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Introduction

The study of quantum information theory is motivated by several stunning

phenomena, such as entanglement and superposition, that give rise to some

promising applications. Quantum computation - if physically realised for a

high number of quantum bits - would provide much faster algorithms than

the best known classical ones in some areas, and more secure communication

is also possible with quantum cryptography as some protocols can detect

the eavesdroppers of the channel. Complementarity and mutually unbiased

bases appear naturally in quantum information theory, especially in quantum

tomography.

Quantum tomography is a process of state determination. The nature of

quantum measurements is stochastic: in the general case from a single mea-

surement one can not receive perfect information on any of the parameters,

so repeated measurements are needed. Also, since measurements destroy

the information, one has to perform measurements on identically prepared

states. From measurement statistics one can then estimate the parameters

of the state. A single observable is not enough to recover all the information

contained in the state of the system. If only von Neumann measurements are

used, then the optimal case is when the measurements are pairwise comple-

mentary, that is the bases corresponding to the measurements are pairwise

mutually unbiased.

There is a long standing conjecture regarding the maximal number of

pairwise mutually unbiased bases in dimension d, namely that the upper

bound d + 1 is achievable if and only if d is a prime power. The if part of

the conjecture is solved, as several constructions of mutually unbiased bases

known in prime power dimensions.

Actually a plethora of objects are conjectured to be related to the ex-

istence of mutually unbiased bases. For example orthogonal latin squares,

finite planes and Galois fields are all related somehow, however this relation

is only clear in the way that these objects, when they exist, can be used in

generating mutually unbiased bases, and some of the more trivial conjectured
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connections are already ruled out. The conjecture of the maximal number

is also contrasted by the similar objects called symmetric informationally

complete POVMs, whose existence are conjectured in every dimensions, and

analytical constructions are given in several cases.

While solution to the existence problem of mutually unbiased bases seems

very hard, an interesting generalization can be considered. Von Neumann

measurements, or bases of a Hilbert space correspond to maximal abelian

subalgebras of the matrix algebra acting on the Hilbert space, and mutu-

ally unbiased bases are equivalent to subalgebras whose traceless parts are

orthogonal to each other with respect to the Hilbert-Schmidt scalar product

of matrices. The same kind of orthogonality relationship can be studied also

for other kind of subalgebras.

Namely, from the point of view of quantum information theory the in-

teresting subalgebras are either the maximal abelian ones (corresponding to

bases and von Neumann measurements as above) or factors (corresponding

to a tensor product decomposition of the whole algebra, or equivalently a

subsystem). A full set of pairwise mutually unbiased bases, when exists,

correspond to a decomposition of the matrix algebra to a direct sum of the

pairwise orthogonal traceless parts of maximal abelian subalgebras. It is

natural to consider complementary decompositions in general, that is decom-

position of the matrix algebra to factors and maximal abelian subalgebras

with any two subalgebra orthogonal in the above sense.

While the physical meaining of such a decomposition is not exactly clear,

there is a kind of mathematical elegance to it, and our point of view puts

the problem of mutually unbiased bases into a wider perspective. The aim of

this thesis is to examine this generalization of complementarity in detail: we

present our results with an overview of related works by others. The results

of the author are contained in the papers [8, 21, 25, 27], and [24] is a review

of the topic. Some results not yet published is in [34]

The structure of this thesis is as follows. In the first section we introduce

some basic concepts of linear algebra and matrix analysis, and the basic
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framework of finite dimensional quantum mechanics. The definitions and

propositions there will be used throughout the later sections. In the sec-

tion Complementarity we have a small overview of mutually unbiased bases

that could also be considered as an extended introduction, and we provide a

generalization of those, which will serve as the central notion of this thesis.

Some general results and tools will be presented there as well. In the next

section complementarity in M4 and complementary decompositions of M2k

will be investigated in detail. The grouplike structure of some decomposi-

tions are also exhibited. Section 4 will introduce the concept of conditional

SIC-POVMs, and a construction scheme in some special dimensions is also

presented there. The last section is a summary of the results.
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1 Preliminaries

Here we discuss notation and some preliminary definitions and facts necessary

to understand the main results of the thesis. We do not prove propositions

and theorems in this section, as most are considered standard, but for the

less trivial results we provide references. For a more general overview of

matrix analysis see [10] and [2]. For more in-depth treatment of quantum

information theory see [23] and [18].

1.1 Finite dimensional Hilbert spaces and operators

We assume throughout the thesis, that all considered Hilbert spaces are finite

dimensional, and thus isomorphic to Cd dor some d. In some cases we still use

the notationH, when we do not want to specify the dimension. The *-algebra

of linear transformations acting on a d dimensional Hilbert space is denoted

as Md. Since the dimension of the Hilbert space is always finite, usually we

consider the Hilbert space as Cd, and associate linear transformations with

matrices acting on the standard basis. As a slight abuse of notation, this is

also denoted by Md. We use the bra-ket notation, that is the ket |f⟩ denotes
a (column-)vector of the Hilbert space, and the bra ⟨g| = |g⟩∗ is a (row-

)vector of the dual space, that transorms conjugate linearly. Then the inner

product ⟨f |g⟩ ∈ C and the outer product |g⟩⟨f | ∈ Md is defined naturally.

Occasionally one must deal with non-square matrices associated with linear

transformations Cd → Cn. The vector space of those matrices is denoted by

Md×n, not to be confused with the space of dn by dn matrices denoted by

Mdn. The entry of the matrix X in the position i, j is denoted by [X]ij.

A frame of a Hilbert space H is a set of vectors {|fk⟩}k satisfying the

condition

c1∥v∥2 ≤
∑
k

|⟨v, fk⟩|2 ≤ c2∥v∥2

for ∀|v⟩ ∈ H and some c1 > 0 and c2 < ∞ real numbers independent from

v. Such a set must span H, and so the idea of frames can be seen as a
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generalization of orthogonal bases. A frame with c1 = c2 is called a tight

frame, and a tight frame with c1 = 1 is called a Parseval frame.

A frame {|gk⟩}k is a dual frame, when for all v ∈ H the relation

|v⟩ =
∑
k

⟨v, gk⟩ |fk⟩ =
∑
k

⟨v, fk⟩ |gk⟩

holds. The frame operator defined as

S|v⟩ =
∑
k

⟨v|fk⟩ |fk⟩

is positive definite and inveritble. All frames admit a dual frame, namely the

so-called canonical frame

|f̃k⟩ = S−1|fk⟩

is dual. For more details on frames we refer the reader to [5].

With the Hilbert-Schmidt scalar product

⟨A,B⟩ = TrA∗B

the space Md also becomes a Hilbert space. We use the expression CX to

denote the one dimensional linear subspace of Md consisting of the constant

multiples of the matrix X. Accordingly, CX ⊕CY is then the direct sum of

subspaces, rather than the matrices X and Y .

We often consider superoperators, that is linear operators acting on Md,

such operators are typeset in bold. Bras and kets of matrices are defined

the same way as they are for vectors. The identity transformation on Md is

denoted by I. We define the right and left multiplication operators RA,LB :

Mm(C) →Mm(C) as

RB|X⟩ = |XB⟩

LA|X⟩ = |AX⟩.

Given an orthonormal basis {|ei⟩}i ⊂ Cd, one can define the matrix units

Eij = |ei⟩⟨ej|. (1)
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The set {|Eij⟩}di,j=0 is an orthonormal basis ofMd. These matrix units become

especially useful when one uses block-matrices.

Let {|ei⟩} ⊂ Cd and {|fj⟩} ⊂ Cn be the standard bases of Cd and Cn

respectively. Then the vectors |ei⟩ ⊗ |fj⟩ form a basis of the tensor prod-

uct space Cd ⊗ Cn isomorphic to Cdn. A natural isomorphism is to use the

Kronecker product. If {|hi⟩}i is the standard basis of Cdn, then the cor-

respondence is chosen as |ei⟩ ⊗ |fj⟩ → |h(i−1)n+j⟩, which is the same as the

lexicographic ordering of the vectors. Then the isomorphismMd⊗Mn
∼= Mdn

can be described as

A⊗B →


[A]11B · · · [A]1dB

...
. . .

...

[A]d1B · · · [A]ddB

 ,

Using this notation, an arbitrary block matrix with blocks Wij ∈Md can be

written as
∑

i,j Eij ⊗Wij.

The space of superoperators Md → Mn is isomorphic to Md ⊗Mn. If S

is such a linear map, then it’s Choi-matrix XS ∈Md ⊗Mn, definded as

XS = Eij ⊗ S(Eij),

completely describes the action of S. When the Choi-matrix is normal, then

the action can also be described in terms of the so-called Kraus operators.

The Choi-matrix has a spectral decomposition XS =
∑
λi|xi⟩⟨xi| with |xi⟩ ∈

Cd⊗Cn. Consider the transformation Pk = ⟨ek|⊗ I acting on Cd⊗Cn → Cn

as

Pk(|u⟩ ⊗ |v⟩) = ⟨ek|u⟩ |v⟩.

Then the Kraus operators are defined as

Vi|ek⟩ = Pk|xi⟩.

In less technical terms, the Kraus operator Ki is simply the matrix made by

breaking the eigenvector |xi⟩ into d equal length columns. The calculation

S(Eij) = PiXSP
∗
j =

∑
k λkVkEijV

∗
k shows by linearity, that

S(A) =
∑
k

λkVkAV
∗
k

8



holds for all A ∈Md. Originally the Choi-matrix and the Kraus operators are

used to characterize completely positive maps. Complete positivity implies

λi ≥ 0, so the Kraus operators are instead defined as
√
λiVi. For more on

this topic, see [4] or the books [23, 18].

