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1 Preliminaries and research objectives

High-precision instruments require special measurement methods and

techniques to guarantee their specifications. The bounds of standard

methods are mainly caused by device tolerances and other nonidealities.

Sometimes the required accuracy is greater than the accuracy of the used

components (such as resistors, capacitors, etc.). In that case, special

methods are needed to override these constraints. One of the possible

solutions is using self-calibration and self-correction techniques. 

Calibration is a way to exactly determine the actual value of some physical

quantities. In practice standards of the physical quantities are measured

with the instrument, and the difference of the measured and the standard

value represents the error of the instrument at a specific arrangement.

This procedure is called calibration. Self-calibration is a different

approach. Self-calibrating instruments use their built-in standards for the

calibration procedure, resulting high accuracy and reliability for a long

time. The traceability of the instrument’s standard must be also ensured in

this case, but the frequency of the re-calibration can be very low resulting

low calibration cost. The main benefit of self-calibration is that due to the

several calibrations, the calibration data can be used for extensive correc-

tion of the errors of the instruments. However, the realization of self-cali-

bration and self-correction techniques needs the intensive use of both

theoretical and practical knowledge in measurement.

Going into details, two levels of the calibration must be separated: system-

level calibration and device-level calibration. In both levels the goals are

different. During system-level calibration the erroneous transfer charac-

teristics of the building blocks are measured, in order to eliminate offset,

gain and other errors. In order to reduce the time required for the calibra-

tion cycle, the main goal is to have highly-linear building blocks in the sys-

tem. In this case only 3-4 cardinal points are measured, and then the offset

and gain errors can be easily determined. Nonlinear transfer characteris-

tics can dramatically increase the minimal number of measurement points.

Therefore, during device-level calibration the main goal is to improve the

linearity of the device.
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The objective of the research is to increase the linearity of multiplying

digital-to-analog converters. Multiplying D/A converters are two-input one-

output devices, which are basic building blocks of measuring instruments

(Fig. 1.).  The analog input signal ( ) is multiplied regarding to the dig-

ital input code ( ), and the result is connected to the output ( ) [1]. D/

A converters are mostly used in fixed-reference operation: the analog

input is a stable DC reference signal, and therefore the output signal only

depends on the digital input code. For fixed-reference operations, the

compensation of the errors is quite simple: just a high-precision multime-

ter is needed. If all codes are measured accurately, then the static errors

can be determined for each code, and simply subtracted from the output.

This is a straightforward solution, and it is already implemented in some

commercial converters [2]. However, if the analog input is not a DC (fixed)

signal, then it is not possible to use the previous method. In case of a vary-

ing input, a parametric description of the device is needed. This means

that a valid nonideal model of the system should be known (including the

model parameters themselves). In the model by separating the ideal (or

required) transfer characteristics and the error contributions, the error

part can be determined for any digital input.

In the literature, it is hard to find papers, books related to calibration

methods. However, in the modelling phase it was worthwhile to use

results found in the literature. At the NIST, Robert D. Cutkosky developed

a kind of R/2R ladder (the so-called Cutkosky ladder) with a new descrip-

tion and calibration algorithm [3, 4, 5, 6, 7]. His theoretical results were

confirmed by a 25-bit working Cutkosky-divider used at the NIST.

Interesting issues were found about D/A (and A/D) converter testing and

modelling in some papers. It was especially useful to study the Walsh

FIGURE 1.  Multiplying D/A converter
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transformation based testing of A/D converters [10], and the linear error

modelling method for fast testing of D/A converters [11, 12]. 
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4 Utilization of the results

Multiplying D/A converters are one of the basic building blocks of measur-

ing instruments. Todays the need for programmable and controllable

instruments caused extensive use of MDACs. Therefore as a widely used

device in instrumentation, it makes sense to improve its linearity.

The new method for describing inverse R/2R ladders can be used instead

of the standard analysis method. The new static nonlinear model can be

useful to validate the linear error model, which is widely used by manufac-

turers to test the INL or DNL of data converters. Assuming a linear error

model it is possible to specify the converter by some more than N meas-

urements, instead of scanning all codes and making  measurements.

For the manufacturer, it is a great benefit if the linear error model is valid.

5 References

[1] van de Plassche R., “Integrated analog-to-digital and digital-to-ana-

log converters”, Kluwer Academic Publishers, 1994.

