
Budapest University of Technology and Economics
Faculty of Mechanical Engineering

Department of Hydrodynamic Systems

On the stability of shear flows

PhD Dissertation

Written by Supervisor

Péter Tamás Nagy Prof. György Paál

July 11, 2018





Köszönetnyilvánítás

Nagyon sok embernek vagyok hálás, hogy ez a dolgozat elkészülhetett. Próbát teszek,
hogy megnevezem őket, bár tudom, hogy ez lehetetlen vállalkozás. Elsősorban szüleimnek
vagyok rendkívül hálás, az ő támogatásuk nélkül ez a kutatás nem valósulhatott volna
meg. Szeretném megköszönni konzulensemnek, Paál Györgynek a témavezetést, az út ki-
jelölését és a kezdő lökést a kutatói pályán. Sok támogatást kaptam a BME Hidrodinamikai
Rendszerek Tanszék szinte minden munkatársától is. Erdődi Istvánnal és Varga Roxáná-
val együtt kezdtük meg ezt az utat, ami alatt kölcsönösen segítettük egymást. Köszönöm
Dr. Kullmann László tanár úrnak a biztató szavakat és a szakmai segítséget az örvényes
gerjesztés kidolgozásában. Hálás vagyok Dr. Csizmadia Péternek, Gráf Mihálynak és Dr.
Hegedűs Ferencnek tanácsaikért, ötleteikért. Maga a dolgozat barátaim támogatása nélkül
sem készülhetett volna el. Köszönöm Szántó Mátyásnak az alapos lektorálás, tovább Ács
Bencének, Deák Gergőnek, Dorogi Jánosnak, Szász Emesének és Szőke Szilárdnak a biz-
tatást. Tudom, hogy ez a lista nem teljes, sok itt meg nem nevezett embertől kaptam jó
tanácsot és példamutatást kitartásból.

Acknowledgement

Furthermore, I am indebted to Prof. Manfred Kaltenbacher of the Vienna University
of Technology for fruitful discussions concerning the acoustic excitation method in an
incompressible framework.

i





Contents

Köszönetnyilvánítás i

List of Figures xi

List of Tables xiii

Kivonat 1

Abstract 3

1 Introduction 5

2 Stability investigation methods 9
2.1 The linearised Navier-Stokes equations . . . . . . . . . . . . . . . . . . . . . 11
2.2 Local modal methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

2.2.1 The Orr-Sommerfeld equation . . . . . . . . . . . . . . . . . . . . . . 16
2.2.2 The modified Orr-Sommerfeld equation* . . . . . . . . . . . . . . . . 17
2.2.3 Adjoint OS type equations . . . . . . . . . . . . . . . . . . . . . . . 18
2.2.4 Solution of OS type equations by the compound matrix method . . 20
2.2.5 Solution of the Orr-Sommerfeld equation by discretised differential

operators** . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.2.6 The Rayleigh equation for free shear flows* . . . . . . . . . . . . . . 28
2.2.7 The adjoint of the Rayleigh equation** . . . . . . . . . . . . . . . . 28
2.2.8 Solution of the Rayleigh equation by the compound matrix method* 29
2.2.9 Solution of the Rayleigh equation by discretised differential opera-

tors** . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.2.10 The solution of the linearised Navier-Stokes equation by a discretised

differential operator* . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.3 Weakly non-parallel methods* . . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.3.1 WKJB approximation* . . . . . . . . . . . . . . . . . . . . . . . . . 36

3 The sensitivity of the planar jet 39
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3.2 The history of jet research . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.3 Stability properties of a plane jet approximated with analytical profiles . . . 46

iii



3.3.1 Analytical velocity profiles . . . . . . . . . . . . . . . . . . . . . . . . 46
3.3.2 Results for the analytical profiles . . . . . . . . . . . . . . . . . . . . 47

3.4 Stability properties of a planar jet represented with numerical velocity profiles 51
3.4.1 Numerical velocity profiles . . . . . . . . . . . . . . . . . . . . . . . . 51
3.4.2 Results for the numerical profiles . . . . . . . . . . . . . . . . . . . . 53
3.4.3 The strange mode . . . . . . . . . . . . . . . . . . . . . . . . . . . . 58

3.5 Acoustic excitation of fluid flows . . . . . . . . . . . . . . . . . . . . . . . . 60
3.5.1 Modification of the continuity equation . . . . . . . . . . . . . . . . 62
3.5.2 Modification of the momentum equation . . . . . . . . . . . . . . . . 63
3.5.3 Application test: acoustic wave near a no-slip wall . . . . . . . . . . 64
3.5.4 The CFD simulation of the acoustically excited jet . . . . . . . . . . 69
3.5.5 The validation of the excitation on planar jets . . . . . . . . . . . . 73

3.6 The comparison of various flow stability analysis techniques . . . . . . . . . 76
3.7 Excitation of a planar jet by a fluctuating vortex . . . . . . . . . . . . . . . 80

3.7.1 The governing equations . . . . . . . . . . . . . . . . . . . . . . . . . 81
3.7.2 The excitation field - vortex formulae . . . . . . . . . . . . . . . . . 82
3.7.3 The comparison of vortex formulations . . . . . . . . . . . . . . . . . 84

3.8 The adjoint mode of the planar jet . . . . . . . . . . . . . . . . . . . . . . . 85
3.9 New results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 89

4 Delaying the laminar-turbulent transition in a boundary layer 93
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
4.2 Blasius boundary layer equation . . . . . . . . . . . . . . . . . . . . . . . . 95
4.3 The eN method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
4.4 Active wall control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

4.4.1 Mathematical model . . . . . . . . . . . . . . . . . . . . . . . . . . . 100
4.4.2 Results calculated with linear methods . . . . . . . . . . . . . . . . . 101
4.4.3 Results calculated with non-linear methods . . . . . . . . . . . . . . 102

4.5 Passive wall control . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
4.5.1 Mathematical model . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
4.5.2 The effect of spanwise flexibility of the coating . . . . . . . . . . . . 106
4.5.3 Coating with elastic structures . . . . . . . . . . . . . . . . . . . . . 107
4.5.4 The optimisation of streamwise flexible coating . . . . . . . . . . . . 109

4.6 New results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 113

5 Conclusion and outlook 115
5.1 Publications . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118

Bibliography 124

Appendix 125
A.1 The coefficients of the modified 3D Orr-Sommerfeld equation . . . . . . . . 125
A.2 The symmetric modes of a planar jet . . . . . . . . . . . . . . . . . . . . . . 127

iv



A.3 Original paper of Leconte (1858) . . . . . . . . . . . . . . . . . . . . . . . . 129

v



vi



List of Figures

1.1 The configuration of the cavity tone (a) and the edge tone (b). . . . . . . . 6

2.1 A schematic draw a truly parallel flow (a) and a non-parallel flow resolved
into short parallel flows (b). . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

3.1 (a) The schematic drawings of the velocity profile at exit (a) parabolic, (b)
top-hat. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.2 Schematic drawings of the motion and transversal velocity profiles of the
symmetric (sinuous) (a) and the antisymmetric (varicose) (b) perturbations
of the jet. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40

3.3 The configuration of the plane jet. . . . . . . . . . . . . . . . . . . . . . . . 45

3.4 (a) The analytical approximations of the velocity profile close to the orifice
(U = sech2(yn)) and their approximate position in the jet. . . . . . . . . . . 47

3.5 The spatial growth rate of the amplitude of the perturbation velocity in the
case of analytical Bickley profile for various Reynolds numbers and in the
inviscid case (Rayleigh). . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.6 The neutral curves for symmetric and antisymmetric modes in the case of
analytic profiles (U(y) = sech2(yn)). . . . . . . . . . . . . . . . . . . . . . . 49

3.7 The growth rate of amplitude of perturbation velocity at Re=100 in the
case of analytic profiles. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 50

3.8 The simulation domain and boundary conditions in the CFD calculations. . 51

3.9 The (a) the difference to Bickley profile (εb), (b) the length (L̂), (c) the
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Kivonat

Az áramlásokban megjelenő instabilitási hullámok több műszaki területen megjelen-
nek, és az esetek többségében gondot okoznak. Disszertációmban két ilyen problémával
foglalkoztam, az első az öngerjesztett, a másik pedig a határréteg áramlások. Az önger-
jesztett áramlásokban a nyíróáramlás instabil, benne egy perturbációs hullám indul el,
amely haladása során folyamatosan erősödik. Amint ez a hullám elér egy zavaró elemet,
az visszacsatolódik az áramlás kezdeti szakaszához; és erős, stabil oszcilláció alakul ki.
Ezen jelenségek közé tartozik az élhang. Ez sík szabadsugárból (vékony széles fúvóka) és a
vele szembe helyezett ékből áll. Jelenleg a visszacsatolás módja pontosan nem ismert. Ku-
tatásom során ennek mélyebb megértése volt a célom. Különösen a már régóta megfigyelt
kilépés közeli fokozott érzékenységét vizsgáltam az áramlásnak, melyhez stabilitásvizs-
gálati módszereket, egyenleteket használtam. Ezek az Orr-Sommerfeld (OS) egyenlet, a
Rayleigh egyenlet, a Bajaj-Garg (BG) egyenlet és az úgynevezett Wentzel–Kramers–Jef-
freys–Brillouin (WKJB) közelítés. Ezen egyenleteket megoldásához az összetett mátrix
módszert (compound matrix method, CMM), amelyet munkám során szabadsugarak vizs-
gálatához adaptáltam, és más diszkretizációs módszereket használtam.

Munkám során a szabadsugarat analitikusan és numerikus szimulációk segítségével
modelleztem a kilépés közelében. Mindkét esetre megoldottam a stabilitásvizsgálati egyen-
leteket. Azt találtam, hogy a kilépés közelében a zavarások növekedési rátája jóval nagyobb,
mint távolabb. Továbbá megvizsgáltam a fúvóka melletti fal hatását is. A fal vastagsága
egyértelműen befolyásolja a növekedési rátákat, illetve, hogy milyen fajta (szimmetrikus
vagy antiszimmetrikus) zavarási hullámok alakulhatnak ki. A visszacsatolás modellezésre
mind akusztikus mind örvényes gerjesztés esetén eljárásokat dolgoztam ki. Ezekkel CFD
szimulációkat végeztem, és összehasonlítottam korábbi eredményeimmel. Továbbá az Orr-
Sommerfeld egyenlet úgynevezett adjungált operátorával is megvizsgáltam a szabadsugár
érzékenységét különböző gerjesztésekre. Ezzel a módszerrel is azt kaptam, hogy a szabad-
sugár sokkal érzékenyebb a zavarásokra a kilépésnél, különösen az áramlásra merőleges
(tranzverzális) irányú gerjesztésekre.

A másik ilyen áramlástani terület, ahol az instabilitási hullámok fontos szerepet
játszanak, a határréteg lamináris-turbulens átmenete vizsgálata. Adott Reynolds-szám
felett a határréteg instabillá válik, azaz instabilitási hullámok jelennek meg benne. Ezeket
felfedezőik után Tollmien-Schlichting hullámoknak nevezzük. Ezek a hullámok folyamatosan
erősödnek, és ez végül a turbulencia kialakulásához vezet. Ez azért okoz gondot, mert a
turbulens határréteg azonos Reynolds-szám esetén sokkal nagyobb ellenállást eredményez,
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mintha lamináris maradt volna az áramlás. Az átmenet késleltetésével a veszteségek jelen-
tősen csökkenhetőek hajók és repülőgépek esetén.

A határrétegben két speciális bevonatot modelleztem, melyek alkalmasak lehetnek
a határréteg lamináris-turbulens átmenetének késleltetésére. Az első aktív szabályzó ele-
meket tartalmaz. Ezek mérik a fali csúsztatófeszültséget, és azzal arányosan elmozdítják
a falat. Az eredmények azt mutatják, hogy van olyan proporcionális paraméter, amelyre a
határréteg stabilitási határa jelentősen növelhető, azaz a veszteségek csökkenthetőek. Mivel
az aktív szabályzó a valós körülmények között kivitelezhetetlen, a szabályzó működéséhez
hasonló apró tömeg, rugó, csillapításból álló passzív bevonat modelljét készítettem el.
Munkám során sikerült olyan paraméter-kombinációkat találni, amik segítségével a kritikus
Reynolds-szám jelentősen növelhető, tehát a lamináris-turbulens átmenet késleltethető.
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Abstract

Many aspects of instability waves in fluid flows have importance in engineering prac-
tice, and usually they cause problems. Two of these problems are investigated in this
dissertation. The first one is the so-called self-sustained oscillation and the other one is
the boundary layer flow. In a self-sustained flow, the shear flow is unstable, and a perturba-
tion wave develops. It grows continuously during the propagation. As the wave reaches the
disturbance element, it initiates a new wave at the beginning of the flow and a strong sta-
ble oscillation develops. The edge-tone is one of these configurations. It includes a planar
free jet (thin and wide nozzle) and an edge placed in the front of the orifice.

The feedback mechanism is unclear. The deeper understanding of that was one of
the motivations for this work. The increased sensitivity of the jet near to the nozzle exit
that had been observed for a long-time was in the focus. Stability investigation methods,
equations like the Orr-Sommerfeld (OS) equation, the Rayleigh equation, the Bajaj-Garg
(BG) equation and the so-called Wentzel-Kramers-Jeffrey-Brillouin (WKJB) approxima-
tion were used during the investigation. These equations were solved by the compound
matrix method (CMM), which was adapted to the investigation of jet flows and further
discretisation techniques.

The planar jet was modelled by analytical and numerical velocity profiles in the
vicinity of the orifice. The above-mentioned equations were solved in both cases. The
growth rates close to the orifice are larger compared to those at the downstream region.
The effect of the wall around the nozzle was also investigated. The thickness of the wall has
an influence on the growth, and the type (symmetric or antisymmetric) of the instability
wave.

Furthermore, two methods were developed to model the excitation mechanism of a
known acoustic or vortex field. They were implemented in a CFD software and simulations
were carried out and compared to results calcualted with stability investigation techniques.
Moreover, the sensitivity of the jet was investigated with the adjoint operator of the Orr-
Sommerfeld equation. The results showed that the free jet is more sensitive to excitation
near to the orifice, especially in the case of transversal excitation.

Another field of fluid dynamics, where the instability waves have an important role, is
the laminar-turbulent transition of the boundary layer. Above a certain Reynolds number
the boundary layer becomes unstable and instability waves, called Tollmien-Schlichting
waves develop. They are. They continuously grow, eventually leading to the development
of a turbulent flow. This is problematic since the turbulent flow causes a larger friction
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drag than a laminar one at the same Reynolds number. Delaying the transition can reduce
the friction loss in ships and airplanes.

Two special coatings were developed, which may be able to delay the transition.
The first one consists of active controllers. They measure the wall shear stress and move
the wall proportionally to the stress. In the case of small negative or large positive pro-
portional control parameters, the critical Reynolds number can be significantly increased,
and the loss can be reduced. At the same time, this active coating is not feasible in real
applications. A passive coating was developed that contains small damped mass-spring
elements. They substitute the active coating. Parameters were found for which the critical
Reynolds number can be significantly increased, and the laminar-turbulent transition can
be delayed.
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Chapter 1

Introduction

Instability waves in fluid flows appear in the daily practice of a mechanical engineer.
Many aspects of their behaviour are still unclear. Osborne Reynolds made his famous
experiment in 1883 in which he examined the behaviour of water flow. He observed the
significant difference in the behaviour of the fluid depending on the flow rate. In the last
135 years, lot of attempts were made to explain the experiment and numerous models were
developed but none of them is satisfactory. The unpredictable behaviour of the flow was
named "turbulence" and it became one of the most important mysteries in modern science.
A question related to the problem is one of the seven Millenium Prize Problems stated
by the Clay Institute. Of course, I do not make any attempt to solve the problem. In this
work, the well known methods are used and adapted to describe some less fundamental
engineering problems in acoustics and fluid dynamics.

The oscillation of an unstable flow configuration can cause significant noise. It is
impermissible in modern engineering practice. Furthermore, the fluctuation of the fluid
flow can increase the undesirable drag and friction forces in pipe networks, cars, trains, air-
and watercraft. The improper design can easily lead to a noisy, inefficient and unmarketable
product.

In this dissertation, two phenomena are investigated. In both cases, the flow loses
its stability, which leads to unwanted oscillations. The first one is a self-sustained flow
oscillation that usually causes unwanted noise and vibration. The other one is the transition
in a boundary layer, where the well-described laminar flow becomes chaotic and a turbulent
flow develops causing larger drag.

Self-sustained oscillations are usually the combination of an unstable shear flow and
a disturbance element. An instability wave will develop in the flow that propagates in the
downstream direction, while its amplitude grows continuously. As the wave hits a pertur-
bation element (e.g. an edge), the disturbance acts back and initiates a new disturbance
wave. This feedback mechanism develops and causes a strong oscillation. Such a flow con-
figuration is the cavity tone (Fig. 1.1(a)), that is usually a rectangular cutout from a planar
surface. As the flow passes over the cavity, an unstable shear layer forms. A disturbance
wave develops which propagates and grows from the leading edge to the trailing edge of
the cavity. As it reaches the trailing edge, the disturbance acts back to the leading edge
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and excites a new instability wave. The feedback mechanism leads to oscillations, which
are sometimes audible. Apart from the generated sound, this phenomenon usually leads
to unwanted mechanical vibrations and also to increased drag force. The phenomenon was
first studied in the weapon bays of military aircraft (Rowley and Williams, 2016). This
oscillation can excite the vibrational modes of the aircraft structure, which can quickly
lead to structural fatigue issues inside the aircraft. In the meantime, many other techni-
cal applications have been discovered: door gaps and sunroofs in automobiles, closed side
branches in gas pipelines, slotted flumes, slotted wall wind and water tunnels, bellows-type
pipe geometries, canal locks, harbour entries, gaps between wagons or the pantograph of
trains (Gloerfelt, 2009).

(a)

(b)

Figure 1.1: The configuration of the cavity tone (a) and the edge tone (b).

Another well-known self-oscillating flow configuration is the edge tone (Fig. 1.1(b)),
that is investigated in this dissertation. It consists of a plane jet and an edge element
placed at the front of the orifice. The jet is unstable even at very low Reynolds numbers
and an instability wave develops. As the wave reaches the edge, it generates a strong
vortex field, it emits sound and it initiates a new disturbance wave at the orifice. This
feedback mechanism is responsible for the sound of flue instruments like organ pipes.
Similar feedback mechanism can be observed in y-branch pipes or tongues in centrifugal
pumps where it leads to unwanted pressure fluctuations.

The feedback mechanism is unclear in both cases. Maybe the generated vortex field
initiates the new disturbance wave via the Biot-Savart law of fluid dynamics or the pres-
sure fluctuations, the sound waves excite the new instability wave. In this dissertation, an
attempt is made to improve the models of these configurations. My first research topic
focused on giving an explanation to an old observation, such that the plane jet is more
sensitive to external excitation close to the orifice than elsewhere. The linear stability anal-
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ysis is used to investigate the flow. By this approach, various equations are used to predict
the growth of the instability wave. In all cases, the eigenmodes of the linearised Navier-
Stokes equations around a known base flow are determined with different assumptions.
These modes, usually only one, are used to model the growth of the perturbation wave.
The sensitivity of the jet is also investigated with the adjoint equations. (The Hermitian
adjoint can be used to determine the amplitude of the previously mentioned eigenmode.)

The linear stability equations are able not only to model self-sustained flows but also
to predict the laminar-turbulent transition. This is one of the most researched topics in
the field of fluid dynamics, since if the transition can be delayed, the drag forces can be
reduced tremendously in many engineering problems, for example on vehicles.

One of the most crucial problems facing mankind, is the overusage of energy. Fur-
thermore, the problem is not only that the most of the energy resources are finite; the
excessive CO2 emission is probably associated with the climate change, too. According to
estimations, water transport accounts for about 3% of the total CO2 emission. A container
ship consumes 300-400 tons of fuel per day and the total amount of fuel for one ship costs
around 10 million GBP per year.

The aim of the other research topic is the development of a special coating on ships,
which can reduce the friction drag and thus fuel consumption. There are several ways to
do that (Gad-el Hak, 2000). I focus only on the initial region of the watercraft, where the
laminar-turbulent transition occurs. My aim is to delay this transition and thus reduce
the drag. Two kinds of coating were investigated. First, an actively controlled wall was
developed. The wall moves proportionally with a measured wall shear stress. This idea
originates from the results of Choi et al. (1994) who found that if the streamwise wall
velocity is equal to the streamwise near-wall velocity fluctuations, then the drag is reduced
in a turbulent channel flow. The method seems to be able to delay the transition also in
wall boundary layers but its implementation can be difficult. The active controllers are
then substituted with miniature damped mass-spring systems with two degrees of freedom
(passive coating). Finally, a real geometry is developed with visco-elastic materials, that
behaves like the previosly shown damped mass-spring systems.

The derivation of the equations and their solution methods are presented in Chapter
2. These equations are well-known for a while and can be found in books. In my work,
the solution techniques were adapted to jets and boundary layers over coated walls. In
Chapter 3, the jet is investigated by these techniques. The oscillation modes of the jet
are calculated around a base flow. The base flow of the jet is analytically approximated
in Section 3.3 and then numerically with velocity profiles from Computational Fluid Dy-
namic (CFD) simulations in Sec. 3.4. In these investigations, only the eigenmode of the
jets will be analysed. Most of the conclusions are based on the local growth rate (see eq.
(2.2.9)) of the perturbation wave. In these cases, the origin (the external excitation field)
of the perturbation waves is not investigated. Thereafter, methods are developed to excite
flows with acoustic (Sec. 3.5) and vortical (Sec. 3.7) fields to understand the feedback
mechanism deeper. With these methods developed, the amplitude of the perturbation can
be investigated. The amplitude of the eigenmodes calculated by different equations will
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be compared to acoustically excited CFD simulations in Sec. 3.6. Here, the amplitude will
be fit at a certain distance far from the orifice. The amplitude of the perturbation will
be predicted by the adjoint of the Orr-Sommerfeld equation in the case of vortical excita-
tion. Finally, the stabilisation effects of the active and passive coating are summarised in
Chapter 4.
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Chapter 2

Stability investigation methods

Most of this thesis is about the development and usage of stability investigation
methods for parallel flows. The applied part of the theory is presented in this chapter. The
fundamental equations are derived and then the solution techniques are shown. Most of
the equations can be found in books and papers related to the topic. My own contribution
was to adapt the solution techniques to the jets, and develop new boundary conditions of
the coated wall in the case of boundary layer investigation.

A careful reader may wonder why can the equations of parallel flows used for jets
and boundary layers which are obviously non-parallel. In this case, the problem can be
imagined as if the flow has been split into a series of short parallel flows. A schematic
drawing can be found about a truly parallel flow and a non-parallel flow resolved into short
parallel sections in Fig. 2.1. Theoretically, the length of the sections is infinitesimally short,
in practice they are finite but sufficiently small. According to the comparison between
the stability analysis results and experiments, this approach provides accurate enough
predictions, eg.: Nolle (1998).

(a) (b)

Figure 2.1: A schematic draw a truly parallel flow (a) and a non-parallel flow resolved into
short parallel flows (b).

The overview of the analysis procedure is the followings. First, the base flow is as-
sumed to be known and then we add some perturbation term to it. In linear stability
analysis, the appearing non-linear terms are neglected. (This is valid only for the pertuba-
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tions; the base flow can fulfil the nonlinear equations.) Then the eigenfunctions (modes)
of the perturbations and the corresponding eigenvalues are calculated. This eigenvalue
determines the stability properties of the flow. In usual engineering practice, a temporal
stability analysis is carried out. It means, only the sign of the temporal growth rate (the
real or the imaginary part of the eigenvalue depending on the form of the equations) is
significant. If its negative, the system is stable and if it is positive, the system is unstable.
In fluid dynamics, not only temporal but also spatial stability analysis can be carried out,
associated with a spatial growth rate. Here, not only the sign but also the magnitude of
the growth rate is important. A flow always starts somewhere. In the case of a jet, the
flow emerges into the free space from an orifice. In the case of a boundary layer, there
is also a starting point, the leading edge of a body. Even if the flow is spatially unstable
everywhere, the perturbations can grow only from the starting point, and the amplifica-
tion of the perturbations. It means that if we know the amplitude of the perturbations
in the jet or boundary layer at a certain point, the amplitude of the perturbation can be
determined at any downstream point. Fortunately, only a few, often only one mode grows
in space and its usage is enough to model the oscillations in the flow.

The derivation of the equations, and the necessary boundary condition will be derived
in this section. First, the perturbed and linearised Navier-Stokes equations are derived in
Sec. 2.1. Then the parallel flow assumption and the Orr-Sommerfeld (OS) equation with
its various boundary conditions are presented in Sec. 2.2.1. If the viscosity does not play
an important role in the behaviour of the perturbations (e.g. in jets) then the inviscid
form of the Orr-Sommerfeld equation namely the Rayleigh equation can be used which
is introduced in Sec. 2.2.6. Another method, the WKJB is presented in Sec. 2.3.1. This
method contains a correction term to take into consideration the spatial variation of the
base flow.

Another important difference between a general engineering problem and a fluid
dynamics one is the sensitivity of the oscillation modes. In this dissertation, the sensitivity
is defined as the response of the system to the excitation in the direct mode.

The most sensitive part of an oscillating solid beam is, where the amplitude of the
motion is the largest. If the beam is excited with a certain force somewhere, the largest
oscillation will occur if the exciter is placed at the point of largest displacement. It means
that, the sensitivity of the beam and its “direct” mode are the same. The sensitivity of
any mode can be calculated with the so-called Hermitian adjoint. (The exact definition
can be found in Sec. 2.2.3.) The Euler-Bernoulli equation, which describes the motion of a
beam, is self-adjoint. It means that the adjoint mode, which expresses the sensitivity, and
the direct modes are the same. This is the mathematical reason for the aforementioned
physical observation. Unfortunately, in fluid dynamics the basic equations are not self-
adjoint. It will be shown in Sec. 2.2.3 and in Sec. 2.2.7, where the adjoint of the Orr-
Sommerfeld equation and the Rayleigh equation will be derived respectively. The fact
that the adjoint and the direct mode must be different, can be seen intuitively in the case
of spatially unstable flow. If the flow is excited in the upstream region, the amplitude of
the oscillation will grow downstream meaning the direct mode is large there. At the same
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Table 2.1: The relation between the dimensional and the non-dimensional quantities. �̂
denotes the dimensional quantity. If the velocity scale (U0) and the length scale (L0) are
chosen, then the time scale (T0) cannot be arbitrary and has to be T0 = L0/U0. ρ0 is the
density of the fluid. These scales can be found in the case of the jet in Chapter 3 in Sec.
3.3 and in the case of boundary layer in Chapter 4 in Sec. 4.2

Quantity Relation between the dimensional and the
non-dimensional value

Velocity û = U0u

Pressure p̂ = ρ0U
2
0 p

Length x̂ = L0x

Time t̂ = T0t

Angular frequency ω̂ = 1
T0
ω

Wavenumber α̂ = 1
L0
α

time, this means that the excitation is more effective in the upstream region, the flow will
be more sensitive there.

2.1 The linearised Navier-Stokes equations

The motion of an incompressible Newtonian fluid can be described with the well-
known continuity equation and the Navier-Stokes equations. They are the following in
non-dimensional form:

∂ut
∂x

+ ∂vt
∂y

+ ∂wt
∂z

= 0, (2.1.1)

∂ut
∂t

+ ut
∂ut
∂x

+ vt
∂ut
∂y

+ wt
∂ut
∂z

= −∂pt
∂x

+ 1
Re

∆ut, (2.1.2)

∂vt
∂t

+ ut
∂vt
∂x

+ vt
∂vt
∂y

+ wt
∂vt
∂z

= −∂pt
∂y

+ 1
Re

∆vt, (2.1.3)

∂wt
∂t

+ ut
∂wt
∂x

+ vt
∂wt
∂y

+ wt
∂wt
∂z

= −∂pt
∂z

+ 1
Re

∆wt. (2.1.4)

where ut, vt, wt are the non-dimensional velocity components, pt is the non-dimensional
pressure, x, y, z are non-dimensional co-ordinates, t is the non-dimensional time, ∆ is the
Laplacian operator. Re = U0L0/ν is the Reynolds number, U0 and L0 are the velocity
and length scales, and ν is the kinematic viscosity of the fluid. The relation between the
dimensional and the non-dimensional quantities can be found in Table 2.1.

Let us linearise the equations, meaning to decompose the quantities into base and
small perturbation values, qt(x, y, z, t) = Q(x, y, z) + qp(x, y, z, t), where q is the general
notation for any flow variable (u, v, w, p) and further notations can be found in Table 2.2.
The stationary base flow (U, V,W,P ) is assumed to fulfil the governing equations and it
is assumed to be known (analytical derivation or numerical simulation). It describes the
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Table 2.2: The notations for different parts of the velocity field (only for the streamwise
component)

Dimensional variable Dimensionless variable
Total velocity field ût ut

Base flow Û U

Perturbation velocity ûp up

The amplitude of perturbation wave û u

flow that we want to investigate, the jet or the boundary layer. The perturbation term is
unknown and determines the stability status of the flow. If this perturbation component
increases continuously in space or time, then the flow is unstable and will change eventually
from laminar to turbulent or an oscillation will form. These techniques can also be used
to model the growth of the fluctuations, which already exist in the flow, e.g. in the edge
tone.