The self-adjoint unitary Pauli matrices

σ0 =

(
1 0

0 1

)

σ1 =

(
0 1

1 0

)

σ2 =

(
0 −i

i 0

)

σ3 =

(
1 0

0 −1

)

form a basis of M2. For any x ∈ R3 define

x · σ =
3∑
i=1

xiσi.

It is easy to see, that the relation

(x · σ)(y · σ) = ⟨x, y⟩I + i ((x× y) · σ) (2)

holds. Another useful identity is

ei(x·σ) = cos |x|I + i sin |x|
(
x

|x|
· σ
)
. (3)

For brevity, we sometimes use the notation σij = σi ⊗ σj.

The following construction of a basis consisting only unitary matrices was

originally considered by Sylvester [33], and was also studied by Schwinger

[30]. The matrices are sometimes called as shift and clock matrices, and also

generalized Pauli matrices.
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Definition 1 Consider an orthonormal basis {|ei⟩}i of the Hilbert space H

with dimension d, and the root of unity ω = e
2iπ
d . Then define the matrix

X =
d∑
i=1

|ei+1⟩⟨ei|,

where the addition in the index of the basis vectors is understood modulo d,

and define the matrix

Y =
d∑
i=1

ωi|ei⟩⟨ei|.

It is easy to see, that the matrices {X iY j}di,j=1 are unitary and form an

orthonormal basis of Md. We also have the commutation relation

XY =
1

ω
Y X, (4)

which makes computation in this basis convenient. These matrices are closely

related to the Pauli matrices: for d = 2 we have Y = −σ3 and X = σ1.

Orthonormal bases has an important relation to the trace. For a proof of

the following proposition see [44].

Proposition 1 The set of matrices {Vi}d
2

i=1 is an orthonormal basis of Md

if and only if ∑
i

ViAV
∗
i =

Tr(A)

d
I

holds for all A ∈Md.

The matrices X and Y have the same spectrum: {1, ω, . . . , ωd−1}, and
so are unitary equivalent. This equivalence is realised by the matrix of the

Discrete Fourier Transformation

F =
1√
d

(
ω(i−1)(j−1)

)
i,j

so we have FY F ∗ = X. The columns of F are the eigenvectors of X. F

satisfies the identity

F 4 = I.

10



The eigenvalues of F are {±1,±i}, but the multiplicities and the eigenvectors

are quite involved. F is a Hadamard unitary (a unitary matrix with entries

satisfying |Fij| = 1√
d
).

1.2 Subalgebras of Mn

We consider Mn as a von Neumann algebra. In general, a von Neumann

algebra is a self adjoint subalgebra of the algebra of bounded operators over

some Hilbert space that contains the identity operator and is closed in the

weak operator topology. However in the finite dimensional case, the topology

plays no role, so the von Neumann subalgebras can be characterized easily. In

this thesis, subalgebra always means von Neumann subalgebra, and we only

work with finite dimensional algebras. A subalgebra is called homogeneous,

if its minimal projections are of the same rank. In the following we only

consider homogeneous subalgebras. Here we summarize some basic facts

about such subalgebras. For more on noncommutative algebra, see [6]. For

a complete treatment of operator algebras, see [3].

Given a subalgebra A of Md, one often considers its commutant:

A′ = {X ∈Md|∀A ∈ A : XA = AX}

is the space of matrices commuting with all matrices in A. Then we have

the second commutant A′′ = A. The center of a subalgebra is defined as

Z(A) = {X ∈ A|∀A ∈ A : XA = AX}

and it can be also written as Z(A) = A ∩A′. A factor is a subalgebra with

trivial center Z(A) = CI, and a factor is always isomorphic to a full matrix

subalgebra Mk for some k divisor of d, and is unitary equivalent to Mk⊗CI.
The other important type of subalgebras are maximal abelian subalgebras

(abbreviated as MASAs) which are given as the set of matrices diagonal in a

given basis.

A finite dimensional von Neumann algebra A has no nilpotent ideals,

so Wedderburn’s theory of semisimple algebras applies, and so (as a spe-

cial case of central decomposition of von Neumann algebras over separable
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Hilbert spaces) the algebra is the direct sum of factors where the number of

summands is dimZ(A). Note, that a MASA is a direct sum of 1× 1 factors.

A mapping F between subalgebras is positive, if A ≥ 0 implies FA ≥ 0,

and unital if FI = I. For a positive mapping, F(A∗) = (FA)∗ holds.

For a subalgebra A of B, a conditional expectation is a unital, positive,

linear mapping E : B → A, with the property

E(AB) = AEB

for all A ∈ A and B ∈ B. Since E is positive, we also have

E(BA) = (E(A∗B∗))∗

= (A∗E(B∗))∗

= (EB)A.

A conditional expectation is trace preserving, if TrE(A) = TrA for all

A ∈ A. A trace preserving conditional expectation is simply the orthogonal

projection to the subalgebra.

Proposition 2 If A is a subalgebra of Mn, then the orthogonal projection

EA :Mn → A is the unique trace preserving expectation Mn → A.

The proof of this proposition can be found in [23], and for a full treatment

of conditional expectations in general operator algebras, see [37]-[40].

The following proposition from [20] gives another form of the conditional

expectation.

Proposition 3 If A is a subalgebra of Mn, and {Ki}i is an orthonormal

basis of A′, then the map

X →
∑
i

KiXK
∗
i

is the trace preserving conditional expectation to A.
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1.3 The framework of finite dimensional quantum me-

chanics

While the theorems and proofs presented in the thesis could be considered

independently of quantum mechanics, still, the motivation and the context

has some aspects from quantum information theory, therefore some prelimi-

nary knowledge of it is advised. Here we summarize only some basic notions

related to finite dimensional quantum mechanics. For an in depth study we

refer the reader to some standard textbooks of the field [23], [18].

To a quantum system a Hilbert space is associated. So called pure

states of the system are represented by rays (one dimensional subspaces)

of the Hilbert space. The observables are self-adjoint operators acting on

the Hilbert space. The result of a von Neumann measurement of an observ-

able with spectral decomposition A =
∑
λi|vi⟩⟨vi| is an eigenvalue λi, with

probability

Prob(λi) = |⟨ϕ|vi⟩|2,

where |ϕ⟩ is a unit length representing vector of the state of the system. Note

that this is indeed a probability measure, since
∑

|vi⟩⟨vi| = I in the spectral

decomposition. The measurement also changes the state of the system to

the ray projected onto the eigensubspace corresponding to the result. The

new state is then represented by the vector ⟨vi|ϕ⟩ |vi⟩. This ensures that

subsequent measurements will have the same outcome. As long as the eigen-

values λi are different, and the concrete numerical result of the measurement

is irrelevant the von Neumann measurement A can also be represented by its

eigenbasis {|vi⟩}i. Therefore in this thesis we will only consider von Neumann

measurements as orthonormal bases.

To a composite system we associate the tensor product of the correspond-

ing Hilbert spaces. It is natural to consider an observer, who has access to a

subsystem only. The observables one can measure is then of the form A⊗ I.

The reduced information of the state corresponding to such measurements

can be represented by a density matrix: a positive definite matrix with trace
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equal to one. The reduced states density matrix is obtained from the pure

state by the means of taking partial trace. The partial trace Tr2 is the linear

map Md ⊗Mn →Md defined by extending the relation

Tr2A⊗B = Tr(B)A

by linearity. One can then similarly define Tr1, or partial traces for multi-

partite systems composed by more than one subsystem. The density matrix

of the state |ϕ⟩⟨ϕ| reduced to the first subsystem is then ρ = Tr2 |ϕ⟩⟨ϕ|. Von
Neumann measurements can be generalized to density matrices. If the state

is represented by the density matrix ρ, and the observable has the spectral

decomposition A =
∑
λi|vi⟩⟨vi|, then

Prob(λi) = ⟨vi|ρ|vi⟩

After measurement the state of the system is transformed to the state |vi⟩⟨vi|.

Note, that pure states are in one-to-one correspondence with density ma-

trices of the form |ϕ⟩⟨ϕ|, and with this correspondence density matrices gener-

alize pure states in a natural way. The reduced density is the unique density

matrix with the property that for any observable A of the subsystem, mea-

surement of A⊗I on the composite system has the same outcome probability

measure as the measurement of A on the reduced system. Also, for any den-

sity matrix of the Hilbert space H1 there is a pure state on a larger Hilbert

space H1 ⊗ H2, such that the density is the reduced state of the pure state.

A more general class of measurements are positive-operator valued mea-

sures (often abbreviated as POVMs). A POVM is defined by a set of positive

operators {Fi} such that
∑
Fi = I. The probability of the result i given that

the density matrix representing the state of the system is ρ is then

Prob(i) = Tr ρFi.

We refer to the operators Fi as the POVM operators.
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1.4 Cartan decomposition

Some results regarding complementarity in M4 depends on the Cartan de-

composition of matrices. In general, for the Cartan decomposition of a Lie

group G with Lie-algebra g consider an involution θ2 = 1 on g. Let k be the

eigenspace associated to the eigenvalue 1 of θ, and let a ⊂ k⊥ be a maximal

abelian Lie subalgebra. Then the decomposition

G = KAK

holds, where K = exp(k) and A = exp(a).

For our needs, a more specialized decomposition suffices.

Theorem 1 For any U ∈ SU(4) there exist L1, L2, L3, L4 ∈ SU(2) and a

unitary matrix N =
∑3

i=0 ciσi ⊗ σi with ci ∈ C, such that the decomposition

U = (L1 ⊗ L2)N(L3 ⊗ L4)

holds.

