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1 Introduction

1.1 Grid shells

In the second half of the 20th century, thin reinforced concrete shells were popular,
but due to constructional limitations, their shapes were limited. Scaffolding made
the construction lengthy and expensive, while the structure was heavy [11].
Similarly to double-layer shells, single-layer grid shells cover large spaces, but
with glass-covered transparent roofs. Grid shells have been built more and
more regularly all over the world since the beginning of the third millennium
(Fig. 1.1). The progress in computer aided design and manufacturing facilitates
the realization of grid shells with complex geometry.

Single-layer grid shells, also referred to as reticulated shells, are structures
made of beam elements. The centerlines of beams are referred to as the grid.
The grid nodes lay on a surface called the mid-surface. The beams may form
various panel shapes: usually triangular or rectangular, less often pentagonal or
hexagonal. They are usually built from steel or timber, but aluminum grid shells
have also been realized. In case of free-form grid shells, the curvatures of the
mid-surface is different point-by-point, and hence the shape is irregular. The
topology of a grid shell is also called the grid layout. When the mid-surface is
studied in relation to its curvature, it is referred to as topography or shape.

The geometry of a free-form grid shell is generally determined by the architect,
and the role of the structural engineer is to realize this idea. Hence, there is
generally only a small change in the geometry throughout the structural design
process. Recently, there is a need to design more efficient grid shells. A new
approach to geometry definition called parametric-design allows engineers and
architects to work on the geometry together. In the initial phase of the design,
several iterations are performed and design alternatives are investigated both
aesthetically and structurally in order to find an ideal solution.

1.2 Problem statement

The structural behavior of grid shells is a complex mixture of continuum shells
and discrete beam systems. The stability of grid shells requires special attention.
On the one hand, a grid shell behaves similarly to a continuous shell, global
shell-like buckling may occur. On the other hand, if a single joint is loaded in a
grid shell, buckling of that node (snap-through) may occur, which is governed by
local properties such as the stiffness of beams and joints. Similarly, local beam
buckling may occur, because it is a discrete beam system.

These stability failure modes are all dependent on the geometric characteristics
of the grid shells (e.g., curvature, beam length). Therefore, the effect of geometric
parameters on structural performance shall be analyzed. The structural behavior
of simpler regular geometric shapes, such as domes, barrel vaults, second-order
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elliptic or parabolic translational surfaces and hypars are regularly studied.
However, other shapes are rarely researched.

There is no design code for grid shells in Europe. There are a few publications
that give design recommendation on the behavior of grid shells [15, 16]. The
design process can be improved, if simple design guidelines are provided for
structural engineers. Malek et al. [23] performed a study on domes and barrel
vaults with various geometrical properties. To derive design guidelines, they
determined the linear critical load factors of structures and compared them. Such
studies shall be performed on other grid shell shapes. However, the linear critical
load factor does not always reflect the real behavior of grid shells.

The geometric properties of grid shells and the joint characteristics (e.g.,
stiffness) are heavily correlated. In an early design stage, not only the mechanical
properties of joints shall be considered, but also the manufacturing and construc-
tion facilities. The chosen joint system also depends on the cross-section and
number of beams it needs to join. Using bolted joints in steel structures is advant-
ageous. Compared to welding, assembly is less laborious and on-site assembly
demands less expertise, thus the structure may become more economical. Bolted
joints usually have lower rigidity than welded ones. A joint that is not rigid, but
of which the stiffness can not be neglected as for pinned joints, is referred to as
semi-rigid or semi-continuous joint, emphasizing that the stiffness of this joint
has a significant effect on the structure it is used in. For free-form structures,
joints need to meet not only stiffness but also geometric requirements: it must be
possible to adopt the joints to nodes with different geometric parameters. New
joint systems need to be developed that are easy to assemble and economical.
Numerical and experimental behavior of frame joints are regularly studied, while
research focusing on joints for grid shells is scarce [14, 18, 20, 21].

Figure 1.1 Famous free-form single-layer grid shell structures: Mannheim Pavilion
(1974, Germany, timber, rectangular lattice) and British Museum Great Court Roof

(2000, London, steel, triangular)
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1.3 Objectives and scope

The objective of this work is to investigate the mechanical behavior of grid shells,
with a special attention to two of their key aspects: geometry and joints. To
evaluate the effect of these characteristics, a parametric study is conducted. The
behavior of grid shells is complex and depends on a lot of aspects. Therefore, the
scope is defined based on careful investigation of the most important parameters
of grid shells.
The thesis goals can be summarized into the following three questions:

1. How do geometric parameters affect the design of grid shells?
2. How do joint characteristics affect the design of grid shells?
3. What are the design guidelines to improve grid shell structural performance?
The studied geometric parameters are topography (e.g., span, span-to-height

ratio) and topology (e.g., grid density, grid pattern) of the structure. One type
of frequently used free-form geometry is chosen that is investigated in depth,
considering different support conditions.

Joints to be investigated shall be chosen from literature. Moreover, a novel
bolted joint system for free-form grid shells with large span shall be developed.

In order to evaluate the effect of geometric parameters and joint characteristics
on the performance of grid shells, an efficient evaluation method shall be found,
using advanced numerical methods. For the analysis, nonlinear finite element
analysis including geometrical and material nonlinearity shall be used that can
predict the ultimate load of grid shells. Based on the results, design guidelines
shall be provided that can contribute to improve the mechanical performance of
grid shells during early design stages.

