found
for Tc in Eq. (4.12). Indeed, with the aid of a definite integral in Eq. (C.3),
we obtain
−1/2
 

1
4Γc
Γc
2π ReΛ
∆= √
,
(4.15)
ln 2
1−
9 Γc
Γ
3
where Λ = N0 ∂Σ(g0 )/∂g, and g0 = g(∆ = 0, ωn > 0) = −iN0 π/2. As we have
just pointed out, for numerical purposes Eq. (4.13) shall be reformulated, and
the following form is obtained


 
Z C0′
Z
π
∆
2 ∞
∂Σ
= −2
ln
dz F (z) +
dz F (z)Im
2
∆00
∆ C0′
∂z
0



Z 1
i ∂Σ
′′
+ 2C0
dλ Im F (z) 1 −
, (4.16)
∆ ∂z
0

where z = ω̃/∆, C0 = C0′ + iC0′′ is the decomposition of C0 into real and
imaginary parts, and in the last integral z = C0′ + iλC0′′ . The C0 parameter is
the value of ω̃n /∆ at zero frequency as usual [134, 147, 148]. Note, that due
to the true complex nature of the self-energy, this generalized C0 acquires a
finite imaginary part leading to the appearance of the third term on the right
hand side of Eq. (4.16). We present the results of the numerical solution of
Eq. (4.16) in Fig. 4.5 for fixed impurity concentration ni = 2.56nc , that exceeds
the critical threshold nc . In this unified picture of impurity scattering, the
concentration and scattering amplitudes enter in the expression not through
Γ, as is the case for (U)DWs [124, 147, 148] and superconductors [155] in the
Born and unitary limits, but enter through Σ and δµ. In this respect, the
surface plot shows the dependence of the zero temperature order parameter
on the scattering amplitudes above the |U(0)| − |U(Q)| plane, with ni fixed.
One can easily see, that the contour where ∆ vanishes and Γ takes on its
critical value Γc , is just the one appearing in Fig. 4.4 with the corresponding
label 2.56.
The determination of the ratio ∆(0)/Tc is definitely of interest because it
is accessible in low temperature measurements and permits theory to be set
against experimental data. It is shown in Fig. 4.6. It is clear, that the ratio
increases with increasing strength
√ of impurity scattering. The lower bound is
obviously the pure value 2π/(γ e) = 2.14 [50]. Moreover, the maximum is
reached on the confining contour [153]
r 

−1/2

8
8 nc
∆(0)
π 1+
.
(4.17)
=
max
Tc Γc
5
5 ni
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Figure 4.5: The zero temperature order parameter ∆(0) as a function of scattering amplitudes for fixed impurity concentration ni = 2.56nc .
Here we have used Eqs. (4.12) p
and (4.15). As ni increases, the overall maximum of the gap to Tc ratio is 8/5π ≈ 3.97. This result has been obtained
previously for quasi-one dimensional anisotropic superconductors [17].
Now we derive an expression for the order parameter close to absolute zero.
The alternative formulas for the gap equation in Eq. (4.6) presented so far are
not really convenient for our present purposes, thus with the usual contour
integration technique we rewrite it as
 Z 0

 

  
π
∆
∆
∆
dω ω
=
−E
ln
Re K
4
∆00
∆
ω
ω
−∞ ∆
  
   
∆
∆
u
K
−E
− Re
∆
u
u
 
    
(4.18)
Z ∞
dω
∆
∆
u
+
K
−E
f (ω) Re
∆
∆
u
u
0
−ω
 

   
∆
∆
u
K
−E
,
− Re
∆
u
u
ω
where ∆ means ∆(T ) for brevity and u is the analytically continued value of
iω̃n , e.g. u = iω̃n (iωn → ω +i0). In addition f (ω) is the Fermi function and the
subscripts ±ω mean that u has to be evaluated at the corresponding frequency.
This form will also be used for the evaluation of the low temperature specific
heat shortly. We note that in the pure case, Eq. (4.18) simplifies considerably,
and one can recognize the result found for pure d-wave superconductors [133].
This is not surprising at all, as the similarity between the thermodynamics of
UDW and a d-wave superconductor is well-known [50, 134, 147, 148].7 From
7

It is the nodal structure of excitation energies of these systems that are responsible for
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Figure 4.6: ∆(0)/Tc versus scattering amplitudes is shown for ni = 2.56nc .
Impurities enhance this ratio from the pure result 2.14. The contour of the
domain in the |U(0)| − |U(Q)| plane is the dotted curve of Fig. 4.4.
Eq. (4.18) we finally obtain
∆(T ) = ∆(0) −

2π a T 2
,
3 1 − b ∆(0)

where the dimensionless parameters a and b are
"
−1

#
∂ ′ ∆(0)
∂Σ(u0 )
,
E
a = −∆(0) Re 1 +
∂u
∂u
u0
"
−1

#

Z
4 0 dω
∂ ′ ∆(0)
∂Σ
b=
.
Re (Σ − δµ) 1 +
E
π −∞ ∆(0)
∂u
∂u
u

(4.19)

(4.20a)
(4.20b)

In Eqs. (4.20) u0 = i∆(0)C0 , and the prime means differentiation with respect
to the argument. With cumbersome calculations one can show that Eq. (4.19)
gives back the known expression in the weak scattering Born limit [147]. The
most important message of the above formula is obviously the fact that the
presence of impurities changes the pure T 3 power law behavior [50] and transforms it to a faster T 2 decrease.

4.2.3

Order parameter close to transition temperature

Close to Tc , ∆(T ) vanishes in a square-root manner as does usually in meanfield treatments. In the series expansion of Eq. (4.7) for small ∆, the term of
the apparent similarity. Though the topologies of their Fermi surfaces are completely different, in both cases there are line nodes on the Fermi surface leading to the same temperature
exponents.
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order ∆2 provides [153]
ρψ ′ ( 21 + ρ) − 1
∆ = 8(2πTc ) 3 ′′ 1
1 ReΛ ′′′ 1
ψ ( 2 + ρ) + 12
ψ ( 2 + ρ)
2
Tc
2

2



T
,
1−
Tc

(4.21)

where ψ (n) (z) is the nth polygamma function and ρ = Γ/(2πTc ). The term
(12Tc )−1 Re Λ in the denominator simplifies to ρ/3 in the Born [147] and to
−ρ/3 in the resonant unitary limits [155].

