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Abstract

Free-form single-layer grid shells are becoming more and more common since the beginning of

the third millennium. Free-form refers to their irregular, curved shape. The structural behavior

of grid shells has characteristics in common with continuous shells and discrete beam structures.

Their geometry has a large influence on the structural performance of grid shells. Research

has been focusing on simple shapes such as domes and barrel vaults. There is a need to study

the effect of geometric parameters for other shapes as well. Guidelines regarding the geometry

are required that help designers in the preliminary design phase. The other key aspect in the

design of a grid shell is the applied joint. Several types of welded joints ensure rigid connections.

However, bolted joints often have smaller stiffness, thus their behavior should be considered in

the analysis of the structure.

Grid shells with a square planar boundary (square grid shells) were chosen as the subject

of the dissertation since such structures are often used to cover courts of existing buildings.

Shapes were generated using the particle-spring simulation, which is a method originally used

for form-finding of membrane structures. I studied grid shells with various shapes obtained by

this method, and one defined by an analytical formula. I identified the shape that corresponds to

the grid shell with the largest ultimate load.

The ultimate load was calculated by nonlinear finite element analysis including geometrical

and material nonlinearity and the effect of imperfection (GMNIA). The studied imperfection

shapes and scaling methods revealed that the effect of imperfection on the ultimate load varies

in a wide range. It is suggested to use the buckling eigenshapes as imperfections and using

not only one, but the first few eigenshapes is recommended. When using the eigenshape as

imperfection, to avoid overestimating the effect of local imperfections, it is recommended to

scale imperfections according to how large the influenced area is, for which I proposed a method.

I conducted a parametric numerical analysis (GMNIA) on square grid shells with various

geometric parameters and with circular hollow cross-sections. As a result, the ultimate load

was determined. Based on the equivalent continuum shell theory, I identified parameters that

influence the linear buckling load of the grid shell. I evaluated the numerical results based on the
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ratio of the equivalent shell bending stiffness to the shell membrane stiffness divided by the plan

area. Based on the results, I proposed a preliminary design method.

To study square grid shells with bolted joints, I chose a joint with one bolt, for which bending

characteristics are available in the literature. Furthermore, I developed two slightly different joint

systems, that can be used in free-form grid shells with T cross-sections. Two bolts are applied in

these joints so that they can be used in large-span structures. The joint bending characteristics

were calculated using solid finite element models. The influence of pretension, bolt size, and

geometric parameters were studied.

To evaluate the influence of joint characteristics on the performance of grid shells, I developed

a simplified automated design algorithm using GMNIA to calculate the required cross-section

size under design load. Structures with different geometric parameters were designed. By

comparing the weight of the designed structures with bolted joints to that of structures with rigid

joints, geometric limitations (span, grid density) were defined under which the studied joints can

be used in square grid shells.
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Chapter 1

Introduction

Free-form grid shells have been built more and more regularly all over the world since the

beginning of the third millennium. The objective of this work is to investigate the mechanical

behavior of grid shells, with a special attention to two of their key aspects: geometry (surface and

grid) and joints. To evaluate the effect of these characteristics, numerical parametric studies are

conducted. The behavior of grid shells is complex and depends on several aspects. Hence, the

scope is defined based on careful investigation of the most important parameters of grid shells.

1.1 Grid shells

Single-layer grid shells are structures made of beam elements (Fig. 1.1). The centerlines of the

beams are usually referred to as the grid. The grid nodes lay on a surface called the mid-surface.

Generally 3 to 6 beams meet in a joint, hence the beams may form various panel shapes: usually

triangular or rectangular, less often pentagonal or hexagonal. Grid shells are usually built from

steel or timber, but aluminum grid shells have also been realized.

Grid shells are often referred to as reticulated, lattice or braced shells. In case of free-form

grid shells, the curvatures of the mid-surface is different point-by-point, and hence the shape is

irregular. The topology of a grid shell is also called the grid layout. When the mid-surface is

studied in relation to its curvature, it will be referred to as topography or surface.

1.1.1 Evolution of grid shells

Double-layer steel grid shells had often been built in the second half of the 20th century, mainly

as flat roof structures. These were realized as space trusses with pinned joints, such as the

MERO (Fig. 5.2) and the ORTZ joints [56]. With the introduction of new and more rigid joints,

single-layer structures became more and more common. Similarly to double layer shells, they
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Figure 1.1 Famous free-form single-layer grid shell structures: Mannheim Pavilion (1974, Germany) and
British Museum Great Court Roof (2000, London)

can cover large spaces. They are often covered with glass, thus they are aesthetic transparent

structures.

In the second half of the 20th century, thin reinforced concrete shells were popular, but due

to constructional limitations, they were realized in only a few shapes. Furthermore, scaffolding

made the construction lengthy and expensive, while the structure was heavy [36]. The so-called

free-form shells started to emerge in the 1970s. The timber Mannheim Pavilion designed by Frei

Otto in 1974 (left of Fig. 1.1) was among the earliest grid shells. A famous free-form structure is

the cable-net structure of the Munich Olympic roof (Fig. 1.2). Only a few of such grid shells

were built until 2000, when the elegant steel roof with glass cladding was made for the Great

Court of the British Museum (right of Fig. 1.1). This made the steel-glass grid shell structure

a popular solution for commercial buildings. Today, prestigious grid shells have been built in

many cities all over the world. Two examples of grid shells in Hungary can be seen in Fig. 1.3.

The progress of CAD and CAM allowed grid shells to be built with any unique and aesthetic

shape. Transparent grid shells are being built either with glass cladding, or with inflated ETFE

cushions, such as the Eden domes (Fig. 1.2). ETFE cushions do not require flat panels and are

significantly lighter than glass.

1.1.2 Behavior of grid shells

The structural behavior of grid shells is a complex mixture of continuum shells and discrete

beam systems. The stability of grid shells requires special attention. On the one hand, a grid

shell acts similarly to a continuous shell, since global shell-like buckling may occur. On the other

hand, if a single joint is loaded in a grid shell, buckling of that node (snap-through) may occur,

which is governed by local properties such as the stiffness of beams and joints. Similarly, local
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Figure 1.2 Free-form structures: Munich Olympic Roof (1972) and Garden of Eden (2000, England)

beam buckling may occur because it is a discrete beam system. These stability failure modes are

all dependent on the geometric characteristics of the grid shells.

Joints are of key importance in the structural behavior of grid shells. The geometric properties

and support conditions of grid shells and the joint characteristics (e.g., stiffness) are heavily

correlated. For example, a dome with mainly membrane forces can be built with less stiff joints

compared to a free-form shell in which the bending moments are large. In an early design stage,

not only the mechanical properties of joints shall be considered, but also the manufacturing and

construction facilities. The chosen joint system also depends on the cross-section and number of

beams it needs to join.

1.2 Problem statement

1.2.1 Open questions

The geometric properties of a grid shell influence its structural behavior. For example, a shell

needs sufficiently large curvature in every part of its surface to resist shell-like buckling. The

beam length and panel shape are similarly important. Therefore, the effect of geometric parame-

ters on structural performance, namely the topography and topology need careful investigation

to design an efficient grid shell. The structural behavior of simpler geometric shapes, such as

domes [43, 61], barrel vaults [8, 58, 61], second-order elliptic or parabolic translational surfaces

[40, 59, 78, 84] and hypars [10] are regularly studied. However, more complex shapes are rarely

researched and thus there is a need to analyze other free-form shapes.
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Figure 1.3 Free-form single-layer grid shell structures in Hungary, top: Bálna (2013), bottom: Pannon
Park (design by Mérték Architectural Studio) [7, 83]

In practice, the geometry of a grid shell is usually determined by the architect, and the role of

the structural engineer is to realize this idea. Hence, there is generally only a small change in

the geometry throughout the design process, which may result in uneconomical design. More

recently, a new approach to geometry definition called parametric-design [3] allows engineers

and architects to efficiently work on the geometry together. In the initial phase of the design,

the geometry is built with a computer code, which allows geometric parameters to be varied

more easily throughout the design process. Hence, several iterations are performed and design

alternatives are investigated both aesthetically and structurally in order to find an ideal solution.

There is no design code available specifically for grid shells in Europe. There are a few

publications that give design recommendation and background information on the behavior of

grid shells, e.g., the reports of the IASS Working Group [48] or design recommendations in

China partly focusing on grid shells [47]. The design process may be further improved if simple

design guidelines are provided for structural engineers. Malek et al. [61] performed a study on

domes and barrel vaults with various geometrical properties. To derive design guidelines, they

determined the linear critical load factors of structures and compared them. Such studies shall be

performed on other grid shell shapes. The linear critical load factor does not always reflect the

real behavior of grid shells. Hence, other studies [22, 42] investigate the load bearing capacity of

grid shells with different geometric parameters.

Using bolted joints in steel structures is advantageous. Compared to welding, assembly is

less laborious and on-site assembly demands less expertise, thus the structure may become more

economical. Bolted joints usually have lower rigidity than welded ones. A joint that is not rigid,



1.2 Problem statement 5

but the stiffness is not neglected as for pinned joints, is referred to as semi-rigid, emphasizing

that the stiffness of this joint has a significant effect on the structure it is used in. For free-form

structures, joints need to meet not only stiffness but also geometric requirements: it must be

possible to adopt the joints to nodes with different geometric parameters. New joint systems

need to be developed that are easy to assemble and economical. Numerical and experimental

behavior of frame joints are regularly studied, while research focusing on joints for grid shells is

scarce [42, 52, 56, 57].

1.2.2 Objectives

The thesis goals are summarized into the following three questions:

1. How do geometric parameters affect the design of grid shells?

2. How do joint characteristics affect the design of grid shells?

3. What are the design guidelines to improve grid shell structural performance?

The studied geometric parameters are topography (e.g., span, span-to-height ratio) and

topology (e.g., grid density, grid pattern) of the structure. One type of frequently used free-form

geometry is chosen that is investigated in depth considering different support conditions.

Joints to be investigated shall be chosen from literature. Moreover, a novel bolted joint

system for free-form grid shells with large span shall be developed.

In order to evaluate the effect of geometric parameters and joint characteristics on the

performance of grid shells, an efficient evaluation method shall be found, using advanced

numerical methods. For the analysis, nonlinear finite element analysis including geometrical and

material nonlinearity shall be used that can predict the ultimate load of grid shells. Based on

the results, design guidelines shall be provided that can contribute to improve the mechanical

performance of grid shells during early design stages.

1.2.3 Scope and limitations

The performed investigations and thus the conclusions are limited to the following areas. Only

steel roof structures with square plan and triangular panels are investigated. The roof structures

are covered with triangular glass panels. Glass is attached to the beams in the triangle vertices,

hence load acts in the steel beam connections only. The in-plane stiffness of the glass panels is

excluded from the models. Therefore, buckling of beams is not restrained in any direction. Where

structures with T cross-sections are studied, analysis of lateral torsional, and torsional-flexural

buckling is beyond the scope of this work.
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In order to simplify structural design, approximate snow and gravity loads are used, while

the effect of wind and temperature loads are not investigated. Static analysis is performed,

dynamic effects are not considered. Structures are analysed only at the ultimate limit state, and

the serviceability limit state is not studied. The design of structures focuses on the final structure,

and does not investigate building phases.

The thoroughly investigated joint characteristics are joint strength and stiffness, while the

ductility is discussed only briefly. One rigid and two semi-rigid joints are investigated in more

detail.

1.3 Outline of chapters

The performed numerical studies are described in Chapters 2 to 6. Literature overview is

presented separately in each chapter in accordance with the discussed topic. Contributions and

future work is summarized in Chapter 7.

In Chapter 2, modeling methods of grid shells are summarized. The chosen numerical method

is presented in detail. In Chapter 3, the geometry of the chosen grid shell with square plan is

introduced, explaining possible geometry generation methods. A brief study on the effect of

geometric parameters on the mechanical performance is conducted.

In Chapter 4, the chosen free-form grid shell is investigated with beam and equivalent shell

finite element models. Different support conditions are considered. Afterward, a comprehensive

parametric study on grid shells with rigid joints is presented. Based on the results, design

formulas are derived for practicing engineers to predict the ultimate load of grid shells with

square plan.

Chapter 5 and 6 studies bolted joints and its application limits in grid shells. Chapter 5 first

summarizes joint types used for grid shells that have been built and researched. A so-called

socket joint for pipe cross-sections is explained in more detail. Afterward, a novel joint type for

T cross-sections is presented. In order to determine its mechanical properties, numerical studies

are performed. Chapter 6 explains a comprehensive parametric study on shells with semi-rigid

joints. The required cross-section sizes are determined for grid shell structures with square plan.

To evaluate the applied joints, the rigid and semi-rigid joint systems are compared for structures

with different topography and topology.



Chapter 2

Modeling of grid shells

The goal of this chapter is to find a suitable method to evaluate the mechanical performance of

grid shells. First, stability of grid shells is described, and analytical and numerical calculation

methods are summarized. Afterward, the applied finite element method with geometrical and

material nonlinearities is discussed in detail. The method of modeling the joints is introduced.

Finally, special attention is paid to the imperfections of grid shells and possibilities to take them

into consideration during analysis.

2.1 Stability of grid shells

The collapse of the Bucharest Exhibition Hall dome in 1963 due to nonuniform snow loads and

inadequate joint system [36] drew attention to the importance of stability and nonlinear analysis

of grid shells.

In the following, the term of buckling is used as defined by Kato et al. [48]: "a phenomenon

that large deflections in the direction normal to a dome surface grow rapidly under compression

in members".

The post-buckling behavior of grid shells, similarly to shells, is unstable. For solid shells,

the actual collapse load may be only 10÷20% of the bifurcation load of an ideal structure or in

other words the linear critical load [53]. This reduction is lower for grid shells, which indicates

that grid shells are not as sensitive to geometrical imperfections as solid shells [36].

The structural behavior of grid shells is complicated as characteristics of both shells and

discrete beam structures can be observed. At loss of stability, the structure may exhibit global

(shell-like or general buckling, a in Fig. 2.1) or local failure modes common with discrete beam

structures (b, c, d, f , g in Fig. 2.1) [36, 48].
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The most common failure modes are member and shell-like buckling. Member buckling

involves the buckling of one beam only (b in Fig. 2.1). General buckling is a shell-like failure

mode, where more nodes and beams are involved in the failure, hence it affects the structure

more globally (a in Fig. 2.1). For a coarse (sparse) grid, member buckling dominates, while for a

dense grid shell-like buckling is more common [76].

Special failure modes are rotated node buckling, node snap-through and line buckling.

Sensitivity for rotated node buckling depends on the joint properties e.g., node size and in-plane

rigidity (d in Fig. 2.1). Node snap-through may occur due to special loading (c in Fig. 2.1). If

a point load acts on only one node, the buckling load will be lower than if surrounding nodes

are also loaded. This is because in the latter case, the lateral movement of surrounding nodes is

restricted. Line bucking is similar to node snap-through. It occurs when all nodes of a ring of a

dome or of a generatrix of a barrel vault are involved in the loss of stability ( f and g in Fig. 2.1).

Furthermore, any of the above mentioned failure modes may interact and form coupled

instability [46] (e.g. e in Fig. 2.1). Coupling occurs, if the corresponding critical loads are close

general
instability

member
buckling

node instability

torsional
instability
of node

member
and node
buckling

ring
instability

generatrix
instability

Figure 2.1 Stability failure modes of grid shells [36]
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and should be avoided, because such structures are more imperfection sensitive, e.g., member

bowing decreases node buckling resistance [36].

Parameters influencing the stability behavior of grid shells are rigidity of joints, grid topology

and typography, grid density or member length, section sizes, extensional deformations, lateral

support characteristics, imperfections, and plastic deformations [48].

2.2 Calculation methods to obtain the ultimate load of grid

shells

In this section, methods are summarized that can be used to predict the load bearing capacity of

grid shells. The load bearing capacity of a grid shell is the maximum load that the structure can

balance. In the following, this is referred to as ultimate load.

2.2.1 Equivalent continuum methods

The response of a grid shell may be approximated by the behavior of an equivalent solid shell.

Analytical formulas are available to estimate the linear critical load factor of solid shells, and

with knock-down factors, the actual load bearing capacity of solid shells can be estimated. Such

methods are called equivalent continuum methods.

The relation between the grid and the continuum shell are based on various properties in

different methods. Malek [62] compared simple methods in which equivalence is based on

volume, on bending or axial rigidity, or both. They concluded that the area and moment of inertia

equivalence establish the upper and lower bounds of the linear critical failure load for spherical

caps of 30.5 meter span. Other methods are based on equivalent stiffness, equivalent split rigidity,

or orthotropic equivalence [54]. Gioncu [36] shows that for dense grids, these methods are more

accurate, and that some methods overestimate the ultimate load, while others underestimate

them.

In the following, the equivalent continuum method of Kollár and Hegedűs [54] is summarized

and this method is used in Chapter 4 to evaluate grid shells. The first elements of the membrane

and bending stiffness matrices of a piece of isotropic solid shell are:

Tsolid =
Esolid · tsolid

1−ν2 (2.1)

Bsolid =
Esolid · t3

solid
12(1−ν2)

(2.2)
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where tsolid is the thickness of the shell, Esolid is the modulus of elasticity, and ν is the Poisson

ratio of the shell’s material.

Applying a unit strain on a piece of a planar equilateral grid shell, the membrane stiffness

of this piece can be calculated from the beam internal forces. This membrane stiffness is then

assumed to be equal to Tsolid. Similarly, applying a unit curvature on the piece of grid shell,

the bending stiffness of the piece is calculated from the beam bending moments. This bending

stiffness is assumed to be equal to Bsolid. Based on these two assumptions, the thickness (teq)

and the modulus of elasticity (Eeq) of the equivalent solid shell can be determined as a function

of the beam cross-section properties and the beam material properties:

teq = 2

√
3EI +GIt

EA
(2.3)

Eeq =
2√
3

EA
l · teq

(2.4)

where E and G are the modulus of elasticity and the shear modulus of the material of the beam;

A, I and It are the beam cross-section area, bending and torsional moment of inertia; and l is the

beam length of the grid shell.

The disadvantage of equivalent continuum methods is that they cannot consider important

effects: member stiffness reduction due to imperfections and member buckling, node snap-

through, joint characteristics, plastic deformations, etc. However, these methods are invaluable in

preliminary design phases, when a rapid calculation method is needed, or to validate numerical

models.

2.2.2 Other semi-analytical methods

Several authors proposed design formulas based on studies that use both numerical analysis

(e.g., finite element) and analytical methods such as linear critical load formulas of equivalent

continuum shells. Some of them are summarized in this section.

Shen [72] performed an extensive elastic numerical study on grid shell domes with rigid

joints considering geometric imperfections. Shen studied domes, barrel vaults, shallow elliptical

paraboloids, and hyperbolic paraboloids with various support conditions. In each case, analytical

stability formulas of solid shells were used with a coefficient that is determined by regression

analysis based on numerical results. As an example, the formula for domes is:

qmax = K ·
√

Teq ·Beq

R2 (2.5)
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where R is the radius of the dome, Teq and Beq are the equivalent shell stiffness values, and K is

the coefficient determined by regression analysis.

Suzuki et al. [76] evaluated dome grid shells using a slenderness parameter:

S =
l√
R

4

√
Teq

Beq
(2.6)

They proposed a formula to determine the ultimate load: 4C
√

AI/R2L, in which the C coefficient

is obtained by geometrically nonlinear finite element analysis and it depends on S. They

conducted a statistical numerical analysis to determine the reduction of the ultimate load due to

imperfection. They used one of the buckling eigenshapes as imperfection.

Kato et al. [49] developed a method to consider plasticity, member buckling, shell-like

buckling with imperfections and bending flexibility of joints. The concept is based on the idea

that the load at which the first beam in the grid shell reaches its axial yield stress is conceived as

an approximate ultimate load. The beam that first yields among all members will most probably

be the one with the largest ratio of critical force to its axial capacity (Nlin
cr /Npl,Rd) based on the

idea that bending moments are small in grid shells. The critical force of the beam can be obtained

either by a linear buckling analysis of the grid shell or may be derived from equivalent continuum

methods. The ultimate load of the grid shell (Nu) can be estimated from the modified version

[63] of the semi-quadratic Dunkerley’s interaction formula that was originally derived for solid

shells [53]. This modified formula is similar to column buckling strength curves:

Npl,Rd/Nlin
cr

α
· Nu

Npl,Rd
+

(
Nu

Npl,Rd

)2

= 1 (2.7)

In this formula, α is a knock-down factor that represents the effect of imperfections for solid

shells, and recommended values are available in [53, 63]. Fursthermore, joint rigidity can be

considered by a modification of the generalized slenderness ratio (
√

Npl,Rd/Nlin
cr ) of the studied

beam [49].

Dulácska and Kollár [14] presents a similar method to calculate the critical load of grid

shells. They used the linear critical load of equivalent solid spheres and barrel vaults. In the

proposed formula, they considered the effect of plasticity, member buckling, and imperfections

by means of multipliers to the critical load. Furthermore, based on the theory of probabilities,

they proposed a single safety factor for dimensioning.

López et al. [56] derived analytical formulas and validated them with experiments to predict

the ultimate load of grid shell domes considering plasticity and joint rigidity of the applied ORTZ
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joints. This joint is similar to the MERO joint in Fig. 5.2, since they both have one bolt parallel

with each connected beam.

2.2.3 Numerical methods to obtain the ultimate load

In this section, numerical methods are summarized that can determine the complete load-

deflection response of a grid shell.

The first numerical methods developed for grid shells were based on finding the nodal

equilibrium of discrete beam structures by introducing the load in steps. Later, more efficient

methods were developed based on finding the minimum of the potential energy of a structure

with less iterations [36]. The finite element method is based on this idea. To obtain a reliable

ultimate load, preliminary information is required concerning the most dangerous imperfection

shape, and imperfection sensitivity analysis needs to be performed. Furthermore, joint stiffness

must also be incorporated in the discrete beam model. These two aspects will be covered in

detail in the next section.

For the British Museum Great Court (Fig. 1.1) Williams [2, 81] applied a modified dynamic

relaxation (DR) [13] solver to determine the ultimate load of the structure. The original DR

algorithm is a numerical method used for the form-finding of membrane structures. The modified

algorithm makes no assumption of small rotations. Using this method the equilibrium shape of

the loaded structure can be determined under a predefined load, using a plastic material model.

2.3 The applied finite element model

In this section, the applied finite element model is presented in detail. Nonlinear analysis is

carried out considering geometrical and material nonlinearities (GMNA) with imperfections

(GMNIA). The analysis is carried out either in ANSYS [5] (Chapter 5-6), OpenSEES [66]

(Chapter 3-4) or in AxisVM [44] (Chapter 4) finite element softwares.

Finite element numerical solvers are either able to trace the pre-buckling paths (e.g., force-

controlled approach) or the post-buckling paths as well (e.g., displacement-controlled approach,

arc-length method). In this study, an iterative force-controlled approach is used to obtain load-

deflection curves. This method is not able to calculate the post-critical state. Therefore, small

load steps are applied to determine the maximum of the load-deflection curve with sufficient

accuracy. This maximum is referred to as the ultimate load or the load bearing capacity of a

structure. Deflection limits are not defined.
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Ma et al. [57] investigated the number of finite elements necessary to model each line element

in a grid shell. The results showed that a minimum of three beam finite elements (Beam189 in

ANSYS) are needed. In this study, each line element is modeled as four beam finite elements

(Beam189 in ANSYS), which is more accurate when imperfections are applied on the beams.

If not stated otherwise, pinned supports are defined in each boundary node of the grid that

restrict horizontal and vertical movements. The structure is covered with glass panels, which

transfer the load to the beam elements at the nodes. The glass panels are not included in the

numerical model, thus their stiffness is neglected.

According to Gioncu [36], the influence of material nonlinearity in grid shells is not as sig-

nificant as that of geometrical nonlinearities (Fig. 2.2). He stated that geometrical nonlinearity is

more relevant for structures with a larger span and shall never be neglected. Material nonlinearity

is only relevant for smaller span structures (he did not provide a definition for small and large

span).

Murakami and Heki [65] showed that material nonlinearity is more relevant for rigid struc-

tures than for structures with pinned joints. In that study, structures with various span and

joint types are investigated. In Chapter 3 and 4, the nonlinear hardening material model is

used according to Fig. 2.2 (Steel4 material model in OpenSEES with kinematic hardening and

ultimate strength limit settings, and MinMax material model to add ultimate strain). However,

for Chapter 5 and 6 a simplified bilinear material model is used to model beams: linear elastic

and perfectly plastic material model with a yield strength of 235 N/mm2.