The performed investigations and thus the conclusions are limited to the
following area:

- one type of free-form geometry is chosen that is investigated in depth;
- steel structures with square plan and triangular panels are investigated;
- glass is attached to the beams in the triangle vertices, hence load acts in

the steel beam end nodes only;
- lateral-torsional and torsional-flexural buckling is beyond the scope of this

work;
- approximate snow and gravity loads are used, while the effect of wind and

temperature loads are not investigated;
- static analysis is performed, dynamic effects are not considered;
- serviceability limit state is not studied.
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2.1 Generation of the surface and the grid

The way of generating a surface of a grid shell may be geometric or non-geometric
[25]. Geometric surfaces may either be defined by an analytical formula (e.g.,
sphere, cylinder), or by a set of geometric transformations (translational, ruled,
surface of revolution). Non-geometric methods involve a form-giving agent, (e.g.,
gravity, pre-stress). Earlier, these were physical experimental methods, that now
all have a numerical counterpart, for example the dynamic relaxation, and the
particle-spring system [17]. After defining the mid-surface, a grid is generated
onto this surface. The goal is to obtain a smooth, aesthetic grid in which the
beam lengths are in a relatively small range. A simple grid-generation method
is to project a planar grid onto the mid-surface. Vertical projection shall only
be used for shallow surfaces; otherwise, the obtained beam lengths cover a wide
range.

This study aims to analyze shapes with a square planar boundary. A structure
with such a shape is refereed to as a square grid shell. In order to obtain such a
surface, the following analytical formula can be used:

f(x, y) = H ·
(

1 − 4x2

L2

)
·
(

1 − 4y2

L2

)
for x, y ∈

[
− L

2 ,
L

2

]
(2.1)

where L is the span, and H is the maximal height of the obtained surface. This
surface is elliptic in most parts except for the area close to the corners, where it
is hyperbolic. The grid pattern for this surface is obtained by vertical projection.

The other studied shape is the shape of a hanging cloth clamped on a square
boundary. To estimate this shape, a particle-spring simulation is performed [17].
This system constitutes of weightless axial springs connecting lumped masses
(particles). The simulation is an iterative process, which finds the equilibrium
shape for a given load. Each spring is assigned a constant stiffness, an initial
(l0), and a rest length (lr). For the square grid shell, first, an initially planar
grid of springs is defined with a square boundary as the input of the simulation
(Fig. 2.1 a). Uniform vertical forces are defined in each node (particle). The
particles on the boundary are not allowed to move from their initial position.
After the simulation, the triangular grid is obtained by connecting specific nodes
of the square grid (Fig. 2.1 c-d). The number of triangles along the two edges are
denoted by n and k. If 2n = k, the obtained triangular grid has right angle panels
(Fig. 2.2). If n = k, then the obtained triangular layout is close to equilateral.

For the equilateral grid layout (Fig. 2.2), how large the spring stiffness values
shall be set in one direction and in the other direction to obtain a shape that has
the largest ultimate load? The ratio of these two values is denoted by R. The
shape of a continuous and homogeneous material clamped on a square boundary
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Figure 2.1 Grid shell geometry generation process with an iterative (non-analytical)
method: (a) input planar springs; (b) result of the simulation; (c) definition of

triangular layout; (d) final grid layout

Figure 2.2 Grid layout: green lines are the input grid of the simulation, black lines are
the obtained triangular grid; left: right angle layout (n = 2, k = 4); right: equilateral

layout (n = k = 4)

under its self weight is symmetric to the planes that passes through the diagonals
of the boundary curve (diagonal planes). If the material is pre-tensioned and
the tension forces acting in the two directions parallel with the boundaries are
not the same, the symmetry to the diagonal planes is lost. First, the R value is
determined for the shape that is symmetric to the diagonal planes. Afterwards,
by varying the R value, various shapes are obtained and analysis is performed to
identify the shape that corresponds to the largest ultimate load.

In the particle-spring system, if the spring rest length is set to a small value,
the nodes only move in vertical direction. The obtained shape is similar to the
shape obtained by the grid method, which is a simple form-finding method of a
grid of elastic ropes [12]. Studying the grid method, the condition to obtain a
shape symmetric to the diagonal planes was found:

R = (2n/k)2 (2.2)

In case of equilateral grid layout (n = k) R is 4. As a next step, the
ultimate load of the structures with n = k and different R values are calculated
and compared to find the shape with the highest ultimate load. Three load
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Figure 2.3 Minimal ultimate load of grid shells under three load combinations (L = 40
m, n = k = 16), left: perfect structures, right: imperfect structures

combinations are applied: uniform nodal loads act in the whole or in either
half of the structure. The connections are rigid, and the supports are pinned.
Analysis is performed for perfect and imperfect structures, in which imperfection
is derived from the first eigenshape and the scaling factor is L/500 (Fig. 2.3).
For each shape, the minimal ultimate load based on the three load combinations
is called the critical load. The highest critical load corresponds to structures
with R = 3. For shallower shells (L/H ≤ 5), the imperfect critical load is the
same for R = 3 and R = 4. For an isotropic grid shell, R = 4 is expected to
have the largest critical load. The studied grid pattern, however, is not perfectly
equilateral. Thus the bending stiffness around the transversal direction is smaller
than the bending stiffness around the arch direction. The ultimate load for a
grid shell with the analytical shape (Eq. 2.2) appears as a dashed line in Fig. 2.3.
The ultimate load of the analytical shape is similar to that of the grid shell with
R = 10.

If the spring rest length is a small value, the grid layout is very similar to a
vertically projected grid (left of Fig. 2.4). A disadvantage of such a grid layout
is that for small L/H values, some elements close to the boundary are longer
than those in the middle. To improve this characteristic, the rest length is set
equal to the initial length. Hence, the deviation of beam length gets smaller.
Such a grid layout is referred to as uniform grid. The ultimate load of both grid
layouts are studied (L = 40 m, L/H = 3, 5, 8, n = k = 16). The ultimate loads
are determined based on GMNA in three load combinations. Compared to the
projected grid, the ultimate load decreased by 20% for the uniform grid. Since
the ultimate load is dependent on the grid density and load distribution, further
investigations are needed to draw general conclusions.
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Figure 2.4 Different grid layouts generated with different settings of the form-finding
procedure: left: projected grid (lr = 0.1 · l0), middle: uniform grid (lr = l0) (L = 40 m,

L/H = 3, n = k = 16); right: histogram of beam length



3 Square grid shells with rigid joints

To have an understanding of the mechanics of the square grid shells, the internal
forces are studied on both equivalent continuum shells and on discrete beam
models. Two different support conditions are considered. Afterward, a parametric
numerical analysis is conducted on square grid shells and Kiewitt domes. Based
on the results, a preliminary design method is proposed.

