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Overview

Many aspects of instability waves in fluid flows have impor-
tance in engineering practice, and usually they cause problems.
Two of these problems are investigated in this dissertation. The
first one is the so-called self-sustained oscillation and the other
one is the boundary layer flow. In a self-sustained flow, the shear
flow is unstable, and a perturbation wave develops. It grows con-
tinuously during the propagation. As the wave reaches the dis-
turbance element, it initiates a new wave at the beginning of the
flow and a strong stable oscillation develops. The edge-tone is
one of these configurations. It includes a planar free jet (thin and
wide nozzle) and an edge placed in the front of the orifice.

The feedback mechanism is unclear. The deeper under-
standing of that was one of the motivations for this work. The
increased sensitivity of the jet near to the nozzle exit that had
been observed for a long-time was in the focus. Stability in-
vestigation methods, equations like the Orr-Sommerfeld (OS)
equation, the Rayleigh equation, the Bajaj-Garg (BG) equation
and the so-called Wentzel-Kramers-Jeffrey-Brillouin (WKJB) ap-
proximation were used during the investigation. These equations
were solved by the compound matrix method (CMM), which was
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adapted to the investigation of jet flows and further discretisation
techniques.

The planar jet was modelled by analytical and numeri-
cal velocity profiles in the vicinity of the orifice. The above-
mentioned equations were solved in both cases. The growth rates
close to the orifice are larger compared to those at the down-
stream region. The effect of the wall around the nozzle was also
investigated. The thickness of the wall has an influence on the
growth, and the type (symmetric or antisymmetric) of the insta-
bility wave.

Furthermore, two methods were developed to model the ex-
citation mechanism of a known acoustic or vortex field. They were
implemented in a CFD software and simulations were carried out
and compared to results calcualted with stability investigation
techniques. Moreover, the sensitivity of the jet was investigated
with the adjoint operator of the Orr-Sommerfeld equation. The
results showed that the free jet is more sensitive to excitation near
to the orifice, especially in the case of transversal excitation.

Another field of fluid dynamics, where the instability waves
have an important role, is the laminar-turbulent transition of the
boundary layer. Above a certain Reynolds number the boundary
layer becomes unstable and instability waves, called Tollmien-
Schlichting waves develop. They are. They continuously grow,
eventually leading to the development of a turbulent flow. This
is problematic since the turbulent flow causes a larger friction
drag than a laminar one at the same Reynolds number. Delaying
the transition can reduce the friction loss in ships and airplanes.

Two special coatings were developed, which may be able to
delay the transition. The first one consists of active controllers.
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They measure the wall shear stress and move the wall proportion-
ally to the stress. In the case of small negative or large positive
proportional control parameters, the critical Reynolds number
can be significantly increased, and the loss can be reduced. At the
same time, this active coating is not feasible in real applications.
A passive coating was developed that contains small damped
mass-spring elements. They substitute the active coating. Pa-
rameters were found for which the critical Reynolds number can
be significantly increased, and the laminar-turbulent transition
can be delayed.
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The sensitivity of the
planar jets

The sensitivity of planar jet had got the attention of re-
searchers in the middle of 19th century. Leconte [1] was the first
who recognized that the flame of a gas burner moves accord-
ing to the music of string players. Later, many scientists Tyn-
dall [2], Rayleigh [3], Brown [4] investigated jets, and the topic
is still under-research. Over time this area have been become
diverse. Many scientists investigate the jets to understand the
turbulence (highlighting the work Thomas és Goldschmidt [5]),
or because of its role in propulsion systems [6]. My research was
the continuation of the previous studies of the organ pipes and
the edge tones at our department. The planar jets were inves-
tigated in my research which play important role in that music
instruments. Among the modelling of the oscillations, the main
question tackled in this paper is why the jet is more sensitive to
disturbances near the nozzle exit than elsewhere. Three reasons
are found which were summarized in New result 1. The conclu-
sions were obtained with the Orr-Sommerfeld equation. In that
method, the base flow is assumed to be known. In this case, the
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modified Bickley profile was used for describing that, in the form
of U = sech2(yn). The steeper velocity profile can be generated
with the increase of the n parameter. These velocity profiles can
be seen in Fig. 1(a). The so-called growth rates of the developing
disturbances were calculated with the Orr-Sommerfeld equation.
These growth rates are plotted in Fig. 1(b) in the case of various
n parameters and angular frequencies (ω). The results show that
the growth rate and thereby the sensitivity of the jet is larger in
the case of the steeper velocity profiles with larger n parameters,
which represents the flow close to the orifice.