The applied numerical modeling procedure was verified with analytical and other numerical

methods, which is summarized in Appendix A and B. In the following, modeling possibilities of

the joints and that of imperfections are detailed.
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Figure 2.2 Left: effect of nonlinearities for different types of structures [36], right: the used nonlinear
hardening material model



2.3 The applied finite element model 14

Figure 2.3 Modeling joints with springs

2.3.1 Modeling of joints

In Chapter 5 and 6, structures with semi-rigid joints are studied. This section will briefly

introduce how the joints are modeled. In the following, structures modeled with rigid or with

semi-rigid joints are referred to as rigid and semi-rigid structures.

The connections are modeled according to Fig. 2.3. The nodal element is considered to be a

rigid element compared to the rest of the connection and the beam. Therefore, it is modeled as a

short beam finite element with linear elastic material model (red in Fig. 2.3). The flexibility of

the joint is modeled with springs between the rigid nodal element and the end of the beam. Three

uni-axial rotational spring elements (Combin39 in ANSYS) are used, while the translational

degrees of freedom are coupled. The springs connect coincident nodes and for each node a local

nodal coordinate system is defined. Axis x is parallel with the beam axis and axis z is parallel

with the surface normal. The latter is called the out-of-plane direction, while axis y is the in-plane

direction.

In case of rigid structures, all spring stiffness values are sufficiently large, not to have an

influence on the load bearing capacity of the structure. Hence, based on analysis performed on a

dense grid shell with a span of 100 m, the rotational stiffness value is set to 104 kNm/rad. In case

of semi-rigid joints, spring stiffness values are based on experimental or analytical data which

are detailed in Chapter 5.

The length of the nodal rigid element varies by joint types, but this has a small effect on the

final results [59]. The nodal element length for the studied joints is maximum 145 mm long. As

a simplification, in all the numerical models, the length of each rigid nodal element is 100 mm.

To ensure that the nodal element in the finite element model is rigid enough, a sufficiently large

stiffness shall be chosen. Significantly increasing the stiffness of this rigid element may cause
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convergence problems. The nodal element used in the models has a solid square cross-section

with the same size in each case (200x200 mm), and with the modulus of elasticity E = 210 GPa.

Hence, the nodal element has at least 50 times higher bending stiffness than the applied beams.

For the rigid structures in Chapter 3 and 4, the effect of the nodal element and the springs are

omitted.

2.3.2 Imperfection

According to Gioncu [36], solid shells are highly imperfection sensitive, while grid shells are

not necessarily. Structures composed of elements working in bending are less sensitive to

geometrical imperfections than the ones with axial forces. Imperfections are not known prior

to design. The imperfection shape shall be found that has the most unfavorable effect on the

resistance of the structure, one that has a large impact on the safety of the structure. Different

imperfection methods shall be calculated by geometrically and materially nonlinear analysis

(GMNIA) and the worst case shall be identified [21].

Imperfections are introduced in structural analysis to consider various effects. Imperfections

may be local or global depending on how many members are involved. They imply geometrical

changes of shapes, deviation of material properties (e.g., self-stresses) and fluctuations in loads

and boundary conditions. In this study, geometrical imperfections are applied to consider the

effect of beam curvature and node deviation as a result of imprecise fabrication and construction.

In a design process, scaling of the applied imperfections is dependent on the fabrication and

erection capabilities. Data for member initial curvature is available [25]. However node deviation

data of built structures is available for a few cases only. Node deviation distribution and scale

depends on the grid shell shape and erection process. A few smaller scale experimental tests are

published, in which node deviations were measured [56, 58], while Chen et al. [9] measured the

node deviations of a built structure.

The scaling factor of the applied imperfection, or in other words its amplitude, is not

defined by standards for grid shells. The scaling factor is dependent on the type of imperfection

considered. In case of global or shell-like imperfections, the scaling factor is defined as a

percentage of the span (L) or the wave length of the buckled shape, e.g., L/1000. In case of local

beam buckling, the imperfection is scaled to a percentage of the beam length (l), e.g., lmax/1000.

According to Fan et al. [25], the initial curvature (bow) of beams due to fabrication errors is

below l/1000. Eurocode (EC) [17] suggests to use a geometric imperfection of l/100÷ l/300 in

case of plastic analysis dependent on the buckling curve. For in-plane buckling of arches [20],

similarly dependent on buckling curves, 1/300÷1/150 of the arch length or 1/600÷1/300 of the
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span is suggested, dependent on shape of the imperfection. For continuous shells, quality classes

are defined based on the fabrication method in the EC [21]. Imperfection is given as 1/40÷1/100

of the dimple or 0.2÷0.6 times the thickness of the shell. In [48], instead of imperfections, a

knock-down factor is given to calculate the ultimate load of shells based on the analysis of a

perfect structure. In the analysis performed in this dissertation, the range of 1/1000÷1/300 of

the span or the beam length is used.

In design practice, for the stability check of grid shells, generally there are two types of

imperfection shapes applied: buckling eigenshape and displacement shape, both calculated

from the governing load case [8]. The use of the eigenshape requires a linear buckling analysis.

Bulenda and Knippers [8] shows that in some cases it is not sufficient to use only the first

eigenshape. They showed that considering higher eigenmodes and the interaction of eigenmodes

is important as they may have a higher effect on the ultimate load. They stated that using the

displacement shape obtained by GNA as a geometrical imperfection gives the lowest ultimate

load. This is based on the idea, that the eigenshape considers only the initial stage of the buckling

process, while the GN displacement shape incorporates other buckling processes that interact

during the whole buckling process. However, to provide a method easy to use in design practice,

they applied the displacement shape obtained by linear analysis as geometrical imperfection, and

they showed that for the investigated domes, this resulted in higher ultimate load than using the

first eigenshape.

Chen and Shen [11] introduced the so-called consistent imperfection mode method, which

is similar to applying the GN displacement shape. The applied imperfection is the deflection

increment at the singularity of the stiffness matrix. This increment is obtained by the difference

of the pre- and postbuckling deflections, that can be obtained by nonlinear analysis. Thus this

method is slightly slower than applying the eigenshape as imperfection. For one specific dome

grid layout: the Kiewitt dome, they calculated the ultimate load by the consistent imperfection

method with 3 scaling factors. This was compared to the minimum of 30 ultimate loads obtained

by randomly introduced nodal deviations as imperfections. Compared to the random nodal

deviation method, the consistent imperfection mode results were 1÷13% higher.

The effect of initial member curvature was investigated systematically by Fan et al. [25].

They randomly introduced initial member curvature imperfection and performed statistical

evaluation. They also investigated the effect of initial member curvature together with random

node deviation.

In [22, 25], Fan et al. calculated the nonlinear ultimate load of Kiewitt domes. They used

geometrically (GNIA), and geometrically and materially nonlinear analysis with imperfections

(GMNIA). They compared the results of 3 different imperfection methods: randomly introduced
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initial member curvature for 30 realizations, the first eigenshape method and the consistent

imperfection mode method. They showed that for 3 scaling factors, the latter two methods give

the lowest value with a satisfactory accuracy (-3÷17% higher and 3÷6% higher respectively)

compared to the minimal result of the random member curvature method.

In [32], the authors compared the effect of all the above mentioned imperfection shapes on

one specific structure, the Kiewitt dome (Fig. 4.8). In each analysis, the scaling factor is the

same. Calculations are performed by scaling the imperfection shapes to 1/1000 and 1/300 of the

span. The highest reduction of the ultimate load due to imperfection was obtained when using

either the first or the 40th eigenshape as an imperfection. The first eigenshape affects a larger

area of the structure, which means that more nodes are displaced. The 40th eigenshape affects a

few individual nodes, snap-through like buckling can be observed. The results indicate that using

the scaling factor as a percentage of the span for the 40th eigenshape results in the overestimation

of the snap-through buckling.

In [34], the authors studied the imperfection sensitivity of domes and a free-form grid shell by

calculating the ratio of the ultimate load of the imperfect structure to that of the perfect structure

based on GMNIA. The first eigenshapes are used as imperfections. The studied grids shells are

investigated with various mesh densities. The results show, that the reduction of the ultimate

load due to imperfection is around 50% for domes, while only around 10% for the free-form grid

shell. This demonstrates, that membrane dominated grid shells are more imperfection sensitive.

The literature overview shows that if using imperfections for grid shells, the following key

aspects shall be considered: (i) imperfection shape; (ii) imperfection scaling factor; and (iii)

differentiating between global and local shapes.



Chapter 3

Geometry of grid shells on square

boundary

Obtaining the geometry of a free-form grid shell is a complicated task. This chapter first

introduces possible shapes and grid patterns and their generation processes. Afterward, the

geometry generation process used to obtain the grid of the structure with a square boundary

is detailed. Grid shells with a planar square boundary are referred to as square grid shells.

Geometric parameters are introduced that are varied in later chapters to analyze the behavior of

this type of grid shell geometry.

3.1 Literature overview

3.1.1 Surface of grid shells

The shape or the mid-surface of a grid shell may be classified by its curvatures and its generation

process. Dependant on its curvatures, a point on a surface may be elliptic (Gaussian curvature:

K = 0), parabolic (K > 0), or hyperbolic (K < 0). There are planar (K = 0 everywhere), simply

curved (K = 0 everywhere, e.g., barrel vault), doubly-curved sinclastic (K > 0 everywhere, e.g.,

dome) and doubly-curved anticlastic (K < 0 everywhere, hyper) or mixed (K varies) surfaces.

Free-form grid shells generally have doubly-curved sinclastic or mixed mid-surfaces, their

curvatures varying point-by-point.

The way of generating a surface may be geometric or non-geometric [75]. Geometric surfaces

may either be defined analytically (e.g., algebraic surfaces by f (x,y,z) = 0 such as spheres,

cylinders), or may be derived by a set of geometric transformations (translational, ruled, surface

of revolution [75]). The mid-surface of the British Museum was defined by a set of analytical



3.1 Literature overview 19

formulas [82]. More recently, CAD programs integrated the non-uniform rational basis spline

(NURBS) mathematical model. NURBS allows CAD users to easily define any shape with the

help of control points.

Non-geometric methods may also be referred to as non-analytical, iterative or form-finding

methods. These involve a form-giving agent, for instance, gravity, air pressure or pre-stress [75].

Earlier, these were physical experimental methods, that now all have a numerical counterpart,

e.g., hanging fabrics or nets, minimal surfaces produced by soap bubbles, pneumatic membranes

or pre-stressed nets. Numerical algorithms available to determine such shapes are widely used

algorithms for tensioned membrane structures: the force-density and the DR algorithms [1]

(introduced in Section 2.2.3). More recently the particle-spring system is used for similar

purposes, and this is detailed in Section 3.2. The undulating surface of Zlote Tarasy (Poland)

was derived by a custom program that models a cloth falling onto spheres of varying sizes [4].

3.1.2 Grid pattern of grid shells

After defining the mid-surface, a grid is generated onto this surface. The goal of this step is to

obtain a smooth, aesthetic grid. Furthermore, to simplify fabrication and assembly, i. the ratio

of the shortest and longest beams shall be close to one; ii. the number of different panel sizes

shall be minimal; and iii. the number of beams with different length should be minimal [67]. In

practice, free-form grid shells often do not meet the latter two requirements.

There are numerous grid generation methods available for domes. In case of a Kiewitt dome,

the dome is divided into 6 or 8 identical sections [50] (Fig. 4.8). However, the ratio of the

shortest and longest beams is large. For geodesic domes, this ratio is smaller. A geodesic dome is

derived by the subdivision of the faces of a convex polyhedron [26, 80]. Tarnai [79] discovered a

similarly derived grid with even less variation in beam length.

It is more complicated to generate a non-triangular grid compared to triangular grids if the

non-triangular grid needs to be covered by flat panels [16, 41, 69, 71].

A simple grid-generation method is to project a planar grid onto the mid-surface. Vertical

projection shall only be used for shallow surfaces; otherwise, the obtained beam lengths cover a

wide range. Another method for grid generation is slicing the surface with planes, e.g., inclined

planes. Mesh algorithms used for the finite element method or used by CAD programs for

rendering may also be applied; however, the outcome is often a less aesthetic grid.

Finally, iterative processes are also available to produce an evenly distributed grid over a

surface, e.g., the DR algorithm and the particle-spring system. In the following, the particle-

spring system is chosen for the grid generation of the structure on a square boundary. The
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modified DR algorithm was used for the British Museum grid shell (Fig. 1.1) [82] to smooth

the initially coarse and discontinuous grid on the surface. The main point of the used algorithm

was to move all nodes as much as possible into the center of the quadrilateral built-up by its four

neighbors. After this modification, the length of the beams got closer to uniform.

The definition of the surface and of the grid may also be integrated into one algorithm, as it

can be seen in case of the square grid shell.

3.2 Square grid shells

3.2.1 Analytical surface

This study aims to analyze shapes on a square plan with straight boundaries. In order to obtain

such a surface, the following analytical formula can be used:

f (x,y) = H ·
(

1− 4x2

L2

)
·
(

1− 4y2

L2

)
for x,y ∈

[
− L

2
,
L
2

]
(3.1)

where L is the span, and H is the maximal height at the midpoint (x = y = 0) of the obtained

surface.

This surface is elliptic in most parts, except for the area close to the corners, where it is

hyperbolic. This hyperbolic part and the straight edges may cause large bending moments,

dependent on support conditions, which is studied later. The grid pattern on this surface is

obtained by vertical projection.

3.2.2 Non-analytical surface

In the following, as an alternative to the analytical formula mentioned above, a non-geometrical

surface generation approach is presented that generates the surface and the grid in one algorithm.

The obtained shape is referred to as the hanging model.

When a flexible, homogeneous cable is suspended between two fixed points, a curve known

as a catenary is formed under its self-weight. In a beam structure with such a shape, there are

only tension forces from its self-weight. If this structure is turned upside-down, there are only

compression forces in it under self-weight. Applying this idea to 3-dimensional surfaces, we

obtain a so-called funicular structure, in which mainly membrane forces act, depending on the

support conditions.

Physical and numerical hanging models have been used to derive funicular shapes for

structures in numerous cases. Antonio Gaudi used hanging chains for some of his buildings [1].



3.2 Square grid shells 21

Heinz Isler built continuous hanging models from clothes to find new shapes for thin reinforced

concrete shells [45]. Frei Otto used several hanging models for his designs, such as for the timber

lattice shell of Mannheim Multihalle, together with the structural engineering company of Ove

Arup [15].

Particle-spring system

The particle-spring system is a numerical method to estimate the geometry of hanging models.

Kilian and Ochsendorf [51] proposed this method for the form-finding of structures, but it had

already been used in computer animation and computer graphics modeling.

A particle-spring system consists of weightless linear axial springs connecting lumped

masses, called particles. The simulation is an iterative process, which finds the equilibrium shape

for a given loading configuration. Each spring is assigned a constant axial stiffness (k), an initial

(l0) and a rest length (lr). Furthermore, a damping coefficient can be set, which is used to prevent

oscillations of particles about their equilibrium positions and to facilitate convergence.

Generation of the square grid shell geometry

The grid shell geometry on square boundary is obtained with the help of particle-spring simulation.

The mid-surface and the grid are derived in one step. The goal is to derive a triangular grid,

which lays on a mid-surface that is similar to a continuous hanging model (e.g., a hanging cloth).

In a grid shell with such a shape mainly axial forces act, which is structurally efficient.

First, a square boundary curve is defined. Afterward, an initially planar square grid of springs

is defined as the input of the simulation [33]. Springs run in arch and transversal direction

as it can be seen in Fig. 3.1 (a). Uniform vertical forces are defined in each node (particle).

Throughout the iteration, the particles on the boundary are not allowed to move from their initial

positions, and they act as pinned supports.

I used the solver of Kangaroo Physics [68] to obtain the equilibrium shape of the particle-

spring system. The iteration is terminated, if the maximal difference in nodal positions is less

than 10−5 of the span between two iterations (Fig. 3.1 (b)).

After the simulation, the triangular grid is obtained by connecting specific nodes of the square

grid, as it can be seen in Fig. 3.1 (c-d). The beams of this triangular grid either run almost

parallel with one set of boundary edges (arch direction) or they make an angle with the boundary

edges (diagonal directions). In the obtained grid, the number of triangles along the two directions

are denoted by n and k.
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Figure 3.1 Grid shell geometry generation process: (a) planar springs in rectangular grid with forces; (b)
result of the simulation (equilibrium shape); (c) definition of triangular pattern; (d) final grid pattern

The quadrilateral spring system was used as the input of the simulation, however, the

triangular grid could have also been used similarly.

In this study, the goal is to obtain a grid pattern built up of panels close to equilateral triangles.

On the one hand, for a square boundary plan, if the square input grid has the same number of

beams in arch and transversal directions (2n = k), and the triangular grid is defined according to

the upper part of Fig. 3.2 (every other node in the diagonal direction are connected), then the

obtained triangular grid has right angle panels. On the other hand, if the planar input grid has

twice as many elements in one direction than in the other (n = k), then the obtained triangular

pattern is close to equilateral (angles of the planar triangles: 54°, 63°, 63°). The equilateral grid

layout will be used in the following, and even though the resulting grid shell is not perfectly

isotropic, this grid pattern will be referred to as an equilateral grid.

Geometric parameters

In the performed parametric analysis, that will be presented in Chapter 6, grid shells with

various geometric parameters are analyzed and compared to each other, in order to study the

relationship between geometry and structural behavior. Therefore, the grid shell generation

process mentioned above is implemented in an algorithm so that an arbitrary grid with the

following parameters can be generated. The studied geometric parameters according to Fig. 3.1:

span: L = A = B, span-to-height ratio: H/L, and grid density. The latter is denoted by the number

of triangles along each side of the boundary: n · k. Another important property of the grid shell

is the average beam length denoted by lav. The outcome of the geometry generation process

is a set of lines that can be exported to any structural analysis program. The studied range of
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Figure 3.2 Grid layout: green lines represent the input grid of the simulation, black ones are the obtained
triangular grid; upper row: right-angle pattern (n = 2, k = 4); lower row: equilateral pattern (n = 4, k = 4)

span-to-height ratios covers a wide range. The largest value represents a shallow shell, for which

shell-like buckling is expected to be critical. The smallest value represents a shell, for which

shell-like buckling is less critical. The range of the average beam length is based on built grid

shells covered with glass panels. The studied range of parameters are:

• L = 20 m; 40 m; 60 m;

• L/H = 8;5;3;

• grid density: lav = 2.5÷6.0 m

3.3 Study on the shape of the hanging model

In this section, the shapes that can be obtained with the particle-spring simulation are studied,

and the shape that corresponds to the largest ultimate load is identified.

The obtained shape depends on the grid layout, spring properties (lr, karch, ktransversal) and the

forces acting in the grid nodes (particles). After the ith iteration, when the form-finding process

converged, the spring forces (Fm,i = km(li,m − lr,m), where m is the index of the beam) are in

equilibrium with the forces that act on the particles. The goal of this chapter is to find a set of

parameters, with which the obtained structure has the largest ultimate load.

The shape of a continuous and homogeneous material (e.g., a cloth) clamped on a square

boundary has four vertical planes of symmetry under its self-weight. Two passes through the

mid-points of the opposite boundary edges, and two passes through the diagonals of the boundary

curve (left and middle of Fig. 3.3). In other words, if the shape is rotated about the vertical axis
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Figure 3.3 Planes of symmetry for a homogeneous cloth: planes through mid-points (left), planes through
diagonals (middle); a cloth pre-tensioned with different forces is not symmetric to diagonal planes (right)

by 90 degrees, an identical shape is obtained. The planes through the diagonals are referred to

as diagonal planes. If the material is pre-tensioned and the forces acting in the two directions

parallel to the boundaries are not the same, the symmetry to the diagonal planes would be lost

(right of Fig. 3.3). The same happens if the material has different stiffness properties in the two

directions, e.g., weft and warp in a tensile fabric material.

In the right-angle grid pattern of Fig. 3.2, if the spring parameters are the same in both

directions, a shape symmetric to the diagonal planes is obtained. In this case, the distribution

of the nodal forces is uniform. However, none of these are true for the equilateral case. The

question is that for the equilateral case, how large the spring stiffness values shall be set in

one direction (karch) and in the other direction (ktransversal) to obtain a shape that has the largest

ultimate load? The ratio of these two values is denoted by R:

R =
karch

ktransversal
(3.2)

First, the R value is determined for the shape that is symmetric to the diagonal planes.

Afterward, by varying the R value, various shapes are obtained, and structural analysis is

performed in order to identify the shape that corresponds to the largest ultimate load.

3.3.1 Study of the particle-spring parameters

As a next step, the R value that corresponds to the shape symmetric to the diagonal planes should

be determined. Moreover, in order to verify the particle-spring simulation, a simple form-finding

method, also referred to as the grid method is used, based on [38]. In the grid method, the initial

assumption is the same as for the particle-spring system: an initially planar orthogonal grid

of weightless elastic ropes is attached to a rigid rectangular boundary, and nodes are loaded

vertically. This grid of ropes can be seen in the left of Fig. 3.4. In order to get a statically

determinate problem, the grid nodes are only allowed to move vertically. The component of
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Figure 3.4 Grid of elastic ropes on a rigid boundary (left) and the corresponding particle-spring model
(right)

the force in one rope is denoted by Fh. Based on horizontal equilibrium equations, it can be

seen that Fh is constant in both directions (Fh,x and Fh,y). If Fh,x and Fh,y are given, the vertical

displacements can be calculated from the vertical equilibrium equations.

To obtain the equilateral grid pattern, when n = k (grey lines in the right of Fig. 3.4), the

number of ropes (na and nb) is set to: na = 2n−1, nb = k−1 = n−1 . The obtained shape is

symmetric to the diagonal planes only if the sums of the horizontal forces are the same in x and

y directions. Pretension along an edge is uniform, if the axial force acting at the boundary is half

of that in the ropes (Fh,x/2). Thus, the sum of forces in the 2 directions:

Fh,x · (nb +1) = Fh,y · (na +1) (3.3)

The ratio of the forces in the 2 directions:

Fh,x

Fh,y
=

na +1
nb +1

=
2n−1+1
n−1+1

= 2 (3.4)

In the particle-spring system, if the spring rest length is set to a small value, the nodes would

only move in vertical direction, similarly to the assumption that was made to calculate the system

of ropes. This is proved by a simple planar case of 3 springs according to Fig 3.5. The springs

have the same rest length (lr) and spring stiffness (k), and their initial length is denoted by l0. If

the system is in equilibrium, the forces acting in the springs are denoted by S1 and S2, while the

length of the outer springs are denoted by l1.
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Figure 3.5 Equilibrium shape of a planar system of 3 springs under 2 nodal forces (F)

The horizontal equilibrium equation of an inner node is:

S2 = S1 ·
x
l1

(3.5)

k · (l0 +2(l0 − x)− lr) = k · (l1 − lr) ·
x
l1

(3.6)

x =
l1(3l0 − lr)

3l1 − lr
(3.7)

If lr tends to zero, x becomes equal to l0, which means that the horizontal displacements of

the inner nodes are zero.

In the particle-spring system with n = k (Fig. 3.4), if setting the rest length to a small value,

the horizontal component of the force acting in the spring is constant in both directions and can

be expressed as Fh,x = karch ·a and Fh,y = ktransversal ·b. Thus the ratio of spring stiffness values

can be calculated:

R =
karch

ktransversal
=

Fh,x/a
Fh,y/b

=
Fh,x

Fh,y
· b

a
= 2 ·2 = 4 (3.8)

Hence, the shape corresponding to R = 4 is symmetric to the diagonal planes. For other n

and k values, different R values are needed:

R =

(
2n
k

)2

(3.9)

As a next step, in a specific case, the shape obtained by the particle-spring simulation with

R = 4 is compared to the shape calculated by the grid method [38]. The following parameters

are used: A = B = 20 m, n = k = 10, na = 19, nb = 9, a = 1 m, b = 2 m, F = 2 kN, Fh,x = 10

kN, Fh,y = 5 kN, karch = 10 kN/m, ktransversal = 2.5 kN/m. Since n = k and R = 4, this case is

symmetric to the diagonal planes.

To calculate the nodal positions and the maximal height (M) for the grid of ropes, I im-

plemented the algorithm of the grid method [38] in Grasshopper [37]. The obtained height is
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M = 5.865 m. In the particle spring system, the rest length is set to 10−4l0, where l0 is the initial

length. The maximal difference of the nodal coordinates between the two models is in the highest

point of the grid. In the latter model, M is 0.01% larger compared to the first model. If the rest

length is 0.1l0, the error is under 9%. The height increases with increasing the rest length, as the

nodal forces are kept constant, but the spring forces are smaller if the rest length is increased.

The shape of a very dense grid of ropes (na = nb = 200) is also calculated and compared to

the geometry obtained earlier with lr = 10−4l0. The maximum nodal deviation to such a planar

surface is 7 mm (0.1% of M), which is close to the corners.