A detailed treatment of Cartan decompositions can be found in [9], and

for an elementary proof of Theorem 1 see the introductory paper [36].
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2 Complementarity

The first subsection of this section deals with the objects motivating our re-

search: mutually unbiased bases and complementary MASAs. We review the

basic definitions and some facts on the subject. In the next subsection we

present the generalization of mutually unbiasedness, which is the main sub-

ject of the research presented in this thesis. In the following two subsections

we investigate some properties of complementarity of factors and MASAs in

general.

2.1 Mutually unbiased bases

Since the topic of this thesis is originated from the theory of mutually un-

biased bases, it is convenient to recite some well known results and some of

the easier proofs. Sometimes we will use the shorthand MUB for mutually

unbiased bases.

Given a von Neumann measurement {|fi⟩}i, by repeated measurement on

a state ρ ∈Md prepared newly every time between subsequent measurements,

one can obtain a statistic on the parameters ⟨fi|ρ|fi⟩, or in other words, the

diagonal elements of the matrix ρ when written in the basis {|fi⟩}i. This is

only d − 1 real parameters, while the complete state is described by d2 − 1

real parameters. So to obtain all information, one must consider several

measurements. Heuristically, d2−1
d−1

= d + 1 measurements should be enough,

when the measurements provide non-overlapping information. But what is

non-overlapping exactly?

The origin of the following definition can be traced back to Schwinger

[30].

Definition 2 Two orthonormal bases {|fi⟩}i and {|gj⟩}j of a Hilbert space

are said to be mutually unbiased, if the expression |⟨fi|gj⟩|2 = c is constant

regardless of the choice of i and j.

Assume that F = {|fi⟩}i and G = {|gj⟩}j are mutually unbiased, as in
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the definition, and consider a state ρ =
∑

i xi|fi⟩⟨fi| diagonal in the basis

F . Let us prepare a measurement of the state corresponding to the basis G.

The probability of the outcome j is

Prob(j) = ⟨gj|ρ|gj⟩

=
∑
i

xi|⟨gj|fi⟩|2

= c,

since
∑

i xi = 1 is implied by ρ being a state. Since
∑

j Prob(j) = 1, that

shows, that this constant

|⟨fi|gj⟩|2 =
1

d

depends only on the dimension d of the Hilbert space, and also explains why

this relation is called unbiasedness: performing the measurement in the basis

G will leave the the system in a pure state corresponding to a vector in G.

Knowledge of the value of an observable corresponding to F yields complete

uncertainty about the value of an observable corresponding to G. In other

terms, measuring ρ in G, or in any other basis unbiased to F , yields no data

on the parameters xi.

The first one to consider applications of MUBs for state determination

was Ivonovic [11]. It is quite natural to think, that the information gained

by pairwise mutually unbiased measurements is not overlapping, that is if

one wants to find the least possible number of von Neumann measurements

providing full information of the state, one should look for a maximal set

of pairwise mutually unbiased bases. Indeed, this heuristic can be made

precise, and it turns out, that maximal sets of MUBs allow optimal state

determination [45].

An upper limit of the maximal number of MUBs in a Hilbert space of

dimension d can be given quite easily. There are several derivations of this

result, but the one most appropriate for our purposes is a dimension counting

argument. First note, that a basis {|ei⟩}i of the Hilbert space Cd is equivalent

to a maximal abelian subalgebra (abbreviated as MASA) A of the algebra
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Md of the matrices acting on the space, consisting of the matrices that are

diagonal when written in the basis:

A =

{∑
i

λi|ei⟩⟨ei| : λi ∈ C

}
For such a subalgebra, a really simple basis can be given.

Proposition 4 For any A MASA of Md there is a traceless unitary matrix

Y , such that Y d = I, and A is the linear span of {I, Y, Y 2, . . . , Y d−1}.

Proof. If the basis corresponding to A is {|ei⟩}i, then the unitary Y in

Definition 1 satisfies the assertion. �

Unbiasedness can be viewed also as a relation between MASAs.

Proposition 5 Let A = {|fi⟩}i and B = {|gj⟩}j be two bases of H , and

let A and B be the corresponding MASAs of B(H ). Then A and B are

mutually unbiased iff for any matrices X ∈ A and Y ∈ B we have

Tr(X∗Y ) =
1

d
Tr(X∗) Tr(Y ), (5)

where d = dim(H )

Proof. The rank-one projections Pi = |fi⟩⟨fi| form a basis of A, and similarly

Qj = |gj⟩⟨gj| for B. Now let X =
∑

i xiPi and Y =
∑

i yiQi, and assuming

unbiasedness we calculate

Tr(X∗Y ) =
∑
i,j

x̄iyj Tr(PiQj)

=
1

d

∑
i,j

x̄iyj

=
1

d
Tr(X∗) Tr(Y ).

We also have

|⟨fi|gj⟩|2 = Tr(|fi⟩⟨fi|gj⟩⟨gj|)

= Tr(P ∗
i Qj)

=
1

d
,
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so the converse holds as well. �

Considering the Hilbert-Schmidt scalar product ⟨X,Y ⟩ = Tr(X∗Y ) we

see, that the relation of MASAs in the proposition is in fact an orthogonality

relation between the traceless sub-spaces A ⊖ CI and B ⊖ CI. We will call

this relation of (not necessarily abelian) subalgebras complementarity, and

we will use the notation A ⊥0 B. (Another terminology used sometimes is

quasi-orthogonality.)

Now we are ready to prove the following upper bound.

Proposition 6 The cardinality of any set of pairwise mutually unbiased

bases of Cd is at most d+ 1.

Proof. Consider k pairwise complementary MASAs Ai, or rather the pairwise

orthogonal traceless sub-spaces Vi = Ai⊖CI. Since the dimension ofMd⊖CI,
the space of traceless operators acting on the Hilbert space Cd is d2 − 1, and

dim(Vi) = d− 1, the desired upper bound

k ≤ d2 − 1

d− 1
= d+ 1

follows. �

Consider a basis {|ei⟩}i and the corresponding MASA A. We have the

decomposition ρ = A+B of the state ρ, where A ∈ A is a state as well, and

B ⊥ A is a traceless matrix orthogonal to all the projections |ei⟩⟨ei. Then

⟨ei|ρei⟩ = ⟨ei|Aei⟩, so measuring ρ gives the same measurement statistic as

measuring A. Therefore by von Neumann measurements in a fixed basis one

can determine only the projection of the state to the corresponding MASA

A. So to be able to completely determine the state one would need to find

the maximum of d+ 1 pairwise unbiased bases. Unfortunately the existence

of such a maximal set is not clear at all. In fact the following is conjectured.

Conjecture 1 In Cd there exists d + 1 pairwise mutually unbiased bases if

and only if the d is a prime power.
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While constructions in prime power cases are known [1], proving that no

maximal set exists in the other cases seems to be very hard, even the case

d = 6 is yet to be solved. Some results on this topic are found in the papers

[17, 43].

Another way to look at MUBs is to consider the unitary transformations

instead. Any two bases E = {|ei⟩}i and F = {|fj⟩}j are related by a unitary

transformation, and if we assume that the bases are mutually unbiased, then

the unitary must be of a special type. Assume, that H|ei⟩ = |fi⟩ and write

the matrix of H in the basis E. Then the entry of H in the position (i, j) is

simply

[H]ij = ⟨ei|H|ej⟩

= ⟨ei|fj⟩

therefore all the entries of H has the same magnitude

|[H]ij| =
1√
d
.

Such matrices are called normalized Hadamard matrices. Note, that this is

a property of the matrix, not the linear transformation, so it is dependent

upon the choice of E. Hadamard matrices are interesting objects on their

own, and are studied extensively. For a comprehensible overview we refer to

[35].

Mutually unbiasedness also appears important from an entropic point of

view. The following entropic uncertainty relation is due to Maassen and

Uffink [16]:

Theorem 2 Let |ϕ⟩ ∈ H be an arbitrary pure state, and let A = {|ai⟩}i
and B = {|bi⟩}i be two von Neumann measurements. Then the inequality

Hϕ(A) +Hϕ(B) ≥ − logmax
i,j

|⟨ai, bj⟩|2

holds, where Hϕ(A) is the Shannon entropy of the distribution of measuring

A in the state |ϕ⟩.
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It is obvious, that the right hand side of the inequality is maximal when

the measurements are complementary. Also note, that since H is concave in

|ϕ⟩, the result also holds for general mixed states. For more results concerning

entropic uncertainty relations, see the survey [41].

2.2 A generalization of complementarity

The relation (5) of MASAs appearing in Proposition 5 called complementarity

can be generalized to any pair of subalgebras. Define the normalized trace

τ := Tr /k, and consider the following theorem.

Theorem 3 Let A and B be subalgebras of Mk(C). The following conditions
are equivalent:

(i) The subalgebras A and B are complementary in Mn(C), that is the

subspaces A⊖ CI and B ⊖ CI are orthogonal.

(ii) τ(AB) = τ(A)τ(B) if A ∈ A, B ∈ B.

(iii) If EA : Mk(C) → A is the trace preserving conditional expectation,

then EA restricted to B is the map B 7→ τ(B)I.

Proof. Let A ∈ A and B ∈ B. Complementarity (assertion (i) above) is

equivalent to assertion (ii) as

τ ((A− Iτ(A)) (B − Iτ(B))) = τ(AB)− τ(A)τ(B).

Assertion (iii) implies (ii), since

τ(AB) = τ(EA(AB))

= τ(AEA(B))

= τ(Aτ(B))

= τ(A)τ(B)

and (i) implies (iii), as EA is an orthogonal projection. �
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Parts of this theorem first appeared in the papers [28] and [22], but only

MASAs were considered. This generalization is from [8] and [25]. Since

any subalgebra contains the identity matrix I, no two subalgebras can be

completely orthogonal. In some sense complementarity is the orthogonality

of subalgebras to the maximum possible extent. Also note, that since a

traceless matrix is orthogonal to the identity, condition (ii) is also equivalent

to τ(A0B) = 0, where A0 = A− τ(A)I is the traceless part of A.

