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1 Motivation and objectives

Metamaterials [1] are not real materials, but artificial, mostly

periodic, structures (see Fig. 1) with sub-wavelength feature

sizes, which can be characterized with macroscopic material

parameters. When illuminated with wavelengths longer than

their characteristic sizes they behave as homogeneous mate-

rials. In this sense they are very similar to natural materials,

in which the electromagnetic field distribution is inhomoge-

neous on atomic (microscopic) level, while it is homogeneous

on a macroscopic level. In contrast to natural materials, how-

ever, metamaterials can exhibit interesting properties such

as negative refractive index (see Fig. 2). Also their disper-

sion can be designed by engineering the geometry of their

microscopic structure. This way the values of the refractive

index can be tuned at any frequency. Exploiting these prop-

erties new phenomena can be demonstrated that were never

seen before.

Fig. 1: A metamaterial struc-
ture designed for microwaves

Fig. 2: Negative refractive in-
dex and focusing with metama-
terial slabs
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A widely studied topic of metamaterial research is the focus-

ing of electromagnetic waves (both for radio waves and in the

optical regime) with negative refractive index (see Fig. 2).

Numerous papers discuss the focusing properties of meta-

material slabs, in which light beams suffer negative refrac-

tion [2,3,4,5, 6]. These papers show nice figures of the focal

spot hovering in front of the metamaterial slab.

The main motivation of my research was to understand what

an observer would see when they look at these focusing meta-

materials. Will they see the focal spot hovering in front of

the metamaterial? Or something else? How can we calculat

it? Will the focal spot be at the same position when ob-

served from different directions? Or does it depend on the

angle of observation? Can we use these metamaterials to

create images hovering in the air? Can we use these meta-

materials in 3D displays? Since no papers in the literature

addressed these questions, my primary objective become to

find answers for them.

After studying metamaterials with focusing ability I also in-

vestigated metasurface lenses (flat lenses). Metasurfaces are

the 2D equivalents of metamaterials - they consist of one

single layer of resonators. Their huge advantage is that due

to their thin structure, they introduce much less loss than

metamaterials.

Metasurface lenses has a very different principle than focus-

ing metamaterials. Instead of having an effective refractive
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index, they introduce abrupt phase changes in the the elec-

tromagnetic field on their surface (see Fig. 3). If the phase

profile (i.e. the introduced phase shift in function of the po-

sition) is designed properly, then different phenomena can

be achieved, such as focusing (see Fig. 4).

Fig. 3: Metamaterials vs Metasurfaces Fig. 4: Focusing
with metasurfaces

Another advantage of metasurface lenses, beside the low

losses, is that metasurface lenses can focus light without

aberration, i.e. unlike most metamaterials, they can focus

all light rays into a single point. However, this holds for only

one angle of incidence (usually for normal incidence). Since

I already dealt a lot with the angle dependent focusing prop-

erties of metamaterials, this topic caught my attention, and

I have investigated how to achieve aberration free focusing

with metasurface lenses for oblique incidence.

2 Methods

Metamaterials are generally hard to fabricate, especially for

the optical frequency range, where the characteristic sizes of
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a unit cell are around 100 nm. Therefore I used computer

simulations to calculate the electromagnetic field distribu-

tion around metamaterials.

Since full wave simulation of the whole structure is compu-

tationally expensive, I retrieved the effective (macroscopic)

parameters of metamaterials, and thereafter I used these ef-

fective parameters to quickly calculate the field around meta-

materials. The effective parameter retrieval was done by ap-

plying Finite Element Method (FEM) on one unit cell of the

metamaterial, and the image calculation was done by using

the Transfer Matrix Method (TMM). I validated my results

against the result of a full wave simulation of the whole struc-

ture done with the Finite Difference Time Domain (FDTD)

method.

3 Aberration of metamaterial lenses

A number of papers in the literature report on focusing ef-

fect of different metamaterial slabs [2, 3, 4, 5, 6]. They show

the intensity map, on which the focal spot can be clearly

seen. However, the focusing effect is never perfect. Although

perfect focusing — when all light rays are focused into the

same focal point (see Fig. 2) — is theoretically possible,

in practice, all metamaterials have angle dependent focusing

properties [4] (see Fig. 5), which leads to aberration, i.e.

imperfect imaging. My goal was to investigate how the focal
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distance depends on the angle of incidence.