3.1 Internal forces of grid shells with various supports

One grid shell under uniform vertical load is thoroughly analyzed with linear
finite element models with either equivalent shell elements or with beam elements
to understand the load bearing behavior of the square grid shell.

Square grid shells are usually applied as a cover of existing building courts.
Existing walls often can not support lateral load (e.g., Great Court in British
Museum, London). Two different support conditions are studied: i. rigid
horizontal and vertical supports (rigid lateral supports); ii. no horizontal supports,
but only vertical ones (no lateral supports). These two support conditions can be
considered as extremes, while in reality edge beams with finite stiffness are used.

First, the internal forces are studied on equivalent continuum shell models.
Since the studied shape has no analytical solution according to the theory of
membrane shells, numerical methods are applied. First, the bending theory of
shallow shells is used. I studied a square grid shell with no lateral supports with
the algorithm developed by Hegedűs [13]. The results show that increasing the
cross-section size and thus the equivalent shell thickness significantly decreases
the normal forces. Secondly, numerical models using shell finite elements are built
either with rigid or with no lateral supports. Compared to the case with lateral
supports, all the internal forces are significantly larger for the case without lateral
supports. The normal force distribution is different, since in case of rigid lateral
support the normal forces are directly transferred to the supports. However, the
forces are still large around the corners.

As a next step, four different beam finite element models are investigated: two
with rigid and two with pinned connections, while both above-mentioned support
conditions are applied. In case of the grid shells with rigid lateral supports, the
normal force distribution of the grid shell with pinned connections is similar to
that of the one with rigid connections. The grid shells with no lateral supports
have extremely large normal forces if the connections are pinned. This means,
that a square grid shell with such support conditions requires flexural stiffness in
the joints. The normal force distribution of grid shells with pinned and with rigid
joints are different. For the grid shell with rigid joints, the non-boundary diagonal
elements close to the corners act as edge beams together with the boundary
elements away from the corner (left of Fig. 3.1). For both support conditions, the
out-of-plane bending moments three triangle panels far from the boundaries can
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Rigid lateral supports No lateral supports

Figure 3.1 Normal forces of square grid shells with rigid joints [kN]

be neglected compared to bending moments around the edges. The bending and
torsional moments are largest around the corner. For both support conditions, if
the cross-section size of the grid shell with rigid joints tends to zero, the internal
forces become equal to that of the grid shell with pinned joints.

Finally, the internal forces of the equivalent continuum shell are compared
to that of the beam finite element models [19] for a grid shell with equilateral
grid pattern. The anisotropy of the shell was neglected. The internal forces are
in good agreement in case of rigid lateral supports and rigid joints, especially
for the normal forces. If the solid shell model has a thickness of only 1 mm, the
shell has negligible bending rigidity. Thus its membrane forces can be compared
to the normal forces of grid shells with pinned joints. In this case, the shell and
beam models are in good agreement. In case of no lateral support, the results of
the beam and shell models are different, and only the normal forces around the
top of the grid shell are in good agreement.

3.2 Imperfection sensitivity analysis

Imperfection sensitivity of the structure is studied by applying the same imper-
fection shape with various scaling factors. Two types of imperfection shapes are
considered: the first buckling eigenshape and the deflected shape obtained by
linear analysis. The ultimate load is calculated with GMNIA for the perfect
and for the imperfect structures. The ratio of these values is referred to as the
reduction factor.

For square grid shells, the shallow shells have a more global eigenshape than
higher shells. In other words, more elements and nodes are affected by the
imperfection in the shallow shells. Grid shells with rigid lateral supports are
significantly imperfection sensitive, and the eigenshape imperfection gives critical
results. If the imperfection amplitude is L/1000, the reduction factor is 78%
while for L/300 it is 58%. However, grid shells with no lateral supports are not
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imperfection sensitive. The reason for this is that these structures do not work
as ideal shells with membrane forces only, but with significant bending moments.

3.3 Study based on equivalent continuum shell properties

A study is conducted on structures with a wide range of geometric parameters.
Their internal forces and load bearing capacity are investigated based on their
equivalent continuum shell properties: shell thickness (teq) and modulus of
elasticity (Eeq) according to [19]. Eq. 2.1 is used to define the surface of the
square grid shell, and both grid patterns are considered (Fig. 2.2). Uniform
circular hollow (pipe) cross-sections are applied and rigid connections are assumed.

I performed all the calculations using open-source platforms [24]. The de-
veloped code and data are available online [4].