For the parametric analysis that is detailed in Chapter 6, structures with a predefined height

(H) are compared. It is difficult to set the above mentioned parameters to obtain a grid geometry

with a predefined height. To eliminate this problem, the final outcome of the particle-spring

simulation (with maximal height of M) is scaled in z direction to meet the predefined height. The

force and the spring stiffness is set so that the scaling factor is close to 1, and H −M < H/100.

This way, the obtained geometry is accurate after scaling. The initial spring length is defined by

the input planar grid. For faster convergence, the grid geometries are derived with the rest length

set to 10% of the initial length. After scaling, comparing the obtained geometry to the geometry

corresponding to smaller rest length, the horizontal difference is within a few millimeters.

The obtained grid layout has two vertical planes of symmetry, each passing through the

mid points of the boundary curves. Every beam in one quarter of the structure has different

length. The grid constitutes of only full triangles and has only a few shorter elements compared

to the average beam length (mainly arch elements near the boundary with approximately half

the average beam length). This is ideal from a constructional point of view, unlike grid patterns

where the triangles are cut through close to the boundary resulting in many small beams. An

aesthetic disadvantage of the grid geometry is the hyperbolic point close to the corners.

3.3.2 Ultimate load of various shapes

As a next step, the ultimate load of the structures with different R values are calculated and

compared to each other and to the analytical shape of Eq. 3.1. At R = 4, the shape is symmetric

to the diagonal planes. The points P1 and P2 that lie 4.96 and 4.91 meters far from the boundary,

have approximately the same height (Fig. 3.6). If the R parameter is larger, the arches on the

sides get higher (point P1 in Fig 3.6), while the sides of the middle arch get lower (point P2 in

Fig 3.6). If R is lower, the opposite occurs.
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Figure 3.6 Height of points P1 and P2 measured from boundary level for structures with different R values
and varying span-to-height ratio (L/H = 3, 5, 8, L = 40m); left: grid shells with L/H = 5 and R = 1 (grey)
and R = 10 (blue)

Figure 3.7 Difference between analytical shape (blue) and the shape obtained by the particle-spring
simulation (grey); the nodes that are furthest from each other are highlighted with red (L = 40 m, L/H = 5,
n = k = 16)

The surface of Eq. 3.1 is similar to the surface obtained by the particle-spring simulation

(Fig. 3.7). However, the analytical surface is shallower and hence the height of both P1 and P2 is

lower.

For the analysis to determine the ultimate load, uniform nodal loads are applied in three load

combinations. In the first one, each non-boundary node is loaded. In the second and third, half

of the structure is loaded. The latter two combinations are both needed, because the studied

shapes and the grids are not symmetric to the diagonal planes. The connections are assumed to

be rigid, and in all the boundary nodes pinned supports are defined. The circular hollow (pipe)

cross-section sizes are 150x10 mm. GMNI analysis is performed for both perfect and imperfect

structures. Imperfection is derived from the first buckling eigenshape and the scaling factor is

L/500, where L is the span.
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The ultimate loads can be seen in Fig. 3.8 for a 40x40 meter span structure, with a grid

density of n = k = 16. For each shape, the minimal ultimate load based on the three load

combinations is called the critical load. The highest critical load corresponds to structures with

R = 3. For shallower shells (L/H ≤ 5), the imperfect critical load is the same for R = 3 and R = 4.

For an isotropic grid shell, R = 4 is expected to have the largest critical load. The studied grid

pattern, however, is not perfectly equilateral. Thus the bending stiffness around the transversal

direction is smaller than the bending stiffness around the arch direction. This implies, that a

slightly larger curvature is required for the arches, which means that point P2 should be slightly

higher compared to P1.

Typical deflected shapes at the ultimate load can be seen in Fig. 3.9. The figure shows, that

the failure mode changes by changing the geometry. The largest deflections can be observed at

either the area close to P1 or P2, the height and thus the curvature of which is lower.

The ultimate load for a grid shell with the analytical shape appears as a dashed line in Fig.

3.8. The ultimate load of the analytical shape is similar to that of the grid shell with R = 10.

This is a consequence of the fact, that the curvatures around P1 is similar for both surfaces. The

deflected shape of these two grid shells are also similar around point P1 (Fig. 3.9).

3.4 Study on the grid layout of the hanging model

Until this point, the spring rest length was set to a small value. This resulted in a grid layout

that is very similar to a vertically projected grid. This means that the grid pattern viewed from

above is the same for any span-to-height ratios (left of Fig. 3.10). A disadvantage of such a grid

layout is that for small L/H values, some elements close to the boundary are longer than those in

the middle. To improve this characteristic, the rest length of the particle-spring simulation shall

be modified. The spring stiffness values and the vertical loads of the form-finding method are

also modified so that the intended height can be obtained as explained earlier. The shape of the

obtained geometry changes after such a modification, but if R = 4 and n = k, the shape remains

close to symmetric to the diagonal planes.

To see, how much the shape changes, the particle-spring model of Fig. 3.4 is calculated

with a rest length equal to the initial length (l0). The nodal force is decreased from F = 2 kN

to F = 0.325 kN, so that the height becomes equal to M = 5.86 m. The obtained geometry is

compared to the dense grid obtained with a very small rest length (0.01l0). These two shapes

can be seen in Fig. 3.11, in which the dense grid is shown as a set of planar surfaces (purple),

while the other is shown as a grid (black). The grid with large rest length has a shape that has
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Figure 3.8 Ultimate load factor of grid shells with different heights under three load combinations
(L = 40 m), left: perfect structures, right: imperfect structures with L/500 imperfection
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Figure 3.9 Deflected grid shells of various shapes under ultimate load, load distributed on the whole
structure, L = 40m, L/H = 5, deflections magnified by 50, side views, red dot indicating the maximal
deflection
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Figure 3.10 Different grid layouts generated with different settings of the form-finding procedure: left:
projected grid (rest length: 0.01 · l0), right: uniform grid (rest length equal to l0) (R = 3, L = 40 m,
L/H = 3, n = k = 16)

Figure 3.11 Difference in the shape of a grid generated with large rest length (black grid, lr = l0) and with
small rest length (purple, lr = 0.01 · l0), side views

higher curvatures around point P1 and P2. The maximum difference between this grid and the

dense grid is 0.4 m.

The rest length can not be much larger than the initial length of the spring. If it is set larger,

then the generated shape might not be smooth. It would look like a folded plate structure and the

end points of the arch elements would not lie on a continuous curve. For the geometry in the

right side of Fig. 3.10, the rest length is set equal to the initial length. It can be seen that the red

arch elements no longer lie in a vertical plane, but are inclined. Hence, the variance of the beam

length gets smaller compared to the projected grid, as it can be seen in the histogram of the beam

length in Fig. 3.12. Such a grid layout is referred to as uniform grid.

In order to see if such an improved uniform grid layout has a better structural performance

than the projected grid, the structural behavior of both are studied. Structures with the following

parameters are analyzed: L = 40 m, L/H = 3,5,8, n = k = 16, R = 3. Three load cases are

applied: in the first case, a uniform nodal load is applied, while in the second and third cases half

of the structure is loaded uniformly. The latter two cases have a different effect on the structure,

as the shape is symmetric to the diagonal planes, but the grid layout is not. The ultimate loads

are determined based on GMNA.



3.4 Study on the grid layout of the hanging model 32

0

40

80

120

160 lr =  0.01 l0 - projected grid

0

40

80

120

160

N
um

be
r 

of
 b

ea
m

s [
-] lr =  0.1 l0

1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0
Beam length [m]

0

40

80

120

160 lr = l0 - uniform grid

Figure 3.12 Histogram of beam length (L = 40 m, L/H = 3, n = k = 16)

Table 3.1 Relative difference of the ultimate load compared to the projected grid shells with 0.01 · l0

L/H Rest length
0.1l0 0.5l0 0.8l0 l0

3 1% -2% -7% -18%
5 3% 1% -2% -17%
8 2% -4% -2% -22%

Compared to the projected grid, the ultimate load decreased by 20% for the uniform grid

(Table 3.1). The reason for this decrease is yet unclear, however it might be related to the decrease

of the beam length around point P2. The maximum deflection of the uniform grid is close to

point P2 (Fig. 3.13). For the uniform grid, a larger area is deflected, than for the projected grid.

Furthermore, the bending moment in the arch elements is large close to the boundary, while

the moment is distributed more evenly in case of the projected grid shell. Since this behavior

is expected to be dependent on the grid density and load distribution, further investigations are

needed to draw general conclusions.

The applied form-finding method is suitable for finding more grid pattern versions than the

ones studied above, e.g., by using non-uniform load in the particle spring-simulation. For further

research, it is suggested to separate the shape generation method from the grid generation method

and to perform two separate particle-spring simulations. In the first simulation, the shape of the

hanging model is derived, while in the second one, the grid is pulled onto that surface. In such a

method, the variation of the beam length can be further reduced, while studying the surface and

the grid can be separated.
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Figure 3.13 Deflected shape and out-of-plane bending moment diagram at ultimate load for projected grid
shells (lr = 0.01l0, left) and uniform grid shell (lr = l0, right), scaled by the same factor in case of both
grid patterns, L = 40 m, L/H = 5, n = k = 16

3.5 Summary

In this chapter, an analytical (Eq. 3.1) and a non-analytical method (particle-spring system) were

presented to generate the geometry of a grid shell with planar square boundary. The shape and

the grid pattern obtained by the non-analytical method can be varied by the input parameters

of the applied grid generation algorithm. Hence, there is more freedom in designing a suitable

geometry. The structural performance of the non-analytical grid shell was studied in more detail.

The grid shells obtained by the two methods were compared, and it was concluded, that with the

non-analytical grid generation method, grid shells with a higher ultimate load can be designed.

The non-analytical grid shell generation process may be further improved in several ways. On

the one hand, distributed forces may be introduced instead of nodal forces to obtain a structurally

more efficient grid shell. On the other hand, the difference between the projected and the uniform

grid patterns shall be further studied.

In the following chapters, either the analytical or the non-analytical geometry is used. In the

latter case, the shape symmetric to the diagonal planes (R = 4) is used and the rest length is set

as the tenth of the initial length.



Chapter 4

Square grid shells with rigid joints

To have an understanding of the mechanics of the square grid shells, the internal forces are

studied on both equivalent continuum shells and on discrete beam models. Two different support

conditions are considered. Afterward, a parametric numerical analysis is conducted on square

grid shells and Kiewitt domes. Based on the results, a preliminary design method is proposed.

4.1 Internal forces of grid shells with various supports

In this section, one grid shell is thoroughly analyzed with finite element models with either

equivalent shell elements or with beam elements. To understand the load bearing behavior of the

square grid shell, the internal forces are studied based on linear analysis.

Square grid shells are usually applied as a cover of existing building courts. Existing walls

often can not support any lateral load, which is an important aspect during the design of the grid

shell. This happened for example for the City Hall in Tbilisi, the Great Court Roof of the British

Museum in London, and The National Maritime Museum in Amsterdam.

The support conditions heavily influence the structural behavior of grid shells. With rigid

lateral supports, there are mainly membrane forces in the square grid shells. However, with no

lateral supports but only vertical ones they require large bending stiffness close to the edges and

especially at the corners. In reality, such shells are typically supported by an edge beam, which

has finite lateral stiffness.

A disadvantage of the studied square grid shell is that the boundary is planar and consists of

straight parts. Domes are usually designed with a stiff edge beam that has a larger cross-section

than the rest of the grid shell. The edge beam is in tension when the shell is vertically loaded,

and the dome is membrane-dominated. However, because of the corners, the boundary elements

of a square grid shell without lateral supports can not work as efficiently as the dome edge beams.
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Square grid shells with such support conditions can not work with membrane forces only, since

the load can not be transferred to the vertical supports only by membrane forces. If the edges of

the square grid shell were each curved in their vertical planes, they could efficiently transfer the

load to the corners. Such shells can be handled with the membrane theory, meaning that they

can work with mainly membrane forces. Curved edges are, however, out of the scope of this

dissertation.

In this chapter, uniform cross-section sizes are assumed in the whole grid shell. Two different

support conditions are studied: i. rigid horizontal and vertical supports (referred to as rigid

lateral supports); ii. no horizontal supports, but only vertical ones (referred to as no lateral

supports). These two support conditions can both be considered as extremes. The case without

lateral supports can only be realized with large section sizes and therefore it is not economical.

The case with rigid lateral supports is not realistic for large spans, since either the supports would

have to take large reaction forces, or a stiff edge (perimeter) beam with large cross-section size

would have to be designed.

The analytical shape of Eq. 3.1 is used. It has the following geometric parameters (if not

otherwise mentioned): L = 40 m, L/H = 8, k = 20, and n = 10 for right angle grid pattern, while

n = 20 for equilateral grid pattern.

4.1.1 Internal forces of the equivalent continuum shell

First, the internal forces are studied on the equivalent continuum shell models, since the distribu-

tion of surface forces are easier to visualize and to understand. The equivalent shell properties

are determined based on the method summarized in Section 2.2.1.

Since the studied shape has no analytical solution according to the theory of membrane shells,

numerical methods are applied. First, the bending theory of shallow shells is used. In [39],

Hegedűs used the finite difference method to solve the system of partial differential equations of

shallow shells. Hegedűs studied shells that have two opposite boundaries that are curved in a

vertical plane, while the other two are straight edges.

I studied a square grid shell wit no lateral supports with the algorithm developed by Hegedűs

[39]. Internal forces and deflections were calculated for three structures, each with different

cross-section size and thus different equivalent continuum shell properties (Fig. 4.1). Uniform

circular hollow cross-section dimensions were assumed in a wide range: the diameter is 135,

323.9, and 600 mm with a fixed cross-section thickness of 16 mm from top to bottom in Fig. 4.1.

The corresponding equivalent shell thickness is teq = 165, 423, and 802 mm, while the equivalent
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Figure 4.1 Internal forces and deflections in the equivalent continuum of a grid shell with no lateral
support, calculated by the algorithm developed by Hegedűs [39], from top to bottom: the shell thickness
is 165, 423, and 802 mm

modulus of elasticity is Eeq = 220.0, 221.7, 221.9 kN/cm2. A vertical distributed force is applied

(1 kN/m2, projected).

The internal forces in the corners are larger compared to the rest of the internal forces in the

shell. If the applied beam cross-section and thus the bending stiffness of the shell is increased,

then the membrane forces, especially close to the corner and edges get lower. Moreover, the

deflections significantly decrease. The maximal bending moments do not significantly decrease,

but the area where bending moments are large is reduced.

Using this method with different lateral supports would be difficult. Therefore, numerical

models using shell finite elements are built in AxisVM [44] either with rigid or with no lateral

supports. The beam cross-section size is 323.9x16 mm and thus the equivalent shell properties

are: teq = 423 mm, Eeq = 221.7 kN/cm2. A vertical distributed force is applied (0.6 kN/m2,

projected). The distribution of forces for the case with no lateral support (Fig. 4.2) is similar

to that of the previous calculations. Compared to the case with lateral supports, all the internal

forces are significantly larger for the case without lateral supports. The normal force distribution

in case of rigid lateral support is different, since the normal forces are directly transferred to the

supports. However, the forces are still large around the corners.
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Figure 4.2 Internal forces in the equivalent continuum of a grid shell with rigid and with no lateral support
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4.1.2 Internal forces of discrete beam models

In this section, four different beam finite element models are investigated: two with rigid and

two with pinned connections, while both above-mentioned support conditions are applied. The

used beam cross-section sizes are 323.9x16 mm. Each node is loaded with -10 kN vertical force,

which is approximately 0.6 kN/m2. The internal forces and the maximum Von Mises stress

diagrams can be seen in Fig. 4.3, 4.4, 4.5, and 4.6.

First, the grid shells with rigid lateral supports are investigated. The normal force distribution

of the grid shell with pinned connections (statically determinate structure) is similar to that of

the one with rigid connections. For the pinned grid shell, the normal forces are generally larger

compared to the grid shell with rigid joints. However, they are similar for the beams close to the

middle of the grid shell, for the diagonal elements far from the corners, and for the arch elements

far from the supports. Von Mises stresses are only slightly different, and those of the grid shell

with rigid joints are larger. The lateral reaction forces are approximately 85 kN in each support,

except for the ones in and adjacent to the corners. These reaction forces are considered large for

the applied small load, and thus rigid supports are not economical for square grid shells with

larger span.

The grid shells with no lateral supports have extremely large normal forces if the connections

are pinned. This means, that a square grid shell with such support conditions requires flexural

stiffness in the joints. The normal force distribution of grid shells with pinned and with rigid

joints are different. In both cases, the largest compression forces are in the diagonal elements

close to the corners. For the grid shell with rigid joints, the non-boundary diagonal elements

close to the corners act as edge beams together with the boundary elements away from the

corner (lower left of Fig. 4.3). The tension forces are thus large in these elements, while the

boundary elements in the corners barely transfer any force. This tension force is dependent on

the cross-section size. For smaller cross-sections (CHS 139.7x7.1 mm) the maximum tension

force would increase by approximately 50% compared to the grid shell of Fig. 4.3. The reaction

forces are larger close to the corner compared to the middle of the edges. However, the reaction

force in the corner beam is negative.

For both support conditions, the out-of-plane bending moments three triangle panels far from

the boundaries can be neglected compared to bending moments around the edges. The bending

and torsional moments are largest around the corner.

For both support conditions, if the cross-section size of the grid shell with rigid joints tends

to zero, the internal forces become equal to that of the grid shell with pinned joints.
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Rigid lateral supports No lateral supports

Figure 4.3 Normal forces of square grid shells with pinned (upper row) and with rigid connections (lower
row) [kN]

Rigid lateral supports No lateral supports

Figure 4.4 Out-of-plane bending moments of square grid shells [kNm]

Rigid lateral supports No lateral supports

Figure 4.5 Torsional moments of square grid shells [kNm]
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Comparison of internal forces of shell and beam models

Finally, the internal forces of the equivalent continuum shell are compared to the results of the

beam finite element models. From the obtained internal surface forces, the beam normal forces

and out-of-plane bending moments are calculated for the equilateral grid pattern based on [54].

The obtained forces are then compared to the results of discrete beam finite element models with

rigid connections. The comparison was performed at four locations of the shell (Fig. 4.7). The

shells are discretized into approximately 0.4 m2 triangular shell finite elements. The elements

are loaded with distributed vertical force. For each beam, the internal force in the middle of the

beam is used. In the solid shell model, the results are taken from the node closest to the beam

mid-point. The anisotropy of the shell was neglected, since it has a small effect on the internal

forces.

The internal forces are in good agreement in case of rigid lateral supports (Table 4.1),

especially for the normal forces, where the relative difference (e) between the two models is

smaller than 10%. Neglecting the anisotropy causes a larger relative difference in case of the

normal force in x direction at the fourth studied location. The differences are mainly due to the

discretization of the shell surface. Additionally, the slight difference of the loading around the

edges makes the differences larger for the elements close to the edge.

If the solid shell model has a thickness of only 1 mm, the shell has negligible bending rigidity.

Thus its membrane forces can be compared to the normal forces of grid shells with pinned joints.

The shell and beam models are in good agreement, since the relative differences (e) are slightly

larger than those for the grid shell with rigid joints.

In case of no lateral support, the results of the beam and shell models are different, and only

the normal forces around the top of the grid shell are in good agreement (e<15%).

4.1.3 Imperfection sensitivity analysis

Several methods to consider the effect of imperfections were introduced in Section 2.3.2. The

applied imperfection shall result in the smallest possible ultimate load and thus lead to the safest

design. Therefore, the imperfection shape and scaling factor shall be analyzed in more detail.

Imperfection sensitivity of the structure is studied by applying the same imperfection shape

with various scaling factors. This is performed on a specific structure with a span-to-height ratio

of L/H = 8, while the buckling shape of other span-to-height ratios are also studied. Rigid joints

are assumed. Uniform vertical load is applied on all nodes. Cross-section sizes are selected

to ensure similar load bearing capacity of the perfect structures for both support conditions
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Rigid lateral supports No lateral supports

Figure 4.6 Von Mises stress of square grid shells with pinned (upper row) and with rigid connections
(lower row) [kN/m2]

Table 4.1 Comparison of internal forces of the equivalent continuum shell and of the discrete beam model,
rigid lateral supports, rigid joints (e is the relative difference)

∆−1 ∆−2 ∆−3 ∆−4
shell beam e shell beam e shell beam e shell beam e

[kN] [%] [kN] [%] [kN] [%] [kN] [%]
Nx -30.8 -31.9 4 -64 -63 -1 -15 -25 40 -6 -10 42
Ny -31.8 -31.5 -1 -24 -28 14 -46 -41 -13 -50 -55 9
Nz -31.8 -31.5 -1 -28 -34 16 -46 -41 9 23 12 -97

[kNm] [%] [kNm] [%] [kNm] [%] [kNm] [%]
Mx 0.09 0.19 50 -1.1 -1.7 36 -0.04 0.03 -37 -1.6 -1.5 -5
My 0.07 0.13 50 -0.2 -0.3 42 -0.7 -0.67 1 -1.2 -1.2 -2
Mz 0.07 0.13 50 -0.2 -0.4 42 -0.7 -0.67 1 -0.9 -0.6 -51

✲✁
✁
✁
✁
✁✕

❆
❆
❆
❆
❆❯

xxxxxxxxxxxxxxxxxxxxx

yyyyyyyyyyyyyyyyyyyyy
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Figure 4.7 The four triangles where the internal forces of the grid shell are derived, and the notation for
the beam directions (x, y, z)
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(uniform cross-sections: CHS 200x10 and 300x20 mm for grid shells with rigid and with no

lateral support, respectively).

Two types of imperfection shapes are considered: the first buckling eigenshape and the

deflected shape obtained by linear analysis. The imperfection scaling factor is varied. The

ultimate load is calculated with GMNIA for the perfect (qmax,perf) and for the imperfect (qmax,imp)

structures. The ratio of these values is referred to as the reduction factor.

The eigenshapes and the reduction factors for the square grids are compared to those of dome

grid shells. Domes with a Kiewitt grid layout are used (Fig. 4.8) [50]. The mid-surface of the

dome is not a spherical cap, but it is generated by the revolution of a catenary curve to get the

best structural performance for self-weight. In this Kiewitt grid layout, radial ribs (red in Fig.

4.8) are uniform in length, while beams have the same length on every ring (green in Fig. 4.8).

The length of diagonal elements (blue in Fig. 4.8) varies in a wider range, the longest ones are

close to the ribs. Each node in the boundary is pinned and rigid lateral support conditions are

assumed. The number of rings is denoted by nr, while the number of radial ribs is denoted by ns

(where the s refers to sector).

The imperfection sensitivity of the dome is studied on a Kiewitt grid shell the same span and

span-to-height ratio as that of the square grid shell (L = 40 m and L/H = 8 m). Furthermore,

to ensure similar average beam length, a grid pattern with ns = 8 and nr = 5 is used. The

cross-section is CHS 150x10 for each beam, so that the dome has a similar ultimate load as the

square grid shells.

The first buckling eigenshapes of the square grid shells can be seen in Fig. 4.10 for several

span-to-height ratios, while those of the Kiewitt structures in Fig. 4.11. For square grid shells, the

shallow shells have a more global eigenshape than higher shells. In other words, more elements

and nodes are affected by the imperfection in the shallow shells. The eigenshape of the Kiewitt

dome shows several elements with simultaneous member (local) buckling. The eigenshape and

the deformed shape obtained by the GMNIA is similar to each other in most cases.

The reduction factors for the square grid of L/H = 8 can be seen in Fig. 4.9. Grid shells with

rigid lateral supports are significantly imperfection sensitive, and the eigenshape imperfection

gives critical results. If the imperfection amplitude is L/1000, the reduction factor is 78% while

for L/300 it is 58%. However, grid shells with no lateral supports are not imperfection sensitive.

The reason for this, is that these structures do not work as ideal shells with membrane forces

only, but with significant bending moments. Their behavior is more similar to plates than to

membrane shells. The reduction factors of Kiewitt domes can also be found in Fig. 4.9. It is

similarly imperfection sensitive as the square grid shells, both with rigid lateral supports.
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Figure 4.8 An example for a Kiewitt dome with ns = 6 radial ribs (red) and nr = 9 rings (green); diagonals
in blue
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Figure 4.9 Effect of imperfection for square grid shells and Kiewitt domes

Figure 4.10 First eigenshapes of square grid shells with various span-to-height ratios (left to right:
L/H = 3; 5; 8 m), upper row: rigid lateral supports, lower row: no lateral supports
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Figure 4.11 First eigenshapes of Kiewitt grid shells with various span-to-height ratios (left to right:
L/H = 3; 5; 8 m)

4.2 Study based on equivalent continuum shell properties

In the previous section, the internal forces of a specific structure were studied. In this section,

however, a study is conducted on structures with a wider range of geometric parameters. Their

internal forces and load bearing capacity are investigated based on their equivalent continuum

shell properties. Well-researched dome grid shells are also studied with the same methodology.

