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Introduction

The study of quantum information theory is motivated by several stunning

phenomena, such as entanglement and superposition, that give rise to some

promising applications. Quantum computation - if physically realised for a

high number of quantum bits - would provide much faster algorithms than

the best known classical ones in some areas, and more secure communication

is also possible with quantum cryptography as some protocols can detect

the eavesdroppers of the channel. Complementarity and mutually unbiased

bases appear naturally in quantum information theory, especially in quantum

tomography.

Quantum tomography is a process of state determination. The nature of

quantum measurements is stochastic: in the general case from a single mea-

surement one can not receive perfect information on any of the parameters,

so repeated measurements are needed. Also, since measurements destroy

the information, one has to perform measurements on identically prepared

states. From measurement statistics one can then estimate the parameters

of the state. A single observable is not enough to recover all the information

contained in the state of the system. If only von Neumann measurements are

used, then the optimal case is when the measurements are pairwise comple-

mentary, that is the bases corresponding to the measurements are pairwise

mutually unbiased.

There is a long standing conjecture regarding the maximal number of

pairwise mutually unbiased bases in dimension d, namely that the upper

bound d + 1 is achievable if and only if d is a prime power. The if part of

the conjecture is solved, as several constructions of mutually unbiased bases

known in prime power dimensions.

Actually a plethora of objects are conjectured to be related to the ex-

istence of mutually unbiased bases. For example orthogonal latin squares,

finite planes and Galois fields are all related somehow, however this relation

is only clear in the way that these objects, when they exist, can be used in

generating mutually unbiased bases, and some of the more trivial conjectured
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connections are already ruled out. The conjecture of the maximal number

is also contrasted by the similar objects called symmetric informationally

complete POVMs, whose existence are conjectured in every dimensions, and

analytical constructions are given in several cases.

While solution to the existence problem of mutually unbiased bases seems

very hard, an interesting generalization can be considered. Von Neumann

measurements, or bases of a Hilbert space correspond to maximal abelian

subalgebras of the matrix algebra acting on the Hilbert space, and mutu-

ally unbiased bases are equivalent to subalgebras whose traceless parts are

orthogonal to each other with respect to the Hilbert-Schmidt scalar product

of matrices. The same kind of orthogonality relationship can be studied also

for other kind of subalgebras.

Namely, from the point of view of quantum information theory the in-

teresting subalgebras are either the maximal abelian ones (corresponding to

bases and von Neumann measurements as above) or factors (corresponding

to a tensor product decomposition of the whole algebra, or equivalently a

subsystem). A full set of pairwise mutually unbiased bases, when exists,

correspond to a decomposition of the matrix algebra to a direct sum of the

pairwise orthogonal traceless parts of maximal abelian subalgebras. It is

natural to consider complementary decompositions in general, that is decom-

position of the matrix algebra to factors and maximal abelian subalgebras

with any two subalgebra orthogonal in the above sense.

While the physical meaining of such a decomposition is not exactly clear,

there is a kind of mathematical elegance to it, and our point of view puts

the problem of mutually unbiased bases into a wider perspective. The aim

of this thesis is to examine this generalization of complementarity in detail.

The results of the author are contained in the papers [2, 5, 8, 10], and [7] is

a review of the topic. Some results not yet published is in [13]
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Complementarity

Given a von Neumann measurement corresponding to the basis {|fi⟩}i, by
repeated measurement on a state ρ ∈ Md prepared newly every time be-

tween subsequent measurements, one can obtain a statistic on the parameters

⟨fi|ρ|fi⟩, or in other words, the diagonal elements of the matrix ρ when writ-

ten in the basis {|fi⟩}i. This is only d−1 real parameters, while the complete

state is described by d2 − 1 real parameters. So to obtain all information,

one must consider several measurements. Heuristically, d2−1
d−1

= d+1 measure-

ments should be enough, when the measurements provide non-overlapping

information. But what is non-overlapping exactly?

The origin of the following definition can be traced back to Schwinger

[12].

Definition 1 Two orthonormal bases {|fi⟩}i and {|gj⟩}j of a Hilbert space

are said to be mutually unbiased, if the expression |⟨fi|gj⟩|2 = c is constant

regardless of the choice of i and j.

The first one to consider applications of mutually unbiased bases (abrrevi-

ated as MUBs) for state determination was Ivonovic [3]. It is quite natural to

think, that the information gained by pairwise mutually unbiased measure-

ments is not overlapping, that is if one wants to find the least possible number

of von Neumann measurements providing full information of the state, one

should look for a maximal set of pairwise mutually unbiased bases. Indeed,

this heuristic can be made precise, and it turns out, that maximal sets of

MUBs allow optimal state determination [15]. Unfortunately the existence

of such a maximal set is not clear at all. In fact the following is conjectured.