Fig. 5: Aberration of metamaterial lenses

Generally metamaterials cannot be described with a sin-

gle refractive index, due to their anisotropy, and in most

cases even the tensorial material parameters are not enough

to fully characterize the metamaterial. Also, due to the

anisotropy, Snell’s law cannot be applied on metamaterials.

This means that the (angle dependent) focal distance cannot

be calculated analytically.

Full wave simulation of the metamaterial structure can solve

this problem, but full wave simulation of the whole structure

is computationally expensive. I have developed a numerical

method, where simulations have to be run on one unit cell

only. All the further calculations are computationally inex-

pensive and fast. Fig. 6 shows the process of retrieving the

focal distance of a metamaterial slab in function of the angle

of incidence / observations. I have developed this process

further to calculate the image of extended objects placed

behind metamaterials as they would be seen by an observer.
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Fig. 6: Process for retrieving focal distance vs inci-
dent angle.

4 Aberration of metasurface lenses

While practically every metamaterial lens shows aberration,

aberration free focusing can be easily achieved with meta-

surface lenses [7]. The principle of these lenses is that they

convert incident plane waves into convergent spherical waves

by introducing a hyperbolic phase profile on their surface:

∆φ(x) = −2π

λ

[√
f 2 + x2 − f

]
(1)

The spherical wave then propagates toward one single point

(see Fig. 4), resulting in an aberration free focusing.

This holds, however, only for normally incident plane waves.

If a plane wave with oblique incidence hits the same meta-

surface lens, the focusing effect will not be perfect at all, see

Fig. 7(a).
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Fig. 7: The focal spot for 0◦, 10◦, 20◦, 30◦, 40◦ incident angles
(from left to right) using hyperbolic phase profile (a) and the
proposed new phase profile with aperture stop (b)

I have investigated how this aberration could be reduced,

and I have proposed two methods:

• I have proposed a new phase profile that shows reduced

average aberration for a wide range (−40◦..40◦) of in-

cident angles. The new phase profile is:

∆φ(x) = −2π

λ
x sin (

x

2f
) (2)

• I have proposed the usage of an aperture stop to selec-

tively illuminate the surface in front of the metasurface

lens, see Fig. 8. Although it reduces the illuminated

area, it reduces aberration to a large extent.

The two methods combined provide nearly aberration free

focusing for the −40◦..40◦ incident angle range, see Fig. 7(b).
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Fig. 8: Aperture stop used to selectively illuminate
the the area of the metasurface lens

5 Application in 3D displays

Grabbed by the idea of hovering images I have also studied

the possibility of 3D image displaying with metamaterials.

Possessing the knowledge of how to calculate the observable

image, I have investigated how the observable image distance

changes around the resonance frequencies of metamaterials.

The fact that metamaterials can have strong resonances at

arbitrary frequencies provides the possibility of controlling

the image distance by small frequency changes (see Fig. 9)

around the primary colors. Based on this idea I proposed

a new kind of 3D display concept that takes advantage of

the strong chromatic dispersion of metamaterials. My main

motivation here was to create a new 3D display concept that

eliminates the limitations of current 3D displays and creates

a much more realistic 3D scene.
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Fig. 9: Metamaterials can focus light into different distances.
A big focus distance change can be achieved by a small change
in the wavelength. (F/d: focal distance compared to the slab
thickness)

Current 3D displays have the following main disadvantages:

• They trick the brain by providing different images to

the two eyes, hence different objects seem to be at dif-

ferent distances. But the eyes still have to focus to the

plane of the 2D display (see Fig. 10(a)). This is called

the accommodation-convergence conflict [8], which re-

sults in an unnatural feeling.

• They need to calculate and display at least two images,

but more advanced 3D displays provide much more im-

ages [8] to make it possible to walk around the scenery,

and to provide a more natural feeling. This needs high

computational effort and high spatial or temporal res-

olution.

In contrast to these, metamaterial based 3D displays focus

the light into the virtual position of the image (see Fig.

10(b)), eliminating the accommodation-convergence conflict,

and instead of providing a high number of images to differ-
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ent observation angles, they use optics to achieve the sense

of depth. The virtual distance of a pixel is simply encoded

in the wavelength, which eliminates the need for high com-

putational effort and high spatial/temporal resolutions.