Finally, a preliminary design method is proposed to determine the ultimate load of both square

and dome grid shells.

The analytical formula (Eq. 3.1) is used to define the surface of the square grid shell. Vertical

projection of a regular planar grid is used to obtain the grid pattern. Uniform circular hollow

cross-sections are applied and rigid connections are assumed in all of the analyzed shells.

The numerical analysis was performed in OpenSEES [66]. The software does not have an

algorithm to calculate the buckling eigenshape. Therefore, I developed an algorithm to determine

the eigenshapes of grid shells using the solver of the Scipy Python package. I also developed

pre- and post-processors, including a geometry generator module utilizing Python packages. All

calculations were performed entirely using open-source platforms and the source code and data

are available in a public, online repository at [28]. Hence, the results can be reproduced and

extended by other researchers in the future.

In the rest of this Chapter, two different grid patterns are considered: a right-angle and an

equilateral grid (Fig. 3.2). The equivalent shell properties are calculated using the average beam

length (lav). This gives a good approximation for the grid pattern in which the triangles are close

to equilateral. However, it neglects the anisotropic behavior of the right-angle grid shell.

4.2.1 Linear critical buckling load

The ratio of the equivalent shell bending stiffness (Beq) to the membrane stiffness (Teq) is an

important characteristic of the grid shell. Let ρeq denote this ratio divided by the square of the
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span (L), which is a unitless parameter. Based on Eq. 2.1 and 2.2 and then using Eq. 2.3:

ρeq =
Teq

Beq ·L2 =
t2
eq

12L2 =
3EI +GIt

3EA ·L2 (4.1)

For a circular hollow (pipe) cross-section:

ρeq =
4+3ν

3+3ν

i2

L2 =
4+3ν

24+24ν
·

D2
0 + t2

L2 =
1
c1

·
D2

0 + t2

L2 (4.2)

where i is the radius of gyration, D0 is the mid-cross-section diameter (average of the inner

and outer diameters), t is the thickness of the cross-section, and c1 is a constant to simplify the

equation. Since D2
0≫t2, the t2 can be neglected and D0 can be expressed as a function of ρeq:

D0 =
√

c1 ·
√

ρeq ·L (4.3)

The area of a pipe cross-section is:

A = 2D0 · t = 2
√

c1 ·
√

ρeq ·L · t (4.4)

The linear critical buckling load of a sphere with radius Rs under radial pressure is [85]:

qcr =
Eeq · t2

eq

R2
s ·
√

3(1−ν2)
(4.5)

which suggests, that the linear buckling load of a grid shell can be expressed as:

qcr = c2 ·
Eeq · t2

eq

L2 (4.6)

where c2 is constant as long as the material and the shape of the grid shell is fixed. Substituting

the equivalent shell stiffness of Eq. 2.4 and then the formula of the cross-section area (Eq. 4.4)

and teq from Eq. 4.1:

qcr = c2 ·
2 ·EA · teq√

3 ·L2 · lav
= 8 · c1c2 ·E ·

ρeq · t
lav

(4.7)

qcr · lav

t
= 8 · c1c2 ·E ·ρeq (4.8)

This suggests, that the critical load of the square grid shell multiplied by the average beam length

and divided by the thickness of the cross-section is a linear function of ρeq. In the following,



4.2 Study based on equivalent continuum shell properties 46

first, the internal forces in the grid shell obtained by linear analysis and then later the ultimate

load obtained by nonlinear numerical analysis is calculated as a function of ρeq. The goal is to

determine the constants by numerical analysis.

4.2.2 Internal forces of grid shells with various supports

First, linear elastic analysis of beam structures are performed to evaluate the internal forces

of grid shells with various geometric parameters. Maximal tension and compression forces

and maximal bending moments are evaluated as a function of ρeq. The bending moment is the

resultant of the in-plane and out-of-plane bending moments. Uniform point loads are applied in

each beam end-node of the structure, except for the boundary nodes. A total of q = 1 kN/m2

vertical load is assumed on each analyzed structure. In this section, the right-angle grid pattern is

used. First, structures with fixed span-to-height (L/H = 8) ratio and fixed grid density (k = 16)

are studied, while the cross-section size (D = 150, 200, 250 mm; t = 5, 10, 15 mm) and the span

(L = 20, 40 m) varies.

In case of no lateral supports, the maximal compression forces are in the diagonal elements

close to the corners, while the maximal tension forces are in the boundary elements in the middle

of the span. In case of rigid lateral supports, the maximal compression forces are in the middle

arch elements close to the edges, while the maximal tension forces are in the diagonal elements

close to the corners. In both cases, the maximal bending moments are in the elements close to

the corners of the grid shell. In Fig. 4.12, the normal forces are divided by the square of the

span, while the moments are divided by the third power of the span. Thus, the results can be

characterized as a function of ρeq and the support condition only.

Internal forces in the structures with lateral supports are significantly lower compared to

those without lateral supports. All the results of the same support type lie on one curve. Nmax/L2
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Figure 4.12 Maximal internal forces of structures with rigid and with no lateral supports, varying span,
L/H = 8, k = 16, lav = 2.0, 3.9 m, size of the markers reflect the cross-section thickness
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Figure 4.13 Maximal internal forces of structures with rigid and with no lateral supports, varying span-to-
height ratio, k = 16, L =20, 40, 60 m, D = 50÷350 mm, t =5, 10, 15 mm, lav = 1.6÷4.7 m

and Mmax/L3 are approximately an exponential function of ρeq when ρeq·106<10, while they

are approximately a linear function of ρeq for larger values in accordance with Eq. 4.8. By

increasing ρeq, the equivalent shell thickness increases and thus the grid shell has larger bending

moments and lower normal forces. However, for structures with lateral supports, the variation of

the internal forces is smaller than for structures with no lateral supports. If the equivalent shell

thickness is reduced, the maximal normal force in the grid shell without lateral supports tends to

infinity, while in the grid shell with rigid lateral supports it tends to a finite value.

Taking two structures with the same span-to-height ratio and grid density, but with different

spans, the one with the smaller span has a larger ρeq. Increasing the beam cross-section outer

diameter (D) or decreasing the cross-section thickness (t) also means that ρeq increases, and thus

the bending moments are larger.

In Fig. 4.13 and 4.14, results are shown for structures with either varying grid density or

varying span-to-height ratio. The shallower a shell is or the coarser the grid is, the larger the

maximal internal forces are.

4.2.3 Ultimate load of grid shells with various lateral supports

In this section, the ultimate load of grid shells with right-angle grid pattern is studied based on

GMNA. The goal is to investigate how the ultimate load changes by changing the cross-section

size and geometric properties (L, k, L/H) of the grid shell.
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Figure 4.14 Maximal internal forces of structures with rigid and with no lateral supports, varying grid
density, L =20, 40, 60 m, L/H =8, D = 50÷350 mm, t =5, 10, 15 mm, lav = 1.3÷5.8 m

First, a 40-meter-span grid is studied with fixed geometric parameters and varying cross-

section sizes. The left of Fig. 4.15 shows that the ultimate load is approximately a linear function

of ρeq. Eq. 4.8 suggests, that assuming that the grid density is fixed, the ultimate load divided by

the beam cross-section thickness is approximately a linear function of ρeq for grid shells with

any span. The right of Fig. 4.15 shows the ultimate load divided by the cross-section thickness.

The obtained results lie on one curve for each support condition. This means that it is sufficient

to use a single t value for further analyses, since the ultimate load of a structure with t1 can be

estimated from that of a similar structure with a different t2. Similarly to the ultimate load, the

maximal internal forces at the ultimate load level can be characterized by one curve per support

condition, as it can be seen in Fig. 4.16.

As a next step, the span of the studied grid shell is varied (L =20, 40, 60 m). Cross-section

sizes were assumed, so that the ultimate load is within reasonable values. Thus structures with

no lateral supports are analyzed with larger cross-section sizes than the ones with rigid lateral

supports. As a consequence, the range for ρeq is different as well. As expected based on Eq. 4.8,

if the ultimate load is divided with t and multiplied by the average beam length (lav), all results

lie on the same curve (Fig. 4.17).

In the next step, grid shells with varying grid density (k) are analyzed. However, this time

instead of the ultimate load (qmax), the ultimate nodal load is used:

Fmax =
qmax ·L2

nnd
(4.9)
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Figure 4.15 Ultimate load of structures with rigid and with no lateral supports, varying cross-section sizes,
L = 40 m, L/H = 8, k = 16, D = 150÷700 mm, lav = 3.9 m
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Figure 4.16 Maximal internal forces at the ultimate load level, rigid and with no lateral supports, varying
cross-section sizes, L = 40 m, L/H = 8, k = 16, D = 150÷700 mm, lav = 3.9 m
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Figure 4.17 Ultimate load of structures with rigid and with no lateral supports, varying span, L/H = 8,
k = 16, lav = 2.0, 3.9, 5.9 m

where nnd is the number of loaded nodes. Assuming, that the average beam length is approxi-

mately L/k, and since the number of loaded nodes is approximately k2, instead of calculating the
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Figure 4.18 Ultimate load of structures with rigid and with no lateral supports, varying grid density,
L = 40 m, L/H = 8, t = 5÷20 mm, lav = 2.7, 3.2, 3.9 m

qmax · lav/t ratio (Eq. 4.8), we now use:

qmax · lav

t
=

Fmax ·nnd · lav

L2 · t
=

Fmax ·nnd · lav

l2
av · k2 · t

=
Fmax

lav · t
(4.10)

Fig. 4.18 demonstrates that the Fmax/(lav · t) ratio corresponding to structures with different

grid density is approximately a function of ρeq only. The numerical results show that if instead of

Fmax/(lav · t) the qmax · lav/t value is depicted as a function of ρeq, the results also approximately

lie on a single curve if the span is large, but the qmax · lav/t results slightly differ if ρeq is large.

Thus, from now on, the relationship of ρeq and Fmax/(lav · t) is studied.

Finally, the effect of changing the span-to-height ratio is investigated. Fmax/(lav · t) increases

if the span-to-height ratio is increased (Fig. 4.19). Dividing Fmax/(lav · t) with a parameter c,

the results all lie on one curve. The parameter is dependent on the L/H ratio. Some results

in Fig. 4.19 deviates from the curve which can be explained by convergence difficulties in the

numerical analysis. The numerical study shows that the Fmax/(lav · t · c) ratio is approximately a

function of ρeq only, where c is dependent on the span-to-height ratio.

4.2.4 Square grid shells with rigid lateral supports

The previous section suggests that for grid shells the Fmax/(lav · t · c) ratio is a function of one

unitless parameter (ρeq) only, and c is a function of L/H only in case of structures with arbitrary

span, pipe cross-section, grid density and span-to-height ratio. This assumption is verified in

this section by conducting a parametric numerical analysis for grid shells with rigid lateral

supports. Based on the results, the c parameters are determined, and a design method is proposed

to estimate the ultimate load of grid shells. The parametric analysis is conducted for square grid

shells with equilateral and with right-angle triangular grid pattern (Fig. 3.2).
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Figure 4.19 Ultimate load of structures with rigid and with no lateral supports, varying the span-to-height
ratio, L = 40 m, k = 16, lav = 3.9, 4.0, 4.3 m

First, perfect structures are assumed, and GMNA is performed. Afterward, to study the

effect of imperfection, the same structures are analyzed with imperfections (GMNIA). The first

buckling eigenshape is used as imperfection, with maximal amplitudes of L/1000 and L/300,

where L is the span. Structures with the following geometric parameter range were studied:

• L = 20 m; 40 m; 60 m;

• L/H =10, 8, 6, 5, 4, 3;

• k = 8÷24 → lav = 1.4÷8.3 m;

For each grid pattern type, at least 30 structures were analyzed, each with one cross-section

thickness and 4 diameters. From the obtained results, first Fmax/(lav · t) was determined. The

left side of Fig. 4.20 and 4.22 shows that the obtained results for each L/H ratio all lie on

approximately the same curve. As an exception, the structural behavior of coarse grid shells

(L/lav < 8) differs from the other grid shells (dashed lines in Fig. 4.20). This demonstrates

that the mechanical behavior of coarse grid shells can not be characterized by their shell-like

properties, but they shall be modeled as discrete structures.

As a next step, the c parameter is determined for each span-to-height ratio. c is assumed 1 for

the shallowest shell that was studied (L/H = 10). The c values for the other span-to-height ratios

were determined, so that Fmax/(lav · t · c) results all lie on the same curve as that of structures

with L/H = 10 (right of Fig. 4.20 and 4.22). The obtained c values can be calculated with the

following formula for both grid patterns:

c =
(L/H −12)2

51
+0.92 (4.11)
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Figure 4.20 Ultimate load of perfect square grid shells with rigid lateral supports, right-angle grid pattern

The obtained Fmax/(lav ·t ·c) results can now be approximated as a function of ρeq. Regression

analysis is performed and for simplicity, an exponential curve is used. In the following, the

obtained exponential curve is referred to as the design curve. The parameters for the design

curve were chosen with the following restrictions: i. coarse meshes with L/lav < 8 were omitted;

ii. only grid shells with a reasonable ultimate load were used (3 kN/m2 < qmax < 20 kN/m2).

For the obtained design curves, the relative errors from the numerical results were calculated.

For both grid patterns, the minimum of this relative error is larger than -10%.

For the imperfect structures, the same procedure was repeated (Fig. 4.21, 4.23). If the results

are compared to those of the perfect structures, in some cases, the imperfect ultimate load is not

significantly lower than the perfect ultimate load. In these cases, the chosen imperfection shape

does not lower the ultimate load, and other imperfection shapes shall be considered, e.g., higher

buckling eigenshapes. Results are with hollow markers in Fig. 4.21, 4.23 if compared to the

perfect result, the relative decrease of the ultimate load is less than 1% and 15% for imperfection

amplitude of L/1000 and L/300, respectively. The rest of results can be approximated as a linear

function of ρeq, which is convenient for preliminary design. The slope of the imperfect design

curves were determined so that the minimum relative error is larger than -10%.

4.2.5 Kiewitt domes with rigid lateral supports

The design curve of a Kiewitt grid shell (Fig. 4.8), similar to that of the square grid shell is

determined. Each boundary node is restricted from horizontal and vertical movements.

The grid layout of a Kiewitt dome is determined by the number of radial ribs (ns) and the

number of rings (nr). The ultimate load is dependent on both parameters. Fig. 4.24 shows

the Fmax/(lav · t) values for structures with ns = 6. ρeq is calculated based on the plan area
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Figure 4.21 Ultimate load of imperfect square grid shells with rigid lateral supports, right-angle grid
pattern
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Figure 4.22 Ultimate load of perfect square grid shells with rigid lateral supports, equilateral grid pattern
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Figure 4.23 Ultimate load of imperfect square grid shells with rigid lateral supports, equilateral grid
pattern
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(Aplan) instead of L2. Similarly to the square grid shells, results with different L/H values are on

approximately the same curve. After dividing the results with the cKS parameter (Eq. 4.12), all

results lie on approximately the same curve.

cKS =
(L/H −10.3)2

26
+1 (4.12)

The same holds true for domes with a different number of radial ribs (ns = 6, 7, 8, 9) as long

as L/lav > 8. The larger the number of radial ribs is, the slightly lower the Fmax/(lav · t) value

is. Therefore, the Fmax/(lav · t) ratio of grid shells with ns = 6, 7 and 9 shall be divided by the

knock-down factor cKR = 1.15, 1.08 and 0.95, respectively. Hence, the Fmax/(lav · t · cK) results

are similar to that of grid shells with ns = 8, where cK is according to Eq. 4.13.

cK = cKR

(
(L/H −10.3)2

26
+1

)
(4.13)

The Fmax/(lav · t · cK) results can be seen for all the analyzed Kiewitt domes on the left of

Fig. 4.25. These results can be approximated with a design curve, where the minimal relative

error from the numerical results is -10%.

The design curves of all the different grid patterns are compared to each other on the right

of Fig. 4.25. For Kiewitt grid shells, c = cK according to Eq. 4.13. Among grid shells with a

given plan area, span-to-height ratio, grid density, and cross-section size the Kiewitt dome has

the largest ultimate nodal load. and the square grid shell with right-angle grid pattern has the

lowest ultimate load. However, further comparisons are needed to compare the ultimate load of

the various grid shells, which is beyond the scope of this dissertation.
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Figure 4.24 Ultimate load of perfect Kiewitt domes with rigid lateral supports, various span-to-height
ratios
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Figure 4.25 Left: ultimate load of perfect Kiewitt domes with rigid lateral supports, perfect structures;
right: comparison of design curves of Kiewitt and square grid shells
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Figure 4.26 Ultimate load of imperfect Kiewitt domes with rigid lateral supports

4.2.6 Square grid shells with no lateral supports

In case of structures with no lateral supports, the obtained design curves can be seen in Fig. 4.27.

The cv parameter that considers the effect of the span-to-height ratio can be calculated with the

following linear equation for both grids:

cv = 1.82−0.082 · L
H

(4.14)

The ultimate load of grid shells with different grid patterns but otherwise similar geometric

parameters (L, H, lav) and cross-section dimensions are approximately the same.

It was shown earlier that a specific grid shell with no lateral supports is not imperfection

sensitive. Thus GMNIA with only the imperfection amplitude of L/300 was conducted. The

results show that the decrease of the ultimate load is on average 2%. There were only 4 cases out

of 177 results, when the decrease of the ultimate load was between 10 and 15%. This reinforces

the assumption, that the effect of imperfection can be neglected for square grids with no lateral

supports.
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Figure 4.27 Ultimate load of perfect structures with no lateral supports, various grid patterns

4.3 Summary

A parametric study was conducted for square and Kiewitt grid shells with various geometric

parameters and with two support conditions: with rigid and with no lateral supports. Based

on the numerical results, a preliminary design method is proposed. Knowing the geometric

parameters of the grid shell, the ultimate load of a structure can be estimated by the following

formula:

qestim. = f
(

0.157 ·106 · D2 −2tD+2t2

Aplan

)
· t · lav ·nnd · c

Aplan
(4.15)

where nnd is the number of non-boundary nodes, f (x) is a function according to Table 4.2, and c

is the parameter considering the effect of the span-to-height ratio. The c parameter is according

to Eq. 4.11 for square grid shells with rigid lateral supports; c = cK is according to Eq. 4.13 for

Kiewitt domes with rigid lateral supports; and c = cv is according to Eq. 4.14 for square grid

shells without lateral supports. The obtained perfect and imperfect design curves allow designers

to estimate the load bearing capacity of square grid shells of any geometric parameters within

the studied range assuming steel material S235.

Table 4.2 Functions to estimate the ultimate load of grid shells with and without imperfection

Grid shell type Perfect Imperfect
L/1000 L/300

Rigid lateral support
Square grid, right-angle (1−0.921x)/0.114 0.465·x 0.361·x
Square grid, equilateral (1−0.905x)/0.116 0.492·x 0.380·x

Kiewitt (1−0.836x)/0.122 (1−0.895x)/0.110 (1−0.957x)/0.072
No lateral support

Square grid 0.157·x



Chapter 5

Joint systems for grid shells

This chapter summarizes joints used for grid shells based on built structures and research studies.

Special attention is paid to the bending stiffness and strength characteristics. A so-called socket

joint for pipe cross-sections is explained in more detail for which numerical and experimental

tests are available. Afterward, a novel joint type for T cross-sections is presented. To determine

its mechanical performance, numerical studies are conducted and presented in detail. Both joint

types will be used in the parametric analysis of grid shells presented in Chapter 6.

5.1 Overview of joint systems for-free form grid shells

Double-layer steel shells are generally built with simple bolted joints that can be considered

as pinned connections in design. However, in single-layered grid shells the connections need

a certain amount of out-of-plane bending stiffness. Rigid connections are usually realized by

welding. Many single-layered grid shells have welded joints such as the British Museum in

Fig. 1.1 [74].

Using bolted joints in single-layer steel grid shells is advantageous, since it facilitates quick

on-site assembly. There are numerous bolted joints for grid-shells that have been developed

recently and it is often the topic of current research papers [24, 42, 56, 57].

According to the EC, a joint shall be classified as semi-continuous, if its behavior needs to

be taken into account in the analysis of the structure [18]. Classification is based on the stiffness

and strength of the joint, and classes are defined based on data of steel frames. There is no

similar general classification system available for spatial structures. Similarly to beam-to-column

connections, a classification method is presented for single-layered domes with 30÷40 meters

span and with several span-to-height ratios in [23]. However, classification is dependent on the

geometrical parameters of shells.
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Instead of using the term semi-continuous, research papers usually refer to joints as semi-rigid

joints even for nonlinear analysis. Here, a semi-rigid joint has the same meaning as a semi-

continuous joint. In the following, the behavior of structures with rigid joints (rigid structure) is

compared to structures with semi-rigid joints (semi-rigid structure) .

For free-form structures, joints need to meet not only stiffness but also geometric require-

ments. It must be possible to easily adjust the joints to various geometrical parameters of the

free-form mid-surface. Stephan et al. [75] characterized these geometric requirements by 3

angles at each node of the grid shell (Fig. 5.1). A joint can be evaluated based on the ranges of

these 3 angles it can be adjusted to.

The horizontal angle (U) is the angle in the node tangent plane between two adjacent members.

This depends mainly on the grid configuration: a triangular grid has smaller horizontal angles

compared to a rectangular or hexagonal grid.

The vertical angle (V) is the angle of a structural member axis to the axis perpendicular to

the node normal. This parameter depends mainly on the local surface curvature.

The twist angle (W) is the angle between the normal of a structural member and the normal

of the nodal element. This depends on both the grid configuration and the mid-surface curvature.

For many free-form grid shells, the nodal elements are aligned with the surface normals and

therefore twist angles are nonzero. However, few joints can be adjusted to twist angles and

therefore it is recommended to design a grid shell with zero twist angles. For shallow shells, it is

possible to orient the nodal elements and beams so that their normals are all vertical, and thus

the twist angle is zero everywhere. For higher shells, orienting the nodal elements so that their

axis all meet in one point will result in zero twist angles.

Figure 5.1 Horizontal (U), vertical (V) and twist (W) angles that the joints need to be adopted to in
free-form grid shells based on [75]

Joints used for single-layered structures are collected and summarized in several studies

[27, 42, 55, 75]. Classification is based on several geometrical and mechanical aspects. Joints
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are different based on the cross-section and the number of beams they can join. Joints may work

with or without a nodal element. There is usually a connector welded or attached to the end of

the beams that includes the bolts if there is any.

Stephan et al. [75] collected joints used for free-form structures and classified them into

two groups based on their load transferring methods. For splice connectors, the contact surface

between the nodal element and the connected structural member runs along connectors in the

longitudinal axis of the member and the connection is realized by bolts in shear or by welding

(left in Fig. 5.2). In end-face connectors, the contact surface between the nodal element and the

connector is transversal to the longitudinal axis of the structural member and the connection is

realized by bolts in tension or by welding (right in Fig. 5.2). They showed that generally the

end-face connectors are geometrically more flexible (i.e. they can be adjusted to a wider range

of angles) and their bending rigidity is larger.

Mechanical properties of grid shell joints are not included in most of the studies above. In

the following, bolted joints are presented for which mechanical properties are available (Table

5.1). The most important mechanical properties are the in-plane and out-of-plane bending

characteristics: stiffness, strength and ductility. Previous research on the effect of the joint

mechanical properties on the behavior of the structures is also summarized below.

Simple and well-known end-face joints are the MERO (left of Fig. 5.2) and ORTZ systems;

the latter studied by Lopez et al. [56]. Ma et al. [24, 57] studied a bolt-ball similar to the

MERO system and the socket joint that will be detailed in the next section. Both research

teams performed numerical and experimental analyses of these joints. They applied the obtained

moment-rotation results for domes with a span of 20÷60 meters and for small span (30÷40 m)

elliptical-paraboloid structures [59].

For larger span structures and for grid shells with a more complex shape, stiffer joints are

needed. Hwang [42, 43] performed numerical analysis on 4 different bolted grid shell joints, all

of them used in structures built recently. The first joint is an end-face joint with two bolts, one

above the other and the rest are splice joints with one or two bolts. The analyzed joints connected

Figure 5.2 The pinned MERO joint used for double-layer steel structures [64] (left); splice and end-face
type connections, namely POLO1 (middle) and OCTA1 (right) [75]
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beams of solid square cross-section of the same size, bolt size, and similar nodal element size.

Hwang et al. showed that the end-face joint has the highest in-plane and out-of-plane stiffness

and moment capacity. In-plane characteristics are smallest for the splice joint that has only one

bolt. Hwang et al. also highlighted the significant effect of bolt clearance on splice joints.