A consequence of this theorem is that given two complementary, homo-

geneous subalgebras A and B, the value of τ(PQ) is constant for any choice

of minimal projections P ∈ A and Q ∈ B.

The heuristic idea behind this generalization is that while complementar-

ity of MASAs is a kind of orthogonality relation of the classical information

obtainable of the state by von Neumann measurements, complementarity of

subalgebras of Mn ⊗Mn isomorphic to Mn is the same kind of relation con-

cerning the quantum information contained in a subsystem, or the quantum

information obtainable from the reduced state. It is obvious for example, that

von Neumann measurements of complementary subsystems must be comple-

mentary as well. Or one could consider a measurement scheme, where only

one subsystem can be measured, so unitary transformations must be applied

to the system to be able to achieve full state determination [8].

We also hope, that the generalization of finding maximal sets of MUBs

to complementary decompositions might shed some new light on the original

problem as well. Under complementary decomposition we mean a set of

pairwise complementary subalgebras of Mn each either a MASA or a factor,

such that the linear span of the union of the subalgebras is the whole space.

2.3 Complementarity of factors

A basic thing to examine is when two factors are complementary. It is clear,

that any two factors of same dimension are unitary equivalent: for any factor

A ⊆ Md there exist a unitary matrix U ∈ Md, and a natural number k | d
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such that

UAU∗ =Mk ⊗ CI.

Note, that as in the case of mutually unbiased bases, this unitary is not

unique.

Considering the unitary transformations connecting mutually unbiased

bases proved to be a useful and natural way to look at sets of MASAs. Two

complementary MASAs are related by a normalized Hadamard matrix. It

is convenient then to ask how to characterize the same relation between

subalgebras both isomorphic to a matrix algebra. The following theorem

of Petz first appeared in [26] in a somewhat weaker form, and provides the

characterization in question. The statement presented here is from [21].

Theorem 4 Let Xi be an orthonormal basis in Mn(C) and let W =
∑

iXi⊗
Wi ∈Mn(C)⊗Mm(C) be a unitary. The subalgebra W (CIn⊗Mm(C))W ∗ is

complementary to CI ⊗Mm(C) if and only if

m

n

∑
k

|Wk⟩⟨Wk| = I,

where I is the identity mapping on Mm(C).

Proof. Assume that A,B ∈ Mm(C) and let B0 = B − τ(B)Im the traceless

part of B, so TrB0 = 0 holds. The orthogonality condition

W (I ⊗ A)W ∗ ⊥ (I ⊗B0)

is equivalent to

τ(W (I ⊗ A)W ∗(I ⊗B∗
0)) =

∑
k,l

τ(XkX
∗
l )τ(WkAW

∗
l B

∗
0)

=
∑
k

τ(WkAW
∗
kB

∗
0)

= 0.

Rewriting with terms of B, we obtain∑
k

τ(WkAW
∗
kB

∗) = τ(B∗) τ

(∑
k

W ∗
kWkA

)
.
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This must hold for every B ∈ Mm(C). Let τ1 : Mn(C) ⊗Mm(C) → Mm(C)
be the normalized partial trace defined as τ1(K ⊗ L) = τ(K)L. Since W is

a unitary, we have

I = τ1(W
∗W )

= τ1

(∑
k,l

X∗
kXl ⊗W ∗

kWl

)
=
∑
k,l

τ(X∗
kXl)W

∗
kWl

=
1

n

∑
k

W ∗
kWk,

and we arrive at the relation

1

n

∑
k

τ(WkAW
∗
kB) = τ(A)τ(B). (6)

For A,B ∈ Mm(C), consider the right and left multiplication operators

RA and LB. We have the following equivalent form of (6) in terms of the

multiplication operators:

1

n

∑
k

⟨Wk,RALBWk⟩ = τ(A) τ(B) = mτ(RALB)

for every A,B ∈Mm(C). Since the operators RALB linearly span the space

of all linear operators on Mm(C), we have

m

n

∑
k

⟨Wk,XWk⟩ = Tr(X)

for every superoperator X : Mm(C) → Mm(C). So we conclude that the

superoperator m
n

∑
k |Wk⟩⟨Wk| is the identity on Mm(C). �

This condition in the theorem means that W = {
√

m
n
Wk : 1 ≤ k ≤ n2} is

a Parseval frame in Mm(C) with respect to the normalized Hilbert-Schmidt

scalar product. This can only hold if m < n and in the case n = m, the set

W is an orthonormal basis.

The unitary basis defined in Definition 1 provides a nice example satisfy-

ing the condition of the Theorem above.
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Proposition 7 Let U ∈Md. Then

WU =
∑
i,j

[U ]ijEij ⊗X iY j.

defines a unitary if and only if U is a unitary.

Proof. Consider WU as a block matrix with blocks [U ]ijX
iY j. We calculate

the block of WUW
∗
U in the position i, k:

∑
j

[U ]ij[U ]kjX
iY j(XkY j)∗ =

(∑
j

[U ]ij[U ]kj

)
X i−k

= δikI.

and the assertion is clear. �

The next corollary is trivial.

Corollary 1 WU satisfies the conditions of Theorem 4 if and only if U is a

Hadamard unitary, that is |[U ]ij| = 1√
d
for all i, j.

A factor is always complementary to its commutant. Indeed, consider

first the algebra Mn ⊗Mm, and the factor A0 = Mn ⊗ CI. The commutant

is A′
0 = CI ⊗Mm, and for arbitrary traceless matrices A ∈Mn and B ∈Mm

we have

Tr ((A⊗ I)(I ⊗B)∗) = Tr(A⊗B∗) = 0.

Now note, that the commutant is transformed simultaneously with the sub-

algebra, that is

(UA0U
∗)′ = U(A′

0)U
∗,

and since unitary transformation leaves the Hilbert-Schmidt scalar product

invariant, we have A ⊥0 A′ for any factor and its commutant.

In the case n = m the subalgebras A0 and its commutant are related by

a unitary transformation that satisfies the conditions in Theorem 4.
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Proposition 8 For any two orthonormal basis A = {|ei⟩}i and B = {|fi⟩}i
of Cn define the self-adjoint unitary

SAB =
∑
i,j

|ei⟩⟨ej| ⊗ |fj⟩⟨fi|.

Then SAB satisfies the conditions of Theorem 4, and SAB takes A0 to its

commutant.

Proof. It is evident, that the oblique projections |fj⟩⟨fi| form a basis. The

calculation

SABS
∗
AB =

∑
i,j,k,l

|ei⟩⟨ej|ek⟩⟨el| ⊗ |fj⟩⟨fi|fl⟩⟨fk|

=
∑
i,j

|ei⟩⟨ei| ⊗ |fj⟩⟨fj|

= I

shows, that SAB is indeed a unitary.

Now let E be the standard basis, then for SEE =
∑

i,j Ei,j ⊗ Ej,i we

calculate, that

SEE(Eij ⊗ I)SEE =
∑
klmn

|ek⟩⟨el|ei⟩⟨ej|em⟩⟨en| ⊗ |el⟩⟨ek|en⟩⟨em|

=
∑
k

|ek⟩⟨ek| ⊗ |ei⟩⟨ej|

= I ⊗ Eij

hold, so SEE transforms Mn⊗CI to I ⊗CMn and vice versa. Note, that for

any orthonormal basis A there exists a unitary UA that takes the standard

basis E into A. Then

SAB = (UA ⊗ UB)SEE(U
∗
A ⊗ U∗

B),

and unitary transformations of the form U ⊗ V takes A0 into itself and A′
0

as well. �

The following is a necessary condition for complementarity.
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Proposition 9 Let A and B two complementary subalgebras of Md. If {Ai}i
and {Bj}j are orthonormal bases of A and B respectively, then {

√
dAiBj}i,j

is an orthonormal system in Md.

Proof. One has to check that

⟨AkBl, AiBj⟩ = dδikδjl

Using Theorem 3 and the cyclic property of the trace the left hand side can

be written as

d τ(AiBjB
∗
l A

∗
k) = d τ(AiA

∗
k)τ(BjB

∗
l ) =

1

d
⟨Ak, Ai⟩⟨Bl, Bj⟩,

and the assertion holds. �

Propositions 9 and 1 yield a theorem which characterizes when commu-

tants of complementary subalgebras are complementary.

Theorem 5 Let A and B be two complementary subalgebras of Md. Then

the commutants A′ and B′ are complementary if and only if AB spans Md

Proof. Let {Ai}i and {Bi}i be orthonormal bases of A and B respectively.

By Theorem 3 the commutants are complementary if and only if

EA′(EB′(X)) = Tr(X)I.

holds for any X ∈Md. But using Proposition 3, we have

Tr(X)I = EA′(EB′(X))

=
∑
i,j

(AiBj)X(AiBj)
∗,

and Proposition 1 tells us, that this is equivalent to {
√
dAiBj}i,j being an

orthonormal basis of Md. �

Proposition 9 and Theorem 5 are from the paper [20], the equivalent forms

we presented here are from [42].

The following is a slight generalization of Theorem 4 for Md ⊗Md.
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Theorem 6 Let A be a factor of Md⊗Md Let Ai ∈ A an orthonormed basis

of A. Any unitary matrix W has an expansion

W =
∑
i

AiBi,

where Bi ∈ A′. Then A and WAW ∗ are complementary iff the matrices Bi

form an orthonormal basis of A′.