Conjecture 1 In Cd there exists d + 1 pairwise mutually unbiased bases if

and only if the d is a prime power.

While constructions in prime power cases are known [1], proving that no

maximal set exists in the other cases seems to be very hard, even the case
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d = 6 is yet to be solved. Some results on this topic are found in the papers

[4, 14].

A basis {|ei⟩}i of the Hilbert space Cd is equivalent to a maximal abelian

subalgebra (abbreviated as MASA) A of the algebra Md of the matrices

acting on the space, consisting of the matrices that are diagonal when written

in the basis:

A =

{∑
i

λi|ei⟩⟨ei| : λi ∈ C

}
Unbiasedness than can be viewed also as a relation between MASAs.

Proposition 1 Let A = {|fi⟩}i and B = {|gj⟩}j be two bases of H , and

let A and B be the corresponding MASAs of B(H ). Then A and B are

mutually unbiased iff for any matrices X ∈ A and Y ∈ B we have

Tr(X∗Y ) =
1

d
Tr(X∗) Tr(Y ), (1)

where d = dim(H )

Considering the Hilbert-Schmidt scalar product ⟨X,Y ⟩ = Tr(X∗Y ) we

see, that the relation of MASAs in the proposition is in fact an orthogonality

relation between the traceless sub-spaces A⊖ CI and B ⊖ CI. We call this

relation of (not necessarily abelian) subalgebras complementarity. Define the

normalized trace τ := Tr /k, and consider the following theorem.

Theorem 1 Let A and B be subalgebras of Mk(C). The following conditions
are equivalent:

(i) The subalgebras A and B are complementary in Mn(C), that is the

subspaces A⊖ CI and B ⊖ CI are orthogonal.

(ii) τ(AB) = τ(A)τ(B) if A ∈ A, B ∈ B.

(iii) If EA : Mk(C) → A is the trace preserving conditional expectation,

then EA restricted to B is the map B 7→ τ(B)I.
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Parts of this theorem first appeared in the papers [11] and [6], but only

MASAs were considered. This generalization is from [2] and [8]. Since any

subalgebra contains the identity matrix I, no two subalgebras can be com-

pletely orthogonal. In some sense complementarity is the orthogonality of

subalgebras to the maximum possible extent.

The heuristic idea behind this generalization is that while complementar-

ity of MASAs is a kind of orthogonality relation of the classical information

obtainable of the state by von Neumann measurements, complementarity of

subalgebras of Mn ⊗Mn isomorphic to Mn is the same kind of relation con-

cerning the quantum information contained in a subsystem, or the quantum

information obtainable from the reduced state. It is obvious for example, that

von Neumann measurements of complementary subsystems must be comple-

mentary as well. Or one could consider a measurement scheme, where only

one subsystem can be measured, so unitary transformations must be applied

to the system to be able to achieve full state determination [2].

We study complementary decompositions, that is a set of pairwise com-

plementary subalgebras of Mn each either a MASA or a factor, such that the

linear span of the union of the subalgebras is the whole space.

Complementarity also generalizes in a natural way to POVMs. Consider

the decomposition Mn = CI ⊕ A ⊕ B. Assume, that we are only interested

in the parameters of the state belonging to B, that is we want to reconstruct

only the orthogonal projection of the unknown density to B. A conditional

informationally complete POVM (IC-POVM) on B is defined as a POVM

such that for any two states the measurement’s probability distribution is

the same if and only if the projection of the states to the subspace B is the

same.

In the paper [10] Ruppert proves the following:

Theorem 2 Let Mn = CI ⊕ A ⊕ B, and N = n2 − dimA. Assume that

{Fi}Ni=1 is a conditional IC-POVM on B. Then {Fi}i provides optimal mea-

surement if and only if Rank(Fi) = 1 with TrFi = n
N
, Fi ⊥ A, and the
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POVM is symmetric in the following sense:

Tr(FiFj) =
n(N − n)

N2(N − 1)

for all i ̸= j.

The condition Fi ⊥ A is the same as the complementarity of the POVM

operators to the space CI ⊕A. Naturally one can work with the projections

Pi =
N
n
Fi instead of the POVM elements Fi.

Main results

1. Description of all complementary decompositions of M2 ⊗M2

We prove that complementary subalgebras in M2⊗M2 has a special structure

related to the commutant.

Theorem 3 Let A ∼= M2 be a factor of M4, let A′ be its commutant, and

let B be a subalgebra complementary to A.

(a) If B ∼= M2 as well, then either A′ = B, or B ∩A′ = CI ⊕CX for some

X ∈ A′ traceless self-adjoint unitary.

(b) If B is a MASA, then it is complementary to A′.