Hwang et al. analyzed spherical caps of 25 and 50 meter span with L/H = 10, 5, 3.3. The

density of the grid was set, so that the maximum beam length was 1.2 m. Cross-sections are the

same for all 6 structures. The material of the beams is linear elastic; while plastic resistance

is considered through an interaction formula for normal force and bending in two directions.

Imperfection shapes were defined based on the first buckling eigenshape, scaling it to L/1000

or L/10000, the latter for local buckling shapes, e.g., beam buckling. He showed that the

imperfections were different for the structures with various connection types. The ultimate load

factor was determined and compared to perfect structures. For all analyzed bolted joints and

for the rigid joints the ultimate load factor of the imperfect structure was 25÷45% of that of

the perfect structure. The ultimate load factors of the semi-rigid structures are 30÷85% of that

of the rigid structures if imperfections are ignored, while these values are larger for imperfect

structures. The results show that joint stiffness has a large influence on the load bearing capacity,

and the results heavily depend on the applied imperfection.

It can be concluded that by using not only one, but two bolts in an end-face joint, the out-of-

plane bending rigidity may be significantly increased. For grid shells, the out-of-plane stiffness

needs to be higher than the in-plane stiffness. Rectangular hollow cross-sections with larger

height than width are thus regularly applied for free-form shells. For a similar reason, T sections

were applied in the free-form roof in the New Milan Trade Fair in Italy [75].

Similarly to the classification of the EC [18] for frame joints, according to Kato et al. [48], a

joint may be classified rigid, semi-rigid or pinned based on its out-of-plane bending stiffness

properties. The ratio of the beam bending stiffness (EI/l0, where l0 is the beam length) and

the initial bending stiffness of the joint (kini) is denoted by κ (Eq. 5.1). If κ is small, the joint

is considered pinned, while if it is large it acts as a rigid joint. Fan et al. [23] extended this

classification by considering the ratio of the bending capacity of the joint (Mu,joint) and that of

the beam (Mpl,Rd):

κ =
kini · l0

EI
β =

Mu,joint

Mpl,Rd
(5.1)

Fan et al. performed an extensive parameter analysis on domes of 30 and 40 meter span, and

various span-to-height ratios. They applied the following definition: a joint is considered semi-

rigid if the ultimate load of a shell with this joint is between 90% and 30% of the ultimate load

obtained from the same structure with rigid joints. Based on this definition and the parametric
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Figure 5.3 Classification of joints in grid shells (left) with classification limits for joints in Kiewitt-8 grid
shell domes by Fan et al. [23] for two groups of span-to-height ratios (left)

Table 5.1 Geometric and mechanical properties of the grid shell joints

Joint

sp
lic

e

en
d-

fa
ce

Author
Name kini,y Mu,joint Cross-sec.

Boltof joint [kNm
rad ] [kNm] [mm2]

ball-joint X
Ma et al.
[60]

M20 30 1.4 ⊘114 ·3 M20
M24 54 2.4 ⊘114 ·3 M24
M27 80 3.9 ⊘114 ·3 M27

socket X
Fan et al.
[23]

S24 102 3.5 ⊘127 ·3 M24
S27 137 4.8 ⊘127 ·3 M27
S30 307 6.0 ⊘127 ·3 M30

X

Hwang
[42]

HEFI-1 156 7.9 �40 ·60 M12 10.9
X SBP-3 1075 2.1 �40 ·60 M12 A4-70

various X #1 150 3.5 �60 ·60 M12 10.9
bolted X #2 100 3.2 �60 ·60 M12 10.9

X #3 60 2.3 �60 ·60 M12 10.9
X #4 48 1.8 �60 ·60 M12 10.9

welded X Kim et al. [52] ALT2 5130 126 ⊘102∗3 -

analysis, they obtained a classification system of joints based on their κ and β values. The

method of the classification can be seen in Fig. 5.3 together with the limit values for domes.

Socket joint

The socket joint system [24] works with one bolt collinear with the beam axis that has a pipe

cross-section (Fig. 5.4). The nodal element is bowl shaped and has a large stiffness compared to

the beam. The 10.9 bolt is pre-tensioned, the bolt nut is inside the bowl. Bolts are 24, 27 or 30

mm in diameter for the S24, S27 and S30 socket joints, respectively. The connector has a conical

shape welded to the end of the beam, and there is a washer between this and the nodal element.

The in-plane and out-of-plane bending characteristics of the socket joint are equal. The

nonlinear bending characteristic (Fig. 5.4) were obtained by experiments [24]. One experiment

was performed for each joint in bending and shear force. The presence of axial force greatly

influences the bending stiffness and strength of the joint, therefore 2÷ 3 further tests were
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Figure 5.4 Socket joint with bending stiffness characteristics based on experiments by Fan et al. [24]

performed per each joint. In these tests, a proportional compression force, shear and bending

moment were simultaneously applied on the joints. The results show that compression increases

both the bending strength and stiffness. Numerical studies revealed that the reason for this is that

the washer and the nodal bowl element is pressed together by the compressive force. Therefore

the contact surfaces remain closed longer than for the case without compression, and these

contacts surfaces transfer more bending moment.

The rotational spring about the beam axis (kini,x) is assumed to have a stiffness 1% of the

bending rigidity (kini,y) due to the lack of rotational test data [24]. Analysis of grid shells with

such a joint revealed, that in the range of kini,x = 0.01÷100% · kini,y, the difference is less than

5% in the load bearing capacity [59, 60]. Therefore kini,x=1% · kini,y is applied. Similarly, it was

shown, that the size of the nodal element considered in the analysis of structures has a very small

effect on the ultimate load [59, 60]. The axial stiffness and the effect of bolt clearance was not

analyzed, and is therefore neglected in the further analysis.

5.2 A proposed joint system with T cross-sections

The previously presented socket joint can be used with structures of 30÷40 meter span, based

on parametric studies of domes [23] and elliptic paraboloids [59]. In this section, a new joint

system is developed and studied, that is more rigid and has a mono-symmetric cross-section. In

this joint system, 4÷6 beams with T cross-sections are joined together and they are designed

to be used for free-form structures with a medium or large span (≥ 40 m) [35]. The goal is to

determine the moment-rotation capacity of the joint and to demonstrate their applicability in

free-form steel grid shell structures with various spans.
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5.2.1 Methodology

In order to study the behavior of the new joint system, a solid finite element model is built. A

parameter study is performed to understand the behavior of the joint and to reveal the main

components influencing its behavior. Before this is done, the joint sizes shall be determined.

The developed joint system is intended to be used for single-layer free-form grid shells of

various spans. As a first step triangular grid shells with a square boundary (non-analytic grid Fig.

3.1) are designed, in which the new joints will be used. The grid shells have lateral supports,

thus the moments are not as large as for grid shells without lateral supports. The ultimate load

(qmax) of these structures are determined based on materially and geometrically nonlinear finite

element analysis excluding the effect of imperfections (GMNA). Calculating local stability

failures (flexural-, torsional- and lateral torsional buckling) is beyond the scope of this work.

The designed grid shells are shallow with L/H = 8. To show that the designed joints are

effective, the ultimate load of these structures with the developed bolted joints (qmax,sr) and with

rigid joints (qmax,r) are compared. Their ratio is denoted by λ:

λ =
qmax,sr

qmax,r
(5.2)

A semi-rigid joint is considered effective if the ultimate load of the rigid structure and the

semi-rigid structure with the bolted joint is not too different. In this chapter, as a definition, a

joint is effective if λ is larger than 0.8.

Two types of T joints are designed as it will be detailed in the next section. They are referred

to as TE and TF joints. For both types, cross-section sizes are chosen that they can be used for the

grid shell with a span of 40, 60 and 80 meters. Table 5.2 shows these cross-section dimensions

and properties of the altogether six cross-sections denoted by the type of joint and the span (e.g.,

TF60). Table 5.3 shows the geometric parameters of the related roof structures. The R value (Eq.

3.2) corresponding to the symmetric shapes can also be seen in the table. Boundary nodes are all

pinned. The ultimate load was calculated under uniform dead load transferred to and acting on

the nodes. As it can be seen in this table, the load bearing capacities of rigid structures are all

higher or close to 8 kN/m2. This value is large enough for roof structures with glass cladding

designed for wind and snow load in Hungary.

As an approximation, the ultimate load of structures with a joint that is pinned about the

weak axis but rigid about the strong axis (qmax,p), were also calculated (Table 5.3). Compared to

qmax,r, these are about 80% lower. This shows that the in-plane rigidity of the joint can not be

considered pinned, when determining the ultimate load of structures.



5.2 A proposed joint system with T cross-sections 64

Table 5.2 Cross-section dimensions and resistances

Name of b tf h tw A Iel,y Iel,z
section / joint [mm] [mm] [mm] [mm] [mm2] [cm4] [cm4]

TE40 100 20 140 14 3680 656 169
TE60 120 20 200 14 4920 1918 292
TE80 140 20 240 18 6760 3968 468
TF40 60 40 160 14 4080 866 75
TF60 80 40 200 14 5440 1838 174
TF80 100 40 240 16 7200 3680 340

Table 5.3 Geometrical properties of the roof structures and their ultimate load with rigid joints

Name
Span

Span-to- No. of triangles Shape
Lmax qmax,r qmax,p

qmax,p/
of height n k R qmax,r

joint [m] ratio [-] [-] [-] [m] [kN/m2] [kN/m2] [%]
TE40 40 8 16 20 2.5 2.8 12.1 3.0 25
TE60 60 8 19 24 2.5 3.6 8.2 1.5 18
TE80 80 8 24 34 2.0 3.7 8.1 1.1 14
TF40 40 8 16 20 2.5 2.8 12.3 2.8 23
TF60 60 8 19 24 2.5 3.6 8.6 1.5 17
TF80 80 8 24 34 2.0 3.7 8.0 1.1 14

5.2.2 Classification

In order to design semi-rigid joints for the structures mentioned above a classification method

for the square grid shells is defined, similarly to that of domes by Fan et al. [23]. A parametric

analysis is performed for the 6 grid shells of Table 5.3 and for structures with the same span,

section size and grid layout but also for smaller span-to-height ratios of 5 and 3. Hence, altogether

18 structures are analyzed with varying joint characteristics.

In the analysis, it is assumed that the in-plane stiffness of the joint is 10% of the out-of-plane

stiffness, while the ultimate bending moment is the third. κ is calculated by the maximum beam

length in each structure. First, β = 1 and κ is varied, afterward κ = 1000 and β is varied. In

both cases, the ultimate load of the structures are calculated based on GMNA, and the results of

semi-rigid joints are compared to that of rigid structures. Similarly to the method of Fan et al.

[23], a structure is considered semi-rigid if the reduction factor (λ) is between 90% and 30%.

Fig. 5.5 shows the reduction factors for L/H=8, while the rest of the results of the parametric

analysis can be seen in Appendix C. The λ values are dependent on the span-to-height ratio

mostly. For now, classification limits are defined for three cases dependent on the span-to-height

ratio (Table 5.4). In the next section, the goal is to design the T joints, so that they are close
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Table 5.4 Classification limits for joints in square shells

L/H κp κr βp βr
8 0.5 15 0.03 0.2
5 1 50 0.03 0.1
3 1 50 0.03 0.5

Figure 5.5 Reduction of ultimate load for L/H=8 grid shells by applying semi-rigid joints of various κ and
β values

to the limit of rigid and semi-rigid class. In other words, the goal is that 0.8 ≤ λ. The κ value

corresponding to λ = 0.8 is denoted by κg, and the joints shall have a κ larger than κg.

5.2.3 Geometrical details of the TE and TF joint

In this section, the details of the joint system is presented. The joint consists of a cylindrical

nodal element (red in Fig. 5.6), to which the T beam members (light green in Fig. 5.6) are bolted

with the help of end-elements as connectors (dark green in Fig. 5.6). The thick trapezoidal

end-elements are welded to the beam ends. The joint system is an end-face joint [75], where the

axes of the two bolts are parallel with the beam axis, thus they are mainly in axial force.

Two slightly different versions have been designed, namely System TE and TF. In System

TE (Fig. 5.7), the flange is thin (tf = 20 mm) and wide, and both bolts are connected to a larger

end-element. System TF (Fig. 5.8) has a thick (tf = 40 mm), narrow flange to which the upper

bolt is connected. The lower bolt is connected to a short end-element. The cross-section sizes

of System TE and TF (Table 5.2), denoted with the same number, are determined so as to have

the same web height, similar out-of-plane moment of inertia and sufficient in-plane moment

of inertia (Table 5.2 Iy,el and Iz,el respectively). This latter criteria is more difficult to meet for

System TF, thus, the cross-section area is slightly bigger for System TF than for TE. Table 5.5

summarizes all the geometric parameters of the joints.

Due to its narrower flange, System TF requires smaller nodal elements, and is more aesthetic,

while System TE has higher in-plane moment of inertia. High strength bolts (M12 or M16, 10.9)
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Figure 5.6 Components of the joint system TE and TF: bolts with washers (orange), end-element (dark
green), nodal element (red)

are used (Fig. 5.9). The hole in the nodal element is 1 mm or 2 mm larger than the bolt diameter

for the M12 and M16 bolts, respectively [18].

As already discussed, free-form grid shell joints shall not only to be able to transfer high

out-of-plane bending moments, but there are requirements for the geometry and assembly as

well [75]. As each joint is different in a free-form shell, it is preferable that the joint has least

custom fabricated parts. In this joint, the nodal element is cut from a cylinder, with a different

plane for each connected beam. The assembly and geometry of this joint is flexible to allow

it to be adjusted to the square grid shell. The slender cross-sections and the large cylindrical

nodal element allows that the joint may be adopted to horizontal angles of a grid with close to

equilateral triangles (Fig. 5.1). It can be adopted to vertical angles in a wide range by cutting

the end of the T section with an inclined plane. It can also be adjusted to small twist angles

by changing the cutting planes on the nodal element. This means that the plane in which the

two bolts lie does not go through the cylinder axis of the nodal element, which introduces extra

bending on the nodal element. Larger twist angles may require the nodal element to be enlarged.

Therefore, it is recommended that the nodal elements are oriented so that twist angles are zero.

For simplicity, in this dissertation, only joints with zero vertical and twist angles are analyzed.

Only one beam attached to the nodal element is investigated, and therefore the interaction of

several beams is not studied.

Table 5.5 Geometric details of the analyzed joints

Name
of joint

b tf tw h r R L1 L2 d1 d2 t1 b2 b1 d3 t2 t4 t5 g1 g2 g3
[mm]

TE40 100 20 14 140 60 80 115 75 12 22 8 45 23 24 6 55 35 55 40 -
TF40 60 40 14 160 50 70 103 63 12 22 8 45 23 24 6 100 25 60 40 40
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Figure 5.9 Bolt with washer

5.2.4 Solid finite element model

In order to study the behavior of the new joint system, a solid finite element model is built. A

parameter study is performed to understand the behavior of the joint and to reveal the main

components influencing its behavior. As a result of this study, moment-rotation characteristics of

the joint are obtained. These are used directly in the analysis of grid shell structures.

A solid finite element model is built in ANSYS 14.5 [5] to study the moment-rotation

behavior of the joint. A cantilever with one beam element and one half of a nodal element is

modeled to determine the bending behavior of the joint (Fig. 5.10). It is assumed, that the nodal

element is more stiff compared to the rest of the joint and beam, and that the initially cylindrical

shape will not distort. Thus, all nodes are fixed at the end surfaces of the nodal element. To

introduce a moment about the weak (in-plane, z) and strong (out-of-plane, y) axis, a point load F

is applied at the end of the cantilever beam. The bending moment (M) is calculated at the end of

the beam element according to Fig. 5.10 and Eq. (5.3-5.4).

M = F ·Ln · cos(φ) (5.3)

φ = arctan(∆/Ln) (5.4)

To model the beam and the joins, a 10-node tetrahedral solid finite element is used (Solid187)

that has a quadratic displacement behavior. This element is suitable for meshing volumes

imported from CAD programs. A sufficiently fine mesh density is applied closer to the joint.

The geometry is defined in the CAD software Rhinoceros [70] with Grasshopper [37].

The assumption, that the nodal element does not distort is studied in Appendix D. It is

shown, that the cylindrical element distorts under out-of-plane bending at the compression side,

which influences the moment-rotation characteristics of the connection. However, stiffening the

cylindrical element with perimeter end-rings prevents distortion. The perimeter rings are welded

to the upper and lower side of the nodal element and thus it is possible to insert the bolts into the

nodal elements.
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Figure 5.10 Solid finite element model of a cantilever with one beam and one half of the nodal element,
and model for calculating the rotation (φ)

Since the bending was introduced as a point load, additionally to bending there is also shear

force at the joint. The goal is do determine the bending stiffness and strength of the joint, which

is later used as spring stiffness characteristic in the grid shell models. Thus the cantilever has to

be long enough to minimize the effect of the shear force. To determine the beam length, where

the shear does not influence the bending characteristics, a beam with pure bending (+My) was

compared to beams of different lengths with a point load on the end. It was concluded, that if the

beam is at least half a meter long, the effect of shear force is negligible. The presented moment-

rotation results in this Chapter is with beam length L = 780 mm. Results are summarized in

Appendix D.

In this dissertation, the effect of normal force on the bending stiffness and strength is

neglected. This effect is studied in Appendix D, and it is shown that compression increases the

out-of-plane bending stiffness and strength, while tension decreases them.

Pretension

Pretension in the bolt is modeled using the Prets179 elements with one translational degree of

freedom. A so-called pretension section is defined in the bolt with a set of pretension elements.

In the first load step, a pretension force is applied on these elements. The effect of this force is

then preserved as a displacement in the next load step, when bending is applied on the beam.

The pretension section is located along the bolt, in between the end-element (or flange) and the

nodal element.
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Figure 5.11 Contact and target surfaces in joint System TF

Contact surfaces

Throughout the loading of the joint, surfaces of the components of the joints may come into or

loose contact with each other. This is modeled with the help of contact (Conta174) and target

(Targe170) shell finite elements that are generated on the surface of solid elements that may

come into contact. Target elements are rigid elements that may penetrate into the flexible contact

elements. Apart from the stiffness, friction can also be modeled with this finite element.

Contact and target surfaces are generated between the following components (Fig. 5.11):

nodal element to washers (C1, C2); nodal element to bolts (C3, C4); nodal element to beam (C5);

nodal element to end-element (C6); and bolts to flange or end-element (C7, C8).

Generally, the stiffer components (higher fy or larger thickness) are chosen to be the target

elements. In case of the studied joints, the contact-target pairs were swapped, and the results

showed little difference from the finally applied designation. Contact stiffness parameters are

automatically determined by the program. The coefficient of friction for the contact surface is

taken 0.44 [73], but has little effect on the moment-rotation characteristics of the joint.

Fig. 5.11 also shows surfaces on which the nodes work together (glued), such as the surfaces

that are welded to each other. The threaded part of the bolt is glued to the beam flange and to the

end-elements, while there is a gap of 1÷2 mm at the end of the bolt.

The contact surfaces (C3-4) between the nodal element and bolts are initially open, as the

bolt hole is 1÷2 mm larger than the diameter of the bolt. For simplicity, the washers and bolts

were also glued to each other, while they have a small effect on the overall results [43]. The bolt

head is modeled as a cylinder, for simplicity.
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Material properties

The applied material properties are based on EC [18, 19], hence the elastic modulus is

210 kN/mm2, and the Poisson’s ratio is 0.3.

As the expected failure of the joint is bolt fracture, the strength of the joint is highly

dependent on the applied material property for the 10.9 grade bolt. A piecewise linear stress-

strain relationship is applied. Experimentally obtained bolt material properties found in the

literature [12, 24, 43, 73, 77] have varying characteristics at yielding and varying ultimate

strength ( fu = 910÷1160 kN/mm2) and ultimate strain (εu = 7÷14%). Shi et al. [73] applied a

trilinear stress-strain relationship, while others [12, 24] applied multilinear characteristics with

a more refined stress-strain characteristic around yielding. In this study, the applied material

model for the bolt is based on Fan et al. [24], with εu = 8% and assuming that failure occurs

when the ultimate strain is reached. This multilinear model is detailed in Table 5.6.

For all the other joint components, the material hardening is assumed to have a smaller effect

and is therefore neglected. Bilinear elastic, perfectly-plastic stress-strain characteristics are

applied. The beam and the end-elements are made of S235 grade, while the node and washer are

made of S355 grade steel.

Table 5.6 Material properties of the high strength bolt based on Fan et al. [24]

Strain ε [%] 0 0.325 0.736 1.137 8
Stress σ [N/mm2] 0 665 800 905 925

5.2.5 Parametric analysis of the joint TE40 and TF40

In this section, the moment-rotation characteristics for System TE and System TF for the smallest

T cross-section sizes (TE40 and TF40) are presented in detail. First, the results of the solid

finite element model are studied. Afterward, the influence of pretension, end-element size, bolt

diameter, shear and normal force are detailed for joints TE40 and TF40. In section 5.3, results

are presented for all the section sizes.

Joint characteristics

The goal of the joint analysis is to determine the behavior of the joint for both in-plane (Mz)

and out-of-plane (My) bending moments. The obtained moment-rotation results will be used for

spring characteristics in the design of roof structures, as it will be detailed in section 5.3.
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Table 5.7 Initial stiffness and maximum bending moment of the joints

TE40 TF40
Y+ Y- Z Y+ Y- Z

kini [kNm/rad] 2876 3964 601 5195 5334 652
Mu [kNm] 10.2 13.7 4.8 13.8 13.8 4.4

Because the applied cross-section is mono-symmetric, the My moment-rotation behavior

is different for positive and negative load values (notation according to Fig. 5.10), so these

characteristics had to be determined separately. The results show that for TF40, under a negative

load, the stiffness and ultimate load of the joint is similar to that under a positive load, while

it is 40% higher for TE40 (Fig. 5.12). The reason for this is that in TF40, the bolts are placed

equidistant from the middle of the node, while the end-element and the flange have similar

heights. However, TE40 has an asymmetric bolt arrangement, the neutral axis is below the axis

of the node, and a larger area of contact surface can be activated when the load is negative. In

the following calculations, if not indicated otherwise, the My results based on positive force is

presented.

As for determining the in-plane bending behavior, to exclude the effect of the rotation of the

beam, the point load is introduced in the shear center of the T section. The length of the test

element is chosen long enough to minimize the effect of shear force on the moment-rotation

behavior, as it will be seen later in this section. The results presented in this section are all

calculated by applying P = 50 kN pretension on the bolts. It will be shown later that pretension

has a significant effect on the joint stiffness.

Table 5.7 summarizes the results obtained for both joint systems for the smallest T cross-

section sizes. Mu is the ultimate bending moment in the joint. The initial stiffness (kini) is

calculated in several ways in the literature. For example, in the EC [18], kini used for elastic

design is the stiffness that corresponds to 2/3 of Mu. In this study, kini is calculated from the

moment Mlin,y and Mlin,z that corresponds to 0.002 rad rotation. The presented rotations are

calculated by excluding the effect of the elastic deformation of the beam. The elastic deformation

accounts for around 30% of the total deformations in the elastic range for the model with 780 mm

length.

From Table 5.7 and Fig. 5.12 and 5.13 it can be concluded that TF40 is stiffer in My direction,

because the bolt distance is larger. The joints behaves similarly in Mz direction. The TE40

is slightly stronger, because the end-element is larger. Several parameters may influence the

moment-rotation characteristics of the joint. In the following, the influence of pretension, end-

element size, bolt diameter, shear and normal force are detailed for the smallest cross-section
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Figure 5.12 Moment-rotation curves under positive and negative My load for joint TE40 and TF40
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Figure 5.13 Comparison of the moment-rotation curves of joint TE40 and TF40

sizes TE40 and TF40. In section 5.3, results are presented for all the section sizes, which are

designed for structures with 40÷80 m span (Table 5.2).

According to Hwang [42], end-face joints are much stiffer in axial direction than splice joints.

Since the T joints are end-face joints, assuming that the threaded bolt is tight enough, the axial

stiffness of the joint is considered perfectly rigid for the studied TE and TF joints. Based on the

study regarding the torsional stiffness of the socket joint with one bolt (Section 5.1) the torsional

rigidity of the TE and TF joints with two bolts are assumed to be perfectly rigid.

Effect of pretension

The effect of applying pretension on the bolts is analyzed in this section. Both bolts are subjected

to P = 25, 50 and 100 kN pretension force and moment-rotation results are compared to the joint

with no pretension. As mentioned earlier, the bolt holes in the nodes are slightly bigger than

the bolt diameter. This bolt looseness affects the initial bending stiffness for the joint without

pretension, as can be seen in Fig. 5.14: a large slip occurs at the beginning of loading. By

applying pretension on the bolts, the stiffness will be constant until plasticity occurs in the joint.
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Figure 5.14 Effect of pretension on the bending behavior for TF40

Pretension increases the initial bending stiffness around both axes significantly: +58% for My

and +160% for Mz, if P = 50 kN.