4.2.4

Entropy and specific heat

We shall close this section with the presentation of some relevant thermodynamic quantities, such as the grand canonical potential Ω, the entropy S and
the specific heat CV . Our starting point is the well-known formula for Ω due
to Pauli
Z
1

Ω − Ω0 =

0

dλhHintiλ ,

(4.22)

where Hint is the interaction causing the phase transition. This formula gives
us the thermodynamic potential difference δΩ between the normal and density
wave phases (both impure).8 Following Maki [75], lengthy calculations lead to
δΩ(T )
∆2 ∆2
=−
+
ln
N0 V
4
2





0


N(ω) Np (ω)
+2
dω ω
−
N0
N0
−∞


Z ∞
Ns (ω)
−βω
− 4T
dω ln(1 + e )
− 1 , (4.23)
N0
0

∆
∆00

Z



where ∆ means ∆(T ) everywhere. Moreover N(ω) and Np (ω) are, respectively,
the quasiparticle density of states (DOS) in the impure and pure [50] systems,
and finally Ns (ω) is the symmetrized DOS: Ns (ω) = [N(ω) + N(−ω)]/2. We
will come back to the analysis of DOS in Section 4.3 and we will see that it
8

For completeness we note here the following. We have mentioned in Chapter 3 during
the study of the single impurity problem, that the shift in the grand canonical potential
can be equally obtained in the linked cluster expansion, see Fig. 3.2. This is true for many
impurities as well. In this case the diagrams contributing to δΩ for ni low are


+

1
2

+

1
3

+

...,

where the solid lines represent G and not G0 , otherwise the renormalization
of ∆ could not
P
+
be interpreted. This series is summed to be δΩ = −2T Ni ωn eiωn 0 ln det[1 − tg(iωn )],
P
where g = V −1 k G(k, iωn ) and a factor of two is inserted for spin degeneracy.
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indeed violates particle-hole symmetry.9 We shall emphasize that the order
parameter which is hidden in Np (ω) and determines its energy scale is that of
the impure system. In obtaining the above formula we repeatedly made use
of Eq. (4.18) and the following important relation
  
∂
∆
π ∂ N(ω)
=
.
(4.24)
Re E ′
∂ω
u
2 ∂∆ N0
Now, one can easily check, that the temperature dependence through ∆ does
not contribute to the entropy, since the gap equation ensures ∂δΩ/∂∆ = 0.
Consequently, in an UDW we simply get
Z ∞

S=4
dωNs (ω) ln(1 + e−βω ) + βωf (ω) ,
(4.25)
0

which is the standard expression of a metal, except the DOS is that of the
impure unconventional density wave. Note that due to the asymmetric feature
of the DOS, here Ns (ω) shows up. In particle-hole symmetric systems this
feature remains hidden obviously [162]. From this, the low temperature specific
heat is CV = (2π 2 /3)N(0)T .10 Here N(0) stands for the residual density of
states at the Fermi level, see Section 4.3.
Around Tc the jump in the specific heat normalized to the pure result is
2
1 − ρψ ′ ( 21 + ρ)
∆CV
Tc
= −21ζ(3)
,
(4.26)
1 ReΛ ′′′ 1
∆CV 0
Tc0 32 ψ ′′ ( 12 + ρ) + 12
ψ ( 2 + ρ)
Tc

and ∆CV 0 = 16π 2 N0 Tc0 /(21ζ(3)). It is shown in Fig. 4.7. Just like Eq. (4.21)
it also becomes simpler in the weak and strong scattering limits, where
(12Tc )−1 ReΛ → ±ρ/3, and we reobtain the familiar results [18].

4.3

Density of states

The quasiparticle density of states (per spin and per unit volume) is defined
as usual by
1 X
Im TrG(k, ω).
(4.27)
N(ω) = −
2πV k

Knowing the Green’s function [see Eq. (4.4)] we obtain



 
∆
2
u
∆
2
K √
= N0 Re K
, (4.28)
N(ω) = N0 Im √
2
2
2
2
π
π
u
∆ −u
∆ −u
9

Apropos of Eq. (4.10) we have already indicated this feature caused by finite U (0).
This is the reason for the phase transition to an unconventional density wave state is
usually referred to as a metal-to-metal transition. In ideally pure sample Np (0) = 0 and
thus CV ∼ T 2 [50]. Nevertheless, in real systems at sufficiently low temperatures where the
temperature is the only energy scale the metallic character manifests itself.
10
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Figure 4.7: The relative jump in the specific heat at the transition temperature
as a function of scattering amplitudes for impurity concentration ni = 2.56nc .
where again u = iω̃n (iωn → ω + i0) is the analytically continued value of the
dressed Matsubara frequency. It is determined self-consistently from
u = ω + δµ − Σ(u),

(4.29)

and as we have already pointed out before, the physically correct solution
is the one that ensures the right analytic properties of the retarded Green’s
function [75], that is Imu > 0.
Now, we turn our attention to the shift in the chemical potential that
appeared first in Eq. (4.5a), and now here in the analytically continued version
as well. We have already noted in Section 4.1, that δµ was introduced by hand
in order to maintain particle conservation. Its actual value is to be determined
from the integrated DOS as
Z 0
dω(N(ω) − N0 ) = 0.
(4.30)
−∞

The second term in the integrand is the constant density of states of the metallic state, but it could equally be the DOS of the pure UDW. This is because
the metal to UDW transition without impurities conserves the particle-hole
symmetry, and as such particle number. The numerical solution of Eq. (4.30)
confirms our expectation (based on the AG formula, see Eq. (4.8)), and we
indeed find δµ = Σ′0 .
With all this, we are now able to numerically evaluate the quasiparticle
DOS, and the results are illustrated in Fig. 4.8 for positive, i.e. repulsive forward scattering. Markedly, the main feature of these curves is the violation of
particle-hole symmetry, similar to those found in heavy fermion systems [66]
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Figure 4.8: Left panel: the quasiparticle density of states as a function of reduced energy for different values of the scattering amplitudes at fixed impurity
concentration ni /[N0 ∆] = 0.4. U(0)/|U(Q)| = 2 and N0 |U(Q)| = 0, 0.2, 0.4,
0.6, 1, 1.5 and 20 for curves with increasing N(0). Right panel: the density of
states enlarged around the Fermi energy for ni /[N0 ∆] = 0.02, the ratio of the
two scattering parameters is the same as in the left panel and N0 |U(Q)| = 0,
0.6, 1, 1.5, 3, 5, 10 and 50 for curves with increasing N(0).
and in d-density waves [163]. Namely, strictly speaking they are not even functions of energy. However, in the weak and strong scattering limits we reobtain
even parity [17, 147, 148]. In addition, it is clear from the figures, that the
logarithmic singularities at ω = ±∆ characteristic to UDWs in general, are
smoothed out due to impurities. In the case of repulsive (attractive) scatterers
the upper (lower) peak is larger. Another well-known upshot of impurities is
the finite residual DOS at the Fermi energy, N(0) > 0. This is pictured in
Fig. 4.9. The right panel of Fig. 4.8 demonstrates the behavior of DOS on
a smaller energy scale around the Fermi energy. For small ni and large scattering amplitudes, we come up with the familiar result of the resonant limit
[134, 135, 148], that the density of states exhibits an island of localized states
around the Fermi energy superimposed on the usual gapless density of states
of the pure system, which is manifested in the nonmonotonic nature of the
DOS close to ω = 0.
After some algebra, the low-energy behavior turns out to be linear, and it
reads
N(ω) = N(0) +

2
N0 Im
π


−1 !
∂Σ(u0 )
ω
K−E
p
1+
,
2
∂u
∆
1 + C0

(4.31)

p
where the argument of the elliptic integrals is 1/ 1 + C02 . This is to be contrasted with the ω 2 contribution of the extreme limits. On the other hand, at
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Figure 4.9: The residual density of states at the Fermi level for fixed impurity
concentration ni /[N0 ∆] = 0.3.
high energies, the density of states reaches the normal state value as


∆2 ω 2 − Γ2
N(ω) = N0 1 +
.
4 (ω 2 + Γ2 )2

(4.32)

This is what we find in the second order Born calculation [147], except now Γ
is defined by the general formula Γ = |Σ′′0 |.