Numerical simulations of the jet was carried out to model
the flow more accurately close to the orifice. The further state-
ments of the thesis were concluded based on the stability inves-
tigation of these simulations. The increasing length scale along
the propagation of the jet causes that the dimensional growth
rate of the disturbances is larger close to the orifice. Furthermore
the adjoint of the Orr-Sommerfeld equation was solved. With its
solution the response of the system can be estimated in the pres-
ence of excitation, and thereby the sensitivity. The adjoint mode,
the sensitivity of the jet can be seen in Fig. 2. The intuition was
proved mathematically according to that if the flow is excited in
upstream region it has more space to grow than if it is excited
in the downstream region and therefore is more sensitive in the
upstream region.

The next investigation focused to the comparison of sym-
metric and antisymmetric modes. The conclusions were summa-
rized in New results 2. Since only the symmetric mode is observ-
able far from the orifice, most of the papers examine that mode in
the literature. My results showed that the antisymmetric modes
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are more sensitive to the steepness of the velocity profile since
their growth rates are much larger close to the orifice. It agrees
well with the experiment of Thomas és Goldschmidt [5].

The modelling of the perturbations modelled with various
equations and many assumptions were made. I wanted to com-
pare these results of numerical techniques which solves the full,
incompressible Navier-Stokes equation. The implementation of
the excitation techniques were necessary. One aim of the research
was to understand the operation of the organ pipes. In that case
the jet is excited by acoustic waves and an fluctuating vortex at
the tip of the edge. These effects were modelled. In New result 3
a method was presented which models the excitation of a known,
linear acoustic field on an incompressible flow. The method was
validated to analytic solution and experiments [7, 8] and a good
agreement was found. In New result 5, the modelling of a jet ex-
cited by a vortex is presented. Here, the separation of excitation
and excited fields is subjective and cannot be verified experimen-
tally. In this case, the aim was to the model organ pipe or the
edge tone. If these models are done, this new method will be
validated.

Furthermore, the presence of a strange mode with extremely
high growth rate is stated in New results 4, which exists only
close to the orifice. Its existence does not effect the modelling
of an edge tone, since it disappears not so far from the orifice.
In addition, the oscillations of the jet can be described by linear
equations because of their small amplitudes. The presence of the
strange mode can cause problems during measurements, and it
can make the of the design a controller difficult.
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New result 1

There are three reasons for the increased sensitivity of lam-
inar, plane jets close to the orifice. a) the steeper velocity profile
amplifies the disturbances at a higher growth rate; b) the local
length scale is smaller close to the orifice, meaning that the di-
mensional growth rate of the disturbances is larger there than
that in downstream region; c) the disturbances excited upstream
have more space to grow exponentially. The first two statements
are based on the Orr-Sommerfeld equation, solved by the com-
pound matrix method. The last one is demonstrated with the
adjoint modes of Orr-Sommerfeld equation. The statement a)
was deduced from the investigation of analytical velocity profiles
in the range of 0 ≤ Re < 1000 and 0 < ω < 1.5. The statements
b) and c) are demonstrated at St = 0.5 and Reglob = 100 on
numerical velocity profiles. The nomenclature can be found in
Table T1.

Related publications: [J1], [C1], [C2], [C3], [C8]

New result 2

a, In a Bickley jet (U = sech2(y)), the growth rate of sym-
metric disturbances is larger than that of antisymmetric ones,
where symmetry is defined with the transversal velocity profile
of the mode (valid for Re > 1 and 0 < ω < 1.6). The antisymmet-
ric modes are more sensitive to the steepness of the base velocity
profile. If the base velocity profile is steep enough (n = 3), for
certain frequencies (0.6 < ω < 1) and Re > 100, their growth
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rate is larger than those of symmetric modes where the base flow
is described by U = sech2(yn).

b, It is confirmed by numerical profiles at Reglob = 100 and
if there is a wall thickness at least 20 times larger than the width
of orifice (δ).