A similar calculation has appeared in [9], the assertion of this theorem

was not concluded there, but only in our paper [5].

In the case of M4 this special symmetry of complementary subalgebras

are immensely useful, as one can use dimension counting arguments. Note,

that the traceless subspace of either a MASA or a factor has dimension 3,

and the traceless subspace of M2 ⊗M2 has dimension 15. So a complemen-

tary decomposition has exactly 5 subalgebras. The case of five factors was

first ruled out in [9]. The next theorem [8] summarizes all complementary

decompositions of M4.
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Theorem 4 Let Al (1 ≤ l ≤ 5) be pairwise complementary subalgebras of

M4 such that either Al
∼= M2 is a factor or Al is a MASA. If k is the number

of factors, then k ∈ {0, 2, 4}, and all those values are actually possible.

We provide constructions in all the possible cases.

2. The orthocomplement of 4 pairwise complementary factors in

M2 ⊗M2 always defines a MASA

We prove the following theorem [5], which sheds some more light on why no

complete decomposition to five complementary factors is possible.

Theorem 5 Assume, that {Ai}3i=0 is a family of pairwise complementary

factors of M4 all isomorphic to M2. Then the orthogonal complement of

those subalgebras generates a complementary MASA.

3. The Bell basis in C2 ⊗ C2 is unique up to local unitaries

In Md ⊗Md, a MASA complementary to a factor is also complementary to

the factors commutant. We show, that in M4 even more is true: the choice

of the MASA is equivalent to a choice of unitary bases of the factors [8]. The

basis corresponding to such a MASA is a generalization of the Bell basis, as

it is a basis consisting maximally entangled pure states.

Theorem 6 Let A ∼= M2 be a subalgebra of M4. Assume that X,Y, Z ∈ M4

are pairwise commuting and orthogonal traceless self-adjoint unitaries with

Z = XY , generating a MASA complementary to A and A′. Then there exist

traceless self-adjoint unitary generators A1, A2, A3 of A and B1, B2, B3 of A′

with A3 = −iA1A2, B3 = −iB1B2 such that the relations

X = A1B1, Y = A2B2, Z = A3B3.

hold.
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4. Constructions of complementary decompositions of M2n

Here we consider the problem of decomposing M2n to subalgebras isomorphic

to eitherM2⊗I or C⊗I, where C is a MASA ofM2⊗M2 (note, that this is not

a MASA of the whole matrix algebra). We call a decomposition (f,m)-type,

if it is a decomposition of the matrix algebra to f factors and m commutative

subalgebras, where each subalgebra is generated by elementary tensors of the

Pauli matrices. By dimension counting, we have K(n) = f +m = 4n−1
3

.

In our paper [5], Ohno provided the following constructions:

Theorem 7 Let n ≥ 2. Then M2n has a decomposition of type (0, K(n))

and a decomposition of type (K(n)− 1, 1).

Our following theorems provide some new decompositions in the same

spirit [13].

Theorem 8 Let n ≥ 2, and assume, that M2n has a decomposition of (f,m)-

type, and a decomposition of (f ′,m′)-type. Then M2n+1 has a decomposition

of (f ′ + 3m+ 1,m′ + 3f)-type.

Theorem 9 Let n, s ≥ 2 and assume, that that M2n has decompositions of

types (f,m) and (f ′,m′) and further assume, that M2s has decompositions of

types (o, p) and (o′, p′). Then M2n+s has a decomposition of type (f ′ + o′ +

3fp+ 3mo,m′ + p′ + 3fo+ 3mp).

As an application, almost all decompositions of M2d with an odd number

of commutative subalgebras can be constructed. The case d = 2 is handled

in Theorem 4. Applying Theorem 8 for n = 2 and all possible choices for

m, f,m′, f ′ shows that M8 has decompositions of type (20 − 2k, 2k + 1) for

k = 0, 1, . . . 8 and k = 10. Note the exception k = 9, as we can provide no

such constructions.

Theorem 10 Let d ≥ 2. M2d has a decomposition of type (K(d) − 2k −
1, 2k + 1) for k = 0, 1, . . . , K(d)−1

2
, except the case d = 3, k = 9.
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5. Construction of conditional SIC-POVM in pk + 1 dimensions

We construct conditional SIC-POVMs of Mn in the special case when the

complementary subspace is isomorphic to a MASA, and n − 1 is a prime

power [10].

Theorem 11 Let n − 1 be a prime power. Then there exists a conditional

SIC-POVM in dimension n with respect to the diagonal part of a density

matrix, that is N = n2 − n + 1 projections Pi complementary to a MASA,

with the properties

N∑
i=1

Pi =
N

n
I, TrPiPj =

n− 1

n2
(i ̸= j).
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