Proof. There is some unitary U such that A = U(Md ⊗ CI)U∗. The com-

plementarity of A and WAW ∗ is then equivalent to the complementarity of

Md ⊗ CI and (U∗WU)(Md ⊗ CI)(U∗WU)∗. Therefore the unitary U∗WU

satisfies the conditions of Theorem 4, and so

W = U
∑
i

Ei ⊗WiU
∗

=
∑
i

(U(Ei ⊗ I)U∗)(U(I ⊗Wi)U
∗)

=
∑
i

AiBi.

for some orthonormal bases {Ei}i and {Wi}i of Md. Since the matrices

(I ⊗Wi) form an orthonormal basis of (Md ⊗ CI)′ = CI ⊗Md, the matrices

Bi = U(I ⊗Wi)U
∗ form an orthonormal basis of A′ as well. �

Note, that given a pair of complementary factors A1,A2 ⊂ Mn ⊗ Mn,

it is not trivial to construct the unitary U relating them to each other, so

that A2 = UA1U
∗. One can try however the following. Consider the shift

and clock matrices X,Y ∈ Mn from Definition 1. It is usually no trouble

to find matrices X1, Y1 ∈ A1 and X2, Y2 ∈ A2 such that they have the same

spectrum as X (and Y ), and they fulfill the same commutation relation (4),

that is XiYi = 1
ω
YiXi, since most constructions of complementary factors

stem from such pairs of matrices. Now X1 and Y1 generate A1 and X2 with

Y2 generate A2. We are looking for a unitary matrix U that satisfies

UX1U
∗ = X2
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and

UY1U
∗ = Y2.

Reformulating the equations in terms of right and left multiplication opera-

tors, we have

(LX1 −RX2)|U⟩ = 0

and

(LY1 −RY2)|U⟩ = 0.

So all such unitaries are to be found in the linear space

V = Ker(LX1 −RX2) ∩Ker(LY1 −RY2).

While it is guaranteed that the subspace V contains at least one unitary

matrix, and any unitary matrix in the subspace will be suitable, unfortunately

we know of no algorithm to choose one.

An alternative characterization of the unitaries in Theorem 4 is to consider

W =
∑

ij Eij ⊗ Wij ∈ Mn ⊗ Mn as the Choi-matrix of the superoperator

S(Eij) = Wij. It is clear that {Wij}ij is an orthonormed basis if and only if

S is a unitary transformation. If Vi are the Kraus operators, then we have

S(A) =
∑

i λiViAV
∗
i , with λi being the eigenvalues of W . It would be nice to

have a characterization of the unitarity ofS in terms of the Vi. Unfortunately

we can not provide any simple one. Still is clear, that {Vi}i is an orthonormed

basis, |λi| = 1, and the following proposition holds as well.

Proposition 10 Let Ai an orthonormed basis ofMn and S(A) =
∑

i λiViAV
∗
i

such that the Choi-matrix
∑

ij Eij ⊗ S(Eij) is unitary. Define the matrices

Bk ∈Md2 by

[Bk]ij = ⟨ViAkV ∗
i , Aj⟩,

and let |λ⟩ ∈ Cn2
be the vector of the eigenvalues λi of the Choi-matrix. Then

S is unitary if and only if the set {Bk|λ⟩}k is an orthonormed basis.
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Proof. The unitarity of S means, that S(Ai) is an orthonormal basis as well,

so we calculate

δij = ⟨S(Ai), S(Aj)⟩

=
∑
kl

⟨λkVkAiV ∗
k , λlVlAjV

∗
l ⟩

=
∑
klmn

λk[Bi]km λl[Bj]ln ⟨Am, An⟩

= ⟨λ|B∗
iBj|λ⟩.

�

2.4 MASAs complementary to a factor

Another question to consider is whether something could be said about the

relation of complementarity between a MASA and a subalgebra isomorphic

to a matrix algebra. Since a MASA is generated by pairwise orthogonal min-

imal projections, it is natural to define complementarity of vectors as well,

in the following sense: a vector |v⟩ is complementary to a subalgebra, if the

subalgebra generated by the projection |v⟩⟨v| and the identity is complemen-

tary.

This has physical meaning as well. A pure state |v⟩ ∈ Cd ⊗ Cn of a bi-

partite quantum system is called entangled, when it is not separable, that

is it cannot be written as an elementary tensor |v1⟩ ⊗ |v2⟩. The existence

of such states is the reason one has to use density matrices to describe the

states of subsystems. If entanglement is pesent, then the state of one subsys-

tem cannot be fully described without the other: a measurement on one of

the subsystems collapses the other subsystem as well, and the measurement

results on the two subsystems are correlated. The correlation is the highest,

when the state is maximally entangled, that is the reduced densities are the

normalized identity matrices. That is exactly the case of the complementarity

of the vector to two factors that are commutant of each other.
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The results in the following two propositions are the same as in [44],

although there they were phrased quite differently.

Let us fix any pair of bases {|ei⟩}i of Cd and {|fj⟩}j of Cn and consider

the bijection

|v.⟩ :Md×n → Cd ⊗ Cn,

|vA⟩ =
∑
i,j

Aij|ei⟩ ⊗ |fj⟩.

Note, that |vA⟩⟨vA| =
∑

i,j,k,lAijAkl |ei⟩⟨ek| ⊗ |fj⟩⟨fl|.

Proposition 11 The vector |vA⟩ ∈ Cd ⊗ Cn is complementary to the space

Md ⊗ CI if and only if AA∗ = 1
d
I.

Proof. The projection |vA⟩⟨vA| and the matrix |ei⟩⟨ej|⊗I are complementary

iff

Tr (|vA⟩⟨vA| (|ei⟩⟨ej| ⊗ I)) = δij
1

d
,

and we also have

Tr (|vA⟩⟨vA| (|ei⟩⟨ej| ⊗ I)) =
∑
kl

AikAjl Tr |ek⟩⟨el|

=
∑
k

AikAjk = (AA∗)ji.

�

A similar calculation yields the following

Proposition 12 The vector |vA⟩ ∈ Cd ⊗ Cn is complementary to the space

CI ⊗Mn if and only if A∗A = 1
n
I

If n = d then A is constant times a unitary matrix. Also note, that when

n ̸= d, then one of the above conditions on A∗A and AA∗ cannot hold. The

following corollary is an important tool in complementary decompositions of

M4, and also in the general case.
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Corollary 2 Any vector |vA⟩ ∈ Cd ⊗Cd - and so any MASA B ⊂Md ⊗Md

- is complementary to the factor Md ⊗CI iff it is also complementary to the

factor CI ⊗Md

A MASA of Mn ⊗ Mn complementary to the factors Mn ⊗ I and its

commutant is the same as a choice of a basis consisting solely of maximally

entangled vectors, and the main result of the paper [44] states, that this

is equivalent to a teleportation scheme, a dense coding scheme, a basis of

unitary operators, and a collection of unitary depolarizers.
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3 Complementary decompositions

We are interested in complementary decompositions, so the question arises,

how to decide, given only the unitaries, whether they give rise to pairwise

complementary algebras. Let A0 be a subalgebra, and U1, U2 unitaries, such

that Ai = UiA0U
∗
i is complementary to A0. Now A1 ⊥0 A2 holds if and only

if A0 ⊥ U∗
1U2A0U

∗
2U1. Therefore to check the complementarity of the trans-

formed subalgebras, one has to examine U∗
1U2. The natural setting for this is

to consider a group of unitaries. For example, if Γ is a group of unitaries such

that each U ∈ Γ satisfy the conditions of Theorem 4 then the subalgebras

{U(CI ⊗Md)U
∗|U ∈ Γ} are pairwise complementary. Similar considerations

can be made with MASAs. We will call these type of decompositions group

type. See Examples 1–2 and a more precise formulation in Section 3.2.

The possible complementary decompositions of M2 ⊗M2 is well under-

stood, and a complete classification is given in the next section. It is proved,

that the number of factors in a complementary decomposition ofM4 must be

0, 2 or 4. So in this case is no complementary decomposition consisting only

of factors exist (the nonexistence of five pairwise complementary factors M4

was first proved in [26], but our results are more complete, and show more of

the underlying structure). We also conjecture, that the same is true for M2k ,

that is no complete decomposition by factors exists. This is however not the

case in higher prime power dimensions. For any p > 2 prime, simple dimen-

sion counting shows, that the maximal number of pairwise complementary

factors of Mpnk isomorphic to Mpn cannot exceed

p2nk − 1

p2n − 1
.

A construction achieving this limit is given by Ohno in the paper [19]. It

is also known, that no complementary decomposition is possible where the

number of factors is 1 or 3 [42].
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3.1 Decompositions of M2 ⊗M2

The complementary decompositions of M4 = M2 ⊗M2 is thoroughly exam-

ined. In fact all the possible cases of decomposition to MASAs and factors

are determined. This description of decompositions rely on the following

theorem.

Theorem 7 Let A ∼= M2 be a subalgebra of M4, A′ be its commutant, and

let B be a subalgebra complementary to A.

(a) If B ∼= M2 as well, then either A′ = B, or B ∩A′ = CI ⊕CX for some

X ∈ A′ traceless self-adjoint unitary.

(b) If B is a MASA, then it is complementary to A′.

Proof. We may assume, that A = CI ⊗ M2. For proving (a), consider a

unitary W with the action WAW ∗ = B. The Cartan decomposition of M4

asserts, that any unitary, and so W can be written in the form

(L1 ⊗ L2)N(L3 ⊗ L4)

with some unitaries Li ∈ M2 and N ∈ C, where C is a MASA generated by

the linear span of the matrices σi ⊗ σi, 0 ≤ i ≤ 3.