According to the EC [18], 70% of the tensile resistance of the bolt shall be applied as a

pretension force. Thus, in further parametric analysis, a pretension force of P = 50 kN is used

for M12 bolts and P = 100 kN for M16 bolts.

Effect of end-element size

The Mz bending stiffness is relatively small compared to the My bending stiffness of the joint.

By analyzing the chosen roof structures, it can be shown that a small increase of the in-plane

bending stiffness significantly increases the ultimate load of the structure. Therefore, the effect of

the width (g1), length (g2) and height (g3) of the end-element sizes (Fig. 5.7-5.8) on the in-plane

stiffness of the joint are studied.

Fig. 5.15 shows the analysis results for joints with different end-element width (g1). The

maximum width depends on the geometry of the nodal element (g1 = 60 and 55 mm for TE40

and TF40). By increasing g1, the in-plane moment capacity of TF40 increases significantly

(by 15%). At the same time, unlike for joint TE40, it has no effect on the in-plane stiffness,

because the end-element height is too low for the joint TF40. The moment capacity of TE40 also

increases significantly (by 30%).

Choosing the right length of the end-element (g2) is important to ensure enough in-plane

stiffness. This could be important to prevent both flexural buckling about the weaker axis and

lateral torsional buckling, but analyzing this is beyond the scope of this study. As expected, the

out-of-plane bending behavior is be influenced. The in-plane moment capacity significantly

increases with only a small increase in the length of the end-element (increased 15% from

g2 = 40 mm to g2 = 60 mm). Fig. 5.16 shows the Mz bending-rotation curves for TF40 joints

with different end-element length values.
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Figure 5.15 Effect of end-element width (g1) on the bending behavior for TE40 and TF40 (g2 = 40 mm,
g3 = 40 mm)
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Figure 5.16 Effect of end-element length g2 (left, g1 = 60 mm, g3 = 40 mm) and end-element height g3
(right, g1 = 60 mm, g2 = 40 mm) on the bending behavior of joint TF40

Fig. 5.16 also shows the Mz bending-rotation curves for TF40 with different end-element

heights. Increasing the height of the end-element from g3 = 40 to 60 and to 120 mm increases

the stiffness from kini,z = 471 to 514 and to 688 kNm/rad, while the strength increases from

Mu,z = 4.8 to 5.2 and to 5.9 kNm. This means that the end-element needs to be larger to have a

significant effect on the stiffness, which might not be economical. The end-element height does

not have an influence on the out-of-plane behavior.
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Figure 5.17 Effect of bolt diameter on the bending behavior of joint TE40

It can be concluded that in order to increase the in-plane bending stiffness of the joints for

TE40, it is enough to increase the end-element width, but for TF40 both the height and width

needs to be increased.

Effect of bolt diameter

The effect of the bolt diameter on the moment-rotation characteristics is analyzed. Two bolt

diameters are compared (M12 and M16) with a pretension of 50 and 100 kN respectively, while

the sizes of the components are kept constant. Increasing the bolt diameter increases the bending

capacity of the joint by 50% for the case in Fig. 5.17. For the larger bolt, the pretension force is

higher, which increases the stiffness of the joints as well, as already discussed earlier.

Summary of the results

The results for joint TE40 and joint TF40 are summarized in Table 5.8, indicating which

parameters have the highest influence on the moment-rotation characteristic of a joint. The

parametric analysis showed that the in-plane stiffness of the joint is dependent on the end-element

width for System TE. On the other hand, the end-element needs to be taller and wider for System

TF to increase the in-plane stiffness. The kini,z stiffness may also be increased by applying bolts

with larger diameter for which the allowable pretension force is higher.

5.3 Structures with TE and TF joints

In the previous sections, the developed joint System TE and TF designed for a structure with 40 m

span were discussed in detail. For larger spans, the critical factor is expected to be the in-plane

bending stiffness. The parametric analysis revealed that in case of System TE, increasing the
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Table 5.8 Effect of various parameters on the moment-rotation characteristics of joints

Parameters
TE40 TF40

kini,y Mu,y kini,z Mu,z kini,y Mu,y kini,z Mu,z

Pretension P ++ ++ ++ ++

End-element
size

width g1 + + ++ ++ + + +
length g2 +
height g3 + ++

Bolt diameter d ++ ++ ++ ++
+ influence ++ significant influence

Table 5.9 Geometric details of the analyzed joints, parameters according to Fig. 5.7 and 5.8

Name
r R L1 L2 d1 d2 t1 b2 b1 d3 t2 t4 t5 g1 g2 g3of

joint [mm]
TE40 M12 60 80 115 75 12 22 8 45 23 24 6 55 35 55 40 -
TE60 M12 80 100 135 95 12 22 8 45 23 24 6 85 65 60 40 -
TE60 M16 80 100 135 95 16 27 8 50 28 30 6 85 65 60 40 -
TE80 M16 80 110 145 105 16 27 8 70 35 30 10 100 80 65 40 -
TF40 M12 50 70 103 63 12 22 8 45 23 24 6 100 25 60 40 40
TF60 M12 65 85 115 75 12 22 8 45 23 24 6 120 45 80 40 40
TF60 M16 65 85 115 75 16 27 8 50 28 30 6 120 45 80 40 40
TF80 M16 70 105 132 92 16 27 8 70 40 30 6 140 60 100 40 40

end-element width (g1) increases most significantly the stiffness for Mz. Thus, joints developed

for the 60÷80 m span roof structures have width as large as possible, only limited by the size of

the nodal element. For System TF, increasing the end-element height has the highest effect on

kini,z, but only if the height is significantly increased, so that it becomes similar to System TE.

For this case, only the width was increased. On the other hand, pretension increases the stiffness,

therefore M16 bolts are applied, if the stiffness needed to be increased.

Table 5.9 and 5.10 summarizes the geometric parameters and the final results for the devel-

oped joints for 40÷80 m span structures.

To prove that the developed joints are effective, the ultimate load of the roof structures of

Table 5.3 are calculated, both with rigid and with the developed bolted joints. The ultimate

load of the grid shell under uniform distributed load are determined by GMNA. The beam finite

element model is according to Section 2.3.1: the nodal element is modeled as a short rigid

element, while the joints are modeled by nonlinear springs. The rotational multilinear spring

characteristics are defined based on the results of the solid finite element models. Only the

bending characteristics of the joints are nonlinear, the rest of the degrees of freedom are coupled.
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Table 5.10 Summary of joint stiffness and strength characteristics for developed T cross-sections for
various spans

Name k+y,ini M+
y,u k−y,ini M−

y,u kz,ini Mz,u qmax,r qmax,sr λof
joint [kNm

rad ] [kNm] [kNm
rad ] [kNm] [kNm

rad ] [kNm] [kNm
m2 ] [kNm

m2 ] [-]
TE40 M12 2876 10.2 3964 13.7 601 4.8 12.1 10.9 0.90
TE60 M12 5120 15.8 5867 19 564 5.4 8.2 6.5 0.79
TE60 M16 5742 26.2 6834 30.8 648 8.5 8.2 7.2 0.88
TE80 M16 12599 34.0 14990 39.5 1075 10.0 8.1 6.6 0.81
TF40 M12 5195 13.8 5334 13.8 652 4.4 12.3 10.9 0.89
TF60 M12 5469 17.5 5727 18.5 537 5.5 8.6 6.5 0.76
TF60 M16 6487 29.3 6822 30.1 675 8.2 8.6 6.9 0.80
TF80 M16 15670 38.3 16016 38.7 1729 10.2 8.0 6.8 0.85

Table 5.11 κ and β of the joints in the designed structures for classification

TE40 TE60 TE60 TE80 TF40 TF60 TF60 TF80
M12 M12 M16 M16 M12 M12 M16 M16

κg 4 4 4 5.5 6 6 6 6
κ 5.8 4.6 5.1 5.6 8.0 4.0 6.1 7.5
β 0.4 0.3 0.4 0.3 0.4 0.3 0.5 0.4

The obtained ultimate load and moment-rotation characteristics for the rigid and semi-rigid

structures are summarized in Table 5.10 and in Fig. 5.18. Force-displacement curves of 60 m

span structures can be seen in Fig. 5.19. To evaluate the effectiveness of the joints, the λ ratio

was also calculated and can be seen in Table 5.10.

During design, keeping κ larger than κg (Table 5.11), helped to have a sufficiently large

ultimate load of the semi-rigid structure (λ > 0.8). In all cases, according to the classification

method described in Section 5.2.2, all the joints can be considered semi-rigid in the applied

structures, as the κ values are below κr = 15 (Table 5.11). Since β > βr, the stiffness is a more

critical property of the developed joints than the ultimate moment. The assumptions for the

relation of the stiffness and ultimate moment between the in-plane and out-of-plane directions

that was made for the classification, proved to be correct according to the joints characteristics of

Table 5.10.

For the roof structures with 60÷80 m span, joints with M12 bolts are not sufficient (λ < 0.8),

thus M16 bolts are required. This is also indicated by the fact that using M12 bolts resulted

in κ < κg in case of TF60 and κ is only slightly larger than κg for TE60 (Table 5.11). Using a

bolt with larger diameter also allows for a larger pretension force which enhances the bending

stiffness. For 60 m span, the stiffness results are also included in Table 5.10 for the joints with

M12 bolts. During design, in the joints for 80 m span, the nodal element became plastic and
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Figure 5.18 Moment rotation characteristics of the developed joints, dots representing the maximal
moment in the joints in the analyzed shell structures at failure

deformed significantly before the bolt failed. Therefore the nodal element in TE80 and TF80 is

thicker than in the rest of the joints.

The deflection shape at qmax,sr can be seen in Fig. 5.20 for TE40, which reflects the typical

failure mode of the structure. This deflection shape characterizes all the roof structures, whether

they are rigid or semi-rigid. This failure mode is global, which means that for several nodes

of the structure a large deflection can be observed. The four areas close to the corners exhibit

shell-like buckling, while the middle of the structure deflects significantly as well. Additionally

to shell-like buckling, in a few semi-rigid structures, at qmax,sr, flexural buckling can also be

observed. For the semi-rigid structure with the joint TF60 M16, at qmax,sr, beams close to the

corner buckle about the weak axis (see Fig. 5.21, where the beam with the largest deflection is

marked). For TF40, in-plane flexural buckling can be observed for both rigid and semi-rigid

structures, for a large number of the beams. This means that the Iz moment of inertia of the

cross-section is not sufficiently high. Flexural deflection of beams for System TE is smaller.

Based on the obtained stiffness results, it can be concluded that System TF has a significantly

higher positive out-of-plane bending stiffness compared to System TE. The reason for this is
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Figure 5.19 Force-displacement diagrams of the nodes with largest displacement at qmax, for 60 m span
structures with bolted and rigid joints

Figure 5.20 Deflected shape at qmax,sr of the structure with bolted joint TE40, scaled by 20 [mm]

Figure 5.21 Deflected shape at qmax,sr of the structure with bolted joint TF60 M16, scaled by 30 [mm]

obvious, as for System TF, the bolt distance is larger than for System TE. The in-plane bending

stiffness of System TF is higher for span 60÷80 m.
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Figure 5.22 Ultimate load of structures with different bending stiffness components: qmax,r−sr and qmax,sr−r,
if qmax,r is 100% and qmax,sr is 0%

The bending strength of System TE and TF are similar. As an exception, the positive

out-of-plane bending strength is higher for System TF than for System TE.

It is important to know, which is the weaker direction of the designed semi-rigid joints, and

if the joints need to be strengthened, which stiffness or strength properties have a larger role in

the overall behavior. For this reason, the ultimate load is calculated with semi-rigid joints that

are strengthened in one direction: either the in-plane or the out-of-plane stiffness is considered

rigid. The ultimate load corresponding to semi-rigid out-of-plane and rigid in-plane components

is noted by qmax,sr−r, and to rigid out-of-plane and semi-rigid in-plane components by qmax,r−sr.

The results are summarized in Fig. 5.22; in each case taking qmax,sr as 0% and qmax,r as 100%.

It can be seen that the joints TF40 and TF60 can be further strengthened by increasing their

in-plane stiffness, while the rest of the joints can be strengthened by increasing their out-of-plane

stiffness.

5.4 Summary

Two slightly different novel bolted joints were designed for T cross-sections applicable for

free-form grid shell structures. System TE has a thin flange, while System TF has a thick narrow

flange. The cross-section area for System TF is slightly larger, while System TE requires taller

nodal and end-elements. The most important factors influencing the stiffness behavior and

strength of the developed joint system are summarized in Table 5.8. It was shown that the most

critical parameter of the joints is the in-plane stiffness, which is dependent on the end-element
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size, the bolt diameter and the pretension force. By finding an ideal end-element width and

bolt diameter with appropriate pretension, joints were designed for roof structures with square

boundary spanning 40÷80 m. For medium span structures (40 m) M12 bolts, while for larger

span structures (60÷80 m) M16 bolts are required. Both System TE and TF can be effectively

used based on analysis of the chosen roof structures with the assumption that the ultimate load

of a semi-rigid structure is at least 0.8 times the ultimate load of a structure with rigid joints.

Furthermore, the following conclusions were made:

• System TF has a significantly higher positive out-of-plane bending stiffness compared to

System TE.

• The in-plane bending stiffness of System TF is larger for span 60÷80 m, compared to

TE joints, while for span 40 m, the in-plane bending stiffness of the TE joint is stiffer,

compared to the TF joint.

• The bending strength of System TE and TF are similar. As an exception, the positive

out-of-plane bending strength is higher for System TF than for System TE.

• The joints TE60 and TF40 can be strengthened by increasing its in-plane stiffness, while

the rest of the joints can be strengthened by increasing its out-of-plane stiffness.

Furthermore, a joint classification method was developed for square grid shells.



Chapter 6

Square grid shells with semi-rigid joints

A systematic parametric structural design is performed in order to study the effect of joint

properties on the ultimate load of the grid shells with various geometric properties. In the first

section, the design methodology is presented in detail. Imperfection shapes and scales are also

thoroughly analyzed and a novel imperfection analysis method is proposed. In the second and

third sections, results for the structures with pipe and T cross-sections are presented.

6.1 Methodology

The square grid shells with the non-analytic geometry detailed in Chapter 3 are designed with

GMNIA. The varied geometric parameters are span, grid density and span-to-height ratio. The

designed structures have a shape symmetric to the two vertical planes that go through the

diagonals (R = 4). The grid is a projected grid generated with a small rest length.

The main goal of this section is to determine the limitations of applicability for the analyzed

joints. The main question is, for which geometric parameters may a specific joint be used? Until

what span can a joint be used? To draw such conclusions, structures with semi-rigid joints are

compared to structures with rigid joints. Two types of semi-rigid joints are studied: the socket

joints with pipe cross-sections and the TE and TF joints, both introduced in Chapter 5. Joints

are modeled according to Section 2.3.1. Pinned supports are applied in each boundary node, in

which vertical and horizontal movements are restricted.

In most research studies concerning grid shells, the maximal load bearing capacity of the

structure (qmax) is determined and this value is used for evaluating the performance and as a

basis for comparison of different structures. An other approach for the comparison is to compare

the weight of designed structures. In this study, structures are compared in design load level.

They are designed and comparison is based on the obtained section sizes and their weight. As a
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Figure 6.1 Nodal load calculated from distributed surface load on the tributary area of adjacent panels

vast amount of structures will be analyzed, a fast and hence simplified design method is required.

The following subsections details the applied loading, the selection of cross-section sizes and the

applied imperfection based on a detailed study. Simplification implies limitations, that is also

addressed.

6.1.1 Loading

In most analysis that has been carried out for single-layered structures, for simplicity, uniform

nodal loads are applied. In this analysis though, to use a more realistic load model, a distributed

surface load is assumed. In the finite element model of a grid shell, nodal loads with varying

magnitude are applied dependent on their tributary areas, as it can be seen in Fig. 6.1.

Three load combinations are used in ultimate limit state, based on the EC [17]. Exceptional

snow load is not considered. As a further simplification, only dead load (g) and snow load (s)

is considered. Wind load is neglected, even if wind could be critical for structures with small

span-to-height ratio. For the dead load, besides self-weight, a glass cladding is assumed. In

the first load combination, the snow load is distributed all over the roof, while in the other two,

half of the roof has a higher snow load (left of Fig. 6.2). Partial safety factors are also applied

(1.35g+1.5s).

The distribution and magnitude of the snow load is calculated based on the EC. The shape

coefficient (µ3) is determined based on the cylindrical roof shape of the EC and the design ground

snow load is assumed s = 1.25kN/m2. The shape coefficient is dependent on the span-to-height

ratio of the roof, therefore the roof is divided into three parts with two different µ3 values. The

triangular half snow load distribution of EC is simplified to two uniform load bodies with the

same sum of area, as indicated in Fig. 6.2. Altogether 3 ·6 = 18 snow loading zones are defined.

Because of the small zones of higher peak values, which is similar to a point force that may

cause snap-through of a few joints, this loading procedure is assumed to be on the safe side.

Using GMNIA, the load is incremented from zero to double of the design load. For each

analyzed structure, the ultimate load factor αu is calculated for the three design load combinations.
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Figure 6.2 Left: asymmetric snow loads in load combination 2 and 3; right: calculation of the shape
coefficient µ3 in the 18 snow loading zones

The load of 1.35g+1.5s corresponds to loading factor α = 1.0 [8, 42]. αu > 1 means that the

structure meets the design requirements. To get a sufficiently accurate αu value, the load is

introduced on the structure in small load steps. At the same time, as a vast amount of analysis is

performed, it is essential to reduce calculation time. Hence, the load steps are smallest in the

most important range of 0.9 < α < 1.2.

6.1.2 Selection of cross-section sizes

In each designed structure, the cross-section sizes are the same. Structures with different

geometrical properties can be efficiently compared, when the cross-section sizes are not the same

for all structures, but chosen individually to meet design requirements. Therefore, a cross-section

selection algorithm was developed to find the minimal required section sizes for both the rigid

and semi-rigid structures.

For the structures with the pipe cross-sections the same cross-section size is used for each

beam in a structure. The thickness is fixed (5 mm), and the diameter (D) is varied. For a specific

grid shell configuration, first, the minimal required cross-section size is determined for the rigid

structures. The analysis starts with a sufficiently large cross-section size, for which αu > 2.

The diameter is then gradually decreased in steps of 5 mm until the cross-section diameter

corresponding to the smallest αu > 1 value is found. Any diameter is considered, regardless



6.1 Methodology 86

of production facilities. Afterward, starting from this section size, a step-by-step analysis is

performed with semi-rigid joints, with increasing section sizes until αu > 1, to find the minimal

section sizes required for the semi-rigid structures. The same method is performed for structures

with T cross-sections, but in this case, not only one cross-section parameter is varied. Instead,

the algorithm selects cross-section sizes from a predefined list, in which cross-sections are sorted

based on their cross-section area. The method is detailed in Section 6.3.

The above described method does not necessarily find the structure with the smallest weight.

For pipe cross-sections, the thickness is not varied, while for T cross-sections a predefined list

does not include all the possible cross-sections. However, the applied method is simple and

computationally not expensive. The designed structures all have a cross-section that belong to

the first or second cross-section class and thus can be used in plastic analysis.

The semi-rigid structures are evaluated according to the following rule. If the semi-rigid

structure requires significantly more steel material than the rigid structure, then the used semi-

rigid joint is not economical. As a definition, in this study, the designed semi-rigid structure has a

cross-section area that is maximum 30% larger than the cross-section area of the rigid structure.

6.1.3 Imperfection

In Section 2.3.2, general aspects about the stability of grid shells were detailed and it was shown

that imperfection is of key importance. The imperfection shape and scaling factor that can be

used to analyze the behavior of square grid shells shall be studied.

Many studies omit the effect of local buckling and consider the effect of global buckling only,

i.e. only the beam ends may deviate form the original geometry in an imperfect model. In this

Chapter, however, both global and local stability are considered.

Global and local imperfections are scaled with the same percentage. In the following, 1/1000

and 1/300 of the span or the beam length is used as the scaling factor. More than two scaling

factors would significantly increase computation time. The chosen scaling factors represent small

and large imperfections. Results with a scaling factor greater than 1/1000 can be approximated

based on the result obtained for the scaling factor 1/1000 and 1/300. According to Fig. 4.9, the

effect of imperfection between these two values are close to linear.

In the following, the applied imperfection shape is analyzed in detail, with a special attention

in distinguishing global and local shapes. Afterward, the number of applied imperfection shapes

is determined, that will be used for the parametric analysis.
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Comparison of various imperfections

In this section, the imperfection shapes are studied on grid shells with T cross-sections. For some

T cross-sections used in Chapter 5, the in-plane local buckling is critical. Thus local buckling

can be studied more easily on structures with T cross-section, compared to grid shells with

pipe sections where local buckling may occur in any direction and where global buckling or

snap-through is more critical. The semi-rigid TE joint is used.

A shallow (L/H = 8) and dense grid shell (n = 24, k = 34, L = 80 m, shape symmetric to

diagonal planes: R = 2, see Eq. 3.9) is chosen for the imperfection study, so that global buckling

and node buckling may be critical. Some of the eigenshapes can be seen in Fig. 6.3. This figure

also shows the deflection shape of the grid shells at ultimate load level (obtained by GMNIA),

where these eigenshapes are applied as imperfection shapes. Many of the eigenshapes and failure

modes that can be observed for this geometry is a combination of two or three stability failure

modes. Global buckling generally appears with local buckling or node snap-through. The only

failure mode that can not be observed is the rotational node buckling. This failure mode is

obtained only if the in-plane joint stiffness is very low. In the parametric study of this chapter,

rotational node buckling is never critical.

As already explained, the imperfection shape can be derived from eigenshapes or their

combinations, deflections shapes, random node deviation and random beam curvature. In this

section, these imperfection shapes are analyzed for the structure mentioned above in case of the

third load combination.

First, the eigenshapes are used as imperfections. Instead of scaling the eigenshape only based

on the span (e.g., L/1000), a more complex method is applied. In Chapter 2, it was shown, that

on the one hand, shell-like buckling shall be scaled according to the span or the wavelength

of the imperfection. On the other hand, local beam buckling shall be scaled according to the

beam length. Therefore, the deflections of the beam end-points are scaled according to the span.

However, the deflections of the inner points of the beams relative to the end-points of the beams

are scaled according to the maximum beam length of the structure. This way, the scaling factor is

appropriate also in cases when in the eigenshape only the beams are curved, i.e. a beam buckles.

Even though in some cases eigenshapes scaled with negative values may be more critical, here

all the eigenshapes are scaled by positive values.

The first 10 eigenshapes are studied and each is scaled in different ways. First, each

eigenshape is scaled to L/1000, where L is the span. This means, that both local (beam curvature)

and global imperfections are scaled by the same value (global+local L/1000 in Fig. 6.4). Secondly,

based on the explanation in the previous paragraph, the local beam curvature is scaled only to
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Figure 6.3 The 1st, 4th and 10th eigenshape and corresponding deflection shape at failure of the imperfect
model (in 1st, 3rd and 3rd load combinations, respectively) representing different failure modes of the same
structure: global, snap through and local buckling (deflection enlarged by 30)

1/1000 of the maximum beam length, while the beam end nodes are scaled to L/1000 (global

L/1000, local lmax/1000 in Fig. 6.4). In the third case, an eigenshape is derived for a structure,

in which there is no internal node in the beam elements, therefore the effect of beam curvature

is omitted (global L/1000 in Fig. 6.4). Lastly, only the beam curvature of the eigenshapes is

applied as imperfection (local lmax/1000 in Fig. 6.4).

The obtained ultimate load factors (αu,imp) are compared with that of the perfect structure

(αu,perfect) and are summarized in Fig. 6.4 and in Table 6.1. It can be seen that scaling according

to the span (global+local L/1000) gives the lowest results, while scaling separately the local and
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Figure 6.4 The first 10 eigenshapes as imperfection, global and local deformations scaled in various ways

global deviations (global L/1000, local lmax/1000) gives slightly larger results. In case of the

7th, 9th, and 10th eigenshapes, only local beam buckling occurs, which explains the differences

between scaling according to the either only the span (global+local L/1000) or to both span and

the average beam length (global L/1000, local lmax/1000). The latter method is considered better,

as it does not overestimate the effect of eigenshapes with mainly local buckling.

Considering only the global shape determined on a structure without internal beam nodes

(global L/1000) gives much larger, and hence unsafe results, compared to the eigenshape methods.

Using only the beam curvature as imperfection (e.g., local lmax/1000) has a very small effect on

the ultimate load factor if the scaling factor is small (lmax/1000).

The deflection shape at failure load based on GMNA is also used as an imperfection shape.