[2] AD760 Data Sheet, Analog Devices, 
http://products.analog.com/products/info.asp?product=AD760

[3] Cutkosky R. D., “A new switching technique for binary resistive divid-
ers”, IEEE Transactions on Instrumentation and Measurement, Vol. 
IM-27, pp. 421-422, 1978.

[4] Tsao S. H.  and R. Fletcher, “On the Output Resistance of Self-Check-
ing Voltage Dividers”, IEEE Transactions on Instrumentation and 

Measurement, Vol. IM-32, No. 4, pp. 469-471, 1983.

[5] Tsao S. H., “Microcomputer-Based Calibration Systems for Variable 
Voltage Dividers”, IEEE Transactions on Instrumentation and 

Measurement, Vol. IM-32, pp. 169-173, 1983.

[6] Tsao S. H., “A 25-Bit Reference Resistive Voltage Divider”, IEEE 

Transactions on Instrumentation and Measurement, Vol. IM-36, No. 
2, pp. 285-290, 1987.

[7] Tsao S. H., “An Accurate, Automated 10-V Measuring System”, IEEE 

Transactions on Instrumentation and Measurement, Vol. IM-38, No. 
2, pp. 321-323, 1989.

2
N



4

2 Examination methods

The final goal of the work was to increase the linearity of multiplying D/A

converters by using self-calibration techniques. The actual work could be

divided into two phases. First, an accurate model of the system is deter-

mined. In this part of the research basic modelling tools were used, which

are widely known for engineers. The mathematical model makes it possi-

ble to derive an input-output relationship. The next step is to separate the

ideal model and the error contributions in the transfer function. Although

it is not always possible to separate them, in our case the partitioning was

successful. The reason for this is that during the modelling phase it was a

major goal to derive such transfer characteristics which fulfil our require-

ments.

If the error contributions are identified and separated in the model, then

measurement methods must be developed in order to quantify the errors.

In most cases it is not possible (or useful) to measure directly the parame-

ters, so post-processing may be necessary. The accuracy of the measure-

ments determines hardly the possible improvements in the overall

linearity, therefore a carefully designed measurement set-up is an absolute

must.

If there are additive errors present in the model, then parallel compensa-

tion (Fig. 2.) can be used. The system generates its nonlinearly distorted

output ( ). The compensator ( ) is designed to produce a correc-

tion signal which contains only the additive nonlinear distortion of the sys-

tem. By subtracting the correction signal from the output of the system,

FIGURE 2.  Parallel compensation scheme
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the error contributions in the output signal can be reduced, achieving a

highly linear device between ports .

First, it was analyzed how to implement such a technique in case of an

inverse R/2R ladder (Fig. 3.). The general network analysis methods were

not useful. The resulting input-output relationship does not suit to our

requirements, it is hard to separate the error contributions. Therefore,

another solution was seeked. The idea was found in case of the Cutkosky

ladder, and in the way Cutkosky described this ladder. The description is

not based on the resistances themselves, but on the relative errors of the

consecutive voltage dividers of the Cutkosky ladder. This idea is also

applicable to the inverse R/2R ladder which contains current divider

stages, instead of voltage dividers. The result is a new description, where

the error part can be easily separated. The next step is to measure the

model parameters. Generally, it would be possible to directly make N inde-

pendent measurements on the N-bit ladder, and by solving the equations,

the N unknown parameters could be determined. But in this case, the

measurements would be in a wide range. Fortunately, it is possible to use a

kind of difference-method to reduce the range of the measurements

(Fig. 4.). The idea of the difference-method is that the unknown signal

( ) is not directly measured, but measured to a non-zero reference volt-

age ( ). The actually measured voltage is much smaller than the

unknown voltage, but the method requires a stable, high-precision signal

source. However, if the difference of two voltages are seeked, it is possible

to use a double-difference-method, eliminating the need for a precision sig-

FIGURE 3.  Inverse R/2R ladder
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Thesis 4. I developed an algorithm to determine the errors in the static

model. The errors are calculated by a linear transformation of the

integrated nonlinearity diagram. The transformation is made in two steps.

First, the Walsh transform of the INL is calculated. After that a linear

transformation T is applied to derive the errors [21].

(Eq. 5.)