It is easy to see, that the subalgebra WAW ∗ does not depend on L3 and

L4, therefore we may assume that L3 = L4 = I. Moreover, complementarity

of A and WAW ∗ does not depend on L1 and L2, it is determined solely by

N =
∑3

i=0 ciσi ⊗ σi.

By consulting Theorem 4, we see that {√ciσi}i must be an orthonormed

basis of M2, so |ci| = 1
2
. The unitarity of N implies

|ci − cj|2 + |ci + cj|2 = 1 (7)

for all i ̸= j and

ℜ ((c1 − c2)
∗(c0 + c3)) = 0,

ℜ ((c1 + c2)
∗(c0 − c3)) = 0
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Multiplication with a unit length complex number does not change the

situation at all, so we can assume c0 =
1
2
. Let c1 =

1
2
eiϕ and c2 =

1
2
eiψ. Using

equation (7) the fact that all ci are on the same circle, either c3 =
1
2
ei(ϕ−ψ), or

c3 =
1
2
ei(ψ−ϕ) holds. For now we assume the former, as for the latter case the

same proof works with some trivial differences. Then we have c0c
∗
2 = c3c

∗
1, so

0 = ℜ ((c1 − c2)
∗(c0 + c3))

= ℜ(c3c∗2 − c0c
∗
1)

=
1

4
ℜ(ei(ϕ−2ψ) − e−iϕ).

This can only hold if ϕ = ψ, so we arrive at c0 = c3 =
1
2
and c1 = c2 =

1
2
eiϕ.

Now a direct computation shows, that independently from the choice of

ϕ, we have N(I ⊗ σ3)N
∗ = σ3 ⊗ I, therefore

X = L1σ3L
∗
1 ⊗ I ∈ WAW ∗,

so the intersection of WAW ∗ and A′ is not trivial.

Assertion (b) is a special case of Corollary 2. �

While a similar calculation as in (a) with the Cartan decomposition has

appeared in [26], the assertion of this theorem was not concluded there, but

only in [21]. Unfortunately no simple generalization of Theorem 7 is known

in any larger dimension. In fact, both in the case of M2 ⊗ M2 ⊗ M2 and

M3 ⊗M3 it is easy to find complementary factors A,B such that A′ ⊥0 B
also holds.

In the case of M4 this special symmetry of complementary subalgebras

are immensely useful, as one can use dimension counting arguments similar

to the proof presented for Proposition 6. Note, that the traceless subspace

of either a MASA or a factor has dimension 3, and the traceless subspace of

M2 ⊗M2 has dimension 15. So a complementary decomposition has exactly

5 subalgebras. The case of five factors was first ruled out in [26]. The next

theorem [25] summarizes all complementary decompositions of M4.

35



Theorem 8 Let Al (1 ≤ l ≤ 5) be pairwise complementary subalgebras of

M4 such that either Al
∼= M2 is a factor or Al is a MASA. If k is the number

of factors, then k ∈ {0, 2, 4}, and all those values are actually possible.

Proof. We denote by Fi, F
′
i andMi the tracless subspaces of the factors, their

commutants and the MASAs respectively.

First we give an example of k = 0. The matrices

{σ12, σ23, σ31}, {σ13, σ21, σ32}, {σ01, σ10, σ11}, {σ02, σ20, σ22}, {σ03, σ30, σ33}

generate five MASAs. (Note that this is the case of five mutually unbiased

bases.)

k = 1 is not possible: all MASAs must be complementary to the commu-

tant of the single factor as well: F1 + F ′
1 ⊥Mi, so dim

∑4
i=1Mi ≤ 9 and this

is a contradiction

k = 2 is possible. The matrices

{σ11, σ22, σ33}, {σ12, σ23, σ31}, {σ13, σ21, σ32}

generate the MASAs, and

{σ01, σ02, σ03}, {σ10, σ20, σ30}

determine the factors.

k = 3 is not possible. Since dimF ′
i ∩Fj = 1 when i ̸= j and dimF ′

1∩F1 =

0, we have dim(F1 + F2 + F3 + F ′
1) ≥ 10, so dimM1 +M2 ≤ 5, and this is a

contradiction.

k = 4 is possible. The matrices {σ11, σ22, σ33} generate the Bell subalge-

bra, and the matrices

{σ01, σ02, σ03}, {σ10, σ21, σ31}, {σ20, σ12, σ32}, {σ30, σ13, σ23}

generate the rest.

Finally, k = 5 is not possible. dimF ′
1 = 3, yet dimF ′

1 ∩ Fj = 1 for

j = 2, 3, 4, 5, and that is impossible. �
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Moreover we show, that the decomposition consisting four factors has

some special properties and is unique in some sense [21]. The orthogonal

complement of four pairwise complementary factors always defines a MASA,

and the decomposition is determined by the group generated by the elemen-

tary tensors σi ⊗ σj.

Theorem 9 Assume, that {Ai}3i=0 is a family of pairwise complementary

subalgebras of M4 all isomorphic to M2⊗I. Then the orthogonal complement

of those subalgebras generates a complementary MASA C.

Moreover there is a group S generated by traceless self-adjoint unitary

matrices {Aij}4i,j=0, with

Aij ∈ A′
i ∩ Aj

whenever i ̸= j. The subalgebra Ai is generated by the matrices {Aji}i ̸=j
and its commutant A′

i is generated by {Aij}i̸=j. The MASA C is generated

by the matrices Aii = {AijAji}i ̸=j, where the choice of j is arbitrary. The

group S is isomorphic with the group Σ generated by the elementary tensors

{σi ⊗ σj}4i,j=0.

Proof. By Theorem 7 we can construct the matrices Aij for i ̸= j. A traceless

self-adjoint matrix X is represented by a vector in x ∈ R3 with the relation

X = x · σ. Orthogonality of the representing vectors is the same as the

orthogonality of the matrices, and multiplication corresponds to the cross

product of the vectors up to a factor of ±1 or ±i. Therefore any triple

of pairwise orthogonal traceless self-adjoint unitaries in M2 must have the

desired multiplication properties up to the same factor. Since Σ is generated

by the matrices {σi ⊗ I}i ∪ {I ⊗ σi}i, and the multiplication is the same on

the set {Aij}i̸=j by the fact that Ai is isomorphic to M2 ⊗ I, this proves the

assertions on the group S. The assertions on C follow by trivial calculation

form the properties of Σ. �
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3.2 Group type decompositions of M2 ⊗M2

We call a set of pairwise complementary subalgebras D a decomposition of

group type with the group G of unitary matrices, when the subalgebras span

the whole matrix algebra, and D is closed under the action U : A → UAU∗

of the unitary transformations U ∈ G. Here we provide examples of group

type decompositions in the case of M4.

First consider the case of 4 factors and a single MASA.

Example 1 Consider the MASA C linearly spanned by the identity and the

matrices {σi ⊗ σi}3i=1, the factor A0 = CI ⊗ M2, and set the commuting

unitary transformations

K =
1√
2


1 0 0 i

0 i 1 0

0 1 i 0

i 0 0 1

 , L =
1√
2


−1 0 0 i

0 i 1 0

0 1 i 0

i 0 0 −1

 .

It is clear, that K,L,KL ∈ C, so the transformations take C into itself,

therefore C is complementary to the transformed subalgebras KA0K
∗, LA0L

∗,

(KL)A0(KL)
∗ as well as the subalgebra A0. Direct calculation shows, that

the subalgebras in the decomposition {C,A0, KA0K
∗, LA0L

∗, (KL)A0(KL)
∗}

are pairwise complementary. Note, that the unitaries

K2 = iσ1 ⊗ σ1

L2 = iσ2 ⊗ σ2

(KL)2 = −σ3 ⊗ σ3

transform A0 into itself, and that K4, L4, (KL)4 are all multiples of the iden-

tity matrix. The unitaries commute, therefore the transformations KLK =

K2L and LKL = L2K does not yield new algebras either. We conclude, that

the decomposition has a group type, with the group generated by the unitaries

K and L.

The other interesting case is when the decomposition is given by a factor

and its commutant accompanied by 3 MASAs.
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Example 2 Consider the decomposition given for k = 2 in Theorem 8. Set

W = H ⊗ I,

where

H =
1

2
(iI + σ1 + σ2 − σ3) ,

and let T = SEE from Proposition 8. Label the MASAs in the decomposition

by C0, C1, C2. Note, that H is a 2×2 normalized Hadamard matrix. The trans-

formation with W does not change the subalgebra M2 ⊗ I or its commutant,

but acts as Ci = W iC0W−i on the MASAs, and H3 = iI. We have T 2 = I.

The transformation T leaves C0 fixed, and TC1T ∗ = C2.

3.3 Maximally entangled bases of C4

A MASA complementary to a factor is also complementary to the factors

commutant. In M4 even more is true: the choice of the MASA is equivalent

to a choice of unitary bases of the factors [25]. The basis corresponding to

such a MASA is a generalization of the Bell basis, as it is a basis consisting

maximally entangled pure states.

The following proposition will see some use.

Proposition 13 Let X be a traceless self-adjoint unitary in M4 complemen-

tary to I ⊗M2. Then

X = λA⊗ I + µB ⊗ C

for some self-adjoint traceless unitary matrices A,B,C ∈ M2, and λ, µ ∈ R
such that

λ2 + µ2 = 1

and

AB = −BA.

Proof. Write

X = σ1 ⊗ A1 + σ2 ⊗ A2 + σ3 ⊗ A3.
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with some traceless self adjoint matrices Ai ∈ M2. By direct calculation

of I = X2 one finds, that the Ai are pairwise commuting, therefore (by

Proposition 4) there is a self-adjoint unitary C ∈M2 such that

Ai = αiI + βiC.