4.4

Spin susceptibility

The static spin susceptibility of a system is usually calculated from the Kubo
formula by taking
P the autocorrelation function of the longitudinal magnetization M = −µB k Ψ+ (k)σ3 Ψ(k) [75, 124, 147]. Here µB is the Bohr magneton
and the spinor operator covering both momentum and spin spaces is already
defined in Eq. (1.9). This method thus involves the determination of a two
particle Green’s function. In the presence of impurities the bare bubble result
is renormalized and one has to include, beyond self-energy, vertex correction
as well. Considering response functions in general, vertex corrections are essential: in any physically reasonable calculation certain conservation laws,
certain identities (the Ward identities) have to be satisfied and it is the vertex
correction, if appropriately chosen, that leads to a conserving approximation
[157].
In this section we calculate the static spin susceptibility of unconventional
density waves within the full non-crossing approximation defined by the infinite
order self-energy in Eq. (4.3b). A similar analysis of the static density-density
response function in Born limit has already been carried out by Dóra et al. in
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Ref. [147].11 The object of this section is to generalize their results to infinite
order. To this end we perform the calculations in two different but equivalent
ways. The first approach in subsection 4.4.1 is based on the aforementioned
vertex corrections and is referred to as the standard method. The second
approach in subsection 4.4.2 is rather unorthodox. It is, because it avoids
the difficulties involved in the derivation and explicit solution of the vertex
equation by relating the problem to the magnetization, which, being a one
particle quantity, is much easier to determine.

4.4.1

Vertex correction method

The spin susceptibility of a density wave without impurities reads
1 X
χ = −µ2B
Tr(σ3 G0 (k, iωn )σ3 G0 (k, iωn )),
βV k,ω

(4.33)

n

where G0 is the Green’s function of the pure system given by Eq. (4.2). Making
use of the following interesting relation
Tr((σ3 G0 (k, iωn ))2 ) = −

∂
TrG0 (k, iωn ),
∂(iωn )

(4.34)

then transforming the Matsubara sum to a contour integral as usual and performing a partial integration we immediately obtain


Z ∞
∂f
2
,
(4.35)
χ = 2µB
dωNp (ω) −
∂ω
−∞
which is the expected (metallic) result. Now the question arises: What happens to this formula when impurities are introduced? Is it only the density
of states that is replaced by that of the dirty system, or other discrepancies
occur too? These questions will now be answered.
When impurities are introduced, Eq. (4.33) representing a single bubble
diagram is renormalized by self-energy as well as vertex corrections according
to
1 X
Tr(σ3 G(k, iωn )σ3 λ(k, iωn )G(k, iωn )).
(4.36)
χ = −µ2B
βV k,ω
n

Here G is the Green’s function of Eq. (4.4) dressed by the infinite order selfenergy and λ is the scalar vertex defined by the integral equation
ni X 1 X
λ(k, iωn ) = 1 +
TR (iωn )G(p, iωn )λ(p, iωn )G(p, iωn )TR (iωn ),
V p N R

(4.37)

11

The density correlator, apart from a µ2B factor, precisely equals the Pauli susceptibility.
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Figure 4.10: The vertex correction in NCA. The dot is the vertex function,
the shaded triangle represents the vertex correction due to impurity scattering,
the cross plays the role of an impurity and the double dashed line denotes the
self-consistent T -matrix whose diagrams are shown in Fig. 4.2.
where TR (iωn ) is the self-consistent T -matrix
1 X
G(k, iωn )TR (iωn ).
TR (iωn ) = U(R) + U(R)
V k

(4.38)

The diagrams representing the T -matrix are essentially the same as those of
the self-energy illustrated in Fig. 4.2, whilst the diagrammatic form of the
vertex equation is shown in Fig. 4.10. The Born limit of Ref. [147] is obtained from these results by keeping only the first order term in Eq. (4.38),
TR (iωn ) = U(R). It should be quite obvious from Eq. (4.37) that the solution is momentum independent. Furthermore, instead of trying to solve the
equation for λ explicitly, we invoke Ward’s identity for the scalar vertex saying
λ(iωn ) = 1 −

∂Σ
.
∂(iωn )

(4.39)

Knowing the self-energy the derivative can be performed and a rather lengthy
calculation verifies that it is indeed a solution of the vertex equation. Putting
all these results together and making use of the fact that G has the same
functional form as G0 we obtain


X
∂Σ
∂
∂(iωn )
2 1
χ = µB
1−
TrG(k, iωn )
.
(4.40)
βV k,ω
∂(iωn )
∂(iωn )
∂(iω̃n )
n

Here, the last derivative can be executed with the use of the basic selfconsistency equations in Eq. (4.5) and a remarkable result is found
−1

∂Σ
∂(iωn )
= 1−
.
(4.41)
∂(iω̃n )
∂(iωn )
Finally, turning the Matsubara summation into a contour integral and a performing a subsequent partial integration, just like we did apropos of Eq. (4.33),
yields


Z ∞
∂f
2
,
(4.42)
χ = 2µB
dωN(ω) −
∂ω
−∞
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which is, again, the metallic formula. It is very interesting and instructive
to see that χ, though being a two particle correlation function, is expressible
even in the presence of impurity scattering solely by a one particle quantity,
the density of states. In pure and non-interacting electronic systems Eq. (4.42)
is well-known in solid state physics and can be found in any textbook. Thus,
it is very tempting to assume its validity in more general circumstances like
impurity scattering. We have just seen however, that though the conjecture
is true, it is rather nontrivial because of the indispensable vertex correction
in Eq. (4.40). Without λ, with self-energy corrections only, an erroneous result would have been found signalling that our approximation is in fact nonconserving.