The nomenclature can be found in Table T1.
Related publications: [J1], [C1], [C2], [C3]

New result 3

A technique has been developed to excite a laminar, in-
compressible flow with a known acoustic field within an incom-
pressible framework. The acoustic field is assumed to be linear,
meaning that the density and pressure fluctuations are small com-
pared to their mean values. An extra term should be added to
the incompressible continuity equation as

ρ0∇ · ut = Sc, (1)

where ρ0 is the density of the fluid, ut is the total velocity field,
including the excitation and the response of the flow, and Sc is
the extra term expressing the excitation. The Sc term is defined
as

Sc = −∂ρac
∂t
− ut · ∇ρac, (2)

where ρac is the density fluctuation. If the Mach number is small,
the extra term can be further simplified to

Sc = −∂ρac
∂t

. (3)

8



Furthermore, even this term can be neglected and only the mod-
ification of the boundary conditions is necessary, if the problem
is acoustically compact. The momentum equation can stay un-
changed. The boundary conditions should be modified to pre-
scribe the sum of the exciting and the excited flow variables.

Related publications: [J2], [C8]

New result 4

A new mode of the planar jet instability with extremely
high growth rate and phase speed was discovered. This was cal-
culated using the Orr-Sommerfeld equation for numerical veloc-
ity profiles of the parabolic jet at Reglob=100. The mode exists
only in the vicinity of orifice. It explains some results from the
literature that were difficult to interpret.

Related publications: [J2]

New result 5

A technique was developed to excite a laminar, incompress-
ible flow with a known vortical field. The continuity equation and
the boundary conditions can stay unchanged. An extra term Sm

should be added to the incompressible momentum equation as

∂uj
∂t

+ uj· ∇uj = − 1
ρ0
∇pj + ν∆uj + Sm, (4)

Sm = ue· ∇uj + uj· ∇ue (5)
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where u is the velocity, p the pressure, ν the kinematic viscosity.
The excited flow field is denoted with j in subscript, while the
exciting one with e. This way of modelling the interaction has
the benefit that the vortex velocity does not directly appear in
the simulated velocity field of the jet, only its effect.

Related publications: [C5], [C8]
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Figure 1: (a) The analytical approximations of the velocity profile
close to the orifice (U = sech2(yn)) and their approximate posi-
tion in the jet. (b) The growth rates of the disturbances at the
Reynolds-number of 100 in the case of various angular frequencies
and n parameters.
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(a)

(b)

Figure 2: The absolute value of the streamwise (a) and the
transversal (b) component of the most unstable adjoint mode
of a plane jet at Reglob=100, St = 0.5
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Name Definition Dimension
n A parameter to describe the steepness

of the velocity profiles.
-

x, y, z The streamwise, transversal and span-
wise coordinates.

m

L(x) The width, where the velocity is
equal to 0.42UMax(x), coming from
the evaluation of Bickley profile at
y = 1.

m

Re(x) The local Reynolds number at a
cross-section of the flow, Re(x) =
L(x)UMax(x)

ν .

-

Reglob The global Reynolds number of a flow
configuration, Reglob = δn UMean

ν .
-

St The Strouhal number of a flow config-
uration, St = ω̂δn

UMean
.

-

U The velocity profile in a certain cross-
section

m/s

UMax(x) The maximum velocity in a certain
cross-section.

m/s

UMean The mean velocity of the jet at the
orifice.

m/s

δn The width of the nozzle. m
ν The kinematic viscosity. m2/s
ω The non-dimensional angular fre-

quency of the perturbation wave, ω =
ω̂L
UMax

.

-

ω̂ The dimensional angular frequency of
the perturbation wave.

rad/s

T1. The definition of the variables
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Delaying the
laminar-turbulent
transition in a boundary
layer over a flat plate

Another field of fluid dynamics, where the instability waves
have an important role, is the laminar-turbulent transition of
the boundary layer. The thickness of a boundary layer over a
flat plate is increasing together with the local Reynolds number.
After a certain distance it loses its stability, and small excita-
tions can generate perturbation waves, which are called Tollmien-
Schlichting waves. Their amplitudes increase in space, and after a
certain distance they blow up and the turbulence develops. This
phenomena can be seen in Fig. 3.