Let λA =
∑
αiσi and µB =

∑
βiσi. Then A and B are traceless, so λ and

µ can be chosen such that A2 = B2 = I. The relations λ2 + µ2 = 1 and

AB = −BA follow by again calculating I = X2. �

A simple corollary is the following:

Corollary 3 Let X be a traceless self-adjoint unitary in M4, and A a factor

isomorphic to M2. Then X is complementary at least one of A and A′.

Proof. Without loss of generality we may assume that A = M2 ⊗ I. Let

W be a traceless self-adjoint matrix complementary to A′, such that X =

λA⊗ I +W for some A traceless self-adjoint matrix. Then W 2 = cI, and by

Proposition 13

X = λA⊗ I + µB ⊗ C + γI ⊗D

with B,C,D traceless self-adjoint matrices such that CD = −DC. But

Z = λA ⊗ I + µB ⊗ C is also a self-adjoint traceless matrix, so Z2 = dI,

therefore AB = −BA. Calculating X2 = I yields A⊗D = 0. �

Theorem 10 Let A ∼= M2 be a subalgebra ofM4. Assume that X,Y, Z ∈M4

are pairwise commuting and orthogonal traceless self-adjoint unitaries with

Z = XY , generating a MASA complementary to A and A′. Then there exist

traceless self-adjoint unitary generators A1, A2, A3 of A and B1, B2, B3 of A′

with A3 = −iA1A2, B3 = −iB1B2 such that the relations

X = A1B1, Y = A2B2, Z = A3B3.

hold.
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Proof. We may assume, that A = M2 ⊗ I. Then by Proposition 13, The

matrices X, Y, Z are elementary tensors. By applying local unitary transfor-

mations on M2 ⊗ I and on I ⊗M2, we may assume that X = σ1 ⊗ σ1. Set

A1 = σ1 ⊗ I and B1 = I ⊗ σ1.

Now we show, that A1Y = −Y A1 ⊥ A′. The commutant of X is the

linear span of the 8 matrices

{I, σ1 ⊗ I, I ⊗ σ1, σ1 ⊗ σ1, } ∪ {σi ⊗ σj}3i,j=2 .

Recall that Y is orthogonal to A and A′, so it must be the linear combination

of the matrices {σi⊗σj}3i,j=2. All of them anticommute with A1, therefore so

does Y . The matrix A1Y is the linear combination of the matrices {σ1σi ⊗
σj}3i,j=2, which implies A1Y ⊥ A′.

It follows that {A1, Y,−iA1Y } generates a subalgebra A1
∼= M2. The

subalgebras A1 and A′ are complementary, hence, by Theorem 7 the inter-

section of A′
1 and A′ must contain a traceless self-adjoint unitary B2, which

commutes with Y ∈ A1. Let A2 := B2Y = Y B2. We check that B1 and B2

anticommute:

B1B2 = (A1X)(Y A2) = A1Y XA2 = −Y (A1X)A2

= −Y B1A2 = −Y A2B1

= −B2B1

Similarly, A1 and A2 anticommute, and Y = A2B2 is obvious. Finally,

Z = XY = A1B1A2B2 = A1A2B1B2 = A3B3

and the proof is complete. �

There is another viewpoint to this description of MASAs. In Section 2.4

we argued, that in Md⊗Md the choice of a vector complementary to a fixed

factor (and its commutant) is equivalent to a choice of a unitary matrix in

Md. Also, a MASA complementary to a factor is equivalent of an orthogonal

basis of Md consisting of unitary matrices. Theorem 10 implies, that in the

case of d = 2, all such bases are in some sense equivalent.
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When the unitaries form a group, the basis is called a nice error basis.

These objects are introduced by Knill [15], and are related to error control

codes. As one would expect, there is only one nice error basis in d = 2 up

to conjugation, but this is not the case for d > 2. For more details and

examples, see [13] and [14].

3.4 Decompositions of M2n

Here we consider the problem of decomposingM2n to subalgebras isomorphic

to eitherM2⊗I or C⊗I, where C is a MASA ofM2⊗M2 (note, that this is not

a MASA of the whole matrix algebra). We call a decomposition (f,m)-type,

if it is a decomposition of the matrix algebra to f factors and m commutative

subalgebras, where each subalgebra is generated by elementary tensors of the

Pauli matrices. By dimension counting, we have K(n) = f +m = 4n−1
3

.

In our paper [21], Ohno provided the following constructions:

Theorem 11 Let n ≥ 2. Then M2n has a decomposition of type (0, K(n))

and a decomposition of type (K(n)− 1, 1).

The following theorems provide some new decompositions in the same

spirit.

Theorem 12 Let n ≥ 2, and assume, that M2n has a decomposition of

(f,m)-type, and a decomposition of (f ′,m′)-type. Then M2n+1 has a decom-

position of (f ′ + 3m+ 1,m′ + 3f)-type.

Proof. Denote the factors in the former decomposition as Ai, their generators

as Ai, Bi, Ci and the MASAs as Cj, their generators as Xj, Yj, Zj. Denote the

subalgebras in the latter decomposition as Bl. Let π be the cyclic permutation

(1 2 3 ). Consider the following subalgebras of M2n+1 : for k = 1, 2, 3, the

subalgebra Ãi,k generated by

Ai ⊗ σπk(1), Bi ⊗ σπk(2), Ci ⊗ σπk(3)
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is commutative, and C̃i,k generated by

Xi ⊗ σπk(1), Yi ⊗ σπk(2), Zi ⊗ σπk(3)

is a factor. The desired decomposition is then given as

{Ãi,k}i,k ∪ {C̃j,k}j,k ∪ {Bl ⊗ I}l ∪ {I ⊗M2},

where the range of the indices are i = 1, . . . f, j = 1, . . .m, k = 1, 2, 3, l =

1 . . . N . �

Using the same idea for larger algebras yields the following, somewhat

more general theorem.

Theorem 13 Let n, s ≥ 2 and assume, that that M2n has decompositions of

types (f,m) and (f ′,m′) and further assume, that M2s has decompositions of

types (o, p) and (o′, p′). Then M2n+s has a decomposition of type (f ′ + o′ +

3fp+ 3mo,m′ + p′ + 3fo+ 3mp).

Proof. Denote the factors as {Ai}fi=1, {Cj}oj=1 and the commutative subalge-

bras as {Bν}mν=1, {Dµ}pµ=1 in the decompositions of (f,m) and (o, p) types,

and denote the elementary tensor generators of a subalgebra E as S(E , k) for
k = 1, 2, 3. Let π be the cyclic permutation (1 2 3 ).

Now consider the following generator sets. The sets

{S(Ai, 1)⊗ S(Cj, πl(1)), S(Ai, 2)⊗ S(Cj, πl(2)), S(Ai, 3)⊗ S(Cj, πl(3))}

and

{S(Bν , 1)⊗ S(Dµ, π
l(1)), S(Bν , 2)⊗ S(Dµ, π

l(2)), S(Bν , 3)⊗ S(Dµ, π
l(3))}

for l = 1, 2, 3 generate 3fo+ 3mp commutative subalgebras, and the sets

{S(Ai, 1)⊗ S(Dµ, π
l(1)), S(Ai, 2)⊗ S(Dµ, π

l(2)), S(Ai, 3)⊗ S(Dµ, π
l(3))}

and

{S(Bν , 1)⊗ S(Cj, πl(1)), S(Bν , 2)⊗ S(Cj, πl(2)), S(Bν , 3)⊗ S(Cj, πl(3))}
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for l = 1, 2, 3 generate 3fp+ 3mo factors.

Finally, by the assumptions M2n ⊗ I has a decomposition of type (f ′,m′)

and I ⊗ M2s has a decomposition of type (o′, p′), so we have the asserted

decomposition of M2n ⊗M2s . �

As an application, almost all decompositions of M2d with an odd number

of commutative subalgebras can be constructed. The case d = 2 is handled

in Theorem 8. Applying Theorem 12 for n = 2 and all possible choices for

m, f,m′, f ′ shows that M8 has decompositions of type (20 − 2k, 2k + 1) for

k = 0, 1, . . . 8 and k = 10. Note the exception k = 9, as we can provide no

such constructions. Moreover, we have the following

Conjecture 2 M8 has no decomposition of type (2, 19).

A similar calculation shows, that for d = 4, we have the decompositions

of type (84 − 2k, 2k + 1) for k = 0, 1, . . . , 38. The cases k = 39, . . . , 42 are

constructed via Theorem 13 with n = s = 2, m = p = 5 and m′, p′ chosen

accordingly.

Theorem 14 Let d ≥ 2. M2d has a decomposition of type (K(d) − 2k −
1, 2k + 1) for k = 0, 1, . . . , K(d)−1

2
, except the case d = 3, k = 9.

Proof. We already examined the cases d = 2, 3, 4. For d > 4 we prove

the assertion by induction: suppose we have already shown for some d − 1,

that M2d−1 has the decompositions (K(d − 1) − 2k − 1, 2k + 1) for k =

0, 1, . . . , K(d−1)−1
2

(as we already have for n′ = 4). Now let us apply Theorem

12 for n = d−1, f = 0, 2, 4, . . . K(d−1)−1 andm′ = 1, 3, . . . , K(d−1), so we

have the decompostions of type (K(d)− l, l) for l = 1, 3 . . . , K(d)− 4. From

Theorem 13 with n = d − 2, s = 2, p = 5, p′ = 3 and m = m′ = K(d − 2),

we have the decomposition of type (2, K(d) − 2), and the decomposition of

type (0, K(d)) is provided by Theorem 11. �
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4 Conditional measurements

4.1 Conditional SIC-POVMs

Consider a POVM defined by positive operators {Ei}i. It is natural to expect
from a measurement, that distinct states give rise to distinct probability

distributions. Such POVMs are called informationally complete (IC-POVM),

and it is easy to see, that this is equivalent to the condition that the operators

Ei span the whole space.