In this section, the fundamental equations for the perturbation terms will be derived.
After substituting the decomposed quantities and neglecting the second order small terms,
the following equation system can be derived:

∂up
∂x

+ ∂vp
∂y

+ ∂wp
∂z

= 0, (2.1.5)

∂up
∂t

+ U
∂up
∂x

+ V
∂up
∂y

+W
∂up
∂z

+ up
∂U

∂x
+ vp

∂U

∂y
+ wp

∂U

∂z
= −∂pp

∂x
+ 1
Re

∆up,

(2.1.6)
∂vp
∂t

+ U
∂vp
∂x

+ V
∂vp
∂y

+W
∂vp
∂z

+ up
∂V

∂x
+ vp

∂V

∂y
+ wp

∂V

∂z
= −∂pp

∂y
+ 1
Re

∆vp,

(2.1.7)
∂wp
∂t

+ U
∂wp
∂x

+ V
∂wp
∂y

+W
∂wp
∂z

+ up
∂W

∂x
+ vp

∂W

∂y
+ wp

∂W

∂z
= −∂pp

∂z
+ 1
Re

∆wp.

(2.1.8)

The above equations are the linearised Navier-Stokes equations. In this form, it is not
solved here. It is quite complicated to obtain a solution, and usually further techniques are
required to analyse the results. Further approximations and solution methods are desired,
that are presented in next sections.

2.2 Local modal methods

A local method originally implies that the base flow field does not change along
the mean flow direction. These methods are derived and are fully valid for channel flows
(channel, pipe). However, they also provide acceptable results in the case of slowly varying
flows (usually self-similar flows, like the jet and the boundary layer). These flows change
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slightly in streamwise direction (x). They usually have a so-called self-similar profile at
each cross-section meaning they can be linearly transformed into each other. There are no
restrictions with respect to the change in the transversal (y) and the spanwise (z) direc-
tions. In these cases, the self similar profile can be used or the flow at various streamwise
locations (at various x co-ordinates, sections) can be investigated. This approach can be
imagined as the flow field split into series of infinitesimally short “parallel” flows (see Fig.
2.1).

A modal method means that the perturbation term is assumed in the following wave
form:

qp(x, y, z, t) = C0q(y)ei(αx+βz−ωt). (2.2.1)

whereby the amplitude function q(y) depends only on the y co-ordinate in the case of
local method. C0 is a constant, the amplitude of the wave (that can be included in q(y)).
α and β are the wavenumbers in streamwise and spanwise directions, respectively, ω is
the angular frequency. The relations between the dimensional and the non-dimensional
values are in Table 2.1. This approach is similar to the modal analysis in mechanics, like
the modes of the Euler-Bernoulli beam equation. In that case, the beam “oscillates” only
in time meaning the solution has the form qp(y, t) = C0q(y)e−iωt. In fluid dynamics, the
solution can oscillate not only in time but also in space yielding a travelling wave. The
eigenmode of a beam and a symmetric eigenmode of a jet can be seen in Appendix A.2 in
Fig. A.0 at different phases.

After substituting (2.2.1) into (2.1.5)-(2.1.8) and cancelling the exponential term,
we get the following equation system:

i(αu+ βw) + v′ = 0, (2.2.2)

i(−ω + αU + βW )u+ V u′ + ∂U

∂x
u+ ∂U

∂y
v + ∂U

∂z
w =

−iαp+ 1
Re

(u′′ − (α2 + β2)u), (2.2.3)

i(−ω + αU + βW )v + V v′ + ∂V

∂x
u+ ∂V

∂y
v + ∂V

∂z
w =

−p′ + 1
Re

(v′′ − (α2 + β2)v), (2.2.4)

i(−ω + αU + βW )w + V w′ + ∂W

∂x
u+ ∂W

∂y
v + ∂W

∂z
w =

−iβp+ 1
Re

(w′′ − (α2 + β2)w). (2.2.5)

Here, u(y), v(y), w(y), p(y) are unknown and depend only on y coordinate. ′ denotes
the derivative with respect to y. These functions describe the oscillation in a truly parallel
flow or the oscillation at a certain x co-ordinate in a nearly parallel flow. In the second
case, the velocity profiles U, V,W of the base flow should be substituted at the x coordinate
in question.

The problem is an eigenvalue problem, where the unknown eigenfunctions are u, v, w, p
and the eigenvalues are ω, α, β. In the case of modal methods, two of the eigenvalues can
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be specified and the remaining eigenvalue and the eigenfunctions have to be determined.
Although in general, all of the eigenvalues can be complex, in most cases, the specified
eigenvalues are assumed to be real and the unknown to be complex. The following two
main categories are distinguished: the temporal and spatial stability problem. An expla-
nation video is available about them with a description in Additional materials attached
as a CD to the dissertation or on the following link: http://www.hds.bme.hu/~pnagy/

Additionalmaterialstodissertation/ as “spatial-temporalstability.gif”.

Temporal stability problem In the case of a temporal stability problem, α, β are
specified and real, and ω has to be determined. Here, the perturbation field can decay or
grow in time, depending on the imaginary part of ω. The temporal growth rate is defined
as

µt = 1
|vp|

d|vp|
dt (2.2.6)

for v and can be calculated from (2.2.1) as

µt = ωi, (2.2.7)

where i in the subscript notes the imaginary part. (Temporal stability analyses will be
presented in the dissertation, although this kind of investigation is not carried out for jets
or boundary layers. It is mentioned only for the sake of completeness. Furthermore, this
approach is closer to the stability analysis in solid mechanics, where α, β can be considered
as free parameters.)

Spatial stability problem In the case of a spatial stability problem ω and β or α
are specified and the remaining term has to be determined. Usually, β is given and α is
unknown. Let us define the following variables representing the various magnitudes of the
wave numbers:

ᾱr =
√
α2

r + β2
r and ᾱi =

√
α2

i + β2
i ; (2.2.8)

where the r and i subscripts denote the real and imaginary parts, respectively. Furthermore,
if wavenumber pairs are taken into account as vectors in (x, z) plane, then we can define
new directions, x̄ along (αr, βr), and x̃ along (αi, βi).

In this case, the perturbation field can decay or grow along in space, depending on
the imaginary part of α. Let us define the spatial growth rate as

µs = 1
|vp|

d|vp|
dx̃ , (2.2.9)

which can be calculated as for a local problem (Sengupta, 2012)

µs = ᾱi. (2.2.10)

Of course, according to the definition of the growth rate (2.2.9), µs is not necessarily a
constant, it can be the function of x and y, if the flow is not truly parallel. In the slightly
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non-parallel case, the flow is split into series of parallel flows and α can be calculated
at each cross-section and the spatial growth rate (µs) will be again independent of y. Of
course, α and its imaginary part, µs still depend on x in this case. Indeed, this variation
will be the basis of some observations on jets in Sec. 3.4. The larger value of the growth
rate means “more unstable flow”. Furthermore, since only spatial stability analysis will
be carried out for jets and boundary layers in the dissertation, the “s” subscript of µ is
abandoned:

µ = µs. (2.2.11)

In the remaining part of the chapter, the equation system (2.2.2)-(2.2.5) will be
transcribed or solved in different ways. The equation system can be solved by discretised
differential operators which will be presented in Sec. 2.2.10. However, the equation system
can also be expressed with only one variable, v(y) in one equation while the order of the
differential equation increases to 4. It is called the modified Orr-Sommerfeld or Bajaj-Garg
equation, presented in Sec. 2.2.2. If a parallel base flow is assumed, further terms can be
eliminated, which leads to the original Orr-Sommerfeld equation. It is still a fourth order
differential equation but it contains less terms. Of course, both differential equations can
be solved with discretised differential operators which is presented in Sec. 2.2.5 for the
latter one. At the same time, a more accurate method was developed to solve such kind
of problems: the so-called compound matrix method (CMM) presented in Sec. 2.2.4 for
fourth order differential equations. The method is originally created for boundary layers
with no-slip wall boundary condition. My work was the development of further boundary
conditions for jets (symmetry, antisymmetry) and for coated boundary layers.

The Orr-Sommerfeld equation can be further simplified for sufficiently high Reynolds
numbers, where the inviscid assumption is valid for the perturbation waves. The resulting
equation is called the Rayleigh equation and it is only a second order differential equation.
This equation can be used in the case of jets, if the Reynolds number is larger than 200 (see:
(Curle, 1957), (Tatsumi and Kakutani, 1958) and Sec. 3.3) but it cannot be used in the case
of boundary layers. In that case, no-slip wall boundary condition cannot be prescribed.
The Rayleigh equation can be solved directly by discretised differential operators (Sec.
2.2.9) or CMM ((Sec. 2.2.8)).

Furthermore, adjoints of the Orr-Sommerfeld, the modified Orr-Sommerfeld and
Rayleigh equation are derived because of their importance in the sensitivity analysis and
the suggested modelling of the feedback mechanism. This leads to a tremendous number of
equations which can be boring for the reader. My aim was to provide and summarise com-
plete solution tools to such kind of problems which are missing from books. For example,
almost every book in this field contains the discretisation of the Orr-Sommerfeld equation
and the resulting eigenvalue problem with temporal stability analysis. At the same time,
I have not found any book that discusses the case of spatial stability analysis. Some of
these methods do not form an organic part of the dissertation since results calculated with
them are not included in the further studies on the planar jet or boundary layer over a
coated wall. However, the author thinks that their comprehensive description in this form
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is also a valuable work. The most important sections in this chapter, which are the basis
the most of the results in further chapters are: Sec. 2.2.1, 2.2.3, 2.2.4. Some minor further
results are obtained with the methods discussed in Sec. 2.2.2, 2.2.6, 2.2.8, 2.3.1. In the
title of these Sections a * was added to underline this fact. Some parts of this Chapter are
not used later, these are marked with **.

2.2.1 The Orr-Sommerfeld equation

Here, the derivation of the famous Orr-Sommerfeld equation is given. Although the
equation is used only in the case of two-dimensional base flows, the three-dimensional
form is derived for the sake of completeness. In that case, the base velocity field has
only streamwise and spanwise components and their variations have to be neglected ex-
cept in the transversal co-ordinate, y. (U = U(y), V = 0,W = W (y), ∂/∂x{U, V,W} =
{0, 0, 0}(Sengupta, 2012)) . These approximations lead to the original Orr-Sommerfeld
equation after applying them to eqs. (2.2.2)-(2.2.5).

i(αu+ βw) + v′ = 0, (2.2.12)

i(−ω + αU + βW )u+ U ′v = −iαp+ 1
Re

(u′′ − (α2 + β2)u), (2.2.13)

i(−ω + αU + βW )v = −p′ + 1
Re

(v′′ − (α2 + β2)v), (2.2.14)

i(−ω + αU + βW )w +W ′v = −iβp+ 1
Re

(w′′ − (α2 + β2)w). (2.2.15)

After some differentiation with respect to y and expressing variables from each other
without any further assumption, the equation system can be reduced into a fourth order
equation with the only unknown (v(y)):

v(iv) − 2(α2 + β2)v′′ + (α2 + β2)2v =

iRe
{

(αU + βW − ω)(v′′ − (α2 + β2)v)− (αU ′′ + βW ′′)v
}
. (2.2.16)

This is the Orr-Sommerfeld equation. It has to be mentioned that during the transcription
the so-called vortical (Squire, 3D) modes were unfortunately eliminated. However, the most
unstable mode never belongs to them (Criminale et al., 2003). Furthermore, u(y), p(y) can
be determined from v(y) substituting back to the equation system (2.2.12)-(2.2.14) in the
2D case. Unfortunately, in 3D the solution of the so-called Squire equation is inevitable to
obtain u(y) and w(y). At the same time, only the 2D form of the equation is used, except
once in the dissertation, when the spanwise flexibility coating is investigated in Sec. 4.5.2.
There the equation system (2.2.12)-(2.2.14) is discretised.

It is convenient to rearrange the equation and to collect the coefficients of v, since
later a general solution method will be presented for such kind of equations:
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v(iv) = a1v
′′′ + a2v

′′ + a3v
′ + a4v,

a1 = 0,

a2 = 2(α2 + β2) + iRe(αU + βW − ω),

a3 = 0,

a4 =− (α2 + β2)2 − iRe
{

(α2 + β2)(αU + βW − ω) + αU ′′ + βW ′′
}
.

(2.2.17)

In the case of two-dimensional perturbation (β = 0), the equation can be further
simplified to

v(iv) − 2α2v′′ + α4v = iRe
{

(αU − ω)(v′′ − α2v)− αU ′′v
}
. (2.2.18)

While the coefficients become simpler similarly:

a1 = 0,

a2 = 2α2 + iRe(αU − ω),

a3 = 0,

a4 =− (α4 + αRe (−iαω + iα2U + iU ′′)).

(2.2.19)

2.2.2 The modified Orr-Sommerfeld equation*

Although the Orr-Sommerfeld (OS) equation was derived for parallel flows, it was
proven that it can provide satisfactory results for weakly non-parallel flows such as jets
and boundary layers are. At the same time, it is not necessary to eliminate the transversal
velocity component of the base flow (V ) or the streamwise variation of the other compo-
nents as done in the case of Orr-Sommerfeld equation. There are various implementations
in the literature, Varapaev et al. (1975) or Bajaj and Garg (1977), where the number of
simplifications was reduced. Here, the work of Bajaj and Garg (1977) is presented only,
since they used velocity profiles rather than stream function to represent the mean flow.
It has to be mentioned that the streamwise variation of the perturbation eigenfunction
(q(y)) was not taken into account, while that of the base flow was. This means that this
methods is inconsistent.

The derivation was done by myself for the 3D case with Wolfram Mathematica 10.3.
The equation system can be simplified to a fourth order ordinary differential equation
with only one variable v similarly to the Orr-Sommerfeld equation. The coefficients are
complicated so they were moved to Appendix A.1.

Furthermore, this equation can be significantly simplified if 2D base flow is assumed,
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as it was done by Bajaj and Garg originally:

φ(iv) = a1φ
′′′ + a2φ

′′ + a3φ
′ + a4φ,

a1 = ReV,

a2 = 2α2 + iRe(αU − ω),

a3 =− (ReV ′′ + (α2 + β2)ReV ),

a4 =− (α4 + αRe (−iαω + iα2U + αV ′ + iU ′′)).

(2.2.20)

This equation is called Bajaj-Garg (BG) equation (Bajaj and Garg, 1977) here and it is
identical to the classical Orr-Sommerfeld equation, if V = 0.

2.2.3 Adjoint OS type equations

The Hermitian adjoint operator is a useful mathematical construction which can be
widely used in fluid dynamics. In this dissertation it is used to calculate the correction term
in WKJB (Wentzel–Kramers–Brillouin-Jeffreys) approximation, a higher order solution of
weakly nonparallel flow stability problems (Garg, 1981) introduced later in Sec. 2.3.1,
and to calculate sensitivity (Hill, 1995) of the jet to external disturbances in Chapter 3.
Recently, adjoint operators have been widely utilised in optimization procedures. There are
many further applications even in the field of fluid dynamics. They have been summarised
lately by Luchini and Bottaro (2014). Meanwhile, Hill was the first to create a relationship
between the adjoint and its physical meaning, the sensitivity. The adjoint fields of a planar
jet is presented in Sec. 3.8 in Fig. 3.31. There the necessary equations are also presented to
calculate the amplitude of the disturbance wave excited by an external vortical field. The
validation of the adjoint calculations can be seen in Fig. 3.33, where the amplitude of the
disturbance wave estimated with the adjoint equations was compared with that calculated
by CFD.

The general OS-like fourth order differential operator has the following form (with
the same notation as in the previous sections):

LOS = d4

dy4 − a1(y) d3

dy3 − a2(y) d2

dy2 − a3(y) d
dy − a4(y). (2.2.21)

Let us define the Hermitian adjoint operator for the OS equations L†OS as follows:

< LOSv, f >=< v,L†OSf > . (2.2.22)

where < v1, v2 > is the inner product of v1 and v2, and v, f are arbitrary elements of a
Hilbert space (vectors or in this case single-variable functions). Here,

< v1, v2 >=
∫
D
v1v
∗
2 dy, (2.2.23)

where D is the domain of integration and ∗ denotes the complex conjugate. After the
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substitution of (2.2.21) to the left hand side of (2.2.22) and integration by parts multiple
times the following expression is obtained:

∫
D

(v(iv) − a1v
′′′ − a2v

′′ − a3v
′ − a4v)f∗ dy =[

v′′′f∗ − v′′f∗′ + v′f∗′′ − vf∗′′′ − v′′a1f
∗ + v′(a1f

∗)′ − v(a1f
∗)′′ − v′a2f

∗]y2
y1

+

+
[
v(a2f

∗)′ − va3f
∗]y2
y1

+
∫
D
v
(
f∗(iv) + (a1f

∗)′′′ − (a2f
∗)′′ + (a3f

∗)′ − a4f
∗
)
dy.

(2.2.24)

The last integral on the RHS of (2.2.24) is the same as the RHS of (2.2.22), the definition
of adjoint. The adjoint operator can be obtained, if the terms in the rectangular bracket
are zero. These terms have to be evaluated at the endpoints (y1 and y2) and their values
are zero in the following cases:

• the domain is the infinite space D ∈ (−∞,∞), where both v, f vanish as y → ±∞

• the domain is the semi-infinite space D ∈ (0,∞) and

– wall boundary condition is applied for f and v.

– symmetric boundary condition is applied for f and v and V (0) = 0, V ′′(0) = 0
and U ′(0) = 0

– antisymmetric boundary condition is applied for f and v and V ′(0) = 0.

(The boundary conditions will be described later in Section 2.2.4.) These conditions can
be fulfilled easily for the Orr-Sommerfeld equation in every case, since V (y) = 0 was
assumed and in the case of symmetry boundary condition U ′(0) = 0 has to be fulfilled
anyway (Symmetry, antisymmetry BCs can be used only for symmetric velocity profiles).
In the case of the Bajaj-Garg equation, we should neglect some terms (related to V (y)),
otherwise the adjoint operator cannot be derived. This fact indicates the inconsistency
in the derivation of the Bajaj-Garg equation, where once the streamwise variation of the
perturbation field is neglected but that of the base flow and V is taken into account.

The adjoint operator can be expressed from (2.2.24) as

L†OSf = f (iv) + (a1(y)f(y))′′′ − (a2(y)f(y))′′ + (a3(y)f(y))′ − a4(y)f(y) = 0. (2.2.25)

where f is the adjoint variable. Let us rearrange the equation and then substitute the
coefficients and apply the product rule for differentiation to get the adjoint of the 2D OS
equation:

f (iv) = a†1f
′′′ + a†2f

′′ + a†3f
′ + a†4f,

a†1 = 0,

a†2 = 2α2 + iRe(αU − ω),

a†3 = 2iReαU ′,

a†4 =− (α4 + αRe (−iαω + iα2U)).

(2.2.26)
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Similarly, the adjoint of the Bajaj-Garg equation is

f (iv) = a†1f
′′′ + a†2f

′′ + a†3f
′ + a†4f,

a†1 = − ReV,

a†2 = 2α2 + iRe (αU − ω)− 3ReV ′,

a†3 = Re(−2V ′′ + α2 V + 2iαU ′),

a†4 = − (α4 + αRe (−iαω + iα2U)).

(2.2.27)

2.2.4 Solution of OS type equations by the compound matrix method

The OS, the BG and their adjoint equations have similar properties. All of them are
fourth order linear ordinary differential equations. Some of the boundary conditions are
prescribed in infinity in the case of unconfined flows (boundary layers, jets). The compound
matrix method is a simple and accurate technique to solve such kinds of problems. The
method was invented by Ng and Reid (1985) and it was further developed by Sengupta
and Poinsot (2010) for unlimited flows. Here, the solution method is presented for 2D cases
but it can be adapted to 3D problems. The general solution of Eqs. (2.2.19) and (2.2.20)
can be written in the following form:

φ = C1φ1 + C2φ2 + C3φ3 + C4φ4, (2.2.28)

where φ = v (as frequently used in the literature), φj(y) are the fundamental solutions
and φj(y) ∝ eλjy as y → ∞. Let us investigate the equation in the far-field, where U →
U∞, U

′′ → 0, V → 0, V ′′ → 0. There, both Eqs. (2.2.20) and (2.2.18) can be simplified to

φ(iv) − 2α2φ′′ + α4φ = iRe
{

(αU∞ − ω)(φ′′ − α2φ)
}
. (2.2.29)

The equation (2.2.29) has four different characteristic roots λ1,2 = ∓α and λ3,4 = ∓Q
where Q =

√
α2 + iRe(αU∞ − ω). (In 3D case, when β 6= 0, λ1,2 = ∓

√
α2 + β2 and

Q =
√
α2 + β2 + iRe(αU∞ + βW∞ − ω)).

The fluctuating velocities vanish in the far field:

lim
y→∞

φ = lim
y→∞

φ′ = 0. (2.2.30)

This condition can be fulfilled only if the coefficients of the fundamental solutions, which
grow exponentially for y →∞ , are zero, C2 = C4 = 0.

Let us rewrite the original equations with the help of the following compound vari-
ables

η1 =φ1φ
′
3 − φ′1φ3, (2.2.31)

η2 =φ1φ
′′
3 − φ′′1φ3, (2.2.32)

η3 =φ1φ
′′′
3 − φ′′′1 φ3, (2.2.33)
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η4 =φ′1φ′′3 − φ′′1φ′3, (2.2.34)

η5 =φ′1φ′′′3 − φ′′′1 φ′3, (2.2.35)

η6 =φ′′1φ′′′3 − φ′′′1 φ′′3, (2.2.36)

into

η ′ = Bη =



0 1 0 0 0 0

0 0 1 1 0 0

a3 a2 a1 0 1 0

0 0 0 0 1 0

−a4 0 0 a2 a1 1

0 −a4 0 −a3 0 a1


η. (2.2.37)

It is clear that all of the compound variables have the same exponential growth rate in
the far-field (y →∞):

η1,∞ ∼(−Q+ α)e−(α+Q)y, (2.2.38)

η2,∞ ∼(Q2 − α2)e−(α+Q)y, (2.2.39)

η3,∞ ∼(−Q3 + α3)e−(α+Q)y, (2.2.40)

η4,∞ ∼(−αQ2 + α2Q)e−(α+Q)y, (2.2.41)

η5,∞ ∼(−αQ3 + α3Q)e−(α+Q)y, (2.2.42)

η6,∞ ∼(−α2Q3 + α3Q2)e−(α+Q)y. (2.2.43)

Let us normalise the variables with the limit of the first one (2.2.38), then we get the
initial conditions for the differential equation system at infinity.

η̃ := η

−Q+ α
e(α+Q)y (2.2.44)

η̃∞ :=



1

−(α+Q)

α2 + αQ+Q2

αQ

−αQ(α+Q)

α2Q2


(2.2.45)

As a consequence of the normalization, the differential equation system changes slightly:

η̃′ = [B + (α+Q)I]η̃. (2.2.46)

Of course, the infinity cannot be handled in a numerical calculation. The infinity or
the far-field should be defined at a certain location y∞. There the eq. (2.2.29) must be
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almost valid, meaning that the coefficients are constants. If self-similar velocity profiles (the
Bickley profile in Sec. 3.3 or the Blasius profile in Chapter 4.) are investigated, the non-
dimensional value is y∞ = 14. A validation was carried out in the case jet and boundary
layer. If y∞ is varied between 6-8, the effect on the results of changing y∞ was small,
around 1-2% relative error in the absolute value of eigenvalue. The relative change was
insignificant, less than 10−6 if y∞ > 12. This location (y∞) was defined at the boundary
of the simulation domain in the case of numerical velocity profiles (in Sec. 3.4).

The boundary conditions in the far-field are fulfilled automatically, if the integration
is initialised with values in (2.2.45). Further two boundary conditions have to be prescribed
at the other end of the boundary yielding the so-called characteristic or dispersion relation
(D(α, ω) = 0). Various dispersion relations are presented for various boundary conditions
with a single compound variable (η) in Subsection 2.2.4. These boundary conditions (ex-
pressed with a single variable) have to be fulfilled tuning one of the eigenvalue pair α, ω.
The necessary solution technique is called shooting method. The original boundary value
(eigenvalue) problem is solved as an initial value problem, where one of the eigenvalues is
used as a parameter and is tuned to fulfil the other boundary conditions. Here, the initial
values are prescribed at infinity and the differential equation system is integrated toward
the other boundary, which was at y = 0 in most cases. The integration was carried out in
all cases using the so-called Runge-Kutta-Fehlberg method with an adaptive step size tech-
nique, where the tolerated absolute and relative errors were set to 10−10. This low value
was necessary to solve the dispersion relation with the proper accuracy (10−6). That was
done by the Matlab built-in fsolve function which can handle non-linear complex-valued
functions.

This solution procedure is exactly the same in the case of adjoint equations, only
the ai coefficients have to be substituted with a†i in matrix B.

Implementation of boundary conditions for the CMM method

In the following cases, the solution domain is y ∈ [∞, 0] and the boundary condition
(BC) is applied at y = 0, except in the last case, where general disturbances are assumed
on the y ∈ [−∞,∞] domain.

Wall A no slip wall placed at y = 0 plane means all the velocity components are zero
there,

u(0) = 0, v(0) = 0, w(0) = 0. (2.2.47)

These conditions can be expressed with φ using the continuity equation (2.2.2):

φ(0) = φ′(0) = 0. (2.2.48)

Substituting Eq. (2.2.28) into Eq. (2.2.48) leads to Eqs. (2.2.49) to (2.2.50). This
new linear equation system has a non-trivial solution if and only if the determinant of the
associated matrix of the system of equations is zero (Eq. (2.2.51)). Eq. (2.2.51) is identical
with the first component of η̃ being 0 at y = 0 (Eq. (2.2.52)).
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a1φ1(0) + a3φ3(0) = 0 (2.2.49)

a1φ
′
1(0) + a3φ

′
3(0) = 0 (2.2.50)

(φ′1φ3 − φ1φ
′
3)|y=0 = 0 (2.2.51)

Dw(α, ω) = η̃1(0) = 0 (2.2.52)

Wall with active control In Sec. 4.4 an active control method will be introduced
to delay the laminar-turbulent transition. cs is related to the proportional parameter of
control. The controller measures the wall shear stress and moves the wall proportionally.
Further information can be found in in Sec. 4.4. The controlled wall can be modelled with
two boundary conditions:

u(0) = cs
∂u

∂y |y=0
, (2.2.53)

φ(0) = 0(= v(0)). (2.2.54)

The first BC must be expressed by φ with the 2D form of the continuity equation (2.2.2)

iαu+ φ′ = 0 (2.2.55)

as
φ′(0)− csφ

′′(0) = 0. (2.2.56)

Substituting Eq. (2.2.28) into Eq. (2.2.54) and (2.2.56) leads to Eqs. (2.2.57) and
(2.2.58). This new linear equation system has a non-trivial solution if and only if the
determinant of the associated matrix of the system of equations is zero (Eq. (2.2.59)). Eq.
(2.2.59) is identical to the linear combination of the first and the second component of η̃
being 0 at y = 0 (Eq. (2.2.60)).

a1φ1(0) + a3φ3(0) = 0 (2.2.57)

a1φ
′
1(0)− a1csφ

′′
1(0) + a3φ

′
3(0)− a3csφ

′′
3(0) = 0 (2.2.58)

(φ1φ
′
3 − φ′1φ3 − cs(φ′′1φ3 − φ1φ

′′
3))|y=0 = 0 (2.2.59)

Dw(α, ω) = η̃1(0)− csη̃2(0) = 0 (2.2.60)

If the control is switched off (cs = 0) this dispersion relation is identical to that derived in
the case of the simple wall. The dispersion relation is valid in the case of a 3D disturbance
if the wall is stationary in z direction. If the wall can move in the z direction too, the
boundary conditions cannot be expressed only with φ and the compound matrix method
cannot be used.
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Wall with passive control This boundary condition is very similar to the previous
case. Here, cs is a complex number and depends on the angular frequency but does not
influence the solution method significantly. Its derivation is postponed to Sec. 4.5.