4.4.2

Unorthodox method

Following Ref. [17] we can avoid the difficulties that are involved in the derivation and explicit solution of the vertex equation, if we start from the expectation value of the magnetization. Of course that doesn’t mean we are neglecting
vertex corrections. Not at all, we just follow an alternative but equivalent approach, which, although does not require manipulation with the renormalized
spin vertex, accounts for it automatically. As the average magnetization is a
one particle quantity, it can easily be related to the thermal Green’s function
1X
hMi(H) = −µB
Tr (σ3 GH (k, iωn )) ,
(4.43)
β k,ω
n

where the subscript H means that the Green’s function is to be determined at
finite magnetic field. Now, remembering the fact that the presence of impurities requires self-consistent solution of Dyson’s equation, Eq. (4.3a) is readily
generalized to finite fields as
GH (k, iωn )−1 = G0H (k, iωn )−1 − ΣH ,
G0H (k, iωn )−1 = iωn − µB Hσ3 − ξ(k)ρ3 − ∆(k)ρ1 .

(4.44a)
(4.44b)

Apropos of Eq. (4.2) we have already made the observation that the explicit
expression for G0H above is in fact valid only in unconventional charge density
wave, whereas for spin density wave ρ1 has to be replaced by σ3 ρ1 to account
for the sign change of the gap when the spin is reversed. However, regarding
the longitudinal spin susceptibility both condensates are known to behave the
same [147]. The Zeeman splitting of energy levels due to the electronic spin
degree of freedom manifests itself through the bare Green’s function in the
shift of the Matsubara frequencies: in Nambu space iωn → iωn − µB Hσ3 .
From this it follows at once
GH (k, iωn ) = G(k, iωn − µB Hσ3 ),

(4.45)
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that is the magnetic field acts on the quasiparticles the same way for both
dirty and pure systems. Now, making use of this result in conjunction with
Eq. (4.43), standard contour integration yields
Z ∞
hMi(H) = µB V
dωf (ω)[N(ω + µB H) − N(ω − µB H)],
(4.46)
−∞

and for the susceptibility one obviously finds [17]


Z ∞
∂f
2
χ = 2µB
dωN(ω) −
.
∂ω
−∞

(4.47)

This is what we have found in the previous subsection, thus we can conclude
that both approaches yield the correct answer. At zero temperature χ(T =
0) = 2µ2B N(0) [147], with N(0) being the residual density of states, see also
Fig. 4.9. This is finite in dirty UDW but certainly less than the metallic value
χ0 = 2µ2B N0 ,12 signalling the effect of gapless density wave ground state.
The formula in Eq. (4.47) provides us in principle the temperature dependence of the spin susceptibility at arbitrary temperatures. However, its
practical use is limited only to the immediate vicinity of T = 0, because of the
nontrivial temperature dependence of the density of states through the order
parameter. Now a different but equivalent form of χ will be derived which
will turn out to be particularly convenient for expansion purposes close to the
transition temperature Tc . So far we know
Tr (σ3 G(k, iωn − µB Hσ3 ))
µ2 1 X
.
(4.48)
lim
χ=− B
H→0
V β
µB H
k,ωn

The derivative with respect to H on the right hand side can be easily performed, which results in a term ∂/∂(iωn )TrG(k, iωn ). Furthermore, bearing
in mind that G is in fact an explicit function of the renormalized Matsubara frequency and exploiting the basic Eqs. (4.5), one can also carry out the
derivative with respect to ωn to find finally
!−1
χ
N0 ∂Σ K − E
2T X K − E
p
p
.
(4.49)
1−
= 1−
2
χ0
∆ ω
∆ ∂g 1 + u2n
1
+
u
n
n
p
Here un = ω̃n /∆ and the argument of elliptic integrals K and E is 1/ 1 + u2n .
The last term in the large parentheses is the effect of vertex correction. In the
immediate vicinity of Tc the right hand side of Eq. (4.49) can be expanded up
to second order in ∆ and we arrive at
 

2ψ ′′ ( 21 + ρ) 1 − ρψ ′ ( 21 + ρ)
χ
T
= 1 − 3 ′′ 1
,
(4.50)
1−
1 ReΛ ′′′ 1
χ0
T
ψ
(
+
ρ)
+
+
ρ)
ψ
(
c
2
2
12 Tc
2
12

Because of the linearized spectrum in Eq. (1.10) and the momentum independent selfenergy, the Pauli susceptibility of the metallic state is the same for pure and dirty systems.
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where we have also made use of Eq. (4.21). The term (12Tc )−1 Re Λ in the denominator simplifies to ±ρ/3 in the weak and strong scattering limits, thereby
reproducing the familiar results [147].