Proposition 14 A POVM {Ei}i in Md is informationally complete iff the

matrices {Ei} span the whole Md.

Proof. Consider two states ρ ̸= σ with TrEiρ = TrEiσ for all i. Then Ei is

orthogonal to σ − ρ ̸= 0 for all i, and they cannot span the whole space.

For the converse consider a self adjoint matrix X ∈Md orthogonal to all

Ei. Then TrX = 0 must hold, as Tr IX = Tr
∑

iEiX = 0, and there is an

ε > 0 such that σ = 1
d
I + εX is a state. Then the probability distributions

of the states 1
d
I and σ under the measurement of the POVM are the same.�

We now consider linear quantum state tomography described by Scott

[31]. Assume, that we want to measure a state ρ ∈Md with a POVM {Ei}i.
Given the measurement statistics y1, . . . yN , we have an estimate of the state

in the form

ρ̂ =
∑
i

p̂i(y1, . . . yN)Qi,

where

p̂i((y1, . . . yN) =
1

N

∑
k

δi,yk

is our estimate for the probability of the event that the measurement outcome

is i. We want to chose the POVM and the matricesQi in a way that minimizes

the expectation value of the quantity

∥ρ− ρ̂∥2
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where the norm is chosen as the one arising from the Hilbert-Schmidt scalar

product.

The POVM defined by the operators Ei =
1
n
Pi, 1 ≤ i ≤ n2 is a symmetric

informationally complete POVM (SIC POVM), if for the rank one projections

Pi the symmetry condition

TrPiPj =
1

n+ 1
(i ̸= j)

holds. Scott proved in the same article, that such SIC-POVM measurements

are optimal in the quantum tomography scenario described above. For more

details on the assumptions and constraints on the validity of this result, see

section VI. of the paper [31].

SIC-POVMs are widely conjectured to exist in all dimensions. While

a general construction is yet to be done, there are analytical solutions in

several dimensions, and even more computer generated approximations. SIC-

POVMs seem to have a general structure, which is best described by the

Zauner-conjecture [46, 29]:

Conjecture 3 For any d ∈ N there exists |ϕ0⟩ ∈ Cd such that the set

{ 1
n
|ϕij⟩⟨ϕij|}i,j is a SIC-POVM, where

|ϕij⟩ = X iY j|ϕ0⟩.

Some suggest, that there is a relation between the problems of MUBs and

SIC-POVMs, however such a relationship is still to be shown as useful, as

the existence of one is not proven to be related to the existence of the other.

Scott’s result can be generalized to the case, when some information of the

state is assumed as known [27]. Consider the decompositionMn = CI⊕A⊕B.

Assume, that we are only interested in the parameters of the state belonging

to B, that is we want to reconstruct only the orthogonal projection of the

unknown density to B.

In this setting we define a conditional IC-POVM on B as a POVM such

that for any two states the measurement’s probability distribution is the

same if and only if the projection of the states to the subspace B is the
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same. As an obvious corollary of Proposition 14, this condition is equivalent

to the POVM operators spanning CI⊕B. A conditional SIC-POVM is then

defined as a conditional IC-POVM with rank-one POVM operators {Fi}i,
with the symmetry condition TrFiFj = c for all i ̸= j. The constant c can

be calculated, and depends only the dimensions n and dimB. Following the

ideas of Scott, the optimality of conditional SIC-POVMs can be shown in

this generalized measurement scenario. Namely, in the paper [27] Ruppert

proves the following:

Theorem 15 Let Mn = CI ⊕ A ⊕ B, and N = n2 − dimA. Assume that

{Fi}Ni=1 is a conditional IC-POVM on B. Then {Fi}i provides optimal mea-

surement if and only if Rank(Fi) = 1 with TrFi = n
N
, Fi ⊥ A, and the

POVM is symmetric in the following sense:

Tr(FiFj) =
n(N − n)

N2(N − 1)

for all i ̸= j.

The condition Fi ⊥ A is the same as the complementarity of the POVM

operators to the space CI ⊕A. Naturally one can work with the projections

Pi =
N
n
Fi instead of the POVM elements Fi. The theorem gives back the

nonconditional SIC-POVM case when A is the trivial zero subspace.

4.2 Construction of Conditional SIC-POVM in dimen-

sions pk + 1

Here we provide a construction in the special case when CI⊕A is isomorphic

to a MASA, and n− 1 is a prime power.

Theorem 16 Let n − 1 be a prime power. Then there exists a conditional

SIC-POVM in dimension n with respect to the diagonal part of a density

matrix, that is N = n2 − n + 1 projections Pi complementary to a MASA,
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with the properties

N∑
i=1

Pi =
N

n
I, TrPiPj =

n− 1

n2
(i ̸= j).

Proof. Let {|ei⟩ : 1 ≤ i ≤ n} be the orthonormal basis corresponding to the

MASA. Let ω = e2πi/N be a unit root, and we set the fiducial vector

|ϕ⟩ = 1√
n

n∑
i=1

|ei⟩ (8)

and a diagonal unitary

U = Diag(ωα1 , ωα2 , ωα3 , . . . ωαn),

where 0 ≤ αi ≤ N − 1 are different integer numbers. Another unitary T

permutes the eigenvectors of U :

T |ei⟩ = |ei+1⟩,

where the addition is understood modulo n. Note, that T |ϕ⟩ = T ∗|ϕ⟩ = |ϕ⟩.
We have

|⟨Ukϕ, ej⟩|2 = |⟨ϕ, (U∗)kej⟩|2 = |ω−kαj |2|⟨ϕ, ej⟩|2 = |⟨ϕ, ej⟩|2

= |⟨ϕ, T j−1e1⟩|2 = |⟨(T ∗)j−1ϕ, e1⟩|2 = |⟨ϕ, e1⟩|2

and the projections Pk := |Ukϕ⟩⟨Ukϕ| are complementary to the diagonal

projections:

Tr |Ukϕ⟩⟨Ukϕ| (|ei⟩⟨ei| − I/n) = 0.

It is easy to check that

N∑
k=1

⟨ei, Ukϕ⟩⟨Ukϕ, ej⟩ =
1

n

N∑
k=1

ω−αikωαjk =
1

n

N∑
k=1

ω(αj−αi)k =
N

n
δij,

so we obtain
N∑
k=1

Pk =
N

n
I.
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We need to choose the numbers α1, α2, . . . , αn such that

TrPiPj = |⟨U iϕ|U jϕ⟩|2 = 1

n2

∣∣∣∣∣
n∑

m=1

ω(j−i)αm

∣∣∣∣∣
2

=
n− 1

n2

is constant when i ̸= j.

Consider ZN , the additive group modulo N . The subset D := {αi :

1 ≤ i ≤ n} is a difference set with parameters (N, n, λ) when every nonzero

element of ZN can be written as a difference αi−αj exactly λ different ways.

When this holds, then we have∣∣∣∣∣
n∑
i=1

ωmαi

∣∣∣∣∣
2

=
n∑

i,j=1

ωm(αi−αj) = n+
N−1∑
s=1

λωs = n− λ,

In our case λ = 1 is desired. If the appropriate difference set exists, then

there exists a conditional SIC-POVM. The existence of such difference sets

with parameters (N,n, 1) is known [32]. �

The difference sets used in the construction is related to an interesting

conjecture [7]. Similar constructions of tight equiangular frames related to

difference sets are examined in detail in [12]. From our point of view, such

a construction could also be viewed as a kind of a complementary decompo-

sition, as the algebra Mn is decomposed to a MASA and a complementary

conditional SIC-POVM.
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5 Summary

We studied a generalization of mutually unbiasedness in finite quantum sys-

tems.

In sections 3.1 and 3.2 we proved a structure theorem for complementary

subagebras in M2 ⊗M2, and using this symmetry, we provided a description

of all complementary decompositions of M2 ⊗M2. The case of 4 pairwise

complementary factors were given some more consideration, and we showed,

that the orthogonal complement defines a MASA[21, 25].

In section 3.3 we proved, that a MASA complementary to a commutant

pair of factors is uniqe in M2 ⊗M2 up to transformation with local unitaries.

This shows, that in M2 ⊗ M2 the Bell basis consisting of only maximally

entangled states is (in the same sene) unique [25].

In section 3.4 we provided recursive constructions of complementary de-

compositions of M2n to subalgebras isomorphic to either M2 ⊗ I or C ⊗ I,

where C is a MASA ofM2⊗M2. As an application, with the sole exception of

the case of 2 factors in M8, all decompositions of M2d with an even number

of factors are constructed.

In section 4.2 we provided a construction of conditional SIC-POVMs of

Mn in the special case when the complementary subspace is isomorphic to a

MASA, and n− 1 is a prime power [27].

50



6 References

[1] S. Bandyopadhyay, P. O. Boykin, V. Roychowdhury, and F. Vatan, A

new proof for the existence of mutually unbiased bases, Algorithmica 34

(2002), no. 4, 512–528.

[2] R. Bhatia, Matrix analysis, Springer, 1997.

[3] Bruce Blackadar, Operator algebras: Theory of C*-algebras and von Neu-

mann algebras, Springer, 2006.

[4] M. Choi, Completely positive linear maps on complex matrices, Linear

Algebra and Its Applications (1975), 285–290.

[5] Ole Christensen, An introduction to frames and Riesz bases, Birkh auser,

2003.

[6] Benson Farb and R. Keith Dennis, Noncommutative algebra, Springer,

1993.

[7] D. M. Gordon, The prime power conjecture is true for n < 2.000.000,

Electronic J. Combinatorics 1 (1994), no. 1, 1–7.
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