Symmetric If the flowfield is symmetric U(y) = U(−y) then the disturbance velocity
field will be symmetric if

φ′(0) = φ′′′(0) = 0. (2.2.61)

Substituting Eq. (2.2.28) into Eq. (2.2.61) leads to Eqs. (2.2.62) to (2.2.63). This
new linear equation system has a non-trivial solution if and only if the determinant of the
associated matrix of the system of equations is zero (Eq. (2.2.64)). Eq. (2.2.64) is identical
to the fifth component of η̃ being 0 at y = 0 (Eq. (2.2.65)).

a1φ
′
1(0) + a3φ

′
3(0) = 0 (2.2.62)

a1φ
′′′
1 (0) + a3φ

′′′
3 (0) = 0 (2.2.63)

(φ′′′1 φ′3 − φ′1φ′′′3 )|y=0 = 0 (2.2.64)

Ds(α, ω) = η̃5(0) = 0 (2.2.65)

Antisymmetric If the flow-field is symmetric U(y) = U(−y) then the disturbance ve-
locity field will be antisymmetric if

φ(0) = φ′′(0) = 0. (2.2.66)

Substituting Eq. (2.2.28) into Eq. (2.2.66) leads to Eqs. (2.2.67) to (2.2.68). This
new linear equation system has a non-trivial solution if and only if the determinant of the
associated matrix of the system of equations is zero (Eq. (2.2.69)). Eq. (2.2.69) is identical
to the second component of η̃ being 0 at y = 0 (Eq. (2.2.70)).

a1φ1(0) + a3φ3(0) = 0 (2.2.67)

a1φ
′′
1(0) + a3φ

′′
3(0) = 0 (2.2.68)

(φ′′1φ3 − φ1φ
′′
3)|y=0 = 0 (2.2.69)

Das(α, ω) = η̃2(0) = 0 (2.2.70)

These dispersion relations were implemented in MatLab. Since the solver is used
innumerably many times, it was built into a so-called “mex” function. Computers execute
the “mex” function 30-40 times faster than the usual MatLab function. The drawback of
this kind of implementation was that the integrator had to be written manually.

General disturbances in the infinite domain** If the velocity profile is not sym-
metric then the previous two implementations are invalid. Here, we assume that the distur-
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bances vanish at y → ±∞. In these cases, the integration has to be started both from plus
and minus infinity to a prescribed point, d (preferably 0). The integration process from
plus infinity (η̃) is the same as before, the only difference being that it goes to d instead
of 0. The solution in that domain will be denoted from now on with η+. If the integration
starts from minus infinity (the solution is denoted by η−) the valid characteristic roots
are −α and −Q in the far-field (y → −∞) instead of α and Q. This means that in the
initial condition α should be replaced with −α and Q with −Q.

η̃−−∞ :=



1

(α+Q)

α2 + αQ+Q2

αQ

−αQ(α+Q)

α2Q2


(2.2.71)

The differential equation system will change similarly:

η−′ = [B− (α+Q)I]η−. (2.2.72)

The matching condition (Francisco, 2016) for the two solutions at d is:

Dg(α, ω) =
{
η−1 η

+
6 − η

−
2 η

+
5 + η−3 η

+
4 + η−4 η

+
3 − η

−
5 η

+
2 + η−6 η

+
1

}
|y=d

= 0, (2.2.73)

which gives the dispersion relation. This function was also implemented in MatLab but
the “mex” function was not built in this case. This and the previous code were compared
to each other in a case where the velocity profile was the Bickley profile and symmetric
boundary condition was assumed. The results showed that the execution time is twice as
long in the case of general boundary condition (the integration domain was also twice as
large in this case) with the normal MatLab function, and the two codes provided almost the
same result. (The difference was in the order of 10−8, which is negligible.) This dispersion
relation was presented for the generality but it was not used for further flow investigation.
Only symmetric jets were investigated and in that case the symmetric and antisymmetric
boundary condition can be used on the semi-infinite domain.

Calculation of the original eigenfunctions

The original φ(y) eigenfunction can be obtained from one of the following equations:

η̃1φ
′′ − η̃2φ

′ + η̃4φ = 0, (2.2.74a)

η̃1φ
′′′ − η̃3φ

′ + η̃5φ = 0, (2.2.74b)

η̃2φ
′′′ − η̃3φ

′′ + η̃6φ = 0, (2.2.74c)
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η̃4φ
′′′ − η̃5φ

′′ + η̃6φ
′ = 0. (2.2.74d)

These equations are equivalent with the following ones:

η1φ
′′ − η2φ

′ + η4φ = 0, (2.2.75a)

η1φ
′′′ − η3φ

′ + η5φ = 0, (2.2.75b)

η2φ
′′′ − η3φ

′′ + η6φ = 0, (2.2.75c)

η4φ
′′′ − η5φ

′′ + η6φ
′ = 0. (2.2.75d)

The four equations have the following characteristic roots (Sengupta (2012)):

• (2.2.75a): −α,−Q

• (2.2.75b): −α,−Q,α+Q

• (2.2.75c): −α,−Q, (αQ)(α+Q)

• (2.2.75d): −α,−Q, 0.

The equations which have a positive root (2.2.75b, 2.2.75c) are unstable. During the selec-
tion with the remaining two equations it must be taken into consideration that the coef-
ficient of the highest derivative cannot vanish (η1, η4), otherwise the differential equation
becomes singular. If η1(y) 6= 0 for any y, (2.2.75a) is suggested to obtain the eigenfunction
because it is only a second order differential equation. In other cases, (2.2.75d) should be
solved, for example for wall bounded flows, where η1(0) = 0. The initial value problem
can be solved from an arbitrary initial point and initial values only with some restrictions.
The initial point cannot be at infinity because the solution there converges to zero and
those initial values lead to the trivial φ(y) = 0 solution. If the equation is solved on the
y ∈ [0,∞) domain it is convenient to define initial conditions at the boundary y0 = 0.
In this case, the initial values can be easily prescribed without violating the previously
prescribed boundary conditions. The implemented initial conditions were

• wall with Eq.(2.2.75d): φ′′(0) = 1, φ′(0) = 0, φ(0) = 0;

• symmetric with Eq.(2.2.75a): φ(0) = 1, φ′(0) = 0;

• antisymmetric with Eq.(2.2.75a): φ′(0) = 1, φ(0) = 0.

2.2.5 Solution of the Orr-Sommerfeld equation by discretised differen-
tial operators**

The Orr-Sommerfeld equation can be solved as a boundary value-eigenvalue problem
with discretised differential operators. The advantage of this solution procedure compared
to the CMM in Sec. 2.2.4 is that all eigenvalues can be calculated in one step. Unfortu-
nately, this procedure takes a lot of computation effort, it is less accurate than the CMM
and some of the “eigenvalues” are wrong. They are the so-called spurious modes. They are
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unphysical and they strongly depend on the numerical settings, which help filter them.
In my work, the refinement of the grid and the location of the last point representing
infinity were varied. The “sensitive eigenvalues”, which change significantly were identified
as spurious modes and were omitted.

The Orr-Sommerfeld equation can be written as

LOS(φ) =

= {i(αU − ω)
(
D2 − (α2 + β2)I

)
− iαU ′′I− 1

Re
(
D2 − (α2 + β2)I

)2
}φ = 0,

(2.2.76)

where D is the differential operator with respect to y and I is the identity operator. This
operator can be discretised in various ways. In my MatLab code, the central difference
method and Chebyshev polynomials can be used for discretization. Results calculated
with disretised operators are presented only in the case of passive wall coating in Sec. 4.5.
There, the linearised Navier-Stokes equations were used which will be described later in
Sec. 2.2.10.

In the case of CMM technique the solution method is not influenced by the choice
whether it is a temporal or a spatial stability problem. It is not true for the discretised
differential operators. In the next two paragraphs these techniques will be introduced.

Temporal stability analysis In the case of a temporal problem α is a parameter and
we have to find the proper ω eigenvalue and φ eigenfunction which fulfil (2.2.76) and the
prescribed boundary condition. The general eigenvalue problem has the following form:

Aφ = ωBφ, (2.2.77)

where the A and B are the following:

A = αU
(
D2 − (α2 + β2)I

)
− αU ′′I + i

Re
(
D2 − (α2 + β2)I

)
, (2.2.78)

B = D2 − (α2 + β2)I, (2.2.79)

and U,U′′ are diagonal matrices which represents the proper velocity profiles at the collo-
cation points. This generalised eigenvalue problem can be solved by MatLab eig function.

Spatial stability analysis In the case of a spatial problem, ω is a parameter and α is
the eigenvalue of the problem, which should fulfil (2.2.76) and the boundary conditions.
Since α appears in the equation with higher exponents, it leads to a polynomial eigenvalue
problem that has the form from Eq. (2.2.76):

(α4A4 + α3A3 + α2A2 + αA1 + A0)φ = 0, (2.2.80)

where

A4 = i
ReI, (2.2.81)
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A3 = −U, (2.2.82)

A2 = ωI + 2i
Re

(
β2I−D2

)
, (2.2.83)

A1 = UD2 −U′′ − β2U, (2.2.84)

A0 = −
(
ω + 2i

Reβ
2
)
D2 +

(
ωβ2 + i

Reβ
4
)
I + i

ReD
4. (2.2.85)

This is a polynomial eigenvalue problem, which can be solved by MatLab polyeig function.
The solution of the spatial problem can be approximated with a solution of a simpler
temporal one with the help of the Gaster transformation. This approximation technique
was not applied here.

2.2.6 The Rayleigh equation for free shear flows*

The Rayleigh equation (2.2.86) is the inviscid perturbation equation in fluid dy-
namics for a viscous or inviscid basic flow. The numerical solution of the Orr-Sommerfeld
equation can be problematic at high Reynolds numbers. In these cases the usage of the
Rayleigh equation is recommended. This equation can be derived if we investigate the OS
equation (2.2.18) as Re→∞:

(αU − ω)(φ′′ − α2φ)− αU ′′φ = 0. (2.2.86)

(Here, φ := v as frequently used in literature.) Furthermore, at high flow speeds the
turbulence influences the base flow and the appearing oscillation in the edge tone can be
modelled with the Rayleigh equation even at very high Reynolds numbers.

2.2.7 The adjoint of the Rayleigh equation**

Let us define the Rayleigh operator as:

LR = a1(y) d2

dy2 + a2(y), (2.2.87)

a1(y) = αU − ω, (2.2.88)

a2(y) = −α2(αU − ω)− αU ′′ (2.2.89)

The definition of adjoint is

< LRφ, f >=< φ,L†R, f > . (2.2.90)

where f(y) is an arbitrary function on the same domain as φ. The inner product was
defined in Eq. (2.2.23) After substitution and integrating the expression by parts, we get∫

D
(a2φ

′′ − a1φ)f∗ dy =
[
φ′a1f

∗ − φ(a1f
∗)′
]y2
y1

+
∫
D
φ
(
(a1f

∗)′′ + a2f
∗) dy. (2.2.91)
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Table 2.3: The coefficients of the Rayleigh and the adjoint of the Rayleigh equation.

Coefficients Rayleigh equation Adjoint of Rayleigh eq.
a1 0 (2αU ′)/(αU − ω)
a2 −α2 − (αU ′′)/(αU − ω) −α2

The terms in the rectangular brackets which have to be evaluated at the endpoints (y1 and
y2) are zero if the same boundary conditions are applied for f as for φ. After substitution
the adjoint of the Rayleigh equation is

L†Rf = (αU − ω)f ′′ + 2αU ′f ′ + α2(ω − αU)f = 0. (2.2.92)

In more convenient form: (
d2

dy2 − α
2
)

(αU − ω)f + 2αU ′f = 0. (2.2.93)

The adjoint of the Rayleigh equation is not solved in this dissertation. At the same
time, it can be used to calculate the sensitivity of the jet disturbances at high flow speeds.
In Chapter 3, it will be verified that the Rayleigh equation can be used if the Reynolds
number (defined in eq. (3.4.2)) is larger than 300. Presumably, in this range the adjoint of
the Rayleigh equation can also be used. In this case, it can be used to model the feedback
mechanism of edge tone.

2.2.8 Solution of the Rayleigh equation by the compound matrix method*

The general form of the Rayleigh and its adjoint equation can be written as:

φ′′ + a1φ
′ + a2φ = 0, (2.2.94)

where a1 and a2 are the coefficients that can be found in Table 2.3.
A second order differential equation (2.2.94) has the general form:

φ = C1φ1 + C2φ2 (2.2.95)

If we investigate the equation as y tends to infinity (U ′(y →∞)→ 0, U ′′(y →∞)→ 0),

φ′′ − α2φ = 0, (2.2.96)

the solution of this eq. (2.2.96) can easily be obtained as

φ∞ = C1,∞eλ1y + C2,∞eλ2y, (2.2.97)
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where λ1,2 = ±α, and let φ1 ∼ eλ1y and φ2 ∼ eλ2y at y →∞.
For a free shear flow the perturbation velocity is assumed to be zero as y tends to

infinity,
lim
y→∞

φ = lim
y→∞

φ′ = 0. (2.2.98)

This can be fulfilled only if C1,∞ = 0 and also C1 = 0, then the solution (2.2.95) simplifies
to

φ = C2φ2 ∼ eλ2y (2.2.99)

Let us transcribe the second-order differential equation into a first order differential
equation system. φ′′

φ′

 =

−a1 −a2

1 0


φ′
φ

 (2.2.100)

or

φ′ = Aφ. (2.2.101)

If we want to prescribe boundary conditions as y → ∞ then we have to normalise
the variable φ with eλ2y, which will be denoted by η:

η := φ

eλ2y
. (2.2.102)

The new equation system can be obtained as:

η′ = φ′

eλ2y
− λ2

φ

eλ2y
= (A− λ2I)η. (2.2.103)

The initial conditions can be calculated from eq. (2.2.99) as:

η∞ =

 1

λ2

 . (2.2.104)

The boundary conditions in the far-field (y → ∞) are fulfilled automatically if the
integration is initialised with these values but the boundary conditions in the near-field
(y → 0) have to be prescribed according to the specific flow, which determines the so-
called characteristic or dispersion relation (D(α, ω) = 0). It has to be reported that this
solution technique provides spurios modes depending on the selected location of the far-
field (“infinity”). A filter technique should be implemented for this method. In addition, the
Rayleigh equation has no solution for certain ω parameters. Further settings of the solution
procedure is discussed in Sec. 2.2.4, where the CMM method for the Orr-Sommerfeld type
equations is presented.
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Boundary conditions in the near field

Symmetric solutions* If the base flowfield is symmetric U(y) = U(−y) then the dis-
turbance velocity field will be symmetric if φ(0)′ = 0 (because the order of the differential
equation is 2). This can be expressed by the new variable by:

Ds(α, ω) = η(0)′ = η1(0) = 0. (2.2.105)

If the velocity profile is not symmetric about zero, then it has to be transformed or the
General solutions case has to be used.

Antisymmetric solutions** If the flow-field is symmetric U(y) = U(−y) then the
disturbance velocity field will be antisymmetric if φ(0) = 0 which is equivalent to

Das(α, ω) = η(0) = η2(0) = 0. (2.2.106)

General solutions** If the velocity profile has no symmetry then the previous simpli-
fications are invalid. In these cases the integration has to be started from both plus and
minus infinity and match the two solutions at a prescribed point, d (preferably 0). The
integration process from plus infinity (η+) is the same as before. When the integration
is started from minus infinity (η−), the differential equation system (2.2.103) and initial
conditions (2.2.104) are almost the same but λ1 has to be used instead of λ2.

η−′ = (A− λ1I)η− (2.2.107)

η−−∞ =

 1

λ1

 (2.2.108)

In this case the following determinant has to be 0 at d:

Dg(α, ω) =
∣∣∣∣η+(d),η−(d)

∣∣∣∣ = 0. (2.2.109)

The solution is independent of d. The results for the Bickley profile obtained with this
method were the same as calculated by Nolle.

Wall** In the case of inviscid perturbation, no-slip wall boundary condition cannot be
prescribed!
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2.2.9 Solution of the Rayleigh equation by discretised differential oper-
ators**

The Rayleigh equation can be written with the help of a linear operator.

LR(φ) =
{

(αU − ω)D2 −
(
α2(αU − ω) + αU ′′

)
I
}
φ = 0, (2.2.110)

where D is the differential operator with respect to y and I is the identity operator. The
method is similar to that described for the Orr-Sommerfeld equation in Section 2.2.5, only
the polynomial degree of the problem and the matrices are different.

Temporal stability analysis In the case of a temporal problem α is known and we
have to find the proper ω value and φ function which fulfil (2.2.110). It is convenient to
rearrange the discretised Rayleigh equation into the following form:

Aφ = ωBφ, (2.2.111)

where A = αU(D2 − α2I) − αU′′ and B = D2 − α2I and U,U′′ are diagonal matrices
representing the proper velocity profiles at the collocation points. This is a generalised
eigenvalue problem which was solved by MatLab’s eig function.

Spatial stability analysis In the case of a spatial problem the solution technique is
more complicated. The equation (2.2.110) can be rearranged to the following form:

(α3A3 + α2A2 + αA1 + A0)φ = 0, (2.2.112)

where

A3 = −U, (2.2.113)

A2 = ωI, (2.2.114)

A1 = UD2 −U′′, (2.2.115)

A0 = −ωD2. (2.2.116)

This is a polynomial eigenvalue problem, which can be solved by MatLab polyeig function.

2.2.10 The solution of the linearised Navier-Stokes equation by a dis-
cretised differential operator*

In the case of a passive boundary layer control, if the wall is compliant in the z
direction the boundary conditions cannot be expressed only with the variable v. Further-
more, with the transcription of the equation system (2.2.12)-(2.2.15) to a single variable v
(Orr-Sommerfeld equation) the so-called Squire modes are eliminated. In order to get rid
of these problems, the equation system can be discretised without any modification. The
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unknowns are represented by the following vector:

q = [u,v,w,p]ᵀ. (2.2.117)

The disadvantage of such a method is that if the number of discretization points (nodes)
is N , the number of unknowns is 4N and the size of the matrix of the problem is 4N ×4N
which needs even more computational effort than the discretised Orr-Sommerfeld equation.

Temporal stability analysis** In the case of temporal stability analysis, the general
eigenvalue-eigenvector problem has the following form:

Aq = ωBq, (2.2.118)

where

A(4N×4N) =



iαI D iβI 0

M −U′ 0 −iαI

0 M 0 −D

0 W′ M −iβI


, (2.2.119)

M(N×N) = 1
Re

(
D2 − (β2 + α2)I

)
− i
(
αU′ + βW′) (2.2.120)

and 0 is a N ×N null matrix.

Spatial stability analysis* Similarly to the previous equations, a spatial stability prob-
lem is more complicated here, too. It leads to a second order polynomial eigenvalue problem
which reads as:

(α2A2 + αA1 + A0)q = 0, (2.2.121)

where

A2 (4N×4N) =



0 0 0 0

− 1
ReI 0 0 0

0 − 1
ReI 0 0

0 0 − 1
ReI 0


, (2.2.122)

A1 (4N×4N) =



−iI 0 0 0

−iU 0 0 −iI

0 −iU 0 0

0 0 −iU 0


, (2.2.123)
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A0 (4N×4N) =



0 D iβI 0

M −U′ 0 0

0 M 0 −D

0 −W′ M −iβI


, (2.2.124)

M(N×N) = 1
Re

(
D2 − β2I

)
− iβW′ + iωI. (2.2.125)

Single eigenvalue calculation* The previously described methods are computation-
ally expensive, their solution takes about 10-15 minutes on an Intel Core i5 4590S computer
in the case of N = 200. Their only benefit is that all the eigenvalues are determined in a
single step. At the same time, we are usually interested only in the one with the largest
imaginary part, corresponding to the highest growth rate. It is possible to solve the prob-
lem in another way. Let us write the discretised equation system in the following form
without collecting the terms neither for α nor for ω:

Aq = b, (2.2.126)

where

A =



iαI D iβI 0

M + 1
ReD

2 U′ 0 iαI

0 M + 1
ReD

2 0 D

0 W′ M + 1
ReD

2 iβI


. (2.2.127)

(It has to be mentioned that A is almost equal to α2A2 + αA1 + A0 from the spatial
problem or A − ωB from the temporal problem1 but here the boundary conditions are
prescribed with the help of b, while in the previous cases, the Ai and B matrices were
modified to fulfil the BCs.)

M(N×N) = 1
Re

(
(β2 + α2)I

)
− iωI + i

(
αU′ + βW′) (2.2.128)

and b is the so-called load vector, which represents the boundary conditions. Furthermore,
one of the boundary conditions has to be non-zero to get a non-trivial solution, and its
value can be arbitrary, since if q is a solution of the problem, cq is another one, where
c is a constant value. The idea is that Eq. (2.2.128) can be solved with an arbitrary ω

or α value. At the same time, only 7 BCs out of 8 are prescribed, which is one less than
sufficient to determine the correct solution. The 8th boundary condition can be anything
but must be non-homogeneous (to avoid the trivial solution) and does not contradict
the 8 “true” BCs. This way we can obtain a “solution” but one of the BCs and one of
the eigenvalues are not correct. In the next step, Eq. (2.2.126) is solved multiple times,
until the difference between the boundary value of the calculated “solution” and the 8th,
unprescribed boundary condition is minimised by changing ω or α values. In this case,

1The sign is opposite in some rows.
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Table 2.4: The prescribed and the evaluated boundary conditions at y = 0 location for the
discretised linearised Navier-Stokes equations.

BC name Prescribed BCs Evaluated (8th) BC
Wall u(0) = 0, p(0) = 1, w(0) = 0 v(0) = 0

Symmetry v′′′(0) = 0, v(0) = 1, w(0) = 0 v′(0) = 0
Antisymmetry v′′(0) = 0, p(0) = 1, w(0) = 0 v(0) = 0
Active control u(0)− cu′(0) = 0, p(0) = 1, w(0) = 0 v(0) = 0

Coating (move in y) u(0)− cu′(0) = 0, p(0) = 1, w(0) = 0 v(0) = 0

Coating (move in y and z) u(0)− cxu′(0) = 0, p(0) = 1,
w(0)− czw′(0) = 0 v(0) = 0

this 8th boundary condition gives the dispersion relation. This procedure is similar to the
shooting method used for the CMM in Sec 2.2.4. The eigenvalue (α or ω) can be tuned
to minimise this difference with any algorithm (e.g. Newton-Raphson method). Here, the
fsolve MatLab function is used. If that is achieved, the eigenvalue problem is solved, the
value of α or ω will be the correct eigenvalue and q is the eigenvector.

In the far-field [u, v, w, p]|y→∞ = 0 boundary conditions are used, while the further
ones are summarised in Table 2.4. Although, only one eigenvalue can be determined with
this method, a solution of such problem is very quick (∼ 0.001 s), especially if the discre-
tised differential operator is a so-called sparse matrix2. This method was used in the case
of boundary layer, when the wall was able to move in z direction in Sec. 4.5.2.

2.3 Weakly non-parallel methods*

The solution of the Navier-Stokes equations (Eqs. (2.1.1)-((2.1.4))) or its linearised
form (Eqs. (2.1.5)-(2.1.8)) is computationally expensive. In the previous section the par-
allel assumption was used. At each cross-section, a differently shaped perturbation wave
was assumed as the solution of a locally parallel flow. These solutions need less com-
putation but in some cases the flow is not really parallel and these approaches do not
provide a sufficiently accurate solution. There were many attempts to fill the gap between
the linearised equations and the parallel flow assumption. The modified Orr-Sommerfeld
equation (Sec. 2.2.2) can be considered one of these attempts. Another approach is the
so-called Wentzel–Kramers–Brillouin-Jeffreys (WKJB) approximation. In this case, the
variation of the mean flow and the shape of the perturbation are taken into account with
an extra correction term. The method is also called multiscale analysis since the method
assumes two different spatial scales: a fast and a slow scale. The fast scale corresponds
to the wave motion (the term in the phase: αx) while the slow scale is responsible for
the “slow” variation of the mean flow (U, V,W ) and the shape of the perturbation waves
(u, v, w, p). This method was also used in the dissertation and its results compared to

2In numerical analysis and computer science, a sparse matrix or sparse array is a matrix in which most
of the elements are zero. The number of zero-valued elements divided by the total number of elements is
called the sparsity of the matrix.
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those of CFD simulations in Sec. 3.6. The correction term is proven to be so small it has
negligible effect in the investigated range.
Further methods belonging to the weakly non-parallel approach exist. The most significant
one is probably the parabolised stability equations (PSE) and its adjoint (Dobrinsky and
Collis, 2000). It can handle nonhomogeneous boundary conditions and non-linearity, too.
Here, it is not presented. Its application to the edge tone is subject of current research
with András Szabó, who writes his diploma thesis in this field.

2.3.1 WKJB approximation*

The previous solution techniques seek the solution in the simple waveform (2.2.1).
This form can be extended with further terms in the WKJB approximation. The method
was adapted to the linearised Navier-Stokes equations by Garg (1981). Here, we follow his
idea. Here, only the necessary formulae are presented, the derivation can be found in the
original work. He added only one further term, which leads to the solution form

ψp,WKJB(x, y, t) = (C0Φ(y, x1))ei
∫

(α0+εα1)dx−iωt, (2.3.1)

where ψp,WKJB is the stream function of the disturbance field and Φ is its eigenfunction.
α0 is the wavenumber calculated from the the mean flow considered as the series of parallel
flows. (It can be conceived as a 0th order approach.) α1 is the first order correction of the
wavenumber. The necessary extra computation, compared to the Orr-Sommerfeld method,
is only the calculation of this term. ε is a small dimensionless parameter characterising the
non-parallel nature of the basic flow. It expresses the ratio of slow scales x1 (the streamwise
variation of the basic flow) and the fast scales x (propagation of the disturbance wave).
ε = 0 corresponds to a parallel mean flow and in this case the method leads to the Orr-
Sommerfeld equation. for free shear flows (jets and boundary layers) ε = 1/

√
Re (Garg,

1981). This value comes from the analytic derivation of self-similar profiles.
Φ and α0 can be obtained from the solution of the Orr-Sommerfeld equation at

each axial location as if the basic flow were parallel. Φ and α0 are the same as those in
the previous case. Although the Orr-Sommerfeld equation was solved for the transversal
velocity component before, it does not cause any problems since

vp(x, y, t) = −∂ψp(x, y, t)
∂x

= −αψp(x, y, t). (2.3.2)

That means that the two variables and equations can be transformed into each other by
a linear transformation. Hence, the eigenvalues are the same for both cases, while the
eigenmodes differ only by a constant multiplier which can be taken into account through
C0 in Eq. (2.3.1).

Here, α1 should be calculated to improve the accuracy of the Orr-Sommerfeld method
using the following relations:

α1 = ã2(x1)
iã1(x1) , (2.3.3)
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where

ã1(x1) =−
∫
D

(b1φ+ b2φ
′′)φ†dy, (2.3.4)

ã2(x1) =
∫
D

(
(b1 + U ′′)φ† + 2U ′φ†′ + b2φ

†′′
) ∂φ

∂x1

+
∫
D

(
(b4φ− 2iφ′′/Re)dα0

dx1
+ b3φ

′ + V φ′′′
)
φ†dy, (2.3.5)

b1 =2α0ω − 3Uα2
0 − U ′′ + 4iα3

0/Re, (2.3.6)

b2 =U − 4iα0/Re, (2.3.7)

b3 =− V ′′ − α2
0V, (2.3.8)

b4 =ω − 3α0U + 6iα2
0/Re, (2.3.9)

and φ† is the eigenfunction of the solution of the adjoint of the Orr-Sommerfeld
equation (see Sec. 2.2.3 and eq. (2.2.26)). If the direct problem (the Orr-Sommerfeld
equation) is solved, the whole procedure should not be repeated from the beginning. It is
known from linear algebra that the eigenvalues of the Orr-Sommerfeld equation and those
of the adjoint problem are the same for a spatial problem, thus only the eigenfunction
should be recalculated. The shooting method is not necessary since the eigenvalues are
already known. In Section 3, various solutions will be compared, based on the amplitude
of fluctuating transversal velocity along the centerline. For the WKJB method, it can be
calculated from the streamfunction as

vp,WKJB = −∂ψp,WKJB
∂x1

=

= C0
(
ε ∂φ∂x1

+ (α0 + εα1)φ
)
ei
∫

(α0+εα1)dx−iωt. (2.3.10)
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Chapter 3

The sensitivity of the planar jet

3.1 Introduction

My first piece of research focused on the sensitivity of jets. A jet is formed when the
fluid emerges from a rectangular or circular slit into free space. Its application possibilities
are uncountable. Jets are used in air-conditioning systems, printers, propulsion systems
on water- and aircraft, flutes, air doors. Even when we blow out the air from our lungs we
generate a jet at our noses or mouths. Research on them focuses among others, enhancing
mixing properties or the reduction of their noise emission. Furthermore, the fast laminar
turbulent transition in jets enables scientist to study turbulence and coherent structures.
The jet geometry can be planar when the orifice is a rectangle with high aspect ratio; axis-
symmetric or other. The flow conditions can be manifold, single phase or multiphase flows
are distinguished. In some cases, the chemical reactions have importance. A full review in
this field would go beyond the framework of this thesis.

In this work, the study is restricted to planar jets, which have parabolic or top-hat
velocity profiles. A parabolic profile develops if the nozzle is a long, parallel channel. The
other one is the “top-hat” profile, in which case the boundary layer in the nozzle and the
shear layer in the jet are very thin. It develops in the case of short, convergent nozzles.
The schematic drawings can be seen in Fig. 3.1. The perturbation waves can be grouped
into symmetric and antisymmetric modes. In the literature, there is no consensus, whether
the symmetry is defined on the basis of the perturbation velocity or the displacement of
the jet. In my work, I defined symmetry based on the perturbation velocity to avoid mis-
understandings during the definition of boundary conditions. In this case, the symmetric
mode is the sinuous one, and the antisymmetric corresponds to the varicose one. Their
schematic drawings can be seen in Fig. 3.2.