3.3.1 Linear critical buckling load

The equivalent shell bending stiffness (Beq) and the membrane stiffness (Teq) are
important characteristic of the grid shell. Let ρeq denote their ratio divided by
the square of the span (L), which is a unitless parameter. For a pipe cross-section:

ρeq = Teq

Beq · L2 =
t2
eq

12L2 = 3EI + GIt

3EA · L2 = 1
c1

· D2
0 + t2

L2 (3.1)

where i is the radius of gyration, D0 is the mid-cross-section diameter, t is the
thickness of the cross-section, and c1 is a constant dependent on the Poisson-ratio
only. Since D2

0≫t2, the t2 can be neglected and D0 can be expressed as a function
of ρeq from the equation above. Thus the area of a pipe cross-section is:

A = 2D0 · t = 2
√

c1 · √
ρeq · L · t (3.2)

The linear critical buckling load of a sphere under radial pressure [26] suggests,
that the linear buckling load of a grid shell can be expressed as:

qcr = c2 ·
Eeq · t2

eq

L2 (3.3)

where c2 is constant as long as the material and the shape of the grid shell is
fixed. Substituting teq and then the cross-section area (Eq. 3.2) and teq:

qcr = c2 · 2 · EA · teq√
3 · L2 · lav

= 8 · c1c2 · E · ρeq · t

lav
(3.4)

qcr · lav

t
= 8 · c1c2 · E · ρeq (3.5)
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This suggests, that the critical load of the square grid shell multiplied by the
average beam length (lav) and divided by t is a linear function of ρeq. In the
following, first, the internal forces in the grid shell obtained by linear analysis
and then later the ultimate load obtained by nonlinear numerical analysis is
studied as a function of ρeq. The goal is to determine the constants by numerical
analysis.

3.3.2 Internal forces

First, linear elastic analysis of beam structures are performed to evaluate the
internal forces of grid shells with various geometric parameters. Maximal normal
forces and maximal bending moments are investigated as a function of ρeq.
Structures with fixed span-to-height ratio and fixed grid density are studied,
while the cross-section size and the span is varied.

In Fig. 3.2, the normal forces are divided by the square of the span, while
the moments are divided by the third power of the span. Thus, the results can
be characterized as a function of ρeq and the support condition only. Internal
forces in the structures with lateral supports are significantly lower compared to
those without lateral supports. All the results of the same support type lie on
one curve. Nmax/L2 and Mmax/L3 are approximately an exponential function of
ρeq when ρeq·106<10, otherwise they are approximately a linear function of ρeq
in accordance with Eq. 3.5.

3.3.3 Ultimate load

In this section, the ultimate load of grid shells is studied based on GMNA. The
goal is to investigate how the ultimate load changes by changing the cross-section
size and geometric properties (L, k, L/H) of the grid shell.
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First, a 40-meter-span grid is studied with fixed geometric parameters and
varying cross-section sizes (left of Fig. 3.3). Eq. 3.5 suggests, that assuming that
the grid density is fixed, the ultimate load divided by t is approximately a linear
function of ρeq for grid shells with any span. The right of Fig. 3.3 shows the
ultimate load divided by t. The obtained numerical results lie on one curve for
each support condition. This means that it is sufficient to use a single t value for
further analyses.

As a next step, the span of the studied grid shell is varied. As expected based
on Eq. 3.5, if the ultimate load is divided with t and multiplied by lav, all results
lie on the same curve (left of Fig. 3.4). To obtain reasonable ultimate load values,
structures with no lateral supports are analyzed with larger cross-section sizes
than the ones with rigid lateral supports. As a consequence, the range for ρeq is
different as well.

In the next step, grid shells with varying grid density (k) are analyzed.
However, this time instead of the ultimate load (qmax), the ultimate nodal load
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is used:
Fmax = qmax · L2

nnd
(3.6)

where nnd is the number of loaded nodes. Assuming, that the average beam length
is approximately L/k, and since the number of loaded nodes is approximately
k2, instead of calculating the qmax · lav/t ratio (Eq. 3.5), we now use:

qmax · lav

t
= Fmax · nnd · lav

L2 · t
= Fmax · nnd · lav

l2
av · k2 · t

= Fmax

lav · t
(3.7)

The right of Fig. 3.4 demonstrates that the Fmax/(lav · t) ratio corresponding
to structures with different grid density is approximately a function of ρeq only.
The numerical results show, that if instead of Fmax/(lav · t) the qmax · lav/t value
is depicted as a function of ρeq, the results also approximately lie on a single
curve if the span is large, but the qmax · lav/t results slightly differ if ρeq is large.
Thus, from now on, the relationship of ρeq and Fmax/(lav · t) is studied.

Finally, the effect of the span-to-height ratio is investigated. Fmax/(lav · t)
increases if L/H is increased. Dividing Fmax/(lav · t) with a parameter c, the
results all lie on one curve. The c parameter is dependent on L/H.

3.3.4 Estimating the ultimate load of grid shells

The previous section suggests that for grid shells the Fmax/(lav · t · c) ratio is a
function of one unitless parameter (ρeq) only, and c is a function of L/H only
in case of structures with arbitrary span, pipe cross-section, grid density and
span-to-height ratio. This assumption is verified in this section by conducting
a parametric numerical analysis for grid shells. Based on the results, the c
parameters are determined, and a design method is proposed to estimate the
ultimate load of grid shells.

First, perfect structures with rigid lateral supports are studied. For each grid
pattern type, at least 30 structures were analyzed, each with one cross-section
thickness and 4 diameters. The obtained Fmax/(lav · t) values for each L/H ratio
all lie on approximately the same curve (left of Fig. 3.5), except for coarse grid
shells (dashed lines in Fig. 3.5).

As a next step, the c parameter is determined for each span-to-height ratio. c
is assumed 1 for the shallowest shell that was studied. The c values for the other
span-to-height ratios were determined, so that Fmax/(lav · t · c) results all lie on
the same curve as that of structures with L/H = 10 (right of Fig. 3.5).

The obtained Fmax/(lav · t · c) results can now be approximated as a function
of ρeq. Regression analysis is performed and the obtained curve is referred to as
the design curve. For the obtained design curves, the relative errors from the
numerical results were calculated. For both grid patterns, the minimum of this
relative error is larger than -10%.
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Figure 3.5 Ultimate load of perfect square grid shells with rigid lateral supports,
right-angle grid pattern

The same procedure was repeated for the imperfect structures. If the results
are compared to those of the perfect structures, in some cases, the imperfect
ultimate load is not significantly lower than the perfect ultimate load. In
these cases, other imperfection shapes shall be considered, e.g., higher buckling
eigenshapes. The rest of the results can be approximated as a linear function of
ρeq.