In a turbulent flow the friction drag is larger than that
in the case of laminar flow. The friction losses can be signifi-
cantly reduced by the prevention or delay of the transition. One
of these techniques is the application of compliant walls, which
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Figure 3: The schematic draw of laminar-turbulent transition
over a flat plate with zero pressure gradient.

can deform and damp the perturbation waves. In which case, the
turbulence cannot develop. The idea originates from Kramer [9],
who analysed the swimming techniques of dolphins. Carpenter
[10] wrote a summary article about these coatings. I investigated
a similar coating but in my case the wall can move in stream-
wise direction instead of being pressed. The original idea belongs
to Choi and Kim [11] and Jozsa et al. [12], who tried to min-
imise turbulent friction in the channel flow. First, a wall coated
with active controllers was investigated. Its sketch can be seen
in Fig. 4. The controllers move the wall with the speed (u) that
is proportional to the shear stress (τ) of the developing pertur-
bations in the flow. They were modelled as infinitesimally small
elements, which covers everywhere the wall. The outcome of the
investigation are summarized in New result 6. First, the coating
was investigated with the Orr-Sommerfeld equation. The largest1

growth rate of perturbations can be seen in Fig. 5 as the func-
1The largest as the function of the angular frequency.
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tion of the proportional parameter and the Reynolds number.
Where the growth rate is negative, the perturbation decays and
the turbulence cannot develop; where it is positive, the perturba-
tion grows. At the boundary of the two cases its value is zero and
the limit is called the critical Reynolds number. It can be seen
that its value can be increased as the cp parameter is increased or
slightly decreased. The coating was investigated with the more
conservative Reynolds-Orr equation, too. The results show that
the estimated critical Reynolds numbers can be increased in the
case of small, negative cp parameters but the method is too con-
servative in practice.

If the critical Reynolds number is larger because of the
applied coating, the perturbations will grow only further down-
stream, the flow remains laminar on a longer region and the fric-
tion drag is reduced. The cost or the energy need of the movement
of a body can be reduced with such a coating. Unfortunately, the
manufacturing of a wall coated with miniature active controllers
is not feasible at current level of technology.

A passive coating was also developed that contains small
damped mass-spring elements. They substitute the active coat-
ing. The geometry of an element can be seen in Fig. 6(a), it
can move back and forth and prevents pitching. Silicone rubber
coating is selected because its damping is relatively high, while
its elastic modulus is low and the ultimate strength is signifi-
cantly larger than the elastic modulus. Parameters were found
for which the critical Reynolds number can be significantly in-
creased, and the laminar-turbulent transition can be delayed. The
spatial growth rates of instability waves as a function of frequency
and Reynolds number are plotted in Fig. 6(b). The results show
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Figure 4: The sketch of the investigated active control.

Figure 5: The maximum growth rate as a function of Reynolds
number and the control parameter.
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that the parameters optimised to a certain far field velocity op-
erates properly only at that speed. If the velocity is changed, the
coating would advance the transition. The coating be can used
in large ships, whose cruising speed is almost constant.

New result 6

The critical Reynolds number can be increased in a bound-
ary layer flow over a flat plate with zero pressure gradient coated
with active controllers. The boundary conditions of the infinites-
imally short active controller are:

u(y = 0) = cp
∂u

∂y

∣∣∣∣
y=0

, v(y = 0) = 0, w(y = 0) = 0, (6)

where u is the non-dimensional streamwise perturbation veloc-
ity, y is the non-dimensional transversal coordinate, cp is the
non-dimensional proportional control parameter. If the bound-
ary layer is assumed to be parallel, and the Reynolds number is
defined with the displacement thickness, the following statements
are true:

• The critical Reynolds number increases as cp increases in
the range of cp ∈ (0, 0.9) based on the solution of Orr-
Sommerfeld equation. The critical Reynolds number in-
creases from 519 to 2928 with the control parameter cp=0.9.

• The critical Reynolds number can be increased from 33.885
to 58.026 with the control parameter cp = −0.22988 based
on the solution of the more conservative Reynolds-Orr equa-
tion.
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(a)

(b)

Figure 6: (a) The geometry of passive coating (b) The spatial
growth rate as a function of the Reynolds number and the non-
dimensional angular frequency in the case of optimised coated
wall. The continuous line is the boundary between stable and
unstable regions. The dashed line is the boundary of stability in
the case of rigid wall.
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Related publications:[C6], [C7], [C9]

New result 7

A miniature damped mass-spring microstructure was devel-
oped modelling a compliant wall, acting as passive controller. A
special boundary condition was developed for the Orr-Sommerfeld
equation, treating these elements. The critical Reynolds number
can be increased in a boundary layer flow over a flat plate with
zero pressure gradient, coated with such elements. The unstable
region can be shifted to higher critical Reynolds numbers and
lower angular frequencies. For certain parameter combinations
(defined in the dissertation) the critical Reynolds number can be
increased from 519 to 1670.

Related publications: [C4], [C6], [C7], [C9]
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