Fig. 10: accommodation-convergence conflict in multiview 3D
displays (a) and focused image in metamaterial based 3D dis-
plays (b)

I have studied the applicability of an actual metamaterial

structure in 3D displays. Although the metamaterial showed

a focal distance range of ten times its thickness, the appli-

cability is quite limited due to losses: the transmittance is

very poor at a reasonable metamaterial thickness. Structures

with low losses are still to be found.
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6 Summary of new scientific results

1) I have investigated the incident angle dependent

focusing properties of metamaterials. Metamaterials

show strongly anisotropic behavior [Ka3, Ka7], and

there is no simple way to calculate their focal dis-

tance (Snell’s law does not apply). I have developed

a method to show how the focal distance depends

on the angle of incidence [Ka1,Ka6]. Furthermore, I

have extended the method to calculate the image of

extended objects placed behind metamaterial slabs.

1.a) I have derived the criterion of aberration free fo-

cusing with plan-parallel slabs. While it was already

known from the literature, that metamaterial slabs with

n = −1 refractive index are able to focus without aber-

ration, I have provided the general criterion for aber-

ration free focusing with plan-parallel slabs.

1.b) Most metamaterials have a dispersion relation

that cannot be described with tensors. This results

in an angle dependent focal distance which cannot be

calculated analytically. This calculation is, however,

needed to fully characterize the imaging abilities of the

metamaterial. I have developed a numerical method to

calculate the angle dependent focal distance of plan-

parallel slabs made of metamaterials. Instead of ap-

plying full wave simulation on the whole metamaterial
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structure with different incident angles, the method is

based on a simple full wave simulation applied on one

unit cell. All the further calculations are computation-

ally inexpensive and fast [Ka1].

1.c) Angle dependent focal distance means, that an

observer will see the image of an object, placed behind

a metamaterial slab, in different distances when looking

at the object from different angles. I have developed a

numerical method to calculate what an observer would

see when looking at an extended object placed behind

a metamaterial slab [Ka1].

2) I have studied the aberration of flat (metasurface)

lenses. I have designed a flat lens that has negligible

aberration for a wide range (−40◦..40◦) of incident

angles [Ka2].

2.a) I have derived the criterion of aberration free fo-

cusing with flat lenses. While the criterion was al-

ready known for normal incidence, I have extended it

for oblique incidence to obtain the phase profile of the

ideal flat lens [Ka2]. The ideal flat lens is not realizable

with metasurfaces, but serves as a reference design.

2.b) I have designed a new (sinusoidal) phase profile

for flat lenses to reduce their aberration for oblique in-

cidence. While the widely used hyperbolic phase pro-

file is optimal for normal incident, I have shown that
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the sinusoidal phase profile shows much smaller average

aberration in the −40◦..40◦ incident angle range [Ka2].

2.c) I have proposed the usage of an aperture stop in

front of flat lenses to selectively illuminate the surface

of the lens. This simple method results in a highly

decreased aberration [Ka2]. I have shown the optimal

parameters of the aperture stop for the widely used

hyperbolic phase profile and the newly introduced si-

nusoidal phase profile.

3) I have proposed a new autostereoscopic 3D dis-

play design based on metamaterials [Ka4]. It ex-

ploits the focusing ability of metamaterials and their

strong chromatic dispersion around their resonant

frequency. While other autostereoscopic displays need

either high spatial or high temporal resolution to

provide a 3D image, this new display type can use

standard display resolution and display frequency,

and encodes the virtual distance of a pixel into its

wavelength.

3.a) I have studied the focal distance of metamaterial

slabs having hyperbolic or elliptic spatial dispersion.

I have provided closed form expression for the focal

distance using the electric permittivity tensor of the

metamaterial.
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3.b) Some metal-dielectric metamaterial structures can

exhibit the so called topological transition in the visible

spectrum, i.e. their dispersion relation can change from

elliptic to hyperbolic with the change of frequency. I

have investigated the realizable focal distance range of

such a structure taking into account losses. The inves-

tigated structure showed a realizable image depth of 10

times the thickness of the metamaterial. On the other

hand losses limit the thickness to around 1 µm, which

puts limits on applicability. The structure serves as a

proof of concept, and metamaterials with low loss and

similar imaging properties are still to be found.
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