The above detailed procedure to was conducted for square grid shells with
equilateral and with right angle grid pattern, both with and without lateral
supports, and for Kiewitt grid shells with lateral supports. Based on the numer-
ical results, a preliminary design method is proposed. Knowing the geometric
parameters of the grid shell, the ultimate load of a structure can be estimated by
the following formula:

qestim. = f

(
0.157 · 106 · D2 − 2tD + 2t2

Aplan

)
· t · lav · nnd · c

Aplan
(3.8)

where D is the cross-section outer diameter, Aplan is the plan area, nnd is the
number of non-boundary nodes, f(x) is a function according to Table 3.1, and c
is the parameter considering the effect of the span-to-height ratio. The obtained
perfect and imperfect design curves allow designers to estimate the load bearing
capacity of square grid shells of any geometric parameters within the studied
range assuming steel material S235.
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Table 3.1 Functions to estimate the ultimate load of grid shells

Grid shell type Perfect Imperfect
L/1000 L/300

Rigid lateral support
Square grid, right-angle (1 − 0.921x)/0.114 0.465·x 0.361·x
Square grid, equilateral (1 − 0.905x)/0.116 0.492·x 0.380·x

Kiewitt (1 − 0.836x)/0.122 (1 − 0.895x)/0.110 (1 − 0.957x)/0.072
No lateral support

Square grid 0.157·x



4 Joint systems for free-form grid shells

Grid shell joints are characterized by their geometrical and mechanical properties.
Joints may work with or without a nodal element. There is usually a connector
welded or attached to the end of the beams that includes the bolts if there
is any. A grid shell joint can be classified into two groups based on its load
transferring method [25]: splice and end-face joints. Generally the end-face joints
are geometrically more flexible and their bending rigidity is larger [14, 25].

Mechanical properties of grid shell joints are published in only a few papers
[3, 14, 20, 21]. The socket joint system [3] is used in this study that is an end-face
joint with one bolt and works with pipe cross-sections (Fig. 4.1). The nodal
element is bowl shaped. The bolt is pre-tensioned. The connector has a conical
shape welded to the end of the beam, and there is a washer between this and the
nodal element. The bending characteristics were obtained by experiments.

For larger span structures and for grid shells with a free-form shape and thus
high bending moments, stiffer joints are needed. By using not only one, but two
bolts in an end-face joint, the out-of-plane bending rigidity may be significantly
increased [14]. For single-layer grid shells, the out-of-plane stiffness needs to be
higher than the in-plane stiffness. Rectangular hollow cross-sections are thus
regularly applied for free-form shells. For a similar reason, T cross-sections are
applied in the free-form roof of the New Milan Trade Fair in Italy.

Similarly to frame joints, a grid shell joint may be classified rigid, semi-rigid
or pinned based on its out-of-plane bending stiffness properties [16]. If the ratio
of the beam stiffness and the initial stiffness of the joint (κ) is small, the joint
is considered pinned, while if it is large it acts as a rigid joint. Fan et al. [2]
extended this classification by considering the ratio of the bending capacity of
the joint and the beam (β). They performed a parameter analysis on domes of
various span and L/H ratios. They considered a joint semi-rigid if the ultimate
load of a grid shell with it is between 90% and 30% of the ultimate load obtained
from the same structures with rigid joints. Based on this definition and the

Figure 4.1 Socket joint and its bending stiffness with various bolt diameters
(24, 27, 30 mm for S24, S27 and S30 joints, respectively) based on experiments [3]
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parametric analysis, they defined a classification system of joints based on their
κ and β values (Fig. 4.2).

4.1 A proposed joint system with T cross-sections

The previously presented socket join can be used with structures of 30 ÷ 40
meter span based on parametric studies of domes [2] and elliptic paraboloids
[22]. A new joint system is proposed that has a larger bending stiffness and joins
beams with single-symmetric T cross-sections. They are designed for square
grids with L = 40 ÷ 80 m with rigid lateral supports. Reference structures are
chosen for each span, all with L/H = 8. Cross-section sizes are chosen, so that
the load bearing capacities of the reference structures with rigid joints are all at
least 8 kN/m2. The ultimate load of these structures with the developed bolted
joints (qmax,sr) and with rigid joints (qmax,r) are compared. A semi-rigid joint is
considered effective, if λ = qmax,sr/qmax,r > 0.8. In the following, structures with
rigid joints and structures with bolted semi-rigid joints are referred to as rigid
and semi-rigid structures, respectively.

In order to design semi-rigid joints for the square grids, classification limits
for joints in square grid shells are defined, similarly to that for domes [2]. A
parametric analysis is performed for altogether 18 grid shells. In the analysis,
it is assumed that the in-plane stiffness of the joint is 10% of the out-of-plane
stiffness, while the ultimate bending moment is the third. The ultimate load of
the structures are calculated based on GMNA. A structure is considered semi-
rigid if 30% ≤ λ < 90%. The λ value is mostly dependent on the span-to-height
ratio. Classification limits are defined (Table 4.1). In the next section, the
goal is to design the joints with T cross-sections, so that 0.8 ≤ λ. The κ value
corresponding to λ = 0.8 is denoted by κg.

The proposed joints (Fig. 4.3) consists of a cylindrical nodal element, to which
the T beam members are bolted with the help of end-elements. The trapezoidal
end-elements are welded to the beam ends. The joint system is an end-face joint
with two bolts that are mainly in axial force. Two slightly different versions
have been designed. In System TE, the flange is thin (tf = 20 mm) and wide,

Figure 4.2 Classification of joints in grid shells (l0 is the beam length)
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and both bolts are connected to a taller end-element. System TF has a thick
(tf = 40 mm), narrow flange to which the upper bolt is connected. The lower
bolt is connected to a short end-element. The nodal element is assumed to be
rigid compared to the rest of the joint and the member. High strength bolts
(10.9) are used.