Besides the general importance of planar jets, the research is motivated by previous
work done at the Department of Hydrodynamic Systems at BME. The edge tone was
studied experimentally and computationally by Dr. István Vaik and Prof. György Paál.
Their main motivation was to understand the principle of the operation of organ pipes and
model them. I continued their research, and I focused on the jet, especially on its different
behaviour close to the nozzle. It has been well known for a while that the “most sensitive
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(a) (b)

Figure 3.1: (a) The schematic drawings of the velocity profile at exit (a) parabolic, (b)
top-hat.

(a) (b)

Figure 3.2: Schematic drawings of the motion and transversal velocity profiles of the sym-
metric (sinuous) (a) and the antisymmetric (varicose) (b) perturbations of the jet.

part of the jet” to external disturbances is at the immediate vicinity of the orifice. Many
models were set up for jets but none of them tried to explain this observation. I summarised
the main milestones in the theory of jet instability in Sec. 3.2. Then I attempted to give
an explanation for this observation. I used mainly the previously derived Orr-Sommerfeld
equation to investigate the jet near the orifice and further downstream. Multiple eigen-
modes of the Orr-Sommerfeld equation can calculated for an angular frequency. Their
number is usually finite and depends on the Reynolds number. The disturbance wave is
modelled usually only with the most unstable mode. An analytical approximation of the jet
profile (the base flow) suggested by Nolle (1998) is used to investigate its stability in Sec.
3.3. Since that description is valid only for so-called top-hat jets, numerical simulations
of the base flow were carried out for the case of the so-called parabolic jets. Furthermore,
numerical simulation of the base flow made it possible to investigate the effect of the nozzle
back wall on the propagation of disturbance waves. These results are summarised in 3.4.
In the next step, excitation methods were developed in Sec. 3.5 and 3.7, with which the
effect of a known acoustic and fluctuating vortex field can be modelled. These may help
understand and model the feedback mechanism in the edge tone more accurately. The
words: excitation, perturbation and disturbance must be clarified at this point. Excitation
is the external excitation, it generates the response of the jet in a form of a disturbance or
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perturbation (they are used as synonyms) wave. The external excitation field is the cause
of the oscillation, the perturbation or disturbance wave is the response of the jet.

Furthermore, a comparison of various equations and models have been made with
respect to the precision of predicting the behaviour of the disturbance wave in an excited
jet. This procedure validated the parallel flow assumption as well and is presented in Sec.
3.6. Finally, the sensitivity of planar jets was investigated by the Hermitian adjoint of the
Orr-Sommerfeld equation, and the effectiveness of acoustic and vortical excitations are
compared to each other in Sec. 3.8.

3.2 The history of jet research

The research on excited jets began in the middle of the 19th century. One of the first
papers on this was published by Leconte (1858). (The copy of his original paper can be
found in Appendix A.3.) He recognised that a gas-burner flame could be excited by a mu-
sical tone, referring to Tyndall (1857) and Plateau (1857). 10 years later, Barrett (1867)
observed the sensitivity of jets independently of the previous authors. He recognised that a
V-shaped cut-out near the orifice can magnify the sensitivity of the jet significantly. Con-
tinuing his research, Tyndall (1867) showed that the sensitivity of flames was independent
of the combustion process. He stated that the phenomenon can also be obtained if the
jet of unignited gas carbonic acid, hydrogen or even air itself issues from an orifice under
proper conditions. Tyndall (1875) was the first scientist who summarised his observations
on sensitive jets in his book on sound (Chapter VI.). This is the first publication in which
the vicinity of the orifice was defined as the most sensitive part. “When the sound is con-
verged upon the root of the flame, ... the action is violent; when converged on a point half
an inch above the burner, ... or at half an inch below the burner, ... there is no action.”

The next important milestone was laid by Ridout (1878) and Rayleigh (1888), who
both pointed out the importance of the direction of the impinging sound. In the latter
paper, Rayleigh used the excited flame to demonstrate the diffraction patterns of the
sound, especially for higher frequencies, while he made another important observation.
He excited the flame (the jet) with sound, once with freely propagating sound and then
with reflected, spatially stationary ones (standing waves). The latter experiment provided a
very interesting result. The author varied the distance between the flame and the reflective
surface. “... I hold the board at different distances behind, the flame rises and falls ... and
as I move the board back the flame passes continually from the position of the node -
the place of no motion - to the loop or place of the greatest motion and no variation of
pressure. As I move back, the aspect of the flame changes; and all these changes are due
to the reflection of the sound-waves by the reflector which I am holding. ... the flame is
excited at the loops corresponding to odd multiples, and remains quiescent at the nodes
corresponding to even multiples.” In addition, using standing waves, Rayleigh discovered
that the flame/jet can be excited only by velocity fluctuations (at antinodes) and not by
pressure fluctuations (at nodes).

Later, many articles were presented and several experiments were carried out to
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explain and understand this phenomenon. It was summarised in 1896 by Lord Rayleigh
in the XXI. Chapter in the second edition of his famous book (Rayleigh, 1896). The basis
of my literature survey of that time was also his book. Later, Rayleigh described that
the stopcock placed close to the orifice had a strong effect on the sensitivity of the jet.
The most likely, modern explanation is that stopcock acted as a turbulence generator,
which modified the velocity profile inside the pipe. He was also one of the first researchers
who investigated the stability of flows and presented his renowned equation, nowadays
known as the Rayleigh equation. (The equation and its solution to free shear flows were
presented in Sec. 2.2.6). It describes the inviscid stability of single phase parallel flows. (It
is important to note the base flow can either be viscous or inviscid.)

At the beginning of the 20th century, researchers started to investigate unignited jets
independently of flames. The next important paper belongs to Brown (1935), who carried
out detailed measurements, made beautiful photographs, and summarised the contempo-
rary knowledge about the sensitivity of jets (the effect of pressure and the direction of
the sound). What Tyndall (1875) had also observed for circular jets, Brown validated for
planar jets: the most sensitive part is the region close to the orifice. “It is well known
that the sensitive region in a gaseous stream is in the immediate neighbourhood of the
orifice. This can be demonstrated by lowering a shield near the jet and between it and the
loud-speaker: no change in the vortex-formation can be observed until the shield cuts off
the sound waves from the last millimetre or so at the orifice.” Furthermore, he stated that
“The fact that shielding the stream of gas from the sound has absolutely no effect, except
when the shield covers the first millimetre or so the nearest to the orifice, shows that
the vibrations of sound play no part in the subsequent development of the undulations
produced here.”

He recognised that the phenomenon of acoustic sensitivity in jets is not related to
turbulence already existing in the stream, when it issues from the orifice. The velocity
below which the jet remains stable is a decreasing function of the amplitude of the ex-
citation. According to his research, no clear maximum jet velocity exists for instability.
Brown made further important observations. He varied the excitation frequency and he
measured the minimum value below which the jet remained quiescent. At the same time,
he was unable to determine the upper frequency limit for instability.

During the experiments he also determined the angular velocity of the leading fila-
ment of the developing vortices, and he recognised that it is directly proportional to the
frequency of the excitation sound, more precisely:

ωv = πfexc, (3.2.1)

where ωv is the angular velocity of the leading filament of a vortex and fexc is the excitation
frequency.

The next essential step in the development of the theory of planar jets was the work
of Bickley (1937). He derived an analytical formula (Bickley-profile) for the velocity profile
generated by an infinitely long line source, assuming self-similarity. This approximates the
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plane jet velocity profile in the self-similar region very well.
Andrade (1941) made experiments with the sensitive flame and a “water-into-water”

jet with a circular orifice and he concluded that the investigations of unignited, single phase
planar jets are essential to understand the previously mentioned flow configurations. He
used the hydro-magnetic analogy for investigating the two-dimensional displacement of the
jet and the distribution of vorticity. Furthermore, he thoroughly investigated the sensitivity
of two different jets (a circular and a planar jet). He made more sophisticated statements
compared to Brown. He stated that “On the view put forward here, the sensitiveness is
due to the transverse motion of the heavy vorticity at the orifice with reference to
the surrounding fluid. ... Experiments on these lines show that the flame is still sensitive
over a range of some centimetres from the origin, but that the sensitiveness increases very
markedly as the orifice is approached. The same thing has been shown with the water jet.”
He calculated the vorticity at the orifice in both cases (circular and plane jet) and found
that it is 100 times larger in the cases of the circular jet compared to the planar one, when
both jets are at the point of instability. This calculation fitted well to his experiments
because the round jet can be excited more easily compared to a planar one. At the same
time, the explanation suffers from the following problem: the Reynolds number was 370
in the former and 30 in the latter case based on experimental data. This makes it very
difficult to compare these two different flow configurations. Andrade finally concluded that
the sound also generated vorticity at the orifice, thereby exciting the two vortex street:
“The sensitiveness of the round jet as compared with the relative insensitiveness of the
flat jet is to be sought in these results. Sound causes the break-up of the jet by the
relative transverse movement of the orifice and the surrounding fluid, and the seat of the
sensitiveness is in the neighbourhood of the orifice. We may therefore consider the effect
of the sound to be a transverse vibration of the vorticity at the orifice, which acts on the
vortex sheet in its immediate neighbourhood, the instability developing as the jet travels
out in the way traced in detail for the double plane vortex-sheet. Heavy vorticity at the
orifice will therefore give sensitiveness.”

Savic (1941) was the first one who solved the Rayleigh equation for the plane jet
and found a good agreement with the experimental results of Brown (1935) in terms of
wavelength and wave velocity. Curle (1957) and Tatsumi and Kakutani (1958) later solved
the Orr-Sommerfeld equation and published the neutral stability curve for the analytical
Bickley profile. They concluded that the critical Reynolds number (Re), below which the
flow is linearly stable, was 4.0 at a non-dimensional wavenumber 0.2; the lower branch of
the neutral stability curve tended rapidly to zero (as can be assumed for every free shear
flow (Boiko et al., 2012)). Moreover, if the Reynolds number is larger than around 200,
the neutral stability curve does not really change any more with Re. This means that here
the linear stability of the Bickley jet becomes independent of the Reynolds number and
the simpler Rayleigh equation can be used instead of the Orr-Sommerfeld equation. Sato
(1960) carried out measurements and fitted an analytical velocity profile. He also solved the
Orr-Sommerfeld equation for sinuous and varicose modes. Mattingly and Criminale (1971)
compared the varicose and sinuous disturbances in the spatial stability of Bickley profile
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using the inviscid Rayleigh equation. They concluded that the “symmetric disturbances
are the more highly unstable as determined by their spatial amplification factors”. They
also investigated the Reynolds stress distribution and found that the energy is transferred
from the main motion to the disturbances along mean flow streamlines on either side of
the jet centreline but not on the centreline because there the stress is zero.

Later many researchers attempted to reduce the assumptions of the Orr-Sommerfeld
equation. Some of these will be mentioned, without attempting to give an exhaustive
review. Varapaev et al. (1975) derived a modified Orr-Sommerfeld equation, which consid-
ered the transversal velocity component with the help of the stream function. According
to their results, the critical Reynolds number (defined as Curle, Tatsumi and Kakutani) is
around 14-15. A similar attempt was made by Bajaj and Garg (1977), who also took into
account the transversal mean velocity. Their modified equation is more usable because
instead of the stream function they used the mean transversal velocity profile in the equa-
tion, which can easily be exported from numerical simulations. Their method is presented
in Section 2.2.2. Garg (1981) continued the research and developed a weakly nonparallel
model that took into consideration the effects of the transversal velocity component and
the streamwise variations of the basic flow, the disturbance amplitude, the wavenumber,
and the spatial growth rate. In this case, the growth rate depends not only on the stream-
wise and transverse co-ordinates but also on the particular flow variable. (His method is
presented in Section 2.3.1, here.) Finally, he presented his results in terms of the growth
rate of the kinetic energy at x = 0 and found the critical Reynolds number at the orifice
to be 21.6. His finding agreed very well with the experimental observation of Sato and
Sakao (1964), according to which Bickley jet is stable to infinitesimal disturbances below
a Reynolds number of 20. However, the Bickley-profile becomes a good approximation only
6-8 diameters from the orifice. Tam (1995) omitted the parallel flow assumption with the
help of curvilinear co-ordinates. He refrained from introducing the usual non-dimensional
parameter, the Reynolds number because there is neither characteristic length nor velocity
in this problem. He contended that “the flow is unstable, regardless of Reynolds numbers,
however defined.” Nolle (1998) solved the Rayleigh equation numerically for the Bickley
jet and validated it by measurements. He also suggested analytic expressions to describe
the transition of the mean flow of the jet from the top-hat to the Bickley profile. These
profiles are used in this work. Jo and Kim (2002) studied the stability of the parallel and
non-parallel jets in a wide range of Reynolds numbers (100 < Re < 1000). They solved the
vortex transport equation for the mean flow and its linearised form for the stability inves-
tigations. They identified a new non-dimensionalisation scheme including the streamwise
distance and the Reynolds number. They also carried out a global stability analysis and
obtained good agreement with the local one. In the same year, Atassi and Lueptow (2002)
developed a non-linear “long wave” model. The model describes the exponential and linear
growth of disturbances. The paper deals with asymmetric mean velocity profiles as well,
approximated by a piecewise linear function. Since the model is inviscid, it describes the
stability of the flow only for a “top-hat” jet at high Reynolds numbers.

Bechert (1988); Bechert and Stahl (1988), and Kerschen (1997) analytically investi-
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gated the receptivity of the flow in the vicinity of the nozzle but in these papers the jet was
modelled as a shear layer, which makes it difficult to compare the results near the orifice
to those far away, where the Bickley-profile has already developed. In this dissertation, the
stability investigations were carried out while considering the complete jet profile to infin-
ity in transversal direction. This method enables the comparison the stability properties
of the flow near the orifice and far from the it.

At the same time, Hsiao and Huang (1990) validated the theory of the evolution of
coherent structures in planar jets by measurements. According to this idea, these structures
develop from an initial instability wave. After the amplitude of this wave saturates, the
first subharmonic starts growing and becomes the most amplified instability wave. These
experiments suggest that the properties of the initial instability wave have a large impact
on the development of the unstable structures in the flow.

Nowadays, numerous studies focus on the modification of the planar jet by actuators
placed near the orifice. Recently, Ben Chiekh et al. (2011) determined the desired frequency
to generate antisymmetric modes in a planar jet using synthetic jets. On the other hand,
how the geometry conditions influence the development of the preferred modes in unexcited
cases is still unrevealed. Another interesting recent paper is that of Oberleithner et al.
(2014) which considers cylindrical jets, yet it contains several relevant findings. They
perform PIV experiments using a variable amplitude excitation. Their weakly nonparallel
stability model works very well except, very near to the nozzle and far downstream. They
attribute the former discrepancy to the interaction of the stability wave with the nozzle,
while the latter one is attributed to the reversal of energy flow direction between the
stability wave and the mean flow. They found that there is practically no turbulence in
the wave growth region; turbulence appears only in the decay region.

x

y

U(y)

Orifice

Jet

y

Figure 3.3: The configuration of the plane jet.
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3.3 Stability properties of a plane jet approximated with
analytical profiles

3.3.1 Analytical velocity profiles

Schlichting (1933) and Bickley (1937) derived a velocity profile for a plane jet with
the assumption of a constant, line momentum source and self-similar flow. This velocity
profile is a good approximation for jets far from the orifice. The configuration of the planar
jet with the Bickley profile can be seen in Fig. 3.3. According to Nolle’s experiments (Nolle,
1998), this profile can be observed from roughly 8 times the orifice size downstream. The
Bickley profile in non-dimensional form is given as

U = sech2(y). (3.3.1)

Two special velocity profiles can be distinguished at the orifice. A parabolic profile
develops if the nozzle is a long, parallel channel. The other one is the “top-hat” profile,
in which the boundary layer in the nozzle and the shear layer in the jet are very thin.
It develops in the case of short, convergent nozzles. An analytical approximation for the
transitional velocity profiles is available only in the case of “top-hat” outflow in (Nolle,
1998),

U = sech2(yn). (3.3.2)

The velocity profiles, which are closer to the orifice and are thus steeper, are approximated
by larger “n” parameters. In the dissertation, the n = 1, 2, 3 cases were investigated (Fig.
3.4), where n = 1 is identical with the original Bickley profile. In Fig. 3.4(a) the shape of
these functions, while in Fig. 3.4(b) their approximate locations in a plane jet can be seen.
The n=2 and n=3 cases are valid only at a certain distance from the orifice while n=1
will be valid everywhere in the downstream region. (Only its length and velocity scale and
the resulting Reynolds number will change). Although the Bickley profile was investigated
in many papers, this approximation of the base flow was not analysed in the literature
according to author’s best knowledge.

The growth of the perturbation wave will be investigated in the case of symmetric and
antisymmetric modes as the function of the Reynolds number and the angular frequency.
Unfortunately, such kind of analytical description is not available in the case of parabolic
jet. It will be investigated in Sec. 3.4, where CFD simulations of the base flow will be
carried out. Furthermore, the n parameter can be only an integer in the case of top-
hat profile. The transition between them can be investigated also with CFD simulations,
presented in the next section.

The non-dimensional flow rates for the profiles were calculated for comparison. The
result can be seen in Table 3.1. The maximum difference compared to the Bickley profile
was less than 5%. Although this comparison will not used be here, it can be important
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Figure 3.4: (a) The analytical approximations of the velocity profile close to the orifice
(U = sech2(yn)) and their approximate position in the jet.

Table 3.1: The comparison of the dimensionless flow rates between analytical profiles

Profile Dimensionless
flowrate [-]

The difference
from the

Bickley-prof. [%]
Bickley 2 0
sech2(y2) 1.9056 -4.7
sech2(y3) 1.9138 -4.3
“Top-hat” 2 0

in further studies. The length and velocity scales for non-dimensialisation procedure can
be arbitrary, and those influence the Reynolds number and the results. If the the non-
dimensional flow rates, which were found to have an important effect on the oscillation
frequency of the edge tone (Vaik, 2013), differ significantly, further comparison of the ve-
locity profiles would be only subjective. The 5% difference is acceptable since the results
show us that the stability properties are more sensitive to the steepness (independent on
the non-dimensionalisation) of the profile than the Reynolds number (dependent of the
non-dimensionalisation). However, Vaik (2013) found that energy flux is a more impor-
tant than the volumetric flow rate on the oscillation frequency of the edge tone. Yet this
property was not investigated here.

3.3.2 Results for the analytical profiles

My results for the Bickley profile are compared to those of Nolle (1998), to verify my
calculations for a high Reynolds number. The eigenvalues were calculated with the Orr-
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Sommerfeld equation (Sec. 2.2.1) solved by the compound matrix method (Sec. 2.2.4). This
procedure is used in the whole chapter if not otherwise stated. Spatial stability analysis
is carried out, meaning that the Reynolds number (Re) and the angular frequency (ω)
are free parameters and the wavenumber (α) should be determined from the dispersion
relation (Sec. 2.2.4). Although they have multiple solutions (multiple eigenmodes), only
the most unstable one is presented, since it will determine the behaviour the jet. The fast
decaying modes can be neglected from a physical point of view.

The comparison of the highest spatial growth rates ((Eq. 2.2.9), the imaginary parts
of the wavenumber α) at various Reynolds numbers can be seen in Figure 3.5 for symmetric
disturbances. At Re = 1000, my results were almost identical to those of Nolle, who solved
the inviscid Rayleigh equation (Re→∞), which means that the stability properties of the
Bickley profile above this number are independent of the Reynolds number. The stability
results for jets obtained with the Orr-Sommerfeld or the Rayleigh equation will be valid for
every Reynolds number larger than 1000. Curle (1957) and Tatsumi and Kakutani (1958)
proposed that the threshold Reynolds number, above which viscosity does not influence
the stability properties, is 200.
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Figure 3.5: The spatial growth rate of the amplitude of the perturbation velocity in the
case of analytical Bickley profile for various Reynolds numbers and in the inviscid case
(Rayleigh).

If we reduce the Reynolds number, the non-dimensional growth rate also decreases,
except at low frequencies. The critical Reynolds numbers, below which the growth rate is
always negative (the perturbation decays) and the flow is linearly stable, were calculated
and are presented in Table 3.2. Of course, it is not necessary to separate the disturbances
based on their symmetry property. The “true” critical Reynolds number would be the
smaller one.

The critical Reynolds number for the Bickley profile (n=1) is Recrit ≈ 4.0. This
number was also predicted by Curle (1957) and Tatsumi and Kakutani (1958) and was
validated also by Bajaj and Garg (1977). According to my investigation, this number
is almost the same for all symmetrical modes at all n parameters, as shown in Fig. 3.6
and in Table 3.2. There, the neutral stability curves belonging to the zero growth rate of
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Table 3.2: The critical Reynolds numbers of analytic velocity profiles.

Mode n=1 n=2 n=3
Sym 4.0 4.2 4.2

Antisym 88.2 26.6 22.1

perturbations were plotted in various cases. Of course, the results should be interpreted
carefully at such low Reynolds numbers because the validity of the parallel mean flow
assumption is uncertain.

The next observation is that the lower branch of the neutral curves tends rapidly
to the ω = 0 axis in the case of all the symmetrical modes, as also predicted by Curle
(1957) and Tatsumi and Kakutani (1958) for the Bickley profile. (In these cases, the
lower branch of the neutral curve is so close to the axis that it cannot be seen in the
figure.) This is actually valid for every free shear flow (unlimited flows) (Boiko et al.,
2012). At the same time, the antisymmetric disturbances grow only at higher Reynolds
numbers and Recrit ≈ 88.2 is quite large in the case of Bickley profile compared to the
other profiles. The neutral curves tend much slower to the ω = 0 axis in the case of
antisymmetric disturbances. The interesting new observation is that as the n parameter is
increased, the critical Reynolds number changes significantly. It is reduced to roughly one
fourth when the n parameter is increased to 3 from 1. This observation indicates that the
antisymmetric modes are more “sensitive” to the steepness of the profile. (The symmetric
and antisymmetric modes could be investigated together on the y ∈ (−∞,∞) domain,
as described in Sec. 2.2.4. However, in this case the necessary calculation time would be
doubled while the physical meaning of the results would be reduced.)
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Figure 3.6: The neutral curves for symmetric and antisymmetric modes in the case of
analytic profiles (U(y) = sech2(yn)).
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Figure 3.7: The growth rate of amplitude of perturbation velocity at Re=100 in the case
of analytic profiles.

At a given Reynolds number, the growth rates are much higher for larger n parame-
ters, except at low frequencies, as plotted in Fig. 3.7. These results show that the growth
of the perturbation velocity wave is more rapid close to the orifice (for large n parameters).
Another very interesting new result is revealed when the symmetric and antisymmetric
disturbances are compared to each other. It has been known for a while that at n = 1 the
growth rate of the symmetric disturbances are much larger than that of the antisymmetric
modes (Mattingly and Criminale, 1971). In the figure, the growth rate of the antisymmet-
ric disturbances at Re = 100 is almost zero or negative, while the growth rate of symmetric
disturbances is positive below a given angular frequency. (Of course, at higher Reynolds
numbers the growth rate of antisymmetric disturbances becomes positive in a certain fre-
quency range but the growth rate of the symmetric modes always remains larger. This is
the reason why the symmetric disturbances are usually observable in experiments, except
if antisymmetric excitation is applied, as stated by Criminale et al. (2003).)

A surprising and new result can be observed at larger n parameters. For n = 2, the
growth rates of disturbances is quite close to each other at higher angular frequencies
(ω > 0.5), furthermore at higher Reynolds number (Re > 200), there is a narrow range
(ω ≈ 0.6 − 0.7) where the antisymmetric modes have larger growth rates (not plotted
here). When the parameter “n” is further increased to 3, the angular frequency domain
where the growth rate of the antisymmetric modes is larger than that of the symmetri-
cal ones becomes wider. Here, the growth rate of the antisymmetric mode is definitely
larger than that of the symmetric one. Moreover, the maximum growth rate of the anti-
symmetric disturbances is higher than that of the symmetric mode. The largest growth
rate will overwhelm the others and will dominate in so-called natural modes, when the
jet is not excited (just some random noise generates the disturbance wave). This means
that antisymmetric modes can and will dominate in the vicinity of the nozzle in natural
modes. The same result was already experimentally observed by Thomas and Goldschmidt
(1985), who measured the frequency of symmetric and antisymmetric modes with the help
of the autocorrelation technique at a larger Reynolds number (Re = 6000). (There, the
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symmetry was defined in the opposite way, based on the displacement of the jet.)
Finally, the non-dimensional angular frequencies corresponding to the maximum

growth rate are higher at larger “n” parameters, suggesting that the dominant frequencies
of disturbances in experiments without excitation are higher in the case of steeper basic
velocity profiles (e.g. closer to the orifice).

3.4 Stability properties of a planar jet represented with nu-
merical velocity profiles

3.4.1 Numerical velocity profiles

Figure 3.8: The simulation domain and boundary conditions in the CFD calculations.

It was necessary to carry out CFD simulations because in the case of the parabolic
velocity profile there are no analytical formulae for the transition profiles between the
parabolic and the Bickley profiles. Furthermore, in the case of the top-hat profile, the
parameter n can take only whole numbers and the transitional profiles between them
cannot be described analytically by this expression. The CFD simulations were carried
out on a fine, structured mesh using ANSYS CFX. The size of the orifice was δn = 1 mm,
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the cell-size was 0.05 mm in the core domain which was 24 mm long (Fig. 3.8). Another
domain was defined around the core one with continuously increasing cell sizes in order
to reduce the effect of boundaries. On the upstream side of the simulation domain, two
different boundary conditions were defined. One is a no-slip wall (prescribed zero velocity)
which represents a thick-walled nozzle, blocking streamwise entrainment around the nozzle.
The other one is an “opening” (prescribed zero pressure allowing in- and outflow) which
describes an infinitely thin-walled nozzle in which the entrainment process has already
begun in the vicinity of the orifice. At other boundaries “opening” was prescribed, except
at the nozzle where the pre-defined top-hat or parabolic velocity profiles were implemented.
The simulation was carried out at Reglob = 100. Reglob is the global Reynolds number in
the flow defined as

Reglob = δn UMean
νair

, (3.4.1)

where νair = 1.545 ·10−5 m 2/s is the kinematic viscosity of air at 25 ◦C and UMean =
1.545 m/s is the mean velocity at the orifice which can be calculated based on the previous
parameters. The global Reynolds number describes the whole flow. In contrast, the local
Reynolds number belongs to a given cross-section and describes the local velocity profile
(similarly to Jo and Kim (2002)). To be consistent with the analytical profiles, the specific
quantities for the local Reynolds number are defined as

Re(x̂) = L̂(x̂) ÛMax(x̂)
νair

, (3.4.2)

where as ÛMax(x̂) is the maximum velocity in a certain cross-section, L̂(x̂) is the width
where the velocity is equal to 0.42 ÛMax(x̂), coming from the evaluation of the Bickley
profile at y = 1, since sech2(1) ≈ 0.42. With these definitions, the previously defined
analytical and numerical profiles are non-dimensionalised in the same way.

The velocity field was exported to MatLab for further investigations. The velocity
field (the base flow) was plotted with MatLab in Fig. 3.10(a) in the case of parabolic jet and
wall boundary condition around the nozzle. First, the non-dimensionalisation procedure
was carried out. The specific length and velocity values were determined for each cross-
section and the local Reynolds numbers were calculated. It can be seen in Fig. 3.9 that
flows with different outflows at the exit (parabolic, “top-hat”) have different velocity and
length scales even far from the orifice. The maximum velocity is always a bit higher in the
parabolic case (b), while the width of the jet is always a bit larger in the “top-hat” case
(c). These two effects almost cancel each other out during the calculation process of the
local Reynolds number: the curves run close to each other in every case. The continuous
increase of the local Reynolds number (d) is also observable, which is a known phenomenon
(White, 2006). The effect of the back wall on the development of the Bickley profile can
also be investigated. Let us define the parameter εb which describes the non-dimensional
difference of the velocity profile to the self-similar Bickley profile as

εb(x̂) = 1
2L̂(x̂)ÛMax(x̂)

√∫ ∞
−∞

(
Û(x̂, ŷ)− ÛMax(x̂)sech2(ŷ/L̂(x̂))

)2
dŷ. (3.4.3)
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Û
M

a
x

[m
/s

]

0

0.5

1

1.5

2

2.5

(b)

x̂ [mm]
0 5 10

L̂
[m

m
]

0

0.2

0.4

0.6

0.8

1

(c)

x̂ [mm]
0 5 10

R
e

0

20

40

60

80

100

120

(d)

Opening "top-hat" Opening parab. Wall "top-hat" Wall parab.

Figure 3.9: The (a) the difference to Bickley profile (εb), (b) the length (L̂), (c) the maxi-
mum velocity Ûmax, and (d) the local Reynolds number along the mean flow direction (x̂)
at various outflow conditions.

εb is plotted in Figure 3.9(a). It can be seen that when the wall boundary condition was
used, the self similar Bickley profile did not develop because of the insufficient entrainment.
In the case of “opening” boundary condition (representing a thin-walled nozzle) after x '
6− 8 the Bickley profile evolves, as noted by Nolle (1998) based on his experiments. This
process is a bit faster in the case of parabolic outflow. Here, the advantage of using non-
dimensional profiles is highlighted. If x > 8, the stability results for the non-dimensional
Bickley profile can be used after redimensionalisation. If the dimensional form of the
stability equations had been used, the whole solution procedure of the OS equation should
have been repeated instead of a simple redimensionalisation.