This shape can be seen in Fig. 6.5. Fot this specific grid shell, this imperfect model gives a larger

ultimate load factor than the eigenshapes, where both global and local buckling is considered.

Therefore using the latter methods is considered safer.

The local beam curvature derived form the eigenshapes affect this structure only partly,

because maximum 5% of the beams deflect based on the first 10 eigenshapes. Taking a beam

curvature pattern in which all beams of the grid shell are curved, would this imperfection shape

affect the structure more? To answer this question, the beam local buckling pattern that can be

seen in Fig. 6.6 is applied as imperfection. Here, all beams are curved in-plane, similarly to

the eigenshapes. Imperfect structures, in which only the diagonal elements or in which only the

arch elements are curved, are also analyzed. Results can be seen in Fig. 6.4 (local all lmax/1000)

and in Table 6.1 for scaling factor lmax/1000 and lmax/300. If only the diagonals are curved, the
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Table 6.1 Effect of various imperfection shapes on the ultimate load factor

shape of imperfection
scaling factor

αu,imp/
αu,perfect

global local [%]
EIGENSHAPE

critical eigenshape global or local
2nd both, scaled together L/1000 L/1000 54
2nd both, scaled separately L/1000 lmax/1000 55
1st global (no int. nodes) L/1000 - 69
7th local 0 lmax/1000 92
7th local 0 lmax/300 80

LOCAL BEAM CURVATURE

on all elements
- lmax/1000 92
- lmax/300 77

on arches only
- lmax/1000 100
- lmax/300 93

on diagonals only
- lmax/1000 90
- lmax/300 75

DEFLECTION SHAPE L/1000 L/1000 83
FIRST EIGENSHAPE + LOCAL BEAM CURVATURE

on all elements L/1000 lmax/1000 62
on diagonal only L/1000 lmax/1000 60

Figure 6.5 Deflection shape as imperfection derived from
GMNA at failure load level (deflections enlarged by 30)

Figure 6.6 Local imperfection pattern

ultimate load factors are slightly smaller than the minimum of the imperfect shapes from the first

10 eigenshapes. If only the arches are curved, the ultimate load is not affected for lmax/1000.

Hence, instead of performing a number of analysis with each eigenshape as imperfection,

a faster method would be to combine the first eigenshape with the above explained uniform

local buckling pattern. This method gives a result slightly larger than the eigenshape methods

(Table 6.1). However, this method can not be easily performed for structures with double-

symmetric cross-sections, where the critical direction of curvature would be hard to presume.
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Table 6.2 Parameters of the structures for which the first 10 eigenshapes are analyzed

Type of joint CHS TE TF
L [m] 20 20 20 20 20 40 40 40 40 80 80 80 40 40 60
n [-] 4 6 10 10 10 16 16 16 16 24 24 24 16 16 20
k [-] 4 6 10 10 10 16 16 16 20 34 24 34 20 20 20

L/H [-] 3 8 8 5 3 8 5 3 8 8 8 5 5 3 3

Therefore, in the following, the eigenshape is used as imperfection and the beam end nodes are

scaled to L/1000, while the beam internal nodes are scaled to lmax/1000.

It should be noted that in this study, the effect of node deviation and snap-through is not

studied. In eigenshapes, such as the 4th eigenshape in Fig. 6.3, snap-through-like deflection can

be observed. For such a local effect, the scaling factor as a percentage of the span can also be an

overestimation.

Number of the considered eigenshapes

Until now, the first 10 eigenshapes were analyzed. For the previously analyzed structure, applying

the 2nd eigenshape as imperfection gave the smallest ultimate load. The first few eigenshapes

caused global buckling, while eigenshapes with a larger eigenvalue resulted in local buckling.

The question is, at least how many eigenshapes shall be considered in the parametric analysis to

perform a safe design?

To answer this, imperfection-sensitivity analysis is performed to decide which eigenshapes

shall be used in the parametric analysis. For a number of structures, the first 10 eigenshapes

are used as imperfection shapes, with the amplitude of L/1000 in the GMNIA. In each case, the

analysis is performed for the three load combinations and for the rigid and semi-rigid structures

as well. This investigation is carried out for the structures with parameters detailed in Table 6.2.

Based on the obtained ultimate load factors, an error is calculated that exists, if only the first

m number of eigenshapes are considered. The error is the difference in the minimal ultimate

load factors αum-αu,10, where αum is the minimum of the first m eigenshapes. Using only the

first eigenshape, the average error to get the smallest load bearing capacity is 0.15, while it

is 0.11 if using the first two, 0.05 if using the first three and 0.03 if using the first four. As

computation time also needs to be considered, and a large number of structures will be analyzed,

the parametric analysis presented later in this chapter is performed using the first and second

eigenshapes. Otherwise, it is recommended to use the first 3 or 4 eigenshapes as imperfections.



6.2 Results for structures with pipe cross-sections 92

6.2 Results for structures with pipe cross-sections

In this section, the results of the parametric analysis for structures with pipe cross-sections are

presented. The considered geometric parameters of the grid shells are listed in Table 6.3.

First, the failure modes are investigated by studying the deflection shapes at the ultimate

load level. In most cases, the deflection shape at failure load is global: shell-like buckling or an

interaction of shell-like buckling with local beam buckling or with node snap-through. However,

for a few structures, only the beam inner nodes are deformed and no significant deflection can be

observed in the end points of the beams, which means that local beam buckling is governing. In

most cases this influenced only one or only a few beams. This happened if the structures have a

coarse grid and long beam elements such as the 20 m span structures with n = k = 4, 6 or 8, and

40 m span structures with n = k = 8. For the 20 meter span structures with n = k = 4 or 6, the

linear critical load factor (qcr) might be below 1, while the ultimate load factor (αu) is greater

than 1. This means that after local buckling occurs, the rest of the structure can still balance the

load. Since the performed design procedure is a simplified design method, such designs are not

considered safe. Furthermore, such structures exhibit large deflections (>100mm). Therefore, in

the parametric analysis, the cross-section size is increased until qcr is also above 1.

To evaluate the effect of imperfection, for each designed imperfect rigid structure, the ultimate

load is calculated on the same model but without imperfections. The obtained ultimate load

factors (αu,p) are compared to the ones of the imperfect structure (αu,imp), and the decrease of

the ultimate load is calculated: (αu,p-αu,imp)/αu,p. This is done for all three load combinations,

and the maximum of the three is calculated. This can be seen in Fig. 6.7 as a function of the

average beam length. The different colors of the filled and unfilled markers correspond to the

three different spans.

The results are scattered in a wide range, and are irregular. The coarse grid with 20 m span and

n = k = 4, that act least like a shell, is influenced least by imperfection (green unfilled rhombus

in Fig. 6.7). This case is excluded from the following evaluation. For scaling factor 1/1000, the

decrease is between 12÷52%, while for 1/300 it is 30÷63%. The reason for this wide range,

is that the shape of the imperfection is very important, but only the first two eigenshapes were

considered. Apart from the scaling factor, the effect of imperfection is dependent mainly on

Table 6.3 Geometric parameters used for the parametric study of grid shells with pipe cross-sections

L [m] 20 40 60
n = k 4, 6, 8, 10 8, 10, 12, 14, 16, 18 12, 16, 20, 24
L/H 8, 5, 3 8, 5, 3 8, 5, 3

lav [m] 2.2÷6.0 2.4÷6.2 2.8÷6.2
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Figure 6.7 Effect of imperfections on the ultimate load of the designed rigid grid shells

the grid density (and hence on lav) and the span, but the latter is less critical than the first. For

shallow shells (L/H = 8) and for small imperfections (1/1000), the decrease is always around

20%, but this is no longer the case for larger imperfections (1/300) (unfilled dots in Fig. 6.7).

As a next step, grid shells with the S24 and S30 socket joints are studied. The results indicate,

that structures with 60 m span can not be designed with a cross-section area that is maximum

30% larger than the cross-section area of the rigid structure. This means that the semi-rigid joints

are not sufficiently stiff for 60 m span. For 40 m span, cross-section sizes can be obtained only

for perfect non-shallow (L/H = 3÷5) shells if the S30 joint is used. In design, imperfections

can not be neglected, therefore it can be concluded that for 40 meter span, these joints are not

recommended to be used. The results of the imperfect analysis show that structures with 20 m

span can be designed with a cross-section area that is maximum 30% larger than the cross-section

area of the rigid structure. The applicability of the socket joints for 20 meter span are summarized

in Table 6.4 dependent on the span-to-height ratio, imperfection and average beam length. In

cases, where a check mark can be seen, it means that the joints can be used for all the analyzed

cases. In the analyzed cases, the maximum average beam length is 5.3, 5.5 and 6.0 m for the

span-to-height ratios of 8, 5 and 3 respectively.

In the cases that appear in Table 6.4, independent of the imperfection scale, compared to

rigid structures, on average 8% more material is needed if S30 joints are used, while 10% more,

if S24 joints are used. As the difference in the increase is small, assuming that the S24 joint is

cheaper than the S30 joint, the use of S24 joints is more economical.
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Table 6.4 Application limits of the socket joints used in square grid shells with 20 m span; a check mark
indicates that the joint can be used without limitations, while in some cases the average beam length (lav)
must be above the indicated values

Joint type
Imperfection L/H
scaling factor 8 5 3

S30
1/1000 lav > 2.5 m X X
1/300 lav > 3.2 m X X

S24
1/1000 lav > 2.4 m X X
1/300 lav > 3.0 m lav > 3.2 m X

6.3 Results for structures with T cross-sections

In this section, structures with T cross-sections are studied with the geometric parameters listed

in Table 6.5. The main goal is to determine, under which geometric limitation can the TE and TF

joint be used, that were developed in Chapter 5.

The cross-section sizes are chosen from a discrete list of cross-sections, in which the width

and thickness of the flange is varied. The list of cross-section sizes can be seen in Table 6.6,

in each case 11 or 12 cross-sections are defined. The web of the T cross-sections are thicker,

compared to those in Chapter 5, so that they all belong to the cross-section class 1 or 2. For the

cross-sections used with the TE joints, the thickness of the flange is small (20÷30 mm), while

for the TF joints, it is at least 40 mm, so that the bolt can be screwed into it. In the parametric

analysis, for the semi-rigid structures, the minimum cross-section size is the one in Table 5.9. For

the rigid structures, smaller cross-sections may be used than the ones for which the semi-rigid

joints were developed. In the parametric analysis, the minimal required cross-section sizes are

determined. In this section, the name TE and TF refers to either the joint or to the type of

cross-section.

For each grid shell, the joint stiffness properties obtained in Chapter 5 are applied, regardless

of the fact that the larger the flange, the larger the joint stiffness may become. This implies that

on the list of analyzed cross-sections the largest cross-section shall not be much larger than the

original cross-sections that are used in Table 5.9. If the rigid structure requires a cross-section

that is larger than the cross-sections in the list, the semi-rigid structure is not designed.

Table 6.5 Geometric parameters used for the parametric study of grid shells with T cross-sections

L [m] 40 60 80
n = k 8, 10, 12, 14, 18 12, 16, 20, 24 20, 24, 30
L/H 8, 5, 3 8, 5, 3 8, 5, 3

lav [m] 2.4÷6.2 2.8÷6.2 2.9÷5
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Table 6.6 Cross-section sizes in the parametric analysis

L Joint h tw bmin bmax tf,min tf,max
[m] type [mm] [mm] [mm] [mm] [mm] [mm]

40
TE40 140 14 60 120 20 30
TF40 160 14 40 100 40 50

60
TE60 200 18 100 140 20 30
TF60 200 16 60 120 40 50

80
TE80 240 22 120 160 20 30
TF80 240 20 80 140 40 50

Unlike for the pipe cross-sections, semi-rigid structures with T cross-sections could not be

designed for cases, when the grid density is coarse. In these cases, if the rigid structure meets the

design requirements, the semi-rigid structure with the same cross-section does not, since some

beams buckle. The reason for this buckling, is that the in-plane stiffness of the joint is small.

Therefore, the application of the TE and TF joints are limited by the length of the beams.

The results of the parametric analysis can be seen in Table 6.7. Based on the applied joint

type, span, imperfection scaling, and span-to-height ratio the limits for the average beam length

appears in this table. In case of a red minus sign, the joint is not recommended to be used, as the

cross-section area would be 30% larger than the cross-section area for which the joint stiffness

values were determined for. The x marks mean that using a semi-rigid joint would require a

significantly larger cross-section size, compared to the rigid structure.

From the results, it can be seen that if the imperfection is large (1/300), the developed joints

for 80 meters and the TE60 joint can not be used, and the rest of the joints are also limited in

case of shallow (L/H = 8) and high shells (L/H = 3). The developed joints are more suitable for

non-shallow shells (L/H = 5÷3).

It should be noted that for the analysis, uniform cross-section sizes were used in the whole

structure. In case of coarse grids, when local buckling is critical, the structures could be strength-

ened by increasing the cross-section size of only a few beams. In case of large imperfections

(1/300), for non-shallow shells, the reason for failure is also buckling. Therefore, the semi-rigid

joint could be used with less limitations, if the cross-section sizes were not uniform.

6.4 Summary

The goal of this chapter was to develop a simplified but effective and automated design procedure

based on GMNIA, with which a vast amount of structures were designed in order to study the

effect of joint rigidity on the performance of grid shells.
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Table 6.7 Application limits of the TE and TF joints used in square grid shells with 40÷80 m span; the
average beam length (lav) must be below the indicated values

Joint Imperfection L/H
type scaling factor 8 5 3

TE 40
1/1000 lav < 2.8 m lav < 5.1 m lav < 5.6 m
1/300 x lav < 2.9 m x

TF 40
1/1000 lav < 4.9 m lav < 5.1 m lav < 5.6 m
1/300 lav < 2.8 m lav < 2.9 m x

TE 60
1/1000 x lav < 5.0 m lav < 5.4 m
1/300 - x x

TF 60
1/1000 lav < 3.0 m lav < 5.0 m lav < 5.4 m
1/300 x lav < 3.1 m x

TE 80
1/1000 x lav < 4.2 m lav < 4.6 m
1/300 - - -

TF 80
1/1000 x lav < 3.5 m lav < 4.6 m
1/300 - - -

In order to use a simple but safe method for considering the imperfections, a study was

performed on the effect of imperfections. In order to avoid overestimating the effect of local

imperfections, it is recommended to scale imperfections according to how large the area is that

they influence. It is suggested to use the eigenshape as imperfection for square grid shells and the

beam-end nodes should be scaled according to the span, while the beam inner nodes according

to the maximum beam length.

The effect of imperfection of rigid structures is scattered in a wide range, and it is dependent

on the imperfection shape. Generally, the effect of imperfection increases with increasing the

grid density. Based on the results of structures with pipe cross-sections, the decrease of the

ultimate load is 12÷52% and 30÷63% for the scaling factor of 1/1000 and 1/300, respectively.

Based on the designed rigid and semi-rigid structures, application limits were defined for

the studied socket, TE and TF joints. The socket joints can be used in 20 meter span structures.

They are not recommended to be used in shallow and dense grid shells. TE and TF joints can be

used in structures with 40÷80 meter span. Their usage is limited for large imperfections. Due

to their smaller in-plane stiffness compared to their out-of-plane stiffness, they are limited to be

used in structures, in which the average beam length is above given limit values, otherwise they

would fail due to local beam buckling.

It is important to note that in these analysis, the cross-sections sizes in a structure is uniform,

and therefore the obtained weight results are approximate. By using more cross-section sizes in

the structure, the obtained weight can be decreased. As a further simplification, the weight of the

joints is excluded from the analysis. The weight of the beams is determined for the centerline

length, while in reality they are shorter due to the joints.



Chapter 7

Summary and conclusions

Numerical studies were performed to investigate the influence of geometry and joint character-

istics on the ultimate load of grid shells. The performed numerical studies and the presented

results contribute to understanding single-layer free-form steel grid shell structures.

Effect of geometry on the ultimate load

A grid shell on square planar boundary (square grid shell) with triangular grid pattern was

studied. The geometry generation process was studied with the goal to find various shapes

and grid layouts. The shape was identified, for which the ultimate load is the largest. It was

demonstrated that the grid pattern and variation of beam length has an influence on the ultimate

load of the grid shell. Parametric numerical analysis was conducted to determined the ultimate

load of grid shells with various geometric parameters and support conditions. Based on the

results, a preliminary design method was proposed, with which the ultimate load of square grid

shells built of circular hollow sections can be estimated.

Imperfections of grid shell structures

By studying the imperfections of grid shells, it was demonstrated that the effect of imperfection

varies in a wide range. Square grid shells with rigid lateral supports are imperfection sensitive,

while grid shells without lateral supports are not. It is suggested to use the first few buckling

eigenshapes individually as imperfections. In order to avoid overestimating the effect of local

imperfections, it is recommended to scale imperfections according to how large the affected area

is. An algorithm for scaling the eigenshape was proposed in which buckling is scaled according

to the beam length, while node deviation is scaled according to the span.
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Effect of joints on the ultimate load

A new joint system was developed that can be used in free-form grid shells with T cross-sections.

The joint bending characteristics were calculated using solid finite element models. Parametric

analysis was conducted to determine under which geometric limitations (e.g., span) can three

studied joints be used in square grid shells. Classification limits were defined for square grid

shells with T cross-sections that can be used to classify joints into rigid, pinned and semi-rigid

joints.

7.1 Future Work

The preliminary design method proposed in Chapter 4 can be further developed. Grid shells were

characterized by a unitless parameter (ρeq). To evaluate the behavior of grid shells, the ultimate

nodal load divided by the cross-section thickness and the average beam length was studied as a

function of the unitless parameter. The numerical study showed, that the relationship between

these two parameters is linear or approximately exponential depending on how large the unitless

parameter is. Analytical solutions helped in understanding the relationship between the unitless

parameter and the ultimate load, however further investigations of analytic solutions might lead

to a more general preliminary design method.

Design formulas were given for two support conditions, that can be considered extreme

cases. By performing further numerical analyses on grid shells with edge beams that have finite

stiffness, the scope of the preliminary design method could be extended.

The required imperfection shapes for and scaling GMNIA can be further improved, especially

regarding node snap-through. In the performed analysis, the end-points of the beams were all

scaled according to the span. For structures with a dense grid and with semi-rigid joints, it

is possible that in the eigenshape only one or only a few nodes are deformed. Scaling this

eigenshape as a percentage of the span leads to overestimating the effect of imperfection.

Furthermore, the effect of random nodal deviations could be analyzed.

The numerical study performed in Chapter 4 would give more reliable results if the effect

of imperfections are considered more precisely. Furthermore, the proposed preliminary design

method is suggested to be extended to incorporate the effect of joint rigidity. The design method

was proposed for structures with pipe cross-sections, however, it would be useful to derive similar

preliminary design methods for square and rectangular cross-sections.
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7.2 Summary of contributions

I.

By using a form-finding algorithm, I developed a method that generates the surface and grid

of a single-layer grid shell with planar square boundary. The geometry generation method can

generate triangular grids on square boundary with a predefined span, height, and grid density.

The form-finding algorithm finds the equilibrium of a system of weightless linear springs under

nodal vertical loads. I studied the mechanical performance of structures with the generated

geometry on square boundary with various span-to-height ratios (L/H). I calculated the ultimate

load of the grid shells using geometrically and materially nonlinear finite element analysis. Grid

shells with a planar square boundary are referred to as square grid shells.

I.a I studied the shapes that can be generated by varying the parameters of the geometry

generation method. Under uniform nodal load, I calculated and compared the ultimate load

of structures with the obtained shapes and a grid pattern that is close to equilateral. Based

on the studied square grid shells, I identified the shape that corresponds to the highest

ultimate load.

I.b I compared the same square grid shells to another square grid shell of which the shape is

defined by an analytical formula and the grid pattern is vertically projected. I showed which

parameters of the form-finding algorithm creates a grid shell that has a larger ultimate load

than that of the grid shell obtained by the analytical formula.

I.c I studied grids that can be generated by varying the parameters of the geometry generation

method. I showed which parameters of the geometry generation method creates a grid

with close to uniform beam lengths.

Publications: [29, 30, 33]
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II.

I conducted a parametric study on grid shells with planar square boundary with various span,

height, grid pattern, and grid density. I considered two support conditions: besides vertical

supports, either rigid horizontal supports or no horizontal supports were applied. Furthermore,

I conducted a similar study for dome grid shells with rigid vertical and horizontal supports.

The domes were Kiewitt type grid shells on surfaces generated by the revolution of a catenary

curve. In the parametric studies, I carried out finite element analysis using beam finite elements

with uniform circular hollow cross-sections, in which I considered the effect of geometrical and

material nonlinearities. I applied uniform vertical nodal loads, and with the numerical analysis

I determined the ultimate load of the studied grid shells. Based on the results, I proposed a

preliminary design method.

II.a By using numerical models of either the equivalent continuum shell or the discrete beam

structure, I studied the internal forces of square grid shells. Furthermore, I studied their

imperfection sensitivity. I showed, that the square grid shell without horizontal supports

is not imperfection sensitive, while the grid shell with horizontal support is imperfection

sensitive.

II.b The ratio of the membrane and bending stiffness of the equivalent continuum shell divided

by the plan area is a unitless parameter. I showed that the ultimate nodal load divided

by the circular hollow cross-section thickness, the average beam length, and a parameter

dependent on the span-to-height ratio is approximately a function of only this unitless

parameter in case of structures with arbitrary span, circular hollow cross-section size, grid

pattern, grid density, and span-to-height ratio.

II.c I described the ultimate load as a function of the unitless parameter mentioned above.

Based on the numerical analyses, I defined such functions for cases with various support

conditions, grid patterns and imperfection amplitudes. These functions enable the estima-

tion of the ultimate load of a square grid shell if its geometric parameters and its beam

cross-section size are known.
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III.

I developed two slightly different novel bolted joints, namely System TE and TF, suitable for

free-form single-layer grid shell structures joining beams with T cross-sections. Beams are

connected to the cylindrical nodal element by two bolts, that are parallel with the beam axis and

are above each other. Thus, the out-of-plane bending stiffness of the joint is one order larger

than its in-plane stiffness. The flange of the TE joint is thin, hence bolts are connected to a

trapezoidal end-element that is welded to the beam web. The flange of the TF joint is thick,

therefore the upper bolt is connected to it. The cross-section area for System TF is slightly larger,

while System TE requires higher nodal and end-elements. I developed a solid finite element

model to study the bending stiffness and strength of the TE and TF joints.

III.a I conducted parametric numerical analyses and investigated the effect of bolt diameter,

pretension, and end-element size on the bending stiffness and strength.

III.b I determined the dimensions of the TE and TF joints used for grid shells with a square

plan with 40, 60 and 80 meter span. The dimensions were determined so that the load

bearing capacity of the structure with the T joint is at least 80% of that of the rigidly

jointed structure.

III.c I showed that concerning the global behavior of shallow (L/H 6 8) single-layer grid shells,

the most important parameter of the designed joint is the bending stiffness. Moreover, for

each joint type and each span, I showed whether the in-plane or the out-of-plane bending

stiffness is critical.

III.d Based on a parametric analysis of structures with T cross-sections and various span-

to-height ratios, I defined joint classification limits. The classification can be used in

preliminary design of grid shells to predict if a specific joint in a square grid shell is rigid,

semi-rigid or pinned.

Publications: [29, 31, 35]
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IV.

With a simplified and effective design method, I designed grid shell structures on square plan

with various span, height, and grid density. The design was based on three load combinations.

The analysis was carried out using a beam finite element model, in which I considered the effect

of geometrical and material nonlinearities and the nonlinear behavior of the applied bolted joints.

With the design method, I studied the application limits of various bolted joints.

IV.a I studied the effect of imperfection shape and amplitude on the analyzed grid shells. Based

on the results, I proposed the imperfection shape that should be considered in the design

of square grid shells with pipe and T cross-sections.

IV.b With the design method, I studied the TE and TF joints and the so-called socket joint used

with pipe cross-sections. Based on the obtained cross-section sizes and total weight, I

determined that under which geometric limitations can the bolted joints be used in square

grid shells. Socket joints can not be used for structures from 40 meter span, while for 20

meter span, I defined application limits based on span-to-height ratio and beam length.

The limits of TE and TF joints were also defined for 40÷80 meter span structures.

IV.c I showed that structures with socket joints and dense grids (average beam length . 3 m)

can not be designed or can only be designed, if the total weight is significantly larger

(> 30%) than for the structure with rigid joints. I showed that using TE or TF joints in

coarse grid shells, the shallow shells or shells with large imperfections can not be designed

or can only be designed, if the total weight is significantly larger (> 30%) than for the

structure with rigid joints.

Publications: [29, 30, 32, 33]
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Appendix A

Verification

The applied numerical model is verified for several structures. Verification is based on either

analytical calculations, experiment from the literature, or another numerical method, some of

which are detailed below.