4.5

Conclusion

We have studied the effect of non-magnetic impurities in quasi-one dimensional
unconventional charge and spin density waves within mean-field theory. The
focus has been primarily on the thermodynamic properties of the system. In
addition to that, a static correlation function, the Pauli susceptibility has also
been determined. As the impurities are of the ordinary non-magnetic type,
the spin degree of freedom in the condensate play no role, leading to the same
conclusions for both types of UDW. As opposed to the usual treatment of
impurity scattering in density waves and superconductors (i.e. the Born and
unitary limits), we do not put any constraint on the strength of forward and
backward scattering amplitudes, but make use of the full self-energy obtained
in the self-consistent non-crossing approximation. Namely, the applied proper
self-energy includes all ladder-, and rainbow-type diagrams to infinite order.
In this regard, our NCA is full. We than repeatedly took advantage of the
fact, that our generalized formulas contain the familiar results of the weak
and strong scattering limits, and we reobtained them indeed. On the other
hand, our results provide explicit expressions in the intermediate regime as
well.
We started our investigation with the transition temperature and the order parameter affected by the scatterers. We have found that, with a suitable
redefinition of the scattering rate compared to either the Born or the unitary
expressions, the Abrikosov-Gor’kov formula holds in this general case as well.
Its validity can be therefore extended to arbitrary scattering amplitudes. The
analysis of the AG formula allows one to introduce a critical impurity concentration, below which (ni < nc ) the impurity potential, whatever strong it is,
cannot break down the density wave condensate. However, if ni exceeds the
critical threshold nc , the order of which is estimated around 1%, the scattering amplitudes cannot be arbitrary large and only the Born limit is accessible.
An interesting consequence of impurity presence is the appearance of a shift
in the chemical potential δµ, the inclusion of which is necessary in order to
conserve particle number. We gave an explicit and exact expression for δµ as
a function of the scattering amplitudes and concentration, which is valid in a
normal metal as well. The overall p
maximum of the zero temperature gap to
Tc ratio was found to be the same ( 8/5π ≈ 3.97) as in anisotropic quasi-one
dimensional superconductors.
The most eye-catching feature of impurities is definitely the violation of
particle-hole symmetry manifested in the asymmetric quasiparticle density of
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states. Strictly speaking, the DOS is not an even function of energy with
respect to the proper Fermi energy, that is the pure Fermi energy shifted by
δµ. The asymmetry is most apparent around ω = 0, where the low frequency
behavior is linear as opposed to the quadratic form of the extreme limits.
This also involves that the minimum of DOS is not at the Fermi energy. In
addition, the peaks around ω = ±∆, the residues of logarithmic singularities
of the pure DW, become asymmetric as well: in case of repulsive (attractive)
scatterers the upper (lower) peak is larger. In unconventional DWs, at any
finite scattering strength the valley of the DOS around the Fermi energy is
filled in, leading to normal electronlike behavior very close to absolute zero,
but the reduced density of states compared to the normal state signals the
effect of the condensate. Taking the weak and strong scattering limits of the
DOS, one regains particle-hole symmetry, and can easily reobtain the familiar
lineshapes of the Born and unitary limits, in particular for instance the island
of localized states around ω = 0 in the latter case.
A detailed infinite order perturbational analysis of the longitudinal spin
susceptibility shows that the usual metallic formula applies in impure condensates too. We have found that the remarkable simplicity of this formula follows
right from the conserving nature of approximation. The zero temperature limit
and the behavior close to the phase transition have also been obtained.
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Chapter 5
Summary
In the thesis we have studied electronic Raman scattering, interaction of electrons with phonons, quantum mechanics of a single impurity and impurity
scattering at finite concentration in quasi-one dimensional conductors supporting unconventional density wave ground state.
First we considered inelastic light scattering in UDW and calculated the
quasiparticle contribution to the Raman response. In diagrammatic language
this corresponds to a single bubble diagram with self-energy corrections due
to the condensate. We have found distinct characteristic lineshapes in three
different scattering geometries. The curves are, in a way, reminiscent of the corresponding spectra of optical conductivity. Namely, there is finite absorption
below the maximal optical gap, which follows immediately from the presence
of small energy quasiparticles living around the gap nodes. Further, due to the
interplay between the Raman vertex and the specific momentum dependence
of the gap (∼ cos(bky ) or ∼ sin(bky )), we found two qualitatively different lineshapes in y − y polarization. The logarithmic singularities that are showing
up at 2∆, unless the vertex suppresses it, are characteristic to UDW or more
generally to unconventional condensates with line nodes on the Fermi surface.
As opposed to these clear cut features, in conventional fully gapped DW there
is no absorption below the threshold 2∆ and the onset is rather abrupt: there
is a square root singularity coming from the type-I coherence factor unless the
x − x polarization is considered where the vertex vanishes on the Fermi surface
and turns the singularity into a square root edge. In fact, the nearest neighbor
tight-binding band structure characteristic to low dimensional density wave
materials with open Fermi surface can account for finite absorption only in
the completely symmetric Ag symmetry channel. However, the point group
D2h of the orthogonal lattice has three more gerade irreducible representation,
B1g , B2g and B3g . In order to incorporate the possibility of finite scattering
intensity in these channels too, we have made the band structure more realistic
with the inclusion of second nearest neighbor hopping terms. Indeed, these
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new terms were found to be simply related to the offdiagonal components of
the Raman tensor and lead to absorptive spectra in the aforementioned symmetries. Imperfect nesting and the effect of a small external magnetic field
were examined. We found that at zero temperature both are able to introduce
a clean gap in the spectra and, at least imperfect nesting, makes the curves
more structured by splitting the singularity into a double cusp-like feature.
As to the effect of interaction, we have studied the short wavelength as well
as the long wavelength components within random phase approximation. The
former was found to be responsible for the appearance of the amplitude collective mode, whereas the latter is the well-known Coulomb force and leads
in principle to screening. The amplitude excitation was found to be heavily
overdamped even in the long wavelength limit due to particle-hole breaking,
whilst the Coulomb interaction turned out to be ineffective because of the
vanishing average of the vertex over the Fermi surface.
Chapter 2 was devoted to studying interaction between conduction electrons and lattice vibrations in quasi-one dimension. We have developed the
mean-field theory of an unconventional charge density wave that is driven
strictly by phonon exchange. The theory is quite similar to that of a conventional CDW based on Fröhlich’s continuum model, though unconventionality
calls for a proper treatment of lattice periodicity and an electron-phonon coupling with significant dependence on the momentum of the incident electron.
The actual momentum dependence of the gap was found to be the same as
in UCDW formed from direct electron-electron interaction. There are however, important differences. Most importantly, due to the factorization of the
effective (phonon mediated) electron-electron interaction in its momentum arguments, the second order phase transition can be assigned with only one
transition temperature Tc where all the different species (with different momentum dependence) of charge density waves simultaneously open. In this respect the coexistence does not really involve competition. Further, an UCDW
formed purely from electronic correlation lacks spatial variation of charge density and the underlying lattice is not affected in the phase transition. This
leads to the fact that the newly formed long range order remains hidden as
we cross Tc from above. On the other hand, in phononic UCDW the finite
soft mode amplitude signals the transition either way, independently of what
happens to the electrons. Of course, the electronic subsystem undergoes the
phase transition as well and forms an (U)CDW, whose gap will presumably
contain a momentum independent term. But, as we saw, this leading term is
not necessarily much larger than the momentum dependent ones. In order to
study the rich variety of possibilities, we have considered an UCDW with gap
function ∆(k) = ∆0 + ∆2 sin(bky ) and determined the optical properties and
the collective modes of this phase. The fluctuations of the order parameter are
responsible for the collective phase and amplitude excitations. The massive
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amplitude mode in a one component phononic UCDW (∆(k) = ∆ sin(bky ))
was found to be heavily overdamped even in the long wavelength limit. In
order to account for the phase degree of freedom due to incommensurability,
we have gone beyond the quasiparticle contribution and performed an RPA
calculation of the electric conductivity. This restores the sliding feature of
the condensate and introduces an infinite dc conductivity realized mathematically by a Dirac delta at zero frequency with finite Drude weight. This weight
results from the collective phase excitation and is transfered from the high frequency regime of single particle (particle-hole) excitations. The Drude weight
carries important information about the mass renormalization of electrons due
to the coupling to the condensed phonon gas. Following the approach of Lee,
Rice and Anderson [80] we have extracted this information and found that the
effective mass has a novel type of nonmonotonic temperature dependence. In
addition, the collective contribution affects the regular part of the conductivity
most significantly around the singularities and transforms them to logarithmic
zeros as opposed to a CDW, where the square root singularity is converted into
a square root edge.
After having studied correlation functions and collective phenomena, we
have proceeded in Chapter 3 with the examination of local properties of UDW
around a single non-magnetic impurity. In quasi-one dimensional conductors,
where the Fermi surface consists of two almost parallel sheets, as a result of
interaction with impurity the electron can either stay on the same Fermi sheet
(forward scattering, U(0)) or jump to the opposite one (backward scattering, U(Q)). These two qualitatively different scattering mechanisms appear
in various combinations in physical quantities. This is to be contrasted with
the common situation in superconductors where the impurity is taken into
account by a potential of ultra short range with a single matrix element. The
most convenient way of treating potential scattering off of a single scatterer
is through the T -matrix formalism. Our primary object was to calculate the
full real space Green’s function, because all quantities we were interested in
(local density of states, distribution of charge density and the shift in thermodynamic potential) are simply related to it. The spectral function around
the impurity exhibits three peculiarities: (i) The most apparent flavor is its
striped nature which is in fact present in conventional DW and even in normal
metal. The curved stripes are essentially the electronic wavefunctions with
decreasing wavelength for increasing energy. (ii) Another wave-like pattern
can also be observed along the quasi-one dimensional direction, whose periodicity (∼ vF /tb ) is essentially the same on the various parallel chains but
the minimum places are shifted to higher values for increasing |m|, where m
is the chain index. The detailed analysis reveals that this sort of beat is intimately related to the finite interchain coupling tb and the minimum places
are determined by the Bessel function of the first kind. This structure can