3.4.2 Results for the numerical profiles

A typical perturbation wave where not only the eigenvalue α but eigenmodes at
each cross-section are calculated (described in Sec. 2.2.4), can be seen in Fig. 3.10 in the
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Table 3.3: The comparison of the results for analytical velocity profiles (Eq. (3.3.2)) and
numerical velocity profiles (“top-hat”, wall boundary condition, Reglob = 100) at n =
{2, 3}.

Case n = 2 n = 3
x̂ε,min 1.052 mm 0.4716 mm

εb,n(x̂ε,min,n) (Eq. (3.4.5)) 1.032 1.345
Re(x̂ε,min) 59.97 55.69

α for the analytical vel. profile (sym., ω = 0.5) 1.2011− 0.3145i 1.1536− 0.3981i
α for the numerical vel. profile (sym., ω = 0.5) 1.23053− 0.2984i 1.217− 0.4224i

Relative difference in wavenumber, αr 2.4% 5.5%
Relative difference in growth rate, αi 5.1% 6.1%

case of wall boundary condition around the nozzle and at a Strouhal number of 0.5. The
Strouhal number can be defined similarly to ω. However, ω is non-dimensionalised at each
cross section with different velocity and length scales, while the Strouhal number is non-
dimensionalised by global quantities similarly to the global Reynolds number (Reglob is
defined in Eq. (3.4.1)).

St = ω̂
δn

UMean
. (3.4.4)

The velocity magnitude of the calculated perturbation waves are presented for the symmet-
ric mode in Fig. 3.10(b) and for the antisymmetric one in Fig. 3.10(d)). The total velocity
field, where these perturbation waves were added to the base flow, are also presented in
Fig. 3.10(c) and Fig. 3.10(e). The results are qualitatively good, since the shape of the
total velocity field is similar to the expected shapes drawn in Fig. 3.2. Because additional
conclusions cannot be drawn from the shapes, only the growth rates of the disturbance
waves were investigated further.

The results were similar in the case of numerical profiles to those of analytic ones.
First the locations, where the base flow is closest to the analytical velocity profiles (Eq.
(3.3.2)) with n = 2 and n = 3, were identified. A similar formula to (3.4.3) is used:

εb,n(x̂,n) = 1
2L̂(x̂)ÛMax(x̂)

√∫ ∞
−∞

(
Û(x̂, ŷ)− ÛMax(x̂)sech2

(
ŷ/L̂(x̂)

)n)2
dŷ. (3.4.5)

εb,n(x̂,n) was minimum with wall boundary conditions for both n parameters. The loca-
tions are denoted with x̂ε,min, and they are summarised with the local Reynolds numbers
and the calculated wavenumbers in Table 3.3. The relative differences at these cross sec-
tions in the results are around 5% which are acceptable.

In Fig. 3.11, the non-dimensional growth rates are plotted at various distances, with
wall boundary conditions (except when noted otherwise). (The justification for the usage
of the wall boundary condition is that this reproduces the experimental observation of
Thomas and Goldschmidt (1985) better about the existence of antisymmetric modes in
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the vicinity of the nozzle exit.) The growth rates were higher for velocity profiles which
are closer to the orifice in both cases (parabolic, “top-hat”), except at low frequencies.
The same observation was made when the “opening” boundary condition was applied. It
can be concluded that the growth rate of the disturbances is larger close to the orifice,
independently of the type of the nozzle or the thickness of the nozzle wall (“opening” or
wall boundary condition).

At the same time, it is clearly visible that the growth rate is much larger in the case
of the top-hat profile. In this case the maximum growth rate at x̂ = 0.1 mm is µmax = 0.622
(ω = 0.738), while it is only µmax = 0.395 (ω = 0.330) in the case of the parabolic profile.
This difference vanishes far from the orifice as the Bickley profile evolves; it is less than
5% if x̂ > 4 mm.

It would also be interesting to investigate which outflow conditions cause a larger
growth rate, that also translates to a more “unstable” flow field, and how the antisymmetric
disturbances behave in the vicinity of the orifice. The growth rates of various outflow
conditions and different modes (symmetric, antisymmetric) close to the orifice (x̂ = 0.1
mm) are plotted in Fig. 3.12(a). The growth rate of antisymmetric disturbances is larger
than that of symmetric modes in the case of the top-hat profile, as previously noted, for
analytical profiles. In Fig. 3.12 and to a lesser extent also in Fig. 3.7, it can be noticed that
at low frequencies the growth rate of the antisymmetric modes is practically independent
of the outflow conditions. When the “opening” boundary condition is applied, the growth
rate of the antisymmetric mode is always very close to the growth rate of the symmetrical
disturbances in the vicinity of the orifice but always remains a bit smaller (Fig. 3.12(b)).
This indicates that the thickness of the nozzle wall influences whether the antisymmetric
mode is observable or not in a natural state of the jet. At the same time, in the case of
parabolic outflow condition the growth rate of antisymmetric disturbances remains much
below that of the symmetric modes. It can be concluded that antisymmetric disturbances
will not appear in a natural mode of a jet with a parabolic outflow profile. It seems that
the conditions for the observability of the antisymmetric modes are the thick nozzle walls
and the thin initial shear layers in the jet.

The non-dimensional growth rates show us that the velocity profiles close to the
orifice are more “unstable” than far from there. During the non-dimensionalisation process,
the length scale varied along the streamwise coordinate and the growth rate is inversely
proportional to the specific length (Table (2.1)). It would also be interesting to investigate
the redimensionalised growth rates because it would allow us to calculate the total growth
of the disturbances along the streamwise coordinate. The redimensionalised growth rates
are plotted as a function of the angular frequency at x̂ = {0.1, 0.5, 1, 3} mm in Fig. 3.13.
Here, the growth rate of disturbances are even larger close to the nozzle because the
local width increases along the streamwise coordinate, further magnifying the differences
between various cross-sections. Therefore, the higher sensitivity at the exit is caused by
three effects. The first one is that the steeper velocity profiles in the vicinity of orifice induce
larger growth rates of disturbances and the second one is the continuously increasing local
length scale. Finally the trivial one is that, if an excitation field initiates a disturbance wave
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(a)

(b) (c)

(d) (e)

Figure 3.10: (a) The base flow in the case of parabolic jet and wall boundary condition
around the nozzle at Reglob = 100. The magnitude of the velocity field in the case of
symmetric (b) and antisymmetric (d) eigenmodes of the Orr-Sommerfeld equation at St =
0.5 (St defined in (3.5.25). The magnitude of total velocity field in the case of symmetric
(c) and antisymmetric (e) perturbation, where the previous perturbation waves ((b), (d))
were added to the base flow (a). The animation of the modes can be found in Additional
materials attached as a CD to the dissertation or on the following link: http://www.
hds.bme.hu/~pnagy/Additionalmaterialstodissertation/ as “Re100_jet_om_0.5_-
Sym.gif” and “Re100_jet_om_0.5_AntiSym.gif”.

closer to the orifice, it has more “space” to grow. This means that even if the dimensional
grow rate was constant at each cross-section of the flow, the upstream domain would be
more sensitive than the downstream one. The mathematical explanation of this fact will
be given with the adjoint modes in Sec. 3.8.

Finally, the amplitude of the disturbances along the streamwise coordinate was cal-
culated for various circular frequencies in the range of interest. The amplitude of the
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Figure 3.11: The numerical velocity profiles (U) (a), (b) and the non-dimensional growth
rates (c), (d) of the amplitude of perturbation velocity (symmetric) at various distances
from the orifice. The boundary conditions of the base flow at the upstream side were: wall
and a prescribed velocity profile (a), (c) parabolic, (b), (d) “top-hat”.

disturbances can easily be calculated as

A(x̂, ω̂) = A0 exp
(∫ x̂

0
−αi(ξ̂, ω̂)dξ̂

)
, (3.4.6)

where A0 is the initial (x̂ = 0) amplitude of the disturbances that is chosen to be 1. The
maximum amplitude along the angular frequencies was also determined as

Amax(x̂) = max
ω̂

A(x̂, ω̂), (3.4.7)

at each cross-section with the corresponding angular frequency (ω̂max) plotted in Fig.
3.14. In Fig. 3.14(a), we can see that the antisymmetric mode is a bit stronger close to the
orifice (x̂ < 0.6 mm) and the symmetric disturbances dominate further from the orifice
(x̂ > 1 mm) in the case of the top-hat outflow condition. This fact was predicted with
the investigation of analytic profiles in previous Subsection 3.3 and it agrees well with the
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Figure 3.12: The non-dimensional growth rates of the perturbation velocity for numerical
velocity profiles at x̂ = 0.1 mm. The boundary conditions of the base flow at the upstream
side were: wall (a) or “opening” (b) and two inlet velocity profiles (parabolic or “top-hat”).

experiment of Thomas and Goldschmidt (1985). In the other case (parabolic), the sym-
metric disturbances dominate everywhere. Furthermore, the amplitude of the disturbance
grows only slightly, indicating that the antisymmetric mode cannot be effectively excited
at such a low Reynolds number.

If we compare the various outflow conditions, it can be clearly seen that the flow
with a top-hat velocity profile at the orifice is more sensitive, “unstable” compared to the
parabolic profile. The other observation is that the frequency of antisymmetric modes,
belonging to the the largest amplitude in each cross-section, is always larger than that of
the symmetric modes. Moreover, generally the frequency corresponding to the maximum
amplitude decreases monotonically along the streamwise coordinate, as it was also found
experimentally by Thomas and Goldschmidt (1985).

3.4.3 The strange mode

The Orr-Sommerfeld equation has multiple solutions, multiple eigenmodes. Their
number depends on the parameters, usually it increases with the Reynolds number. The
solutions reported until this point represent the most unstable mode that exists far down-
stream and will be called “classical” mode. At the same time, a “strange” symmetric mode
was found close to the flue channel using the Orr-Sommerfeld equation when wall boundary
condition was prescribed around the orifice. Its growth rate and phase speed are extremely
high and it exists only there. Its phase speed tends to infinity and finally it disappears at
x ≈ 1. The existence of this mode can explain the high phase speed found by Vaik et al.
(2014) during their numerical simulation. The growth rate of this mode and that of the
“classical” mode, which exists also far downstream and is the most unstable one there,
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Figure 3.13: The dimensional growth rates of the amplitude of perturbation velocity (sym-
metric mode) in the case of numerical velocity profiles at various distances from the orifice.
The boundary conditions of the base flow at the upstream side were: wall and parabolic
velocity profile.
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Figure 3.14: The maximum amplitude of the perturbation (a) and the corresponding fre-
quency (b) along the mean flow direction for various outflow conditions. The boundary
conditions of the base flow at the upstream side were: wall and a prescribed velocity profile
(parabolic or “top-hat”).

were compared to an excited CFD simulation in Fig. 3.15 at Reglob = 100. The excitation
procedure and can be found later in Sec. 3.5. In the figure, the growth rates of the two
most unstable modes and the total perturbation wave from the CFD simulation can be
seen. It can be seen that the growth rate calculated by the CFD simulations is between
the two modes implying that the oscillation is the superposition of these two modes. Of
course, the acoustic wave also excites the flow there, which makes higher growth rates than
those calculated with the natural modes. (Because these modes are the eigenmodes and
the excitation process was not taken into account.) The origin of this “strange” mode is
unclear. The mode is calculated by not only the compound matrix method (Sec. 2.2.4) but
with the discretised linearised Navier-Stokes operator (Sec. 2.2.10). These results strongly
suggest me that this mode really exists. Furthermore, the mode found by Thomas and
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Goldschmidt (1985) close to the orifice may also be the “strange” mode. They measured
the velocity of disturbance waves in an unexcited jet with two hot wire anemometers.
They were able to distinguish between symmetric and antisymmetric modes. They were
able to detect three modes, a symmetric and an antisymmetric mode close to the orfice,
and a symmetric one which exists in the downstream region. The observability of symmet-
ric and antisymetric mode was discussed in the previous section. However, the existence
of symmetric mode close to the orifice is not clear. They claimed that it is related to a
so-called resonance-mechanism since that mode cannot be calculated with linear analysis
and its origin must be that the perturbation wave in the downstream region has an ef-
fect upstream. It excites the new disturbance wave. My result seems to contradict their
observation since the mode can be calculated with linear stability analysis technique, the
Orr-Sommerfeld equation. My result questions the effect of resonance mechanism and sug-
gests that the disturbance wave was only “excited” by the background turbulence, which
is unavoidable in any experiment. Fortunately, this mode does not cause any problems in
the modelling of the jet in an edge tone in the downstream region, since these modes do
not interact with each other if the linear assumption is valid, and the strange mode exists
only in the vicinity of the orifice.

0 5 10
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CFD n40 "Strange" mode "Classical" mode

Figure 3.15: The growth rate of the transversal velocity component along the centreline
of the excited jet at St = 0.5, Reglob = 100

3.5 Acoustic excitation of fluid flows

In some experiments the jet is acoustically excited. Furthermore, the interaction of
the shear layer and the acoustic wave cannot be neglected in the cavity tone or in flutes.
The investigation of such configurations is numerically very difficult without the separation
of the acoustic and hydrodynamic fields because the length scale of the acoustic wave is
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much larger than that of the hydrodynamic waves. This makes it difficult or impossible
to create an optimum grid for a CFD computation. The other problem is the different
characteristic magnitude of the amplitudes of the perturbation. The typical amplitude of
the pressure perturbation in acoustics is in the range of 20 µPa (0 dB) - 200 mPa (100
dB), while in the hydrodynamic field the typical pressure variation is around 1-100 Pa.
Differences of a similar order of magnitude appear between the acoustic particle velocity
and typical hydrodynamic velocity fluctuations. In my work, the development of such a
procedure has further aims. The models described in Chapter 2, should be compared to
each other, how accurately they predict the growth of perturbation waves. In addition, the
validation of the previous results is necessary. Unfortunately, no experiments are available
at low Reynolds numbers and an excitation method is necessary to somehow perturb the
base flow. The acoustic excitation is selected since it also used in experiments. Furthermore,
in flutes and organ pipes the acoustic feedback plays a significant role, where this method
can be the base of a model of that feedback. Additionally, in Sec. 3.7 a vortex excitation
will be developed and the efficiency of a vortex and acoustic excitation can be compared.

In this section, a technique is presented to treat the excitation of an incompressible
flow with a known acoustic field. One way coupling is assumed, meaning that the rota-
tional hydrodynamic field (with a vector potential, solenoid) has no effect on the acoustic
field (with a scalar potential, irrotational). The known acoustic field generates the hydro-
dynamic disturbances, while the sound generation of the hydrodynamic field is neglected.
(In engineering practice, usually the second effect is more important, where the generated
sound of the emerging jet should be estimated. Here, the effect of the acoustic field on the
jet is to be modelled, since it exerts its effect at the orifice. While the sound generation
process is negligible there.) Furthermore, the acoustic field is supposed to be described
by the linear acoustic wave equation. The governing equations of compressible and in-
compressible flows are compared to each other with the aim to obtain the full velocity
field (acoustic and hydrodynamic) in an incompressible simulation with the help of extra
terms. The acoustic field is assumed to be known and to fulfill the governing equations by
itself. The idea is similar to the Lighthill analogy, where the hydrodynamic pressure field is
reproduced in an acoustic simulation and the generated sound of the hydrodynamic fluc-
tuation can be calculated but here we do exactly the opposite. Here, the acoustic pressure
and its effects are reproduced in a hydrodynamic simulation. This way, the flow disturbed
by an acoustic wave can be simulated in a unified framework. Our goal is to integrate the
acoustic excitation into an incompressible flow simulation.

In this section, the necessary modifications of the continuity equation (Sec. 3.5.1) and
momentum equation (Sec. 3.5.2) first. Then the method is validated by compressible and
incompressible (with the extra term) CFD computations in which an acoustic wave passes
over a no slip wall, for which an analytical solution is available in literature. These simula-
tions will reveal that if the hydrodynamic domain is significantly smaller than the acoustic
wavelength, then only the boundary conditions should be modified in the incompressible
framework. Furthermore, the excitation procedure is used to generate a perturbation wave
in jets, which can be compared to the solution of the methods described in Chapter 2.
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The comparison will be presented in Sec. 3.6. Additionally, the acoustic excitation of jets
is validated by real experiments in Sec. 3.5.5.

In this section, the equations are presented in vector form since the direction of the
fluid flow is arbitrary which was not true for the stability investigation methods. The
velocity vector u is

u = [u, v, w]ᵀ. (3.5.1)

3.5.1 Modification of the continuity equation

The continuity equation in the general form is:

∂ρt

∂t̂
+∇ · (ρtût) = 0. (3.5.2)

Let us decompose the variables into acoustic (ac) and hydrodynamic (ic) part as

ρt = ρic + ρac, (3.5.3)

ût = ûic + ûac. (3.5.4)

The mean value of the acoustic variables is zero, while the incompressible density has no
fluctuating part (ρic = ρ0). After substitution (3.5.3) and (3.5.4) into (3.5.2), the following
equation is obtained:

∂ρac
∂t̂

+ ρ0∇ · (ûic + ûac) + ρac∇ · (ûic + ûac) + (ûic + ûac) · ∇ρac = 0. (3.5.5)

During an incompressible fluid flow simulation, the following equation can be solved:

ρ0∇ · ût = Sc. (3.5.6)

Our task is to determine the Sc term, which substitutes the acoustic field. The term on
the left-hand side of Eq. (3.5.6) is equivalent to the second term in (3.5.5) and the further
terms in (3.5.5) should be included in Sc.

Sc = −∂ρac

∂t̂
− ρac∇ · (ûic + ûac)− (ûic + ûac) · ∇ρac. (3.5.7)

Eq. (3.5.7) can be further simplified. The incompressible velocity is divergence-free (∇ ·
ûic = 0). The term ρac∇ · ûac is a product of two small quantities which can be neglected
if the acoustic field is assumed to be small. Two terms remain:

Sc u −
∂ρac

∂t̂
− ût · ∇ρac (3.5.8)

Let us analyse the magnitude of these quantities. The first term scales as ρac/T0 = ρacc0/λ,
where T0 is the period time, c0 is the speed of sound, and λ is the wavelength. The second
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term can be written as

(ûic + ûac) · ∇ρac = ûic · ∇ρac + ûac · ∇ρac, (3.5.9)

where the first term scales as ρacu0/λ and the second term is the product of two small
quantities and can be neglected. u0 is a typical speed of the flow. If

u0
c0

= Ma� 1, (3.5.10)

then the second term in Eq. (3.5.8) is negligible. Finally, the extra term for the continuity
equation at low Mach-numbers becomes

Sc u −
∂ρac

∂t̂
. (3.5.11)

Of course, Eq. (3.5.8) can also be implemented in most commercial softwares but the
application of the approximation (3.5.11) is computationally more effective. To summarise,
in the simulation Eq. (3.5.6) should be used with the extra term (3.5.11).

It is convenient to express (3.5.11) by the acoustic velocity. It was assumed that the
acoustic field by itself fulfils the governing equations including the continuity equation:

∂ρac

∂t̂
+ ρ0∇ · ûac = 0, (3.5.12)

and
Sc u −

∂ρac

∂t̂
= ρ0∇ · ûac. (3.5.13)

3.5.2 Modification of the momentum equation

The general momentum equation in the case of a Newtonian fluid is:

ρt
Dût

Dt̂
= ρtg −∇(p̂t + 2

3µ∇ · ût) +∇ · [µ (∇⊗ ût + (∇⊗ ût)ᵀ)] , (3.5.14)

where D
Dt is the total derivative with respect to time.

The following equation is implemented generally in an incompressible fluid simulation
solver if the viscosity is constant:

ρ0
Dût

Dt̂
= ρ0g −∇p̂t + µ∆ût + Sm. (3.5.15)

The difference between the two equations (the terms missing from (3.5.15)) should be
included in the term (Sm), that is

Sm = −ρac
Dût

Dt̂
+ ρacg + f(µ), (3.5.16)

where f(µ) contains the terms involving viscosity and is assumed to be small since they
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are associated with bulk viscosity and with the temperature-related viscosity variation.
The other terms are also expected to be small since ρac � ρ0 and is also neglected in
linear acoustics. Therefore,

Sm ≈ 0. (3.5.17)

The full velocity field can be reconstructed by this approach in an incompressible sim-
ulation. Note that while the extra term (3.5.13) was prescribed within the domain, the
boundary conditions for the incompressible simulation must represent the sum
of the hydrodynamic and acoustic terms.

The careful reader might wonder why the derived extra term was neglected in the
momentum equation and was not neglected it in the continuity equation, although the
two terms are of similar order of magnitude. The answer is the recognition that in the
continuity equation this term is non-negligible compared to the zero on the right-hand side
while in the momentum equation it is negligible compared to the O(1) term standing on
the right-hand side. Numerical calculations confirmed the correctness of this derivation.

3.5.3 Application test: acoustic wave near a no-slip wall

The previously derived technique was tested on a case, where an acoustic wave
passes along a wall (Fig. 3.16). In this configuration, the acoustic wave will generate an
incompressible field because of the presence of the wall. Furthermore, the problem has an
analytical solution (Kinsler et al., 2000) which makes the validation possible and it has
the form

ûac = uac,0ei(ω̂t̂−α̂x̂), (3.5.18)

ûic = −uac,0 e−ŷ/δacei(ω̂t̂−α̂x̂−ŷ/δac), (3.5.19)

δac =
√

2ν
ω̂
, (3.5.20)

where ûac,0 is the amplitude of the acoustic wave, δac is the thickness of the acoustic
boundary layer (known as viscous penetration depth or skin depth, and in most cases its
very thin), x̂ is the direction of wave propagation and ŷ is the normal co-ordinate to the
wall (Fig. (3.17)), both co-ordinates are dimensional.

Figure 3.16: The configuration, used to validate the acoustic excitation method: The sound
wave passes over a no-slip wall.

Both the usual compressible and the modified incompressible numerical simulations
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were carried out in ANSYS CFX 16.2. Two different boundary condition configurations
were tested. In the first case, a fluctuating velocity inlet boundary condition was applied
at the left end of the channel and the pressure was prescribed at the other end. This
configuration is more robust, and therefore a mesh dependence study and the comparison
of the analytical solution, the modified incompressible and compressible simulations were
carried out using this configuration. The simulation is repeated with less robust boundary
condition in the case of the modified incompressible simulation. The author in addition
found that neglecting the source term (Eq. (3.5.13)) had no effect on the results of the
excited jet in next subsection. It turned out that if the domain is small (compact), the
extra term would have no significant influence. That is why the length of the domain is also
investigated. Here, multiple simulation should be carried out, and each case the velocity
profiles along the transversal direction should be compared to the analytical solution. This
effort can be reduced if the boundary conditions are modified. If the acoustic pressure is
prescribed at the left boundary instead of the velocity, the need for the extra term can be
checked from the amplitude of the resulting velocity fluctuations. A prescribed oscillation
of the velocity would enforce the proper amplitude of the velocity in the full domain,
while the application of the pressure boundary condition allows us to investigate, whether
the developed technique is able to predict the velocity amplitude without prescribing it
directly in the simulation. However, this other configuration is numerically less robust.
The further boundary conditions were the same in both cases and are shown in Fig. 3.17.
At the bottom of the domain a no slip wall, while at the top symmetry boundary condition
was prescribed.

In the first case, the velocity inlet condition was a time-periodic function defined as

ûinlet,x(ŷ, t̂) = Au sin(ω̂t̂), (3.5.21)

where ûx denotes the velocity component in x-direction, and Au is the amplitude of the
excitation. The further velocity components are zeros. The prescribed relative static pres-
sure(CFX, 2015) was set to 0 Pa. The main parameters of the simulation and the mesh
can be found in Table 3.4.

The compressible and incompressible simulations were carried out using this config-
uration. The only difference between the two simulations was that in the incompressible
case we included the previously derived extra term (3.5.13) in the continuity equation.
The velocity field was evaluated at a cross section in the transversal direction (x̂ =)0.3
m far from the inlet boundary. In Fig. (3.18) a very good agreement can be seen in all
cases at every phase. The normalised root mean squared deviation was calculated for the
plotted phases as

NRMSDu :=

√∑n
i=1(ûanal,x(ŷi)− ûCFD,x(ŷi))2

n

1
Au

, (3.5.22)

where ûanal is the analytic solution and ûCFD is the numerical one. The NRMSD was
around 0.02 in both simulations at all evaluated phases. Thus, the derived method above
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Table 3.4: The main parameters of the CFD simulations of the acoustic wave along a wall

Name Value
Length of the domain (l) 0.6 [m]
Height of the domain (h) 0.8 [mm]

Streamwise element size (∆x) 0.4 [mm]
Transversal element size at the wall (∆ymin) 0.002 [mm]

Transversal element size far from the wall (∆ymax) 0.021 [mm]
Accuracy of spatial discretisation Second order (with upwinding)

Density 1.185 [kg/m3]
Reference temperature 25 [◦ C]
Speed of sound (c0) 346.2 [m/s]

Circular frequency of the sound wave (ω̂) 5000 [rad/s]
Timestep 5×10−6 s

Accuracy of temporal integration Second order (Backward Euler)
Wave number of the sound wave (α̂) 14.42 [1/m]

Skin depth (δac) 0.07874 [mm]
Turbulence model Laminar flow was assumed

Accuracy of floating-point number Double precision (64 bit)

proved to be sufficient not only to generate the proper acoustic wave but also to repro-
duce the acoustic boundary layer in an incompressible simulation! With the help of this
method the interaction between a hydrodynamic field and a known acoustic field can be
investigated even in more complex cases in a single incompressible simulation, such as
the acoustically excited jet (Sec. 3.5.4), when an accurate compressible simulation cannot
be carried out. (There are issues with non-reflective boundary conditions in the case of
compressible simulations, and the different scales also cause problems.)

Necessary grid resolution for the acoustic boundary layer

The necessary resolution of the acoustic boundary layer was also investigated. The
number of elements in the y direction was varied between 34 and 100. The progression of
their size was set to 1.025 in all cases. The results were compared to the analytical solution.
A short phase delay was observed around 0.15 [rad]. In order to handle this issue, a phase
delay parameter was added to (3.5.18) and (3.5.19), and it was fitted to the numerical
results. The largest difference between the analytical formula and the numerical results
was normalised with the amplitude of excitation (u0). The result can be found in the last
row of Table 3.5. The acoustic boundary layer should be resolved by about 20 elements if
we want to keep the maximum error below 3%. At the same time, the root mean squared
deviation decreased continuously with the size of mesh elements.
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Figure 3.17: The mesh for the investigation of the acoustic boundary layer and the bound-
ary conditions

Table 3.5: The comparison of the various meshes

Case 1 2 3 4
Number of elements in y direction 100 75 54 34

Transversal element size at the wall (∆ymin)[mm] 0.002 0.0038 0.0074 0.0159
Resolution of boundary layer (δ/∆ymin) 41.4 20.5 10.6 5.0

Normalised relative maximum difference [%] 2.32 2.63 3.45 5.82
NRMSDu [-] 0.0009 0.0012 0.0016 0.0027

The effect of the length of the domain on the results

The effect of the length of the domain was carried out on the second configuration,
where pressure was prescribed at both ends as

p̂left(ŷ, t̂) = ρ0c0Au sin(ω̂t̂), (3.5.23)

p̂right(ŷ, t̂) = ρ0c0Au sin(ω̂t̂− α̂l). (3.5.24)

The length of the domain was set to l ={0.01, 0.1, 0.435, 0.74, 1} m with dx = 1 mm
and the number of elements in the y direction was 75. Further parameters were the same as
before. In Fig. 3.19(a) the velocity profiles are compared. In this case, it can be clearly seen
that the extra term is necessary, since with it both the shape and amplitude of the velocity
profile are acceptable, while without it both are wrong. When the length of the domain was
decreased and the extra term in the continuity equation was present, the accuracy of the
simulation remained between 2-4% (Fig. 3.19(b)). When this term was omitted, the error
of the simulation was extremely high if l/λ > 1. However, it was just 7.5% for l/λ=0.23
and 2% for l/λ=0.023. This shows that, if the problem is acoustically compact (l/λ� 1)
then the acoustic excitation can be modelled through boundary conditions even without
the extra term. The reason for this is that the phase delay in a compact configuration
is negligible, and thus the extra term has no significant effect on the simulation. In next
section, the same excitation method is applied to a planar jet. There the problem is also

67



0 2 4 6

10 -4

-1

0

1
10 -4

(a)

0 2 4 6

10 -4

-1

0

1
10 -4

(b)

0 2 4 6

10 -4

-1

0

1
10 -4

(c)

0 2 4 6

10 -4

-1

0

1
10 -4

(d)

Compressible Analytic Incompressible

Figure 3.18: The velocity profiles of the acoustic boundary layer along the ŷ co-ordinate
calculated in three different ways (with velocity inlet BC): with compressible, incompress-
ible simulation (with extra term) and analytically in four different phases: (a) 0.61 rad;
(b) 1.5 rad; (c) 2.7 rad; (d) 3.3 rad
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acoustically compact and the effect of the excitation will be modelled only with the proper
boundary conditions.
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Figure 3.19: (a) The velocity profile of the acoustic boundary layer along the ŷ co-ordinate
in the phase angle 0.873 rad (l = 1 m). Analytical solution: dashed line, the incompressible
simulation with the extra term (continuous line) and without the extra term (dash-dot
line). Pressure boundary conditions were prescribed in both simulations. (b) The nor-
malised rms error compared to the analytic solution with (continuous line) and without
(dash-dot line) the extra terms in the continuity equation.