A finite element model using solid finite elements is built to study the moment-
rotation behavior of the joint. A cantilever with one beam element and a half
of a nodal element is modeled to determine the bending behavior of the joint
(Fig. 4.4). To introduce a moment about the weak (in-plane, z) and strong
(out-of-plane, y) axis, a point load F is applied at the end of the cantilever beam.
The bending moment (My and Mz) is calculated at the end of the beam element
according to Fig. 4.5.

Table 4.1 Classification limits for joints in square grid shells

L/H κp κr βp βr
8 0.5 15 0.03 0.2
5 1 50 0.03 0.1
3 1 50 0.03 0.5

Figure 4.3 Components of the joint system TE and TF: bolts with washers (orange),
end-element (dark green), nodal element (red)

Figure 4.4 Modeling a cantilever with one beam and half of the nodal element
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Pretension in the bolt is considered in the finite element model. As the failure
of the joint is bolt fracture, the strength of the joint is highly dependent on
the applied material property for the bolt. Throughout the loading of the joint,
surfaces of the components of the joints may come into or loose contact with
each other (e.g. end-element and nodal element). These are modeled with the
help of special shell finite elements: target elements are rigid elements that may
penetrate into the flexible contact elements.

A parameter study is performed on the joint with the smallest T cross-section
sizes designed for 40 meter span (TE40 and TF40) to understand the behavior
of the joint and to reveal the main components influencing its moment-rotation
characteristics. (Table 4.2). The in-plane stiffness of the joint is dependent on
the end-element width for System TE. The end-element needs to be taller and
wider for System TF to increase the in-plane stiffness. The kini,z stiffness may
also be increased by applying bolts with larger diameter for which the allowable
pretension force is higher. Based on the results, the joints were developed for the
60 ÷ 80 m span structures as well.

During design, keeping κ larger than κg, helped to have a sufficiently large
ultimate load of the semi-rigid structure (λ > 0.8). In all cases, according to the
classification method for square grids, all the joints can be considered semi-rigid
in the reference structures, as the κ values are below the rigid limit value (κr in

rigid nodal
element

F

φ

nL

∆

L

Figure 4.5 Loading (F ) and definition of the rotation (φ)

Table 4.2 Effect of various parameters on the moment-rotation characteristics of joints
with T cross-sections designed for 40 meter span

Parameters
TE40 TF40

kini,y Mu,y kini,z Mu,z kini,y Mu,y kini,z Mu,z
Pretension P ++ ++ ++ ++
End-
element
size

width + + ++ ++ + + +
length +
height + ++

Bolt diameter d ++ ++ ++ ++
+ influence ++ significant influence
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Fig. 4.2 and Table 4.1). Since β > βr, the stiffness is a more critical property of
the developed joints than the ultimate moment.

The results show that for TF40, under a negative load (sign according to Fig.
4.4), the stiffness and ultimate load of the joint is similar to that under a positive
load, while it is 40% higher for TE40 (Fig. 4.6). The reason for this is that in
TF joints, the bolts are placed equidistant from the middle of the node, while
the end-element and the flange have similar heights.

4.2 Structures with TE and TF joints

To show that the developed joints are effective, the ultimate load of the reference
structures are calculated, both with rigid and with the developed bolted joints.
In a beam finite element model, nonlinear springs are used to model the joints
and the spring characteristics are defined based on the results of the solid finite
element models (Fig. 4.7). The λ values for the designed structures are: 0.81÷0.9.
The dots in Fig. 4.6 represent the maximal moment in the joints in the analyzed
shell structures at failure.

It is important to know that if the joints need to be strengthened, which
stiffness or strength properties have a larger role in the overall behavior. For this
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Figure 4.6 Moment rotation characteristics of the developed joints, dots representing
the maximal moment in the joints in the analyzed reference structures at failure
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Figure 4.7 Force-displacement diagrams of the nodes with largest displacement at qmax
for a square grid shell with 60 m span with rigid and with TE and TF joints

Figure 4.8 Ultimate load of structures with different bending stiffness components

reason, the ultimate load is calculated with semi-rigid joints that are strengthened
in one direction: either the in-plane or the out-of-plane stiffness is considered
rigid. The ultimate load corresponding to semi-rigid out-of-plane and rigid in-
plane components is noted by qmax,sr−r, and to rigid out-of-plane and semi-rigid
in-plane components by qmax,r−sr. The results are summarized in Fig. 4.8; in
each case taking qmax,sr as 0% and qmax,r as 100%. The joints TF40 and TF60
can be further strengthened by increasing its in-plane stiffness, while the rest of
the joints can be strengthened by increasing its out-of-plane stiffness.
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5.1 Methodology

A systematic parametric structural analysis is performed to analyze the effect of
joint properties on the ultimate load of the grid shell. The question is, for which
geometric parameters may a specific joint be used? To answer this, structures
with semi-rigid joints are compared to structures with rigid joints. Two systems
of semi-rigid joints are studied, the socket joints with pipe cross-sections and
the TE and TF joints with T cross-sections. The studied range of geometric
parameters are:

1. L = 20 m; 40 m; 60 m; 80 m;
2. L/H = 8; 5; 3;
3. grid density: lav = 2.5 ÷ 6.0 m
In this section, the design methodology is presented. The designed structures

have a shape generated with the non-analytical method with R = 4 and with
projected grid.

Structures are designed in design load level and comparison is based on the
obtained weight of the structure. Distributed load is assumed. Nodal loads with
varying magnitude are applied dependent on their tributary areas. Three load
combinations are considered. In the first load combination, the snow load (s) is
distributed all over the roof, while in the other two, half of the roof has a higher
snow load. The load is incremented from zero to double of the design load. For
each analyzed structure, the ultimate load factor αu is calculated for the three
design load combinations. The load of 1.35g + 1.5s corresponds to loading factor
α = 1.0.