(a) The matrix W is orthonormal. The matrix T is not orthogonal,

therefore even for uncorrelated input noise on the INL the output

noise will be correlated. The noise will be shaped by the Walsh

transformation towards a Gaussian distribution for increasing

number of bits. This is due to the law of large numbers.

(b) The optimal averaging strategy is to T transform the average of

the Walsh transform of the INL. Generally the Walsh

transformation does not change the signal-to-noise ratio, but for

practical situation the spectra will contain only a few

components. The T transformation is not orthogonal, therefore

the averaging after the transformation is not an optimal

estimation.

� TWinl=
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Thesis 2. I designed a calibration algorithm based on the new

description (Eq. 2.). The algorithm compensates the division errors ( ) of

the ladder. The errors are measurable by using a kind of difference-

method, resulting measurements in a smaller dynamic range. The

calibration is realized by a parallel calibration scheme [19].

(a) The two divided currents of each divider are measured. Because

the division ratio is around , the two currents are almost

equal. From their difference the  parameters can be derived.

Only small modification of the inverse R/2R ladder is needed (an

additional switch) to realize the calibration.

(b) The error budget of the ladder is determined, and the effect of the

errors  to the calibration is analyzed. It can be shown, that even a

large part of the switch resistances can be corrected.

Thesis 3. I built a new static nonlinear model of D/A converters. The

model is valid for converters using binary weighted signal sources. The

model incorporates the errors of the imperfect binary weightings (  in

Eq. 4.), and higher-order errors (  in Eq. 4.) caused by various

interactions between the signal sources [21].

 (Eq. 4.)
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nal source (Eq. 1.). In this case the constant offset voltage ( ) is

neglected by the subtraction of the two measurements:

(Eq. 1.)

The accuracy of  is not really important, just it should be short-term

stable, stable during the two measurements. If  and  are slightly

different, then a significant decrease in the dynamic range can be

achieved, because choosing  results the measurement of

small amplitudes. Actually, the two divided currents of each divider is

measured, and from their difference the relative error of the divider is cal-

culated. Finally, the parallel correction scheme can be applied to the lad-

der.

After that a more general approach was seeked, which could also be used

for non R/2R ladder based D/A converters. Most of the D/A converters are

working as follows: binary weighted signals are generated, and then these

are summed regarding to the input code. Assuming this structure, two

kinds of typical errors distort such a device:

• the imperfect binary divisions, caused by component tolerances, 

generate erroneous binary weighted signals

• the switch interactions cause special errors, which depend on the 

actual digital input code

These assumptions lead to build a general static nonlinear model of the

converter incorporating all of these errors. The model features additive

error contributions, therefore the parallel compensation can be used

again. There are  different errors in the model, therefore at least

 measurements are needed for the determination of the model

FIGURE 4.  Difference-method
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parameters (the errors). The integrated nonlinearity diagram (INL) of

the converter, which is the difference between the real and the ideal out-

put, contains all the information needed. The task is to transform the INL

into another space, where the error sources are easily detectable and iden-

tifiable. A similar idea can be found in testing A/D and D/A converters

using the orthonormal Walsh transformation, and assuming a linear error

model (in this case only bit errors are present). Each bit error generates

two components in the Walsh space: one specific component, which is

particular to the bit error and a DC component. Therefore the bit errors

are easily detectable at some specific sequences in the spectra. The Walsh

transformation can be useful also for extracting all the higher-error terms

from the INL. Unfortunately, the higher-order errors generate several com-

ponents in the Walsh spectra. As a result, the spectra will be spread with

different errors at each sequence. However, by solving a set of linear equa-

tions, the error components can be evaluated. This means that after Walsh

transforming the INL, another linear transformation is needed to deter-

mine the errors.
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3 New scientific results

Thesis 1. I developed an alternative description of the inverse R/2R

ladder based on the relative errors ( ) of the consecutive divide-by-two

current dividers (Eq. 2.). The description is valid for any resistance values,

and the ideal part of the transfer characteristics can be separated from the

errors caused by resistance tolerances [19].

(Eq. 2.)

(a) Assuming that the relative errors ( ) are small, the higher-order

error terms can be neglected. In the resulting formula additive

errors are present.

(Eq. 3.)

(b) The description is valid for any combination of resistances, and

not only for R/2R relations. However, the  terms only represent

the relative errors of the dividers for R/2R ladders. In other cases

it is not possible to determine a physical meaning of the 

terms.
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