3.5.4 The CFD simulation of the acoustically excited jet

The acoustic excitation model was applied to the parabolic planar jet. The results of
the simulations will be the basis for the comparison of the eigenmodes calculated with var-
ious stability equations, since these CFD results are validated in Sec. 3.5.5 to experiments.
The flow configuration can be seen in Fig. 3.20. The jet flows in the x direction while it is
excited with transversally propagating acoustic waves. The nozzle was added to the geom-
etry because Blanc et al. (2014) showed that the excitation field already has some effect
inside the nozzle. The geometry, the mesh and the boundary conditions are presented in
Fig. 3.21. The nozzle length (ln) was 7 mm, while its width (δn) remained 1 mm. At the
inlet of the nozzle, a parabolic velocity profile was prescribed. The mesh size was refined
in 3 steps. The nozzle was resolved with nm = 20, 40, 60 elements (∆y = δn/nm) and
above that the size of the elements was increased continuously with a quotient of 1.03.
At the nozzle, the other measure of the cells was the same (∆x = ∆y) and was increased
in the positive directions with a quotient of 1.01 and kept constant in the negative di-
rection, as shown in Fig. 3.21. The global Reynolds number (defined in Eq. (3.4.1)) here
was varied between 50-1000 but at 300 and above the spontaneously developing unstable
flow structures conceal the effect of excitation and the results cannot be evaluated with
appropriate accuracy. Various turbulence models, (k-ε, k-ω, shear stress transport (CFX,
2015)) were applied and tested to reduce this effect at Reglob = 300. This comparison will
be shown later. The boundary conditions can be seen in Fig. 3.21 and parameters can be
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Figure 3.20: The configuration of the acoustically excited jet

found in Table 3.6. The excitation was modelled similarly as described in Sec. 3.5.3. An
incompressible simulation is carried out with modified boundary conditions representing
the excitation field, since the problem is acoustically compact. The differences were that
the acoustic wave propagated in the y direction and the pressure fluctuation was pre-
scribed at the top, the bottom and right-hand side of the domain. A phase delay (φ(y))
was included in the pressure fluctuation which was used to express the phase difference in
the pressure excitation between the top and the bottom boundaries similarly to the term
α̂l in Eq. (3.5.24). The particle velocity of the acoustic wave was set to uac,0 = 0.0001
m/s. The Strouhal number of the excitation was 0.5 in each case. The Strouhal number
is defined instead of ω since ω is non-dimensionalised at each cross section with different
velocity and length scales. While the Strouhal number is non-dimensionalised by global
quantities similarly to the global Reynolds number (Reglob is defined in Eq. (3.4.1)).

St = ω̂
δn

UMean
. (3.5.25)

The results were evaluated at monitor points placed along the centreline of the jet
at every node and there the transversal velocity was recorded. A Fourier transformation
was applied to the signals using MatLab 2017a, and the amplitude and the phase delay
were calculated at each location. The initial transient region was cut out from the signal
processing. The mesh dependence study was carried out based on these values at Reglob

= 100. The amplitudes of these signals were compared to each other at the excitation
frequency presented in Fig. 3.22(a). The curves cover each other, meaning that the results
are in this range mesh-independent. The amplitudes were {7.333, 7.469, 7.513} mm/s with
the nozzle resolution: nm = 20, 40, 60, respectively at the location x = x̂/δn = 10. The
relative difference was only 2.44% between the coarsest and finest grid and 0.59% between
the medium and the finest grid. The same investigation was carried out at Reglob = 300.
Unfortunately, in this case the strong oscillation at other frequencies ruined the simulation
and different solutions were obtained with different mesh resolutions. The vertical velocity
signal as the function of time can be seen in Fig. 3.23 at x̂ = 14.8 mm at the beginning of
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Figure 3.21: The mesh and boundary conditions of the simulation of the acoustically
excited jet
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Figure 3.22: The amplitude of the transversal velocity along the centreline of the jet at
St = 0.5, (a) Reglob = 100 obtained with different mesh resolutions (nm={20, 40, 60}) (b)
Reglob = 300 with various turbulence models

the simulation (a) and when stable oscillation developed with the k-ω turbulence model
(b). when the turbulence model was applied, the response of flow oscillated at the same
frequency as the excitation, while using the laminar model further frequencies appeared.

In this case, various turbulence models were tested and all of them solved the problem
but the signal amplitudes were different in every case. The results can be seen in Fig.
3.22(b). The amplitude of the transversal velocity in the case of the laminar model on the
coarse grid was the highest and it was in the same range for k-ω and shear stress transport
turbulence models. At the same time, the k-ε turbulence model filtered out the oscillation
and the calculated amplitude was more than one order of magnitude lower than in the
other cases. It is difficult to determine which model provides the most accurate result; for
further comparison the k-ω turbulence model was selected. Furthermore, the developed
method will be compared to two experiments at Reglob= 354 and 500 in Sec. 3.5.5. In
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(a) (b)

Figure 3.23: The transversal velocity as the function of time at St = 0.5, x̂ = 14.8 mm,
ŷ = 0 mm, Reglob = 300, obtained with different mesh resolutions (nm={20, 40}) with
various turbulence models (laminar, k-ω). (a) t̂ ∈ [0, 0.08] s, (b) t̂ ∈ [0.15, 0.22] s

the second case, good agreement was found with k-ω turbulence model which validates its
usage.

The further results of CFD simulations are presented in Sec. 3.6, where they are
compared to the stability analysis methods.

3.5.5 The validation of the excitation on planar jets

Two measurements were found in literature, where a jet was excited with plane sound
waves and the results were well documented. Nolle (1998) excited a parabolic and a top-
hat jet whit a slit width 1 mm. The viscosity is not given in the paper, but the maximum
velocity was 8.2 m/s meaning a mean velocity of UMean = 5.466 m/s at the orifice. In

Table 3.6: The parameters of the CFD simulations of the acoustically excited jet at various
Reynolds numbers

Reglob 50 100 300 1000
ÛMean [m/s] 0.7725 1.545 4.635 15.45
Mach-number 2.23×10−3 4.46×10−3 1.34×10−2 4.46×10−2

Timestep (dt) [s] 2×10−4 1×10−4 3×10−5 1×10−5

Angular freq. of exc.(ω̂) [rad/s] 386.6 773.2 2320 7732
Wavelength of excitation (λ) [m] 5.626 2.813 0.9377 0.2813

Turbulence model Laminar Laminar Various k-ω
Skin depth of ac. wave [mm] 0.283 0.2 0.115 0.0632
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my simulations air was used at 25 [◦C], similarly to the previous cases corresponding to
Reglob = 354 (Eq. (3.4.1)). Further parameters and CFD settings are shown in Table 3.7.
The configuration of Nolle’s setup can be seen in Fig. 3.24(a). The jet was excited with a
single loudspeaker which generated the plane sound waves in a duct. Its breadth was 19
mm meaning that it excites the jet in the whole investigated area. The comparison of his
result and my simulation is in Fig. 3.25(a). The natural logarithm of the ratio of transversal
velocity amplitude and acustic particle velocity was plotted. The agreement between the
simulation and experiment at first seems to be poor. However, it is not clear, how the
value of a logarithm can be less than zero in an experiment, since the measured velocity
signal contains both the velocity of the disturbance wave and the exciting acoustic wave.
Even if the amplitude of the disturbance wave were zero the logarithm would be equal to
log(1)=0. In the experiment the acoustic velocity is estimated from the pressure gradient
measured with two microphones on 7 mm either side of the jet. Maybe this estimation was
erroneous. If the particle velocity is multiplied by a factor 3.089 (optimised to minimise
the difference) the curve is shifted by roughly -1 on the logarithmic plot. In this case, the
agreement is excellent.

At the same time, this shifting questions the validation of the excitation procedure.
The method was compared to another experiment carried out by De La Cuadra et al.
(2007). Their experimental setup can be seen in Fig. 3.24(b). They used two loadspeak-
ers driven by a properly phaseshifted signal to create a sufficiently homogeneous acoustic
field. They measured the particle velocity in the absence of the jet and validated the ho-
mogeneity of the acoustic field. The excited jet was investigated with Schlieren technique.
A morhoplogical and cross-correlation method were applied to the images to determine
the displacement of the jet (η̂j). The two methods gave similar result close to the ori-
fice and differences can be seen far down-stream. Both are plotted in Fig. 3.25(b). The
displacement of the jet can be approximated from the perturbation velocity field as

η̂j,(x,y=0,t) ≈
∫ t̂

0
v̂ic,(x,y=0,τt) dτt =

∫ t̂

0
v̂(x,y=0)eiω̂τ̂t dτt =

v̂(x,y=0)
iω̂ eiω̂ (3.5.26)

where τt is a dummy variable of t̂. In the derivation it is assumed that V = 0 along the
centreline of the jet. The displacement of the jet along the centreline is compared to my
CFD simulation in Fig. 3.25(b). It can be clearly seen in this case that the amplitude
was in the right range. At x < 8, the CFD simulation slightly overestimates and x > 8
underestimates the displacement of the jet. This confirms that the numerical excitation
method works, and the amplitude of the disturbance wave can be correctly predicted.
Blanc et al. (2008) compared their simulation and experimental results in Fig. 9 there. At
the same Strouhal number, they overestimate the displacement of the jet by a factor of
10. Later, they used a similar simulation to calculate receptivity in another paper (Blanc
et al., 2014). The excitation method introduced here is proven to be more accurate.
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Figure 3.24: The experiment setup of Nolle (1998) (a) and that of De La Cuadra et al.
(2007) (b)
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Figure 3.25: (a) The natural logarithm of the ratio of the transversal velocity amplitude
and the acoustic particle velocity. Depicted the CFD simulation, the shifted values of CFD
simulation and the experiment of Nolle (1998) (Reglob=354, St=0.3449). (b) The predicted
displacement of the jet. Depicted are the CFD simulation and the experiment of De La
Cuadra et al. (2007). The experimental result was evaluated with two image processing
techniques: the cross-correlation and the morphological method.
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Table 3.7: The parameters of the CFD simulations compared to measurements of Nolle
(1998) and De La Cuadra et al. (2007) in the case of the acoustically excited jet.

Source Nolle (1998) De La Cuadra et al. (2007)
Reglob 354 500

ÛMean [m/s] 5.466 7.5
Ûmax [m/s] 8.2 11.25

Mach-number 0.0158 0.0217
Timestep (dt) [s] 3×10−5 1×10−4

Amplitude of exc.(uac,0) [m/s] 0.0001 0.0375
Angular freq. of exc.(ω̂) [rad/s] 1885 1495.4

St 0.3449 0.199
Wavelength of excitation (λ) [m] 1.154 1.455

Turbulence model k-ω k-ω
Resolution of the nozzle (nm) 40 40

3.6 The comparison of various flow stability analysis tech-
niques

In this section, the solution of various stability equations will be compared to the
acoustically excited jet. The excitation will generate a disturbance wave. The amplitude
and from that the spatial growth rate of the wave can be calculated. The questions are a)
whether the wave can be reproduced with the most unstable eigenmode calculated with
linear stability analysis and b) the solution of which equation is the most accurate. In the
previous sections (Sec. 3.3 and 3.4) the symmetric modes proved to be more “unstable”,
except the region close to the orifice and only they will be investigated in this section.
It must be emphasised that the acoustic excitation field here was not taken into account
directly in the comparisons; only the generated disturbance wave in the CFD simulation
and the so-called direct eigenmodes of the stability equations will be compared. The adjoint
modes can be used to predict the amplitude of the eigenmode but such investigations are
carried out in the case of excitation by the vortex field later in Sec. 3.8.

The following reduced order models (Rayleigh (Sec. 2.2.6), Orr-Sommerfeld equation
(OS, Sec. 2.2.4), Bajaj-Garg equation (BG, Sec. 2.2.2), Wentzel-Kramers-Jeffrey-Brillouin
method (WKJB, Sec. 2.3.1)) were compared to the CFD results. The amplitudes and the
phase delays of the fluctuating velocity along the centreline were compared to each other
in all cases. These variables were selected for further comparison because they can be
determined from the CFD simulation and they can easily be calculated from the eigen-
modes by integration as presented in Sec. 3.4 in Eq. 3.4.6. If the growth rate or the phase
speed variables had been selected for comparison, the numerical derivative would have
to be evaluated, leading to larger numerical errors. The unknown C0 parameter in the
eigenmodes was determined from the CFD results at x̂/δ = 1.5, since upstream of that
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point the previously described “strange” mode makes the comparison difficult. Further-
more, there the excitation has significant effect which will be shown with adjoint modes
in Sec. 3.8 meaning that the disturbance wave developed there.

The amplitude of the signal at the lowest Reynolds number can be seen in Fig.
3.26(a). The results provided by the WKJB approximation are the closest to the CFD
simulation, while the BG and OS models slightly underestimate the amplitude of the
oscillation. If the Reynolds number is increased from 50 to 100 (Fig. 3.26(a) and (b)),
the difference between the results of the WKJB approximation and OS equation vanishes,
which holds for larger Reynolds numbers, too. This was the expected result, since the
correction term is proportional to ε = 1/

√
Re. Thus the extra computational effort to

obtain the α1 correction terms is unnecessary for Reglob ≥100 and it only has a minor
effect even below this value. At the same time, the BG model everywhere underestimates
the growth rate compared to the others at Reglob=50. In the case of Reglob = 100, the
agreement is the best between this model and the CFD simulation. However, the difference
between the models is small, and according to our experience to solve the BG differential
equation takes one order of magnitude more time than the OS equation. Furthermore, this
model is inconsistent since it neglects the streamwise variation of the mean flow but takes
into account the transversal velocity component of the basic flow. Therefore, this method
is not recommended.

The Rayleigh equation predicts much stronger oscillation at Reglob = 50 and 100,
indicating that the viscosity plays an important role at low Reynolds numbers. If the
Reynolds number is further increased (Re≥ 300) the difference between the result pro-
vided by the Rayleigh and OS models becomes negligible. This conclusion was drawn by
Curle (1957) for the Bickley profile who suggests Reglob ≥ 200 for the inviscid domain. In
this range (Figs. 3.26(c),3.26(d)), the k-ω turbulence model was applied in the CFD simu-
lation which damped all the stray oscillations compared to the laminar case (Fig. 3.22(b))
and probably underestimates the magnitude of the oscillation. Although the stability anal-
ysis methods cannot be reliably compared to the CFD simulations, Nolle (1998) solved the
Rayleigh equation for the Bickley profile and validated the results by his measurement.
The only question whether it provides acceptable results close to the orifice. From a theo-
retical point of view, if the Reynolds number is increased the jet spreads slower (becomes
“less non-parallel”) and the parallel assumption is “more” valid. Since at lower Reynolds
numbers, the comparisons of parallel analysis to CFD simulations validate these methods,
it suggests that at higher Reynolds number these methods provide accurate results, too.
At the same time, these methods are only linear that restricts their usage below a certain
amplitude, while CFD simulations are non-linear in every case.

Summarising our conclusions about the amplitude, in the low Reynolds number
(50 ≤Reglob < 300) range the Orr-Sommerfeld equation is recommended, since it is the
second simplest method behind the Rayleigh equation and provides acceptable results.
Above this domain (Reglob ≥ 300) the application of the Rayleigh equation is sufficient
since it is computationally cheap and provides accurate results according to the experi-
ments of Nolle (1998). No benefits are brought by the more advanced two methods.
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Figure 3.26: The amplitude of the transversal velocity component along the centreline of
the excited jet at St = 0.5 (a) Reglob = 50, (b) Reglob = 100, (c) Reglob = 300, (d) Reglob
= 1000
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Figure 3.27: The phase delay of the transversal velocity wave component along the cen-
treline of the excited jet at St = 0.5 (a) Reglob = 50, (b) Reglob = 100, (c) Reglob = 300,
(d) Reglob = 1000
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Figure 3.28: The amplitude of the transversal velocity component (a) and its growth rate
(b) along the centreline of the excited jet at St = 0.5, Reglob = 100 and the wall around
the nozzle was switched from “no slip wall” to “free slip wall”
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If the phase delay of the disturbance wave, whose spatial derivative is proportional
to the phase velocity, is investigated, the results are surprising (Fig. 3.27). The phase delay
is very well predicted by the Rayleigh equation when compared to the CFD simulations at
Reglob = {50, 100}. Above those Reynolds numbers the results of the CFD simulations are
questionable and the difference between the outcome of the different models vanishes. It
is also remarkable that the phase delay is larger (the phase speed is smaller) in the models
where viscosity was taken into account (Figs. 3.27(a), 3.27(b), 3.27(c)) and the turbulence
model further magnifies this difference (Fig. 3.27(d)).

Finally, the effect of the wall around the nozzle was investigated. My original theory
was at the beginning of the research that the different length and time scales of acoustic and
hydrodynamic fields render a direct excitation impossible. My idea was that the acoustic
wave passes over the wall and generates a vorticity whose length scale is comparable to
the hydrodynamic field. This field can excite the jet. In order to test our theory the wall
around the nozzle (that is perpendicular to the jet) is switched from “no slip wall” to “free
slip wall”. This setting prevents the development of the aforementioned hydrodynamic field
and the excitation should become less effective. The comparison of the two cases can be
seen in Fig. 3.28(a). The results clearly show that the change of the boundary condition
has only a minor effect on the results. The amplitude was a bit larger in the case of no
slip wall, suggesting that the generated vorticity field also contributes to the excitation of
the jet but this effect is not as strong as originally assumed. The difference develops at
the initial region since the growth rate of the transversal velocity was 10% larger close to
orifice (x < 0.5) but the growth rate values are almost the same in the downstream region
(x > 1).

3.7 Excitation of a planar jet by a fluctuating vortex

In flue instruments, the feedback mechanism is not clear, whether it is caused by
acoustic waves or the generated vortex field at the tip of edge may initiate the new distur-
bance wave via the Biot-Savart law. In the presence of an acoustic resonator (e.g. organ
pipe), the effect of acoustic excitation on the jet is clear. That is the reason for modelling
its effect in some experiments. In the previous sections, this excitation procedure was mod-
elled. In an edge tone, where the resonator is missing, this acoustic feedback mechanism
may play an important role too but some facts suggest that the generated vortex field has
an essential effect there. First, the edge tone is a dipole sound source meaning that its
radiation pattern depends on the direction and it emits low sound level in the upstream
direction (where the jet orifice is). Furthermore, Vaik (2013) was able to reproduce the
oscillation of edge tones in incompressible simulations without any modification in the
governing equation. The modelling of the feedback mechanism of the fluctuating vortex is
not as obvious as in the case of acoustic excitation. There, the velocity field can be split
by Helmhotz decomposition into irrotational (acoustic) and solenoidal (hydrodynamic)
parts. Here, the split is subjective and experimentally hard to validate. However, I assume
that the generated vortex at the tip of the edge has significant influence on the feedback
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mechanism of edge tone. There, the strong fluctuating vortex and the response of the jet
can probably be distinguished.

The developed method models the effect of a fluctuating vortex on a planar jet.
First, the derived governing equations are presented. Then, two different descriptions of
the generated vortex field were investigated by CFD. The developed method may help
understand the feedback mechanism in the edge tone but unfortunately it cannot be
validated by experiments. If the strength of the vortex at the tip could be estimated from
the amplitude of the perturbation wave, the feedback mechanism of the edge tone could
be described and compared to experiments. Unfortunately, this link is missing and will
be the part of further studies. At the same time, this excitation mechanism is used to
verify the accuracy of adjoint modes predicting the amplitude of the direct eigenmode of
Orr-Sommerfeld equation in the next section. Furthermore, the effectivenesses of acoustic
and vortex excitation are compared there.

3.7.1 The governing equations

Similarly to the acoustic disturbances, the excitation field is assumed to be known.
The total velocity field is the sum of the jet flow and the excitation field. The first one is
denoted with j in subscript, while the other one with e.

ût = ûj + ûe (3.7.1)

The incompressible continuity equation is:

∇· (ûe + ûj) = 0, (3.7.2)

Let us assume that the excitation field fulfils the governing equations by itself and therefore
it can disturb the jet flow via the non-linear, convective terms. These terms are called extra
terms. The effect of the excitation can be modelled with them in a CFD simulation of a
jet. Our task is to express the governing equation for the jet flow and collect the missing
terms in an extra term which should be added to the simulations. Since the incompressible
continuity equation is linear, there is no extra term in that equation,

∇· ûj = 0. (3.7.3)

The two fields are separable in that case.
The incompressible momentum equations read as:

∂(ûe + ûj)
∂t̂

+ (ûe + ûj)· ∇(ûe + ûj) = − 1
ρ0
∇(p̂e + p̂j) + ν∆(ûe + ûj). (3.7.4)

Since the excitation field fulfils the governing equations, some of the terms can be elimi-
nated. Let us rearrange the equations; express the equations for the unknown jet flow and
collect the extra (excitation) terms in Sm. The origin of these terms lies in the non-linear
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convective terms.
∂ûj

∂t̂
+ ûj· ∇ûj = − 1

ρ0
∇p̂j + ν∆ûj + Sm, (3.7.5)

Sm = ûe· ∇ûj + ûj· ∇ûe. (3.7.6)

It has to be mentioned that these terms are not source terms in the strict sense of the
word since they are not independent of the solution. Furthermore, this way of modelling
the interaction has the benefit that the vortex velocity will not directly appear in the
simulated velocity field of the jet. Only the effect of the vortex field is taken into account.
The boundary conditions do not have to be modified.

3.7.2 The excitation field - vortex formulae

A proper formula of the vortex must be defined, such that it not only fulfils the
governing equations but also that describes a real vortex field well and that can be handled
numerically. Here, the description of the potential vortex, the exponential vortex and the
modification of the potential vortex are presented and shown in Fig. 3.29.

The potential vortex There are several approximations for the velocity field of a vor-
tex. One of the most well-known of them is the potential vortex. If the centre of the vortex
is x̂0 and ŷ0 the velocity components are

ûe = − Γ (ŷ − ŷ0)
2π ((x̂− x̂0)2 + (ŷ − ŷ0)2) , (3.7.7)

v̂e = Γ (x̂− x̂0)
2π ((x̂− x̂0)2 + (ŷ − ŷ0)2) . (3.7.8)

where Γ [m2/s] is the circulation. This description of vortices is valid only in the far-field.
Moreover, the velocity field is singular at the center x̂0, ŷ0, which must be numerically
handled. Its modification will be suggested later to manage this issue.

The exponential vortex A so-called exponential vortex was used by de Roeck et al.
(2008). This has the following form:

ûe = −A0 ŷ e
(
a0− 1

r0

√
x̂2+ŷ2

)
(3.7.9)

v̂e = A0 x̂ e
(
a0− 1

r0

√
x̂2+ŷ2

)
(3.7.10)

where A0 [1/s] is the amplitude of circulation, a0 [-] is a constant, while r0 [m] is the
characteristic size of the vortex. This velocity field is continuous but decays exponentially
from the vortex core. This attenuation is large, and the excitation is less effective by this
kind of vortex in the CFD simulation.
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The modified potential vortex It is well known that the potential vortex model does
not describe the flow field close to the vortex core where it rotates like a rigid body.
One modification can be that the velocity field is split into two parts. In the near field
(
√
x̂2 + ŷ2 < r0), a linear velocity profile is prescribed modeling the rigid body rotation:

ûe = −A0y, (3.7.11)

v̂e = A0x. (3.7.12)

In the far field (
√
x̂2 + ŷ2 ≥ r0), the aforementioned potential vortex is prescribed (Eqs.

(3.7.7)-(3.7.8)). Although such a velocity field can be continuous at r0, its derivatives, that
are needed for the excitation (Eqs. (3.7.6)) procedure, do not exist there. This problem
was solved by Dr. László Kullmann1, who suggested the following approximation:

ûe = − Γ (ŷ − ŷ0)
2π
(
(x̂− x̂0)2 + (ŷ − ŷ0)2 + r2

0
) , (3.7.13)

v̂e = Γ (x̂− x̂0)
2π
(
(x̂− x̂0)2 + (ŷ − ŷ0)2 + r2

0
) . (3.7.14)

The only modification with respect to the potential vortex is the term r0 in the denom-
inator. The extra term is related to the size of the vortex, preventing the velocity field
from becoming singular. If r0 is zero, this description will be identical to that of the orig-
inal potential vortex. Furthermore, these expressions are differentiable everywhere. This
velocity field describes a rigid body rotation if

√
x̂2 + ŷ2 / 0.5r0, a transitional domain if

0.5r0 /
√
x̂2 + ŷ2 / 3r0 and a potential vortex if 3r0 /

√
x̂2 + ŷ2 that can be seen in Fig.

3.29.

x

v

Potential vortex
Exponential vortex
Rigid body rotation
Mod. pot. vortex

Figure 3.29: The transversal velocity component of various vortex functions: the potential
vortex, the exponential vortex, “rigid body rotation”, and the modified potential vortex

1Honorary professor at Department of Hydrodynamic Systems (Budapest University of Technology and
Economics, Faculty of Mechanical Engineering)
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Figure 3.30: The amplitude of the generated disturbance wave along the centreline of
a planar jet. The excitation methods were the modified potential vortex (Eqs. (3.7.13)-
(3.7.13)) and the exponential vortex (Eq. (3.7.9)-(3.7.9)). Reglob=100, St = 0.5.

3.7.3 The comparison of vortex formulations

The effect of the exponential and the modified potential vortex were compared in
CFD simulations. The mesh and the boundary conditions were almost the same as pre-
sented in Sec. 3.5.4 but the fluctuating pressure was not added in this case. The sources
were defined according to Eq. (3.7.6). The global Reynolds number (Eq. (3.4.1)) is set to
100. Both vortex formulae were used. The modified potential vortex centre is defined at
x0 = 10 mm, y0 = 0 mm at a typical location of the tip in an edge tone configuration.
The amplitude of its circulation is Γ0 = 10−5 m2/s, the angular frequency is ω = 772.5
rad/s, meaning that the Strouhal number (Eq. (3.5.25)) of excitation is St = 0.5. The
size of the vortex is r0 = 1 mm. The maximum velocity of this excitation field is around
0.08 mm/s and the velocity amplitude of the vortex is around 0.16 mm/s at the nozzle.
The exponential vortex is defined similarly. The missing two parameters are defined as
A0 = Γ/(2πr2

0) = 1.591 1/s and a0 = 1. The amplitudes of the generated disturbance
waves along the centreline show in Fig. 3.30 that the exponential vortex is very ineffec-
tive. The transversal velocity amplitude of the generated disturbance wave is 0.003 m/s at
x̂/δn = 15, that is one order of magnitude smaller than that in the case of potential vortex
excitation (0.034 m/s). The excitation field of modified potential vortex was compared to
the results of the sensitivity analysis while that of the exponential one is excluded from
further comparisons. The validation of the vortex formulae, which describe the generated
vortex field of the fluctuating disturbance wave at the tip of the edge well, can be done
only if the full feedback mechanism is revealed. In the next section, a computationally less
expensive method will be showed to model the effect of the excitation with the adjoint
mode. The missing link to model the full feedback mechanism is the estimation of the
circulation from the amplitude of disturbance wave at the edge. The excitation procedure
would be verified with that model, too.
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3.8 The adjoint mode of the planar jet

Mathematical model The sensitivity of jet to external disturbances can be calculated
using the method of Hill (1995). The amplitude of the direct mode can be calculated with
the adjoint with an arbitrary excitation. In Sec. 3.6, it was shown that a singe direct
mode describes well the growth mechanism in a perturbation wave at a certain frequency.
However, the amplitude of the wave was fitted and was not directly related to the excitation
field. The amplitude of the mode can be calculated with its adjoint. In this case, the direct
and adjoint modes of the OS equation must be calculated. The procedure is similar to the
previous cases. After the eigenvalues (α) are determined, the eigenmodes are computed for
direct and adjoint modes as it was described in Sec. 2.2.4. After the eigenvalue pairs and
the eigenfunctions are determined, the adjoint eigenfunctions have to be normalised to
be able to calculate sensitivity. Since, the eigensolution set is bi-orthogonal, the following
inner product can be defined in the case of a spatial problem (Salwen and Grosch, 1981):

[[
v†l , vk

]]
= (αk + α†l )

∫ ∞
0
−iν(αk + α†l )

((
α2
k + α†2l −

iω
ν

)
v†l vk + 2dv

†
l

dy

dvk
dy

)
+

U

((
(α2

k + αkα
†
l + α†2l

)
v†l vk + 2dv

†
l

dy

dvk
dy

+ dv†2l
dy2 vk

)
dy, (3.8.1)

where l, k are the indices of two discrete modes.The expression (3.8.1) is used to normalise
the adjoint and the direct modes, since they have to fulfil the condition:[[

v̂†l , v̂k
]]

= δlk, (3.8.2)

where δlk is the Kronecker-delta.
The amplitude of the perturbation wave (C0 in Eq. (2.2.1)), or in other words the

response of the flow can be calculated for a known periodic excitation as:

C0 =
∫ x1

0

∫ ∞
0
Sm,a·u†pe−αxdydx, (3.8.3)

where Sm,a is the amplitude of the momentum excitation

Sm = Sm,ae−iωt. (3.8.4)

Eq. (3.8.3) is a simplified version of Hill’s formula. This approximation assumes that the
amplitude of the direct mode is zero at the orifice (x = 0) and there are neither further
mass sources nor excitation at the boundaries. It is important to emphasise that the adjoint
indicates the sensitivity of the flow through formula (3.8.3), as pointed out by Hill (1995).
The flow can be excited more effectively, where u†pe−αx is large.