With an iterative process, the minimal section sizes required for rigid and
for the semi-rigid structures are found. The same cross-section size is used for
each beam in one structure. For the structures with the pipe cross-sections the
thickness is fixed to 5 mm, and the diameter is varied. In case of structures with
T cross-sections, the algorithm selects cross-section sizes from a predefined list,
in which cross-sections are sorted based on their cross-section area.

Imperfections are not known prior to design. The imperfection shape shall be
found that has the most unfavorable effect on the resistance of the structure, one
that has a large impact on the safety of the structure [1]. Based on literature
overview concerning imperfections for grid shells, the following key aspects shall
be considered: i. imperfection shape; ii. scaling factor; and iii. differentiating
between global and local shapes.

The imperfection shapes are studied on a shallow (L/H = 8) dense grid shell
with T cross-sections and semi-rigid TE joint, for which in-plane local buckling
can be critical. Eigenshapes, deflection shape at ultimate load obtained by
geometrically nonlinear analysis (GMNA), and in-plane beam curvature are used
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Table 5.1 Application limitations of the socket joints used in square grid shells with 20
m span; a check mark indicates that the joint can be used without limitations, while in

some cases the average beam length (lav) must be above the indicated values

Joint type Imperfection L/H
scaling factor 8 5 3

S30 1/1000 lav > 2.5 m X X
1/300 lav > 3.2 m X X

S24 1/1000 lav > 2.4 m X X
1/300 lav > 3.0 m lav > 3.2 m X

as imperfections. The eigenshapes are studied with different scaling methods.
The deflection shape gave a larger ultimate load factor than the eigenshapes.

It is shown, that scaling the eigenshape according to the span gives the lowest
results. However, this overestimates the effect of local buckling eigenshapes.
Therefore, in the parametric analysis, global imperfection is applied in the beam
end-nodes, scaled by a ratio of the span. Local bow buckling is considered by
applying a curvature on the inner points of the beams. Local imperfections are
scaled to a percentage of the maximum beam length of a structure. 1/1000 and
1/300 of the span and the beam length are used as the scaling factor.

The next question is, at least how many eigenshapes shall be applied in the
parametric analysis to perform a safe design? For 15 structures, the first 10
eigenshapes are used as imperfection shapes, with the amplitude of L/1000 in
the GMNIA. Compared to using the first 10 eigenshapes, if using only the first
eigenshape, the average difference in the load factor is 0.15, while it is 0.11 if
using the first two, 0.05 if using the first three and 0.03 if using the first four. In
the parametric analysis the first and second eigenshapes are used.

5.2 Results for structures with pipe cross-sections

Semi-rigid structures are evaluated according to the following rule. If the semi-
rigid structure requires significantly more steel material (> 30%), than the
rigid structure, then the used semi-rigid joint is not economical and are not
recommended to be used. The S24 and S30 socket joints are used (Fig. 4.1). For
40 m span, cross-section sizes can be obtained only for perfect non-shallow (L/H =
3÷5) shells for S30 joints. In design, imperfections can not be neglected, therefore
it can be concluded that for 40 meter span, these joints are not recommended to
be used. The applicability of the socket joints for 20 meter span are summarized
in Table 5.1.
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Table 5.2 Application limitations of the TE and TF joints used in square grid shells
with 40 ÷ 80 m span; the average beam length (lav) must be below the indicated values

Joint Imperfection L/H
type scaling factor 8 5 3

TE 40
1/1000 lav < 2.8 m lav < 5.1 m lav < 5.6 m
1/300 x lav < 2.9 m x

TF 40
1/1000 lav < 4.9 m lav < 5.1 m lav < 5.6 m
1/300 lav < 2.8 m lav < 2.9 m x

TE 60
1/1000 x lav < 5.0 m lav < 5.4 m
1/300 - x x

TF 60
1/1000 lav < 3.0 m lav < 5.0 m lav < 5.4 m
1/300 x lav < 3.1 m x

TE 80
1/1000 x lav < 4.2 m lav < 4.6 m
1/300 - - -

TF 80
1/1000 x lav < 3.5 m lav < 4.6 m
1/300 - - -

5.3 Results for structures with T cross-sections

For semi-rigid structures, for each cross-section, the stiffness properties obtained
in the previous chapter are applied, regardless of the fact that the larger the
flange, the larger the joint stiffness may become. This implies that on the list of
analyzed cross-sections the largest cross-section shall not be much larger, than
the original cross-sections.

Unlike for the pipe cross-sections, semi-rigid structures with T cross-sections
could not be defined for cases, when the grid density is coarse. In these cases,
if the rigid structure meets the design requirements, the semi-rigid structure
with the same cross-section does not, while some beams buckle. The reason for
this buckling, is that the in-plane stiffness of the joint is small. Therefore, the
application of the TE and TF joints are limited by the length of the beams.

The results of the parametric analysis can be seen in Table 5.2. In case
of a red minus sign, the joint is not recommended to be used, as the required
cross-section area would be > 30% larger, than the required cross-section area
for which the joint stiffness values were determined for. The x marks mean that
using a semi-rigid joint would require a significantly larger cross-section size,
compared to the rigid structure. From the results, it can be seen that if the
imperfection is large (1/300), the developed joints for 80 meters and the TE60
joint can not be used, and the rest of the joints are also limited in case of shallow
and high shells (L/H = 8 or 3).





6 Summary of contributions

I.

By using a form-finding algorithm, I developed a method that generates the
surface and grid of a single-layer grid shell with planar square boundary. The
geometry generation method can generate triangular grids on square boundary
with a predefined span, height, and grid density. The form-finding algorithm finds
the equilibrium of a system of weightless linear springs under nodal vertical loads.
I studied the mechanical performance of structures with the generated geometry
on square boundary with various span-to-height ratios (L/H). I calculated the
ultimate load of the grid shells using geometrically and materially nonlinear finite
element analysis. Grid shells with a planar square boundary are referred to as
square grid shells.