A.0.1 Analytical verification of a two-member structure (Von Mises truss)

First, the numerical results of a simply supported structure, also referred to as the Von Mises

truss, that consists of two beams (Fig. A.1) are compared to analytical results. The beams are

linked with a so-called bolt-ball joint (M24-A by [57]), which - similarly to the MERO joint

in Fig. 5.2 - has one bolt (M24) parallel with each beam. Therefore, the bending stiffness

is relatively small, and can be considered semi-rigid. This is demonstrated by comparing the

force-deflection characteristics of pinned and rigidly joined two-member structures.

In order to analyze snap-through buckling, it is assumed that the members are sufficiently

stiff so that their normal force does not reach the Euler load. This is realized by choosing

cross-section sizes of which the relative slenderness ratio is λrel < 1.

The relationship between the applied force and the rotation of the member can be calculated

based on the principle of minimum potential energy [6, 56]. It is assumed that the initial angle

(θ0) between the members is small. The obtained force-rotation relationships (P−θ) for the

structures with pinned (Ppin), semi-rigid (Psr) and rigid (Pr) connections are in Eq. A.1-A.3.

Calculation details are in Appendix B. In the equations, K is the bending stiffness of the joint.

Ppin = 2 ·EA · sinθ ·
(

1− cosθ0

cosθ

)
(A.1)

Psr = Ppin +
4K
L · cosθ2 ·

(
θ0 −θ

)
1+ KLcosθ2

6EI cosθ3
0

(A.2)
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Pr = Ppin +
π2EI
4L2 · cosθ

5
0 ·
(

tanθ0 − tanθ
)

(A.3)

The numerical model of the structure is made from beam finite elements. Calculations are

conducted in both ANSYS [5] and in OpenSEES [66], and the obtained results are the same.

The end-nodes of the beams are linked together with a nonlinear rotational spring element to

model the in-plane bending stiffness of the connection, while the rest of the degrees of freedom

are coupled. The following parameters are used for the model:

• span: L = 1 m;

• height of structure: H = 30 mm;

• cross-section size: CHS 80x3 (λrel = 0.2), CHS 40x3 (λrel = 0.4);

• supports: pinned, all displacements are fixed;

• material: linear elastic model, Poisson’s ratio: ν = 0;

• bending stiffness K: linear or nonlinear [57].

The stability failure is snap-through of the apex, which means that the structure becomes

unstable after reaching the buckling load. Therefore the solution is obtained by introducing

a prescribed displacement on the apex (or mid-node) and using an iterative Newton-Raphson

method considering large displacement effects. Another way to trace the post-critical behavior

of the structure is to use the arc-length solver [5].

The numerical and analytical force-displacement characteristics (P-∆) can be seen in Fig.

A.2 and A.3. The numerical and analytical results are the same for the pinned structures.

The results are in good agreement for the rigid structures. A half-sinusoidal deflection shape

was assumed in the analytical solution for the rigid members. In reality, close to the joint, the

curvature of the beam is larger than that of the sinusoidal shape. The semi-rigid analytical

solution of Eq. A.2 tends to the rigid analytical solution of Eq. A.3.

The analytical solution for structures with semi-rigid joints was also derived with the assumed

sinusoidal shape. For this reason, the stiffer the joint, the larger the difference between the

analytical and numerical results. The M24 socket joint acts as a quasi-pinned joint in this studied

structures.
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Figure A.1 Two-member structure before and after deflection
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Figure A.2 Comparison of numerical and analytical results of the two-member structure, CHS 80x3
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Figure A.3 Comparison of numerical and analytical results of the two-member structure, CHS 40x3
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A.0.2 Experimental verification through a cylindrical shell structure

In this section, the beam finite element model of a single-layer cylindrical shell structure is

verified by comparing its behavior to test results of Ma et al. [58].

GMNIA is performed. Initial nodal imperfections measured on the built structure are

included in the numerical model. Initial curvatures of the beams are also measured on the

tested structures, but their value is lower than 1/1000 of the beam length, therefore this type

of imperfection is excluded from the numerical model. A bilinear material model is applied

with a yield stress obtained from material test results. A low hardening value is used to ensure

numerical convergence. The M24 bolt-ball joint is used that is introduced in Table 5.1. The

moment-rotation characteristics are derived from joint tests [57]. All displacements are fixed on

the straight edges, while vertical and transversal displacements are fixed on the arch edges, but

the lateral displacements are not restricted (Fig. A.4).

The following parameters are used for the numerical model:

• span: L = 5x6 m;

• height of structure: H = 1.25 m;

• cross-section size: CHS 76x3.5 mm;

• load: concentrated in one node (Fig. A.4);

• material: linear elastic, perfectly plastic;

• joints: M24 bolt-ball [57].

The load-deflection curves of the loaded node can be seen in Fig. A.5. The obtained

numerical results are compared to the numerical and test results of [58]. There is a very good

agreement between the numerical results. In both cases, snap-through was observed at the loaded

node. Compared to the numerical results, the stiffness obtained in the test is slightly smaller. The

ultimate load obtained in the test, is in good agreement with the numerical results. The reason for

the difference in the stiffness of the structures may be due to the uncertainty of the joint stiffness

and of the material properties. The applied joint moment-rotation characteristics are based on

only one joint test [24], which suggests that there is considerable uncertainty in the results.

A.0.3 Numerical verification through the British Museum grid shell

In this section, the applied numerical method is verified by comparing it to another numerical

method. The load bearing capacity of the British Museum Great Court (Fig. 1.1) is calculated

by the finite element model described above and compared to the results of the DR method
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Figure A.4 Cylindrical shell structure

Figure A.5 Comparison of numerical result of the cylindrical structure to the numerical and analytical
results of Ma et al. [58]

introduced in Section 2.2.3. For the latter, the program developed by [81] is applied. Calculations

are carried out with linear elastic and linear elastic fully plastic material models. No geometrical

imperfections are considered. The obtained ultimate load factors for the critical load combination

are summarized in Table A.1, and the values obtained with different methods are in good

agreement (0÷5% difference).

Table A.1 Ultimate load of the Great Court of the British Museum calculated by different solvers

Material model
FEM DR

[kN/m2]
linear elastic 2.4 2.3
elastic-plastic 1.6 1.6



Appendix B

Analytical formulas for the two-member

structure

The force-deflection relationship of a two-member structure (Fig. B.1) can be calculated based

on the minimum total potential energy principle. Three cases are considered based on the joint

between the two beams: pinned, rigid and semi-rigid.

B.1 Rigid bars with pinned connection (Von Mises truss)

Axial shortening of the beam is considered, while the bending deflection is neglected (EI = ∞,

EA ̸= ∞). The length of one beam is:

b(θ) =
L

2cosθ
(B.1)

Thus the elongation (εx) and the strain energy (Upin) of one beam is:

εξ =
b(θ0)−b(θ)

b(θ0)
= 1− cosθ0

cosθ
(B.2)

Upin =
1
2

∫
V

Eε
2
ξ
dV =

EA ·b(θ0)

2
ε

2
ξ
=

EA ·L
4 · cosθ0

·
(

1− cosθ0

cosθ

)2

(B.3)

Figure B.1 Two-member structure before and after deflection
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The work of the load (W ) and, the total potential energy (Πpin) of the two-member structure is:

W = P ·∆ = P · L
2
· (tanθ0 − tanθ) (B.4)

Πpin = 2 ·Upin −W (B.5)

Taking the ∂θ partial derivative of the potential energy equal to zero, the load P can be expressed

as [6]:

Ppin = 2 ·EA · sinθ ·
(

1− cosθ0

cosθ

)
(B.6)

B.2 Elastic beams with rigid connection

Axial shortening of the beam is neglected, while the bending deformation is considered (EA = ∞,

EI ̸= ∞). The initial angle (θ0) is assumed to be small. The bending deformation (w) along

one beam is approximated with a Fourier expansion function, using only the first mode that is

maximal at the intersection of the beams. The maximal displacement in the global y direction

can be expressed as a function of the angles θ0 and θ, and then its component in the ξ direction

is taken.

ymax = y
(

x =
L
2

)
=

L
2
· (tanθ0 − tanθ) (B.7)

w(ξ) = ymax · cosθ0 · sin
ξπ

2b(θ0)
(B.8)

The strain energy (Ur) can be calculated from the bending deformation. The work of the load is

the same as for the pinned structure, and hence the potential energy (Πr) can be calculated.

Ur =
EI
2

∫ b(θ0)

0

(
d2w
dξ2

)2

dξ =
π4EI
32L

· cosθ
5
0 ·
(

tanθ0 − tanθ
)2 (B.9)

Πr = 2 ·Ur −W (B.10)

Taking the ∂θ partial derivative of this equation equal to zero, the load P can be calculated.

Pr =
π4EI
4L2 · cosθ

5
0 ·
(

tanθ0 − tanθ
)

(B.11)

B.3 Elastic beams with semi-rigid connection

In this case, the strain energy is the sum of the bending strain energy and the strain energy in

the spring. Let’s assume that first the beam deforms due to bending, until θ1. Afterwards, the
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beam inclines further to θ, and thus the strain energy in the spring can be calculated from the

change of angles from θ1 to θ. θ1 can be derived from the well-known formula for a cantilever

deflection under a point load:

ycantilever =
Pb(θ0)

3

3EI
cosθ0 =

L
2
(tanθ0 − tanθ1)· (B.12)

θ1 = θ0 −
2Pb(θ0)

3 cosθ0

3EI
(B.13)

Usr =
EI
2

∫ b(θ0)

0

(
d2w
dξ2

)2

dξ+
EI
2

·K(θ1 −θ)2 (B.14)

Taking the ∂θ partial derivative of this equation equal to zero, the load P can be calculated. If the

stiffness of the joint is increased, the force-deflection relationship tends to the rigid solution.

Psr =
4K
L · cosθ2 ·

(
θ0 −θ

)
1+ KLcosθ2

6EI cosθ3
0

(B.15)



Appendix C

Classification of joints in square grid shells

The results on the parametric analysis explained in Section 5.2.2 are presented in the diagrams

of Fig. C.1 and C.2. Based on these results, the classification limit values for rectangular grid

shells with T sections are defined in Table C.1.

Table C.1 Classification limits for joints in rectangular shells

L/H κp κr βp βr
8 0.5 15 0.03 0.2
5 1 50 0.03 0.1
3 1 50 0.03 0.5
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Figure C.1 Reduction of ultimate load by applying semi-rigid joints of various κ values
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Figure C.2 Reduction of ultimate load by applying semi-rigid joints of various β values



Appendix D

Numerical results for the TE and TF joints

D.1 Stiffness of the nodal element

In Chapter 5, for the TE and TF joint systems were developed with the assumption, that the

cylindrical nodal element can be considered rigid compared to the rest of the joint. In the applied

numerical model one half of a nodal element with one connecting beam was studied. To ensure

that the obtained moment-rotation characteristics reflect the stiffness of only the joint, the rotation

was calculated by assuming that the nodal element does not deflect (Fig. 5.10). Furthermore

the distortion of the original cross-section was partially restricted by applying fixed boundary

conditions on the end of the half nodal element (5.10). This allows the nodal element and the

rest of the joint to be designed and studied separately, at least at the initial phase of the design

process. As a next step, to design the nodal element, it is recommended to study the whole

connection including the whole nodal element with 6 connecting beams.

In the following study, a simplified model is used to study the nodal element. The goal is

to understand under what conditions can the nodal element be considered rigid. Similarly to

Chapter 5, one half of the nodal element is studied with one beam. However, the rotations are

calculated for the whole length of the studied specimen (L = 780 mm instead of Ln). Furthermore,

symmetry boundary conditions are applied at the end of the half nodal element, which allows the

nodal element to deform. The TE40 connection is studied.

The result of the numerical analysis show, that the nodal element under symmetry boundary

condition distorts significantly on the compression side if loaded with out-of-plane bending

moment (Fig D.1). The initially round cross-section becomes oval. Similarly to the model in

Chapter 5, failure is caused by the bolt failure, but the stiffness of the joint is lower compared

to the case when the distortion of the nodal element is restricted by fixed boundary conditions

(Fig D.2). The nodal element shall thus be stiffened. It should either be thicker or the deformation
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Figure D.1 Left and middle: deformed shape of the nodal element without stiffener, scaled by 20 [mm];
right: stiffened nodal element: welded upper and lower rings, for joint TF40
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Figure D.2 Effect of stiffeners on the moment-rotation curve for joint TF40

of the nodal element should be restricted by end-plates welded onto the cylindrical nodal element

(right of Fig D.1). The end plate is important specially on the upper side, where compression

occurs under gravitational load. The applied solution depends on fabrication and constructions

facilities. Here, the use of end-plates are studied, since thickening the nodal element leads to

enlarged bolts.

The study shows, that welding upper and lower rings on the nodal element sufficiently restricts

the cylindrical element from distortion (left of Fig D.1). The rings are suggested, since it allows

insertion of the bolts. The dimensions of the rings are: diameter: 126 mm, thickness: 25 mm

and height: 16 mm. Fig D.2 shows the moment-rotation of the studied configurations. However,

further study is required to check the behavior of the nodal element with the 6 connected beams.

Using the final design, the moment-rotation curves of Chapter 5 might need to be updated.

It should be noted, that so far only the distortion of the nodal element was partly prevented

by stiffening it. However, deflection of the nodal element should be incorporated in the beam

model by applying a fictive nodal element cross-section, as already discussed in Chapter 2.
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D.2 Effect of shear force

In Chapter 5, the moment is introduced to the joint by loading the cantilever with a point load at

the free end (Fig 5.10). This also introduces a shear force in the joint that may have a negative

effect on the moment-rotation curve. Thus the cantilever has to be long enough to minimize the

effect of the shear force. A beam with pure bending (+My) is compared to beams of different

lengths (L = 150÷780 mm) with a point load on the end.

Results are summarized in Fig. D.3. If the length of the beam is larger than half a meter, the

effect of shear force is negligible. For very short elements though, the shear force may be higher

than the friction force between the end-element and the node. Due to the bolt clearance, the beam

slips and therefore the moment-rotation stiffness and strength is lower than for a longer beam.

The presented moment-rotation results in the rest of this study is with beam length L = 780 mm.

D.3 Effect of normal force

Until now, the joint was analyzed only under bending moment. However, in a grid shell, normal

forces in the joints are significant. Therefore, in this section the effect of normal force (N) on

the bending stiffness is analyzed. A normal force simultaneously with the bending force F is

applied in the geometric center of the T cross-section. Instead of applying a constant normal

force, N is proportionally increased with F , while it reflects the actual loading conditions better

[24]. The ratio of the normal force to the bending moment is dependent on the angle and the

length of the adjacent beams and the direction of the loading. Results can be seen in Fig. D.4 for

a structure with two beams, where the force is perpendicular to the shell surface. The moment in

the joints is calculated based on the moment caused by F (Eq. (5.3)) plus the moment increment

caused by the normal force.

In the presence of compression force, bending in a joint is initially transferred to the nodal

element through the surfaces in contact, and thus the bolts work only in a later phase of the

loading. This increases both the bending stiffness and the bending capacity of the joint. If the

compression exceeds a limit value (in this case N/M > 6), the bending capacity of the joint

becomes lower (Fig. D.5). The reason for this is that the part of the beam web that is welded to

the end-element becomes plastic before the bolt. The increase of stiffness is higher for TE40 than

for TF40, as it has larger contact surfaces between the end-element and the nodal element. The

bending stiffness decreases with increasing tension, as the surfaces in contact are getting smaller.

The bending capacity also decreases with increasing tension, because plasticity occurs earlier.
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Further analysis showed that the normal force does not have any effect on the Mz behavior for

joint TF40, and a small effect on the stiffness of joint TE40.
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Summary of contributions in Hungarian

I. Tézis

Egy alakkeresési algoritmus használatával kidolgoztam egy hálókészítő eljárást, ami előállítja

vízszintes, négyzet peremű, egyhéjú rúdszerkezetek alakját és hálózatát. A hálókészítő eljárással

négyzet alaprajzú, tetszőleges fesztávolságú, magasságú és hálósűrűségű háromszög hálózat

hozható létre. Az alakkeresési algoritmus függőleges csomóponti erőkkel terhelt, tömeg nélküli

lineáris rugókból álló hálózat egyensúlyi állapotát keresési meg. Elemeztem az eljárással készült

különböző fesztávolság-magasság arányú (L/H) négyzet peremű szerkezetek teherbírását.

I.a Elemeztem, hogy a hálókészítő eljárás paramétereinek függvényében milyen alakú felület-

eket lehet létrehozni. Kiszámoltam és összevetettem a kapott alakú és a közel szabályos

háromszög hálózatú szerkezetek teherbírását, ha minden csomópontban függőleges, azonos

csomóponti teher múködik. A vizsgált szerkezetek között megmutattam, hogy melyik

alakhoz tartozó szerkezet teherbírása a legmagasabb.

I.b Összevetettem a kapott szerkezeteket egy olyan szerkezettel, melynek alakját egy negyed-

fokú egyenlettel vettem fel, hálózatát pedig függőleges vetítéssel hoztam létre. Megmu-

tattam, hogy a hálókészítő eljárás melyik paramétereivel állítható elő olyan szerkezet,

melynek teherbírása nagyobb az egyenlettel létrehozott szerkezethez képest.

I.c Elemeztem, hogy a hálókészítő eljárás paramétereinek függvényében milyen hálózatú

felületet lehet létrehozni. Megmutattam, hogy melyik paraméterek esetén lehet közel

azonos rúdhosszakból álló hálózatot létrehozni.

Kapcsolódó publikáció: [29, 30, 33]
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II. Tézis

Parametrikus vizsgálatot végeztem különböző fesztávolságú, magasságú, hálózatú és hálósű-

rűségű négyzet peremű rúdszerkezeteken. Kétféle megtámasztású szerkezetet elemeztem: a

függőleges támaszon kívül vízszintes merev megtámasztással vagy vízszintes megtámasztás

nélkül. Továbbá vizsgáltam kötélgörbe forgáshéjra szerkesztett Kiewitt rácsozású kupolákat

függőleges és vízszintes megtámasztással. A paraméteres vizsgálat során rúd végeselemes

modell segítségével függőleges, azonos nagyságú csomóponti teherre meghatároztam a vizs-

gált szerkezetek teherbírását, mely során az egész szerkezetben azonos méretű csőszelvényt

használtam. Az teherbírás meghatározása során figyelembe vettem az anyagi és geometriai

nemlinearitások hatását. Az eredmények alapján egy előtervezési módszert fejlesztettem ki.

II.a Rúd végeselemes modell és ekvivalens héj végeselemes modelleken elemeztem a szerke-

zetek igénybevételeit. Továbbá megvizsgáltam a szerkezetek tökéletlenség érzékenységét.

Megmutattam, hogy a négyzet peremű vizszintes irányban megtámasztatlan szerkezet nem

érzékeny a tökéletlenségekre, míg a vízszintes irányban megtámaszott szerkezet érzékeny

a tökéletlenségekre.

II.b Az ekvivalens héj hajlítási és membrán merevsége az alapterülettel osztva egy dimen-

zió nélküli paraméter. Megmutattam, hogy a rúdszerkezet csomóponti teherbírása a

csőszelvény falvastagságával, a hálósűrűséggel és egy fesztávolság-magasság aránytól

függő paraméterrel osztva közelítően csak a dimenziótlan paraméter függvénye tetszőleges

fesztávolság, csőszelvény méret, hálózat, hálósűrűség és fesztávolság-magasság arány

esetén.

II.c Elemeztem a szerkezetek teherbírását a dimenziótlan paraméter függvényében. Numerikus

analízis segítségével definiáltam a fenti paraméterek közötti összefügést leíró függvényeket

különböző megtámasztási viszonyokra, hálózat típusokra és különböző tökéletlenség

mértéke mellett. Ezekkel a függvényekkel megbecsülhető a szerkezetek teherbírása,

amennyiben a geometriai paraméterek és a csőszelvény mérete ismert.



125

III. Tézis

Az egyhéjú, szabad formájú acél rúdszerkezeteknél alkalmazható újszerű csavarozott ún. TE

és TF kapcsolatokat fejlesztettem ki, ami T keresztmetszetű rudakat köt össze egy térbeli

csomópontban. Az egyes rúdelemeket két rúdtengely irányú, egymás felett elhelyezkedő csavar

köti be a henger alakú csomóponti elembe. Ezáltal a kapcsolat felületre merőleges merevsége

egy nagyságrenddel nagyobb a felület érintősíkjában vett, ún. síkbeli merevségénél. A TE

típusú kapcsolatnál az öv karcsú, ezért a csavarok egy, a gerinchez hegesztett, csonka gúla alakú

kapcsolati elembe futnak be. A TF típusú kapcsolatnál a T szelvény öve zömök, így alkalmas

a felső csavar fogadására. Az TF kapcsolatnál a keresztmetszeti méret nagyobb, míg a TE

kapcsolatnál a csomóponti elem és a kapcsolati elem nagyobbak. Test végeselemes modellt

dolgoztam ki a TE és TF kapcsolatok hajlítási merevségének és teherbírásának vizsgálatára.

III.a Megvizsgáltam a csavarméret, az előfeszítés és a kapcsolati elem méreteinek a kapcsolat

merevségére és teherbírására gyakorolt hatását.

III.b 40, 60 és 80 méter fesztávolságú, négyzet peremű egyhéjú rúdszerkezetekhez meghatároz-

tam a TE és TF kapcsolatok méreteit. A méreteket úgy határoztam meg, hogy a tervezett

kapcsolatú rúdszerkezetek teherbírása legalább a merev szerkezet teherbírásának 80%-a

legyen.

III.c Megmutattam, hogy a lapos (L/H 6 8), egyhéjú rúdszerkezetekben a globális viselkedés

szempontjából a tervezett kapcsolat legfontosabb paramétere a kapcsolat hajlítási merev-

sége. Továbbá megmutattam, hogy adott fesztávnál és adott kapcsolattípusnál a felületre

merőleges vagy a síkbeli hajlítási merevség a mértékadó.

III.d Különböző fesztáv-magasság arányú T keresztmetszetű szerkezetek paraméteres vizs-

gálatával a kapcsolatok osztályozásához határértékeket definiáltam. Az előtervezésben

a kapcsolatok osztályozásával megbecsülhető, hogy egy kapcsolat egy négyzet peremű

szerkezetben mereven, félmereven vagy csuklósan fog viselkedni.

Kapcsolódó publikációk: [29, 31, 35]
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IV. Tézis

Egy hatékony, egyszerűsített tervezési módszerrel megterveztem különböző fesztávolságú, ma-

gasságú és hálósűrűségű, négyzet peremű, egyhéjú acél rúdszerkezeteket. A tervezést három

teherkombináció alapján végeztem el. A vizsgálatot rúd végeselemes modellen végeztem,

melyben figyelembe vettem a geometriai és az anyagi nemlinearitást, továbbá az alkalmazott

csavarozott kapcsolat nemlineáris viselkedését. A vizsgálattal különböző csavarozott kapcsolatok

alkalmazási korlátait elemeztem.

IV.a Megvizsgáltam, hogy különböző alakú és amplitúdójú tökéletlenségek milyen hatással

vannak a vizsgált szerkezettípusra. Az eredmények alapján javaslatot tettem a négyzet

peremű, egyhéjú rúdszerkezetek vizsgálatánál figyelembe veendő tökéletlenség alakjára

cső és T szelvények esetén.

IV.b A tervezési módszerrel megvizsgáltam a TE és TF kapcsolatokat, valamint a csőszelvé-

nyekhez használható ún. socket kapcsolatokat. Az eredményül kapott szelvényméretek és

szerkezeti összsúly alapján definiáltam, hogy a vizsgált csavarozott kapcsolatok milyen

geometriájú négyzet peremű szerkezetek esetén alkalmazhatóak. A socket kapcsola-

tok 40 méteres fesztávolságtól már nem alkalmazhatóak, 20 méteren pedig a magasság-

fesztávolság és a rúdhossz függvényében fogalmaztam meg alkalmazási korlátokat. A TE

és TF kapcsolatok korlátait hasonló módon fogalmaztam meg 40÷80 méteres fesztávolsá-

gokra.

IV.c Megmutattam, hogy a socket kapcsolatok alkalmazása esetén a sűrű hálózatok (átlag

rúdhossz . 3 m) nem, vagy a merev szerkezethez képest csak jelentős többletsúllyal

(> 30%) tervezhetők meg. Továbbá megmutattam, hogy a TE és TF kapcsolatok a ritka

hálózatú szerkezetekben nagy tökéletlenség vagy lapos héj esetén nem, vagy a merev

szerkezethez képest csak jelentős többletsúllyal (> 30%) tervezhetők meg.

Kapcsolódó publikációk: [29, 30, 32, 33]
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