The presented equations in this section are valid only if the flow is fully parallel. If
it is slightly non-parallel, the model can still be easily extended, by expanding the base
flow into the series of parallel flows. The idea is similar to the WKJB approximation (Sec.
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2.3.1), that was implemented for a jet by Garg (1981). Nevertheless, the correction term
was found to be small in Sec. 3.6 and is neglected. In this approach, the correct way to
compute the response is

C0(x) =
∫ x

0

∫ ∞
0
Sm,a·u†p exp

(∫ ξ1

0
−α(ξ2)dξ2

)
dydξ1. (3.8.5)

The response of the jet is modelled only using the one mode with the highest growth
rate. The strange mode (Sec. 3.4.3) was excluded because it exists only near to the orifice.
In the linear approach, it has no effect downstream of the point of its disappearance.

The magnitude of the velocity components of the adjoint mode are plotted in Fig.
3.31(a) and Fig. 3.31(b) at a Strouhal number (Eq. (3.4.4)) of 0.5. It shows that the
streamwise excitation can be effective along the two sides of the shear layer. (The flow
enters into the domain at x = 0 mm and between y ∈ [−0.5, 0.5] mm.) The strange obser-
vation is that the perturbation wave is less sensitive to transversal excitation compared
to the streamwise one. At the same time, Fig. (3.31(b)) shows that the transversal excita-
tion is more effective close to the orifice than downstream. The importance of this is that
the disturbance generated upstream will be amplified more compared to that generated
downstream. The sensitivity to excitation in the upstream region is more relevant.

(a) (b)

Figure 3.31: The absolute value of the streamwise (a) and the transversal (b) velocity
component of the most unstable adjoint mode at Reglob=100, St = 0.5.

This fact can be explained physically with that the disturbance wave excited far
upstream has more space to grow and can be explained by the exponential multiplier
in Eq. (3.8.5). This effect was taken into account in Fig. 3.32(a) and 3.32(b), where the
modes were multiplied by the exponential factor of Eq. (3.8.5). This clearly shows that
the flow is more sensitive very close to the orifice. The difference between the effectiveness
of streamwise and transversal excitations is not so large as without the exponential factor.

In the next step, the calculated direct and adjoint modes were used to estimate the
response of the jet to an external fluctuating vortex. The modified vortex formulation
(Eqs. (3.7.13)-(3.7.14)) is used. The modified potential vortex centre is defined at x0 = 10
mm, y0 = 0 mm. The amplitude of its circulation is Γ0 = 10−5m2/s, the angular frequency
is ω̂ = 772.5 rad/s, meaning the Strouhal number of excitation is St = 0.5 and Reglob=100.
A CFD simulation is carried out with the same parameters as they were in the case of the
acoustic excitation.
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(a) (b)

Figure 3.32: The absolute value of the streamwise (a) and the transversal (b) component
of the most unstable adjoint mode multiplied by the exponential function from Eq. (3.8.5)
at Reglob=100, St = 0.5

The amplitude of transversal velocity fluctuations along the centreline is plotted in
Fig. 3.33. The nearly exponential growth of the disturbance wave can be seen for both
cases: the result of simulation and those obtained by stability analysis. The difference be-
tween them is significant, around 10%. There are many reasons for this. First, the parallel-
flow assumption may be inaccurate close to the orifice. The more sophisticated methods
of the parabolised stability equations (PSE) and their adjoint (APSE) could reduce this
error (Dobrinsky and Collis, 2000). Furthermore, the amplitude of the disturbance wave
is assumed to be zero at the orifice (x̂/δn = 0) while Blanc et al. (2014) showed that the
excitation field already has some effect inside the nozzle.

At the same time, the CFD simulation took around 500-600 times more time than
the calculation of the eigenvalues and eigenmodes. The direct and adjoint modes could be
calculated in a reasonable time for a wide range of frequencies. Furthermore, the effect of
acoustic excitation could easily be taken into account. The last missing link to develop a
new model of the edge tone is the prediction of the excitation fields from the direct modes.

Figure 3.33: The absolute value of the transversal velocity component along the centreline
of the excited jet. Continuous line: the CFD simulation. Dashed line: The predicted value
based on the technique developed by Hill (1995)

Finally, the vortex and acoustic excitation procedures are compared with each other,
with respect to their effectiveness. Let us define the average kinetic energy of the excitation
as

Ee = 1
2ρ
∫ T

0
∫ x̂1

0
∫ ŷ2
ŷ1

(û2
e + v̂2

e )dx̂ dŷ dt̂
T0x̂1(ŷ2 − ŷ1) , (3.8.6)
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where T0 is the period of excitation and x̂1, ŷ1, ŷ2 are the boundaries of the investigated
region. The expression (3.8.6) corresponds to the amount of energy invested to the gen-
eration of the excitation field. This value is evaluated on the initial part of the domain,
where the excitation process occurs: x̂1 = 4δn, ŷ1 = −2δn, ŷ2 = 2δn. The outcome of the
excitation is the periodic motion of the jet, whose energy is measured by the previously
calculated amplitudes of the fluctuating transversal velocity. Let us define the average
kinetic energy of the perturbation wave at the cross section x2 as:

Ej(x̂2) = 1/4ρv̂2(x̂2). (3.8.7)

The ratio of these two values determines, how receptive the jet is to the respective ex-
citation. This value is evaluated at x2 = 5, since according to the previous observation,
the excitation field increases the amplitude of the disturbance wave slightly downstream
of x = 4. The ratio is 330 in the case of acoustic excitation and 1921 in the case of vortex
excitation. This means that the vortex field is more effective in exciting the jet. At the
same time, the average kinetic energy does not depend on the definition of the integration
domain in the case of the acoustic field of a plane wave, while it does in the case of the
vortex field. If the vortex centre is also included in this finite domain, the previous ratio
will radically reduce.
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3.9 New results

The publications related to the new results can be found in Sec. 5.1.

New result 1

There are three reasons for the increased sensitivity of laminar, plane jets close to the
orifice. a) the steeper velocity profile amplifies the disturbances at a higher growth rate; b)
the local length scale is smaller close to the orifice, meaning that the dimensional growth
rate of the disturbances is larger there than that in downstream region; c) the disturbances
excited upstream have more space to grow exponentially. The first two statements are
based on the Orr-Sommerfeld equation, solved by the compound matrix method. The last
one is demonstrated with the adjoint modes of Orr-Sommerfeld equation. The statement
a) was deduced from the investigation of analytical velocity profiles in the range of 0 ≤
Re < 1000 and 0 < ω < 1.5. The statements b) and c) are demonstrated at St = 0.5 and
Reglob = 100 on numerical velocity profiles. The nomenclature can be found in Table T1.

Related publications: [J1], [C1], [C2], [C3], [C8]

Name Definition Dimension
n A parameter to describe the steepness of the velocity profiles. -

x, y, z The streamwise, transversal and spanwise coordinates. m
L(x) The width, where the velocity is equal to 0.42UMax(x), com-

ing from the evaluation of Bickley profile at y = 1.
m

Re(x) The local Reynolds number at a cross-section of the flow,
Re(x) = L(x)UMax(x)

ν .
-

Reglob The global Reynolds number of a flow configuration,
Reglob = δn UMean

ν .
-

St The Strouhal number of a flow configuration, St = ω̂δn
UMean

. -
U The velocity profile in a certain cross-section m/s

UMax(x) The maximum velocity in a certain cross-section. m/s
UMean The mean velocity of the jet at the orifice. m/s
δn The width of the nozzle. m
ν The kinematic viscosity. m2/s
ω The non-dimensional angular frequency of the perturbation

wave, ω = ω̂L
UMax

.
-

ω̂ The dimensional angular frequency of the perturbation
wave.

rad/s

T1. The definition of the variables
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New result 2

a, In a Bickley jet (U = sech2(y)), the growth rate of symmetric disturbances is
larger than that of antisymmetric ones, where symmetry is defined with the transversal
velocity profile of the mode (valid for Re > 1 and 0 < ω < 1.6). The antisymmetric
modes are more sensitive to the steepness of the base velocity profile. If the base velocity
profile is steep enough (n = 3), for certain frequencies (0.6 < ω < 1) and Re > 100, their
growth rate is larger than those of symmetric modes where the base flow is described by
U = sech2(yn).

b. It is confirmed by numerical profiles at Reglob = 100 and if there is a wall thickness
at least 20 times larger than the width of orifice (δ).

The nomenclature can be found in Table T1.
Related publications: [J1], [C1], [C2], [C3]

New result 3

A technique has been developed to excite a laminar, incompressible flow with a
known acoustic field within an incompressible framework. The acoustic field is assumed to
be linear, meaning that the density and pressure fluctuations are small compared to their
mean values. An extra term should be added to the incompressible continuity equation as

ρ0∇ · ut = Sc, (3.9.1)

where ρ0 is the density of the fluid, ut is the total velocity field, including the excitation
and the response of the flow, and Sc is the extra term expressing the excitation. The Sc

term is defined as
Sc = −∂ρac

∂t
− ut · ∇ρac, (3.9.2)

where ρac is the density fluctuation. If the Mach number is small, the extra term can be
further simplified to

Sc = −∂ρac
∂t

. (3.9.3)

Furthermore, even this term can be neglected and only the modification of the boundary
conditions is necessary, if the problem is acoustically compact. The momentum equation
can stay unchanged. The boundary conditions should be modified to prescribe the sum of
the exciting and the excited flow variables.

Related publications: [J2], [C8]

New result 4

A new mode of the planar jet instability with extremely high growth rate and phase
speed was discovered. This was calculated using the Orr-Sommerfeld equation for numeri-
cal velocity profiles of the parabolic jet at Reglob=100. The mode exists only in the vicinity
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of orifice. It explains some results from the literature that were difficult to interpret.
Related publications: [J2]

New result 5

A technique was developed to excite a laminar, incompressible flow with a known
vortical field. The continuity equation and the boundary conditions can stay unchanged.
An extra term Sm should be added to the incompressible momentum equation as

∂uj
∂t

+ uj· ∇uj = − 1
ρ0
∇pj + ν∆uj + Sm, (3.9.4)

Sm = ue· ∇uj + uj· ∇ue (3.9.5)

where u is the velocity, p the pressure, ν the kinematic viscosity. The excited flow field is
denoted with j in subscript, while the exciting one with e. This way of modelling the inter-
action has the benefit that the vortex velocity does not directly appear in the simulated
velocity field of the jet, only its effect.

Related publications: [C5], [C8]
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Chapter 4

Delaying the laminar-turbulent
transition in a boundary layer

4.1 Introduction

One of the most crucial problems facing mankind is the overusage of energy. Fur-
thermore, the problem is not only that the energy resources are finite; the excessive CO2

emission is probably associated with climate change, too. According to estimations, water
transport accounts for about 3% of the total CO2 emission. A container ship consumes
300-400 tons of fuel per day and the amount of fuel of one ship costs around 10 million
pounds per year. The aim of my research is to develop a special coating on ships, which
can reduce the friction drag.

The methods can be divided into three groups (Gad-el Hak, 2000) passive and active
control and shape optimisation. Finding the proper shape is a specific problem and it is
hard to obtain general solutions. However, airfoils are widely used in different field of fluid
dynamics. One general example is the natural-laminar-flow (NLF) airfoils (Somers, 2011).
In this case, the laminar-turbulent transition is delayed by the shape of the airfoil. The
optimised wall curvatures give rise to the proper pressure distribution which prevent the
transition.

Active control needs external energy, its robustness is questionable and the mainte-
nance costs are high. These properties are even worse, when such closed loop controllers
are applied for which proper measurement devices are necessary. At the same time, high
friction reduction can be achieved with them (Brunton and Noack, 2015). Recently, Fab-
biane et al. (2017) delayed the laminar-turbulent transition with plasma actuators at a
low turbulence level.

One of the most desired aim in fluid dynamics is to delay the transition with much
simpler passive elements. Miniature vortex generators placed in the flow can prevent tran-
sition. However, it operates well only at high background disturbance levels according to
the recent results of Downs and Fransson (2014). Many further attractive concepts come
from bionics (Yunqing et al., 2017; Fish and Lauder, 2006). The non-smooth surface of
sharks consists of microstructures which modify the turbulent structure and reduce the
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drag. Recently, Raayai-Ardakani and McKinley (2017) substituted the complicated mi-
crostructure with a riblet surface and reduced drag by 4%-8% at high Reynolds numbers.
Another concept mimics the lotus leaf. In this case, the solution builds up from a super-
hydrophobic surface which contains small airgaps. If the fluid contacts with the air, the
shear stress will be smaller there than it would be if it contacted with the wall. Rastegari
and Akhavan (2015) showed with direct numerical simulations that 83% drag reduction is
achievable at turbulent flows.

Another idea originates from dolphins, who have elastic skin. Kramer (1960) was
the first researcher, who tried to imitate their solution and made plenty of experiments
with the so-called compliant coatings. He stated that his solution reduced drag as it de-
lays the laminar-turbulent transition. Since, flow stability investigation methods are able
not only to model disturbances but to predict the transition, I studied a similar concept.
The elastic coating can delay the transition but two difficulties arise with it (Carpenter
et al., 2000). The first one is finding a material that has the required properties. The
other one is related to flow-induced surface instabilities which can make the configuration
absolutely unstable together with the Tollmien-Schlichting waves. The latter one was over-
whelmed by the introduction of short compliant coatings (Lucey and Carpenter, 1993).
In my research, the length of the coating was further reduced. The wall is covered by
damped mass-spring microstructures, which damp the Tollmien-Schlichting waves. This
model avoids the surface instabilities, since the elements operate independently. Further-
more, with such a structure the critical Reynolds number can be increased significantly,
compared to the optimised compliant coatings. This way "softer" wall behaviour can be
reached. Unfortunately, it can only be achieved only with a larger installation cost, since
this kind of coating is more complex.

First, the self-similar solution of boundary layers, the so-called Blasius profile is
presented over a flat plate and in the case of zero-gradient pressure in Sec. 4.2. Then
the eN method is presented in Sec. 4.3, which is one of the basic transition prediction
methods. The idea is that the boundary layer becomes turbulent after the disturbance
wave amplifies above a certain value, which depends on the background turbulence level or
excitation. This approach of course gives a rough estimate, since it neglects the properties
of the excitation, whether its origin is acoustic or vortical field. As it shown previously
it is non-negligible, but in a real application the excitation can be arbitrary, and even
the background turbulence level can change within wide limits. Later, an active method
is presented in Sec. 4.4 and is investigated by a linear and also a non-linear approach.
In the linear approach, the Orr-Sommerfeld equation (Sec. 2.2.1) is solved using CMM
method (Sec. 2.2.4) in the whole chapter unless stated otherwise. An active controller is
not really feasible in a case of a real application. It is replaced by a microstructure of
small damped mass-spring systems in Sec 4.5. The effect of spanwise flexibility of the
coating is investigated in Sec. 4.5.2 on this simplified model. If spanwise flexibility has no
significant effect on the critical Reynolds number, the investigation can be restricted to
less paramaters. Furthermore, if the wall can move only in the streamwise direction, the
Orr-Sommerfeld equation can be used. Finally, a real geometry is developed with visco-
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Figure 4.1: The schematic draw of laminar-turbulent transition over a flat plate with zero
pressure gradient.

elastic materials in Sec. 4.5.3, which behaves like the previously shown damped mass-spring
systems.

4.2 Blasius boundary layer equation

Blasius found a solution for laminar boundary layer flow over a flat plate with zero
pressure gradient. The schematic drawing of the flow can be seen in Fig. 4.1. His assump-
tion and derivation is presented based on the book of White (2006). Blasius’ solution
describes well the base flow in the laminar regime except that in the vicinity of the leading
edge. He assumed that the flow is self similar, meaning the local velocity profiles have the
same dimensionless shape: Û/U0 = f̃(ŷ/δ), where δ is the thickness of the boundary layer,
where the velocity is equal to 99% of the far-field velocity. His approximation is valid if the
displacement thickness (defined later in Eq. (4.2.15)) is small, and the far-field velocity
U0 is constant. From integral analysis it is known that δ ∝

√
νx̂/U0 leading to the the

appropriate dimensionless similarity variable should be:

ηs = ŷ

√
U0
νx̂
, (4.2.1)

and x̂ is the distance from the leading edge of the flat-plate. Similarly, the stream function
of the flow should have the form:

ψ =
√
νU0x̂f(ηs), (4.2.2)

where f is the unknown function. The velocities can be calculated from the stream function
as

Û = ∂ψ̂

∂ŷ
= U0f

′(ηs), (4.2.3)

V̂ = −∂ψ
∂x

=

√
νU0
x̂

(ηsf
′ − f). (4.2.4)
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After substituting them to the momentum equation and assuming Re � 1, the Blasius
equation for the flat plate can be obtained:

f ′′′ + 1
2ff

′′ = 0. (4.2.5)

The partial differential equation system was transformed into an ordinary differential
equation by introducing the self similar coordinates. The boundary conditions express no-
slip wall (Eqs. (4.2.6)-(4.2.7)) and the streamwise velocity tends to far-field velocity (Eq.
(4.2.8)).

U(0) = 0 → f ′(0) = 0, (4.2.6)

V (0) = 0 → f(0) = 0, (4.2.7)

U(ηs →∞) = 1 → f ′(ηs →∞) = 1. (4.2.8)

The differential equation has no analytical solution. The last boundary condition cannot
be fulfilled directly. Usually, the problem is solved as an initial value problem, where
the integration starts at y = 0 and goes to infinity. The missing boundary condition is
prescribed as a parameter p = f ′′(0). The value of p is then varied until the last boundary
condition (4.2.8) is fulfilled, also known as shooting method. In this work, the iteration is
bypassed by the transformation of the differential equation as

f = kF, (4.2.9)

ηs = 1
k
Ys, (4.2.10)

where k is an unknown constant. It can be seen that the transformation keeps the original
form of the differential equation:

F ′′′(Ys) + 1
2F (Ys)F ′′(Ys) = 0. (4.2.11)

The boundary conditions for the new function are: F (0) = 0, F ′(0) = 0, F ′′(0) = 1, which
can be solved with one integration. From F (Ys →∞), the constant k has to be determined,
in order to fulfil the f ′(ηs →∞) = 1. Let us introduce the variable K as

K := lim
Ys→∞

( dF
dYs

)
, (4.2.12)

then
lim
ηs→∞

( df
dηs

)
= k2 lim

Ys→∞

( dF
dYs

)
= k2K, (4.2.13)

which has to be 1 that leads to
k =

√
1
K
. (4.2.14)

After (4.2.11) is numerically solved, k can easily be determined and then transformed back
to the original function. k ≈ 0.692475.

In the case of local stability investigations, the velocity profile has to be expressed
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at a given x location as the function of y. In these cases, it is convenient to define a local
length scale, which is in general the displacement thickness (δ∗), since it can be measured
more accurately than the boundary layer thickness (δ) in experiments. This means that
the non-dimensional velocity profile will be the same along the boundary layer, but the
length scale δ∗ grows continuously in downstream direction. The definition of displacement
thickness is

δ∗ =
∫ ∞

0

(
1− Û

U0

)
dŷ. (4.2.15)

If y is non-dimensionalised with δ∗:

y = ŷ/δ∗, (4.2.16)

then

y = ηs/Cm, (4.2.17)

Cm =
∫ ∞

0
(1− U(ηs))dηs. (4.2.18)

In the case of Blasius profile Cm is approximately 1.72089. The default Reynolds number
is also defined with δ∗ as

Re = Reδ∗ = U0δ
∗

ν
. (4.2.19)

to be consistent with the previous definition of it in the case of jet.
Since there are various length scales in the boundary layer, a further Reynolds num-

ber can be defined as
Rex = U0x̂

ν
, (4.2.20)

but it was not utilised during the solution. This Reynolds number is used only for the
evaluation of the results. The relation between them is

Reδ∗ = Cm
√
Rex. (4.2.21)

Furthermore,
δ∗

x̂
= Cm√

Rex
. (4.2.22)

4.3 The eN method

In the previous section, the well known Blasius solution was presented to describe
the base flow for stability analysis of the boundary layer. In the case of jet, the aim was the
modelling of the perturbation wave. Here, the aim is delaying the laminar-turbulent tran-
sition of the boundary layer over the coated wall to reduce friction losses. The schematic
drawing of transition can be seen in Fig. 4.1. The thickness of the boundary layer contin-
uously grows since the wall “slows” the flow. The local Reynolds number (Eq. (4.2.19))
grows continuously and after a while the system becomes unstable. The determination
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of the critical Reynolds number (Recrit), where this occurs, after that the perturbations
will grow in space is necessary but not sufficient to predict transition. The transition
mechanism is highly complex depends on the flow and the environment (Schlichting and
Gersten, 2017) and is still under research. Here, a simple method is shown which predicts
the transition location from the growth of perturbation waves, taking into account the
environment via the background turbulence level.

The eN method was elaborated independently by van Ingen (1956) and Smith and
Gamberoni (1956). The idea is to find a correlation between the amplification of linear
eigenmodes and the onset of transition. Although the method is rudimentary, it predicts
the transition from laminar to turbulent flow well. The growth is characterised by the
N-factor, meaning that the transition occurs when the disturbance amplitude reaches eN

times the amplitude at the beginning of amplification (at the critical Reynolds number).
The N parameter was determined experimentally as 9. Later, a strong dependence was
found between the background turbulence level1 (Tu) and the N parameter. The following
correlation was suggested by Mack (1984),

N = −8.4− 2.4ln(Tu), (4.3.1)

which is an acceptable approximation in the range Tu ≈ 0.1− 2%.
The growth of the eigenmode can be determined from the spatial growth rate (Eq.

2.2.9) as

G(ω̂) = e
∫ x̂1

x̂0
−α̂i(ω̂)dx̂

, (4.3.2)

where x̂0 is the starting point and x̂1 is the end of the amplification. The transition will
occur at the position x̂1 where the exponent is equal to N. Since the stability equations
are solved in non-dimensional form, it is convenient to express the integrand with non-
dimensional variables. Let us apply integration by substitution and change x̂ → δ∗, from
Eqs. (4.2.20)-(4.2.22)

x̂ = δ∗2U0
C2

mν
, (4.3.3)

and
dx̂
dδ∗ = 2δ∗U0

C2
mν

, (4.3.4)

which leads to

ln(G(ω̂)) =
∫ x̂1

x̂0
−α̂i(ω̂)dx̂ =

∫ δ∗
1

δ∗
0

−α̂i(ω̂)2δ∗U0
νC2

m
dδ∗. (4.3.5)

Let us express the wave number and the angular frequency with non-dimensional values:

ln(G(ω̂)) =
∫ δ∗

1

δ∗
0

−αi

(
ωU0
δ∗

) 2U0
νC2

m
dδ∗. (4.3.6)

1The ratio of fluctuating velocity amplitude and the free stream velocity.
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The δ∗ can be substituted with Reδ∗ (Re):

δ∗ = νRe

U
, (4.3.7)

dδ∗

dRe = ν

U
, (4.3.8)

that leads to
ln(G(ω̂)) =

∫ Re1

Re0
−αi

(
ωU2

0
νRe

)
2
C2

m
dRe. (4.3.9)

This expression clearly shows that the non-dimensional frequency changes with Re. This
problem can be solved with the introduction of the non-dimensional frequency parameter2

(Fp), as

Fp = ω

Re

(
= ω̂ν

U2
0

)
, (4.3.10)

that remains constant along the flat plate. Finally, the expression using only non-dimensional
variables is

ln(G(Fp)) = − 2
C2

m

∫ Re1

Re0
αi(Fp) dRe. (4.3.11)

The aim of the method is to determine the lowest Re1 value varying Fp for which this
integral reaches the prescribed N. It can be achieved with the following steps:

1. Select frequency parameter, Fp.

2. Determine the Re0 (“the critical Reynolds number” for that frequency) value: the
lowest Re where αi changes sign from positive to negative on the ω = FpRe line. (At
low Reynolds number the flow is assumed to be stable. This Reynolds number corre-
sponds to the location from which the boundary layer starts to amplify background
turbulence.)

3. Determine Re1, where αi changes sign from negative to positive. (This Reynolds
number corresponds to the location from where the disturbance wave starts decaying
for that frequency. The disturbance waves grow only between Re0 and Re1. If there
are multiple regions, the next step should be evaluated for each of them.)

4. Evaluate the (4.3.11) integral. (If there are multiple Re1 values, determine where
ln(G) is maximum. This will be the valid Re1 value.)

5. Modify Fp and repeat steps 2-4 until N= ln(G). This can be achieved by any equation
solver technique.

6. The predicted turbulent transition will occur at Re1 (transition Reynolds number,
Retr).

2In literature, it is usually denoted by F .
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4.4 Active wall control

4.4.1 Mathematical model

Choi et al. (1994) showed that applying a streamwise wall velocity equal to the
streamwise near-wall velocity fluctuations has a drag reduction effect under fully turbulent
conditions. The question arises whether a similar motion could stabilise the transitional
flow. Since the near-wall velocities in the boundary layer are essentially proportional with
the wall shear stresses I hoped that the active control described by Eq. (4.4.1) was able
to delay the transition. According to the author knowledge, this kind of motion was not
applied to boundary layers only to channels. The control parameter cp makes the wall
move proportionally with the measured wall shear stress perturbation (τ). If cp is posi-
tive, then the wall moves (u) in the direction of the acting wall shear stress perturbation
(τ). A delay was added between the sensing and the actuation (∆t = ∆t̂/T0). The reader
might imagine that the desired streamwise velocity was implemented by direct wall mo-
tion, wall deformation, or angled blowing and suction. A schematic drawing is displayed
in Figure 4.2. Furthermore, an animation is available in Additional materials attached
as a CD to the dissertation or on the following link: http://www.hds.bme.hu/~pnagy/

Additionalmaterialstodissertation/ as “Re100_jet_om_0.5_Sym.gif”

Figure 4.2: The sketch of the investigated active control.

The controller can be expressed by

u(y = 0, t) = cpτ(t−∆t), (4.4.1)

while in the other directions the wall does not move, meaning the remaining two boundary
conditions are the same as they were in the case of a no slip wall (v(0) = w(0) = 0). The
new relation can be rewritten for a Newtonian fluid after Fourier transformation in the
time domain as

u(0, ω) = cpµei∆tω du
dy

∣∣∣∣
y=0

(4.4.2)

100

http://www.hds.bme.hu/~pnagy/Additionalmaterialstodissertation/
http://www.hds.bme.hu/~pnagy/Additionalmaterialstodissertation/


0 0.1 0.2 0.3 0.4

-0.4

-0.2

0

0.2 Mode 1
Mode 2

(a) (b)

Figure 4.3: (a) The growth rate as a function of the angular frequency (Re = 400, cp =
−0.3, ∆t = 1). (b) The growth rate as a function of the Reynolds number and the control
parameter (∆t = 0)

and let us introduce cs = cpµei∆tω,

u(0, ω) = cs
du
dy

∣∣∣∣
y=0

. (4.4.3)

Further description about the derivation and implementation of boundary condition can
be found in Section 2.2.4.

4.4.2 Results calculated with linear methods

The problem was solved in the following parameter domains: ω ∈ [0.001, 0.4], Re ∈
[400, 3000], cp ∈ [−1, 1], ∆t = {0, 0.5, 1}. It has multiple solutions depending on the pa-
rameters. These solutions are called modes and are usually enumerated based on their
growth rate. (Multiple solutions of the Orr-Sommerfeld equation was also discussed in
Sc. 3.4.3, where the strange mode in the jet is presented.) The most unstable mode with
the highest growth rate is called mode 1. In the case of the rigid wall, the flow loses its
stability always when the growth rate of mode 1 becomes greater than zero. Here, for some
cp values, one mode dominates at low angular frequencies (ω < 0.1), while another one
becomes less stable at higher frequencies (ω > 0.1). The former mode is called mode 1
here because it exists for any frequency, while the other mode, mode 2, does not. In Figure
4.3(a) these modes are plotted, and the point where mode 2 vanishes is indicated with a
black cross. In the investigated range, this usually occurred around ω ≈ 0.005.