100

CHAPTER 5. SUMMARY

also be find in fully gapped DW and metals and it solely relies on the finite
perpendicular coupling. (iii) The UDW specific feature of the spectral function occurs for low frequency around the Fermi level, where two quasiparticle
resonances were found. They have finite broadening (lifetime) because of the
surrounding continuum of single particle excitations. The energies and lifetimes were found to be precisely that of a d-wave DW or SC. These clear cut
features in LDOS are of particular interest because they are directly measurable in STM spectroscopy. The Friedel oscillations exhibit algebraic decay due
to the gapless nature of UDW. Further, the aforementioned beat property also
shows up in the charge distribution leading to significant discrepancies compared to ordinary DW results. The forward scattering amplitude U(0) leads
to violation of particle-hole symmetry and finite residual density of states at
the Fermi surface, thus to metallic character in thermodynamics at very low
temperature.
In Chapter 4 we have studied impurity scattering of ordinary impurities
in UDW in the non-crossing approximation. The self-consistent self energy,
which forms the cornerstone of the theory, contains all non-crossing diagrams
to infinite order in the perturbation. In this respect, we have extended the
available Born and unitary limits of impurity scattering to the intermediate
regime. Scalar impurities are known to destroy the density wave condensate
by breaking up electron-hole pairs, similarly to that found in dirty unconventional superconductors. Quantitatively this manifests itself in the AbrikosovGor’kov formula. The celebrated formula was found to be valid to all orders
of perturbation theory, only the scattering rate has to be reinterpreted. Also,
forward scattering breaks particle-hole symmetry and causes a shift in chemical potential, δµ. There is a critical impurity concentration nc , whose order
of magnitude is estimated around 1%, and above which only the Born limit is
well defined because at sufficiently large values of the scattering rates, impurities destroy UDW even at T = 0. Analytical formulas were obtained for all
these quantities.pThe zero temperature gap to Tc ratio is found to be bounded
from above by 8/5π ≈ 3.97, which is roughly twice the pure value. We
have developed the thermodynamics and analytical formulas were derived for
almost all relevant quantities and limiting cases. The density of states can be
fine-tuned by varying the scattering amplitudes and the characteristic features
of the Born and unitary limits are reobtained. In particular the small island
of localized states around ω = 0 in the unitary limit, which is nothing else but
a narrow impurity band superimposed on the usual background of the gapless
DOS of UDW. We have calculated the static longitudinal spin susceptibility of
UCDW to infinite order in the interaction. Though the final metallic formula
seems rather plausible, the actual calculation uncovers the essential importance of the proper treatment of vertex corrections (ladder approximation).
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Appendix A
Green’s function
In this Appendix we calculate the zeroth order retarded Green’s matrix of an
unconventional density wave in real space. With the aid of the definition in
Eq. (3.3), and using the form of left-, and right-moving fields in Eq. (3.2), one
obtains
′

G0αβ (r, r′ ; ω) = ei(Q/2)[(α−1)r−(β−1)r ]+i(φα −φβ ) Ĝ0αβ (r − r′ , ω)

α, β = R(= +1), L(= −1), (A.1)

where φ = φR − φL is the phase of the order parameter. As we detached
this complex phase factor from the order parameter, it is now purely real:
∆(k) = ∆ sin(bky ). Furthermore, the homogeneous part reads as
ω + ξ(k)ρ3 + ∆(k)ρ1
1 X′ ikr
e
,
(A.2)
Ĝ0 (r, ω) =
2
V
ω − ξ(k)2 − ∆(k)2 + sign(ω)i0
k

with ρi the Pauli matrices, and the prime on the momentum integration again
denotes that the sum is cut off as |kx − kF | < kc , where vF kc ≡ D is half the
bandwidth. We note that in a strictly one-dimensional (no perpendicular coupling between parallel chains, tb = 0) conventional density wave with constant
gap, one only needs to perform the substitution sin(bky ) → 1 in order to get
the desired results. In particular, for the diagonal components one finds
Ĝ0αα (x, ω)conv =

„
«
√

2
2
1 x ikF + ∆vF−ω
iω
√
+ α 2iπΘ(−x)Θ(D ′ − |ω|)
e
2
2
4πvF
∆ −ω




√
√
ix
ix
2
2
2
2
+ E1
(−D − i ∆ − ω ) − E1
(D + i ∆ − ω )
vF
vF
„
«
√

2
2
iω
1 x ikF − ∆vF−ω
√
− α 2iπΘ(x)Θ(D ′ − |ω|)
e
+
2
2
4πvF
∆ −ω




√
√
ix
ix
2
2
2
2
+ E1
(D + i ∆ − ω ) − E1
(−D + i ∆ − ω ) ,
vF
vF
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(A.3)

104

APPENDIX A. GREEN’S FUNCTION

and the offdiagonal components read as
Ĝ0α,−α (x, ω)conv =

«
„
√
2
2 
x ikF + ∆v −ω
1
i∆
F
√
2iπΘ(−x)Θ(D ′ − |ω|)
e
4πvF ∆2 − ω 2




√
√
ix
ix
2
2
2
2
(−D − i ∆ − ω ) − E1
(D − i ∆ − ω )
+ E1
(A.4)
vF
vF
«
„
√
2
2
x ikF − ∆v −ω
i∆
1
F
√
2iπΘ(x)Θ(D ′ − |ω|)
+
e
4πvF ∆2 − ω 2