I.a I studied the shapes that can be generated by varying the parameters of
the geometry generation method. Under uniform nodal load, I calculated
and compared the ultimate load of structures with the obtained shapes and
a grid pattern that is close to equilateral. Based on the studied square grid
shells, I identified the shape that corresponds to the highest ultimate load.

I.b I compared the same square grid shells to another square grid shell of
which the shape is defined by an analytical formula and the grid pattern
is vertically projected. I showed which parameters of the form-finding
algorithm creates a grid shell that has a larger ultimate load than that of
the grid shell obtained by the analytical formula.

I.c I studied grids that can be generated by varying the parameters of the
geometry generation method. I showed which parameters of the geometry
generation method creates a grid with close to uniform beam lengths.

Publications: [5, 6, 9]
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II.

I conducted a parametric study on grid shells with planar square boundary with
various span, height, grid pattern, and grid density. I considered two support
conditions: besides vertical supports, either rigid horizontal supports or no
horizontal supports were applied. Furthermore, I conducted a similar study for
dome grid shells with rigid vertical and horizontal supports. The domes were
Kiewitt type grid shells on surfaces generated by the revolution of a catenary
curve. In the parametric studies, I carried out finite element analysis using beam
finite elements with uniform circular hollow cross-sections, in which I considered
the effect of geometrical and material nonlinearities. I applied uniform vertical
nodal loads, and with the numerical analysis I determined the ultimate load of
the studied grid shells. Based on the results, I proposed a preliminary design
method.

II.a By using numerical models of either the equivalent continuum shell or the
discrete beam structure, I studied the internal forces of square grid shells.
Furthermore, I studied their imperfection sensitivity. I showed, that the
square grid shell without horizontal supports is not imperfection sensitive,
while the grid shell with horizontal support is imperfection sensitive.

II.b The ratio of the membrane and bending stiffness of the equivalent continuum
shell divided by the plan area is a unitless parameter. I showed that the
ultimate nodal load divided by the circular hollow cross-section thickness,
the average beam length, and a parameter dependent on the span-to-height
ratio is approximately a function of only this unitless parameter in case
of structures with arbitrary span, circular hollow cross-section size, grid
pattern, grid density, and span-to-height ratio.

II.c I described the ultimate load as a function of the unitless parameter
mentioned above. Based on the numerical analyses, I defined such functions
for cases with various support conditions, grid patterns and imperfection
amplitudes. These functions enable the estimation of the ultimate load of
a square grid shell if its geometric parameters and its beam cross-section
size are known.
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III.

I developed two slightly different novel bolted joints, namely System TE and
TF, suitable for free-form single-layer grid shell structures joining beams with
T cross-sections. Beams are connected to the cylindrical nodal element by two
bolts, that are parallel with the beam axis and are above each other. Thus, the
out-of-plane bending stiffness of the joint is one order larger than its in-plane
stiffness. The flange of the TE joint is thin, hence bolts are connected to a
trapezoidal end-element that is welded to the beam web. The flange of the TF
joint is thick, therefore the upper bolt is connected to it. The cross-section area
for System TF is slightly larger, while System TE requires higher nodal and
end-elements. I developed a solid finite element model to study the bending
stiffness and strength of the TE and TF joints.

III.a I conducted parametric numerical analyses and investigated the effect of
bolt diameter, pretension, and end-element size on the bending stiffness
and strength.

III.b I determined the dimensions of the TE and TF joints used for grid shells
with a square plan with 40, 60 and 80 meter span. The dimensions were
determined so that the load bearing capacity of the structure with the T
joint is at least 80% of that of the rigidly jointed structure.

III.c I showed that concerning the global behavior of shallow (L/H 6 8) single-
layer grid shells, the most important parameter of the designed joint is the
bending stiffness. Moreover, for each joint type and each span, I showed
whether the in-plane or the out-of-plane bending stiffness is critical.

III.d Based on a parametric analysis of structures with T cross-sections and
various span-to-height ratios, I defined joint classification limits. The
classification can be used in preliminary design of grid shells to predict if a
specific joint in a square grid shell is rigid, semi-rigid or pinned.

Publications: [5, 7, 10]
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IV.

With a simplified and effective design method, I designed grid shell structures
on square plan with various span, height, and grid density. The design was
based on three load combinations. The analysis was carried out using a beam
finite element model, in which I considered the effect of geometrical and material
nonlinearities and the nonlinear behavior of the applied bolted joints. With the
design method, I studied the application limits of various bolted joints.

IV.a I studied the effect of imperfection shape and amplitude on the analyzed
grid shells. Based on the results, I proposed the imperfection shape that
should be considered in the design of square grid shells with pipe and T
cross-sections.

IV.b With the design method, I studied the TE and TF joints and the so-called
socket joint used with pipe cross-sections. Based on the obtained cross-
section sizes and total weight, I determined that under which geometric
limitations can the bolted joints be used in square grid shells. Socket joints
can not be used for structures from 40 meter span, while for 20 meter span,
I defined application limits based on span-to-height ratio and beam length.
The limits of TE and TF joints were also defined for 40 ÷ 80 meter span
structures.

IV.c I showed that structures with socket joints and dense grids (average beam
length . 3 m) can not be designed or can only be designed, if the total
weight is significantly larger (> 30%) than for the structure with rigid
joints. I showed that using TE or TF joints in coarse grid shells, the shallow
shells or shells with large imperfections can not be designed or can only
be designed, if the total weight is significantly larger (> 30%) than for the
structure with rigid joints.

Publications: [5, 6, 8, 9]
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