In Fig. 4.3(b) the maximum growth rate over ω of all the modes can be seen as the
function of Reynolds number and the control parameter at ∆t = 0. The colour symbolises
the magnitude of the growth rate, and the black curves show the boundaries of the stable
and unstable regions. The first verification is that the critical Reynolds number, below
which the flow is stable, is around Re ≈ 520 in the case of the steady state no-slip wall
when cp = 0 which is well known in the literature (e.g. (Sengupta, 2012)). If cp is a
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negative small number (a narrow range around cp = −0.1) the control stabilises the flow.
This means that if the wall is moved slightly against the wall shear stress the flow can be
stabilised. Unfortunately, this region is small, so the controller has to be tuned properly if
the flow conditions change in a real application. Furthermore, if cp is reduced further, the
predicted growth rate is much larger than it was in the case of rigid wall. This leads to a
much faster transition to turbulence. A more usable region is when cp is positive. In this
case, the critical Reynolds number increases together with the parameter. The Re = 3000
Reynolds number can be achieved before cp reaches the value of 1. In this case, the wall
moves in the same direction as the fluctuating shear stress. This means that the controller
can be replaced with small passive elements which move together with the fluctuating
fluid. This possibility will be investigated in the next section.

The effect of the time delay was investigated. I could not find any significant differ-
ence among the three cases of ∆t-s studied. It is caused by the fact that the maximum
growth rate is usually at low frequencies, where the delay only has a negligible effect.

4.4.3 Results calculated with non-linear methods

The previous result suggested that the critical Reynolds number can be increased to
arbitrarily large values with large enough cp values. However, if the background turbulence
level is large, the linear approximation is invalid, and leads to a much faster transition,
called bypass transition. This phenomenon is still unclear. There is one method with
which the absolute stability of the flow can be investigated, meaning that a disturbance of
any magnitude will monotonically decay in time. It is the Reynolds-Orr energy equation
(Orr, 1907) and it is the most conservative method in stability analysis. The equation can
be derived from the Navier-Stokes equations (2.1.2)-(2.1.4). They are decomposed into
a mean base flow and a perturbation component but the second order small terms are
not neglected. The temporal change of perturbation energy can be expressed if they are
multiplied with the velocity components and added (ut(2.1.2)+vt(2.1.3)+wt(2.1.4)) which
leads to a non-linear equation system. At the boundary of stability, its value is zero. (This
way the time dependence is eliminated since we are looking for the solution, where the
temporal change of the energy is zero.) The next task is to find the smallest Reynolds
number, the critical Reynolds number, at which this relation holds. This is a variational
problem for the perturbation flow field, for which the Reynolds number is minimum, which
leads to

1
Re

∆up − up(∇U + (∇U)T ) = ∇pp, (4.4.4)

while the continuity (2.1.1) has to be fulfilled. Since the original equation contained only
the multiplication of the variables, it was second order and its variation leads to a linear
problem. The time-dependence and the non-linearity property of the problem are elimi-
nated. This is similar to the case, when we are looking the minimum or maximum of a
second order polynomial. It also leads to a first order, linear equation. (Of course, it does
not contradict to the original assumption such that the amplitude of the perturbation can
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be arbitrarily large. The usage of variational principle reduced the second order terms to
linear ones.) This equation can be solved but it can be further simplified if the base flow
approximated as a parallel flow and the solution has a wave form in space.

up = [up, vp] = [us, vs]eiαx. (4.4.5)

These approximations leads to a fourth order differential equation system similar to the
Orr-Sommerfeld equation:

v(iv) − 2α2v′′ + α4v = iReα
(
U ′v′ + 1

2U
′′v

)
. (4.4.6)

Its solution method is presented in Section 2.2.4, where Q = α. In this case α can be
prescribed and Re has to be calculated, meaning that for that wavelength the energy of
perturbation will not grow in time. However, our aim is to determine the critical Reynolds
number for which the flow will remain stable for any kind of perturbation. This means
that the complete range of possible α-s has to be investigated, and the global minimum
of critical Reynolds number has to be determined. This value is usually denoted with an
E in the subscript referring to energy.

The results of this calculation can be seen in Figs. 4.4(a) and 4.4(b). Two solutions
are plotted there, that are called mode 1 and mode 2. Both modes represent a local
minimum as the function of the wave-number, and the smaller one (the global minimum)
is the true critical Reynolds number. The mode 1 is drawn with a continuous line and it
is the valid solution (the global minimum) for the rigid wall (cp = 0). For the rigid wall
the predicted critical Reynolds number is 33.8849. This value is very low compared to the
measurements of Suder et al. (1988). Even the bypass transition does not occur below the
critical Reynolds number predicted with linear theories (519). The Reynolds-Orr equation
is very conservative. It do not allow the grow of the perturbation neither in space nor
in time. Since the Orr-Sommerfeld operator is non-normal, an initial growth is possible
even if all of the eigenvalues represent a decaying solution. However, this does not cause
probably transition in the case of the boundary layer.

The critical Reyndols number continuously decreases as cp increases in mode 1.
This observation contradicts with the conclusion obtained with local methods, where the
Reynolds number can be increased dramatically with positive cp values. Mode 2 behaves
differently; the predicted Reynolds number increases rapidly close to cp = 0 and decays
slowly for small control parameters (−5 < cp < −1). The highest Reynolds number,
ReE = 58.026 can be achieved at the intersection of the two modes cp = −0.2299. As
mentioned before, these results are useless from the engineering point of view, since the
method significantly underestimates the critical Reynolds number. At the same time, from
the theoretical point of view it is interesting that two different methods predict that small
negative control parameter can increase the critical Reynolds number dramatically. These
observations mean that if the wall were moved slightly against the fluctuating wall shear
stress, it would stabilise the flow. Unfortunately, negative cp values need external energy,
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and they cannot be replaced or substituted by passive damped mass-spring elements. A
coating with many small active elements is infeasible in practice.
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Figure 4.4: The critical Reynolds number (a) and the corresponding wave-number (b) of
the active controlled wall as a function of the control parameter. Mode 1 - continuous line,
mode 2 - dashed line.

4.5 Passive wall control

4.5.1 Mathematical model

As presented in the previous section, based on linear stability theory the laminar-
turbulent transition can be delayed with an active controller. The implementation of this
kind of control in a real situation is not practical. In this work, another method is developed
to substitute the active control with a damped mass-spring system. The wall is coated
with a lot of small elements. These elements allow the wall to move back and forth in
the streamwise direction. The schematic drawing is displayed in Fig. 4.5. They consist an
ideal mass, spring and a damper. The idea is that the fluctuations, the perturbation waves
can be damped with the damper, which prevents or at least delays the laminar-turbulent
transition.

The following equation can be written for a single element, as a 1 DoF (Degree of

Figure 4.5: The sketch of the investigated passive control.
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Freedom) system excited by the fluctuating shear stress (τ̂p) at the boundary with the
fluid.

m
d2x̂

dt̂2
+ c

dx̂
dt̂

+ kx̂ = w0

∫ l0

0
τ̂p dx̂ (4.5.1)

where x is the displacement of the element and at x = 0 the spring force of the element
is equal to the force of the mean shear stress caused by the base flow (U). Let us assume
that the problem is compact, meaning that the size of these elements is much smaller than
the wavelength of the fluctuations, l0 � 1/α̂r. In this case, the shear stress is assumed to
be constant above one element. Furthermore, let us investigate a Newtonian fluid, which
leads to:

m
d2x̂

dt̂2
+ c

dx̂
dt̂

+ kx̂ = w0l0µ
dûp
dŷ

∣∣∣∣
ŷ=0

. (4.5.2)

After substitution of non-dimensional variables

mδ∗

T 2
0

d2x

dt2 + cδ∗

T0

dx
dt + kδ∗x = w0l0

U0
δ∗
µ

dup
dy

∣∣∣∣
y=0

. (4.5.3)

Let us multiply both sides with T0 and apply Fourier transformation to get

− mδ∗

T0
ω2ξ +−iωcδ∗ξ + kT0δ

∗ξ = w0l0
U0
δ∗
T0µ

du
dy

∣∣∣∣
y=0

, (4.5.4)

where ξ is the amplitude of the displacement fluctuation. Since compactness was assumed,
the amplitude of the velocity fluctuations at the wall equals to the speed of the element.

u(y = 0, ω) = −iωξ(ω) (4.5.5)

After eliminating T0, this leads to(
−mU0iω + cδ∗ + k

δ∗2i
U0ω

)
u(0, ω) = w0l0µu

′(0, ω). (4.5.6)

This boundary condition can be written in a similar form to the boundary condition of
active control (4.4.3) with:

cs = 1
−m̃iω + c̃+ k̃ i

ω

, (4.5.7)

m̃ = mU0
w0l0µ

, (4.5.8)

c̃ = cδ∗

w0l0µ
, (4.5.9)

k̃ = kδ∗2

U0w0l0, µ
, (4.5.10)

where m̃, c̃, k̃ are the non-dimensional mass, damping and stiffness parameters, respec-
tively. A similar derivation can be done if the wall can move in the z direction. Then the

105



boundary condition for w is:
w(0, ω) = czw

′(0, ω), (4.5.11)

where cz is calculated like cs using the stiffness and damping coefficients in z direction. If
cz 6= 0 meaning the wall can move in z direction, the Orr-Sommerfeld equation cannot be
used.

4.5.2 The effect of spanwise flexibility of the coating

The critical Reynolds number is around 520 for a rigid wall, with the parallel flow
assumption. If the parameters are set properly, the critical Reynolds number can be
increased. I observed that reducing the m̃, c̃x, k̃x parameters leads to a higher critical
Reynolds number. This means it does not make any sense to optimise these parameters
without a constraint. A real microstructure is developed to replace the mass-spring sys-
tem with beams that is introduced in the next section. The simplified damped mass-spring
model is used to investigate the effect of spanwise flexibility of the coating on the crit-
ical Reynolds number. Furthermore, in the streamwise flexible case the Orr-Sommerfeld
equation (Sec. 2.2.1) is solved with the CMM method (Sec. 2.2.4). While, when the wall
can move in both directions, the linearised Navier-Stokes equation (Sec. 2.2.10) should
be used, that is less accurate and needs more computational effort. During my investi-
gation, the general central difference scheme is used to calculate the differential matrix.
N = 350 points are used and their distribution in space is similar to points generated by
the Runge-Kutta method for the Blasius profile (Sec. 4.2.) With this grid, the accuracy of
the eigenvalues is 10−3 while it is 10−6 with CMM method.

If the parameters were set to m̃ = 0.2, c̃x = 0.05, k̃x = 0.001 and the wall was rigid
in spanwise direction (w = 0), the critical Reynolds number would be above 1200. The
question is, what the effect of the spanwise flexible boundary condition (4.5.11) will be.

It is well known, according to the Squire’s theorem (Boiko et al., 2012) that distur-
bances have the largest growth rate in a two-dimensional case when the wave propagates
in the streamwise direction (β = 0). First, this kind of disturbance is investigated. If β is
set to 0, the investigated wave propagates in the streamwise direction, and the spanwise
flexibility has no effect on the results compared to the streamwise flexible wall. This can
be seen in Fig. 4.6(a), where the red line (streamwise flexible) and black line (stream- and
spanwise flexible) cover each other. When spanwise flexibility is allowed multiple cases were
analysed but the results were the same neglecting the difference because of the accuracy.
In the figure, the line is plotted with c̃z = 3, k̃z = 0.001 parameters. It can be concluded
that the spanwise flexibility has no effect on the largest growth rate. Furthermore, it has
no effect on the critical Reynolds number because of the Squire theorem. This fact indi-
cates that the critical Reynolds number can be determined from the 2D Orr-Sommerfeld
equation with a quicker and more accurate procedure (CMM) than solving the discretised
linearised Navier-Stokes equations by central difference scheme or Chebyshev polynomials.
In the same figure, we can also see the stabilisation effect of the coating. The blue line
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shows the growth rate of the disturbance wave in the case of the rigid wall which was
positive for the angular frequencies between 0.048 and 0.12. At the same time, the coated
wall remained stable for all frequencies since the growth rate was negative everywhere.

(a) (b)

Figure 4.6: The growth rates (−αi) of the disturbance waves as functions of the angular
frequency at Re=1200 in the case three different wall configuration: rigid wall (blue line),
streamwise flexible wall (red line), streamwise and spanwise flexible wall (black dashed
line). The parameters of the flexible wall were: m̃ = 0.2, c̃x = 0.05, k̃x = 0.001, c̃z = 3, k̃z =
0.001 and (a) β = 0, (b) β = 0.1.

As a next step we investigated the coating at β = 0.1. Here, the spanwise flexibil-
ity has an effect on the results. For certain parameters higher, for others lower growth
rates were obtained. After tuning the parameters, we found such parameters where the
spanwise flexibility reduced the amplification of the disturbance wave almost for all fre-
quencies. The results are shown in Fig. 4.6(b) for the parameters cz = 3, kz = 0.001. Here,
we can see that the growth rates are lower almost everywhere than those in the case of
the spanwise rigid coating. Further certain conclusions cannot be drawn, since the linear
stability investigation methods are only able to predict the critical Reynolds number. At
the same time, it is well known that the development of turbulent flow is a three dimen-
sional phenomenon where disturbances propagate both in the streamwise and slightly in
the spanwise directions. This means that the spanwise flexible coating may help in further
delaying the transition. Unfortunately, the presented model is inadequate to investigate
this statement in its full depth.

4.5.3 Coating with elastic structures

An attempt was made to optimise the parameters m̃, c̃ and k̃ but it seems that as
these parameters tend to 0, the critical Reynolds number goes to infinity. There are no
physical anchor values on whose basis model constraints could be defined. A real structure
was developed which could be modelled with the previously introduced configuration and
the possible material properties define the constraints. The geometry can be seen in Fig.
4.7. The mass is represented by a rectangular cuboid at the top of the structure. Two beams
represent the springs. They also prevent the pitching of the structure. A real damper is
not added to the model. It is substituted using a viscoelastic material. Its damping was
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modeled with the help of loss tangent, which is widely used for viscoelastic materials and is
usually denoted with tan δ (Lakes, 2009), but here κ is used to avoid misunderstanding with
the boundary layer thickness. It can be measured by periodically exciting test specimens,
and the phase delay indicates the damping capacities of the material. The introduction of
a complex elasticity modulus is convenient to describe the problem:

E∗ = E(1− iκ), (4.5.12)

where E∗ is the complex modulus. In the literature, the loss tangent is added to one,
rather than subtracted from it on righ-hand side of (4.5.12). It may confuse the reader but
here the negative sign is the correct one. Material scientists use the expression eiωt for the
harmonic oscillation, while in fluid dynamics e−iωt is more casual.

Figure 4.7: A real coating element built from two beams (k) and a rectangular cuboid (m)

The spring constant can be determined from Euler-Bernoulli beam theory and the
symmetry of the geometry can be used. Let us introduce the parameter for the beam:

βb = 4

√
ρbAbω̂2

E∗I
, (4.5.13)

where I is the second moment of the cross-section area, Ab = w1l1 is the area of the
cross-section and ρb is the density of the beam. The second moment of the area can be
calculated as:

I = l31w1
12 . (4.5.14)

The relationship between the non-dimensional and dimensional angular frequency is ω̂ =
ωU0/δ

∗.
After solving the Euler-Bernoulli equation with harmonic excitation at the end, the

spring constant can be obtained as:

k̂ = 2E∗Iβ3
b (cos(βh1) sinh(βh1) + cosh(βh1) sin(βh1))

cos(βh1) cosh(βh1)− 1 , (4.5.15)
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which tends to
k̂0 = lim

ω̂→0
k̂ = 24E∗I

h3
1

, (4.5.16)

analytically as expected but numerically it does not and significant numerical errors arise.
Therefore, if βh1 < 0.015, then k̂0 is used instead of k̂. The further parameters for the
coating are trivial:

m̂ = ρbw0l0h0, (4.5.17)

ĉ = 0, (4.5.18)

since the damping acts via k̂.

4.5.4 The optimisation of streamwise flexible coating

Silicone rubber coating is selected because its damping is relatively high, while its
elastic modulus is low and the ultimate strength is significantly larger than the elastic
modulus. Its elongation at break is extremely large, around 600%, that is at least two
orders of magnitude larger than that of metals. The material properties can be found in
Table 4.1. The geometric parameters are optimised with the particle swarm procedure.
The following constraints are applied: the minimum allowed thickness is 10 µm, w0 > w1

and l0 > 2l1 to keep the geometry similar to the desired one. The last constraint is that
the shear stress caused by the base flow cannot damage the structure, which leads to

σU > SF3
2w0l0µ

U0
δ∗
dU

dy

h1
l21w1

, (4.5.19)

where σU is the ultimate strength of the material and SF is the safety factor that is
chosen to be 2. The stress effect of the disturbances cannot be taken into account in this
expression (4.5.19), since our approach is linear and those effects are assumed to be small.

Table 4.1: Properties of silicone rubber

Property Value Unit
E 0.8 MPa
κ 0.358 -
ρb 1130 kg/m3

σU 5 MPa

The optimisation is carried out using the particle swarm technique that is available
in Matlab. 20 particles are initialised. The fluid is water at 25 ◦C. Its properties are
summarised in Table 4.2. The optimisation is carried out at U0 = 20 m/s to be comparable
to previous optimisations found in the literature, such as (Carpenter and Morris, 1990;
Dixon et al., 1994; Yeo, 1998).
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Figure 4.8: The maximum amplification as the function of Reynolds in the following cases:
rigid wall, coating optimised at U0 = 10 m/s, coating optimised at U0 = 20 m/s and
evaluated at U0 = 10 m/s, coating optimised at U0 = 20 m/s.

Figure 4.9: The spatial growth rate as a function of the Reynolds number and the non-
dimensional angular frequency in the case of coated wall, where the microstructure has
the following parameters: l1 = 10−5 m, h1 = 6.36 · 10−5 m, w1 = 10−5 m, l0 = 2.775 · 10−3

m, h0 = 10−5 m, w0 = 2.1 · 10−5 m and the freestream velocity is U0 = 20 m/s. The
continuous line is the boundary between stable and unstable regions. The dashed line is
the boundary of stability in the case of rigid wall.
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Table 4.2: Properties of water at 25 ◦C

Property Value Unit
ν 0.8927 · 10−6 m2/s

ρw 997 kg/m3

µ 8.9 · 10−4 Pa s

The critical Reynolds number is increased to 1200 with the coating, while its value
in the case of rigid wall is 520. Its values are below 900 in the case of compliant coatings in
works, cited above. However, there the transition Reynolds number was optimised based
on the eN transition prediction method (Sec. 4.3). The maximum amplification of the
disturbances was calculated as the function of Reynolds number and was plotted in Fig.
4.8. The results show that for small N parameters (high turbulence level) the coating
will delay the transition significantly. Unfortunately, at N=10 the maximum amplification
curves of rigid wall and coating intersect each other, meaning that the effect of coating
becomes negligible at low turbulence level. The fit function of optimisation should be
defined to maximise the transition Reynolds number instead of the critical one.

The spatial growth rate, µ quantifies, how fast in space the disturbance will grow
in space. If it is less than zero, the disturbance decays. If it is larger than zero, the
disturbance will grow until the non-linear regime. Its value is plotted in Fig. 4.9 as a
function of the Reynolds number and angular frequency in the case of the optimised
coating. Its parameters are l1 = 10−5 m, h1 = 6.36 · 10−5 m, w1 = 10−5 m,l0 = 2.77 · 10−3

m,h0 = 10−5 m,w0 = 2.1 · 10−5 m. It can be seen in the figure that the critical Reynolds
number is much higher. The growth rates are still large at the points where they were
in the case of rigid wall, too. (The boundary of stability is plotted in the figure with a
dashed line.) The values become less than zero owing to the coating which stabilises the
flow. At the same time, the coating causes much larger growth rates at lower frequencies
and higher Reyndols numbers. This fact is observed for other coatings too, whose results
are not shown here.

The coating is investigated at a much a lower freestream velocity, U0 = 10 m/s,
using the same parameters. The growth rate in this case is plotted in Fig. 4.10. Here,
the coating increases the critical Reynolds number only to 570. Meanwhile, the growth
rates are significantly larger, compared to the rigid wall in the domain 1000 < Re < 2000
and 0.05 < ω < 0.1. The disturbances will start to grow only further downstream, than
in the case of the rigid wall, but their amplitudes increase more rapidly. Therefore, the
turbulence will develop faster compared to rigid wall. This can be clearly seen in Fig.
4.8, too. This observation alerts us that the same coating can delay and accelerate the
transition depending on the flow velocity. This problem does not cause significant problems
on huge water crafts which operate at almost constant speeds. In other cases, a more
complex optimisation procedure is necessary to discover parameters which are less velocity-
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dependent or at least do not accelerate transition at any velocity.
The optimisation procedure is carried out at U0 = 10 m/s, too. The results can be

seen in Fig. 4.11. The critical Reynolds number is increased to 1670 with the following
parameters: l1 = 2.55 · 10−4 m, h1 = 1.679 · 10−3 m, w1 = 10−5 m, l0 = 0.0865 m,
h0 = 1.4510−5 m, w0 = 3.3 · 10−5 m. Furthermore, the growth rates are small in the
unstable region, implying that the transition point will be shifted further downstream.
This can be observed in Fig. 4.8. The Reynolds number, where the transition occurs, can
be increased for any N significantly. For example at N = 10 it was increased to 5850 from
3340. According to my experience, the same tendency continues if the far stream velocity
is decreased: then the critical Reynolds number can be increased with optimisation.

Figure 4.10: The spatial growth rate as a function of the Reynolds number and the non-
dimensional angular frequency in the case of coated wall, where the microstructure has
the following parameters: l1 = 10−5 m, h1 = 6.36 · 10−5 m, w1 = 10−5 m,l0 = 2.77 · 10−3

m,h0 = 10−5 m,w0 = 2.1 · 10−5 m. The continuous line is the boundary between stable
and unstable regions. The dashed line is the boundary of stability in the case of rigid wall.
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Figure 4.11: The spatial growth rate as a function of the Reynolds number and the non-
dimensional angular frequency in the case of coated wall, where the microstructure has the
following parameters: l1 = 2.55 · 10−4 m, h1 = 1.679 · 10−3 m, w1 = 10−5 m, l0 = 0.0865
m, h0 = 1.4510−5 m, w0 = 3.3 · 10−5 m and the freestream velocity is U0 = 10 m/s. The
continuous line is the boundary between stable and unstable regions. The dashed line is
the boundary of stability in the case of rigid wall.

4.6 New results

The publications related to the new results can be found in Sec. 5.1.

New result 6

The critical Reynolds number can be increased in a boundary layer flow over a flat
plate with zero pressure gradient coated with active controllers. The boundary conditions
of the infinitesimally short active controller are:

u(y = 0) = cp
∂u

∂y

∣∣∣∣
y=0

, v(y = 0) = 0, w(y = 0) = 0, (4.6.1)

where u is the non-dimensional streamwise perturbation velocity, y is the non-dimensional
transversal coordinate, cp is the non-dimensional proportional control parameter. If the
boundary layer is assumed to be parallel, and the Reynolds number is defined with the
displacement thickness, the following statements are true:

• The critical Reynolds number increases as cp increases in the range of cp ∈ (0, 0.9)
based on the solution of Orr-Sommerfeld equation. The critical Reynolds number
increases from 519 to 2928 with the control parameter cp=0.9.

• The critical Reynolds number can be increased from 33.885 to 58.026 with the control
parameter cp = −0.22988 based on the solution of the more conservative Reynolds-
Orr equation.
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Related publications:[C6], [C7], [C9]

New result 7

A miniature damped mass-spring microstructure was developed modelling a compli-
ant wall, acting as passive controller. A special boundary condition was developed for the
Orr-Sommerfeld equation, treating these elements. The critical Reynolds number can be
increased in a boundary layer flow over a flat plate with zero pressure gradient, coated
with such elements. The unstable region can be shifted to higher critical Reynolds num-
bers and lower angular frequencies. For certain parameter combinations (defined in the
dissertation) the critical Reynolds number can be increased from 519 to 1670.

Related publications: [C4], [C6], [C7], [C9]
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Chapter 5

Conclusion and outlook

In this dissertation, two different topics were covered. First, the disturbance waves
in a planar jet were modelled with a linear approximation. The main aims were to explain
the increased sensitivity of shear layers in the upstream region and to use the model to
understand the edgetone. The trivial explanation for the first question is since the per-
turbation grows exponentially downstream, if the excitation occurs upstream it has more
space to grow. At the same time, it was shown that the growth rates of the perturbations
close to the origin are larger because the local length scale is smaller and steep base veloc-
ity profiles amplifies more the perturbations. This upstream sensitivity was demonstrated
by Hermitian adjoint of the Orr-Sommerfeld operator, too. The result revealed that in
the case of a tranversal excitation the amplitude of the adjoint mode is larger close to the
orifice, even if the growth is neglected.

The used equations are not only able to answer this question. They can be used to
model the disturbance waves in jets which is widely used in the literature and demon-
strated here. The schematic drawing of the suggested model of an flue instrument can be
seen in Fig. 5.1. There the light blue "Direct" arrow expresses the model of the growing
disturbance wave. At the same time, until now nobody used the adjoint modes to model
the feedback mechanism in the edge tone or in flue instruments (purple and blue arrows).
The essential steps to do that are the modelling the different excitation ways properly.
Important advances were made on this field and two methods were developed. The first
one is the acoustic excitation procedure that can model the acoustically excited jet, which
plays an important role in flue instruments. The method was validated with analytical
results and experiments. The other one was the vortical excitation procedure. In this case,
the splitting of the disturbance wave and the excitation field is non-trivial and the method
was not validated. It can be done, only if the feedback mechanism is modelled and com-
pared to measurements in edge tone. The missing link to do that is the estimation of the
amplitude of the fluctuating vortex at the edge of the tip (the red arrow with the question
mark). If a model is developed for that the feedback mechanism with or without an acous-
tic resonator can be modelled. The generated acoustic field can be estimated from the
Lighthill analogy or other aeroacoustic source term formulation applied to the calculated
modes (orange arrow). These formulations were investigated in my previous work (Nagy
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Figure 5.1: The proposed model of edge tone or flue instruments. The arrows represents
connection between different fields. Continuous arrows express connection between similar
fields hydrodynamic-hydrodynamic or acoustic-acoustic, while dashed line represents when
the two fields are different.

et al., 2016). If a pipe, an acoustic resonator added to the configuration it can be modelled
with impedance method (green arrow). A similar model was made to organ pipes by Rucz
et al. (2013). The combination of these techniques is the goal of further research.

The suggested model would be improved if the linear approximations were left be-
hind. An attractive approach is the parabolised stability equations (PSE) and its adjoint
(APSE). The method can be easily extended to the non-linear regime. András Szabó works
on this in his diploma thesis. He adapts these methods to jets and the edge tone. However,
it cannot be used to distinguish modes, contrary the Orr-Sommerfeld equation.

Furthermore, the suggested model can be adapted to another self-sustained flow
oscillation, the cavity tone. The problem is similar there, the hydrodynamic and acoustic
fields interact with each other. They have different length and time scales that makes any
numeric simulation difficult. The modelling of the cavity tone is still in progress.

The other topic investigated in this dissertation was the delay of laminar-turbulent
transition. The compliant coating, which was suggested by Kramer (1960) was further
improved. A special coating was developed, which consists of small silicon rubber mi-
crostructures. The structure can delay the transition according to the results calculated
with Orr-Sommerfeld equation. At the same time, many assumptions were made which
were not validated. The size of the microstructure is assumed to be small and modelled
as a continuous wall. Maybe this is a crude assumption. In the future, CFD simulations
will be made to investigate this. Another question arises related to the gaps between the
elements. If the gap is small, the elements will collide with each other. This leads to a
very complicated problem. At the same time, if the gaps are too large the flow behaviour
should be modelled there and pressure forces acting on the element should be taken into
account among the friction forces. Meanwhile the amplitude probably highly depends on
not only the background turbulence level but even the shape of fluctuations. Is is ques-
tionable, whether any numerical procedure is able to model all these features of the flow
and the wall interaction. My distant goal is to validate the coating by experiments. Fur-
thermore, other microstructures will be developed which are simpler and manufacturing
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requirements are taken into account.
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Appendix A

A.1 The coefficients of the modified 3D Orr-Sommerfeld
equation

a1 = 1
α2 + β2

(
Re
(
2V

(
α2 + β2

)
+ i (αVx + βVx)

))
(A.1.1)
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where the subscripts denote the partial derivatives. Of course, some of the coefficients can
be neglected in most cases, for example the term, V xxx is small generally.
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A.2 The symmetric modes of a planar jet

(a) (b)

(c) (d)
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(e) (f)

(g) (h)

Figure A.0: The vibration of a cantilevered beam on the left and the symmetric mode of a
planar jet on the right at different phases. On the right side of each figure, the base flow U
is at the top (Re = 100) calculated from the simulation described in Sec. 3.4, the velocity
magnitude (|up|) of the eigenmode is placed at the middle at St=0.5 and the total velocity
field (|ut|) (the sum of the base flow and the eigenmode) is at the bottom. The phases are:
(a) 0 rad, (b) 1/6 π, (c) 1/3 π, (d) 1/2 π, (e) 2/3 π, (f) 5/6 π, (g) π, (h) 7/6 π. The animation
can be found in Additional materials as “Re100_jet_om_0.5_Sym_withBeam.gif”.
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A.3 Original paper of Leconte (1858)
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