√
√
ix
ix
2
2
2
2
(D + i ∆ − ω ) − E1
(−D + i ∆ − ω ) .
+ E1
vF
vF

Here E1 (z)√is the exponential integral, ω means ω + i0 under the squareroots,
and D ′ = D 2 + ∆2 . These formulas reproduce those of Ref. [125] in the limit
D → ∞. Now it is convenient to point out, that the corresponding results
for a strictly one-dimensional normal metal can be obtained easily with the
substitution ∆ = 0, and one obtains the usual diagonal and translational
invariant solution.
After introducing the strictly one-dimensional results, we now turn our
attention to quasi-one dimensional systems with finite interchain coupling,
tb 6= 0. These include the normal metal, a conventional DW, or UDW. We
are primarily interested in the latter system, because this is the one that
exists only in dimensions greater than one. However, as the UDW formalism
is the most general with its momentum dependent gap, it incorporates the
results for each case. Quasi-one dimensionality means that there is at least
one more (perpendicular) direction in real space, where the model is discrete
rather than being continuous as it is in the chain direction x. In our notation
this additional dimension was chosen to be the y direction, where the order
parameter varies. In this respect, the position argument of the Green’s function
is r = (x, mb, 0), where b is the corresponding lattice constant and m is an
integer indexing parallel chains. With all this, the analogous results for the
bare Green’s function in UDW are obtained from Eqs. (A.3) and (A.4) by
performing first the substitutions ∆ → ∆ sin(bky ), ±D → ±D − 2tb cos(bky ),
and then integrating over the Fermi surface
Z 2π
d(bky ) i(bky m+ 2xξ cos(bky )) 0
0
e
Ĝαβ (x, ω)conv ,
(A.5)
Ĝαβ (x, m; ω) =
2πbc
0
where ξ = vF /tb . The integration in Eq. (A.5) can be performed for a normal
metal and a conventional density wave in the |x| ≫ vF /D limit, that is for
distances much larger than the atomic lengthscale. It leads to the appearance of Jm (2x/ξ), the Bessel function of the first kind. For UDW, since the
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integration cannot be carried out, the Bessel function does not show up explicitly. Nevertheless its properties are coded in the integral and we will indeed
encounter some of them during the calculation of the spectral function and
Friedel oscillations in Chapter 3.
We end this Appendix with the presentation of the local Green’s function
in UDW. At the impurity site x = 0, m = 0 the averaging over the Fermi
surface can be done analytically with the help of Eq. (C.10) and one finds
Ĝ0αβ = δαβ (g1 + ig2 ), where
g1 (ω) ≡ ReĜ0RR (0, 0; ω)

√

√

D 2 ∆2 −ω 2 (D 2 +∆2 −ω 2 )
2 −ω 2
ω
∆

√

−N0 ∆ F
, ∆

D ∆2 −ω 2



 √



N0 F ω , ω2 −∆2
D
ω
=
√


ω 2 −∆2


N
sign(ω)K
0

ω





√


N0 sign(ω)F √ 2D 2 , ω2 −∆2
ω
ω −∆
g2 (ω) ≡ ImĜ0RR (0, 0; ω)


ω

K ∆
−N0 |ω|

∆






−N0 K ∆
ω
=
i
√
h


∆
ω 2 −D 2 ∆

−
F
,
−N
K

0
ω
∆
ω





0

0 < |ω| < ∆,
∆ < |ω| < D,
√
D < |ω| < D 2 + ∆2 ,
√
D 2 + ∆2 < |ω|,

(A.6)

0 < |ω| < ∆,
∆ < |ω| < D,
(A.7)
√
D < |ω| < D 2 + ∆2 ,
√
D 2 + ∆2 < |ω|.

Here N0 = 1/(πvF bc) is the normal state density of states at the Fermi level
(per unit volume and for one spin direction), and K(k) and F (z, k) are, respectively, the complete and incomplete elliptic integrals of the first kind. During
the calculation of Eqs. (A.6) and (A.7) a correction of order O(tb /D) was neglected as it only affects the frequency dependence at high energies around the
band edges, and is therefore irrelevant close to the Fermi level. In addition to
that, in this case the bandwidth can also be taken to infinity and the above
formulas simplify to
!
r
 ω 2
ω
,
(A.8)
1−
g1 = −N0 Θ(∆ − |ω|) K
∆
∆

 
|ω|  ω 
∆
g2 = −N0 Θ(∆ − |ω|) K
+ Θ(|ω| − ∆)K
.
(A.9)
∆
∆
ω
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On the other hand, if we are interested in the high energy behavior close to
band edges, ∆ can be neglected compared to D and Eqs. (A.6) and (A.7)
simplify to
ω+D
N0
,
ln
2
ω−D
πN0
g2 = −
Θ(D − |ω|).
2
g1 =

(A.10)
(A.11)

At the end of this appendix we note that the Matsubara versions of the
above Green’s function can be obtained in a similar fashion. For instance,
the corresponding results for Eqs. (A.3) and (A.4) can also be given by the
following two formal steps: 1) Θ(D ′ − |ω|) → 1, 2) ω → iωn . The second step
is rather trivial, but the first is intriguing, that requires a careful analysis of
analytical continuation.

Appendix B
A Fermi surface average
The function f4 (ζ, ω), that we encountered in Chapter 2 on page 43, is defined
by
 
Z ∞ Z 2π
|∆(y)|4
βx N
dy
2
2
,
(B.1)
tanh
Re p
f4 = 4(ζ − ω )
dx
2π
2 D
x2 − |∆(y)|2
0
0

where ∆(y) is the gap on the Fermi surface and N and D are given by
Eqs. (2.35b) and (2.35c), respectively. If the gap is that of a single component UDW, namely if ∆(y) = ∆ sin(y), the angle integral can be performed
in closed form
Z ∞
 
 
 
1 ζ 2 − ω2
D2 + D 3
D3
∆
∆
βx
f4 =
−
K
E
dx tanh
2
4
4π ∆ ζ
2
x
x
x
x
∆




D1 (ω)
D1 (−ω)
∆
∆
+
+
Π N1 (ω),
Π N1 (−ω),
x
x
x
x
  
  
Z ∆


D2
x
x
βx
− 8ζ 2∆E
+ 8ζ 2 ∆ K
+
dx tanh
2
∆
∆
∆
0




2
D1 (ω)
D1 (−ω)
N1 (ω)x x
N1 (−ω)x2 x
+
+
,
Π
,
Π
,
∆
∆2
∆
∆
∆2
∆
(B.2)
where
N1 (ω) = −4∆2 ζ 2(ζ 2 − ω 2)−1 (ζ 2 − (ω − 2x)2 )−1 ,
D1 (ω) = (ζ 2 − (ω − 2x)2 )(ζ 2 − ω 2 + 2ωx),
D2 = −2(ζ 2 − ω 2 )2 + 8x2 ζ 2 − 24x2 ω 2 ,
D3 = 8x2 ζ 2.

(B.3)
(B.4)
(B.5)
(B.6)

Furthermore, K(z), E(z) and Π(n, z) are, respectively, the complete elliptic
integrals of the first, second and third kind [164].
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Appendix C
Definite integrals
This Appendix summarizes, without proofs, 13 new definite integrals that I
encountered during my PhD work. Some of them can be given an analytic
proof but the majority was checked to be true numerically (to 10 digits of
precision, Maple 7 default). All of them have been submitted to Dr. Alan
Jeffrey who is the main editor of the world famous I. S. Gradshteyn and I. M.
Ryzhik, Table of Integrals, Series, and Products, Ref. [164]. According to him,
these results are to appear in the next, seventh edition of the book.
1.

2.

1

E(x)
= 1,
1+x
0
where E(x) is the complete elliptic integral of second kind.
Z

∞

dx



1
tanh(x)
− 2
dx
3
x
x cosh(x)2
0
where ζ(x) is the Riemann zeta-function.
Z



=

(C.1)

7ζ(3)
,
π2

(C.2)

3.
Z

1
0

dx
x3



√

1−

x2 K(x)

π
E(x)
+ x2
−√
4
1 − x2



π
= − ln
4



4
√
e



,

(C.3)

where K(x) and E(x) are the complete elliptic integrals of the first and
second kind, respectively.
4.

Z

∞

Z

∞

0

5.

π2
4

(C.4)

π2
=
4

(C.5)

dx Ei2 (x)e−2x =

2

2x

dx Ei (−x)e

0
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6.

Z

∞

dx Ei(x)Ei(−x) = 0,

(C.6)

0

where in the last three results Ei(x) is the exponential integral, see
Ref. [164, page 875].
7.

Z

∞
0

dx
1
Ci(x) sin2 (x) =
x
4



 
 
1
1
L2
− L2 −
,
2
2

(C.7)

where Ci(x) is the cosine-integral [164, page 878]. In addition L2 (x) is
Euler’s Dilogarithm function defined by
Z x
ln(1 − t)
L2 (x) ≡ −
dt = xΦ(x, 2, 1),
x∈R
t
0
with Φ(x, s, v) the Lerch function [164, page 1029].
8.
∞

Z

0

[Ci(x) sin(x) − Si(x) cos(x)] sin(x)
=

9.
Z

∞

0

xdx
+ a2

x2

2
1
Ei(a)e−a − Ei(−a)ea ,
8

[Ci(x) sin(x) − Si(x) cos(x)]2

a ∈ R (C.8)

dx
x2 + a2

2
π3
π
Ei(a)e−a − Ei(−a)ea ,
sinh(a)e−|a| −
=
8a
8|a|

a ∈ R, (C.9)

where in the last two equations Ci(x) is the cosine-integral [164, formula
8.230.2], Si(x) = si(x) + π/2 is the sine-integral [164, formula 8.230.1],
and Ei(x) is the exponential integral [164, formula 8.211].
10.
Z

0

π/2

√

dx



b



arctan √
2
2
a2 + sin2 x
 a + sin x  
π
b
i
=
,
F arcsin √
,
2|a|
a
a2 + b2 + 1

a, b ∈ R, (C.10)

where F (ϕ, k) is the incomplete elliptic integral of the first kind [164,
formula 8.111.2].
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12.

Z
Z

∞

Z

∞

∞
0

dx [si(x) cos x − ci(x) sin x]2 =

0

(C.11)

dx si2 (x) cos(ax) =

π
ln(1 + |a|),
2|a|

|a| ∈ [0, 2]

(C.12)

dx ci2 (x) cos(ax) =

π
ln(1 + |a|),
2|a|

|a| ∈ [0, 2],

(C.13)

0

13.

π
2

where in the last three results si(x) and ci(x) are the sine and cosine
integrals [164, formulas 8.230.1-2]. We note that the last two results are
a generalization of formula 6.256 in Ref. [164], which states that the two
integral together equals (π/|a|) ln(1 + |a|). It turns out however, that
interestingly the two terms are exactly the same as long as |a| does not
exceed 2.
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[36] B. Dóra, A. Ványolos, and A. Virosztek, Pseudogap phase in (TaSe4)2 I:
Mean-field calculation, Phys. Rev. B 73, 125110 (2006).
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[55] K. Maki, B. Dóra, M. V. Kartsovnik, A. Virosztek, B. Korin-Hamzić,
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[130] B. Dóra, Boundary effect on CDW: Friedel oscillations, STM image,
Europhys. Lett. 70, 362 (2005).
[131] D. H. Wu, J. Mao, S. N. Mao, J. L. Peng, X. X. Xi, T. Venkatesan,
and R. L. Greene, Temperature Dependence of Penetration Depth and
Surface Resistance of Nd1.85 Ce0.15 CuO4 , Phys. Rev. Lett. 70, 85 (1993).
[132] K. Maki and E. Puchkaryov, Impurity scattering in electron-doped highTc cuprates, Europhys. Lett. 42, 209 (1998).
[133] H. Won and K. Maki, d-wave superconductor as a model of high-Tc superconductors, Phys. Rev. B 49, 1397 (1994).
[134] Y. Sun and K. Maki, Impurity effects in d-wave superconductors, Phys.
Rev. B 51, 6059 (1995).
[135] T. Hotta, Impurity Effects in Cuprate Superconductors, J. Phys. Soc.
Jpn. 62, 274 (1993).
[136] E. W. Hudson, S. H. Pan, A. K. Gupta, K. W. Ng, and
J. C. Davis, Atomic-Scale Quasi-Particle Scattering Resonances in
Bi2 Sr2 CaCu2 O8+δ , Science 285, 88 (1999).
[137] A. Yazdani, C. M. Howald, C. P. Lutz, A. Kapitulnik, and D. M. Eigler,
Impurity-Induced Bound Excitations on the Surface of Bi2 Sr2 CaCu2 O8 ,
Phys. Rev. Lett. 83, 176 (1999).
[138] S. H. Pan, E. W. Hudson, K. M. Lang, H. Eisaki, S. Uchida, and J. C.
Davis, Imaging the effects of individual zinc impurity atoms on superconductivity in Bi2 Sr2 CaCu2 O8+δ , Nature 403, 746 (2000).
[139] A. V. Balatsky, M. I. Salkola, and A. Rosengren, Impurity-induced virtual
bound states in d-wave superconductors, Phys. Rev. B 51, 15547 (1995).
[140] M. I. Salkola, A. V. Balatsky, and D. J. Scalapino, Theory of Scanning
Tunneling Microscopy Probe of Impurity States in a D-Wave Superconductor, Phys. Rev. Lett. 77, 1841 (1996).

124

BIBLIOGRAPHY

[141] A. V. Balatsky, I. Vekhter, and J. X. Zhu, Impurity-induced states in
conventional and unconventional superconductors, Rev. Mod. Phys. 78,
373 (2006).
[142] H. V. Kruis, I. Martin, and A. V. Balatsky, Impurity-induced resonant
state in a pseudogap state of a high-Tc superconductor, Phys. Rev. B 64,
054501 (2001).
[143] D. K. Morr, Resonant Impurity States in the D-Density-Wave Phase,
Phys. Rev. Lett. 89, 106401 (2002).
[144] J. X. Zhu, W. Kim, C. S. Ting, and J. P. Carbotte, Quasiparticle States
around a Nonmagnetic Impurity in a D-Density-Wave State of High-Tc
Cuprates, Phys. Rev. Lett. 87, 197001 (2001).
[145] V. J. Emery and S. A. Kivelson, Importance of phase fluctuations in
superconductors with small superfluid density, Nature 374, 434 (1995).
[146] Q. H. Wang, Mechanism of Pseudogap Probed by a Local Impurity, Phys.
Rev. Lett. 88, 057002 (2002).
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